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ABSTRACT

Many concrete problems, ranging from Portfolio selection to Water resource
management, may be cast into a multiobjective programming framework. The
simplistic way of superseding blindly conflictual goals by one objective function let no
chance to the model but to churn out meaningless outcomes. Hence interest of
discussing ways for tackling Multiobjective Programming Problems. More than this,
in many real-life situations, uncertainty and imprecision are in the state of affairs.

In this dissertation we discuss ways for solving Multiobjective Programming
Problems with fixed and fuzzy coefficients. No preference, a priori, a posteriori,
interactive and metaheuristic methods are discussed for the deterministic case. As
far as the fuzzy case is concerned, two approaches based respectively on possibility
measures and on Embedding Theorem for fuzzy numbers are described. A case
study is also carried out for the sake of illustration. We end up with some concluding
remarks along with lines for further development, in this field.

Key words: Multiobjective Programming, Fuzzy set, Pareto optimal solution,
possibility measures, Embedding Theorem.
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INTRODUCTION

Optimization is a very old and classical area which is of high concern to many
disciplines [3], [15].

Engineering as well as Management, Politics as well as Medicine, Atrtificial
Intelligence as well as Operations Research and many other fields are in one way or
another concerned with optimization of designs, decisions, structures, procedures or
information processes.

In a deterministic environment using a single well-defined criterion for evaluating
potential alternatives, the optimal decision can be obtained through user-friendly
Mathematical Programming software.

Optimization procedure is, in this case, a batch-type process assuming a closed
model in which all information is available and in which the Decision Maker could
provide and process all information simultaneously.

There are several good books to which the reader may refer for a comprehensive
treatment of Mathematical Programming [14], [30].

More detailed accounts of this subject including optimization software may be found
in [50].

In a turbulent environment involving several conflicting objective functions and
intrinsic or informational imprecision, the optimization is not that simple [35], [50].

In this dissertation we consider the challenging task of pondering conflicting goals in
an optimization setting. We also address the issue of incorporating fuzziness in a
Multiobjective Mathematical Programming framework.

From this discussion we have obtained a mini-Decision Support System for helping
people facing problems that may be cast into a deterministic or fuzzy multiobjective
programming framework.

The dissertation is organized as follows.

For the presentation to be somewhat self-contained, we provide basic notions of
Mathematical Programming and Fuzzy set Theory in Chapter 1.

Chapter 2 is devoted to analysis of Deterministic Multiobjective Programming
Problems along with methods for solving them.

In Chapter 3 we discuss Multiobjective Programming Problems under fuzziness.
Ample room is allotted to two ways for solving a multiobjective program with fuzzy
parameters. The first way is based on a correspondence between fuzzy numbers
and their a-level sets [54]. The second relies heavily on possibility measures of
uncertainty [16].

A mini Decision Support System aiming at helping a decision maker facing a
problem that may be cast into a multiobjective programming setting is presented in
Chapter 4 along with a case study related to the Rwandan socio-economic tissue
The dissertation ends with some concluding remarks including lines for further
development in the field of Multiobjective Programming.



CHAPTER 1: PRELIMINARIES

In this dissertation we will discuss, among other things, how important ideas form
Mathematical Programming and Fuzzy set Theory can be weaved synergically in
order to address deterministic Multiobjective Programming Problems as well as
multiobjective programming under uncertainty.

Therefore we find it relevant to introduce, in this chapter, basic concepts of
Mathematical Programming and Fuzzy set Theory that are needed in the sequel.

1.1 Mathematical Programming
1.1.1 Preamble

Mathematical Programming is the field of Applied Mathematics that studies problems
of optimization of a real-valued function over a domain given by mathematical
relations.

Mathematical Programming has been successfully used for years in a variety of
problems related to hard systems in which the structure, relations and behavior are
well-defined and quantifiable.

In this section we’ll briefly discuss basic ideas of Mathematical Programming that are
needed in subsequent developments.

1.1.2 Problem formulation
A mathematical program is a problem of the type:

min f(x)
(Pl) gl(x) <0; iel = {1, ...,m},

where f and g; are real-valued functions defined on R™.
In the sequel the set of feasible solutions of (P;) is denoted by X. That is :

X={xeR"/ g;(x)<0; iel={1,..,m}}.

If there exists x° € X such that g;(x°) = 0, then the constraint g;(x) < 0 is said to
be saturated at x°.

A particular case of greatest interest, is when f and g; are linear functions [30], [36].

In this case (P;) reads:
min cx

(P,) {4Ax < b
x=0

where c € R", be R™ and A is a nonsingular m x n matrix.

(P,) is merely called linear program.

In what follows, we are going to discuss the main mathematical problems related to
(P,) and (P,). Namely, the existence of a solution, the eventual unicity of this solution
and the construction of such a solution.



1.1.3 Existence and unicity of a solution of a mathematical program
Theorem 1.1 (Weierstrass)

Consider (P,) and assume that fis continuous . Suppose also that X is compact.
Then (P,) has an optimal solution x*.

Proof

Let m = inf{f(x)}. Then there exists a sequence {x*},cy of elements of X such that:
X€X

f(x¥) — m. Since X is compact, there exists a sub-sequence {x'},c, (Lc N) which
converges to x*;
Since f is continuous, we have f(x!)— f(x*). We can therefore write:

m = lim £(<) = Jim £(x!) = f(x")

leL

Since f(x*) > —oo0, we have m > - « and Vx € X: f(x*) = m < f(x); this means that x* is
a solution of (P,).

Remark 1.1

It is well known (see e.g [3], [9]) that if f is strictly convex, then the solution of (P,) is
unique.

For more details on these matters, the reader may consult [1], [10].

1.1.4 Necessary optimality conditions

In what flows, we assume that functions f and g; (i=1,...,m) are differentiable. We
also suppose that the feasible set X is not empty.

Definition 1.1 (Admissible curve at x°)

If x° € X is a local optimum of (P,), then f(x) cannot decrease when x describes an
arc of curve I starting at x° and contained in the feasible set X.

Such an arc of curve is called admissible at x°.

It will be defined by a differentiable function:

q):]R—MR”

0w 9(0) = (¢1(8), 02(0), ..., 9n(6))
verifiying the following conditions:

(a) (0)=x";
(b) for sufficiently small 6 >0, ¢(0) € X.

Definition 1.2 (Admissible direction at x° )

An admissible direction at x° is a vector



d d d don
y =22(0) = (24(0), 722 (0), .., 22 (0)),

which is tangential to an arc of curve ¢(6) admissible at x°.
Before proceeding further we need the following notation.

Notation

C,q denotes the cone of all admissible directions at x°; that is
Caa={y | VgI(x®).y <0 i=1,..,m}

1° stands for the set of indices of constraints saturated at x° ; that is
1°={ie 1/ g;(x*) = 0}

G={y|Vgl(x°).y <0 Viel°.

Lemma 1.1
Cad c G

This result derives trivially from the definition of C,; and G as a matter of fact
I°c{1,..., m}

1.1.5 Constraint qualification

We say that the domain X defined by constraints g;(x) <0 i € satisfies the
hypothesis of constraint qualification in x° € X if and only if

cl(Coa )=G (Q0)
where cl stands for closure.
Obviously, the direct verification of (QC) might be difficult in practice. This is why one
has looked for sufficient conditions for (QC) to hold. The most important results in
this regards are collected in the following lemma, the proof of these results may be
found in [37].

Lemma 1.2

For (QC) to hold at every point xeX, it is sufficient that one of the following
conditions holds:

(a) all the functions g; are linear,
(b) all the functions g; are convex and X has nonempty interior.

Lemma 1.3

For (QC) to hold at a point x° € X, it is sufficient that :
(c) the gradients Vg;(x°) (ieI®) are linearly independent.



1.1.6 Sufficient Optimality conditions
Consider again (P,) and define the Lagrangian of (P;) as follows:

L(x,4) = f(x) + Xies 4:gi(X)-
Where 4; € R (4; i=1,...,m are called Lagrangian multiplicators)

Definition 1.3

Letx € X and 1=0. We say that (x,1) is a saddle-point of L(x,) if:
L((x,A) <L(xA)sL(xA), VEX, VA1=0.

Theorem 1.2
Let x € X and 1 = 0. (%,1) is a saddle-point for L(x, ) if and only if:

(a) L(x,2) =r;1€1)r(1 L(x,2)

(b) g/(x) <0 Viel

(C) /Tlgl(Q_C) =0 V iel.
Proof

(1) If (%, 1) is a saddle-point of L(x,1), then (a) must be true.

On the other hand, we have

vA=0 L(x,2) 2 L(x,1),
hence _
() + Lier 4igi (6) = (%) + Xier 4:9: (%),

therefore )
VA20: Y (4 —2A)g: (%) < 0. ()

If for some subscript i, (b) does not hold, then we can always choose 4;,> 0
sufficiently large so that (*) does not hold (contradiction).

Hence (b) is should be true.

Finally, for A = 0, (*) implies X;e; A;9; (¥) = 0, but A; 20 and g;(¥) < 0 implies
Yier 4i9i (X)) < 0.

Hence ZiGI Aigi (f) = 0. _
This last relation implies 4;g9;(X) =0 (Vie€I)and (c)is proved.

(2) Conversely: assume the conditions (a), (b) and (c) hold true.
(@ = L(x,2) <L(x,2) V x€X.

On the other hand (c) = L(%, 1) = f(%).



Finally,

Lz = f(0) + Dig igi(®) < f(3) = L(X,2) VvA=0.
Hence

L(x,1) <L(x,2) <L(x,2) Vi1>0andVx€X,
which completes the proof.
Theorem 1.3

If (%,2) is a saddle-point of L(x, %) , then % is a global optimum of (P,).

Proof
Condition (a) of the preceding theorem implies

F@+ Y Zg@<fe0+) Lg®  Vxex.

iel i€l
On other hand, by (c) we have:
Agi(X¥)=0 Viel

Hence _
fG) = fG)+ Lierdgilx)  (Vx €X)

andsince 1 >0, we have, Y;c;4,9;(x) <0 (Vx €X) and therefore
f(x)<f(x) Vxe€LX,asdesired.

1.1.7 Algorithms for solving Mathematical Programming Problems

In this section we are going to describe the simplex method, which is a technique for
solving a linear program. We also present the gradient projection method which is a

scheme for solving a nonlinear program.

For other methods for linear programming we refer the readers to [25] and [26]

where interior-point and ellipsoid methods are discussed.

As far as nonlinear programming problems are concerned, there is a plethora of

techniques for solving them (see e.g. [39], [53]).

1.1.7.1 Simplex method

Consider the linear program (P,) and assume that constraints are in the form of

equalities after (eventually) slack variables have been added.
Then (P,) takes the following form:
min cx

x>0

where A is a m’ x n’ matrix of rank m’, be R™ and ce R™.

6



A basis B for this program is a m’ x m’ matrix such that det B+ 0.
We assume, without loss of generality, that B is obtained by the m’ first columns of
the matrix A.
A basic solution corresponding to B is a solution of the form:
(xg,0,..,0) € R™
where xp=B~'b € R™.
In this dissertation I(B) stands for the indices of columns of B

(herel(B)={1,2,...,m"}).
Given a basis B we define Z, and Z;

Zy = Xieis) Cibi,
Zi= Yiel(s) CiGij-

We are now in a position to describe the simplex method [14].



Read A, b,
v

EB=8y , where Bj is the initial basis

A

Compute Z;and Z; (j =1, ...,m) <

A

Yes

Choose k/Zk —Ck = chayio(Zj =¢j)
=G

Print “the basis solution
associated to B”is optimal and

x* = (XB, O,

,0)

STOP B=B’

A

Solution of (P3) is infinite Choose # / 2 = min 2
ark >0 aix

|

Make a change of basis from B to B’

v

Figure 1.1: Flowchart for the simplex method for a min linear program



Remarks

+ For the formula of change of basis, the reader may consult [14].
» For a max problem, the test Z; — ¢; < 0 V; should be replaced by

Zj—¢; =0 Vj.

 kshould be chosen so that Zy — ¢, = min(Z; —¢) .

Z]'—C]'<0

» Other approaches for solving linear programming problems include the Karmarkar
method [25] and the Khachiyan algorithm [21].

1.1.7.2 Gradient projection method

Here we consider the mathematical program of the form:

min f(x)
X< b; i€l
(P,)] T1% = = h
a;x = b; i€l
x € R™,

The gradient method for this problem proceeds as follows:
(a) At step k=0, a vector x° satisfying the constraint of the problem is chosen.

(b) At the current step k we have x*. Find the set I°(x*) = {ke I / g, (x°) = 0}
Set L0= 1°(x").

(c) Let A° be the matrix whose rows correspond to the constraints i€ L°.
Compute the projection matrix

PO=|-A°T [A°A°T]~1. A% where | is identity matrix and put:
y* = -POVf(x")
If y* =0 go to (e).

(d) Compute
Amax= Max {a/x* + a y* € X} and put:

x**1 such that f(x**)= min min{f(x* + ay*)}

0<a<qmax

Set k= k + 1 and return to (b).
(e) Let u=—A°T.[A%A°T]~1 AO.Vf (x").

If uz 0, print: x* solution of (P,) go to (f).
Otherwise let u; be the most negative component of u.
Set L° = L° — {i} and return to (c).
(f) END.
It has been proved [1] that if u=0 then x* is optimal for (P,).



1.2 Fuzzy set Theory
1.2.1 Preamble

Although Probability Theory claims to cope with uncertainty, there is a qualitatively
different kind of imprecision that is not covered by probabilistic apparatus. Namely:
inexactness, ill-definedness, vagueness.

Situations where doubt arises about the exactness of concepts, correctness of
statements and judgments, degree of credibility, have little to do with occurrence of
events, the back-bone of Probability Theory.

It turns out that Fuzzy set Theory [29], [55], [56] offers a proper framework for
coming to grips with the above mentioned non-stochastic imprecision.

The following subsection introduce basic notions of Fuzzy set Theory that we need
in subsequent discussions.

1.2.2 Fuzzy set

The main idea behind a fuzzy set is that of gradual membership to a set without
sharp boundary.

This idea is in tune with human representation of reality that is more nuanced than
clear-cut.

Some philosophical related issues ranging from ontological level to application level
via epistemological level may be found elsewhere [47].

In a fuzzy set, the membership degree of an element is expressed by any real

number from 0 to 1 rather than the limiting extremes.

More formally, a fuzzy set of a set A# ¢ is characterized by a membership function:
w:A-[0,1].

In what follows a fuzzy set will be identified with its membership function.
Moreover, for our purposes, we restrict ourselves to fuzzy sets of the real line R.

1.2.3 Some notions related to fuzzy sets of R

The support of a fuzzy set u is the crisp set denoted by supp (1) and defined as
follows:

supp (W) = {x € R| p(x) > 0}.

The kernel of a fuzzy set u is the crisp set denoted by Ker (¢) and defined as follows:
Ker (W) = {x e R| p(x) = 1}.

A fuzzy set u is said to be normal if Ker (u) # ¢.

The a-cut or a-level set of a fuzzy set u is the crisp set u, defined as follows:
te ={x ER|plx) = a}.

10



The strict a-level set of a fuzzy set pu, in symbol ug, is defined as follows:
ta={X € R|pu(x) > a}.

A fuzzy set u is said to be convex if u(x)is a quasi-concave function.

A fuzzy number is a normal and convex fuzzy set of R.

A fuzzy number is well suited for representing a vague datum [16].

For instance the vague datum: “close to five” can be represented by the fuzzy
number u as in Fig 2.

u(x)

|
0 4 5 6

=<V

Figure 1.2: Membership function of the vague datum: “close to 5”.
1.2.4 Properties of a-level sets
For a fuzzy number u, the following property holds:
If O<a < B <1, then ug € pgq.

Let u be a normal fuzzy set of R. A family of subsets of R, {u_|a € (0,1)} is called a
set representation of u, if and only if:

(i)0<aS[)’<1:pB§ Mg
(i) vt € R, p(t) =Sup{al,, |o € (0,1)}

where lp stands for the characteristic function of P, i.e

_(1lifxeP
lp () = {O otherwise.

Theorem 1.4

Let u be a fuzzy number. Then {u,la € (0,1)} and {uyzla € (0,1)} are set
representation of u.

11



Proof

Obviously y, and u are not empty for alla € (0,1) and 0< a < B <1 = Hg S Mg and
UE = Ua
Lette R be arbitrary. We want to show that

u(t) < sup{al, (t)/a € (0,1)} and
u(t) = sup{al, (t)/a € (0,1)} is valid.

For abbreviation, define y & u(t). If y = 0, the first assertion is obvious.
If y>0,thente p,_.(t)is valid for ¢ > 0. This implies

(Y - S)Iy—s(t) =Y—¢

for all e > 0, and the first assertion follows.
For all « € (0,1) we have

1, if a € (0,y)
I”a(t)={0, if a € (y,1).
This implies
_(a, if a € (0,y)
i () = {o, ifae@1)
and

This demonstrates the second assertion and implies the two inequalities
ul) < sup{alua |a € (0,1)} < sup{al Lla€ (0,1)} < u(t),

as W, € Hy is valid for a € (0,1).
This completes the proof.

Theorem 1.5

Let u be a fuzzy number and {A,|a € (0,1)} be its set representation. Then, we have
for all « € (0,1)

lim inf A 1 = infu
e e aa) ¢

and

limsupA( L) = Supy,,-

T T ena-o

12



Proof

Let @ € (0,1).

1
2r(1-a)

For abbreviation define a, & a + forre N.

Forrse N r<s implies a, 2 a,, and by this 4, S A,_, holds.

Therefore {inf A, }ren is monotonously decreasing and {supAg, }rey is

monotonously increasing.
We know that [38]

infu, <infA, <supA, <suppu, forr€ N holds.

If inf 4, > — <, then {infA, },en is convergent, let A denote the limit. A = infu, is

obvious.
Let ¢ > 0 be arbitrary. There exists x € u, with x <inf y,+e¢.
Then we can find [38] andr € N with x € 4,_, i.e.

infA, <x<infu,+e
Therefore
A= lim infA, <infu, follows.

r—e

If infu, =-<and n € N are arbitrary, there is an x € u, with x <-n.
Wecan find re N with x € A4, andcanfollows: infA, < —n. As {infAy }ren

is decreasing , it converges against - «.
The second assertion can be shown in a similar way.

1.2.5 Operations on fuzzy sets

Consider two fuzzy sets of R, u; and u,.

The complement of y, is defined as ji; where fi;(x) =1 — pu;(x).

The union of u, and u, is defined as u; vV u, where (u; Vv u;)(x) = max(ul(x),uz(x)).
The intersecton of w, and u, is defined as pu, Au, where
(1 A pz) (x) = min(ul(x),uz(x)).

Let * be an arithmetic operation on real numbers a and b.
An extension of * to fuzzy numbers u; and uj is as follows:

(ua * up)(r)= sup min (g (), up(2)) [14].

1.2.6 Possibility, Necessity and Credibility measures

Let © be a nonempty set representing the sample space. A possibility measure is a
function

Pos : 2© = [0,1]
satisfying the following axioms:

13



i Pos{©®} =1,

Pos {¢} =0,

Pos{U;A;} = sup;Pos{A;},

iv)  Let {Ox}x be a family of sets and Pos,: 29 — [0,1] verify (i) — (iii) and
O©=01XO;3 ... XOp.

~

o~ o~~~

ThenforAc ©, Pos{A} = sup min Pos{O}.
©1,..On€EA 1<sksn

Necessity and Credibility measures are obtained from Possibility measure as follows:
For A€ 29, we have:

Nec{A} = 1 — Pos(4%)
and
Pos{A} + Nec{A}

2

Cr{d} =

where A€ is the complement of A.

Details on Possibility, Necessity and Credibility measures may be found elsewhere
[29].

These measures are used in the literature of decision making under uncertainty
either to appraise the level of desirability of a decision or to transform a decision
problem under uncertainty into deterministic terms [16].

14



CHAPTER 2: DETERMINISTIC MULTIOBJECTIVE PRO-
GRAMMING PROBLEMS

2.1 Analysis
2.1.1 Problem setting and general notation

A general multiobjective program is a problem of the type:

p min[f;(x), ..., fr(x)], k = 2
( 5){x EX={xeR"/gjx)<0;j=1,..,m}

where fi(x);i =1, ..,k and g;(x),j = 1, ..., m are real-valued functions of R".
Many real-life problems may be cast in the form of (Ps). An interested reader is
referred to [4], [7] for examples of concrete problems that may be formulated as
Multiobjective Programming Problems.
2.1.2 Background materials
Throughout this chapter, all the vectors are assumed to be column vectors. If x and
x* are vectors of R", the notation x7x* (where T stands for the transpose) denotes
the scalar product of x and x*. Moreover, the following notation is used:

RY={x = (xq...,2,) ER" | x;20,i =1,...,n}

Ixll = (Ef, xP)™.

ForX € R",
dist (x*, X) = infyex Il x —x* |l

B(x*,6)={xeR™: | x—x" < &}.
The following definitions are needed in the sequel.
Definition 2.1

Letd e R",d # 0, we say that d is a feasible direction emanating
from x € X if there exists a* > 0 such that x + ad € X for all a € [0,a*].

Definition 2.2

A constraint g;(x) < 0 is said to be active at a pointx* € X if g;(x*) = 0.
A set of active constraints at x* is denoted by J(x*).

In other words,

J(x) = §j € {1,..,m} / g;(x") = 0}.
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2.1.3 Convex multiobjective program

Definition 2.3

A function f : R™ - R is convex if for all x ,y € R™ and a € [0,1]we have
flax+ (1 -a)y) <af(x) + (1 - a)f ().

Definition 2.4

A set C< R" is convex if for all x, y €C and a € [0,1], we have

ax+ (1 —a)y €C.
Definition 2.5

Consider the multiobjective program (Ps).

If the feasible set X is convex and if the objective functions f;(x); i=1,....k are
convex, then (Ps) is said to be a convex multiobjective program.

As it will become evident in Section 2.2, most of the methods described for
multiobjective programs are applicable only to convex multiobjective programs
involving differentiable functions up to order 2. In this chapter, we’ll also indicate
what can be done if the above mentioned conditions are not satisfied.

2.1.4 Solution concepts used in multiobjective programming

In a multiobjective optimization context, unless the objective functions are not
conflicting, the optimum optimorum lies outside the feasible set. It is therefore
worthwhile to make explicit the meaning of optimality in this context. Several
solutions concepts are discussed in the literature [8] ,[36] ,[40], [43]. We briefly
discuss these solution concepts in the following subsections.

2.1.5 Pareto optimality

Definition 2.6

x* € X is said to be a Pareto optimal (efficient) solution for (Ps) if no other x € X
exists, such that f;(x) < f;(x*) foralli = 1, ...,k and

fo(x) < fp(x*) for som ¢.

Remark 2.1

A Pareto optimal solution is also called a globally Pareto optimal solution.

Definition 2.7

Consider the multiobjective program (Ps). x* € X is called locally Pareto optimal for
(Ps) if there is & > 0 exists such that x* is Pareto optimal for (Ps) in X N B(x*, §).
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Theorem 2.1

Assume that the multiobjective program (Ps) is convex. Then every locally Pareto
optimal solution for (Ps) is also globally Pareto optimal for (Ps).

Proof

Assume (Ps) is convex and let x* € X be locally Pareto optimal for (Ps). We can then
find 6§ > 0 and a neighborhood B(x*, &) of x* such that there is no x € X n B(x*, &) for
which f;(x) < fi(x*) foralli =1,...,k and f,(x) < f,(x*) for some #.

Assume that x* is not globally Pareto optimal for (P;). Then there exists some other
point x° € X such that:

fi(x®) < fi(x*) foralli =1,..,k and f,(x°) < fp(x*) for some ¢. (2.1)

Letx = px° + (1 — B)x*, where B € (0,1) is chosen such that £ € B(x*, §).
Then, by the convexity of X and the convexity of f;; i =1, ..., k, we have:

xeX (2.2)
and

fi®) < i)+ A -Pfix) < Bilx) + A = B filx™) = filx") (2.3)

for every i =1, ..., k.

Since x* is locally Pareto optimal for (Ps) and £ € B(x*,6), we must also have
f@®=fG)i=1,..,k (2.4)

Moreover, f;(x*) < Bfi(x®) + (1 — B)f;(x*) forevery i = 1,...,k , because x* is
locally Pareto optimal for (Ps). That is:

Bfi(x*) < Bfi(x°) forevery i=1,...k. (2.5)
Since B > 0, we can use it to divide and obtain f;(x*) < f;(x°) foralli =1, ..., k.
But f,(x*) > f,(x°) according to (2.1) for some . This is a contradiction. Therefore
x* is globally Pareto optimal for (Ps).

Corollary 2.1

For convex multiobjective programs, Pareto optimality and locally Pareto optimality
coincide.

2.1.6 Weak and proper Pareto optimality
Definition 2.8

x* € X is weakly Pareto optimal for (Ps) if there is no x € X such that f;(x) < f;(x*)
foralli=1,..,k.
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Corollary 2.2
If x* is Pareto optimal for (Ps) then x* is weakly Pareto optimal for (Ps).
Definition 2.9

x* € X is properly Pareto optimal for (Ps) if it is Pareto optimal for (Ps) and if there
does not exist any point d € R" such that:

VET(x).d <0 for all i=1,...,k,
VE'(x*).d < 0 for some j
and

Vgl (x*).d < 0 for all £ satisfying g,(x*) = 0.
For more details on proper efficiency the reader is referred to [36].
2.1.7 Ideal point
Definition 2.10
Consider the multiobjective program (Ps). For each of the k objective functions, there
is one different optimal solution. An objective vector constructed with these individual
optimal objective values constitutes the ideal objective vector denoted by z*

This means, z* = (z;,...,2;) where z; =f;(x*) and x* is a solution of

{min fi(x)

x €X
A point x° € X such that f;(x°) =z Vi is called ideal point for (Ps).
Remark 2.2

Unless the objective functions of (Ps) are not conflicting, the ideal point is outside the
feasible domain X.

2.1.8 Kuhn and Tucker conditions for Pareto optimality

In this section, we discuss necessary and sufficient conditions for Pareto optimality
for a multiobjective program. We assume that all the functions involved are
continuously differentiable.

Theorem 2.2

A necessary condition for x* € X to be Pareto optimal for (Ps) is that there are

vectors A€ R¥ and pn € R™ with A >0and u >0 and (A, n) # (0,0), such that the
following conditions hold:
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LAV + X Vgj () =0 (2.6)
pigi(x)=0;j=1,..,m (2.7)
For the proof of this result, we invite the reader to consult [13].
Equations (2.6) and (2.7) are called Kuhn and Tucker conditions for Pareto
optimality. They generalize quite canonically Kuhn and Tucker conditions for
optimality for single objective mathematical programs (see §1.1).

Corollary 2.3

For a convex multiobjective program, the conditions given in Theorem 2.2 are also
sufficient for Pareto optimality [36].

2.2 Methods
2.2.1 Preamble

This section is devoted to methods for finding a compromise solution for a
multiobjective programming problem. A look at the literature (see for example

[18], [28], [50]) reveals that the most frequently used methods for solving
multiobjective programs fit into five categories:

-no-preference methods,
-a priori methods,

-a posteriori methods,
-interactive methods and
-metaheuristic methods.

In the following sections we briefly discuss the general methodological principle in
each of these categories.
It is worth remembering that the problem at hand is:

b min[f; (x), .., i (X)], k=2
( 5){x EX={xe R'g;(x)<0;j=1,..,m}

where f;(x); i = 1,...,k and g;(x); j = 1, ..., m are real-valued functions of R".
2.2.2. No-preference methods

One of the best known methods in this category is the Compromise programming
(CP) method that is briefly discussed in the sequel.
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Definition 2.11

We call the aspiration level z; , the level of the i*" objective function of problem (Ps)
that is satisfactory to the decision maker.
If z; ,i=1,..,k are aspiration levels, then z = (z, ..., z,) is called a reference point.

The compromise programming method, also known as the global criterion method,
picks a point in the feasible set X whose vector of objective values is close to some
reference point for a given distance [48].

Here we take the ideal vector z* as the reference point.

The method proceeds as follows:

Step 1
Choose a distance d, fix a reference point z*, choose p and solve one of the
following optimization problems according to the value of p.

min(SL, [ £iGo) - z17)"”,
(P6) I'fp € [1!00)
x€EX
min i:n}?.).,(klﬁ(x) -z,
(P7) if p=o

x € X.

where z; is the i*" component of the reference point.

Step 2
Present the solution obtained to the decision maker.

Step3
Stop.

It is clear that (P;) is a nondifferentiable multiobjective program. Nevertheless, we
can put this program in the following differentiable form:

min «
(Pg)ja = fi(x) — z{
x € X.

With regard to (P¢), when all the functions involved in (Ps) are linear and p =1, then it
is a linear program that can be solved by the simplex method (see Chapter 1).

If the functions involved in the constraints are linear, then for p = 2, (P) is a
quadratic program problem that can be solved by the gradient projection method
(see Chapter 1).

The next two theorems tell us something about the Pareto optimality of solutions
obtained by this method.
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Theorem 2.3

If x* is a solution of (P), then x* is Pareto optimal for (Psg).

Proof

Let x* € X be a solution of (P;) and assume that x* is not Pareto optimal for (Ps).
Then there is a point x € X such that f;(x) < f;(x*) fori =1, ...,k and f,(x) < fp(x*)
for some #.

Now, because p € [1, o), we have that:

(i) = 2P < (filx) = 2P0 = 1, ., k. (2.8)
(fo(x) = z;)? < (fo(x*) — z;)P for some . (2.9)

From (2.8) and (2.9) we can write that

k k
D G@ =2 < ) (e = 2P
i=1 i=1

Hence
(o (i) —z)P)P < (B, (filx™) — z)P)P .

This is in contradiction to the assumption that x* is a solution of Problem (Pg).
Therefore, x* is Pareto optimal for (Ps).

Theorem 2.4

Solutions to problem (P,) contain at least one Pareto optimal solution.

Proof

Les us suppose that none of the optimal solutions of (P,) is Pareto optimal. Let

x* € X be an optimal solution of (P;). Since we assume that it is not Pareto optimal,
there must exist a solution x € X which is not optimal for (P,) but for which

filx) < filx*); i=1,...k
and
fe(x) < fp(x*) for some #.

We have now
fi(x)—z < filx*)—2z;i=1,...k

with the strict inequality holding for one ¢, and further
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max [fi(x) — z}] < max [fi(x*) = Z{].

Because x* is an optimal solution for (P;), x has to be an optimal solution, as well.
This contradiction completes the proof.

Example 2.1

Consider the multiobjective program:

) [< x, + 2x, )( 2%, + x, )]
i X1+ x,+1/°\2x; +3x,+ 1

—x1+2x, <3
(Pg) 4 2%, —x, <3
X1+ x,2>3
2<x; <25
\ 1<x,<95

Let us take the ideal vector as reference vector, that is:
z* = (z};2;)T = (1;0,55).

Taking p = 2, putting the problem into the form of (P,) and squaring the objective
function yields the following program:

x —1 0,9x, — 0,65x, — 0,55
X1 +x,+1 2x; +3x, +1
—x1 +2x, <3
(P1o) 1 2%, —x, <3
X1 +x, =3
2<x, <25
\1<x,<95

min |

Solving this program, using LINGO software, we obtain the solution x* = (3, 3) with
an optimal value of 0,298214285.
By virtue of Theorem 2.3, this solution is Pareto optimal for (Ps).

The compromise programming method brings extra parameters such as p and the
reference point into the problem under consideration. This is an inconvenience of
this method.

2.2.3 A priori methods

Unlike no-preference methods, the general principle of a priori method is to first take

into consideration the opinions and preferences of the decision maker before solving
the multiobjective program at hand.
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The most used a priori methods are goal programming and lexicographic goal
programming methods [5], [22], [42], [44], [45]. These methods are briefly presented
in what follows.

2.2.3.1 Goal programming method

The main idea behind the goal programming method is to find solutions that are
close to predefined targets [28]. Therefore, in the goal programming method, the
decision maker should fix the targets for each objective function. He then solves a
single objective program aiming at minimizing the sum of deviations to the targets.
Consider (Ps) and assume that b; is the target for objective J, the corresponding
single objective program is as follows:

min[E,(d; + di)]

(Pyy) )+ di—df=b; i=1,..,k
x€eX
di,df =20; i=1,..,k.

The variables d;i and di are underachievement and overachievement of the it* goal
respectively.

Using the goal programming method, the decision maker can allocate some weights
to each objective so as to put some hierarchy in the objectives. To this end he can
specify real numbers w; (i = 1,..k); w; >0 and Y, w;=1.

In this case, the corresponding single objective program is:

(min[W1h1(d1_id1+) + o wiehy (di 5 di )]

(P12) i)+ di +df =b; i=1,..k
x€EX
d;,df=0; i=1,..,k

L’ =

Here h;(d;;d;"); i=1,....k are some linear functions of the deviational variables.
Under certain conditions, the solution to program (P;,) is Pareto optimal for (Ps).
This is the subject matter of the following theorem, the proof for which may be found
elsewhere [2]

Theorem 2.5

A solution to (P;,) is Pareto optimal for (Ps) if all the deviational variables d} and
d; have positive values at the optimum.

The goal programming method can be summarized as follows.

Step 1
Set targets and weights for each objective function of (Ps).
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Step 2
Formulate and solve (P;,) if weights are equal or formulate and solve (P,,) if weights
are not equal.

Step 3
Present the solution obtained in Step 2 to the decision maker. If he is happy with the
solution, stop. Otherwise go back to Step1 with new targets and new weights.

Example 2.2
Consider the following multiobjective program:

min[f; (x), f> (), f3(x), fa(x), fs(x)]
(Py3)y (1 —3)* + (x, —3)* + (x3 —3)* < 4
x;+x,+x3 <15

where
£, = (1 + %, +%3)2
f,() = (xy — D+ (x, —3)* +x2
f(x) = 3x3 + (x, — 1)* + 2(x3 — 20)*
f,(x) = (% + %2 +x3) 77
fe(x) = (x; —3)? + In(x3 + x,).

Assume that the targets for each objective have been set by the decision maker as
follows:
b, =80,b, = 20,b; = 0,15,b, = 75000 and b = 60. Assume also that the objectives

have equal weights.

Then (P;;) reads:
min[¥_, (d] + d})]

(x1+x2+x3);+d1'—df:80

(g —)*+ (xy—3)*+x5+d;, —di =20
363 + (x; — D*+ 2(x3 — 20)* + d3 —df = 0,15
(Pra)y (x1 + x5 + x3)"14+d; —df = 75000

X, +x,+x3<15+d; —dd =60

(x; —3)2+(x;—3)2+(x3—3)2<4

X1+ x, +x3 <15

\d;,d}>0;i=1,..,k.

L’

Solving this program, using LINGO software, yields the following solution:

di =d; =d; =d} =d¥ =0, di =101347.2,

d; = 74999.9, x; = 2.987495,

d¥ = 0.278939, x, = 2.990755,

df =319.3253, x3 = 4.99994

dy = 606.0207, x, = 0.8640776E + 26.
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The major strength of the goal programming method is its simplicity. Although this
method offers a great deal of flexibility for solving Multiobjective Programming
Problems, there are some difficulties associated with it. These include the fact that it
does not always produce Pareto optimal solutions for (Ps). Moreover it may be
difficult to set weights or targets for objective functions.

2.2.3.2 Lexicographic goal programming method

The lexicographic programming method deals with situations where the objective
functions of a multiobjective program are arranged according to their importance
while a target is not given for each objective function.

Consider the multiobjective program (Ps) and assume that:

f1(x) > fo(x) > - > fi (x).

The above notation means that f;(x) is more important than f,(x), f,(x) is more
important than f;(x) and so on.
The lexicographic goal programming method proceeds as follows.

Step 1
Solve the following mathematical program:

(P15){min f1(x)

x € X.

Let x* be its solution.

If x*is unique, then x* is considered to be the preferred solution to the entire
problem.

If x* is not unique, go to step 2.

Step 2
Solve the following mathematical program:
min f5(x)
(Pig)ix €X

f1(0) = fi(x").

This procedure is then repeated until a unique solution is obtained.

If the procedure stops at the minimum of the objective f;(x), i< k, then the objectives
that are less important than f;(x) will be ignored.

The question that can be raised now is that of whether the solution obtained by this
method is Pareto optimal. The answer to this question is given by the following
theorem.

Theorem 2.6

If the lexicographic goal programming method is used to solve the multiobjective
program (Ps), then the solution obtained is Pareto optimal.
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Proof

Let x* € X be a solution obtained by the lexicographic goal programming method.
Assume that x* is not Pareto optimal for (Ps). Therefore there exists a point x € X
such that:

fiko) < filx®) i=1,..,k
and for one ¢ we have :

fe(x) < folx™).
Let i=1, then f;(x) attains its minimum at x*. Since f;(x) < f;(x*), we should have
that:

f1(x) = f1(X*)

If optimization is performed for i=2, we have

fz(x) = fz(X*)
for the same reason.
If optimization is performed for i= 1,...,k then

fix) = fi(x?);i = 1,..,k.

This contradicts the assumption that there is at least one strict inequality.
Therefore, x* is Pareto optimal for (Ps).

2.2.4 A posteriori methods

A posteriori methods are concerned with finding all or most of the Pareto optimal
solutions for a given multiobjective program. These solutions are then presented to
the decision maker who has to choose one of them. The most important a posteriori
methods described in the literature include the e-constrained method [17], [35], the

adaptive search method [24], the Benson’s method [48] and the weighting method
[5], [45]. For the sake of brevity we restrict ourselves to the weighting method.

Weighting method

Consider the program (Ps). The weighting method transforms the original
multiobjective problem into a single objective one. This is done by creating a new
objective from the weighted sum of the k objectives. By doing so, the resulting
program is:
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(Pe{min EC)

where

k
F(x) = Zwifi(x);
i=1

and w; is the weight of the i*" objective;
|eOSW1S1, i:1,...,k, ;‘zlwi=1.

The following interesting result tells us that under mild conditions, a solution for (P,)
is Pareto optimal for (Ps).

Theorem 2.7

If, w; >0 foralli=1,..., k, and ifx* is an optimal solution for (P,,) thenx™ is a Pareto
optimal solution for (Ps).

Proof.

Let x* € X be a solution for the weighting problem (P,,;) and suppose that x*is not
Pareto optimal for (Ps). Then, there exists a solution x € X such that:

fi(x) < filx®);i=1,..., k
and
f,(x) < fo(x*) for some £.

Fromthe fact that w; > 0; i=1,...,k, it follows that

iwi filo) < iwlfi(x*).
i=1 i

-1

This contradicts the assumption that x* is a solution for the weighting problem (P7).
Therefore, x* is Pareto optimal for (Ps).

Example 2.3

Consider again problem (P,) discussed in subsection 2.2.2:

) [< X1+ 2x, )( 2x1 + x, )]
i X1+ x,+1/°\2x; +3x,+ 1

—x; +2x, <3
(Pig)| 2x;—x,<3
X1+ x5 =3
2<x, <25
\ 1<x,<95
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The counterpart of (P,,) for this multiobjective program is:

min Y2, w; fi(x)

—x1+ 2x, <3
(P19)< le—xZ < 3
X, +x, 23
2<x; <25
\1<x,<95

where

X, + 2x,

h =+

2x1 + x5

) = o3, ¥ 1

A set of solutions for (P,) obtained by the parametric programming method is given
in table 2.1.

Table 2.1: A set of solutions for (Pyq)

W 4 Wy X1 X2 F (x)
0 1 2 1 0,62
0,1 0,9 2 1 0,66
0,2 0,8 3 3 0,70
0,3 0,7 3 3 0,78
0,4 0,6 3 3 0,83
0,5 0.5 3 3 0,92
0,6 0,4 3 3 0,99
0,7 0,3 3 3 1,07
0,8 0,2 3 3 1,14
0,9 0,1 3 3 1,21
1 0 3 3 1,29

Since the objectives are to be minimized, the most preferred alternative is given by
w; =0,w, =1 and x; = x, = 3, which yield the lowest value of F(x) = 0,62.

We obtain the same solution we obtained by the Compromise Programming method.
It is worth mentioning that for the weighting method, unlike in the goal programming
method, the decision maker does not have to provide targets for each objective
function.

Pareto optimality for (Ps) is guaranteed if the weights are strictly positive. Here both
(2,1) and (3,3) are Paareto optimal for (P,g).

The weights are not easy for the decision makers to interpret or understand. It is also

sometimes difficult for decision makers to choose a solution from a large number of
generated alternatives.
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2.2.5 Interactive methods

Interactive methods consist of the following steps:
Step 1
Find an initial solution.

Step 2
Discuss the solution with the decision maker. If the decision maker is satisfied,
Stop. Otherwise go to the next step.

Step 3
Obtain a new solution and go back to step 2.

Many interactive methods have been developed in the literature. Here are some of
them.:
-the Step method [23];
-the Sequential Proxy Optimization Technique (SPOT) [34];
-the Interactive Surrogate Worth Trade-off (ISWT) method [11];
-The Geoffrion-Dyer-Feinberg (GDF) method [27];
-the Reference point method [52].
Reference point method
Consider again the multiobjective program

b min [f;(x), ..., fi (X)], k=2
(Ps) xXeEX = {x ER"|gi(x) <0;j = 1,...,m}

where f;(x);i =1, ..,k and g;(x);j = 1,..,m are real-valued functions of R™.
Definition 2.12
An achievement function is defined as follows

x,(z) = ,n}axk[wi(zi —-z)] i=1,..k

.....

where z* € R¥ is an arbitrary reference point.
Consider now the following program:

min x,(z)

(PZO){ 7 E f(X)
where f(X)={f (x) / x € X} and f(x)= (fi(x), ..., fir (x)).

As (P,,) involves an achievement function, it is called an achievement problem.
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The aim of the reference point method [47] is to minimize the related achievement
function. The decision maker is requested to assist in the choice of the next
reference point at each iteration.

The question that can be raised now is whether the solution obtained in this way is
Pareto optimal for (Ps). An answer to this question is given by the following theorem.

Theorem 2.8
If the achievements function

x,(z) = l,g}an [w;(z; — Zi*)]

is strictly increasing, then, ifZ is the solution to (P,,), we have that f ~1(z) is Pareto
optimal for (Ps).
The proof of this result may be found in [36].

The Reference point method consists of fixing a reference point z* defining x,(z) and
solving (P,).

The reference point method is easy to understand and to implement and the decision
maker is free to change his mind during the solution process.

Unlike the goal programming method, the reference point method guarantees the
Pareto Optimality of the solutions of (Ps), depending on the increasing nature of the
achievement function deployed.

Some shortcomings of the Reference point method include the fact that there are no
criteria for the choice of aspiration levels and for elicitation of the achievement
function. There is no clear strategy for producing the final solution since the
reference point method does not help the decision maker to find improved solutions.

2.2.6 Metaheuristic for the multiobjective programming problem

Most of the methods described in the preceding sections apply for convex
multiobjective programs. In the case of nonconvex multiobjective programs,
metaheuristics may be considered [2], [26].

A metaheuristic is a method that seeks to find a good solution to an optimization
problem at a reasonable computational cost. A metaheuristic often has an intuitive
justification and therefore a mathematical proof cannot be constructed to guarantee
the Pareto optimality of the solution obtained [2].

The most used metaheuristic are simulated annealing [41], tabu search [12] and
genetic algorithm (GA) [51]. In what follows we restrict ourselves to the genetic
algorithm method.

A genetic algorithm is a stochastic search method for problems based on the
mechanisms of natural selection and genetics (that is, survival of the fittest).

One of the most important notions in genetic algorithms is that of chromosomes.

A chromosome is a string of numbers or symbols. A genetic algorithm starts with an
initial set of randomly generated chromosomes which are called population. The
population size is the number of individuals in that population. All chromosomes are
evaluated by an evaluation function and the selection process is used to form a new
population, which uses a sampling mechanism based on fitness values. The term
“generation” is used to describe the cycle from one population to another. The
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crossover and mutation operations are used to update all chromosomes and the new
chromosomes are called offsprings. The new population is formed when the
selection process selects new chromosomes. After a given number of generations,
the best chromosome is decoded into a solution for (Ps).

A genetic algorithm usually follows the following steps.

Step 1
Initialize the chromosomes at random.

Step 2
Update the chromosomes by crossover and mutation operations.

Step 3
Calculate the objective values of all the chromosomes.

Step 4
Compute the fitness of each chromosome via the objective values.

Step 5
Select the best chromosome using the tournament selection method,
ranking selection method or roulette wheel method.

Step 6
Repeat Step 2 to Step 5 for a given number of cycles.

Step 7
Report the best chromosome as the compromise solution for the
multiobjective program.

Example 2.4
Consider the multiobjective program

{min [f1(x), f2(x), f3(x)]

2 2
—x{ +x5 =10
(PZI) 21 22 2
X7 +x5+x5<6

X1,X2,X3 >0
where

f1(x) =3- \/96_1
folx) =4—/x  +2x,
fs(x) =5—/x; + x,%,3%5 .

Using a genetic algorithm to solve this program leads to the following steps.

Step 1
Encode a solution x = {x;, x,, x5} into a chromosome V = {v,, v,, v3}.

31



Step 2
Update the chromosomes by crossover and mutation operations.

Step 3
Compute the objective values of all chromosomes.

Step 4
Compute the fitness of each chromosome via the objective values.

Step 5
Select the best chromosome by the roulette wheel method.

Step 6 Repeat Steps 2 to 5 for 2000 generations.

The compromise solution for (P,,) obtained by this genetic algorithm is
X= (xl, X7, .X3) = (9, 35, 2597).

The advantage of genetic algorithm is that it can be used to solve nonconvex
multiobjective programs. Unfortunately, it cannot guarantee the Pareto optimality of
the solution obtained.

Another approach for solving convex or nonconvex Multiobjective Programming
Problems is based on Fuzzy set Theory.

We discuss such an approach in the next section.

2.2.7 Solving a deterministic multiobjective program using fuzzy sets
2.2.7.1 Putting a multiobjective program into a single objective

Consider the following multiobjective program:

. max|[f;(x), ..., fr (X)] k>2
(P22) xeX={x€eRY/g;(x)<0; j =1,...,m}
Let:
L; = rilg)?(ﬁ(x);i =1,... .k

and assume that L; is finite for all i.

Suppose further that the decision maker is able to fix p; < L; so that he wishes to
maintain f;(x) greater than p; for all i.

Then (P,,) reads:

Findx € X suchthatp; 2 fi(x) SL;i=1,..,k. (2.10)
Here “~” means that inequalities are not strict imperatives but some leeways may be
accepted.

Each flexible objective i of (2.10) may be represented by a fuzzy set U; of X the
membership function of which is defined as follows:
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0 if filx) <p

pi(x) = fﬁ% if fi(x) > p;

(2.11)

Therefore using Bellman-Zadeh confluence principle [6], (P,,) can be written as
follows:

k

(P,g){ Max /\ u;(x)

i=1
X EF

where F denotes the set

X n(NE, supp u;)

A

is the operator used to translate the “and” connective.

and

2.2.7.2 Solving the resulting problem using the y - operator
The y-operator introduced by Zimmermann [57] and defined by

k

k 1-y k 14
[\ wieo = <]_[ ui(x)) [1 -] Ja- ui)]
i i=1 i=1

=1

where y €]0,1[ vyields a compensation grade between aggregated membership
function. This compensatory operator seems to be more appropriate than Zadeh'’s
min operator [55].

As a matter of fact it overcomes the ultra-pessimistic criticism addressed to the min
operator.

With Zimmermann’s operator, (P23) reads:

fi(x)—P; fi(x)-P;
000 = (T o ) [1— (1 -1 )]. (2.12)
The question that we raise now is that of the Pareto optimality of the solution
obtained by solving (P,,) for (P,,).

The answer to this question is given in the following result.

Proposition 2.1

Suppose L; andp; are finite for alli and are such thatp; < L; (i=1,...,k).
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If x* is a solution of (P,,), then x* is Pareto Optimal for (Py,).
Proof

Suppose x* optimal for (P,,) and non efficient for (P,,). Then there exists x** € X so
that

filx™) = filx"),i=1,...k (2.13.)
and
f:(x*) > fi(x*) for at least one i .

x** cannot be in X\ F otherwise there will be an i so that f;(x*) > p; = f;(x*") i.e.
fi(x*) > f(x**) which contradicts (2.13).

So we have:
fi(x™) —p; > filx*) —p; =1k
Li — p; Li — p;
fi(fi;_p" > f"i’i)p_.p" for at least one i€ {1, ..., k}. (2.14)

AsL;—p; >0, fi(x*)—p;>0 Viand O0<y<1,

we have:

(Hk filx™)- pl) (Hk fl(x) pl)) y_ ()

Li-p;

We also have:

fi(x™) —p; fi(x*) —p;

1-— <1- =1,...k
Li—p; L —p;
and
. ﬁ(x**) P, G -m 1k
- D L —p;
fori € {1, ..., k} for which the inequality (2.14) holds.
It results that
fix™)-p; fi)-p\|¥
[ - i (1 - 222 > 1 - i, (1 - 22 ()

(§) and (§8§) give 8(x**) > @(x*). This contradicts the fact that x* is optimal for (P,,).
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2.2.7.3 Solving the resulting problem using the min-bounded sum operator

Although the solution obtained by solving the resulting problem (P,,)using the
y-operator is efficient for (P,,), it is not always easy to solve (P,,) by available
mathematical programming software.

This leads us to use another compensatory operator, namely, the bounded min-sum

defined as follows:
k
y min p; + (1 —y) min <1.Zﬂi)
1=1,..,

=1

where y is a coefficient of compensation ranging on (0,1).
Empirical investigations [31] show that 0.705 is a good value for y.
With this operator the program (P,3) reads:

(st){ max [y min;=;,_x & + (1 —y)min (1, X% u)]
X €EF

Proposition 2.2

x* is optimal for (P,s) if and only if ( x*, A", u*) where 1* = min;u; (x),
w=min (1, X%, w; (x*) is the solution of the problem

(max yA+ (1—y)u

A<ux i=1,..,m
(Pre)ym<1

tuSZui(x)

x€eF
Lemma 2.1

If (x*,1*,u") is optimal for (P,¢) , then

A = ming (x), W =min (LT, 1 (x).
Proof.
Suppose (x*,A%,u*) is optimal for (Ps) and A" # min;u;(x*) ; let A" =min;u; (x”),
then A > A",
(x*, A", u*) verifies the constraints of (Pys) and  yA*+(1-y)u* <yA™+(1-y)u*; this
contradicts the fact that (x*, A", u) is optimal for (P,s). The fact that
u* = min (1,X% , u; (x*)) can be proved in the same way.

Proof of Proposition 2.2

(a) Necessity:
If x*is optimal for (P,s5), then

K
Y i:n}inkui (x*)+ (1 —y)min <1,Z ui(x*))
i=1
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2Zyming_; x 4;(x) + (1 —y)min (L,YF (%), VXEF. (2.15)

Suppose that (x*, A%, u*) with * = min;u; (x*) and g* = min(1, Y, y;(x*)) is not optimal
for (P,5). There exists (x*™*, A", u™) # (x*,A*, u*) such that:

< (™), i=1, ..k,

pr <1, < T (),

x** €eF,

YA+ A —pu” >yA + (A -y’

It results that
y min ; (x™) + (1 = y) min (1. Z M (x**)) 2y + A —pu” >yx+ A -y

=y miinui(x*) + (1 —y) min (1. Z ui(x*))
which contradicts (2.15).

(b) Sufficiency:
If (x* A%, u*) is optimal for (P,¢), by the lemma 2.1 we have

A* =miny;(x*) and p* = min (1,2 ui(x*)).
l
Suppose x* is not optimal for (P,s), there exists x** such that:

y min; p; (™) + (1 = y) min; (1, ¥ p; (x™)) >y min; p;(x*) + (1 — y) min (1, X p; (x*))
=yA"+ (1 -y

Let
1 = miin w;(x*), u** = min (1, Z ui(x**)).

(2™, 2™, u™) verifies the constraints of (P,) and

YA+ A —pu” >y + (1 -y
This contradicts the fact that (x*, A%, u*) is optimal for (Py).
The solution obtained by (P,5) is not necessarily Pareto optimal.
The following result claims that it is an attractive one from the standpoint of
efficiency.

Proposition 2.3

If L; and p; are finite withp; < L, (i = 1, ..., k), and if x* is optimal for (P,s), then each
solution x** which dominates strictly x* is also optimal.

Proof
x** dominates strictly x* implies
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filx*) = fi(x") Vi

and

fi(x*™) > fi(x* ) for at least one i.
Then

fi(x™)-pi > fi(x* )-pi Vi

Li-p; Li-p;

and

min; (fi(x )—Pi) > min (fi(x )—Pi)_

Li—-p; i Li-p;

We also have
. fi(X**)—Pi) . ( fi(X*)—Pi)
min (1'Z—Lz—m > min 1'Z—Lz—pz .

The last two inequalities imply that:

. min <ﬁ-(x**) - pi> £ (1) min <1Z £, — pi>

i Li —pi Ly —p;
fi(X*)—Pi> < fi(x* )‘Pi)
> ymin| ————— |+ (1 —¥)min 1,2—.
m < Li—p; Y Li —p;

As x* is optimal for (P,5), the last relation is necessarily an equality and x** is also
optimal for (P,s).

Corollary 2.4
If the solution x* of (P,s) is unique, then x* is efficient for (P,;).
Proof
As x* is unique, there is no x** € F such that f;(x**) > f;(x*) Vi and
fi(x**) > f;(x*) for at least one i. Otherwise, by the Proposition 2.3, x** would be
optimal. For each x € X\F there is an ¢ so that f,(x) <p, < f,(x*). We can
conclude that there is no x** € X such that f;(x) > f;(x*) vi and f;(x) > f;(x*) for
at least one i. x* is then efficient for (P,,).
2.2.7.4 Numerical example
Consider the multiobjective program:

max{(3x; + x3), (X1 — 2x2) }

2X1 - X2 S 2

(P27) x,+ 2x, <5
X1 >0 y X2 >0

PUt fl(x) = 3.X1 + Xo and fz(x) = X1 — 2x2.

Letus compute L; and L,
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To obtain L, we have to solve the linear program:

max (3xq + x3)

2x1 — X2 < 2

X1+ 2x, <5

x, =20,x, =20
Using LINGO we obtain the optimal solution: x; =9/5, x; =8/5, and L, =7.
To obtain L, we have to solve the linear program:

max (x; — 2x;)

2x1— xp <2

X+ 2x, <5
X1 ZO,XZ >0

Using again LINGO the optimal solution: x; =1, x; =0,and L, = 1.
Now taking decision maker opinion we fix p; and p, such that:

P1< L, p, <L,.
Let p, =5 and p,=0 anddefine u; and u, asin (2.11)
Aggregating the two membership functions using min-bounded sum operator yields:
(%) =y min(py (), 12 (x)) + (1-y)min (1, 3 () + 1, (x)).

The resulting program is then

le—xZSZ
X+ 2x, £5
X; =20, x,=20

{ max{ ¥ min(p; (x), 1 () + (1 = y) min(1, py(x) + o ()}
(P2g)

By virtue of Proposition 2.2, this program is equivalent to:

(max (yA+ (1 -2
J A< p;(x)
(Pr){u<1

I\ U< pup(x) + pp(x)
x€E€F
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Replacing y by 0.705 and we obtain the program:

max (0.7054 + 0.295p)
A< 3x+ x,
A< x — 2xy
u<sli
ﬂszix1_;xz_;
2x, — x5 <2
X+ 2x, <5
\x; =20, x,20

(P30) 1

Using LINGO software to solve this program we obtain the following solution:

O R R,

A*

R KRE
N % P % *
i
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CHAPTER 3: MULTIOBJECTIVE PROGRAMMING
PROBLEMS UNDER FUZZINESS.

3.1 Preamble

The increased complexity and uncertainty of our social, economic and business
environment are currently raising some of the greatest challenge yet faced by
managers.

Old answers may no longer be appropriate. Instead, managers are required to
understand, to cope and to adapt to complex and imprecise situations.

To do so, better decision making procedures must be developed to increase the
ability of managers to make decisions in perspective of conflictual goals and
uncertainty.

In this chapter we discuss ways for incorporating fuzziness in a multiobjective
program model.

3.2 Approach for solving a fuzzy linear multiobjective
programming problem using possibility measure

In this section we restrict our discussion to linear programming in a way to convey
our ideas in a simpler manner.

3.2.1 Problem statement
Consider the mathematical program

max (élx, ..., ¢%x)
(Ps1)y Ax<b
x=0

where &/ (j=1,....,k) are n-vectors .b is an m-vector and 4 an m x n matrix , all having

components that are fuzzy numbers.
él(l=1, ....,n) b, a;; are fuzzy numbers, the membership functions of which are,m;,
Th Tay; respectively.

The membership function of &/ is defined as follows:
m4j(ty, ..., ty) = min (nE{-(tl), ...,nq];(tn)).

By the multiplicity of objectives and the imprecision of technological and objective
coefficients, (Ps4) is an ill posed problem.

We must then specify the solution concept we consider to be appropriate for this
program. This is the task to which we now turn.
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3.2.2 a - possibly feasible, B —possibly efficient and satisfying solutions for (Ps,)
Definition 3.1

Consider a = (ay ,...,a,, ), @ i€ [0.1] Vi (eventually a 1= 2=...= A m).
xeX={xeR"/x >0} is said to be « -possibly feasible for (P,) if

Poss (A; x < b;)= a; i=1,...,m, (3.1)
where Poss denotes Possibility [55].

Some points relating to the above definition are in need of comments.
First using the Zadeh'’s extension principle [16] we have:

Poss (4; x < by)=sup min (g, (ti1),...,Ta,, (tn)-75, (s)
tiSi
Eti]-x]- <Sji

where t; = (t;q, .-, tin), i=1,...,m.

This quantity is the possibilistic valuation of the alternative xe R", i.e. the degree of
possibility to which x satisfies the constraint 4;x < b;.

Poss (A; x < b;) may be obtained by solving the following mathematical
programming problem:

Sup k,
kS T[ail (ti1),

Second, the relative importance of different constraints may be taken into account by
manipulating appropriately the target levels « .

Consider now the following mathematical program:

~1 ~k
p {max (¢1x, ..., ¢%x)
(P2’ "¢ b

where Dc X ={x € R" | x = 0}.
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Definition 3.2

x% € D is B-possibly efficient for (P;,), if there is no xe D and ie (1,...,k) such that:
Poss (¢'x 2 &' x°,...,67 x 2¢t71x0 | &lx > ¢'x0, & lx = ¢ 1x0,.., kx> éx0)> B.

By the extension principle,

Poss (6'x 2 &' x°,..,,6" 1 x 267 1x0 | &lx > élx0, ¢+ lx > e+ 1x0,.., ¢kx > kx0)
= sup min(ms1(ty),..., ﬂél—1(tl_1) AL (t;), mar+r (Ergq)ye-- sk (tx))
(t1,..,tk)E T;

where

Ti= {(t1,...,txy) € R | tix> t;x°%.,t;_1x = t;_1x° t;x > t,x°, )1 =
tre1 X0 o trx = tx0)

and ms (= 1,.., k) are n- ary possibility distributions.

Definition 3.2 can be weakened in the following way.

Definition 3.3

x’e D is B-weakly possibly efficient for (Ps,) if there is no xe D such that:
Poss (¢1x > ¢'x0,..., ¢kx > ¢*x°)2 B

It is an easy matter to show that a B-possibly efficient solution for (Ps,) is B-weakly
possibly efficient for (P;,) but the reverse is not true.

Definition 3.4

X’ e X is an (a ,B)-satisfying solution for (Ps,) if and only if x° is B-possibly efficient
for the program.

~1 ~k..0
P {max (¢1x, ..., ¢*x9),
(prs)f ™

where X% denotes the set of a _possibly feasible solutions for (Ps4).

It is worth noticing that for @ and B sufficiently close to 1, an («, B8)-satisfying solution

for (Ps3) is attractive with respect to feasibility and efficiency. As a matter of fact,
such a solution achieves a great possible degree of feasibility and is not possibly
dominated to a great extent.

Throughout this dissertation we suppose a, S fixed a priori. One can equally well
discuss how to determine them optimally (in the Pareto optimal sense for instance).
Some attempts in this direction may be found elsewhere [20]. A full parametric
sensitivity analysis may also be envisaged in this context.

A natural question is that of how to single out an («, B)-satisfying solution for (Ps;).
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We now move to a more precise discussion of this matter. For all to come it is
assumed that all possibility distributions involved in (P;,) are convex.

3.2.3. Characterization of an (a, 8) —satisfying solution for (P34)

Consider the mathematical program

(Psa) { max ((¢1)gx, ..., (€*)px),
U xexe
where

(@)p = ((&1)p .., (¢5)p ) and (c})p denotes the B-level set of the possibilistic variable ¢}

By the convexity assumption on the distribution of &/, (¢))s, j=1, ..., n; i=1, .., k, are
real intervals that will be denoted as [¢/-, &}V].

Let now @, be the set of k x n matrices C=(c;) with c;e€ [ &, ¢/"].

It is clear that (Ps,) may be written
max { Cx/x € X°, C € g}

(P34) is then an infinite family of multiple objective linear programs.
Definition 3.5

x° is efficient for (P34) if and only if there is no Ce @5 and x € X°, such that
Cx 2C x° with at least one strict inequality.

To put it differently, x° is efficient for (Ps,) if and only if x° is efficient for

{max Cx,VCEe (Z)ﬁ
x € X%,

From now, EF(@,;) and EF(C) will denote efficient solutions for (Ps,) and for
max {Cx/x € X°} respectively.

By Definition 3.4, EF (@p) = N¢e o EF ().

A slight weakening of Definition 3.5 gives:

Definition 3.6

x° is weakly efficient for (P3,) if and only if there is no Ce @z and x € X°, such that
Cx >Cx°

It is a remarkable fact that (a,B)-satisfying solutions for (P;;) are nothing but efficient

solutions for (P3,).
This is the content of the following result.
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Theorem 3.1

x° is an (a,B)-satisfying solution for (P, ) if and only if x° is efficient for (P, ).

Proof

Suppose x°is an (a,B)-satisfying solution for (P;;) then by Definition 3.4, x°is a-
possibly feasible and B-possibly efficient for (P33). Assume now that x° is not efficient
for (P3,). There is then x'e X* and (q",..., ¢*) with g'e (¢1)p such that :

gxt=2qx° Vieftl,..., k} and ip €{1,.....,k} such that:
qloxt > qlox? . (8.13)
As qi € (CHp i=1...., k we have also:

min (s (qY),.., max (q%))= B (3.14)
By (8.13) and (3.14) we have:

sup min (g1 (ty),.. .. nfio(tio—l)s nin(tio)s 7Tc~i0+1(ti0+1), ....,ﬂck(tk))
(ty, ... ty) ETL

51,0 xig—1 o1 > mig—1 ..0  xig 41 5ig -0
Zc'x,....,co X+2Cchorx", coxt > ¢clox”,
Elotlxl > gloml 40 | gkxl > ¢kx0) > g

where

1 0
X2t x7,

Tl%)= {(tll ) tk) € Rnk/t1x1 = t1xo, v, b

lo-1

tixt >t x0t,, xt >t

0 1 0
i X = x°, . text = tex

lo+1
This contradicts the B-possible efficiency of x° for (P;3) and the if part of the theorem
is established.

To show the only if part, suppose x° is efficient for (P;,) and not (a,B)-satisfying for
(P31). Then there is x2 € X* and s € {1, ...., k} such that:

Poss(¢1x? = ¢1x°,....,657 1x% > ¢571x°, ¢5x2% > ¢5x°, 5t 1x2 > ¢51x0, ...,

¢*x? > ¢kx%)=> B,

ie.

sup min (m1(ty),..,mas-1) (ts_1), Tes(ts), Tast1(tgyq)yee--- , Ta(ty )20 (3.15)

(ty, ..., t;) E T2
where

TZ={(ty, ..., tx) € R™/t;x% > t1x°, ..., t_1x% = to_1x°,
tex? > tex0 tep1x? = tepqx0, o, tex? = £ x0).
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For this supremum to exist there should be a vector (py,...,px) € R*x.....x R"
satisfying the following constraints:

p1x? = p1x,.. ps_1x? = Ps1x0,psx? > pox®, Psy1x% = Pspax®, ., Drx? = prx® (3.16)

Suppose now that for all (py, ..., px) satisfying the system (3.16), we have
min (T[Ei(pl)s' y n(jk(pk))<ﬁ'

Then
sup min (ﬂfi(pl),..,ﬂfs—l) (ps—l)a nfs(ps)a 7T€5+1(ps+1)!""'! nc”k(pk))<ﬁ'

(p%, .....,p*) € T2
Contradicting (3.15).

There is then (p4, ..., px) satisfying (3.16) such that:

MIN(T (1), Tk (D)) = B (3.17)
By (3.17), mi(p))=B, i=1, ..., k ie.
pi € (6, i=1,....k. (3.18)

(3.16) and (3.18) contradict the efficiency of x° for (Ps,) and we are done.

Corollary 3.1

X is B-weakly possibly efficient for (Ps3) if and only if X is weakly efficient for (Ps,).
The usefulness and interest of these results will be enhanced if there is a way of
finding an efficient or weakly efficient solution of the program (P;,). We now turn to
this problem in some details.

3.2.4 Finding an efficient solution for (Ps,)

The following notations will facilitate further discussions.
Ms denotes the subset of @5 composed of matrices C having elements of each

column at the upper bound or at the lower bound, i.e. if C€ Mg then either

ek et
—cl=[ " —cU=|"
C-]'_C-]'_ L Jor C-]_C-]' - :
~nL ~nU
¢ ¢

where ¢i*and ¢/Vare the right and the left endpoint of( &) respectively.

Let K(C ) =fp e R/ Cp = 0}

If S < @ then K (S) =N¢es K(C), and EF (S) = N¢es EF(C), where, as previously,
EF(C) is the set of efficient solutions for the optimization problem max (Cx | € X%).
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Lemma 3.1
x s efficient for (Ps,) if and only if

[fx}+K@p)IN X%={x }. (3.19)
Proof

Necessity. Suppose x efficient for (P;;) and [{x } + K(@g)]n X* # {x }.

Then there is y€e[{ x }+K(@g)] N X* with y # x, i.e. there is C€ @ such that

y =x+ Cp € X*with p € K(C) and y # x. Or to put it differently, there is Ce @z and
y € X% such that Cy =2 C x. As y # x, there is some row C! of C satisfying the condition
Cly > C'x,. This contradicts the efficiency of x for (Ps,).

Sufficiency: Assume (3.19) holds and x is not efficient for (P;,). Then there is y € X
and C € @g such that Cy 2 Cx with at least one strict inequality. Let now p=y- x; it is

clear that pe K(C).
Furthermore y= x +p and ye [{ x}+K(C)] N X% This is in contradiction with (3.19).

Proposition 3. 2

(a) K(@g) = UCEMB K(C).
(b) EF (0g)= nCEMB EF(0).

Proof

(a) Assume p€ K(@g) , there exists C € @z such that Cp>0. Consider C'= (cilj)
defined as follows:
1 Cl]' lf p]' = 0
“5i=1en i p <0
j ifp :

ltis clear that C'p > Cp = 0 i.e. p € K(C') . As C* € My it follows that
K(@g) =K(Mg).
The reverse inclusion is a direct consequence of the definitions of K(@g) and K(Mg).

(b) By definition of Mg we have EF @) cEF(Mg).
Assume now that x & EF@g); then by Lemma 3.1, [{x }+K(@g)]n X“#{ x }; it follows by
(a) that [{x }+K(Mg)] In X* # x} and
therefore x¢ EF(C) for some Ce Mg. Hence x ¢ EF(Mg) and consequently
EF (Mg) cEF(®;) as desired.

This result is insightful. It tells us that efficient solutions for (P;,) must be searched
among elements of EF (Mg).

The following Lemma that will be used in the sequel is well known in multiple
objective optimization theory [35].
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Lemma 3.2

A necessary and sufficient condition for X° to be efficient for the multiple objective
program

max Cx,
xe X

is that there is A>0 such that xX° solves the mathematical program.

max AC x,
xeX

A fascinating point is that the following program yields an (« B)-satisfying solution
for (P3):

0
p {maqu,
(Pss) ‘€ X%

where ¢ is a solution of the system

Vi€t —q=0 Visuchthat C' € Mg, (3.20)
Vie Rk, Vi>o.

Proposition 3.3
If X° is optimal for (Ps5) then X° is efficient for (Ps,).

Proof
As ¢’ is a solution of (3.20), v i such that C* € Mg, there is Vi € R¥, Vi >0

such thatViC'=¢° i.e. Vi such that C* € Mg, x° solves max (V'Clx|x € X%).
By Lemma 3.2, x° is efficient for

max (Cix|x € X*) V C' € Mg
By Proposition 3.2, x° is efficient for
max (C'x|x € X*)VC' € @y
i.e. x0 is efficient for (P;,) as desired.
Corollary 3.2
If X is optimal for (P5s) then x° is (a B)- satisfying for (P3,).
This statement follows trivially from Proposition 3.3 and Theorem 3.1.

From this discussion we can derive the following method for solving.
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3.2.5 Description of the method

Step 0
Start

Step 1
Read my j=1,....,n , E1,...K, w4, ,mp5 ; i=1,....m
J

Step 2
Fix a,B;

Step 3
Put (5})[3 in the form [¢&/t,e™] ;

Step 4
Determine ¢z, Mg, X* ;

Step 5

Solve the system ViC!— g =0 Vi such that:
Cle Mg, VIERKVI >0,

Let ¢° be its solution;

Step 6

Solve the mathematical program: max q°x
x € X%

Let x° be its solution

Step 7
Print x°is (a, B) satisfying for (P;,);

Step 8
Stop

3.2.6 Numerical example
Consider the multiple objective linear possibilistic program:

Max(élx, é%x)

X1 + x, = 250

x; < 200

(P36){ 2x, <200
2x;, 4+ 1.5x, < 480
3x, + 4x, < 900

\ x;, =20, x,20

48



where ¢! = (6y4,C13), €% = (G2, Gy2) and ¢;; are characterized by the possibility
distributions shown in figure 3.1 a-d.
composed of the matrices.

1 1 2 1

o 1 G 1)

For ¢°=(}3) the system

G D)=

2 1\ (v®\ _ (44
(o 1) (v}) - (2.9
have positive solutions, namely

(Vf) _ (1.4 (Vf) _ (0,75
vi) T~ \29/r \yz/ T \ss

as well as

e, Ty,
a A b

V@

o
-
N
=
o
—_
N

77:C:Zl 4 77:C~22

=
—
7
v
o
N

Fig.3.1: Possibility distributions of data of (Ps) .

respectively. As constraints are crisp, the set X of points of R? satisfying (Pss) is
nothing but the set of 1-possibly feasible solutions. By the Corollary 3.2, the program
max (q°x /x € X! = X ) yields a (1,1)-satisfying solution for (Ps).

Solving this program, using LINGO software, we get the solution x* = (150,100).
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3.3 Approach for solving a fuzzy multiobjective programming
problem using connections between fuzzy numbers and real
intervals.

3.3.1 Connection between fuzzy numbers and real intervals
Consider
: F..(R) —— €[0,1] x €[0,1]
i— (al(a),a’(a))
where @t (a) = aL and aY(a) = ayl.
dt and aY standing for the lower and upper endpoints of the a-level of a.
Here F..(R) denotes the space of fuzzy numbers with compact support and ¢[0,1] is

the set of real-valued bounded functions f on [0,1] such that:

f is left continuous for any t € [0,1] and right continuous at 0.
f has a right limit for any t € [0,1].

It is shown in [54] that IT is isomorphic and isometric.

This result, called Embedding Theorem for fuzzy numbers, will be used in an
essential manner in our approach for solving a multiobjective programming problem
with fuzzy coefficients.

Consider the mappings: f;: R* ——— F . (R);i =1,...,k
We are interested in solving the following optimization problem:

(Ps,) {rzaé( ){(fl(x), s Fie ()}

where X = {x e R"/g;(x) < 0; j =1,...,m} is a convex and bounded subset of R".
We use the notation f;,(x) for the a-level of f;(x). It is clear that

fia @) = [fL GO, fL(0)].
Consider now the following surrogate of (P;,):

(Ps5) { min([] (A, - TIFCON

The following result relates (P;,) and (Psg) in expected manner.
Proposition 3.4

x* is efficient for (P3) if and only if x* is efficient for (Psg)

Proof

Assume x* is efficient for (P;;) and not efficient for (Psg).
As x* is efficient for (Ps;), there is no x € X such that:
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fi(x) < filx®) Viefd,..., k}

F_(R) (3.21)
and
fo(x) < f,(x*) forsome ¢ € {1, ..,k} (3.22)
Fc(R)
As x* is not efficient for (Psg), we may find x € X such that:
If(x) <Nf(x*), Vie{1,....,k} (3.23)
and
Mfp(x) <Ifp(x*) forsome? €{1,...k}. (3.24)
This means
(fL (), fl(x) < (fig,(x*), fig(x*)),V(x € (0,1), Vi €{1,...,k} (3.25)
and

(P, 7)) < (Fh (), (), Ve € (0,1] for some £ {1,... K. (3.26)
(3.25) and (3.26) are equivalent to:

ﬁ(x)Fs(%x*) Viel, ..k (3:27)

and

fo(x) < fo(x*) forsome? € {1,...,k}. (3.28)
Fec(R) '
(3.27) and (3.28) are in contradiction with (3.21) and (3.22). This means that x* is
efficient for (P,).

The other implication can be proved in similar way.

Making use of the definition of IT; (P;5) can be put in the following form:

min{[fi*(x)(a), f' () (@)] i=1,..,k}

(P3)yx € X

a € [0,1]

Worthy to note here is the fact that (P;9) is a multiobjective mathematical program
with infinitely many objective functions.
This is the price to pay for considering an equivalent deterministic counterpart of
(P;7) instead of an approximate one.
To be able to carry out a fairly discussion of (P;4) we find it convenient to assume
that minimizing an interval is tantamount to minimizing its midpoint.
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This interpretation generalizes quite canonically the real case. As a matter of fact the
midpoint of [a, a] is a.

Bearing in mind the above assumption and considering the fact that multiplying
objective functions by a constant do not alter the localization of the optimum, (Ps4)
can be written:

min {[f(x)(a) + [ () ()];i =1, ..., k}
(Pyo){ x €X
a € [0,1]

From now f;(x)(a) denotes (fif(x)(a) + f;Y(x)(a)) and | stands for [0,1]. Therefore
(Pyo) reads merely:

min {f;(x)(a);i =1, ..., k}
(P41){X €X
a €l

Let’s select a finite subset of |, S={ a4, ..., 2, } and let wy, ..., w,, be real valued
functions such that:

(i) wi(a) 20 a€l;j=1,....,m;

i we={y Gzl

Define the operator K as follows:

K [fi ) (@)]=X]2 1 w; (@) fi (x)(a)).
Consider now the following mathematical programs:

min {K[f;(x)(@)]; i=1,..,k}
(Py)yx€EX
a € [0,1]

min {fi(x)(a]-); j=1,..mi=1,..,k}
(Py3){ x€X
a € [0,1]

The following theorem tells us that (P,,) and (P,3) are equivalent in terms of
efficiency.

Theorem 3.2
x* is efficient for ( P,,) if and only if x* is efficient for (P,3).

Proof

(1) =
Suppose that x* is efficient for (P,,) and not efficient for (P,3).
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Then there is no x € X such that:

Kfi(x)(@) <K fi(x")(a) Vi={1,...k}, Va €1 (3.29)
and
K fp(x)(@) < K fp(x*)(@) forsome € € {1,....k} and for some a@ € I. (3.30)

In the same time we have, by the fact that x* is not efficient for (P,3), that there is
X€ X such that :

fi () (@) < fi(x™)()) vi={1,...,k}; vi={1,...,m}

and
fo () (ay) < fo(x*)(as) forsome £ €{1,...,k} and for some s €{1 ,...,m}.

Let now a be chosen arbitrarily in . As w;(a) >0 and w;(«;) =1, we have that

fi @) (a;) = fi(x)(a;) <0 vi={1,...,k}; vij={1,...,m}
and

fe () (as) — fe(x")(as) < 0 for some £ €{1,...,k} and for some s €{1 ,...,m}.
We can say that there is x€ X such that:

Y owi(@) [fi () — f; ) (@] <0 Vi={1,..k.
This means there is xe X such that:
Xy wila) fi () (aj) <Xy wila) f; () (a;)  Vi={1,...k}.
As a is chosen arbitrarily, we can say that there is x€ X such that:
Kfi(x)(@) <K fi(x*)(a) Vi, Va el

This contradicts (3.29) and (3.30 and we may conclude that x* should be efficient for
(Pa3).
(2) =

Suppose now that x* is efficient for (P,3) and not efficient for (P,,).
Then there is no xe X such that:

fi () (a)) < fi(x*)(a;) v je{l,....m} vie{l,....k} (3.31)
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and
fe(x)(as) < fe(x)(ay) for some I€{1,...,k}; and for some se{t ,....m} (3.32)

In the same time we have, by the fact that x* is not efficient for (P,,), that there is
XE€ X such that:

Kfitx)(@) <Kfi(x)(a) VI={1,...k}, Va el (3.33)
and
Kfe(x)(@) <K fp(x*)(@) forsome £ €{1,...,k} and for some @ € I. (3.34)

This means by (3.33) and (3.34) that there is x€ X such that:

Yy wi(@) [fi O (a;) - f; (@] <0 Vi={1,...,k Vael (3.35)
and

Xy wi (@) [fe () (aj) — fe (x*)(a))] < 0 for some £ €{1,....k}, and some @ €1.(3.36)

By the fact that w;(a) >0 Vj we have from (3.35) that:
fi (@) — fi (@) <0 Vje(t,...,m} vie{1,...k (3.37)

Moreover, by the fact that w;(@) > 0 Vv j we have from (3.36) that:
fi ) (a;) — fi(x")(as) < 0 for some |€{1,...,k}; and for some s€e{1 ,...,m} (3.38)
(8.37) and (3.38) contradicts (3.31) and (3.32) and x* should be efficient for (P,,).

The interpretation that goes with this theorem is as follows.
Finding an efficient solution of (P,3) is tantamount to find an efficient solution of (P,;)

where f; (x) i=1,....kare replaced by K f;(x) i=1,... k.
3.3.2 Description of the algorithm for solving the program (P;;)

h = h(ay, ..., ay) = max minla — ;I is called the roughness of the grid
a€l 1<i<m

S=(ay, ..., Ap).

It is well known (see e.g. [19]) that the discretization error decreases when the grid is
refined. That is when h is kept to a lower extend.

The foregoing discussion leads us to describe the following algorithm for solving the
equivalent deterministic program (P;,).
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Step 0
Fix an acceptable bound of error for h, €.

Step 1
Read data of (Ps7).

Step 2
Write the equivalent deterministic program (P;,).

Step 3
Put £ =0.

Step 4
Take a discretization S={ ay, ,..., ap_,} of |

Step 5
Write the discretization problem (P,3).

Step 6: Find an efficient solution of (P,3).

Step 7

Compute h = max minla — ozl  and check whether |h|< &.
a€l 1<i<m

If this is truth Go to Step 9 otherwise Go to Step 8.

Step 8
Take a finer discretization S’, put S=S’ and Go to step 5.

Step 9
Print the solution obtained.

Step 10
Stop.
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CHAPTER 4: APPLICATIONS

4.1 Mini-Decision Support System for Multiobjective Program-
ming Problems (MDMOPP)

4.1.1 Preamble

MDMOPP is a decision support system for Multiobjective Programming Problems.
The main aim of this decision support system is to help decision makers faced with
problems that may be cast into a deterministic or fuzzy multiobjective programming
framework, to choose an appropriate technique for dealing with the problem at hand
and to solve it.

MDMOPP assumes that the multiobjective program to be solved has been
completely formulated by the decision maker and that information concerning the
decision maker preferences is available.

4.1.2 Components of MDMOPP

The MDMOPP has three main components, namely a database, a modelbase and a
software system. In the following subsections we describe each of these
components.

4.1.2.1 Database

The MDMOPP database is able to store a collection of data files. These data files
contain a combination of numerical and alphabetical data. Although some of the data
are stored directly in computer, some of them may be stored on the internet. The
files are protected by a security code activated by the decision maker.

4.1.2.2 Modelbase

The modelbase consists of the following methods: the compromise programming
method, the genetic algorithm, the goal programming method, the lexicographic goal
programming method, the reference point method, the weighting method, the fuzzy
approach based on possibility measure and the fuzzy approach based on the
Embedding Theorem.

All these methods have been described in detail in chapters 2 and 3.

4.1.2.3 Software subsystem

The software subsystem of MDMOPP consists of three components: database
management software (DBMS), model base management software (MBMS) and
dialogue generating management software (DGMS).

Through these components, the interface with the analyst is realized by a sequence
of windows. Each window has distinct expression which helps considerably to
facilitate the analyst’s work. The analyst is able to move between the next window
and the previous one, which helps him to make adjustments or corrections about
information already entered into the computer. The solution process (which refers to
steps that the analyst follows to solve the problem) of a given multiobjective problem
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can be stopped at any step and can be continued again at a later stage. This allows
the analyst to update, rearrange, retrieve and inquire about the objectives,
constraints, variables or solution of the problem.

The model base management software of MDMOPP is able to manage the methods
by choosing an appropriate one for a given problem. It should also be able to link the
method to relevant data. The dialogue generating management system of MDMOPP
provides the dialogue between the analyst and the computer. The dialogue
generating management system ensures that there is interaction between the
MDMOPP, the analyst and the operating system. This interaction refers to entering
data from the given program (P) and information about the preferences of the
decision maker.

4.2 Functioning of MDMOPP

4.2.1 Actions to perform

To solve a multiobjective program (P), the following basic actions are performed:
Analyst answers questions about the problem (P) and about preferences of the
decision maker. Here are some examples of questions that may be asked:
- Is at least one objective or constraint of the problem at hand nonlinear?
- Is the decision maker willing to work through the solution process together
with the analyst?
- Is the decision maker willing to have as many options as possible to
choose from?
- Does the decision maker have specific targets for each objective?
- Does the decision maker regard some objectives as more important than
others?
Analyst enters data into MDMOPP.
MDMOPP checks data for more details.
MDMOPP solves (P) according to the method chosen.

4.2.2 Flowchart of MDMOPP

Here is a flowchart that summarizes the MDMOPP functioning:
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Read data of (P)
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Figure 4.1: Flowchart of Mini-Decision Support System for Multiobjective Programming

Problems.
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Use approach based on
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»
L

v
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on the Embedding
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»
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A 4
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<D

Use one of the methods of Stochastic
Multiobjective Programming [45]

The full implementation of this mini-system is a subject of further research.
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4.3 Case study
4.3.1 Problem formulation

The Nyarutarama Lake, located in Kigali City, is famous for its flora which attracts
migratory birds and fish. The lake is connected to many rivers. The most important
ones: Karenge, Kimisagara and Nyabarongo are controlled by reservoirs. These
reservoirs are managed by Rwanda Water and Sanitation Corporation (RWASCO).
They provide drinking/irrigation water and fresh water to the Nyarutarama Lake.
Reservoir releases for the lake contribute to flora growth.

For a given reservoir, RWASCO has decided monthly on water quantity to release
for irrigation, for drinking and for the lake. These releases will be decided regarding
some objectives: satisfying the drinking and irrigation water demands, controlling the
drought and flood periods and contributing to the preservation of the Nyarutarama
Lake.

The problem consists of determining optimal release from different reservoirs.

4.3.2 Mathematical formulation of the problem

Data related to resources and reservoirs management must be considered to build
the objectives and constraints of the problem.
For this problem the decision variables are the water releases, from different
reservoirs, for irrigation, I;, , for drinking, D;, and for the Nyarutarama Lake, L;;; i
and t are reservoir and time indices respectively.
The decision maker has to specify for each reservoir the flood, FC control storage.
Moreover, the following parameters must be introduced in order to begin the solution
procedure:

- maximum release from each reservoir M;, ;

- minimum release of the lake at the end of the period t, MRL,.
The variables used to formulate the problem may be summarized as follows.

* Decision variables:

I © Releases for irrigation demand from reservoir i at the end of period t.

D;. : Releases for drinking demand from reservoir i at the end of period t.

L;. : Releases for the Nyarutarama Lake demand from reservoir i at the end of
period t.

* Parameter variables:

M;, : Estimation of releases for drinking, irrigation and the lake from reservoir i.

MRLt: Minimum releases for the Lake at period t specified by the Environment
Ministry.

Dp ;++ Maximum demand for drinking water from reservoir i at the end of period t.

Dy;.: Maximum irrigation demand from reservoir i at the end of period .

In our application the period t is equal to one month and the index i is equal to 1 for
Karenge reservoir, to 2 for Kimisagara reservoir and 3 for Nyabarongo reservoir.
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» Objectives of the problem:
The goals of the problem are as follows:

Goal for the control of the drinking water supply: the goal here is to satisfy the
demands

Diy = Dp; V;.

Goal for the control of the irrigation water supply: the goal here is to satisfy the
irrigation demands

Lit 2 Dpie Vi
» Constraints of the problem:

The constraints of the system are as follows:
Constraint on maximum water releases:

Di,t + Ii,t + Li't S Mi't Vl
Constraint on Lake releases:

Li; = MRL,. v
Non negativity constraint:

Di,t’ Ii,t’ Ll,t 2 O, Vl.
As the targets Dp;, and D;;, are given for each of the objectives, we see from our
mini-Decision Support System that we have to use the goal programming method.
This means we have to minimize positive and negative deviations from these targets.
Let ep ;. be the deviation between D;, and Dy ;., thatis ep;r = Diy —Dpj¢.

Let also e; ;, be the deviation between I;, and D, ;.
The resulting mathematical program is:

3
min[zi—1 (eg,i,t + el-',-i,t +epicteni)]
Dy — eg,i,t +epit = Dpt Vi
(Pa) | I, — e, +efie =Dy vi
Di¢+1ip+Ljy < My, Vi
Li¢ = MRL, Vi
\ Dit, ligy Lip = 0, Vi

where ej .., e, ey, ;. are positive and negative deviations respectively.

For the considered month t (September 2008), the following data, expressed in
millions of liters of water, have been collected from RWASCO:
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\ Dp,it Dy M;,
|

1 2.9 1.613 3.2

2 0.185 0.216 3.2

3 0.787 0.517 3.2
MRL,=1.8

Table 4.1: Data collected from RWASCO.
4.3.3 Solution of the problem

With above data and by denoting positive and negative deviations by EDITIV, EIITV,
EDITU, and EIITU respectively, LINGO instructions read:

MIN = ED1TV + EHTV + ED1TU + ENTU + ED2TV + EI2TV + ED2TU + EI2TU
+ ED3TV + EI3TV + ED3TU + EI3TU ;

D1T + ED1TU-ED1TV=2.9
D2T + ED2TU — ED2TV =0.185
D3T + ED3TU — ED3TV = 0.787
HT+ENMTU-ENTV =1.613
E2T + EI2TU — EI2TV = 0.216
I3T + EI3TU — EISTV =0.517
DIT+N1T+L1T<3.2

D2T + 12T + L2T < 3.2

D3T + I3T + L3T < 3.2
L1T=1.8

L2T=1.8

L2T = 1.8.

Using LINGO « SOLVE » Command yields the following solution:

D1T=14
D2T =0.185
D3T =0.787
MT=0.0
12T = 0.216
I3T =0.517
L1T=1.8
L2T =2.799
L3T = 1.896.
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This means that the following releases (expressed in millions of liters of water) for
drinking / irrigation and for the Lake, are optimal.
Releases from:

+ Karenge reservoir: 1.4 for drinking, 0.0 for irrigation and 1.8 for the Lake;

+ Kimisagara reservoir: 0.185 for drinking, 0.216 for irrigation and 2.799 for the
Lake;

» Nyabarongo reservoir: 0.787 for drinking, 0.517 for irrigation and 1.896 for the
Lake.
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CONCLUDING REMARKS

Multiobjective Programming Problems are encountered in many areas of
applications.

In this dissertation we have highlighted the fact that it is possible to solve these
problems using adequate techniques rather than relying on the simplistic way of
replacing stubbornly different conflicting objectives by a single one.

It is worth mentioning that some of ideas developed here will appear in a forthcoming
issue of the journal Advanced in fuzzy sets and systems [33].

It has also been shown that Fuzzy set Theory may be of great help as both a
language and a tool for dealing with Multiobjective Programming Problems with fixed
and fuzzy data.

We have also described a mini-Decision Support System aiming at helping people
facing these problems. This system helps both in the choice of an appropriate
technique and in the solution process.

Among lines for further developments in this field, we may mention the following.
- The consideration of both possibility and necessity measures in the
approach described in § 3.2.
- The extension of methods described in Chapter 3 to the case where
fuzziness and randomness are in state of affairs.
- The full implementation of the mini-Decision Support System described in
§4.1.
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