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Abstract : In this paper we develop new identities in the spirit of Euler. We shall investigate and
report on new Euler identities of weight p+2, for p an odd integer, but with a non unitary argument

of the harmonic numbers. Some examples of these Euler identities will be given in terms of Riemann

zeta values, Dirichlet values and other special functions.
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1. Introduction

In a previous paper, [16] we investigated families of integrals, where the
integrand is the product of an inverse trigonometric or inverse hyperbolic
trigonometric and the polylogarithmic function,

J(a, δ, p,m) =

∫ 1

0
ym−1f(y) Lip

(
δy2am

)
dy ,

for a ∈ R+, δ = ±1, p ∈ N, m ∈ R+ and where f(y) = arctan (ym) or
tanh−1 (ym). It was demonstrated that integrals of products of inverse trigono-
metric and polylogarithmic functions can be associated with Euler sums. It is
well known that integrals with polylogarithmic integrands can be associated
with Euler sums. Therefore in the spirit of Euler we shall investigate integrals
of the type

I (a, δ, p, q) =

∫ 1

0

lnx

x
Lip(x) Liq (δxa) dx (1.1)

for a ∈ R+, δ = ±1, p ∈ N, q ∈ N. Some examples are highlighted, almost
none of which are amenable to a computer mathematical package. We shall
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also develop new Euler identities for sums of the type

∞∑
n=1

H
(2)
n
2

np
,

∞∑
n=1

(−1)n+1H
(2)
n
2

np
,

∞∑
n=1

H
(2)

n− 1
2

(2n− 1)p
(1.2)

and again, some examples are highlighted, almost none of which are amenable
to a computer mathematical package. This work also extends the results
given in [7], where the author examined integrals with positive arguments of
the polylogarithm. Devoto and Duke [4] also list many identities of lower
order polylogarithmic integrals and their relations to Euler sums. Some other
important sources of information on polylogarithm functions are the works of
[9], [10], and [16]. The famous Euler identity [5], for unitary argument of the
harmonic numbers, states

EU (m) =

∞∑
n=1

Hn

nm
=
(m

2
+ 1
)
ζ (m+ 1)

− 1

2

m−2∑
j=1

ζ(m− j)ζ(j + 1) .

(1.3)

The famous Euler identity was further extended in the work of [1]. Relatively
recently multiple zeta values (MZVs) were studied and developed by [8], [21]
and others, for example, [11]. MZVs are defined by

ζ (i1, i2, . . . , ik) =
∑

n1>n2···>nk≥1

1

ni11 n
i2
2 . . . n

ik
k

for positive integers ik and i1 > 1 with weight
∑
ik and length or depth k.

For arbitrary p ∈ N and q ≥ 2 the Euler sum

Sp,q =

∞∑
n=1

H
(p)
n

nq
(1.4)

is readily expressible in terms of MZVs, that is, Sp,q+Sq,p = ζ(p)ζ(q)+ζ(p+q).
Euler developed many relations, including

ζ(2, 1) = ζ(3) , S2,3 = 3ζ(2)ζ(3)− 9

2
ζ(5) .
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It appears that at weight eight, S2,6 cannot be reduced to zeta values and
their products. We also note that we may define alternating MZVs with signs
in the numerator as

ζ
(
i1, i2, . . . , ik

)
=

∑
n1>n2>···>nk≥1

(−1)n1+n2+···+nk

ni11 n
i2
2 . . . n

ik
k

.

Therefore an alternating MZV converges unless the first entry is an unbanned
one, and we also have ζ

(
1
)

= − ln 2 and ζ (n) = η(n) =
(
1− 21−n) ζ(n) for

n ≥ 2, so that, for example

ζ
(
3, 1, 2

)
=

∑
n1>n2>n3≥1

(−1)n1+n3

n3
1n2n2

3

.

For arbitrary integer weight p ≥ 1, q ≥ 1 we shall define alternating Euler
sums as,

S (p, q) :=

∞∑
n=1

(−1)n+1 H
(p)
n

nq
. (1.5)

There are some special cases where the linear Euler sum (1.4) is reducible to
zeta values. For odd weight w = (p+ q) we have,

BW (p, q) =
∞∑
n=1

H
(p)
n

nq
=

1

2

(
1 + (−1)p+1

)
ζ(p)ζ(q)

+ (−1)p
[ p2 ]∑
j=1

(
p+ q − 2j − 1

p− 1

)
ζ(p+ q − 2j)ζ(2j) (1.6)

+ (−1)p
[ p2 ]∑
j=1

(
p+ q − 2j − 1

q − 1

)
ζ(p+ q − 2j)ζ(2j)

+
ζ(p+ q)

2

(
1 + (−1)p+1

(
p+ q − 1

p

)
+ (−1)p+1

(
p+ q − 1

q

))
,

where [z] is the integer part of z. For alternating Euler sums and specified
odd weights we have some particular identities. Sitaramachandra Rao, [12]
gave the identity, for S(p, q), when p = 1 and for odd weight 1 + q as,

2S(1, q) = (1 + q)η(1 + q)− ζ(1 + q)− 2

q
2
−1∑
j=1

η(2j) ζ(1 + q − 2j) (1.7)
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and in another special case, gave the integral

S(1, 1 + 2q) =
1

(2q)!

∫ 1

0

ln2q(x) ln(1 + x)

x(1 + x)
dx .

In the case where p and q are both positive integers and p+q is an odd integer,
Flajolet and Salvy [6] gave the identity:

2S(p, q) = (1− (−1)p) ζ(p)η(q)

+ 2(−1)p
∑

i+2k=q

(
p+ i− 1
p− 1

)
ζ(p+ i) η(2k) (1.8)

+ η(p+ q)− 2
∑

j+2k=p

(
q + j − 1
q − 1

)
(−1)jη(q + j) η(2k) ,

where η(0) = 1
2 , η(1) = ln 2, ζ(1) = 0, and ζ(0) = −1

2 in accordance with the
analytic continuation of the Riemann zeta function. We define the alternating
zeta function (or Dirichlet eta function) η(z) as

η(z) :=

∞∑
n=1

(−1)n+1

nz
=
(
1− 21−z) ζ(z) .

The following Euler identities for harmonic numbers at half integer values
have been given in [19].

Lemma 1. For δ = ±1, a ∈ R+, r ∈ N and m a positive odd integer,

W (a, δ,m, r) =
∑
n≥1

δn+1H
(r)
an

nm

then

W

(
1

2
, 1,m, 1

)
= EU (m) + (−1)m+1S(1,m)

+
m−1∑
k=2

(−1)m−kζ(k)η(m+ 1− k) ,

(1.9)

and

W

(
1

2
,−1,m, 1

)
=
(
1− 21−m)EU (m) + (−1)m+1S(1,m)

+
m−1∑
k=2

(−1)m−kζ(k)η(m+ 1− k) .

(1.10)
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Therefore the main aim of this paper is to develop new Euler identities
for the sums (1.2) and represent the solution of the integral (1.1), in terms
of special functions, for various values of the parameters (a, δ, p, q). First we
define some special functions that we will encounter in the body of this paper.
The Lerch transcendent,

Φ(z, t, a) =

∞∑
m=0

zm

(m+ a)t

is defined for |z| < 1 and <(a) > 0 and satisfies the recurrence

Φ(z, t, a) = zΦ(z, t, a+ 1) + a−t.

The Lerch transcendent generalizes the Hurwitz zeta function at z = 1,

Φ(1, t, a) =
∞∑
m=0

1

(m+ a)t

and the polylogarithm, or de-Jonquière’s function, when a = 1,

Lit(z) :=
∞∑
m=1

zm

mt
, t ∈ C when |z| < 1 ; <(t) > 1 when |z| = 1 .

Let

Hn =

n∑
r=1

1

r
=

∫ 1

0

1− tn

1− t
dt = γ + ψ(n+ 1) =

∞∑
j=1

n

j(j + n)
, H0 := 0

be the nth harmonic number, where γ denotes the Euler-Mascheroni constant,

H
(m)
n =

∑n
r=1

1
rm is the mth order harmonic number and ψ(z) is the digamma

(or psi) function defined by

ψ(z) :=
d

dz
{log Γ(z)} =

Γ′(z)

Γ(z)
and ψ(1 + z) = ψ(z) +

1

z
,

moreover,

ψ(z) = −γ +
∞∑
n=0

(
1

n+ 1
− 1

n+ z

)
.

The polygamma function

ψ(k)(z) =
dk

dzk
{ψ(z)} = (−1)k+1k!

∞∑
r=0

1

(r + z)k+1
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and has the recurrence

ψ(k)(z + 1) = ψ(k)(z) +
(−1)kk!

zk+1
.

The connection of the polygamma function with harmonic numbers is,

H(α+1)
z = ζ(α+ 1) +

(−1)α

α!
ψ(α)(z + 1) , z 6= {−1,−2,−3, . . . } , (1.11)

and the multiplication formula is

ψ(k)(pz) = δm,0 ln p+
1

pk+1

p−1∑
j=0

ψ(k)

(
z +

j

p

)
(1.12)

for p a positive integer and δp,k is the Kronecker delta. The work in this paper
also extends the results of [7], [20]. Other works including, [2], [3], [13], [14],
[15], [17], and [18] cite many identities of polylogarithmic integrals and Euler
sums.

2. Integral identities and Euler sums

Theorem 1. For a ∈ R+, δ = {−1, 1}, p, q, positive integers, then

I(a, δ, p, q) =

∫ 1

0

lnx Lip(x) Liq (δxa)

x
dx

=
(−1)p+1

ap
ζ(2) Lip+q(δ) (2.1)

+
(−1)pp

ap+1

∞∑
n=1

δnHan

np+q+1
+

(−1)p

ap

∞∑
n=1

δnH
(2)
an

np+q

−
p∑

k=2

(−1)p−k(p+ 1− k)

ap+2−k ζ(k) Lip+q+2−k(δ) .

where Lip+q (δ) is the polylogarithm, Han and H
(2)
an are the harmonic numbers.

Proof. By the definition of the polylogarithmic function we have

I(a, δ, p, q) =

∞∑
n=1

δn

nq

∞∑
j=1

1

jp

∫ 1

0
xj+an−1 lnx dx

= −
∞∑
n=1

δn

nq

∞∑
j=1

1

jp(j + an)2
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and by partial fraction decomposition,

I(a, δ, p, q) = −
∞∑
n=1

δn

nq

∞∑
j=1

 p(−1)p+1

(an)pj(j+an) + (−1)p

(an)p(j+an)2

+
∑p

k=2
(−1)p−k(p+1−k)

(an)p+2−kjk

 .

Now

I(a, δ, p, q) = −
∞∑
n=1

δn

nq

 p(−1)p+1Han

(an)p+1 + (−1)p ψ′(an+1)
(an)p

+
∑p

k=2
(−1)p−k(p+1−k)

(an)p+2−k ζ(k)


=

(−1)p+1

ap
ζ(2) Lip+q(δ) +

(−1)pp

ap+1

∞∑
n=1

δnHan

np+q+1

+
(−1)p

ap

∞∑
n=1

δnH
(2)
an

np+q

−
p∑

k=2

(−1)p−k(p+ 1− k)

ap+2−k ζ(k) Lip+q+2−k(δ),

and Theorem 1 is proved.

In the next few corollaries we investigate various special values of the pa-
rameters (a, δ, p, q) which will yield solutions to I (a, δ, p, q) that are express-
ible in terms of the Riemann zeta and other special functions. We shall also
present new Euler type identities for the sums (1.2).

Corollary 1. For a = 1, δ = 1, p, q, positive integers with arbitrary
weight p+ q, then

I(1, 1, p, q) =

∫ 1

0

lnx Lip(x) Liq(x)

x
dx

= (−1)p (S2,p+q + pS1,p+q+1) + (−1)p+1ζ(2)ζ(p+ q) (2.2)

−
p∑

k=2

(−1)p−k(p+ 1− k)ζ(k)ζ(p+ q + 2− k) ,

where Sa,b is the linear Euler sum (1.4).
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Proof. Here we note that Lim(1) = ζ(m) and the sums S2,p+q =
∑∞

n=1
H

(2)
n

np+q

and S1,p+q+1 =
∑∞

n=1
Hn

np+q+1 .

Remark 1. For a = 1, δ = 1, p, q, positive integers with p + q an odd
integer, then

I(1, 1, p, q) =

∫ 1

0

lnx Lip(x) Liq(x)

x
dx

= p(−1)p EU (p+ q + 1) + (−1)p BW (2, p+ q)

+ (−1)p+1ζ(2)ζ(p+ q) (2.3)

−
p∑

k=2

(−1)p−k(p+ 1− k)ζ(k)ζ(p+ q + 2− k) ,

where EU (·) is the Euler identity (1.3) and BW (·, ·) is the identity (1.6).

Example 1.

I(1, 1, 4, 2) = I(1, 1, 2, 4) = S2,6 − 2ζ(3)ζ(5) +
7

6
ζ(8),

I(1, 1, 4, 4) = S2,8 − 2ζ(3)ζ(7) +
33

10
ζ(10)− 2ζ2(5),

I(1, 1, 4, 5) = I(1, 1, 5, 4) = ζ(4)ζ(7) + ζ(2)ζ(9)− 3ζ(11).

Corollary 2. For a = 1, δ = −1, p, q, positive integers, then

I(1,−1, p, q) =

∫ 1

0

lnx Lip(x) Liq(−x)

x
dx

= p(−1)p+1S(1, p+ q + 1) (2.4)

+ (−1)p+1S(2, p+ q) + (−1)pζ(2)η(p+ q)

+

p∑
k=2

(−1)p−k(p+ 1− k)ζ(k)η(p+ q + 2− k),

where η(·) is the Dirichlet Eta function and S(·, ·) is the alternating linear
Euler sum. We note that when we have odd weight (p + q), S(·, ·) may be
replaced with the identity (1.8).
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Proof. Here we note that Lim(−1) = −η(m) and the sum S(m, p + q) =∑∞
n=1

(−1)n+1H
(m)
n

np+q and may be replaced with the identity (1.8) in the case
when we have odd weight (p+ q).

Example 2.

I(1,−1, 2, 4) = 2ζ(2)η(6)− S(2, 6)− 2S(1, 7),

I(1,−1, 4, 2) = −359

48
ζ(8)− 2ζ(3)η(5)− S(2, 6)− 4S(1, 7),

I(1,−1, 2, 3) =
43

32
ζ(2)ζ(5)− 2ζ(7),

I(1,−1, 3, 4) =
7

8
ζ(4)ζ(5) +

5

2
ζ(9)− 249

128
ζ(2)ζ(7).

Corollary 3. For a = 2, δ = 1, p, q, positive integers, then

I(2, 1, p, q) =

∫ 1

0

lnx Lip(x) Liq
(
x2
)

x
dx

=
(−1)p+1

2p
ζ(2)ζ(p+ q) (2.5)

+ p(−1)p2q−1 (S1,p+q+1 − S(1, p+ q + 1))

+ (−1)p2q−1 (S2,p+q − S(2, p+ q))

− (−1)p
p∑

k=2

(−1)k(p+ 1− k)

2p+2−k ζ(k)ζ(p+ q + 2− k),

where S·,· and S(·, ·) are the linear Euler and alternating Euler sums (1.4)
and (1.5) respectively. In the case when we have odd weight (p+ q) then we
may utilize S1,p+q+1 = EU (p + q + 1) is the Euler identity (1.3), S2,p+q =
BW (2, p + q) is the identity (1.6) and S(·, ·) is obtained from the identity
(1.8).

Proof. Here we note that Lim(1) = ζ(m) and the sums S·,· and S(·, ·) are
the linear Euler and alternating Euler sums (1.4) and (1.5) respectively. In
the case of odd weight (p + q) the sums S1,p+q+1 =

∑∞
n=1

Hn
np+q+1 , S2,p+q =

BW (2, p+ q) =
∑∞

n=1
H

(2)
n

np+q and S(a, b) =
∑∞

n=1
(−1)n+1H

(a)
n

nb .
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Example 3.

I(2, 1, 3, 3) =
47

4
ζ(3)ζ(5)− 211

8
ζ(8)− 4S2,6 + 4S(2, 6) + 12S(1, 7),

I(2, 1, 4, 2) =
415

24
ζ(8)− 31

4
ζ(3)ζ(5) + 2S2,6 − 2S(2, 6)− 8S(1, 7),

I(2, 1, 3, 2) =
11

32
ζ(5)− 7

16
ζ(2)ζ(3),

I(2, 1, 0, q) = 2q−1 (EU (q)− S(1, q)) ,

I(2, 1, 5, 0) =
107

256
ζ(7) +

1

4
ζ(4)ζ(3)− 37

64
ζ(5)ζ(2).

The aim now, is to obtain the new Euler identities for the sums (1.2),
hence consider the following corollary.

Corollary 4. From Corollary 3, let q = 0, δ = ±1, and p, a positive odd
integer, then

W

(
1

2
, 1, p, 2

)
=
∑
n≥1

H
(2)
n
2

np
(2.6)

= p(−1)p+122−pζ(2)ζ(p) + 2p(−1)p (EU (p+ 1)− S(1, p+ 1))

+ 2(−1)p (BW (2, p)− S(2, p))

+ (−1)p+1
p−1∑
k=3

(−1)k(p+ 1− k)

2p−k
ζ(k)ζ(p+ 2− k),

where EU (·), S(·, ·) and BW (·, ·) are the same as in Corollary 3.

Proof. Proceeding as in Theorem 1,

I(a, δ, p, 0) =

∫ 1

0

lnx Lip(x) Li0 (δxa)

x
dx

= − δ

a2

∑
n≥1

1

np

∑
j≥1

δj

(n+ aj)2
= − δ

a2

∑
n≥1

1

np
Φ
(
δ, 2, 1 +

n

a

)
,

where Φ
(
δ, 2, 1 + n

a

)
is the Lerch transcendent. We have,

I(a, δ, p, 0) =


− 1
a2
∑

n≥1

ψ′(n
a

+1)
np for δ = 1 ,

1
4a2
∑

n≥1
ψ′(n

a
+1)

np

(
ψ′(a+n

2a )− ψ′(2q+n
2a )

)
for δ = −1 .

(2.7)



integrals of polylogarithms 31

Now for a = 2 and δ = 1, we have

I(2, 1, p, 0) = −1

4

∑
n≥1

ψ′(n2 + 1)

np
=

1

4

∑
n≥1

H
(2)
n
2

np
− 1

4
ζ(2)ζ(p)

and equating with (2.5) we obtain the desired result (2.6). Also, since

∑
n≥1

H
(2)
n

np
= 21−p

∑
n≥1

H
(2)
n
2

np
(
1− (−1)n+1

)
we obtain the second Euler identity

W

(
1

2
,−1, p, 2

)
=
∑
n≥1

(−1)n+1H
(2)
n
2

np

= W

(
1

2
, 1, p, 2

)
− 21−p BW (2, p)

=
(
1 + (−2)p+1

)
ζ(2)ζ(p)− 2pW

(
1

2
,−1, p+ 1, 1

)
+ (−2)2−pW (2, 1, p, 2) + (−2)1−p BW (2, p)

+

p∑
k=2

(−2)2−k(p+ 1− k)ζ(k)η(p+ 2− k) .

Similarly, for the third Euler sum identity in (1.2) we have

∞∑
n=1

H
(2)

n− 1
2

(2n− 1)p
=

1

2

(
W

(
1

2
, 1, p, 2

)
+W

(
1

2
,−1, p, 2

))
.

Example 4. ∑
n≥1

Hn
2

n6
=

135

128
ζ(7)− 1

16
ζ(2)ζ(5)− 1

4
ζ(3)ζ(4),

∑
n≥1

(−1)n+1Hn
2

n6
=

119

128
ζ(7)− 1

32
ζ(2)ζ(5)− 7

32
ζ(3)ζ(4),
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∑
n≥1

H
(2)
n
2

n5
= ζ(3)ζ(4)− 21

16
ζ(2)ζ(5) +

107

64
ζ(7),

∑
n≥1

(−1)n+1H
(2)
n
2

n5
=

7

8
ζ(3)ζ(4)− 13

8
ζ(2)ζ(5) +

147

64
ζ(7),

∞∑
n=1

H
(2)

n− 1
2

(2n− 1)5
=

15

16
ζ(3)ζ(4)− 47

16
ζ(2)ζ(5) +

127

64
ζ(7).

Corollary 5. For a = 1
2 , δ = ±1, p, q, positive integers with p + q an

odd integer, then

I
(1

2
,δ, p, q

)
=

∫ 1

0

lnx Lip(x) Liq

(
δx

1
2

)
x

dx

=



2p(−2)pW
(

1
2 , 1, p+ q + 1, 1

)
− (−2)pζ(2)ζ(p+ q)

+(−2)pW
(

1
2 , 1, p+ q, 2

)
−
∑p

k=2(−1)p−k(p+ 1− k)ζ(k)ζ(p+ q + 2− k) for δ = 1 ,

(−2)p+1W
(

1
2 ,−1, p+ q + 1, 1

)
+ (−2)pζ(2)η(p+ q)

+(−2)pW
(

1
2 ,−1, p+ q, 2

)
+
∑p

k=2(−1)p−k(p+ 1− k)ζ(k)η(p+ q + 2− k) for δ = −1 ,

where W (·, ·, ·, ·) is evaluated from Corollary (4).

Proof. The proof follows from (2.1).

Example 5. In these examples we utilize some results from Example 4:

I(
1

2
, 1, 5, 0) = 16ζ(3)ζ(4) + 218ζ(2)ζ(5)− 391ζ(7),
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I

(
1

2
,−1, 5, 0

)
= 371ζ(7)− 12ζ(3)ζ(4)− 210ζ(2)ζ(5),

I

(
1

2
, 1, 0, 5

)
=

107

16
ζ(7) + ζ(3)ζ(4)− 37

16
ζ(2)ζ(5),

I

(
1

2
,−1, 0, 5

)
= −147

16
ζ(7)− 7

8
ζ(3)ζ(4) +

41

16
ζ(2)ζ(5),

I

(
1

2
, 1, 3, 2

)
=

75

2
ζ(2)ζ(5)− 64ζ(7),

I

(
1

2
,−1, 3, 2

)
= 63ζ(7)− 37ζ(2)ζ(5).

Remark 2. The integral I(a, δ, p, q) has been represented in terms of spe-
cial functions. For particular values of the constants (a, δ, p, q) the integral
(1.1) has been expressed in closed form in terms of Riemann zeta and Dirich-
let Eta functions. Some examples are given for the solution of the integral
(1.1), most of which are not amenable to a mathematical computer package.
Finally we have developed new identities for the Euler sums (1.2) in the spirit
of Euler (1.3).
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