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ON DISTINCT FINITE COVERS OF 3-MANIFOLDS

STEFAN FRIEDL, JUNGHWAN PARK, BRAM PETRI, JEAN RAIMBAULT, AND ARUNIMA RAY

ABSTRACT. Every closed orientable surface S has the following property: any two connected
finite covers of S of the same degree are homeomorphic (as spaces). In this, paper we give a
complete classification of compact 3-manifolds with empty or toroidal boundary which have the
above property. We also discuss related group-theoretic questions.

1. INTRODUCTION

Given a finitely generated group G and n € N we denote by s,(G) the number of subgroups
of index n and we denote by e, (G) the number of isomorphism types of subgroups of index n.

The study of s, (G) has attracted a lot of interest over the years. For example, the well-known
asymptote for the number of index n subgroups in a free group F5 of rank 2 is

Sp(Fy) ~n-(n!) as n— oo,

(see for instance [Dix69] and [LS03, Chapter 2]). Much more recently, similar asymptotes
were determined for surface groups by Miiller and Schlage-Puchta [MP02], Fuchsian groups
by Liebeck and Shalev [LS04] and non-uniform lattices in higher rank simple Lie groups by
Lubotzky and Nikolov [LN04]. Finer questions ask for the number of subgroups of a given type.
For instance, in [MSP04], Miiller and Schlage-Puchta determine the statistics of given isomor-
phism types in free products and in [Lub95l [GLP04] Lubotzky—Goldfeld-Pyber and Lubotzky—
Nikolov count the number of congruence subgroups in arithmetic groups. For an introduction
to the subject of subgroup growth, we refer to the monograph by Lubotzky and Segal [LS03].

In this paper we are interested in the growth of the sequence {e,,(G)}nen. It is apparent that
its behavior can be strikingly different from {s,,(G)},en. For example, we have just seen above
that the sequence {s,(F»)}nen grows super exponentially whereas it is clear that the sequence
{en(F2)}nen is constantly equal to one. Similarly it is evident that for any surface group G the
sequence {e,(G)}nen is constantly equal to one. These and free abelian groups are the only
examples we know of (infinite, residually finite) groups with e,, = 1. To give an example where
e, exhibits nontrivial growth let us describe its behaviour for Fuchsian groups (namely, discrete
subgroup of PSLy(R)) containing torsion elements: we observe in Proposition below that
for a Fuchsian group G C PSLy(R) of finite covolume, e, (G) grows polynomially. For example,
we obtain (using Miiller and Schlage-Puchta’s asymptotic mentioned above) that

2
en(PSLo(Z)) ~ % as  n — oo.

We note that this asymptotic contains geometric information about the orbifold PSLy(Z)\H?:
in general, the exponent (2 in this case) equals the number of nontrivial divisors of the orders
of its cone points. Moreover, in the case of PSLy(Z), the leading coefficient (1/6) appears as
the inverse of the product these divisors.

To give our topic a more topological flavour, given a compact, connected manifold M let us
denote by e, (M) the number of homeomorphism types of connected degree d covering spaces of
M. All the examples above are essentially 1- or 2-dimensional. For a topologist, after the case of
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surfaces has been settled it is natural to next consider the case of 3-manifolds. A more pragmatic
reason for this is that if M is a closed, orientable, aspherical 3-manifold, then we have e, (M) =
en(m1(M)). This follows from the geometrization theorem, the rigidity theorem [Mos68], and
work of Waldhausen [Wal68|] and Scott [Sco83b] (see e.g. [AFW15, Theorem 2.1.2]). Thus in this
case the group-theoretical and topological problems are equivalent. Another is that the current
understanding of 3—manifold groups (as opposed to higher-dimensional aspherical manifolds) is
good enough to let us actually prove some nontrivial results.

For technical reasons it is often more convenient to study the following closely related sequence

el (M) := sup{ex(M) |k < n}.

n

In Section we point out that it follows from [Agol3], [CLRI7], [BGLMO02] and [BGLS10),
Section 5.2] that e/, (M) grows as a power of a factorial for hyperbolic 3-manifolds. On the other
hand it is clear that e}, (M) is a constant sequence for some choices of M, e.g. for the 3-torus
and for 3-manifolds with cyclic fundamental group. As hyperbolic manifolds are in many ways
generic among 3-manifolds this leads us to the following definition.

Definition 1.1. A manifold M is called exceptional if €], (M) =1 for all n € N. In other words,
M is exceptional, if for all n € N any two connected degree n covers of M are homeomorphic.

Note that there is an analogous notion of exceptional groups, that is, a group is said to be
exceptional if any two index n subgroups are isomorphic.

As a warm-up, in Lemma [2.J] we determine which compact 2-dimensional manifolds are
exceptional (this makes for a surprisingly amusing exercise). In our main theorem we determine
all exceptional compact 3-manifolds with empty or toroidal boundary.

Main Theorem. Let M be a compact 3-manifold with empty or toroidal boundary. Then M
1s exceptional if and only if it is homeomorphic to one of the following manifolds:

1) k-S'x 82 fork > 1,
1;52’

all spherical manifolds except those with fundamental group Pyg X Z/p with ged(p,3) = 1
and p odd, or Qg, X Z/q with ged(q,n) =1, q odd, and n > 2.

In the theorem above and henceforth, S™ denotes the n-sphere, D™ denotes the n-dimensional
disk, T™ denotes the n-torus, I denotes the unit interval [0,1], and k - M denotes the k-fold
connected sum of the manifold M. The groups mentioned in item (@) are defined in Section [6l

Some of the techniques we use in the proof of the main theorem apply in a a larger setting.
For instance, as noted above, it follows from work of Agol et al that hyperbolic 3-manifolds are
not exceptional. We also give a different proof of this fact that generalizes to lattices in most
semisimple Lie groups as follows. (Recall that two Lie groups are called locally isomorphic if
they have isomorphic Lie algebras.)

Proposition Let I' be an irreducible lattice in a semisimple linear Lie group not locally
isomorphic to PGL2(R). Then I is not exceptional.

Regarding PGLy(R) we noted (see above and Proposition [2.2]) that Fuchsian groups with
torsion exhibit nontrivial growth for e, and in particular are not exceptional. The latter is
also true of Euclidean 2-orbifolds, and to prove this together with the fact that 7 is the only
exceptional Fuclidean 3-manifold we use arguments which lead to the following generalization.

Proposition Let E be a Euclidean space and I a lattice in Isom(E). Then I is exceptional
if and only if it is free abelian.
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Moreover for hyperbolic 3-manifolds we can produce regular non-homeomorphic covering
spaces of equal degree:

Proposition Let I" be the fundamental group of a complete hyperbolic 3-manifold of finite
volume. Then there exist sequences c¢,,d, — 400 such that for each n we can find at least ¢,
normal subgroups of index d,, in I', which are pairwise non-isomorphic.

1.1. Questions. There are many more questions about e, (M) that arise naturally.

1.1.1. Quantitative questions. The only question we deal with in general is whether or not
e/ (M) =1 for all n € N. Once it is known that this is not the case, it would of course be

interesting to know how e, (M) and e}, (M) behave as functions of n.

For any hyperbolic 3-manifold M, as we already noted above, there exists a constant o > 0
so that
en(M) = (n!)%,
for all large enough n € N. However, as of yet, there is no control on « in terms of, for
instance, the hyperbolic geometry of M. We note that an upper bound on the smallest index

of a subgroup of 71 (M) that surjects onto Fy would give a lower bound on a.

On the other hand, our constructions of non-homeomorphic covers for Seifert fibered mani-
folds produce (in general) much sparser sequences of covers and we do not have an expectation
for the answer to the quantitative question above.

The following is a sample of concrete questions we would like to know the answers to.

(1) Which growth types (polynomial, intermediate, exponential, factorial) appear for e/, (M)?

(2) What are the 3-manifolds for which e/,(M) is polynomial, intermediate, exponential,
factorial?

(3) Are there hyperbolic 3-manifolds for which e, (M) is not monotone even for large n?

(4) Given a hyperbolic 3-manifold do e, (M) and e, (M) have the same growth type?

(5) If M is a hyperbolic manifold, what information on the geometry of M is encoded in
the sequence {e,,(M)}nen?

We note that for general 3-manifolds, many of the question above are also still open for
the sequence {s,(m(M))}nen. For 2-dimensional manifolds we know more. For instance, it
is known that for a hyperbolic 2-orbifold M, the sequence {s,(m1(M))}nen does encode some
geometric information: the factorial growth rate of s, (71 (M)) is linear in the area of the orbifold
IMP02,, [LS04]. On the other hand, for hyperbolic 3-manifolds such a simple relation could never
hold: there are hyperbolic 3-manifolds M of arbitrarily large volume but with rank(m (M)) < 5.
The latter implies that the factorial growth rate of the sequence {s,, (71 (M)) }nen cannot be more
than 4.

1.1.2. Stronger versions of non-exceptionality. In most cases where we establish that a group G
is not exceptional, we do so by providing, for infinitely many distinct values of d, pairs (G, G2)
of non-isomorphic subgroups of G with index d in G. We are not aware of an example of an
infinite residually finite group which is not exceptional, but for which this stronger property is
in default.

1.1.3. Non-exceptionality for other classes of groups. One may inquire about the exceptionality,
or lack thereof, of other interesting classes of groups. Here are some examples:

(1) The only exceptional right-angled Artin groups are the free groups and the free abelian
groupﬂ. What about more general Artin groups?

IThis can be proved using the fact that all other RAAGs surject onto Z2 % Z.
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(2) Which Coxeter groups are exceptional? It seems reasonable to expect that only a few
finite ones are.
3) Are non-abelian polycyclic groups always non-exceptional?
polycy group Yy p
(4) Are there other examples of non-elementary word-hyperbolic groups, besides surface
groups and free groups, that are exceptional?

Note that all the groups in the first three items are linear and finitely generated and hence, by
Malcev’s theorem [Mal40], residually finite. As such, they at least have infinitely many different
finite index subgroups (given that they are infinite themselves).

1.2. Structure of the proof. Our proof consists of a case by case analysis. That is, we use
the prime decomposition theorem and Perelman’s work to divide up 3-manifolds into various
geometric classes that we then address separately.

For most of the paper, we consider prime, orientable 3-manifolds. Other than certain simple
cases (Proposition B.2]), we show that prime, compact, orientable 3-manifolds with non-empty
toroidal boundary are not exceptional in Proposition Among the closed, prime, orientable
3-manifolds, we see that S x S? is clearly exceptional (Proposition [32)), so it only remains to
consider closed, irreducible, orientable 3-manifolds. Those with a trivial JSJ decomposition are
divided into the following classes:

hyperbolic 3-manifolds (Proposition [A.1),

Euclidean 3-manifolds (Proposition [5.1]),

spherical 3-manifolds (Proposition 6.2]),

and the remaining Seifert fibered 3-manifolds (Proposition [7.4]).

Then we treat closed, irreducible, orientable 3-manifolds with a non-trivial JSJ decompo-
sition, where we need two separate arguments - one for Sol manifolds (Proposition BJ]) and
one for all others (Proposition @.]). The classification of prime non-orientable exceptional 3-
manifolds and non-prime exceptional 3-manifolds is an almost direct consequence of our work
with prime and orientable 3-manifolds and is given in Section [[0l The diagram in Figure [
shows the structure of the proof.

1.3. Conventions. All manifolds are assumed to be compact and connected. We will call a
compact manifold with non-empty toroidal boundary hyperbolic if its interior admits a complete
hyperbolic metric of finite volume. Usually we do not distinguish between a manifold and its
homeomorphism type.

1.4. Acknowledgements. SF is grateful for the support provided by the SFB 1085 “higher in-
variants” funded by the DFG. JR was supported by ANR grant ANR-16-CE40-0022-01-AGIRA.
Most of the work on the paper was done while various subsets of the authors met at ICMAT
Madrid, the Max Planck Institute for Mathematics in Bonn, the University of Bonn, and the
University of Regensburg. We are very grateful for the hospitality of these institutions. Lastly,
we thank the anonymous referee for the careful reading of the paper and for the useful comments
and suggestions.

2. SURFACES AND TWO-DIMENSIONAL ORBIFOLDS
2.1. Surfaces. As a warm-up we state the following fairly elementary lemma, which doubles
as a great exam problem in a first course on topology.

Lemma 2.1. The only exceptional compact 2-dimensional manifolds are the disk D?, the an-
nulus, the Mébius band, the real projective plane RP?, and all closed orientable surfaces.
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Exceptional iff
Non-prime M=k -S'xS% k>1
(Proposition [T0.3])

M3 compact
with empty or
toroidal boundary

PN

. N Exceptional iff
{ Prime J—> Non-orientable M = S'xS?

L ) (Proposition [10.1))

M = St x §?
{ Orientable }—> = exceptional
(Proposition [B3.2])

( V| M2T%xIor S'xD?
{ Irreducible }—> Non-empty boundary = exceptional

L \ (Proposition B.2])

Other cases
= not exceptional

(Propositions [3.2] 0.1))

Closed

Trivial JSJ
decomposition

Non-trivial JSJ }—) Sol manifold

. = not exceptional
decomposition

\ (Proposition [B.1))

~

Hyperbolic ] Not Sol
= not exceptional Seifert fibered = not exceptional

(Proposition [A.1]) S NProposition 0.1
R e

Covered by S° Covered by T3 Other cases

/

\

~

Exceptional iff
M = T3
(Proposition [5.1])

{ See Proposition [6.2] J (Ermpesititom 1)

0

Not exceptional J

FIGURE 1. Leitfaden

Proof. Tt is clear that the surfaces listed are exceptional. (For closed orientable surfaces this
is an immediate consequence of the classification of closed orientable surfaces in terms of their
Euler characteristic and the multiplicativity of Euler characteristic under finite covers.)

Next assume that M is an orientable surface with at least one boundary component and that
M is neither a disk nor an annulus. After possibly going to a finite cover we can assume that M
has k£ > 3 boundary components. By giving the boundary components the orientation coming
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from M, the boundary of M induces a summand of Hy(M), that is naturally isomorphic to

k
Z a; Z (a1 + -+ ag).
(@) oo oo

Choose an epimorphism ¢: w1 (M) — Z/k such that ¢(a1) = 1, ¢(ag) = —1, and ¢(a;) = 0 for
i # 1,2. On the other hand, we can also find an epimorphism v : m (M) — Z/k such ¢(a;) # 0
for all 7. But then the covers corresponding to ker(y) and ker(¢)) have different numbers of
boundary components, so they are not homeomorphic.

Now suppose that M is a non-orientable surface that is not homeomorphic to either RP? or
the Mobius band. There exists precisely one 2-fold cover of M that is orientable. On the other
hand, we have H'(M;7Z/2) = (Z/2)* for some k > 2. Since k > 2, there exists at least one
other 2-fold cover. This shows that M is not exceptional. O

2.2. Fuchsian groups. If I' is a finitely generated Fuchsian group of finite covolume, then the
quotient O = I'\H? is an orbifold of finite type, that is, a compact surface with genus g and k
punctures as well as conical points with angles 27 /m;, 1 < i < s, for some g, s, k. We will call
the tuple (g, k,m1,...,ms) the signature of I'. The orbifold Euler characteristic of O is defined
by

~x(0) ::29—2+k+i<1_m%>'

i=1

It is multiplicative in covers, that is, if I is a finite index subgroup of I' and O’ = I'"\H? then
x(0") =[I': T - x(0).

Proposition 2.2. Let I' C PSLy(R) be a Fuchsian group of finite covolume with signature
(g,k,mq,...,mgs). Let d be the number of distinct divisors of all m;. Then

(1) n? !t < e (T) < ni 1t

In specific cases one can say more by studying the proof of the upper and lower bounds
more carefully; for example e, (PSLy(Z)) = n?/6 + O(n) as we stated in the introduction: to
obtain this we note that e, (PSLy(Z)) is equal to the number of solutions to the equation (2])
below by [MSP04, Theorem B|. Computing the covolume of the lattice appearing in the proof
of the upper bound below (an exercise in Euclidean geometry) we get the result. We could
have used Miiller and Schlage-Puchta’s result to get a more precise asymptote in more cases
(though the computation of constants would require further analysis), but as it does not have
the generality we require (in particular, it is not clear whether an analogous result holds for
cocompact Fuchsian groups) we elected to give a more direct and elementary proof which works
for all Fuchsian groups.

Proof. For the upper bound in (II) we note that two Fuchsian groups with respective signatures
(g,k,mq,...,mg) and (h,l,nq1,...,n,) are isomorphic if and only if (mq,...,ms) = (n1,...,n;)
and either k =0=17and g =h or k,l > 0 and 29 + k = 2h + [. In addition, the condition that
k = 0 is invariant under taking finite index subgroups.

Thus bounding the number of possible tuples (g + k,mq,...,ms) for a degree n cover of
O := I'\H? with signature (g,k,m1,...,ms) gives an upper bound for e, (T). Let 2 be the set
of divisors of elements of the set {m;}. Let d denote the cardinality d := |Q|. If T” is a finite
index subgroup of I' with signature (¢, k', m/,...,m}) we further set r :=2¢’ — 2+ ¥/, and

km = {1 <i<t:m)=m}
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for m € €, so that (as each m/ must divide some m;) we have S°/_, <1 - L,) = e, mAl (1-4L

mi m

We see by multiplicativity of Euler characteristic that, letting n = |I'/T”| be the index, we have:

(2) rt oy (1 - %) ke = nx(O).

mes
m#1

and hence the number of non-isomorphic subgroups of I' is at most the number of points
(r/n,km/n:m € Q,m # 1) of the lattice 1Z¢ which belong to the (d — 1)-simplex given by the
intersection of the hyperplane xo+3_,,cq 21 (1 —1/m)xm = x(O) with the positive quadrant.
Now if P is a polygon in an affine space E and L a lattice in E we have |[LNnP| < nd™¥F and
the upper bound followsd.

To prove the lower bound in ([{) we construct explicit subgroups which contain distinct num-
bers of conjugacy classes of elements of order m;. To do this we use the following presentation
for the Fuchsian group I' of signature (g, k,m1,...,ms):

(3) I'= <xla"' yLsyPly - apk‘)alybly"' ,agabg x;‘ni, H'IZHp] H[al,bl]> .
) J l

Our first step is to reformulate our problem in terms of morphisms p: I' — &,,, where G,
denotes the symmetric group on n letters. This will use the well known correspondence between
subgroups of index n and transitive permutation representations p: I' = &,, (see for instance
[LS03]). We start with the following lemma. Given a group G, Z(x) will denote the centraliser
of £ € G and 2 will denote the conjugacy class of = in G.

Lemma 2.3. Let G be a group and p: G — &, a homomorphism with transitive image; let

H = Stab,{1} < G
be the stabiliser of 1 in G wvia p. Then the number of conjugacy classes in H containing an
element of € is equal to the cardinality of the quotient set

a 1,....n}; p(x) - a=a
p(Z(x))\;{ €{ ¥ plx) 13

Proof. Write Z = Z(x). The orbits of the right-conjugation action of H on z¥ are in bi-
jection with Z\G/H. The orbit map G/H — {1,...,n} is bijective (using transitivity) and
Z-equivariant so Z\G/H < p(Z)\{1,...,n}. Finally, the last map (bijectively) sends conjugacy
classes of = lying in H to p(Z)-orbits fixed points of p(z). (]

We will distinguish between non-isomorphic finite index subgroups of the same index by
comparing the numbers of conjugacy classes of maximal finite cyclic subgroups (on the orbifold
side this corresponds to the cone points together with their orders). We will first deal with the
cases where the algebraic structure of I' is simpler, that is when we are in one of the following
cases : k> 2 (O has at least 2 cusps), k > 1,9 > 1 (at least 1 cusp and genus at least 1) or
g > 2. We will deal with the remaining cases with a bootstrap argument.

Let m € Q, m # 1. Let p be a morphism I' - &,, and H = Stab,(1) as in the statement of
the lemma above. Then if x € H is a primitive clementf] of order m, we have that m is a divisor
of some m; and z = guvfm"/mg*1 € H for some p € Z coprime to m, but gx;n"/qgfl ¢ H for any
m | q | m;, m < q. If we fix such i the corresponding conjugacy classes of primitive order m
elements correspond, via the lemma, to p(Z(z;))-orbits on the set of m/m;-cycles of p(z;) times
the set of invertible elements of Z/mZ. When we consider only the maximal cyclic subgroups

2More precisely |L N nP| ~ Cnd™P where C is the quotient of the volume of P by the covolume of L, so
computing these volumes gives an explicit asymptotic upper bound.
3Recall that a group element is primitive if it generates the maximal cyclic subgroups it lies in.
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they generate we kill the (Z/mZ)*-factor; in conclusion, the number of conjugacy classes of
maximal cyclic subgroups of H, which are of order m, is equal to the number of p(Z(z;))-orbits
on the set of m/m;-cycles of p(x;).

Now in a Fuchsian group we have Z(x) = (z) for any nontrivial element. In particular,
p(Z(zx)) acts trivially on the cycles of p(z). So the number N of conjugacy classes of maximal
cyclic subgroups of order m in H is given by the following formula :

(4) N = Z #{(m;/m)-cycles in the image of p(x;)}.

i m|mg

Let ; be the set of divisors of m;, and choose subsets 1 € Q) C €; so that Q\ {1} is the
disjoint union of all Q \ {1} ; in particular we have
S
(5) d—1=3 (%-1)
i=1
Let n > 2. Consider collections (71, ...,7s), where for all i, 7; is a partition of n whose parts
lie in {m;/m : m € Q}. We claim (and will prove in the next paragraph) that for a positive
proportion of such partitions it is possible to construct a representation of I' in the symmetric
group &,, such that the cycle decomposition of p(x;) corresponds to ;. Moreover, for different
partition-tuples the subgroups cannot be conjugated to each other: if m € Q,m # 1 then
maximal cyclic subgroups of order m can only come from lifts of the only x; such that m € Q..
It follows from (4) that the number of such subgroups is equal to the (m/m;)-part of 7;, and
these numbers determine the ;.

In this paragraph we prove the claim (under the hypotheses on g, k stated above). Assume
first that £ > 2or k > 1 and g > 1. Then we see from (B]) that I' decomposes as the free product

F=(ey) - x(es)x F

where F' is a free group. Then any collection is realisable, as we can pick any image we want for
each e; and then complete it by a transitive representation of F. In the remaining cases where
k =0 and g > 2 then we can do the same thing, choosing (p(a1), p(b1)) to have transitive image
and so that the product o = [] p(e;)[p(a1), p(b1)] is alternating, and finally as,bs so that the
relation in (B]) holds (this is possible because every alternating permutation can be written as a
commutator).

For a finite subset A C N denote by p4(n) the number of partitions of n into elements of
A. The representations constructed above give rise to HpQ; (n) isomorphy classes of index n
subgroups of I'. Thus we have proven that for any n we have:

en(T) > [ [ pos ().
i=1

It is an casily observed fact that pa(n) > nlAl=1 (see also [Nat00, pp. 458-464] for a more
precise asymptotic), so that we get from the previous inequality that

en(T) > niz=t (12]1-1)
and using (B]) we can conclude that €}, (T') > n a1

To finish the proof in the remaining cases (that is, those that do not satisfy our assumptions
on k and g), we pass to a finite cover O’ which satisfies the hypotheses we used above and
contains torsion elements of (at least) the same orders as O (see next lemma). Let f be the
degree of this cover, then we get from what we previously proved that eq(I") > 41 for all n,
which immediately implies that e, (T') > n¢L. O

The following fact that we used at the end of the proof might be standard (and using results
of Liebeck—Shalev our proof is almost immediate) but we did not find a reference for it.
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Lemma 2.4. Let ' be a Fuchsian group. Then it has a finite index subgroup H whose signature
(g9,k,...) satisfies either k > 2 or g > 2 and such that for any m if I' contains an element of
order m the same goes for H.

Proof. Recall that the group I' admits a presentation of the form (B). In [LS04] Liebeck —
Shalev prove the following: let C; be the conjugacy class of an element of &,, which has only
mg-cycles and f; fixed points, with f; bounded independently of n. Let C = (C1,...,Cs) and
Hom¢(T', S,,) the set of homomorphisms p : I' — &,, such that p(x;) € C; (recall from (B]) that
x; is an element of order m; in T'). Then

[Homg(I, &,,)| ~ (n!)! =X . 00

(loc. cit., Theorem 3.5) and an element in Homc(I', &,,) is transitive with probability tending
to 1 as n — +oo (loc. cit., Theorem 4.4).

We choose all f; such that 1 < f; < m; (there is a unique possible choice for each n and 7).
Let p € Homc(I',&,,) be transitive (such p exists by the results presented above) and let H
be the subgroup Stab,{1} and O’ the corresponding orbifold cover of O, with genus ¢’ and &’
cusps. Then we have that

S
1
2¢' + k' =nx(0) — 1-—— ) fi+2=nx(0)-0(1
4K =m0 =3 (1= 1) 2 = ma(0) -0t
and the right-hand side goes to infinity, so taking n large enough we can ensure 2¢g’ + k > 4,
which implies either &' > 2 or ¢’ > 2. Moreover, since f; > 1 if follows from Lemma 23] that
the group H contains an element of order m; for each i¢. So this H satisfies the conclusion of
the lemma. O

3. PRELIMINARIES

Let us start our discussion of 3-manifolds with some preliminary observations. Recall that a
group G is called residually finite if

N H={e
H«G
[G:H]<o0

where e € G denotes the unit element. It follows from work of Hempel [Hem87], together with
the proof of the geometrization theorem, that the fundamental group of a 3-manifold has this
property:

Theorem 3.1. [Hem8&7| Let M be a compact 3-manifold, then w1 (M) is residually finite.

Next, we make some elementary observations about certain simple 3-manifolds.

Proposition 3.2. The 3-manifolds S3, T3, T?xI, S'x D?, S1x 5%, and S*xS? are exceptional.
The twisted I-bundle over the Klein bottle is not exceptional.

Proof. Tt is an elementary exercise to verify that the manifolds mentioned in the first sentence are
exceptional. For example, note that any manifold with cyclic fundamental group is exceptional.
Finally note that the twisted I-bundle over the Klein bottle has two 2-fold covers, one of
which is again homeomorphic to the twisted I-bundle over the Klein bottle and the other is
homeomorphic to T2 x I. Thus it is not exceptional. U

We conclude the section with the following elementary observation, which uses the fact that
our covers need not be regular.

Lemma 3.3. If a manifold M has a finite-sheeted cover p: M — M such that M is not
exceptional, then M is not exceptional.
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4. THE HYPERBOLIC CASE

In this section, we prove the following result.

Proposition 4.1. Hyperbolic 3-manifolds of finite volume are not exceptional.

As mentioned in the introduction, this follows by combining largeness ([Agol3]) with either
[Zim94] or [BGLMO02, BGLSI0], which yields a much stronger quantitative result. We also
provide an independent proof which does not use largeness, and works in the more general
setting of irreducible lattices in almost all semisimple Lie groups (Proposition [4.2)). Finally
we show that in any hyperbolic 3-manifold group one can also find non-isomorphic normal
subgroups with the same index (Proposition [A.5]).

4.1. Non-exceptionality of lattices in Lie groups. Let G be a semisimple Lie group and
let X be the symmetric space associated to G (for example, G = PGL(C) and X = H?). Then
for any discrete subgroup I' < G, the quotient I'\ X is a complete Riemannian orbifold locally
isometric to quotients of X by finite subgroups of G (in particular, if " is torsion-free then I'\ X
is a manifold). We will call such orbifolds X -orbifolds.

The Mostow-Prasad rigidity theorem [Mos68l Mos73, [Pra73l Mar91] states that if G is not
locally isomorphic to PGLg(R), then two irreducible lattices I'y and T's in G are isomorphic
as abstract groups if and only if the orbifolds I';\ X are isometric to each other. In particular
the metric invariants of I'\ X are an isomorphism invariant of I'. We will be using the systole
to distinguish between subgroups: given an X-orbifold M this is defined as the infimum of
lengths of closed geodesics on M, and we will denote it by sys(M). Note that it follows from
the Margulis lemma that sys(M) is positive if M has finite volume.

The systole of I'\ X can be computed from the action of I on X. If g € G is an element whose
semisimple part does not belong to a compact subgroup of GG, then the minimal translation

l(g) := inf d
(9) = f dx(z, gz)
is positive. Then, denoting by I'y; the set of such elements in I', we have:

(6) sys(M) = min £().

ah

Note that if I' is cocompact, then I'yy, is the set of semisimple elements of infinite order in I'.

We will now prove the following result, of which Proposition [£1]is a special case.

Proposition 4.2. Let I' be an irreducible lattice in a semisimple linear Lie group mot locally
isomorphic to PGLa(R). Then I' is not exceptional.

Proof. Let G be a semisimple linear Lie group as in the statement, so we may assume that
G < GL4(R) for some d and let T" be a lattice in G. It is a standard consequence of local rigidity
of T', which holds under the condition that G not be locally isomorphic to PGL2(R), that we
may conjugate G so that there exists a number field F' such that I' < GL4(F') (the proof given
for [MRO3l, Theorem 3.1.2] in the cocompact case adapts immediately to all other groups). Let
H be the Zariski closure of I' in the Q-algebraic group obtained by Weil restriction of the linear
F-algebraic group GL4(F') to Q. By passing to a finite index subgroup if necessary, we may
assume that every finite index subgroup of I' has Zariski closure equal to H. Indeed, every
chain of finite index algebraic subgroups ... < I';11 < I'; < ... < T' is necessarily finite. So, a
chain of finite index subgroups so that the Zariski closures are strictly contained in each other
necessarily terminates after a finite number of steps and we may take the last term.

By finite generation of I' there exists a finite set S of rational primes such that I' C
H (Z[p_l,p € S]) For the rest of the proof we will fix a rational prime ¢ ¢ S. Thus we
can define the group of Zg-points, H, = H(Z,). Nori-Weisfeiler strong approximation [Wei84]
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implies that we can choose ¢ so that the closure of I' in Hj, is of finite index. Since H, is g-adic
analytic we may assume that it is a uniform pro-q subgroup (cf. [DASMS99, Theorem 8.1]),
replacing I' by a finite index subgroup if necessary.

Now we prove the following lemma.

Lemma 4.3. Let p be a prime, H a uniform pro-p group, and v € H. There exists a sequence
(H1(k), Hy(k)) of pairs of open subgroups of H such that |H/Hy (k)| = |H/Ha(k)|, Hi(k+1) C
H;(k) and

() Hi(k) = {e}, () Halk) = ().

k>1 k>1

Proof. Let Py(H) be the lower p-series of H (see [DASMS99, Definition 1.15]). Replacing H by
some Py (H) we may assume that v € H \ Po(H). Uniformity of H implies that, independently
of k > 1, the group Py(H)/Py+1(H) is an Fp-vector space of fixed dimension ¢ so that

|H/ Py (H)| = p™.
On the other hand, we have 17" € Pi1(H) \ Pyyo(H), so we get that

|H/ ((7)Pyy1 (H))| = pl Dk,
We define
Hy(k) = (7)Pert1

which satisfies that Ha(k + 1) C Ha(k) and (5, H2(k) = (7). Let also

Hy(k) = Pe—1).541
Then we have that
|H/Hi(k)| = pl“DF = p* /p* = |H/Hy (k).
On the other hand, Py, +1(H) D Hi(k) so that (5, Hi(k) = {e}. O

Now let v € I" be a semisimple element in I' of infinite order. Applying the lemma to H,
and v we get two sequences of subgroups

I'i(q,k) =N Hi(k+1), I'a(q, k) = FﬂHQ(/{)—l- 1)

which satisfy the same properties as H;. In particular, for any finite set ¥ C I\ {1}, we have
Y NT1(q, k) =0 for large enough k. Applying this to the finite sets

Yp={y€Tlau: ly) <R}
with R going to infinity we see, using the formula (@), that:

lim sys(I'1 (g, k)\X) = +o0.
k—+o0

On the other hand, we have v € I'a(k) for all £ > 0 and it follows that
VEk > 0: sys(Ta(q, k)\X) < £(v)

and in particular, for any large enough k, the systoles of the X-orbifolds I'i(q,k)\X and
(g, k)\X are different. It finally follows from Mostow’s rigidity theorem, as observed before
the proposition, that the subgroups I'1(g, k) and I's(g, k), which have the same index, cannot
be isomorphic to each other for large enough k. O
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4.2. Agol-Wise’s theorem and a quantitative result. Hyperbolic 3-manifolds have finite
degree covers with positive Betti number, which was proved by Agol, based on the work of
Kahn-Markovic, Wise, and many others. In fact more is true; we have the following properties
(see [Agol3 Theorem 9.2] for the closed case and |[CLR97, Theorem 1.3] for the case with
toroidal boundary), in order of strength.

Theorem 4.4. Let M be a hyperbolic 3-manifold with finite volume. Then there exists:

(1) a finite cover M — M so that by <M\) > 0;
(2) for any r > 1, a finite cover M — M so that b1 <M\) >r;

(3) a finite cover M — M so that m (M) surjects onto a non-abelian free group.

We note that () can be used to give a proof of Proposition ] which is similar but simpler
than that of Proposition if H*(T") contains a class ¢ of infinite order then the systole of the
index n subgroup T',, := ¢~ (nZ) stays bounded as n — +oo. As I' is residually finite, there
exists a sequence of subgroups I'/, whose systoles tend to infinity. For m large enough it thus
follows from Mostow rigidity that the subgroups I'r.r | and I, are both of index [I": I'/,] and
not isomorphic to each other.

In fact a much stronger quantitative result holds. The strongest result (3]), together with an
argument due to Lubotzky and Belolipetsky-Gelander-Lubotzky-Shalev ([BGLMO02], [BGLS10),
Section 5.2]) shows that the number e4(M) of pairwise non-isometric covers of a hyperbolic
manifold of finite volume satisfies

. log eq(M)
limsup ————= > 0.
d oo dlog(d)

4.3. Regular covers of hyperbolic manifolds. In this subsection we use (@), with » = 2, to
prove the following result about regular covers.

Proposition 4.5. Let I' be the fundamental group of a hyperbolic 3-manifold (complete of finite
volume). Then there exists sequences ¢y, d,, — 400 such that for each n we can find at least ¢,
normal subgroups of index d, in I', which are pairwise non-isomorphic.

An important step in the proof is the following special case.

Proposition 4.6. Let T" be a lattice in a simple Lie group G, not isogenous to PGLo(R). Assume
that b1(T') > 2 and, for all n > 1, let ¢, be the maximal number of pairwise non-isomorphic
normal subgroups I" < T with T /T =2 Z/n. Then

.. C
liminf = > 0.
n—4+oo N

We note that the hypothesis on I' implies that G is of real rank 1, and in fact isogenous to
one of SO(n, 1) or SU(n, 1), as lattices in higher-rank simple Lie groups have property (T) and
hence finite abelianisation, as do those in Sp(n, 1) and the exceptional rank 1 group F 4720.

4.3.1. Remarks.

e Proposition shows that when by (T') > 2, for any large enough n there exists a pair of
non-isomorphic normal subgroups of index n within I". The conclusion of Proposition [4.5]
is much weaker, and we do not know whether in general there are non-homeomorphic
normal covers for every degree in a subset of N of natural density one. Note that in
general this cannot be true of every degree—for example if M is a homology sphere then
it cannot have regular covers of any prime degree.
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We still have some control over the density of the sequence d,, in Proposition it
follows from the proof that we have d,, < n™ where M = r!, with r the smallest index
of a normal subgroup with b, > 2.

e Moreover, the proof of Proposition shows that we can take ¢, > drl/ ““foralle > 0.

e The only ingredient specific to dimension 3 in the proof of Proposition [£.5]is property (2)).
We note that this property holds for many lattices in higher dimensions as well (in
particular all known lattices in SO(n,1) in even dimensions), and for some complex
hyperbolic lattices (see for example [Marl4]).

e In [Zim94], Zimmermann produces a similar set of subgroups in I". In that construction,
the quotients are isomorphic to Z/p"*Z®Z/p'Z where p is some large prime. Moreover,
the number of subgroups in Zimmermann’s construction is sublinear as a function of
their index.

4.3.2. Proof of Proposition [{.6] Let ¢2(n) be the number of surjective homomorphisms from
(Z/n)? to Z/n and let p(n) be Euler’s totient. Observe that (1,0) ~ a,(0,1) +— * defines
¢(n) x n surjective homomorphisms from (Z/n)? to Z/n, where (a,n) = 1 and * is any arbitrary
element of Z/n. Similarly, there are n x ¢(n) surjective homomorphisms defined by (1,0) +—
*,(0,1) — b, where (b,n) = 1 and % is an arbitrary element of Z/n. Counted without repetition,
we have produced

p(n) xn+nxpn) —pn) xpn) = (2n —pn))p(n)
surjective homomorphisms from (Z/n)? to Z/n. Thus, @2(n) > (2n — o(n))e(n).
Let h,, be the number of surjective morphisms from I' to Z/n. Since I surjects onto (Z/n)?
we have that h,, > pa(n). Since two surjective morphisms 71,79 : I' — @ have the same kernel

if and only if there exists an automorphism v of ) such that mo = % o my, and the number of
automorphisms of Z/n equals ¢(n) and hence

hn ©2 (’I’L)
Aut(Z/m)] © p(n)

we get that there are pairwise distinct normal subgroups Ay, ..., A, <T' such that I'/A; =2 Z/n
for1 <j<n.

>2n—p(n)>n

By Mostow rigidity, we have that ¢, is at least the maximal number of A; which are pairwise
non-conjugate in G. We want to prove that there exists b > 0 depending only on I such that for
every n at most b among the A;s can be conjugated to each other, which implies that ¢,, > n/b
and finally the conclusion of Proposition For this we use a refinement of the arguments of
[BGLMO02| and [BGLS10|] that we mentioned in the previous subsection.

First we deal with the case where I' is non-arithmetic: then an immediate and well-known
consequence of Margulis’ commensurator criterion for arithmeticityﬁ is that there is a unique
maximal lattice 2 C G in the commensurability class of I', which is equal to the commensurator
of I'. Thus any g € G which conjugates two A;s must belong to €2, and since the A;s are normal
in I' each has at most b = |Q2/T"| conjugates among them.

Now assume I is arithmetic. By definition of arithmeticity there exists a semisimple algebraic
group G defined over Z such that I' C G(Z) with finite index. For p a rational prime let Z,
denote the p-adic integers. Then a congruence subgroup of I' is a subgroup of the form I' N U
where U is a finite index (equivalently, open) subgroup in [], G(Z,). If A is a finite index

subgroup in I' we denote by A" the congruence closure of a subgroup A C I': this is the
smallest congruence subgroup of G(Q) containing A; explicitely the congruence closure of A is
equal to I' NV where V' is the closure in [[, G(Z,) of A.

4The criterion [Mar91l Theorem (B) in Chapter IX] states that I' has finite index in its commensurator €;
since any lattice commensurable to I' commensurates I', it has to be contained in 2 and the claim follows.
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Lemma 4.7. Let I' be an arithmetic group. There exists finitely many congruence subgroups
Iy, ... Ty with the following property: if A is a finite index normal subgroup in I' such that
T/A is abelian then N°™"® is equal to one of the T;.

Proof. If T'/A is abelian then so is T’ /Kcong so that it suffices to show that there are only finitely
many congruence subgroups A < I' such that I'/A is abelian. Let I be the derived subgroup of
I, which is a Zariski-dense in G (since G does not have abelian quotients). By Nori-Weisfeiler
strong approximation [Nor87, Wei84] it follows that the closure of I' in [], G(Zp) has finite
index in that of I'. This means that at most finitely many congruence subgroups of I' contain
I/, which is the statement we wanted to prove. O

The commensurator of I' is equal to (the image in G of) G(Q) and we have that ghg 17" =
gA“" gL for all g € G(Q). It follows that if two subgroups of I' are conjugate to each other
an element conjugating them must belong to G(Q) and conjugate their congruence closures to
each other as well: in particular, if the latter are equal then the element must belong to its
normaliser. Let I'y,...,I[';;, be given by the lemma and let ¢ be an index such that I'; contains
n’ > n/m of the Ajs, and assume for notational ease that those are Aj,..., A,. It follows
from the above that for any n, any element conjugating two of the Ay, ..., A must belong to
the normaliser €2; of I';. Thus, as the A; are normal in I', the maximal number of conjugates
among Ap,..., A is ¢ = |Q;/(I'; NT)|. In conclusion, we have shown that we can find at least
k/C = n/(cm) among the A; that are pairwise not conjugate in PGLy(C), hence our claim
follows (with b = cm).

Proof of Proposition [J.9. Let A be a lattice in PGLy(C). By Theorem [L4Y2]) there exists a
finite index normal subgroup I" < A with b;(I") > 2, so that we may apply Proposition to I
Let ay,...,a, be representatives for the left cosets of I in A. Let n > 1 and By,..., B, the
subgroups obtained in Proposition Then since Bj <I" we get, for all 1 < j < ¢,, that:

T
C; = ﬂ a;Bja;
i=1
is normal in A.

We recall that if A is a permutation group of degree r (that is, a subgroup of the symmetric
group &,) and B any group, the wreath product Al B is the semidirect product A x B" where
A acts on B" by permuting indices.

Lemma 4.8. There exist r,l € N, depending only on T and A, such that for each 1 < j < ¢,
there exists a finite abelian group Q; so that

(Z/n)! - Q;
and

A/Cj — &, ZQ]‘.

Proof. Let p be the morphism A — &(A/C;) associated to the left-translation action. It
respects the decomposition into left I'-cosets and hence it has image inside &G(A/I") 1 &(I'/C}).
Moreover the stabiliser of a block has its image in a conjugate of the image of the action of I"
on P/C]

It remains to see that I'/C; is abelian of exponent n (we can then take ! to be the rank
of Hi(I') ® Z/n). To do so we need only remark that the subgroup [I',I'] - I'" < T' generated
by commutators and nth powers is characteristic in I' and contained in Bj, hence it is also
contained in Cj. Since

[,T]-T" =ker (I' = Hi(T') ® Z/n)
this implies that
H(I')®Z/n—-T/C;
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and hence that the image of A/C; in the second factor in the wreath product is a quotient of

By the same argument as in the proof of the previous proposition we can eliminate some of
the Cjs so that at least b, = ¢,/a (where a depends only on I') are pairwise non-isomorphic.
Indeed, if A is non-arithmetic then the same argument applies verbatim, while if A is arithmetic
we have to show that for C; <A with A/C; — &,1Q); there are only finitely many possibilities
for the congruence closures of C; in A. To do this, we only need to note that this is true of the
congruence closures of the C; in

Ay :=ker(I' - 6,).

Indeed, since all the A;/C; are abelian, this follows from Lemma E7l Moreover, since these
closures contain those in A it is also true of the latter.

So we may assume that C1,...,C}, are pairwise non-conjugate, with b, > ¢,/a > n/da’ for
some a’ > 1 independent of n. A priori the C; have different indices in A. But by Lemma 8
the orders |A/Gj| all divide 7!-n'". Let §(N) denote the number of divisors of a positive integer
N, then using the classical estimate that Ve > 0 there exists a constant K. so that

§(N) < K.-N°®

for all N € N (see e.g. [DKLI2, Proposition 7.12]) and the fact that b, > (r!-n™)/ () we see
that

1. d"

Hence by the pigeonhole principle we see that as n — 400 an unbounded number of the C}
have the same index in A. This finishes the proof of Proposition O

5. EUCLIDEAN MANIFOLDS

The general argument we will present for Seifert fibered manifolds (Proposition [.4]) will not
hold for manifolds that are finitely covered by either the 3-torus or the 3-sphere. Seifert fibered
manifolds that are finitely covered by T2 are exactly the closed Euclidean manifolds (see eg.
[Sco83al). In this section, we prove the following proposition.

Proposition 5.1. The only closed orientable exceptional Euclidean 3-manifold is the 3-torus T3.

In fact we will prove a result about a more general class of groups. A group I' is called a
crystallographic group if it acts properly discontinuously and cocompactly on a finite-dimensional
vector space; we refer to [Aus65] for an overview. It then has to preserve a Euclidean metric on
this space, so another definition is to say that crystallographic groups are lattices in isometry
groups of Euclidean spaces.

In particular torsion-free crystallographic groups are the fundamental groups of finite-volume
flat Riemannian manifolds, also called Fuclidean manifolds. These are classified up to dimen-
sion 4. In dimension 2 there are only the torus and Klein bottle. It has been known since the
1930s that there are only ten closed 3-manifolds which are covered by the 3-torus, among which
four are non-orientable [Now34, [HW35]. The ten closed Euclidean 3-manifolds can be explicitly
constructed [CR03], and as such concrete geometric arguments can be used to show that none
of these but the 3-torus are exceptional. However it is perhaps simpler to use a more algebraic
argument to prove the following more general result.

Proposition 5.2. Let I' be a crystallographic group. Then I' is exceptional if and only if it is
free abelian.
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Proof. Let E be a Euclidean vector space such that I' is a lattice in Isom(E) = O(F) x E. Let
7 be the map from I" to O(E). Then T' = ker(n) is a free abelian group of rank dim(E) by
Bieberbach’s theorem. In the sequel we will identify it with a subgroup of E. From now on we
will assume that I' is not free abelian, so 7 has nontrivial image.

Let IT = 7(T"), let p be a prime dividing the order |II| and let m = |II|/p. Choose an element
o € II which has order p.

Lemma 5.3. Let Ef = ker(o —1d). Then
T'=(TNEs)®(TNEY)

is a finite index subgroup in T.

Proof. Tt suffices to show that 7" has the same rank as T, in other words, that T'N E; and
N EfL are of respective rank dim(FEy) and dim(E]%).

Let w= (Id 4o +--- 4+ P~ 1)|p. We recall that T C T: if v € T is any element projecting
to o and v € T, a quick computation shows that yvy~! = ov and hence ov € T. On the other
hand, w is equal to p times the orthogonal projection onto E; and we have that w7 C (T'N Ejy).
So the image is discrete and has rank at most dim(Ey), and the kernel has rank at most
dim(EJ%) = dim(F) — dim(Ey). Thus, both inequalities must be equalities and this finishes the
proof. O

Let
A=71"Yo).

Since o preserves Ey, EJ%, and T we have that 0T = T" and hence, using the semi-direct product
structure, that the subgroup 7" is normal in A. Likewise, we see that the subgroup

T" = (T NEy) ®p(T N Ey)
is also normal in A and as we have o # Id we have dim(EJ%) =171 >0 and we get that
T/T"| = p"|T/T"|.
Now choose any subgroup L of index p"~!|T/T'| in T, v € T such that 7(y) = o and let
B= 1"
so that B/T" = 7Z/p (because v* € Ey NT). It follows that

IU/B| =m/p-|A/B|=m/p-p"|T/T’|
=mp" |T/T'| = m|T/L| = T/L|

which finishes the proof: indeed, B is not abelian while L is and it follows that they cannot be
isomorphic. O

Proof of Proposition [51. Recall that 3-manifolds with abelian fundamental group are well-
understood; see e.g. [AFWI5, Table 2]. Observe that if a closed Euclidean 3-manifold M
has free abelian 71 (M), then 7 (M) = Z3 and M = T3, which we know is exceptional from
Proposition O
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6. SPHERICAL MANIFOLDS

Seifert fibered manifolds finitely covered by the 3-sphere, namely the spherical manifolds, also
require a different proof than the general case. We will soon completely classify the exceptional
spherical 3-manifolds (Proposition [6.2]). However, we will first need some notation.

It is known that spherical 3-manifolds are exactly the quotients of S by finite groups that
act by isometries [Sco83a]. These quotients of S® have been classified by Hopf [Hop26, Section
2] (see also [AFW15] p. 12] and [Mil57, Theorem 2|) as follows (note that the group Q4. (in
the notation of [AFW15| p. 12]) is isomorphic to Dg, when n is odd).

Theorem 6.1. The fundamental group of a spherical 3-manifold is of exactly one of the fol-
lowing forms:

The trivial group,

Qsn = (z,y| 2° = (xy)* = y**), forn > 1,
the binary octahedral group: Pug := (x,y| x*
the binary icosahedral group: Piog := (z,y| x
D2m(2n+1) = (z,y| 2" =1, y2rtl
Plam = (2,y,2| 22 = (zy)? =%, 2ozl =y, zyz L =2y, 227 =1), form > 1,

the direct product of any of the above groups with a cyclic group of relatively prime order.

(zy)® =y, a* =1),

= (xy)S = y5a 274 = 1>’

=1, zyz~t =y~ Y), form>2andn > 1,
1

2

The subscripts in the notation for the groups above always denote their order. We are now
ready to state the main result of this section.

Proposition 6.2. A spherical manifold is exceptional if and only if its fundamental group is
of one of the following forms:

The trivial group,

Qs,

Pra,

Don(2n41) for m>2 and n > 1,

P} gm form > 1,

the direct product of any of the above groups with a cyclic group of relatively prime order.

Before giving the proof, we gather a few relevant facts. Recall that the fundamental group
determines a spherical manifold unless it is cyclic and non-trivial (see [Orl72) p. 133]). This fact,
for the larger class of closed, irreducible 3-manifolds, yields the following lemma (see [AFW15,
Theorem 2.1.2]).

Lemma 6.3. Let M be a closed, orientable, irreducible 3-manifold. Let G and H be finite
index subgroups of m (M) and let ]\/42; and ]\//_f?{ be covers of M that correspond to G and H,
respectively. Suppose G is not a finite cyclic group, then G and H are isomorphic if and only
if]\% and ]\/4; are homeomorphic.

The case of spherical manifolds with cyclic fundamental groups, namely, lens spaces, is more
subtle. We recall the following well known result of Reidemeister [Rei35].
Theorem 6.4. Let L(p,q) and L(p,q’) be two lens spaces. Then L(p,q) and L(p,q’) are home-
omorphic if and only if ¢ = +¢*' mod p.
We are now ready to prove Proposition

Proof of Proposition[6.2. For each of the manifolds listed in Theorem [6.1], we will follow one of
the following two strategies.
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e In order to show that a given manifold is not exceptional, we will show that its funda-
mental group has two non-isomorphic subgroups with the same index.

e In contrast, in order to show that a given manifold is exceptional, we will first show
that its fundamental group has a unique isomorphism type of subgroup with any fixed
index. By Lemma [6.3] this implies that it only remains to consider the case when the
subgroups of a given index are all isomorphic to a fixed finite cyclic group. In this case,
we will show that corresponding covers are homeomorphic, either by using Theorem
or by showing that these subgroups are conjugate to each other.

We divide our proof into multiple lemmata. In what follows we will often tacitly identify a
manifold with its fundamental group.

First we note:

Lemma 6.5. Any spherical 3-manifold with cyclic fundamental group (namely, a lens space)
s exceptional.

Proof. This follows since a cyclic group contains at most one subgroup of a given index. O

Lemma 6.6. The spherical 3-manifold with fundamental group Pyg is not exceptional while that
with fundamental group Piog is exceptional.

Proof. The proper subgroups of Pss and Pjg are well known (see e.g. [GG13, Appendix]).
The group Pyg has Z/8 and Qg as proper subgroups, and hence, the spherical manifold with
fundamental group Pjg is not exceptional. The group Pjo9 has at most one isomorphism type
of subgroup of any given index, and those of order 2,3,4,5,6, and 10 are isomorphic to finite
cyclic groups. Note that by Theorem there is a unique 3-manifold with fundamental group
with order 2,3,4, or 6. Any two proper subgroups of Pjyy of order 5 are Sylow 5-subgroups
and hence conjugate to each other. Also, it is known that any order two element of Pjog is
contained in the center. Since the order 5 subgroups are conjugate, this implies that the order
10 subgroups are also conjugate to one another. Thus, we see that the spherical manifold with
fundamental group P (namely the Poincaré homology sphere) is exceptional. O

All that remains are the three infinite sequences and products with cyclic groups of coprime
order. We start with the groups Qgy:

Lemma 6.7. The spherical 3-manifold with fundamental group Qs is exceptional if and only
ifn=1.

Proof. The group Qg is the quaternion group, the proper subgroups of which are all cyclic with
either order 2 or 4. Using a similar argument as above, one can show that the spherical manifold
with fundamental group Qg is exceptional. Next, we prove that for n > 1, the group Qg, is not
exceptional. In particular, we will show that these groups have two non-isomorphic subgroups
of index 2. Let N1 = ((y)) and Ny = ((z)) be the subgroups normally generated by y and x
respectively. It is easy to verify that both Ny and Ns are subgroups of index 2. Note that NV is
cyclic since zyz~! =y~ ! in Qg,. Since N; has index 2, the order of Nj is 4n and in particular,
y has order 4n in @Qg,. On the other hand, we will show that N5 is non-abelian. Using the
x = yay relation, it is easy to see that yry~' - z7! = ¢y € N,. Now suppose that y?zy =2 = .
Since 2 = (zy)?, and hence x = yxy, we see that y*x = z, and thus, that the order of y is
at most 4, which contradicts our previous observation, since n > 1. Thus, the groups Qgs, for
n > 1 are not exceptional. O

For the dihedral groups we have:

Lemma 6.8. The spherical 3-manifold with fundamental group Dym 2,41y are exceptional for
allm>2 and n > 1.
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Proof. We will invoke some Sylow theory. First, note that the subgroup generated by z €
Dom(2p41) is a Sylow 2-subgroup of Dam(a,41) and is isomorphic to Z/2™. It is also easy to
show that the abelianization of Dym (2,41 is isomorphic to Z/2™, and is generated by the image
of z. Let N1 = ((y)) be the subgroup of Dym (o,,41) normally generated by y. Note that Ny is

1 = ¢~1. Thus, we have the following exact sequence of groups

1= N1 =Z/2n+1) = Damgpqry) — Z/2™ = (x) — 1

cyclic, since xyx~

2

corresponding to the abelianization map. Further, let Ny = (y, 22). Since 22 commutes with g,

we have the following exact sequence
1= Ny =Z/(2n+ 1) x Z/2" " = Domgnir) — Z/2 2 {0,2} — 1.
Clearly, Ny is cyclic of order 2™(2n + 1) and is generated by y?.

Let I' < Dam(gn41) be a subgroup and ¢ be the restriction to I' of the homomorphism
Dom 241y = Z /2 in the last sequence. We first consider the case where ¢ is a surjection. Then
I’ must also surject onto Z/2™ in the abelianization map, since every map from Dom(2n41) to
an abelian group factors through the abelianization. There are two options — either |I'| = 2™
or [I'| > 2™. In the first case, I is cyclic and conjugate to (x) by Sylow’s theorem. If [I'| > 2™,
we now show that I' must be isomorphic to Dym (g, 1) for some n' < n.

1 1

First, note that due to the relation zyz™" = y~", any element of Dym 9,11y can be written as
y'xd for some 0 < i < 2n and 0 < j < 2™ — 1. Recall that Ny = (yx?). Then ker¢p = ' N Ny =
I'N (yx?) and thus, ker ¢ = {(y2?)?) = (y?2??) for some d > 1. Since [I" : (y?2??)] = 2 and
|(yla2d)| = %jnﬂ)’ we have || = 2%t . 2™ Since || > 2™, we see that d < 2n + 1.

Since I" surjects onto Z/2™, |I'| is divisible by 2™. As a result, d divides 2n + 1. This implies
that d is odd and 2 is an integer. Note that (y?z>?) T = 2220+ Since (2n+1,2m" 1) =1,

222+ generates (22). As a result, 22 € (y%??), and thus, y¢ € (y%2??). Next, let y'a’ be
an element of T' such that y'z/ ¢ (y?z??). If no such element exists, then I' < N which is a
contradiction. We show that j is odd, as follows. Suppose for the sake of contradiction that j
is even. Since 22 € (y%2??) and y'zd ¢ (y?2x®?), ' ¢ (y%w?d). Since y? € (y?2??), this implies
that 4 is not a multiple of d. In particular, ged(i,d) < d. Moreover, since y* € ' and yt e T,

y&ed(td) ¢ I However, note that the order of y8d(d) ig % since the order of y in Dym. (95, 41)

is 2n+1. Then, % divides |T'| = 2%L.2™ which implies that d divides 2™ -ged(i, d). Since

d is odd, it must divide ged(i,d) < d which is a contradiction. Thus, j must be odd; denote j
by 2k 4 1 for some k.

We will now complete the proof by showing that the subgroup generated by y¢ and y’z2¢*1 is
equal to I' and isomorphic to Dam (gy,41) where 2n/ +1 = % We have the following identities
(P 1)2T = (yig2htlyig2htly | (g Zhetlyip 2ty
_ 2kl 2kt
— ($2k+1)2m
(yd)Q”le |

(yix2k+1)yd(yix2k+l)fl — yix2k+1ydx72kfly7i
— iyt y
= yiy ldy ™
=y,

2 1

= y? axyz~' =y, and yay = x. It is easy to
can be uniquely expressed in the form (y®)" (z26+1)7",

where we have used the facts that x2ydm*
check that any element of (y<,y'a2k+1)
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where 0 < ¢/ < 2H — 1 and 0 < j/ < 2™ — 1 and thus, [(y?,y'z?**1)| = || = 2% . 2™ which
completes the argument.

When ¢ is not surjective, it must be the zero map and thus, I' is a subgroup of the cyclic
subgroup No = Z/((2n + 1)2™1) which implies that it is cyclic.

Returning to the group Dam (2,,41), we have now shown that subgroups of a given fixed index
are isomorphic. More precisely, subgroups are of the form Dgym g,/ 1) for n’ < n, or cyclic
groups with order either 2™, or a factor of (2n + 1)2™~1. The latter arose as subgroups of a
cyclic group and thus, occur exactly once. We saw earlier that any subgroup of order 2" is a
Sylow 2-subgroup, and thus such subgroups are conjugate to one another. This concludes that

spherical manifolds with fundamental group Dam (2,11 are exceptional for m > 2andn > 1. 0

For the sequence Pg’_3m we have:

Lemma 6.9. The spherical 3-manifold with fundamental group P§am is exceptional for all
m > 1.

Proof. First note that P{%,, = Z/3™. Since Qs = (r,y) < P}am lies in the kernel of the
abelianization map and |Qg| = 8, it must actually coincide with this kernel. Thus this copy of
Qs is a normal subgroup and as such is the unique Sylow-2 subgroup of P{ qm. We obtain the
following exact sequence

1= Qs — Pigm —7Z/3" — 1
corresponding to the abelianization map. Now let I' < Pg.gm. If the image of I' in the abelian-
ization map is trivial, it needs to lie in Qg, hence it is either Qg, Z/2, or Z/4.

For the case when the image of I' is non-trivial, we first show that I" is either a finite cyclic
group or Qg X Z/3/ for some 0 < j < m. Since the order of T' divides the order of P} 4m, we
see that || = 2% -3/ for some 0 < i < 3,0 < j < m. Since I' has non-trivial image in Pé??f’m,
we see that j % 0. With these restrictions, we see from the list in Theorem that the only
possible groups are D3, Dy.3i, Py, Qszi, Qs X /3, /37, 2./2-3, Z/4-37, and Z/8 - 3,
where 0 < 7 < m.

It is straightforward to see that the abelianization of Dom.(2,41) is Z/2™, and the abelian-
ization of Qg4 is Z/2 x Z/2. Neither of these can surject onto Z/3/. Next, suppose that 8
divides the order of I'. Then I' has a unique Sylow-2 subgroup, namely (g, where the unique-
ness follows from normality. Since the unique Sylow-2 subgroup of Z/8 - 3/ is cyclic, we see
that I' 2 Z/8 - 3/. So, if 8 divides the order of I', we see that I' is either isomorphic to Pé_3j
or Qg x Z/3/. In these cases I' has a Sylow-3 subgroup, denoted by I's. Recall that there
is a Sylow-3 subgroup of P} sm which is a copy of Z/3™ generated by z. Since any Sylow-3
subgroup of I must be contained in some Sylow-3 subgroup of P sm and Sylow-3 subgroups of
a given group are conjugate, there is some g € P} sm such that g 128" g generates I's < T,
and thus, 22" € gI'g~! generates gI'sg~'. Note that the subgroup ¢gI'g~! < P 3m has order
divisible by 8, so as before, its Sylow-2 subgroup coincides with the Sylow-2 subgroup of P qm,
namely the copy of Qg generated by x and y. Since 23 commutes with < z,y >, we see that
<x,y,23" " >2 Qg xZ/3 < gl'g~! for j #m and in fact, I = Qg x Z/37 due to cardinality.
We have thus reduced the possibilities for I' to Z/37, Z/2-37, Z/4 -3/, and Qg x Z/37, where
0 < 7 < m when the image of I" is non-trivial.

Thus, the possible subgroups of P} 5m are of the form Z/2,7/4, Qs, Z/37,Z,/2-37,7Z,/4-37, Qg x
7./37, where 0 < j < m. Again, no two distinct isomorphism types of subgroups have the same
order, therefore we only need to consider the case of cyclic subgroups. By Theorem there is
a unique 3-manifold with fundamental group Z/2 or with fundamental group Z/4. For Z/3/, we
know that this group is contained some Sylow-3 subgroup of P s, which is cyclic. Hence any
two subgroups with order 3/ are conjugate to each other, and thus, correspond to isomorphic
covering spaces. Suppose I' = Z/2 -3/ = 7/2 x Z/37. Note there is a Sylow-3 subgroup of T
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which is contained in some Sylow-3 subgroup of P 4. which is cyclic and conjugate to (z), as
we saw earlier. Hence there is some g € P§ 5m such that g 123" g is contained in T'. Similarly,
any Sylow-2 subgroup of I' corresponds to a subgroup of order two within the copy of Qg in
P{ 4m. There is a unique such subgroup, generated by x2. Thus, since T is cyclic, we see that

I'= <x2,g_1z3m7j g). Note that any two such subgroups are conjugate to each other since 22 is

central. Lastly, suppose I' & Z/4 - 3/. Let I'y be a Sylow-2 subgroup of I'. Then it is contained
in Qg, namely the Sylow-2 subgroup of P§sm, and consequently, it is either (z), (y), or (zy).
Further, let I's be a Sylow-3 subgroup of I'. Then again g~ 123" ’g is contained in I" for some

g € P} 5m. We have now seen that gl'g~! is either (z, 23"

Ny, 23" 7Y, or (xy, 22" and any
two such subgroups are conjugate to each other since 23"’ is central, and z, y and zy are

conjugates. This completes the proof. O

Finally, we need to consider direct products with cyclic groups:

Lemma 6.10. Let G be a group from the statement of Theorem[G 1l and C' a finite cyclic group
so that ged(|G|,|C|) = 1. Then G x C' is exceptional if and only if G is exceptional.

Proof. Subgroups of direct products of finite groups with relatively prime order are direct prod-
ucts of subgroups in the factors. Hence, since the orders of the groups in the direct product
need to be relatively prime and cyclic groups are exceptional, taking a direct product with a
cyclic group preserves being exceptional or not. O

We have now addressed each case in Theorem and thus, our proof is completed. O

7. THE GENERAL SEIFERT FIBERED CASE

In this section, we prove the following result.

Proposition 7.1. Closed orientable Seifert fibered 3-manifolds, other than those finitely covered
by T3, St x S? or S3, are not exceptional.

Note that along with Propositions [5.1] and [6.2] this shows that closed Seifert fibered 3-
manifolds are not exceptional.

Our proof is based on the following proposition, which can for instance be found in [AFWI5),
p. 52 (C.10)]:

Proposition 7.2. Let M be a closed Seifert fibered 3-manifold. There exists a finite cover
M — M so that M is an S*-bundle over a closed orientable surface.

In order to find distinct finite covers of a Seifert fibered manifold, it thus suffices to find
distinct finite covers of S'-bundles over closed orientable surfaces. Intuitively, the way we
produce these is to take covers both in the S'-direction and the surface direction. To make this
idea precise, we will use the Euler number e(7) of our circle bundles to distinguish covers (see
[Sco83al p. 427, 436] for a definition). In particular, we will use the following property of Euler
numbers (see for instance [Sco83al, Lemma 3.5]).

Lemma 7.3. Let d € N and

St M5 Y
be an S'-bundle over a closed oriented surface X, such that M is orientable. Moreover, let M
be a degree d finite cover of M, so that M is the total space of the following bundle

SN VRN )

Suppose the induced circle and surface covers S' — S' and S = Y have degrees m and £

respectively, then m = d and
(7) _é ()
e(rm) = me ).
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We now prove the following proposition. This, together with the fact that the only orientable
Sl-bundle over 52 is S x S2, will complete the proof of Proposition [Tl

Proposition 7.4. Let X be a closed orientable surface that is not a sphere and let M be an
Sl-bundle over ¥.. Then M is exceptional if and only if M is the trivial S'-bundle over the
2-torus.

Proof. Our first claim is that the map 71(S1) — 71(M) is injective. This follows from the long
exact sequence in homotopy of the fibration

oo (D) = (SY) = (M) = T (B) = ..

Our assumption on the genus of ¥ implies that m2(3) = {e} and hence that the map 71 (S*) —
m1(M) is injective.

First we assume the bundle is non-trivial. Let ¢ € 71(S') denote a generator. Residual
finiteness of 3-manifold groups (see Theorem B.]) implies that we can find a finite group G and
a surjection ¢ : m (M) — G so that

o(t) #e.

Let us denote the induced degree d = |G| cover by M — M. Since t is mapped to a non-trivial
element, the induced circle cover is non-trivial. Then Lemma [3] tells us that the induced

Sl-bundle S — M i S satisfies
le(m)| < d-le(m)].

To build the second cover, take any degree d surface cover Yo ¥ (these exist for any d) and
pull back the S'-bundle. This gives rise to a degree d cover M — M, that has the structure of
a Sl-bundle S! — M 5 ¥. Applying Lemma [73] again, we obtain

le(m)| = d - [e(m)] -

Since our bundle is non-trivial, we have e(r) # 0. It can now for instance be extracted from
the Gysin sequence that if S' — N — ¥ is a circle bundle with euler number e # 0, then

H((N,Z)=7* @& Z/e

where g denotes the genus of ¥. In particular this implies that the absolute value of e is an
invariant of the total space and not just the circle bundle. That in turn means that M and M
are not homeomorphic.

Finally, we have to deal with the trivial bundle, that is, M = ¥ x S'. In this case e(r) = 0
and

H(M;7) = 7291,
Now surface and circle covers

$ 5% and S' = S!

of the same degree induce two covers
M=SxS' =M and M=X xS = M

of the same degree. If g > 1, then S has strictly greater genus than 3, so M is not homeomorphic
to M. 0
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8. SOL MANIFOLDS

In this section, we prove the following proposition.

Proposition 8.1. Sol 3-manifolds are not exceptional.

Proof. Every orientable Sol manifold M is finitely covered by a 2-torus bundle over S' with
Anosov monodromy ¢ € MCG(T?) = SLy(Z) (see for instance [AFW15, Theorem 1.8.2]).
Recall this the monodromy is called Anosov if the top-eigenvalue A, of ¢ as an SLo(Z)-matrix
satisfies |A\,| > 1. By Lemma 33| we may assume M is a 2-torus bundle over S! with Anosov
monodromy ¢. Let A, be the leading eigenvalue.

First we remind the reader of the well known fact that, as opposed to the case of hyperbolic
mapping tori, the modulus of the eigenvalue A, is a topological invariant. Indeed, we have
bi(M) = 1. Each fibration 7 : M — S* with connected fibers and monodromy ¢ induces a
primitive non-torsion cohomology class [)] € H'(M;Z) and conversely each such cohomology
class determines the fibration up to isotopy. The latter fact implies that the top eigenvalue Ay,
of the monodromy 1 depends only on [¢)]. The former observation implies that the only fibered
classes are [¢] and —[¢]. Since

Mal| = Mg

)

|A\,| is indeed a topological invariant

In order to build two non-homeomorphic covers, we proceed as follows. First let
T - T?
be a finite non-trivial characteristic cover. This means that ¢ lifts to a map
p:T? > 1T°

such that A\, = )\@. ‘We obtain a cover

—

M — M,
where
M =T?x[0,1]/(x,0) ~ (§(x), 1).

Since b1 (M) = 1, we can also take a finite cyclic cover

M— M
of the same degree, say d # 1. The monodromy ¢ of this cover satisfies
d
‘)\$| = ‘)\SO‘ )
thus M and M are not homeomorphic. O

9. MANIFOLDS WITH NON-TRIVIAL JSJ DECOMPOSITIONS AND NON-TRIVIAL BOUNDARY

In this section, we prove the following proposition.

Proposition 9.1. Let M be an orientable, irreducible 3-manifold with empty or toroidal bound-
ary such that either M has a non-trivial JSJ decomposition or OM is non-empty. Assume that
M is not homeomorphic to S' x D?, T? x I or the twisted I-bundle over the Klein bottle, and
that M is not a Sol manifold. Then M is not exceptional.

We start out with the following useful lemma.



24 S. FRIEDL, J. PARK, B. PETRI, J. RAIMBAULT, AND A. RAY

Lemma 9.2. Let M be an orientable, irreducible 3-manifold with empty or toroidal boundary
and let N be a JSJ component of M. Then for any finite group G and any surjective homo-
morphism f: w1 (N) — G, there ezist finite groups K and H and homomorphisms g, g1, g2, gs
(of the type shown in the diagram), such that the following diagram commutes.

=

7T1(N)

7T1(M)

g3 g
f

g1 g2

KC

Note in particular that the cover of N induced by the map g3 is a cover of the one induced

by f.

Proof. For closed manifolds this lemma is an immediate consequence of [WZ10, Theorem A].
As is explained in [AFWI5| (C.35)], the statement also holds in the case that M has non-empty
toroidal boundary. O

Proof of Proposition [l In this proof we use the following terminology. Given a 3-manifold W
with empty or toroidal boundary we refer to the union of the JSJ tori and the boundary tori
of W as the set of characteristic tori of W. At the end of the upcoming proof we will have
constructed two index d covering spaces M and M of M that we will distinguish by showing
that they have unequal numbers of characteristic tori.

We say that a 3-manifold is tiny if it is homeomorphic to S' x D2, T? x I, or to the twisted
I-bundle over the Klein bottle. Throughout this proof we will use on several occasions the
following preliminary remark: If W is an orientable 3-manifold that is not tiny, then it follows
from the classification of 3-manifolds with virtually solvable fundamental group, see [AFW15,
Theorem 1.11.1], that no finite cover of W is tiny.

By [Hem8&7] (see also [AFWI5, C.10]), we know that M has a finite-sheeted cover M’ — M
such that each Seifert fibered JSJ component of M’ is an S'-bundle over a compact orientable
surface. Since M is not a Sol manifold, neither is M’. By our preliminary remark, since M is
not tiny, neither is M’. These three latter facts, along with [AFW15, Propositions 1.9.2 and
1.9.3], imply that this manifold M’ has the following useful property (t): For any finite cover
Z\Z " — M’, the preimage of the JSJ decomposition of M’ is exactly the JSJ decomposition of
M.

Let N’ be a JSJ component of M’, where possibly N’ = M’. By hypothesis, N’ is non-
empty. There exists a finite-sheeted cover N — N’ such that the rank of the cokernel of the
map Hq(ON’) — Hi(N’) is at least one, by [AFW15] C.15, C.17]. (Here we used that N’ is not
homeomorphic to T2 x I, this follows from the fact that M’ is not tiny and from our hypothesis
that M is not a Sol-manifold and from [AFWI5| Proposition 1.6.2(3), 1.8.1, 1.10.1].)

The finite-sheeted cover N’ — N’ corresponds to a finite index subgroup of 71(N’). Recall
that any finite index subgroup of a group contains a finite index normal subgroup, called its
normal core; let the (ﬁnlte index, regular) cover Correspondlng to the latter normal subgroup
of 7 (N') be denoted N’ — N’. By construction, N’ — N’ corresponds to the kernel of a
surjective map m1(N') — G for some finite group G, and by Lemma[9.2] we obtain the following
commutative diagram:

w1 (M)

\\

N, /7T1 N/
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Let M* be the cover M* — M’ corresponding to the kernel of g. From Lemma [0.2] it follows
that the induced cover of N’ corresponding to g3 is a finite-sheeted cover of N ; call it N*.
Since M* is a finite-sheeted cover of M’ it follows from (f) that N* is a JSJ component of M*.
Since the cover N* — N is finite-sheeted it follows from an elementary argument, see [AFW15],
A.12], that the rank of the cokernel of the map H;i(ON*) — Hi(N*) is also at least one. Since
M* is a finite-sheeted cover of M it follows from Lemma B3] that it suffices to show that M™* is
not exceptional.

We have the following commutative diagram, where the horizontal sequences form the long
exact sequence in singular homology for the pairs (N*,ON*) and (M*, M* \ Int(N*)) and the
vertical arrows are induced by inclusion.

Hy(ON*) — 5 H(N*) —— H;(N*,dN¥)

! o |

Hy(M* \ Int(N™)) LI Hy(M*) —— Hy(M*,M* \ Int(N*)).
We obtain an induced commutative diagram

Coker(iy) —— Hi(N*,0N*)

|

Coker(j*) —— Hy(M*, M* \ Int(N*)).

By a standard excision argument, we see that Hy(M™*, M* \ Int(N*)) = H;(N*,0N*); in other
words, the rightmost vertical map above is an isomorphism. We see that k, is injective, and
thus, the rank of Coker(j,) is bounded below by the rank of Coker(i,) which by hypothesis is at
least one. Thus, there is an epimorphism Coker(j,) — Z. We can then define, for any m > 1,

Fo: M (M*) 22 Hy(M*) — Coker(j,) —» Z — Z/m,

where the second and last maps are the canonical projections. Note that each characteristic
torus of M* is contained in M* \ Int(N*), and thus, by our construction, the image under
inclusion of the fundamental group of any characteristic torus of M* lies in the kernel of f,, for
all m.

We are finally ready to construct two non-homeomorphic covers of M* with the same index.
As mentioned in the beginning of the proof, we will do so by constructing two finite covers of
M* with the same degree, but different number of characteristic tori. At this point we would
like to recall that it follows from (}) for any finite cover W of M* the characteristic tori of W
are the preimages of the characteristic tori of M*.

Now let n be the total number of characteristic tori of M*. Let T be a characteristic torus
of M*. Since M* is not tiny (and in particular, M* is not homeomorphic to S' x D? and
thus, the boundary tori of M* are mi-injective) we can view 71(T") as a subgroup of m (M).
Since m1(M™*) is residually finite (Theorem B.J]), there is some finite index normal subgroup
J < (M*) such that 71(T) is not contained in J. Let d > 1 be the index of J in 71 (M*), and
let p: M — M* be the d-sheeted cover of M* corresponding to J. Since 71(T") is not contained
in J we see that the preimage of T has strictly fewer than d components. Since the preimage
under p of the characteristic tori\for M* gives the characteristic tori for M , we see that the
number of characteristic tori in M is strictly less than d - n. In order to build a second cover,
let p: M — M™* denote the cover corresponding to the kernel of f;: m(M*) — Z/d constructed
above. By construction, the index of p is d and the number of characteristic tori in Misd- n,
since the image under inclusion of characteristic torus of M* lies in the kernel of f;. We see
that M and M are index d covers of M* but have an unequal number of characteristic tori, and
thus are non-homeomorphic. O
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10. NON-PRIME AND NON-ORIENTABLE 3-MANIFOLDS

10.1. Prime non-orientable 3-manifolds. Little further work is needed to completely char-
acterize exceptional prime non-orientable 3-manifolds with empty or toroidal boundary. Such a
manifold is either the twisted S2-bundle over S!, or irreducible. We already saw that the former
is exceptional (Proposition 3.2]). For the latter case, note that if the orientable double cover of
a non-orientable 3-manifold M is not exceptional, then M is not exceptional. By our previous
work, we only need to consider the irreducible non-orientable 3-manifolds whose orientable dou-
ble covers are S! x S2, the 3-torus T3, S* x D?, S! x S! x [0,1]. Here we have used that closed
non-orientable 3-manifolds have positive first Betti number. In particular, their fundamental
groups are infinite [AFW15 (E.3)].

Note that if a boundary torus for a manifold M is compressible, M has an S x D? summand.
If M is prime, M must be homeomorphic to S' x D?, which is of course not non-orientable.
Thus, a prime non-orientable 3-manifold with toroidal boundary, must have incompressible
boundary. By [Swa73, Lemma 2.1], the fundamental group of the orientable double cover of an
irreducible non-orientable 3-manifold M with incompressible boundary is free, which would be
the case if the double cover is S* x S? or S! x D2, if and only if M is a homotopy RP? x S?.
Such a manifold has first homology group Z @ Z/2. Thus, it has two double covers, only one of
which is orientable. As a result, it is not exceptional.

It remains to consider the non-orientable 3-manifolds with empty or toroidal boundary, whose
orientable double cover is T or T2 x I. First suppose that M is a 3-manifold that is covered by
T3. Tt follows from [MS86, Theorem 2.1] that M is Euclidean. This case is then addressed by
Proposition Secondly, if M is covered by T? x I, then a doubling argument shows, using the
above, that M is either homeomorphic to the Klein bottle times an interval or to the Mobius
band times S!. In either case M admits two 2-fold coverings, only one of which is orientable.
Thus M is not exceptional. Thus, we have established the following proposition.

Proposition 10.1. Let M be a prime, non-orientable 3-manifold with empty or toroidal bound-

ary. Then M is exceptional if and only if it is homeomorphic to S'xS2.

10.2. Non-prime 3-manifolds. Finally, we consider non-prime 3-manifolds. Recall that a
prime decomposition for a 3-manifold M is said to be normal if there is no S' x S? factor
when M is non-orientable. It is well-known that every 3-manifold has a unique normal prime
decomposition (see, for instance [Hem04, Theorem 3.15 and 3.21]). Note that we do not assume
that the manifold is closed or orientable.

Below we give a general structure for covering spaces of non-prime 3-manifolds.

Proposition 10.2. Let M = M # --- #My, be a normal prime decomposition for a 3-manifold
M. Then if M is a cover of M with index d, then

M2 (Mi# - #My,) #oo# (M #i, ) #£5,

where S denotes S* x S or S'xS2 whenever M is orientable or non-orientable respectively,

and ]\//_7] = <Mj1 - M]il) is a cover of Mj; with index d. Moreover,

k
(k—1)-d=) ij—1+¢
j=1
In addition, any M of this form is a cover of M with index d.

Since any cover of a prime 3-manifold is prime, the above gives a prime decomposition of M
when we ignore S$® summands.
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Proof. Let p: M — M be the cover. Write M as M; \ B1U--- UM\ By, where each B; C M;
is an open ball. Then each restricted map

pl-1m,\B;) p ' (M;\ Bj) = M; \ B;
is a covering map. Gluing balls along the lifts of the connected sum spheres gives rise to the
covers M;.

Tt is clear that the cover M is built from the collection L] ]\/4\] by identifying spheres in pairs,
arising as lifts of the connected sum spheres. When the sphere pairs are in distinct connected
components, we obtain a connected sum. When they lie in the same connected component, we

obtain an S summand. Note that S can be chosen to be S xS2 whenever M is non-orientable
since N#S1 x 52 = N#S1%S? whenever N is a non-orientable 3-manifold. The relationship
between k, d, £, and i; follows from the construction.

When M is oriented, each ]\/4\] inherits an orientation and it is easy to see that M is a
connected sum of oriented manifolds.

For M of the given form, an index d covering map M — M can be constructed by gluing
together the individual covering maps. O

For non-prime 3-manifolds, we have the following result.

Proposition 10.3. Let M be a non-prime 3-manifold with empty or toroidal boundary. Then
M is exceptional if and only if it is homeomorphic to k- S* x S?, for some k > 2.

Proof. First, we show that k- S! x S? is exceptional. Note that the only cover of S! x S? is
itself. Then, we see immediately from Proposition that any degree d cover of k- St x S? is
homeomorphic to ((k —1)d + 1) - St x S2.

Next, we show that any manifold which is not of the form % - S' x S? is not exceptional. Let
M = M# - - - #Mj, be a normal prime decomposition for M. By hypothesis, k > 2.

As a preliminary step, we observe that if M has a single prime summand which is not
exceptional, it is itself not exceptional. Since both S2-bundles over S' are exceptional, such a
prime summand must be irreducible. Without loss of generality, assume that M is irreducible
and not exceptional. Then, there exist non-homeomorphic covers ]\//fl and ]\71 of M, both
with index d, for some 1 < d < oo. Construct the covers M = Ml#d(Mg# #Mk) and
M Ml#d(Mg# -#Mjy) of M. Note that both have index d. Since M1 and M, are both
irreducible, they appear in the prlme decomposition of M and M respectively. By the uniqueness
of normal prime decompositions, M and M are not homeomorphic.

Thus, we only need to consider the case where each M; is itself exceptional. First we consider
the case where M is orientable. Since M is not of the form k- S! x S2, we can assume, without
loss of generahty, that M; be an exceptlonal manifold other than S x S2, that there exists a
cover M1 — Mj of index d; and a cover Mk — M}, of index dj,, such that di < dj.

We now build two covers of M with index d; as follows. Let
M = di(My# -+ My _1)# M,
and let . e —
M= <M1#(dk - dl)M1> #(dy — 1)S2 x S"#tdy (Mot - - My_1)# M.
Suppose that M = M. Then we see that M, = St x S?, which is a contradiction.

Next, consider the case when M is non-orientable. Suppose first that there is at least one
irreducible prime summand in the given normal prime decomposition of M. Without loss of
generality, we can assume that this is Mj. Since no non-orientable irreducible 3-manifold is
exceptional, we see that M;j is orientable. Let N denote the manifold My# ---#M;. Since
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M = Mi#N is non-orientable, we see that IV is non-orientable. Let N be the orientable double
cover of N and construct the orientable double cover 2M1#]/\\7 of M. Since Mj is irreducible,
it is in particular not S' x S2?. By our argument in the previous paragraph, 2M; #N has two
non-homeomorphic covers of the same index, showing that M is not exceptional.

It only remains to consider the case where M is non-orientable but has no irreducible prime
summands. Since we have a normal prime decomposition, this implies M is of the form k- S x S?
where k > 2. Note that in this case Hy(M) = Z* where k > 2. Then, we see that there are
2% — 1 connected double covers, only one of which is orientable, which completes the proof. [

We observe that we have established the following proposition.

Proposition 10.4. The only non-orientable exceptional 3-manifold with empty or toroidal
boundary is the twisted S%-bundle over S'.
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