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Cycle decompositions V: Complete graphs into
cycles of arbitrary lengths

Darryn Bryant * Daniel Horsley T William Pettersson

Abstract

We show that the complete graph on n vertices can be decomposed into t cycles of specified
lengths my,...,myifand only if nisodd, 3 < m; <nfori=1,...,t,and mi+---4+my = (g)
We also show that the complete graph on n vertices can be decomposed into a perfect matching
and t cycles of specified lengths m1, ..., m; if and only if niseven, 3 < m; <nfori=1,...,¢,

and my+...+my = (g) - 3.
Mathematics Subject Classification (2010): 05C70.

1 Introduction

A decomposition of a graph K is a set of subgraphs of K whose edge sets partition the edge set
of K. In 1981, Alspach [3] asked whether it is possible to decompose the complete graph on n
vertices, denoted K, into t cycles of specified lengths mq, ..., m; whenever the obvious necessary
conditions are satisfied; namely that n is odd, 3 < m; <n,and m;+---+m; = (g) He also asked
whether it is possible to decompose K, into a perfect matching and t cycles of specified lengths
my, ..., m; whenever n is even, 3 < m; < n,and m; +---+m; = (Z) — 5. Again, these conditions
are obviously necessary.
Here we solve Alspach’s problem by proving the following theorem.

Theorem 1 There is a decomposition {G1,...,Gi} of K, in which G; is an m;-cycle for i =
1,....tif and only if n is odd, 3 <m; <n fori=1,...t, andmy+---+my; = @ There is a
decomposition {G1, ..., Gy, I} of K, in which G; is an m;-cycle fori=1,...,t and I is a perfect
n(n—2)
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matching if and only if n is even, 3 <m; <n fori=1,...,t, and m; +---+m; =

Let K be a graph and let M = (my,...,m;) be a list of integers with m; > 3 fori=1,... ¢. If

each vertex of K has even degree, then an (M )-decomposition of K is a decomposition {G1, ..., G}
such that G; is an m;-cycle for i = 1,...,¢t. If each vertex of K has odd degree, then an (M)-
decomposition of K is a decomposition {G1, ..., Gy, I} such that G; is an m;-cycle for i = 1,... ¢

and [ is a perfect matching in K.
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We say that a list (myq, ..., m;) of integers is n-admissible if 3 < my,...,my <nmand my+---+
my = n|25t]. Note that n[5*| = (3) if n is odd, and n|[®**] = (}) — % if n is even. Thus, we
can rephrase Alspach’s question as follows. Prove that for each n-admissible list M, there exists
an (M)-decomposition of K,.

A decomposition of K, into 3-cycles is equivalent to a Steiner triple system of order n, and a
decomposition of K, into n-cycles is a Hamilton decomposition. Thus, the work of Kirkman [37]
and Walecki (see [5, 40]) from the 1800s addresses Alspach’s problem in the cases where M is of
the form (3,3,...,3) or (n,n,...,n). The next results on Alspach’s problem appeared in the 1960s
[38, 43, 44|, and a multitude of results have appeared since then. Many of these focussed on the
case of decompositions into cycles of uniform length [7, 8, 12, 14, 32, 34, 35, 45], and a complete
solution in this case was eventually obtained [6, 46].

There have also been many papers on the case where the lengths of the cycles in the de-
composition may vary. In recent work [18, 20, 21|, the first two authors have made progress by
developing methods introduced in [19] and [22]. In [20], Alspach’s problem is settled in the case
where all the cycle lengths are greater than about %, and in [21] the problem is completely settled
for sufficiently large odd n. Earlier results for the case of cycles of varying lengths can be found
in [1, 2,9, 24, 25, 32, 33, 36]. See [16] for a survey on Alspach’s problem, and see [28] for a survey
on cycle decompositions generally.

The analogous problems on decompositions of complete graphs into matchings, stars or paths
have all been completely solved, see [11], [39] and [17] respectively. It is also worth mentioning
that the easier problems in which each G; is required only to be a closed trail of length m; or each
G is required only to be a 2-regular graph of order m; have been solved in [10], [22] and [26].
Decompositions of complete multigraphs into cycles are considered in [23].

Balister [9] has verified by computer that Theorem 1 holds for n < 14, and we include this
result as a lemma for later reference.

Lemma 2 ([9]) Theorem 1 holds for n < 14.
Our proof of Theorem 1 relies heavily on the reduction of Alspach’s problem obtained in [21],
see Theorem 3 below. Throughout the paper, we use the notation v;(M) to denote the number of

occurrences of ¢ in a given list M.

Definition A list M is an n-ancestor list if it is n-admissible and satisfies

Thus, an n-ancestor list is of the form

(3,3,...,3,4,4,...,4,5,5,... 5, k,n,n,...,n)
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where k is either absent or in the range 6 < k < n — 1, and there are additional constraints
involving the number of occurrences of cycle lengths in the list. The following theorem was proved
in [21].

Theorem 3 ([21], Theorem 4.1) For each positive integer n, if there exists an (M)-decomposition
of K, for each n-ancestor list M, then there exists an (M)-decomposition of K, for each n-
admassible list M .

Our goal is to construct an (M )-decomposition of K, for each n-ancestor list M. We split this
problem into two cases: the case where v, (M) > 2 and the case where v,(M) < 1. In particular,
we prove the following two results.

Lemma 4 If M is an n-ancestor list with v,(M) > 2, then there is an (M)-decomposition of K,.
Proof See Section 3. O

Lemma 5 If Theorem 1 holds for K, _3, K,_o and K,,_1, then there is an (M)-decomposition of
K, for each n-ancestor list M satisfying v,(M) < 1.

Proof The case v,(M) = 0 is proved in Section 4 (see Lemma 23) and the case v,(M) =1 is
proved in Section 5 (see Lemma 45). O

Lemmas 4 and 5 allow us to prove our main result using induction on n.

Proof of Theorem 1 The proof is by induction on n. By Lemma 2, Theorem 1 holds for n < 14.
So let n > 15 and assume Theorem 1 holds for complete graphs having fewer than n vertices. By
Theorem 3, it suffices to prove the existence of an (M )-decomposition of K, for each n-ancestor list
M. Lemma 4 covers each n-ancestor list M with v, (M) > 2, and using the inductive hypothesis,
Lemma 5 covers those with v, (M) < 1. O

2 Notation

We shall sometimes use superscripts to specify the number of occurrences of a particular integer

in a list. That is, we define (m{",...,m") to be the list comprised of «; occurrences of m; for
i=1,...,t. Let M = (m{*,...,m;") and let M' = (mfl, o ,mft), where myq, ..., m; are distinct.
Then (M, M’) is the list (mS ™ ... m®™) and, if 0 < 8; < o for i = 1,...,t, M — M is the
list (mS =7 .. m& P,

Let I' be a finite group and let S be a subset of I' such that the identity of I' is not in .S and
such that the inverse of any element of S is also in .S. The Cayley graph on I with connection set
S, denoted Cay(I', S), has the elements of I' as its vertices and there is an edge between vertices
g and h if and only if g = hs for some s € S.

A Cayley graph on a cyclic group is called a circulant graph. For any graph with vertex set
Ly, we define the length of an edge xy to be  —y or y — x, whichever is in {1,...,[5]}. It is
convenient to be able to describe the connection set of a circulant graph on Z,, by listing only one
of s and n — s. Thus, we use the following notation. For any subset S of Z,, \ {0} such that s € S
and n — s € S implies n = 2s, we define (S),, to be the Cayley graph Cay(Z,, S U —5).

Let m € {3,4,5} and let D = {ay,...,a,} where ay, ..., a,, are positive integers. If there is a
partition { Dy, Dy} of D such that Y Dy —>" Dy = 0, then D is called a difference m-tuple. If there
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is a partition {D;, Do} of D such that Y D; — > Dy = 0(mod n), then D is called a modulo n
difference m-tuple. Clearly, any difference m-tuple is also a modulo n difference m-tuple for all n.
We may use the terms difference triple, quadruple and quintuple respectively rather than 3-tuple,
4-tuple and 5-tuple. For m € {3,4,5}, it is clear that if D is a difference m-tuple, then there is
an (m™)-decomposition of (D), for all n > 2max(D) + 1, and that if D is a modulo n difference
m-tuple, then there is an (m™)-decomposition of (D),,.

We denote the complete graph with vertex set V' by Ky and the complete bipartite graph with
parts U and V by Ky . If G and H are graphs then G—H is the graph with vertex set V(G)UV (H)
and edge set E(G)\ E(H). If G and H are graphs whose vertex sets are disjoint then GV H is the
graph with vertex set V(G)UV (H) and edge set E(G)UE(H)U{zy : x € V(G),y € V(H)}. A cycle

with m edges is called an m-cycle and is denoted (z1,...,x,,), where xy, ..., x,, are the vertices
of the cycle and 1o, ..., Zy_1Tm, T, are the edges. A path with m edges is called an m-path
and is denoted [z, ..., x|, where xq,...,z,, are the vertices of the path and xgzy,..., Ty 12

are the edges. A graph is said to be even if every vertex of the graph has even degree and is said
to be odd if every vertex of the graph has odd degree.

A packing of a graph K is a decomposition of some subgraph G of K, and the graph K — G is
called the leave of the packing. An (M)-packing of K, is an (M )-decomposition of some subgraph
G of K, such that G is an even graph if n is odd and G is an odd graph if n is even (recall
that an (M )-decomposition of an odd graph contains a perfect matching). Thus, the leave of an
(M)-packing of K, is an even graph and, like an (M )-decomposition of K, an (M )-packing of K,
contains a perfect matching if and only if n is even. A decomposition of a graph into Hamilton
cycles is called a Hamilton decomposition.

3 The case of at least two Hamilton cycles

The purpose of this section is to prove Lemma 4 which states that there is an (M )-decomposition
of K, for each n-ancestor list M with v, (M) > 2. We first give a general outline of this proof.
Theorem 1 has been proved in the case where M = (3% n’) for some a,b > 0 [25], so we will
restrict our attention to ancestor lists which are not of this form. The basic construction involves
decomposing K, into (S),, and K, — (S), where, for some x < 8, the connection set S is either
{1,...,2} or {1,...,2 — 1} U {z + 1} so that > S is even. We partition any given n-ancestor
list M into two lists My and My = M — M, and construct an (M;)-decomposition of (S), and
an (M,)-decomposition of K, — (S),. This yields the desired (M)-decomposition of K,. Taking
S=A{1,...,x — 1} U{x + 1}, rather than S = {1,..., 2}, is necessary when 1+ --- + 2 is odd as
many desired cycle decompositions of ({1,...,z}), do not exist when 1+ ---+ z is odd, see [27].

If M = (30sn+hs goantfa 5asntfs |7 o) where o > 0 and 0 < 3; < n — 1 for i € {3,4,5},
6 <k<n-—1v€{0,1}, and § > 2, then we usually choose M, = (3% 454 5% k7). However,
if this would result in > M; being less than 4n, then we sometimes adjust this definition slightly.
We always choose M; such that ) M, is at most 8n, which explains why we have |S| < 8.

Our (Mj)-decompositions of (S), will be constructed using adaptations of techniques used
in [27] and [29]. We construct our (M,)-decompositions of K, — (S), using a combination of
difference methods and results on Hamilton decompositions of circulant graphs. In general, we
split the problem into the case v5(M) < 2 and the case v5(M) > 3. In the former case it will
follow from our choice of M, that M, = (3!, 49" n*) for some t,q, h > 0 and in the latter case it
will follow from our choice of M, that M, = (5™, n") for some r,h > 0.

The precise definition of M is given in Lemma 6, which details the properties that we require




of our partition of M into M, and Mj, and establishes its existence. The definition includes several
minor technicalities in order to deal with complications and exceptions that arise in the above-
described approach. Throughout the remainder of this section, for a given n-ancestor list M such
that v,(M) > 2 and M # (3%, n®) for any a,b > 0, we shall use the notation M, and M, to denote
the lists constructed in the proof of Lemma 6. If v,(M) < 1 or M = (3%,nb) for some a,b > 0,
then M, and M, are not defined.

Lemma 6 If M is any n-ancestor list such that v,(M) > 2 and M # (3¢,n°) for any a,b > 0,
then there exists a partition of M into sublists My and M, such that

(1) Y- Ms € {2n,3n,...,8n} and > My # 8n when vs(M) < 2;
(2) if 3> M, = 2n, then v, (M) =1 and M, = (n") for some h > 1;
(3) if 3. M, = 3n, then v,(M,) € {0,1} and M, = (n") for some h > 1;

(4) if S M, € {4n,5n,...,8n} and vs(M) > 3, then v,(M,) = 0 and M, = (5™, n") for some
r>0,h>2;

(5) if S M, € {4n,5n,...,Tn} and vs(M) < 2, then v,(M,) = 0 and M, = (3! 49 nh) for
somet,q >0, h >2; and

(6) M, # (3%).

Proof Let M be an n-ancestor list. The conditions of the lemma imply n > 7. We will first
define a list M, which in many cases will serve as M, but will sometimes need to be adjusted
slightly.
If
M = (Sagn—&-ﬂg’ 4a4n+64’ 50z5n+557 k7, n5)

where o; > 0and 0 < 3; <n—1forie {3,4,5},6 <k<n-—1,v¢€{0,1}, and § > 2, then
M, = (363’454’5/35’ ]{;’Y).

It is clear from the definition of m-ancestor list that if we take M, = M., then (4) and (5) are
satisfied.

We now show that > M, € {0,n,2n,...,8n}, and that > M, # 8n when v5(M) < 2. Noting
that Y M, < 383+ 48, + 585 + (n — 1) and separately considering the cases v5(M) > 3, v5(M) €
{1,2} and v5(M) = 0, it is routine to use the definition of (M )-ancestor lists to show that >~ M, <
9n, and that > M, < 8n when v5(M) < 2. Thus, because it follows from Y- M = n|%*| and
the definition of M, that n divides ) M., we have that > M. € {0,n,2n,...,8n}, and that
> M, # 8n when v5(M) < 2.

If > M, € {4n,5n,6n,7n,8n}, then we let M, = M,. If >~ M, € {0,n,2n,3n}, then we define
M, by
(M., 4") if ay > 0;

(M.,5") if gy =0 and a5 > 0;
(M.,3") if y = a5 =0 and az > 0;
(Me,n)  ifag=a4=a5=0and > M, € {n,2n};

M, otherwise.




Using the definition of M, and the fact that M is an n-ancestor list with M # (3%, n°) for any
a,b >0, it is routine to check that M, satisfies (1)-(6). O

Before proving Lemma 4, we need a number of preliminary lemmas. The first three give us the
necessary decompositions of (S), where S = {1,...,z} or S ={1,...,2 — 1} U{z + 1} for some
r < 8. Lemma 8 was proven independently in [15] and [42], and is a special case of Theorem 5 in
[27]. Lemmas 7 and 9 will be proved in Section 6.

Lemma 7 If
S e {{1,2,3},{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7},{1,2,3,4,5,6,7,8} },

n > 2max(S) + 1, and M = (mq,...,my, k) is any list satisfying m; € {3,4,5} fori =1,...,t,
3<k<n,and >, M = |S|n, then there is an (M)-decomposition of (S),, except possibly when
e $=1{1,2,3,4,6}, n=3(mod 6) and M = (3%); or
5n—>5

e S={1,2,3,4,6}, n =4 (mod 6) and M = (375 ,5).

Proof See Section 6. 0

Lemma 8 ([15, 42]) If n > 5 and M = (my,...,my,n) is any list satisfying m; € {3,...,n} for
i=1,...,t, and Y M = 2n, then there is an (M)-decomposition of ({1,2}),.

Lemma 9 Ifn>7and M = (mq,...,my, k,n) is any list satisfying m; € {3,4,5} fori=1,...,1,
3<k<mn, and ) M = 3n, then there is an (M)-decomposition of ({1,2,3}),.

Proof See Section 6. O

We now present the lemmas which give us the necessary decompositions of K, — (S),. Lemma
10 was proved in [25] where it was used to prove Theorem 1 in the case where M = (3% nb) for
some a,b > 0. Lemmas 11 and 12 give our main results on decompositions of K, — (S),,. Lemma
11 is for the case v5(M) < 2 and Lemma 12 is for the case v5(M) > 3.

Lemma 10 ([25], Lemma 3.1) If 1 < h < |%5}|, then there is an (n")-decomposition of K, —

{155t = B

Lemma 11 IfS € {{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7}} andn > 2 max(S)+
1,t >0, qg >0 and h > 2 are integers satisfying 3t + 4q + h = L"T_lj — |S|, then there is a
(3", 49" nh)-decomposition of K, — (S),, except possibly when h =2, S ={1,2,3,4,5,6,7} and

e n e {2526} andt=1; or
e n=231 andt = 2.
Proof See Section 7. U

Lemma 12 IfS € {{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7}, {1,2,3,4,5,6,7,8}}
and n > 2max(S) 4+ 1, r > 0 and h > 2 are integers satisfying 5r + h = ["1] — |S|, then there is
a (5™, nM)-decomposition of K, — (S),.



Proof See Section 7. 0]

We also need Lemmas 14 and 15 below to deal with cases arising from the possible exceptions
in Lemmas 7 and 11 respectively. To prove Lemma 14 we use the following special case of Lemma
2.8 in [21].

Lemma 13 If there exists an (M, 4?)-decomposition of K, in which there are two 4-cycles inter-
secting in exactly one vertex, then there exists an (M, 3,5)-decomposition of K,.
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Lemma 14 If M is an n-ancestor list such that v,(M) > 2, M, = (3”5 ,5) and n = 4 (mod 6)
then there is an (M)-decomposition of K,.

Proof We will construct an (M, 5"378, )-decomposition of K, in which two 4-cycles intersect
in exactly one vertex. The required (M )-decomposition of K, can then be obtained by applying
Lemma 13.

By Lemma 11 there is an (M,)-decomposition of K, —({1,2,3,4,6}),, so it suffices to construct
a (375, 42)-decomposition of ({1,2,3,4,6}), in which the two 4-cycles intersect in exactly one
vertex for all n = 4 (mod 6) with n > 16 (note that the conditions of the lemma imply n > 16).
The union of the following two sets of cycles gives such a decomposition.

{(0,4,2,6),(2,3,5,8),(1,5,7),(3,4,7),(3,6,9), (4,5,6) }

{ (& +6i,y+6i,2+6i) : i€{0,...,220) (z,y,2) € {(4,8,10),(5,9,11),(6,8,12), (6, 7,10),
(7,11,13),(7,8,9), (9,12, 15), (9,10,13), (10, 11, 12), (8, 11, 14)} }

O

Lemma 15 If M is an n-ancestor list such that vs(M) <2, v,(M) =2, Y My = Tn, and

e n =25 and v3(M;) = 25;

e n =26 and v3(M,) = 26; or

(M
e n =31 and v3(M;) =
)-

then there is an (M)-decomposition of K,.

Proof We begin by showing that it is possible to partition M, into two lists M! and M? such
that > M! = 3n and > M? = 4n. If v3(M,) > n or vs(M,) > n, then clearly such a partition
exists. Otherwise, v,(M;) = 0 by Property (5) of Lemma 6, and so by the definition of n-ancestor
list and the hypotheses of this lemma, we have that

Tn =Y M, < 3vs(Ms) + 4vy(Ms) + 10+ (n — 1).

It is routine to check, using 3v3(M,) < 3n — 3 and 4vy(M,) < 4n — 4, that vy (M) > 325 and
v3(M,) > 2222, Thus for n = 25, n = 26 and n = 31, we can choose M} = (3,4'%), M} = (32,4'%),
and M} = (33,4%!) respectively. This yields the desired partition of M.

For n = 25 we note that ({1,2,3}), = ({2,4,6}), (with x — 2z being an isomorphism) and
({1,2,3,4}),, = ({1,7,8,9}),, (with = — 8z being an isomorphism). Since {3,10, 12} is a modulo
25 difference triple and ({5,11})s5 has a Hamilton decomposition (by a result of Bermond et al
[13], see Lemma 53), this gives us a decomposition of Ky5 into a copy of ({1,2,3})s5, a copy of
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({1,2,3,4})25, twenty-five 3-cycles and two Hamilton cycles. By Lemma 7, there is an (M})-
decomposition of ({1,2,3})s5 and an (M?2)-decomposition of ({1,2,3,4})s5, and this gives us the
required (M )-decomposition of Kos.

For n = 26 we note that ({1,2,3,4}), = ({5,6,10,11}),, (with  — 5z being an isomorphism).
Since {4, 8,12} is a difference triple and ({7,9})26 has a Hamilton decomposition (by a result of
Bermond et al [13], see Lemma 53), this gives us a decomposition of Ky into a copy of ({1,2,3})ag,
a copy of ({1,2,3,4})9, twenty-six 3-cycles and two Hamilton cycles. By Lemma 7, there is an
(M})-decomposition of ({1,2,3})s and an (M?)-decomposition of ({1,2,3,4})s, and this gives us
the required (M )-decomposition of Ka.

For n = 31 we note that ({1,2,3,4}), = ({4,8,12,15}),, (with  — 42 being an isomorphism).
Since {5,6,11} is a difference triple, {7,10,14} is a modulo 31 difference triple, and ({9, 13})31
has a Hamilton decomposition (by a result of Bermond et al [13], see Lemma 53), this gives us
a decomposition of K3; into a copy of ({1,2,3})s1, a copy of ({1,2,3,4})s1, sixty-two 3-cycles
and two Hamilton cycles. By Lemma 7, there is an (M!)-decomposition of ({1,2,3})3; and an
(M2)-decomposition of ({1,2,3,4})s1, which yields required (M )-decomposition of Ks;. O

We can now prove Lemma 4 which states that if M is an n-ancestor list with v, (M) > 2, then
there is an (M )-decomposition of K.

Proof of Lemma 4 If M = (3%, n®) for some a,b > 0, then we can use the main result from [25]
to obtain an (M )-decomposition of K,,, so we can assume that M # (3%,n®) for any a,b > 0. By
Lemma 2 we can assume that n > 15. Partition M into M, and M,. The proof splits into cases
according to the value of >  M;, which by Lemma 6 is in {2n,3n,...,8n}.

Case 1 Suppose that > M, = 2n. In this case, from Property (2) of Lemma 6 we have v, (M) =
1 and M, = (n") for some h > 1. The required decomposition of K,, can be obtained by combining
an (Mj)-decomposition of ({1,2}), (which exists by Lemma 8) with a Hamilton decomposition of
K, — ({1,2}), (which exists by Lemma 10).

Case 2 Suppose that Y M = 3n. In this case, from Property (3) of Lemma 6 we have v, (M) €
{0,1} and M, = (n") for some h > 1. The required decomposition of K, can be obtained by
combining an (M;)-decomposition of ({1,2,3}),, (which exists by Lemma 7 or 9) with a Hamilton
decomposition of K,, — ({1,2,3}), (which exists by Lemma 10).

Case 3 Suppose that > M, € {4n,5n,6n,7n,8n} and v5(M) > 3. In this case, from Property
(4) of Lemma 6 we have v, (M,) = 0 and M, = (5™, n") for some 7 > 0, h > 2, and we also have
3v3(M) < n — 10 from the definition of n-ancestor list. We let

S e {{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7},{1,2,3,4,5,6,7,8}}

such that |S| = 23 M, and obtain the required decomposition of K, by combining an (M,)-
decomposition of (S), (which exists by Lemma 7), with an (M,)-decomposition of K, — (S),
(which exists by Lemma 12). Note that the condition 3v3(M) < n — 10 implies that the required
(My)-decomposition of (S), is not among the listed possible exceptions in Lemma 7. Note also
that the condition n > 2max(S) + 1 required in Lemmas 7 and 12 is easily seen to be satisfied
because n > 15 and Y M, < n|%*].

Case 4 Suppose that Y M, € {4n,5n,6n,Tn,8n} and vs(M) < 2. In this case we have v, (M) =
0 and M, = (3,49 n") for some t,q > 0, h > 2 (see Property (5) in Lemma 6), and > M, # 8n
(see Property (1) in Lemma 6). We let

S e {{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7}}
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such that [S| = 13 M,. If Lemma 7 gives us an (M,)-decomposition of (S), and Lemma 11 gives
us an (M,)-decomposition of K, — (S),, then we have the required decomposition of K,. The
condition n > 2max(S) + 1 required in Lemmas 7 and 11 is satisfied because n > 15. This leaves
only the cases arising from the possible exceptions in Lemma 7 and Lemma 11, and these are

covered by Lemmas 14 and 15 respectively. U

4 The case of no Hamilton cycles

In this section we prove that Lemma 5 holds in the case v,(M) = 0. In this case, for n > 15,
one of v3(M), vy(M) and vs(M) must be sizable, and the proof splits into three cases accordingly.
Each of these three cases splits into subcases according to whether n is even or odd. In each case
we construct the required decomposition of K, from a suitable decomposition of K,,_; or K, _».

4.1 Many 3-cycles and no Hamilton cycles

In Lemma 16 we construct the required decompositions of complete graphs of odd order and in
Lemma 17 we construct the required decompositions of complete graphs of even order.

Lemma 16 If n is odd, Theorem 1 holds for K, 1, and (M,SHT_I) 15 an n-ancestor list with
v (M) = 0, then there is an (M, 3"z )-decomposition of K,.

Proof By Lemma 2 we can assume that n > 15. Let U be a vertex set with |[U| =n — 1, let co
be a vertex not in U, and let V = U U {oo}. Since (M,3"2) is an n-ancestor list with v, (M) = 0,
it follows that M is (n — 1)-admissible. Thus, by assumption there is an (M )-decomposition D of
Ky. Let I be the perfect matching in D. Then

DuD

is an (M, 3" )-decomposition of Ky, where Dy is a (3”2 )-decomposition of Koy V 1. O

Lemma 17 If n is even, Theorem 1 holds for K, 1, and (M,3nT_2) 1s an n-ancestor list with
v (M) = 0, then there is an (M, 3" )-decomposition of K,.

Proof By Lemma 2 we can assume that n > 16. Let U be a vertex set with |U| = n — 1,
let 0o be a vertex not in U, and let V = U U {oo}. Since (M,3"2") is an n-ancestor list with
vn(M) = 0, it follows that (M,n —2) is (n — 1)-admissible and so by assumption there is an
(M, n — 2)-decomposition D of Ky. Let C be an (n — 2)-cycle in D, let {I, I} be a decomposition
of C' into two matchings, and let = be the vertex in U \ V(C'). Then

(D\{C})U{I + ooz} UD,

is an (M, 3"2")-decomposition of Ky, where Dy is a (3”2 )-decomposition of K} V 1. O



4.2 Many 4-cycles and no Hamilton cycles
Lemma 18 If n is odd, Theorem 1 holds for K, o, and (M,4nT+1) 1s an n-ancestor list with
v (M) = 0, then there is an (M, 4" )-decomposition of K,.

Proof By Lemma 2 we can assume that n > 15. Let U be a vertex set with |U| = n — 2, let 0o,
and ooy be distinct vertices not in U, and let V = U U {ooy, 00}. Since (M,4"2" ) is an n-ancestor
list with v, (M) = 0, it follows from (5) in the definition of ancestor lists that any cycle length in
M is at most n — 3. Thus, it is easily seen that (M,5) is (n — 2)-admissible and by assumption
there is an (M, 5)-decomposition D of K.

Let C be a 5-cycle in D and let z, y and z be vertices of C' such that x and y are adjacent in
C and z is not adjacent to either x or y in C'. Then

(D\{C})UD; UD,
is an (M, 4”TH)—decomposition of Ky, where
e Disa (4%5)—decomposition of K{oo1,000},0\{z,y,-}; and
e D, is a (4°)-decomposition of Koo, ooy} fa,y,23 U [001,000] U C'.
These decompositions are straightforward to construct. 0

Lemma 19 If n is even, Theorem 1 holds for K, o, and (M,4n772) s an n-ancestor list with
vn(M) = 0, then there is an (M,4n772)-decompositz'0n of K,,.

Proof By Lemma 2 we can assume that n > 16. Let U be a vertex set with |U| = n — 2, let 0oy
and 0o be distinct vertices not in U, and let V = U U {coy, 00s}. Since (M,4"2") is an n-ancestor
list with v, (M) = 0, it follows from (5) in the definition of ancestor lists that any cycle length in
M is at most n — 3. Thus, it is easily seen that M is (n — 2)-admissible and by assumption there
is an (M )-decomposition D of K. Let I be the perfect matching in D. Then

(D\{I}) U {I+ 001002} UDl

is an (M,4"2" )-decomposition of Ky, where D; is a (4"T" )-decomposition of Koo1,000),0- O

4.3 Many 5-cycles and no Hamilton cycles

We will make use of the following lemma in this subsection and in Subsection 5.5.

Lemma 20 If G is a 3-reqular graph which contains a perfect matching and oo is a vertex not in
V(G), then there is a decomposition of K} V G into 1|V (G)| 5-cycles.

Proof Let I be a perfect matching in G. Then G — I is a 2-regular graph on the vertex set V(G)
and hence it can be given a coherent orientation O. Let

D = {(o0,a,b,c,d) : bc € E(I) and (b,a), (¢,d) € E(O)}

be a set of (undirected) 5-cycles. Because O contains exactly one arc directed from each vertex
of V(G), |D| = |E(I)| = 3|V(G)| and each edge of G appears in exactly one cycle in D. Further,
because O contains exactly one arc directed to each vertex of V(G), each edge of Ky, appears
in exactly one cycle in D. Thus D is a decomposition of K.} V G into 3|V (G)| 5-cycles. O
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Lemma 21 If n is odd, Theorem 1 holds for K,_y, and (M,5n771) is an n-ancestor list with
vn(M) = 0, then there is an (M, 5HT71)-decompositz'0n of K,,.

Proof By Lemma 2 we can assume that n > 15. Let U be a vertex set with |U| = n — 1, let
oo be a vertex not in U, and let V' = U U {oco}. Since the list (M,n — 1) is easily seen to be
(n — 1)-admissible, by assumption there is an (M,n — 1)-decomposition D of Ky. Let C be an
(n — 1)-cycle in D and let I be the perfect matching in D. Then

(D\{C7[})UD1

is an (M,5"2" )-decomposition of Ky, where D; is a (5" )-decomposition of K} V (CUI) (this
exists by Lemma 20). O

Lemma 22 If n is even, Theorem 1 holds for K, o, and (M,5""?) is an n-ancestor list with
V(M) = 0, then there is an (M, 5" 2)-decomposition of K,

Proof By Lemma 2 we can assume that n > 16. Let U be a vertex set with |U| =n — 2, let 0oy
and ooy be distinct vertices not in U, and let V' = U U {001, 005}. Since (M, 5"?) is an n-ancestor
list with v, (M) = 0, it follows from (6) in the definition of ancestor lists that any cycle length in
M is at most n — 5. Thus, it is easily seen that the list (M, (n — 2)?) is (n — 2)-admissible and
by assumption there is an (M, (n — 2)?)-decomposition D of Ky. Let C}, Cy and C3 be distinct
(n — 2)-cycles in D and let I be the perfect matching in D. Let {Iy, I} be a decomposition of Cj
into two perfect matchings. Then

(D \ {Cl, Cg, 0371}) U {I -+ 001002} UDl U DQ

is an (M, 5"~ ?)-decomposition of Ky, where for i = 1,2, D; is a (SHT%)—decomposition of Kooy V
(C; U ;) (these exist by Lemma 20). O

4.4 Proof of Lemma 5 in the case of no Hamilton cycles

Lemma 23 If Theorem 1 holds for K,y and K, _o, then there is an (M)-decomposition of K,
for each n-ancestor list M satisfying v, (M) = 0.

Proof By Lemma 2 we can assume that n > 15. If there is a cycle length in M which is at least
6 and at most n — 1, then let k£ be this cycle length. Otherwise let £ = 0. We deal separately with
the case n is odd and the case n is even.

Case 1 Suppose that n is odd. Since n > 15 and 3v5(M) 4+ 4vy(M) +5v5(M) + k = "(”2_1), it can

be seen that either vy(M) > 251 vy (M) > 22 or vs(M) > 255 If v3(M) > 251, then the result

follows by Lemma 16. If v4(M) > 2% then the result follows by Lemma 18. If v5(M) > 2,
then the result follows by Lemma 21.

Case 2 Suppose that n is even. Since n > 16, 3vs3(M) + dvy(M) + bvs(M) + k = ”(”T_Q) and
k <n—1, it can be seen that either v5(M) > “52, vy (M) > 222 or v5(M) > n — 2. (To see this
consider the cases v5(M) > 3 and vs5(M) < 2 separately and use the definition of n-ancestor list.)
If v3(M) > 252, then the result follows by Lemma 17. If v4(M) > 252, then the result follows by

Lemma 19. If v5(M) > n — 2, then the result follows by Lemma 22. O
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5 The case of exactly one Hamilton cycle

In this section we prove that Lemma 5 holds in the case v, (M) = 1. Again in this case, for n > 15,
one of v3(M), vy(M) and v5(M) must be sizable, and the proof splits into cases accordingly. The
case in which v3(M) is sizable further splits according to whether vy(M) > 1, v5(M) > 1, or
vy(M) = v5(M) = 0. We first require some preliminary definitions and results.

5.1 Preliminaries

Let P be an (M)-packing of K,,, let P’ be an (M’)-packing of K, and let S be a subset of V(K,).
We say that P and P’ are equivalent on S if we can write {G € P: V(G)NS # 0} = {G1,...,G:}
and {G e P :V(G)NS #0} ={G,...,G}} such that

e for i € {1,...,t}, G; is isomorphic to G/;
e for cach x € S and for i € {1,...,t}, x € V(G;) if and only if x € V(G}); and
e for all distinct z,y € S and for i € {1,...,t}, zy € E(G;) if and only if zy € E(G,).

The following lemma is from [20]. It encapsulates a key edge swapping technique which was
used in many of the proofs in [21], and which we shall make use of in this section.

Lemma 24 ([20], Lemma 2.1) Let n be a positive integer, let M be a list of integers, let P be an
(M)-packing of K,, with a leave, L say, let o and (B be vertices of L, let 7 be the transposition (af3),
and let Z = Z(P,«a, ) = (Nbdz(a) UNbdr(8)) \ ((Nbdz(«) " Nbd.(8)) U {a, 5}). Then there
exists a partition of the set Z into pairs such that for each pair {u,v} of the partition, there exists
an (M)-packing of K,, P’ say, with a leave, L' say, which differs from L only in that au, av, Pu
and Pu are edges in L' if and only if they are not edges in L. Furthermore, if P = {C,...,C;}
(n odd) or P ={I,Cy,...,Ci} (n even) where C1,...,Cy are cycles and I is a perfect matching,
then P' = {C,...,C{} (n odd) or P' = {I',C},...,C}} (n even) where fori =1,...,t, C] is a
cycle of the same length as C; and I' is a perfect matching such that

e cither I' =1 or I' = n(I);
e fori=1,...,t if neither a nor 3 is in V(C;) then C! = C;;
o fori=1,... tif exactly one of o and (3 is in V(C;) then either C! = C; or C! = n(C;); and

o fori=1,...,tif both o and B are in V(C;) then C! € {C;,n(C;),=(P,) U P!, P,un(P})}
where P, and P! are the two paths in C; which have endpoints o and (3.

)

We say that P’ is the (M )-packing obtained from P by performing the («, 5)-switch with origin u
and terminus v (we could equally call v the origin and u the terminus). For our purposes here, it
is important to note that P’ is equivalent to P on V(L) \ {«, 8}.

We will also make use of three lemmas from [21]. The original version of Lemma 25 (Lemma
2.15 in [21]) does not include the claim that P’ is equivalent to P on V(L) \ {a,b}, this follows
directly from the fact that the proof uses only (a, b)-switches.

12



Lemma 25 Let n be a positive integer and let M be a list of integers. Suppose that there exists an
(M)-packing P of K, with a leave L which contains two vertices a and b such that deg;(a) + 2 <
deg; (b). Then there exists an (M)-packing P’ of K,, which is equivalent to P on V(L) \ {a, b},
and which has a leave L' such that deg;,(a) = deg (a) + 2, deg;,(b) = deg,(b) — 2 and deg.(z) =
deg; (x) for all x € V(L) \ {a,b}. Furthermore,

(i) if a and b are adjacent in L, then L' has the same number of non-trivial components as L;

(i) if deg(a) = 0 and b is not a cut-vertex of L, then L' has the same number of non-trivial
components as L; and

(#3) if degy(a) = 0, then either L' has the same number of non-trivial components as L, or L'
has one more non-trivial component than L.

Similarly, the original versions of Lemmas 26 and 27 (Lemmas 2.14 and 2.11 respectively in
[21]) did not include the claims that the final decompositions are equivalent to the initial packings
on V' \ U. However, these claims can be seen to hold as the proofs of the lemmas given in [21]
require switching only on vertices of positive degree in the leave, with one exception which we
discuss shortly. The lemmas below each contain the additional hypothesis that deg;(z) = 0 for
all z € V \ U, and this ensures all the switches are on vertices of U and hence that the final
decomposition is equivalent to the initial packing on V' \ U.

The exception mentioned above occurs in the proof of the original version of Lemma 27 where
a switch on a vertex of degree 0 in the leave is required when 3 € {m;, ms}. We can ensure this
switch is on a vertex in U because we have the additional hypothesis that deg; (z) = 0 for some
x € U when 3 € {mj,my}. This additional hypothesis also allows us to omit the hypothesis,
included in the original version of Lemma 27, that the size of the leave be at most n + 1, because
in the proof this was used only to ensure the existence of a vertex of degree 0 in the leave when
3 € {my,my}. Thus the modified versions stated below hold by the proofs presented in [21].

Lemma 26 Let V be a vertex set and let U be a subset of V.. Let M be a list of integers and let
k, my and mg be positive integers such that my,my > max({3,k + 1}). Suppose that there exists
an (M)-packing P of Ky with a leave L of size my + ma such that A(L) = 4, exactly one vertex
of L has degree 4, L has exactly k non-trivial components, L does not have a decomposition into
two odd cycles if my and my are both even, and deg;(x) =0 for all x € V \ U. Then there exists
an (M, my, my)-decomposition of Ky which is equivalent to P on V \ U.

Lemma 27 Let V be a vertex set and let U be a subset of V. Let M be a list of integers and
let my and my be integers such that my, mg > 3. Suppose that there exists (M)-packing P of Ky
with a leave L of size my + my such that A(L) = 4, exactly two vertices of L have degree 4, L
has ezxactly one non-trivial component, deg; (x) =0 for all x € V \ U, and deg,(x) = 0 for some
x € U if 3 € {my,me}. Then there exists an (M, my, ms)-decomposition of Ky which is equivalent

toP onV\U.
We also require Lemma 28, which deals with some small order cases.
Lemma 28 Let n be an integer such that n € {15,16,17,18,19,20,22,24,26} and let M be an

n-ancestor list such that v,(M) = 1, vs(M) > 3, and vy(M) > 2 if n = 24. Then there is an
(M)-decomposition of K,.
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Proof If there is a cycle length in M which is at least 6 and at most n— 1, then let k be this cycle
length. Otherwise let k = 0. Note that 3vs(M) + 4va(M) + 5v5(M) + k +n = n[25+] and that,
because M is an n-ancestor list with vs(M) > 3, it follows that 3v5(M) < n—10, 2v4(M) < n—6,
and kK <n —5.

Using this, it is routine to check that if n = 15 then M must be one of 12 possible lists and
if n = 16 then M must be one of 26 possible lists. In each of these cases we have constructed an
(M)-decomposition of K,, by computer search.

Ifn € {17,18,19, 20,22, 24,26}, then we partition {1,..., 5]} into sets Sy, Sy and S3 according
to the following table.

n 51 SQ Sg

17| {1,2,3,4,5,6,7} 0 {8}

18| {1,2,3,4,5,6,7} 0 {8,9}

19 [ {1,2,3,4,5,6,7,8} 0 {9}
201(41,2,3,4,5,6,7,8} 0 {9,10}
22 {1,2,3,4} {6,7,8,9,10} {5,11}
24 {1,2,3} {4,6,7,8,11} | {5,9,10,12}
26 {1,2,3,4,5,7} {6,8,9,10,11} {12,13}

Using 3v3(M) < n —10, 2vy(M) <n —6 and k < n — 5, it is routine to check that v5(M) > n
when n € {22,26}, and that v5(M) > n + 8 when n = 24. By Lemma 7, there is an (M’)-
decomposition of (S1),, where M = (M’,n) when n € {17,18,19,20}, M = (M’,5",n) when
n € {22,26}, and M = (M’,4?,5"*8 n) when n = 24. For n € {22,24,26}, it is easy to see
that Sy is a modulo n difference 5-tuple, and so there is a (5")-decomposition of (Ss),. For
n € {17,18,19,20,22,26}, there is an (n)-decomposition of the graph (S3),, as it is either an
n-cycle or a connected 3-regular Cayley graph on a cyclic group, and the latter are well known to
contain a Hamilton cycle, see [30]. For n = 24, ({5,9,10}),, = ({1,2,3}),, (with = — 5z being
an isomorphism). Thus, by Lemma 9 there is a (42, 5%, 24)-decomposition of ({5,9,10,12})9, (as
({12})94 is a perfect matching). Combining these decompositions of (S1),, (S2), and (S3), gives
us the required (M )-decomposition of K. O

5.2 Many 3-cycles, one Hamilton cycle, and at least one 4- or 5-cycle

In Lemmas 29 and 30 we construct the required decompositions of complete graphs of odd order
in the cases where the decomposition contains at least one 4-cycle or at least one 5-cycle, respec-
tively. In Lemmas 31 and 32 we construct the required decompositions of complete graphs of even
order in the cases where the decomposition contains at least one 4-cycle or at least one 5-cycle,
respectively. These results are proved by constructing the required decomposition of K, from a
suitable decomposition of K,_1, K, _s or K,_3.

Lemma 29 If n is odd, Theorem 1 holds for K,_1, and (M,3RT4,4,n) s an n-ancestor list with
v (M) = 0, then there is an (M,3"%", 4, n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 15. Let U be a vertex set with |U| = n — 1,
let 0o be a vertex not in U, and let V = U U {o0}. Since (M,3"2",4,n) is an n-ancestor list
with v,(M) = 0, it follows that (M,n — 2) is (n — 1)-admissible and by assumption there is an
(M,n — 2)-decomposition D of K.
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Let H be an (n — 2)-cycle in D, let I be the perfect matching in D, and let [w,x,y, 2] be a
path in / U H such that w ¢ V(H), wx,yz € E(I) and zy € E(H). Then

(D\A{L. H}) U{H", (00, 2,y,2)} UDy
is an (M, 3"3° 4, n)-decomposition of Ky, where
e H = (H —[z,y]) U [z, w, o0, y]; and

e D, isa (3" )-decomposition of Koo}, \fwey,2y U (I —{wz,yz}). O

n—>5

Lemma 30 If n is odd, Theorem 1 holds for K,_1, and (M, 3=
vn (M) = 0, then there is an (M,3an5, 5, n)-decomposition of K.

,b,m) is an n-ancestor list with

Proof By Lemma 2 we can assume that n > 15. Let U be a vertex set with |U| = n — 1, let
0o be a vertex not in U, and let V = U U {oo}. Since (M,3"2",5,n) is an n-ancestor list with
vn(M) = 0, it follows that (M,n — 1) is (n — 1)-admissible and so by assumption there is an
(M,n — 1)-decomposition D of K.

Let H be an (n — 1)-cycle in D, let I be the perfect matching in D, and let [w,x,y, z] be a
path in I U H such that wz,yz € E(I) and xy € E(H). Then

(D\{I,H})U{H', (00, w,x,y,2)} UD;

n—

is an (M, 3 7 , 5, n)-decomposition of Ky, where

e H' = (H_ {xvyD U [l’,OO,y}; and

e D, is a (3" )-decomposition of Kooy, \fwey,y U ([ — {wz,yz}). O

Lemma 31 If n is even, Theorem 1 holds for K, 3, and (M,33n514,4,n) 18 an n-ancestor list
3n—14

with v,(M) = 0, then there is an (M,37 2z 4, n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 16. Let U be a vertex set with |U| = n — 3, let ooy,
00y and ooy be distinct vertices not in U, and let V = U U {001, 009, 003}. Since (M,3w,4,n)
is an n-ancestor list with v, (M) = 0, it follows from (5) in the definition of ancestor lists that any
cycle length in M is at most n—3. Thus, it is easily seen that (M, (n—4)?, n—3) is (n—3)-admissible
and so by assumption there is an (M, (n — 4)?,n — 3)-decomposition D of K.

Let C; and Cy be distinct (n — 4)-cycles in D, let H be an (n — 3)-cycle in D, let {I, 1} be a
decomposition of C into two matchings, let {I5, I3} be a decomposition of C5 into two matchings,
let w be the vertex in U \ V(C}), and let [z,y, 2] be a path in H U I3 such that x ¢ V(Cy),

xy € E(H) and yz € E(I3) (possibly w € {z,y, z}). Then
(D \ {H, Cl, 02}) U {[ + {oolw, 002003}, Hl, (OOg, T, Yy, Z)} U Dl U DQ U Dg

is an (M, 3% ,4,n)-decomposition of Ky, where

i H/ = (H - [l’,y]) U [%00270017003,9];

e fori=1,2 D;is a (3%)—dec0mposition of Koo,y V I;; and
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e Dsis a (SHT%)-decomposition of Koo}, 0\ fay,.3 U (I3 — y2). O

Lemma 32 Ifn is even, Theorem 1 holds for K,_1, and (M, 3nT76, 5,n) is an n-ancestor list with
vn(M) = 0, then there is an (M, 371776, 5, n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 16. Let U be a vertex set with |U| = n — 1, let
0o be a vertex not in U, and let V = U U {oo}. Since (M,3"2",5,n) is an n-ancestor list with
vn(M) = 0, it follows that (M,n —2,n—1) is (n — 1)-admissible and so by assumption there is an
(M,n —2,n — 1)-decomposition D of K.

Let H be an (n—1)-cycle in D, let C be an (n—2)-cycle in D, let {I, I, } be a decomposition of
C' into two matchings, let [w, x,y, z| be a path in I; U H such that wz,yz € E(I) and xy € E(H),
and let v be the vertex in U \ V(C'). Then

(D\{C.H}) U {I + voo, H', (00w, ,y.2)} U D,
is an (M, 3%6, 5, n)-decomposition of Ky, where
o H' = (H — [1,]) Uz, 00,]; and

e D is a (3" )-decomposition of Ko}, fow,ay,y U (I — {we,yz}). O

5.3 Many 3-cycles, one Hamilton cycle and no 4- or 5-cycles

We show that the required decompositions exist in Lemma 36. We first require three preliminary
lemmas. These results are proved using the edge swapping techniques mentioned previously.

Lemma 33 Let n and k be positive integers, and let M be a list of integers. If there exists an
(M)-packing of K,, whose leave has a decomposition into two 3-cycles, Ty and Ty, and a k-cycle C
such that |V(T) NV (Tz)| = 1, [V(T2) N V(C)| =1 and V(T1) NV(C) = 0, then there exists an
(M, 3, k + 3)-decomposition of K,.

Proof Let P be an (M)-packing of K, which satisfies the conditions of the lemma and let L
be its leave. Let [w,z,y, 2] be a path in L such that w € V(T}) \ V(Ty), V(T1) NV (Ty) = {x},
V(To) NV(C) = {y}, and z € V(C) \ V(13). Let P’ be the (M)-packing of K,, obtained from P
by performing the (w, z)-switch S with origin x. If the terminus of S is y, then the leave of P’ has
a decomposition into the 3-cycle T, and a (k + 3)-cycle. Otherwise the terminus of S is not y and
the leave of P’ has a decomposition into the 3-cycle (x,y, z) and a (k + 3)-cycle. In either case we
complete the proof by adding these cycles to P’. O

Lemma 34 Let n and k be positive integers such that k < n — 4, and let M be a list of integers.
Suppose that there exists an (M)-packing of K, whose leave has a decomposition into two 3-
cycles, Ty and Ty, and a k-cycle C' such that |V(T7) NV (C)| < 1, |[V(T2) nV(C)| < 1, and
\V(T1) NV (Ty)| =1 if k =n—4. Then there exists an (M, 3,k + 3)-decomposition of K,.

Proof Let P be an (M)-packing of K, which satisfies the conditions of the lemma and let L be
its leave.

Case 1 Suppose that A(L) = 2. Then T3, T; and C are pairwise vertex disjoint. Let x € V(T7)
and y € V(C) and let z be a neighbour in 77 of x. Let P’ be the (M)-packing of K, obtained
from P by performing the (x,y)-switch S with origin z, and let L’ be the leave of P’. Then either
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the non-trivial components of L’ are a 3-cycle and a (k + 3)-cycle or A(L’) = 4, exactly one vertex
of L' has degree 4, and L’ has exactly two nontrivial components. In the former case we can add
these cycles to P’ to complete the proof. In the latter case we can apply Lemma 26 to complete
the proof.

Case 2 Suppose that A(L) = 4. If exactly one vertex of L has degree 4, then L has exactly two
nontrivial components and we can complete the proof by applying Lemma 26. Thus we can assume
that L has at least two vertices of degree 4. We can further assume that P does not satisfy the
conditions of Lemma 33, for otherwise we can complete the proof by applying Lemma 33. Noting
that |V (T1) NV (T3)| € {0, 1}, it follows that |V (T1) NV (C)| =1 and |V (Ty) NV (C)| = 1. Because
k<n-—4and |V(T1)NV(Ty)| = 1if k = n — 4, there is an isolated vertex z in L. Let w be the
vertex in V(77) N V(C), let z and y be the neighbours in 77 of w. Let P’ be the (M)-packing of
K, obtained from P by performing the (w, z)-switch S with origin x, and let L’ be the leave of P’.
If the terminus of S is not y, then L’ has a decomposition into a (k + 3)-cycle and a 3-cycle, and
we complete the proof by adding these cycles to P’. Otherwise the terminus of S is y and either
A(L") = 4, exactly one vertex of L' has degree 4, and L’ has exactly two nontrivial components
(this occurs when |V (T1) NV (1y)| = 0) or P’ satisfies the conditions of Lemma 33 (this occurs
when |V(T7) NV (Ty)| = 1). Thus we can complete the proof by applying Lemma 26 or Lemma 33.
Case 3 Suppose that A(L) > 6. In this case, exactly one vertex of L has degree 6 and every
other vertex of L has degree at most 2. Let w be the vertex of degree 6 in L, let = be a neighbour
in Ty of w, and let y and z be the neighbours in T} of w. Let P’ be the (M)-packing of K,
obtained from P by performing the (w, x)-switch S with origin y, and let L’ be the leave of P’. If
the terminus of S is z, then P’ satisfies the conditions of Lemma 33 and we complete the proof by
applying Lemma 33. Otherwise the terminus of S is not z and L’ has a decomposition into the
3-cycle Ty and a (k + 3)-cycle, and we complete the proof by adding these cycles to P’. O

Lemma 35 Let n, k and t be positive integers such that 3 < k < n—4. If there exists a (3", k,n)-
decomposition of K,, then there exists a (3'1, k + 3,n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 15. Let V' be a vertex set with |V| = n, let D be
a (3", k,n)-decomposition of Ky, and let C be a k-cycle in D. Let U =V \ V(C). The n-cycle in
D contains at most |U| — 1 edges of Ky (as the subgraph of the n-cycle induced by U is a forest).
Also, if n is even, then the perfect matching in D contains at most |5|U|] edges of K. The proof
now splits into two cases depending on whether k£ = n — 4.

Case 1 Suppose that £ < n—5. Then |U| > 5 and, by the comments in the preceding paragraph,
the 3-cycles in D contain at least four edges of K. Thus there are distinct 3-cycles 11,7, € D
such that each contains at least one edge of K. We can remove C, T} and 75 from D and apply
Lemma 34 to the resulting packing to complete the proof.

Case 2 Suppose that k = n — 4. Then |U| = 4, the n-cycle in D contains at most three edges
of Ky and the perfect matching in D contains at most two edges of K. This leaves at least one
edge of Ky which occurs in a 3-cycle T € D. Let U = {uy, us, ug, us} and let H be the n-cycle in
D. This case now splits into two subcases depending on whether V(77) N V(C) = 0.

Case 2a Suppose that V(77) N V(C) = (). Then we can assume without loss of generality that
Ty = (u1,ug,u3). If any of the three edges wujuy, usuy, usuy is in a 3-cycle Ty € D, then we can
remove C', T} and T from D and apply Lemma 34 to the resulting packing to complete the proof.
Thus, we assume there is no such 3-cycle in D. Without loss of generality, it follows that n is
even, that ujuy is an edge of the perfect matching in D, and that usuy, usuy € E(H). Let z be a
vertex in C' which is not adjacent in H to a vertex in U (such a vertex exists as n > 15 implies
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|[V(C)| > 11 and there are only at most four vertices of C' which are adjacent in H to vertices in
U).

Now let P’ be the (3"~ n)-packing of Ky obtained from D\ {C,T;} by performing the (u1, z)-
switch S with origin us. If the terminus of S is not wug, then the only non-trivial component in the
leave of P’ is a (k + 3)-cycle and we can complete the proof by adding this cycle to P’. Otherwise,
the terminus of S is uz and the only non-trivial component in the leave of P’ is (ug,us,z) U C.
Furthermore, since z is not adjacent in H to a vertex in U, the final dot point in Lemma 24
guarantees that neither ujus nor ujus is an edge of the n-cycle in P’. Since ujus and ujus cannot
both be edges of the perfect matching in P’, this means that one of them must be in a 3-cycle
T) € P’. Thus, we can remove Tj from P’ and apply Lemma 34 to the resulting packing to
complete the proof.

Case 2b  Suppose that |V(T7) NV (C)| = 1. Let Ty = (z,y,2) with z € V(C) and y,z € U,
and let w € U\ {y,z}. Let P’ be the (3"~ n)-packing of Ky obtained from D \ {C,T;} by
performing the (w,z)-switch S with origin y, and let L’ be the leave of P’. If the terminus of
S is not z, then the only non-trivial component in the leave of P’ is a (k + 3)-cycle and we can
complete the proof by adding this cycle to P’. Otherwise the terminus of S is z, and the only
non-trivial components in the leave of P" are C' and (w,y, z). By adding these cycles to P’ we
obtain a (3!, k,n)-decomposition of Ky which contains a 3-cycle and an (n — 4)-cycle which are
vertex disjoint, and we can proceed as we did in Case 2a. 0]

We are now ready to prove the main result of this subsection.

Lemma 36 Ifn, k and t are positive integers such that 3 < k < n—1, Theorem 1 holds for K,_3,
K, and K,_1, and (3", k,n) is an n-ancestor list, then there is a (3, k,n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 15. Let r € {3, 4,5} such that r = k (mod 3). It suf-
fices to find a (3”%, r, n)-decomposition of K,,, since we can then obtain a (3', k, n)-decomposition
of K,, by repeatedly applying Lemma 35 (kgr times). If r = 3 then the existence of a (3t+%, T, m)-
decomposition of K, follows from the main result of [25], so we may assume r € {4,5}. Thus,
the existence of the required (3”%,7@ n)-decomposition of K, is given by one of Lemmas 29, 30,
31 and 32, provided that ¢ + % > % (the number of 3-cycles in the decompositions given by
Lemma 31 is at least 32> and the number is smaller for the other three lemmas for n > 15).

2
However, it follows from 3t + k+n =n|2"|, k <n—1and n > 15 that ¢ > 314 O

5.4 Many 4-cycles and one Hamilton cycle

In Lemma 37 we construct the required decompositions of complete graphs of odd order and in
Lemma 38 we construct the required decompositions of complete graphs of even order. In each
case we construct the required decomposition of K,, from a suitable decomposition of K, _s.

Lemma 37 If n is odd, Theorem 1 holds for K, _o, and (M,4%,n) 18 an n-ancestor list with
v (M) =0, then there is an (M,4"%"  n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 15. Let U be a vertex set with |U| = n — 2, let
o1 and ooy be distinct vertices not in U, and let V = U U {ooy,005}. Since (M,4"2,n) is an
n-ancestor list with v, (M) = 0, it follows from (5) in the definition of ancestor lists that any cycle
length in M is at most n — 3. Thus, it is easily seen that (M,n — 3) is (n — 2)-admissible and so
by assumption there is an (M, n — 3)-decomposition D of K.
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Let H be an (n — 3)-cycle in D, let z be the vertex in U \ V(H), and let = and y be adjacent
vertices in . Then
(D \ {H}) U {Hl7 (0017 Yy, x, 002)} U Dl

is an (M, 42", n)-decomposition of Ky, where
e H' = (H - [l’,y]) U ['CE) 01, %, 0027y]; and

e D isa (4”T_5)—decomp0sition of K{oo,,000},0\{w,y,2}- O

Lemma 38 If n is even, Theorem 1 holds for K,_o, and (M,4%,n) 15 an n-ancestor list with
vn(M) = 0, then there is an (M,4n772, n)-decomposition of K,.

Proof By Lemma 2 we can assume that n > 16. Let U be a vertex set with |U| = n — 2, let
001 and ooy be distinct vertices not in U, and let V = U U {ooy,005}. Since (M,4"2",n) is an
n-ancestor list with v,(M) = 0, it follows from (5) in the definition of ancestor lists that any cycle
length in M is at most n — 3. Thus, it is easily seen that (M, 3,n — 3) is (n — 2)-admissible and
so by assumption there is an (M, 3,n — 3)-decomposition D of K.

Let H be an (n — 3)-cycle in D, let C' be a 3-cycle in D, and let I be the perfect matching in
D. Let z be the vertex in U \ V(H), let w and x be distinct vertices in V(C') NV (H), let u be the
vertex in V(C) \ {w, 2} (possibly u = z), and let y be a vertex adjacent to z in H. Then

(D\{I,C,H}) U{I 4 co1009, H', (001,y, x,w), (002, z,u, w)} U Dy
is an (M, 4757, n)-decomposition of Ky, where
o H' = (H - [x7y]) U [.T,OOl,Z, 0027y]; and

e D isa (4%_6)—decomposition of K {oo1,000},0\{w,2,y,2}- O

5.5 Many 5-cycles and one Hamilton cycle

In Lemma 43 we construct the required decompositions of complete graphs of odd order and in
Lemma 44 we construct the required decompositions of complete graphs of even order. We first
require four preliminary lemmas.

Lemma 39 Fvery even graph has a decomposition into cycles such that any two cycles in the
decomposition share at most two vertices.

Proof It is well known that every even graph has a decomposition into cycles. Let G be an even
graph. Amongst all decompositions of GG into cycles, let D be one with a maximum number of
cycles. We claim that any pair of cycles in D shares at most two vertices. Suppose otherwise.
That is, there are distinct cycles A and B in D and distinct vertices x, y and z of GG such that
{z,y,2} CV(A)NV(B). Let A= A;UA,; and B = By U By, where Ay, Ay, By and By are paths
from z to y such that z € V(Ay) and z € V(Bsy). Then it is easy to see that A; U By and As U By
are both nonempty even graphs. For i = 1,2, let D; be a decomposition of A; U B; into cycles, and
note that |D,| > 2 because degy, p,(2) = 4. Then (D \ {4, B}) UD; UD, is a decomposition of
G into cycles which contains more cycles than D, contradicting our definition of D. ([l
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Lemma 40 Let V' be a vertex set and let U be a subset of V' such that |U| > 10. Let M be a
list of integers, let m € {3,4,5}, and let P be an (M)-packing of Ky with a leave L such that
deg;(z) =0 for all x € V' \ U. If there exists a spanning even subgraph G of L such that at least
one of the following holds,

(i) A(G) = 4, exactly one vertex of G has degree 4, G has at most two nontrivial components,
|E(G)| > m+ 3, and G does not have a decomposition into two odd cycles if m = 4;

(i) A(G) =4, exactly two vertices of G have degree 4, G has exactly one nontrivial component,
|E(G)| > m+ 3, and degg(x) =0 for some x € U if m = 3;

(iii) m = 4, G has exactly one nontrivial component, G has a decomposition into three cycles
each pair of which intersect in exactly one vertex, and degq(x) =0 for some x € U; or

(iv) m =5, A(G) > 4, and G has a decomposition into three cycles such that any two intersect
i at most two vertices, and such that any two which intersect have lengths adding to 6 or 7;

then there exists (M, m)-packing P’ of Ky which is equivalent to P on V \ U.

Proof Suppose that there is a spanning even subgraph G of L which satisfies one of (i), (ii),
(iii) or (iv). Because L and G are both even graphs, it follows that L — G is an even graph and
hence has a decomposition A = {A4;,..., A;} into cycles. Let a; = |V (A;)| for i =1,...,t and let
M' = (ay,...,a;). So PUAis an (M, MT)-packing of Ky which is equivalent to P on V' \ U. The
leave of PU A is G. Let e = |E(G)|.

If we can produce an (M, M', m,e — m)-decomposition D of Ky which is equivalent to P on
V' \ U, then there will be cycles in D with lengths ay,...,a;,e —m whose vertex sets are subsets
of U, and we can complete the proof by removing these cycles from D. So it suffices to find such
a decomposition. The proof now splits into cases.
Case 1 Suppose that G satisfies (i). Then we can apply Lemma 26 to obtain the required
decomposition.
Case 2 Suppose that G satisfies (ii). Then we can apply Lemma 27 to obtain the required
decomposition. The only non-trivial thing to check is that there is an z € U with degg(z) = 0
when m € {4,5} and e — m = 3. In this case we have e € {7,8} and, because G is even and
|U| > 10, there is indeed an = € U with degq(z) = 0.
Case 3 Suppose that G satisfies (iii). Either exactly one vertex of G has degree 6 and every
other vertex of G has degree at most 2, or exactly three vertices of G have degree 4 and every
other vertex of G has degree at most 2. In the former case we apply Lemma 25, choosing b to be
the vertex of degree 6 in GG and a to be a neighbour in GG of b. In the latter case we apply Lemma
25, choosing b to be a vertex of degree 4 in G and a to be a vertex in U which has degree 0 in
G. In either case we obtain an (M, MT)-packing P’ of Ky, which is equivalent to P on V \ U,
with a leave G’ such that A(G’) = 4, exactly two vertices of G’ have degree 4, G’ has exactly
one nontrivial component, and |E(G")| > 9. Thus we can apply Lemma 27 to obtain the required
decomposition.
Case 4 Suppose that G satisfies (iv). Since A(G) > 4 there is at least one pair of intersecting
cycles in any cycle decomposition of G. Thus, there exists a decomposition { By, By, B3} of G into
three cycles such that |V(B;) N V(B,y)| € {1,2} and |E(B;)| + |E(B2)| € {6,7}.
Case 4a Suppose that B; is a component of G. If |[V(B;) N V(By)| = 1, then we can apply
Lemma 26 to obtain the required decomposition, so we may assume that |V (By) NV (Bg)| = 2.
Let x € V(By) NV(By), let y € V(B3), and let z be a neighbour in G of z. Let P’ be the
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(M, M™)-packing of K, obtained from P by performing the (z,y)-switch S with origin z and let
G’ be its leave. Then P’ is equivalent to P on V \ U, G’ has exactly one nontrivial component,
A(G") = 4, exactly two vertices of G’ have degree 4, and |E(G’)| > 9. Thus we can apply Lemma
27 to obtain the required decomposition.

Case 4b Suppose that Bs is not a component of G. Then Bj intersects with By or By and so
|E(Bs3)| € {3,4}. Thus, e € {9,10,11} as we have |E(B;)| + |E(B2)| € {6,7}. Let P’ be the
(M, M")-packing of K, obtained from P by repeatedly applying Lemma 25, each time choosing b
to be a vertex maximum degree in the leave and a to be a vertex in U of degree 0 in the leave,
until the leave has maximum degree 4 and has exactly one vertex of degree 4 (a suitable choice for
a will exist each time since e < 11 and |U| > 10). Let G’ be the leave of P’. Then P’ is equivalent
to P on V\U, A(G'") = 4, exactly one vertex of G’ has degree 4, |E(G")| € {9,10,11}, and G
has at most two components (because |E(G’)| < 11). Thus we can apply Lemma 26 to obtain the
required decomposition. O

Lemma 41 Let V be a vertex set and let U be a subset of V' such that |U| > 10. Let m € {3,4,5},
let M be a list of integers, and let P be an (M)-packing of Ky with a leave L such that |E(L)| >
|U| +m and deg;(x) =0 for all x € V\ U. Then there exists an (M, m)-packing of Ky which is
equivalent to P on V\ U.

Proof Since L is an even graph, Lemma 39 guarantees that there is a decomposition D of L
such that any pair of cycles in D intersect in at most two vertices. Let e = |E(L)|. Since
e > |U| 4+ m > 13 it follows that D contains at least three cycles. Also, since e > |U|, there is at
least one pair of intersecting cycles in D. We now consider separately the cases m = 3, m = 4 and
m = 9.

Case 1 Suppose that m = 3. We can assume that there are no 3-cycles in D (otherwise we
can simply add one to P to complete the proof). Let Cy, Cy and Cj be distinct cycles in D
such that Cy and Cy intersect. If |[V(Cy) NV(Cy)| = 1, then we can apply Lemma 40 (i) (with
E(G) = E(Cy U (5)) to complete the proof, so we may assume that |V(C;) NV (Cy)| = 2. If
|E(CY)|+ |E(Cs)| < |U|+ 1, then there is at least one vertex of U that is not in V/(C}) U V(Cy)
and we can apply Lemma 40 (ii) (with E(G) = E(C; U Cs)) to complete the proof. Thus, we
may assume |E(C1)| 4+ |E(Cy)| = |U| + 2, and it follows from this that V(Cy) UV (Cy) = U. This
means that V(C3) C V(Cy) U V(Cy). Thus, since we have V(C3) > 4, V(C,) NV (C3) < 2 and
V(OQ) N V(Og) S 2, it follows that V(Og) = 4, V(Ol) N V(C3) =2 and V(CQ) N V(Cg) = 2. We
can assume without loss of generality that |E(C,)| < |E(Cy)| and hence that |E(Cy)| > 5 (since
|U| > 10). This means that there is at least one vertex of U that is in neither C} nor Cj5, and so
we can apply Lemma 40 (ii) (with E(G) = E(C; U Cj3)) to complete the proof.

Case 2 Suppose that m = 4. If two cycles in D intersect in exactly two vertices, then we can
apply Lemma 40 (ii) (with the edges of G being the edges of two such cycles) to complete the
proof. So we may assume that any two cycles in D intersect in at most one vertex. Let {C7,Co}
be a pair of intersecting cycles in D such that |E(Cy UCy)| < |E(C; UC}))| for any pair {C;, C;} of
intersecting cycles in D. If there is a cycle in D which is vertex disjoint from C U C5, then we can
apply Lemma 40 (i) (with the edges of G being the edges of Cy, Cy and this cycle) to complete
the proof. If there is a cycle in D which intersects with exactly one of C and Cs, then we can
apply Lemma 40 (ii) (with the edges of G being the edges of C}, Cy and this cycle) to complete
the proof. So we may assume that every cycle in D\ {C}, Cy} intersects (in exactly one vertex)
with €} and with Cy. Let C3 be a shortest cycle in D\ {C}, C2} and note that [V (C;)| < |V(Cs)|
for i = 1,2 by our definition of C; and Cy. If V(Cy} U Cy U C3) # U, then we can apply Lemma
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40 (iii) (with E(G) = E(C; U Cy U C3)) to complete the proof. Otherwise V(Cy U Cy U C3) = U
which means that |V (Cy)| 4+ |[V(Cy)| + |V (C3)| € {|U] + 2,|U| + 3}. However, we have e > |U| + 4
and so there is a cycle Cy € D\ {C1, Cy,C3}. Thus Cy is a 3-cycle (as V(C; U Cy U C3) = U and
Cy intersects each of C, Cy and Cj in exactly one vertex). It then follows from the minimality of
C5 and from |V(C;)| < |V(Cs)| for i = 1,2 that Cy, Cy and Cj are also 3-cycles. Since |U| > 10,
this is a contradiction and the result is proved.

Case 3 Suppose that m = 5. Let C;, (' and C3 be three cycles in D such that C; and C5
intersect. If there are a pair of cycles in {C}, Cy, C5} which intersect and whose lengths add to at
least 8, then the union of this pair of cycles has at least m + 3 edges and we can apply Lemma 40
(i) or Lemma 40 (ii) (with the edges of G being the edges of this pair of cycles) to complete the
proof. Otherwise we can apply Lemma 40 (iv) to complete the proof. O

Lemma 42 Let u and k be integers such that u is even, u > 16 and 6 < k < u—1, let U be a
vertex set such that |U| = u, and let x and y be distinct vertices in U. Then there exists a packing
of Ky with a perfect matching, a u-cycle, a (u— 1)-path from x to y, a k-cycle, three (u—2)-cycles
each having vertex set U \ {x,y}, and a 2-path from x to y.

Proof Let U =27, 3U{oco,x,y}. Fori=0,...,5, let
Hi=(co,i,i+1i+ (u—4),i+2,i+ (u—>5),...,0+ % i+ % i+ %2 i 4+ 252),

and let

I=[%8 w2l U %2, 4 U U[0,u—4] U [oo, %1,
so that {I, Hy, ..., Hs} is a packing of Kz, ,u{s} With one perfect matching and six (u — 2)-cycles
(recall that u > 16). Then

{I+=xy, (Hy— [00,0,1])U[o0, z,0,y,1], (H; — [1,2]) U[1, 2] U[2,y], PU]a, z,b], Hs, Hy, Hs, [z, ¢, y|}

is the required packing, where P is a (k — 2)-path in Hy with endpoints a and b such that a,b €
Zu—3 \ {0,1} (P exists as there are v — 2 distinct paths of length & — 2 in H,, and at most six
having oo, 0 or 1 as an endpoint), and ¢ is any vertex in Z,_3 \ {0, 1,2, a, b}. O

Lemma 43 If n is odd and (M,5"= ", n) is an n-ancestor list with v,(M) = 0, then there is an

(M, 5 n)-decomposition of K,.

Proof By Lemma 2 (for n < 13) and Lemma 28 (for n € {15,17}) we may assume that n > 19
(Lemma 28 can indeed be applied as vs(M,5™ 2 ,n) > 3 when n € {15,17}). Let U be a vertex
set with |U| = n — 3, let # and y be distinct vertices in U, let oof, co; and oo, be distinct vertices
not in U, and let V = U U {ool, 001, 002}

Since (M,5"Z ", n) is an n-ancestor list with 1,(M) = 0, it follows from (6) in the definition
of ancestor lists that any cycle length in M is at most n — 5. If there is a cycle length in M which
is at least 6, then let k& be this cycle length. Otherwise let k =0 (so k € {0} U{6,...,n—5}). By
Lemma 42, there exists a packing P of Ky with a perfect matching I, an (n — 4)-path P, from z
to y, a k-cycle (if k # 0), three (n — 5)-cycles Cy, Cy and Cj each having vertex set U \ {x,y}, and
a 2-path P, from x to y. Let {I;, Is} be a decomposition of Cj into two matchings.

Let

P = (P\{I, P, P,Cy,Cy, C3}) U{P, U z,001,00", 009, y], P, U[r,009,001,9]} UDUD; UDsy,

where
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e Disa (3%3)—decomposition of Kiooty V I
o fori=1,2,D;isa (5" )-decomposition of Kooy V (C; U ;) (this exists by Lemma 20).
Then P’ is a (3", 5"*, k,n)-packing of Ky (a (3”2, 5" %, n)-packing of Ky if k = 0) such that
(i) 22 3-cycles in P’ contain the vertex oof;
(ii) oofoo; and cofooy are edges of the n-cycle in P’; and

(iii) oof, 0o, and ooy all have degree 0 in the leave of P’.

Since (M,5™2 ,n) is an n-ancestor list with 1,,(M) = 0, it can be seen that by beginning
with P’ and repeatedly applying Lemma 41 we can obtain an (M ,37L53,5”*4,n)—packing of Ky
which is equivalent to P’ on V' '\ U. Note that the leave of this packing has n — 3 edges. Thus, by
then repeatedly applying Lemma 25 we can obtain an (M, 3", 5"~4 n)-packing P” of Ky which
is equivalent to P’ on V \ U and whose leave L” has the property that deg;,(x) = 0 for each
z € {oof, 001,009} and deg;.(x) = 2 for each x € U. Because P” is equivalent to P’ on V \ U,
it follows from (i) and (i) that there is a set T of 52 3-cycles in P” each of which contains the

vertex ool and two vertices in U. Let T be the union of the 3-cycles in 7. Then

(P” \ 7‘) U D//

is an (M,5™2 ", n)-decomposition of Ky where D" is a (5" )-decomposition of TU L” (this exists
by Lemma 20, noting that E(T U L") = E(K{wt; V G) for some 3-regular graph G on vertex set

U which contains a perfect matching). O]

Lemma 44 If n is even and (M,5*"=% n) is an n-ancestor list with v,(M) = 0, then there is an
(M, 59 n)-decomposition of K,.

Proof By Lemma 2 (for n < 14) and Lemma 28 (for n € {16,18}) we may assume that n > 20
(Lemma 28 can indeed be applied as v5(M,5*"% n) > 3 when n € {16,18}). Let U be a vertex
set with |[U| = n — 4, let z and y be distinct vertices in U, let oo{, oog, 001 and ooy be distinct
vertices not in U, and let V =U U {ooi, oog, 001, 002 }.

Since (M, 5?9 n) is an n-ancestor list with v, (M) = 0, it follows from (6) in the definition of
ancestor lists that any cycle length in M is at most n — 5. If there is a cycle length in M which
is at least 6 then let k be this cycle length. Otherwise let £ = 0 (so k € {0} U{6,...,n — 5}).
By Lemma 42, there exists a packing P of Ky with a perfect matching I, an (n — 4)-cycle B, an
(n — 5)-path P, from z to y, a k-cycle (if £ # 0), and three (n — 6)-cycles C;, Cy and Cj each
having vertex set U \ {z,y}, and a 2-path P, from z to y. Let {II, I]} be a decomposition of B
into two matchings and {/;, I} be a decomposition of C5 into two matchings.

Let

P'= (P\A{B, P, P, C1,Cy, Cs})U
{I + {00100}, 003001}, Py U [, 001, 00!, 008, 004, y], Pa U [z, 002, 001, y]} U D] UDIUD; UDs,

where

e fori=1,2 D! is a (3" )-decomposition of KV Il
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o fori=1,2,D;isa (5" )-decomposition of Kooy V (C; U ;) (this exists by Lemma 20).
Then P’ is a (374,575 k, n)-packing of Ky (a (3"~*, 5"~ n)-packing of Ky if k = 0) such that
(i) fori=1,2, ”7_4 3-cycles in P’ contain the vertex ooj;

(i) ooloor, colool and coloo, are edges of the n-cycle in P’

(iii) colooy and coloo; are edges of the perfect matching in P'; and

(iv) ooi, oog, 001 and oo, all have degree 0 in the leave of P’.

Since (M, 5?9 n) is an n-ancestor list with v,,(M) = 0, by beginning with P’ and repeatedly
applying Lemma 41 we can obtain an (M, 3" % 5"75 n)-packing of Ky, which is equivalent to P’
on V' \ U. Note that the leave of this packing has 2n — 8 edges. Thus, by then repeatedly applying
Lemma 25 we can obtain an (M,3"4 5" n)-packing P” of Ky which is equivalent to P’ on
V \ U and whose leave L” has the property that deg;.(z) = 0 for & € {ool, 00}, 001, 005} and
deg;.(x) = 4 for all x € U. By Petersen’s Theorem [41], L” has a decomposition {H;, H} into
two 2-regular graphs, each with vertex set U. Because P” is equivalent to P’ on V '\ U, it follows
from (i), (ii) and (iii) that, for ¢ = 1,2 there is a set 7; of %% 3-cycles in P” each of which contains

the vertex oozT and two vertices in U. For ¢ = 1,2, let T; be the union of the 3-cycles in 7;. Then
(P"\ (T1UT2)) UD{ UD;
is an (M, 5%"™9 n)-decomposition of Ky where, fori = 1,2, D/ isa (5"2 )-decomposition of T; U H;

(these decompositions exist by Lemma 20, noting that for i = 1,2, E(T; U H;) = E(K 1, VG) for
some 3-regular graph G with vertex set U that contains a perfect matching). ([l

5.6 Proof of Lemma 5 in the case of one Hamilton cycle

Lemma 45 If Theorem 1 holds for K, 1, K,_2 and K,_3, then there is an (M )-decomposition of
K, for each n-ancestor list M satisfying v,(M) = 1.

Proof By Lemma 2 we can assume that n > 15. If there is a cycle length in M which is at least
6 and at most n — 1 then let £ be this cycle length. Otherwise let k£ = 0. We deal separately with
the case n is odd and the case n is even.

Case 1 Suppose that n is odd. Since n > 15 and 3v3(M) + 4vy (M) + bvs(M) + k +n = "("2_1),
it can be seen that either

(i) n € {15,17,19} and vs(M) > 3;

(To see this consider the cases v5(M) > 3 and v5(M) < 2 separately and use the definition of
n-ancestor list.) If (i) holds, then the result follows by Lemma 28. If (ii) holds, then the result
follows by one of Lemmas 29, 30 or 36. If (iii) holds, then the result follows by Lemma 37. If (iv)
holds, then the result follows by Lemma 43.

Case 2 Suppose that n is even. Since n > 16 and 3vs(M) + 4vy (M) + 5vs(M) + k +n = "(n;Z),
it can be seen that either
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(To see this consider the cases v5(M) > 3 and v5(M) < 2 separately and use the definition of
n-ancestor list.) If (i) holds, then the result follows by Lemma 28. If (ii) holds, then the result
follows by one of Lemmas 31, 32 or 36 (note that 21 > =8 for n > 16). If (iii) holds, then the
result follows by Lemma 38. If (iv) holds, then the result follows by Lemma 44. O

6 Decompositions of (S),

Our general approach to constructing decompositions of (S),, follows the approach used in [27] and
[29]. For each connection set S in which we are interested, we define a graph J,, for each positive
integer n such that there is a natural bijection between E(J,) and E((S),), and such that (S),
can be obtained from J,, by identifying a small number (approximately |S|) of pairs of vertices.
Thus, decompositions of .J,, yield decompositions of (S),,.

The key property of the graph J, is that it can be decomposed into a copy of J,_, and a
copy of J, for any positive integer y such that 1 < y < n, and this facilitates the construction
of desired decompositions of .J,, for arbitrarily large n from decompositions of J; for various small
values of i. For example, in the case S = {1,2,3} we define J, by V(J,) = {0,...,n + 2}
and E(J,) = {{i,i +1},{i + 1,0+ 3}, {i,i+3}} : i« = 0,...n — 1}. It is straightforward to
construct a (3)-decomposition of Jj, a (4,5)-decomposition of Js, a (43)-decomposition of J; and
a (5*)-decomposition of J5. Moreover, since J, decomposes into .J,_, and J,, it is easy to see
that these decompositions can be combined to produce an (M )-decomposition of J,, for any list
M = (my,...,my) satisfying > M = 3n and m; € {3,4,5} for i = 1,...,¢t. For all n > 7, an
(M)-decomposition of ({1, 2,3}),, can be obtained from an (M )-decomposition of .J,, by identifying
vertex ¢ with vertex ¢ +n for + =0, 1, 2.

In what follows, this general approach is modified to allow for the construction of decomposi-
tions which, in addition to cycles of lengths 3, 4 and 5, contain one arbitrarily long cycle or, in
the case S = {1,2,3}, one arbitrarily long cycle and one Hamilton cycle. The constructions used
to prove Lemma 7 proceed in a similar fashion for each connection set S. We include the proof
only for the most interesting and difficult case, namely the case S = {1,2,3,4,6} where there are
some exceptional decompositions which appear not to exist. Many decompositions of various J,
with n small are required as ingredients in our constructions. All of these ingredients have been
constructed, in most cases with the aid of a computer, but due to the large number of them, they
are not presented here.

6.1 Proof of Lemma 7

In this section we prove Lemma 7, which we restate here for convenience.
Lemma 7 [If

S e {{1,2,3},{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7},{1,2,3,4,5,6,7,8} },
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n > 2max(S) + 1, and M = (my,...,my, k) is any list satisfying m; € {3,4,5} fori=1,...,t,
3<k<mn, and ) M = |S|n, then there is an (M)-decomposition of (S),, except possibly when
o $=1{1,2,3,4,6}, n=3(mod 6) and M = (3%); or
5n—>5

e S=1{1,2,3,4,6}, n =4 (mod 6) and M = (373
Let

5).

S ={{1,2,3},{1,2,3,4},{1,2,3,4,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7},{1,2,3,4,5,6,7,8} }.

For n > 1 and for each S € S, we define the graph J2 according to the following table. We shall
give the proof of Lemma 7 for S = {1,2,3,4,6} only. Thus, we shall be working with the graph
Jn{1’2’3’4’6}, which in this subsection we denote by just .J,. For each other S € §, we use the graph

J? given in the table, and then the proof proceeds along similar lines.

S V() E(Jy)
{1,2,3} {0,...,n+2} {{i,i +1},{i + 1,7+ 3},
{i,i+3}:1=0,...,n—1}
{1,2,3,4} {0,...,n+ 3} {{i+2,i+ 3}, {i +2,i+4},{i,i+ 3},

{i,i+4}:1=0,...,n—1}
11,2,3,4,6] |{0,...n15}| {{it2i13,{it2i+4L,{i13,i16},{iit4],
{i,i+6}:1=0,...,n—1}
1,234,577 {0, ...nt6y [ {{it6it7h{it5it7,{it3,it6y.{itr3,i17),
{i,i+5},{i,i+7}:i=0,...,n—1}
11,2,3,4,5,6,7) |{0,....n 16} | {{i13,i14,{it5i+7L,0i13,i16},{iit4],
{i,i+5},{i,i +6},{i,i+7}:i=0,...,n—1}
11,2,3,4,5,6,7,8) | 10,...n+ 8} [ {li+7,i -85, {i +5,i + 71, {i+5,4+8,{i +5,4+9],
{i,i+5}{i+1,i+7}H{i,i+ T}
{i+1,i+9}:i=0,...,n—1}

For a list of integers M, an (M )-decomposition of .J,, will be denoted by .J,, = M. We note the
following basic properties of J,,.

e For n > 13, if for each ¢ € {0,1,2,3,4,5} we identify vertex i of J, with vertex i + n of J,
then the resulting graph is ({1,2,3,4,6}),. This means that for n > 13, we can obtain an
(M)-decomposition of ({1,2,3,4,6}),, from a decomposition J,, — M, provided that for each
i €{0,1,2,3,4,5}, no cycle in the decomposition of .J,, contains both vertex i and vertex
14+ n.

e For any integers y and n such that 1 < y < n, the graph J, is the union of J,,_, and the
graph obtained from .J, by applying the permutation z + z + (n — y). Thus, if there is
a decomposition J,,_, — M and a decomposition J, — M’ then there is a decomposition
Jp — M,M’'. We will call this construction, and the similar constructions that follow,
concatenations.

We prove Lemma 7 by constructing various decompositions of graphs J,, and related graphs,
then concatenating these decompositions to produce a much wider range of decompositions of
graphs J,,, and finally identifying pairs of vertices to produce the decompositions of (S),, that we
require.
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Lemma 46 If n is a positive integer and M = (my,...,my) is a list such that Y M = bn,
m; € {3,4,5} fori=1,...,t, and M ¢ E where

E={(3%4}YU{(3) :i>11is odd}y U{(3",5):i>1 is odd},
then there 1s a decomposition J, — M.

Proof We have verified by computer search and concatenation that the result holds for n < 10.
So assume n > 11 and suppose by induction that the result holds for each integer n’ in the range
1 < n' < n. It is routine to check that if M satisfies the hypotheses of the lemma, then M can be
written as M = (X,Y) where J, — Y is one of the six decompositions below (which exist because
y < 10).

J—5 Jy— 45 Jo — 310 Js — 37,4 Jy— 34,42 J3 — 3,43

If X ¢ &, then we can obtain a decomposition J, — M by concatenating a decomposition
Jn—y — X (which exists by our inductive hypothesis) with a decomposition J, — Y. Thus,
we can assume X € £. But since n > 11 and > Y < 30, we have > X > 25 which implies X €
{(3%) 14 >3 isodd} U{(3%,5) : i > 3is odd}. It follows that M = (3'° X’) for some nonempty
list X' ¢ & (because M ¢ &) and we can obtain a decomposition J, — M by concatenating
a decomposition J,_¢ — X’ (which exists by our inductive hypothesis) with a decomposition
Je — 310, ]

Let M = (my,...,my) be a list of integers with m; > 3 for i = 1,...,¢. A decomposition
{G4,...,G,C} of J, such that

e (5; is an m;-cycle for i = 1,... t; and

e Cis a k-cycle such that V(C) ={n—k+6,....,n+5} and {{n,n+3},{n+1,n+4}, {n+
2,n+5}} C E(C);

will be denoted J,, — M, k*.

In Lemma 47 we will form new decompositions of graphs J, by concatenating decompositions
of J,_, with decompositions of graphs J; which we will now define. For y € {4,...,11}, the
graph obtained from J, by adding the three edges {0,3}, {1,4} and {2,5} will be denoted J,.
Let M = (my,...,my) be a list of integers with m; > 3 for i = 1,...,t. A decomposition
{G1, ..., Gy, Ay, Ay, Az} of J 7 such that

e (5; is an m;-cycle for i =1,...,t;

e A, Ay and Aj are vertex-disjoint paths, one from 0 to 3, one from 1 to 4, and one from 2 to
5; and

o |[E(A)|+[E(A)| + [E(As)| = 1 +3;

will be denoted J;7 — M, I*. Moreover, if | = y and {{n,n +3},{n+1,n+4},{n+2,n+5}} C
E(A;) U E(A) U E(A3), then the decomposition will be denoted J;7 — M, y™.

For y € {4,...,11} and n > y, the graph J, is the union of the graph obtained from J,_, by
deleting the edges in {{n —y,n—y+3},{n—y+1,n—y+4},{n—y+2,n—y+5}} and the
graph obtained from J; applying the permutation x — x + (n — y). It follows that if there is a
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decomposition J,_, — M, k* and a decomposition J; — M’,I", then there is a decomposition
Jn — M, M’ k+ 1. The three edges {n,n + 3}, {n+ 1,n+4} and {n + 2,n + 5} of the k-cycle in
the decomposition of J,,_, are replaced by the three paths in the decomposition of J; to form the
(k 4 1)-cycle in the new decomposition. Similarly, if there is a decomposition J,_, — M, k* and a
decomposition .J;” — M, y™*, then there is a decomposition J, — M, M, (k + y)*.

Lemma 47 If n > 11 is an integer and M = (my,...,my) is a list such that Y M = 4n and
m; € {3,4,5} fori=1,...,t, then there is a decomposition J, — M,n*.

Proof We have verified using computer search and concatenation that the result holds for 11 <
n < 16. So let n > 17 and suppose by induction that the result holds for each integer n’ in the
range 11 < n/ < n. We have verified that the following decompositions exist.

Jf = 44 4t Ji — 54 5T Ji — 38,67

It is routine to check, using > M = 4n > 68, that M can be written as M = (X,Y’) where
J; — Y,y is one of the decompositions above and X is some nonempty list. We can obtain a
decomposition J,, — M, n* by concatenating a decomposition J,,_, — X, (n —y)* (which exists by
our inductive hypothesis, since n —y > n — 6 > 11) with a decomposition J; — Y, y. ([l

Lemma 48 If n and k are integers such that 6 < k < n and M = (mq,...,my) is a list such
that > M = 5n —k and m; € {3,4,5} fori=1,... t, then there is a decomposition J, — M, k.
Furthermore, for n > 13 any cycle in this decomposition having a vertex in {0, ...,5} has no vertex
in{n,...,n+5}.

Proof We have verified using computer search and concatenation that the result holds for 6 <
n < 21. So let n > 22 and suppose by induction that the result holds for each positive integer n’ in
the range 6 < n’ < n. By Lemma 47 we can assume that k& < n — 1. The following decompositions
exist by Lemma 46.

J; — 5t Js — 3143 Jy — 45 Jg — 310

Case 1 Suppose that & < n—6. Then it is routine to check, using > M =5n—k > 4n+6 > 94,
that M = (X,Y) where J, — Y is one of the decompositions above and X is some nonempty list.
We can obtain a decomposition J,, — M, k by concatenating a decomposition .J,,_, — X, k (which
exists by our inductive hypothesis, since k <n —6 <n —y) with a decomposition J, — Y. Since
n > 22 it is clear that any 3-, 4- or 5-cycle in this decomposition having a vertex in {0,...,5} has
no vertex in {n,...,n+ 5}, and by our inductive hypothesis the same holds for the k-cycle.
Case 2 Suppose that n — 5 < k < n — 1. In a similar manner to Case 1, we can obtain the
required decomposition J,, — M,k if M = (X,5) for some list X, if £ € {n —5,n —4,n — 3} and
M = (X, 3,43) for some list X, and if k € {n —5,n — 4} and M = (X, 4°) for some list Y. So we
may assume that none of these hold.

Given this, using > M = 5n —k > 4n + 1 > 89, it is routine to check that the required
decomposition J, — M,k can be obtained using one of the concatenations given in the table
below (note that, since v5(M) = 0, in each case we can deduce the given value of v5(M) (mod 4)
from > M = 5n — k). The decompositions in the third column exist by Lemma 47, and we have
verified the existence of the decompositions listed in the last column.
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k v3(M) (mod 4) | first decomposition second decomposition
n—>513 Jn_10 — (M — (31%)), (n — 10)* | J;, — 315, 5T
n—410 Jo11 — (M — (31%)), (n — 11)* | J} — 316,7F
n—3]1 Jug — (M — (313)), (n — 9)* Jg — 31367
n—212 o7 — (M — (319)),(n = 7)* J5 — 310 5%
Joos — (M — (3%,4%)),(n —5)* | Jo& — 32,44 3"
n—113 Jog — (M — (31)), (n — 8)* Jg — 3Tt
Joa — (M — (33,4%)), (n — 4)* | J — 33,42, 3T
Since n > 22 it is clear that any 3-, 4- or 5-cycle in this decomposition having a vertex in {0,...,5}
has no vertex in {n, ...,n+5}, and by the definition of the decompositions given in the third column
the k-cycle has no vertex in {0,...,5}. O

Proof of Lemma 7 We give the proof for S = {1,2,3,4,6} only. For each other connection
set S the proof proceeds along similar lines. As noted above, for n > 13 we can obtain an
(M)-decomposition of ({1,2,3,4,6}), from an (M)-decomposition of J,, provided that for each
i € {0,...,5}, no cycle contains both vertex ¢ and vertex i + n. Thus, for S = {1,2,3,4,6},
Lemma 7 follows by Lemma 46 for k € {3,4,5} (since n > 13 it can be seen that no cycle in this
decomposition contains both vertex i and vertex i +n for i € {0,...,5}) and by Lemma 48 for
6 <k<n. O

6.2 Proof of Lemma 9

In this section we prove Lemma 9, which we restate here for convenience.

Lemma9 Ifn>7and M = (my,...,my,k,n)is any list satisfyingm; € {3,4,5} fori =1,...,t,
3<k<n,and >, M = 3n, then there is an (M)-decomposition of ({1,2,3}),.

The proof of Lemma 9 proceeds along similar lines to the proof of Lemma 7. We make use of
the graphs Ji123) defined in the proof of Lemma 7, which in this subsection we denote by just J,.
Recall that J{** is the graph with vertex set {0,...,n + 2} and edge set

{{ivi+ 1} {i+ 1,0 +8), {ii+3}:i=0,...,n—1},

We first construct decompositions of graphs which are related to the graphs J,, then concatenate
these decompositions to produce decompositions of the graphs J,, and finally identify pairs of
vertices to produce the required decompositions of ({1,2,3}),,.

For n > 1, the graph obtained from .J,, by adding the edges {n,n + 1} and {n + 1,n + 2}
will be denoted L,,. Let M = (my,...,m;) be a list of integers with m; > 3 for i = 1,...,¢t. A
decomposition {G, ..., Gy, A, B} of L, such that

e (5; is an m;-cycle for i =1,...,t;
e A is a path of length k from n to n + 1; and
e B is a path of length n — 1 from n + 1 to n + 2 such that 0,1,2 ¢ V(B);

will be denoted L, — M, k™, (n — 1)1,
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In Lemmas 49 and 50 we form new decompositions of graphs L, by concatenating decompo-
sitions of L,_, with decompositions of graphs P, which we will now define. For y € {3,4,5,6},
the graph obtained from J, by deleting the edges in {{0,1},{1,2}} and adding the edges in
H{y,y+1},{y + 1,y + 2}} will be denoted P,. Let M = (my,...,m;) be a list of integers with
m; >3 fori=1,...,t. A decomposition {Gy,...,Gs, A1, As, By, Bo} of P, such that

e (3; is an my-cycle for i = 1,2,...t;

e A; and A, are vertex-disjoint paths with endpoints 0, 1, y and y + 1, such that A; has
endpoints 0 and y or 0 and y + 1;

|E(Ay)| + |E(A2)] =k and 2 ¢ V(A1) UV (Ay);

By and B, are vertex-disjoint paths with endpoints 1, 2, y + 1 and y + 2, such that By has
endpoints 1 and y + 1 or 1 and y + 2; and

® |E(Bl>| + ’E(B2)| =Y, and 0 ¢ V(Bl) U V(BQ),

will be denoted P, — M, k't y*.

For y € {3,4,5,6} and n > y, the graph L, is the union of the graph L,_, and the graph
obtained from P, by applying the permutation x +— z + (n — y). It follows that if there is a
decomposition L,_, — M, k", (n —y — 1)¥ and a decomposition P, — M’ , k", 4y then there is
a decomposition L, — M, M’ (k+ Kk)*, (n — 1)1,

Lemma 49 If n > 2 is an integer and M = (my,...,my) is a list such that Y. M = n + 1,
M ¢ {(3%) : iis even} and m; € {3,4,5} for i = 1,....,t, then there is a decomposition L, —
M,(n+2)", (n—1)H.

Proof We have verified that the following decompositions exist, thus verifying the lemma for
n € {2,3,4}.

Lo — 3,417,147 Ls — 4,51, 21 L, —5,6%,31

Py — 4,4 44 Ps — 5,5 54 Ps — 32,67, 61

So let n > 5 and assume by induction that the result holds for each integer n’ in the range
2 < n/ < n. Itisroutine to check that for n > 5, if M satisfies the hypotheses of the lemma, then M
can be written as M = (X,Y) where n—y > 2, X ¢ {(3%) : i is even}, and P, — Y, y™, y" is one of
the decompositions above. We can obtain the required decomposition L, — M, (n+2)", (n — 1)
by concatenating a decomposition L,_, — X,(n —y + 2)",(n —y — 1) (which exists by our
inductive hypothesis) with a decomposition P, — Y, y™, y". O

Lemma 50 Ifn and k are positive integers with @ <k<n+4+2 and M = (mq,...,my) is a
list such that >, M =2n —k+3, M ¢ {(3") : i is even} and m; € {3,4,5} fori=1,...,t, then
there is a decomposition L, — M, k™, (n —1)H.

Proof The proof will be by induction on 57 = n—k+ 2. For a given n we need to prove the result
for each integer j in the range 0 < j < anz The case 7 = 0 is covered in Lemma 49, so assume
1<5< ”T_Q and that the result holds for each integer 7’ in the range 0 < j' < j. Note that, since
@ <k and 57 > 1, we have n > 7. We have verified that the following decompositions exist.

P3—>4,2+,3H P4%5,3+,4H P5—>32,4+,5H
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It is routine to check that for j < ”T_Q, if M satisfies the hypotheses of the lemma, then M
can be written as M = (X,Y) where X ¢ {(3%) : i is even} and P, — Y, (y — 1)*,y! is one of the
decompositions listed above. A decomposition L,_, = X, (k —y+ 1)*, (n —y — 1)# will exist by
our inductive hypothesis provided that

4(n—y)+12
—— <k-y+1<n—-y+2

and it is routine to check that this holds using ##2 < k, j > 1 and y € {3,4,5}. Thus, the
required decomposition L, — M, kT, (n — 1) can be obtained by concatenating a decomposition
Ly y— X, (k—y+1)*, (n—y—1)" with a decomposition P, — Y, (y — 1)*,y. O

Let (my, ..., m;) be alist of integers with m; > 3fori = 1,...,t. A decomposition {G1,...,G;, H}
of J, such that

e (5, is an m;-cycle for i = 1,... ¢; and

e H is an n-cycle such that 0,1,2 ¢ V(H) and {n,n+ 2} € E(H);

will be denoted J,, — mq, ..., my,nt.

In Lemma 51 we will form decompositions of graphs J, by concatenating decompositions of
graphs L,,_, obtained from Lemma 50 with decompositions of graphs @),y which we will now define.
For each y € {4,5,6}, the graph obtained from J, by deleting the edges {0,1} and {1,2} will
be denoted by @,. Let M = (my,...,m;) be a list of integers with m; > 3 fori = 1,...,t. A
decomposition {G1,..., Gy, A, B} of @), such that

e (5; is an m;-cycle fori =1,...,t;
e Ais a path of length £’ from 0 to 1 such that {2,y,y+ 1,y + 2} ¢ V(A); and
e B is a path of length y 4+ 1 from 1 to 2 such that 0 ¢ V(B) and {y,y + 2} € E(B);

will be denoted Q, — M, k't (y + 1)¥.

For y € {4,5,6} and n > y, the graph J, is the union of the graph L,_, and the graph
obtained from @, by applying the permutation x — = + (n — y). It follows that if there is a
decomposition L,_, — M, k", (n —y — 1) and a decomposition Q, — M’ k", (y + 1), then
there is a decomposition J,, — M, M’ k + k', n*’. Note that, for y € {4,5,6} and n —y > 3, no
cycle of this decomposition contains both vertex ¢ and vertex i +n for i € {0, 1, 2}.

Lemma 51 Ifn and k are integers withn > 6, k >3 andn—5 <k <n and M = (mq,...,my)
is a list such that Y M = 2n — k, m; € {3,4,5} fori = 1,...,t, then there is a decomposition
Jo — M, k,n* such that for i € {0,1,2} no cycle of the decomposition contains both vertez i and
vertex 1 + n.

Proof For 6 < n < 32 we have verified the result by computer search and concatenation. So
assume n > 33. The special case where M € {(3%) : i is odd} will be dealt with separately in a
moment.
Case 1 Suppose that M & {(3%) : i is odd}. We have verified that the following decompositions
exist.

Q, — 3,2, 51 Qs — 4,3+, 61 Q¢ — 5,4+, 71
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It is routine to check for n > 33, if M satisfies the hypotheses of the lemma (and M ¢ {(3) :
i is odd}), then M can be written as M = (X,y — 1) where X ¢ {(3%) : i is even} and @, —
(y—1),(y—2)", (y+1)" is one of the decompositions listed above. Using n > 33 and y € {4,5,6},
it can be verified that a decomposition L,—, = X, (k —y +2)%, (n — y — 1)¥ exists by Lemma
50. Concatenation of this decomposition with @, — (y — 1), (y — 2)™, (y + 1)¥ yields the required
decomposition J, — M, k, n.

Case 2 Suppose that M € {(3") : i is odd}. Let p = 52 — (n — k). We deal separately with the
case n = k and the case n € {k+ 1,k + 2,k + 3,k + 4,k + 5}.

Case 2a Suppose that n = k. Note that since n > 33 and Y M = 3i = 2n — k, we have p > 4
when n = k. The set of 3-cycles in the decomposition is the union of the following two sets.

{(0,1,3),(2,4,5),(n —3,n—2,n— 1)}
{(6j 46,65 + 7,65 +8),(65 +9,65 +10,6j +11) : j € {0,...,p—1}}

The edge set of one n-cycle is E; U Ey U E3 where

Ey = {{573}>{374}’{4’6}}a
Ey= {{n—4n-2}{n—-2,n+1},{n+1,n—1},{n—1,n+2},{n+2,n},{n,n—3}}
Es= {{65+6,65+9},{65+9,6j+8},{6j+8,6j+ 11},

{6j+5,65+ 7}, {65+ 7,65+ 10},{6j + 10,65 + 12} : j € {0,...,p— 1} }.

Note that this n-cycle contains the edge {n,n + 2} and does not contain any of the vertices in
{0,1,2}. The remaining edges form the edge set of the other n-cycle (here n = k).

Case 2b  Suppose that n € {k+1,k+2,k+ 3,k + 4,k +5}. Since n > 33, it is routine to verify
that for any integers n and k and list M € {(3") : i is odd} which satisfy the conditions of the
lemma we have p > 1, except in the case where M = (3'3) and n = k + 5. In this special case we
have (n, k) = (34,29) and we have constructed the decomposition required in this case explicitly.
Thus we can assume p > 1. Let [ = 5(n— k). The set of 3-cycles in the decomposition is the union
of the following three sets.

{(0,1,3),(2,4,5),(n —3,n—2,n— 1)}
{(5j+6,5j+7,5j+8),(5j+9,5j+10,5j+11) :jE{O,...,(n—k‘)—l}}
{6+ 146,65 +1+7,6j+1+8),(6j+1+9,6j+1+10,6j+1+11):5€{0,...,p—1}}

The edge set of the n-cycle is Ey U Fy U E3 U E4 where

Ey = {{573}7{374}7{476}}7

Ey= {{n—4n-2}{n-2n+1},{n+1,n—-1},{n—1,n+2},{n+2,n},{n,n—3}}

Es= {{5j+6,55+9}, {55 +9,55 +8}, {55 +8,55 + 11},
{55 +5,5) + 7}, {55+ 7,55 +10} : 5 €{0,...,(n— k) — 1}},

Ey= {{6j+1+6,6j+1+9},{6j+1+9,6j+1+ 8},
{6j+1+8,6j+1+11},{6j+1+5,6j+1+7},
{6j+14+7,6]+1+10},{65 +1+10,6j +1+12}:5€{0,...,p—1}}.

Note that this n-cycle contains the edge {n,n + 2} and does not contain any of the vertices in
{0,1,2}. The remaining edges form the edge set of the cycle of length k. O

In Lemma 52 we will form decompositions of graphs J, by concatenating decompositions of
Jn—y with decompositions of graphs R, which we will now define. For y € {5,6}, the graph
obtained from J, by adding the edge {0, 2} will be denoted by R,. Let M = (my,...,m;) be a list
of integers with m; > 3 for i = 1,...,¢t. A decomposition {Gj,...,G, A} of R, such that
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e (5; is an m;-cycle for i = 1,...,t; and
e A is a path of length y + 1 from 0 to 2 such that 1 ¢ V(A) and {y,y + 2} € E(A);

will be denoted R, — M,y

Fory € {5,6} and n > y, the graph J, is the union of the graph obtained from J,,_, by removing
the edge {n — y,n — y + 2} and the graph obtained from R, by applying the permutation z
z+ (n—y). It follows that if there is a decomposition J,,_, — M, k, (n —y)¥ and a decomposition
R, — M',y", then there is a decomposition J, — M, M’ k,n. In this construction the edge
{n—y,n—y+2} in the (n — y)-cycle of the decomposition of J,_, is replaced with the path from
the decomposition of R, to form the n-cycle in the decomposition of .J,,. Note that, for y € {5,6}
and n—y > 3, no cycle of the decomposition contains both vertex i and vertex i+n for ¢ € {0,1,2}.

Lemma 52 Let n and k be integers with 6 < k < n. If M = (mq,...,my) is a list such that
S"M =2n—k and m; € {3,4,5} fori = 1,...,t, then there is a decomposition J, — M, k,n"
such that for i € {0,1,2} no cycle of the decomposition contains both vertex i and vertex i + n.

Proof If k > n — 5, then the result follows by Lemma 51, which means the result holds for
n < 11. We can therefore assume that & <n — 6, n > 12 and, by induction, that the result holds
for each integer n’ in the range 6 < n' < n.

We have verified that the following decompositions exist.

Rs — 5%, 51 Rg — 3,4,5,6 Rg — 43,61 Rg — 3%, 61

It is routine to check that if M satisfies the conditions of the lemma, then M can be written as
M = (X,Y) where R, — Y,y" is one of the decompositions above. The required decomposition
can be obtained by concatenating a decomposition J,_, — X, k, (n — y)¥ (which exists by our
inductive hypothesis since k < n —6 < n — y) with a decomposition R, — Y,y 0J

Proof of Lemma 9 If k € {3,4,5}, then the result follows by Lemma 7. So we can assume k > 6.
Since n > 7, we can obtain an (M )-decomposition of ({1,2,3}),, from an (M )-decomposition of .J,
by identifying vertex i with vertex i + n for each ¢ € {0, 1,2}, provided that for each i € {0,1,2},
no cycle of our decomposition contains both vertex ¢ and vertex ¢ + n. Thus, Lemma 9 follows
immediately from Lemma 52. OJ

7 Decompositions of K, — (S),

The purpose of this section is to prove Lemmas 11 and 12, and these proofs are given in Subsections
7.2 and 7.3 respectively. In Subsection 7.1 we present results on Hamilton decompositions of
circulant graphs that we will require.

To prove Lemma 11, we require a (3™, 49", n")-decomposition of (S),,, where S = {1,..., [ 2]}\
S, for almost all n, t, ¢ and h satisfying h > 2, n > 2max(S) + 1 and 3t +4qg + h = L”T’lj — 15|
To construct this, S will be partitioned into three subsets S, Sy and S3 such that there is a (3'")-
decomposition of (S}),, a (49")-decomposition of (Ss),, and an (n")-decomposition of (Ss),. Our
(3'™)-decompositions of (S}), are constructed by partitioning S; into modulo n difference triples,
our (49")-decompositions of (S3), are constructed by partitioning S, into modulo n difference
quadruples, and our (n")-decompositions of (S3), are constructed by partitioning Ss into sets of
size at most 3 to yield connected circulant graphs of degree at most 6 that are known to have
Hamilton decompositions. Lemma 12 is proved in an analogous manner.
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7.1 Decompositions of circulant graphs into Hamilton cycles

Theorems 53-55 address the open problem of whether every connected Cayley graph on a finite
abelian group has a Hamilton decomposition [4]. Note that (S), is connected if and only if
ged(SU{n}) =1.

Theorem 53 ([13]) Every connected 4-reqular Cayley graph on a finite abelian group has a de-
composition into two Hamailton cycles.

The following theorem is an easy corollary of Theorem 53.

Theorem 54 Fvery connected 5-reqular Cayley graph on a finite abelian group has a decomposition
into two Hamilton cycles and a perfect matching.

Proof Let the graph be X = Cay(I',S). Since each vertex of X has odd degree, S contains an
element s of order 2 in I'. Let F' be the perfect matching of X generated by s. If Cay(I', S\ {s})
is connected then, as it is also 4-regular, the result follows immediately from Theorem 53. On
the other hand, if Cay(I", S\ {s}) is not connected, then it consists of two isomorphic connected
components, with x — sz being an isomorphism. These components are 4-regular and so by
Theorem 53, each can be decomposed into two Hamilton cycles. Moreover, since z — sx is an
isomorphism, there exists a Hamilton decomposition { Hy, H]} of the first and a Hamilton decom-
position {Hs, H}} of the second such that there is a pair of vertex-disjoint 4-cycles (z1,y1, y2, x2)
and (2,91, y5, 25) in X with zyyy € E(Hy), 2y, € E(H}), xoy2 € E(Hs), zhy)y € E(H)), and
T1T2, Y1Y2, Th2h, yiyh € E(F). It follows that if we let G be the graph with edge set

(E(Hy) U E(Ha) U{z172,y192}) \ {7191, T2ya }

and let G’ be the graph with edge set

(E(H1) U E(H3) U{2ix), y1ys}) \ {2y, 2505}
then G and G’ are edge-disjoint Hamilton cycles in X. This proves the result. O

Theorem 55 ([31]) Every 6-reqular Cayley graph on a group which is generated by an element of
the connection set has a decomposition into three Hamilton cycles.

This theorem implies that, for distinct a,b,c € {1,...,[%5*]}, the graph ({a,b,c}), has a
decomposition into three Hamilton cycles if ged(z,n) =1 for some z € {a, b, c}.

In the next two lemmas we give results similar to that of Lemma 10, but for the case where
the connection set is of the form {x —1} U {x +1,...,[%]} rather than {z,...,[5]|}. Lemma 56
deals with the case n is odd, and Lemma 57 deals with the case n is even.

Lemma 56 If n is odd and 1 < h < 52, then there is an (n")-decomposition of ({*5* — h} U
{”T_l —h+2,...,%2 ), except when h =1 and n = 3 (mod 6) in which case the graph is not
connected.

Proof If h =1, then the graph is (%52),. If n = 1,5 (mod 6), then ged(%52,n) = 1 and (252),
is an n-cycle. If n = 3 (mod 6), then ged(%52, n) = 3 and ("52),, is not connected. Thus the result
holds for h = 1. In the remainder of the proof we assume h > 2.
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We first decompose ({"5= —h}U{"5~ —h+2,..., "T_l})n into circulant graphs by partitioning
the connection set, and then decompose the resulting circulant graphs into n-cycles using Theorems
53 and 55.

If h is even, then we partition the connection set into pairs by pairing ”T_l — h with "T_l and
partltlonmg 2 —h+2,. ;3} into consecutive pairs (if h = 2, then our partition is just
{{%52,%1}}). Each of the resulting circulant graphs is 4-regular and connected and thus can be
decomposed into two n- cycles by Theorem 53. If h is odd, then we partition the connection set
into the triple — h, 25t — h 42,251} and consecutive pairs from {"57 —h+3,. ’3} (if
h = 3 then our part1t1on is just {{” ,”—3 2-11}). Since ged(%5%, n) = 1, the graph ( == —
h,%5= —h+2,% 1}) can be decomposed into three n-cycles by Theorem 55. Any other resultmg
circulant graphs are 4-regular and connected and thus can each be decomposed into two n-cycles
by Theorem 53. 0

Lemma 57 If n is even and 1 < h < 5%, then there is an (n")-decomposition of ({% — h —

1YU{5 —h+1,...,5})n; evcept when h =1 and n = 0(mod 4) in which case the graph is not
connected.

Proof If h =1, then the graph is ({%52,2}),. If n = 2(mod 4), then ged(%5%,n) = 1, (%52),
is an n-cycle, and ({5}), is a perfect matching. If n = 0(mod 4), then gcd(—4 5,n) = 2 and
({22, 21), is not connected. Thus the result holds for A = 1. In the remainder of the proof we

assume h > 2.

We first decompose ({§ —h—1}U{5 —h+1,..., §}), into circulant graphs by partitioning the
connection set, and then decompose the resulting circulant graphs into n-cycles using Theorems
53, 54 and 55.

Ifn=0 (mod 4) and h is even, then we partition the connection set into pairs and the singleton
{5} by pairing § — h — 1 with ”7_2 and partitioning {§ —h+1,..., ”7_4} into pairs of consecutive
integers (if A = 2, then our partition is just {{%2},{"%5%, %52}}). The graph ({2}), is a perfect
matching. The other resulting circulant graphs are 4-regular and connected and thus can each be
decomposed into two n-cycles by Theorem 53 (note that ged("5=,n) = 1).

If n = O(mod 4) and h is odd, then we partition the connectlon set into pairs, the triple

2—h—1,2—h+1,%2} and the singleton {2} by partitioning {% — h +2,..., %%} into pairs
of consecutlve integers (1f h = 3, then our partltlon is just {{2},{%52, 252, "7_2 }). The graph
({5 })n is a perfect matching and, since ged("5=,n) = 1, the graph {2 —-h-1,2—-h+112%2}),
can be decomposed into three n-cycles using Theorem 55. Any other resulting circulant graphs
are 4-regular and connected and thus can each be decomposed into two n- cycles by Theorem 53

If n =2 (mod 4), then we partition the connection set into pairs, the triple {2 —h—1,2 2 .5
and, when /1 is odd, the singleton {%5*} by partitioning {2—h+1,..., %"} into palrs of consecutive
integers (when h is even) or into pairs of consecutive integers and the singleton {1} (when h is
odd). (Our partition is just {{%5°, 22, 21} if h = 2 and just {{%52, 252 2} {21 4}} if h =3.)
Since ged(®52,%) = 1, the graph ( — h —1,252,2}), can be decomposed into two n-cycles
and a perfect matchmg using Theorem 54. When his odd, ({%5*}), is an n-cycle (note that
gcd(”T_‘l, n) = 1). Any other resulting circulant graphs are 4-regular and connected and thus can
each be decomposed into two n-cycles by Theorem 53. U

7.2 Proof of Lemma 11

Before we prove Lemma 11, we require three preliminary lemmas which establish the existence of
various (49", n")-decompositions of circulant graphs.
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Lemma 58 If S C {1,..., "]} such that
o S={x+1,...,x+4q} for some x;
o S={z}U{z+2,....,0+4¢— 1} U{x +4q + 1} for some z; or
o S={2%1—4q} U{%t —4q+2,..., %51} where n is odd;

then there is a (49)-decomposition of (S),.

Proof 1t is sufficient to partition S into ¢ modulo n difference quadruples. If S = {z+1,..., 2+
4q}, then we partition S into ¢ sets of the form {y,y+ 1,y + 2,y + 3}, each of which is a difference
quadruple. If S = {z}U{z+2,...,2+4¢— 1} U{x+4g+ 1}, then we partition S into ¢ sets of the
form {y,y+2,y+3,y+5}, each of which is a difference quadruple. If S = {”T’l —4q}U {”T’l —4q+
2,..., %%} and n is odd, then we partition S into ¢ — 15sets?§)f the form {y,y+2,y+3,y+5}, each

of which is a difference quadruple and the set {”_9 5 M "T_l}, which is a modulo n difference

quadruple (note that 252 4 223 4 2=l 229 — ) O

Lemma 59 If h, q and n are non-negative integers with 1 < 4q + h < L”T’lj, then there is a
(47, nM)-decomposition of ({|"52] —h—4g+1,..., 2]}

Proof If h = 0 then the result follows immediately by Lemma 58, and if ¢ = 0 then the result
follows immediately by Lemma 10. For ¢,h > 1 we partition the connection set into the set
{552 —h—4g+1,...,[%] — h} and the set {[%5] —h+1,...,[2]}. Then ({[%1] —h—
4g+1,..., %] — h}), has a (49")-decomposition by Lemma 58, and ({|%*| —h+1,...,[2]}),
has an (n")-decomposition by Lemma 10. O
Lemma 60 If h, q and n are non-negative integers with 1 < 4q + h < L"T’:SJ such that n 1s odd
when h =0 andn =1,2,5,6,7,10,11 (mod 12) when h = 1, then there is a (47", n")-decomposition
of ({175) — h— gy U{["5") —h—dg +2.....[ %]}

Proof If h =0, then the result follows immediately by Lemma 58. If ¢ = 0, then the result follows
immediately by Lemma 56 (n odd) or Lemma 57 (n even). For h,q > 1 we partition the connection
set into the set {|25%] — h — 4q}U{L”T’1J —h—4g+2,..,[%] —h -1 U{|%] —h+1}
and the set {[25%] — h} U{[%52] —h +2,...,[2]}. Then ({[%5%] —h —4q¢} U{|%*] — h —
4 +2,..., [ "5 IJ —h—1} U {L L] — h +1}), has a (49")-decomposition by Lemma 58, and
{ L”T_lj — h} U{[%t] —h+2,...,[2]}), has an (n")-decomposition by Lemma 56 (n odd) or
Lemma 57 (n even). O

Proof of Lemma 11 We give the proof of Lemma 11 for the case S = {1,2,3,4,6} only. The
cases
S € {{1,2,3,4},{1,2,3,4,5,7},{1,2,3,4,5,6,7}}

are similar.

The conditions h > 2 and 3t +4q + h = L"T_lj — 5 imply n > 6t + 15. If ¢ = 0, then the result
follows immediately by Lemma 60. We deal separately with the three cases t € {1,2,3,4,5,6},
t€{7,8,9,10}, and t > 11.

Case 1 Suppose that ¢t € {1,2,3,4,5,6}. The cases 6t + 15 < n < 6t + 18 and the cases

(n,t) € {(38,3), (39,3), (40,3), (44, 4), (45,4)}
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are dealt with first. Since h > 2, it follows from 3t + 4q + h = | %% | — 5 that in each of these
cases we have ¢ = 0. Thus, the value of A is uniquely determined by the values of n and ¢. The
required decompositions are obtained by partitioning {5} U{7,..., | 5]} into £ modulo n difference
triples and a collection of connection sets for circulant graphs such that the circulant graphs can
be decomposed into Hamilton cycles (or Hamilton cycles and a perfect matching) using the results

2

in Section 7.1. Suitable partitions are given in the following tables.

n modulo n connection sets
difference triples

21 {5,7,9} {8,10}

22 {5,7,10} {8,9}, {11}

23 {5,8,10} {7,9}, {11}

24 {5,9,10} {7.8y, {11}, {12}

difference triples

n modulo n connection sets

271 {5,7,12},{8,9, 10} {11,13}

28| {5,7,12},{8,9,11} | {10,13}, {14}

29 [ {5,7,12},{8,10,11} | {9}, {13, 14}

30 | {5,9, 14}, {8, 10, 12} | {7}, {11, 13}, {15}

n modulo n connection sets

difference triples

33[{5,8,13},{7,9, 16}, {10, 11, 12}

{14,15}

34 {5,10,15},{7,9, 16}, {8, 12, 14}

{11,13}, {17}

35 | {5,8,13},{7,9, 16}, {10, 11, 14}

{12, 15}, {17}

36 | {5,8,13},{7,9, 16}, {10, 12, 14} (11,15}, {17}, {18}

38| {5,12,17},{7,9,16},{8,10,18} | {11,13},{14, 15}, {19}

39| {5,12,17},{7,9,16},{8,10,18} | {11,13}, {14, 15}, {19}

40 [{5,12,17},{7,9,16}, {8, 10, 18} | {11, 13}, {14, 15}, {19}, {20}

modulo n
difference triples

connection sets

{5,11,16}, {7, 8,15}, {9, 10, 19}, {12, 13, 14}

(17,18}

{5,8,13},{7,9,16}, {10, 12, 18}, {11, 14, 15}

{1719}, {20}

{5,14,19},{7,8,15},{9, 11,20}, {12, 13,16}

(10,17}, {18}

{5,10,15}, {7,11,18},{8,9,17}, {12, 14, 16}

{13}, {19, 20}, {21}

{5,11,16}, {7,13,201}, {8,10, 18}, {9, 12, 21}

{14,15}, {17,19}, {22}

t=1:

t=2:

t=3:

t=4:
n
39
40
41
42
44
45

{5,11,16}, {7,13,201}, {8,10, 18}, {9, 12, 21}

{14,15}, {17,119}, {22}
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n modulo n connection sets
difference triples
45| {5,17,22},{7,13,20}, {8, 10, 18}, {9, 12,21}, {14, 15,16} {11,19}

46 | {5,17,22},{7,13,20},{8,10,18},4{9,12,21},{11,16,19} {14, 15}, {23}
47| {5,18,23},{7,13,20}, {8, 11,19}, {10, 12,22}, {14, 16, 17} {9,15}, {21}
48 | {5,17,22},{7,13,20},{8,10, 18},{9,12,21},{11, 14,23} | {15,16},{19}, {24}

t=6:
n modulo n connection sets
difference triples

51| {5,13,18},{7,15,22},{8, 16,24}, {21,25}
{9,10,19}, {11, 12,23}, {14, 17,20}

52 | {5,13,18},{7,15,22},{8, 16,24}, {20,25}, {26}
{9,10,19},{11, 12,23}, {14, 17,21}

53| {5,13,18},{7,12,19}, {8, 14,22}, {23}, {25,26}
{9,15,24},{10,11,21},{16, 17,20}

54 {5,17,22},{7,8,15},{9, 10, 19}, {21,23}, {25}, {27}
{11,13,24},{12, 14, 26}, {16, 18, 20}

We now deal with n > 6t + 19 which implies 4¢+ h > 4. Define S; by S; = {5} U{7,...,3t+9}
for t € {1,2,5,6}, and S; = {5} U{7,...,3t +8} U{3t+ 10} when ¢t € {3,4}. The following table
gives a partition m; of S; into difference triples and a difference quadruple @); such that ); can be
partitioned into two pairs of relatively prime integers.

Tt
{{5,7,12},{8,9,10,11}}
{{5,9,14},{7,8,15},{10,11,12,13}}
{{5,9,14},{7,10,17},{8,11,19},{12,13,15,16}}
{{5,9,14},{7,13,20},{8,11,19}, {10, 12, 22}, {15,16, 17,18} }
{{5,14,19},{7, 13,20}, {8, 10, 18}, {9, 15,24}, {11,12,23}, {16, 17,21, 22} }
{{5,15,20},{7, 16,23}, {8, 14, 22}, {9, 12,21}, {10, 17,27}, {11, 13, 24},
{18,19,25,26}}

O T b= W DN | =+

Thus, (@), can be decomposed into two connected 4-regular Cayley graphs, which in turn
can be decomposed into Hamilton cycles using Theorem 53. It follows that there is both a
(3", 4™)-decomposition and a (3™, n*)-decomposition of (S;),. If ¢ = 0, then we use the (3", n?)-
decomposition of (S;),, and if ¢ > 1, then we use the (3", 4™)-decomposition of (S;),. This leaves
us needing an (n"~*)-decomposition of K,, — ({1,2,3,4,6} U S,),, when ¢ = 0, and a (40@~Dn ph)-
decomposition of K,, — ({1,2,3,4,6} U S;),, when ¢ > 1. Note that K, — ({1,2,3,4,6} U S}), is
isomorphic to

o ({3t+10,...,[2]}), when ¢ € {1,2,5,6}; and

o ({3t+9}U{3t+11,....|2]}), when ¢ € {3,4}.
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When t € {1,2,5,6} the required decomposition exists by Lemma 59. When ¢t € {3,4} and
the required number of Hamilton cycles (that is, h — 4 when ¢ = 0 and h when ¢ > 1) is at least
2, the required decomposition exists by Lemma 60. So we need to consider only the cases where
q=0,he{4,5} and t € {3,4}.

Since 3t +4q + h = || — 5, and since we have already dealt with the cases where (n,t) €
{(38,3),(39,3), (40, 3), (44,4), (45,4)}, this leaves us with only the three cases where (n,t,h) €
{(37,3,4),(43,4,4), (46,4,5)}. In the cases (n,t,h) € {(37,3,4), (43,4,4)} we have that h —4 (the
required number of Hamilton cycles) is 0 and n is odd, and in the case (n,t, h) = (46,4, 5) we have
that h — 4 (the required number of Hamilton cycles) is 1 and n = 10 (mod 12). So in all these
cases the required decompositions exist by Lemma 60.

Case 2 Suppose that t € {7,8,9,10}. Redefine S; by S; = {6} U{7,...,3t 4+ 7}. The following
table gives a partition of S; into difference triples and a set R; consisting of a pair of relatively
prime integers. Thus, (R;), is a connected 4-regular Cayley graph, and so can be decomposed into
two Hamilton cycles using Theorem 53. Thus, we have a (3", n?)-decomposition of (S;)y.

t difference triples R,
{5,17,22},{7,16,23},{8,20,28},{9, 18,27}, {10, 14,24}, {11, 15,26}, | {19, 21}
{12,13,25}

8 | {5,17,22},{7,19, 26}, {8, 16, 24}, {9, 20, 29}, {10, 21, 31}, {11, 14, 25}, | {23,27}
{12,18,30}, {13,15,28}
9 | {5,19,24},{7,20,27}, {8, 21,29}, {9, 22, 311}, {10, 23, 33}, {11, 15, 26}, | {25, 34}
{12,16,28}, {13,17,30}, {14, 18,32}
10 | {5, 21, 26}, {7, 22,29}, {8, 23,31}, {9, 24, 33}, {10, 25, 35}, {11, 17, 28}, | {32, 37}
{12,18,30}, {13, 14, 27}, {15, 19, 34}, {16, 20, 36}

Thus, we only require a (49" n"=?)-decomposition of K, — ({1,2,3,4,6} U S;),. But K, —
({1,2,3,4,6} U Sy),, is isomorphic to ({3t +8,...,|5]})» and so this decomposition exists by
Lemma 59.

Case 3 Suppose that t > 11. Redefine S; by S; = {5}U{7,...,3t+5} whent = 1,2 (mod 4), and
Sy ={5uU{7,...,3t+4}U{3t+ 6} when t = 0,3 (mod 4). We now obtain a (3")-decomposition
of (S;)n. For 11 <t < 101, we have found such a decomposition by partitioning S; into difference
triples with the aid of a computer. For t > 102 we first decompose (S;),, into ({5}U{7,...,44}), =
(S13)n and (S; \ S13)n. We have already noted the existence of a (3'*")-decomposition of (Si3),.
For t = 1,2(mod 4) (respectively ¢ = 0,3 (mod 4)), we can obtain a (3¢~!3")-decomposition
of (S \ Si3)n by using a Langford sequence (respectively hooked Langford sequence) of order
t — 13 and defect 45, which exists since ¢ > 102, to partition S; \ Si3 into difference triples (see
[47, 48]). So we have a (3'™)-decomposition of {S;),, and require a (49" n")-decomposition of
K, —{{1,2,3,4,6} U S),. Since K,, — ({1,2,3,4,6} U S;),, is isomorphic to

o ({3t+6,...,[5]})n when ¢t = 1,2 (mod 4); and
o ({3t+5}U{3t+7,...,[5]})n when t =0,3 (mod 4);

this decomposition exists by Lemma 59 or 60. 0
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7.3 Proof of Lemma 12

Proof of Lemma 12 We give the proof for the case S = {1,2,3,4,6} only. The proofs for the
cases
Se{{1,2,3,4},{1,2,3,4,5,7},{1,2,3,4,5,6,7},{1,2,3,4,5,6,7,8} }

are similar.

The conditions h > 2 and 5r + h = L"T_lj — 5 imply n > 10r + 15. If » = 0, then the result
follows immediately by Lemma 56 (n odd) or Lemma 57 (n even). Thus, we assume r > 1.

Define S, by S, = {5} U{7,...,5r + 5} when r = 2,3 (mod 4), and S, = {5} U{7,...,5r +
4}y U {5r 4+ 6} when r = 0,1 (mod 4). We now obtain a (5"")-decomposition (S,),, by partitioning
S, into difference quintuples. We have constructed such a partition of S for 1 < r < 30 with the
aid of a computer.

For r > 31 we first partition S, into {5} U {7,...,15} = Sy and S, \ Sz. We have already
noted that Sy can be partitioned into difference quintuples, so we only need to partition S, \ So
into difference quintuples. Note that S, \ So = {16,...,5r + 5} when r = 2,3 (mod 4), and
S\ So ={16,...,5r + 4} U{5r + 6} when r = 0,1 (mod 4).

For r = 2,3 (mod 4), we take a Langford sequence of order r — 2 and defect 15, which exists
since r > 31 (see [47, 48]), and use it to partition {15,...,3r + 8} into r — 2 difference triples. We
then add 1 to each element of each of these triples to obtain a partition of {16,...,3r + 9} into
r — 2 triples of the form {a, b, c} where a+b = c+ 1. It is easy to construct the required partition
of {16,...,5r + 5} into difference quintuples from this by partitioning {3r + 10,...,5r 4+ 5} into
r — 2 pairs of consecutive integers.

For r = 0,1 (mod 4), we take a hooked Langford sequence of order r — 2 and defect 15, which
exists since r > 31 (see [47, 48]), and use it to partition {15,...,3r + 7} U {3r 4+ 9} into r — 2
difference triples. We then add 1 to each element of each of these triples, except the element
3r + 9, to obtain a partition of {16,...,3r + 9} into r — 3 triples of the form {a,b,c} where
a+b=c+ 1, and one triple of the form {a,b,c} where a + b = ¢+ 2. It is easy to construct the
required partition of {16, ...,5r+4}U{5r+6} into difference quintuples from this by partitioning
{3r+10,...,5r+4}U{5r+6} into r — 3 pairs of consecutive integers, and the pair {5r+4, 5r+6}.
The pair {5r +4,5r + 6} combines with the triple of the form {a,b, ¢} where a +b = ¢+ 2 to form
a difference quintuple.

So we have a (5"")-decomposition of (S,.),,, and require an (n")-decomposition of K,,—({1,2,3,4,6}U
Sy)n- Note that K, — ({1,2,3,4,6} U S,), is isomorphic to

o ({5r+6,...,[5]})n when r = 2,3 (mod 4); and
o ({5r4+5}U{dsr+7,...,|5]})n when r = 0,1 (mod 4).

If r = 2,3 (mod 4), then the decomposition exists by Lemma 10. If r = 0,1 (mod 4), then the
decomposition exists by Lemma 56 (n odd) or Lemma 57 (n even). O

Acknowledgements: The authors acknowledge the support of the Australian Research Council

via grants DP0770400, DE120100040, DP120100790 and DP120103067. The third author was
supported by an Australian Postgraduate Award.

40



References

1]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

P. Adams, D. Bryant and A. Khodkar, 3, 5-cycle decompositions, J. Combin. Des., 6 (1998)
91-110.

P. Adams, D. Bryant and A. Khodkar, On Alspach’s conjecture with two even cycle lengths,
Discrete Math., 223 (2000) 1-12.

B. Alspach, Research Problem 3, Discrete Math., 36 (1981) 333.
B. Alspach, Research Problem 59, Discrete Math., 50 (1984) 115.
B. Alspach, The wonderful Walecki construction, Bull. Inst. Combin. Appl., 52 (2008) 7-20.

B. Alspach and H. Gavlas, Cycle decompositions of K,, and K,, — I, J. Combin. Theory Ser.
B, 81 (2001) 77-99.

B. Alspach and S. Marshall, Even cycle decompositions of complete graphs minus a 1-factor,
J. Combin. Des., 2 (1994) 441-458.

B. Alspach and B. N. Varma, Decomposing complete graphs into cycles of length 2p°¢, Ann.
Discrete Math., 9 (1980) 155-162.

P. Balister, On the Alspach conjecture, Combin. Probab. Comput., 10 (2001) 95-125.
P. Balister, Packing circuits into Ky, Combin. Probab. Comput., 10 (2001) 463-499.

Zs. Baranyai, On the factorization of the complete uniform hypergraph, Infinite and finite
sets (Colloq., Keszthely, 1973), Vol. I, pp. 91-108. Collog. Math. Soc. Janos Bolyai 10, North-
Holland, Amsterdam, 1975.

E. Bell, Decomposition of K, into cycles of length at most fifty, Ars Combin., 40 (1995)
49-58.

J-C. Bermond, O. Favaron, and M. Mahéo, Hamiltonian decomposition of Cayley graphs of
degree 4, J. Combin. Theory Ser. B, 46 (1989) 142-153.

J. -C. Bermond, C. Huang and D. Sotteau, Balanced cycle and circuit designs: even cases,
Ars Combin., 5 (1978) 293-318.

D. Bryant, Hamilton cycle rich two-factorisations of complete graphs, J. Combin. Des., 12
(2004) 147-155.

D. Bryant, Cycle decompositions of complete graphs, in Surveys in Combinatorics 2007,
A. Hilton and J. Talbot (Editors), London Mathematical Society Lecture Note Series 346,
Proceedings of the 21st British Combinatorial Conference, Cambridge University Press, 2007,
pp 67-97.

D. Bryant, Packing paths in complete graphs, J. Combin. Theory Ser. B, 100 (2010) 206-215.
D. Bryant and D. Horsley, Packing cycles in complete graphs, J. Combin. Theory Ser. B, 98
(2008) 1014-1037.

41



[19]

[20]

[21]

[22]

[23]

[24]

[25]

2]

[27]

[28]

[31]

[32]
[33]

[35]

[36]

D. Bryant and D. Horsley, A proof of Lindner’s conjecture on embeddings of partial Steiner
triple systems, J. Combin. Des., 17 (2009) 63-89.

D. Bryant and D. Horsley, Decompositions of complete graphs into long cycles, Bull. London
Math. Soc., 41 (2009) 927-934.

D. Bryant and D. Horsley, An asymptotic solution to the cycle decomposition problem for
complete graphs, J. Combin. Theory Ser. A, 117 (2010) 1258-1284.

D. Bryant, D. Horsley and B. Maenhaut, Decompositions into 2-regular subgraphs and equi-
table partial cycle decompositions, J. Combin. Theory Ser. B, 93 (2005) 67-72.

D. Bryant, D. Horsley, B. Maenhaut and B. R. Smith, Cycle decompositions of complete
multigraphs, J. Combin. Des., 19 (2011) 42—69.

D. Bryant, A. Khodkar and H. L. Fu, (m,n)-cycle systems, J. Statist. Plann. Inference, 74
(1998) 365-370.

D. Bryant and B. Maenhaut, Decompositions of complete graphs into triangles and Hamilton
cycles, J. Combin. Des., 12 (2004) 221-232.

D. Bryant and B. Maenhaut, Almost regular edge colourings and regular decompositions of
complete graphs, J. Combin. Des., 16 (2008) 499-506.

D. Bryant and G. Martin, Some results on decompositions of low degree circulant graphs,
Australas. J. Combin., 45 (2009) 251-261.

D. Bryant and C. A. Rodger, Cycle decompositions, in The CRC Handbook of Combinatorial
Designs, 2nd edition (Eds. C. J. Colbourn, J. H. Dinitz), CRC Press, Boca Raton (2007)
373-382.

D. Bryant and V. Scharaschkin, Complete solutions to the Oberwolfach problem for an infinite
set of orders, J. Combin. Theory Ser. B, 99 (2009) 904-918.

C. C. Chen and N. Quimpo, On strongly hamiltonian abelian group graphs, Combinatorial
Mathematics VIII, Lecture Notes in Mathematics 884, Springer-Verlag, (1981) 23-34.

M, Dean, On Hamilton cycle decomposition of 6-regular circulant graphs, Graphs Combin.,
22 (2006) 331-340.

R. Haggkvist, A lemma on cycle decompositions, Ann. Discrete Math., 27 (1985) 227-232.

K. Heinrich, P. Hordk and A. Rosa, On Alspach’s conjecture, Discrete Math., 77 (1989)
97-121.

D. G. Hoffman, C. C. Lindner and C. A. Rodger, On the construction of odd cycle systems,
J. Graph Theory, 13 (1989) 417-426.

B. W. Jackson, Some cycle decompositions of complete graphs, J. Combin. Inform. System
Sci., 13 (1988) 20-32.

H. Jordon, Alspach’s Problem: The Case of Hamilton Cycles and 5-Cycles, FElectron. J. Com-
bin., 18 (2011) #P82 18 pages.

42



[37]

[38]

[39]

[40]
[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

T. P. Kirkman, On a problem in combinations, Cambridge and Dublin Math. J., 2 (1847)
191-204.

A. Kotzig, On decomposition of the complete graph into 4k-gons, Mat.-Fyz. Cas., 15 (1965)
227-233.

C. Lin and T-W Shyu, A necessary and sufficient condition for the star decomposition of
complete graphs, J. Graph Theory, 23 (1996) 361-364.

E. Lucas, “Récreations Mathématiqués,” Vol II, Gauthier-Villars, Paris, 1892.
J. Petersen, Die Theorie der reguldren Graphen, Acta Math., 15 (1891) 193-220.

C. A. Rodger, Hamilton decomposable graphs with specified leaves, Graphs Combin., 20
(2004) 541-543.

A. Rosa, On cyclic decompositions of the complete graph into 4m + 2-gons, Mat.-Fyz. Cas.,
16 (1966) 349-352.

A. Rosa, On the cyclic decompositions of the complete graph into polygons with an odd
number of edges, Casopis Pest. Math., 91 (1966) 53-63.

A. Rosa and C. Huang, Another class of balanced graph designs: balanced circuit designs,
Discrete Math., 12 (1975) 269-293.

M. Sajna, Cycle decompositions III: complete graphs and fixed length cycles, J. Combin. Des.,
10 (2002) 27-78.

N. Shalaby, Skolem and Langford Sequences, in The CRC Handbook of Combinatorial Designs,
2nd edition (Eds. C. J. Colbourn, J. H. Dinitz), CRC Press, Boca Raton (2007) 612-616.

J. E. Simpson, Langford sequences: perfect and hooked, Discrete Math., 44 (1983) 97-104.

43



