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Mean value theorems for L-functions over
prime polynomials for the rational function field
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Julio C. Andrade (Providence, RI)
and Jonathan P. Keating (Bristol)

1. Introduction. It is a much studied problem in analytic number the-
ory to obtain asymptotic formulae for the moments of families of L-functions.
For the family of quadratic Dirichlet L-functions L(s, χd), where χd is a real
primitive Dirichlet character modulo |d| defined by the Kronecker symbol
χd(n) =

(
d
n

)
, the problem is to establish asymptotics for

(1.1)
∑∗

d≤X
L(1/2, χd)

k,

in the limit as X → ∞ and where the sum is over positive fundamental
discriminants d (the corresponding sums over negative values of d are also
of interest). For k = 1, 2, Jutila [8] established the asymptotic formulae

(1.2)
∑∗

d≤X
L(1/2, χd) ∼ c1X logX

and

(1.3)
∑∗

d≤X
L(1/2, χd)

2 ∼ c2X(logX)3,

where c1 and c2 are computable constants given in terms of Euler products
and factors involving the Riemann zeta function. For k = 3, Soundarara-
jan [12] proved that

(1.4)
∑∗

d≤X
L(1/2, χ8d)

3 ∼ c3X(logX)6,
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where d is an odd, square-free and positive number, so that χ8d is a real,
even primitive Dirichlet character with conductor 8d, and c3 is a constant.
Recently, Soundararajan and Young [13] established under the Generalized
Riemann Hypothesis an asymptotic formula for the fourth power moment
for this family of L-functions, i.e.,

(1.5)
∑∗

d≤X
L(1/2, χ8d)

4 ∼ c4X(logX)10,

where c4 is a computable constant. No other asymptotic values are known
for the mean values of quadratic Dirichlet L-functions at the centre of the
critical strip.

Using results from Random Matrix Theory, Keating and Snaith [9] have
put forward a conjecture for the leading order asymptotic for all moments of
quadratic Dirichlet L-functions which agrees with the results listed above.

Conjecture 1.1 (Keating–Snaith). For k fixed with R(k) ≥ 0, as

(1.6)
1

X∗

∑∗

0<d≤X
L(1/2, χ8d)

k ∼ ak,Sp
G(k + 1)

√
Γ (k+1)√

G(2k+1)Γ (2k + 1)
(logX)k(k+1)/2

as X →∞, where

ak,Sp = 2−k(k+2)/2
∏
p≥3

(1−1/p)k(k+1)/2

1 + 1/p

(
(1−1/

√
p)−k + (1+1/

√
p)−k

2
+

1

p

)
and G(z) is Barnes’ G-function.

Conjectures for the lower order terms are presented in [5] and [6].

A similar problem involving moments of quadratic Dirichlet L-functions
was considered by Goldfeld and Viola [7], who have conjectured an asymp-
totic formula for

(1.7)
∑
p≤X

p≡3 (mod 4)

L(1/2, χp),

where χp(n) =
(
n
p

)
is defined by the Legendre symbol. In this context Ju-

tila [8] established the following asymptotic formula:

(1.8)
∑
p≤X

p≡3 (mod 4)

(log p)L(1/2, χp) =
1

4
X logX +O(X(logX)ε).

It is natural to ask about higher moments for the family of quadratic Dirich-
let L-functions associated to χp. This problem has the same flavour as that
involving the mean values of quadratic Dirichlet L-functions over fundamen-
tal discriminants and we formulate it as follows:



Mean value theorems for L-functions 373

Problem 1.2. Establish asymptotic formulas for

(1.9)
∑
p≤X

p≡3 (mod 4)

L(1/2, χp)
k

when X →∞ and k > 1.

In this paper we study the function field analogue of this problem in
the same spirit as the recent result obtained in [3] for the first moment of
quadratic Dirichlet L-functions over the rational function field Fq(T ). Our
aim is to obtain asymptotic formulae for the first and second moments for
the function field analogue of Problem 1.2 as developed in the next section.
Higher moments are studied in [2].

2. Statement of results. Before stating our main results we estab-
lish some notation and some preliminary facts about quadratic Dirichlet
L-functions for function fields.

2.1. Zeta function of curves. We start with Fq denoting a finite field
of odd cardinality, A = Fq[T ] the polynomials in the variable T with coeffi-
cients in Fq, and k = Fq(T ) the rational function field over Fq. Let C be any
smooth, projective, geometrically connected curve of genus g ≥ 1 defined
over the finite field Fq. Artin [4] defined the zeta function of the curve C as

(2.1) ZC(u) := exp

( ∞∑
n=1

Nn(C)
un

n

)
, |u| < 1

q
,

with Nn(C) := Card(C(Fq)) the number of points on C where the coordi-
nates are in a field extension Fqn of Fq of degree n ≥ 1. It turns out that, as
shown by Weil [14], the zeta function associated to C is a rational function
of the form

(2.2) ZC(u) =
LC(u)

(1− u)(1− qu)
,

where LC(u) ∈ Z[u] is a polynomial of degree 2g that satisfies the functional
equation

(2.3) LC(u) = (qu2)gLC

(
1

qu

)
.

The Riemann Hypothesis for curves over finite fields, established by
Weil [14], asserts that the zeros of LC(u) all lie on the circle |u| = q−1/2, i.e.,

(2.4) LC(u) =

2g∏
j=1

(1− αju) with |αj | =
√
q for all j.
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2.2. Essential facts about Fq[T ]. In this paper we denote the norm
of a polynomial f ∈ A by |f | := qdeg(f) for f 6= 0 and |f | = 0 for f = 0, and
we call a monic irreducible polynomial P ∈ A a prime polynomial .

The zeta function of A = Fq[T ] will be denoted by ζA(s) and is defined
in the following way:

(2.5) ζA(s) :=
∑
f∈A

f monic

1

|f |s
=

∏
P monic

irreducible

(1− |P |−s)−1, R(s) > 1.

In this case the zeta function ζA(s) is simply given by

(2.6) ζA(s) =
1

1− q1−s
.

The fact that this has a simple pole and no zeros leads to the analogue of
the Prime Number Theorem for polynomials in A = Fq[T ]:

Theorem 2.1 (Prime Polynomial Theorem). If πA(n) denotes the num-
ber of monic irreducible polynomials in A of degree n, then

(2.7) πA(n) =
qn

n
+O

(
qn/2

n

)
.

2.3. Quadratic Dirichlet L-function for χP . Let P ∈ A be a monic
irreducible polynomial. We denote by χP the quadratic character defined in
terms of the quadratic residue symbol for Fq[T ]:

(2.8) χP (f) =

(
P

f

)
,

where f ∈ A. For more details see [10, Chapters 3, 4]. We will make use of
the quadratic reciprocity law for polynomials in A:

Theorem 2.2 (Quadratic reciprocity). Let A,B ∈ Fq[T ] be relatively
prime and A 6= 0 and B 6= 0. Then

(2.9)(
A

B

)
=

(
B

A

)
(−1)((q−1)/2) deg(A) deg(B) =

(
B

A

)
(−1)((|A|−1)/2)((|B|−1)/2).

The L-function attached to the character χP is defined by

(2.10) L(s, χP ) :=
∑
f∈A

f monic

χP (f)

|f |s
=

∏
Qmonic

irreducible

(
1− χP (Q)

|Q|s

)−1
, R(s) > 1.

Henceforth we consider P to be a monic irreducible polynomial such that
deg(P ) is odd and q ≡ 1 (mod 4). Then [10, Propositions 4.3, 14.6 and 17.7]
L(s, χP ) is a polynomial in u = q−s of degree deg(P )− 1 and

(2.11) L(s, χP ) = L(u, χP ) = LCP
(u),
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where LCP
(u) is the numerator of the zeta function associated to the hy-

perelliptic curve given in affine form by

(2.12) CP : y2 = P (T ),

with

(2.13) P (T ) = T 2g+1 + a2gT
2g + · · ·+ a1T + a0

a monic irreducible polynomial in A of degree 2g + 1.
The following proposition is quoted from Rudnick [11] and the main

ingredient to establish it is the Riemann Hypothesis for curves,

Proposition 2.3. If f ∈ A is monic, deg(f) > 0 and f is not a perfect
square then

(2.14)

∣∣∣∣ ∑
P prime
deg(P )=n

(
f

P

)∣∣∣∣� deg(f)

n
qn/2.

2.4. The main results. We now present the main results of this paper.

Theorem 2.4. Let Fq be a fixed finite field of odd cardinality with q ≡ 1
(mod 4). Then for every ε > 0 we have

(2.15)
∑

P monic
irreducible

deg(P )=2g+1

(logq |P |)L(1/2, χP ) =
|P |
2

(logq |P |+1)+O(|P |3/4+ε).

This theorem also appears as part of the Ph.D thesis [1] of the first
author. This is the exact function field analogue of Jutila’s result (1.8) for
number fields. Note that the function field theorem above has a saving in
the error term when compared with the number field result (1.8).

Theorem 2.5. Using the same notation as before, for a fixed finite
field Fq we have

(2.16) ∑
P monic
irreducible

deg(P )=2g+1

L(1/2, χP )2 =
1

24

1

ζA(2)
|P |(logq |P |)2 +O(|P |(logq |P |)).

We have the following corollary:

Corollary 2.6.

(2.17)
∑

P monic
irreducible

deg(P )=2g+1
L(1/2,χP )6=0

1� |P |
(logq |P |)2

.
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Proof. From Theorems 2.4 and 2.5 we have

(2.18)
∑

P monic
irreducible

deg(P )=2g+1

L(1/2, χP ) ∼ k1|P |

and

(2.19)
∑

P monic
irreducible

deg(P )=2g+1

L(1/2, χP )2 ∼ k2|P |(logq |P |)2,

where k1 and k2 are the constants given in the above theorems. By the
Cauchy–Schwarz inequality it follows that the number of monic irreducible
polynomials P with deg(P ) = 2g + 1 such that L(1/2, χP ) 6= 0 exceeds the
ratio of the square of the quantity in (2.18) to the quantity in (2.19).

3. The first moment. Setting D = P in Lemma 3.3 from [3], we may
write L(1/2, χP ) as

(3.1) L(1/2, χP ) =

g∑
n=0

∑
f1 monic
deg(f1)=n

χP (f1)q
−n/2+

g−1∑
m=0

∑
f2 monic

deg(f2)=m

χP (f2)q
−m/2.

We need to average both double sums on the right-hand side of (3.1) over
monic irreducible polynomials of degree 2g + 1. However, they are clearly
related and we will only need to calculate one of them to obtain the result
for the other. Therefore we will focus on the average of the first double sum
in (3.1). We can write this as

(3.2)

g∑
n=0

∑
f1 monic
deg(f1)=n

χP (f1)q
−n/2

=

g∑
n=0

∑
f1 monic
deg(f1)=n
f1=�

χP (f1)q
−n/2 +

g∑
n=0

∑
f1 monic
deg(f1)=n
f1 6=�

χP (f1)q
−n/2.

3.1. Square contributions—the main term. In this section we focus
our attention on the average of the first double sum on the right-hand side
of (3.2). The main result is

Proposition 3.1.∑
P monic
irreducible

deg(P )=2g+1

g∑
n=0

∑
f1 monic
deg(f1)=n
f1=�

χP (f1)q
−n/2 =

|P |
logq |P |

([
g

2

]
+1

)
+O

( √
|P |

logq |P |
g

)
,

where [x] denotes the integer part of x.
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Proof. We have∑
P monic

irreducible
deg(P )=2g+1

g∑
n=0

∑
f1 monic
deg(f1)=n
f1=�

χP (f1)q
−n/2 =

g∑
n=0
2|n

q−n/2
∑
lmonic

deg(l)=n/2

∑
P monic

irreducible
deg(P )=2g+1

χP (l2)

=

g∑
n=0
2|n

q−n/2
∑
lmonic

deg(l)=n/2

∑
P monic

irreducible
deg(P )=2g+1

(P,l)=1

1

=

g∑
n=0
2|n

q−n/2
∑
lmonic

deg(l)=n/2

∑
P monic

irreducible
deg(P )=2g+1

1,

where we obtain the last line from the fact that deg(P ) = 2g + 1 > deg(l).
Making use of the Prime Polynomial Theorem 2.1 we can write

∑
P monic

irreducible
deg(P )=2g+1

g∑
n=0

∑
f1 monic
deg(f1)=n
f1=�

χP (f1)q
−n/2

=

g∑
n=0
2|n

q−n/2
∑
lmonic

deg(l)=n/2

(
q2g+1

2g + 1
+O

(
qg+1/2

2g + 1

))

=
q2g+1

2g + 1

[g/2]∑
m=0

1 +O

(
qg+1/2

2g + 1

[g/2]∑
m=0

1

)

=
|P |

logq |P |

([
g

2

]
+ 1

)
+O

( √
|P |

logq |P |
g

)
.

In an analogous way we can prove

Proposition 3.2.

∑
P monic
irreducible

deg(P )=2g+1

g−1∑
m=0

∑
f2 monic

deg(f2)=m
f2=�

χP (f2)q
−m/2

=
|P |

logq |P |

([
g − 1

2

]
+ 1

)
+O

( √
|P |

logq |P |
g

)
.

3.2. Contributions of non-squares. In this section we prove the fol-
lowing result.
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Proposition 3.3.∑
P monic
irreducible

deg(P )=2g+1

g∑
n=0

∑
f1 monic
deg(f1)=n
f1 6=�

χP (f1)q
−n/2 = O

(
q3g/2+1/2

logq |P |
g

)
.

Proof. Let f1 ∈ Fq[T ] be a fixed monic non-square polynomial such that
deg(f1) < deg(P ) = 2g + 1. By the quadratic reciprocity law, Theorem 2.2,
we have

(3.3)

(
P

f1

)
= (−1)

q−1
2 (2g+1) deg(f1)

(
f1
P

)
.

Note that the sign (−1)
q−1
2 (2g+1) deg f1 is the same for all monic irreducible

polynomials P of degree 2g + 1, so

(3.4)

∣∣∣∣ ∑
P monic

irreducible
deg(P )=2g+1

(
P

f1

)∣∣∣∣ =

∣∣∣∣ ∑
P monic

irreducible
deg(P )=2g+1

(
f1
P

)∣∣∣∣.
Thus we can write∑

P monic
irreducible

deg(P )=2g+1

g∑
n=0

∑
f1 monic
deg(f1)=n
f1 6=�

χP (f1)q
−n/2 �

g∑
n=0

∑
f1 monic
deg(f1)=n
f1 6=�

q−n/2
∣∣∣∣ ∑

P monic
irreducible

deg(P )=2g+1

(
f1
P

)∣∣∣∣
and using the bound for character sums over prime polynomials given in
Proposition 2.3 we have∑

P monic
irreducible

deg(P )=2g+1

g∑
n=0

∑
f1 monic
deg(f1)=n
f1 6=�

χP (f1)q
−n/2 �

g∑
n=0

q−n/2
∑

f1 monic
deg(f1)=n

n
qg+1/2

2g + 1

�
√
|P |

logq |P |
gqg/2.

We can prove a corresponding estimate for the dual sum in (3.1) using
the same approach. In the end we have

Proposition 3.4.∑
P monic
irreducible

deg(P )=2g+1

g−1∑
m=0

∑
f2 monic

deg(f2)=m
f2 6=�

χP (f2)q
−m/2 = O

(
q3g/2+1/2

logq |P |
g

)
.
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3.3. Proof of the theorem for the first moment. We are now in a
position to prove Theorem 2.4.

Proof of Theorem 2.4. We can write∑
P monic

irreducible
deg(P )=2g+1

(logq |P |)L(1/2, χP )

=
∑

P monic
irreducible

deg(P )=2g+1

(logq |P |)
( g∑
n=0

∑
f1 monic
deg(f1)=n

χP (f1)q
−n/2+

g−1∑
m=0

∑
f2 monic

deg(f2)=m

χP (f2)q
−m/2

)
.

Making use of Propositions 3.1–3.4 we establish that∑
P monic

irreducible
deg(P )=2g+1

(logq |P |)L(1/2, χP ) = |P |
([

g

2

]
+

[
g − 1

2

]
+2

)
+O(q3g/2+1/2g).

and using

(3.5)

[
g

2

]
+

[
g − 1

2

]
= g − 1

and

(3.6) g + 1 =
logq |P |

2
+

1

2

we conclude the proof of the theorem.

4. The second moment. In this section we prove Theorem 2.5.

4.1. Secondary lemmas. We will need some auxiliary lemmas before
we proceed to the proof of Theorem 2.5.

The starting point is a representation for L(1/2, χP )2 which can be
viewed as the analogue of the approximate functional equation for a quadra-
tic Dirichlet L-function (Lemma 3 in [8]). In this case there is no error term
and the formula is exact.

Lemma 4.1. Let χP be the quadratic Dirichlet character associated to
the monic irreducible polynomial P ∈ A. Then

(4.1) L(1/2, χP )2 =
∑

f1 monic
deg(f1)≤2g

χP (f1)d(f1)

|f1|1/2
+

∑
f2 monic

deg(f2)≤2g−1

χP (f2)d(f2)

|f2|1/2
,

where d(f) is the divisor function for polynomials f ∈ A (see [10, p. 15]).



380 J. C. Andrade and J. P. Keating

Proof. We have L(s, χP ) = LCP
(u). So

(4.2) LCP
(u)2 = ((qu2)g)2LCP

(
1

qu

)2

.

Writing LCP
(u)2 =

∑4g
n=0 anu

n we obtain

4g∑
n=0

anu
n = (qu2)g(qu2)g

4g∑
m=0

amq
−mu−m =

4g∑
m=0

amq
2g−mu4g−m(4.3)

=

4g∑
k=0

a4g−kq
k−2guk.

Equating coefficients we find that an = a4g−nq
n−2g and so we can write

(4.4) LCP
(u)2 =

2g∑
n=0

anu
n + ((qu2)g)2

2g−1∑
m=0

amq
−mu−m.

From L(s, χP )2 we see that the coefficients an are given by

(4.5) an =
∑

f monic
deg(f)=n

χP (f)d(f),

where

(4.6) d(f) =
∑

h1h2=f
h1,h2 monic

1.

Therefore writing s = 1/2, i.e. u = q−1/2, in (4.4) proves the lemma.

Our next lemma is quoted from Rosen [10, Proposition 2.5].

Lemma 4.2.

(4.7)
∑

f monic
deg(f)=n

d(f)� qnn.

The next lemma is a minor modification of Theorem 17.4 in [10].

Lemma 4.3. Let f : A+ → C and let ζf (s) be the corresponding Dirichlet
series. Suppose this series converges absolutely in the region R(s) > 1 and
is holomorphic in the region {s ∈ B : R(s) = 1} except for a single pole of
order r at s = 1, where A+ denotes the set of monic polynomials in Fq[T ] and

B =

{
s ∈ C : − πi

log(q)
≤ I(s) ≤ πi

log(q)

}
.

Let α = lims→1(s − 1)rζf (s). Then there is a δ < 1 and constants c−i with
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1 ≤ i ≤ r such that

(4.8)
∑

deg(D)=n

f(D) = qn
( r∑
i=1

c−i

(
n+ i− 1

i− 1

)
(−q)i

)
+O(qδn).

The sum in parenthesis is a polynomial in n of degree r−1 with leading term

log(q)r

(r − 1)!
αnr−1.

Lemma 4.4. Let f be a monic polynomial in A = Fq[T ]. Then

(4.9)
∑

f monic
deg(f)=n

d(f2) =
1

2

1

ζA(2)
qnn2 +O(qnn).

Proof. We consider the Dirichlet series associated to d(f2):

ζf (s) =
∑

f monic

d(f2)

|f |s
=

∏
P monic

irreducible

(
1 +

d(P 2)

|P |s
+
d(P 4)

|P |2s
+ · · ·

)

=
∏

P monic
irreducible

(
1 +

(
−3

|P |s(|P |s − 1)2
+

1

(|P |s − 1)2

))
=
ζA(s)3

ζA(2s)
.

From (2.5) the sum converges absolutely for R(s) > 1, is holomorphic on
the disc {u = q−s ∈ C : |u| ≤ q−δ} for some δ < 1, and ζf (s) has a pole of
order 3 at s = 1. We now apply Lemma 4.3 to obtain

(4.10)
∑

f monic
deg(f)=n

d(f2) =
(log q)3

2
αqnn2 +O(qnn),

where

(4.11) α = lim
s→1

(s− 1)3
ζA(s)3

ζA(2s)
=

q − 1

q(log q)3
.

4.2. Preparation for the proof. From Lemma 4.1, L(1/2, χP )2 can
be written as two similar sums. Our main aim is to average, over the prime
polynomials, the first sum on the right-hand side of (4.1). We start by
writing

(4.12)
∑

f1 monic
deg(f1)≤2g

χP (f1)d(f1)

|f1|1/2

=
∑

f1 monic
deg(f1)≤2g
f1=�

χP (f1)d(f1)

|f1|1/2
+

∑
f1 monic

deg(f1)≤2g
f1 6=�

χP (f1)d(f1)

|f1|1/2
.
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4.3. The main term. The following proposition is established in this
section.

Proposition 4.5.∑
P monic
irreducible

deg(P )=2g+1

∑
f1 monic

deg(f1)≤2g
f1=�

χP (f1)d(f1)

|f1|1/2

=
1

12

1

ζA(2)

|P |
logq |P |

g(g + 1)(2g + 1) +O

(
|P |

logq |P |
g2
)
.

Proof. We have∑
P monic

irreducible
deg(P )=2g+1

∑
f1 monic

deg(f1)≤2g
f1=�

χP (f1)d(f1)

|f1|1/2
=

2g∑
n=0

q−n/2
∑
f1=�

deg(f1)=n

d(f1)
∑

P monic
irreducible

deg(P )=2g+1

χP (f1)

=

g∑
m=0

q−m
∑
lmonic

deg(l)=m

d(l2)
∑

P monic
irreducible

deg(P )=2g+1

1.

We again make use of the Prime Polynomial Theorem 2.1 to obtain∑
P monic

irreducible
deg(P )=2g+1

∑
f1 monic

deg(f1)≤2g
f1=�

χP (f1)d(f1)

|f1|1/2

=
|P |

logq |P |

g∑
m=0

q−m
∑
lmonic

deg(l)=m

d(l2) +O

( √
|P |

logq |P |

g∑
m=0

q−m
∑
lmonic

deg(l)=m

d(l2)

)
.

Invoking Lemma 4.3 we obtain the following equation:∑
P monic

irreducible
deg(P )=2g+1

∑
f1 monic

deg(f1)≤2g
f1=�

χP (f1)d(f1)

|f1|1/2

=
|P |

logq |P |
1

2

1

ζA(2)

g∑
m=0

m2 +O

(
|P |

logq |P |

g∑
m=0

m

)
+O

( √
|P |

logq |P |

g∑
m=0

m2

)
=

|P |
logq |P |

1

12

1

ζA(2)
g(g + 1)(2g + 1) +O

(
|P |

logq |P |
g2
)
.

In a similar way we can prove
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Proposition 4.6.∑
P monic
irreducible

deg(P )=2g+1

∑
f2 monic

deg(f2)≤2g−1
f2=�

χP (f2)d(f2)

|f2|1/2

=
1

12

1

ζA(2)

|P |
logq |P |

[
2g − 1

2

](
1 +

[
2g − 1

2

])(
1 + 2

[
2g − 1

2

])
+O

(
|P |

logq |P |
g2
)
.

4.4. Contributions of non-squares. The main result in this section
is the following proposition.

Proposition 4.7.∑
P monic
irreducible

deg(P )=2g+1

∑
f1 monic

deg(f1)≤2g
f1 6=�

χP (f1)d(f1)

|f1|1/2
= O(|P |g).

Proof. We have∑
P monic

irreducible
deg(P )=2g+1

∑
f1 monic

deg(f1)≤2g
f1 6=�

χP (f1)d(f1)

|f1|1/2
�

∑
f1 monic

deg(f1)≤2g
f1 6=�

d(f1)

|f1|1/2

∣∣∣∣ ∑
P monic

irreducible
deg(P )=2g+1

(
f1
P

)∣∣∣∣

�
√
|P |

2g + 1

2g∑
n=0

n

qn/2

∑
f1 monic
deg(f1)=n

d(f1)

�
√
|P |

2g + 1

2g∑
n=0

n2qn/2 � |P |g,

where we have used Proposition 2.3 in the first line and Lemma 4.2 in the
second.

Similarly we have

Proposition 4.8.∑
P monic
irreducible

deg(P )=2g+1

∑
f2 monic

deg(f2)≤2g−1
f2 6=�

χP (f2)d(f2)

|f2|1/2
= O(|P |g).

4.5. Proof of the theorem for the second moment. We are finally
in a position to prove Theorem 2.5.
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Proof of Theorem 2.5. We can write∑
P monic

irreducible
deg(P )=2g+1

L(1/2, χP )2

=
∑

P monic
irreducible

deg(P )=2g+1

( ∑
f1 monic

deg(f1)≤2g

χP (f1)d(f1)

|f1|1/2
+

∑
f2 monic

deg(f2)≤2g−1

χP (f2)d(f2)

|f2|1/2

)
.

Making use of Propositions 4.5–4.8 we establish that∑
P monic

irreducible
deg(P )=2g+1

L(1/2, χP )2 =
1

12

1

ζA(2)

|P |
logq |P |

×
[
g(g + 1)(2g + 1) +

[
2g − 1

2

](
1 +

[
2g − 1

2

])(
1 + 2

[
2g − 1

2

])]
+O(|P |g).

We use[
2g − 1

2

](
1 +

[
2g − 1

2

])(
1 + 2

[
2g − 1

2

])
= (g − 1)g(2g − 1)

and

g(g + 1)(2g + 1) + (g − 1)g(2g − 1) = 4g3 +O(g)

and after some simple arithmetical manipulations this gives the desired for-
mula.
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