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Electron source coherence has a very important influence on the imaging capabilities of modern elec-
tron microscopes. However, conventional electron source models that are based on geometrical electron
optics implicitly assume that the emission from the source surface is fully incoherent, which can com-
plicate the treatment of highly coherent field-emission sources. In an attempt to treat the wave-optical
properties of electron sources, models inspired by light optics treatments of (partially) coherent sources,
which assume a planar source and free wave propagation, have been developed. In this case the underlying
assumptions are problematic, because the source surface of a field emitter can have a radius of curvature
on the nanometer scale, and the emitted electrons are accelerated by a strong, inhomogeneous electrostatic
field following emission. We introduce a model based on wave-mechanical electron optics that draws on
a quantum mechanical description of electron emission and propagation to obtain a physically consis-
tent treatment of the wave-mechanical properties of electron sources. We apply the model to investigate
spatial resolution limits in low-energy electron holography and microscopy, where it is shown that aber-
rations and coherence properties of the electron source are crucial and interrelated. The wave-mechanical
electron-optical model can, furthermore, be readily generalized to assess and improve electron source per-
formance in other scenarios and techniques where spatial and temporal coherence, and electron-optical
aberrations, are relevant.

DOI: 10.1103/PhysRevApplied.15.064031

I. INTRODUCTION

In modern high-resolution electron microscopy the spa-
tial and temporal coherence properties of the electron
source play a crucial role in determining the instrument
resolution [1–3]. A key concept in the conventional the-
ory of electron sources is the brightness, which is typically
assessed by simulating the classical trajectories of elec-
trons emitted by the cathode [4–6]. For extremely small
sources that produce highly coherent electron beams, it
was shown that the concept of brightness, which is based
on geometrical optics principles, can become meaningless
and a wave-optical treatment of the source becomes neces-
sary [7]. Even for sources that are not extremely small, the
spatial coherence of the electron wave plays an important
role that is not captured by conventional electron source
theory.

Low-energy electron holography (LEEH) [8–11] is
a particularly illustrative example where the consistent
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treatment of the wave-optical properties of the electron
source can contribute to an improved understanding of
the spatial resolution limits affecting the technique. In
LEEH a sharp metallic tip is used as a point source of
field-emitted electrons to project a magnified image of
a sample, without further electron-optical lens elements.
At high magnifications, the projected image is a Fresnel
diffraction pattern of the sample that can be inverted to
form a real-space image of the object, which is equiva-
lent to the in-line holography originally proposed by Gabor
[12]. Some initial publications investigated the possibil-
ity of atomic resolution imaging with LEEH [13,14], but
the experimental observations claiming to have achieved
this turned out to be controversial [15,16]. Using an ultr-
aclean graphene membrane as a transparent, grounded
sample support, Longchamp et al. [17] recently imaged
individual proteins at an estimated resolution of 7 to 8 Å,
which is still significantly larger than required for atomic
resolution imaging. The lack of atomic resolution was
attributed to the disturbance caused by external mechanical
vibrations.

At the same time, it stands to reason that the spatial and
temporal coherence of the electron beam has an important
influence on the spatial resolution in LEEH. Wave-optical
models based on light optics theory, assuming free-space
propagation and a planar source surface, were developed
in order to study these effects [18–20]. The free-wave,
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planar-source models indicated that an increase in the size
of a fully coherent emitter leads to a reduction of the
angular diameter of the emitted beam and (due to the
classical Abbe criterion) to a corresponding decrease of
the spatial resolution. Latychevskaia [20] concluded, for
example, that the spatial resolution is then approximately
equal to the size of the coherent source. However, it is
unclear how to reconcile this conclusion with the experi-
mental observations of Cho et al. [21], who showed that
cryogenically cooling the source, and thus increasing the
spatial coherence length of the electron wave packet at
the source surface, results in a marked increase in the
opening angle at which fringes are visible. For these appli-
cations, the free-wave, planar-source model clearly has
shortcomings: (a) the electron wave is not free, but is accel-
erated rather strongly after being emitted, which introduces
lensing and aberration effects [22]; (b) the field-emission
electron source surface can have a radius of curvature
on the nanometer scale. Simulations based on geometri-
cal electron optics that can take such effects into account
have therefore been employed in order to study the role of
the initial electron momentum distribution [23], electron-
optical aberrations, and the spatial emission probability
distribution [24] on the resolution. However, in this case

it is challenging, especially when dealing with a partially
coherent and spatially extended source, to relate the classi-
cal electron trajectories in a straightforward and consistent
way to the electron wave function, which is required to
simulate holographic image formation.

Starting from the basic quantum mechanical principles
of electron emission and propagation we introduce a model
based on wave-mechanical electron optics that can treat the
geometric and wave-optical properties of electron sources
in a consistent manner. We apply this model specifically
to LEEH, where it is shown to provide physical insight
into the interrelated influences of the tip geometry, spatial
coherence, and electron-optical aberrations on the spatial
resolution. The model should not only be useful in the spe-
cific setting of LEEH, but also for other forms of modern
electron microscopy that require a more thorough under-
standing of the coherence and aberration properties of
the source.

II. THEORY

We model the point-projection microscope used for
LEEH with the concentric spherical electrode model that
is illustrated schematically in Fig. 1. The inner spherical

FIG. 1. Schematic illustration of the concentric sphere model of the point-projection microscope, with some typical values for the
parameters used in our simulations as indicated in the figure. Electrons are emitted from the spherical cathode with radius Rs, biased
at voltage Vs, and are accelerated towards the grounded, transparent anode with radius Ro. The electron wave function at point θ on
the anode surface produced by an atomic emitter on the source surface, with angular position β, is obtained using the semiclassical
approximation. The classical trajectories (blue and orange solid lines) are normal to the equiphase surfaces (green and red dashed
lines) of the corresponding semiclassical wave function. The inset (upper-left corner) shows the classical electron rays (solid blue
lines) originating from an atomic emitter and the corresponding real part of the wave function (red-blue heat map) very close to the
emitter surface. This illustrates the fact that the wave function of the atomic emitter has a Heisenberg-limited size at the source surface
that is given by the transverse momentum distribution of the set of classical trajectories used to construct the semiclassical wave. The
sample object is an infinitely sharp edge located on the anode surface, and is defined by the transmission function to. Electrons that are
transmitted through the transparent anode can propagate field-free to the detector, and the wave function can then be obtained using
the Huygens-Fresnel principle [see Eq. (2)].
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electrode with radius Rs represents the electron source, i.e.,
the cathode, and is biased at a potential Vs. The outer spher-
ical electrode, i.e., the anode, with radius Ro is a virtual
surface that is transparent to all electrons and is grounded,
so that Vo = 0. The radial electrostatic field in the region
between the two electrodes is given by

Er = �V
r2

Rs

1 − p
, (1)

where p = Rs/Ro and �V = Vs − Vo. The sample object,
which is represented by a function modulating the ampli-
tude of the transmitted electron wave function, is located
on the anode surface. The detector plane is located 100 μm
from the center of the cathode and is also grounded, so that
the electrons propagate in a field-free region after passing
the anode. The field-free wave propagation between anode
and detector is simulated with the well-known classical
Huygens-Fresnel principle (see, for example, Ref. [20]).
The electron wave function at the detector surface is then
given by

�d(rd) =
∫

�o(ro)to(ro)
exp(ikr)

r
dro, (2)

where rd is the detector coordinate, ro is the object coor-
dinate, r = |rd − ro|, to(ro) is the object modulation func-
tion, and �o(ro) is the electron wave function at the anode
surface. We shall simulate an object with an infinitely
sharp edge at ro = 0, so that its transmission function
to(ro) is the Heaviside function. We use the edge as a test
sample to demonstrate the effect of changing source con-
ditions, e.g., the coherence length at the source surface, on
the simulated projection image, with all other parameters,
e.g., the tip-sample distance, remaining fixed. The projec-
tion image from an ideal edge can also give us an approx-
imate idea of the resolution based on the Abbe criterion.
Ultimately, one would use the wave-mechanical electron-
optical model to simulate an experimentally obtained pro-
jection image of an object, such as an edge, to evaluate the
physical conditions at the source surface.

In the following subsections we discuss the two main
aspects of our wave-mechanical electron-optical model.
In Sec. II A we consider an atomic-sized emitter on the
source surface, which is an approximation for an ideal
point source, and show how its wave function at the
anode surface can be obtained from a set of classical elec-
tron trajectories using the semiclassical approximation. In
Sec. II B we show that spatial and temporal coherence
are crucial in modeling the electron beam emitted by an
extended source surface. With the help of optical coher-
ence theory we first specify the form of the electron wave
function at the source surface using its cross-spectral den-
sity (CSD). The atomic emitter wave function obtained
in Sec. II A is then shown to be an approximation of the

impulse response function that is required to propagate the
CSD from the source surface to the anode surface. Finally,
we obtain the CSD at the detector and show how an elec-
tron wave packet with an energy spread, which gives rise
to temporal coherence effects, is to be modeled. We also
discuss how to apply our model to a source with vary-
ing degrees of spatial coherence, and define the concepts
of fully coherent, partially coherent, and fully incoherent
sources used in the simulations.

Finally, we note that the wave-mechanical electron-
optical model we outline here can in principle be readily
applied to simulating more realistic electron source and
sample geometries, i.e., nanotips and nano-objects, respec-
tively. Nevertheless, the concentric spherical electrode
model captures the essential electron-optical characteris-
tics of the problem, e.g., aberrations [25,26], while remain-
ing relatively simple and transparent, which is the goal of
the current work.

A. Semiclassical wave function

In the semiclassical approximation one starts from a
wave function of the form

�(r) = G(r) exp[iS(r)], (3)

where G(r) is the amplitude function and S(r) is the
phase function [27,28]. This wave function is then sub-
stituted into the time-independent Schrödinger equation,
and the resulting equation is expanded in powers of �.
The zeroth-order approximation S of the phase function
in the classically allowed region is given by the partial
differential equation [28]

[∇S(r)]2 = 2m[E − V(r)], (4)

where E is the energy and V(r) is the electrostatic scalar
potential. Applying the method of characteristics, solutions
to Eq. (4) and its corresponding approximate wave func-
tion can be obtained from an appropriate set of classical
particle trajectories (see the Appendix). The initial condi-
tions, i.e., ri and pi, for the set of classical particles from
which the semiclassical wave function is constructed are
obtained from boundary conditions specific to the problem.
The phase function is then given by

S(rf ) =
∫ tf (rf )

2K(τ )dτ , (5)

where K is the kinetic energy of a classical particle, as a
function of time τ , with its trajectory starting at ri, and
ending at rf , where τ = tf .

Concretely, to obtain the wave function of a single
atomic field emitter in our semiclassical model imple-
mentation, we emit a set of classical electrons with start-
ing points on the optical axis, i.e., with β = 0 (see also
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Fig. 1). Since the electrons are produced by a tunnel-
ing process, their longitudinal momentum pi,‖ is zero as
they emerge from the tunneling barrier. However, they can
have a range of initial transverse momenta pi,⊥. The cor-
responding radial starting point ri is obtained from the
electrostatic potential and energy conservation such that
E = p2

i,⊥/2m + V(ri). The transverse momentum distribu-
tion is assumed to be a Gaussian function

Gi(pi,⊥) = exp
(

− p2
i,⊥

2σ 2
p⊥

)
. (6)

The perpendicular momentum spread parameter σp⊥ is
related to the size of the electron wave function at the
cathode by the uncertainty principle. In our semiclassi-
cal model, the set of classical electrons originating from
the atomic emitter provide a geometric approximation of
a Gaussian wave emitter, which is illustrated in the inset
of Fig. 1. Tsujino [29] has recently derived an expres-
sion for the wave function of a field-emitted electron using
Fowler-Nordheim tunneling theory, which assumes a pla-
nar tunneling barrier, and pointed out its connection to an
optical Gaussian beam. We note that, although Fowler-
Nordheim theory is widely applied to the analysis of field-
emission electron sources (see, for example, Refs. [6,24]),
the transverse momentum distribution obtained with it
implies a Heisenberg-limited spatial extent that is too large
to represent our semiclassical atomic emitter. For typical
field strengths in the range of 3 to 7 V/nm, the transverse
momentum spread σp⊥ according to Fowler-Nordheim the-

ory is 2.5 × 10−2 to 3.8 × 10−2 Å
−1

[30]. By applying
the Heisenberg principle, i.e., σxσk ≥ �/2, we find that the
minimum spatial extent of a wave packet corresponding to
the assumed field strengths is 13 to 20 Å. If we consider
the limiting case such that the emission originates from a
single tungsten atom with a size of about 2 Å, we obtain
a σp⊥ of 2.5 × 10−1 Å

−1
, which is approximately an order

of magnitude larger than that obtained with the Fowler-
Nordheim theory assuming a flat surface. We therefore
use σp⊥ = 2.5 × 10−1 Å

−1
for the transverse momentum

distribution of the semiclassical atomic emitter. As will
be shown in the next section, the atomic emitter wave
function gives an approximation of the impulse response
function, with which the wave function emitted by an
extended surface with an arbitrary geometry can be con-
structed. It should be noted that our atomic emitter does not
necessarily accurately represent a real single-atom emitter,
which may have a nontrivial phase and energy distribu-
tion that depends on the detailed electronic structure and
tunneling mechanics of the emitting atom [31]. We con-
sider the semiclassical atomic emitters in this approximate
sense.

We numerically integrate the classical equations of
motion and obtain the corresponding semiclassical phase

Å

FIG. 2. Plot of g(θ) from Eq. (7) for the on-axis, i.e., β = 0,
atomic emitter (solid blue line), which maps the anode angular
position θ to the initial transverse momentum pi,⊥. The dashed
black line plots the analytical approximation for the concentric
sphere model given by Everhart [32].

function (5) for all electrons originating from the on-axis
atomic emitter. The phase values at the intersection points
between this set of classical paths and the anode surface are
interpolated to obtain the phase function So at the anode as
a function of the angular coordinate θ (see also Fig. 1). The
semiclassical wave function amplitude is obtained from the
transverse momentum distribution (6). The on-axis atomic
emitter wave function at the anode surface can therefore be
written as

φo(θ , E) = Gi[g(θ)] exp[iSo(θ , E)], (7)

where g is a function mapping the anode angular position
θ to the corresponding initial transverse momentum pi,⊥.
Figure 2 shows a plot of this function for the on-axis emit-
ter, i.e., with β = 0. For the concentric spherical electrode
model, Everhart [32] has given an analytical approxima-
tion of this function, which we obtain numerically, that is
plotted in the same figure for comparison.

B. Spatial and temporal coherence

In this section we clarify how the electron wave function
produced by an extended source surface is to be com-
posed from the atomic wave functions introduced in the
previous section. A crucial consideration here is the spa-
tial and temporal coherence of the emitted electron beam.
The emitter is stochastic in nature: the electrons in the
metal experience random collisions that are caused by
electron-phonon, electron-impurity, and electron-electron
interactions. According to the quantum theory of decoher-
ence, these random interactions lead to a localization of the
electron within the metal, i.e., to the suppression of spa-
tial coherence [33]. At thermal equilibrium the coherence
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length of the electron within the material is given by [34]

	 = �√
4m∗

ekBT
, (8)

where m∗
e is the electron effective mass, kB is the Boltz-

mann constant, and T is the temperature. By cryogenically
cooling a field emitter, Cho et al. [21] showed experimen-
tally that there is a clear connection between the spatial
coherence of the electrons within the material, which
depends on temperature as indicated in Eq. (8), and the
coherence properties of the emitted electron beam. We
use optical coherence theory to model the beam after it
emerges from the source with a given spatial and temporal
coherence, which depends on the material conditions and
properties, and propagates to the object and detector.

The semiclassical wave function obtained in the pre-
vious section is a solution of the time-independent
Schrödinger equation. It is therefore natural to start our
treatment in the space-frequency (energy) domain. In the
space-frequency domain, the coherence, i.e., the statistical
degree of correlation between the spectral amplitudes of a
particular frequency component at any two points on the
source surface, β and β ′, is given by the CSD W(β, β ′)
[35]. By making use of a coherent mode decomposition
[36], we can write

W(β, β ′) =
∫

ρ(η)χ∗(β ′ − η)χ(β − η)dη, (9)

where the variable of integration η is an angular coordinate
on the source and the integral is performed over its entire
surface. The coherent mode decomposition expresses the
CSD as a sum of contributions from spatially fully coher-
ent, elementary sources [36], described by the coherent
mode function χ , that are weighed by the probability den-
sity function ρ. Physically, it represents here the fact that
electrons are emitted as localized wave packets, described
by the function χ , at random positions on the tip surface
with probability density ρ(η). In the current model we
assume that the coherent mode function χ is a Gaussian
function with a standard deviation σχ that is a function
of the coherence length of electrons within the mate-
rial, as well as the field-emission conditions. The spectral
degree of coherence for a single mode can be obtained by
substituting ρ(η) = δ(η − η0) in Eq. (9), which gives

μ(η0)(β, β ′) = W(η0)(β, β ′)
[W(η0)(β, β)]1/2[W(η0)(β ′, β ′)]1/2

= χ∗(β ′ − η0)χ(β − η0)

|χ(β ′ − η0)||χ(β − η0)| . (10)

Since |μ(η0)(β, β ′)| = 1 for any values of β and β ′, this
demonstrates that an individual mode is indeed spatially

fully coherent, which is consistent with the interpretation
that it represents a localized electron wave packet emitted
at point η0.

We require an expression of the CSD at the object and
the detector surfaces. A general expression for the CSD
upon propagation (see also Sec. 4.4.3 of Ref. [35]) is
given by

W(θ , θ ′) =
∫∫

W(β, β ′)K∗(θ ′, β ′)K(θ , β)dβdβ ′, (11)

where K(θ , β) is the impulse response function, i.e., the
function specifying the wave function at point θ on the tar-
get surface produced by a point source located on the
source surface at point β. In our model we approximate
the source-object impulse response by the semiclassical
atomic emitter wave function obtained in Sec. II A [see
also Eq. (7)], from which we can obtain the wave func-
tion at the object surface produced by an atomic emitter
located at an arbitrary point β on the source surface (see
also Fig. 1). We note here that approximating the impulse
response function in this way implies that the effective size
of the electron wave function at the source surface cannot
be smaller than the Heisenberg-limited size of the semi-
classical atomic emitter, which is given by its transverse
momentum spread σp⊥. Substituting Eq. (7) for K , where
we have made use of the rotational symmetry of the wave
function in the concentric spherical model, and Eq. (9) for
W we obtain for the CSD at the object surface

W(θ , θ ′) =
∫

ρ(η)

∫
χ∗(β ′ − η)φ∗

o (θ ′ + β ′, E)dβ ′

×
∫

χ(β − η)φo(θ + β, E)dβdη. (12)

We observe that the integrals over β and β ′ are a con-
volution of the atomic emitter wave function φo with the
coherent mode function χ . We therefore rewrite Eq. (12) as

W(θ , θ ′) =
∫

ρ(η)�χ∗
o (θ ′)�χ

o (θ)dη, (13)

where

�χ
o (θ , η, E) =

∫
χ(β − η)φo(θ + β, E)dβ, (14)

which is the wave function at the object plane due to a
coherent superposition of the atomic emitter wave func-
tions within the coherent mode χ centered at η. To prop-
agate the CSD from the object to the detector plane, we
again make use of Eq. (11). The object-detector impulse
response is characterized by the object transmission func-
tion, which modulates the wave impinging on the object
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surface, followed by free wave propagation, and is there-
fore equal to the factor to(ro) exp(ikr)/r in the Huygens-
Fresnel integral in Eq. (2). Using Eqs. (13) and (11), for
the CSD at the detector, we obtain

W(rd, r′
d) =

∫
ρ(η)

∫
�χ∗

o (θ ′, η, E)t∗o(r
′
o)

exp(−ikr′)
r′ dr′

o

×
∫

�χ
o (θ , η, E)to(ro)

exp(ikr)
r

drodη,

(15)

where r(′) = |r(′)
d − r(′)

o | and r(′)
o = Ro[cos θ(′), sin θ(′)]. An

electron wave packet may consist of multiple energy com-
ponents, which leads to the presence of temporal coherence
effects. In order to take the effect of temporal coherence at
the detector into account, we obtain the mutual coherence
function (MCF) � from the CSD given by Eq. (15). The
MCF gives the statistical degree of correlation between the
wave function at the two points rd and r′

d, and at times t and
t′, respectively. For a stationary (and ergodic) random pro-
cess, the MCF can be obtained from the CSD by taking the
inverse Fourier transform

�(rd, r′
d, τ) =

∫
p(E)W(rd, r′

d) exp(iEτ)dE, (16)

where p is the spectral density function of the wave packet,
i.e., energy spectrum, and τ = t′ − t (see Sec. 4.3 of
Ref. [35]). We can obtain the time-averaged intensity at the
detector from Id ≡ �(rd, rd, 0), so that after substituting
Eq. (15) into Eq. (16) we get

Id =
∫

p(E)

∫
ρ(η)

∣∣�χ

d (rd, η, E)
∣∣2 dηdE, (17)

where

�
χ

d (rd, η, E) =
∫

�χ
o (θ , η, E)to(ro)

exp(ikr)
r

dro. (18)

Finally, for a monoenergetic electron beam of energy E0,
we have p(E) = δ(E − E0), so that Eq. (17) becomes

I E0
d =

∫
ρ(η)|�χ

d (rd, η, E0)|2dη. (19)

How does one apply the theory above to model a source
with varying degrees of spatial coherence? We consider
a spatially fully incoherent source to be such that the
coherent mode function reduces to a delta function, i.e.,

χ(β − η) = δ(β − η), so that from Eq. (14) we obtain

�χ
o (θ , η, E) = φo(θ + η, E). (20)

For a monoenergetic electron beam we get, using Eqs. (18)
and (19) for the intensity at the detector,

I E0,i
d =

∫
ρ(η)

∣∣∣∣
∫

φo(θ + η, E0)to(ro)
exp(ikr)

r
dro

∣∣∣∣
2

dη,

(21)

which shows that the projection image consists of an
incoherent summation of the images produced by the indi-
vidual atomic emitters that make up the surface. A spatially
fully coherent source can be considered such that it emits
only a single coherent mode, so that ρ(η) = δ(η − η0) [see
also the discussion following Eqs. (9) and (10)]. When
both ρ and χ are given by delta functions, the electron
beam originates from a single atomic emitter on the source
surface and is, by definition, fully coherent. A partially
coherent source is therefore such that both χ and ρ have
a finite width, i.e., neither χ nor ρ contain delta functions.

Before proceeding to the results we discuss how the
theory outlined above relates to the van Cittert–Zernike
theorem, which is frequently used to estimate the elec-
tron source size in experiments. The van Cittert–Zernike
theorem describes the coherence properties of fields gen-
erated by planar, (quasi)monochromatic, spatially fully
incoherent sources. Moreover, it is assumed that the wave
propagates freely at all times. Clearly, the field emitter,
with its curved source surface and the strong acceleration
of the electrons after they are emitted, is poorly represented
by the van Cittert–Zernike theorem. The effective source
size that is obtained from the application of the van Cit-
tert–Zernike theorem therefore has no direct bearing on the
physical conditions at the source surface, e.g., coherence
length and geometry, which one would be interested in
when modeling these sources. By contrast, the model out-
lined above does provides a way to relate, through the use
of simulations, the measured coherence properties of the
electron beam to the physical conditions and parameters of
the source itself.

III. RESULTS

We first simulate the point-projection images produced
by a monoenergetic, spatially fully coherent source of
increasing spatial extent. The spatial extent of the wave
function at the source surface σs is a summation in quadra-
ture of the Heisenberg-limited size of the semiclassical
atomic emitter of 2 Å and the σχ of the Gaussian coherent
mode distribution. We perform simulations with a σs of 2,
13, 26, and 80 Å. A σs of 13 and 26 Å corresponds approx-
imately to the coherence length of electrons obtained from
Eq. (8) for tungsten at room temperature and at liquid nitro-
gen temperature (about 77 K), respectively. The σs = 2 and
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(a)

(b)

Å
Å
Å

Å

FIG. 3. Simulations of (a) the projection image on the detec-
tor and (b) the electron wave function phase at the anode for the
concentric spherical electrode model (see Fig. 1: Rs = 50 nm,
Ro = 1 μm, Vs = −100 V) with emission from a single monoen-
ergetic, spatially fully coherent Gaussian mode with an extent of
σs = 2 to 80 Å at the source surface. The detector plane is located
100 μm away from the center of the cathode.

80 Å simulations represent limiting cases where the emis-
sion originates from an atomic-sized area, or from a surface
area that is significantly larger than the typical coherence
length of electrons in tungsten, respectively. The image at
the detector is obtained from Eq. (19) with ρ(η) = δ(η).
The cathode and anode radii Rs and Ro are 50 nm and
1 μm, respectively, and the cathode voltage Vs is −100 V.
The detector plane is located 100 μm away from the center
of the cathode. Figure 3(a) shows that the angular extent of
the emitted beam reduces significantly as σs increases from
2 to 13 Å. This is consistent with the results from free-
wave, planar-source models, which show that an increase
in the coherent source size leads to a proportional decrease
in the beam divergence [18–20]. However, as the source
extent σs increases from 13 to 26 and 80 Å, the angular
extent of the beam increases as well, which is a significant
departure from the monotonic decrease in beam divergence
that is predicted by the free-wave, planar-source models.
This can be explained by the fact that the emitted wave

front is affected by the surface curvature of the cathode that
tends to compensate for the emission narrowing caused by
interference effects. The effect of the source surface cur-
vature on the wave function can also be seen in Fig. 3(b),
which shows the phase of the wave function at the anode
surface. The σs = 2 Å emitter shows the strongest devia-
tion from a perfect spherical wave that would have a phase
shift of zero across the spherical anode surface. As the
coherent emitter size increases to a size comparable to the
tip radius, e.g., σs = 80 Å, the emitted wave becomes more
spherical, with a more flat phase profile at the anode and
also a wider intensity distribution at the detector.

Next, we simulate the projection images produced by
a monoenergetic, partially coherent source. The emis-
sion from such an emitter typically originates from an
extended surface area that is significantly larger than the
electron coherence length at the source surface. Since in
the concentric sphere model the field strength is equal
everywhere on the surface of the cathode, we take the
emission probability density ρ(η) to be constant here.
The image at the detector is therefore given by Eq. (19)
with ρ(η) = 1. In realistic sources the emission probability
distribution can be obtained from the apex field distribu-
tion and the tunneling current density. This is typically a
Gaussian-like distribution with an opening angle of greater
than 45◦ [10], so that the constant emission probability
assumed in the current simulation is a reasonable approx-
imation as we are mainly concerned with the image at
relatively small angles. The simulated projection images
are shown in Fig. 4, with the coherence length σs corre-
sponding to the fully coherent source simulations shown
in Fig. 3. The coherence length σs is defined, analogously
to the fully coherent source simulations, as the summa-
tion in quadrature of σχ and the atomic emitter size of
2 Å. A striking effect on the visibility of the projected

Å
Å Å

Å

FIG. 4. Simulation of the projection image from a partially
coherent emitter with a coherence length of the emitted electron
at the source surface of σs = 2 to 80 Å (with all other parameters
equal to those of Fig. 3).
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interference fringes can be observed for a partially coher-
ent emitter with the smallest coherence length of 2 Å. Such
a small coherence length implies that the emission from an
atomic-sized emitter is fully incoherent with its neighbors.
The incoherent superposition of emission from the indi-
vidual atomic emitters leads to a considerable reduction in
the visibility of higher-order fringes to opening angles of
θ ≤ 2◦. According to the Abbe criterion this would cor-
respond to an estimated spatial resolution of ≥ 17 Å. The
strong decrease in fringe visibility is actually caused by
the electron-optical aberration of the wave function. The
aberrations induce phase shifts, as shown in Fig. 3(b), that
lead to a shift in the position of the interference fringes on
the detector, which become more pronounced as the angle
relative to the emission point increases. The net result of
this fringe shift, after integration over the incoherent emis-
sion from all the atomic emitters on the surface, is a strong
suppression of the higher-order fringes. From Fig. 3(b) we
deduce that the electron-optical aberration effects should
be smaller as the spatial coherence length, i.e., the spatial
extent of the coherent mode function χ , increases. Figure 4
indeed shows that the visibility of higher-order interfer-
ence fringes increases for increasing σs, despite the fact
that the angular extent of the fully coherent beams for
σs = 13 and 26 Å is actually smaller than that for σs = 2 Å
[see Fig. 3(a)]. These results are consistent with the exper-
iments by Cho et al. [21] and provide a good explanation
for the observed increase in the interference fringe visi-
bility as the source temperature is reduced and its spatial
coherence length increases (see also the discussion at the
beginning of Sec. II B).

The preceding discussion implies that the ratio between
the coherence length and the emission surface curvature
should have an influence on the properties of the emit-
ted beam. In Fig. 5 we show simulations of a spatially
fully coherent source where Rs = 20 nm and all other
parameters are the same as those in Fig. 3. Though the
angular extent of the beam for σs = 2 Å is quite similar
to the corresponding simulation in Fig. 3(a), the beams
for σs = 13 to 80 Å are significantly wider. The increased
surface curvature is essentially transferred to the emitted
wave front. The source with σs = 26 Å in fact already has
a larger angular extent than the atomic emitter. Further-
more, Fig. 5(b) shows that the phase of the wave function
at the object is significantly more spherical for all of the
coherent emitter sizes. Figure 6 shows the simulation of
the projection images from a partially coherent source with
Rs = 20 nm. For the partially coherent emitter, the increase
in the phase sphericity evident from Fig. 5(b) leads to a
reduction in aberration effects that tend to wash out the
interference fringes. The angular extent at which fringes
can be observed, and the corresponding Abbe-limited reso-
lution, has consequently become higher even for the lowest
coherence length of 2 Å. It must be mentioned here that the
strong decrease in the aberration for the smaller cathode

(a)

(b)

Å
Å

Å
Å

FIG. 5. Simulations of (a) the projection image on the detec-
tor and (b) the electron wave function phase at the anode for a
monoenergetic, spatially fully coherent emitter with a cathode
radius Rs = 20 nm, and with all other parameters equal to those
of Fig. 3.

radius is partially due to the concentric sphere geometry,
which is known to underestimate aberration effects [5]. In
a more realistic tip-sample geometry, which includes the

Å
Å

Å
Å

FIG. 6. Simulation of a partially coherent emitter with a cath-
ode radius Rs = 20 nm, and with all other parameters equal to
those of Fig. 4.
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FIG. 7. Simulated projection image (black line) produced by
an atomic-sized emitter (σs = 2 Å) with a Gaussian energy
spread of σE = 400 meV and otherwise the same parameters as
used in the simulations shown in Fig. 3. Monoenergetic simula-
tions (colored lines) for a given energy difference �E from the
nominal center energy E0 = 100 eV.

influence of the tip shaft, the electrostatic field distribu-
tion is much more inhomogeneous. This leads to additional
aberrations of the wave front, which can be expected to
have an adverse effect on the interference fringe visibil-
ity for a partially coherent emitter. The current model also
does not include any surface roughness or faceting effects
that should have a more pronounced influence as the size
of the emission surface is reduced.

Finally, in Fig. 7 we show the effect of an energy spread,
i.e., temporal coherence, on the point-projection image.
We simulate a source that consists of a single atomic
emitter, with a Gaussian energy spectrum with σE = 400
meV, which is a typical value for the energy spread of a
field emitter, and with otherwise the same parameters as
used in the simulations shown in Fig. 3. The projection
image is obtained using Eq. (17), where ρ(η) = δ(η) and
χ(β) = δ(β). Somewhat surprisingly, the influence of the
total energy spread is rather small and does not impose
a limit on the LEEH imaging resolution in our simula-
tions, since there is no noticeable effect on the visibility
of the interference fringes. This is explained by the fact
that fringe positions are affected very little by changes
in the electron energy, as illustrated in Fig. 7 by the
monoenergetic simulations that are plotted with colored
lines.

IV. DISCUSSION

In this section we discuss the most important implica-
tions of the results obtained with our wave-mechanical
electron-optical model on optimizing the achievable spa-
tial resolution in LEEH. Because of their extremely coher-
ent nature, monoatomic field emitters have been regarded
as the ideal realization of a point source for the use

in LEEH. However, as was pointed out by Scheinfein
et al. [24], and later by Stevens [23], the resolution of a
monoatomic emitter is mainly limited by the initial trans-
verse momentum and the corresponding achievable beam
opening angle. From the typically observed beam open-
ing angle values of 4◦–6◦ [10], the Abbe criterion implies
that the achievable resolution of these sources is 6 to 9
Å for a beam energy of 100 eV. Holenstein et al. [37]
have shown that, in principle, it should be possible to go
beyond this limit by constructing a composite hologram
where the sample is moved with respect to the emitter.
From our simulations we can furthermore conclude that the
composite hologram must be constructed such that phase
shifts caused by electron-optical aberrations are accounted
for, which is interesting because LEEH is typically con-
sidered to be an “aberration-free” technique [9,11]. This
can be achieved by characterizing the wave front aber-
rations with a reference sample and correcting for them
during the holographic image reconstruction. At a 100 eV
beam energy it should in principle be possible to extend the
effective beam opening angle to 8◦–12◦, enabling a spatial
resolution down to about 4 Å.

If we consider emission from an extended surface area,
our simulations indicate that, aside from the transverse
momentum distribution and the spatial coherence length,
the emission surface curvature plays a crucial role in deter-
mining spatial resolution. In contrast to the free-wave,
planar-source models, which imply that the beam diver-
gence must become smaller and thus that the attainable
spatial resolution must decrease as the coherent source size
increases, our simulations show that the coherent extent of
the emitted beam can in fact broaden. By making sure that
the coherence length is comparable to the curvature of the
emission surface, it may even be possible to extend the
coherent opening angle of the emission to values beyond
that of an atomic emitter. Experimentally, this would likely
require a tip with a very well-defined shape and high-
quality apex surface, in addition to cryogenic cooling in
order to ensure a large coherence length within the emitting
material. An additional intriguing possibility for ensuring
an adequate electron coherence length within the source
material is through the use of materials with an intrin-
sically large coherence length. For example, semimetals
such as bismuth, antimony, and graphene are characterized
by a very small effective electron mass, which, accord-
ing to Eq. (8), leads to a large spatial coherence length.
Recently, Shao et al. [38] have produced a graphene coated
nanotip that would, for example, be well suited to explore
this possibility in that material.

Lastly, we would like to point out the use of photoe-
mission as a possibility for increasing the attainable spatial
resolution. Nanotip photocathode sources with coherence
and resolution properties comparable to field emitters have
been demonstrated in low-energy electron holography
[39]. However, using photoemission, it may be possible
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to go beyond some of the limitations of monoatomic
sources. As we have seen, for field emission, the maximum
attainable transverse momentum distribution for atomic-
sized emitters is ultimately given by the Heisenberg limit.
Increasing the transverse momentum distribution would
therefore require a reduction in the size of the coherent
emitter. However, for photoemission, the excess energy
from a high-energy photon emitting an electron into the
vacuum would directly translate to an increase in the
transverse momentum spread. In this scenario, two points
would be crucial. The first is that the photoemission must
be constrained to an as small, preferably atomic-sized,
surface as possible. As illustrated in Fig. 4, incoherent pho-
toemission from an extended surface area would inevitably
limit the spatial resolution due to aberration effects. The
second point is that the photoemission would need to be
constrained such that the energy spread does not increase
with the excess photon energy. In a metal the presence
of an electron sea below the Fermi energy results in a
very large increase in energy spread as the photon energy
increases beyond the work function. Ideally, the emission
would therefore proceed through a two-step process, where
first a well-defined intermediate state is populated reso-
nantly, followed by photoemission from the intermediate
state by a high-energy photon with a significant amount
of excess energy with respect to the vacuum level. This
setup could for example be realized with a semiconducting
carbon nanotube, where the atomic dimensions of the tube
diameter ensure localization of emission. A two-photon
photoemission scheme with initial excitation to the bot-
tom of the conduction band, followed by photoemission,
would ensure that the excess photon energy does not result
in a corresponding increase in the energy spread.

V. CONCLUSION

We introduce a wave-mechanical electron-optical model
that can consistently simulate the wave and particle-optical
properties of electron sources and provide physical insight
into the relation between coherence, aberrations, and the
geometry of the emitter. The simulation of field-emission
electron sources in LEEH allows us to resolve some incon-
sistencies between experimental observations and the pre-
dictions of the free-wave, planar-source models that have
been used so far to perform similar simulations. For exam-
ple, we show that the predicted narrowing of the emitted
beam from a spatially extended coherent source in the free-
wave, planar-source models is counteracted in our model
by the curvature of the emission surface. For partially
coherent emitters, we show how the combination of limited
spatial coherence at the source surface and aberrations due
to electron propagation effects can lead to a decrease in the
effective spatial coherence length of the resulting beam. In
the case of LEEH this has lead to the identification of pos-
sible strategies for increasing the spatial resolution of the

technique. Increasing the electron coherence at the source,
in combination with engineering of the emission surface
curvature to values comparable to the coherence length,
may lead to a source with a diffraction limit higher than
even the monoatomic source. For monoatomic sources, it
should be possible to go beyond the limit set by the finite
beam opening angle by constructing a composite holo-
gram, provided that image aberrations are addressed during
the reconstruction step. The wave-mechanical electron-
optical model can be readily developed further to simu-
late more realistic electron source structures. The results
of such models should be useful in evaluating electron
sources for more general use in (low-energy) electron
microscopy.
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APPENDIX: PHASE FUNCTION SOLUTION BY
THE METHOD OF CHARACTERISTICS

The zeroth-order approximation S to the phase function
S is given by Eq. (4), which is also known as the eikonal
equation. This partial differential equation can be solved
using the method of characteristics [40]. We first rewrite
Eq. (4) in Cartesian coordinates as

p2

2m
+ q2

2m
− [E − V(x, y)] = 0, (A1)

where p = ∂S/∂x and q = ∂S/∂y. The characteristic sys-
tem of differential equations that corresponds to Eq. (4) is

dx
dτ

= p
m

, (A2a)

dy
dτ

= q
m

, (A2b)

dS
dτ

= 1
m

(p2 + q2), (A2c)

dp
dτ

= ∂V
∂x

, (A2d)

dq
dτ

= ∂V
∂y

, (A2e)

where τ is a parametric coordinate describing the charac-
teristic curves. Comparing this system of equations to the
system of equations describing classical particle motion,
we see from Eqs. (A2a) and (A2b) that p and q are
the momentum vector components, and that Eqs. (A2d)
and (A2e) can be identified as Newton’s second law with
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the force on the particle being equal to the electric field
vector given by (∂V/∂x, ∂V/∂y). To obtain a particular
solution of the eikonal equation, the system of differen-
tial equations (A2) must be supplemented by initial values,
which, moreover, have to conform to Eq. (A1). For exam-
ple, the initial conditions describing a semiclassical point
source specify that the characteristics start at τ = 0 from a
single point (x0, y0) with S(τ = 0) = 0. From Eq. (A2) we
obtain the additional constraint

p2
0

2m
+ q2

0

2m
= [E − V(x0, y0)], (A3)

where p0 = p(τ = 0) and q0 = q(τ = 0) are the momentum
components of the particle. In other words, the magnitude
of the initial momentum is given by the kinetic energy
K0 = E − V(x0, y0), while its direction can be specified
freely. The full solution of the phase function partial dif-
ferential equation consists of a union of all characteristic
curves obtained from a set of initial values specifying
the initial position and momentum vectors. The phase is
obtained by integrating Eq. (A2c) with respect to τ ,

S =
∫

1
m

[p(τ )2 + q(τ )2]dτ , (A4)

and substituting K ≡ p2/2m + q2/2m results in Eq. (5).
The path integral form for the above phase func-
tion is obtained by a substitution of variables. Using
Eqs. (A2a) and (A2b), the differential path length element
dξ =

√
dx2 + dy2 becomes

dξ = 1
m

√
p2 + q2dτ . (A5)

Substituting this into Eq. (A2c), and using Eq. (A1), gives

S =
∫ √

2m[E − V(x, y)]dξ . (A6)
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