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We propose a quantum experiment to measure with high precision the Schwarzschild spacetime
parameters of the Earth. The scheme can also be applied to measure distances by taking into account the
curvature of the Earth’s spacetime. As a wave packet of (entangled) light is sent from the Earth to a satellite
it is redshifted and deformed due to the curvature of spacetime. Measurements after the propagation enable
the estimation of the spacetime parameters. We compare our results with the state of the art, which involves
classical measurement methods, and discuss what developments are required in space-based quantum

experiments to improve on the current measurement of the Schwarzschild radius of the Earth.
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I. INTRODUCTION

Quantum metrology uses nonclassical properties of the
probes to estimate physical parameters with precisions
higher than those attainable by classical methods, for
equivalent resources. These techniques have been proposed
to measure time, field strengths, and other parameters of
interest [1,2]. The field began with the proposal of detecting
gravitation waves with enhanced precision [3], and in
recent years, there has been a growing interest in applying
quantum metrology techniques to estimate gravitational
fields and accelerations [4]. Measurement of physical
quantities that play an important role in relativity are also
of great relevance lie in practical applications. For example,
a more precise knowledge of the Earth’s spacetime param-
eters has the potential of enhancing the performance of
the global positioning system (GPS) since it requires
relativistic corrections to determine time and position
accurately. Interestingly, almost all of these schemes
employ nonrelativistic quantum mechanics which is known
to be incompatible with relativity.

A solution to this problem is to work within quantum
field theory, which describes the behavior of quantum fields
in spacetime. It is a semiclassical theory in the sense that
matter and radiation are quantized while the spacetime is
classical [5]. This theoretical framework enables one to
incorporate relativistic effects at the low energy regimes
that are being reached by cutting-edge quantum experi-
ments. Recently, methods for the application of quantum
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metrology to quantum field theory have been introduced
in [6,7]. Interestingly, relativistic effects, such as particle
creation, can be exploited to measure accelerations with an
optimal measurement precision that is higher than the
nonrelativistic counterpart [7].

Quantum technologies have made great progress in the
past years and many implementations are reaching relativ-
istic regimes. There are advanced plans to implement quan-
tum communication protocols using satellites [8,9] and to
place quantum clocks in space [10]. However, the effects
of gravity and motion on quantum properties and their
applications have largely been ignored [11,12]. Relativistic
quantum metrology and relativistic quantum information
theory aim at developing quantum technologies taking
into account relevant spacetime effects. Within this theory,
it has been shown that spacetime can affect the implemen-
tation of quantum cryptography in satellite-based setups
[13]. Furthermore, experiments involving Bose-Einstein
condensates (BECs) in space have recently been proposed
to test the effects of gravity on entanglement [14].
Relativistic quantum metrology has also been used in
proposals to measure the Unruh temperature at accelerations
within reach of current experiments [15] to measure space-
time parameters within algebraic quantum field theories [16]
and to detect gravitational waves using BECs [17].

In this paper, we apply relativistic quantum metrology
[6,7] to estimate the Schwarzschild spacetime parameters
of the Earth and we propose an implementation using

© 2014 American Physical Society
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realizable space-based experiments. An entangled light
wave packet is sent from Earth to a satellite (or equivalently
in the opposite direction). During its propagation, the wave-
packet is redshifted (blueshifted in case of propagation in
the opposite direction) and deformed due to the curvature
of spacetime. Measurements after the propagation enable
the estimation of the spacetime parameters. Currently,
the measurement of the Schwarzschild radius has a relative
error of 2 x 107 [18]. The measurement method involved
is classical in the sense that quantum estimation techniques
are not involved. We discuss what developments must
take place in space-based quantum experiments in order
to improve by an order of magnitude such classical
measurements.

This work is organized as follows: in Sec. II we will
model the spacetime of the Earth using the Schwarzschild
metric for a spherical nonrotating mass and present the
quantum field theory of a massless uncharged bosonic
field describing the curvature effects on wave packets that
propagate from Earth to a satellite located at a fixed height.
In Sec. III we will introduce relativistic quantum metrology
techniques to estimate with high precision parameters that
appear in relativistic setups. In Sec. IV we show how to
apply these techniques, using single- and two-mode quan-
tum channels, to estimate lengths and the Schwarzschild
radius of the Earth. In Sec. V we compare our estimation
method with the state of the art and comment on the use of
multiple parameter estimation tools in this work. Finally,
we present concluding remarks in Sec. VI.

II. LIGHT WAVE PACKETS PROPAGATING
ON EARTH’S SPACETIME

In this section we will present an approximate model
for Earth’s spacetime and describe how wave packets of the
electromagnetic field propagate in it (these techniques were
introduced in [13]). Earth’s spacetime can be modeled by
(3 4 1)-dimensional Schwarzschild metric which approx-
imately describes the spacetime outside a spherical non-
rotating body [19,20]. We are particularly interested in the
propagation of wave packets from a source on Earth to a
receiver satellite (or in the opposite direction) situated at a
fixed distance from the source. Assuming that Earth’s
angular momentum is negligible and considering that
sources are small compared to the characteristic frequencies
involved, we can consider only radial propagation. In this
case, we can restrict our analysis to 1 4+ 1 dimensions for
which simple and analytical solutions of the Klein-Gordon
equation are available. We employ Schwarzschild coordi-
nates x* = (7, r), where r is the proper distance from the
singularity and ¢ is the Schwarzschild proper time. This is
assuming that the observers are at spatial infinity [19,20].
Important parameters in the analysis are Earth’s mass M
and radius rg. The Schwarzschild metric g, in the vacuum
outside Earth is given by g, = diag(—f(r).1/f(r)), where
f(r)=1="%, rg:=2G is Earth’s Schwarzschild radius
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and G is the gravitational constant. The line element is
given by ds? := g, dx*dx" = —f(r)d* + 1/ f(r)dx*.

We are interested in describing the spacetime at rz < r.
Note that the Earth’s radius is much larger than its
Schwarzschild radius rg/rg ~ 1.4 x 10™°. Free falling
observers follow geodesics towards the center of Earth.
Satellites commonly employed for communication and GPS
usually follow circular orbits of constant radius. These
correspond to geodesics in the 3 4+ 1 Schwarzschild metric
for which acceleration is not required but require the
observers to have angular momentum. In our analysis,
we assume that observers Alice and Bob accelerate against
the gravitational potential in order to remain at a constant
distance from the Earth, i.e., at r = r4 and r = rg, respec-
tively. A more detailed analysis of the effects of circular
motion can be found in [13].

An observer at constant distance r = r, must employ her
own clock to measure time in her rest frame. The relation-
ship between the proper time 7 := % | ds of an observer at r
and the Schwarzschild time ¢ corresponding to the proper
time of an observer at infinity is given by

T =/f(r)t. (1)

Now we describe the propagation of light from Earth to a
satellite taking into curvature effects.

We consider an uncharged bosonic massless scalar field
(1, x) which is a good approximation to the longitudinal
(or transverse) modes of the electromagnetic field [21,22].
The field ® obeys the Klein-Gordon field equation
0® = 0, where the d’Alambertian in curved spacetime
is given by [ := ﬁaﬂ\/:gaﬂ and g := det(g,,) [5]. The
solutions to the equation are known as modes. Optical
pulses propagating in the spacetime can be modeled by
wave packets corresponding to an infinite superposition of
mode solutions [21].

We solve the Klein-Gordon equation [1® =0 in the
1 4+ 1-dimensional ~ Schwarzschild  spacetime  using
Eddington-Finkelstein advanced and retarded coordinates
u, v defined by u = ct —rg and v = ct + rg, where the
tortoise coordinate rg is defined as rg:=r + rgln | = 1,
see [19,20]. In these coordinates the Klein-Gordon equation
takes the form 9,0, ®(u, v) = 0 and the solutions are given

by modes of the form ¢\ (u) = 2;—% and ¢\ (v) = ze\/ﬁ

which represent outgoing and ingoing waves that follow
geodesics u# = const and v = const, respectively. The fre-
quency @ > 0 is the frequency as measured by an observer
infinitely far from Earth with respect to his proper time ¢.
These modes are normalized through the inner product as

(¢$),¢$)) = (¢§};),¢$)) = §(w — @'), while mixed inner
products vanish [5]. The solutions are eigenfunctions of the

timelike Killing vector i0, and therefore satisfy the eigen-

value equation i0,¢") = wg!") and analogously for the v
modes. Therefore, the timelike vector field i, enables one
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to distinguish between positive ¢£§' ) and negative qﬁ,(f)* modes
in a standard way. By associating creation/annihilation
operators to positive/negative modes we expand the quan-
tized field operator ® as

“+o0
® = / dol¢pW a, + ¢b, + Hel. (2)
0

The bosonic annihilation operators obey commutation
relations [a,,.a,] = [b,.b!| = 8(w — '), where mixed
commutators vanish. The vacuum state |0) of the field is
defined by the action of annihilation operators a,, b
as a,|0) = b,|0) = 0.

Realistic photon sources do not produce monochromatic
photons. A photon can be modeled by a wave packet: a
distribution F(w) € C of modes peaked around a fre-
quency wq [21,23]. The annihilation operator for the photon
for an observer infinitely far from Earth, takes the form

>’ @

+oo .
a,, (1) = /0 dwe™'F,, (w)a,,. (3)

The photon’s creation and annihilation operators aZ,O, g,
satisfy the canonical equal time bosonic commutation
relations [a,, (t), ab, (1) = 1 if the frequency distribution
F(w) is normalized, ie., [,_,dw|F(w)[* = 1. This dis-
tribution naturally models a photon which is a wave packet
of the electromagnetic field that propagates and is localized
in space and time [24].

We consider that Alice, an observer on the surface of the
Earth (i.e., r4 = rg), sends a pulse to Bob who is on a
satellite at constant radius r = rp > rp. Alice and Bob
measure frequencies in their laboratories with respect to
their clocks, i.e., with respect to their proper times 7, and
75. By employing the definition of proper time (1) its easy
to show that the eigenvalue equation for the modes takes
the form i@TKqﬁgz = QKqﬁgg, where K = A, B labels Alice

or Bob and analogous formulas hold for ¢(*). This equation
defines the physical frequency Qg measured by an observer

at rg as Qg = T Using the fact that wt is observer

independent, one shows that if Alice prepares a sharp freq-
uency mode €,, Bob will receive a mode with frequency

f(ra)
Qp = Q. 4
? f(rg) A )
This is the well-known gravitational redshift formula [19].
f(rp)

The equation implies that 7z = TontA- We are interested

in finding how a wave packet is transformed by its
propagation from Alice to Bob on the Schwarzschild
background. The wave packets are given by

+00 X
ag, (t¢) = / Qe FE (©)ag,,  (5)
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where K = A, B labels either Alice or Bob, Q are
the physical frequencies as measured in their labs using
the proper times 7 and €2 ( are the peak frequencies of the

frequency distributions F' Ell?o' We require that operators agq

satisfy the canonical commutation relations [aq_, ag, |=
K

5(Qx — Q). A wave packet F, gi )0 is prepared by Alice at
time 7. The wave packet propagates radially and is received

by Rob at a later time 7z > \/f(rg)/f(rs)z4. The wave
packet received is modified due to curvature effects and is

now given by F’ g?o. It is important to notice that Alice’s and

Bob’s operators (5) can be used to describe the same optical
mode in two different frames before and after propagation.

The relation between ag, and ag, was found in [13], and
can be used to find the relation between the frequency

distributions F g?o in different reference frames (or before

QB>. (6)

We can see that the wave packet received by Bob has a
different peak frequency and a different shape than the
wave packet prepared by Alice. In particular, for the
scenario of interest where Bob finds himself at higher
altitudes than Alice (rz > ry4), the wave packet frequencies
Qp measured by Bob will all be redshifted with respect to
those created by Alice [see (4)].

We assume that Alice prepares a single photon in

and after propagation) [13],

f(rg)
f(ra)

R @) = | jiﬁijiFé:iL(

the mode F éi\ ).0 at time time 7, = 0. The initial state is
given by |y, ) = aZZAVO(O)|O). Bob will receive the state
Wsp.) = a£3>0(0)|0>, which is characterized by the distri-
bution F’ g’; ) (Qp). Regardless of the specific model of the

0
detector that Bob uses, if Bob uses a measuring device

which is tuned to click when a photon in the wave packet

F gA )O is received, the probability of the detector to click will

be affected by the fact that he received a photon in the wave
packet F ng >O [13]. Bob will conclude that the channel

between him and Alice (i.e., the spacetime) is noisy. The
quality of the channel can be quantified by employing the
fidelity F defined as

F =T\ Voo /7). (7)

for arbitrary input states p, p’. In case the input states are
pure, for example p = |y)(w| and p’ = |y} (y/|, the fidelity
(7) reduces to F = |{w|w')|* and the intensity fidelity gives
the probability that the state was p given that p’ is obtained
in a measurement. The fidelity 7, of the channel in the
case that Alice sends a single photon in a pure state is given
by the overlap between the two distributions,
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-Fs.p. = |®2

: (8)

where

+o0 B)x A
®,=A dQpFy)" (Qp)F) (Qp). 9)

Clearly ® =1 for a perfect channel. If the curvature is
strong enough, the distributions in (9) might have negli-
gible overlap and the fidelity would be low. In the case of
Earth-to-LEO communication, the fidelity is at least 75%,
see [8].

The deformation of the wave packet due to the Earth’s
spacetime curvature cannot be corrected by a linear shift of
frequencies. While in [13] it was shown that the effects can
have an impact on quantum communications in space, the
main aim of this work is to take advantage of these effects
to measure spacetime parameters of interest, such as the
Schwarzschild radius (mass of the Earth). If Bob is aware

that Alice is sending a wave packet F’ g )

o’ Bob can perform

carefully selected measurements on his wave packet F’ gi >0

and can estimate chosen parameters with great precision.

It is always possible to decompose the mode &' received
by Bob in terms of the mode o' prepared by Alice and an
orthogonal mode ¢’ (i.e., [@', ¢'T] = 0) [25].

b =\/1-gb' + \/qc, (10)

where g < 1. The parameter ¢ is directly related to the
fidelity of single photon transmission as defined in (9) by

© = (0[p'b"7]0) = /1 - ¢,

or equivalently ¢ = 1 — ©2.
Lets assume that Alice and Bob employ real normalized
Gaussian wave packets of the form

1 _(Q—QU)Z
Vs T an

where ¢ is the Gaussian width. In this case the overlap O is
given by (9) where we extend the domain of integration to
all the real axis. This is justified since the peak frequency is
typically much larger than the spreading of the wave packet
(Qi0 < 1); therefore, it is possible to include negative
frequencies without affecting the value of ®. Using (11)
and (6) one finds that

Fo (Q) =

® = Me_ 4(1+(1+5)02)52’ (12)
1+ (1+496)?
where
L
5= f(rA)_ :_ﬁ , (13)
Sry 4 ra(ra+L)
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where L = rp — r, the distance between Alice and Bob.
Notice that § = 0 when Alice and Bob are in flat spacetime
[f(r4) = f(rg) = 1] or when Alice and Bob are at the
same height [f(r,) = f(rg)]. Under these situations the
modes perfectly overlap (® = 1) and, as expected, there are
no effects due to gravity.

We are interested in the regime where 6 < (5%%)2 <1
(see [13]), which occurs for typical communication where
Qpo =700 THz and 6 = 1 MHz. In this case,

8%Q

O~1-
852

(14)

In the following section we will introduce techniques of
quantum metrology and their application to quantum field
theory, where they can be employed to estimate with high
precision relativistic parameters.

III. RELATIVISTIC QUANTUM METROLOGY

In order to determine parameters that play a role in
relativity such as proper time, proper accelerations and
gravitational field strengths, it is necessary to work within
the framework of quantum field theory in curved spacetime
[5]. This theory properly incorporates quantum and rela-
tivistic effects at regimes where space experiments take
place. In this section we review general techniques and
methods for the application of metrology to quantum field
theory introduced in [6,7].

In order to estimate the parameter with high precision it
is necessary to distinguish two states Xg and Xg, 49 that
differ by an infinitesimal change d® of the parameter ©.
The operational measure that quantifies the distinguish-
ability of these two states is the Fisher information [26]. Let
us suppose that an experimenter performs N independent
measurements to obtain an unbiased estimator ©® for the
parameter ©. The Fisher information F(®) gives a lower
bound to the mean-square error via the classical Cramér-

Rao inequality [27]; i.e., ((A©)?) > N%@, where F(©) =

[ dAp(2|®)(dIn[p(A|®)]/dA)? and p(4|®) is the likelihood
function with respect to a chosen positive operator valued
measurement {0, } with 3,0, = 1. Optimizing over all
the possible quantum measurements provides an even
stronger lower bound [28]; i.e.,

a1 1
N{(A®)%) Zmzw’ (15)

where H(®) is the quantum Fisher information. The
optimal measurements for which the quantum Cramér-
Rao bound (15) becomes asymptotically tight can be
computed [26]. Unfortunately, these optimal measurements
are usually not easy to implement in the laboratory.
Nevertheless, in typical problems involving optimal imple-
mentations one can devise suboptimal strategies involving
feasible measurements such as homodyne or heterodyne
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detection [29]. In what follows we will present optimal
metrology strategies based on the quantum Cramér-Rao
bound and thus on the quantum Fisher information.

In relativistic quantum metrology one is interested in
estimating parameters that are encoded in the evolution of
states of a quantum field. It is therefore convenient to work
in the covariance matrix formalism [30]. This formalism
enables elegant and simplified calculations for the appli-
cation of quantum information and metrology techniques
in relativistic quantum field theory [6,7]. The formalism is
applicable to bosonic fields as long as the analysis is
restricted to Gaussian states. In this case, the states are
described completely by their first moments (X;) and their
second moments, which are encoded in the covariance
matrix X;; = (X;X; + X;X;) —2(X;)(X;). Here (.) denotes
the expectation value and the quadrature operators X; are
the generalized position and momentum operators of the
field modes. We follow the conventions used in [7,31],

where the operators for the nth mode are given by X,,_; =
\/%(an +an) and X,, = 7 (a, - ap).

Every unitary transformation in Hilbert space that is
generated by a quadratic Hamiltonian can be represented as
a symplectic matrix S in phase space. These transforma-
tions form the real symplectic group Sp(2n,R), the
group of real (2n x 2n) matrices that leave the symplectic
form Q invariant, i.e., SQS” = Q, where Q = EBZ’:le
and € = —io, and o, is one of the Pauli matrices.
The time evolution of the field, as well as the Bogoliubov
transformations, can be encoded in this structure and are
represented by a symplectic matrix. For example, the symp-
lectic matrix corresponding to an arbitrary Bogoliubov
transformation can be written in terms of the Bogoliubov
coefficients a, f as

My My My
My My My
S= Mz My Msz - (16)

where the M,,, are the 2 x 2 matrices

o gt(“mn _ﬁmn) S(Gfmn +:an)
an a <_S(amn _ﬁmn) S)t(amn +ﬁmn) > ' (17)

Here M and I denote the real and imaginary parts,
respectively. We consider a bosonic quantum field which
undergoes a O-dependent Bogoliubov transformation,
where © is the parameter we want to estimate. For example,
the transformation could be the expansion of the Universe
and the parameter in this case is the expansion rate [32].
The covariance matrix after the transformation is given

In order to estimate ® it is convenient to calculate the
quantum Fisher information via its relationship to the
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fidelity F(Zg, Zo1qe) Which, in the density matrix for-
malism, is given by Eq. (7). The relation between the Fisher
information H(®) and the fidelity F takes the form

8(1 - 2o, Z

(18)

In this work we employ single Gaussian states and two-
mode Gaussian states with vanishing first moments. In this
case, the fidelity F(Zg, Zg 49) in the covariance matrix
formalism is given by [33]

1

F(Zo.Zo+d0) = ., (19)
VT + V- \/(ﬁ+ﬂ)2—ﬁ
where we have defined
1 ) )
Y = Edet(lQZQle:@_;'_d@ + 1]) (20)
1
A= Edet(lQZ@ + ﬂ) det(i92@+d@ + ]]),
1
ni= 1—6det(2@ + Zotd0) (21)

and 1 is the identity matrix. The fidelity (19) for a single-
mode Gaussian state with nonzero initial first moments is
given by [33]

¢
e
F(Zo,Zo+d0) = m (22)

where & = —((X)oa0 = (X)o)" - (Zo + Zoia0) "
((X)o1a0 — (X)g). Notice that here A, n are defined as
in (20) except that the prefactor is 1/4 instead of 1/16 and
the covariance matrices are 2 x 2 instead of 4 x 4. We now
employ these techniques to the particular case we are
interested in analyzing.

IV. ESTIMATING EARTH’S
SPACETIME PARAMETERS

In our work we are interested in estimating the
Schwarzschild radius and propagation distance L (between
source and receiver) during which a wave packet undergoes
a transformation given by Eq. (10). In the following we
analyze the cases where Alice and Bob employ one-mode
and two-mode entangled Gaussian states.

A. Scheme employing a single-mode
coherent channel

In this scenario Alice and Bob exchange one mode
systems (i.e., a single photon or a coherent state of a single
mode). As discussed in the previous section, the mode b’
sent by Alice is received by Bob as a combination of the
mode b and the orthogonal mode c¢. We can therefore
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represent this process as a mixing (beam splitting) of modes
b and c. The symplectic transformation of this pair of
modes has a simple form since the Bogoliubov beta
coefficients vanish, the alpha coefficients are real with

ap, = Az = O and q;, = /(1 — ©?). Therefore the sym-
plectic matrix S takes the form,

S—( o1, v1—®2ﬂ2>
Vi-e1, o1, /
We assume Alice prepares her mode in a coherent state with
parameter a € C. The covariance matrix Zg’c that repre-

sents the state is just the identity ZS’C = T 4,4, while the first
moments (X) of the displaced state are

(23)

a

so=|"1. (24)

QA

0

The first moments (X)g of the state after beam splitting
are

Oa

0= | IO 25)
—V1-0%a

We wish to compute the quantum Fisher information and
for this we need the fidelity between the single-mode state
after beam splitting and the same state with a small variation
of the beam splitting parameter. We need to consider only the
single-mode quadratures (X, )¢ defined as

Oa
Xemle = . 26
endo = (o) (20
Finally, it turns out that the fidelity /. ; depends only on the
first moments (22) and has the expression

fC.S. s e_%(AXs.m.)T'AXS.m.’ (27)

where we have defined AX;,, = (Xym)erdo — (Xsm.)o-
We find F. = exp[—|a|>?d®?]. In our case we have that
® = 1 — x, where

5292
X = W < 1, (28)
|
oo Ha + Ha + 15+ pppta(Hapty, cosh(4s) = 2(uz + 1) cosh(2s))

PHYSICAL REVIEW D 90, 124001 (2014)

where from now on we will omit the suffix in the expression
of the frequency Qp . Therefore we find that the fidelity
F . behaves to lowest order as

Fos, = elala, (29)

We can easily compute the relative error bound and
we find

Ax 1 1

S 25 e (30)

B. Scheme employing a single-mode
squeezed channel

Here we consider that Alice prepares her mode b initially
in the most general single-mode state Zg‘c. We also assume
that the initial first moments vanish and therefore the
numerator in (22) trivially reduces to unity. We assume
that mode c¢ is initially a thermal state for which the
covariance matrix is the 2 x 2 matrix u,1,. Therefore, the
total initial state is

B B 0 O

B B, 0 0
she = * , (31)
0 0 u O

0 0 0 u

where the coefficients of the matrix read B.=
Ha(cosh(2r) £cos(2y)sinh(2r)), B=—p,sin(2y)sinh(2r).

hka;“T"’ ) > 1allow for

initial extra mixedness, i is an angle and r is the squeezing.
Notice that p, = u;, = 1 for the total state to be pure.

We now apply the Bogoliubov transformation of Eq. (23)
to the state 5 and trace over the unwanted mode. We are
left with the reduced state ¥ of the form

(58w

Furthermore, the parameters y,, ;, := coth(

where the coefficients of the matrix are Cy:
(1-02)uy, +0O?u,(cosh(2s) & cos(2y) sinh(2s)) and C :
— sin(2y)®%u,, sinh(2s).

We can compute the final fidelity as a function of all the
parameters. We find

dx?, (33)

o =1

where we have defined ® = 1 — x, we have expanded around the small parameter x, which was defined in (28), and retained
the lowest order contributions. Notice that one cannot employ formula (33) to start from an initial squeezed vacuum state of
modes b, ¢ for which p, = u;, = 1. This happens because of the behavior of the perturbative expansions of the quantities
defined in (20). In order to consider the case of initially pure states we can proceed as in the Appendix and we find
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Ax 1 1
S 4
X — 24/N+/xsinhr (34)

We can also estimate which is the bound on the distance L
between Alice and Bob or the Schwarzschild radius rg. To
do this we employ Eq. (13) and the chain rule as discussed
at the end of the appendix. The bound on the relative error
in the estimation of the Schwarzschild radius is given by

%22\50m(mf L)’ (35)

rs V/NQrgL sinh r
while the bound on the relative error on the distance
between Alice and Bob is given by

AL  220(ry +L)? (36)
L /NQrgLsinhr’

Notice that. ATL / Ar_’;s =1+ é which is very close to unity in
our scenario.

C. Scheme employing two-mode entangled channels

We now allow Alice and Bob to employ two-mode
systems, which might be entangled. The scenario can now
be modeled by four modes, where Alice prepares a two-
mode squeezed state between two wave packets of modes
b, and b, centred around frequencies ; and Q,. As in the
single-mode case, we consider that the orthogonal modes
to by and b,, denoted c; and ¢, respectively, are initially in
the vacuum state. The covariance matrix for the initial state

is given by
shibcier _ (5(’) 0 ) (37)
0 0 1,

where 14 is the 4 x 4 identity matrix and &(r) is the
covariance matrix of a two-mode squeezed state

5(r) = (cosh (2r)1,

sinh (2r)o,
sinh(2r)o, > ' (38)

cosh (2r)1,

Analogously to the single-mode case, we model the effects
of propagation from Alice to Bob on the modes b,, b, by
the transformations

b_l = ®1b1 + A/ 1 —®%C1,
b_2 = ®2b2 + \/ 1 - @%CQ. (39)

Once more, these transformations are Bogoliubov trans-
formations and can be encoded in the symplectic matrix S
given by
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0,1, 0 V1-671, 0
0 0,1, 0 V1-631,
V1-071, 0 0,1, 0
0 V1-631, 0 -0,1,

The final state represented by X”1%2¢1¢2 after propagation is
shibacies — gehiPr12gT We then proceed to trace over the
ancilla modes ¢, ¢, and we obtain the covariance matrix
>b1b2 of the modes b, and b, after propagation,

Shiby _ ((1 +2sinh?r®7)1, sinh(2r)0;,0,0. > )
sinh (2r)0,0,0, (14 2sinh?r®3)1,

Since ®; ~ 1 — % and ®, ~ 1 — 5;2% we can write the final

reduced covariance matrix X2122¢1¢2 to second order in & as

1, X0,
5(r)—< 1102 12 > (41)
Xpo, Iy
802

where X, =1+2sinh*r(1-73) and X, =sinh(2r)x
(1-Z(Q3+93)). Using Eq. (19),

Taylor series X 45 = Z5 + 25d6 + 1 55(d5)? and the chain
rule for derivatives we find that

employing the

ArS> 8UFA(VA+L)

> (42)
rs N(Q2 + Qf)rgLsinhr
and
2
AL > 8ory . (43)
L = \/N(Q} + QJ)rsLsinhr

. A
Notice that, now, 22 / AL = 7atl
rs N

unity in this scenario.

which is also very close to

V. COMPARISON BETWEEN SCHEMES,
ESTIMATION OF THE ERRORS AND
ESTIMATION OF MULTIPLE PARAMETERS

A. Comparison between schemes

In order to choose the best estimation scheme we need to
be able to compare the different schemes proposed in this
work and analyze their performance with respect to some
given fixed resource [26]. The resource available is the
number of photons 7 (or equivalently the total energy) of
the input state, which can be easily computed for the
scheme that employs a coherent state and the scheme that
employs squeezed states. We have respectively 7 = |a?
and 7 = sinh? r. This allows us to express the final bounds
(30) and (34) respectively as
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NN
* o DN VA
Ax 1 1 1
— 2= 44
* e 22N AR (44)

Notice that the bounds (44) both scale as the inverse
of the total number of photons. This is in agreement with
the general results found, for example, in [26]. The bounds in
(44) can be used to estimate, for example, the Schwarzschild
radius rg. A closer inspection shows that the relative error
bound for coherent states scales as 1/ r§ while the relative
error bound for squeezed states scales as 1/rg. This implies
that, for small Schwarzschild radius rg, squeezed states
perform better than classical states, in agreement with [26].

B. Estimation of errors

Here we compute the relative error on the measurement
of the parameters of interest. We consider that the wave
packets will be peaked at frequencies ; = Q, = 400 THz
with widths of ¢ = 1 MHz. These parameters correspond
to the current state of the art in space-based experiments
[34]. Gbit exchange regimes of N = 10'° are achieved with
the aim of implementing future QKD protocols [35,36].
This means that we can realistically consider repeating the
experiment N = 10'° times per second. We assume that the
experiment takes place in one second in order to assure that
Alice is radially aligned with Bob’s satellite. The distance
we consider between Alice and Bob is L = 3.6 x 10° m,
therefore, rp = 42.37 x 10° m. This radius corresponds to
typical orbits for geostationary satellites. It is conceivable
that, given the rate of development of current quantum
technologies, exchange of single photons at such distances
will be achievable. Currently squeezing of » = 1.5 has been
achieved in cutting edge experiments [37], therefore

2
[

— 4 ~58x107, 45
Qsinh r/NrgL (45)

where we considered that the Schwarzschild radius is
rs ~ 1072 m. Employing single-mode channels result in
relative errors of ATgs ~5L > 2.4 %107, while two-mode

entangled states result in Ar—? ~% > 4.8 x 107°. These

estimates include errors in all parameters involved. This
means that in computing the error in, for example rg, we
also included errors in L and rg. However, the errors in L
and rg turn out to be negligible. The relative error in the
measurement of Schwarzschild radius in the current state of
the art is 2 x 107 [38]. It is conceivable that in five years
squeezing of r = 6 might be achieved. In this case, by
being able to make N = 10'® measurements per second or
by being able to integrate such amount of measurements
over a longer period of time, it will be possible to improve
the current state of the art by 1 order of magnitude using our
quantum technique.
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The error estimation presented here assumes that our
scheme does not suffer from any source of loss or noise.
However, in practical implementations of quantum metrol-
ogy schemes, losses and noise can’t be ignored [26,39-42].
Quantum communication between ground users and
space links has become recently an active area of research
driven by proposals from global communication networks
[8,9,43,44]. The dominant mechanism of loss over long
distances is diffraction, e.g., transmitter and receivers aper-
ture as well as the distance and the strength of the atmos-
pheric turbulences between them [45,46]. Furthermore, the
exchange of single photons between ground and satellites
is haunted by many sources of noise, such as all sorts of
background lights and tight pointing requirements of the
optical antennas used. Exciting recent studies have pioneered
the ability to send and receive photons from ground stations
to space when such sources of noise are present [47-50]. We
leave more detailed studies of such schemes in the presence
of noise and loss to future investigations.

C. Quantum estimation of multiple parameters

In Sec. V B we have assumed that the quantity that is esti-
mated is the only source of uncertainty. Of course, in realistic
schemes, two or more parameters might give rise to com-
parable errors and therefore it is natural to look for an ext-
ension of our work to multiple parameter estimation schemes.

It is known that the simultaneous quantum-limited
estimation of multiple phases is more advantageous than
estimating them individually [51]. The price for this
advantage is the preparation of specialized multimode
correlated probe states. However, it turns out that the
single- and two-mode squeezed states are not appropriate
for this task. To demonstrate this, we calculate the quantum
Fisher matrix for the estimation of the two parameters
(Schwarzschild radius rg and separation between the two
observers L =rg—r,). The multiparameter quantum
Cramér-Rao bound [52]

Cov(rg, L) > Q7! (46)

sets the limit of the attainable precision, provided by
extending the covariance matrix formalism [53] to

Qij = 2(3ii>T(2 ®X-QQ® Q)(aji)v (47)

where 0, is the derivative of £, the vectorized form of X
with respect to parameter i. Given the form of the
covariance matrix X’ in Eq. (32)

r2 r2
O = ——45 0
L2(L + rA)Z rsrs?
rals
O = OQLry = mQrsrs- (48)

It is immediately clear that right-hand side of Eq. (46) is
singular, since Det[Q] = 0. This leads to a trivial quantum
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Cramér-Rao bound, implying that the single-mode
squeezed state is not suitable for estimating the two
parameters simultaneously.

The same result is obtained for the two-mode squeezed
state, implying that the two parameters cannot be estimated
simultaneously using such a state. However, a different
geometry should succeed where the squeezed states have
failed. The role of a gravitational field on an optical field
is to shift its frequency, the gravitational redshift. In the
present geometry, the ratio of the shifts at the location of
the two observers is combined in to a single parameter
[see (4)]. This quantity takes the role of a mode overlap,
which can itself be estimated using single- and two-mode
squeezed states with higher precision. Rather than taking
the ratio, it should be possible to estimate the frequency
shifts individually simultaneously with a different geom-
etry, with the allied advantage for multiparameter quantum
estimation. We leave this for future work.

VI. CONCLUSIONS

In this work we have applied recently developed tools in
relativistic quantum metrology [6] and techniques devel-
oped to study the effects of gravity on entanglement
distribution protocols [13] to measure spacetime parame-
ters using traveling wave packets in space. We have
estimated the ultimate error bounds on the precision of
measurements of parameters of interest in relativistic
setups, such as distances between users of quantum
communication protocols or the Schwarzschild radius of
the Earth. A better estimation of this parameters can
produce higher precisions in GPS and other quantum
metrology applications. We find that with current levels
of squeezing and channel capacities our scheme does not
outperform current proposals for ultra precise measure-
ments. However, we discuss which improvements in
quantum technologies are necessary to improve the state
of the art in the measurement of Schwarzschild radius of the
Earth. Our work aims at providing the first steps in the
estimation of spacetime parameters using quantum metrol-
ogy techniques. Furthermore, our results suggest that with
the expected advances in technology foreseen in the next
few years, the scheme proposed in this work will quickly
provide dramatic improvements to current setups. It is well
known in quantum metrology that the use of highly
entangled states, such as NOON states, can reach the
Heisenberg limit [1,2,54]. The use of such states in our
scheme could in principle lead to precisions several order of
magnitude beyond the current state of the art.
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APPENDIX: DERIVATION
OF SINGLE-MODE FIDELITY

We assume that mode c is initially the vacuum state for
which the covariance matrix is the 2 x 2 identity matrix 1.
Therefore, the total initial state is

. 0
5= 1)
0o 1,

where o) = diag(e”, e™"). After propagation, the reduced

(A1)

covariance matrix for mode b is given by X2 = ©%c, +

V1 —©?1, (here mode ¢ has been traced out).
We compute the Taylor series of the matrix X3, o as

X8 . s0 = b+ 20dO + 135 (d@)%. By substituting this
expansion in Eq. (22) we obtain the fidelity to second
order

(det )2 — 2(det =° — 1) det(3,)

Fel 2((det=F)2 — 1)

(d©)?,

where the dot denotes the derivatives with respect to the
parameter ©. Since X’ = 200(o, — 1), we find

detX? = 1 + 4sinh?r@%*(1 — ©?)
(detZ? — 1)det =" = 8%sinh*r@%@?(1 + 20 — 20?)
det =P = —1602@ sinh?r

which finally allows us to find the Fisher information
H(®) as

80%(1 —20% +20%)

HO) = @)@ (1= %) + (2siner) )’

We are now able to compute the bound on the variance A®.
We find

rAe> L V(1 -0%)(02(1 —©?) + (2sinh?r)~")
~ VNH © V2N /(1 207 +26% '
Notice that the derivative term © takes into account

estimation of parameters contained in ®, for example as
in (28).
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