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The development of an implicit full f method for electromagnetic particle

simulations of Alfvén waves and energetic particle physics

Z. X. Lu,»® G. Meng,'®) M. Hoelzl,* and Ph. Lauber!
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Germany

In this work, an implicit scheme for particle-in-cell/Fourier electromagnetic simula-
tions is developed and applied to studies of Alfvén waves in one dimension and three
dimensional tokamak plasmas. An analytical treatment is introduced to achieve effi-
cient convergence of the iterative solution of the implicit field-particle system. First,
its application to the one-dimensional uniform plasma demonstrates its applicability
in a broad range of 3/m, values. Second, toroidicity induced Alfvén eigenmodes
(TAE) are simulated in a three dimensional axisymmetric tokamak plasma, using the
widely studied case defined by the International Tokamak Physics Activity (ITPA)
Energetic Particle (EP) Topical Group. The real frequency and the growth (or damp-
ing) rate of the TAE with (or without) EPs agree with previous results reasonably
well. The full f electromagnetic particle scheme established in this work provides
a possible natural choice for EP transport studies where large profile variation and

arbitrary particle distribution functions need to be treated in kinetic simulations.
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I. INTRODUCTION

The gyrokinetic particle-in-cell (PIC) simulation serves as a tool close to first principles
for the studies of tokamak plasmas', and has revealed the importance of the zonal flow?,
the kinetic properties of energetic particles® and the edge transport features?. While most
gyrokinetic particle codes are based on explicit time stepping and the 0 f method, where
df is the perturbed distribution function®, the implicit PIC method in slab geometry has
been reported featured with good properties such as energy and momentum conservation
and the capability of allowing large time steps®. In addition, the full f method does not
rely on the separation of the equilibrium and the perturbation, and thus provides a natural
way to handle substantial changes of the profiles in the course of a simulation’, while for
the 0 f scheme, the advantages in noise control are lost to some extent in such a scenario
and the positive-definiteness of the distribution function needs to be ensured as J f and fy
approach similar orders of magnitude, where fy = f —df. A full f scheme can be easily
applied to arbitrary distribution functions, without calculating the phase space derivatives
of the equilibrium distribution function f, as required in the § f method. In the study of
MHD /fluid problems, the mixed explicit-implicit scheme has been developed®, which shed
some light on the development of gyrokinetic or hybrid particle-fluid method (kinetic MHD).
One crucial issue in both fluid problem and kinetic problem is to treat the parallel dynamics
accurately, considering the distinct features in parallel and perpendicular direction such as
the large parallel to perpendicular transport coefficients ratio and, when kinetic particles are
included, the fast response of electrons in the parallel direction®. While the pullback scheme
is developed successfully for the electromagnetic simulation, it is shown that a similar linear
numerical dispersion relation can be obtained using the implicit scheme based on a simplified
model in slab geometry, without analyses of the particle noise levels and computational costs
in the derivation'?, which indicates that with the same time step size At, similar frequencies
and damping rates can be obtained by either using the pullback scheme or the implicit scheme
in the linear limit. Generally, the implicit scheme is known for its capability of allowing large
time steps®!!. Moreover, with a specific discrete formulation, the implicit scheme can ensure

6

good conservation properties®. As in the widely used electromagnetic gyrokinetic model,

the electrostatic and electromagnetic potentials d¢ and JA are chosen as variables!?™'4. In

the “symplectic (v)” formula, the parallel velocity (v)) of the particles” guiding center is
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adopted and numerical challenges arise due to the 90A|/0t term in the dv|/dt equation.
In the “Hamiltionian (p)” formula, 06A)/0t is eliminated but the “cancellation” problem
appears'>'?. The implicit scheme provides a natural treatment of the d6A; /0t term in the
“symplectic (v))” formula. The applications of the implicit scheme in the simulation of the
electrostatic toroidal ion temperature gradient instability have been reported!® and a fully
implicit scheme is studied recently in the particle simulation code XGC''7. Nevertheless,
the development and the application of the implicit full f scheme on the study of Alfvén

modes and energetic particle (EP) physics in tokamak plasmas have not been reported.

In this work, an implicit scheme for particle simulations is developed and implemented
in TRIMEG-GKX. Instead of solving the implicit field-particle system numerically'*, we
developed the analytical expansion for solving the implicit solution in order to generate the
linear system, whose solution converges to that of the nonlinear system. This scheme is
applied to the study of the Shear Alfvén Wave (SAW) in one dimension and the Toroidicity
induced Alfvén Eigenmode (TAE) excited by the energetic particles in three dimensional

axisymmetric tokamak plasmas. This work aims at providing

1. a demonstration of the applicability of the implicit method for the study of the SAW

in tokamak plasmas;

2. a mixed implicit-explicit scheme for particle simulations, with analytical simplifica-
tions, as a practical way to upgrade the TRIMEG code'®, meanwhile also as a po-
tential solution for JOREK and other existing codes®!%2!  for dealing with full f

electromagnetic simulations;

3. a full f numerical tool for the study of Alfvén waves and energetic particle physics??
that can deal with strong profile changes and arbitrary particle distribution functions

in a natural way, which is complementing existing codes®?%23.

This paper is organized as follows. In Section II, the model for the electromagnetic particle
simulation is introduced. In Section III, the implicit scheme with analytical treatment is
derived. In Section IV, the simulation results of SAW in slab geometry and the TAE in

tokamak plasmas are shown. In Section V, we provide summary and outlook.



s II. ELECTROMAGNETIC MODEL

81 In this section, the electromagnetic model is presented. In order to understand the
s2 performance and the applicability of this implicit scheme with analytical treatment, we
&z introduce the equations for the electromagnetic simulations in general geometry and its
& reduction to one dimension. Furthermore, the normalization and the mixed particle-in-cell-
s particle-in-Fourier (PIC-PIF) scheme are introduced.

86 For the tokamak geometry, the coordinates (7, ¢, ) are adopted and the magnetic field
e7 is represented as B = Vi x V¢ + F'V¢, where r, ¢, 0 are the radial, poloidal and toroidal
ss coordinates, 1 is the poloidal magnetic flux function and F' is the poloidal current function.
g0 An ad hoc equilibrium has been adopted, featured with concentric circular magnetic flux
o surfaces and constant F'. Neverthless, the scheme in this work is general, and it can be

o readily extended to arbitrary tokamak geometry.

2 A. Gyrokinetic Vlasov-Poisson equations and the parallel electron dynamics

% The gyrokinetic Poisson-Ampére system is described as follows,
VY 66 =Y en, (1)
S wCB S 7
AT (2)

u where w, = e;B/my, the subscript ‘s’ and ‘||” indicate the species ‘s’ and the component

s parallel to the equilibrium magnetic field respectively, and g is the vacuum permeability.

©

% The guiding center’s equations of motion are as follows,
iR = v +vq+ v (3)
di | d )
iv = Vo + 00 (4)
ap = Yl I
Ms , o
’Ud:E(U”‘i‘,UzB)bXVB , (5)
b
ov = E X V(5¢ - UH(SA”) , (6)
Ujo = —HO B, (7)
. €s
5UH = - (3\\5(b + (MA”) , (8)
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where the magnetic moment p = v? /(2B), v, is the perpendicular velocity, b = B/B. In
order to minimize the technical complexity of the code implementation and to focus on the
implicit scheme and the physics, we have ignored the finite Lamor radius effect and the
higher order terms ~ p,/Lp, compared with the more comprehensive gyrokinetic model>*?,
where ps = v, Jw, is the Lamor radius of the particle species ‘s’, and L is the characteristic
length of the equilibrium magnetic field. In spite of the simplification, it can be shown that
the energy E = v?/2 and the canonical toroidal angular momentum Py = e, + mv F/B

are conserved for the guiding center motion in equilibrium, i.e.,

d d
“Ei=0 . —
dt° ot

Py =0, (9)
where the subscript ‘0’ indicates the variables in equilibrium magnetic field.

For the one dimensional (1D) case, we consider the guiding center motion in uniform
magnetic field (vqg = 0, ¥)9 = 0). In addition, we assume uniform density and temperature
in all directions, and thus b x V(d¢ —vdA)) - V fy vanishes in the linear dispersion relation,
yielding (0, + v)0) + 60 0/0v))df = —ov - V fo — 600 fo/Ov) = —60)0 fo/Ov), where f =
fo+6f, foand 0 f are the equilibrium and the perturbed distribution functions respectively.

Equations 3 — 8 for the guiding center are reduced to

dl
E = UH s (10)
d?}” €s

where [ is the coordinate along the magnetic field. This 1D model is a good test case for
the implicit scheme, since the most numerically challenging term 0,04 is retained. The
numerical scheme that applies to this 1D model can be readily extended for the tokamak

geometry, for treating the 0,0 A term.

B. Normalization

The normalization units of the length and the time are Ry = 1 m, txy = Ry /vy, where
Uy = \/m, my is the proton mass, Ty is the reference temperature, chosen to be the
on-axis ion temperature in this work. Meter is chosen as the length unit, as is adopted in the
field solver and particle pusher of the gyrokinetic simulation code GTS?*. The purpose of

this choice is to be consistent with the EFIT equilibrium interface and the mesh generator in



122 TRIMEG® where meter is also used for the description of the geometry. In addition, while
123 the Larmor radius is a natural choice for microturbulence studies, macroscopic instabilies
e can be excited by EPs and thus a macroscopic length (1 meter) is also a reasonable length
s unit. Other variables are normalized using vy, tx ..., ie., v = PoN, R = RRy. In the

s following, for the sake of simplicity, the bar .~. is omitted when no confusion is introduced.

127 The normalized field equations are as follows,
—VL -gVﬁqﬁ = CP(SN s (12)
—Vi6A; = CadJy , (13)
nong 5718 (55”’3
g = MS— y 5N - s 75J - 9 (14>
; (n) B2 Z (m) Z (n)

s where My = my/my, € = es/ey for the species ‘s’, Cp = 1/p4, Ca = B/p%, Pn =
1w pn/Ryn, py = myvn/(enBo), By in this work is chosen as the on-axis magnetic field,

10 B =2up(n)Ty/BE and (n) is the volume averaged density.

131 The normalized equations of motion for the guiding center are expressed as follows,
MSBO 2
By
ov = Epr x V(0o —vjd4y) , (16)
Ujo = —pd B, (17)
i) = === (9106 + dA) . (18)

12 The Poisson equation, the Ampére’s law and the guiding center’s equations of motion in

3 (1, ¢,0) coordinates can be readily obtained (Appendix A).

s C. The mixed PIC-PIF scheme using finite element and Fourier basis function

135 The field variables are decomposed using Fourier basis functions in (6, ¢) directions and

136 using finite elements in r direction,

36(r,0,0) = > drmpli(r)e™ ™ (19)
n,m,k

SAY(r,6,0) = ) 6A i i (r)em om0 (20)
n,m,k
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where n and m are the toroidal and poloidal harmonic numbers and £ serves as the radial

index. In the full f scheme, the physical distribution function is represented by the markers,

Nh w
R v, pu) == L
f( ” M> Nptot 27TB‘T
6(R — Rp)5(v|| — V)01 — ip) (21)

where Ny is the marker number, IV, is the physical particle number, w, is set according to
the initial physical and the marker distributions, 27TBH is the Jacobian of the guiding center

coordinates. The Poisson equation and the Ampére’s law are converted to the weak form,

]\?P,nn’mm’kk’ : 5¢n’m’k’ C(P(S nm (22)

]\ZA,nn’mm/kk’ : 5AH,n’m’k’ = CAét]sm ) (23)

MP,nn’mm’kk’ = _/ dTAkvl,nm : gn—n’,m—m’vL,n’m’ Ak:’ ) (24)
To

MA,nn’mm’kzk’ = _/ dTAk:(Sn n’ m—m’vj_,nm . VJ_,n’m’ Ak’ 5 (25)

SN =Cloy Z prk (ry)e”nentmép) (26)

§JF Cpggz wpv||7pAk(Tp) —ingptmbp) (27)

where V| ,,,, is the Fourier representation of V with dy and 0, replaced with im and in
respectively, Cpo, = (17 — 12)/(2Nptot), the Particle-in-Fourier method® 27 is adopted in the
poloidal and toroidal directions, while the particle-in-cell is adopted in the radial direction,
6ij = 1fori = j =0, §; = 0 for other i,j values, g = > Gnme ™m0 and when
calculating M A/Pan'mm/kke i the code, we make use of the integration by parts. In this
work, we have adopted linear basis functions in the radial direction, in order to minimize
the technical complexity, while the methods can be also applied with higher order basis
functions in the future work. Equations 26 and 27 are obtained from the velocity space
integral of f in Eq. 21 and remain unchanged when Bﬂ‘ ~ B is adopted. Note that §N*

and 6J% are different from N, and §.J, defined by

ON(r,¢,0) =Y INumAi(r)e™@tm? (28)
n,m,k

=) 6T i(r)eme T (29)
n,m,k
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III. IMPLICIT SCHEME WITH ANALYTICAL TREATMENT

In this section, for the sake of simplicity, we use the 1D problem to demonstrate the
procedure of the implicit scheme and the analytical treatment. The key issue is to mitigate
the numerical instability in the direction parallel to the magnetic field, originating from
9;0A in the equation of motion, especially when the value of 3/(M.k? p%) is large. The
implicit scheme for the 3D tokamak geometry can be done with the same procedure, as

briefly introduced in Section ITID.

A. Shear Alfvén wave in uniform slab geometry

In the minimum model of SAW, the ion response is described with the polarization
density, and only one kinetic species (electron) is kept. Noticing that e; = —1 for s = e, the

normalized equations are

% =7 , (30)

dU” 1
% = E ((9\\(5¢ + (9t(5A||) , (31)
V3¢ = CpoN (32)
V20A; = CabJ) . (33)

The Fourier components of the density and current are obtained using particle-in-Fourier in

the parallel direction,

1 .
SNy, = > ekl (34)

1 .
e D DT (35)

ptot

where the Fourier decomposition is applied to the field and moment variables, e.g, IN(I) =

> x 0Nk, exp{ik;l}, and k; is the wave vector along .
The energy conservation is tested for this 1D model in Section IV A. Using Eqs. 30-33,

8



s we have, theoretically,

d
aEtot(t) =0, (36)
Eiot(t) = Egin(t) + Ep(t) + Eg(t) (37)
k2 k2
Ep = ﬁ 6or ()], Ep = ﬁ SA) (38)

160 where Ej;,(t) is the particle kinetic energy. Note that the energy conservation in the simula-
o tion also relies on the discretization scheme and the implicit treatment does not necessarily
i guarantee energy conservation. In this work, we use Eqs. 37-38 for the diagnosis to examine
2 the quality of the scheme we adopted and the numerical implementation while the study of

173 rigorous energy conserving schemes is out of the scope of this work.

s B. The implicit scheme for the particle-field system

175 The implicit scheme is implemented by applying the iteration scheme to the particle-field
e system. The purpose of the iteration between the particle pusher and the field solver is to

17 achieve the implicit solution to the Crank-Nicolson scheme, i.e.,

t+At t
ALy Y (39)
At At 2 ’
Ut+At — ot A 1 1 5At+At — §At
I | _ Ay _ R S f 4
At At 2Mea”[5¢ + 00+ M, At ’ (40)
Via¢t’t+At — OpéNt’H_At 7 (41>
ViéA‘t‘,t+At — CA(SJ‘I“,,t+At ’ (42)

s where 0¢ and 0A| are taken at I' + Al/2 in Eq. 40. In solving Egs. 39 and 40, with the
17 constraint Aty k) < 1, it is applicable to take Taylor expansion of the field perturbation
wo  (0¢,04)), Le., 6o(l' + Al/2) = 6¢(I") + (Al/2)0,0¢(1"). Then Eqgs. 39 and 40 yield the

9



11 analytic expression as follows,

Al
At h(llt) v+ W ()] (43)
AU” 2 Al ¢
At At {E - “]
- —h(zf)m {W(zt) + ““TAtalW(zt)} , (44)
h(lh) =1 - galW(zt) : (45)
1 At
wi(l') = 5 L, {MHN(N) = SAYI) + S0 [ae" A1) +5¢t(zt)}} : (46)

122 A more rigorous way is to solve the nonlinear equations, i.e., Eqs 39 and 40, numerically, in
183 order to achieve a good accuracy. In this work, Eqs. 39 and 40 are solved by first defining

18« the residual as follows,

Al ng

Ry =14 ]t — 5 — o o] (47)
A
RQ = vt—I—At U‘t‘ . 2]\;6 al [5¢t+At<lt+At/2) + 5¢t(lt+At/2)}
1
_H[(;Aﬁ-i—At(lt—i—At/Q) . 5A7|5|(lt+At/2)] ’ (48)

(lt—l-At t+At

155 and iterating ) ) to reach Ry — 0, Ry — 0. This can be achieved using the Newton

s iteration scheme, by solving Al, Ay as follows

OR1 OR1
- Al R - DIFFAT 5 G IFAT
R~ = - ; MR = | ;
A R ORo OR>
|| 2 DULTAT v g TTAL

Yl (49)

w7 and by modifying (I, v)) using (Al, Av)) in the next particle iteration with the given d¢, 6 A
s While Eqgs. 43 and 44 can serve as the initial condition of the rigorous calculation of the
19 implicit particle solution, namely Eqs. 47 — 49, the computational benefit is limited, since
1o the particle iterative solver Eqgs. 49 converges efficiently for small or moderate kv, At. The
11 more significant benefit of using Eqs. 43 and 44 lies in using them as an approximate solution
12 of Eqs. 3940, without using the iterative particle solver at all, which gives almost the same
103 results for the case in Fig. 4 as will be discussed in Section IV A. This serves as a tool for

14 validation during the code development.

10



195

The main steps for iterations are as follows (all variables are at ¢t + At in the workflow,

196 i.e., (5g25 = 5¢(t + At) etc),

197

198

199

200

201

202

203

204

205

206

208

pi

o

9

210

1 5 ¢start 5 l 3 (5 Nend
— —

N
5Aﬁta7‘t 'U|| 5Jend
J ) fart i+1
S Sostar
ENp o ¢t t (50)
SA s Azt

1. Each iteration starts with the given field {d¢, d A} (¢t + At). In each step from ¢ to

t+ At, as the first iteration (i = 1), the explicit solution is used as the input of the first
iteration. Namely, at time ¢, particles are pushed from {I(¢)), v (¢)} to {I(t+At), v (t+
At)} using 0)d¢(t) and (6A)(t) — dA (t — At))/At. Then {do(t + At),0A)(t + At)}
are calculated using {I(t + At), v (t + At)} by solving the Poisson equation and the

Ampére’s law, and then serve as {d¢**", 5Aﬁt“’"t =1,

. Particles are pushed from ¢ to t + At implicitly using {0¢,0 A} (¢t + At) and

{0¢,6A}(t) according to Eqgs. 39 and 40, or, when Atyjk; < 1, to Eqgs. 43 and 44.

. In the end of the iteration, {6¢, A} (¢ + At) is calculated using Eqgs. 41 and 42.

. The field perturbation for the next iteration is set according to

start,i+1 start,i

So(t + At) 5o(t + At) L Jas

SA(t + At) SA(t + At) ASA

where Ad¢p and AJAj are determined in such a way that in the (¢ + 1)th iteration,

i+1 i+1
SNt + At) SN (t 4+ At)
= , (51)
dJ5tart (¢ 4+ At) §Jem(t + At)

or, at least, convergence occurs with respect to i.

Applying the Taylor expansion on the left hand side near {§@** § A5t} and the right
hand side of Eq. 51 near {dNs'" §. 5"}t we have

V2 0 . AS AN
% AN I (52
0 AV ASA AST

11
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where ASN = §Nend — §Nstart A§J = §.Jend — §Jstert and the correction matrix is

HSNt+HAL  gsNt+AL kﬁ (At)z _ik”At
5¢t+At ) JAtTAL AM,. 2M,
M, = = : (53)
8 JHHAL o gitat kAt g
6¢t+At ) JAtTAL 2M, ' M.

The details of deriving the correction matrix J\ZC in Eq. 53 are in Section III C. In summary,
Egs. 39, 40 (or 43, 44), 41, 42, 52 and 53 embody our implicit scheme with analytical
treatment and give the complete set for evolving the system implicitly. All basic operations,
such as the particle deposition, field scattering and field calculations in the implicit or the
mixed implicit-explicit scheme (in Section IIID) are similar to those in the widely used
explicit scheme even when the parallelization needs to be considered. The implicit particle
solver treats each particle separately using given field information and can be parallelized
easily. The additional field equation (Eq. 53) is solved using the same way as the Poisson

equation or the parallel Ampére’s law, and thus can be parallelized easily as well.

C. The analytical correction matrix ().) of the implicit field solver (“moment

enslavement”)

For obtaining the implicit solution to the field-particle system following the procedure
50, the analytical correction matrix (M,.) of the implicit field solver in Eq. 53 is derived,
noticing that the moments 6N and dJ can be eventually written as functions of the fields
d¢ and dAj, which we refer to as “moment enslavement”. In deriving Eq. 53, firstly, the
particle coordinates (I, v)) at t + At are functions of the fields at ¢ 4+ At, which follows the

essence of the “particle enslavement” in a previous work®,

At
AT = F 4 5 (0" ) (54)
t+At t t t+At t 5A'|t|+m B 5A7\t\
v =+ YR o|[0¢ + 09| + — (55)

which are from the Crank-Nicolson scheme Eqs. 39, 40. Note the definition of the Fourier

decomposition,

56(1) = 2Re[6dy,e™!] | (56)
5A||<l) = 2R€[5A||’kleikll] , (57)

12



2 where only the +k; Fourier components are kept for the sake of simplicity.

2 yield

QT kAL rays
8(5¢'};At - AM, € )

ks _ At? eikllt+At/2
DOAEST 2M,

O™ iAo e
8(5(;5',?;& = 20, e

aU|t|+1 L paerane
DSATA M.

233

Ji+AL AL

dinates ( Y|

),

234

t+At
SNEHAt =
ptot

L
N 9
p
1 L gtAL
6Jt+At — E ,UtJrAte ik lp
ki N tot ” ’
Protp

235

which are equivalent to Eqs. 34 and 35 with ¢ + At explicitly written.

236 H4-63 and chain rules, the correction matrix elements in Eq. 53 are calcu

. Equations 54-57

(58)

(59)

(60)

(61)

Second, notice that the density and current perturbations are functions of particle coor-

(62)

(63)

Then using Egs.

lated as follows,

t+At ik [ETA
0> Nptor Do AM. Nytor < ’

t+At ik T A .
adej . ]_ 66 k‘llp _ _ZklAt 1 ZeiikZAlp/Q (65)
a(sAﬁ;lAt Nptot aaAﬁ;lAt 2Me Nitor % ’

Gt At . .

anliTAt B 1 Z 6U||6*Zkllp+ _ Zl{/‘lAt 1 Z (1 _ ZkAtU7p> e*iklAlp/Q (66)
8(5¢ZFN Nptot - (3(5(#,?;& 2M. Npiot - 2 7

t+At ik ItHAt .
) AllfltwAt Nptot 00 Aﬁ*}g?t M Npiot - 2 ’

237
23 with the fields solved at ¢ + At/2 but particles pushed along ¢, t + At,
230
240
21
242

23 Fourier mode number in the subscript and with £; replaced by k.

13

where 37 e~k iA/2 5 N, can be used when kjAl,/2 < 1. Another time discretization

... can eliminate

the e~™#iA/2 factor and will be studied in the future. For the shear Alfvén wave studied
in this work, the v, terms in the bracket are ignored since the equilibrium flow is zero
and the perturbed fluid velocity (normalized to thermal velocity) is infinitesimal. Then,

the correction matrix can be obtained as shown in Eq. 53 without explicitly specifying the
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By using the analytical results in Eqs. 64-67 or Eq. 53, the numerical calculation of M,
can be avoided. On the one hand, the analytical solution gives the accurate solution of M,
while the numerical calculation of M, relies on the convergence of the derivative calculation
of 0Ny, and dJy, with respect to the variation of d¢y, and dA) . On the other hand, in
calculating M. analytically, no operation (such as particle push) on each single particle is
needed but only the fluid-like terms Y e~*i2k/2 and Y7 vy ,e~*4/2 are needed, which

can be simplified further in the small perturbation limit, as adopted in Eq. 53.

D. The mixed implicit-explicit scheme

While the above implicit scheme is based on the 1D model, the implicit scheme in tokamak
plasmas can be implemented by applying either fully 3D implicit scheme on the same footing,
or, as adopted in this work, the mixed implicit-explicit scheme, inspired by the theoretical
mixed WKB-full-wave approach?® ", Using this mixed scheme, only the fast parallel motion
terms are treated implicitly but the other terms are treated using an explicit scheme, such
as the Runge-Kutta method, as adopted in this work. The splitting of the guiding center’s

equations of motion (Egs. 3 and 4) are as follows,

dRE vl

g T vaT ov _d1|5| =0 » (68)
dR! dvj

_dt = ’U|| s _dt = 5UH s (69)

where vg, 0v, U)o and 67 are defined in Egs. 5-8. In each sub step of the Runge-Kutta step,
as the first operation, the explicit increment (ARE, Avf ) is calculated according to Eq. 68.
Then the increment (AR!, Avﬁ ) is calculated using the implicit scheme in a similar way in
Eqs. 39-42 with (AR, Avf’) included in (R,v))"**" and fixed as constants when solving

for the implicit solution,

AR! vﬁ + (vﬁ + Avf + Avﬁ)

Aol g o, SAITAT 5 A
6 t+AL t1 G [
At AL (07 +0¢'] M, At ’

(71)
VJ_ . gvl(sqbt,tJrAt — CP(sNt,t+At ’ (72)
vié‘AT',t-"—At _ OAé‘J'tl,t-‘rAt ’ (73)
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where v = vb, ¢ is defined in Eq. 14, §¢'2¢, 5A|t|+At, SN2t and § Jﬁ*m are evaluated using
the particle information at ¢t +At, i.e., (Rﬁ*At, vﬁ*At) = (R + ARﬁ5 + ARﬁ, vl + Avﬁj + Avﬁ).
The implicit particle-field solver is implemented following the workflow in Eq. 50 for the 1D
case. The particle’s implicit solution with given fields and (ARF, Avf ) is obtained following

Eqgs. 47-49. The correction to the field is obtained in the same way as shown in Eq. 52, in

order to achieve the implicit field-particle solution.

IV. NUMERICAL RESULTS

The one dimension SAW model is implemented in Matlab and the electromagnetic model
for tokamak plasmas is implemented in Fortran. In this section, the simulation results are
presented for these two cases. For the simulation in tokamak plasmas, the EP driven TAE
case defined by the ITPA group is adopted®'. LIGKA is run for the calculation of the TAE

eigenvalue?®, and for the comparison with the particle simulation results.

A. Shear Alfvén wave in 1D uniform plasma

As the benchmark of the particle simulation using the implicit scheme in 1D geometry

(Egs. 30-33), the electromagnetic dispersion relation in uniform plasma is adopted as the

analytical solution,”

Doy 2L+ez(@) (wz B Me) _o .
Me(k1pri)? B

(74)

where £k, is the perpendicular wave number, Z is the plasma dispersion function, w = w/wye,
Wie = Uik

The simulation parameters are as follows. The particle-in-Fourier scheme has been used

with one harmonic (%) in the direction parallel to the magnetic field. kjpy = 0.2, 3/M.

is chosen in the range of [1/16,32] in the parameter scan, which covers the typical regime

of tokamak plasmas, e.g., 5 = 1%, M, = 1/1836, i.e., 3/M, = 18.36. The roots of the

SAW are calculated in the complex space, by solving Eq. 74. The least damped roots with

w = +0.319 — 0.0017428: (8/M, = 10) correspond to the SAW and serves as the analytical

solution for the comparison with our particle simulation, while the other heavily damped

roots can be hardly observed in the particle simulations.
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The particle simulation based on the implicit scheme shows its performance in SAW
studies, as shown in Fig. 2. In this case, the marker number N, = 105, the time step
At = 0.01 - Tsaw, where the SAW period Tsaw = 27/(vaky), B/M. = 4. The simulation
results in 15754 show that the Landau damping of the initial perturbation occurs during
t € [0,5Tsaw| and after that, the wave-particle nonlinear interaction leads to the energy
transfer between the wave and particles back and forth. The total particle kinetic energy
and the wave energy are calculated as shown in the top frame. As the wave gets damped, the
total particle kinetic energy grows, and vice versa. In the middle frame, the § B component
(magenta line) and the 0E component (blue line) oscillate with the same amplitude, but
with 90 degrees of phase shift. The total energy (blue line in the first row) indicates good
conservation properties. The relative error of the total energy is shown in the bottom frame,
demonstrating that Fiy(t)/Eip0 — 1 increases to ~ 1% in 3Ty and after that, stays in the
magnitude lower than 2%, where F, is the initial total energy (longer time simulation will
be shown in Fig. 3). It can be shown that this artificial energy loss is small compared with the
theoretical wave damping rate, i.e., Yartificiat = 2.6%Viheory, Where Yepeory/wrap = 0.01009
from Eq. 74. The energy conservation can be improved efficiently as the step size At is
reduced, as shown in Fig. 3. The SAW is simulated in 100754y and the relative error of
the total energy is shown in the top frame. The relative error stays on a steady level during
the nonlinear phase, as shown in the top frame. As shown in the bottom frame, the relative
error is reduced significantly as At decreases. As At/Tgaw is reduced from 0.01 to 0.005,
the absolute value of the average relative error of the total energy decreases from 1.58% to
0.41% for Nyor = 10°. The relative error is not sensitive to the marker number Nptor in
the range of Nyir = 5-10°%,10%,2- 105, For small damping cases in the large §/M, limit or
small 5/M, limit, the relative error is significantly smaller and the error in calculating the

damping rate is also under control.

The real frequency and the damping rate of the SAW calculated using the implicit particle
code and the eigenvalue solver (Eq. 74) are shown in Fig. 4. The marker number is 105.
For the weakly damped SAW (e.g., /M, = 16), the frequency w, and the damping rate =y
are fitted in 10 - Ts o, while for the SAW with larger damping rate (e.g., 8/M, = 1/2), w,
and ~ are fitted in 4 - Tgaw. When choosing the time step size At, the limit due to A) the
numerical stability, B) the accuracy and C) the convergence is considered. First, At needs

to be smaller than a critical value to avoid numerical instabilities. Since the implicit solver
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takes the explicit trial solution as the starting point, as clarified in the Step 1 of Eq. 50,
At can not be too large so that the implicit solver can find the physical implicit solution
near the explicit solution. For /M, = 1/16, numerical instability (crash) appears as At
increases from 1.07Ts4w to 1.5Tsaw, but the simulation is crash-free for At/Tsaw <= 1.
As /M, increases, the maximum At needed to avoid numerical instabilities drops. Second,
in order to fit the frequency and the damping rate accurately, we have to use at least 20
points in one wave period. Third, At is small enough so that reasonable convergence can
be observed as At is varied. Specifically, the maximum time step size used in the scan is
At = Tsaw /20 for f/M, = 1/16 and the minimum one is At = Tsap /120 for 5/M, = 32.
In the small §/M. limit, |0,0A)| < |0)0¢| and § )| is mainly contributed by the electrostatic
scalar potential 9jd¢ while in the large 3/M, limit, 0,04 =~ —0,0¢ and |6E/|0)d¢| < 1,
as can be found from Eq. 74. As a result, when §/M, increases, At needs to be smaller in
order to treat the 9,0 A term and its cancellation with 9;d¢ properly. The implicit scheme
shows its capability in the small electron mass condition, which is usually a challenge in
kinetic particle simulations, due to the quick electron response to 6. The scan with fixed
S (but varying m.) and that with fixed m. (but varying f) show no difference in the mode
eigenvalue, which is obvious from the dependence of the analytical dispersion relation Eq.

74 on /M..

B. Toroidicity induced Alfvén eigenmode damping and excitation in three

dimensional axisymmetric tokamak

To simulate the Alfvén modes in tokamak plasmas, Eqs 12—-18 are solved using the implicit
particle scheme. The TAE is simulated using the parameters of the widely studied ITPA
case®’. The major radius Ry = 10 m, minor radius @ = 1 m, on-axis magnetic field By =
3 T, the safety factor profile q(r) = 1.71 + 0.16r2. The electron density is constant with

Neo = 2.0-10¥ m™3, T, = 1 keV. The EP density profile is

ng(r) = nygocs exp <—9 tanh —— CO) , (75)

Cy Co

where n o = 1.44131-10'" m ™2, the subscript ‘ f” indicates EPs (fast particles), ¢y = 0.49123,
c1 = 0.298228, ¢; = 0.198739, c¢3 = 0.521298. The EP temperature is 400 keV'. Since the

dominant bulk ion response is already included in the polarization density in the Poisson
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equation, only kinetic electrons and fast ions but no kinetic bulk ions are included in this

work.

1. Numerical verification

The field solver is tested using the Method of Manufactured Solutions (MMS), without
including particles. The Poisson solver and the Ampére solver are both constructed from
the mass and stiffness matrices, corresponding to 9%/9r?, 9/9r and f(r), where f(r) is a
function of r. As a result, testing the Ampére solver is sufficient for the numerical verification
of the basic field operators. The Ampére’s law can be written as (Eq. Al)

2 2

<% %% - %) 04 m = Cadm (76)

where the toroidal mode number n is omitted in the subscript since n = —6 is fixed in this
whole section, and the perpendicular Laplacian operator in Eq. 13 is replaced with that

in the poloidal plane by ignoring the terms smaller by a factor of r?/(¢R)?. The analytical

solution is given as

r—rc\2
OA| mana = Co + 17 + ayJp(r) + e~ (5572) , (77)
CadJdm.ana = agr® + asr® +a ™ +a_r™™ — ayJn(r)

2 _ 2 - 2
e () 4(r —re) 2 20r—r) m

Wt w2 w2 ]
(78)

where J,, is the Bessel function. The right hand side of the Ampére’s law is set to Eq. 78 and
the numerical solution 0 Aj| y, num is compared with d A, 4ne in Eq. 77. The relative error in

the numerical solution /[, (fauwmk — fana(x))?]/ Dop [20a (%), Where k indicates the radial

grid index, f = dA),,, is shown in Fig. 5, where N, is the radial grid number. Reasonable
convergence of the field solver is observed. In our simulation, by choosing N, = 60, the
relative error in 64 for given 6./ is at the level of 107% in the field solver.

The particle pusher is tested by the diagnosis of the particle trajectory and the two
constants of motion, namely, the energy £ and the canonical toroidal momentum P;. The
particle trajectories are shown in Fig. 6. The particle temperature is Ty = 400 keV', the
on-axis magnetic By is 3 T', the time step At = 0.025T% 4y4ns, the transit period T trans =
27 qr=0.5a R0/ \/W . The particle trajectories in 1007 4qns are calculated. For passing
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particles (the upper row), p = 0.04v} /By, v € [—2uv,2v4] at r = 0.5, § = 0. For
trapped particles (the lower row), p € [0.1507,v%], vy = —0.2v4 at r = 0.8, = 0. The
corresponding root-mean-square relative errors in E and Py are lower than 5-107° for all
particles in 1007 ¢rqnsit-

In order to test the convergence of the implicit field-particle solver, the relative correc-
tion in 0¢ and 0A in every iteration are analyzed. In the iteration procedure Eq. 50,
the iteration can be terminated when Err(0¢) = /> (Adp)?/ > d¢? and Err(0A)) =
\/ > (A0A))?/ Z(SAﬁ are small enough (typically, 107®). The convergence of the implicit

particle-field solver in a typical simulation is shown in Fig. 7. Two time slices are selected for
the diagnosis of the convergence. In 15 iterations, the relative error in d¢ and dA| decreases

to 107® and lower, as a good indication of convergence.

2. Toroidicity induced Alfvén eigenmode w/o EPs

The TAE is simulated with no EPs applied firstly. Two cases of the TAE damping are
studied. In the first case, we choose m;/me = 200, since this is the parameter used in the
EP driven TAE in the next section and previous ORB5 simulations®2. In the second case, we
choose m;/m, = 1836, in order to compare with the previous results where m;/m. = 1836
is used for the calculation of the TAE damping®'. LIGKA is run for both cases as the
benchmark. The initial density perturbation with the amplitude of dn(r = 0.5a)/n.o =
4-1072 is loaded by initializing markers’ displacement. The initial density perturbation
has a Gaussian shape 0N, (r) = o, exp{—(r — r,)?/W7}. Since the noise level in density
is estimated as 0ppse = 1/ \/m, the amplitude of the initial density perturbation is
set to at least 2 times of o, i.e., 0, = 20,,0is¢ in order to simulate the TAE mode structure
and the time evolution clearly. The Gaussian shape exp{—(r — rp.)?/W?} of the density
perturbation is set to be as close as possible to the TAE eigenmode with the m = 10,11
poloidal harmonics as the dominant ones near r = 0.5a. In practice, we adopted W, = 0.025,
Tpe(m = 10) = 0.47, rp.(m = 11) = 0.51. The marker number is Ny = 16 - 10°, the time
step size is At = Tragp/100 for m;/m. = 200 and At = Trag/800 for m;/m. = 1836.
The simulation completes 10 T4 on 8 computing nodes within around 10 hours for the
m;/me = 200 case and 12.5 Trap within around 80 hours for the m;/m. = 1836 case, with

each node containing two Intel Xeon Gold 6148 processors (Skylake (SKL), 20 cores @ 2.4
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GHz).

The time evolution of the TAE for m;/m. = 200 is shown in the top left frame of
Fig. 8. The physics value of the electrostatic potential perturbation, d¢., is measured at
r = 0.48,0 = 0. The time evolution is clear, indicating the proper simulation of the TAE.
The anatyical TAE frequency wrag = va/(2qRo) = 417.8-103rad/s is used as the reference.
The real frequency fitted during ¢t/Trap € [1,10] gives the real frequency w, /wrap = 0.9615,
i.e., w, = 401.7 - 103rad/s. The damping rate from the simulation is v/wrap = —0.011999,
ie, v = —5013/s. As a study regarding the sensitivity of the initial density perturbation,
we ran the case with 0n,—05,/10 = 8- 1073 (keeping other parameters unchanged), and the
damping rate is slightly different (by ~ 2.5%) compared with the one with 0n,—95,/nc0 =
4 -1073. The mode frequency and the damping rate are compared with the results from
LIGKA?3. LIGKA computes the complex eigenvalue of the linearized gyrokinetic equations
using numerically computed unperturbed orbit integrals for both electrons and ions. The
value from this LIGKA numerical model v/w, = —1.293% is close to the TRIMEG-GKX
result v/w, = —1.248%. For the m;/m. = 1836 case, the frequency and the damping rate
are (wy,7y) = (0.98142, —0.004907) - wrag by using the wave energy Ep defined in Eq. 38
during t/Trag € [5,12.5], in order to enhance the signal for this weakly damped mode. Here
the wave energy integral in the whole plasma (Fg) is calculated during t/Trag € [5,12.5],
during which the mode structure is stable, and the linear decay of log(Eg) is clear. As a
result, the fitted damping rate and the frequency of \/Ef represents those of the TAE. The
obtained v and w can be viewed as the average value at different radial locations using the
scalar potential, which gives a good estimate for this weakly damped case. The value from
LIGKA (y/w, = —0.5008%) is close to the TRIMEG-GKX result (v/w, = —0.5000%) for the
realistic electron mass ratio. In the previous benchmark results®!', using the realistic electron
mass, the damping rate is —1103/s for GYGLES, —567/s (co propagating TAE) or —1705
(counter propagating TAE) for EUTERPE. In recent ORB5 simulation, the damping rate is
1825/s ~ 2190/s (Fig. 6 of Ref. [33]). In our simulation, both co- and counter-propagating
TAEs are included and the estimated damping v = 2050/ s is also comparable to other codes.

The 2D TAE mode structures are shown in the top middle and top right columns of
Fig. 8. The mode width is consistent with previous simulation results with full width at
half maximum Ar =~ 0.06 in the mode envelope. The magnitude of the m = 10 poloidal

harmonic is larger than those of other harmonics, which is consistent with the observations

20



435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

454

455

456

457

458

461

462

by other codes such as LIGKA, GYGLES, ORB5 and EUTERPE?!.

3. Energetic particle driven Toroidicity induced Alfvén eigenmode

For the EP driven TAE, the marker numbers for electrons and EPs are Ny = 128 -
10% Nty = 32 -10°% and the time step size is At = Trup/100. The initial density
perturbation with the amplitude of dn(r = 0.5a)/n. = 5- 107 is loaded by initializing
markers’ displacement. For the corresponding d¢, the m = 10,11 TAE component is not
dominant compared with other components (m = 8,9,12,13) and serves as a seed for the
EP driven TAE. The simulation completes on 24 computing nodes within around 36 hours.
The time evolution of the EP driven TAE is shown in the bottom left frame of Fig. 8. Since
the initial perturbation (especially the m = 8,9, 12, 13 perturbation) is significantly different
than the EP driven TAE, it is damped firstly during 0 < t/Tr4p < 2 and then the TAE is
excited by EPs. The real frequency fitted during t/Trag € [4,10] is w,/wrag = 0.9276. The
growth rate fitted during the growing phase (2.5 < t/Trag < 5.5) gives v/wrag = 0.090806
(most codes give v/wrap ~ 9% ~ 12%3!).

The 2D mode structure and the radial profile of the poloidal harmonics at ¢/Tra g = 5.5
are shown in the bottom middle and bottom right of Fig. 8. The broadening of the radial
envelope (full width at half maximum ~ 0.12 from the bottom right frame) is larger by
100% than that of the TAE damping case in the top right frame. This is due to the EPs’
non-perturbative effects on broadening the mode structure®3?. Another feature is the mode
structure symmetry breaking, namely, the mode structure distortion, due to the EPs’ contri-
bution to the non-Hermitian part of the dispersion relation®* 3¢. More quantitative studies
on the properties of the mode structure symmetry breaking using this full f simulation and

t37

its effects on the EP transport”’, will be performed in future work.

V. SUMMARY AND OUTLOOK

In this work, an implicit full f scheme has been developed for the electromagnetic particle
simulations of the damping and the excitation of Alfvén modes. This work provides a
potential method for EP transport simulations which is able to maintain the kinetic effects

of all particles and the electromagnetic effect. The main techniques have been developed as
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FIG. 1. The roots of the dispersion relation. The red or the black lines indicate the real or the

imaginary parts of the SAW dispersion relation, Eq. 74, and their intersection gives the eigenmode

solution D(w) = 0. The least damped root with maximum |Im(¢)| corresponds to the SAW.
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FIG. 2. Top: time evolution of the particle kinetic energy (black line), wave energy (red) and the
total energy (blue); middle: the wave energy Ep and Ep defined by Eq. 38; bottom: relative error

of total energy, defined as Eiy(t)/Etoro — 1, where Ejyyg is the initial total value.

463 follows.

464 1. An analytical treatment has been derived for obtaining the implicit solution of the

465 field-particle system, by linearizing the nonlinear implicit particle-field system, which
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23



EE
L1102E s
= .
"z +~.+
£ o ..
N 3}
: A
= =+
[y 10° e
~ 3+
108
1 2 4 8 16 32 84 128 256 512
NN

FIG. 5. The relative error in the solution to the Ampére’s law versus different radial grid numbers

using the Method of Manufactured Solutions, i.e., Eqs. 78 and 77, where N.o = 10.

%1077 %107
1 - - ~ 7 X
b ~ A
rd ~ 6 ;
LI A P o
! \ 1 \
N \ i [T 3
' 1 B
N 5
0 + n ' X 3
I‘ gt s
X =
-0.5 Y & ' '| \x’
] 1
~ .’ 1oy, & )
~ o - ¥ 1 + + -+
-1 == 0 T+ 4 0
0.5 0 0.5 1 0 5 10
R Particle index
-5 10
15 Xlg 45
b
LI 4.4
X 2
1 W n
! \x a
‘ X 7_:3%
1 \ s
1 X
\ =
A+
'\'k_i_ -+ -+ *\
b
5 10

Particle index
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FIG. 7. The convergence of §¢ (lines) and JA (dashed lines) at the beginning (¢t = 0.0177ag) and
the end (t = 107r4g) of EP driven TAE case in Section IV B 3.
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FIG. 8. The first row: TAE damping w/o EPs; the second row: TAE driven by EPs. Left: the
time evolution of the TAE. The blue line indicates the linear fit using the logarithmic amplitude
peak values along ¢ during the selected time period (red crosses). d¢(re, 0 = 0) is normalized using
T.o/e as adopted by other work®?. The 2D mode structure of the TAE Re[6¢] (middle column)
and the radial structure of the different poloidal harmonics (right). The toroidal mode number

n = —6, the electron to ion mass ratio m./m; = 1/200 for both cases.
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gives a practical way to solve the nonlinear system, as shown in Eqs. 39, 40, 41, 42,

52 and 53.

2. The mixed implicit-explicit scheme is developed to simulate the TAE by implicitly
treating the fast scale parallel motion, especially the parallel acceleration due to the
perturbed field, which is usually the most challenging when the particle mass is small,

but treating the other parts explicitly.

The implicit scheme in this work shows the following performance in the study of Alfvén

waves and EP physics.

1. Using the analytical derivation based implicit scheme, good convergence of the field-

particle solver is demonstrated (Fig. 5).

2. By applying this to the 1D shear Alfvén wave problem, this implicit scheme shows
good energy conservation and capabilities of calculating the frequency and damping
rate properly in a broad range of §/M, values, including the small electron mass

condition (Fig. 4).

3. The application of this method to the TAE problem shows its applicability for electro-
magnetic simulations with/without EPs (Fig. 8). The TAE mode structure distortion
due to the non-perturbative effects of the EPs is observed, consistent with previous

3,32 34-36

simulations and theoretical studies

More dedicated studies related to the numerical performance of this implicit full f scheme
for the electromagnetic physics, such as the study of different discretization schemes for more
rigorous conservation properties, will be addressed in future and physics problems such as the
mode structure symmetry breaking and EP transport will be studied. The application of this
method to the whole plasma volume using unstructured meshes'® or structured Bezier basis

1

functions?!, is expected to enable more comprehensive studies of the global electromagnetic

kinetic effects and edge physics.
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Appendix A: Field and guiding center equations in (r, ¢, ) coordinates

In (r,¢,0), the Ampére’s law is written as
m2
(er - F) 5AH7m = OA5Jm ) (A]')
0”2 10
=+ -—= (A2)

LT’T’ — )
or2  ror

where the perpendicular Laplacian operator has been approximated using that in (r, #) plane,
since By/By = r/(¢R) < 1. For the Poisson equation, the toroidal coupling is calculated
using

2

B
Y~ gy [14 2€.cosb] (A3)

gS - gSO B2

where €, = r/Ry. The Poisson equation is expressed as

m? m 1
<er 9 ) 5¢m + €c90 |:er — (m2+ ):| 5¢m+1
r r

m(m — 1)

+€c90 |:er - 1 5¢m71 = C’P(SA]\[m ) (A4)

where go = ), gs0-

For guiding center’s equations of motion, in (r, ¢, #) coordinates, we have

dFy  M,Bopy F
_ £ A
dt e. B3R raeB ’ (AD)

ddg  MsBopn Or¢p

dt  éB3R R &8, (A6)
dfy  MBopy F
@~ R 0P (A7)
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531

dér - BO _ b¢ bH

E = B PN ( , 895G - R8¢5G) s (AS)

ds¢ By _ by

ds9 By by

% = — B PN , 8T5G s (AlO)
: PO
jo = _,UR2¢ sinf | (A11)
56 = == (9106 + 9 A) (A12)

where 0G = 5&) — ’DH(SAH.

REFERENCES

'W. Lee, Phys. Fluids 26, 556 (1983).

27. Lin, T. S. Hahm, W. Lee, W. M. Tang, and R. B. White, Science 281, 1835 (1998).
3Z. Wang, Z. Lin, I. Holod, W. Heidbrink, B. Tobias, M. Van Zeeland, M. Austin, et al.,
Phys. Rev. Lett. 111, 145003 (2013).

4C. Chang, S. Ku, G. Tynan, R. Hager, R. Churchill, I. Cziegler, M. Greenwald, A. Hubbard,
and J. Hughes, Phys. Rev. Lett. 118, 175001 (2017).

°S. Parker and W. Lee, Phys. Fluids B 5, 77 (1993).

6G. Chen, L. Chacén, and D. C. Barnes, J. Comput. Phys. 230, 7018 (2011).

7J. A. Heikkinen, S. J. Janhunen, T. P. Kiviniemi, and F. Ogando, J. Comput. Phys. 227,
5582 (2008).

8S. Giinter and K. Lackner, J. Comput. Phys. 228, 282 (2009).

9A. Mishchenko, A. Bottino, A. Biancalani, R. Hatzky, T. Hayward-Schneider, N. Ohana,
E. Lanti, S. Brunner, L. Villard, M. Borchardt, et al., Comput. Phys. Commun. 238, 194
(2019).

R, Kleiber, R. Hatzky, A. Konies, A. Mishchenko, and E. Sonnendriicker, Phys. Plasmas
23, 032501 (2016).

UB. 1. Cohen, A. B. Langdon, D. W. Hewett, and R. J. Procassini, J. Comput. Phys. 81,
151 (1989).

28



532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

2A. Brizard and T. Hahm, Rev. Modern Phys. 79, 421 (2007).

13Y. Chen and S. Parker, Phys. Plasmas 8, 2095 (2001).

1B, Sturdevant, S.-H. Ku, C. Chang, R. Hager, L. Chacon, and G. Chen, Bulletin of the
American Physical Society (2019).

15R. Hatzky, A. Konies, and A. Mishchenko, J. Comput. Phys. 225, 568 (2007).

16B. Sturdevant, Y. Chen, and S. Parker, Phys. Plasmas 24, 081207 (2017).

17B. J. Sturdevant, S. Ku, L. Chacon, Y. Chen, D. Hatch, M. D. J. Cole, A. Y. Sharma,
M. F. Adams, C. S. Chang, S. E. Parker, and R. Hager, Phys. Plasmas, submitted (2021).

187. Lu, P. Lauber, T. Hayward-Schneider, A. Bottino, and M. Hoelzl, Phys. Plasmas 26,
122503 (2019).

198, Briguglio, G. Vlad, F. Zonca, and C. Kar, Phys. Plasmas 2, 3711 (1995).

2. Lanti, N. Ohana, N. Tronko, T. Hayward-Schneider, A. Bottino, B. McMillan,
A. Mishchenko, A. Scheinberg, A. Biancalani, P. Angelino, et al., Comput. Phys. Commun.
, 107072 (2019).

21G. Huysmans and O. Czarny, Nucl. Fusion 47, 659 (2007).

22.. Chen and F. Zonca, Rev. Mod. Phys. 88, 015008 (2016).

23P. Lauber, S. Giinter, A. Konies, and S. D. Pinches, J. Comput. Phys. 226, 447 (2007).

2W. Wang, Z. Lin, W. Tang, W. Lee, S. Ethier, J. Lewandowski, G. Rewoldt, T. Hahm,
and J. Manickam, Phys. Plasmas 13, 092505 (2006).

25]. Ameres, Stochastic and spectral particle methods for plasma physics, Ph.D. thesis,
Technische Universitdt Miinchen (2018).

26M. S. Mitchell, M. T. Miecnikowski, G. Beylkin, and S. E. Parker, Journal of Computa-
tional Physics 396, 837 (2019).

2E. G. Evstatiev and B. A. Shadwick, Journal of Computational Physics 245, 376 (2013).

28F. Zonca and L. Chen, Phys. Fluids B: Plasma Phys. 5, 3668 (1993).

297. Lu, F. Zonca, and A. Cardinali, Physics of Plasmas 19, 042104 (2012).

307. Lu, F. Zonca, and A. Cardinali, Phys. Plasmas 20, 032115 (2013).

3LA. Konies, S. Briguglio, N. Gorelenkov, T. Fehér, M. Isaev, P. Lauber, A. Mishchenko,
D. Spong, Y. Todo, W. Cooper, et al., Nucl. Fusion 58, 126027 (2018).

32A. Biancalani, A. Bottino, M. Cole, C. Di Troia, P. Lauber, A. Mishchenko, B. Scott, and
F. Zonca, Plasma Phys. Controlled Fusion 59, 054004 (2017).

33F. Vannini, A. Biancalani, A. Bottino, T. Hayward-Schneider, P. Lauber, A. Mishchenko,

29



564

565

566

567

568

569

I. Novikau, E. Poli, and A. U. Team, Phys. Plasmas 27, 042501 (2020).

34R. Ma, F. Zonca, and L. Chen, Phys. Plasmas 22, 092501 (2015).

357. Lu, X. Wang, P. Lauber, and F. Zonca, Nucl. Fusion 58, 082021 (2018).

367. Lu, X. Wang, P. Lauber, E. Fable, A. Bottino, W. Hornsby, T. Hayward-Schneider,
F. Zonca, and C. Angioni, Plasma Phys. Controlled Fusion 61, 044005 (2019).

37G. Meng, P. Lauber, Z. Lu, and X. Wang, Nucl. Fusion 60, 056017 (2020).

30



	The development of an implicit full f method for electromagnetic particle simulations of Alfvén waves and energetic particle physics
	Abstract
	Introduction
	Electromagnetic model
	Gyrokinetic Vlasov-Poisson equations and the parallel electron dynamics
	Normalization
	The mixed PIC-PIF scheme using finite element and Fourier basis function

	Implicit scheme with analytical treatment 
	Shear Alfvén wave in uniform slab geometry
	The implicit scheme for the particle-field system
	The analytical correction matrix (Mc) of the implicit field solver (``moment enslavement'')
	The mixed implicit-explicit scheme

	Numerical results
	Shear Alfvén wave in 1D uniform plasma
	Toroidicity induced Alfvén eigenmode damping and excitation in three dimensional axisymmetric tokamak
	Numerical verification
	Toroidicity induced Alfvén eigenmode w/o EPs
	Energetic particle driven Toroidicity induced Alfvén eigenmode


	Summary and outlook 
	Acknowledgments
	Field and guiding center equations in (r,,) coordinates
	References


