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We derive exact, analytic expressions for the sensitivity of sheet resistance and Hall sheet
resistance measurements to local inhomogeneities for the cases of nonzero magnetic fields, strong
perturbations, and perturbations over a finite area, extending our earlier results on weak
perturbations. We express these sensitivities for conductance tensor components and for other
charge transport quantities. Both resistive and Hall sensitivities, for a van der Pauw specimen in a
finite magnetic field, are a superposition of the zero-field sensitivities to both sheet resistance and
Hall sheet resistance. Strong perturbations produce a nonlinear correction term that depends on the
strength of the inhomogeneity. Solution of the specific case of a finite-sized circular inhomogeneity
coaxial with a circular specimen suggests a first-order correction for the general case. Our results
are confirmed by computer simulations on both a linear four-point probe array on a large circular
disc and a van der Pauw square geometry. Furthermore, the results also agree well with
Nahlik et al. published experimental results for physical holes in a circular copper foil disc. © 2014

AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4896947]

I. INTRODUCTION

In a previous paper,' we derived expressions for the spa-
tial sensitivity of sheet resistance, Rg, and Hall sheet resist-
ance, Ry = RyB/d, measurements on a laminar body to
local variations in charge transport properties for both van
der Pauw®? [vdP] and mobile four-point probe arrays*’
[4PP] (Ry is the Hall coefficient, B is the magnetic flux den-
sity, and d is the thickness of the laminar specimen). Those
results agree well with previous calculations for sensitivities
in a variety of vdP (Refs. 6-9) and 4PP (Refs. 10-13)
geometries and with direct experimental results for the
sensitivity of the measured sheet resistance, Rs ,,, to inhomo-
geneities in the local sheet resistance, Ry, for linear 4PPs
(Ref. 10) and a square vdP geometry'* and the sensitivity of
the measured Hall sheet resistance, Ry », to local inhomoge-
neities, Ry ;, for square and clover vdP geometries.15

We expressed these sensitivities in terms of a general-
10-12

ized dimensionless sensitivity of the form
o _ AAT/T
L AA(Att)

in which the perturbation of a local property ¢ (e.g., Rsy or
Ry 1) alters some macroscopic property, T (e.g., the measured
four-wire resistance, R; ,, for a particular choice of current and
voltage leads for the specimen, as in configurations i = 1, 2, 5
for vdP and for i = A, B, C for 4PP in Fig. 1), and A is the area
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over which this sensitivity has been normalized. In this formal-
ism, the sensitivity of the measured four-wire resistance to a
local variation in sheet resistance can be defined as

ARi,m

R azRi.m .
S = Ao — = Ao;  lim ———
R ' " ARg, /Rs<1 AAARs

SL OAORs,

where o; = Rg/R; depends on the specimen geometry.
Convenient normalization areas, A, are the specimen area for
vdP measurements and the square of the probe pitch, p, for 4PP.
For a specimen with a direct sheet conductivity G and a
Hall sheet conductivity Gy, we calculated the sensitivity of
the electric potential, ¢, to infinitesimal, point-like

[Ra] R, |I[Rc] l [] ,’Qs’ [Rel []
7 ; ﬁ
/ ,

IR il

FIG. 1. Principal resistance configurations, R;, for vdP (i=1, 2, 5 above) and
square 4PP (i=A, B, C above) geometries and for the linear 4PP geometry
(below). The distance between adjacent electrodes, or pitch, p, is marked for

R, above and R, below. Adapted from Ref. 1. Reprinted with permission from
J. Appl. Phys. 114, 163710 (2013). Copyright 2013 AIP Publishing LLC.

© 2014 AIP Publishing LLC
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FIG. 2. Two resistance configurations and their reciprocal configurations. Top:
the vdP configuration Rs and its reciprocal configuration, Rs. Bottom: the lin-
ear 4PP configuration Rp (left) and its reciprocal, Rp (right). The remaining re-
ciprocal configurations, R;, are also obtained by swapping current electrodes

for voltage electrodes and vice versa. Reprinted with permission from J. Appl.
Phys. 114, 163710 (2013). Copyright 2013 AIP Publishing LLC.
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inhomogeneities, AGg or AGy, in the sheet conductance ma-
trix, G, by solving the non-uniform conductance equation

VG VGy

2 s

Vip=—""E+e,-
GS © GS

x E (1)

throughout the bulk (except for the current contacts) of the
specimen. We took the linear limit by setting the local elec-
tric field equal to its unperturbed value, E = E, in Eq. (1),
an assumption that clearly falls apart in the extreme cases of
a physical hole or a point-like electrical short, for which we
need to replace the unperturbed electric field with its per-
turbed value. Nevertheless, in this linear limit, we find that
. O’Ri
Sg;'z = OC,'A aRS_’L’aA = O(l'AF,'(I')
_ Jsi-Jsi E -E;
[Js; - TsidQ [E;-EqdQ’

(2a)

where Jg is the surface current density and the tilde refers to
the “reciprocal” configuration for this geometry, formed by
exchanging current leads for voltage leads and vice versa
(Fig. 2), and

Foo— Jsi(B) - Js;(—B) _ [ Fio
” JoJs.i(B) Jsi(—B)dQ

Kin— Js.(B) x J5:(—B) -e, _
” [oJs5:(B) x Js;(—B) - €,dQ

Here, the Hall angle, @y, is defined by tan ®y = Ry /Rs =
Gy /Gs and second order effects appearing for large O
are not included. We have verified Eq. (4) algebraically
for arbitrary placement of electrodes along the edge of a

Ko
K,'7() Ccos 2@1-1 — F,‘_’() sin 2@[.1

J. Appl. Phys. 116, 133706 (2014)

Fi(r) = [VG(r,r,) — VG(r,r_)]

< V() - Vg i)

the product of the difference of gradients of the Green’s
functions for the sheet resistance, where r, and r_ are the
positions of the positive and negative current electrodes and
r; and r_ are the positive and negative voltage electrodes.
In addition, we calculated

20, AJ.in.i - €
EPRN. PR CLET)
ORy L OA j(Js,f X Js,,-> - e,dQ
A(Ez X El) - €

- < 3
[(E; x E;) - e,dQY G

for the Hall sheet resistance, with

Ki(r) = [VG(r,ry) — VG(r,r_)]
% [VG(r,F.) — VG(r,F )] . (3b)

This is the function we called G;(r) in Ref. 1. We have
changed our notation to minimize confusion between this
quantity, the conductance tensor, and the Green’s functions.
This is a linear result in that the change in R, is linear in B,
AA, and either Rg; or Ry ;. Any extension of Eqs. (2) and
(3) to the more general case has to consider what happens as
each of these quantities increases beyond the infinitesimal
limit. Note Egs. (2a) and (3a) are intimately related to Egs.
(2) and (3) of Paul and Cornils,'® who also show the deriva-
tion of these expressions.

Il. FINITE MAGNETIC FIELD CORRECTION

First we consider Eq. (1) when a finite external magnetic
field is applied perpendicular to the specimen while main-
taining the same current density at the current source and
drain, and (Jg), =0 along the specimen boundaries. The
general problem of calculating field-dependence for F; and
K; for measurements on a finite specimen is beyond the
scope of this paper, but it simplifies in the two limits of a
4PP on an infinite plane (i.e., no finite boundaries) and in the
vdP case (i.e., probes are at the boundary of the specimen).
For these two limiting cases,

infinite sheet

Fipcos2@y + K;sin2@y  vdP geometry,

“4)

infinite sheet

vdP geometry.

semi-infinite plane, and thus for any vdP geometry, because
it can be mapped to the semi-infinite plane>* by conformal
mapping. We have also confirmed Eq. (4) numerically for a
vdP square specimen.
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lll. FINITE INTENSITY CORRECTION

One effect of an inhomogeneity of nonzero intensity, AGs/Gyg, in the direct sheet conductance, G, is a change in the local
electric field in Eq. (1) at the location of the perturbation. For the same perturbation in Gg and Gy (the Hall conductance) as in
Sec. II, one can calculate this electric field inside an infinitesimal circular perturbation of radius a in the same way as for a
dielectric cylinder or sphere in a uniform electric field.!” In the present case, the normal surface current density and the tangen-
tial electric field are continuous across the edge of the perturbation:

(Js). = (Js), = GsE, +GyEg E| = Ey,

where Js is the surface current density. Parallel and perpendicular subscripts are with respect to the boundary between
the perturbed and unperturbed regions. If the area of this point-like perturbation vanishes, then this problem is equivalent
to an infinitely large specimen, for which the electric field approaches the unperturbed electric field, Ey, sufficiently far
from the perturbation. Matching E|| yields

—Cyrcos — Cyrsinf r<a
o(r) = 2 C a2 Cod? )
{—Eo(r—a—) L }cosf)— <2—a>sin9 r>a,
r r r
where the angle 0 is measured with respect to the direction of E(, while matching (Js), gives us
1A 1A
3G o
Cl - 2 S 2E0 C2 - 2 S 2E07
1+1AG5 +1 AGy 1+1AG5 +1 AGy
2 Gg 4| Gg 2 Gg 4| Gy
or
1AG 1AGy .
1+ Eg+-—26. x E
2 GS 2 Gs Cl C2 ~
= 5 >— = Eo+ €, x Eo. (6)
1+ IAGS 1 AGH EO EO
2 Ggs 4| Gy

In the special case of Gy = 0 = AGy, the local electric field reduces to E = E¢/ (1 + %@) and since AR; is proportional to

G
the product of both ASs and E

Gs
AR
/ (1 - 8—S> 7
ﬂ:() RS
Rg

with ¢ = 1/2, and where we have used the fact that AGs/Gs =2 —ARg/Rs when AGs/Gs < 1. Discrepancy of the nonlinearity

constant in the denominator of Eq. (7) with ¢ = 0.68+0.02 based on laboratory simulations for a square vdP specimen with elec-

tric contacts at the corners’ may be due to the intrinsically nonzero area, AA/A, of a perturbation in a finite resistor simulation.
Inserting Eq. (6) into Eq. (1), we find the effect of the local point perturbation in conductance

Vi = —GL [O(r —ry) = o(r —r)] + AA{ﬁngAﬂg
s

Ri.m _ im
SRS,L - Sllgu

Gs Ey  Gs E0:| [V5(r o) .EO]

AGHC1 AG_ng
AM|—= = =2 Te, - Vi(r — Eo],
+ [ Gs Es G Eo] [e, - VO(r —ro) x Ey

and so the resultant effect on the measured four-wire resistance is

ARim B _& ﬁ& &2 F. — AGH Cl AGS C2 K.
7 Gs Gs Ey Gs Ey

AGS 1 (AGS)2 T <AG1—1)2 AGH
AA | Gs 2|\ G G,
- T 5 d S‘2 d 2 Fi_ GZS 2Ki ) (8)
2 Gs 4\ Gs 2 Gs 4\ Gs

and the sensitivities to Gg and Gy are
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o _ A(ARi/R;)
“lauo  AA(AGs/Gs) [ag,—o
1 FlB
—Ao; G 5 lAGs and
1 + _H 1 +
Gs 2 Gs
SR - M
M rcmo  DA(AGH/GH) |pge—o
Gy 1 AGH
- iB— iB
4G 726G T

G\’ AGy
1+ (22 1
* (Gs} T3 ( Gs >

Here, we have used the difference equation for X' rather
than the differential form, since it allows us to calculate the
difference relative to zero perturbation. The “B” subscripts
for F; and K; in Eq. (9) mean that these quantities must be
calculated for the appropriate magnetic flux density, B.

IV. FINITE-AREA CORRECTION

The analysis of the Sec. III, in which the specimen’s bor-
ders were assumed to vanish, gives an exact solution for the
limiting case in which the electrode spacing is much less than
the dimensions of the specimen (i.e., a 4PP on an infinite con-
ducting plane), but it fails to match the nonlinearity we notice
in the work of Nahlik er al.'® when the area of the inhomoge-
neity increases. This suggests a correction to Eq. (9) as a func-
tion of AA/A. In Eq. (5) above, we assumed an infinite
conducting plane in the form of the perturbation to the electric
field due to the inhomogeneity. If instead, we assume a circu-
lar specimen of unit radius, with a coaxial circular inhomoge-
neity of radius a, the local electric potential will be

o.¢]

Zr"(l +a *)(A, cos 0 + B, sin0) r<a
or) =4

Z(r" +r")(A, cos 0 + B, sin 0) r>a

n=1

for constants A,, and B,,, such that the normal surface current
densities vanish on the specimen boundary. Furthermore, if
we define 0 such that it points in the direction of the unper-
turbed local electric field, then B, = O for all n and A, =0
for all n # 1. The effect of a specimen of noncircular shape,
or of an inhomogeneity or either noncircular shape or of non-
coaxial location is to add quadrupole and higher terms to this
dipole term in Eq. (5). For the case of inhomogeneities in the
sheet resistance but not the Hall sheet resistance,

] +2(A4/4)
SR:Z — S 7 (10)
1+ 3 (1+AA/A)
to lowest order, where we have introduced y = AGs/Gs, Sy is
the value of the sensitivity in the linear limit of infinitesimal B
field, area, and strength of the perturbation (Egs. (2) and (3)).
In the limit of AA/A < 1 and AGs/Gs < 1, this reduces to

the So (1 +1AGs/Gs) ™" ~ So(1 — L ARs/Rs) ™" of Eq. (7).
The most extreme perturbations are electric ‘“short
circuits” (ARg;/Rs = —1) or “open circuits” consisting of

J. Appl. Phys. 116, 133706 (2014)
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FIG. 3. Impact of a hole of area AA in the center of a circular vdP specimen
of area A (inset) on the measured four-wire resistance, R;. Diamonds represent
experimental data from Néhlik ef al.'® on 25 mm diameter, 35 um thick cop-
per foil specimens. Data for both configuration 1 and the dual configuration
are indistinguishable on the original graph. The dashed line represents a least-
square linear fit to the first four data points to the left with Eq. (9). Although
strictly valid only for areas AA/A < 1, it provides an error of less than 10%
for holes with diameters up to nearly 40% of the overall diameter of the disc.
The solid line represents the analytical theoretical prediction of Eq. (11).

physical holes, with the latter producing twice the effect on
the measured resistance as predicted by the linear weighting
function (Eq. (2)). We have applied the linear correction of
Eq. (9) to the data from Nahlik ez al. experimental study of
the effects of a finite hole in the center of a circular disc of
copper foil'® as shown in Fig. 3. This calculation provides
less than 10% error for AA/A < 0.15. While the nonlinear
expression (Eq. (10), not shown on graph) improves the fit
somewhat, it is not sufficient to correct the fit.

But this system can also be solved analytically
(Appendix), with

AR; 4 & AA/A [ (AA)Z"]
= - I (11)

shown in Figure 3 as a solid curve indistinguishable from Eq.
(10) with a sheet resistance fit of 584 uQ, fitting in the range
of 580-606 uQ reported for the foil. A straight, dashed line
represents the linear fit (Eq. (9)), with a least-squares best fit
value of Sﬁ’”’ = 5.772, agreeing to four figures with twice
2/In2, the linear result from the equations in Ref. 1, and in
agreement with Eq. (7) for ¢ = 1/2. Although the linear limit
(Eq. (9)) is strictly valid only for areas AA/A < 1, it provides
an acceptable fit to theory up to about AA/A < 0.15, a hole
with a diameter nearly 40% of the diameter of the disc, where
it provides an error of less than 10%.

V. SENSITIVITY TO TRANSPORT QUANTITIES

The sensitivities to local perturbations in the materials
properties, Rg and either Ry or tan ®y, or in the transport
properties sheet carrier density Ng, carrier mobility u, and B
are usually more relevant to laboratory measurement than
the sensitivities to Gs and Gy. While the general problem of
calculating the nonlinearity when more than one of these var-
iables is allowed to vary is quite daunting, the behavior
when a single variable, ¢, is allowed to vary, e.g., t = Ng, 4,
or B, while the others remain fixed, is straightforward
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st — st 955 r 0Gy
t Gs ot AGy=0 Gy ot AGo—0
And so we have,
1 + (B> AN
Mt |F BK;
|: + 2 NS B + 2t B 1
general case
1 AN 2 IAN 2
() -G
R;,m 2 Ns 2 NS
SNS,L AB=0 — Ao o
Apu=0 _COS®HFi0__—SF,-B
' 2 NS ’ &P
1 ANs\? 1 AN. 2 v
1+ + (552 tan Oy
2 Ns 2 Ng
—(1 — ¢*B*)Fip + 2uBKiz
(1+ 282 <1 + 1%) general case
o (12)
Ri.m _
SHL AB=0 — Aai 2@ .
ANg =0 lei,o ap
142K
2
AB 1 AB
{1 — ,u232 (1 + —>:|Ki.B + 2uB {1 N (1 _ ﬂsz)}FiB
B 4B ‘
" 1 general case
5 (1+2B)’ (1 + zuzABz)
SBZ,” ANg =0 - Ad,' X
B
Au=0 1 Ki,(] _MTFLO
3 sin 2®H1— . vdP.
1 + ZIMZABZ

For the case of a 4PP in an infinite plane, we can substitute F; 3 = F; and K; 3 = K; . Interestingly, when Eq. (4) is combined
with the above, the low-field, low-perturbation limit yields

. R —Fio+ uBK; 4PP : infinite plane
lim Sy o = A
St S I —Fio — uBKip ~ vdP
S Ap=0
) " —Fio+2uBK;o 4PP : infinite plane
lim S o =Ay 7 (13)
Suss gy M - —Fio vdP
o=
) R uB[K;o + 2uBF;o] 4PP : infinite plane
lim  Sp”| o =A% ’ ’
ﬁ,AA[/v—SS,uB<<1 N ,LLBK,‘"() vdp
C ANs =0

to lowest order in uB. This difference between the 4PP and vdP cases is confirmed in Figs. 4 and 5 for the 4PP geometry using
Comsol simulation and for vdP in a finite-difference relaxation simulation on a 101 x 101 grid in Excel, for fields correspond-
ing to Hall angles of tan ®y = uyB = 0,0.02, and 0.04 in both cases.

The 4PP case (Fig. 4) models a conducting plane of radius 100p with gNs = 0.25C/m?, g = 0.004m?/V - s and the per-
turbation placed at (x,y) = (—0.4p, +0.1p). The best fit to Egs. (12) and (13) was achieved with Sij{"’ = opAFpo = 1.5717
and Sﬁxf = apAKp o = 1.447, while exact calculation from Ref. 1 yields 1.57132 and 1.47211, respéétively, in remarkable
agreement, considering the finite area of the perturbation and its proximity to the singularity at (—0.5p, 0). Values for sensitiv-
ities from the simulation and fit agree to within 0.001 for all data points in the main plot. The Comsol results were indistin-
guishable when the boundary was either grounded or insulating.

The vdP case (Fig. 5) models a square specimen of side @ with electrodes at each corner. A perturbation is placed at a dis-
tance (x,y) = (0.3a, 0.5a) from one current electrode, and the same distance from the adjacent voltage lead. Fitting parame-
ters in Eqs. (10) and (12) were Fio = 1.465 and Ko = —2.8428. The deviations of up to 3% in the simulation data from
theory as uB increases (bottom line of the inset to Fig. 5) seem to be due to discretization effects of the 101 x 101 grid.
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Figs. 4 and 5 clearly match Eq. (13), i.e. the difference in the B-field dependence of the resistive sensitivities in the two limits
of vdP geometry and the infinite-plane 4PP is clearly seen, and they also show the effects of Eq. (4), the contrast between the B-
dependence of F; and K; for the vdP geometry and the B-independence of these quantities for the infinite-plane 4PP.

Finally, we can express the sensitivity of charge transport measurements to variations in their own local values in the non-
linear regime, perhaps the most practical representation in the laboratory. The effects of perturbations in either Rg; or Ry,
(while keeping the other parameter fixed) are

R\’ Ry
1—(—) |F; 2—K;
[ <R5> iB T Rs B
general case
Ry\? 1 AR
o (%) [T+ 70
SR.§,L ARy—0 = A Rg 2 Rg
COSZ?ZZM) vdP
s
1=
+2 Rg
14
1 Ry)* o AR ey do R LAR | Ri\’ F "
Ry Rs Rs o Rs 2 Rg Rs o
— general case
Rs Ri\> 1 (ARy\?
14+ (— 14+—-(——
Rim RS 4 RS
Sk | ARs—0 = A0
1 AR
| KI‘OJFER—HFLO
— sin 2@1.1 —S2 5 VdPa
’ 14 L (AR
4 \ Ry
and for perturbations in either Rg or tan @y is
1 AR
(cos20@yF;p + sin 204K, p)cos Oy (1 + 3 cos Oy R—s)
ARe 1 /ARNZ a general case
s s 2
1+—+-(—) (1 +tan"@®
. +RS+4<RS>(+an )
SRIg”; Atan @y=0 — A 1 AR
Fiocos Oy 142 cos @y =2
7 2 Rs vdP
ARg 1 (ARs\’ )
1+—+-(—) (1 +tan“®
L +4(Rs> (1+ tan’@®y)
1 (15)
[Ztan Oy JrEAtan @H(l — tanZG)H)}F,-‘,B
Atan ®
+[ | — tan@, ( - an Hﬂ " general case
1 . 0 tan Oy
Rim - — sin20y
S[an Opr |AR5:0 - AOC[ 2 1 + i (A tan ®H)2
1
1 KL() + EAtan @HF,',()
Esin2®H ] vdP.
1 -+ Z (A tan ®H>2

All expressions in Egs. (14) and (15) are exact to all orders of either ARg; /Rs or ARy /Ry (although only in the small-area
limit) and have been confirmed using the Excel spreadsheet simulation for a vdP square specimen with electrodes at its cor-
ners. It is interesting that the expressions for the two cases can always be reduced to just two functions, the zero-magnetic-field
functions, F; ¢ and K o, simplifying and speeding up calculations for the general case on a specific specimen.
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FIG. 4. Variation of sensitivities Sf,B’,f

Rp.m
and S,
s 0 LY

AB—0 o WithANs/NS
Ap=0 ANg =0

and Au/p, for fields of 0, 5T, and 10T for Comsol simulation of a linear
4PP probe with pitch p in configuration B on a conducting plane of radius
100p, with gNg = 0.25C/m?, u=0.004m?/(V -s), and the perturbation
placed at (x,y) = (—0.4p,+0.1p). Simulation and fit agree to within 0.1%
for all data points in the main plot.

VI. CONCLUSIONS

Extending the linear results of Ref. 1 for the sensitivity of
charge transport measurements to nonlinear regimes yields
exact analytic expressions for both finite magnetic fields in the
vdP and 4PP limits and strong perturbations on an infinitesimal
area, but as yet the finite-area sensitivity can only be approxi-
mated by solving the boundary-value problem for the specific
inhomogeneity. Magnetic fields have no effect on sensitivities
in the limit of the infinite conducting plane but mix zero-field
resistive and Hall sensitivities for vdP measurements; strong
inhomogeneities introduce a nonlinear correction that depends
only on the strength and area, in the limit of infinitesimal area.
Our calculations for strong inhomogeneities match published
reports for vdP copper foil specimens'® and our calculations
for combined finite magnetic field and finite strength match
computer simulations for both vdP and 4PP specimens.

Ot=Ns, LB=0 et=p, UB=0 o %
-0.7 {Ot=Ns, nB=0.02 mt=p, WB=0.02 (o] Q
g s, 1 ) = _H K - o o ¢
Ot=Ns, [1B=0.04 @t=|l, 1B =0.04 o ¢
o]
£ o 3 ¢
&3 -0.9 o o ¢
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= . R on feEEEoEooOD
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g a3 | U CRee abAAAALA0 S
2] ® v -0.04
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un}
At/t
15 ® /
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At/t
.. . . . . Rim
FIG. 5. Variation of weighting functions, Fi =Sy |zga,—o and

Sﬁ) "|a.ans—o With ANg/Ns and Ap/p, for Hall angles tan @y = uB =
0, 0.02, 0.04 (i.e., £ = 1 in dimensionless units) for a 101 x 101 Excel sim-
ulation on a square vdP specimen of side @ with the perturbation at a dis-
tance (x,y) = (0.3a, 0.5a) from one current electrode, equidistant from the
other. Fitting parameters in Egs. (10) and (13) were F;pz—o = 1.465 and
K p—o = —2.8428. The simulation data differ from theory by up to 3% with
increasing uB (bottom line of inset).
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Analysis of sensitivity provides a powerful, visual, and
intuitive tool for understanding how local inhomogeneities
can have undue influence on a measurement and for under-
standing how to prevent that from happening.
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APPENDIX: EXACT SOLUTION FOR THE ANNULAR
DISC

For an unperturbed unit circular disc centered at the ori-
gin and having a uniform conductance, Gg, and a current, /,
entering the specimen via a point contact at the edge at 0 =
+37/4 and exiting at the edge at 0 = —3n/4, the electric
potential can be written in series expansion as

o _n
Dy(r,0) = nz—és;%sin 3iiTnsinnO
for 0 <r <1, with a corresponding four-wire resistance of
Ry = IIn2/7Gy for pointlike voltage probes located at the
edge at = *7/4, in agreement with van der Pauw’s equa-
tion® for a symmetric specimen.

The electric potential inside an annular disc with the
same electrodes but an inner radius, s, can be written as a
correction to the above form

O =D+ Oy,
subject to the boundary conditions

6_(1)
or

[]
=0 and —6 ! =0.
or |,_,

r=s

The perturbation and the total potential that satisfy these
conditions can be expressed as

21 S 15*"sin(3nm/4)

O(r,0) = Gs ) T (14 7r72")r" sinn0, and
20 IS 145272 3nm
O(r,0) = 2Ce 2 — {1—7@1 sin — = sin no,

and the relative change in the four-wire resistance as

AR 8 i 1 s nm . 3nm

Ro = 2, 2g it g
4 S (AAJA) AA\"
LI S C V08 1<_> |
In2 e n A
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or Eq. (11) above, in which the odd terms (n=odd) in the
first expression have been combined with the ‘“2n” terms to
eliminate the sin (n7/4) sin (3n7/4) factor.
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