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Residual Galois representations of elliptic curves
with image contained in
the normaliser of a nonsplit Cartan

Samuel Le Fourn and Pedro Lemos

It is known that if p > 37 is a prime number and E/Q is an elliptic curve without complex multiplication,
then the image of the mod p Galois representation

pE.p - Gal(Q@/Q) — GL(E[p])

of E is either the whole of GL(E[p]), or is contained in the normaliser of a nonsplit Cartan subgroup of
GL(E[p]). In this paper, we show that when p > 1.4 x 107, the image of PE,p 18 either GL(E[ p]), or the
full normaliser of a nonsplit Cartan subgroup. We use this to show the following result, partially settling a
question of Najman. For d > 1, let 1 (d) denote the set of primes p for which there exists an elliptic curve
defined over QQ and without complex multiplication admitting a degree p isogeny defined over a number
field of degree < d. We show that, for d > 1.4 x 107, we have

I1(d)={pprime: p <d—1}.

1. Introduction

Let p be a prime, and let E be an elliptic curve defined over Q. Fix an algebraic closure @ of @, and
denote by E[p] be the group of p-torsion points of E(Q). This is a 2-dimensional [F,-vector space
endowed with an [,-linear action of the Galois group Gg := Gal(Q/Q). We thus have an associated
Galois representation

PE.p - Ga — GL(E[p]).

When E does not have complex multiplication, Serre [1972] shows that, for p large enough, the image
of pg, p is the whole of GL(E[p]). In the same paper he asks whether it is possible to prove a uniform
lower bound exists for his result to hold, i.e., whether there exists a positive constant B such that if £/Q
is an elliptic curve without complex multiplication and p is a prime larger than B, then pg , is surjective.
This problem is commonly known as Serre’s uniformity question. The progress made towards finding
an answer to it can be summarised in the following result, due to the work of several mathematicians,
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amongst whom we highlight Bilu, Mazur, Parent, Rebolledo and Serre (the terminology used in the
statement of the following theorem will be explained in the next section).

Theorem 1.1 [Mazur 1978; Bilu and Parent 2011b; Bilu et al. 2013; Serre 1981]. Let E/Q be an elliptic
curve without complex multiplication. Suppose that p is a prime not lying in the set {2,3,5,7,11,13,17,37}.
If the image of pg,, is not GL(E[p)), then it is contained in the normaliser of a nonsplit Cartan subgroup
of GL(E[pD).

The main result of this paper is the following improvement on Theorem 1.1.

Theorem 1.2. Let E/Q be an elliptic curve without complex multiplication. Let p be a prime number,
and suppose that one of the following statements holds:

(@ p>1.4x10".
() p¢1{2,3,5,7,11,13,17,37} and j(E) ¢ Z.

If pE,p is not surjective, then its image is the normaliser of a nonsplit Cartan subgroup of GL(E[p]).

We will at times mention Theorem 1.2(a) or Theorem 1.2(b), by which we mean the result of
Theorem 1.2 assuming condition (a) or (b), respectively.

The proof of Theorem 1.2(a) (Section 6) shows, in fact, that if an elliptic curve E without complex
multiplication is such that j(E) € Z and admits a prime p not in the set {2, 3,5, 7, 11, 13, 17, 37} such
that the image of pf , is neither GL(E[p]) nor the normaliser of a nonsplit Cartan subgroup, then
log|j(E)| < max(12000, 7,/p) < 27000. In particular, there are only finitely many such elliptic curves
up to isomorphism. One would could then hope that the remaining cases might be treated algorithmically,
but the authors admit they could not find a reasonably efficient way to do so. However, we wish to point
out that some work has already been done in this direction. For example, in [Bajolet et al. 2012], the
integral points of X\ (p) are determined for all primes p < 97. Unfortunately, the algorithms employed
there (which are already great improvements over existing techniques) need several CPU years to compute
even the single case p = 97. Solving the remaining cases p < 1.4- 10 in our case thus appears as a
serious technical challenge deserving of its own project.

As an immediate application of Theorem 1.2, we are able to partially settle a question of Najman [2018].
Let d > 1 be a positive integer. Najman [2018] defines I (d) to be the set of primes p for which there
exists an elliptic curve E defined over Q without complex multiplication and an isogeny ¢ : E,;x — E’ of
degree p defined over a number field K of degree < d. For instance, a celebrated result of Mazur [1978]
states that

1(1)=1{2,3,5,7,11, 13,17, 37}.
Najman [2018] shows that

I(d)gl(l)U{p prime: p <d—1 when p=1 (mod3)}U{p prime: p <3d—1 when p=2 (mod3)}.
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Assuming that pg , is surjective whenever E/Q does not have complex multiplication and p ¢ I(1), he
proves that one has
Id)=1(1)U{pprime: p <d—1}. (1-1)

Theorem 1.2 allows us to remove the condition on the surjectivity of pf p, albeit adding one on the size
of d.

Theorem 1.3. Ford > 1.4 x 107, we have I(d) = {p prime : p <d — 1}.

The proof of this result is a simple combination of Theorem 1.2 and Najman’s own arguments. We
refer the reader to [Najman 2018] for details.

Plan of the proof of Theorem 1.2. From now on, we assume that a basis of E[p] has been chosen and
systematically identify GL(E[p]) with GL,([F,).
The following result of Zywina will be used to prove Theorem 1.2.

Proposition 1.4 [Zywina 2015, Proposition 1.13]. Let E/Q be an elliptic curve without complex multipli-
cation. Let p & 1(1) be a prime such that pg p is not surjective.

() If p=1 (mod 3), then pg ,(Gq) is the normaliser of a nonsplit Cartan subgroup of GL, ().

(2) If p =2 (mod 3), then pg ,(Gq) is either the normaliser of a nonsplit Cartan subgroup of GLy([F,),
or is conjugate in GLy(F,) to the group

G(p) = {a3 ‘ac Cns(p)} U {((1) _01 ) a’iae Cl’lS(p)}a
where Cys(p) is an explicit choice of nonsplit Cartan subgroup made in the next section.

Remark 1.5. For the convenience of the reader, and following a suggestion made by an anonymous
referee, we reproduce Zywina’s proof of this result in Appendix B.

We are then reduced to showing that when p =2 (mod 3) the image of pg,, cannot be contained in a
conjugate of G(p). When the j-invariant of E/Q is not integral, we will rule out this possibility using
Mazur’s formal immersion argument (see [Mazur 1978]). More precisely, an elliptic curve defined over ()
whose residual Galois representation pg, , has image contained in G (p) will give rise to a Q-rational point
x on a modular curve X¢(p). If the j-invariant is not in Z, then some prime £ divides the denominator.
We will first point out that £ cannot be p (this is Proposition 5.2). It will then follow that there exists a
Q-rational point x in the residue class modulo A of a cusp ¢ (here, X is a prime of the residue field of
the cusp ¢ dividing £). We will show the existence of a nontrivial quotient of the jacobian of X,y with
finite Mordell-Weil group (this is Section 3) and use the standard formal immersion arguments due to
Mazur to prove that such a point cannot exist (Sections 4 and 5). This will give us Theorem 1.2(b).

Remark 1.6. The reader will notice that this situation contrasts with that of the modular curve X (p)

associated to the normaliser of a nonsplit Cartan. Indeed, it is well-known that the conjecture of Birch
and Swinnerton-Dyer implies the inexistence of a nontrivial quotient of the jacobian of X (p) with finite
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Mordell-Weil group. This is a major obstacle to the study of the rational points of X (p), and thus to
giving a positive answer to Serre’s uniformity question.

In the case where j(E) € Z, the assumptions on the mod p Galois representation of E give rise to
an integral point on X¢(,). We then follow the steps of Bilu and Parent [2011b] as follows. First, by
applying Runge’s method, we obtain an upper bound for log | j (E)| which is linear in ,/p. An explicit
version of Serre’s surjectivity theorem obtained by the first author on the basis of isogeny theorems of
Gaudron and Rémond [2014] provides a lower bound linear in p, which gives rise to a contradiction for
p>14x10.

2. Cusps of modular curves

We give a brief review of some basic facts about cusps of modular curves and set down some notation
that will be used later in the paper. The reader should be warned that our definition of cusps at infinity
differs slightly from the standard one.

Let p be an odd prime, and let X (p) be the (compactification of the) classical modular curve which
classifies pairs (E, (P, Q)), where E is an elliptic curve and the pair (P, Q) is an [F,-basis of E[p]. This
is a smooth projective curve over Q) whose base change to Q(¢,) has p — 1 connected components. Given
a subgroup H of GL,([F,), we will denote the modular curve H\X (p) by Xp.

Define

M, = (Z/pZ)* - {(0,0)})/ £ 1. 2-1)

If we regard the elements of M, as column vectors, we have a natural left action of GL,(F,) on M,.
We can therefore define an action of GL,(F,) on M), x [ by letting GL,(F,) act on F* via multiplication
by the determinant.

Lemma 2.1. There is a bijection between the cusps of X (p) and the set M, x I]:;< which is equivariant for
the action of GL(F,). Moreover, if o € Gg and c is a cusp of X (p) corresponding to the pair ((Z), d)

()= osor (ases)

where x, is the cyclotomic character.

then °c corresponds to

Proof. Following [Deligne and Rapoport 1973, VL.5], we have a canonical Galois equivariant bijection
between the cusps of X (p) and the set

Isom(u, x Z/pZ, (Z/pZ)?)/ £ U,

where U is the group of matrices

1
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and the (left) action of Gal(@/Q) is induced by its natural action on s p and trivial one on Z/pZ. Further-
more, the action of GL;([F,) corresponds to composition (in other words, to left matrix multiplication).
Given a class y in Isom(,up x Z/pZ, (Z/pZ)z)/ =+ U represented by

(C[N 0) = (a’ b)v (1’ 1) = (Ca d)7

a X
((b),dety> €M, x [Fp,

where the determinant of y is defined to be ad — bc. It is easy to see that this function is well defined. It is

we associate to it the element

also clear that this function commutes with the actions of GL>([F,,) and of the Galois group, so we just need
to check that it is a bijection. But this is clearly surjective, as, given a pair (a, b) € (Z/ pZ)* —{(0,0)}, it
is always possible to find a pair (c, d) such that ad — bc is equal to a given element of F*. As the two
sets have the same number of elements, the result follows. O

Corollary 2.2. If H is a subgroup of GLo(F,), then there is a bijection between the set of cusps of Xy
and the set H\(M ), x ). Moreover, if det H = [}, this bijection induces a bijection between the set of
cusps of Xy and (H N SLa(Fy))\M .

Proof. The first assertion follows immediately from Lemma 2.1 and the definition of Xg. In order to prove
the second one, start by observing that, given a class in H\(M), x ), there is always a representative of
this class whose second entry is 1 (this is due to the assumption that det H = [ ). Therefore, the map
(HNSLy(Fp)\M ), — H\(M, x [F;) given by

a a
= , 1
()= (())
is well-defined and bijective. U

Corollary 2.3. Let H be a subgroup of GL,(F,) such that det H = . Under the identification of
Corollary 2.2, the Galois orbit of a cusp of Xy represented by an element (Z) of M, is the set of cusps of
Xy represented by the elements in the set

{y.(z>eMp: yeH}.

In particular, we obtain a one-to-one correspondence between the Galois orbits of cusps of Xy and the
set H\M,.

Proof. For each A € FX, choose y;, € H such that dety, = A. The first observation we want to make is
that we have the following equality of sets:

H={hy,:»€F), he HNSLy(Fp)}. (2-2)

Indeed, if g € H, and if we set d := det g, we have gyd_l € HNSL,(F,). Thus, g is of the form Ay, for
some h € H NSL,(F,). The other inclusion is obvious.
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According to Lemma 2.1, the Galois orbit of a cusp represented by ((7}) 1) is the set of cusps represented

Aa % «
Y= b , A eMpx[Fp:)Lel]:l7 .

Of course, the set of cusps of Xy represented by X and the set of those represented by

_ _ a
VAI.E={<)\VA1<b>’1>EMpXI]:;<:)\'E[F;}

is the same. As det H = [, we know from Corollary 2.2 that we can also identify the set of cusps of X

by the elements of the set

with (H NSL;(F,))\M . Therefore, the Galois orbit of our cusp is the set of cusps of X represented by

i,\yxl . (Z) eM,:)eF } (2-3)

As det)»y[l = A, we see that {)»y[l : A € F°} runs through a set of representatives of (H NSLy(Fy))\H.
Equality (2-2) and the fact that the cusps of Xy represented by a set of elements of M, does not change

the elements of the set

under the action of an element of H N SL,([F,), yield that the Galois orbit of our cusp is represented by

the set
{y~(Z)€Mp:yeH},

as we wanted. O

We define the cusps at infinity of a modular curve Xy to be those cusps represented by elements of

M, x [pr of the form
a
((O)) acE;

under the identification of Corollary 2.2. Note that the set of cusps at infinity of Xz forms a full Galois
orbit.

Before finishing this section, we wish to mention some of the modular curves that we will use throughout
this article. We start by considering the case where H is the upper triangular subgroup of GL,([F,,). In this
case, the curve Xy is usually denoted by Xo(p). This modular curve has two distinct cusps: one cusp at
infinity and one not at infinity, as one can easily check using the identification of Corollary 2.2. Both cusps
are defined over (0. The cusp at infinity will be denoted by oo, while the other one will be denoted by 0.

Let Cyp(p) be the split Cartan subgroup of GL;([F,) consisting of diagonal matrices, i.e.,

Cop(p) = {(g 2) €GLy(F,) :a,b e [F;}.

When H = Cs,(p), we will denote Xy by X, (p). The normaliser of Cgp(p) will be denoted by Ny (p).
This is the subgroup of GL;([F,) consisting of diagonal and antidiagonal matrices. When H = Ny, (p),

the curve Xy will be denoted by X ;13( p). We have a canonical morphism Xg,(p) — X ;;( p) of degree 2,

+

which is unramified at the cusps. The curve Xsp( p) has (p + 1)/2 cusps, of which exactly one is at
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infinity. The cusp at infinity is defined over Q, while the others are defined over Q(Z,)" := Q(¢, +¢ » h.
The preimage of the cusp at infinity of X :; (p) in X, (p) consists of two cusps, both defined over @, of
which one is at infinity and the other is not. The remaining p — 1 cusps of X,(p) are defined over Q(¢),).

Finally, we make the following choice of nonsplit Cartan subgroup of GL,(F,). Fix a generator €, of
the cyclic group F. Define

Cns(p) = {(Z 62b> S GLQ(I]:I,) . a, be [F;}

Its normaliser will be denoted by Nps(p). Explicitly, this is given by

1 0
Nis(p) = Crs(p) U (O _1) Cus(p).

We have a canonical finite morphism X, (p) — X SJ;( p) of degree 2. The modular curve X (p) has
(p — 1)/2 cusps, all of them at infinity. Their field of definition is Q(¢ p)+. The modular curve X3(p),
on the other hand, has p + 1 distinct cusps. Like in the case of X (p), they are all at infinity, but their
field of definition is now Q(¢,).

3. Quotients of modular jacobians with finite Mordell-Weil group

Let p be an odd prime, and let H (p) denote the group Nns(p) N Ngp(p). Let H be a subgroup of Nys(p)
of index d > 2 containing H (p). We shall write Jy for the jacobian of the modular curve Xy. The main
result of this section is the following proposition.

Proposition 3.1. Suppose that p =11 or p > 17. Then the jacobian Jy of Xy admits a nontrivial optimal
quotient A such that

(1) A(Q) is finite;

(2) the kernel of the canonical projection Jy — A is stable under the action of the Hecke operators Ty,
where £ % p is a prime.

Let mps : Xp(p) — le's( p) denote the canonical projection. As H is contained in Ny(p) and contains
H (p) by assumption, the morphism 7, factors through Xg:

XH(p)

7 lzr (3-1)

Xu —— X5(p)
Ty

As the index of H in Nys(p) is d, we have deg 7, = d and deg(mwy) = (p + 1)/(2d). Moreover, the
morphisms 7y and 77}, are unramified at the cusps because 7y is.

Lemma 3.2. The modular curve Xg has cusps not at infinity.
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Proof. In the language of Corollary 2.2, the set of cusps of Xy ) is identified with the set
H(p)\M, xF*,

and the cusps at infinity are, by definition, those represented by an element of the form

(()a) act

It follows that Xz () has (p —1)/2 cusps at infinity. Therefore, Xz has at most (p — 1)/2 cusps at infinity.
As m}, is a morphism of degree d unramified at the cusps, the number of cusps of Xy is d(p —1)/2
(recall that X;’S (p) has (p —1)/2 cusps). Since d > 2 by assumption, this number is strictly larger than

(p —1)/2. As a consequence, there exists a cusp of Xy which is not at infinity. (]

Remark 3.3. Note that the proof of Lemma 3.2 relies crucially on the fact that d > 1. If d = 1, then Xy

+

is the modular curve X (p) and, indeed, all of its cusps are at infinity.

Let gy : Xpp)y — X ;;( p) be the canonical projection. By pulling back by 7wy and pushing forward
via mgp, we obtain a morphism

¢:=npiony: Xy — Pic(X;;(p)).
Lemma 3.4. If c € Xy, (Q(&p)) is not a cusp at infinity, then g, (c) is not at infinity.

Proof. Let ((Z), d) be an element of M), x F* representing c. Suppose, for contradiction, that e (c) is at
infinity. Then there exists y € Nyp(p) and o € F such that

#()=)

It follows that a = 0 or b = 0. However, the cusps of Xy, represented by elements of M), x F* of the

((6)-4) o (()-4)

are easily seen to be cusps at infinity, which is a contradiction. O

form

We also recall a well-known morphism

n: Xg(p) = Jo(p)/(1+wp)Jo(p)

(where w), is the Atkin—Lehner involution of Jo(p)) that has been studied, for instance, by Mazur [1978]
and by Momose [1984]. This morphism is defined as follows. Start by considering the two degeneration
maps

dy: Xsp(p) > Xo(p) and d),: Xp(p) = Xo(p)

whose moduli interpretations are

dy:(E,(A,B)— (E,A) and d,:(E, (A, B))— (E/B, E[p]/B).
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We define an auxiliary morphism

77/ : Xsp(p) - ]O(p)

by requiring that a point x € X ( p)(Q) be mapped to the class of the divisor d; (x) —d p(x). Letting w,
denote the involution of X, (p) whose moduli interpretation is

(E, (A, B))— (E, (B, A)),

(where A and B are distinct subgroups of E(Q) of order p) it is easy to check that the following relations
hold:

wpod,=diow, and w,od =d,ow,. (3-2)
It follows that
now,=—-wyon.
Therefore, the morphism

Xop(p) S Jo(p) = Jo(p)/(1 +w,) Jo(p)

factors through X ;;,( p). The morphism X :; (p) = Jo(p)/(1 +wp)Jo(p) through which it factors is the
morphism 7 aforementioned.

Despite the following lemma being a well-known result, the authors were not able to find a reference
offering a concise proof. Due to this, a proof of this lemma can be found in Appendix A.

Lemma 3.5. Letc € X;;,(p) (Q(¢p)) be a cusp. We have

0 if ¢ is at infinity,
cl(0 — 00) otherwise.

n() = i

By abuse of notation, we shall denote by n the map Pic(X;g(p)) — Jo(p)/(1 +w))Jo(p) obtained
from 7 using the universal property of jacobians. Define v to be the composition

no¢: Xy — Jo(p)/(1+wp)Jo(p),
which is clearly a morphism defined over Q.

Lemma 3.6. Let c € Xy (Q(&),)) be a cusp. If c is a cusp at infinity, we have

(c) = (pz—tzl _ l)cl(O— 0).

If, on the other hand, c is not at infinity, we have

v(c) = <p2——;1>cl(0 — 0).
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Proof. If ¢ is not at infinity, the pull-back of ¢ by 7 is a sum of (p +1)/2d cusps of Xy, not at infinity.
Then, using Lemma 3.4, we conclude that ¢ (c) is a sum of (p 4 1)/2d cusps of X :; (p) not at infinity.

p+1
( ¥ )cl(O—oo)

If c is a cusp at infinity, then, using the language of Corollary 2.2, it is represented by an element of

M, x [F;f of the form
a
((0>,a>, ac F;.

The pullback of ¢ by wy corresponds then to pulling back this element by the map

The image of this divisor under 7 is then

by Lemma 3.5.

H(p)\Mp xF — H\M, x F.

There is only one cusp at infinity of X ;) in the preimage of c¢. Indeed, the cusps in the preimage of ¢ are
all of the form y ¢ for some y € H C Nys(p). But the only elements of Nps(p) fixing the line generated
by (g) are in H (p), which proves the claim. It then follows from Lemma 3.4 that ¢ (c) is the sum of one
cusp at infinity with (p 4+ 1)/2d — 1 cusps not at infinity. Using Lemma 3.5, we conclude that

(c) = (pz—tzl _ l)cl(O — 00),

as we wanted. O

Let J. » be the Eisenstein quotient of Jo(p) (see [Mazur 1977, 11.10 Definitions 10.4]), and let & be the
composition
I = Jo(p)/ (1 +wp) Jo(p) = Jp,

where the first map is the one induced by v, and pr is the natural projection.

Proof of Proposition 3.1. Denote the image of ¢ in J » by B. This is an abelian variety defined over Q,
and we need to show that it is not trivial. Let ¢ be a cusp of Xy at infinity, and let ¢’ be one not at infinity
(the existence of such a cusp is guaranteed by Lemma 3.2). Then, by Lemma 3.6, we have

B (cl(c’ — ¢)) = pr(cl(0 — 00)).
A theorem of Mazur [1977, III.1 Corollary 1.4] now yields that the order of pr(cl(0 — c0)) is

(p—1)/ged(p -1, 12),

which is not 1 because p = 11 or p > 17. This shows that B is not trivial. Also, B(Q) is finite because
J(Q) is.

Let K denote the kernel of 9, and let K° denote the connected component of the identity. We define
Atobe Jy /K. As A is Q-isogenous to B, it follows that it is not trivial and that A(Q) is finite. This
proves statement (1).
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Let £ be a prime different from p. One easily checks that the morphism

Ju — Jo(p)/(1+wp,)Jo(p)

commutes with the action of 7. By the work of Mazur [1978], we already know that the Hecke operator
T, preserves the kernel of the projection Jo(p)/(1 4+ w,)Jo(p) — J, »» from where it follows that it also
preserves K. As Ty is an endomorphism of abelian varieties (and is, in particular, continuous), it maps
K to itself. This finishes the proof of the proposition. U

4. Formal immersions

For a cusp ¢ of Xy, let
te : XH/0(,) = JH/a,)

be the Abel-Jacobi map centred at c. Let A be a nontrivial quotient of Jy satisfying the conditions of
Proposition 3.1. Define f. : Xu/a(,) = Ajaq,) to be the composition

Le
Xuja,) = Jujae, = A,

where the second map is the canonical projection.

Let R be the ring Z[¢,, 1/p]. Let Xy, g be the minimal regular model of Xy over R, and let A/ be
the Néron model of A over R. The Néron mapping property allows us to extend the morphism f. to a
morphism

Jeyr : XH/R — AR
over R. If R’ is an R-algebra, we will write Xu/r» A/r and f g for the base change of Xy /g, A g and
Jesr tO R

Recall that if X and Y are two noetherian schemes and y : X — Y is a morphism, we say that y is a

formal immersion at the point x € X if the induced homomorphism

pF: Oy o) = Oxa

of completed local rings is surjective.
Given a prime ideal A of R, we will write R, for the A-adic completion of R at A.

Proposition 4.1. Let A be a maximal ideal of R whose characteristic is # 2 (it is also different from p
because p is a unit in R). The morphism f. g, is a formal immersion at ¢, where ¢ stands for the reduction

of ¢ modulo A.

As ¢ and f(¢) = 0 are both defined over k(1), the residue field of R;, proving this proposition is
equivalent to showing that the induced k(X)-linear map of cotangent spaces of the special fibres

Tk Cot(A k) = Cota(Xn/key) (4-1)
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is surjective. As Xy k() is 1-dimensional, it is enough to show that C*/ k() 18 not trivial. To prove this

we will make use of a result due to Mazur [1978, Lemma 2.1], that we now recall.

Mazur’s lemma. The content of this subsection is completely contained in a more general form in Mazur’s
paper [1978]. Given a cusp ¢ € Xg(p)(Q(¢,)), we will denote by

te/R - Xu/R = JH/R
the extension of the Abel-Jacobi map ¢, to R. We obtain a homomorphism
tf/R : Cot(Ju/r) — Cotc(Xp/R) (4-2)
of free R-modules.

A theorem of Raynaud asserts that the Picard variety Pic) of Xy /r is canonically identified
Xy /R /
with Jy,r. This identification induces an isomorphism between the respective tangent spaces:

i :H'(Xp/r, Oxyy/8) = Tan(Ju r).

Of course, Cot(Jy,g) is naturally the R-dual of Tan(Jy,r), while Grothendieck—Serre duality establishes
an R-duality between HO(XH/R, QkH) and Hl(XH/R, Ox,/r). We thus obtain an isomorphism

O : Cot(Jy/R) — HO(XH/R’ Q}(H/R)‘

The natural homomorphism v : H(Xy /R> Q;H / r) = Cot.(Xy/r) gives then rise to a homomorphism
vo ® from Cot(Jy,g) to Cot.(Xy,g). The following lemma, due to Mazur, says that this homomorphism
is, up to a sign, tj/R.
Lemma 4.2 [Mazur 1978]. lyp =FV00O.

The reason why the homomorphism v o ® is so useful is because we can explicitly write v in terms
of the g-expansion at ¢ of global differential forms of Xy : the point is that we can identify Cot.(Xz,/r)
with R in such a way that the diagram

HO(Xpr. 2%,) ——5 ZIq'"1®z R
vl lzﬂiqi/”'—ml
COtc(XH/R) —— R
commutes.
Formal immersion at the cusps. The last results we need before we are ready to prove Proposition 4.1
are the following two lemmas.

Lemma 4.3. Let w be an element ofHO(XH/Z[l/p], Q&H/Z[l/p]). Let ¢ be a cusp of Xy and let

> an(c, w)q"? € Zlq' "1 ®z R

n=1

be the q-expansion of w at c. If o € Gq, then a,(°c, w) = °a,(c, w).
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Proof. The result follows from the analogous assertion for X (p), so we show that the lemma holds in this
case. Indeed, recall (see [Katz 1973, 1.2]) that the g-expansion of a modular form f at a cusp of X (p) is
the evaluation of f at the triple (Tate(q), @can, @p), Where Tate(q) is the Tate curve over Z((ql/ P)Q R,
Wean 18 its canonical differential, and «, is a p-level structure. The result follows from the fact that the
formation of f commutes with arbitrary base change (we may take this base change to be the conjugation
by an element of the absolute Galois group of Q). O

Lemma 4.4. Let r be a prime number different from p, and let w be as in the statement of Lemma 4.3.
Let T, be the r-th Hecke operator. There exists o € Gg such that

ai(c, T,w) = a,(°c, w).

Proof. By the description of the action of Hecke operators on modular forms of level p given in [Katz
1973, §1.11], we know that a; (¢, T,w) = a,(c’, @) for some cusp ¢’ of XG(p) (be aware that the w we are
using here is not the w used in [Katz 1973, §1.11]). In order to actually show that ¢’ must be a conjugate
of ¢, let us start by working on X (p). So, let ® be a modular form of X (p) over Z[1/p], and let c be
a cusp of X (p). The description in [Katz 1973] yields that if c is a cusp of X (p) corresponding to the
p-level structure on a Néron p-gon given by

(;[)90)'_) (a’ IB>7 (11 1)|_> (V, 8)7

then a; (¢, T,w) = a,(c'w), where ¢’ is the cusp of X (p) corresponding to the p-level structure

p, O > (@, B), (LD (v, 8,

where ry’ =y and r8’ = § (in Z/pZ). Thus, using the notation of Lemma 2.1, if ¢ is a cusp of Xy
represented by ((g) 1) (they all are represented by an element of this form because det H = F), then ¢’
will be represented by ((Z), r_l). Identifying the set (H NSLy(F,))\M,, with the set H\M, x [pr as was
done in the proof of Corollary 2.2, the cusp c is represented by (Z) and ¢’ is represented by y, (g) where
yr is an element of H of determinant r. Corollary 2.3 now yields that ¢’ is in the Galois orbit of c. [

Proof of Proposition 4.1. The proof is standard. As A/, is not trivial, there exists a nonzero
w € Cot(A/ks)). By specialisation results due to Raynaud (as stated, for example, in [Mazur 1978,
Corollary 1.1]), the requirement that the characteristic of A is not 2 allows us to regard Cot(A /x)) as a
k(A)-linear subspace of Cot(Jg/k))-

Let

o0

D an(e.0)q"” €kW)lg""]

n=1
be the g-expansion of w at /(). Lemma 4.2 asserts that fj/k(k) (w) = £ay(c, w). If aj(c, w) # 0, then
fc*/ k(Y is not trivial, and we are done. Suppose now that a;(c, w) = 0. If r is a prime different from p,

we know that A is stable under the action of 7. Thus, T, € Cot(A /x(;)). By Lemma 4.4, there exists
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o € Gg such that ay(c, T,®) = a,(°c, w). By Lemma 4.3, we then have
ai(c, T,w) =a,(c, o).

In particular, a; (¢, T,®) =0 if and only if a, (c, w) = 0. If there exists a prime r # p such that a, (c, w) #0,
we see that f :/ ko) (Trw) 7 0 and we are done. We are going to show that such a prime always exists if
ai(c, w) =0.

Suppose, for the sake of contradiction, that such a prime does not exist. It then follows that a, (c, w) =0
for every integer n > 1 such that pfn. Using the g-expansion principle, we therefore conclude that  is
fixed by a conjugate of the group

U(p) := {((1) ”1‘) €GL,y(F,) :a e [Fp} C GL,(F,).

As o is also fixed by the action of H, it is fixed under the action of the subgroup of GL,([F,) generated
by H(p) and the conjugate of U(p) in question. An elementary argument shows that this is the whole
of GLy([F,), and so w = 0, which is a contradiction. Therefore, there exists a prime r # p such that
ay(c, w) # 0, and the proposition follows. O

Given a point x € X H(@(g“p)+) and a maximal ideal A of R, define
By (x) :={y e Xg(@Q):y=x (mod )\)}.
In other words, B, (x) is the set of Q-rational points in the residue class of x modulo A.

Corollary 4.5. Let ¢ be a cusp of Xy and let . be a maximal ideal of R of characteristic different from 2
(once again, we note that the characteristic is also not p). We then have B) (c) = @.

Proof. Say that the characteristic of A is £. Suppose, for contradiction, that B; (c) is nonempty, and let
x € By (c). Consider f. : Xna@, — Aja,)- The first observation one must make is that f.(x) is a
torsion point in A(Q(¢,)). This is an easy argument that can be found (for the case of a different modular
curve) in the paper of Darmon and Merel [1997]. It goes as follows. We first show that a multiple of
tc(x) is a Q-rational point in Jg. Indeed, ¢.(x) = cl(x —c). Now, given o € Gal(Q(¢,)/Q), we find

Y (x) — te(x) =cl(x — %) —cl(x — ¢) =cl(c — %),

because x is defined over Q. The Drinfeld—Manin theorem yields the existence of a positive integer
such that m, - cl(c — %) € Jy(Q). Taking m := max, {m,}, we get

m-Cie(x) =m-1.(x)

for all o € Gal(Q(¢,)/Q). It follows that m - f.(x) is Q-rational. As A(Q) is finite, m - f.(x) is torsion,
and so is f.(x) in the first place.
As the characteristic of A is not 2 nor p, reduction modulo A gives rise to an injective group homomor-
phism
A(Qp)tors = Ak (k(R)).
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As x/r) = ¢k and the image of ¢ in A is 0, knowing that f.(x) is a torsion point allows us now to
conclude that f.(x) = f.(c) =0.

To achieve a contradiction, we are now going to make use of Proposition 4.1. Consider the R, sections
of Xg(p) defined by x and c. Let h, : (AQXH, xko) — Ro be the homomorphism of completed local rings at
the special fibres induced by x, and let &, : @XH,C/k(A) — R; be that induced by c. Note that as ¢, xx) = X/x,
we have (AQXH,X/,{(M = (ADXH,X/M). The statement that f.(x) = f.(c) means that

hxof;#=hcofc#.

But the statement of Proposition 4.1 is precisely that ff is surjective, which leads to iy = h.. But this is
only possible if x = c. However, this is a contradiction, as x was assumed to be defined over (1, but the
field of definition of c is Q(¢,). 4

5. The image of the residual Galois representation in the nonintegral case

When the prime p, besides not being in the set {2, 3, 5, 7, 13}, satisfies p =2 (mod 3), the group G(p)
(as defined in Proposition 1.4) is a proper subgroup of Nys(p) containing H (p), as the following lemma
shows.

Lemma 5.1. If p =2 (mod 3), the group H(p) is a subgroup of G(p).

Proof. Explicitly, the group H(p) is

6 2)wes ol %) 0e5]

We only have to show that these elements are contained in G(p). As p =2 (mod 3), the endomorphism

3

of [ given by a — a” is surjective. It follows from the definition of G(p) that all the elements of the

a 0 %
(0 :I:a)’ ae[Fp,

are contained in G (p). Similarly, the function [ — [ given by b — elzjb3 is surjective, from where it

0 €,b %
<:|:b 0)’ bely,

are in G(p). O

form

follows that all the elements of the type

As a consequence, we can take H = G (p) and the results of the previous sections will hold.

The last ingredient we need to be ready to prove Theorem 1.2(b) is the following result [Lemos 2019].
Its usefulness resides in the fact that it implies that, in our situation, our elliptic curve has potentially
good reduction at p.
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Proposition 5.2 [Lemos 2019, Proposition 2.2]. Suppose that p > 5 and the image of pg,, is contained
in the normaliser of a nonsplit Cartan subgroup of GL(E[p]). Then E has potentially good reduction at
every prime € satisfying £ # £1 (mod p).

Proof of Theorem 1.2(b). Suppose that the image of pg , is neither GL(E[p]) nor the normaliser of a
nonsplit Cartan subgroup of GL(E[p]). Zywina’s result (Proposition 1.4) then asserts that p =2 (mod 3)
and that the image G of pg , is conjugate to the group G(p) in GL(E[p]). By choosing an appropriate
basis for GL(E[p]), we may in fact assume that the image of pg , is contained in G (p).

As we are assuming that j(E) ¢ Z, there is some prime £ such that v,(j(E)) < 0. Proposition 5.2
shows that £ = £1 (mod p). In particular, £/2p. Let A be any prime ideal of Z[¢,] lying above £. The
elliptic curve E gives rise to a Q-rational point x in X¢(,). As E has potentially multiplicative reduction
at £, it follows that there is a cusp ¢ of X, such that X = ¢, where ¢ and x denote the reductions of ¢
and x modulo A, respectively. In other words, x € B, (c). But this contradicts Corollary 4.5. g

The proof of Theorem 1.2(a) —i.e., the case where E has integral j-invariant— will be the subject of

the next section.

6. Runge’s method on the curve X (,) and end of proof of Theorem 1.2

In this section, we deal with the case where j(E) € Z and E defines a rational point of the modular
curve Xg(p), denoted by P. As we only need to treat this case, we assume that p=2 mod 3 and p ¢ I (1)
in all this section. We will prove the following.

Proposition 6.1. If P € X(,)(Q) and j(P) € Z,

log [/ (P)| =7{/p.
Before proving this proposition, here are its consequences for the end of the proof of Theorem 1.2.

Corollary 6.2. For any prime p ¢ I (1) congruent to 2 mod 3 and any elliptic curve E over Q without
complex multiplication, if the image of pg. p is included in a conjugate of G(p) and j(E) € Z, then
p<14x10.

Proof of Corollary 6.2. Assume that Proposition 6.1 holds. By the explicit surjectivity theorem of
[Le Fourn 2016, (7) and Theorem 5.2] (only making use of the fact that the image is contained in the
normaliser of a nonsplit Cartan), based on isogeny theorems of Gaudron and Rémond [2014], we also
have (if log | j (E)| > 12-985)

log |j (E .
p><4.10 <—og |1Jz( )| +3 +4log(2)> ,
which gives
6
log|j(E)| > —b— 170,

103.5
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This yields p <1.4- 107 when combined with the bound of Proposition 6.1. Finally, if log | j (E)| <12-985,
we get by the same surjectivity theorem an absolute upper bound on p? giving a smaller upper bound
on p. U

The proof of Proposition 6.1 relies on Runge’s method, which starts with the following fact.

Lemma 6.3. The set of cusps of Xg(p) consists of two Galois orbits. One of these Galois orbits is the set
of cusps at infinity, identified via Corollary 2.2 with the orbit

a

(Ocubes)/:lzl CcM,, Ocupes:.= {(b

) € FA(0,00} 1 a+ féb is a cube in [F;z}.

Proof. By Corollary 2.3, we have a correspondence between the Galois orbits of the set of cusps of X ;)
and the set G(p)\M,. Fix a square root , /€, of €, and consider the one-to-one map

a

0: M, — F5/{£1}, (b) = a+ /eb.

Lety = ; v ip Y be an element of Cps(p). An easy calculation shows that

9()/ (Z)) = (x + . /€py)(a+ /€,b).

Moreover, the action of the matrix ( (1) _01 ) corresponds, under 6 to the action of the Frobenius automorphism

on [F;z. We thus see that (Ocypes)/+1 s a Galois orbit for the action of G(p) on M. Indeed, if y €
G (p) N Cys(p), then the action of y on elements of M), corresponds, under 6 to multiplication by a cube,
and so it is clear that it preserves cubes. Also, the action of Frobenius on [Fsz maps cubes to cubes.

The complement of (Ocubes) /+1 in M), is also a Galois orbit because any noncube of ﬂ:;z can be obtained
from a specified noncube by multiplying by an appropriate cube and applying the Frobenius automorphism
if needed. Finally, by definition of cusps at infinity, we see that (Ocupes) /+1 is precisely the set of cusps at
infinity of X¢ (). O

Proof of Proposition 6.1. As we explain right below, Lemma 6.3 announces that it is possible to apply
Runge’s method to integral points of X (,) with respect to the j-invariant, as there are two Galois orbits
of cusps. Indeed, one can then construct (following the results of [Kubert and Lang 1981]) a modular unit
U € Q(Xg(p)), i.e., a function whose sets of zeros and sets of poles are the two orbits of cusps. We will
then prove that U € Z[j] and p®/U e Z[] after looking at the g-expansions, which directly gives that
U (P) is an integer, nonzero and bounded when j(P) € Z, as j(P) can be large only when P is close
from the cusps. As U goes (quickly) to O or infinity when P comes close to cusps, studying further the
g-expansions will then prove that P is far away from the cusps and allow to bound |j(P)|. For more
general results on Runge’s method on modular curves, the reader is invited to consult [Bilu and Parent
2011a] where the applicability domain (and general bound) is given for every modular curve.

To do it in practice, one needs to define properly a modular unit. We follow the results of [Kubert and
Lang 1981] and ideas of Bajolet, Bilu and Matschke [Bajolet et al. 2012] here: even though we do not
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exactly use their own results except at the very end, their arguments definitely inspired the construction
of our modular unit. We use the following notation:

e e(x) := e?7™ for any complex number x.

 H is the upper half-plane and t will denote any element of #, for which g, := e(t) (we will generally
drop the subscript when 7 is obvious). For any rational number r, the convention is g, := e(r7).

For any nonzero pair a := (ay, a») in Q>N [0, 1[? (to simplify notation) with common denominator p,
we can define a modular function g, on H whose g-expansion is H is

400
2a(1) =q" " eaya = D)) [[(1 - ¢" " e(a)) (1 - ¢" ' e(—ar)), (6-1)
n=0

where By(X) = X> — X + é is the second Bernoulli polynomial. There is a modular transformation
formula for these units, but we only need the following fact: for O a subset of [FI%\{(O, 0)} (stable by
—1d and the action of G(p)), choosing for every (a, b) € O their lift (d, 3) e (ZnN]o, p[)2 and then
(a1, a2) := (@, l;)/p, and for m € N*, the product

P m
Vom:= 11 8,5 ©-2)
(a,b)eO

is automorphic of degree O for the congruence subgroup associated to G (p) and defines up to multiplication
by a root of unity a function on Q(Xg,)) if

m Y a*=m Y b'=m Y ab=0eZ/pZ (6-3)
(a,b)eO (a,b)eO© (a,b)eO©

and 6 divides m|O| [Kubert and Lang 1981, Theorem 5.2 in Chapter 3].
This is what we use to define our key function (with O = O¢ypes), Whose properties are summed up
below.

Proposition 6.4. The function on H defined by

. _ 3
U:= { : Uocubem3 - { ’ 1_[ g(aj)/p
(a,b)eF}
a+.,/€yb cube in U::Z

with ¢ the root of unity chosen such that the constant term of the q-expansion of U is 1, induces a rational
function on X (p) (also denoted by U) which satisfies the following properties:

o It belongs to Q(XG(p))-

o Its zeroes are the cusps at infinity of X G (p), and its poles make up the second Galois orbit of cusps
Of XG(p)-
1

o It is integral over Z[j] as well as p3U~".
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Proof. First, U does define a function on Q(Xg(p)) by [Kubert and Lang 1981, Theorem 5.2 in Chapter 3].
Indeed, m = 3 is enough, and for the orbit Oypes, the vanishing conditions (6-3) hold because the set of
cubes of U:;z is stable by multiplication by scalars of [, so each of the three sums of (6-3) has to be equal
to itself times any scalar in [, hence it is O.

Regarding the divisors, each of the modular function g, is nonvanishing on # so the divisor of U is
supported on the cusps. The analysis of the g-expansion at infinity later proves that its image in X))
is a zero of U, so all its Galois conjugates are as U is Q-rational, and the only other Galois orbit (by
Lemma 6.3) must be made up with the poles of U.

For integrality, each g, 4, is integral over Z[j] [Kubert and Lang 1981, Theorem 2.2 of Chapter 2] so
U is and it is easily seen from the g-expansions that

3 _ 3
[ 8/p.bp = TP
(a.b)eM,

so p?/U is also integral over Z[ . (|
Consequently, for every P € Xg()(Q) with j(P) € Z,
UP)eZ and 0<log|U(P)| <3log(p), (6-4)

which is the whole point of considering this modular unit. We now use the expansion at infinity to
bound ¢;.
For every t € H, gathering the g-expansions (6-1),

log |U(7)| = Ord, (U) log|q| +log |py| +1og |R(7)]

with
Od, W) =3 Y B@p/2 o= [] 0,5,
(a,b)€Ocubes (a,b)€Ocubes
and
—e((a1 — Daz/2) ifay #0,
P(a;,ar) = .. . .
—2i sin(mway/2) if a; =0.
Finally,

log|R(D)[=3 Y log|Ra.a(7)]

(a,b)€Ocubes n+a n+a
where  1og |Ryy0, (1) = ) log|1 — " *le(az)| +log|1 — ¢" e (ar)).

n>0
We will obtain the following estimates and equalities.

Proposition 6.5. We have
_pr-l _ 3
Ordy (U) = 1, loul=(p—1),
p

and
lgl  wip(p—2)

llog R(7)| <2(p*—1)
1—|q| 3|log|ql|
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Proof. First, for a = 0, all nonzero b satisfy that (a, b) € Ocupes because €, is a cube in [F;z (check its
order). This gives (p — 1) elements in the orbit. Moreover, Oypes i stable by scalar multiplication by [,
hence all fibres of (a, b) +— a have the same cardinality except above 0. They are thus of cardinality
(p —2)/3. This allows us to compute

(p—2)
2

p?-1

Ord,(U)=3(p— 1)+ i

p—1
Y (a/p)*—(a/p)+3) =
a=1

Similarly, for p, as all terms except for a; = 0 have modulus 1,

p—1
loul =[] 11 —e@/p)P=(p-1).
b=1
Finally, for R(t), we use that [log |1 —z|| < —log|1—|z|| for |z] < 1 forn =0, and |log |1 —z|| <|z|/(1—|z])
for the other terms (if a; = 0, the first n = O term is put into p(g 4,). We thus get for a; # 0

_ 2lq|
|10g | Ray 0, ()] < [log(1 = g|*))| + [log(1 — I “1)|+1_|q|,
2lq|
and  [log |Ro.q,(1)|| < :
1—lql
Gathering the previous inequalities for the product expansion,
91 -
llog R()| < 2(p* = 1)1 o TP =2 Y llog(1—x)], x=Iq|"”
a=1
2(p-2
<202 —1) lq| n°(p—2)
1—lgl = 3log(x)]
2
-2
<22 = 1) lgl  7"p(p—=2)
1—|g|  3|loglql|
by[Bilu and Parent 2011b, Lemma 3.5]. O

Now, assume y € SL;(Z) is such that its reduction modulo p is of the shape

a €,b

b a )’
where a +¢€,,b is not a cube in [F>. The composition U o y is a modular unit on X¢(,) (not necessarily
defined over (2 anymore), but by arguments similar to the previous ones, we have the following:

log|U(y7)| =Ord, U -log|g.| +log|py., | +10g|R, ()],

where

2 2
p—1 np(p+1)
Ord, U = — , loglpyy|=0, and |logR,(7)| < ——7"—.
’ 8p g ! 3|loglql|
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The argument behind each of those computations is that by our hypothesis on y, the function (a, b) —
aj((a, b)-y)) on Ogypes does not have 0 in its image, and each other element of [F;,k has (p+1)/3 elements
in its fibre (again by stability by multiplication by F}).

Putting this together, we obtain

2

p-—1 lgl  7’p(p—2)

<2(p*—1)
1—|g| ~ 3|loglql|

log|U(7)| -

loglg| —3log(p—1)

and for the choice of y above,

pr—1

m2p(p+1)
log |U(y )| + Wlogltﬂ' <

3|loglg:l|

Now, let us assume that there is a noncuspidal point P € Xg()(Q) with j(P) € Z. There is a lift
T € H such that |g| is small and a y € SL,(Z) such that y - T is above P in the complex uniformisation
of Xg(p). This means that P is close to the cusp ¥ ~1(c0). Up to Galois conjugation (which fixes P
but changes the cusps), we can reduce to two situations: either y = Id (which means that  belongs to
the usual fundamental domain for SL;(Z)), or y is chosen as above such that its reduction modulo p
corresponds to a matrix of Cys(p) not in G(p). In these two cases, we respectively have U (t) = U (P)
and U (yt) = U(P), and this is where we use (6-4) to bound the corresponding term in one of the two
previous inequalities. The first case gives

2 2
p-—1 lq| T p(p—2)
|log|g|| <3log(p— 1) +2(p* — 1) :
4p 1—lq| ~ 3[loglql|

Assuming p > 100 and |log lq || > /P, we can bound roughly the coefficients and the nondominant terms

to obtain

|1og|q||§1.2+13—p.
[log ]|

Proceeding similarly in the second case (with the same assumptions on p and |g|), we obtain

27p

lloglgl| < 1.2+ .
|log |¢||

Both cases give rise to second-degree polynomial inequalities which we can readily solve, and using then
the estimates of [Bilu and Parent 2011a, Corollary 2.2], after simplification,

log [/ ()| =7{/p.

We can retrieve the remaining cases p < 100 by refining the estimates above (or by using the main
theorem of [Bajolet et al. 2012]), and the case log |g| < ,/p by [Bilu and Parent 2011a, Corollary 2.2]
again, which concludes the proof. O
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Appendix A: The proof of Lemma 3.5

Using the identification of Corollary 2.2, the action of the map d; on the cusps corresponds to the canonical
projection
Csp(P)\Mp X [F;( - T(p)\Mp x X,

where T'(p) is the upper triangular subgroup of GL>([F,). Using (3-2), we see that d;, = w), odj o w.
One easily checks that the action of w;, on the cusps of Xy, (p) is given by

ere()-a) = (C)--),

Let ¢ be the cusp at infinity of X jp( p), and let ¢’ be the cusp at infinity of Xg,(p) (which obviously
lies over ¢). We will show that n’(¢") = 0, from where it will immediately follow that n(c) = 0.

The image of ¢’ under d; is the cusp at infinity of X((p). To compute d,(c’), we start by calculat-
ing w,(c"). Being a cusp at infinity, ¢’ is represented by an element of M, x [ of the form

() »e5

The involution w,, then maps ¢’ to the cusp represented by ((?), —a). The image of this cusp under d; is
the cusp 0 of Xo(p). As w), swaps the cusp 0 with oo, we conclude that d,,(¢’) is also the cusp at infinity
of Xo(p). It follows from the definition of n’ that '(¢’) = 0, as we wanted.

Now let ¢ be a cusp of X ;;( p) not at infinity. Let ¢’ be a cusp of X,(p) lying over it (in this situation,
¢’ is necessarily not at infinity). We will now show that n’(¢") = cl(0 — 00), which will conclude the proof

((Z),d), ab.deF,

be an element of M), x F representing the cusp ¢’. Note that a, b € [ because otherwise ¢’ would lie

of the lemma.
Let

over the cusp at infinity of X ;( p)- As b € b, the image under d; of ¢’ is the cusp 0. The cusp w,(c’) is
represented by ((Z)’ —d). As a € [, the image of o), (¢’) under dj is the cusp 0. Using again the fact
that w, swaps the cusps of Xo(p), we conclude that d,,(c") = co. Therefore, 1'(c’) = cl(0 — 00), as we
wanted. O

Appendix B: The proof of Proposition 1.4

Following a suggestion made by an anonymous referee, we add here, as an appendix, Zywina’s proof of
Proposition 1.4 (which is Proposition 1.13 in his paper [Zywina 2015]). We must emphasise that none of
the results and ideas in this appendix are due to the authors of this paper, and that the original version of
this proof can be found in [Zywina 2015]. The main reason for the existence of this appendix is the fact
that Zywina’s paper remains unpublished.
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Fix a decomposition subgroup D), of Gg over p, and let I be the corresponding inertia subgroup.

Proof of Proposition 1.4. As p does not lie in I (1), we know (Theorem 1.1) that the image of pg, ) is
contained in the normaliser of a nonsplit Cartan subgroup. By choosing a basis of E[p] appropriately, we
may assume that this normaliser of nonsplit Cartan is Nps(p). Let j(E) be the j-invariant of E. We start
by showing that we must have v,(j(E)) > 0.

Suppose that v, (j (E)) < 0. Our elliptic curve E g, is either isomorphic to a Tate curve over Q,, or
is a quadratic twist of one. Therefore, there exists a character ¢ : D, — [Flf, trivial or quadratic, such that

PE.plp, ~ (‘/’(’;P ;)

As xp:Dp— [pr is surjective, it follows that the image of pg ,(D)) in PGL;([F,) has order divisible by
p — 1. Note however that the image of Nys(p) in PGL,(F,) has order 2(p + 1). If the image of pg , were
contained in Nys(p), then p — 1 would divide 2(p + 1), which is not possible because p > 19. This leads
us to conclude that if the image of o, is contained in the normaliser of a nonsplit Cartan subgroup, then
v, (j(E)) >0, as we wanted.

Now that we know that v, (j (E)) > 0, we will show that pg_, (1) is a subgroup of index 1 or 3 of Cys(p).
Before proving this, we point out that pg ,(/) is cyclic. Indeed, the representation pg ,|; factors through
the tame inertia subgroup of / because the order of Ny(p) is not divisible by p. The cyclicity of pg , (1)
now follows from the fact that the tame inertia subgroup is pro-cyclic.

There is a finite extension K of Q, of ramification degree e € {1, 2, 3, 4, 6} over which E acquires
good reduction (see Section 5.6 of [Serre 1972]). We will denote by v the valuation of K normalised so
that v(p) = e. Let Ix denote the inertia subgroup of Gal(@ »/K). Let

o
[PIX)=> aX', a€Z,
i=1

be the multiplication by p in the formal group of E. As every a; lies in Z,, the integers v(a;) are
nonnegative multiples of e. As either v(a,) = 0 (the ordinary case), or v(a,) # 0 and v(a,2) =0 (the
supersingular case), the Newton polygon of [p](X) can then either start with a line segment connecting
(1,e) to (p, 0), or with a line segment connecting (1, e¢) to (pz, 0). Using [Serre 1972, Proposition 10,
Section 1.10] and the fact that the representation

PE,plix : Ix — GLa(Fp)

is semisimple (because the order of Nys(p) is coprime to p), we conclude that in the ordinary case we
have [Serre 1972, Proposition 11, Section 1.11]

_ 0
PE plix ~ ()87 1), (B-1)
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while in the supersingular case we have
_ = 05 0
:OE,p|IK ®I]:,, [Fp ~ (02 92pe)’ (B-2)
where 0, is a fundamental character of level 2. We show that (B-1) cannot occur.
If pg pli, were as in (B-1), then the image of pg ,(/x) in PGL;([F,) would be a cyclic group of order
p — 1. Since the square of any element in Nps(p) — Cys(p) is a scalar matrix, the order of every element
in the image of Nys(p) in PGL;([F,) divides p + 1. In particular, we would have p—1| p+1. However,
this is not possible, as p > 19.
We are thus in situation (B-2). The group pg, ,(Ix) is therefore a cyclic group of order

P’ -1
ged(p?—1,e)’
and so the order of pg ,(/) is a multiple of this number. Also, it follows that pg ,(/) is contained
in Cps(p). Indeed, a generator of pg ,(I) must have order (p2 — 1)/gcd(p2 —1,e) > (p2 —1)/6, but
every element of Nps(p) — Cps(p) has order dividing 2(p — 1). As p > 19, it follows that a generator of
PE,p(1) must be an element of Cps(p), and so pg (1) is contained in Cpg(p).

As the order of Cps(p) is p> — 1, we can therefore conclude that PE,p(I) is a subgroup of index
1,2,3,4 or 6 of Cps(p). Note however that if this index were even, then pg, ,(I) would be contained in
the subgroup of squares of Cps(p) (as Cys(p) is cyclic, this is the only subgroup of index 2). However, this
would contradict the fact that the determinant of pg ,|; surjects to [pr. Therefore, the index of pg , (1) in
Cps(p) is odd, and so itis 1 or 3.

Now let H denote the group pg,,(Gg) N Chs(p). By what we have seen, H has index 1 or 3 in Cps(p)
(it contains pg ,(1)). Note that if H = Cy5(p), then pg ,(Gg) = Nns(p), as the image of pg,, cannot be
contained in Cyg(p) (recall that this is due to the fact that the image of complex conjugation must have
trace 0 and determinant —1, and there is no element in Cps(p) simultaneously satisfying both of these
properties). It remains to treat the case where H has index 3 in Cys(p).

Suppose that H has index 3 in Cys(p). As Cps(p) is cyclic, there is only one subgroup of index 3: the
subgroup of cubes. As H contains pg ,(I), the det(H) = [pr. Note that if p =1 (mod 3), then it is not
possible to have H of index 3 in Cps(p), because then det(H) # [pr. Thus, if p =1 (mod 3), the image
of pg,, must be Nys(p).

Suppose then that p =2 (mod 3) and that H has index 3 in Cys(p). It is easy to check that Np(p)/H
is isomorphic to D3, the dihedral group of size 6. The image of pg ,(Gg) in Nps(p)/H has index 3.
Now, all the index 3 subgroups of D3 are conjugate, from where it follows that the image of pg , is a
conjugate of G(p) in GL,([,). O
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