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Abstract

The following is a list of research highlights for the manuscript entitled “Entanglement universality of two-
qubit X-states”.

Parametrization of separable, entangled and rank-specific two-qubit X-states.

Construction of a set of two-qubit X-states exhausting a two-qubit CP-diagram.

Parametrization of a disentangling unitary transformation for any two-qubit X-state.
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Abstract

We demonstrate that for every two-qubit state there is a X-counterpart, i.e., a corresponding two-qubit
X-state of same spectrum and entanglement, as measured by concurrence, negativity or relative entropy
of entanglement. By parametrizing the set of two-qubit X-states and a family of unitary transformations
that preserve the sparse structure of a two-qubit X-state density matrix, we obtain the parametric form
of a unitary transformation that converts arbitrary two-qubit states into their X-counterparts. Moreover,
we provide a semi-analytic prescription on how to set the parameters of this unitary transformation in
order to preserve concurrence or negativity. We also explicitly construct a set of X-state density matrices,
parametrized by their purity and concurrence, whose elements are in one-to-one correspondence with the
points of the concurrence versus purity (CP) diagram for generic two-qubit states.

Keywords: FEntanglement, Concurrence, Negativity, Relative Entropy of Entanglement, X-states
PACS: 03.65.Ud, 03.67.Mn, 03.65.Aa

1. Introduction

Despite our limited understanding of what entanglement is at the most fundamental level, many tasks
that feature entanglement as a sine qua non condition have been successfuly performed thanks to our
ever-growing ability to manipulate quantum systems comprised of interacting subsystems [1-8]. Ultimately,
entanglement is an attribute of quantum states and, as such, practical applications will unavoidably rely upon
one’s ability to prepare certain density matrices. In practice, though, depending on the details of a particular
implementation and on the types of noise that affect the relevant quantum system, some entangled states
may turn out to be very hard to produce, thus limiting the entanglement available to practical applications.
As a result, it is natural to ask: how much entanglement is left as we avoid certain density matrices?

In this paper this question is approached in the context of two-qubit states and with a clear specification
as to which states are to be avoided. Surprisingly, we find that no entanglement (as quantified by three
entanglement measures and with respect to a fixed level of mixedness) is lost as we avoid every two-qubit
density matrix, but the sparse family that, in the computational basis, can display non-zero entries only
along the main- and anti-diagonals; the so-called X-states [9]. For entanglement measures we consider
concurrence, negativity and relative entropy of entanglement, in terms of which our main result acquires its
more precise expression: for every two-qubit state with a value of entanglement set by any of these measures,
there is a corresponding X-state of same spectrum and same entanglement.
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Two-qubit X-states generalize many renowned families of entangled two-qubit states, for example, Bell
states [10], Werner states [11], isotropic states [12] and maximally entangled mixed states [13-16]. They
were first identified as a class of states of interest in the work of Yu and Eberly [9], where some of their
properties in connection with the phenomenon of sudden death of entanglement were investigated. Ever
since, the interest in X-states exceeded its original motivation and has been manifested in many other con-
texts [17-21]. Particularly relevant for this paper is the work of Hedemann [20], who provided compelling
numerical evidence that the set of two-qubit X-states alone is sufficient to access every possible combination
of concurrence and purity available to two-qubit states, and conjectured that any generic two-qubit state can
be converted into a X-state via a unitary transformation that preserves concurrence. Besides proving Hede-
mann’s conjecture, we demonstrate that it also holds true when entanglement is quantified with negativity
or relative entropy of entanglement instead of concurrence.

Also closely related to our purposes is the work of Verstraete et al. [14], where it was shown that, for a
fixed set of eigenvalues, the states of maximal concurrence, negativity or relative entropy of entanglement are
the same X-states, thus establishing the top frontier of the relevant entanglement versus mixedness diagrams
as comprised by X-states. Our main result extends theirs in implying that X-states not only border such
diagrams, but can be put in a many-to-one correspondence with every internal point.

From a pragmatic viewpoint, the interest in this universality property of X-states relies upon their
inherent easiness of manipulation, both theoretical and experimental. Owing to the highly sparse form of
X-state density matrices written in the computational basis (X-density matrices, for short), a great deal of
symbolic computations is possible, even in the context of entanglement quantification where one is usually
forced to resort to numerical approaches. The possibility of replacing generic two-qubit density matrices
with X-density matrices is a promising route towards a deeper understanding of mixed-state entanglement.
On the experimental side, two-qubit X-states can be produced and evolved, for example, with standard
interactions arising in the context of nuclear magnetic ressonance [18, 22] and with variations of available
technology for generating Werner states in optical and atomic implementations [23-28].

Throughout, aiming to take full advantage of the highly sparse form of two-qubit X-density matrices, we
exploit the luxury of working in a constructive-analytic fashion. Largely, this is enabled by the introduction
of a simple parametrization on the set of X-states, which leads to a geometric visualization of separable,
entangled and rank-specific X-states in the relevant parameter space. Thanks to this, we are able to explicitly
construct a set of two-qubit X-states that can be put in a one-to-one correspondence with the points of the
CP-diagram for generic two-qubit states. Most importantly, we parametrize a unitary transformation that
maps an arbitrary two-qubit state into a X-state of same entanglement (according to any one of the three
considered measures), and show how to set the parameter values to achieve conservation of concurrence or
negativity.

Our paper is structured as follows. In order to obtain the constructions that form the core of our
work, in Sec. 2 we parametrize separable, entangled and rank-specific two-qubit X-density matrices. Our
parametrizations are first put into use in Sec. 3, where we explicitly construct a minimal set of X-states that
exhausts the two-qubit CP-diagram. In Sec. 4 our main universality result is established by showing that
every X-state can be disentangled with a unitary transformation that preserves the sparse structure of a
two-qubit X-density matrix (Sec. 4.1) and that our selected entanglement measures vary continuously during
the disentangling process (Sec. 4.2). We summarize our main results and discuss some possible avenues for
future research in Sec. 5.

2. Parametrizing two-qubit X-states
Two-qubit X-states are quantum states of a four-dimensional Hilbert space that do not mix the subspaces

S1 = Span(]00),]11)) and Sz = Span(]01),]10)). In the computational basis {|00),]01),|10),|11)}, they
assume the matrix form
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with 6, ,9 € [0,7/2], 2,y > 0 and u,v € [0,27]. In order to highlight the resemblance of matrix (1) with
the alphabet letter ‘X’ (which justifies the nomenclature “X-state”), we replace every vanishing entry of a
matrix with a dot. Throughout, every density matrix of the form (1) is referred to as a X-density matriz.
More generally, every matrix possessing non-zero terms only along the main- and anti-diagonals is said to
be of the X-form.

That any X-density matrix has the form (1) is a direct consequence of the fact that, apart from the
decoupling between S; and Ss, all the inbuilt constraints of (1) are necessary features of a density matrix: the
parametrization along the main diagonal establishes only normalization and non-negativity of the diagonal
entries, whereas the parametrization along the anti-diagonal establishes only hermiticity.

However, not every matrix of the form (1) with 6, ¢, ¢ € [0,7/2], z,y > 0 and u,v € [0,27] is a density
matrix. In what follows we show how to further constrain the ranges of z and y in order to make the set of
matrices of the form (1) with the corresponding parameter ranges to coincide with the set of (i) X-density
matrices, (ii) X-density matrices of a fixed rank and (iii) separable X-density matrices.

2.1. Parametrizing two-qubit X-density matrices

The set of two-qubit X-density matrices is equal to the subset of matrices of the form (1) with parameter
values that render it positive semidefinite. For that, we start by considering the characteristic equation for

(1):

Mo+ aX? —ash+a,=0, (2)
where
a; = 1, as = BH+Cg—l‘B—yC, (3)
ay = BC+G+H—-z—y, ag = HG—yH-—2G+ay.

In the above, the caligraphic letters B, C, G and ‘H are functions of the diagonal parameters 6, ¢ and . In
fact, C and B (H and G) give the sum (product) of the diagonal entries of the unnormalized density matrices
of the ‘fictitious qubits’ living in the subspaces S; and S, respectively. Explicitly, C := 1 — B,

B:=sin? (1 —sin? psin?y), G :=sin*fsin® pcos®pcos®y and H :=sin?fcos®hsin®psin?y. (4)

Since the positive semidefiniteness of (1) is equivalent to the set of inequalities {a; > 0},=1,...4 [29], we
are left with three nonvacuous inequalities

BC+(H—-z)+(G—y) >0, (5a)
B(H—2)+C(G—y) >0, (5b)
(H—z)(G—y)>0. (5¢)

Now, due to the non-negativity of B and C, it is clear that the inequalities above are simultaneously satisfied
if and only if
z€[0,H] and ye€[0,d], (6)

which summarize necessary and sufficient conditions for the positive semidefiniteness of the form (1). There-
fore, the set of these matrices with 0, ¢, v € [0, /2], u, v € [0,27], x € [0, H] and y € [0, G] fully characterizes
the set of two-qubit X-density matrices. As we shall see next, such a parametrization enables an appealing
geometric visualization of two-qubit X-states and can be easily specialized to parametrize separable and
fixed-rank two-qubit X-states.



2.2. Parametrizing two-qubit X-density matrices of a fived rank

According to the Newton-Girard formulae [29], the coefficients a; of the characteristic equation (2) are
the sum of all products of i eigenvalues of matrix (1). This observation can be used to parametrize two-qubit
X-density matrices with a fixed rank.

Rank-1: Three zero eigenvalues impose a; = a3 = a4 = 0 or, equivalently, the saturation of Egs. (5a), (5b)
and (5¢). Clearly, this occurs if and only if # = H, y = G and BC = 0, which can be recast as the
logical disjunction:?

(t=H,y=0,B=0) or (z=0,y=6,=0). (7)

Rank-2: Two zero eigenvalues imply in az > 0 and ag = a4 = 0, which means that Egs. (5b) and (5¢)
must be saturated, whereas (5a) must not. In this case, some simple analysis shows that the following
logical disjunction comprises all the possibilities:

(r<H,y=0,B=0) or (x=0,y<G,C=0) or (e=H,y=G,BC>0). (8)

Rank-3: The single zero eigenvalue imposes a; > 0, ag > 0 and ay = 0, which implies in the sole saturation
of inequality (5c¢) or, equivalently,

(r<H,y=G,B>0) or (z=H,y<G,C>0). (9)

Rank-4: The absence of zero eigenvalues produces a; > 0, ag > 0 and a4 > 0, which amounts to be the
same as preventing saturation of inequalities (5a), (5b) and (5c). This is equivalent to require

(r <H,y<§G,BC>0). (10)

It is thus clear that the set of two-qubit X-density matrices of a fixed rank is equivalent to the set of
matrices (1) with parameter values verifying the corresponding constraint specified above. Throughout, we
shall refer to each alternative of rank-specific parameter choice as a kind of X-state. Accordingly, there are
two kinds of rank-1 and rank-3 X-states, three kinds of rank-2 X-states and a single kind of rank-4 X-states.

2.8. Parametrizing two-qubit separable X-density matrices

According to the PPT criterion [30, 31], the set of two-qubit X-density matrices is equal to the set
of matrices of the form (1) with parameter values that render itself and its partial transpose positive
semidefinite. In Sec. 2.1, we have seen how the positive semidefiniteness of (1) constrains = and y [cf. Eq.
(6)]. In this section, we find analogous constraints for the positive semidefiniteness of the partial transpose
of (1).

It suffices to consider the partial transpose over one of the two subsystems, which we choose to be the
second. In that case, the partial transpose operation over (1) yields a matrix of the same form, but with
z and y (and also p and v) swapped over, which implies that the positive semidefiniteness of the partially
transposed matrix is guaranteed by the constraints (6) with « € [0,G] and y € [0,H]. Clearly, in order to
have both (1) and its partial transpose positive semidefinite, 2 and y must be chosen according to

x € [0,min(G,H)] and y € [0,min(G,H)]. (11)

Therefore, the set of separable two-qubit X-density matrices is identical to the set of matrices of the form
(1) with parameter values that verify (11).

The results of this section are all summarized in Fig. 1, which represent X-states with a fixed value of
H+G+BC = s in a xy parameter space. Each plot corresponds to a different contribution of the parameters

2The logical equivalence between (z = H,y = G, BC = 0) and (7) is established by the easy-to-check implications: B = 0 =
G=0andC=0="H =0.
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‘H, G and BC towards s, in such a way that separable and entangled X-states of all ranks and kinds can be
visualized as vertices, sides and interior of a rectangle of side lengths G and H. Although s can assume any
real value between 0 and 3/8, the figure conveys only cases with s €]0,1/4]. If s =0then H =G = BC =0,
which implies the collapse of the rectangle to the origin of the parameter space. In this particular case, the
resulting states are all rank-1 or rank-2 separable X-states of the forms |i)(i| ® (cos? ¥ |0)(0] 4 sin® 9 |1)(1])
or (cos? 9 ]0)(0| +sin® 9 [1)(1]) ® |i)(i|, for i € {0,1} and ¥ € [0,7/2]. If s € ]1/4,3/8], it is no longer possible
to establish H = s or G = s, hence no pure states can occur.

(a) (b)
Y

y WY
@ rank-1 @ £0 rank-2 % rank-2 * L‘; rank-1 @
rank-2 rank-3 rank-3 rank-2
sep. x rank-4 ] rank-4 ] sep. x
sep. sep.
Qm A//
> T + — +—> T T > T
H=s g HS G s s

Figure 1: Geometric visualization, in the xy parameter space, of classes of X-states with H + G + BC = s, where s is a fixed
parameter that sets the scale. The plots are ordered in such a way that G increases from 0 to s as one moves from the left
to the right. Plot (a) corresponds to a choice of 0, ¢ and v such that G = BC = 0 and H = s (e.g., 0 = w/4, ¢ = = 7/2
and s = 1/4), in such a way that the only possible X-states distribute along the line segment y = 0 and 0 < z < H. Rank-1
X-states of the first kind occupy the end point (H,0), separable rank-2 X-states of the first kind occupy the origin (0,0),
entangled rank-2 X-states of the first kind occupy the points in between. Plot (b) corresponds to a choice of 8, ¢ and 1 such
that 0 < G < H < s and BC > 0 (e.g., 0 = 0.598, ¢ ~ 0.962, 1 ~ 0.800 and s = 1/4), in such a way that the only possible
X-states distribute along the rectangle of width H and height G. Rank-2 X-states of the third kind occupy the vertex (H,G),
rank-3 X-states of the first kind occupy the line segment y = G and 0 < z < H, rank-3 X-states of the second kind occupy the
line segment x = H and 0 < y < G, rank-4 X-states occupy the interior 0 < z < H and 0 < y < G. States inside (outside) the
hatched square 0 < z,y < G are separable (entangled). Plot (c) corresponds to a choice of 8, ¢ and ¥ such that 0 < G =H < s
and BC > 0 (e.g., 6 ~ 0.606, ¢ ~ 0.834, ¥ ~ 0.436 and s = 1/4), in such a way that the only possible X-states distribute
along the square of edge lengths H = G. All such states are separable. Plot (d) is analogous to plot (b), but with G and H
interchanged. Plot (e) is analogous to plot (a) with G and H interchanged. Moreover, in (e) both rank-1 and rank-2 states are
of the second kind.

3. Minimal set of X-states for full occupancy of the two-qubit CP-diagram

As a first application of the parametrizations obtained in the previous section, we now present a con-
struction of a minimal set of X-states that fully occupy the entangled region of the CP-diagram of generic
two-qubit states. We refer to it as a minimal set because its elements are in a one-to-one correspondence
with the points of the CP-diagram, in such a way that if a single state is removed from the set, a point of the
CP-diagram is consequently missed. For the reader’s convenience, in Appendix A we briefly review some
basic aspects of the entanglement measure concurrence, and in Appendix B the boundaries of the two-qubit
CP-diagram are explicitly obtained. For more information on two-qubit entanglement versus mixedness
diagrams, we refer the reader to Refs. [15, 16, 20, 32].

To present our construction we divide the CP-diagram in three disjoint purity domains whose union equals
the interval [1/3,1], where all two-qubit entangled states live [33]. For each of these purity subdomains
we prove a theorem whose statement provides parameter values, as functions of the desired purity and
concurrence values, that produce a family of X-states of fixed rank that exhausts the corresponding CP-
region. Before stating and proving the theorems, let us briefly outline the procedure by which the proposed
parameter values were obtained.

An arbitrary X-state g, parametrized as in (1), has its purity and concurrence given by the following



formulae:3

Plo)=1-2BC+G—y+H—x), (12)
C(o) = 2max [0,\/5— VG, i — VH|, (13)

which can be specialized to give the purity and concurrence of X-states of a fixed rank by restricting their
parameters according to the constraints (7) to (10). From the resulting purity equation for each rank we
can eliminate one of the X-state parameters in favor of P and, hence, rewrite C as a function of P and the
remaining X-state parameters. Then, fixing C' = ¢ and P = p, with p and ¢ representing any possible values
of purity and concurrence for the specific rank and the relevant purity subdomain, we obtain a transcendental
equation that can be solved for the X-state parameters.

Although the constructions presented in the following theorems were obtained by solving such transcen-
dental equations, we refrain from presenting the constructive steps that led to them. Instead, we state the
obtained parameters values in terms of p and ¢ and prove that, for any possible pair (p,c), they: (i) give
origin to valid X-density matrices of a given rank and (ii) solve the equations P = p and C = c.

Theorem 1. For every generic rank-1 state of concurrence ¢, a rank-1 X-state of same concurrence can be
constructed from equation (1) by taking

1
0:§:aurcsin(c)7 cpzz/):; z= and y=p=v=0. (14)
PRrROOF. We start by showing that for every ¢ € [0, 1] the choice of parameters of (14) yields a valid rank-1
X-state. In fact, using (14) to compute the coefficients B, G and H gives

02

B=G=0 and 'H:Z (15)

which complies with z = H, y = G, B = 0 and, hence, characterizes the resulting states as rank-1 X-states
of the first kind. Finally, substituting (14) in the concurrence formula (13) we obtain C' = c.

d

Note that although the choice of parameters (14) leads to rank-1 X-states of the first kind, rank-1 X-states
of the second kind can also access every ¢ € [0, 1]: this is achieved with

1
9:3, ¢ = - arcsin(c), Y =x=0, y:c— and p=v=0. (16)
2 2 4
A proof of this assertion follows the same steps presented above and will be omitted.

Theorem 2. For every generic state of concurrence ¢ and purity p € [5/9,1[, rank-2 X-states of same
concurrence and purity can be constructed from equation (1) by taking

6 = arcsin (Vu), ¢ = 1arcsin (E) Yv=x=0, y= ¢ and pu=v=0 (17)
) 2 u ? ) 4 )

where
(18)

3While the purity formula follows by direct evaluation of Tr[@?] for g given by Eq. (1), the concurrence formula can be easily
obtained from a useful specialization, due to Wang and coworkers [34], of the standard concurrence formula [35] for arbitrary
two-qubit states to the case of two-qubit X-states — see Appendix A, in particular Eq. (A.4).

6



PROOF. As shown in Appendix B, the concurrence of generic two-qubit states with purities p € [5/9, 1] is
limited to the interval ¢ € [0, u], thus 6 and ¢ from Eq. (17) are well-defined. Direct computation of the
coefficients B, G and H results in

62

B = u, g:z and H=0, (19)

which complies with x = H, y = G, BC > 0 and, hence, characterizes the resulting states as rank-2 X-states
of the third kind. Finally, note that straightforward evaluation of Eqs. (12) and (13) with the choice of
parameters (17) gives, respectively, P = p and C = c.

(]

Regarding theorem 2, two remarks are worth pointing out. First, the parameters of Eq. (17) produce
valid rank-2 X-states also in the CP-region p € [1/2,5/9] and ¢ € [0, u], hence covering the entire shaded
area in Fig. 2(a). Since generic rank-2 states are restricted to the CP-region p € [1/2,1] and ¢ € [0, u]
(cf. Appendix B), we may conclude that the parameters of Eq. (17) lead to X-state counterparts of same
concurrence, purity and rank for every two-qubit state of rank-2. Besides, as we demonstrate in Appendix
C, any pair of rank-2 density matrices of same purity can be related via unitary conjugation. Hence, the
X-state counterparts defined by Eq. (17) can be produced by a unitary transformation of a rank-2 two-qubit
state of the same purity.

Secondly, in theorem 2 we relied upon rank-2 X-states of the third kind to exhaust the corresponding
CP-region. Indeed, rank-2 X-states of the first and second kinds cannot achieve concurrences greater than
q := /2p—1 [dotted line in Fig. 2(a)], being thus unsuitable for the task. This can be easily seen by
computing the purity and concurrence for such states and then combining the resulting expressions to get

c=1/q¢% — 1 +sin?(29), (20)

where 1 represents 6 (in the case of the first kind parameters) or ¢ (in the case of the second kind parameters).
Clearly, the maximal value of ¢ is ¢ < u.

Theorem 3. For every generic state of concurrence ¢ and purity p € [1/3,5/9], rank-3 X-states of same
concurrence and purity can be constructed from equation (1) by taking

0:arcsin<\/ﬂ), 90:%» :g7 x:% and y=p=v=0, (21)
where
1 1 [v2 2 2
o —_ - — = —_—— — d = = 2 —_ - 22
wi=wp)c) =g -5\ 5 —3 ad vi=0vp) P 3 (22)
PROOF. As shown in Appendix B, the concurrence of generic two-qubit states with purities p € [1/3,5/9]
is limited to the interval ¢ € [0,v]. In this case, some analysis of Eq. (22) reveals that w € % - 3%/5, % ;
rendering 6 from Eq. (21) well-defined. Direct computation of the coefficients B, G and H gives
1 c?
B=w, G=0 and H:§ 1—p+5—w , (23)

which complies with x < H, y = G, B > 0 and, hence, characterizes the resulting states as rank-3 X-states
of the first kind. To see that z < H, note the following:

c? 1 1 2 1/2 2 1 2 1
=< (p-Z)<i-p<i(i- Se=—(1-p+S -2 <H, 24
’ 4—2(p 3) 3 7 3(3 p)+3x 3( Pt 3)- (24)
where the first, second and fourth inequalities follow from the upper bounds for ¢, p and w, respectively.

This particular choice of parameters allows, through the straightforward evaluation of Egs. (12) and (13),
to obtain P = p and C = c.



(a) 1 — (b) 1 T
777,
N 7 -
u 77750 u
o I _w
0.8 1 77000 00 0.8 T T
....... q T/ A I S
g YA e | T A
=1 Tk 000000 < 4
£ 061 /777 067 7 1
& T 00000000 = 7))
5 R 2 77
= 4 T = /7
S 041 2000000000000 0 2041 S T
g ' /7777 g 70
© / IS © 0
/ W 70000
0.2, S 000000 0217777777 T
, W /777 0
L0000 000
0 A ;/////////////////////// O ////////////‘
—F o
1 15 1 1 15 1
3 2 9 3 2 9
purity purity

Figure 2: Occupation of a two-qubit CP-diagram by rank-2 and rank-3 X-states specified in theorems 2 and 3, where the
maximum between solid and dashed lines determines the upper bound of the CP-diagram for generic two-qubit states. The
shading in (a) represents the accessible region to rank-2 X-states of the third kind [parameters given by Eq. (17)], which
coincides with the accessible region for generic rank-2 two-qubit states. Note that the hatching highlights the region covered by
rank-2 elements of our minimal set. Besides, the dotted line gives the upper bound for rank-2 X-states of the first and second
kinds, showing that they can only exhaust the CP-region p € [1/2,1[ and ¢ € [0, ¢]. The shading in (b) represents the accessible
region to rank-3 X-states of the first kind [parameters given by Eq. (21)], while the hatching highlights the region covered by
rank-3 elements of our minimal set that completes the non-hatched CP-region in (a). In this plot, the dotted line gives the
upper bound for rank-3 X-states of the first kind over the extended domain [5/9, 1[, showing that these rank-3 X-states do not
exhaust the entire CP-region.

O

A few remarks about theorem 3 are due. First, by imposing B > 0 and x < H to the choice of parameters
of Eq. (21), we find that they also produce valid rank-3 X-states in the CP-region p € [5/9,1[ and ¢ € [0, 7],

where
r::r(p):ﬁ 1—2p+\/2p7—1. (25)

However, since in this purity range the concurrence of generic two-qubit states goes up to u > r, such a
choice does not fill the entire CP-region in the purity interval [5/9, 1], as shown with shading in Fig. 2(b).
Although a different choice of rank-3 parameters could be tailored to exhaust that region, for now we shall
leave its occupancy for the choice of rank-2 parameters of Eq. (17), as shown with hatching in Fig. 2(a).

Second, although the choice of parameters of Eq. (21) yields rank-3 X-states of the first kind, it is also
possible to access every p € [1/2,5/9[ and ¢ € [0,v] with rank-3 X-states of the second kind. This can be
achieved, for example, with

0 = arcsin(v/2), ¢ = Yp=x=0, y=7 and p=v=0, (26)

T
47
where . ; )
49w if p<l+ec

I 3 =
Z'_{ 20 if 2p>1+c 27)

A proof of this follows the same steps presented above and will be omitted. We only note that also this
choice of parameters can be extended to the purity domain [5/9, 1[. However, this is only possible for certain
values of ¢ which (i) do not cover every point already visited by the extension of the parameters of Eq. (21)
[shaded and non-hatched region in Fig. 2(b)] and (ii) do not cover every point left unvisited by the extension
of the parameters of Eq. (21) [empty area between the solid and dotted lines in Fig. 2(b)].

Third, although for every rank-3 two-qubit state of purity p € [1/3,5/9] we have constructed a X-state
of same purity, rank and concurrence, that does not mean that our construction is related to the input state



via a unitary conjugation. As we demonstrate in Appendix C, such a conclusion can only be drawn in the
case of rank-1 and rank-2 states. For example, consider the two-qubit density matrix of rank-3

13 3v3 2v3  —10
1|3v/3 7 6 —2v3
40| 2v3 6 7 =3v3 |’

-10 —-2v3 -3v3 13

which has p = 0.54 and ¢ = 0.4. The following matrices are rank-3 X-state counterparts constructed
according to the parameter values of Eqs. (21) and (26), respectively:

10 + 2v/19 : - 6 10 — 2V/19 : -
1 . 10 — /19 1 . 10 + /19 6 :
- d — (29
30 : : : : ame 3 : 6 ey - | @
6 : . 10— /19 : : :

Although the three matrices share the same rank, purity and concurrence, each one displays a different set
of eigenvalues, being thus impossible to be related via unitary conjugation. Of course, this does not preclude
the existence of yet another X-state counterpart that could be obtained via unitary conjugation of the input
density matrix. The existence of such counterparts will be proved in the next section.

As a summary of the main results of this section, we now explicitly state the matrix forms (in the
computational basis) of the elements of our minimal set Sx — formed from the parameter choices of Egs.
(14), (17) and (21) — namely,

(28)

Sx = {Qi(p,C)

1
i=1lforp=1,i=2forpe {g,l{,i:?)forpe {g,g[}, (30)

with

(Vi e . ¢

1—+v1-—¢2

L c
[ 2—2u . .
1 . w4+ Vu? — 2 c .

== 2

o2(u(p), ¢) 2 ) c u—vVE—& - | (32)
[(2—4w - - ¢

QS(w(pv C)7C) = 5 . . . . ) (33)
c - - 2w

where u = u(p) and w = w(p, ¢) were defined in Egs. (18) and (22), respectively. We remark that although
many other minimal sets that exhaust the entangled region of the CP-diagram of two-qubit states do exist,
Sx has the advantage of being highly sparse and formed exclusively by rank-defficient X-states.

Let us conclude this section with a word of caution: the exhaustion of the CP-diagram with elements
of Sx does not imply that other entanglement versus mixedness diagrams will also be exhausted by Sx.
This is illustrated in Fig. 3 in the case of the negativity versus purity diagram (cf. Appendix A for the
definition and a brief review of the entanglement measure negativity). In this figure, the thick line bounds
the negativity of generic two-qubits states of a fixed purity (for more details, see Ref. [16]). The shading
highlights the accessible region to the elements of S x and it was obtained by numerically computing their
negativity. Noticeably, the shading does not completely fill the area below the thick line. This is better
understood by recalling that different entanglement measures quantify different “types of entanglement”
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[36]. So, while the states of Sx exhaust the possible values of concurrence-like-entanglement for a fixed
purity, they may (and do) lack some values of negativity-like-entanglement.

The magnification glass in Fig. 3 also shows that, for p < 5/9, the shading goes beyond the (thin) line
generated by the elements of 8x with maximal concurrence per purity (such states formed the border of the
CP-diagram in Fig. 2). This is also due to the existence of many types of entanglement and, in particular, to
the fact that any two different entanglement measures place different orderings on the set of density matrices
[37, 38]: although the states that generate points above the line are obviously less concurrence-entangled
than the maximally concurrence-entangled states of same purity, they are more negativity-entangled than
the latter. Curiously, though, for p > 5/9, the elements of Sx with maximal concurrence are also the
elements of highest negativity.

negativity
. o <9
P )

o
o
:

eSS
olon +-——————S8a 1
—

purity

Figure 3: Occupation of the negativity versus purity diagram by the elements of Sx. The thick line gives the boundary of
the diagram for generic two-qubit states and the shading highlights the region occupied by the elements of 8 x. The thin line
indicates the negativity of the states of Sx of maximal concurrence for a fixed purity. The magnification glass shows that for
p < 5/9 there are elements of Sx that generate points beyond the thin line, evidencing different orderings on the set of density
matrices imposed by negativity and concurrence.

4. Entanglement Universality via Unitary Evolution

So far, we have established a weak form of X-state entanglement universality: there are more than
necessary X-states to visit every point of a generic two-qubit CP-diagram. As we have seen, though,
our produced X-state counterparts cannot, in general, be obtained from the input states via a unitary
transformation, nor they will exhaust entanglement versus purity diagrams other than the one in which
entanglement is quantified by concurrence. Needless to say, however, is that the possibility of coherently
producing X-state counterparts to achieve any value of entanglement, as measured by any entanglement
measure, would be very interesting from both fundamental and practical viewpoints.

In this section we considerably strengthen our preliminar universality result to accomodate some of
the aforementioned desiderata. Specifically, we claim to be always possible to coherently produce X-state
counterparts for any two-qubit state preserving (not simultaneously) its concurrence, negativity or relative
entropy of entanglement (cf. Appendix A for a brief review of these entanglement measures). Throughout,
we shall refer to these coherently produced X-state counterparts as X-counterparts. Of course, the require-
ment of coherent preparation implies in preservation of mixedness (e.g. purity or von Neumann entropy),
so that X-counterparts will exhaust many types of entanglement versus mixedness diagrams (e.g., all types
considered in Ref. [16]).

An important step towards proving this stronger universality claim was given by Verstraete et al. [14],
who showed that concurrence, negativity and relative entropy of entanglement of a generic two-qubit state
P& is maximized by conjugation with a unitary matrix of the form U = (U; ® Uz)OD,®", where U; and
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U, are arbitrary local unitary transformations, D is a unitary diagonal matrix, ® is the unitary matrix
such that ®1 PEM®P is the diagonal matrix of eigenvalues of p&' sorted in non-ascending order, and O is the

improper orthogonal matrix

(34)

Qo
Il
o

1
V2
1
V2
1 .

From here, it is immediate to find that (up to local unitary transformations), the density matrix of eigenvalues
A1 > A2 > A3 > Ay with maximal concurrence, negativity and relative entropy of entanglement is

204 . .
1 . /\1+>\3 )\1ng

mar __ entg gt _
px™ =UpcU T2 : A — A3 A1+ A3

(35)
2

Thus, for a fixed spectrum, the maximally entangled mixed state (under the three considered measures) is
a X-state.

It follows from this observation and from the intermediate value theorem (see, e.g., Ref. [39]), that to
prove our stronger universality claim it suffices to show that (i) any entangled X-state can be disentangled
via a unitary transformation that preserves the X-form, and (ii) concurrence, negativity and relative entropy
of entanglement vary continuously during the referred disentangling evolution. In fact, if (i) and (ii) are

true, then the X-counterpart of p&** can be prepared by composing two unitary evolutions, U and V, as in

pt B prar Vo pet (36)
where V denotes a unitary transformation that initiates a X-form preserving and disentangling transforma-
tion of p'¢**, which is aborted when the instantaneous X-state reaches either the concurrence, negativity or
relative entropy of entanglement of the initial state p&'* .

The remainder of this section is devoted to prove assertions (i) and (ii).

4.1. Coherent Disentanglement with X-form Preservation

We start by considering the unitary transformation induced by the following unitary matrix with by €
[0,27] and k= 1,...,4:

cos by . . etz gin b,
cos b3 e gin by
. —e taginby  cosbs
—e 2 gin by . . cos by

V= (37)

Clearly, V' consists of two independent SU(2) elements applied to the subspaces spanned by {]00),[11)}
and {|01),|10)}. Since a X-state can be seen as two fictitious qubits living in each of these subspaces,
conjugation of an arbitrary X-state with V' will necessarily preserve the X-form.*

For what follows, it will prove itself useful to determine how certain parameters of an arbitrary X-
state change under the unitary transformation induced by V. Let p and p’ = VpVT be two X-states
with parameters {0, ¢, ¥, z,y, u,v} and {6, ¢’ ', o', y', 1/, v}, defined according to Eq. (1). Then, some
straightforward (however tedious) computation gives

4Note, however, that V' does not induce the most general unitary transformation that preserves the X-form. First, the most
general element of SU(2) has 3 parameters (disconsidering an unimportant global phase), whereas each SU(2) element in (37)
has only 2 parameters. Second, even if we employed the most general SU(2) parametrization, it is not difficult to see that it
is possible to preserve the X-form with unitary transformations that mix the mentioned subspaces. Two obvious examples are
the unitary transformations induced by conjugation with the unitary matrices 12 ® o1 and o1 ® 12.
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' = h%sin? by cos® by — hy/zsin (2b1) cos (2b1) cosd + x [1 — sin? (2b1) cos? 5} y

Yy = g?sin®bscos? by — g,/ysin (2b3) cos (2b3) cos A +y [1 — sin® (2b3) cos? A] | (38)

where, for brevity, we have defined 0 := by — pu, A := by — v,
h = h(0,,v¥) = cos? § — sin® @sin® psin®¢  and g := g(0, ¢, v) = sin? (cos? ¢ — sin® pcos® ).  (39)

Moreover, the following conservation laws can be easily established from the invariance of the trace and the
determinant of a matrix unitarily conjugated:

C'=C and B =28, (40)
G—y=G—-—y and H —2'=H—=x, (41)

where B"), ), G and H"") were defined in Eq. (4).

Let us now see how to set the parameters of V' in order to turn it into a disentangling unitary trans-
formation for any entangled X-state. From Sec. 2.3, we know that p’ = VpVT will be a separable density
matrix if and only if 2’ and y’ are no greater than the minimum between G’ and H’, cf. Eq. (11). Combined
with the conservation law (41), this condition can be rewritten as

¥ <min[G —y+y,H—z+ 2] and y <min[G —y+y ,H—x+2]. (42)

From a strictly algebraic viewpoint, a simple choice of 2’ and y’ that fulfills both inequalities immediately
comes out. Consider, first, the case where the input state p has H > G, being thus identified with a point
in the zy parameter space of Fig. 4(a). If conjugation with V' can move that point to the left in order to
make 2’ = G, while keeping its ordinate constant, i.e. y’' =y, then the inequalities (42) become

G <min[G,G +H — z] and y <min[G,G+H — z]. (43)

Noticeably, the first inequality is satisfied with saturation, as the minimization yields G thanks to the positive
semidefiniteness of p that requires z < H [cf. Eq. (6)]. For the same reason, the second inequality becomes
y < G, whose validity also follows from the positive semidefiniteness of p.

Analogously, if the input state p has G > H, as illustrated in Fig. 4(b), moving it down such that 2’ = x
and y' = H, turns inequalities (42) into

z <min[G —y + H, H] and H <min[G —y+H,H]. (44)

In this case, the result of the minimization is H, from which follows that (44) reduces to the always-true
inequalities x < H and ‘H < H.
In a nutshell, algebraically, inequalities (42) can be satisfied by choosing z’ and y’ as follows:®

;[ G if H>G ;[ y if H>G
“”*{x it g>n  nd y*{H it G>H (45)

Before accepting Eq. (45) as a solution, though, we must check whether conjugation of p with V' can produce
states p’ with such parameters values of 2’ and y’. As it turns out, this is feasible for every entangled X-state

p:

Theorem 4. Let {0,p,¢,x,y, p,v} be the set of parameters specifying an arbitrary entangled X-state p,
and {G,H,g,h} the set of associated functions of 0, ¢ and v defined in equations (4) and (39). For every
such p, the following choice of parameters for the unitary matriz V' of equation (37) produces a X-state
p' = VpVT whose parameters &' and ' are given by equation (45).

5We need not to consider the case H = G since every p with such property is automatically separable [cf. Fig. 1(c)].
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Figure 4: Proposed disentangling protocol for an arbitrary two-qubit X-state p. In (a), p is supposed to have H > G, in which
case a disentangling transformation, represented by the left arrow, would produce a X-state p’ with ' = G and y' = y. In (b),
p is supposed to have G > H. In this case, the analogous disentangling transformation (down arrow) outputs p’ with 2’ = z
and vy’ = H.

If H > G, make

b2:u7 b3:05 b4:V (46)
and by such that cos(2b1) = £+/G/x if h = 0. Otherwise (h #0), by is such that

1 s 1 s
cosby = 5—}—;\/1—3, and sinb; = i—g\/l—g,, (47)
where

§=sgn[h]sgn3_X_+x—-G], 3-=

2y + X = BlVaG(Xs =G) oy, (h>2:t:v (48)
X2 =12 '

If H < G, the expressions for by and bz specified above must be interchanged, and the substitutions r — vy,
h — g and G — H performed in equation (48).

We defer to Appendix D a proof that the parameters specified in the theorem are well-defined and
actually implement the desired transformation.

4.2. Continuity of Entanglement

Now that we have established that an arbitrary two-qubit entangled X-state can be disentangled by
conjugation with V| we shall consider the entanglement dynamics of that state evolving under the action
of the strongly continuous one-parameter unitary group (VI')TE[O,I]7 where V; := exp (iH7) and H is the
(X-formed) hermitian matrix such that exp (iH) = V. The explicit form of V; can be promptly obtained
from Eq. (37) by performing the replacements by — by7 for every k =1,...,4 and with b, chosen according
to theorem 4.

Clearly, as we vary 7 within the range [0, 1], the resulting states p, = V;pV. preserve X-form and
spectrum, while entanglement varies from the initial value, in 7 = 0, until zero, in 7 = 1. In this section,
we show that entanglement, as measured by concurrence, negativity and relative entropy of entanglement,
varies continuously with 7, in such a way that every value of these entanglement measures between zero
and the initial value can be reached by suitably choosing 7. Furthermore, equations linking the value of
T to any desired value of concurrence and negativity are derived. We conduct separate analysis for each
entanglement measure.

Before proceeding with the continuity analysis, a few notational points are worth mentioning. Through-
out, we add the subindex 7 to every parameter associated with the X-state p,. Accordingly, since V; is a
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matrix of the form (37), the conservation laws of Eq. (40) and (41) also hold with the primes replaced with
the subindex 7, namely:

C.,=C and B,=2B8, (49)
G y=Gy and Hoor=H - (50

In addition, the parameters z» and y, can be promptly obtained by applying the replacement by — byt to
Eq. (38), where by denotes the value of by, specified in theorem 4:

h . NG . = 12
o= |5 sin(2b17) — \/Ecos(ZblT)} and Yr = %sin(ngT) - \/gcos(ngT)} . (51)
Identities (49), (50) and (51) will be extensively used in what follows.

4.2.1. Continuity of Concurrence
Using Eqs. (A.4) and (50) we can express the concurrence of p, as the following function of 7 € [0, 1]:

¢(7) = 2max [0,\/577— VG Ve — \/’HiT}
= 2max [0, a7 — VG = (y— y7), Vi = VH = (2~ 27)] - (52)

For definiteness, suppose that the initial entangled X-state p is such that H > G. Then, according to
Eq. (51), yr =y and G < z, < z, in which case the maximization of Eq. (52) can be explicitly evaluated
by noticing that the third term is never positive® and the second term is never negative. As a result, the
concurrence formula simplifies to

Crsg(r) = 2(Vr = VE) . (53)

which reaches the maximum at z, = x (or 7 = 0), the minimum at z, = G (or 7 = 1), and is clearly a
continuous real function of z, defined on the interval [G, z]. Thanks to the obvious continuity of z, in 7 [cf.
Eq. (51)], it turns immediate that the concurrence is also continuous in 7 defined on the interval [0, 1].

A completely analogous argument shows that if p is such that G > H, then

Cosni(r) =2 (Vi — VH) , (54)

which is also clearly continuous in 7.

Apart from establishing the continuity of the concurrence in 7, Egs. (53) and (54) allow the determination
of the value of 7 = 7. that leads to a X-state of concurrence c. For example, if p is such that H > G, then
the appropriate 7, can be found by solving the following transcendental equation for 7:

g — ‘gsin(ﬂ;ﬂ') — Vzcos(2b17)| — VG . (55)

Numerically, this can be efficiently solved.

SNote that the third term in the maximization of Eq. (52) is a decreasing function in zr, in such a way that its maximum
value is achieved for the minimum value of zr. Consequently, the non-positivity of this term is implied by the condition
y < 'H — (z — G), which can be seen to be always satisfied by adding up x < H and y < G.
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4.2.2. Continuity of Negativity
This closely follows the steps taken for establishing the continuity of the concurrence. Substitution of
Egs. (49) and (50) into (A.8) gives the negativity of p, as the following function of 7 € [0, 1]:

| B B, \? c, c\2
N(r) = —min 0’2_\/<2) ‘gf”f’z‘\/(z) ~Hetyr
_ B B\? c c\’
= —min 072—\/<2) —(]+x7+y—y7,2—\/(2> - H+y+z—2z| . (56)

Once again, we first consider an initial entangled X-state with H > G, for which we have already seen
that y, =y and G < 2, < z. Use of these in the minimization of Eq. (56) leads to an optimization problem
that can be trivially solved by noticing that the third term is never negative’ and the second term is never
positive. The negativity formula thus becomes

~

2
Miso(r) =5 +1/(5) +ar=0. 57)
which reaches the maximum at x, = z (or 7 = 0), the minimum at z, = G and is clearly a continuous real
function of z, defined on the interval [G, z]. Just as occurred in the analysis of concurrence, the continuity
of z, in 7 implies that also the negativity is continuous in 7 defined on the interval [0, 1].

For an initial entangled X-state p such that G > H, one can derive the following negativity formula, also
obviously continuous in 7:

Ngor(r) =~ + (g) I (5)

We conclude by noting that Egs. (57) and (58) allow the determination of the value of 7 = 7, that leads to
a X-state of negativity n. If p has H > G, for example, then 7, can be obtained by numerically solving the
following transcendental equation for 7:

n= —g + \/(123)2 + {g sin(2b,7) — \/Ecos(QBIT)] " G. (59)

4.2.3. Continuity of Relative Entropy of Entanglement

Since a closed-form for the relative entropy of entanglement of a two-qubit X-state is still unknown
(cf. Appendix A), we resort to a powerful continuity property of the relative entropy of entanglement®
derived by Donald and Horodecki [41] elaborating on a celebrated inequality due to Fannes [42].

The general result of Ref. [41] implies that, for any pair of two-qubit density matrices p; and ps such
that [|p1 — p2|l& < 1/3, the following Fannes-type inequality holds:

[Se(p1) — Se(p2)| < 8llp1 — p2ller — 2|lp1 — p2lltr l0gs (|1 — p2lltr) s (60)

where || - ||z denotes the trace norm (sum of the singular values).
To see that (60) implies that the relative entropy of entanglement is continuous in 7 € [0, 1], let 7 and
0T be arbitrary real numbers such that 0 < 79 + 67 < 1 and, for an arbitrary two-qubit X-density matrix p,
define
p1=VopV] and py=V; 5:pV) 5 = Verp1Vy (61)

To

“In this case, the third term in the minimization of Eq. (56) is an increasing function in z,, reaching its minimum value
when - = G. The non-negativity of this term is thus implied by —H + y + * — G < 0, which we have already seen to be true.

8 An analogous continuity property has been demonstrated in [40] for the entanglement of formation. It could have been
exploited, in Sec. 4.2.1, to establish the continuity of the concurrence in 7 € [0, 1].
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The strong continuity property of (‘/7')7'6[0,1] ensures that
lim py = p1 or, equivalently, lim |p1 — p2|l&r =0, (62)
67—0 67—0

so, choosing p; and ps in inequality (60) as in Eq. (61) and taking the limit 67 — 0 on both sides of (60)
yields
Jm [Se(p1) = Se(p2)| =0, (63)

which is the desired continuity property.

5. Concluding Remarks

In this paper a form of universality property of the set of two-qubit X-states with respect to two-
qubit entanglement was established: for every two-qubit state, we have demonstrated that there exists a
corresponding two-qubit X-state of same spectrum and entanglement as measured by three different entan-
glement measures; concurrence, negativity and relative entropy of entanglement. We followed a constructive
approach that culminated with the parametrization of a family of unitary transformations that converts
between arbitrary two-qubit states and their corresponding X-counterparts, as well as with a semi-analitical
characterization of the parameter values that lead to the conservation of concurrence or negativity. As
by-products, we have parametrized the set of density matrices of separable, entangled and rank-specific
X-states, highlighting its particularly simple geometry. Besides, we have explicitly constructed a set of X-
density matrices whose elements are in a one-to-one correspondence with the points of the CP-diagram for
generic two-qubit states; a result that can be considered a weaker version of our main universality result.

Regarding the strength of our main universality result, a relevant point is whether two-qubit X-states
would exhibit the same universality property when confronted with arbitrary entanglement monotones. An
answer to this is intrisically related to the long-standing open problem: are the maximally entangled mixed
states (of a given spectrum) all the same irrespectively of the entanglement monotone that quantifies their
entanglement? [43]. As we have seen, the fact that maximally entangled mixed states are indeed the same
for the entanglement monotones concurrence (entanglement of formation), negativity and relative entropy
of entanglement [14] was crucial in establishing our universality result. In order to extend its generality
for arbitrary entanglement monotones we would need, at least, to guarantee that every possible maximally
entangled mixed state is of the X-form. Of course, even if that proves to be true, one would still need
to establish the continuity of every entanglement monotone in the sense of Sec. 4.2. Although these are
certainly two deep open problems, to the best of our knowledge there are no reasons to discard the possibility
of this ultimate universality property of two-qubit X-states.

Another point that draws further attention to the family of two-qubit X-states is motivated by the
following question: Is that the only family of sparse density matrices exhibiting the observed universality
property? We give a tentative affirmative answer in the case where the sparsity of the X-states is to be
preserved (i.e., at least half of the matrix elements equal to zero). Once again, the argument is based on
the fact that, for a given set of eigenvalues, maximally entangled mixed states (with respect to concurrence,
negativity and relative entropy of entanglement), have all the same X-form (35) up to local unitary transfor-
mations [14]. Therefore, any “candidate shape” must be attainable by conjugating (35) with local unitaries.
Now, an obvious way to preserve sparsity is to restrict the set of local unitary transformations to the much
smaller set of local permutations. As simple inspection shows, of the 24 elements forming the permutation
group of dimension 4, only 3 (other than the identity) are local unitaries.” Moreover, conjugation of (35)

9Explicitly:

=01 ®1y and =01 R0 .
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with any one of these three elements results in another X-density matrix. So, assuming local permutations as
the only local unitary and sparsity-preserving transformations, we conclude that there are no other families
of two-qubit states — as sparse as the X-states — with such a universality property.

We conclude by mentioning two possible avenues of future work. First, it is interesting to ask whether
there are higher dimensional generalizations of X-states that feature the same universality property. Along
these lines, some preliminar numerical work in [20] suggests that qubit-qutrit X-states already fail to be
universal with respect to negativity, which raises the prospect to other classes of sparse states. However, the
results of [20] are not conclusive and call for analytical investigation. Also worth of note is the fact that a
closed formula for the genuine multipartite concurrence for arbitrary N-qubit X-states was recently obtained
in [44] and maximized in [45], giving rise to the set of N-qubit X-states of maximal genuine multipartite
concurrence for a given linear entropy (the so-called X-MEMS). Given the formal similarity between the
X-state formulas for two-qubit concurrence and N-qubit genuine multipartite concurrence, it is conceivable
that the universality of N-qubit X-states with respect to genuine multipartite concurrence can be established
in an analogous way as that presented in this work. However, the success of such an analysis depends on a
previous demonstration that the X-MEMS are indeed the maximally entangled mixed states over all N-qubit
states, a fact that is currently unknown [46]. Second, the universality of two-qubit X-states with respect
to the relative entropy of entanglement implies that a closed formula for the relative entropy of two-qubit
X-states can be regarded as a closed-formula for any two-qubit state as long as one is able to relate every
two-qubit state with its X-counterpart independently of previous knowledge about the relative entropy of
entanglement of the input two-qubit state. Obtaining such a relation and a closed formula for the relative
entropy of two-qubit X-states are, thus, two possible steps towards the solution of the long-standing open
problem of finding a closed-formula for the relative entropy of entanglement of a two-qubit state [47].
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Appendix A. Entanglement Measures

Entanglement quantification is a slippery matter. That is mostly so because, in the general framework
of mixed states, we do not fully understand what entanglement is. Instead, we collect examples of tasks
that could not be performed with a separable state and, vaguely, identify the amount of entanglement of a
non-separable state with its corresponding performance in accomplishing such a task. Even more abstractly,
well-behaved bounds on these perfomances are commonly regarded as entanglement measures too. As a
result, inequivalent ways of measuring mixed state entanglement abound.

In contrast, in the limited framework of bipartite pure states, much better understanding of entanglement
is available. Consequently, an essentially unique entanglement measure emerges [48, 49]: the entropy of
entanglement, defined as the von Neumann entropy of either subsystem considered alone.

Throughout this paper three different entanglement measures for bipartite mized states are considered,
namely: concurrence, relative entropy of entanglement and negativity. In this appendix we briefly review
some of their aspects relevant to our purposes. For a much deeper account on the subject of entanglement
and its quantification, we refer the reader to [36, 50].

Concurrence. In [51], the problem of determining the amount of Bell states per copy necessary to prepare
many copies of a bipartite mixed state p (resorting only to local operations and classical comunications),
was taken as a route for quantifying the amount of entanglement of p. The concept of entanglement of
formation was then materialized as the entanglement measure defined by

Ef(p) = miHZpiE(|¢i>)a (A1)

17



where E(|1;)) is the entropy of entanglement of the pure state |1;), and the minimization is taken over all
the pure bipartite state ensembles {p;, [1);)} realizing p.

In a remarkable subsequent development [35], Wootters explicitly evaluated the minimization of Eq. (A.1)
for 4-by-4 density matrices p, obtaining a closed-formula for the entanglement of formation of two-qubit

states:
Erlo) =0 (3 [1+ V-0 ) (a2)

where h(z) := —xlogyx — (1 — x)logy(1 — x) and C(p), denominated concurrence of p, is given by

Clp) = max [0, VA1 = VAs = Vs = v/ (A3)

with A\ > Ay > A3 > A4 the eigenvalues of p(o2 ® 02)p* (02 ® 02), o2 being the Pauli-y matrix, and the
complex conjugate in p* taken with respect to p written in the computational basis.

Inspection of Eq. (A.2) reveals entanglement of formation as a monotonically increasing function of
concurrence in the relevant domain C € [0, 1]. This simple observation motivated the promotion of C' from
a mere step in the calculation of E, to an actual entanglement measure for two-qubit states on its own [52].

Remarkable properties of concurrence are: it never increases under local operations or classical commu-
nications, remains invariant under local unitary transformations, reduces to the entropy of entanglement
when applied to pure states, vanishes if and only if applied to separable states and, quite importantly for
our purposes, admits a very simple formula when applied to two-qubit X-states [34]:

C(p) = 2max |0, |p3a| — /paap11, |par| = v/p33p22] , (A4)

where p;; denotes the entry of the X-density matrix p in the i-th row and j-th column.

Relative Entropy of Entanglement. The notion of quantifying entanglement of an arbitrary quantum state
by measuring how distiguishable it is from all separable states of same dimension was introduced in [53].
Intuitively, the more entangled a state is, the less likely it is to be confused with a separable state after
a number of measurements. This idea was materialized in an entanglement measure denominated relative
entropy of entanglement, for relying upon the quantum relative entropy [10, 54] to quantify the “distance”
between p and the closest separable state o, namely:

Se(p) = minTr[plog p — plog o] , (A.5)

where D represents the set of all separable density operators with the same dimension of p.

Shortly after its inception, Vedral and Plenio showed that the relative entropy of entanglement is a
powerful upper bound for yet another entanglement measure [55]: the entanglement of distillation, i.e.,
the proportion of Bell states that can be distilled from many copies of p using the optimal purification
procedure [56]. In spite of its compelling operational definition, entanglement of distillation proved to be a
measure very hard to compute, which reinforced the interest on the bound provided by the relative entropy
of entanglement.

Although much more computation-friendly than the entanglement of distillation, evaluation of the rela-
tive entropy of entanglement is far from trivial. Numerically, a convergent iterative algorithm [57] and an
estimator based on semidefinite programming [58] have been proposed, but to date, apart from some cases
of high symmetry [14, 55, 59-62], no analytical solution for the minimization problem of Eq. (A.5) has been
found; not even in the simplest case of two-qubit density matrices [47] (see, however, Refs. [63-65]). In the
case of two-qubit X-states, the minimization of (A.5) was shown to be equivalent to simultaneously solve a
pair of binary non-linear equations whose explicit form depend on the eigenvalues and eigenvectors of p [66].

Remarkable properties of the relative entropy of entanglement are: it never increases under local oper-
ations or classical communications, remains invariant under local unitary transformations, reduces to the
entropy of entanglement when applied to pure states, vanishes if and only if applied to separable states, and
is also meaningful for the quantification of multipartite entanglement.
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Negativity. Unlike the other measures discussed so far, negativity does not originate from a clear physical
context, but rather from the technical desire for an easy-to-compute entanglement measure. It is motivated
by the observation, due to Peres [30], that partial transposition of a separable bipartite density matrix
yields another positive semi-definite matrix, which suggests some sort of relationship between entanglement
and negative eigenvalues of the partial transpose of a bipartite density matrix. In [67], this relationship
was materialized in an entanglement measurement defined as the absolute value of the sum of the negative
eigenvalues of the partially transposed density matrix or, equivalently,

1 P A — 1
N(p) =5 D il —Xi= o7 ler = 1 g’ : (A.6)

where ); are the eigenvalues of a partial transpose of p, here denoted by p'4. The second equation above
follows trivially from the normalization of p and from the definition of the trace norm of a matrix as the
sum of its singular values. Of course, in the case of hermitian matrices such as p'4, the singular values are
simply the absolute values of the eigenvalues.

The establishment of Eq. (A.6) as a meaningful entanglement measure is greatly due to the facts that
negativity remains invariant under local unitary transformations and never increases under local operations
or classical communications [67]. In addition, a logarithmic variation of negativity provides a useful upper
bound for entanglement of distillation. Nevertheless, negativity does not reduce to the entropy of entan-
glement when applied to pure states, and it can vanish for entangled states because, in higher dimensions,
there are entagled states with positive partial transpose [31, 68].

In the case of two-qubit states, p'4 is known to have at most a single negative eigenvalue [69], hence
Eq. (A.6) simplifies to

N(p) = —min [0, Amm(pTA)] , (A7)

where A,,;, denotes the operator that extracts the smallest eigenvalue of its argument. For p a two-qubit X-
state, explicit calulation of the eigenvalues of p'4 yields the following formula for the negativity of two-qubit
X-states:

. + p- 2 a\ 2 + 2 2
Vo = in 232 () (w22 () () o]

(A.8)

where p;; denotes the entry of the X-density matrix p in the i-th row and j-th column.

Appendix B. Concurrence versus Purity diagram for two-qubit states

Concurrence versus purity diagrams provide a simple and visual way to witness how quantum state
mixedness limits quantum state entanglement and vice-versa. The CP-diagram for two-qubit states has well
known boundaries, meaning that for a given purity p, the maximal achievable two-qubit concurrence ¢;,q. 18
known. Conversely, for any given concurrence, the smallest reachable two-qubit purity is also known. In this
appendix we briefly review some key results that enable the analytical characterization of these boundaries.

Given that the maximally mixed two-qubit state 1,/4 has purity p = 1/4, and that pure states have
maximal purity (p = 1), two-qubit CP-diagrams are defined in the purity domain [1/4,1]. However, as shown
by Zyczkowski [33], every two-qubit state with p < 1/3 is separable, hence ¢,naz(p) = 0 for p € [1/4,1/3].

For p > 1/3, though, Munro et al. [15] showed that, up to local unitary transformations, two-qubit states
with maximal concurrence for a fixed purity p are of the form:

- /2
. 1- 2.9('7) where g(y) = { Y;g i :: i g;g , (B.1)
v/2 : - a(v)

a(7)
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from which we can promptly compute ¢,q0 = 7 [cf. Eq. (A.4)] and p = 1 — 4g(7) + 6[g(7)]2 + +%/2. With
some simple algebra, we can eliminate the parameter v and write ¢4, as a function of p:

u(p) if g<p<1

v(p) if

with
1 1 2
u(p) = 3 + 5 2p—1 and w(p)=4/2p— 3" (B.3)

A plot of ¢paz(p) is shown in Fig. B.5 and gives the upper boundary of the two-qubit CP-diagram. As
it turns out, there are more than sufficient two-qubit states to access every internal point of this diagram.
In fact, as shown in Sec. 3, there are more than sufficient two-qubit X-states to visit every point (p, ¢) with

p € [1/4,1] and ¢ € [0, ¢maz(p)]-

(B.2)

Wl oo

Cmaz(P) = {

5
<p<g3

/E 1 + +
£ — u(p)
— 087 ---v(p) T
]
o /
8 06 T // T
— ’
=} ’
[ ] /,
g 04+ , <
[} II
= ;
g 02+ 4
g H
g 0 { "
11 5 1
4 3 9
purity (p)

Figure B.5: Boundary of the two-qubit CP-diagram.

Appendix C. Density Matrices of same Purity and Rank are not always unitarily related

Lemma 1. Let p; and p2 be density matrices of arbitrary dimension d. If there exists a unitary trans-
formation U € SU(d) such that p; = Up U, then Tr[p3] = Tr[p?] and rnk[ps] = rnk[p;]. However, the
converse is generally not true, unless rnk[p;] = rnk[ps] < 2.

PROOF. The direct implication is obvious. For the converse, note that the equivalence between the purities
of p; and ps can be written as

Tr[A? — A3] =0, (C.1)
where A; is the matrix of the eigenvalues of p; sorted in non-increasing order. Since p; are density matrices,
we can obtain A; via a unitary conjugation, namely, p; = UZ-A,L-UJ. The key point is this: if Eq. (C.1)
generally implied Ay = Aj, then we could write U2T p2Us = UlT p1U; and conclude that ps and p; are
always related by unitary conjugation with U = UgUf . However, as we now show, the implication

Tr[A] —A3]=0= A; = Ay, (C.2)

only holds if A; and A, have at most 2 non-zero entries; that is, rnk[p;] = rnk[ps] < 2.
The implication is obviously valid for rank-1. To see that it holds for rank-2 consider the first 2 x 2

diagonal blocks of A; and A, which must be of the form
- a . - P .
Al = |: ) 1—a :| and A2 = |: ) 1_ D :| s (C?))
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with % < a,p < 1, where the lower bound follows from the adopted convention of ordering the eigenvalues
in A; in non-increasing order. The remaining entries of A; and Az all vanish and can thus be disregarded.
It is straightforward to show that

Tr[A2 - A2]=(a—p)la+p—1). (C.4)

Given that a,p > %, the expression above will only vanish if a = p, or equivalently, A; = A, hence proving
the claim for the case of rank-2.
Consider now the first 3 x 3 diagonal blocks of A; and Ay when rnk[p,] = rnk[ps] = 3,

oy [aetrr - : 4 [pta
A1:§ . a—>b . and A2:§ . p—gq

. (C.5)
2—-2a . . 2—2p

The adopted convention of non-increasing order of the eigenvalues requires that 0 < a+0<2,0<a—-b<
a+0b,0<2—2a < a—>band similarly for p and ¢q. Some simple analysis shows that these are equivalent to

2
<a<l, 0<b<3a-2, §§p<1 and 0<qg<3p-—2. (C.6)

Wl

Moreover, in terms of a, b, p and ¢, the equation Tr[A? — A2] = 0 takes the form

2 2 2 2
2 b 2 q
(a*§> +§7( *g) +§, (C?)
which, for any fixed values of p # 2/3 and ¢ # 0, corresponds to an ellipse in the ab plane, as shown in
Fig C.6. Note that for each choice of (p,q) in the figure, there are many points of the ellipse other than

a = p and b = g sitting in the shaded region defined by Eq. (C.6). This implies that already in the rank-3
case there are many valid solutions for Tr[A? — A3] = 0 other than A; = As.

1 t —t
— (p,q) = (0.8,0.2)
0.8 T/==--(p,q) = (0.9,0.4) T
""" (p,q) = (0.9,0.6) ...
0.6 + e .
~ ..'. '¢" ~~~‘ ".‘
0.4+ w1
K "l \“
0.2+ !
0 ; —
2 4 9 ]
3 5 10
a

Figure C.6: Geometric visualization that two rank-3 density matrices of same purity are generally not related by a unitary
transformation. The shading represents the region of the ab parameter space occupied by rank-3 density matrices p1, whose
eigenvalues in non-increasing order are (a + b)/2, (a — b)/2 and (1 — a) [cf. Eq. (C.6)]. The points of each arc of ellipse
contained in the shading represent the location of rank-3 states p; with the same purity of rank-3 (reference) states pa, whose
eigenvalues in non-increasing order are (p + ¢)/2, (p — ¢)/2 and (1 — p). Of all the points of a given arc, only the highlighted
ones corresponds to states pi unitarily related to pa.
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Appendix D. Proof of Theorem 4
The proof is by construction. Start by making bo = p and by = v in Eq. (38). After some simple algebra,
we find that

2 = gsin(le) — V/Z cos(2b1) and o = [gsin(zbS) - \/ﬂcos(2b3)]2 . (D.1)

Clearly, the requirement 2’ = z (case G > H) is satisfied by setting by = 0, whereas the requirement y’ = y
(case H > G) is satisfied by setting b3 = 0. Now, only one free parameter of V' remains in each case.
Throughout, we shall consider the case H > G, where we must find b; € [0, 27] such that 2’ = G for every
possible value of z, h and G. We note that in the case G > H, where we must find b3 € [0, 27] such that
y' = H for every possible value of y, g and H, a solution can be obtained with the exact same steps to be
presented below, but under the replacements: b; — b3, * — y, h — g and G — H.

In order to obtain b; in the case H > G, consider first the equation ' = G in the following form:

2
(%) sin?(2by) + x cos?(2by) — G = gﬁsin(4b1) (D.2)

cos(2b;) = :I:\/gA (D.3)

Note that the requirement of p to be entangled implies that z > G, in such a way that b; is well-defined by
the above equation (with any choice of sign) for every entangled X-state with h = 0 (and H > G).
In order to solve Eq. (D.2) when h # 0, we perform the following substitution of variables:

sin?(2b1) =3, cos?(2b1) =1—3 and sin(4b)) =sy/1— (1 —23)2, (D.4)

where s is a binary variable that takes values on the set {—1,+1}. In terms of 3 and s, Eq. (D.2) becomes

ey

This is now squared to eliminate s and produce an equation for 3 only:

If h =0, it is immediate that by is given by

+x—g=sg\/5\/1—(1—23)2. (D.5)

FA% = 2% (@ Xy + GX) + (2 - G =0, (D.6)

where we have defined Ay = (%)2 + z. Note that the condition X} = 0 occurs if and only if z = h = 0,
hence the solution of Eq. (D.6) for any set of X-state’s parameters consistent with h # 0 is given by

i+ =

The requirement of entanglement of p (i.e., z > G) implies that Xy > G, which, in turn, guarantees that
3+ € R. Moreover, as we now show, for any set of X-state’s parameters consistent with h # 0, we have
3+ €1]0,1] and 3 € ]0,1[. This is established with the standard inequality between the arithmetic and
geometric means (AM-GM inequality):

2
oG = o |20 - 0)+ B | = 1eGTH =), (D.9)
2 X, —
X2 ek - GX = [’”%g) ¥ M} > |hV/eG(® —G) = —|hlVaG(®; —G). (DY)
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Clearly, inequality (D.8) implies that 3_ > 0, whereas the first and second inequalities in (D.9) imply 34 <1
and 3 < 1, respectively. Since the AM-GM inequality is saturated if and only if the two summands in the
arithmetic mean are equal, it is easy to show that 3 = 0 if and only if x = G; that 3, = 1 if and only if
G = (h/2)?; and that 3_ = 1 if and only if G = (h/2)? and hz = 0. As z = G contradicts the hypothesis of
p to be entangled, and hx = 0 contradicts either h # 0 or = > G, the only possible saturation is 34 = 1.

So far we have determined and characterized the solutions of Eq. (D.6) for any set of X-state parameters
consistent with h # 0. We now focus on building a solution for the original (pre-squared) equation (D.5).
Naturally, for each set of parameters consistent with h # 0, the candidate solutions are of the form 3 = 34
along with some choice of signal s. As we now show, there is always a choice of signal s = § that solves
Eq. (D.5) for 3 = 3_. In order to determine 5, we plug 3 = 3_ into Eq. (D.5) and take the sign function'®

on both sides to get
- h
sgn(3-X_ +2 —G] =Gsgn 5\/5\/1— (1-23-)? . (D.10)

Since > 0 and 3_ # 1 for every valid choice of X-state parameters consistent with h # 0, the sign function
on the rhs can be replaced with sgn[h]. Moreover, the fact that the square of the above identity is satisfied
(by construction), guarantees that the sign function on the lhs never vanishes as long as h # 0. As a
consequence, the +1 value of § is chosen according to

§=sgnlhlsgn3_-X_ +z—-G]. (D.11)

Finally, substituting 3 = 3_ and s = 5 into Eq. (D.4), gives!!

cos(4by) =1—23_ and sin(4by) =51 — (1 —23-)2. (D.12)

Applying the trigonometric half-angle formulas we can also write

cos(2by) =8y/1 —3- and sin(2b1) = /53—, (D.13)

1 s 1 s
cosblzy/g—i—g\/l—g, and sinb; = 5—%«/1—3,. (D.14)

Since we generally have 3_ € ]0,1[ and § € {—1,+1}, the equations above well-define the value of the unitary
parameter by € [0,7/2] for an arbitrary entangled X-state with H > G and h # 0, which concludes the proof.

and
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