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Fx,rotor = Frx Mx,rotor = Mrx − Fry · zr
Fy,rotor = Fry My,rotor = Mry + Frx · zr − Frz · xr

Fz,rotor = Frz Mz,rotor = Mrz + Fry · xr
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 �	��
&���
�	 )'*'+' +,� ' �� �� �	��� �� 	 ��������� ��
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������� �"���! ������ ������� ������ ��"  � ������������ #� ���������� �	�
����
	� �����	� ��� ���������� ������� ����� ��� �� �� � �� ���&��� ���	� �� ���� �����
����" ������ '� �� �	����"! � ���������� �	�
���� 	� �����	� ��" ����� �� ��
	��	���	��	� �	������

(� 	���� 	 ��	���� �	��  ���� ���	����	� � 	� �� ����� ���������" 	� �� �	�
�
���� 	� �����	� ����� ��" ��� ��������� ������ �	����	��! �	 ������� ����	�
������ ��������! )*� ��� )*� ���� ���� �	 	��" ����� ����� �� ��������  � ���	
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mẍ+ cẋ+ kx = μ(v0 − ẋ)Fn

μ
μ0 v0 αv

v

μ(v) = μ0 (1− αv(v − v0))

αv

mẍ+ (c− αvμ0Fn)ẋ+ kx = μ0Fn

αvμ0Fn

c
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/*)� ��� 0 3.3 · 10−6

/*1� ���
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� ������ ���� ���� ��� ������ ��� ����� ������������� �� � ����
����� ��� �� ����������� ���� ���������� ����������� ��� ��������	 ���� ��� ���
������� ����� ������� �� ������� �� � ������� ������� ��� ���������� ���� ����� ����
��� �� �� ���� �� 2 nm� ��� �� ������ ������ ��� �������� ����� � ��� ������
�������	 ��� ������ ����� ���������� ������� ������� ���� �������� ����� ������
����� ��� �������� �� ��� � ���� ������	 ��� ����� ������� ���� �� ������ ����� ���
������ � ��� ��������� ���� ����� �� ���� � ������� �������	 ��� ���������
���� �������� ���� ��� �� ���� �� ������  !!" #����	 $%&	

����� ����	
��� �������

����� ���	�
��� ��

'����� (	$) �������� ���������� � ��� ��� ������� ��� ���� ������ ��������� �����
������� � �������� '*$ ����� ��� ����������� ��� ���� ��������� �� *������ +	
��������� �& ���� ��� ��� ������� ��� ��������� ��� ��������� � �������� ����
��������� �� ��� ���� � ,	! ��	 ���������� �& ��� �& ��� �� ������� ����
������ ��������� ������� ����� � ���������� ������ �������� ��� � ���� ������
��� �������� ������������	 ��� ���� �� ���������� �& ��� �& ��� -.� ��������
� � ���� ������ �������� ����� �� ��/����� �������� ����	 ��� ���� �� �������
��� �������� ��������� � ��� ��������� ����� ��� ����� �� ����������� ��� �������� �
��� �������	 0�� ���������� �& ��� �& � '����� (	$) �������� ���� ��� ���� ������
��������� ������ � ���� ������� ��������� ���� ��� �������� �������� ����� ��� ���
��������� ��������� ������ � ���� � 1�� ��� ���� ��������� ��������� � ��� ���
�������� �������� ������� � ��� ��� �������	 ������� ������� ���� ����� � ���
��������� �������� ���� ����� ����� �������� �� ���� ���������� ���� ���� ���� ��������
��� ����� �������	

2�� ����� ���������� �������� � ������� ���� ������ � ����� ���������	 -���� ����
��������� ���� ��3� �� ��� ���� � 1 �m ��� �������� ������ ��� � �������� � ��������
����������	 ����� ��������� ��� ��������� ������� ��� ��������� �������� ���
��� �������� ���� ����� ��� � ��� ����� ���	 2� ��� ���� �� � ������� ����
�� ��3�� �� �� ������� ���� ��� ��� ���������� �������� ��� �� �������� �� � 1�� ��������
���� ��������� �� ��� ���� � 200 �m	 
� �� �/�� � �������� ��� ��������� � ����
1�� ���������� '����� (	$+ ���� � ���� ����������� -.� ������� � � �������� �� �
���� ����	 
� ���� ��������� ��� ��������� � ��� �������� ��� �� ��������� � ���
���� � 3 �m	

2� ����������������� ���������� #.4-& �������� � ���� ������ ��������� ��� ���
������ � ���� ����� � ��� ��� �����	 5����� ������� ��� ������ ���� �����
�������� '*$ �� �� ������� � �� �������� �� ������ �� ����� ���� ��� ����� �
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����������  ��!��" ��� ���� ��#� ��� ��������� � �� �������� ��� ��� ����$���
�������� ��%� ��� �� ���� �� ������ ��	� �&� ��������" �������� �������� ���
� ��� ����$��� ������� ������ ������� � �������" �� �'������ � ������ �������
�������� ��� �������� �� ���� � ��� ��� (��� ���� �������
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��� ��� �������� ��������� ��� ������� � )�� ������������ �)	 ����� ��$ ���
����������������� ��������" ��� ���� �� ������ ��	* � ��� ���� ��� ����� ����
��������!��$�

��� !��$ �����%���� ������ ��� ������� + ���� )�� ������� ����'������$ 
 �����
������ ���� ������ ���������� ���� ����� ��$ ��������" ��� ��������$ �� �'�������
�$ ������ ��	*� ,� ��� ����� ��������� ����������� � ���������� �������� �� ��
���$ � ������#� �!������ � �����(���� ������!� ���� ��������� �� ���#���� ������
,� ��� ���� ��������� ����������� � ��$ �������� � ��������$ ��-����� �������
������$ �� ����!��� ��� ������� �����$ ������� � .�� ��������" �������� ��
��� �������� � ��������

���� ��-������ ������� ��� ��$ ��� ��� ���������� �������� ��� �� �'������� �$
�%��� �� ��� ������ ������� �� ��� ���� ����� ��$ ��������� ������ ���/ ���� ���
����� ������� ����������� � ��� ��$ ���� �� � ��������� �������� ����� �����#��
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 ������ �� ��������� ���������
 ��� ��� �������* 	� ������� �

CN,i(u1, u2, λN ) ��� D(u1, u2, λN )� �� ���������
��� ����
 �� /0������ %&�'!( ���
��
� ��������
 �� u1# u2 ��� λN �

1 ��������� ��2����* ��� �� ��
����������� �� ���� �� /0������ %&�''( �
 ��� ��
0��������
 u1# u2 ��� λN ������ 	� �����
����� �� � ������ ����� ������� ��
�
�� �� ����� �� 	� ���
����� �� �� ��)� 
������
# λN �
 	* ���������� ������ �� ��
	������* ΓC,1 �� �� ��
� 	��*# 
� ��� �������
 BN,1 ��� CN,1 ��� 	� ����������
��
��* 	* � ������ ����������� �� �� �����
������� ������������� ��
 
�������
-������# �� ����������� �� �������
 BN,2 ��� CN,2 ��0����
 �� ����������� ��� ���
�����
 0��������
 u2 ��� λN ��� ��� ������ �� ��,����� ������������� ��
�
� ��
����� �� �������� ��
 ���	���# �� 	�
� ��������
 ������ �� 	��* Ω2 ��� �����)��
������ �� ��
���������
 u2 ��� ���3����� �� 	��* Ω1# ���� �� �
 
��� �� +����� &�4�
��* ��� �����
����� 	* ���� �����
 �� �� ����� ���

������
 �� �� ��������� ���
��������� ����� �� 	��* Ω1� �� ��
 ��*# �� ����������� �� 0��������
 ��� �������
	�� u2 ��� λN �
 ��

�	���

1�� ���������
 ��� ���� ��
���	�� �� ��
 
�	
������ ��� ������	�� �� �� ��	���
������ ������������� ��	���* ���+��55 � ��� ��
 �������� ��� �� ��������������
�� �� ���
��� ������ �� ����������# �� ��

�	����* �� ���3������ ������������� 	�
�

�����������	
����	��������������
���������
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�	 � � ������	
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 ��� ���� ���

���������	 
�� ���� ��� ����� 	��
��� �
 ��� ����� ����� ��� ��� ��� 	��
��� �
 ���
����� ����� �	 ��	������� �� �� ������� 	��	�� ���	 ���	 ���� ��� ���������� ����	
��� 
��� �� ��� �� ���	� ���������	 ��� ��� ������� ������ ���� ���� 	��
��� �	
�����

��� �����	 	���� �� ������ ��� �����	���� �� ���� � 	���� ��		���� �����	���������
������� �
 ��� ��� �����	 �� �������� �� ����� �� ���� ���	 ���� ������� ��� �		����
���� ����	��������� ��� ������� ���		��� ��	��������� �	 ���
��� ����������� ����
������	 ��� ���������� �� ��� ����� ��� ������� ����� 	��
���	 �� ��� ��	����� ���
��������  ���������	 ��� ��������� �������� ��� ���	 �	 ��	� ��� ��	� 
�� ��� �����
��� ������� 	��
���	 ������������� �� ��� � ���������� ��� ���������� �	 ���������
������� ���������� �
 !����������� ����	� ��� ������	 �
 
����� �����	�������
�� ��� �
 ��� ��������� 	��
���	 ��� ������ ��� �������� �� ��� �����	������� ���
����	 �
 
����� �
 ��� ����	��� 	��
���� ��� ��	������ ���� 	����� ��������� ��
����������� �	 � ����������� ����� �
 ��!���� �����	 ���� ��� ���	 	���� �� ������ ���
� ������� ��  ��� � ���������	�

����� ����	
�� �	��	�
��

��� ��"����� ������� ���	� ���� ���� ������� ��������� �� ��� #����$$ ��������
��� 	�������� �� ��� ���	��� ����� ������� ���	��� �	������� �������	� � ���		��
�� %&������ '��()� ��� ���
����� ���	������	��� �������	 ��� �� ����� ���� ��������
*�	�����	��� ��������� ����� �	 ������� 
�� ���	���� ��� ��������	��� �������	� �	
��� ���	�������

+��	��� ��
������� ��� �� ���	������ ���� �� ��� ����� � �
 � ��� ��������� �����		�
����� ��� �������	 ��� �� ���� 	��� �������	 ��� ������� ��
�������	 ��� 	���		�	�
u0 ��� σ0 ��	���������� �	 � ��
������� �� ���	 ��	�� � ������������ ���	��� ��������	���
������� ��� ��
�������	 ��� 	���		�	 ��� �� � ���		�� �� ���������� 	��	� ����
��	���� �� ��� ������� 	���� �	,

σ̃(u) = σ0 +A(ε(u)− ε(u0)) '��-()

%&������ '��-() �	 �&�������� �� %&������ '��() ���� ��� ���� ���� i ������ 
�� ���
	��� �
 	��������� .�������� �� ��� ���	�	������� ���/������ ����� ��	������ �� 01�2
'����� -3�4)� ���	��� �������� �
 � ������� ��� �� ����� ���� ������� �� ���/������ ���
������������ ���	��� 	���		�	 σ̃ �� ��� 	���� �
 ���		���� 	���		�	� 5� ����������� ���
����� ���� σy ���� ��	���� �� ��� *�� 6�	�	 ����� ���������� ��� ���	�������� ��� 
�� �
���
����� ���	������	��� ������� �������� ��� �� � ���		�� ��	�� �� %&������ '��-()�
�	,

σ(u) =

{
σ̃ � 
�� σ̃vm ≤ σy

σ̃m +
σy

σ̃vm
· σ̃d � 
�� σ̃vm > σy

'��-�)
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�������� ��� ��	�
����� ��	 	����
�� ������ ����
��� σ̃m ��	 σ̃d� ��� 	����	 �������
����� �� �
��
����

σ̃m =
σ̃11 + σ̃22 + σ̃33

3
· I ������

σ̃d = σ̃ − σ̃m ������

��	 ��� ������ �����
� ����������� ���  
� !��� �������� ��� �� 	����	 ���� ���
"���	��� �
�# 
� σ̃d�

σ̃vm =
√
3/2 · |σ̃d| ����$�

%
��	���� ��� ����#����� ������ 
� �������� ����
#���� � �� ����� 
�� 
� ���
�
������� �
	�� � �&�����	 �
 	��
�# ����������� ��� �
�����
�	�� "'���
� ���(�
� �������	 �� "'���
� ����)� ��	 � ����� 
� '��������� �
�	 ������ ������� ��
#
��� ���
�	�	 ������ ��� �
 �� �#�����	�

*� ��
��	 �� �
��	 ���� �
�� ��� ������ ��	 ��� �����
������� #������ ����� ���� ����
����	�	 � ��� ������� #
	��� ��� ����	 
� ��� ����#��
� 
� ��
#���� ������� ����
� ���	 
��� �
� �#��� 	��
�#��
���

����� ����	�
���

+� 	������	 � ,���
� ������ ���� 
� ��� ��
�-� ��
�� � .���� ��) ��� �� ���������	
�� ���� 
� � ���
	� ����� ���� �
����� 
� ����� ������
�� 
� ��� �
��	���	 ��
�-
� �
�# 
� � ����������� ������ *� 
�	�� �
� ��� #
	�� �
 ��������� ������ �	�'�������
��� 	#���
�� lx ��	 ly 
� ���� ��
�- #��� �� ������ ���� ��� �
����� ���������� 
�
������� ���� � ������� 
� ��� �
�����
�	�� ���� �������� *� ���� ���� ��� ����������
��� �� 	�����	 �� � 	����#���� ������� 
� ��� �������� ��� �
�����
�	�� ��
�-
	#���
� ��� �
 �� �� �&��� #������ 
� �� +		�
������ ��� #��� 	�����/��
�
�/�� dx ��	 dy ��
��	 �� �
��� ���� ��� ��
����� ���������� 
� ������� 
� ���
�
�����
�	�� ���� �������� ��	 	����
��� .
� ��� ����
�� � ���� ��� ��#���

� ���#���� nx = lx/dx ��	 ny = ly/dy � ��������� � 
�	�� �
 �
��� � ����� 
�
�
������� ����������� �� �	� �� �
������ 0�����
��� ��� #
	�� �/� � ���#� 
�
	������ 
� ����	
# ��	 ��� �
�����
�	�� �
#�����
��� �
�� ��� �
��	�������

0�� �
��
��� #������� ���� ��-�� � 
�	�� �
 ��	��� ��� �
#�����
��� �
���

• 1�� ������� #��� �/� � ��� 	���� 	����
� � 
�	�� �
 ��	��� ��� �
#���&��

� ��� ��
���#�

• 2�	��� ��� ��#��� 
� 3���
��2����
� �����
�� �� ���� �
���� �
����� ���
�
���#� �-� ��� 
�� #���
��	 � ,���
� ����(�



��� �����	 
����
� � � ����	� �������� ���

�����������	
 ��� ������������ ���� ��� ������ �	 ��������� �� �������� ���������

• ����	 ��� ��� �������	 �� ��� ������� ������ ��� ��� ����� ���� ���� �� �����
���� ��� !" �� �������� �#$����� �� ���������

• $�� �������� �#$����� ��� ��� �������� �� ��� ������ �	���� ��� !" �� ���
��������� ���� �	 �����%��� � �������� ���&�� ��'� ($(#)
 *+,- ��� *+.-�

��� �����	 
����
� � � ����	� ��������

/��� ������ �������%�� � ������ �� ����������� ���������� �� ����� ������� �
������ �������	 ��� � 0�� ������ �� ������� � ���� �� ������ ����������� )������� ����
��� �������� �������� ��� ��� ������ ��������	 ��������	
 ���������� ���� ��������
�� ���������� ����� ��� ���� �� ���������� ���	 �� ��� ������� ��������� ��������
���&�����	 ��� ��� �1�� �� ��%� �����

��� �������	 ���������� ��������� �� ���� ������ ��� ��������%�� �	 � ������ h
��� � ����������� a� /�� ���' �������� �� ��������%�� �	 ��� 2����3� ������� E

#������3� ����� ν ��� �� �1���&� ��������	 ������� ��4��� ���

E′ =
E

1− ν2
��� 5"

(����&��
 ���� ��������	 �� ���������
 � ������ ������������� �������� ���� 	����
����� σy �� ��������

6���� �� ����� ���� ����������
 � ����������� �������� �� ��� ����� �� ��
��4��� �� �� ���� �� � �������� ��� ����&��� ������������� ����������� � ����������
���� ��� ��� � ����������� �������� �� ����������

pref = E′h
a

��� �"

/�� ������ ���� ��� ��� ����� �� ��4��� ������� � ������������ �������� p� 7���
�&��
 �� ���� �� ����� ��&������ �� ��� � ������������ ������������� ���� ���������
��4��� ���

p̄ =
p

pref
��� 8"

�� ����� �� ������� ��� ������� �� � ��������%�� ��	�



��� ������� 	
������

����� ����	
� ��	��	 �� � �
���
��� �����
	�

��� �������	 �
 � ����� �������� ������	 ��� �������� h ��� ���
������ a �
������ � ��� �������� ���

zsin(x) =
h

2
(1− cos

πx

a
) ������

����� ��� ���������� ��� ���������� ������� ���� 
�� �������� �������� ��� � �����
h ��� a !�����" #�� ��� �������� � ���!� �������	 ������� E′$%��� N/mm�� ���
���&����� �'� ����������� �� ��� ����������� ���� ��������� p̄" ���� ��� !������
�'� ���������� ��� ���������� ������� ���� �� � 
������ �
 ��� ����� ���� ������������
�� 
��� �������� ��� �!�������� ���!�� � ����� ��� ������ ���� 
�� h ��� a !�����
��� �� �!����� ����� h/a !��	�� 
��� ��% �� �����%" ��� �!�� ��������" �������
��� ���� ���������� ��� #� ������� �� � ����� ����������� ���� ��������� p̄" ����
� ��(���� 
�� �������� ��� ������� ���� ���� ��� �������#�� �������	�

������ ��	
 )��� ���� �
 ������� �� � 
������ �
 ���� 
�� ������������� ��������
�������� ����� ���� ������ ��������

����� ������
�� ��	��� �
���
��� �� �����
��� �����
	
��

��� �������	 �
 � �������� ������	 ��� ����� R" ��������� �� � ��'��� �����
h ��� #� ������ � ��� �������� ���

zsphere(x) = min
(
R−

√
R2 − x2, h

)
����%�
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������� ������� 
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�� ����� 
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� ��
	 �� ��� ��� ����
������
��� ��� 
� ��� 	
����
����

�� �����
��
��  ����
����
� ������� ��� �
����
	� �	 �����
�� ����
�
�� 	��
���
��	 
� ����
��� ���� ! �	 ����"! �������
�����  ����
�� ������� ��� ������
�	
�� R �	 ��� ��# �
	�� a �� ��� �� �����
���	� $
���� ��% ����� ��� ��� �#
����&
��
�� ��� ��
�
���� ����
	���	 �
����
	� ����
�� ��  �����
�� ���� '��
������ �� �
���� �� 
����
��	 
��� ��� �������� �# ��� �
��� #��� � 
�� ��( �� 
������ �� �� �������	 ��� 
��������� ��� �
��� ����� �  ������ �# a/2� ����&
��
��

� ��
� �� ��� ������ �
��� #����

������ ��	
 )������� �# ����	
����
��� �
����
	� ����(!� *���	 �����
�� ������!
�	 
����
��	 �����
�� ���	! ����
�
�� #�� h+� �	 a+" ��

����
�� �����! 	�*��� ��� �	
�� �# ��� 
����
��	 ������ �	 ����
�� ����,! ����
�
	�� ��� �	
�� �# ��� *���	 ������ �  #����
�� �# ��� ��#������ �
��� �������� h
�	 a�

Rinscr =
2a2

π2h
�����!

Rfitted =
h2 + a2

4h
����,!

-�
�
.
�� ����� ��� �&�����
��� #�� �����
�� ��� �
����
	� ����
��� 
� ��� ������
���
�# ��� ����
��� ����
��� �
�� � �
���� *���	 �� 
����
��	 �����
�� ����
��� ���
�� ������� �
�
�� ������ #�� ��� ��� �� �# ������� /�������� ��� �� ��� ���
0���.
� ������ #�� ���
��
�� ��� ������ �� ��
� Ā 
� ����� ����1

Ā =

√
8Rh

πa2
p̄ ����2!

�	 �����
���
�� ��� ������ �	
�� #��� ����
�� ����,! �
��	� � �&�����
�� #�� ���
0���.
� ������ �� ��
� �#  ������� *���	 �� ��� ��
�
�� �
����
	� ����
��1

Ā =

√
2
(h/a)2 + 1

π
p̄ ����%!
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����� ����	 
��� ������ �� ���������� ��� ��� �������� ������� ���� ����� �� ���
������������	 ��������� �������

Ā =

√
16

π3
p̄ 
����

�� ������ �� ����� ���� ���� �� ������������� !"������ 
��#� ������� �� ��� ��������
�����	� ����� h/a ��� ��� ���	� �� �����	� ������ ���������� ���� (h/a)2 �� �� $���
�$����� ���� ����� ���� �� ��� ��� ��������� �������� �� ��	�������

������ ��	
 %��� ���� �� ������� ��� ���&��$�������� ���������� ��� ��������� �����&
����� ��� h'(�() $$ ��� a'(�) $$ ����� ���� ������� ����������

*�	��� ��� ��$����� ��� ���������� ������� ���� ��� ��� ���	���� ���������� ��������
���� h'(�() $$ ��� a'(�) $$ �� ���� �� ��� ������������	 +���� ��� ���������
������� ����	 ���� ��� ����������� ������ ��������	 �� !"������� 
��#� ��� 
����� ,�
��� ����� ������ ��� ���������� ��� ������ �� ��� ��$���������� ���� ����$���� ���
������� ���� ��������� �� ��� �������� ������ ����$���� "���� ���� ��� ������������	
���������� ������� -������� ��� ��� ������� ���� ��� ��������� ������ 	���� ����
��$���� ������� ���� ��� ���������� �������� ���� ��� ���� ��� ����� ����� ��� +����
������ �������$���� ��� �������� �� ��� ���������� �������� �� � ����� ���	� �� ����� 
����������� �� �� ��$���������� ���� ����� �� (�.�
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 �����
����� σy� ���� � ��� �
�� �	 ��� ���
� ��
� p� �� ���� �� ���� ���� ������� ��
����
�� σy ���� 
 ����������� ����������� �
�
������ 
��� ������� � �
��� �	 ���
��
�
��������� �������� 	��� ���
��� � �! "#

σ̄y =
σy

pref
� �$%"

&�����  �% ������ ��� ��� �
����
��� ���
�� 
��
 �� 
'����� �� �
���� ��� �
����
�
����� ������ (�� 
������ �
���� 	�� ��� ����������� ����� ����� 
�� � ��� �
��
	��� )�! �� !�*�

������ ��	
 +��
�� �	 ��
������� ����� � ��� ��
� 
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 �	 ���
�� 	�� ���,�������
�
�������
� 
��������� ���� a-)�! ��

(�� ������� ���� ��
� 	�� ��� ����� ���� ����������� �� 
 ����������� ����� �����
�
�
����� σ̄y ���
� �� )�!� )�$ 
� )�.� ��
���� ��	���
��� ������ ����� 
 ����
�
��
� ����� 	�� �
�� �	 ��� ����� ����� ����� /���� ��
� ����� 	�� 
 ���� ����� ����
��� �
����
��� ���
�� 
��
 �������� ���� ��� �� �	 ��� ���� ��
���� �
��� &�� �����
���� 
� ����� �
���� �	 ��� ����������� ����� ����� σ̄y ��� ��
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��� � ����	 ��
�� �� �� ����	���	
��� ���
� 
��� σ̄y� �	� ��	�
� ����� ��	 �������	
��� �����	��
� �������� ��������� ��� ������	 ������� �
���� h/a� � 
��� �	
�� ��	�� �� h/a � ���� ���� ���������	 ������� �� ������ ��  !����	 "#�$%& ���
�'������	� �� ���
� 
��� �	 ����	���	
��� �����

����� ����	
 ���	� ��� ��������������	
 	��������

��� ����
� �����	�� �� ��� ��� �� ��
��
��� ��	�� ���� �����	 � ��(����	���	�

��	������
 ������� �	� � )� �����
�� ��	 �� �'�	��� � ���� ����	���	� �� ��	(
������	� �� ��

���	� ������� ����*

zsin(x, y) = h · (1− cos2
πx

2ax
· cos2 πy

2ay
) "#�$#&

��� ax �	� ay ��	��	� ��� �� ��
�(������ 
�	��� �	 �������	� x �	� y ���������
��
��� ax = ay �� ������� �� �!���'��
 ������
�	� � ������ �	� �� ������	�� ��������
pref ��	 �������������
� �� ���	�� �������	�  !����	 "#��#&� +	 �� ��	���
 ����
�� ax �= ay �������� �� ������� �� �
�	���� �	 �	� �������	 ������
�	� �	 �

������
�	� �� ���	���	 �� �� ������	�� �������� ��� � �� �����	�� ��*

pref = E′ h

min(ax, ay)
"#�$,&

������ #�# ����� �� ��
��
��� ��	�� ���� ��� �
���� �	� �
���� ��	�� �����	 �	
�!���'��
 ����(����	���	�
 ��	������
 ������� �	� � )� �����
� ��� �� ������	
������� �
���� �	� ��� 
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���� -� �	 �

 �������� ������
�� ����� �� �� ������� �
��� �� ������� ��

 �� �'������	� �� 
��� ������ ��
����	���	
��� �������� p̄� ��� ��� �����	� �� ��� �� �� ��
��
��� �'���
�� �	
��� �����	� ��

 �� 
����� � �	� ������� �
��� h/min(ax, ay) = 0.1�

+	 �� ����(����	���	�
 ����� �� �������� ���	���� ��	����	� �� �� �
��.� �	 ���(
��� #�/ ���
� �� �� ����
��� ��	�
� ������� ��
�	�� � �	 �	�	�� ����	��
��

���� �� ���	���
 ���������� -	 �
��	���� ����	����	 �� �� ��	������� ���������
���
� �� �������	� � � ������� 
����� ��� 
��� ���� ��	 ����

� �� ������ ��
�	�
���	� � 
��� �� 	��������	� ��������� �	 �� �������	���� ������� ����
� �
�� ����
���� ������ #�, �����	� �� ��
��
��� ��	�� ���� ��� ��������� ����	���
�	 � ������� 
���� �	� ������ #��� �������� �� ����
 ��	�� �����	� ��� �� ���(
�	��
�� "�!����& �	� ������� ������� 
����� �	��� ���� �
���� ������
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��� ����
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��� �����	 �� �����	�� ��� ������� ��
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����
���	 �
�������
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� �� �����




��� ������� 	
������

������ ������� �� �	
�� �	���� 
�� �� �	����� ����	�� 	� �����	���� ����������
����� �	 ����� �	������ �	� ��������� � �������	����� �	�� 	� p̄ = 0.36 ������ �� ��
������� ���� � �	����� ���� ����	 	� ����	�������� ��� �	� �	� ��������� ��������
����� �� ����� 	� �� �	�����	����� �	����� ����	�� ����������� �� ������ �� � ���
������������� ��!������

p̄"��#$ p̄"��%# p̄"��%&

������ ��	
� '��� ���� 	� �	����� (�� ���) �	� �*������� ������������	��� ����������

�� ax"ay"�� �� �������� �� �*���� ��� �	���� �������� (+���
��� ���	�� �	
 ������������) �� ��!����� �	�� ������ ����� ���� �������
�	�����	��

, ������� ����� ��� �� ���� �	� �	���*������� ����������� ������ ��  �	
� �� ����
������� �	����� ���� ����	� �	� ���������� 
�� ��!����� ������ ����	� ay/ax� ��������
�� ��!����� ������� ������������� ,���� ��	� �� ����������� ������� �	
� �� ��
+��� �������� ���� ��� �
	 �	����������� �	� ��������� �	���*������� ���������� �� �
�	���� �������� -� ���	�� ������� �� ������ ��  ������ �	 � �	���� ������� 
��
���������� ������� ��	�� ���� �	�� ����� 
��� �� ���� ������� ������ �	 � �	����
������� 
�� ���������� ������� ��	�� ���� �	�� �����

������ �� # �	
� �� ������ �	����� ����	�� �� ��!����� �	�� ������ �	� ������ �������
���	�����	� ��� ��� ���� �	������ �������� 
�� ���������� 	� �� ������ ����	 ay/ax = 4�

-� +��� �
	 �������� ������ ���� ������� �����	� �	� 	��� 
�� ������� �	 �� ������
���� ����� 	� �� ���������� �	����� ���� ��� ���	 ��������� �� ������� ����������	� 	�
�� �	����� ����	�� -� ���� �������� 
��� �� ���������� ��� ������� ��	�� ���� �	��
���� 	���� ������� � ������������� ��!����� �����	�� �	� ��������� �� ���������
������� �	� �� ���������� �	����� ���� ��� ��������� ��� ������� ����������	�� -��



ax = 0.1
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Abstract Friction materials for typical brake applications

are normally designed considering thermal stability as the

major performance criterion. There are, however, brake

applications with very limited sliding velocities, where the

generated heat is insignificant. In such cases it is possible

that friction materials which are untypical for brake

applications, like thermoplastics and fibre composites, can

offer superior performance in terms of braking torque, wear

resistance and cost than typical brake linings. In this paper

coefficient of friction measurements for various thermo-

plastic and fibre composite materials running against a steel

surface are presented. All tests were carried out on a pin-

on-disc test-rig in reciprocating operation at a fixed sliding

speed and various pressure levels for both dry and grease

lubricated conditions. Moreover, a generic theoretical

framework is introduced in order to interpret the changes of

friction observed during the running-in phase.

Keywords Coefficient of friction � Thermoplastics �
Fibre composites � Low speed � Reciprocating

1 Introduction

In general, the selection or design of friction materials for

brake applications is based on factors like the coefficient of

friction, the wear resistance, the thermal stability, the ten-

dency for noise generation and the material cost.

The function of typical brake applications, such as

vehicles, crane winches or a wind turbine drive train, is to

bring the corresponding mechanical systems to standstill

by converting their kinetic energy to heat. Such brakes are

dimensioned for reaching a certain peak temperature and

the friction materials to be used are required to exhibit

good thermal stability up to this temperature level. The

possible friction material choices include sintered or

organic composites or fibre composites specially designed

for thermal stability [1].

A different kind of brake applications are the so-called

positioning or holding brakes. Their function is to maintain

the relative position between two components and occa-

sionally permit a relative motion at low sliding speeds. The

heat generation in such cases is usually very low and the

coefficient of friction and low-noise operation are the main

criteria for the selection of friction materials. A typical

application of this kind is the brakes in the wind turbine

yaw system. In special cases the positioning brake func-

tionality can be integrated in a slide bearing.

The main objective of this paper is to present coefficient

of friction measurements for different thermoplastics and

fibre composites running against steel. Moreover, it pre-

sents the particularities of using a pin-on-disc test-rig for

studying the coefficient of friction with respect to posi-

tioning brakes applications. A simple but quite generic

theoretical framework for interpreting the changes of fric-

tion observed during the running-in phase is also presented.

2 Testing Equipment and Methods

Figure 1 shows a simplified illustration of the used pin-on-

disc test-rig. The normal load on the pin (1) is determined

by the position of the mass (2) on the loading arm (3). The
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rotating disc (4) is driven by an electric motor (5). The

rotation of the motor housing with respect to the test-rig

frame (6) is restricted exclusively through the arm (7), the

wire (8) and the load cell (9).

One of the particularities of positioning brakes is their

intermittent operation in both sliding directions. In order to

take this effect into account the sliding direction had to be

alternated periodically during the testing. In order to enable

the friction measuring in both rotational directions of the

disc the wire (8) and the load cell (9) are preloaded through

the weight of an additional mass (10).

In contrast to typical brake applications, positioning

brakes operate at much lower sliding speeds and permit

much higher pressure levels. A gearbox of transmission

ratio 30 integrated in the test-rig motor (5) was used in

order to permit testing speed as low as 20 mm/s and

pressures of up to 20 MPa.

Part of the testing procedure is the calibration of the

normal force applied to the pin and the friction force

recording load cell (9). The normal force applied to the pin

is determined by an initial load due to the weight of the

loading arm and a variable load proportional to the linear

position of the corresponding mass (2). A calibration line

correlating the mass position with the normal force was

determined by placing a compressive load cell below the

pin and moving the mass to different positions. During the

tests the position of the mass is adjusted through a stepper

motor in order to achieve the desired nominal pressure on

the pin surface. The calibration of the load cell (9) was

done in-place by adding and removing weight to the cor-

responding mass (10).

The dimension of the pins used for all tests was 10 mm

in diameter. The pin specimens were manufactured from

the different materials to be tested by turning larger

material samples provided in form of plates or bars. The

disc material was alloy steel 34CrNiMo6 in unhardened

condition and the disc surface was turned with surface

roughness corresponding to arithmetic average values (Ra)

varying from 0.7 to 1 lm for the different discs used in the

tests.

Because of the flat form of the pin surface in contact

with the disc, a good alignment between the pin and the

disc surfaces is very important. For this purpose, pressure

sensitive paper was used before every test in order to verify

a uniform contact through the whole pin surface. Figure 2

shows two photos of a partial and a full pin contact.

For each of the tested materials an initial running-in test

on the disc track with diameter of 80 mm ensured that any

remaining geometrical misalignment between the pin and

the disc would be eliminated through the wear process.

During this initial running-in, the nominal pressure applied

to the pin was 6 MPa and the sliding direction was alter-

nated every 0.9 m. During this initial testing phase as well

as in all following testing steps the rotational speed of the

disc was adjusted to a fixed sliding speed of 20 mm/s in the

middle of the respective testing track.

Following, the pin was moved on the disc track with

diameter of 102 mm where the actual measurement took

place. On this track a second running-in was carried out

under the same conditions as the first one until the recorded

coefficient of friction approximated a steady state. After

that state was reached, the pressure was varied from 3 to

18 MPa in steps of 3 MPa. For each pressure level, a

sliding distance of 10 m was covered with a reciprocation

stroke length of 0.9 m.

After this phase, the pin was moved to a third track at

disc diameter of 124 mm that was covered with an

approximately 1-mm-thick layer of grease. During a sim-

ilar running-in period like in the previous cases, the grease

layer is removed from the track due to the motion of the

pin. However, a small quantity of lubricant will remain in

the contact either because of the strong adhesion of a very

Fig. 1 Simplified illustration of

the pin-on-disc test-rig
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thin layer of lubricant with the surfaces or because of the

lubricant that is stored in the porous structure of the tested

materials. It was observed in all tests that were carried out,

that the pin runs under boundary lubrication conditions for

distances longer than 300 m even if no further grease is

added to the contact. The base oil viscosity of the grease

used in the tests was 46 mm2/s and its consistency corre-

sponded to NLGI number 2.

3 Results

Table 1 summarizes the tested friction materials that will

be presented in this section. All five materials are repre-

sentative samples of commercially available products of

their category. The first three ones can be categorized

according to their major component as thermoplastics and

the last two as fibre composites.

The first category includes semi-crystalline thermo-

plastic materials that are either in almost pure form like in

the cases of PET and PA 6 or are combined with a rela-

tively low amount of reinforcement and lubrication addi-

tives like chopped glass fibres and molybdenum disulphide,

respectively, in the case of PA 66?. The pins of PET and

PA 6 materials were manufactured from extruded bars so

that the contact surface is perpendicular to the axis of the

raw material bars. The pins for PA 66? were machined out

of extruded plates of the raw material with the contact face

parallel to the mid-plane of plate.

The second category, represented by the types FCF and

FCC, refers to materials that are dominated by a high

amount of fibres typically bond together with some kind of

epoxy resin thermoset. FCF consists of randomly oriented

cellulose and aramid fibres that result to a fine and

homogeneous structure that resembles the corresponding

pulp that is typically used in its manufacturing process.

FCC consists of a woven yarn textile impregnated in a

bonding resin. The material structure is coarse and ori-

ented, with the direction of the crossed woven fibres par-

allel to the contact interface.

Figure 3 shows the evolution of the coefficient of fric-

tion during the second running-in phase of the three ther-

moplastics without lubrication, and Fig. 4 shows the

corresponding curves for the two fibre composites.

It must be noted that the filtered curves shown in these

diagrams demonstrate the long-term evolution of the

coefficient of friction. However, after each alternation of

the sliding direction a short-term transition may occur due

to e.g. a reorientation of the surface asperities. This phe-

nomenon was mostly pronounced for PA 6 while for other

Fig. 2 Pin imprint on pressure

sensitive paper for a case of bad

(left) and good (right) alignment

between the pin and the disc

Table 1 Description and abbreviated names of the tested materials

Symbol Description

PET Polyethylene terephthalate

PA 6 Polyamide 6

PA 66? Polyamide 6.6 with glass fibres and

molybdenum disulphide

FCF Fine fibre composite with aramid

FCC Coarse fibre composite
Fig. 3 Running-in of thermoplastics without lubrication
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materials like e.g. for the FCF one it could not be observed

at all. Figure 5 shows the unfiltered coefficient of friction

measurement during the steady-state phase for PA 6 and

FCF. The light and dark background of the diagram illus-

trates the different sliding directions. It is evident that in

the case of PA 6 the coefficient of friction increases sig-

nificantly after each direction change.

Figure 6 shows the variation of the average coefficient

of friction for all five materials over the tested pressure

range. It seems that the measured coefficient of friction for

all three thermoplastics is quite unaffected by the pressure

level. Especially the PET thermoplastic exhibits a com-

pletely constant coefficient of friction over the whole

pressure range. The measured coefficient of both fibre

composites exhibits the same negative tendency with

increasing pressure. The corresponding running-in and

pressure variation measurements with the presence of

grease lubricant are illustrated in Figs. 7, 8 and 9.

With lubrication, after the running-in phase all three

thermoplastics exhibited similar coefficients of friction

between 0.12 and 0.15. The glass fibre reinforced

polyamide PA 66? had a tendency to higher friction values

than the other two thermoplastics. Concerning the two fibre

composites, the finer one behaved similar to the thermo-

plastics, while the coarse fibre composite FCC demon-

strated a significantly lower coefficient of friction around

0.09.

Fig. 4 Running-in of fibre composites without lubrication

Fig. 5 Steady-state coefficient of friction measurement for PA 6 and

FCF at the pressure of 6 MPa

Fig. 6 Impact of the nominal contact pressure on the average

coefficient of friction without lubrication

Fig. 7 Running-in of thermoplastics with grease lubrication

Fig. 8 Running-in of fibre composites with grease lubrication

194 Tribol Lett (2013) 51:191–198
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4 Discussion

In both dry and lubricated tests the observed coefficient of

friction increases during the running-in period. In the

lubricated case this increase is mainly due to the transition

from mixed to boundary lubrication, as the quantity of the

grease on the track is reduced to a minimum. However, the

increasing coefficient of friction during the dry running-in

occurs due to less evident phenomena.

Formation of transfer layers is the first phenomenon to be

mentioned [2, 3]. Either material from the pin can adhere to

the disc surface or particles from the disc like e.g. iron oxides

can adhere to the pin surface. In this way the increased

affinity between the two contacting surfaces normally yields

to an increase of the interfacial shear strength.

Changes in the topography of the contacting surfaces

during the running-in period can be mentioned as the

second factor that contributes to the increasing coefficient

of friction. Through the wear process the surfaces tend to

become more conformal than initially. This may give rise

to a higher real contact area between the two surfaces and

an increased coefficient of friction.

All results presented in the previous section are related

to the nominal pressure P that is an average pressure over

the apparent contact area Aa corresponding to the pin

diameter of 10 mm. More relevant for the understanding of

Fig. 9 Impact of the nominal contact pressure on the average

coefficient of friction with grease lubrication

Fig. 10 Images of the pin

surfaces for PET (top), PA 6

(middle) and PA 66? (bottom)

after dry and lubricated testing

(left and right column,

respectively). Dimensions:

2.84 9 2.15 mm
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the tribological system is, however, the local pressure

p which is distributed over the real contact area Ar. The real

contact area is load dependent and much smaller than Aa.

The macroscopically observed Amonton’s first hypothesis

about a pressure independent coefficient of friction can be

explained only through consideration of the real contact

area [4, 5]. Studying less ideal cases like the pressure

dependent coefficients of friction shown in Figs. 6 and 9

requires consideration of the real contact area Ar as well.

Even if at macroscopical level the coefficient of friction

is either independent or weakly dependent on the nominal

pressure, microscopically the constitutive law for the

interfacial shear may not be proportional to the normal

stress. The following constitutive equation can be used for

approximating the shear strength of the interface, [6]:

s ¼ s0 þ c:p ð1Þ
In this equation s0 is a constant interfacial shear stress

related to adhesion and c is a proportionality constant for

the pressure dependent term.

The normal force FN in the contact can be defined as the

integral of the local pressure p over the real contact area Ar

and the friction force FT as the integral of the shear stress s.
By integration of Eq. 1 follows:

FT ¼ s0Ar þ cFN ð2Þ
and the coefficient of friction can consequently be

expressed as:

l ¼ s0Ar=FN þ c ð3Þ
Eq. 3 reveals the importance of the real contact area Ar

for the observed coefficient of friction l. During the

running-in process, due to changes in the topographies of

the contacting surfaces, Ar increases for constant FN,

causing the coefficient of friction to increase as well.

Formation of transfer layers may additionally provoke

changes in the constitutive law constants s0 and c [3].

The variation of the nominal contact pressure in Figs. 6

and 9 corresponds to variation of FN in Eq. 3. The coef-

ficient of friction l will remain constant only if the real

contact area Ar increases proportionally to FN or if s0 is

negligible (in comparison to the local pressure p). In most

practical cases, s0 cannot be neglected and, therefore, it is

important to study the relation between Ar and FN. A

constant ratio Ar=FN means that the average local pressure

in the real contact area remains constant with changing

normal load. This is the case for both the model of Bowden

and Tabor [4] that assumes fully plastic deformation and

approximately also for the fully elastic models of Archard

[7] and Greenwood and Williamson [5]. In the more gen-

eral case, Ar and FN are not proportional and their ratio

depends on the elastic properties of the contacting bodies

and their surface topographies.

The lower friction levels observed under boundary

lubrication conditions are attributed to the impact of the

lubricant film on the constants s0 and c in Eq. 1. However,

changes of these two constants are not sufficient for

explaining the increased or reduced dependence of the

coefficient of friction on the pressure level that is observed

with the addition of lubricant. In comparison to Fig. 6, the

coefficient of friction dependence on the pressure in Fig. 9

becomes stronger for some materials (e.g. PET, PA 6) and

weaker for others (e.g. FCA). A less evident factor

Fig. 11 Images of the pin

surfaces for FCF (top) and FCC

(bottom) after dry and lubricated

testing (left and right column,

respectively). Dimensions:

2.84 9 2.15 mm
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affecting the slope of the coefficient of friction curves in

these figures is the impact of lubrication on the surface

topography. The different wear mechanisms under lubri-

cated conditions yield to different surface topographies in

comparison to the dry case. The modified surface topog-

raphy affects the evolution of the ratio Ar=FN in Eq. 3.

Figure 10 shows optical microscope pictures of the three

thermoplastic pin surfaces after dry and lubricated runs.

Figure 11 contains similar pictures for the two fibre com-

posites. From the different wear traces that are visible on

the pictures corresponding to PA 6 and the fibre composites

one can recognize how the presence of lubricant can yield

to significantly different surface topographies.

Figure 12 shows the surface topographies obtained with

a focus variation optical system for the three thermoplastics

after the dry testing. In the first two cases, it is easy to

recognize a characteristic wavelength in the vertical

direction which corresponds to the turning marks of the

steel counter surface. The surface topography for PA

66? is quite different, covered by relatively flat patches

with a characteristic dimension of approximately 0.5 mm.

Hence, the wear process of relatively homogeneous mate-

rials like PET and PA 6 results in a surface similar to the

surface of the counter material. Formation of patches of

compacted debris in the vicinity of hard inclusions is a

characteristic of reinforced materials like PA 66?.

5 Conclusions and Future Work

Friction materials from two very dissimilar material cate-

gories were tested under conditions that are relevant for

holding brake applications. Some of the practical conclu-

sions that could be drawn are listed below:

• The measured coefficient of friction for all tested

thermoplastics appeared to be independent from the

nominal pressure under dry conditions.

• The coefficient of friction for fibre composites dropped

significantly with increasing nominal pressure under

dry conditions.

• With grease lubrication in all cases except one the

coefficient of friction dropped with increasing pressure.

• For the design of holding brake applications with

friction materials similar to the ones tested here, a

coefficient of friction of 0.15 should be considered as

an absolute maximum in case that grease reaches the

contact surfaces even occasionally.

• Under dry conditions, thermoplastics like PA6 and fibre

composites like FCC can offer high coefficient of

friction close to values typically met in organic and

sintered brake pads used in normal brake applications.

However, wear and noise behaviour should also be

considered.

In this work, some interesting cases concerning the

coefficient of friction dependence on pressure were iden-

tified. In order to verify the corresponding assumptions and

the qualitative explanations presented in this work the

following tasks are proposed for future work:

• The wear process and its impact on the evolution of the

friction force could be investigated. Due to expected

variations of the material composition, multiple test

repetitions will be necessary in order to provide

statistically reliable quantitative conclusions.

• The relation between the normal load and the real

contact area could be studied numerically in order to

permit a quantitative comparison between the theoret-

ical friction models and the experimental results.

Fig. 12 Surface topographies for thermoplastics after dry testing,

PET (top), PA 6 (middle) and PA 66? (bottom). Dimensions:

1.43 9 1.09 mm
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• An experimental method for estimating the real contact

area either in situ or through analysis of the worn

surface topographies would contribute significantly to a

more quantitative explanation of the discussed phe-

nomena here.
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a b s t r a c t

Due to the rough nature of real mechanical surfaces, the contact between elastic bodies occurs at

several size-scales. Statistical and fractal contact models can take a wide range of roughness

wavelengths into account, without additional computational cost. However, deterministic models are

more straightforward to understand and easier to extend to more complex cases like contacting bodies

that demonstrate elasto-plastic behavior. This paper presents a finite-element model for studying the

frictionless contact between nominally flat rough surfaces. Apart from a description of the model

implementation, results from a series of calculations corresponding to theoretical and real life

applications are included. Numerically generated surface topographies but also roughness measure-

ments from a stylus instrument are used as input for the model. Elastic and perfectly elastic–plastic

materials are included in the examples. Among the presented results one can find the distribution of

the contact pressure at the interface and diagrams of the real area of contact as a function of the

nominal contact pressure.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Problems in contact mechanics can be roughly classified into
two categories. The ones that refer to non-conformal contacting
surfaces and those that treat the contact between macroscopically
conformal surfaces. The latter case can often be reduced to a
contact between rough but nominally flat surfaces. This kind of
problem has many real life applications involving friction, wear
and electrical or thermal conduction and was extensively studied
since the classical works of Bowden and Tabor [1], Archard [2]
and Greenwood and Williamson [3].

The real area of contact was very early identified as a key
parameter in understanding and quantifying the phenomena that
occur in the contact between conformal rough surfaces. For this
reason a big number of either statistical or deterministic models
were suggested for the calculation of the real area of contact and
possibly the corresponding pressure distribution across and
within a large number of contact spots. Statistical and fractal
models work with surface parameters while deterministic models
require a representative surface sample in the form of a topo-
graphy matrix that is either measured or numerically generated.

Most of the fundamental questions that modern models for
contact between rough surfaces are expected to solve in a

quantitative manner, are already discussed in the three classical
papers cited above. The role of the real contact area in the
calculation of an approximately load independent coefficient of
friction is highlighted in [1]. Moreover, even if that work over-
estimated the importance of plastic deformation in the asperities
contact, plastic deformation is still a parameter which modern
models often need to take into account in order to represent
reality precisely. Archard in [2] states the importance of the
surface topography in predicting a nearby linear relation between
the normal load and the real contact area even under purely
elastic deformations. For approximating such a relation he resorts
to a multi-scale consideration of the surface roughness, in a way
similar to modern fractal models. Finally Greenwood and Wil-
liamson show in [3] that an approximately linear relation
between the real contact area and the normal load can be
demonstrated even in a single size-scale consideration if a
realistic statistical distribution of the asperities heights is taken
into account. Ever since, this is recognized as the major effect in
predicting how the real area of contact grows with the load.

More recent rough surface contact models consist to a large
extent in refinements of the Greenwood and Williamson model,
mainly in the directions of including inter-asperity interactions,
variable asperity curvature and plasticity, see e.g. [4] and [5].
Models that intend to include multiple size-scales normally
deviate from the Greenwood and Williamson approach. Typical
examples are the fractal model proposed by Majumdar and
Bhushan in [6] and the one introduced by Persson in [7].
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With respect to deterministic contact models, most of them
are based on either an elastic half-space or a finite-element
formulation, see e.g. [8,9] and [10,11], respectively. The present
work includes implementation details and applications of a finite-
element based model, that is capable of calculating the deforma-
tions, the contact pressure distribution and the real contact area
between flat rough surfaces of two elasto-plastic bodies that are
in contact under normal loading.

2. Methods

2.1. Continuous problem formulation

In continuum mechanics, the deformations u1 and u2 of two
elastic bodies identified through the indices i¼1 and 2 can be
studied by considering the following equations:

rsiðuiÞþ f i ¼ 0 ð1Þ

siðuiÞ ¼AiEiðuiÞ ð2Þ
in the corresponding domains Oi shown as an e.g. in Fig. 1.

With s denoting the three by three stress tensor, Eq. (1)
expresses the forces equilibrium in the bulk material under field
forces f and Eq. (2) represents a constitutive law for elastic
deformations with A and E corresponding to the elasticity and
the linearized strain tensors, respectively.

Additionally, homogeneous Dirichlet conditions on the bound-
aries GD,i and surface normal forces ti on the boundaries GN,i can
be expressed through the following equations, respectively:

ui ¼ 0 on GD,i ð3Þ

sN,i ¼ ti on GN,i ð4Þ
with the stress component sN,i in direction ni normal to the body
surface, defined as

sN,iðuiÞ ¼ siðuiÞni ð5Þ
For studying the contact interaction between the two elastic

bodies, the non-penetration condition can be described on a
portion GC,1 of the surface of the first body by using the so-
called Karush–Kuhn–Tucker conditions,

sN,1ðu1Þr0 on GC,1 ð6Þ

gNðu1,u2ÞZ0 on GC,1 ð7Þ

gNðu1,u2ÞsN,1ðu1Þ ¼ 0 on GC,1 ð8Þ
with the normal gap gN between the bodies, defined as

gNðu1,u2Þ ¼ gN0�ðu1�P1ðu2ÞÞn1 ð9Þ

The variable gN0 corresponds to the initial gap between the
unloaded bodies and P1 represents a projection operation on the
surface of the first body. In the case of Eq. (9) the projected
quantity is the displacement field u2.

Eq. (6) enforces that only compressive stresses can be exerted
between the contacting bodies and Eq. (7) enforces the actual
non-penetration condition. Finally, Eq. (8) expresses that at a
specific point either contact will occur or the contact pressure will
be zero. A more detailed description of the fundamental problem
formulation can be found in [12].

2.2. Finite-element discretization

For geometrically complex contacting bodies, the problem stated
in the previous section cannot be solved analytically and is typically
discretized by using the finite-element method. In the case of a
nominally flat rough surface and for relatively small roughness
asperity slopes the complexity of the geometry cannot justify
resorting to a finite-element model, half-space models can solve this
problem in a more efficient way, see e.g. [9]. However, if the effect of
asperity slopes has to be taken into account or if the bulk material is
expected to deform plastically, the finite-element method provides a
very straightforward approach in solving this problem.

Two further steps that are typically required before the actual
discretization are the conversion of the problem statement into
the corresponding weak formulation and the introduction of
Lagrange multipliers in Eqs. (6)–(8). Both these steps are
described in detail in [13] and [14]. With respect to the discre-
tization of the contact conditions, the latter paper describes two
possible approaches, a nodal one that enforces Eqs. (6)–(8) at each
finite-element node and an integral one that enforces the condi-
tion in an average sense over the contacting face of each finite-
element. In the present work the integral approach is used.

The final form of this problem after its conversion into a series
of linear steps according to the Generalized-Newton-Method
algorithm presented in [13] is described below,
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with the index k corresponding to the current step of the iterative
solving process.

The factor a for calculating the next iteration step is deter-
mined by performing a line search operation. For linear elastic
bulk materials the stiffness sub-matrices Ki are actually indepen-
dent of the iteration index k. However, for elasto-plastic materials
they have to be recalculated at every iteration and can be
expressed as KiðuiÞ. Sub-matrices CN,i are constant and sub-
matrices BN,i and D change as the contact area changes during
the numerical iterations and can actually be written as
BN,iðu1,u2,lNÞ and Dðu1,u2,lNÞ. The right-hand-side terms of Eq.
(10) are also functions of u1, u2 and lN .

All components that were described in this subsection are
available in the public domain finite-element library GetFemþþ1

that was utilized for the implementation of the present model.

Fig. 1. Deformable bodies in contact. 1 http://download.gna.org/getfem/html/homepage/

K. Poulios, P. Klit / Wear 303 (2013) 1–82



2.3. Mesh generation

Fig. 2 shows the mesh discretization used in the model consisting
of two rectangular parallelepiped blocks corresponding to the two
contacting bodies. Each block is discretized using 8-node hexahedral
elements and is divided in layers of different mesh size. Instead of
using transition elements, the continuity between the non-matching
meshes of neighbouring layers is enforced by applying additional
constraints using Lagrange multipliers defined on the finite-element
nodes of the finest of the neighbouring layers. More details and
examples about this technique for connecting non-matching meshes
can be found in [15].

The parameters describing the mesh of each block consist of
the block dimensions lx, ly, lz, the number of elements in z-
direction per layer, nz and the mesh sizes dx, dy and dz at the
finest mesh layer. The mesh size in the other layers is determined
by a coarsening factor as close to the value of two as possible and
the number of layers is such that the prescribed block height lz is
fulfilled.

For each block, the roughness topography of the contacting
surface is read as a matrix stored in a file and is applied to the
nodes of the finest mesh layer as displacements in the z-direction
weighted by a factor of one for the nodes on the surface and
decreasing to zero for the nodes at the interface with the second
mesh layer.

2.4. Boundary conditions

All results presented later in this paper correspond to a normal
loading between the upper and the lower blocks. This condition is
achieved by fixing the z displacement of all nodes on the bottom
surface of the lower block and loading the top surface of the upper
block with a uniform load in z-direction. The movement in x and y-
directions for both the bottom surface of the lower block and the top
surface of the upper block is restricted in an average sense, this
means that the individual nodes are free to move in these directions
but the average movement over each surface is zero.

The blocks shown in Fig. 2 correspond to only a small, possibly
representative, portion of the two bodies in contact. In order to
take this into account and assuming that macroscopically the
contact pressure distribution is uniform, periodicity conditions

are introduced to the model. The lateral block surfaces in the
positive and negative x-directions are connected together and this
is also the case for the other two lateral surfaces perpendicular to
the y-direction. The connection is implemented through elimina-
tion of finite-element nodes. The DOFs corresponding to one of
the connected surfaces are removed and replaced by the corre-
sponding DOFs of the opposite surface. The resulting model
should ultimately be interpreted as a rectangular array of infinite
blocks like the ones shown in Fig. 2 extending in x and y-
directions.

2.5. Material properties

Two different material laws, that were already implemented in
the GetFemþþ library, are supported by the present model. Ideally
elastic isotropic materials, expressed by Eq. (2), and perfectly
elastic–plastic materials can be taken into account.

Plastic deformation can be considered only in the context of a
time dependent process, where the previous time or load step
provides the current deformations and stresses, u0 and s0, respec-
tively, as a reference. In this case, a hypothetical elastic relationship
between the deformations and stresses can be expressed in incre-
mental sense with respect to the current state as

~sðuÞ ¼ s0þAðEðuÞ�Eðu0ÞÞ ð12Þ
Eq. (12) is equivalent to Eq. (2) with the body index i omitted

for the sake of simplicity. According to the closest-point projec-
tion method described in [16, Chapter 10.7], plastic behavior of a
material can be taken into account by projecting the hypothetical
elastic stresses ~s to the space of admissible stresses. By introdu-
cing the yield limit sy with respect to the Von Mises yield
criterion, the constitutive law for a perfectly elastic–plastic
material behavior can be expressed based on Eq. (12), as

sðuÞ ¼
~s, for ~svmrsy

~smþ sy

~svm
� ~sd for ~svm4sy

(
ð13Þ

whereby, the hydrostatic and deviatoric stress tensors, ~sm and ~sd,
are defined, respectively as following:

~sm ¼ ~s11þ ~s22þ ~s33

3
� I ð14Þ

Fig. 2. Finite-element mesh.
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~sd ¼ ~s� ~sm ð15Þ
and the scalar function representing the Von Mises stresses can be
defined using the euclidean norm of ~sd,

~svm ¼
ffiffiffiffiffiffiffiffiffi
3=2

p
� 9 ~sd9 ð16Þ

Considering the incremental nature of plasticity phenomena, if
at least one of the contacting bodies is expected to deform
plastically, the corresponding Eq. (2) is replaced by Eq. (13) and
a series of quasi-static load steps, beginning from the unloaded
state, has to be simulated.

It should be noted that both the elastic and the elasto-plastic
material laws, that were included in the present model, are based
on the assumption of geometric linearity that is valid only for
small deformations.

2.6. Performance

As described in Section 2.4, each of the blocks shown in Fig. 2
can be interpreted as part of a periodic space that consists of
infinite repetitions of the considered block in form of a rectan-
gular array. In order for the model to represent reality adequately,
the dimensions lx and ly of each block must be higher than the
longest wavelength of interest that is pronounced on the corre-
sponding real surface. In case that this wavelength can be
identified as a deterministic pattern on the surface, the corre-
sponding block dimension has to be an exact multiple of it.
Additionally, the mesh discretization sizes dx and dy should be
lower than the shortest wavelength of interest on the correspond-
ing real surfaces and directions. For this reason, a very high
number of elements nx ¼ lx=dx and ny ¼ ly=dy is necessary in order
to cover a range of roughness wavelengths as wide as possible.
Therefore, the model size in terms of DOFs and the corresponding
computational cost are considerably high.

The following measures were taken in order to reduce the
computational cost:

� Use variable mesh size in the depth direction in order to
reduce the complexity of the problem.

� Reduce the number of Newton–Raphson iterations by using
robust contact algorithms like the one mentioned in Section
2.2.

Additionally, the computational time was reduced by resorting
to parallel computing:

� Carry out the assembly of the tangent matrix and the right
hand side of Eq. (10) on multiple cpu-cores in parallel.

� Use multiple cpu-cores for the solution of the linear system
(10) in each iteration step by utilizing a parallel solver like
MUMPS [17] and [18] in our case.

3. Results and discussion

In this section a series of examples are presented in order to
compare the implemented model with the Greenwood and
Williamson theory, to show its utility for real life applications
and to give an impression about the computational performance
that can be achieved utilizing publicly available numerical tools.

3.1. Comparison with Greenwood and Williamson

In order to compare to the Greenwood and Williamson theory
[3], surface topographies that fulfil the corresponding assump-
tions were generated numerically. Fig. 3 illustrates the sum
topography of the contacting surfaces for the four examples
presented in this section and Fig. 4 shows the individual topo-
graphies corresponding to the upper and lower contacting sur-
faces for examples 3 and 4. In all cases the dimensions of the
surface samples are lx¼1.8 by ly ¼ 1:8 mm, and the surfaces
include 81 spherical bumps of constant radius.

In the first two examples, one of the contacting surfaces is
rigid and flat, whereas the other contacting surface is provided
with bumps of radius equal to 1 mm arranged in a rectangular
array. The discretization length is dx¼ dy¼ 0:02 mm for the first
example and dx¼ dy¼ 0:01 mm for the second one. Apart from
the different mesh size, examples 1 and 2 are identical. The
heights of the spherical bumps were generated randomly accord-
ing to a normal distribution with standard deviation of 0:7 mm.
The bulk material is considered isotropic and ideally elastic
corresponding to steel against steel and with the Young’s mod-
ulus E¼ 1:05 � 105 N=mm2 and Poisson’s ratio n¼ 0:3 representing
an equivalent elastic body in contact with a rigid body.

The third example takes two elastic bodies into account with
E¼ 2:1 � 105 N=mm2 and n¼ 0:3, provided with spherical bumps
like in the first two examples but with radius equal to 2 mm and
height standard deviations of 0:43 mm and 0:55 mm for the upper
and the lower contacting surfaces, respectively. In this way the
equivalent radius for the contact between two bumps is equal to
1 mm and the standard deviation of the sum of the two surfaces
will correspond to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:432þ0:552

p
� 0:7 mm. This choice makes

this example statistically equivalent to the first two ones.

Fig. 3. Combined surface topographies used in examples 1–4. (a) cases 1 and 2, (b) sum for case 3 and (c) sum for case 4.
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The fourth example has similar characteristics to the third one.
The same material parameters, bump radius and bump height
distribution samples were utilized, however the locations of the
surface bumps between the two surfaces do not match each
other. They are generated by a random function following the
uniform distribution with the additional constraint that the
overlap with any pre-existing bump will not exceed 40% of the
bump meniscus radius.

The simulation results for examples 1–4, corresponding to
applied nominal pressures of 3, 6, 12, 18, y up to 48 MPa, are
summarized in Fig. 5. In all cases the calculated real area of
contact increases almost proportionally with the applied nominal
pressure. For a perfectly linear relationship the mean pressure,
defined as the total normal load divided by the real contact area,
would remain constant. However, the right graph in Fig. 5 shows
that there is a small increasing tendency in the mean pressure for
increasing nominal pressure.

A comparison of the real contact area and mean pressure
curves between examples 1 and 2 shows that the relatively coarse
mesh used in the first example can give results that do not deviate
more than 5% from the ones with a twice as fine mesh size. This
justifies the use of the same discretization length also in examples
3 and 4 and gives an impression about the expected accuracy for
these calculations as well.

The diagrams in Fig. 5 also include the real contact area and
the mean pressure calculated according to the Greenwood and
Williamson theory. The match with the numerical results, espe-
cially for the fine mesh of example 2, is relatively good. The real
contact area calculated by the finite-element model seems to be
in general lower than the one predicted by the theoretical model.
It should be noted, however, that the limitation of the Greenwood
and Williamson theory of not accounting for the interaction

between the roughness asperities is, by the nature of the finite-
element model, not possible to reproduce. Nevertheless, at least
for examples 1–3, the provided distance between neighbouring
bumps indicates that for moderate loads the interaction between
them is limited.

3.2. Polymer against steel

Examples 5–8 refer to surface topographies that were mea-
sured on real specimens and are illustrated in Fig. 6. The upper
topography on each graph corresponds to the surface of a
polyethylene-terephthalate polymer pin used in a pin-on-disc
test-rig [19], whereas the lower one represents the corresponding
steel disc surface. The left graph illustrates the initial contacting
surfaces and the right one shows the measured contacting
surfaces after 40 m of sliding under nominal pressure of 6 MPa.
In all cases, the dimensions of the surface samples are lx¼0.53 by
ly ¼ 0:47 mm and the direction of sliding between the pin and the
disc is parallel to the y-axis. On the initial pin surface turning
marks from the machining can be distinguished whereas the final
surface seems to have adopted a topography that matches the
steel disc surface.

Examples 5 and 6 corresponding to the initial and final surface,
topographies respectively, were calculated including the plastic
deformation of the pin material. The properties of the purely
elastic disc material were E¼ 2:1 � 105 N=mm2 and n¼ 0:3,
whereas the pin bulk material was assumed to exhibit a perfectly
elastic–plastic behavior with E¼ 3:5 � 103 N=mm2, n¼ 0:43 and
yield strength limit sy ¼ 75 N=mm2.

Examples 7 and 8 represent the same conditions like cases
5 and 6, respectively, with the only modification of removing the
yield strength limit and considering the polymer perfectly elastic.

Fig. 5. Calculated real contact area (a) and mean contact pressure (b) for examples 1–4.

Fig. 4. Individual surface topographies used in examples 3 and 4. (a) case 3, upper, (b) case 3, lower, (c) case 4, upper and (d) case 4, lower.

K. Poulios, P. Klit / Wear 303 (2013) 1–8 5



This is an academic case serving as a reference for demonstrating
the effect of plastic deformation on the real contact area and the
solving performance of the model.

The loading conditions for examples 5 and 6 include an
increase of the normal load in steps corresponding to nominal
pressures of 3, 6, 12, 18 and 24 MPa and a consequent decrease
following the same steps in reverse order. Examples 7 and
8 include exclusively elastic materials, hence the decreasing load
phase was omitted as it was expected to give identical results as
the increasing load phase. Fig. 7 shows the relationship between
the applied nominal pressure and the calculated real area of
contact on the upper diagrams and the mean contact pressure on
the lower diagrams. The diagrams on the left and the right side of
the figure refer to the initial and final surface topographies,
respectively.

One can observe that during the unloading phase of examples
5 and 6 the real area of contact is higher than during loading and
consequently the mean contact pressure is lower. The difference
between the loading and the unloading branch of the curves
indicates the extend of permanent deformations due to plasticity

and it is higher in the case of the initial pin surface (see example
5) than for the final one (see example 6). According to [20], that
studies the impact of plastic deformation on the contact area ratio
during the unloading phase, the span between the loading and the
unloading branch increases with increasing plasticity index c. It
is difficult to define a plasticity index for examples 5 and
6 because the corresponding surfaces do not fulfil the assump-
tions of [3]. However the transition from the surfaces in
Fig. 6(a) to the more conformal ones in Fig. 6(b) corresponds to
a reduced peak curvature radius and consequently to a lower
plasticity index.

Examples 7 and 8 show that by neglecting the plastic defor-
mation of the polymer the calculated real area of contact is
reduced and the mean contact pressure becomes higher. The
difference with respect to examples 5 and 6, respectively, is
another indicator of the extent of plastic deformation and it is
clearly higher in the case of the initial pin surface (compare
examples 5 and 7).

An interesting observation can be extracted from graph (b) of
Fig. 7 which shows that during the loading phase no plastic

Fig. 7. Calculated real contact area (a) and (b) and mean contact pressure (c) and (d) for examples 5–8.

Fig. 6. Surface topographies used in examples 5–8. (a) cases 5 and 7 and (b) cases 6 and 8.
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deformation occurs up to a nominal pressure level of 6 MPa. The
two curves that were calculated with elastic and elasto-plastic
conditions, respectively, coincide up to this pressure. This is in
accordance with the testing conditions of the pin in the real set-
up. Since the pin was loaded with a nominal pressure of 6 MPa,
any plastic deformation that would occur under this load has
already occurred during the running-in of the pin within the
sliding distance of 40 m. The pin topography shown in
Fig. 6(b) should already include this permanent deformation, so
that no further plastic deformation is expected without a further
increase of the load.

Fig. 8 shows the distribution of the contact pressure over the
disc surface for the contact with the original pin under the
maximum nominal pressure of 24 MPa. The corresponding mean
contact pressure that can be read from Fig. 7(c) is around
325 MPa.

3.3. Performance

Table 1 summarizes the sizes of the calculated examples in
terms of DOFs, the calculation times, the average number of
Newton–Raphson iterations per load-step and the peak memory
usage for each calculation. All calculation times in the table are
wall-clock times for parallel runs on 10 cpu-cores. These results
should not be considered as accurate benchmarking data but they
can serve as indicative values for the overall performance of the
model as well as for a rough comparison between the different
cases presented above.

Concerning the number of DOFs listed in the table, it should be
noted that the major part of the model DOFs describes the
displacements field in the contacting blocks. A smaller portion
corresponds to Lagrange multipliers that are necessary for

describing the contact condition, the continuity between the
different mesh layers and the enforcement of the Dirichlet
boundary condition at the bottom of the lower block.

A comparison between the first two examples shows that a
mesh refinement by a factor of two causes an increase in the
number of DOFs by a factor of approximately four. Because of the
variable mesh size in the depth direction the total number of
DOFs depends on the second instead of the third power of the
refinement factor. Nevertheless, the impact of the increased
number of DOFs on the computational time is high.

For examples 7 and 8 to be comparable with examples 5 and
6 in terms of performance, the data contained in Table 1 include
the decreasing load phase also for these purely elastic cases even
if the results are identical with the same load steps during the
increasing load phase. It seems that including plasticity for one of
the two contacting bodies increases the computation time by a
factor around 2.5. This change should be attributed to the similar
increase in the number of Newton–Raphson iteration per load
step and not to the higher computational cost of the stiffness
matrix assembly in each iteration as one may expect.

3.4. Multi-scale

Considering the above listed model sizes and calculation times
it becomes evident that in order to model bigger surface samples
while maintaining very short wavelength components of the
surface roughness, several millions of DOFs may be necessary,
making the memory requirements and the calculation times
increase considerably.

A different approach to this problem would be the implemen-
tation of a multi-scale model. The interaction between the
asperities in longer wavelengths could be taken into account in
a coarse mesh while the asperities in contact could be calculated
individually with a finer mesh that takes shorter wavelengths into
account. The here presented model could be utilized as a funda-
mental building element for the implementation of such a multi-
scale reduced model, similar to the one presented in [21].

4. Conclusions and future work

In this paper the theoretical foundation and some implemen-
tation details of a finite-element model for the frictionless contact
between nominally flat rough surfaces were presented. A series of
calculation examples have shown that a model based on publicly
available numerical libraries can achieve decent performance and
provide sensible and useful results.

The first part of the calculated examples aimed to compare the
model with the Greenwood and Williamson theory. The results
demonstrated a relatively good agreement with the theory. The
real area of contact increases approximately proportional with
the applied load while the mean contact pressure increases only
slightly.

In the second part of the calculated examples, real surface
topographies and an elasto-plastic material behavior were con-
sidered. The corresponding results seem to be coherent. The
extent of plastic deformation is higher for less conformal con-
tacting surfaces. Moreover, the model predicted correctly that
loads higher than the ones applied during the operation of the
real surfaces are necessary in order to cause further plastic
deformation to the measured after the operation surfaces. It
was also shown that for the specific materials pair studied in
these examples, neglecting plasticity would have a significant
influence on the calculated area of contact and mean contact
pressure.

Fig. 8. Contact pressure distribution on the disc surface for example 5 at 24 MPa.

Table 1
Summary of model size, calculation time, Newton–Raphson iterations and

memory usage.

Example DOFs Calculation

wall-clock time

Iterations per

load step

Peak memory

usage (GB)

1 138,096 1 h 24 min 3.8 0.85

2 551,376 29 h 42 min 6.3 3.67

3 267,936 2 h 25 min 3.2 2.58

4 2 h 40 min 3.2 2.60

5 426,976 12 h 47 min 10.9 4.52

6 11 h 17 min 7.4 3.80

7 5 h 20 min 3.1 3.75

8 4 h 28 min 2.8 3.67
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As a future work, the presented model is intended to be
extended by including friction in form of shear stresses between
the contacting surfaces and by implementing a multi-scale
calculation scheme. A further interesting application of the pre-
sented model would be to study the changes in the asperity
heights distribution on unloaded surfaces that contain plastically
deformed asperities.
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Abstract

This paper refers to testing of friction materials for holding brakes. In contrast to the
more typical case of high energy brakes, holding brakes operate usually in a reciprocat-
ing sense, at very low sliding speeds and allow significantly higher clamping pressures.
The design of a reciprocating pin-on-plate test-rig for studying the evolution of wear by
monitoring the pin height reduction using Eddy-current proximity sensors, is presented.
Moreover, a new mechanism for recording the friction force is suggested. Apart from the
design of the test-rig, friction force and wear rate measurements for two different friction
materials running against an unhardened steel surface are presented as a usage case.
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1. Introduction

Holding brake applications are generally not as extensively studied as typical high
energy brake applications. Their particularities compared to high energy brakes include
low sliding speeds, high clamping pressures, bidirectional motion and low temperatures.
Theoretically, holding brake materials should experience relative sliding only in com-
pletely released state and thus exhibit insignificant wear. In praxis however, it is not
uncommon that during sliding, significant normal load is present, e.g. either because the
brake is not supposed to be released completely or because it is designed to be function-
ing as sliding bearing at the same time. Typical holding brake applications are e.g. the
yaw system brakes in cranes and wind turbines.

The clamping force in holding brakes can be either passive, generated through preloaded
springs or active, generated through hydraulic or pneumatic actuators. Especially in the
first case, the wear of the friction materials is a very important parameter to take into
account for a proper operation of the equipment in long term. But wear is also important
for active holding brakes, in cases where very long lifetime and maintenance intervals are
required.
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Friction material candidates for holding brake applications include paper like or woven
fiber composites but also thermoplastics either in pure form or reinforced with short
fibers, e.g. glass, aramid and carbon fibers. Available friction and wear-rate data for
such friction materials usually refer to relatively low pressure ranges and relatively high
sliding velocities, typical for sliding bearing applications, see e.g. [1]. Regarding holding
brakes, a sliding speed range between 1 and 50 mm/sec can be considered as indicative,
while the clamping pressure can vary from 2 MPa to more than 20 MPa.

Such operational conditions can be reproduced in both pin-on-disc and pin-on-plate
test-rigs, see Sec. 9.2.8 and 9.2.11 of [2]. Pin-on-plate test-rigs are inherently reciprocating
while pin-on-disc test-rigs can be set up to operate also in reciprocating sense, like in [3].

In literature, different methods for quantifying wear in pin-on-disc and pin-on-plate
testing are suggested. ASTM standards [4] and [5] as well as Appendix B, Sec. 3 of [6],
provide a more detailed discussion on the different possibilities for wear measurements
during and after the testing. After the test, measuring weight loss and dimensional
changes can provide information about pin wear, while profilometric measurements can
indicate wear on the disc or plate. During the test, the so called wear displacement, i.e.
the displacement of the pin with respect to the counter surface, can be monitored. For
this purpose, the above mentioned ASTM standards suggest using a linear displacement
sensor that records the vertical displacement of the loading arm with respect to the test-
rig frame. The present paper suggests a slightly improved implementation of monitoring
the wear displacement utilizing Eddy-current proximity sensors [7], mounted very close
to the pin sample.

An important aspect in both pin-on-disc and pin-on-plate testing is the form of the
pin end. Usually pins with spherical or tapered ending are recommended, like e.g. in
[4] and [5], but other forms including flat ended pins are also possible and discussed in
more detail in Sec. 9.2.8 of [2]. The main advantage of using spherical pins is that a very
high contact pressure can be achieved through a moderate normal force. However, the
contact pressure is not even approximately constant and its actual distribution depends
on the wear process. Moreover, as wear progresses the contact area grows resulting to
a decreasing average pressure. Flat ended pins do not exhibit these drawbacks, however
they may suffer from high edge loads when the pin material is stiffer than the counter
surface material or when material pairs of similar stiffness are tested. Edge loads do not
represent an issue for testing typical friction materials for holding brakes against a steel
surface because these materials are normally considerably more compliant than steel.

With respect to the measurement of the friction force, there are basically two possi-
bilities. One is to record the reaction forces on the pin side and the second option is to
record the reaction forces or moments on the plate or disc side, Sec. 4.2 of [8]. Utilizing
strain gauges or commercial force transducers for measuring these forces is a very com-
mon approach, Sec. 8.6 of [2] and Appendix B, Sec. 3 of [6]. The present paper suggests
a new mechanism for recording the reaction of the friction force on the loading arm, the
pin is mounted on, utilizing common tensile/compressive force transducers (load-cells).

The normal force applied to the pin can be exerted either by hydraulic actuators or
a dead weight and possibly through a lever arm, Appendix B, Sec. 1 of [6]. The normal
force can also be monitored through a force transducer or it may be assumed as known
if it was appropriately calibrated before the test, Appendix B, Sec. 3 of [6].
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2. Methods

2.1. The pin-on-plate test-rig design

Fig. 1 illustrates the concept of the implemented pin-on-plate test-rig. The tested
material is in form of a flat ended cylindrical pin (1) that is vertically loaded through a
dead weight (3) and a lever arm (2). This loading arm is connected to the intermediate
lever (5) at the pivot point (A). With respect to the fixed sub-frame (6), lever (5) is free
to rotate around pivot (B). Its rotation is restricted exclusively through load-cell (4). Ac-
cording to the equilibrium of moments for lever (5) around pivot (B), the horizontal force
component transferred from loading arm (2) to lever (5) through pivot (A), generates a
proportional force in load-cell (4). By choosing the vertical distances between pivot (B)
and pivots (A) and (C) to be equal, the horizontal force recorded by load-cell (4) is equal
to the horizontal force component applied to pivot (A) and consequently equal to the
friction force exerted on pin (1).

The counter surface consists of the interchangeable insert plate (8) which is mounted
on the moving plate (7). Plate (7) is connected with the stationary frame (9) through
linear bearings and it is driven by a motor through a worm gear and a threaded shaft
that are not included in the illustration. Its motion is linear apart from a limited distance
near the stroke ends, where the plate motion is reversed.

This test-rig concept allows multiple instances of the loading arm substructure (1-6)
and the insert plate (8) to be implemented against a common moving plate (7). The
tests presented in the next section were conducted on a quadruplet implementation of
the here presented pin-on-plate test-rig.

Figure 1: Pin-on-plate test-rig design

The construction of pivots (A) and (B) is a practical aspect that requires some further
attention. Friction in pivot (A) affects the normal force applied on the pin, while friction
in pivot (B) can yield to a reduced measured force in load-cell (4). In the present work,
oil lubricated bronze bushings were utilized for both pivots (A) and (B). In comparison
to roller element bearings, lubricated sliding bushings exhibit relatively higher static
friction. However, they are more robust and they can consequently be designed with
a smaller diameter so that the total friction torque will remain low. Moreover, roller
element bearings under stationary load are prone to plastic deformation between the
roller elements and the bearing races, which may compromise the function of the bearing
and yield to unpredictable behavior.
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2.2. Wear displacement monitoring

Fig. 2 shows the structure that supports the pin made of the sample material. Pin (1a)
with dimensions of 10 mm in diameter and 8 mm in height is glued in holder (1b) which
is bolted with the intermediate plate (1c). The purpose of the intermediate plate (1c)
is to provide a rigid support for the Eddy-current proximity sensor (11). Plate (1c) is
connected directly to loading arm (2) and its position in height is adjustable through an
appropriate screw (10).

Figure 2: Pin holder design

The Eddy-current proximity sensor (11) provides a signal that is proportional to the
gap between its free end and the counter surface (8). In case that the protruding part
of sensor (11) with respect to its holder (1c) is too small its linearity may be disturbed
significantly, because the steel part (1c) intersects the magnetic field of the sensor. For
the 5 mm in diameter sensor that was used in our implementation, the holding system
shown in Fig. 2 was dimensioned in such a way that a minimum distance of 7 mm
between the free end of sensor (11) and its holder (1c) was available, when the sensor
was adjusted at a distance of 1.5 mm from the counter surface (8). The linearity of the
assembled sensor was verified by mounting the compound (1b), (1c) and (11) on a height
gauge and varying its vertical position in steps of 0.1 mm. At the same time the linearity
coefficients between measured signal and monitored gap were specified for a gap range
between 0.5 and 2.5 mm.

In order to estimate the wear displacement based on the monitored gap, one has to
also take into account the different axial positions of pin (1a) and sensor (11) with respect
to the pivot point (A). The wear displacement δh is equal to the difference between the
monitored gap g at the current time point during a test and the gap g0 at a reference
time point, multiplied by a geometrical factor:

δh =
x(1)

x(11)
· (g − g0) (1)

with x(1) and x(11) representing the axial distance from pivot point (A) to the center of
the pin and the Eddy-current sensor respectively.

It should be noted that due to geometrical deviations, elastic deflections and local
changes in the magnetic properties of the counter surface, the signal of the proximity
sensor may oscillate during a single stroke significantly. In order to compensate such
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local effects, the average value of δh per stroke is used for indicating the evolution of
the wear displacement. This per stroke averaging can also be seen as a filtering of the
measured signal.

In comparison to other systems that record the wear displacement on the loading
arm, the advantage of mounting the proximity sensor close to the pin sample is the mini-
mization of possible errors from deformation and thermal expansion of the parts between
the pin sample and the displacement sensor. Moreover, this setup utilizes directly the
counter surface as the reference surface. In this way, many deviations of the involved
components with respect to the fixed world reference are compensated mutually.

The impact of ambient temperature changes on the monitored gap could be estimated
in the implemented test-rig by testing a sliding material under grease lubrication and
wear rate much lower than for friction material in holding brakes. During a testing period
of 55 hours, long-term fluctuations of the measured gap in the order of 4 �m could be
observed. Therefore, a reliable wear rate estimation requires sufficient testing distance
for the total wear displacement to be at least one order of magnitude higher.

The choice of Eddy-current proximity sensors instead of capacitive sensors was based
on their lower sensitivity to contaminants on the target surface. Their main disadvantage
is that they normally have to be pre-calibrated by the manufacturer for a specific counter
surface material, which additional has to be conductive. For testing different friction
materials running against a steel surface, which is the typical case in holding brake
application, these limitations are of less importance.

2.3. Specimen preparation and installation

Pin samples are normally machined by turning either a bar or a plate of the raw
material. Unless otherwise required, the pin axis should correspond to the axis of the
raw material bar or it should be perpendicular to the mean plane in case of raw material
plates.

The surface of the insert plate (8) can be either ground or also polished if required.
Polished surfaces are appropriate for fundamental tribological testing, whereas simply
ground surfaces are relevant for testing with respect to a specific real life application
with similar roughness characteristics, [5].

Both the pin sample and the corresponding plate have to be cleaned before testing.
Cleaning with ethyl alcohol and consequently drying can be repeated one or more times.
Cleaning in ultrasound bath and drying in an oven is recommended by the ASTM stan-
dards [4] and [5]. For each test, an unused track on plate (8) has to be used. Reusing
the same track for tests with different pin materials should be avoided, because, in most
cases, the presence of an already formed transfer film is expected to have a non-negligible
impact on the new test.

In order to ensure a correct operation of the test-rig a few alignments are required
before each test. As a first step, a digital level is used in order to check that the pivot
points (A) and (B) of Fig. 1 are aligned on the same vertical line. If not, the distance
CD is adjusted by modifying the length of the connectors of load-cell (4).

In a second step, in order to avoid self energizing and de-energizing of the friction
force, it is checked that the free surface of pin (1a) and the center of pivot (A) lie in
the same horizontal plane, when the loading arm (2) is horizontal. If not, screw (10) is
adjusted until this condition is fulfilled. Next, it is checked that when the pin is loaded
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against plate (8), the loading arm is horizontal and the pressure on the pin surface is
uniform. For this purpose, pressure sensitive paper is put between pin (1) and plate (8)
and the height of the sub-frame (6) is adjusted iteratively until a uniform imprint of the
pin on the pressure sensitive paper is achieved, see Fig. 3.

Figure 3: Pin imprint on pressure sensitive paper, after alignment

2.4. Normal load calibration

The normal load applied on the pin could theoretically be calculated based on the
weight and center of gravity of arm (2) along with the weight and position of mass (3).
However, in order to avoid the complex calculation of the arm center of gravity and
account for deviations in the geometry and density of the involved parts, it is more
practical to use a compressive load-cell placed below the pin and move the dead weight
until the recorded normal force corresponds to a predetermined value. In this way, one
can mark several positions of the dead weight on the arm, which provide the required
pressure levels on the pin surface.

2.5. Comparative advantages and disadvantages

Depending on the materials to be tested as well as the load, speed and environmental
conditions, different experimental setups may be preferred for friction and wear testing.
However, the same fundamental difficulties have to be overcome in almost every case.
For measuring the friction force it is necessary to incorporate a force transducer in the
structure supporting one of the contacting bodies, parallel to the sliding direction. This
force transducer has to be incorporated in such a manner that it will not compromise
the stiffness of the support and no significant tilting between the contacting bodies will
occur. For monitoring the wear displacement it is essential to minimize the impact of
thermal expansion and deflection of other components on the measurement. Some of the
advantages and disadvantages of the proposed test-rig concept with respect to the above
mentioned aspects are summarized below:

+ Inexpensive longitudinal force transducers can be utilized.

+ The friction force in the contact does not contribute to tilting of the pin specimen.

+ Deviations with respect to the fixed world reference are partially compensated in
the wear displacement measurement because the latter is based on the relative
position of the pin and the counter surface.

+ The proposed test-rig concept is suitable for an implementation with multiple pins
tested in parallel.
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− Good alignment of pivot points (A) and (B) is essential for the accuracy of the
friction force measurement.

− Friction losses in pivots (A) and (B) affect the applied normal force and the mea-
sured friction force respectively.

− Wear monitoring though Eddy-current proximity sensors is possible only for con-
ductive counter surface materials.

− Eddy-current proximity sensors need to be pre-calibrated for a specific counter
surface materials.

Many of these characteristics also apply to reciprocating test configurations described
in references [2], [5] and [8]. However, the proposed concept is believed to combine many
of the positive characteristics, while its negative aspects are normally of little or no
relevance for the study of friction materials for holding brake applications.

3. Results and discussion

In this section representative testing results from a quadruplet pin-on-plate test-rig
are presented. In each test, four pins made of the same material were tested in parallel.
Since the environmental conditions are common for each group of pins, the observed
differences among them can be attributed either to random differences in the material
composition and the counter surfaces or to inaccuracies in the test-rig itself and the
calibration of its sensors.

The first example shows detailed testing results for glass and aramid fiber reinforced
polyamide 6.6 (PA66) as the pin material. In the second example, more synoptic results
of friction force and wear evolution for pins made of polyethylene-terephthalate (PET) are
presented. For the latter case, the final wear height measured through the Eddy-current
proximity sensors is compared with two conventional methods, pin weighing and pin
height measurement using a coordinate measuring machine (CMM). The pin dimensions
are those given in section 2.2.

In all cases, the counter part corresponding to part (8) of Fig. 1 is made of alloy steel
42CrMo4 in unhardened condition and its functional surface is ground in the direction
parallel to the sliding. The arithmetic average roughness Ra, was measured on each plate
at six different positions in direction perpendicular to the sliding. Despite the fact, that
all eight plates used in both tests presented below were ground in the same pass of the
grinding machine, the mean Ra value per plate varied from 0.48 to 0.76 �m.

The stroke length for both tests presented below was 0.668 m. When referring to
stroke counting, one stroke is meant as a complete forward and reverse movement corre-
sponding to a cumulative sliding distance of 1.336 m.

3.1. Testing of reinforced PA66

Reinforced PA66 pins were tested under nominal pressures of 6, 9 and 12 MPa and
a sliding velocity of 20mm/s. The results presented below refer to the highest load case
of 12 MPa. Figures 4 and 5 show the evolution of the measured friction force and wear
displacement respectively, in two individual strokes for the first of the four pins.

7



Figure 4: Measured friction force in the 10th and the 500th stroke for the first pin of reinforced PA66
at 12 MPa

Figure 5: Measured wear displacement in the 10th and the 500th stroke for the first pin of reinforced
PA66 at 12 MPa

In Fig. 4 one can recognize the forward and reversing part of the stroke based on the
sign of the measured force. There are no significant differences between the 10th and the
500th stroke. This indicates that the contact between the pin and the plate at the 10th
stroke was already in steady state. This is because of the testing at 6 and 9 MPa that
occurred prior to the here presented test at 12 MPa.

Fig. 5 illustrates fluctuations in the measured wear displacement that may be ob-
served within each individual stroke. In section 2.2, such discrepancies were attributed
to geometrical deviations, elastic deflections and local variation of magnetic properties.
The results presented here show that the fluctuation pattern is very reproducible even
after 1 km of testing. Moreover, the differences between forward and reversing directions
are very small. Based on these observations, it is expected that, despite the important
variation of the apparent wear displacement within each stroke, the offset between per
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stroke averages can represent the wear displacement adequately. It should be noted, that
by considering the 10th stroke as a reference, the average wear displacement for this
stroke in Fig. 5 is by definition equal to zero.

Figures 6 and 7 show the overall evolution of the friction force and the wear displace-
ment respectively, for all four pins during the 1 km long testing at 12 MPa. Each single
point in these curves is an average value per stroke. This means that each curve of Fig. 4
or Fig. 5 is represented by its average as a single point in Fig. 6 or Fig. 7 respectively.
Especially for negative friction forces, their absolute value is considered.

Figure 6: Evolution of friction force for reinforced PA66 at 12 MPa

Figure 7: Evolution of wear displacement for reinforced PA66 at 12 MPa

Table 1 summarizes wear rate and coefficient of friction values extracted from Fig-
ures 7 and 6. The wear rate values presented here correspond to the slope of a line
fitted to the wear displacement curves within the last 500 m of testing. The calculated
coefficients of friction are based on the average friction force in the last 500 m of testing,
divided by the prescribed normal force of 943 N that corresponds to a nominal pressure
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of 12 MPa. The coefficient of variance for the four presented wear rate and coefficient
of friction values is 10.6 and 2.8% respectively. It should be noted that the here tested
variant of fiber reinforced PA66 was also included in the pin-on-disc testing presented
in [3]. Despite the different surface finishing of the steel plates used in the here presented
tests and the steel disc used in [3], the reported friction coefficient of 0.4 at 12 MPa from
reference [3], is very close to the average friction coefficient of 0.43 reported in Table 1.

Wear rate Coefficient
[�m/km] of friction

Pin 1 139 0.42
Pin 2 146 0.43
Pin 3 141 0.44
Pin 4 173 0.42
Average 150 0.43

Table 1: Wear rate and coefficient of friction for reinforced PA66 at 12 MPa

3.2. Testing of PET

Figures 8 and 9 show the evolution of the friction force and the wear displacement
respectively, during a 5.3 km long test of PET pins under a nominal pressure of 6 MPa
and sliding velocity of 20mm/s.

Figure 8: Evolution of friction force for PET at 6 MPa
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Figure 9: Evolution of wear displacement for PET at 6 MPa

Regarding the friction force graph in Fig. 8, two phenomena can be observed. During
the first 1.5 km the contact between pin and moving plate runs in and the friction force
is approximately doubled with respect to its initial level. The running-in distance varies
among the four pins from 0.5 to 1.5 km. The second phenomenon is observed in the last
3 km. It is a periodic build up and decrease of the friction force. The period of this
variation is about 75 strokes corresponding to approximately 100 m of sliding distance
which is covered in circa 1.5 hours. It is assumed that the cause of such oscillation is an
unstable transfer layer thickness on the steel surface. However, further investigation is
required in order to prove this assumption. Both the period and the amplitude of the
friction force oscillation vary among the four pins.

Table 2 summarizes the average wear rate and coefficient of friction values estimated
in the last 500 m of the graphs in Figures 9 and 8. The coefficient of variance for the
four presented wear rate and coefficient of friction values is 8.8 and 9.6% respectively.

Wear rate Coefficient
[�m/km] of friction

Pin 1 11.7 0.28
Pin 2 12.3 0.26
Pin 3 11.9 0.27
Pin 4 14.1 0.22
Average 12.5 0.26

Table 2: Wear rate and coefficient of friction for PET at 6 MPa

Table 3 compares three different methods for estimating the total wear height. The
wear values according to the proximity sensors method correspond to the final point of
the curves in Fig. 9.

Regarding the weighing method, the four pins, including the pin holder (1b) of Fig. 2
were weighed before and after the test. The pin holder (1b) was made of aluminum in
order to reduce the total weight of the compound and increase the accuracy of weighing.
Before each weighing the pins were repeatedly cleaned with isopropyl alcohol and dried
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with pressurized air. A weighing device with a resolution of 1 mg was used and the
observed weight differences were converted to equivalent heights under consideration of
the pin diameter of 10 mm and a density of 1.38mg/mm3 for the PET material.

Total wear height [ m]
Proximity sensors Weighing CMM

Pin 1 85 83 92
Pin 2 88 88 91
Pin 3 79 74 79
Pin 4 100 92 95

Table 3: Total wear height for PET at 6 MPa

Regarding the CMM pin height measurement, the surface of the pin holder (1b) was
used as a reference by calculating the average plane of points probed at a radius of
20 mm, see Figures 10 and 2. In order to specify the height of the protruding part of
pin (1a) with respect to the pin holder (1b), nine points on the pin surface, illustrated in
Fig. 10, were probed. The pin height was evaluated as the average z-coordinate of these
nine probed points. Carrying out the height measurement for each pin before and after
the test gave the possibility to calculate the wear height as the corresponding heights
difference.

Figure 10: Probing points for the pin height measurement with CMM.

The CMM method is considered as the most accurate one and consequently the third
column of Table 3 will be used as a reference for the other two methods. A paired
Student’s t-test between columns one and three yields a t-value of -0.49, whereas a
comparison between columns two and three gives a t-value of -3.54. For a significance
level of 10% and the given number of samples the confidence interval for the t-value is
between -2.35 and 2.35. This means that no systematic difference between the Eddy-
current sensor and the CMMmethod could be detected. On the other side, the differences
between the weighing method and the CMM method are statistically significant. The
weighing method seems to underestimate the reduction of the pin height. This can be
explained by the fact that the measurand in this case is the mass, whereas the other
two methods both involve the pin height directly. The assumed relation between mass

12



and height reduction relies on a previously determined material density and neglects any
possible plastic deformation of the pin sample.

Another interesting observation is that even for a very homogeneous material like
PET, there seem to be important deviations between different pin samples. This fact
underlines the importance of running multiple tests under the same conditions in parallel,
in order to obtain a minimal statistical sample to draw conclusions from.

Apart from verifying the in situ wear displacement monitoring results, the CMM pin
height measurements can also be utilized for examining the form of the pin surfaces after
testing. For each of the four tested PET pins, Fig. 11 shows the surface profile along the
sliding direction. The five points defining each curve correspond to the five probe points
on the horizontal symmetry line of Fig. 10. All four pin surfaces exhibit a convex form
which is due to tilting of the pin because of elastic deformations of the test-rig. However,
the deviations from the flat form are limited to less than 2 �m on a diameter of 8 mm,
which is indicative for the very stiff implementation of the presented test-rig.

Figure 11: Profiles of the PET pin surfaces along the sliding direction.

4. Conclusions

In this paper a novel pin-on-plate test-rig concept was presented along with corre-
sponding examples of measured friction and wear. The novelty of the design consists
in the way that the friction force is transferred to a load-cell, while at the same time
self energizing and de-energizing of the friction force between the pin and the plate is
avoided.

Moreover, a successful implementation of in situ wear displacement monitoring based
on Eddy-current proximity sensors was reported. Details about the mounting of such
sensors and the interpretation of the measured signal were presented. The obtained final
wear heights were compared to classical methods like weighing and CMM dimensional
measurements on the pins. A good correlation between the results from the proximity
sensors system and the CMM pin height measurements could be found, whereas the
weighing method seemed to underestimate the reduction of the pin height.

Apart from demonstrating the operation of the presented test-rig, the included testing
results are also relevant for holding brake applications, providing reference values for the
coefficient of friction and wear rate of two thermoplastic material types running against
a ground steel surface.
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Abstract: This paper presents a set of finite-element calculations of the real contact

area and the pressure distribution between nominally flat rough surfaces. The calculated

examples include cases that take plastic deformation into account. All cases are based

on measured roughness topographies and material and loading parameters corresponding

to real life conditions. Graphs showing the dependence between the nominal contact

pressure and the real area of contact are presented.
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1. INTRODUCTION
The real area of contact is a key parameter for

studying the friction force or the thermal and elec-

trical resistance between two nominally confor-

mal solid bodies pressed against each other under

some known load. Even if the macro-geometries

of the contacting surfaces match, the real area of

contact and consequently the functional behaviour

of the contact may depend strongly on the micro-

geometry of the surfaces’ roughness.

Since the classical works of Bowden & Tabor [1]

and Greenwood & Williamson [2], numerous sta-

tistical and deterministic models have been sug-

gested for studying the contact between rough sur-

faces. The finite-element method is one of the

deterministic approaches that have been used for

studying this problem. Due to the fact that within

the contact region, phenomena in multiple size

scales take place, the applicability of the finite-

element approach is often connected with signif-

icantly high computational cost. Despite this dif-

ficulty, a finite-element micro-contact model can

be useful as a generic tool for predicting the real

contact area and the pressure distribution at some

specific size scales range or as part of a semi-

analytical multi-scale model.

In this paper a finite-element model is used for

studying the relation between the real area of con-

tact and the applied nominal pressure. The pre-

sented case study is based on areal topographies

measured on real specimens.

2. METHODS
The finite-element model used in the context of

this paper includes two rectangular parallelepiped

volumes representing samples of the two bodies

in contact, see Figure 1. Each volume is dis-

cretized with first order hexahedral elements struc-

tured in layers of progressively finer mesh sizes

as one approaches the contacting faces. The non-

matching nodes at the interface between the dif-

ferent mesh layers were treated through additional

continuity constraints. Moreover, periodicity con-



ditions were applied at the four lateral faces of each

parallelepiped volume.

Figure 1. Meshes of the finite-element model

At the contacting interface between the two bod-

ies, a frictionless non-penetration condition was

imposed through augmented Lagrange multipliers

[3]. Areal topographies originating from real sur-

face roughness scans are applied on the contacting

surfaces by moving the nodes of the finest mesh

layer in the vertical direction accordingly.

The boundary condition imposed on the bottom

free surface of the lower body restricts all displace-

ment components of the corresponding nodes. On

the top free surface of the upper body the lateral

displacement components are restricted in an aver-

age sense over all nodes. In the vertical direction,

uniformly distributed forces corresponding to the

applied nominal pressure are exerted on all nodes.

The solution process consists in solving the system

of non-linear equations representing the elasticity

of the bulk materials and the boundary and contact

conditions for a series of load cases. A Newton

like algorithm with line search is applied for each

load case [3].

Materials that are expected to undergo plastic de-

formation are taken into account by assuming

a perfect elastic-plastic behaviour with a yield

threshold stress σy referring to the Von Mises yield

criterion.

3. RESULTS & DISCUSSION
Three different cases of contact pairs were cal-

culated and are presented in this section. The

topographies of the surfaces in contact originate

from real samples tested on a pin-on-disc test-rig.

Areal topographies corresponding to the pin sur-

face were measured by means of focus variation

microscopy equipment [4]. Line profiles corre-

sponding to the radial direction of disc surface

were extracted using a stylus profilometer. The

areal topography of the turned disc surface was

assumed to be approximately axisymmetric and

could be reconstructed from the line profile and the

radius of the testing track on the disc.

(A)

(B)

(C)

Figure 2. Pin and disc topographies for the three
calculated examples

Figure 2 shows the three pin topographies on top

of the corresponding disc topographies used in

the calculations. All disc topographies have a



sinus-like form with small differences in each case

whereas the pin surfaces vary depending on the

pin material. Table 1 contains the most impor-

tant roughness parameters for the surfaces shown

in Figure 2.

Table 1. Roughness parameters for the surfaces
used in the calculations

Case Surface Ra Rq Rsk Rku

10−3 mm -

A Pin 1.18 1.47 -0.62 3.01

B Pin 0.99 1.24 0.01 3.08

C Pin 1.08 1.50 -0.25 4.98

A Disc 0.74 0.84 0.13 1.75

B Disc 0.88 0.99 -0.02 1.68

C Disc 0.92 1.09 -0.03 4.86

The disc material in all three cases is assumed to

be steel with Young’s Modulus and Poisson’s ra-

tio equal to 210000 MPa and 0.3 respectively. The

materials corresponding to the three pin surfaces

presented in Figure 2 are polyethylene terephtha-

late (PET), polyamide 6 (PA 6) and friction paper

for the cases A, B and C respectively. The elastic-

ity pparameters of the three pin materials are sum-

marized in Table 2.

Table 2. Elasticity parameters for the pin materials
used in the calculations

Case Pin Material E ν σy

[MPa] [-] [MPa]

A PET 3000 0.43 90

B PA 6 1600 0.44 50

C Friction paper 7260 0.27 -

The dimensions of the discretized surface samples

are 0.715 times 0.54 mm for the first two examples

and 1.43 times 1.08 mm for the third one. The first

and the second dimensions refer to the tangential

and the radial disc directions respectively. In all

cases, the element size of the disc contact surface

is 0.015 times 0.008 mm. For the pin contact sur-

faces the elements are square with a size of 0.0044

mm in the first two examples and 0.0088 mm in

the third one.

For each contact pair a series of load cases corre-

sponding to nominal pressures from 3 to 24 MPa,

increasing in steps of 3 MPa were calculated con-

secutively. For the cases A and B, that involve

plastic deformation, the same load steps were re-

peated in descending order.

(A)

(B)

(C)

Figure 3. Contact stress on the disc surface for the
three calculated cases at 24 MPa

Figure 3 shows the contact stress distribution on

the disc surfaces for the three calculated examples

at the maximum nominal pressure. The real con-

tact area is distinguished by the presence of non-

zero contact stress. Figure 4 illustrates the evolu-

tion of the ratio between the real contact area and

the apparent contact area during the variation of

the nominal pressure. The lower and the upper



branches of the curves for cases A and B corre-

spond to the loading and unloading phases respec-

tively.

Figure 4. Relation between the nominal pressure
and the real contact area ratio for the three

calculated cases

Figure 5. Relation between the nominal pressure
and the mean contact pressure for the three

calculated cases

Figure 5 shows the evolution of the mean contact

pressure within the real contact area for varying

nominal pressure. For cases A and B the upper and

the lower curve branches correspond to the loading

and unloading phases respectively.

From the graphs presented in Figures 4 and 5 it be-

comes obvious that there is both a quantitative and

a qualitative difference between case C and cases

A and B. With respect to these two cases, case

C exhibits a significantly lower real contact area

and correspondingly higher mean contact pressure.

Moreover, the evolution of the mean contact pres-

sure in case C is qualitatively different with respect

to the other two cases. For increasing nominal

pressure, in case C the mean contact pressure re-

mains approximately constant while in cases A and

B it raises steadily.

The differences between cases A and B are smaller.

The pin material of case B has lower Young’s mod-

ulus and yield stress resulting to a higher contact

area and more extensive permanent deformations

respectively. The plastic deformation of the pin

material is reflected in the difference between the

ascending and the descending load branches of the

curves in Figure 4.

4. CONCLUSIONS
The case study presented in this paper demon-

strates how a finite-element micro-contact model

can be used for estimating the effective area of con-

tact in real life applications. The contact between

three different materials and a steel surface under

nominal pressures varying from 3 to 24 MPa was

studied. The softest material (PA 6, case B) ex-

hibited a contact area ratio of 16 % under 24 MPa,

while the next stiffer material (PET, case A) and

the stiffest one (friction paper, case C) exhibited

contact area ratios around 13 % and 7 % respec-

tively.

The observed behaviour of case A (PET) and case

B (PA 6) was expressed through similar curves

with small quantitative differences mainly due to

the different material properties. With respect to

case C, a comparison of the calculated mean con-

tact pressures reveals that the impact of the nomi-

nal pressure on the real contact area is qualitatively

different than in the first two cases.

None of the observed differences could be at-

tributed exclusively to the material properties be-

cause different surface topographies were involved

in the three calculations. In the future, an extended

study with the same materials but with a common

surface topography could help in separating the

impact of the material properties from the impact

of the surface topographies.
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