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Abstract. Size limitations of geotechnical testing equipment often require that samples of coarse granular
materials have to be scaled in order to be tested in the laboratory. Scaling implies a convenient modification
of the particle size distribution (PSD) to reduce particle sizes. However, it is well known that particle size and
shape may be correlated in nature, due to geological factors (as an example). By means of two-dimensional
contact dynamics simulations, we analyzed the e↵ect of altering the size span on the shear strength of granular
materials when particle size and shape are correlated. Two di↵erent systems were considered: one made of
only circular particles, and the second made of size-shape correlated particles. By varying systematically the
size span we observed that the resulting alteration of material strength is not due to the change in particle
sizes. It results instead from the variation of the particle shapes induced by the modification of the PSD, when
particle size and particle shape are correlated. This finding suggests that particle shape distribution is a higher
order factor than PSD for the shear strength of granular materials. It also highlights the importance of particle
shape quantification in soil classification and the case for its consideration in activities such as sampling, sub-
sampling, and scaling of coarse materials for geotechnical testing

1 Introduction

Correlation of particle size and particle shape can occur
in nature due to geological factors [1] and it has been re-
ported in the literature [2, 3]. This kind of correlations has
been explored recently at the University of Newcastle, for
a mine waste material composed of fragments eroded from
a banded iron formation, located in the Pilbara region in
Australia [4]. In this material, the fragments shapes range
from slabs to sub-equant blocks with a tendency of larger
particles to be flatter and platy. In this material, modifica-
tions of the PSD alters not only size and sizes proportions
of the particles, but also the characteristic shapes of the
particles by size, as it implies substituting larger/platy par-
ticles by smaller/rod to sub-equant particles.

In a broader context, in geotechnical practice the mod-
ification of the PSD is known to alter the material shear
strength. But, many contradictory observations have been
reported over the last decades. [3, 5–8] show that the
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shear strength may increase or decline depending on the
scaled material. In contrast, recent 2D/3D discrete nu-
merical simulations of sheared assemblies composed of
unbreakable and identically-shaped particles suggest that
PSD modification should not significantly a↵ect the shear
strength of the material [9–13]. Hence, the plausible origin
for such a discrepancy is that the sampling and the scal-
ing employed for laboratory testing, in the case of coarse
granular materials like mine wastes, inadvertently alters
the particle shape polydispersity of the sample, limiting its
capacity to reproduce the mechanical behavior of the orig-
inal material [14]. Thus, the question of a possible coupled
e↵ect between the size and the shape of the grains on shear
strength properties of granular systems is raised and at the
heart of this article.

In this article, we numerically investigate the steady-
state shear strength of granular systems by systemati-
cally varying the size span of particle arrangements (from
monodisperse to highly polydisperse) and by coupling (or
not) the aspect ratio of the particle to their size (bigger
particles are also more elongated). We contend that the
steady-state shear strength alteration observed in physical
testing when the PSD is modified may be more related to
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the changes in the distribution of particles’ shapes than to
the distribution of particles’ sizes.

2 Model description and numerical
approach

The simulations were carried out by means of the contact-
dynamics (CD) method [15–17] implemented in the multi-
purpose software LMGC90 developed in University of
Montpelier. The CD method is based on implicit time inte-
gration of the equations of motion in a non-smooth formu-
lation of mutual exclusion and dry friction between parti-
cles. This method requires no elastic repulsive potential
and no smoothing of the Coulomb friction law for the de-
termination of forces which makes it a particularly well-
suited method for the simulation of dense granular assem-
bly composed of rigid particles having a large particle size
and complex shape.

Two di↵erent groups of granular systems were con-
sidered: the first group is composed of circular particles
and the second group is composed of size-shape corre-
lated Rounded-Cap-Rectangles (RCRs), whose aspect ra-
tio � = L/d (see Fig.1(a) for the definitions) is link to the
size of the particle, i.e. smaller particles tend to be cir-
cular shaped while larger tend to be more elongated (see
below). In order to make the analysis systematic in terms
of PSD variation, 9 di↵erent gradations (9 samples) were
analyzed for each group. The gradation was controlled us-
ing the size-span parameter s, based on the maximum and
minimum diameter d of the particles of each system [18]:

s =
dmax � dmin

dmax + dmin

(1)

The maximum particle size dmax was fixed to 15 mm, and
s was varied in the range [0.1, 0.2, ...0.9] to cover a wide
spectrum of gradations: from very uniform to very well-
graded samples following an uniform particle size distri-
bution by volume fraction ; see Fig. 1(b).

To define the particle size-shape correlation imposed
in the second system two parameters are required: 1) the
reduced diameter dr = (d�dmin)/(dmax�dmin) representing
the relative size of a particle between dmin and dmax [10],
and 2) the reduced aspect ratio �r = (���min)/(�max��min)
representing the relative aspect ratio, with �min = 1, and
�max the maximum aspect ratio present in a given sample.
For the sake of simplicity, we adopted dr = �r and �max

linearly correlated with s using the following expression:
�max = �min + s(�⇤

max
� �min), where �⇤

max
arbitrarily set to

5, allowing to relate the aspect ratio � of a given particle
to be related to it’s diameter d by:

�(d) = �min + s
d � dmin

dmax � dmin

(�⇤
max
� �min). (2)

With this equation larger particles in a sample are also the
more elongated, and more widely graded samples (more
polydisperse in particle sizes) are also more polydisperse
in particle shapes, in alignment with the situation observed
in the mine waste explored in [4]. It is noted that mine
waste is well-graded and polydisperse in shapes right after
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Figure 1. (a) Rounded-Cap-rectangle with aspect ratio � =
L/d = 1 (disc) and � = L/d > 1 (Rounded-Cap-Rectangle). (b)
Particle size distribution of tested samples, with uniform solids
volume by particle size. The colors illustrate the di↵erent val-
ues of size-span used s. The limits s ! 0 and s ! 1 represent
uniform and very well graded samples, respectively.

production, but sampling and scaling reduce its polydis-
persity.

For sample preparation, a total of 10000 particles ran-
domly oriented were deposited in a rectangular box. Grav-
ity and inter-particle friction were set to zero to promote
homogeneous packing and the samples were isotropically
compressed at �0 = 10kN/m2. The compression was
maintained until the coordination number (average num-
ber of contacts per particle) and packing fraction reached
a constant value (see close-up views at the end of compres-
sion in Figure 2).

Following the isotropic compression, the samples were
biaxially sheared by imposing a vertical velocity vy to the
top wall of the box, while maintaining the confining stress.
For shearing, the friction between the box walls and par-
ticles was maintained as zero and the inter-particle fric-
tion was set to 0.4. vy was set such that the inertial num-
ber I was kept in the order of 5 · 10�4. It is defined by
I = (vy/H)hdi

p
⇢/�0, where H is the sample height, hdi is

the mean particle diameter, and ⇢ is particle density,

3 Mechanical behavior

The shear strength is characterized by the internal angle of
friction ' defined by sin' = q/p = (�1 � �2)/(�1 + �2)
where �1 and �2 are the principal values of the granular
stress tensor. The sample’s density is quantified by the
packing fraction ⌫ = Ap/A, where Ap is the area of all
particles and A the area of the box. Figure 3 presents the
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Figure 2. Closeup views of some of the samples at the end of
isotropic compression. (a) Discs series. (b) RCRs series. Grey
particles represent floating particles (i.e. with zero or one con-
tact).

evolution of q/p and ⌫ as functions of the vertical strain "y
for the first (a) and the second (b) group of simulations. As
classically observed during a biaxial test of well-packed
collections of particles, the shear stress increased rapidly
at the beginning of the test, reaching a maximum value
before decreasing towards a constant value at large strain
(steady state). The jump observed at "y = 0 is typical
in this kind of numerical test. It reflects both rigidity of
the particles and a high value of the packing fraction at the
initial state. We see also that the packing fractions declines
across the test and tends to a constant value at large strain.

From the values of q/p and ⌫ measured beyond "y >
0.35, Fig.4 we shows the steady state internal friction an-
gle 'ss and packing fraction ⌫ss, as a functions of the size
span s. In the first group of simulations (i.e for assem-
blies of disks) 'ss remains almost invariant, in the range
of 16 ± 1 degree, across the 9 gradations analyzed (from
very uniform to very well graded samples). The indepen-
dence of strength with PSD in the case of mono-shaped
particles has been discussed previously in the literature in
[9? –13]. It has been attributed to a compensation mech-
anism involving both, the contact orientation anisotropy
which decreases with the size span, and the branch length
anisotropy which behaves inversely.

In contrast, in the second group of simulations (i.e. for
shape-size correlated samples), 'ss increases from 18 to
23 degrees when the gradation improves from s =0.1 to
s =0.5. It then remains about constant between s =0.5
and s =0.8, and finally reduces for the most well-graded
sample s = 0.9. In this case, the mechanisms explaining
the behavior are more complex since 1) geometrical e↵ects
induced by particle size are enhanced by orientational ef-
fects introduced by elongated particles [19] and 2) friction
mobilization and force transmission mechanical e↵ects are

Figure 3. Evolution of shear stress ratio q/p and packing frac-
tion ⌫ as functions of the vertical strain "y, for the series com-
posed of particles with size and shape correlated (RCRs). Colors
represent di↵erent values of the sample size-span s, which vary
between s= 0.1 (close to uniform) and s=0.9 (very well graded
or polydisperse).

amplified due to face-face contacts [10, 19]. This analysis
will be presented by the authors in a separate paper. The
packing fraction instead varies monotonically, increasing
with gradation (size-span s) for both series indicating that
the most denses systems are not necessary those that ex-
hibit higher shear strength.

4 Conclusions and perspectives

A systematic analysis is presented in this paper, on the ef-
fect of particle size and shape on the strength properties
of granular material by means of contact dynamics sim-
ulations. Particular emphasis was placed on identifying
the e↵ect on shear strength, of changes in the distribu-
tion of particle shapes which occur when the PSD is al-
tered. Alteration of the PSD is usually conducted during
sampling and scaling of very coarse granular material, like
mine wastes, for laboratory testing.

A major observation of this investigation is that alter-
ing the PSD of materials composed of particles with the
same shape across all di↵erent sizes has a marginal ef-
fect on steady-state shear strength. But in contrast, if the
size and shape of the particles are correlated, the alter-
ation of the PSD significantly a↵ects the steady state shear
strength, due to alteration of the particle shape distribution.
Therefore, we conclude that particle shape distribution has
a higher influence than size distribution on the steady-state
shear strength of granular materials.

Consequently, the discrepancy between di↵erent re-
sults observed experimentally when the PSD is modified
may be more related to the alteration in the distribution of
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Figure 4. Comparison of steady-state angle of internal friction
'ss and packing fraction ⌫ss as functions of the PSD-size-span
s of the two di↵erent series: Series 1 composed of mono-shaped
(discs) particles, and Series 2 composed of particles with size and
shape correlated (RCRs). Values shown are averages of data for
strains over 35% (⇠ steady state, see Figure 6). The error bars
capture the scatter of the readings (see Figure 6) and indicate the
standard deviation.

particles’ shapes than to the distribution of particles’ sizes.
Hence, sampling and scaling of coarse granular materials
like mine wastes, for laboratory testing, may inadvertently
cause alteration of particle shape polydispersity, making it
di�cult to capture the mechanical behavior of the original
material in the laboratory. Alteration of the particle shape
polydispersity in sample preparation for physical testing
should be recognized and its potential implications dis-
cussed in standard geotechnical practice.
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