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We report on the evolution of thermal properties from graphene to graphite as a function of layer

thickness and temperature. The onset of the inter-layer compressional elastic constant C33 and the

shear elastic constant C44 results in a large difference between the magnitudes and temperature

dependencies of the specific heat and in-plane lattice thermal conductivity of bi-layer graphene

(BLG) and single-layer graphene. The changes between BLG and few-layer graphene (FLG)

decrease with increase in the number of layers. The cross-plane lattice thermal conductivity

increases almost linearly with the number of layers in ultra-thin FLG. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4862319]

Graphene, in addition to its remarkable electronic prop-

erties,1 is one of the materials with the highest recorded ther-

mal conductivity values.2,3 It is also remarkable that

compared to most layered systems, fabrication of single-

layer graphene (SLG), bi-layer graphene (BLG), and few-

layer graphene (FLG) can be achieved in a controlled

manner.4 This strongly suggests that the FLG systems can be

used to understand the fundamental mechanisms and in

achieving controlled alteration of thermal conductivity along

and perpendicular to the growth direction. In particular, it

would be interesting to ascertain the minimum amount of

thermal conductivity established when a BLG is formed.

Generally, the intrinsic ability of a material to conduct

heat is altered as its dimensionality changes from two-

dimensional (2D) to three-dimensional (3D). Lateral (in-

plane) thermal conductivity in conventional semiconductors

thin films tends to decrease with decreasing thickness. This

is due to the domination of the boundary phonon scattering

rate.5 However, an opposite dependence is observed in FLG

where the thermal conductivity is reduced as the number of

layers increases.6–8 As graphite is composed of multilayer

graphene, it is natural to think that studying thermal proper-

ties of FLG will elucidate how the thermal conductivity and

specific heat of graphene evolve into graphite-like results

with increasing number of layers.

In this work, specific heat and thermal conductivity of

FLG are calculated. We used the semicontinuum model pro-

posed by Komatsu and Nagamiya,9 and employed the analyt-

ical expressions for phonon dispersion relations and

vibrational density of states based on the derivations by

Nihira and Iwata.10 The lattice thermal conductivity tensor

was calculated within the framework of Callaway’s effective

relaxation time theory.11

We consider the FLG and graphite systems as an assem-

bly of equally spaced elastic layers with compressional and

shearing couplings between adjacent layers. According to

the theory of elasticity,12 the strength of the inter-layer cou-

pling in layered materials increases as the number of layers

increases. Two elastic constants, C33 and C44, are used to

describe the compressional and shearing couplings, respec-

tively. These elastic constants are sensitive to the number of

graphene layers, and any change in their values will affect

the Debye-like cut-off frequencies10 and thus the phonon

density of states. We adopt a convenient approach, within

the semicontinuum treatment, to evaluate the effect of the

C33 and C44 in changing the Debye-like cut-off frequencies

and thus on thermal properties of FLG as the number of

layers increases. Only acoustic phonon modes are considered

in our calculations: in-plane longitudinal mode LA, in-plane

transverse mode TA, and out-of-plane mode ZA.

The lattice specific heat at constant volume Cv is calcu-

lated by using the expression

Cv ¼ kB
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where T is the absolute temperature, kB is the Boltzmann’s

constant, D(xp) is the density of states per mole for each

polarisation p, �n is the Bose-Einstein distribution function,

and xp,min and xp,max are the lower and upper cut-offs fre-
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p ¼ LA;TA : x � xz : DðxÞ ¼ Amx
p2v2

p

sin�1 x
xz

� �
;

x � xz : DðxÞ ¼ Amx
2pv2

p

; (2)

p ¼ ZA and x � x0z:

DðxÞ ¼ Am

2p2b

x
x0z

� �

�
ðsin�1f½1þðf2=4b2x2Þ��1=2g

0

�
1� x

x0z

� �2

� 1þ f2

4b2x2

� �
sin2/

��1=2

d/; (3)

p ¼ ZA and x � x0z:

DðxÞ ¼ Am

2p2b
1þ f2

4b2x2

� ��1=2

�
ðp=2

0

1� x0z
x

� �2

1þ f2

4b2x2

� ��1

sin2/

" #�1=2

d/;

(4)

0003-6951/2014/104(3)/031903/4/$30.00 VC 2014 AIP Publishing LLC104, 031903-1

APPLIED PHYSICS LETTERS 104, 031903 (2014)

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Open Research Exeter

https://core.ac.uk/display/43097228?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1063/1.4862319
http://dx.doi.org/10.1063/1.4862319
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4862319&domain=pdf&date_stamp=2014-01-21


where Am is the molar area, vp is the speed of phonons in

polarisation branch p, b is the bending elastic parameter

which is a measure of the resistance of a graphene layer to

bending, and the frequencies xz and x0z are directly related

to the shearing (C44) and coupling (C33) elastic constants as

follows:

xz ¼ 2
C44

c2q

� �1=2

; x0z ¼ 2
C33

c2q

� �1=2

; (5)

where c is the interlayer spacing in graphite, q is the mass

density. In terms of their physical significance, xz and x0z
are, respectively, the lower cut-off frequencies for in-plane

and out-of-plane modes corresponding to the movements of

rigid layers parallel and perpendicular to each other. The val-

ues of the parameters (f, l, tl, tt, and b) for graphite are

listed in Ref. 10.

The lattice thermal conductivity tensor components can

be expressed using Callaway’s theory as

Kab ¼
�h2

2AmkBT2

X
p

ð
dx x2

pfvpðxÞgafvpðxÞgb sC
p ðxÞ

� �nð�n þ 1Þ DðxpÞ; (6)

where fvpðqÞga; vpfðqÞgb are the components of the phonon

velocity in a and b directions, and sC
p ðqÞ is an effective relax-

ation time including the momentum conserving contribution

for three-phonon Normal processes.11,13 The phonon relaxa-

tion time s�1 is contributed from scattering of phonons from

a finite size of the sample s�1
bs , point defects s�1

pd , and anhar-

monicity: s�1 ¼ s�1
bs þ s�1

pd þ s�1
anh. Expressions for these

scattering rates are well documented and presented in our

previous works.14,15

In order to deal with the in-plane and cross-plane (i.e.,

along the c-axis) conductivity components we need to use

two sample dimensions: an in-plane length La and a cross-

plane length Lc. Accordingly, there are two different expres-

sions for boundary scattering

sbsðin-planeÞ ¼ La

fvpga

; sbsðcross-planeÞ ¼ Lc

fvpgz

: (7)

For graphite, the binding energy between adjacent layers

is relatively weak compared to strong binding energy within

the layers. The interaction energy of two perfectly rigid

sheets are usually examined using the standard 12–6

Lennard-Jones potential between pairs of atoms with separa-

tion c. Usually, the parameters in that potential are employed

for describing the van der Walls potential between graphene

sheets per atom, which are fitted to reproduce the interlayer

distance and the elastic constant C33 for graphite.16,17 The

value of C44 could be attained experimentally. We will

employ a simple alternative scheme to obtain values of C33

and C44 as a function of the number of layers in FLG.

The shear-mode frequency xz for FLG sheets as a func-

tion of the number of layers were measured by Tan et al.18

using Raman spectroscopy. The lower cut-off out-of-plane

frequency x0z for SLG, BLG, and tri-layer graphene (TLG)

sheets are obtained from Ref. 19. Using suitable fit of these

data, we determine C33 and C44 for FLG of different number

of layers with the help of Eq. (5). From Fig. 1, it can be

noticed that both xz and x0z have fully saturated to the graph-

ite values presented in Ref. 10 for n ’ 10. However, xz satu-

rates more rapidly than x0z. As discussed in Ref. 15, phonon

conductivity calculations were made by considering the

point-defect parameter Ad¼ 4.5� 10�5 and the anharmonic

scattering parameters: BU¼ 3.18� 10�25 sK�3, and

BN¼ 2.12� 10�25 sK�3.

Figure 2 shows the variation of specific heat Cv with

temperature for multilayer graphene sheets and bulk graph-

ite. For SLG, there are no shearing and compressional

couplings between layers, which means that C33 � 0 and

C44� 0, and hence xz! 0 and x0z ! 0. At low temperatures

(<60 K), a large difference can be seen between the specific

heat of SLG and BLG sheets. It can be interpreted to arise

from the presence of layer couplings, i.e., due to non-zero

values of C33 and C44, in BLG. There is a remarkable change

in the temperature dependence of Cv from T1.1 for SLG to

T2.8 for BLG.

The in-plane phonon conductivity calculations were

made by considering a sample of size La¼ 2.9 lm.

Figure 3(a) shows the calculated thermal conductivity for

SLG, BLG, and TLG along the graphite basal planes. These

calculations reveal that the in-plane thermal conductivity

FIG. 1. Variation of lower cut-off frequencies xz and x0z with the number of

graphene atomic layers.

FIG. 2. Specific heat Cv for multilayer graphene sheets.
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(Ka�Kxx¼Kyy) decreases monotonically as the number of

layers increases. There is a change of low-temperature de-

pendence from T1.5 to T2.7 as the dimensionality evolves

from strictly two-dimensional for SLG to three-dimensional

for bulk graphite. The T2.7 temperature dependence of the

basal plane thermal conductivity of graphite agrees with ex-

perimental measurement in Ref. 20. Figure 3(b) shows the

thermal conductivities above room temperature along with

experimental data available for SLG and bulk graphite. We

notice that the difference between the thermal conductivities

of SLG and FLG diminishes with increasing temperature,

consistent with the trend noted in another theoretical work.7

It is more interesting to examine the variation of the

cross-plane conductivity (Kc�Kzz) as a function of the num-

ber of layers n. Fig. 4 shows an increase of Kc as the number

of layers increases. The boundary length along c-axis, Lc, for

FLG was taken as Lc¼ (n � 1)c. Of course, Kc¼ 0 for SLG

(n¼ 1). For BLG, the Kc starts to emerge with very low values

and weak temperature dependency. Higher values of the con-

ductivity are established for FLG. However, for a stand-alone

n-layer FLG with the boundary length set to Lc¼ (n� 1)c, the

temperature dependency remains very weak below room tem-

perature, although there appears to be a mildly increased tem-

perature dependence as n increases. This can be clearly seen

from the results for FLG with n¼ 3, 4, and 10. For BLG as

well as FLG, there is a clear temperature dependence and

bunching of the conductivity above room temperature, due

to increasing role of anharmonic phonon interactions. A

finite-size graphite sample can be considered as several FLG

stacked upon each other. Calculations for graphite with

Lc¼ 0.1 lm suggest that there is a well-established maximum

in the Kc vs. T curve at around 100 K. The conductivity of

bulk graphite Kc at 100 K and for Lc¼ 0.1lm is three orders

of magnitude higher than that for BLG, and more than an

order of magnitude larger than that for FLG with n¼ 10 and

Lc¼ 9c. This vindicates the well-known important role of

sample size, via boundary scattering of phonons, in determin-

ing the magnitude of low-temperature conductivity.

FIG. 3. (a) In-plane thermal conductivity for multilayer graphene sheets. (b)

Comparison of computed results with experimental results for SLG and

graphite. The symbols represent the experimental measurements: SLG

(circles) (Ref. 21); and graphite basal planes (up triangles) (Ref. 22).

FIG. 4. Thermal conductivity along c-axis Kc for multilayer graphene

sheets.

FIG. 5. Variation of the room-temperature results for Ka (upper panel) and

Kc (lower panel) as a function of the number of graphene layers.
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The changes in the room-temperature values of Ka and

Kc as a function of the number of atomic planes n in FLG are

shown in Fig. 5. Compared to SLG, Ka of BLG is reduced by

more than 300 W m�1 K�1. The conductivity Ka progres-

sively decreases as the number of layers n increases beyond

2, nearly saturating at the graphite value for n¼ 10.

The changes predicted by our theory for n¼ 2, 3, and 4 are

consistent with the measurements made by Ghosh et al.6

However, a direct comparison of our results with those in Ref. 6

is not possible for two reasons: there is a large error margin in

the experimental measurements (e.g., 3000–5000 W m�1 K�1

at room temperature for SLG), and the concentration of

defects in the samples of different layer numbers is unknown.

In contrast, the variation in Kc is almost linear for ultra-

thin FLG (at least up to the layer index n¼ 4). In other

words, Kc is governed by Lc. The difference between Kc for

FLG and bulk graphite is mainly due to their sample thick-

nesses: for stand-alone FLG with n¼ 10, the cross-

directional sample length is Lc¼ 9c, and for bulk graphite,

we have considered a film of thickness 0.1 lm.

The establishment of the finite and temperature independ-

ent cross-plane conductivity magnitude 0.05 W m�1 K�1

for BLG is a very interesting result, and points towards a fun-

damental aspect of the thermal physics of layered materials

in general. Based upon our result, we suggest that a finite

and temperature independent amount of cross-plane low-

temperature lattice thermal conductivity should be observed

for all materials that can be fabricated as stand-alone bi-

layered systems.

With the development of appropriate experimental tech-

niques, such as the time-domain thermoreflectance (TDTR)

method23 for measuring heat conduction across metal/

graphene/oxide interfaces, we anticipate that our theoretical

predictions of the cross-plane conductivity results for FLG

can be tested in near future.
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