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Abstract: In this paper, new analytical formalisms to evaluate the packet throughput of
multiservice multirate slotted ALOHA optical code-division multiple-access (OCDMA)
networks are proposed. The proposed formalisms can be successfully applied to 1-D
and 2-D OCDMA networks with any number of user classes in the system. The bit error
rate (BER) and packet correct probability expressions are derived, considering the
multiple-access interference as binomially distributed. Packet throughput expressions,
on the other hand, are derived considering Poisson, binomial, and Markov chain ap-
proaches for the composite packet arrivals distributions, with the latter defined as bench-
mark. A throughput performance evaluation is carried out for two distinct user code
sequences separately, namely, 1-D and 2-D multiweight multilength optical orthogonal
code (MWML-OOC). Numerical results show that the Poisson approach underestimates
the throughput performance in unacceptable levels and incorrectly predicts the number
of successfully received packets for most offered load values even in favorable condi-
tions, such as for the 2-D MWML-OOC OCDMA network with a considerably large num-
ber of simultaneous users. On the other hand, the binomial approach proved to be more
straightforward, computationally more efficient, and just as accurate as the Markov chain
approach.

Index Terms: Optical code-division multiple-access (OCDMA), throughput, bit error rate
(BER), flexible networks, multiservice, multirate.

1. Introduction
The massive growth of bandwidth-intensive networking applications, such as interactive
e-learning, e-health, cloud computing, and 3-D/4K ultra HD video streaming indicates that end-
user demand for higher-bandwidth network services is at an all-time high. However, conventional
low bandwidth-consuming services are expected to coexist with these multimedia applications
through the foreseeable future. Therefore, emerging access network architectures with full ser-
vice support and flexible bandwidth capabilities to handle such vast amounts and diversified pat-
terns of data traffic have become paramount nowadays.
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Optical code-division multiple-access (OCDMA) has emerged as an attractive architecture in
flexible, robust and high capacity passive optical networks that straightforwardly support multi-
service and multiple data rate transmissions at the physical layer via manipulation of the users'
code parameters [1]–[17]. Moreover, OCDMA has several desirable features, like, for example,
support for burst Internet protocol traffic, asynchronous tell-and-go multiple access capability
(a key issue for practical network deployment), low-latency access, symmetric bandwidth sup-
port for up- and downlink, soft-capacity on-demand, statistical multiplexing, simplified network
control, high data confidentiality, flexibility in code design, and support to random-access
protocols [18]–[28].

Normally, in multiservice and multirate OCDMA, multiple users share the same network re-
sources by means of uniquely assigned code sequences, where different code weights support
multiservice transmissions (related to the bit error rate (BER) level) and different code lengths
support multirate transmissions. Amongst several codes proposed especially for multiservice,
multirate OCDMA networks [1], [2], [4], [5], [7], [8], [10]–[17], the so called 1-D and 2-D multi-
weight multi-length optical orthogonal code (MWML-OOC) [1], [2] have attracted a great deal of
attention since they are flexible enough to allow both the code weight and length to be chosen ar-
bitrarily, therefore achieving arbitrary levels of service differentiation and multirate transmissions
simultaneously. In addition, both 1-D and 2-D MWML-OOC have maximum out-of-phase autocor-
relation and cross-correlation values bounded by one. These correlation properties in turn reduce
the multiple-access interference (MAI) among users, generally considered as the dominant noise
source in OCDMA networks [19], [29].

The MAI has a serious impact not only on the BER, but also on the packet throughput perfor-
mance of OCDMA networks. An expressive number of analytical approaches have been pro-
posed to evaluating the packet throughput performance. However, all of them are limited to
single service and single rate OCDMA networks, such as the approaches based respectively on
Poisson [30], [31] and binomial [32]–[34] distributions to model the composite packet arrivals.
On the other hand, a Markov chain approach was used in [35]–[40] to evaluate the packet
throughput of single service and single rate networks.

In this paper, new analytical formalisms for evaluating the packet throughput performance of
multiservice, multirate OCDMA packet networks that can be successfully applied to either 1-D
or 2-D codes are proposed. These formalisms can be further applied to an arbitrary number of
user classes in the network. New packet throughput expressions considering Poisson, binomial,
and Markov chain approaches for the composite packet arrivals are derived, with the Markov
chain approach assumed as benchmark against which the throughput performance can be com-
pared. Moreover, expressions for BER and packet correct probability for throughput evaluation
of a slotted ALOHA (S-ALOHA) OCDMA network are derived assuming binomial distribution for
the MAI.

Then, a throughput performance evaluation of a two-class 1-D MWML-OOC S-ALOHA OCDMA
packet network employing binomial, Markov and Poisson approaches is carried out, showing that
users' class assigned with higher code weight have their throughput completely underestimated
by the Poisson approach. Subsequently, the same parameters' set of this two-class 1-D
MWML-OOC network is once again used, but this time only for a single class (class-1). The goal
is to carry out a validation procedure defined here as the convergence of the proposed multiser-
vice and multirate formalisms towards the well-known single service and single rate formalisms.
Furthermore, a throughput performance evaluation of a 1-D MWML-OOC OCDMA packet network
employing binomial, Markov and Poisson approaches is carried out, showing that the latter does
not converge towards the Markov approach. In contrast, the binomial approach shows complete
agreement with the Markov chain approach.

Finally, the throughput performance of a 2-D MWML-OOC OCDMA packet network is also in-
vestigated. Results showed that the Poisson approach underestimates the packet throughput in
unacceptable levels and incorrectly predicts the number of successfully received packets for
most values of offered load. Even under favorable conditions, such as for the 2-D MWML-OOC
with a considerably large number of simultaneous users, the Poisson approach does not show
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accurate results for most of the offered load range. On the other hand, the binomial approach
besides converging to the Markov chain approach, it is also computationally more efficient and
more convenient for numerical evaluation by virtue of its simpler mathematical formalism.

2. Multiservice, Multirate Packet Network Description
The multiservice, multirate slotted OCDMA network considered here is arranged in a star topol-
ogy connecting all users to the multiple access channel via optical fibers as illustrated in Fig. 1.
This time-slotted network consists of J-class users that share the same optical medium. The in-
put power at the passive star coupler is split and transmitted equally among all J-class users.
Normally, in a slotted packet network the time is divided into equal slots, where each user
transmits at the beginning of a slot [36]. Without loss of generality, deleterious sources such
as channel impairments and time jitter are neglected since the main focus is on the MAI be-
tween the users' codes.

A unique optical code sequence is assigned to each user, where each user transmits one
packet through the network in a single time slot. The users are divided into classes according to
their required QoS and transmission rates. In the analysis the following assumptions are made:
1) Different users' classes coexist in the same time slot, where packet transmission errors can
occur due to MAI, 2) the transmitter can independently determine the success of a packet trans-
mission, and schedule a packet for retransmission when it is received with errors, and 3) the
overhead required by error detection techniques at the receiver is neglected for the sake of sim-
plicity [30]. In addition, the S-ALOHA protocol is employed to provide medium access control in
the MAC layer [33], [36] and the network transmits on-off pulses employing on-off keying (OOK)
modulation.

In the multiservice multirate J-class OCDMA slotted network, for each user class j 2
f1; 2; . . . ; Jg the users' data rate is defined according with its given code length in a manner that
high rate users have smaller code length and low rate users have longer code length such that
L1 G L2 G � � � G Lj G � � � G LJ , and Lj ¼ Tj=Tc where Tj and Tc are the bit and chip period, respec-
tively [1]. Tc is assumed constant and the same for all classes J, and the transmission power of
all users U in all classes J is normalized to unity. In addition, the network supports multiservice
(differentiated services, or equivalently QoS) transmission through specific code weights Wj in a
manner that the larger the code weight, the higher the QoS supported. Moreover, without any
loss of generality, it is assumed that the desired user is the first user in the desired class denoted

Fig. 1. Architecture of the multiservice, multirate OCDMA network connecting all J-class users in a
star topology via optical fibers and a passive star coupler/decoupler. Each user class has its own
code parameters specifications. Each user has a unique code. The codes share the same available
wavelengths in the 2-D network. The pulses are colorless in the 1-D network case. In this example,
MAI, link direction, network broadcast, and packet switching concept are not illustrated for the sake
of simplicity.
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as j 0 [3]. The total number of users in the network is U ¼ PJ
j¼1 Uj , where Uj is the number of

class-j users. The bit transmission rate and the packet length of class-j is defined, respectively,
as Rj ¼ 1=Tj and Hj . Then, it is evident the packet period of class-j is

Tpj ¼
Hj

Rj
¼ Tp: (1)

Similarly, the bit transmission rate and the packet length of class-j 0 is defined as Rj 0 ¼ 1=Tj 0 and
Hj 0 , respectively, resulting in the following expression for the packet period of class-j 0

Tpj 0 ¼
Hj 0

Rj 0
¼ Tp: (2)

It can be clearly noted from (1) and (2) that the packet period of both classes is the same (see
also Fig. 2). It is worth pointing out that each class has a different Tj and, consequently, a differ-
ent Rj . Then a viable way of keeping the packet period ðTpÞ fixed is by allocating a different
amount of bits according to each specific class so as to guarantee that Tp is the same for all
classes. Therefore, in a multirate network the amount of bits transmitted in each packet class
can be different from each other. Assuming HJ as the amount of bits in class-J, then the amount
of bits in class-j can be simply calculated as

Hj ¼ LJ
Lj

HJ

� �
(3)

where b:c denotes the integer part. Independently of the number of classes present in the net-
work, (3) allows one to calculate the amount of bits in all classes. An example of a three-class
network, namely class-1 with L1 ¼ 4 (class-j), class-2 with L2 ¼ 5 (class-j þ 1), and class-3 with
L3 ¼ 8 and H3 ¼ 2 bits (class-J) is provided in Fig. 2. It can be noted that a packet from class-1
has twice the amount of bits than a packet of class-3 (Hj 0 ¼ H1 ¼ 4, refer to (3)). Notice further
that the bit period of class-3 (Tj¼3, and consequently L3) is twice as long as the bit period of
class-1 (Tj¼1, and consequently L1). Accordingly, class-3 transmits half the amount of bits of
class-1 while keeping the same packet period ðTpÞ for both classes [36], [41]. On the other
hand, class-2 transmits one bit more than does class-3 (Hj ¼ H2 ¼ 3, refer to (3)) because Tj¼2

(and consequently L2) is smaller than Tj¼3 (and consequently L3) while keeping the same packet
period ðTpÞ.

3. Multiservice, Multirate Packet Network Performance Evaluation
In order to evaluate the throughput of the multiservice network, the BER and packet correct
probability PCðj 0Þ of the J-class system are required prior to deriving the packet throughput ex-
pressions. Thus one should start with the calculation of the BERðj 0Þ and PCðj 0Þ of the 1-D and
2-D MWML-OOC OCDMA, described in Section 3.1. Next, the network throughput based on
Poisson and binomial approaches are demonstrated in Sections 3.2. and 3.3., respectively,
while the network throughput based on Markov chain approach is demonstrated in Section 3.4.

Fig. 2. Example of the S-ALOHA OCDMA packet model for a three-class multirate network, where
class-1 (L1 ¼ 4 and H1 ¼ 4 bits), class-2 (L2 ¼ 5 and H2 ¼ 3 bits), and class-3 (L3 ¼ 8 and
H3 ¼ 2 bits) have the same packet length Tp1 ¼ Tp2 ¼ Tp3 ¼ Tp .
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The Poisson and binomial approaches are chosen because they are largely employed in single-
service single-rate networks [30]–[34] while the Markov chain is chosen due to its high accuracy
in the evaluation of the throughput performance [35].

3.1. BER and Packet Correct Probability
This subsection deals with the evaluation of the BER of a multiservice, multirate OCDMA

packet network capable of supporting QoS and multiple data rate transmissions. Current
available BER expressions are not directly applicable to the multiservice multirate network in-
vestigated in this paper. For example, [1] deals with multiservice multirate networks based only
on 1-D MWML-OOC codes. Further, a Poisson distribution was used to model the MAI, which
may underestimate the BER performance in inadmissible levels [6]. On the other hand, [3] deals
exclusively with single-service multirate, optical fast frequency hopping code-division multiple-
access (OFFH-CDMA) networks. Therefore, a new BER expression is required to assess the
throughput performance of multiservice multirate OCDMA packet networks.

The network employs an OOK intensity-modulated incoherent structure, where each user
transmits its assigned code sequence for data bit “1”, otherwise no signal is transmitted for
data bit “0”. The BER expression is derived for the J-class system assuming that MAI has
a binomial distribution, since the output interference of any OCDMA network is considered
to be binomially distributed [1]–[3], [6]. Normally, the MAI is addressed as the most domi-
nant noise source in OCDMA networks [19], [29]. In addition, the MAI is assumed to be
the only source of performance degradation while ignoring other deleterious sources (such as
time jitter, channel impairments, non-linear effects, and temperature variation effects). Moreover,
it is considered that both 1-D and 2-D MWML-OOC employed here are strict codes, which means
they have maximum nonzero shift autocorrelation and cross-correlation bounded by one [1], [2].
Thus, each interfering user contributes with only one chip overlapping on the desired user's
code.

It is further assumed that transmissions among users are chip-synchronous, which reflects
the worst possible scenario for the network analysis [42], [43] as well as users transmit data
bits “0” and “1” with equal probability 1/2. Furthermore, setting the threshold value to the code
weight Wj 0 , and also taking into account the additive and positive properties of the optical
channel, no decision error will occur when a data bit “1” is sent, which means that bit “1” is
always decoded correctly, i.e., Pðerrorj1Þ ¼ 0. Therefore, the BER of class-j 0 users can be
expressed as

BERðj 0Þ ¼ 1
2
Pðerrorj0Þ þ Pðerrorj1Þ½ � ¼ 1

2
Pðerrorj0Þ ¼ 1

2

XU�1

i¼�

U � 1
i

� �
P i ð1� PÞU�1�i (4)

where P is the multiservice, multirate probability of interference defined as [3]

P ¼
XJ
j¼1

Njpjj 0
ðU � 1Þ (5)

and � is the threshold value of the decision device, Nj is the number of interfering users in
class-j , and pjj 0 is the probability of interference caused by a code of class-j on a code of
class-j 0 written as pjj 0 ¼ WjWj 0=2LjF , where F is the number of available wavelengths (it also
accounts for the wavelength dimension of the 2-D code design). Note that F ¼ 1 for the 1-D
MWML OOC [1]. For a single service and single rate network, the probability of interference is
reduced to pj 0 j 0 ¼ W 2=2LF , where W ¼ Wj 0 and L ¼ Lj 0 [3]. It is noteworthy that (4) not only per-
mits the evaluation of an arbitrary number of user classes in a simple way, but it also imposes
low computational effort even when the number of classes becomes very large.

After being transmitted over the channel, several packets might be received corrupted due to
MAI. Thus, considering the bits of a given packet as independent of each other, the probability
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of receiving a packet without errors during the transmission of class-j 0 users, denoted packet
correct probability, can be written as

PCðj 0Þ ¼ 1� BERðj 0Þ½ �Hj 0 : (6)

3.2. Throughput Evaluation Based on Poisson Approach
Under the assumption that several packets might be received incorrectly due to MAI, the com-

plement of the packet correct probability, denoted packet error probability, with m simultaneous
packets transmissions from all users' classes in the channel can be defined as
PE ðj 0Þ ¼ 1� PCðj 0Þ.

Subsequently, let's consider M a random variable representing the number of total simulta-
neous packets transmissions in a time slot. Also, consider that errors in different packets can
occur independently of one another [33]. Thus, the conditional distribution of successfully re-
ceived packets S becomes [30]

PðS ¼ sjM ¼ mÞ ¼ m
s

� �
Ps
Cðj 0ÞPm�s

E ðj 0Þ: (7)

The steady-state network throughput �, defined as the expected number of successful packets
transmissions per time slot, can be expressed as

�ðj 0Þ ¼ E ½S� ¼ EfE ½SjM �g

¼ E
XM
S¼0

s
M
s

� �
Ps
Cðj 0ÞPM�s

E ðj 0Þ
" #

: (8)

The summations in (8) can be rearranged as follows:

XM
s¼0

s
M
s

� �
Ps
Cðj 0ÞPM�s

E ðj 0Þ ¼
XM
S¼1

s
M
s

� �
Ps
Cðj 0ÞPM�s

E ðj 0Þ (9)

where s M
s

� 	
can be easily demonstrated to be equal to M M�1

s�1

� 	
. Then, (9) can be cast as follows:

XM
s¼1

s
M
s

� �
Ps
Cðj 0ÞPM�s

E ðj 0Þ ¼
XM
s¼1

M
M � 1
s � 1

� �
Ps
Cðj 0ÞPM�s

E ðj 0Þ

¼ MPCðj 0Þ
XM
s¼1

M � 1
s � 1

� �
Ps�1
C ðj 0ÞPM�s

E ðj 0Þ

¼ MPCðj 0Þ
XM�1

i¼0

M � 1
i

� �
Pi
Cðj 0ÞPM�1�i

E ðj 0Þ

¼ MPCðj 0Þ PCðj 0Þ þ PE ðj 0Þ½ �M�1

¼ MPCðj 0Þ: (10)

Finally, after substituting (10) into (8), the general network throughput in packets per slot of
class-j 0 can be rewritten as

�ðj 0Þ ¼ E MPCðj 0Þ½ �

¼
X1
m¼1

m PCðj 0ÞfMðmÞ (11)

where fMðmÞ is the general steady-state probability distribution of composite arrivals (new and
retransmitted packets) [35].
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It is worth pointing out that (11) allows the evaluation of the network throughput for the
three approaches considered here for composite arrival distributions fMðmÞ. In order to cal-
culate fMðmÞ is assumed a packet flow model with two modes of operation, namely, origina-
tion and backlogged mode [35]. Users in the origination mode transmit new packets in a
time slot with probability po. When these new packets' transmissions fail, the affected users
enter into backlogged mode and then try to retransmit the packets after a random delay
with probability pr .

Initially, the composite arrival distribution of class-j 0 packets can be considered Poissonian
when po ¼ pr ! 0 and U ! 1 [35]. Therefore, the steady-state Poisson probability distribution
of class-j 0 composite arrivals, fPOIðmj 0 Þ, is given by

fMðmÞ ¼ fPOIðmj 0 Þ ¼
G

mj 0
j 0

mj 0 !
e�Gj 0 (12)

where mj 0 2 f0; 1; . . . ;Uj 0 g is the number of simultaneous class-j 0 transmitting users, and Gj 0 is
the offered load of class-j 0 defined as the average number of generated packets from class-j 0.
Accordingly, the Poisson probability distribution of class-j composite arrivals fPOIðmj Þ is given as

fMðmÞ ¼ fPOIðmjÞ ¼
Gmj

j

mj
e�Gj (13)

where mj 2 f0; 1; . . . ;Ujg is the number of simultaneous class-j transmitting users, and Gj is the
offered load of class-j . Subsequently, employing (12) and (11), the throughput of class-j 0 can be
obtained as

�P
POIðj 0Þ ¼

X1
mj 0¼1

mj 0PCðj 0ÞfPOIðmj 0 Þ: (14)

Furthermore, for a two-class multiservice network [41], where for example the desired class-j 0 is
the first class and the interfering class is the second one, the throughput will be

�POIð1Þ ¼
X1
m2¼0

X1
m1¼1

m1PCðj 0ÞfPOIðm1ÞfPOIðm2Þ

¼
X1
m2¼0

X1
m1¼1

m1PCðj 0Þ
Y2
j¼1

fPOIðmjÞ: (15)

Further, for a three-class multiservice network [44], where for example the desired class-j 0 is
the first class and the interfering classes are the second and the third classes, the throughput
will be

�POIð1Þ ¼
X1
m3¼0

X1
m2¼0

X1
m1¼1

m1PCðj 0ÞfPOIðm1ÞfPOIðm2ÞfPOIðm3Þ

¼
X1
m3¼0

X1
m2¼0

X1
m1¼1

m1PCðj 0Þ
Y3
j¼1

fPOIðmjÞ: (16)

Without any loss of generality of the Poisson properties ðU ! 1Þ, as well as for convenience
sake, the summation for J-class can be generalized as follows:

XUJ

mJ¼0

XUJ�1

mJ�1¼0

� � �
XU2

m2¼0

XU1

m1¼0

f. . .g ¼
XJ
j¼1

XUj

mj¼0

f. . .g: (17)
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Therefore, one can finally obtain the total throughput of class-j 0, �POIðj 0Þ, for a general number of
classes, i.e., J-class, as

�POIðj 0Þ ¼
XJ
j¼1
j 6¼j 0

X1
mj¼0

X1
mj 0¼1

mj 0PCðj 0Þ
YJ
j¼1

fPOIðmjÞ: (18)

3.3. Throughput Evaluation Based on Binomial Approach
This subsection concerns with the derivation of the throughput equation based on binomial

approach. The same assumptions adopted in the previous subsection up until (11) as well as
the packet flow model with origination and backlogged modes are considered here. The com-
posite arrival distribution of class-j 0 packets is considered binomial when po ¼ pr and the num-
ber of users in the network is finite [35]. Therefore, the steady-state binomial probability
distribution of class-j 0 composite arrivals fBINðmj 0 Þ becomes

fM ðmÞ ¼ fBINðmj 0 Þ ¼ Uj 0

mj 0

� �
Gj 0

Uj 0

� �mj 0

1�Gj 0

Uj 0

� �Uj 0�mj 0

(19)

where Uj 0 is the number of users in the desired class-j 0. Accordingly, the binomial probability dis-
tribution of class-j composite arrivals fBINðmjÞ is

fM ðmÞ ¼ fBINðmjÞ ¼ Uj

mj

� �
Gj

Uj

� �mj

1�Gj

Uj

� �Uj�mj

: (20)

After substituting (19) into (11), the following expression for the throughput of class-j 0 is
obtained:

�P
binðj 0Þ ¼

XUj 0

mj 0 ¼1

mj 0PCðj 0ÞfBINðmj 0 Þ (21)

Thus, considering all classes J of the multiservice multirate network and following the same steps
as in the previous subsection, one can finally obtain the total throughput of class-j 0 in packets per
slot as

�binðj 0Þ ¼
XJ
j¼1
j 6¼j 0

XUj

mj¼0

XUj 0

mj 0¼1

mj 0PCðj 0Þ
YJ
j¼1

fBINðmj Þ: (22)

3.4. Throughput Evaluation Under Markov Chain Approach
In this subsection, the throughput formalism is developed based on the discrete-time Markov

chain [35]. The Markov chain approach can take any arbitrary value of p0 and pr with a finite
number of users in the network. A Markov chain Xt has a finite state-space f0; 1; 2; . . . ; n;Uj 0 g
with a transition matrix defined as P ¼ ½Pnm : n;m 2 Uj 0 �, where each state n corresponds to the
number of n backlogged users. Pnm denotes the probability that m backlogged users will be
present in the next state given that n are present in the current state. This one-step transition
probability from state n to state m can be written as

Pnm ¼ PrfXtþ1 ¼ mjXt ¼ ng: (23)

Notice that when leaving state n the chain must move to one of the m states, with m 2 Uj 0 know-
ing that each row of the transition square matrix sums to one. Next, a transition from state n to
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state m is determined by the difference between the number of unsuccessful new transmis-
sions, denoted as U � NTX , and successful retransmissions, denoted as S � RTX . Then, the
system state can change only due to unsuccessful new transmissions or successful retransmis-
sions. In a given time slot, there are NTX ¼ �0 new transmissions and RTX ¼ �r retransmis-
sions of packets with probabilities of U � NTX and S � RTX defined, respectively, as [35]

PrfU � NTX ¼ l jNTX ¼ �0;RTX ¼ �rg ¼ b l ; �0;PE ð�0 þ �r Þ½ �; �0 � l (24)

PrfS � RTX ¼ k jNTX ¼ �0;RTX ¼ �rg ¼ b k ; �r ;PCð�0 þ �r Þ½ �; �r � k (25)

where bð�; �; pÞ ¼ �
�

� 	
p�ð1� pÞ��� is the probability mass function of the binomial distribution.

The probability of �0 attempted new transmissions and �r attempted retransmissions (where
�0 and �r are independent Bernoulli random variables) given that n backlogged users are
present in the current state are, respectively, bð�0;Uj 0 � n; p0Þ and bð�r ;n; pr Þ [35]. Therefore,
employing these definitions, (24), and (25), the joint probability distribution of U � NTX and
S � RTX becomes

PrfS � RTX ¼ k ;U � NTX ¼ l jXt ¼ ng

¼
XUj 0�n

�0¼l

Xn
�r¼k

b l ; �0;PE ð�0 þ �r Þ½ � � b k ; �r ;PCð�0 þ �r Þ½ � � bð�0;Uj 0 � n; p0Þ � bð�r ; n; pr Þ: (26)

It is noteworthy that when m � n a transition from state n to m occurs if U � NTX exceeds S �
RTX by ðm � nÞ. Conversely, when m � n a transition occurs if S � RTX exceeds U � NTX by
ðn �mÞ. Thus, the one-step state transition probabilities of the Markov chain Xt can be ex-
pressed as [35]

Pnm

Pminðn;Uj 0�mÞ

v¼0
PrfS � RTX ¼ v ;U � NTX ¼ m � n þ v jXt ¼ ng; m � n

Pminðm;Uj 0�mÞ

v¼0
PrfS � RTX ¼ n �m þ v ;U � NTX ¼ v jXt ¼ ng; m � n:

8>>><
>>>:

(27)

The finite state-space Markov chain Xt is irreducible and aperiodic with a transition matrix P,
which implies the existence of a long-term state occupancy probability distribution � [45]. This
probability distribution vector � can be computed by solving the following linear equation

system, with normalization constraint
PUj 0

n¼0 �ðnÞ ¼ 1

�T ¼ �TP; where �T ¼ �ð0Þ; �ð1Þ; . . . ; �ðUj 0 Þ

 �

: (28)

After calculating the matrix of transition P given by (27), it is desired to solve (28). Generally, if
the matrix is a Uj 0 � Uj 0 square matrix, it has Uj 0 eigenvalues and eigenvectors. A neat approach
to calculate (28) is to firstly compute the eigenvalues and eigenvectors of the transpose of P.
Then, find the index of the eigenvalue element equal to its largest entry. Then, normalize the ei-
genvector matched to this same index by its own summation in order to sum to 1. Finally, after
this procedure, the desired eigenvector is the transpose of the normalized eigenvector.

Next, the steady-state composite arrival distribution for n backlogged users in the current time
slot Xt ¼ n is given by [35]

fMðmjnÞ ¼
Xminðm;Uj 0 �nÞ

v¼maxðm�n;0Þ
PrfNTX ¼ v ;TRX ¼ m � vg

¼
Xminðm;Uj 0 �nÞ

v¼maxðm�n;0Þ
bðv ;Uj 0 � n; p0Þ � bðm � v ; n; pr Þ: (29)
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Therefore, the steady-state packet throughput based on Markov chain approach can be found

employing (11), the normalization
PUj 0

n¼0 �ðnÞ ¼ 1, the solution of (28), as well as (29), which gives

Bðj 0Þ ¼
XUj 0

m¼1

m PCðj 0Þ1fM ðmÞ ¼
XUj 0

m¼1

m PCðj 0Þ
XUj 0

n¼0

�ðnÞfMðmÞ

¼
XUj 0

m¼1

m PCðj 0Þ
XUj 0

n¼0

�ðnÞfM ðmjnÞ
8<
:

9=
;: (30)

Finally, the offered load of class-j 0 in packets per slot assuming that po ¼ pr ¼ p is given as
Gj 0 ¼ Uj 0p. The delay and expected drift evaluation of multiservice multirate networks is beyond
the scope of this work and will be published elsewhere.

4. Numerical Results
The mathematical formalisms developed in the previous section are now applied to investigate
the throughput performance of multiservice, multirate networks. The three approaches are em-
ployed under different network packet traffic conditions. Also, the throughput performance of a
single rate one-class OCDMA employing only the first class' parameters (class-1) of a multirate
two-class 1-D MWML-OOC OCDMA network is evaluated in order to prove convergence be-
tween the proposed formalisms and the well-known single rate throughput formalisms [30], [32].
The analyses carried out in this section adopt well-known network scenarios for convenience
sake. The first network scenario is based on [30], while the second and third scenarios are
based on [6].

Consider first a two-class S-ALOHA OCDMA network employing 1-D MWML-OOC [1] with
code length and weight, number of users, and packet length parameters, respective to each
class, as given by L1 ¼ 600, W1 ¼ 4, U1 ¼ 36, and H1 ¼ 1024 bits and L2 ¼ 1200, W2 ¼ 5,
U2 ¼ 36, and H2 ¼ 512 bits. Note that H1 is calculated with (3). Then, class-1 has low-QoS and
high-transmission rate, and class-2 has high-QoS and low-transmission rate. Also, the cardinal-
ity of each user class of the 1-D MWML-OOC is given in [1, Eq. (6)].The 1-D MWML-OOC em-
ploys a single wavelength, then F ¼ 1. The packet throughput of the desired class is plotted as
a function of the offered load of the desired class (for both classes) in Fig. 3(a) for Poisson
(diamonds), binomial (squares) and Markov (circles) approaches. All curves were directly ob-
tained respectively from (18), (22), and (30). It is worth pointing out that the Markov approach
is considered here as the benchmark.

As can be seen from this figure, both the binomial and Markov-based results completely over-
lap whereas the Poisson one shows convergence only for class-1 and under high offered load
conditions. Nonetheless, it is highly desirable to have the throughput as linear as possible since
this implies lower probability of receiving packets with errors. In this sense, class-2 not only has
better throughput performance but higher throughput peak than class-1 as well. Class-1, by its
turn, has a poor throughput performance since this class has lower code weight making this
users' class more susceptible to the effects of MAI. On the other hand, the lower codes weight
of class-1 causes the Poisson results to be more accurate than those for class-2 [see dotted
vertical lines in Fig. 3(a)].

It can still be seen from Fig. 3(a) that the Poisson approach produces unacceptable results
for most offered load values and underestimates the throughput peak for class-1 and class-2
users in around 59% and 73%, respectively. Furthermore, it underestimates the general net-
work performance in unacceptable levels and incorrectly predicts the throughput of class-2
for any given offered load. Therefore, the Poisson approach can only be considered suffi-
ciently accurate for the throughput performance evaluation of class-1 as long as more than
30 simultaneous users (offered load) are present in the network, and it does not produce ac-
curate results for any offered load in class-2. On the other hand, the binomial approach
shows complete agreement with the Markov chain approach for both classes. In fact, this
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can be regarded as a validation of the derived binomial expression (22) since the Markov ap-
proach is considered here a benchmark against which the throughput performance can be
compared.

Now, the packet throughput performance of a single rate, single service OCDMA network is
investigated for validation purposes. The idea is to guarantee the convergence of the proposed
multiservice/multirate formalisms towards the well-known single service/rate formalisms. The
same set of parameters adopted in the previous case (and also in [30]) is now used exclusively
for class-1, namely, L ¼ 600, W ¼ 4, U ¼ 36, and H ¼ 1024 bits, where L ¼ L1, W ¼ W1,
U ¼ U1, and H ¼ H1.

Then, the throughput of the single rate single service network versus the offered load for both
the Poisson [30] and binomial [32] composite arrival distributions is plotted in Fig. 3(b). Also
plotted in this figure are the throughput performances using the proposed Poisson (18), binomial
(22), and Markov (30) approaches and considering no users in class-2. Observe that the
throughput formalisms proposed here are in good agreement with the expected values for single
rate networks. Moreover, notice that the binomial-based throughput is more accurate than the
Poisson-based one when the offered load is high.

Next, a two-class multirate OCDMA network employing 1-D MWML-OOC ðF ¼ 1Þ is investi-
gated for the three proposed approaches, i.e., Poisson, binomial, and Markov chain. The follow-
ing parameters are assumed: L1 ¼ 400, W1 ¼ 5, U1 ¼ 21, and H1 ¼ 3072 bits for class-1 and
L2 ¼ 1200, W2 ¼ 6, U2 ¼ 26, and H2 ¼ 1024 bits for class-2. The throughput of class-1 versus
the offered load of class-1 is plotted in Fig. 4(a), where is evident the overlap of both binomial
and Markov chain approaches. As a result, the former can be employed as a reliable approach
to accurately assess the throughput performance of multiservice OCDMA networks.

The Poisson approach, by its turn, underestimates the throughput performance for most of-
fered load range, peaking at approximately G1 ¼ 10 where it produces a throughput around
64% lower than that predicted with the binomial/Markov approach [see dotted vertical line in
Fig. 4(a)]. This means that under the Poisson approach the network would receive more packets
with errors than it actually should. In fact, the Poisson curve only tends to converge towards
the binomial/Markov one after G1 � 18.

Subsequently, the throughput of class-2 versus the offered load of class-2 is plotted in
Fig. 4(b), again for the three proposed approaches. Differently from the Poisson approach, both
the binomial and Markov curves are in good agreement. The Poisson approach significantly
underestimates the packet throughput performance. For example, at G2 ¼ 8, the throughput
is underestimated in around 75% [see dotted vertical line in Fig. 4(b)], and this issue be-
comes even more significant for a higher offered load. At G2 ¼ 25, the binomial approach

Fig. 3. (a) Throughput of the desired class versus the offered load of the desired class for a
two-class 1-D MWML-OOC OCDMA packet network employing binomial, Poisson, and Markov
approaches. (b) Throughput versus the offered load of the legacy single rate and single service
OOC OCDMA packet network for validation purposes.
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predicts a throughput around 15 packets/slot, while the Poisson-based one predicts only
around 7 packets/slot. This represents an underestimation around 120% in the number of suc-
cessfully received packets [see dotted vertical line in Fig. 4(b)]. Therefore, the Poisson distribu-
tion cannot be considered a reliable approach to evaluate the throughput performance of class-1
and class-2 for this network scenario.

Finally, the performance of a multiservice, multirate OCDMA network employing 2-D
MWML-OOC is now assessed. This code scheme requires a simple code construction algo-
rithm and is capable of supporting a large number of users [2]. The two-class S-ALOHA 2-D
MWML-OOC OCDMA packet network is defined as follows: L1 ¼ 100, W1 ¼ 4, U1 ¼ 70, H1 ¼
2048 bits for class-1, and L2 ¼ 200, W2 ¼ 5, U2 ¼ 50, and H2 ¼ 1024 bits for class-2. Then,
class-1 has low-QoS and high-transmission rate, and class-2 has high-QoS and low-
transmission rate. Also, the cardinality of each user class of the 2-D MWML-OOC is given in
[2, Eq. (15)]. Further, all users' code share the same number of available wavelengths utilized
by the 2-D MWML-OOC, F = 11 in (5). The throughput of class-1 for the three proposed ap-
proaches is plotted in Fig. 5(a) versus the offered load of class-1.

Once more, the results obtained via binomial and Markov approaches are in good agreement.
However, the binomial approach proved to be numerically more straightforward, more

Fig. 5. Throughput performance of a two-class 2-D MWML-OOC OCDMA packet network employing
binomial, Poisson, and Markov approaches. (a) Throughput of class-1 versus the offered load of
class-1 (solids). (b) Throughput of class-2 versus the offered load of class-2 (dashed).

Fig. 4. Throughput performance of a two-class 1-D MWML-OOC OCDMA packet network employing
binomial, Poisson, and Markov approaches. (a) Throughput of class-1 versus the offered load of
class-1 (solids). (b) Throughput of class-2 versus the offered load of class-2 (dashed). At G2 ¼ 8
and ¼ 25, the Poisson underestimates the throughput in around 75% and 150%, respectively.
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convenient, and computationally faster than the Markov chain approach. Note that the through-
put expression (22) only depends on the packet correct probability and on the (binomial) proba-
bility distribution itself. On the other hand, the Markov throughput expression (30) relies on a
state transition matrix for each user and, consequently, on the conditional statements, summa-
tions and binomial coefficients of (24)–(27). These equations require more computational effort
to evaluate the packet throughput. In addition, the larger the number of users, the larger the
square transition matrix and, consequently, the larger the computational effort required to evalu-
ate the throughput. For example, a 70 � 70 and a 50 � 50 square transition matrix (plus their
eigenvalues and eigenvectors) are required to obtain the Markov chain approach results of
Fig. 5(a) and (b), respectively. Therefore, the Markov numerical simulation demands a heavy
computational effort. The Poisson approach, by its turn, considerably underestimates the packet
throughput as shown in Fig. 5(a). For example, the predicted throughput of class-1 is around
63% less than that predicted with binomial/Markov chain approach at G1 ¼ 20 packets/slot. A
fairly good agreement among the three approaches only occurs at G1 � 50. Therefore, the Pois-
son approach can only be considered sufficiently accurate under this network scenario as long
as above 50 simultaneous users in class-1 are present in the network [see dotted vertical line in
Fig. 5(a)]. On the other hand, this approach fails to predict correctly the throughput performance
of class-2 for any number of offered load (simultaneous users' transmissions) as shown in
Fig. 5(b).

The throughput of class-2 versus the offered load of class-2 is plotted in Fig. 5(b). Notice
once more that both binomial and Markov chain approaches have good agreement whereas
the Poisson approach poorly predicts the packet network behavior. In such case the Poisson
approach diverges even under high offered load conditions, where the throughput underesti-
mation can be as high as 141% at G2 ¼ 50. Therefore, the Poisson based-approach cannot
be recommended for throughput estimation of multiservice, multirate OCDMA networks. Fur-
thermore, the throughput performance depends on the BER, and consequently, depends on
the code's parameters as well as the code family employed, and the number of users present
in the network. In this sense, the larger the code weight of a user class, the lower the probabil-
ity of interference caused on the desired user, and then the better the BER and throughput
performance. The number of simultaneous users, by its turn, does influence the BER and
throughput performance since OCDMA networks are considered as statistical multiplexing
systems [46].

Though a three-class network performance has not been addressed in this paper, one should
expect the same performance behavior observed for the two-class networks investigated here.
In this sense, the class defined with the highest code weight will have underestimated results in
terms of throughput performance for the Poisson approach, while the results for the class de-
fined with the lowest code weight will converge to the binomial/Markov ones, as long as a large
number of simultaneous users are present in the network.

5. Conclusion
In this paper, new mathematical formalisms for evaluating the packet throughput of multiservice,
multirate S-ALOHA OCDMA networks have been proposed. These new formalisms can be suc-
cessfully applied to 1-D and 2-D OCDMA networks distinctively with any number of user's clas-
ses in the system. In addition, it can be further applied to other family of codes or modulation
formats (such as phase-shift keying) as long as the BER is provided. Moreover, the throughput
expressions can be further used to assess the performance of multiservice multirate networks
either where the MAI is the only degradation source or with both MAI and several other deleteri-
ous sources (such as time jitter and channel impairments), as long as the BER is provided. A
validation criterion was defined to assess the new mathematical formalisms. Numerical results
have shown that the proposed formalisms converge towards the well-known single service and
single rate formalisms. The BER and packet correct probability expressions have been derived,
addressing the main deleterious source in incoherent OCDMA, namely MAI. Other figures of
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merit, such as packet delay, efficiency, and expected drift of multiservice, and multirate networks,
will be addressed in a future publication.

Furthermore, a throughput performance investigation of multiservice multirate 1-D and 2-D
MWML-OOC OCDMA packet networks employing Poisson, binomial, and Markov chain ap-
proaches was also carried out. The Poisson-based approach proved to be a poor approximation
for incorrectly predicting the number of successfully received packets for most offered load
values, especially for user' classes with high code weight. Even under favorable conditions,
such as for the 2-D MWML-OOC with a considerably large number of simultaneous users, the
Poisson approach does not provide accurate results. The binomial approach, by its turn, proved
to be more convenient and computationally faster than the Markov chain approach since its final
mathematical expression only depends on the packet correct probability and the (binomial)
probability distribution itself, whereas the Markov approach relies on a state transition matrix.
Then, the binomial approach not only is simpler to be implemented but just as accurate as the
Markov approach as well. Therefore, the binomial approach has proven to be a more appropri-
ate choice for throughput performance evaluation of multiservice, multirate S-ALOHA OCDMA
networks.
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