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It is shown theoretically that a one-dimensional crystal with time-reversal and particle-hole symmetries is
characterized by a topological invariant that predicts the existence or otherwise of edge states. This is confirmed
experimentally through the construction and simulation of a photonic crystal analog in the microwave regime. It
is shown that the edge mode couples to modes external to the photonic crystal via a Fano resonance.
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I. INTRODUCTION

Topological phases have been shown to arise in a number
of condensed matter systems: in the quantum Hall effect [1]
where electrons are confined to two dimensions and subject
to a perpendicular applied magnetic field, and in so-called
topological insulators [2,3] which are materials that possess
conducting metallic surfaces despite being insulators in the
bulk. Experimental studies of these states, in materials such
as graphene [4] and Bi,Ses, have recently been an area of
considerable focus both for fundamental reasons because the
topological states in these materials lead to exotic quasiparti-
cles, and also for applications such as quantum computing.

The states arise in these systems as follows: consider a
map from the Brillouin zone to a space of nondegenerate
Bloch Hamiltonians H (k). If |k) is an eigenstate of H(k),
then a vector potential A(k) = —i(k|di|k) may be defined
following Berry [5]. The topological index of this map is Q =
[V x A(k) d*k. Thouless et al. discovered that nontrivial
topological invariants can arise in the Brillouin zone with
time-reversal symmetry broken by the application of a strong
magnetic field as in the quantum Hall effect [1]. More recently,
Balents and Moore [6] applied this paradigm to systems with
strong spin-orbit interaction but with time-reversal symmetry
intact and thereby clarified an earlier proposition by Kane
and Mele [7] that a Z, invariant of the band structure divides
insulators into two classes: an even class corresponding to
conventional insulators and an odd topological insulating
phase that possesses conductive surface states.

In this paper, we apply this paradigm to a system with
different symmetry, a one-dimensional (1D) crystal with time-
reversal and charge-conjugation symmetries. In the language
of random matrix theory [8], our system corresponds to
class BDI in contrast to the unitary class A in the work of
Thouless et al. [1] and the symplectic class AIl in Balents
and Moore [6]. By an analogous argument, it is shown that
such a structure may possess edge states characterized by a Z
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topological invariant. We also develop a coarser topological
classification based on a Z, invariant. The system is then
realized experimentally through a photonic analog. Photonic
topological insulators in the same symmetry class have been
studied previously; for a review see [9]. We stress that while
edge states such as Tamm states are well known in 1D
crystals [10], it is the topologically protected nature of those
presented here that primarily concerns us.

II. MODEL

A. Topological argument

We begin with the topological argument. Consider a tight-
binding model on a one-dimensional lattice with nearest-
neighbor hopping and a constant onsite energy. Such a model
is described by the Schrodinger equation

_tnl/fnJrl - Tnflwnfl = El/fnv (D

where the v, represent the amplitude of the wave function
at the nth lattice site and 7, is the real hopping coefficient
between the nth site to the (n + 1th)site. For arbitrary t,,, the
model (1) possesses a time-reversal symmetry with associated
operator 71, = v as well as a particle-hole symmetry C
represented by the antiunitary charge-conjugation operator
Cy, = (—1)"y* where C> =1, 72 = 1. The particle-hole
symmetry restricts the Hamiltonian’s spectrum because if |/)
is an eigenfunction of (1) with energy E, then C|y) is also an
eigenfunction with energy —E.

A bipartite lattice is now considered [Fig. 1(a)(i)] where
the bond strengths are alternately t; and 1; this is known as
the Schrieffer-Su model [11,12]. The Schrodinger equation for
this situation has the form

—n¢f — el | = E¢l, —1¢)} —nél, = E¢E. (2

This may be diagonalized by introducing the Bloch ansatz
¢4 = ae’™, pF = B’ yielding

0 Z(w)\[a) [«
(z(w) 0 )(ﬂ)‘E<ﬁ)’ ©
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FIG. 1. (a) 1D lattice models considered in this paper: (i) an
infinite bipartite lattice corresponding to the Schrieffer-Su model,
a simple one-dimensional topological insulator; (ii) a semi-infinite
Schrieffer-Su model where a bound surface state forms due to the
nontrivial topology of the Brillouin zone; (iii) a simple model with
a Fano resonance. A continuum of states on the external lattice is
coupled to a bound state on a single site. (iv) In order to observe
the bound surface state, the semi-infinite topological insulator is
connected to an external lattice. The bound state then shows up as
a resonant jump in the reflection phase. (b) Maps from the Brillouin
zone to the space of 2 x 2 Hamiltonians (3) fall into two classes
depending on 1; and 7,: case (i) encircles the origin and (ii) does
not. (¢) Maps from the Brillouin zone to the space of C-symmetric
Hamiltonians are (i) trivial if both points map to the same side of the
origin a = 0 and (ii) nontrivial otherwise.

where the 2 x 2 matrix on the left of Eq. (3) is the Bloch
Hamiltonian, w = ¢’*, and z(w) = —(t; + ,w). Equation (3)
thus defines a map from the Brillouin zone —w < k < 7 to
the space of Bloch Hamiltonians. Equivalently, this may be
viewed as a map z(w) from a unit circle in the w plane (the
Brillouin zone) to the complex plane with the origin excluded.
The origin is excluded provided, as we assume, the bands
are nondegenerate. The 7; homotopy of the punctured plane
is well known to be nontrivial. The topological index Q in
this case corresponds to the number of times the loop z(e'*)
winds about the origin. It is easy to see that for the case 7| <
7, QO =1 [Fig. 1(b)(0)]; for 7 > o, QO = 0 [Fig. 1(b)(ii)].
This can also be determined more formally by constructing
the eigenspinors of the Bloch Hamiltonian, computing the
corresponding Berry connection, and evaluating the Wilson
loop f dkA(k). Higher values of Q can be obtained if we
perturb the model by, e.g., incorporating longer-range hopping
that respects C and 7 symmetries.

Now, let us reformulate the argument with more generality.
We continue to assume that the crystal has a bipartite lattice and
that the Hamiltonian commutes with 7 and anticommutes with
C. C and T transform a plane wave of wave vector k into one
of wave vector —k. At the same time, the amplitudes («, 8) are
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transformed to (o, — %) and (o™, 8%), respectively. The two
symmetries relate the Bloch Hamiltonians at wave vectors k
and —k via H(—k) = T H(k)T = —CH (k)C. Together, these
relations and the requirement of Hermiticity constrain the 2 x
2 Bloch Hamiltonian H (k) to be off diagonal. At the special
points k = 0 and &, which are invariant under k — —k, the
Bloch Hamiltonian is required to have the form

0 a
H=<a 0). @)

Here, a is real and a # 0 since we are assuming that the bands
have no accidental degeneracies. Topologically, this space is
a punctured line. Rather than considering the mapping of the
entire Brillouin zone to the space of Bloch Hamiltonians as
before, we may instead consider the mapping from the two
special points k = 0 and 7 to the punctured line. Such maps
fall into two classes: a trivial one [Fig. 1(c)(i)] where the special
points are mapped to the same side of the origin @ = 0, and
a nontrivial case [Fig. 1(c)(ii)] such that the special points are
mapped to opposite sides.! The edge mode, as we shall show
in the following section, occurs in the nontrivial case.

Our argument mirrors that of Balents and Moore [6] who
considered maps from an effective Brillouin zone in two
dimensions which had the topology of a cylinder to the space of
Bloch Hamiltonians. The circular boundaries of the effective
Brillouin zone in their argument are analogous to our special
points k = 0 and . Apart from the difference in dimension-
ality, another key difference between their work and ours is in
the symmetry. As noted above, they considered bands with odd
time-reversal symmetry (the symplectic class AIl) whereas
we consider even time-reversal symmetry accompanied by
charge-conjugation symmetry (class BDI).

B. Topological edge state in the bipartite lattice

Having made the topological argument, we wish to verify
that a winding number of one (or more generally an odd
winding number) is associated with a zero-energy bound state.
First, let us return to the infinite system of Fig. 1(a)(i). The
model has two bands symmetric about zero energy with a band
gap of 2(t, — 11). For later use, we describe the mid-gap states
that decay as n — oo. For these states we adopt the ansatz

¢ = a(—1)"exp(—«n) and @5 = B(—1)" exp(—kn).
&)
A simple calculation reveals that this solution must have the
amplitude ratio

B (e ™ —1p)!/?
Sop (©)
o (1’ — 1)V
and energy
E =+H(ne™ — 1) A(ne — 1)/ ©)

'If we assume that for generic values of k the Bloch Hamiltonian
will not accidentally have the form Eq. (4), then the map from the
Brillouin zone to the complex plane can cross the x axis only at
k =0 and m; this is the reason that the winding number can only
equal O or 1.
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As Egs. (6) and (7) imply, the positive energy solutions have a
positive amplitude ratio and the negative energy solutions have
anegative amplitude ratio. The decay constant ¥ must lie in the
range 0 < « < k. where k., = In(7,/1;). « = 0 corresponds to
a solution that lies at the band edge; k = k. to a mid-gap
solution of zero energy. Needless to say, the mid-gap states
are not permissible states for an infinite crystal since the wave
function diverges as n — —o0.

Now, consider the semi-infinite crystal briefly discussed in
the previous section and depicted in Fig. 1(a)(ii). Here, the
first bond is 7; and the sites are numbered sequentially from
zero to infinity. The interior of the crystal is described by the
Schrodinger equation

E¢? = —11¢F — 198 | for n>1,
E¢; = —u¢; — vy, for n>0 ®)
together with the boundary condition
E¢y = —udy;. ©)

A simple calculation reveals that of all the mid-gap solutions
only the zero-energy solution also satisfies the boundary
condition (9). The zero-energy solution corresponds to k = k..
More explicitly, this solution has the form

¢ =a<—1>"(3> . ¢ =0, (10)
[%)
with the normalization constant
G-
o= —. (11)
T2

The solution (10) is finite as n — 400 only if 71 < 13,
of the previous section, and hence is manifestly localized in
character. The effect of curtailing the lattice is therefore as
follows: while the infinite Schrieffer-Su crystal has a band gap,
the semi-infinite Schrieffer-Su model has a mid-gap bound
surface state at zero energy corresponding to the topological
argument of the previous section. In the following section,
we consider one means of observing the surface state: we
will show that if the topological surface state is coupled to an
external continuum of states, it dissolves into the continuum in
accordance with Fano’s general analysis [13] but leaves behind
a scattering resonance which manifests itself as a phase jump
of 7 in the reflection coefficient.

C. Fano resonance
1. Single-site model of Fano resonance

We model the external continuum as a semi-infinite lattice
along the negative x axis. The eigenstates of the continuum
satisfy the Schrodinger equation

Ewn = _Twn—l + an - Twn-H for

As shown in Fig. 1(a)(iii), the sites of the lattice are numbered
consecutively from —oo to —1 for the last site of the lattice.
Ultimately, we want to couple this continuum to the topological
bound state of the semi-infinite Schrieffer-Su model. As a
prelude, let us couple it to a bound state consisting of a
single site with a hopping element 6. Thus, Eq. (12) must

n< =2 (12)
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be supplemented by the boundary conditions
EYy_1=—ty o+ VY —0¢,,
E¢p = —0¢_,. (13)

In the limit & = 0, the bound state is decoupled from the
continuum. In this limit, the bound state |b) is described by
the wave function ¢, = 1 and ,, = O for all n and it has zero
energy. The continuum states have wave functions

1
and Y, = —sinkn for n < —1

k) = ¢» =0 N

(14)

and energy E = V — 2t cos k. The wave vector k is restricted
to lie in the range O < k& < 7. A nonzero value of the hopping
element 6 couples the bound state to the continuum and leads
to its dissolution. In fact, we can map this model exactly onto
Fano’s model and then apply his general analysis [13]. But,
it is more instructive to directly solve the model defined by
Egs. (12) and (13). To this end, we make the ansatz that

Yy =¥ +re”™  for n < —1. (15)

Here, r the reflection coefficient is expected to be a complex
number of magnitude one due to unitarity. We therefore write

r = —exp(—i2), (16)

which established our definition of the reflection phase shift
8. Note that for the decoupled case & — 0 the phase shift is
8 = 0. In general, a simple calculation substituting Eq. (16) in
Egs. (12) and (13) reveals the exact result

(0?/7)sink
E(—62/202) + V(02212

The general expression is not particularly edifying. Recall
that the energy is related to k via E =V — 2t cosk with k
constrained to lie in the interval 0 < k < 7. Let E =0 for
k = k.. Also, assume that the lattice is weakly coupled to the
bound state (§ < 7). Near zero energy, the expression for the
phase shift simplifies to

tané =

a7

(62 /T)sink,
E +V(6?/21%)°
Equation (18) reveals that the resonance is slightly shifted

from zero energy to the energy —V (6%/27) and that the phase
jumps by 7 over an energy width of (6/7)sin k...

tan§ = (18)

2. Fano resonance in Schrieffer-Su model

Finally, let us couple an external continuum to the semi-
infinite Schrieffer-Su model as shown in Fig. 1(a)(iv). Deep in
the interior, the Schrodinger equation has the form

E¢) = -1, —n¢,, for n>1,
E¢; = —u¢, —vé,, for n>=0, 19
EYy = =¥t + Vi — ¥y for n < -2,

This equation must be solved subject to the following matching
conditions at the interface of the external lattice and the
topological insulator:

E¢) = -1l — 0y,

(20)
EYy 1 =—ty o+ V| — 0.
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We are interested in solutions at mid-gap energies close to
zero energy. Since there are no propagating modes in the
topological insulator we expect incoming plane waves from
the external lattice to be perfectly reflected with the phase of
the reflection coefficient encoding important information about
the topological insulator as in the simple example above. We
introduce the scattering ansatz

1//” — ezkn + re—tkn for

n<-—1,
ot =a(=1)"e™ for n>0, 1)

>0
¢8 = B(—1)"e™ for n>0.

n

Here, ¥ and k are related to the energy by Eq. (7) and
by E =V — 2t cosk, respectively. As before, we define the
scattering phase shift via r = — exp(—i25). By substituting
the ansatz (21) into Eq. (20), a short calculation yields the
exact result

92 K 92
tand = —sink / | —2_ E+Z cosk|. (22)
72 (ne* — 11) 72

Once again, the general expression is not particularly edifying
but close to zero energy the phase shift simplifies to

2 2
tan § ~ %Sinkc/[%E—i— 9—2005k6i|. (23)
T (13 — 1}) T
Here, k. is defined as the value of k that corresponds to
zero energy (V — 2t cosk. = 0) and we have assumed that
the topological insulator is weakly coupled to the external
lattice (6 < 7). The energy difference of the phase shift is now
explicit and from Eq. (23) we can see that the phase jumps by
7 as the energy is swept through the resonance and we can read
off the energy of the resonance, which is again slightly shifted
from zero energy, as well as the energy width of the resonance.
We note that this w-phase shift is related to scattering matrix
expressions for topological invariants discussed in [14,15].
The phase shift provides one potential means of observing the
topological state; in the following section we shall demonstrate
another.

D. Observing the topological states

We now address the issue of how the edge state might be
observed in a finite system. The hopping model on a bipartite
lattice is actualized in a 1D solid where an electron is subject
to a periodic array of potential barriers of alternating height.
The reflection and transmission of incident free-particle wave
functions of wave vector p through such a structure is readily
determined by matching local solutions to the Schrodinger
equation at interfaces using matrix methods [16]. To do so,

define
e'X cosh@ sinh 6 eirb 0
T®) = ( e ix coshé)’ U= ( 0 e""’”)'
24

sinh 6

Here, T'(0) is the transfer matrix for a single symmetric barrier
located at the origin and U a translation operator; 6 is the
opacity of the barrier, b is the lattice spacing, and p is the square
root of the energy. In the limit of large barriers, x = pa + &
where a is the barrier width and & is an overall phase shift.
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The band structure of the bipartite lattice, with alternating
barriers of opacity 0; and 6,, respectively, is determined by
finding the eigenvalues of the transfer matrix corresponding
to the unit cell, i.e., UT(6,)UT(6,). For 6, # 6, the usual
band, i.e., values of k such that the eigenvalues are complex, is
found to split into two subbands symmetrically placed around
the point pg = (/2 — &§)/(a + b) and with edges correspond-
ing to the roots of cos[2p(a + b) + 2&] cosh 6, cosh 6, +
sinh 6y sinh 6, = 1. Between these subbands, including the
point py, the reflection coefficient |r|> — 1; the phase shift
of a reflected wave, however, experiences a jump of 7 around
po if 8 < 6, and 0 otherwise. The jump leads to a Lorentzian
feature in the time delay % of a reflected wave; the width was
determined by routine calculations to be

sinh(6; + 6,) — cosh 6, cosh 6,

L = 2¢% cosh 6, —
sinh“(6, — 6,)

(25)

Hence, the topological mode may be observed experimentally
by a technique such as time delay reflection spectroscopy.
As will be seen shortly, for a finite structure evidence of the
topological mode is also available in some circumstances from
the reflection profile.

To verify the above arguments, we numerically evaluated
the reflection coefficient and time delay for a 3.5 period
structure from the transfer matrix as a function of p and
0, with fixed 6; = 1, a = 0.1, b = 1. Results are plotted in
Fig. 2. When 6, = 6,, the reflection spectrum [Fig. 2(a)]
consists of six minima, which correspond to a band in a
structure with an infinite number of unit cells. As 6, is
increased, the central two minima move closer together and
merge around 6, =~ 1.3; as 6, — oo, this mid-band mode
vanishes in reflection, contributing only a phase shift to the
reflected light as discussed earlier. Conversely, if 6, < 6y,
the central minima become separated and, as predicted by
the topological argument above, no mid-band mode exists.
Results for 6.5 units are shown in Figs. 2(c) and 2(d);
the additional layers generate corresponding modes, but the
topological mode remains for 6, > 6;. If the number of periods
is increased further, more modes appear to eventually yield the
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FIG. 2. (a) Reflected intensity as a function of wave vector for
opacity parameters 8; = 1 and varying 6,. (b) Time delay as a function
of wave vector and 6,; the Lorentzian feature indicative of the
topological mode for 6, > 0, is indicated with a *. Corresponding
plots are shown for 6.5 units in (c) and (d).

125106-4



TOPOLOGICAL MODES IN ONE-DIMENSIONAL SOLIDS ...

two subbands of the infinite bipartite lattice and the mid-gap
mode persists, confirming its topological nature.

E. Topological states in other lattice types
1. Tripartite lattice

Having studied the bipartite Schrieffer-Su lattice, we now
consider other lattice types to establish whether the topological
modes observed occur in other systems with the same
symmetries. As a first step, we consider the tripartite ABC
lattice [Fig. 3(a)] for which the Schrodinger equation has the
form

—né —ne, = E4,
—ud, — gy = E¢;, (26)
~ng, — B = B¢y
As before, a plane-wave Bloch ansatz solution
oA = aen, oF = Bl o€ = yeikn 27)
is inserted into Eq. (26) to obtain a set of linear equations
0 —T o o
-1 0 -0 BI=E|B]. (28)

— ‘Ege‘ik ) 0 Y Y

—‘L'3€_[k

(b) Ay B, Cuy Dy Ay B, Cuy Dy Ay B Cg Do
------ *—0----0——0----@—0---0—@----- @——0-----0——0

n-1 n n+1

(© JUR. S b

B t, A t,
n-2 n-1 PR n +1_ ------ n+2
g) éf) g) g)
/\ \/
0 2n B on /\27:
k k k \\\\\M/////k
/\ /\

FIG. 3. Further lattices considered in this section: (a) a tripartite
lattice, (b) a quadripartite lattice, and (c) a bipartite lattice with
nearest-neighbor hops. Band structure of the tripartite lattice (d)
with equal hopping strengths t; = 7, = 13 for which the Brillouin
zone is folded into three connected parts, and (e) with different
hopping coefficients for which the band splits into three subbands.
Nontopological edge modes may exist in these gaps, but can be
arbitrarily shifted into the continuum by appropriate choice of
coefficients. For the quadripartite lattice, the band structure for equal
hopping strengths (f) is folded into four components that become
distinct subbands (g) if the hopping strengths differ. Topological edge
states may exist at £ = 0; nontopological edge states may be found
in the remaining band gaps.
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Equation (28) defines a map from the first Brillouin zone
—m < k < 7 to the space of 3 x 3 Bloch Hamiltonians, just
as Eq. (3) defined a map from the Brillouin zone to the space
of 2 x 2 Bloch Hamiltonians. The topology of this map will be
established momentarily, but first let us examine the allowed
solutions.

It is straightforward to show that the tripartite A BC lattice
may possess edge states, although it will be shown later that
these are not topological in nature. To do so, the Schrodinger
equation in Eq. (26) may be reformulated as a transfer matrix
by routine manipulations

A Et}+Et}—E3 7—E? A

n+l1 ) _ [ARZX2) 17 n 29

¢C E*—1} Ets ¢C : 29
n — e n—1

T Tt

For (1,0) to be an eigenvector of the transfer matrix, £ = +£1;
with associated eigenvalue 41, /73 corresponding to two states
of the form

T n
¢ = (—2> $0. E = +1,

B (30)

¢ = (—D"C—j) ¢4 E = -1,

which are manifestly localized in character and finite as n —
~+o00 only if |1;| < |13].

We now turn to the remaining states. Energy eigenvalues
of (28) are found by constructing the characteristic polynomial

E’—E(r{ 4+ + 1) +2nnrscosk =0. (31

For 1y =1 =1 =1, we obtain the solution E =
—2t cos (k/3). Distinct solutions span 0 < k < 67, which
can be folded back into the first Brillouin zone 0 < k < 27
yielding three connected components [Fig. 3(c)]

E, = —2tcos(k/3),
E, = —2tcos(k/3 4+ 21 /3), (32)
E; = —2tcos(k/3 + 4m/3).

Suppose the hopping strengths are now perturbed so that
71 =1+61, Tn=1+01, and 13 =1 + 13, subject to
8t; + 615 + 813 = 0. The single band now becomes three
distinct subbands as 1) # 1, # 73 [Fig. 3(d)]. Perturbative
analysis of the characteristic polynomial (31) shows that gaps
appear at k = O and 7:

2 2 2 2
EFE=1+4 3 Sty + 68ty +015, k=0
2 2 2 2
E=—-1% 3 Ot + 8ty + 615, k=m.

If, therefore, we set 61y = —81, — 873 and require that
8T, < 813, bound states will exist at £ = £(t — 81, — 613)
between the band gaps at E =t = V813 + 877 + 8001

(33)

and E = —1 %+ %«/(Srzz + 8r32 + 8126713. AsS 810 — 813 = 6,
however, the bound states have energy £ = +(r — 25) while
the band edges are at £ = t + 2§ and —t £ 25. Hence, the
edge states can be merged smoothly into the continuum without
closing the gap as 7, — 3. In contrast, the edge state obtained
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in Sec. II B for the bipartite lattice exists if t; < 7 in the center
of the gap for any finite gap size and cannot be merged into
the continuum by adjusting the hopping parameters. The ABC
lattice is therefore an interesting counterexample because it
may possess edge states, but these are not topological in nature.

We now demonstrate that the topology of the map (28) is
indeed trivial. Applying the particle-hole symmetry C to the
Bloch ansatz (27) yields

C¢nA — (_])l‘l(x*e—ikn7
C¢B — —(—l)nﬂ*e_ikn, (34)

C¢,,C — (_1)ny*e—ikn'

Hence, the action of C on a Bloch state (o, 8,y ) is C(a, B,y) —
(a*, — B*,¥*) and replaces the wave vector k - —mw — k
modulo 27. The Bloch Hamiltonian of Eq. (28) under C there-
fore possesses fixed points at k = +7. Writing an arbitrary
3 x 3 complex matrix H and requiring that CHC = —H, we
determine the most general form of the Bloch Hamiltonian at
these points:

0 a ib
H=| a 0 ¢, (35)
—ib ¢ O

where a, b, and c are real parameters. The eigenvalues of
this matrix are £ =0 or E = £+/a? + b? + ¢? and so it is
degenerate if and only if (a,b,c) = 0. Topologically, this space
is R® minus the origin: it is simply connected so possesses
trivial 71y homotopy in agreement with the analysis of the edge
states above.

2. Quadripartite lattice

The quadripartite lattice [Fig. 3(b)] is interesting because it
possesses bound states of both topological and nontopological
nature, and hence demonstrates that the topological modes
of the bipartite lattice are not an isolated special case. We
begin with the topological argument: As before, we construct
a plane-wave ansatz

¢A — Olelkn, ¢rlf — ,BElkn,

n
d)r(lj — yeikn’ ¢nD — 8eikn

(36)
and determine the action of the charge-conjugation operator
on a Bloch state

C¢;14 — _a*e—ik}’l’ C¢nB — —,B*E_ikn,

, : (37
C(ﬁf — _y*efzkn’ C¢”D — _S*eﬂkn.

Hence, C(a,8,y,8) — (a*, — B*,y*, — §%) and replaces the
wave vector k — —k modulo 27. As for the bipartite case, the
fixed points of the mapping are k = 0 and r. The time-reversal
operator 7, conversely, acts on a Bloch state by conjugating
the coefficients 7 («,8,y,8) — (a*,8*,y*,6*) and reversing
the sign of the wave vector k — —k; hence, the fixed points of
C coincide with those of 7. Writing an arbitrary 4 x 4 complex
matrix H and requiring that CHC = —H and 7 HT = H, the
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most general form of the Bloch Hamiltonian at these points is

0 a 0 b
a 0 ¢ O

H=10 ¢ o 4] (38)
b 0 d 0

where a, b, ¢, and d are real parameters. The characteristic
polynomial of this matrix is

M —AP+ 0 =0, (39)

where P = a? + b* 4+ ¢*> + d? and Q = (ad — bc) and hence
the eigenvalues are

E—+\Jp+ P2 — 402 (40)
V2

Degenerate pairs of eigenvalues occur under several circum-
stances: (i) If O =0, i.e., ad = bc, a degenerate pair exists
with E = 0; (i) if P = 2Q,i.e.,a = d and b = —c, and (iii) if
P =-2Q0,ie.,ifa = —d and b = c. Condition (i) divides the
space (a,b,c,d) into two disconnected regions ad > bc and
ad < bc. The remaining conditions define two-dimensional
(2D) slices through the space (a,b,c,d) and hence do not
disconnect the space any further. Topologically, the space of
C symmetric Bloch Hamiltonians contains two disconnected
pieces and the 7° homotopy is hence characterized by a Z,
invariant.

The Z, invariant predicts the existence or otherwise of a
topological surface state as follows: The Schrodinger equation
in Bloch matrix form for arbitrary k is

0 —71 0 et sa o

—T1 0 -T2 0 B _ B

0 1 0 1 v =F v | 41)
—‘L'4€ik 0 —T3 0 1) 1)

Comparing Eq. (41) with (38),a = -1, b = —15,d = —13,
and c = +14 at k = 0 and ¢ = —714 at k = 7, respectively. If
T1T3 > ToT4, thenad > bc forboth k = 0 and ;v and no surface
state exists. Conversely, if 1173 < 1274 thenad < bcfork =0
and ad > bc for k = 7, and a surface state will exist.

To confirm the existence of the state, we recast the
Schrodinger equation in transfer matrix form

A E4—E2(r12+1722+t32)+1’]21:32 E3—ET22—E‘[32 A
n+1 _ T T3 T4 T T2 T3 ¢n
¢D - E1:12+E1722—E3 1'2214—E21:4 D | ’
n TIT2T3 IRZA%] "
(42)

For (1,0) to be an eigenvector of the transfer matrix, the lower

left element must vanish, i.e., E(E? — 1} — 13) = 0. Hence,

bound states exist with E = 0 and £+/t} + 75 Inserting these
values back into the transfer matrix, the associated eigenvalue
for E=0is 2—2 and, hence, the associated state is only finite
as n — oo if 71173 < 174 in agreement with the topological

argument above. The eigenvalue for E = £v/7} + 77 is — 22
and, hence, these states exist if 7,73 < 71 74. Unlike the E = 0
state, the position of these states can be adjusted arbitrarily
with respect to the edge of the adjacent subbands through
appropriate choice of hopping parameters; thus, while these

states are edge localized, they are not topological in origin.
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3. Lattice of arbitrary periodicity

We now consider the existence of edge modes for a lattice
of arbitrary periodicity M. The argument follows closely
the approach developed in the above sections: For a given
periodicity, first identify the relevant points of the Brillouin
zone for which the Bloch Hamiltonian commutes with C
and 7 by considering the action of these operators on the
Bloch ansatz. Then, consider two distinct fixed points in
the Brillouin zone and construct the most general Bloch
Hamiltonian that possesses the relevant symmetries at these
points. By determining the connectivity of this space, we
establish the topology of the full map from the Brillouin zone
to the space of Bloch Hamiltonians.

The odd periodicity case is rapidly dismissed. As for the
tripartite lattice, the fixed points of C at k = :t% and 7 at
k = 0,7 do not coincide. Furthermore, at C invariant points
the eigenvalues of the Bloch matrix have to come in equal and
opposite pairs. For odd M, that means one of the eigenvalues
has to be zero implying that the positive and negative energy
bands are degenerate at these points in k space. Since there is
no band gap, there is obviously no question of having mid-gap
states, topological or otherwise.

For even periodicity 2n, the fixed points of C and 7
coincide at k = 0,m as was shown above for the bipartite
and quadripartite lattices. At these fixed points, the Bloch
Hamiltonian matrix H;; must have the following structure:

H;; =0,if (=1)' = (=1)/ (43)
Hi; = Hj;, (44)

Note that here we have in fact generalized the problem and
allowed hops over more than one lattice site. There are 2n>
nonzero elements and n? independent elements due to the
symmetry. From these matrices, one can define two n x n
matrices

Lij = Hyi_1pj, (46)
M;; = Hy 51, 47)

where clearly L = M. For example, for the quadripartite
lattice Hamiltonian in Eq. (38) the associated matrices are

a b a c¢
U O

We now show that the determinant of the Bloch Hamiltonian
H;; at the fixed points can conveniently be written as a
perfect square. To do so, we use the Leibniz formula for the
determinant

det H = Z sgn(o )M (1yM2.6(2) - - - Man.o2n)s (49)
O'GSz,,

where the sum is taken over the permutation group S»,, i.e., all
possible permutations of the integers [1,2nr]. We note that the
factors in each term can be rearranged into odd and even #n:

det H = Z sgn(o)Mi o(yM3.63) - - - Mon_1,02n-1)

UESzn

X Mo s)Ms 64 - - - Map.on)s (50)
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and hence every nonzero term in det H can be written as a
product

(=" l_[ Hyi—1 26y Hoor(i)—15g0(0)sgn(o”), (51

i=1

where here o € S,,. The determinant of H can therefore be
factorized:

detH = (—=1)" Z |:l_[sgn(0')H2i1,20(i):|

o,0'eS, Li=1

x |:]_[ Sgn(o'/)HZi,Za’(i)—li|

i=1
= (=1)"det Ldet M
= (=1)"(det L)?, (52)

which is a perfect square up to a factor of (—1)". Recollect that
L is an arbitrary n x n real matrix. The space of H is therefore
divided into two disconnected pieces defined by detL > 0
and det L < 0; hence, the point homotopy of H wo(H) = Z»
corresponding to the sign of det L. This result is valid for
arbitrary n and, hence, since the homotopy of H does not
depend on n, there exist either zero or one topological modes
per edge, regardless of the number of bands, in a 1D hopping
model with real coefficients and constant onsite potential. This
is another interesting difference between the present scenario
and the work of Thouless and of Balents and Moore, whose
system supported multiple topological modes.

The results above for the bipartite and quadripartite lattices
are now seen as special cases of this result. For the bipartite
lattice, the matrix L constructed from Eq. (4) is just the
1 x 1 matrix (a); for this case, the topological invariant is
sgn(a) as was argued above. For the quadripartite lattice, L
was displayed in Eq. (48) and has det L = ad — bc, precisely
corresponding to the quantity identified in the previous
subsection as the discriminant for the existence of topological
states.

It is worth noting that Kitaev in his seminal work on
topological edge modes [17] found that the determinant of
a class D matrix is also a perfect square of a quantity
called the Pfaffian; Kitaev used the sign of the Pfaffian as
a topological invariant as we do here. Class D matrices
have a charge-conjugation symmetry but broken time-reversal
symmetry. In a suitable basis such a matrix is antisymmetric
and Hermitian. The matrices we consider belong to class
BDI. They possess both time-reversal and charge-conjugation
symmetries and in a suitable basis have the checkerboard
structure we have identified. As a result, the determinant of
these matrices, following Kitaev’s analysis, is also a perfect
square.

Our Z, topological index is related to the already known
Z topological classification for class BDI insulators [18] as
follows. In this work, we considered two invariants for class
BDI insulators: The first, introduced in Sec. Il A, was the
winding number Q of the map from the Brillouin zone to the
space of Bloch Hamiltonians. This is a Z invariant. The second,
based on comparing the Hamiltonian at two symmetric points
in the Brillouin zone, is a Z, invariant. It is, essentially, the
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winding number invariant modulo 2. The Z, invariant therefore
provides a coarser classification of BDI insulators, but it is the
relevant classification if one is only interested in the existence
of mid-gap topological modes. The relevance of Z versus Z;
invariants for BDI insulators has been discussed before in the
literature in context of other physical quantities such as the
polarization [19,20].

4. Next-nearest-neighbor hopping

In order to elucidate the connection between the winding
number, the Z, invariant, and the number of zero modes,
it is instructive to consider a simple generalization of the
model analyzed in Sec. II A, namely, a bipartite lattice
wherein hopping between next-nearest-neighbor sites of the
two sublattices is permissible [see Fig. 3(c)].

Winding number. For an infinite crystal the bands of this
model are determined by solving the Schrodinger equation

B B B B A
- t1¢n - T2¢n71 - t1¢n+1 - t2¢,,,2 = E¢n s
A A A A B
_T1¢"l - 7"2¢n+1 - t2¢n+2 - tld)nfl = Ed)n .

Note that Eq. (53) respects both time-reversal and charge-
conjugation invariance and therefore this model belongs to
BDI, the symmetry class of interest. As in Sec. II A, we
introduce the Bloch ansatz ¢ = ae’*" and ¢f = Be'*", and

obtain
0 zZ'w)\[(a) [«
<z<w> 0 )(ﬁ)‘E(ﬂ>' oY

The 2 x 2 matrix on the left is the Bloch Hamiltonian, w = ¢'*,
and z(w) = —(11 + Dw + HLw? + HLw ™). Asin Sec. IT A, we
view z(w) as a map from the unit circle in the w plane to the z
plane with the origin excluded. Formally, the number of times

the loop in the z plane winds about the origin is given by
1 [ ldz
= Im| — dk ——
Q m(Zn’ /0 z dk)

1 1d
- Im<—y§ dw -—Z). (55)
21 unit circle zdw

Equation (55) can be justified by using the polar representation
7 = pe'’ and noting that

do 1d
L _m(-Z£). (56)
dk zdk

To facilitate explicit computation of Q it is helpful to verify
that

(53)

1dz 1 1 1 1
-——=——+ + + . 57
zdw w o w—oa w-—f w-—y

Here «, B, and y are the roots of the polynomial
—wz(w)=H +Tw + rzw2 + t2w3. (58)

The winding number then simply counts the number of roots
of this polynomial that lie inside the unit circle. Explicitly,

0 = —1+06(la))+ 6+ O(y). (59)

Here, the complementary step function O(x)=1for |x| < 1
and ®(x) = Ofor |x| > 1. Evidently for this model the winding
number can take four possible values Q = —1, 0, 1, and 2. We
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will see in the following that the winding number equals the
difference between the numbers of zero modes that live on
the A and B sublattices. On the other hand, one can argue
that the Z, invariant introduced in Sec. I A is simply Q (mod
2). Hence, if the Z, invariant is odd, the existence of zero
modes is assured. However, an even value of the Z, invariant
is consistent with either the absence of zero modes or of an
even difference in the numbers of zero modes on the two
sublattices.

Zero modes. In order to investigate the existence of zero
modes, we wish to solve Eq. (53) at zero energy, namely,

Tl + gt +hdh, +helt =0, for n=123,...
1¢f + gl +hel +hel , =0, for n=2734....
(60)

These equations must be supplemented by the boundary
conditions

1o + 1di + ey =0,
ol + 19l =0, (61)
1¢; + ngf +tigs = 0.

In principle, Egs. (60) and (61) may be used to determine ¢
and ¢ 2 for all n in terms of the three independent components
¢y ¢i'. and ¢y .

In practice, it is most convenient to solve Egs. (60) and (61)
using the method of generating functions (the discrete Laplace
transform). We define

faw) =Y ¢fw" and fpw)=Y ¢Sw".  (62)
0 0

A short calculation then reveals

Ay . A
sl o5
(h + w + ryw? + fw?) h @
¢(§gl‘1
t + w4+ w? + HLw3)’

Equation (63) is obtained by multiplying the first line of
Eq. (60) by w"*2, the second line by w”"*!, then summing
over n over the ranges indicated in Eq. (60) and making use
of Eq. (61) to eliminate ¢5', ¢, and ¢&. The denominator of
the expression for f coincides with the polynomial (58), pre-
viously denoted —wz(w), and analyzed above in connection
with the winding number. Hence, its roots are «, §, and y.
On the other hand, one can show that the polynomial in the
denominator of f4 is the dual of the denominator of f5 in the
sense that its roots are 1 /e, 1/8, and 1/y. Making use of this
information allows us to rewrite the generating functions in a
more transparent form

“ [ (24 )]
I —aw)i—poxd—yw| \n Tei)"]

¢0
(I —a tw)(1 = g~ lw)(1 — y~lw)
In order to reconstruct the solutions, it is helpful to separate
the generating functions f4 and fp into partial fractions. For

fa(w) =

fe(w) =

(63)

fa(w) =

fe(w) = (64)
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example,
A B C
=¢; , (65
Ja(w) = do |:1 —alw + 1—B8"1w + 1- ylw] (63)
where the coefficients A, B, and C are given by
A= Pr
(@ = pB)a—y)
B = y—a’ (66)
B=v)B—-a
ce__ P
(y —a)y —B)
It follows from Egs. (62) and (65) that
A B C
b=l —+—+—| 67

Evidently, the solution (67) is a viable (normalizable) eigen-
function only if |¢| > 1, |B] > 1, and |y| > 1. Under these
conditions, the winding number Q = —1. Thus, we see that
Q = —1 implies the existence of a zero mode that lives entirely
on the B sublattice. Conversely, we see that if the winding
number Q # 1, then at least one of the roots «, B, or y lies
within the unit circle and hence the solution (67) diverges as
n — 0o.
Similarly, f4 has a partial fraction decomposition

a b c

faw) = ¢5‘[1 } (68)

—aw 1—pw 1—yw

which corresponds to the wave function
¢ = ¢glaa” +bB" + cy"]. (69)

Here, the coefficients a, b, and ¢ depend on the ratio ¢{'/@;'.
For example, by choosing

n ¢
n o ¢

we can choose the numerator in f4 to cancel the pole at w = «
and hence arrange for a to vanish. In this circumstance,
_ B _ Y
=—! =—.
B—v y— B
Now, let us consider the viability of the solution (69) for
different values of the winding number Q.

For Q = 2, we have |a| < 1, |B] < 1, and |y| < 1. Thus,
the solution (69) is normalizable regardless of the value of
the ratio ¢f‘ /é¢ and hence there are two independent zero
modes on the A sublattice for Q = 2. For Q = 1, one of the
three roots «, B, or y must lie outside the unit circle. To be
definite, let us assume that || > 1 while |8] < 1 and |y| < 1.
In that case, by choosing the ratio ¢f‘ /é¢ as in Eq. (70) we can
arrange for a to vanish and for Eq. (69) to still be normalizable.
Thus, for winding number Q = 1 there is only one zero mode
on the A sublattice. For Q = 0 and —1, there are no zero
modes on the A sublattice because two or three terms in the
wave function (69) diverge as n — 00, and by tuning the ratio
@1 /¢4 we can only cancel one of the divergent terms.

In summary, we have shown that for Q = 2 there are two
zero modes, both on the A sublattice; for Q = 1, one zero

a, (70)

(71)

PHYSICAL REVIEW B 93, 125106 (2016)

mode on the A sublattice; for Q = 0 there are no zero modes
on either sublattice; and for Q = —1 there is one zero mode
on the B sublattice.

III. PHOTONIC ANALOG

In order to conveniently verify the veracity of the topo-
logical index as a predictor of edge states, we exploit the
known isomorphism between the Schrodinger equation and
Maxwell’s equations in one dimension [21] to construct a
photonic analog of the bipartite structure in the microwave
regime using metamaterials.

The electromagnetic wave equation takes the form

5 g %9
\Y% 2o = 0, (72)
where ¢ is the electric field, c is the speed of light, and ¢ is
the dielectric permittivity of the medium in which the wave is
propagating. The plane-wave solution to this is

¢ — ¢Oei(k~r7w1) (73)
allowing us to rewrite the wave equation as
92 2 2
[—m — k08:|¢ = —k”¢, (74)

where ky = w/c is the wave vector in free space and k| =

v kf + k% is the in-plane wave vector.
We can directly compare this wave equation with
Schrodinger’s equation

ho9?
[ + v}p =Ey (75)

2max?

allowing us to identify —kZe as the photonic analog of the
potential and —kﬁ as the analog of the total energy. Thus, a
medium with a negative value of the dielectric permittivity (a
metal) will constitute a potential barrier, and we can form a
bipartite stack through the appropriate layering of metallic and
dielectric media.

While it would be a relatively simple matter to create such
a stack at optical frequencies, where the barriers would have
thicknesses of the order of the skin depth (<50 nm), metals
at these frequencies are inherently lossy (the permittivity is
complex), corresponding to a tunnel barrier with a complex
potential. If we wish to make a direct comparison to the
previous arguments, this is less than ideal. Atlower frequencies
(microwaves), the situation is even worse. The conductivity
of metals at microwave frequencies is exceptionally high,
corresponding to extremely high tunnel barriers. Indeed, in
order to create a barrier that reflects only 50% of incoming
radiation, one requires a barrier thickness of the order of 2 nm,
even though the wavelengths are of the order of centimeters.
These ultrathin layers are very lossy and exceptionally difficult
to fabricate. By using microwave metamaterials, artificial
materials formed from subwavelength elements whose prop-
erties are determined not solely by the constituent materials
but also their structuring [22], one can tailor the height of
the tunnel barrier while maintaining an almost purely real
potential.
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The metamaterials used consist of aluminium sheets with
thicknesses of the order of a few millimetres perforated with
arrays of subwavelength square holes. The square holes exhibit
a cutoff frequency that depends upon the size of the holes and
below which only evanescently decaying fields are supported.
Throughout the frequency range investigated here, we are
always within this regime. The transmission through the meta-
material is dominated by the fields decaying through the holes,
mimicking the skin depth in real metals and effectively acting
as an artificial metal with a much lower conductivity than
the constituent aluminium, but with close to zero absorptive
losses since almost all of the fields are confined within the per-
forations [23]. We note, however, that, while we can consider
such a metamaterial to act as an artificial metal in this specific
instance of wave propagation in the direction normal to the
interface, this is not in general the case [24]. In order to control
the reflectivity of this artificial metal, equivalent to changing
the opacity 6 in the discussion above, one can alter the size of
the holes, in essence changing the effective conductivity of the
medium, or alternatively change the thickness. Here, we keep
the structure the same and alter the thickness.

The experimental setup is illustrated in Fig. 4 and details
of the data collection described more fully in [25]. The
experimental structure itself consists of alternating layers of
dielectric (air) and metamaterials. The metamaterial layers
are separated by metallic spacers around the edge of the
sample yielding a nominal spacing of #,;, = 7.60 & 0.01 mm.
The metamaterial layers are made from a solid aluminium
sheet perforated with a periodic square array of holes of pitch
d = 7.68 + 0.01 mm and hole size of / = 6.15 £ 0.01 mm; the
thickness of the metamaterial in successive layers is alternated,
and denoted 74 and tg, respectively, to form the required
ABAB bipartite stack with 3.5 unit cells as modeled earlier.

In the experiment, the sample is illuminated by a collimated
s-polarized (transverse electric) microwave beam, produced
by a microwave horn placed at the focus of a spherical mirror,
incident on the sample at 10°. Reflected intensity is measured
as a function of frequency using a detector horn and secondary
mirror connected to a scalar network analyzer from which the
reflected intensity was determined. The sample studied had
t4 < tp, specifically t4 = 0.66 = 0.01 mm and 73 = 2.33 &+
0.01 mm, as measured from the constructed sample. Since the
opacity parameters 6 of Eq. (24) monotonically increase with

Detector

Source

FIG. 4. Experimental setup to measure reflected intensity of
microwave radiation. The structure consists of metamaterial layers
(aluminium plates stamped with a square array of pitchd = 7.68 mm
and hole size / = 6.15 mm) of alternating thicknesses 74 = 0.66 mm
and 3 = 2.33 mm and spaced by air #,;, = 7.6 mm.
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FIG. 5. (a) Measured (disks) and modeled (black line) reflection
profile for a 3.5 period AB bipartite stack with 74 < 75; minima
are labeled (A-E). The gray dashed line is the reflection profile
for a structure with 74 > 7z with minima labeled (i—vi). Incident
radiation is from the left. (b) Modeled normalized electric field
intensity profile for each observed mode A-E; metamaterial layers are
indicated by gray shading. The topological mode is highlighted in red.
(c) Corresponding field plots for the reversed structure i—vi.

the thicknesses 7, the topological argument above predicts that
the edge states should be observed in this case. The reflected
intensity is plotted as a function of frequency in Fig. 5(a),
confirming the presence of the mid-gap topological mode.
Due to the finite number of periods in the structure, the band
is manifested as a series of reflection minima corresponding to
resonant modes in the structure; if the number of unit cells were
increased, the continuous subbands would be recovered [26].
One can make a direct qualitative comparison between the data
in Figs. 5(a) and 2(a) for values of 6, > 1.5.

We also simulated the response of the structure using
commercial finite-element software (COMSOL MULTIPHYSICS).
We emphasize that no fitting was performed and the agreement
between model and data displayed in Fig. 5(a) is typical for
such studies, accurately locating the position of the minima
while incorrectly estimating their depth. This discrepancy
is due to a number of physical effects including finite area
of the sample in the experiment; spherical aberration of
the microwave source and detector; imperfections in the
experimental sample such as bowing of the metamaterial layers
which changes the dielectric spacing; and a radius of curvature
associated with the hole edges that reduces the effective skin
depth. As well as modeling the system with ¢4 < 75, we also
simulated the reversed structure, i.e., where 4, = 2.33 mm and
tg = 0.66 mm; the reflection profile of the reversed structure
is plotted as a gray dashed line in Fig. 5(a). No mid-gap
topological mode is observed in this case, in agreement with
the prediction of the previous sections.

As with other experiments [27,28], modeling can also be
used to visualize the electric field distribution in each mode.
Plots of the norm of the electric field as a function of the
distance through the sample are displayed in Fig. 5(b) for each
reflection minimum in the fitted profile Fig. 5(a). Modes A, B,
D, and E are clearly distinct in character from mode C. Mode
C has the predicted properties of the topological edge state: it
is confined to the edge of the sample and also occurs in the
middle of the band. Plots of the average electric field are also
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shown in Fig. 5(c) for the six minima in the reversed structure.
Unlike the previous case, none of the modes i—vi are localized
to the edges, in agreement with the prediction of the above
topological argument.

IV. CONCLUSION

A topologically protected edge state has been experimen-
tally observed in a 1D photonic crystal with time-reversal
symmetry. The mid-gap edge state might potentially be useful
for the creation of a notch filter, but is of fundamental interest
due to its topological origin. The existence or otherwise of the
state as a function of the design parameters of the crystal is
predicted by a Z, topological invariant that classifies mappings
from the band structure to the space of Bloch Hamiltonians;
the classification was constructed using methods previously
applied to two- and three-dimensional topological insulators.
However, the crystals we consider are of a different class
from conventional topological insulators in terms of their
symmetries. The latter must have time-reversal symmetry and
strong spin-orbit interaction; in our work we use an antiunitary
charge-conjugation symmetry C as well as the time-reversal
operator 7 to develop the classification.
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Our work also clarifies the distinction between topological
and nontopological edge states. By analyzing a tripartite and
quadripartite lattice, we found edge states that can be dissolved
into the adjacent band by a continuous change of parameters;
these are nontopological in origin. The tripartite lattice pos-
sesses no topological edge states, while the quadripartite lattice
possesses both topological and nontopological modes. By
generalizing our results to arbitrary periodicities and hopping
distances, we find that our Z, invariant determines whether
the number of topological modes is even or odd.
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