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We study the extent to which ψ -epistemic models for quantum measurement statistics—models where
the quantum state does not have a real, ontic status—can explain the indistinguishability of nonorthogonal
quantum states. This is done by comparing the overlap of any two quantum states with the overlap of the
corresponding classical probability distributions over ontic states in a ψ -epistemic model. It is shown that in
Hilbert spaces of dimension d ≥ 4, the ratio between the classical and quantum overlaps in any ψ-epistemic
model must be arbitrarily small for certain nonorthogonal states, suggesting that such models are arbitrarily
bad at explaining the indistinguishability of quantum states. For dimensions d ¼ 3 and 4, we construct
explicit states and measurements that can be used experimentally to put stringent bounds on the ratio
of classical-to-quantum overlaps in ψ -epistemic models, allowing one in particular to rule out maximally
ψ -epistemic models more efficiently than previously proposed.
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Despite its central role, the quantum state remains one of
the most mysterious objects of quantum theory. Does it
correspond to any physical reality, or does it merely
represent one’s information on a quantum system? These
questions have triggered intense debates among physicists
and philosophers since the advent of quantum theory, and
are still the subject of active research in the study of
quantum foundations.
The general framework of ontological models [1] pro-

poses a rigorous approach to address such questions. This
framework presupposes the existence of underlying states of
physical reality—ontic states—and describes the quantum
state as a state of knowledge—an epistemic state—about the
actual ontic state of a given quantum system, represented by
a probability distribution over the set of ontic states. A
fundamental distinction is made between so-called ψ-ontic
models, in which any underlying ontic state determines the
quantum state uniquely, and so-called ψ-epistemic models,
where the same ontic state can be compatible with different
quantum states; i.e., the probability distributions correspond-
ing to two different quantum states can overlap. In the former
case, the ontic state “encodes” the quantum state, which can
hence be understood as a physical property of the system,
while in the latter case the quantum state cannot be given the
status of a real physical property.
The epistemic view of the quantum state is quite

attractive, as it gives a natural explanation to many puzzling
quantum phenomena [2]—including, for instance, the
collapse of the wave function, or the impossibility to
perfectly distinguish nonorthogonal quantum states.
However, it has been shown that ψ-epistemic models must
be severely constrained if they are to reproduce the statistics
of quantum measurements. Notably, Pusey, Barrett, and
Rudolph showed that no ψ-epistemic models satisfying

some natural independence condition for composite sys-
tems can reproduce quantum predictions [3]. A number of
other no-go theorems have since been proven under various
assumptions [4–18]. Explicit ψ-epistemic models have
nevertheless been constructed for quantum measurement
statistics in Hilbert spaces of any dimension [14,19], which
get around the assumptions of these no-go theorems.
While it is thus impossible to completely rule out

ψ-epistemic models for quantum theory without auxiliary
assumptions, one can still set bounds on the extent to which
ψ-epistemic models can possibly explain certain quantum
features, and, in particular, the indistinguishability of
nonorthogonal quantum states [9–11,16,18]. This can be
done by investigating how much of the overlap of two
quantum states can be accounted for by the classical
overlap of their corresponding epistemic states. In this
respect, Maroney and Leifer [9–11] showed that a certain
(asymmetric) measure of overlap of classical probability
distributions had to be smaller than jhϕjψij2 for some
quantum states jψi; jϕi in any Hilbert space of dimension
d ≥ 3. Barrett et al. [16] showed that the ratio between two
directly comparable measures for the classical and quantum
overlaps had to scale at most like 1=d for certain pairs of
quantum states when the dimension d increases, while
Leifer [18] exhibited states for which the same ratio has to
decrease exponentially with d. Following these works, and,
in particular, the approach of Barrett et al. [16], we show in
this Letter that for all dimensions d ≥ 4, there actually exist
states for which the ratio of classical-to-quantum overlaps
must be arbitrarily small—meaning that ψ-epistemic mod-
els are arbitrarily bad at explaining the indistinguishability
of certain nonorthogonal quantum states in dimensions
d ≥ 4. For dimensions 3 and 4, we exhibit explicit states
and measurements that would allow one to bound
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experimentally the ratio of classical-to-quantum overlaps,
in a more efficient way than previously proposed [16].
Ontological models.—Let us start by recalling the

framework of ontological models [1,20]. Such models
posit the existence of ontic states λ, taking values in some
measurable space Λ, meant to describe the real state of
affairs of a given physical system [21]. The preparation of a
quantum state jψi corresponds to the preparation of an
ontic state λ according to some probability distribution—
called the epistemic state—μψðλÞ, such that

μψðλÞ ≥ 0 and
Z

Λ
μψ ðλÞdλ ¼ 1: ð1Þ

In the following, the notation ψ will be used to refer to both
the quantum state jψi and the corresponding epistemic
state μψ .
When a measurementM is performed, the probability for

each of its possible outcomesm is supposed to depend only
on the ontic state, and is given by a response function
ξMðmjλÞ. For the response function to be a well-defined
probability distribution for each ontic state λ, it must be
non-negative and normalized; i.e., it satisfies

ξMðmjλÞ ≥ 0 and
X

m

ξMðmjλÞ ¼ 1: ð2Þ

When the measurement is performed on a system prepared
in the epistemic state μψ , the probability of each outcome is
given, after integrating over Λ, by

PMðmjψÞ ¼
Z

Λ
ξMðmjλÞμψðλÞdλ: ð3Þ

The model reproduces the quantum measurement statistics
in a d-dimensional Hilbert spaceH if for any state jψi ∈ H
and any projection eigenbasis M ¼ fjmig of H, the above
probabilities PMðmjψÞ are those predicted by quantum
theory—namely, according to the Born rule,
PMðmjψÞ ¼ jhmjψij2.
In this framework, an ontological model is said to be

ψ-epistemic if there exists at least one pair of different
(pure) quantum states jψi; jϕi, for which the corresponding
probability distributions μψ ; μϕ have nonzero overlap;
otherwise, the model is said to be ψ-ontic. Hence, in a
ψ-epistemic models a single ontic state λ could be com-
patible with more than one epistemic state. This suggests
that the impossibility of perfectly distinguishing two non-
orthogonal quantum states may be (at least partially)
explained by the fact that the underlying real state of
affairs may sometimes be the same for the two states.
To quantify this, we shall compare, as in

Refs. [12,16,18], the probability of successfully distin-
guishing the two quantum states jψi; jϕi using optimal
quantum measurements, and that of distinguishing the two
epistemic states μψ ; μϕ, given that one knows the ontic state
λ (assuming in each case that jψi and jϕi, respectively, μψ

and μϕ, have been prepared with equal probabilities). These
probabilities of success are given, respectively, by 1 −
ωQðjψi; jϕiÞ=2 and 1 − ωCðμψ ; μϕÞ=2, where the quantum
and classical overlaps ωQ and ωC are defined as [16]

ωQðjψi; jϕiÞ ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhψ jϕij2

q
; ð4Þ

ωCðμψ ; μϕÞ ¼
Z

Λ
min½μψðλÞ; μϕðλÞ%dλ: ð5Þ

Clearly, one has 0 ≤ ωCðμψ ; μϕÞ ≤ ωQðjψi; jϕiÞ ≤ 1 in any
model that reproduces quantum measurement statistics
[12]. Indeed, given λ one can reproduce the optimal
quantum measurement that gives a probability 1 −
ωQðjψi; jϕiÞ=2 of distinguishing the two preparations;
the optimal classical strategy for distinguishing μψ and
μϕ cannot give a lower probability of success. Ontological
models such that ωCðμψ ; μϕÞ ¼ ωQðjψi; jϕiÞ for all states
ψ ;ϕ are said to be maximally ψ-epistemic [22]: these
models fully explain the indistinguishability of nonorthog-
onal quantum states by that of the corresponding epistemic
states. In general, for any two nonorthogonal states ψ ;ϕ
(such that ωQðjψi; jϕiÞ ≠ 0) we shall define the ratio of
classical-to-quantum overlaps as

κðψ ;ϕÞ ¼
ωCðμψ ; μϕÞ
ωQðjψi; jϕiÞ

≤ 1: ð6Þ

As the quantum and classical overlaps have the same
operational interpretation in terms of probabilities of
successful distinctions, this ratio suitably quantifies how
much the model explains of the quantum indistinguish-
ability of jψi and jϕi.
Constraints on ψ-epistemic models.—We now show how

the possiblevalues of κðψ ;ϕÞ are constrained for ontological
models that reproduce quantum predictions. Let us start by
introducing a first Lemma; its proof follows closely that of
Ref. [16], and is given in the Supplemental Material [23]:
Lemma 1: Consider nþ 1 states fψ jg0≤j≤n (with

n ≥ 2). For each triplet (ψ0, ψ j1 , ψ j2), with
1 ≤ j1 < j2 ≤ n, consider a measurement Mj1;j2 with 3
possible outcomes (m0, m1, m2). Then, (with j0 ¼ 0)
X

1≤j≤n
ωCðμψ0

; μψ j
Þ ¼

X

1≤j≤n
κðψ0;ψ jÞωQðjψ0i; jψ jiÞ

≤ 1þ
X

1≤j1<j2≤n

X2

i¼0

PMj1 ;j2
ðmijψ jiÞ:

ð7Þ

An interesting situation is when for each triplet of states
(ψ0, ψ j1 , ψ j2), there exists a measurement Mj1;j2 such that
PMj1 ;j2

ðm0jψ0Þ ¼ PMj1 ;j2
ðm1jψ j1Þ ¼ PMj1 ;j2

ðm2jψ j2Þ ¼ 0—
in which case the quantum states (jψ0i, jψ j1i, jψ j2i) are said
to be PP incompatible [25]. In such a situation the left-hand
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side of inequality (7) is simply 1. If the states jψ ji are
furthermore such that all quantum overlaps ωQðjψ0i; jψ jiÞ
are equal (i.e., ωQðjψ0i; jψ jiÞ ¼ ωQðjψ0i; jψ1iÞ for all
1 ≤ j ≤ n), then Lemma 1 implies

1

n

X

1≤j≤n
κðψ0;ψ jÞ ≤

1

nωQðjψ0i; jψ1iÞ
; ð8Þ

which in turn implies that at least one term κðψ0;ψ jÞ in the
average above is upper bounded by 1=½nωQðjψ0i; jψ1iÞ%.
References [16] and [18] exhibited states for which the
above upper bound on the ratios of classical-to-quantum
overlaps must decrease like 1=d and exponentially, respec-
tively, with the Hilbert space dimension d [23]. We signifi-
cantly improve these results by showing here the existence
of states, in any dimension d ≥ 4, with arbitrarily low values
of κ. For that we shall make use of the following Lemma:
Lemma 2: In any Hilbert space H of dimension d ≥ 3,

and for any n ≥ 2, there exist nþ 1 quantum states
fjψ ðnÞ

j ig0≤j≤n such that (i) for all 1 ≤ j ≤ n,

ωQðjψ
ðnÞ
0 i; jψ ðnÞ

j iÞ ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

4 n
−1=ðd−2Þ

q
> 1

8 n
−1=ðd−2Þ;

(ii) all triplets of states (jψ ðnÞ
0 i, jψ ðnÞ

j1 i, jψ ðnÞ
j2 i), for

1 ≤ j1 < j2 ≤ n, are PP incompatible.
Proof.—Let us fix an arbitrary state jψ ðnÞ

0 i ∈ H. From
the study of optimal Grassmannian line packings in the
(d − 1)-dimensional subspace orthogonal to jψ ðnÞ

0 i, one can
show that it is possible to find n states fjϕðnÞ

j ig1≤j≤n in this
orthogonal subspace such that for all j1 ≠ j2,
jhϕðnÞ

j1 jϕ
ðnÞ
j2 ij

2 ≤ 1 − n−1=ðd−2Þ [26]. From these n states

jϕðnÞ
j i we define, for 1 ≤ j ≤ n and with χ ¼ 1

4 n
−1=ðd−2Þ

(such that 0 < χ < 1
4), the states jψ ðnÞ

j i ¼ ffiffiffi
χ

p jψ ðnÞ
0 iþ

ffiffiffiffiffiffiffiffiffiffiffi
1 − χ

p
jϕðnÞ

j i, which indeed satisfy (i).

For 1 ≤ j1 < j2 ≤ n, defining x1 ¼ jhψ ðnÞ
0 jψ ðnÞ

j1 ij
2, x2 ¼

jhψ ðnÞ
0 jψ ðnÞ

j2 ij
2 and x3 ¼ jhψ ðnÞ

j1 jψ
ðnÞ
j2 ij

2, one has x1 ¼ x2 ¼ χ

and x3 ¼ jχ þ ð1 − χÞhϕðnÞ
j1 jϕ

ðnÞ
j2 ij

2 ≤ ½χ þ ð1 − χÞjhϕðnÞ
j1 j

ϕðnÞ
j2 ij%

2 ≤ ½χ þ ð1 − χÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − n−1=ðd−2Þ

p
%2 ≤ ð1 − 2χÞ2. One

then finds that x1 þ x2 þ x3 ≤ 2χ þ ð1 − 2χÞ2 < 1 and
ð1 − x1 − x2 − x3Þ2 ≥ 4χ2ð1 − 2χÞ2 ≥ 4x1x2x3, which
shows that (jψ ðnÞ

0 i, jψ ðnÞ
j1 i, jψ ðnÞ

j2 i) are PP incompat-
ible [16,25].□
The states just constructed thus satisfy the assumptions

of Eq. (8), which gives
1

n

X

j

κðψ ðnÞ
0 ;ψ ðnÞ

j Þ≤ 1

nð1−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1

4n
−1=ðd−2Þ

q
Þ
<8=nðd−3Þ=ðd−2Þ:

ð9Þ

In particular, for each n, there exists at least one state ψ ðnÞ
j

such that κðψ ðnÞ
0 ;ψ ðnÞ

j Þ ≤ 8=nðd−3Þ=ðd−2Þ. Noting that for any

(fixed) d ≥ 4, this upper-bound tends to 0 as n → ∞, we
conclude that, as claimed before:
Theorem 3: For any ontological model reproducing

quantum measurement statistics in a Hilbert space of
dimension d ≥ 4, there exist (nonorthogonal) states ϕ;ψ
with an arbitrarily low ratio of classical-to-quantum over-
laps κðψ ;ϕÞ.
It remains an open question whether the same result

holds for a Hilbert space of dimension d ¼ 3 or not. On the
other hand, in the case of dimension d ¼ 2, one can check
that the Kochen-Specker model [1,27] for projective
measurements is maximally ψ-epistemic—i.e., is such that
κðψ ;ϕÞ ¼ 1 for all nonorthogonal states ψ ;ϕ.
Upper-bounding κðψ ;ϕÞ experimentally.—The argu-

ment leading to Theorem 3 above required us to consider
infinitely many states (nþ 1 → ∞) and measurements (in
nðn − 1Þ=2 → ∞ bases). Nevertheless, using finitely many
states and measurements already allows one to put non-
trivial bounds on some ratios of classical-to-quantum
overlaps κðψ ;ϕÞ, which can be verified experimentally.
In order to simplify the discussion below, we will now

assume (as in Ref. [16]) that in the ontological model under
study, κðψ ;ϕÞ is lower bounded by a fixed value κ0:
κðψ ;ϕÞ ≥ κ0 for all ψ ;ϕ. Our goal will then be to upper
bound the value of κ0. Note, however, that in all we write
below, κ0 can simply be replaced by min1≤j≤n½κðψ0;ψ jÞ%
for the states under consideration—or even, when all
quantum overlaps ωQðjψ0i; jψ jiÞ are equal, by the average
1=n

P
jκðψ0;ψ jÞ [as in Eq. (8)].

In regard to experimental tests, one may want to
minimize the number of states and measurements to be
used, as well as the bound on κ0. Although the PP-
incompatibility property used above for each triplet
(jψ ðnÞ

0 i, jψ ðnÞ
j1 i, jψ

ðnÞ
j2 i) was quite convenient to obtain our

theoretical results, using states with such a property is in
fact not optimal for experimental purposes. Note indeed
that this PP-incompatibility criterion is not necessary in our
approach, and neither is the assumption that all quantum
overlaps ωQðjψ0i; jψ jiÞ are equal: it is still possible without
those to bound the value of κ0 by using Eq. (7) of Lemma 1,
which implies that

κ0 ≤
1þ

P
j1<j2

P
2
i¼0 PMj1 ;j2

ðmijψ jiÞP
jωQðjψ0i; jψ jiÞ

: ð10Þ

The right-hand side above can be obtained experimentally
by preparing the nþ 1 quantum states jψ ji and measuring
them according to some measurements Mj1;j2 , so as to
estimate the probabilities PMj1 ;j2

ðmijψ jiÞ. Note that no
assumption needs to be made on the measurements to
calculate the bound (they can in principle correspond to any
unknown POVM); one, however, needs to make sure that
the states jψ ji are reliably prepared, so that the quantum
overlaps ωQðjψ0i; jψ jiÞ are reliably calculated.
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Already for a Hilbert space of dimension d ¼ 3, it is
possible to derive nontrivial bounds for κ0. The authors of
Ref. [16] constructed a set of nþ 1 ¼ 9þ 1 states fjψ jig
which allowed them to show that κ0 ≤ 0.95. We found that
using nþ 1 ¼ 3þ 1 states is actually sufficient in principle
to get a nontrivial bound, although the bound we obtained
is quite close to 1, and may be hard to demonstrate
experimentally: for the states and measurements we found,
one gets, from (10), κ0 ≤ 0.9964 [23]. Moving to
nþ 1 ¼ 4þ 1, we obtained, with the states and measure-
ments specified in the Supplemental Material [23], the
bound κ0 ≤ 0.9361—which already improves (using fewer
states and measurements, i.e., fewer experimental resour-
ces) the bound given in Ref. [16], thus allowing one to rule
out a strictly larger class of ψ-epistemic models for
quantum measurement statistics.
An important consideration for experimental tests is the

resistance to noise. In order to get a rough estimate of how
robust our results are, let us assume that the probabilities
PMj1 ;j2

ðmijψ jiÞ in Eq. (10) are each estimated up to a
quantity ϵ (taken for simplicity to be the same for all these
probabilities). In order to take the worst case into account in
the bound of Eq. (10), we thus add ϵ to each term
PMj1 ;j2

ðmijψ jiÞ—that is, we add 3 × nðn − 1Þ=2 × ϵ in total
to the numerator of the fraction in (10). The bound remains
nontrival if it is lower than 1; for the states and measure-
ments specified in the Supplemental Material [23], this
requires ϵ < 5 × 10−3, which is also more robust than what
was found in Ref. [16].
Increasing the number of states (and measurement bases)

allows one to decrease the bound on κ0. Numerically, we
could obtain a bound κ0 ≤ 0.6408 using nþ 1 ¼ 20þ 1
states [23]. We expect it is possible to set an even lower
bound by using more states; how low the bound can be,
and, in particular, whether it can be taken down to zero
(for n → ∞, as in the case d ≥ 4), is an open question. Note
also that as n becomes large, the robustness to noise in
general decreases [28].
In dimension d ¼ 4, we found again that nþ 1 ¼ 3þ 1

is enough to set a nontrivial bound on κ0 (we actually found
the same bound as in the d ¼ 3 case above). With nþ 1 ¼
4þ 1 states, we could find an improvement over the d ¼ 3
case, obtaining the bound κ0 ≤ 0.9054 [23]. Regarding the
robustness to noise, the states and measurements we use
require a value of ϵ < 7 × 10−3 to give a nontrivial bound
on κ0. We recall that, from the result of Theorem 3, using
more states allows one to set an arbitrarily low upper bound
on κ0. Namely, any bound κ0 ≤ κ̄, for any κ̄ > 0, can be
obtained from (9) by using n ≥ ð8=κ̄Þðd−2Þ=ðd−3Þ states (for
d ≥ 4) constructed as in Lemma 2 (which may, however,
not be optimal). Again, as the number of states gets larger,
the resistance to noise decreases—e.g., the states used in (9)
require a noise parameter ϵ≲ 1=ð12nðd−1Þ=ðd−2ÞÞ for the
bound to be lower than 1.
Discussion.—We have proven in this Letter that for any

ontological model reproducing the quantum measurement

statistics in a Hilbert space of dimension d ≥ 4, there exist
states ψ ;ϕ whose ratio of classical-to-quantum overlaps is
arbitrarily small. Recalling that this ratio quantifies how
much the model explains of the indistinguishability of the
quantum states jψi and jϕi, we conclude that ψ-epistemic
models must be arbitrarily bad in general at explaining
quantum indistinguishability.
Note that the states jψ ðnÞ

j i (1 ≤ j ≤ n) used in our proof
become closer and closer, as n increases, to being orthogo-
nal to jψ ðnÞ

0 i. Recalling that jhψ ðnÞ
0 jψ ðnÞ

j ij2 ¼ 1
4 n

−1=ðd−2Þ,
what is actually shown by Eq. (9) is the existence of states
ψ ;ϕ such that

κðψ ;ϕÞ ≤ 4d

8
jhψ jϕij2ðd−3Þ with jhψ jϕij → 0. ð11Þ

It has been argued, for reasons to do with coarse graining of
measurements, that it may be natural to expect κðψ ;ϕÞ → 0
when jhψ jϕij → 0 [18,29]. Our result thus imposes some
constraint on the possible scaling of κðψ ;ϕÞ as the two
states tend to orthogonal states, for any ψ-epistemic model
reproducing quantum measurement statistics—e.g., those
of Refs. [14,19]. Another question worth investigating
would be to see what bounds on κðψ ;ϕÞ can be derived
for some fixed values of jhψ jϕij.
Interestingly, our theoretical result here (as well as that of

Ref. [3] and many of the other no-go theorems that
followed) does not depend on the specific form of the
Born rule. By considering PP-incompatible triplets of
states, we just used in our proof the fact that when quantum
theory assigns zero probability to a measurement outcome,
the ontological model must do the same [30]. It would be
interesting to see if, when the Born rule predicts a nonzero
probability, its specific form imposes stronger constraints
on possible ψ-epistemic models for quantum measurement
statistics (e.g., if it allows one to prove our result for d ¼ 3
as well). This may give more insights on which types of
models can reproduce quantum theory.
Using finitely many states and measurements, one can

only set finite bounds on the ratios of classical-to-quantum
overlaps. We exhibited states and measurements allowing
one to put nontrivial bounds already for d ¼ 3. These can be
used experimentally to rule out some families ofψ-epistemic
models—namely, those which assign larger ratios of
classical-to-quantumoverlaps than the bound demonstrated,
for the states used experimentally (recall that κ0 used for
simplicity above can be replaced bymin1≤j≤n½κðψ0;ψ jÞ%). In
particular, as soon as the bound is lower than 1, maximally
ψ-epistemic models are ruled out. It is worth emphasizing
that this can, in principle, be done without introducing any
auxiliary assumption, like the independence condition used,
e.g., in the experimental test reported in Ref. [12].
Furthermore, the allowed amount of noise for the states
and measurements exhibited in this Letter for dimensions
d ¼ 3 and 4, should make an experiment feasible with
current technology, e.g., in photonics.
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