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We give a thorough treatment concerning sufficient conditions involving deriva-
tives for extended regular variation of second order. Most of the results are new. A

Ž .summary of the analogous known results for first order extended regular varia-
tion is given first. Q 1996 Academic Press, Inc.

1. VON MISES-TYPE CONDITIONS IN EXTENDED
REGULAR VARIATION

DEFINITION. A function f satisfies the extended regular variation con-
dition if there exists a positive function a such that for all x ) 0,

f tx y f t xg y 1Ž . Ž .
lim s , 1.1Ž .

a t gtª` Ž .

where for g s 0 the right-hand side is interpreted as log x.

We summarize some results concerning this class of functions.

Ž .Property 1. Suppose f satisfies 1.1 .

a. For g G 0,

a tŽ .
lim s g . 1.2Ž .

f ttª` Ž .
Hence for all x ) 0,

f txŽ .
glim s x . 1.3Ž .

f ttª` Ž .
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b. For g - 0,

f ` [ lim f t 1.4Ž . Ž . Ž .
tª`

exists and

a tŽ .
lim s g . 1.5Ž .

f ` y f ttª` Ž . Ž .
Hence for all x ) 0,

f ` y f txŽ . Ž .
glim s x . 1.6Ž .

f ` y f ttª` Ž . Ž .
Ž . Ž . Ž . ŽRelations 1.5 and 1.6 also hold if g s 0 and f ` exists. See, e.g.,

w x w x .Bingham et al. 2, Section 3.2 and Geluk and de Haan 6, Theorem 1.10 .

Ž . Ž .Remark. Note that for g ) 0 relation 1.3 implies 1.1 and for g - 0
Ž . Ž . Ž .relation 1.6 implies 1.1 . A function f satisfying 1.3 is said to be

Ž . Ž .regularly ¨arying or of regular ¨ariation with index g notation f g RV .g

Property 2.

a. Suppose f is differentiable and for all x ) 0,

f 9 txŽ .
gy1lim s x , 1.7Ž .

f 9 ttª` Ž .
Ž . Ž . Ž .then 1.1 holds with a t s tf 9 t .

Ž .b. Conversely, if f satisfies 1.1 , f is differentiable, and f 9 is mono-
Ž . Ž w xtone, then 1.7 holds. See e.g., de Haan 3, pp. 13 and 21 and Bingham et

w x .al. 2, Section 1.7.3 .

Ž .Property 3. Suppose f satisfies 1.1 . Then there exists a twice differen-
tiable function f with1

f t y f t s o a t t ª ` 1.8Ž . Ž . Ž . Ž . Ž .Ž .1

and such that

tf Y tŽ .1
lim s g y 1. 1.9Ž .Xf ttª` Ž .1

Ž . Ž . Ž . Ž wRemark. Conversely, 1.8 and 1.9 imply 1.1 . See e.g., 2, Sections
x w x .1.8 and 3.7 and 6, Corollaries 2.12 and 2.16 .

Ž .Property 4. Suppose f satisfies 1.1 . Let f be a function with the1
property that for all a ) 1 there exists t such that for t G t ,0 0

f tra F f t F f ta . 1.10Ž . Ž . Ž . Ž .1
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Then

f t y f t s o a tŽ . Ž . Ž .Ž .1

Ž . Ž w xand hence f satisfies 1.1 . See e.g. 6, Proposition 1.22 ‘‘inversely1
.asymptotic.’’

2. VON MISES-TYPE CONDITIONS IN EXTENDED
REGULAR VARIATION OF SECOND ORDER

We are going to prove results analoguous to Properties 1]4 for extended
regular variation of second order. A function f is of extended regular
variation of second order if for all x ) 0,

g x sf tx y f t y a t x y 1 rgŽ . Ž . Ž . Ž .
gy1 ry1lim s s u du ds 2.1Ž .H Hc ttª` Ž . 1 1

Ž . Žfor some function a assumed positive and c which is necessarily of
.constant sign eventually . Here g g R and r F 0 are parameters. See de

w xHaan and Stadtmuller 5 . We shall need the following properties of the¨
function a and c:

a g RV , 2.2Ž .g

c g RV , 2.3Ž .rqg

a tx y xga t x r y 1Ž . Ž .
glim s x , 2.4Ž .

c t rtª` Ž .

Ž .hence since r F 0

c tŽ .
lim s 0. 2.5Ž .

a ttª` Ž .

THEOREM 1. Suppose that f is twice differentiable and f 9 positï e. Write

tf 0 tŽ .
A t [ y g q 1.Ž .

f 9 tŽ .

a. Suppose

sgn A t is constant for large t , 2.6Ž . Ž .Ž .
lim A t s 0 2.7Ž . Ž .
tª`
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and

< <A g RV for some r F 0. 2.8Ž .r

Then

f tx y f t xg y 1 tf 0 tŽ . Ž . Ž .
lim y y g q 1½ 5ž /tf 9 t g f 9 ttª` Ž . Ž .

x s
gy1 ry1s s u du ds. 2.9Ž .H H

1 1

Ž .b . Con¨ersely, suppose

g x sf tx y f t y a t x y 1 rgŽ . Ž . Ž . Ž .
gy1 ry1lim s s u du ds \ H xŽ .H Hc ttª` Ž . 1 1

2.10Ž .

for some a ) 0 and c of constant sign. If A is e¨entually monotone, then
Ž . Ž . Ž .2.6 , 2.7 , and 2.8 hold.

Ž . w xProof. a See de Haan and Resnick 4, Theorem 2.1 .
Ž . Ž . Žb Suppose 2.10 holds with a positive function c a similar proof

. Ž . Ž .applies for negative c . Since the derivative of log f 9 t y g y 1 log t is
y1 Ž . ygq1 Ž .t A t and since A has constant sign, we find that t f 9 t is eventually

ygq1 Ž . Žmonotone. Suppose t f 9 t is non-decreasing if non-increasing, a
.similar proof applies . Now

ygq1 ygx ts f 9 ts y t a tŽ . Ž . Ž .
gy1s dsH ygt c tŽ .1

f tx y f t y a t xg y 1 rgŽ . Ž . Ž . Ž .
s ª H xŽ .

c tŽ .

Ž .t ª ` . For x ) 1 the left-hand side is bounded below by

ygq1 yg xt f 9 t y t a tŽ . Ž .
gy1s ds.Hygt c tŽ . 1

Hence

ygq1 yg xt f 9 t y t a tŽ . Ž .
gy1lim lim sup F lim H x s ds s 0.Ž . Hygt c txx1 x x1Ž . 1tª`
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The corresponding inequality for lim inf follows by taking 0 - x - 1 and
letting x­1. It follows that

tf 9 t y a tŽ . Ž .
lim s 0. 2.11Ž .

c ttª` Ž .
Ž Ž ..Hence cf. 2.10 we have

f tx y f t y tf 9 t xg y 1 rgŽ . Ž . Ž . Ž .
lim s H x .Ž .

c ttª` Ž .
We also know now that f 9 g RV .gy1

Next we continue in the same fashion:

f tx y f t y tf 9 t xg y 1 rgŽ . Ž . Ž . Ž .
c tŽ .

x gy1tf 9 ts y tf 9 t sŽ . Ž .
s dsH c tŽ .1

1yg 1ygx ts f 9 ts y t f 9 tŽ . Ž . Ž .
gy1s s dsH ygc t tŽ .1

yg1yg
x s t tu f 0 tu q 1 y g tu f 9 tuŽ . Ž . Ž . Ž . Ž .� 4

gy1s s du dsH H ygc t tŽ .1 1

x s tuf 0 tu rf 9 tu y g q 1 f 9 tuŽ . Ž . Ž .
gy1 ygs s u du dsH H c t r tf 9 t f 9 tŽ . Ž . Ž .Ž .1 1

x s A tu f 9 tuŽ . Ž .
gy1 ygs s u du ds.H H c t r tf 9 t f 9 tŽ . Ž . Ž .Ž .1 1

Ž .Since the left-hand side converges to H x , A is monotone, f 9 g RVgy1
Ž .and c t g RV , we find as beforerqg

A tŽ .
lim s 1,

c t r tf 9 ttª` Ž . Ž .Ž .
< < Ž . Ž Ž ..hence A g RV . Since c is of constant sign and since c t s o a tr

Ž . Ž . Ž .t ª ` in 2.10 , we also find that A has constant sign and lim A t st ª`

0.

Ž . Ž .Remark. Note that 2.4 and 2.11 imply

f 9 tx rf 9 t y xgy1 xg y 1Ž . Ž .
gy1lim s x

c t r tf 9 t gtª` Ž . Ž .Ž .
for x ) 0.
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Remark. For regularly varying functions f the following simpler result
holds.

Ž . Ž . Ž .Suppose f is differentiable. Write B t [ tf 9 t rf t y g .

Ž .a . Suppose

sgn B t is constant for large t . 2.12Ž . Ž .Ž .
lim B t s 0 2.13Ž . Ž .
tª`

and

< <B g RV for some r F 0. 2.14Ž .r

Then

g xf tx rf t y xŽ . Ž .
g ry1lim s x u du for all x ) 0Hq ttª` Ž . 1

holds for q s B.
Ž . Ž .b . Conversely, suppose 2.15 holds for some function q / 0 and B

Ž . Ž . Ž .is eventually monotone, then 2.12 , 2.13 , and 2.14 hold.

THEOREM 2. Suppose

f tx y f t y a t xg y 1 rgŽ . Ž . Ž . Ž .
lim s H x . 2.16Ž . Ž .

c ttª` Ž .

Then there exists a twice differentiable function f with1

lim f t y f t rc t s 0, 2.17Ž . Ž . Ž . Ž .Ž .1
tª`

lim a t y tf X t rc t s 0, 2.18Ž . Ž . Ž . Ž .Ž .1
tª`

lim a t A t rc t s 1 2.19Ž . Ž . Ž . Ž .1
tª`

and such that, with

tf Y tŽ .1
A t [ y g q 1, 2.20Ž . Ž .X1 f tŽ .1

sgn A t is constant eventually, 2.21Ž . Ž .Ž .1

lim A t s 0, 2.22Ž . Ž .1
tª`

< <A g RV . 2.23Ž .1 r
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w xProof. For the case g s r s 0 the proof is given in 1, Appendix . For
other values of g and r separate proofs apply. As an example we give the

Žproof for r s 0, g ) 0. Assume that the function c is positive for negative
. Ž . w xc a similar proof applies . Then 2.16 implies 5, Theorem 2

yg ygtx f tx y t f tŽ . Ž . Ž .
lim s log x 2.24Ž .ygt c ttª` Ž .0

Ž . Ž . Ž . y1 Ž . Ž .for all x ) 0, hence 2.16 holds with a t s g f t q g c t and c t s
Ž .g c t .0

Ž . yg Ž .Now 2.24 says that the function t f t is in the class P, hence by
Proposition 3 there is a function g with1

tyg f t y g t f t y tg g tŽ . Ž . Ž . Ž .1 1
lim s lim s 0ygt c t c ttª` tª`Ž . Ž .

and such that

tgY tŽ .1
lim s y1. 2.26Ž .Xg ttª` Ž .1

Ž . Ž .Combining 2.24 , 2.25 , and

g tx y g tŽ . Ž .1 1
lim s log x ,Xtg ttª` Ž .1

we find

tgX tŽ .1
lim s 1,ygt c ttª` Ž .0

i.e.,

g tgq1gX tŽ .1
lim s 1. 2.27Ž .

c ttª` Ž .
Ž . g Ž . Ž . Ž .We take f t [ t g t . Then 2.17 holds by 2.25 . Further,1 1

a t y tf X t g f t q gy1c t y tf X tŽ . Ž . Ž . Ž . Ž .1 1s
c t c tŽ . Ž .

f t y tg g t g tg g t y t tg g t 9Ž . Ž . Ž . Ž .Ž .1 1 1y1s g q g q
c t c tŽ . Ž .

f t y tg g t tgq1gX tŽ . Ž . Ž .1 1y1s g q g y ª 0
c t c tŽ . Ž .
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Ž . Ž . Ž . Ž . Ž . Ž .t ª ` by 2.25 and 2.27 . Hence 6 holds. Finally by 2.18 , 2.26 , and
Ž .2.27 ,

a t A t ; tf X t A tŽ . Ž . Ž . Ž .1 1 1

s t 2 f Y t y g y 1 tf X tŽ . Ž . Ž .1 1

s g q 1 tgq1gX t q tgq2 gY tŽ . Ž . Ž .1 1

tgY tŽ .1Xgq1s t g t q g q 1Ž . X1 ½ 5g tŽ .1

; g tgq1gX t ; c t t ª ` .Ž . Ž . Ž .1

Ž . Ž . Ž . Ž .Hence 2.21 , 2.22 , 2.23 , and 2.19 hold.

Ž .THEOREM 3. Suppose f satisfies 2.1 for g s r s 0 and some choice of
the functions a and c. Then for all x ) 0,

f tx1r2 y f txy1r2Ž . Ž .
lim y a t c t s 0, 2.28Ž . Ž . Ž ..ž /ž log xtª`

and for all x and y ) 0,

f txy y f tx y f ty q f tŽ . Ž . Ž . Ž .
lim s xy. 2.29Ž .

c ttª` Ž .

So both a and c can be expressed in a simple way as functionals of f.

Ž . w xProof. Relation 2.29 has been proved by Omey and Willekens 7 .
Ž . Ž .Relations 2.28 and 2.29 are easily verified.

Remark. Similar statements can be made for g / 0 andror r / 0,
w xbased on Theorem 2 5 . They differ from case to case, so they are omitted.

Ž .THEOREM 4. Suppose f satisfies 2.1 for g s r s 0. Suppose the function
f satisfies the following property: for each x ) 0, a ) 1 there exists t such1 0
that for t G t0

f txra y f tra - f tx y f t - f tax y f ta ,Ž . Ž . Ž . Ž . Ž . Ž .1 1

then

f y f s o c t ª ` ,Ž . Ž .1

Ž .so that f satisfies 2.1 with the same functions a and c as the function f and1
with g s r s 0.
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Ž .Remark. Relation 2.30 means that for all x ) 0 the functions

g Ž1. t [ f tx y f tŽ . Ž . Ž .x 1 1

#Ž1.Ž . Ž . Ž . Žand g t [ f tx y f t are inversely asymptotic g ; g ; see Gelukx x x

w x.and de Haan 6, p. 32 .

Proof.

f tx y f t y a t log xŽ . Ž . Ž .1 1

c tŽ .
f tax y f t y a t log ax f ta y f t y a t log aŽ . Ž . Ž . Ž . Ž . Ž . Ž .

- y
c t c tŽ . Ž .

2 2log ax y log aŽ . Ž .
ª

2

Ž . Ž .2t ª ` and the right-hand side tends to log x r2 as ax1. A similar
lower inequality is easily obtained.

Remark. Similar statements can be made for g / 0 andror r / 0,
w xbased on Theorem 2 5 . They differ from case to case and are rather

complicated so they are omitted.

In¨erses

Ž . Ž .Property 5. Suppose f is nondecreasing, lim f t \ f ` F ` and gt ª`

Ž .is its right-continuous or left-continuous inverse function. Then 2.11 is
equivalent to

g t q xa tŽ .Ž . 1rglim y 1 q g x b tŽ . Ž . .ž /ž g tŽ . Ž .t­ f `

Ž . 1rg1rg y1s y 1 q g x H 1 q g xŽ . Ž .Ž .
x sŽ . rrgy11rg y1s y 1 q g x 1 q g u du dsŽ . Ž .H H

0 0

x s1rg y2 rrgs y 1 q g x 1 q g s 1 q g u du ds, 2.31Ž . Ž . Ž . Ž .H H
0 0

Ž Ž . Ž .. Ž .locally uniformly for x g y1rmax 0, g , y1rmax 0, yg with a t [
Ž Ž .. Ž . Ž Ž ..a g t and b t s c g t .
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w xProof. This is Theorem 3 of de Haan and Stadtmuller 5 . The last¨
equality can be checked by applying the operator

d d21 q g xŽ .
dx dx

to both sides.

THEOREM 5. Suppose the function g is twice differentiable and let g 9 ) 0.
Set

g
g [ .1 g 9

Suppose further that

lim gX t s g 2.32Ž . Ž .1
Ž .t ­ f `

and

g y gX t q xg tŽ .Ž .1 1 rrglim s 1 q g x 2.33Ž . Ž .Xg y g tŽ . Ž .t­ f ` 1

Ž Ž . Ž ..locally uniformly on y1rmax 0, g , 1rmax 0, yg for some g g R, r F 0.
Then

1rgg t q xg t rg t y 1 q g xŽ . Ž . Ž .Ž .1
lim Xg y g tŽ . Ž .t­ f ` 1

x s1rg y2 rrgs 1 q g x 1 q g s 1 q g u du ds. 2.34Ž . Ž . Ž . Ž .H H
0 0

Ž . Ž .Con¨ersely, suppose 2.31 holds for some a , b , g , and r ; lim b t s 0;t ­ f Ž`.
Ž . Ž .and the function g is monotone, then 2.17 and 2.18 hold.1

w xProof. In de Haan and Resnick 4, Prop. 2.2 it is proved that the
conditions on g are fulfilled if and only if the conditions on A in1 1

Ž .Theorem 1 are fulfilled. What remains is to show the specifics of 2.34 . So
X Ž .suppose the conditions on g are fulfilled. Now lim g t s g implies2 t ­ f Ž`. 1

g t q xg tŽ .Ž .1 1rglim s 1 q g x 2.35Ž . Ž .
g tŽ . Ž .t­ f `

locally uniformly. Hence

g t q xg tŽ .Ž .1 1rg 1rgy 1 q g x ; 1 q g x log g t q xh tŽ . Ž . Ž .� Ž .1g tŽ .

ylog g t y gy1 log 1 q g xŽ . Ž . 4
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Ž Ž .. Ž . Ž .t­ f ` . Write S [ log g. Then g t s 1rS9 t and1

1rgg t q xg t rg t y 1 q g xŽ . Ž . Ž .Ž .1y1rg1 q g xŽ . Xg y g tŽ .1

S t q xg t y S t y gy1 log 1 q g xŽ . Ž . Ž .Ž .1
; Xg y g tŽ .1

x S9 t q sg t 1Ž .Ž .1 Xs y dsr g y g tŽ .Ž .H 1ž /S9 t 1 q g sŽ .0

x s
XS9 t q sg t g y g t q ug tŽ . Ž .Ž . Ž .1 1 1s du dsH H XS9 t 1 q g s g y g tŽ . Ž . Ž .0 0 1

x sy2 rrgª 1 q g s 1 q g u du ds.Ž . Ž .H H
0 0
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