Stochastic resetting by a random amplitude
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Stochastic resetting, a diffusive process whose amplitude is "reset" to the origin at random times,
is a vividly studied strategy to optimize encounter dynamics, e.g., in chemical reactions. We here
generalize the resetting step by introducing a random resetting amplitude, such that the diffusing
particle may be only partially reset towards the trajectory origin, or even overshoot the origin in a
resetting step. We introduce different scenarios for the random-amplitude stochastic resetting pro-
cess and discuss the resulting dynamics. Direct applications are geophysical layering (stratigraphy)
as well as population dynamics or financial markets, as well as generic search processes.

I. INTRODUCTION

Albert Einstein [1] established the probabilistic ap-
proach to Brownian motion based on the assumption that
individual displacements of the tracer particle are inde-
pendent (uncorrelated) beyond a microscopic correlation
time, identically distributed, and characterized by a fi-
nite variance. This "schematisation ...represents well
the properties of real Brownian motion" [2]. The theo-
retical description of stochastic processes, based on the
formulation of fluctuating forces by Paul Langevin [3], is
by now one of the cornerstones of non-eqiulibrium physics
[4-6], with a wide field of applications across the sciences,
engineering, and beyond.

An important application of diffusive dynamics is in
the theory of search processes [7]. Random search strate-
gies are efficient processes when prior information about
the target is lacking [8, 9] or when the searcher itself can
only move diffusively, such as molecular reactants [10].
A number of specific strategies have been studied as gen-
eralization of the classical Brownian search [11], such as
Leévy flights [12, 13], intermittent search [14, 15], or facil-
itated diffusion [16, 17]. Applications of these strategies
are found in biochemistry [10, 18], biology [19], computer
science [20], or economy [21].

Effects of "resetting" events, when a stochastic process
is returned to its original state, were studied in a neuron
model [22] and in the context of multiplicative processes
[23]. In the seminal work by Evans and Majumdar [24]
"stochastic resetting" (SR) was defined as the stochastic
interruption of a random motion, resetting the particle
to its initial position and starting the process anew. A
particular feature is that the mean first passage time in
diffusive search becomes finite and can be minimized [25].
SR is thus widely applied to search processes.

SR has two random input variables. One is the par-
ticle’s random motion between resets, for which numer-
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ous processes were considered [26-34]. The other vari-
able describes the stochastic time span between succes-
sive resets, with a variety of studied distributions [35—41].
Concrete SR mechanisms include resetting to an initial
distribution [25] to the previous maximum [42], reset-
ting with a memory [43], resetting after a delay [27, 44—
47|, space-time coupled resets [32, 33, 48-51|, and non-
instantaneous resetting. SR in confinement was consid-
ered for different dimensions [52], with different boundary
conditions [28, 53, 54], or in a potential [55-58|. Finally
interacting particle effects were studied [59-62]. Appli-
cations of SR were discussed in the context of web search
in computer science [63, 64], enzymatic velocity [44, 65],
reaction-diffusion processes with stochastic decay [66],
backtrack recovery by RNA polymerase [67], and polli-
nation strategies [68]. The first experimental realization
of SR was achieved by tracing diffusing colloidal particles
reset by switching holographic optical tweezers [69].

Here we consider a random-amplitude SR (RASR),
motivated by geophysical stratigraphic records [70, 71],
made up of the layers of sedimentary material that accu-
mulated in depositional environments but were not sub-
jected to subsequent erosion. These layers ("beds") are
separated by erosional surfaces where previously exist-
ing material was removed by chemical reaction or phys-
ical forces. The periods of time missing from the geo-
logic record due to erosion are known as "stratigraphic
hiatuses" [72]. It was in fact Hans Einstein, Albert
Einstein’s son, who applied probabilistic approaches to
stratigraphic records [70]. Geologists use the strati-
graphic record to infer earth’s history, and sediment
bed type is used to interpret the depositional setting
(river, delta, lake, dune, etc.). If sediment at multiple
points within the stratigraphic column can be dated us-
ing geochronological techniques such as C14 dating [73],
average linear rates of accumulation can be calculated.
These rates may be serve as proxies for external forcing
such as climate regime.

The generation of the stratigraphic record is typically
modeled as a random process. Thus, random surface el-
evation at a given point on the earth moves upward (by
deposition), stays constant (no erosion or deposition), or
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Figure 1: Flowchart of the two main concepts, indepen-
dent and dependent random amplitude stochastic resetting
(RASR) with specific choices of the resetting and propaga-
tion statistics.

decreases (erosion). Deposition and erosion are continu-
ous and were described by different stochastic processes,
starting with the work of Kolmogorov [74]. Since then
a variety of stochastic models (i.a., random walks [75]
or fractional Brownian motion [76]) were used to probe
the fidelity of the stratigraphic record with respect to
earth history. The observation that measured linear rates
of accumulation decrease as a power-law with measure-
ment interval in a variety of geologic settings [77], was
attributed to power-law hiatus lengths, which in turn
arise because they are created by return times of random
surface fluctuations [78]. Here we explore an additional
mechanism for erosion, typical for regular (e.g., seasonal)
or irregular massive erosion events, such as extreme rain-
fall, storms, or floods. In these cases the surface is eroded
away by a sizeable amount during a short period in time.
The exact erosion height will be different each time. We
model such extreme events by RASR: resetting occurs at
random intervals with random amplitude (Fig. 2). The
guiding example we consider in the following is that of
ballistic propagation of the process, interrupted by RASR
events. Such ballistic motion may reflect ongoing accre-
tion, for instance due to deposits in a riverbed or a river
delta. Occasional extreme rainfalls or snowmelts cause
significant erosion of these layers, corresponding to the
resetting events.

We here develop the RASR model and discuss a range
of applications going beyond the geophysical erosion pic-
ture drawn here. Examples include the dynamics of fi-
nancial markets hit by occasional crises [79, 80], pop-
ulation dynamics affected by partial extinction [81], or
germs affected by antibiotic treatment [82]. We note
that we call RASR a resetting process despite the fact
that the "reset" leads to a random position. However,
the RASR process keeps the idea of classical resetting
in that the propagation of the test particle is occasion-

ally interrupted by a significant shift. In the search con-
text mentioned above the RASR process thus represents
a new class of intermittent search processes in which the
searcher does not intermittently return to its "nest" but
restarts its search at a range of key points (points of pre-
vious search success, etc.).

The layout of the paper is as follows (compare also
the scheme in figure 1). We first develop the general
resetting picutre of our RASR model in Section II. Sec-
tion III introduces the concept of indepentent resetting,
in which the coordinate of the process does not depent
on the position before resetting. The opposite case, de-
pendent resetting is developed in Section IV. In both
cases we consider specific cases for the timing of the re-
sets and the resetting amplitude statistic. We draw our
Conclusions in Section V, some additional derivations are
deferred to the Appendices.

II. GENERAL RESETTING PICTURE

In the RASR model 1(t) denotes the probability den-
sity function (PDF) of time spans between resetting
events, and the PDF for the time ¢ at which the nth
resetting event occurs is

nt) = / o (= )0t (1)

with 4o (¢) = 6(¢). In Laplace space, therefore, Un(s) =
1™ (s). The probability

W) =1 /0 Ly @)

of no reset up to t becomes W(s) = (1 —1)(s))/s. Finally,
the probability to have exactly n resets up to t is

B, (1) = / Gt V(1) 3)

In what follows we consider independent, identically dis-
tributed (iid) resetting time intervals by using the exam-
ples of constant interval lengths ("constant pace") and
Poisson-distributed intervals. The RASR process can
have independent resetting amplitudes z,, at the nth step
that do not have a lower bound (Fig. 2a, b). For depen-
dent (bounded) resetting amplitudes the process never
crosses to negative heights x(¢,,) (Fig. 2¢, d).

Let the term x(t)|z(to) denote the position x at a cer-
tain time ¢ provided that at time ¢y the position was
29 = x(tg). For the derivations of the "first resetting
picture" we will use the general relation [88]

y(t)|z(tg) with probability W (t — to)
for to < t,

z(t)|z(to) =  x(t)|x(t;) with probability (4)
[ dtyp(ty — to)



Eq. (4) shows two possibilities. The upper line describes
the possibility of no reset in [tg, t] with the corresponding
probability W (¢ — t9). In this scenario the process, start-
ing at position xy = x(tp) at time to, fulfils a specific dis-
placement process y(t). Thus, with probability W (¢ — o)
the process x(t) = y(t), which is stochastically described
by G(y,t;zo,t0). The lower line of Eq. (4) describes the
first resetting point x(¢1) at the random resetting event
t; as a new initial condition of z(¢). The new initial
condition x; at t; will be described by the distribution
@(x1,t1;20,t0), which is, without loss of generality, de-
pendent on the previous initial condition xy at tg. The
corresponding probability for this event is j;to dt11(t1—to)
for ty € [to,t].

With Eq. (4) we can find the expression for the corre-
sponding PDF P(x,t; o, to),

P(xvt;antO) = \P(t*to)G(I,t,;’Eo,to)

t fe'e]
+/ dt11(ty *to)/ dxip1(x1,ti; 20, to)
to

— 00

xP(x,t;xl,tl). (5)

In Eq. (5), ¢1(x1,t1;20,t0) is the distribution of the first
resetting point x; = x(t1) at time ¢; under the condition
that the process started at position xzy at time tg. The
computation of ¢ (x1,t1;20,t) depends on which kind
of resetting mechanism we will use.

III. INDEPENDENT RESETTING PICTURE

For independent resetting the height after the n + 1st
resetting event is

T(tn+1) = Y(tnt1)|z(tn) + 2n41 (6)

with the initial condition x(tg) = x¢. Here y(t,41)|z(ts)
defines the unperturbed motion during the time interval
tn+1 —t, starting from point x(t,,). Moreover, z,41 is an
iid resetting amplitude of negative value, z; € (—00,0).
This setup corresponds to our picture of sudden massive
erosion, population decimation, or financial market loss,
in which the resetting amplitude is viewed independent
of the process. Conceptually, this type of RASR cor-
responds to jump diffusion with one-sided jump lengths
[83, 84].
For n =0, Eq. (6) yields

z(t1) = y(t1)|zo + 21. (7)

The sum of two random variables implies the convolu-
tion of the corresponding PDFs. Thus, with Eq. (7),

¢1(x1,t15 0, t0) is

(oo}

1 (21, t1; o, to) Z/ dyG(y,t1; w0, to)q(x1 —y). (8)
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Figure 2: RASR sample paths with ballistic displacement
(v = 0.5) and independent (Poissonian with mean ¢ = 1.6,
panels (a) and (b)) as well as dependent (uniformly dis-
tributed, panels (c) and (d)) resetting amplitudes. In (a) and
(c) resetting events (x) occur at constant pace, in (b) and (d)
with Poissonian waiting times, both with mean rate r = 1/4.

The PDF P(z,t;xg,to) to propagate from xq at to to x(t)
is obtained by plugging relation (8) into Eq. (5), yielding

P(xvt;antO) = \P(t*to)G(ZE,t,Io,to)

t [e%e]
+/ dt1(t *to)/ dyG(y, t1;x0,to)
to

— 00

o0
X / dxiq(xy — y)P(x,t; 21, t1). (9)
— 00

The first term on the right involves the PDF
G(z,t; g, to) for undisturbed motion without resetting,
where the probability ¥(¢) denotes no resetting during
the time from tg to t. The second term describes free
propagation from (z,to) to the first resetting point at
(1,t1), at which a reset to x; occurs with the ampli-
tude PDF ¢(z1 — y). Then the process is propagated
by P(z,t;xz1,t1). Eq. (9) can be iterated to include all
resetting steps. From that derivation one can see that
the PDF P(x,t;x0,t9) is homogeneous, P(x,t;xg,t) =
P(x — x9,t — t0;0,0), exactly when G is homogeneous.
In the setting of Eq. (9) we can describe a general reset-
ting process with arbitrary propagation and independent
resetting events. The first resetting picture described
here can be shown to be identical to the "last resetting
picture", as demonstrated for independent resetting in
Apps. A and B. We now consider special cases for the
propagation, resetting times, and amplitudes.

A. Ballistic propagation

An illustrative example is given by ballistic propa-
gation (and in fact a special case of the jump process



considered in [84]) with speed v, G(z,t) = d(xz — vt),
where we set o = 0 and top = 0. To compute the char-
acteristic function P(k,t) = [ dwexp(ikz)P(z,t) of
P(x,t) = P(x,t;zg = 0,tg = 0) for the first resetting
picture (5) respectively the last resetting picture (B2) in
presence of a ballistic propagation, we use Eq. (5) with
G(z,t;y,7) = 0 (x —y —v(t —7)). The Laplace trans-
form P(k,s) = [;° dtexp(—st)P(k,t) of the characteris-
tic function P(k,t) then reads

P(z,t) = U(t)o(z —vt)+ [ dtib(t1) | dyd(y — vt1)
[ ]
X/dI1Q($1*y)P($*$1,t*t1)v

from which we obtain the Fourier transform

P(k,t) = U(t) exp(ikot)

/ dtrib(ty) exp(ikot)a(k) Pk, t — 1) (10)
0

Finally, after an additional Laplace transform,

P(k,s) = U(s — ikv) + (s — ikv)q(k)P(k, s), (1)

we obtain the algebraic relation
(s — ikv)
1= 0(s — ikv)a(k)

Eq. (12) is similar to the Montroll-Weiss equation [85]
for continuous time random walk processes. Rewriting

FUH

(kv S) -

(12)

Eq. (12) in terms of a geometric series, P(k, s) becomes

oo

(s —ikv) 3 (12)(5 - ikv)q(k))n . (13)

n=0

Plk,s) =

With definition (3) we end up with the compact expres-
sion

oo

Iéks:z

(s —ikv)q" (k). (14)

Note that by definition ®,(¢t) is the probability
of exactly n resetting events in [0,¢], and with

Jotna (=) O(E)dE (o(t) = 6(t), ie, Doft) =
W(t)), the Laplace transform of @,,(t) becomes ®,,(s) =
W(s)y™(s). With these relations we can perform the in-

verse Laplace transform of P(kz, s) yielding the charac-
teristic function P(k,t)

Z@

) exp(ikvt)q" (k). (15)

An alternative approach to derive the characteristic
function is to use its representation as a jump diffusion
process [83],

n(t
xt):vt—i—sz, (16)
j=1

where the stochastic variable n(t) is the number of resets
in the interval [0,¢]. The characteristic function can be
computed as

P(k,t) = (exp(ikz(1)))

= exp(ikvt) <H exp(ikz;) >

= Z@n( exp(ikut) H exp(ikz;)). (17)

As n(t) in this expression is a stochastic variable we need
to sum up the probabilities ®,,(¢) of every possible value
of n € N. Furthermore, we use the property of the z; to
be iid random variables, along with the identity ®¢(t) =
U (t). This leads us directly to Eq. (15).

Define now ¢, (z) as the distribution of the total jump
size z after n iid jumps with distribution ¢(z). The rela-
tion between ¢,(z) and ¢(z) is then

Oodz’n, z—2")q(2") n>1
0(2) n=20
and thus
Gn(k) = q" (k). (19)
With ¢, (z) from Eq. (19) we take the inverse Fourier

transform of the characteristic function P(k, t), Eq. (15).
Thus, P(z,t) takes on the form

P(z,t) = Zfl)

= Ut

Yqn(x — vt),

§(x — vt) +Z<I>

Yqn(z — vt) (20)

Calculation of moments

For the average (x(t)) and the variance Var{z(t)} of
the variable x(t) we compute the first and second deriva-

tives of P(k,t), Eq. (15),

P'(k,t) = Z @, (t) exp(ikvt)q"™ (k) ( vt + njé}i?) ,

P"(k,t) = Z o,

ng' (k)\? | @"(k)ilk) — (¢ (k))*
(( ) ) T ) 2y

t) exp(ikvt)q" (k)




Let (z) = —ig’(0) be the average of the random inde-
pendent amplitude z with the corresponding distribution
q(z). Then with Eq. (21) the average (x(¢)) of x(t) is

Z@

Now let Var{z} = (§'(0))> — ¢’(0) be the variance of
the random independent amplitude z with distribution
q(z). Thus, the variance Var{z(t)} of the position x(t)
becomes

(x(t)) = —iP'( ) (vt + n(z)). (22)

Var{z(t)} = (ﬁ(o,g)2 — P(0,1),

= Z @, (t) ((vt + n(2))* + nVar{z}) — (z(t))>. (23)
n=0

B. Ballistic propagation with exponential resetting
amplitudes

For the concrete choice of exponential resetting ampli-
tudes, defined by

i) = 0= exp 72, (24)

the distribution g, (z) becomes

I , ro\"
%/_OO dk exp(—ikz) (71+ik§) ,

e w(3) o)

The density P(z,

qn(2)

t) (Eq. (20)) then yielsd in the form
(vt —x

zfthrZ(I) Q"n—l)

X exp ( z”t) O (vt — ). (25)

The Fourier transform of ¢(z) is ¢(k) =
the first and second derivative of §(k),

—i¢
(1+ik¢)?’

P(z,t) = P(¢ (vt =)™ 1

1/(1+ik¢). With

(k) = §"(k) =

we get the average and the variance of z,

(2) = —id'(0) =
Var{z} = (§ (0))2 - A”( )= —C2+202 =% (27)
The mean (z(t)) (Eq. (22

Z@

)) now becomes

(vt —n(), (28)

and the variance Var{z(t)} (E

Z@
(2@

q. (23)) reads

Var{z(t) (vt —n¢)? +n¢?)

(vt — n()) . (29)

Ballistic propagation with exponential resetting amplitude
and Poissonian resetting times

As a specific example we consider the combination of
an exponential resetting amplitude PDF (24) of width ¢
and Poissonian resetting times with distribution

P(t) = rexp(—rt). (30)

This implies the distributions

oy _1-ts) 1
r+s’ W(S)_ S _7’+s’ (31)

~ r

P(s) =

and from this expression we find the Laplace transform

b =000 =1 () @

After Laplace inversion,

(rt)"
n!

D,(t) = exp(—rt). (33)

This yields the density P(x,t) (Eq. (25)) for this case,

Pe.0) = exp(crpte -+ 30 P

xexp<xvtrt<>® (vt — ). (34)

With the representation
é. o0
=22 o+ 1

of the modified Bessel function of the first kind we then
obtain our result,

(€2/4)"

(n+1)! (35)

P(z,t) = e "§(x —vt) 4+ exp([z — vt — 1t¢]/¢)

rt/¢ ——1 (2 %t(vt - x)> Ot —z). (36)

vt —x

The mean (x(t)) of z(t) (E

iy = 3

q. (28)) is

exp(—rt) x (vt — nQ),
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Figure 3: Height profile PDF P(z,t) as function of = for six
different ¢ for ballistic motion with Poissonian resetting times
and exponential resetting amplitudes. The probability of no
reset until ¢ is represented by the vertical line at z = vt, it is
shown on log-lin scale for different ¢ in the inset. Simulations
results are shown by points, the analytical results are shown
by solid lines. Parameters: v = 0.5, » = 0.125, and ¢ = 2.

The mean position thus depends linearly on ¢ and in-
creases or decreases, depending on the sign of (v — ().
The variance Var{z(t)} (Eq. (29)) has the form

Var{z(t)} = Z (7’3” exp(—rt) x ((vt —n¢)?® +n¢?)
n=0 :
—(vt —rt¢)?,
= 2rt¢?. (38)

The variance is thus also proportional to ¢, but it is v-
independent.

Fig. 3 shows P(z,t) at different times: the maximum
value decreases and the PDF gradually shifts away from
negative values. The possibility of no reset up to time ¢
is encoded in the finite value at x = vt, the inset shows
a discontinuity of P(z,t) at = vt and the exponential
relation between the probability of no reset and time t.

In App. C we derive the Fourier transform of the PDF
P(x,t) from the master equation formulation for the case
of ballistic propagation, Poissonian resetting times and
arbitrary independent resetting amplitudes. The result
(C4) then corresponds to Eq. (15) with the choice (33)
for @,,(t).

C. Ballistic displacement with constant pace and
exponential resetting amplitudes

We now consider another variant of ballistic propaga-
tion, namely, of a constant duration between successive
resetting events, which we refer to as constant pace. The

distribution of the resetting interval lengths is

1

b(t) =06 <t - —) . (39)

r

In Laplace space this implies the distributions
- s ~ 1 —exp(—s/r
ds) =exp (2) ) = LRy

and consequently

B, (s) = exp(—ns/r) —exp(—(n + 1)5/7’), (41)

S

After Laplace inversion,

@n(t)ze(t—;)—e(t—"+1). (42)

r

Thus, the density P(x,t) (Eq. (25)) is given by

P(z,t) =

03 e ()
x(@(t—%)—@(t—n—:l)). (43)

The mean (z(t)) of #(t) (Eq. (28)) becomes
o0 = E(o-3)-0(-2)

= vt —(|rt], (44)

where we introduce the floor function || = max{l €
Z|l < x}. The variance Var{z(t)} (Eq. (29)) reads

Var{z(t)} = g2n§0 <@ (- ;) —6 <t ”: 1>) n,
= *lrt). (45)

In the long time limit results (44) and (45) coincide with
the corresponding mean and variance in the Poissonian
resetting time scenario, Eqs. (37) and (38).

In Fig. 4 the mean position and variance are shown
for two different examples of ballistic propagation and
exponential resetting amplitudes, demonstrating the lin-
ear growth of the mean height. In this example we see
that the constant pace scenario has the same mean as the
Poissonian resetting model but half the variance, as can
also be seen from comparison of Egs. (38) and (45).

Let us compare the difference between the cases of con-
stant pace and Poissonian resetting intervals in more de-
tail. Fig. 5 illustrates the PDF P(x,t) for constant pace
(left panel) and Poissonian resetting (right panel) at dif-
ferent times. For the chosen values the maximum of the
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Figure 4: Average and variance of the height x as function for
t for exponential resetting amplitudes and ballistic motion,
with Poissonian and constant pace resetting times. Points
represent simulations results, solid lines are the analytical re-
sults. Parameters: v = 0.5, r = 0.125, and { = 2.

PDF increases with time, and the standard deviation of
the PDF increases in both panels. In the case of constant
pace resetting, we showed the distribution immediately
after resetting in Fig. 5. For Poissonian resetting the
possibility that no reset occurs up to time ¢ is encoded in
the finite value at x = vt. Its value is detailed in the in-
set, showing a discontinuity of P(z,t) at 2 = vt and the
exponential relation between the probability of no reset
and time t.

Fig. 6 shows the behavior of the average (left panel)
and variance (right panel) of z(t). For constant pace
resetting the average (x(t)) increases linearly in time be-
tween successive resetting events, however the variance of
x(t) does not change in this time span. The correspond-
ing PDF moves linearly in time, but does not change its
shape during these time spans. The shape of the dis-
tribution only change at the resetting events. As it can
be seen in Fig. 6 the variance Var{z(t)} only increases
at these times. For Poissonian resetting the mean po-
sition depends linearly on ¢ and increases or decreases,
depending on the sign of (v — r¢). Both possibilities are
shown in Fig. 6. Moreover, in presence of constant pace
resetting, we can see that (2(t)) increases faster than for
Poissonian resetting during the resetting interval lengths.
However, under the same choice of parameter the mean
for constant pace resetting coincides with the Poissonian
resetting at the resetting events. For Poissonian reset-
ting the relation between Var{z(t)} and t is linear and

increases faster as for "constant pace" resetting.

IV. DEPENDENT RESETTING PICTURE

In many realistic situations the height z(¢) cannot as-
sume negative values, e.g., when the deposits in a river
bed shrink until they reach a solid bedrock, when the
value of a given stock becomes zero, or when a popula-
tion goes extinct. Random-amplitude resetting processes
with strictly positive x in our framework are described
by dependent resetting amplitudes, the main novel feature
introduced in this work.

For such dependent resetting amplitudes we use the
following relation between consecutive resetting points,

{ T(tn+1) = Y(tna1)[2(tn)) X Cnga 7

$(t0) = 2 (46)

where the ¢, € [0,1) are iid random variables of the
running index n. For n = 0, Eq. (46) yields

z(t1) = (y(t1)|zo) x c1.
With Eq. (47), ¢1(21, t1; 20, to) becomes

(47)

oo d T
1 (w1, t1; w0, to) Z/ ?yG(y,tl;JCo,to)fc (j) .

0

(48)
In Eq. (48) we only allow movement for positive heights,
0 < y < o0. Due to our requirement that height x(t)
cannot assume negative values, we impose the additional
condition that fo(e,) = 0 for ¢, < 0 and ¢, > 1, such
that we only have to consider the range 0 < ¢; = z1/y <
1, in which feo(e1) # 0. Thus we have the inequality
0<x1/y<1,or

0<x <. (49)

For dependent resetting amplitudes we get the first
resetting picture of the process if we substitute
o1(x1,t1;20,t0), Eq. (48), into Eq. (5) and consider-
ing the range of x; for which fo(x1/y) # 0 (compare
Eq. (49)). Thus, we get

P(xvt;antO) = \p(t*to)G(I,t,;’Eo,to)

t [e%e] d
+/ dt11(ty *to)/ ZyG(yvtl;xo,to)

to 0

Y
X / dxy fo(z/y) Pz, t; 21, ). (50)
0

The key difference to Eq. (9) is that the y-integration is
restricted to y € [0, 00) and that the resetting length PDF
q(r1—y) is replaced by the scaling function y~* fo (z1/y),
that in turn is part of the product distribution (48). We
derive the last resetting picture corresponding to the first
resetting picture (50) in App. D. We note that when the
PDF G is homogenous in space and time, the PDF P is
still homogeneous in time but the spatial homogeneity is
lost (App. D).
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Figure 6: Average and variance of the height x as function of time ¢ for exponential resetting amplitudes and ballistic mo-

tion, with Poissonian and "constant pace" resetting. Points represent simulations, solid lines the analytical results.

realizations, r = 0.125.

A. Reduction to classical stochastic resetting

Before proceeding with our analysis we stop to proof
that our RASR process with dependent resetting ampli-
tudes is a generalization of classical SR. In fact we can
prove this equivalence for both the first resetting picture
and the last resetting picture if we set fo(c,) = d(¢p,) and
use Poissonian resetting ¥ (t) = r exp(—rt) along with the
initial position xg = 0. With this deterministic resetting
mechanism we can verify the results of [38] for the first
renewal picture and [25] for the last renewal picture of

SR.

For all

In the first resetting picture we have in our framework

t

P(x,t;0,0) = exp(—rt)G(ac,t;O,O)+/dt1rexp(—rt1)

0
oo

Yy
d
X —yG y,tl,O 0)/d1}16< ) P(ac,t;xl,tl)
Y Y
0

¢
= exp(—rt)G(z,t;0,0) —i—r/dtl exp(—rty)
0

1
/ d615 Cl
0

oo

/dyG y,t1;0,0)
0

IE ta a1y, tl)a



in which ¢; = 1 /y. This implies that and therefore proves the equivalence to [38] with xy = 0.

t

P(z,t;0,0) = exp(—rt)G(x,t;0,0) Jrr/dtl exp(—rty)

0
X /dyG(y, t1;0,0)P(x,t;0,t)
0

t
= exp(—rt)G(x,t;0,0) —i—r/dtl exp(—rty)
0

XP(x,t;0,t1), (51)

Conversely, in the last resetting picture we have [cf. Eq. (D11)]

o U 1 00 n_1 Tntl-i
P(x,t;0,0) = exp(—rt)G(z,t;O,O)JrZ/dTn/dcn/dy; H / A7y —ir exp(—1(Tnt1—i — Tn—i))
n=1 0 0 0 i=1
n—1 ¢ 1
x H/dy;zfiG(y;erlfiaTn+1—i§cn—iy;17ia7-n—i)/dcn—i6(6n+1—i)
=17 0
xd(c1)rexp(=r71)G (Y1, 713 0,0) exp(—7(t — 7)) G (2, 5 CnYp, Tn)
00 t n—1 Tntl-i
= exp(—rt)G(z,t;0,0) + ZT” /dTn H / drn—i | exp(—r[mn — Tn_1]) exp(—7[Th—1 — Tn_2])
—1

n 0 1=1 0
X ... X exp(—r[rs — 1o]) exp(—r[ra — 11]) exp(—r11) exp(—r[t — 7,])G(x, ¢; 0, 7,)

)nfl

= exp(—rt)G(z,t;0,0) + T/dTZ T exp(—rt)G(z,t;0,7), (52)
0 n=1 (n - )
with 7 = 7,,. This demonstrates that
t
P(x,t;0,0) = exp(—rt)G(x,t;0,0) + r/dT exp(—r[t — 7])G(x,t;0,7), (53)
0

and completes our proof of equivalence with the formulation in [25] for z¢p = 0.

B. Ballistic propagation with dependent resetting amplitude

For the spatial Laplace transform P(u,t;z0) = fooo dx exp(—ux)P(x,t;20) of the one-sided density P(xz,t;x0) =
P(x,t;x0,to = 0) in the first resetting picture (50) respectively the last resetting picture (D2) for the case of ballistic
propagation, we use Eq. (D2) with G(z,t;y,7) = d(x — y — v(t — 7)). Collecting terms, P(x,t;xq) reads

o U 1 o] n_1 Tntl—i
P(x,t;z9) = U(t)d(x — xo — vt) + Z/dTn/dcn/dyn X H / ATy —it0(Tnt1—i — Tn—i)
n=ljp 0 0 =17

1

X /dyn—i5(yn+1—z‘ — Cn—iYn—i — U(Tpy1—i — Tn—i))/dcn—ifC(cn—i-l—i)
0 0
X fo(e1)Y(m)0(yr — xo — vr)V(t — 7)0(x — Cryn — v(t — T0)), (54)
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and after the spatial Laplace transform we find

00 t 1 noi Tntl-i 1
P(u,t;z0) = U(t)exp(—u(zo + vt)) + Z dr, | dc, H ATp—it0(Tnt1—i — Tn—i) | den—ifo(eny1—i)
n—lo/ 0/ i=1 0/ 0/
X fo(e)(m)P(t — ) exp | —u xOch —I—’U(t—Tn)—l—’UZ(Tj —Tj—1) l_Ic;C , (55)
=0 j=1 =

in which ¢y = 1 and 79 = 0. Performing a Laplace transform in time (with the corresponding Laplace variable s), in
addition, our general result for the PDF reads

e} n L k n
P(u, s;10) Z s+ uv) H /dckfc ck) (s + uw H cZ—) exp | —uxg H ¢ |- (56)
— k=17 i=1 j=0
To compute the mean
(x(t)zo) = —P'(0,;20) (57)
and variance
Var{ac(t)|x0} = p”(oat; :CO) - (P/(Oat; :CO)) ) (58)

we use the first and second derivatives of P(u, t;x0), Eq. (55), with respect to u and set uw = 0. It is easier to work
with the Laplace transform (56) in time. General formulas for the first and second derivatives of Eq. (56) with respect
to the Laplace variable u are presented in App. E. They will be used in Sections IV C and IV D below.

C. Ballistic displacement with arbitrary resetting times and uniform dependent resetting amplitudes

We now turn to the ballistic displacement process with arbitrary resetting intervals but the specific choice of uniform
dependent resetting amplitudes. This choice allows us to specify (E2) and (E4) when we inlude fo(¢) = 1. Thus for

the first and second moment of ¢ we get (c) = 1/2 and (c?) = 1/3. The first derivative P’'(u,t;z¢) becomes
B/ . _ - n T/ Tn—1 7 \T . i . ’l/N)(S) " \T
P'(0,s:00) = ) | v (9" (5)0'(s) + 9" M () ()W () (1= 5 zo | 5| Y- (59)
n=0

The second derivative P” (u,t; z0) reads

P"(0,5520) = 2112 <1/3”(s)\iz”(s) + %z/?"—l(s)i/?”(s)\if(s) (1 — 3%) + 20" (8) (5) W (5) <1 — 2%))

+> (1)2\1/(5)1/72(5)1/;"2(5) (1 + 3% - ;in) + 22 (“”?) W(s)
n=0
= 0\ e (11

For constant pace resetting times, we have a periodic reset with ¢(t) = § (¢ — 1/r) corresponding to expressions
(40). Thus, the resetting amplitude is the only stochastic variable in this process. After some algebra and Laplce

inversion we find
n v 1 To
Ot:CO E (I) (’U(t;)+;<12—n>+2—n), (61)

in which ®,(t) =0 (t—n/r)—0 (- (n+ 1)/r). The mean (x(t)|zo), Eq. (57), then yields in the form

Lrt]
(x(t)|zo) = zo + vt + Z (2% (% - xo) - ;) (62)
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with the asymptotic properties
. v
lim sup{x(t)|xg) = 2—,
t—o00 T

lim inf (2 (t) o) = g (63)

Thus, in the long time limit the oscillating average (z(t)|zo) is restricted by the two bounds (63).
Similarly we compute the second derivative of the PDF,

PO b — S 2o L Y (o LY (3 2 B 2w o
P7(0,t;20) = 7;0¢n(t) <U (t r) T r (t r) (1 on +2r2 3+3” 2n 2n (t T)

= dvxg (11 z?
+Z(I)n(t)( r (2n3n)+3n)’ (64)

n=0

in which @, (¢t) =© (t —n/r) —© (t — (n+ 1)/r). The variance, Eq. (58), finally reads

[rt]
3 2 xrov [ 4 3 1 1 /v\2/ 6 4 10
- 2(2 = B (2 2 =7
Vaa@lnt = 3 (3 (5 -3) 42 (o) 3 () (st )
v 2
o) (%9)

D. Ballistic propagation and Poissonian resetting times

We now consider Poissonian resetting intervals with rate r, 1)(t) = rexp(—rt). Such exponential distributions are
in fact used in several SR studies, including [24, 40, 46, 52]. For the resetting amplitudes we first derive a general
solution and then consider specific examples. ~

We start from Egs. (E2) and (E4) and use the resetting time distributions with their Laplace transforms 1 (s) =
r/(r+s) and U(s) = 1/(r 4+ s). Evaluating the geometric series we obtain the derivatives of the PDF. After Laplace
inversion, these read

v

P'(0,t;20) = A=) (exp (=7t (1= (c))) = 1) —zoexp (—rt (1= (c))), (66)
B (0. 4 30) — 207 exp (=1t (1—(c*))) exp(~rt(1—(c))
P00 = g =@ ( - (@) = (o )
202 9 Lt — (2
T3 (1— (&) (1 —(c2)) + zgexp(—rt[l — (c7)])
2xgv 2
+m (exp(—rt[l — (c)]) — exp(—rt[l — (c?)])) . (67)
We then derive the mean and variance,
(@(Olwo) = gy (L= exp(=rtll = () +zo exp(=rel1l = () (68)

() e — 202 exp(—rt) (exp(rt(c?)) _exp(rt(c))

velatieoh = S (P )

202 1 exp(—rt[1 — {(c)]) v? (1 + exp(—2rt[1 — (c)]))
(s )-

1
+ )2

PO-@\T- @ 1o (1= (c)
2xgv exp(—rt) " exp(rt(c)) —exp(rt{c?)) = exp(—rt[l — 2{(c)]) — exp(rt{c))
T (e - (J )
+ag (exp(=rt[l = (c*)]) — exp(=2rt[l - (c)])) , (69)

with the initial condition z(0) = xo.
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Figure 7: Mean and variance of the height profile for dependent stochastic resetting with Poissonian [r = 0.125, Egs. (72) and
(73)] and constant pace [Egs. (62) and (65)] resetting times for uniform resetting amplitude and two different initial heights
Zo, in comparison with classical resetting (SR). We plot both quantities according to the normalization in Egs. (74) and (75).
The propagating process is ballistic (v = 0.5) in all cases. Numerical results are shown by points, the analytical results by solid

lines.

For uniformly distributed resetting amplitudes with (c) = 1/2 and (c?) = 1/3 we then find the specific expressions

rt v rt t—so00 U
t = - 2—(1— —— — 2— 70
(ko) =avexp (-5 ) +22 (1-exp (-5 ) ) =¥ 28 (70)
and the variance

Var{z(t)|zo} = 23 (exp (%) - exp(rt)> + v—fo <4exp(rt) + 8exp <%t> —12exp (%))

+ (;)2 <2 — 16exp <%t> +18exp (%) - 4eXp(7’t)> 252 (;)2 : (71)

Moreover, for the case of a deterministic reset to the initial height, (c) = 0 and (c?) = 0, we arrive at

(e(t)|eo = 0) = =(1 — exp(~r1)) (72)

v? B 202t exp(—7t) B v? exp(—2rt) (73)

Var{z(t)|zo = 0} = 2 5 .

r r
For Poissonian resetting times both mean and variance become independent of the initial height in the long time

limit. The functional behavior of both quantities for Poissonian and constant pace resetting times are shown in Fig. 7,
in which we use the nomalized expressions

GOla) = ot (74)
Var{z(t)|xo}

tli}rgo\/ar{:c(t)kco}' (75)

Var{z(t)|zo} =

In this asymptotic limit the normalized mean converges to unity for Poissonian resetting. In contrast, with constant
pace resetting times the oscillating quantity (z(¢)|x0) is limited from above by unity. Based on definition (74) of the
normalized mean, the two different convergence behaviors are compared in the upper panel of Fig. 7. The normalized
variance in Eq. (75) has the same limiting value for both Poissonian and constant pace resetting, see the lower panel

of Fig. 7.
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E. Derivation of the probability density P(xz,t) for Poissonian resetting, ballistic propagation and dependent
resetting amplitudes

To derive a differential equation for the PDF P(x,t;x0;tp) we use the fact that the process is homogeneous in
time and derived the master equation for P(x,t;xg), for which (x(t + At)|xo) = c(z(t)|zo) with probability rAt and
(z(t + At)|xo) = x(t)|xo) + vAt with probability 1 — rAt,

OP(x,t; OP(x,t; rd
titn) ORI oyt +1 [ Lptutianse (£). (76)
0
with P(z,0;x0) = 6(x — x0). For the Laplace transform P(u,t;xq) of P(x,t; 1) with respect to = this yields
_ 1
OP(u,t; _ _ _
% = —wvP(u,t;x9) — rP(u,t;x0) + r/ch(uc, t;x0) fele) (77)
0

with P(u, 0;x0) = exp(—uzxy).

1. Comparison with classical Stochastic Resetting

If we assume a standard SR to the initial condition xzy we have fc(c) = d(¢). Moreover, the relation of the
corresponding random variable, and thus the partial differential is slightly different. Explicitly, (z(t + At)|zo) =
¢ X (z(t)|zg) + zo with probability rAt and (z(t + At)|zg) = (z(t)|zo) + vAt with probability 1 — rAt¢, thus

P . P . © p . _
9 (ZC,t,.’L'O) — —’Ua (ZC,t,.’L'O) —TP(.’L',f;ZEQ) +7"/ (yataxO)(s T —Zo dy
ot ox 0 Yy Yy
_ OP(xz,t;x0)  OP(x,t;m0) _
= T =—v Ee —rP(x,t;x0) + ré(x — x0) (78)

where P(z,0;x¢) = 0(z — z) and we used the condition that P(x,; x¢) is normalized and the scaling property of the
delta function, d(ax) = é(x)/|a| for a € R. Finally, in the case of SR with an arbitrary initial distribution ¢o(z) the
distribution of z at time ¢ can be computed from p(xz,t) = [ ¢o(20)P(x,t; 20)dzo and we get

Ip(,1) Ip(z,1)

oL = U e t) + o () (79)

with p(x,0) = ¢o(z). Eq. (78) is homogeneous in space and confirms the results of Ref. [24] for ballistic displacement
instead of a diffusive displacement.

2. Stationary distribution for ballistic displacement, uniform dependent resetting amplitude and Poissonian resetting

We get the stationary solution of Eq. (77) for fo(c) = 1 with P*(x) = tlim P(x,t;x0) for limy_,oo OP(x,t;20) /0t = 0.
— 00

Thus, for the spatial Laplace transform p*(u) becomes
1 u
0 = —uvP*(u) — rP*(u) + T/ P*(uc)de, < u(uv+r)P*(u) = 7’/ P*(cdd, (80)
0 0

with ¢ = uc. If we now differentiate Eq. (80) with respect to u and use the normalization condition P*(0) = 1, we
get

(2uv + 1) P* (u) + w(uv + 1) P* (1) = rP*(u), (81)
implying P* (u) = uﬁr P*(u) and P*(0) = 1. The solution is given by

Eq. (82) solves Eq. (80), which proves our claim. -
Thus, the stationary solution P*(x) is the inverse Laplace transform of P*(u), Eq. (82),

P*(z) = lim P(,t;x0) = (%)Qxexp (—%) . (83)

t—o00
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3. Proof of equality between partial differential equation (77) and integral representation (56)

Let ﬁ(u, s) denote the Laplace transform of P(u,t), we can obtain the following forms for Poissonian resetting in

double-Laplace space,

1

= exp(—uxo) =
P(u, s;xq) = deP(uc, s;x c 84
( O) r+s+uv T+s+uv/ O)fc() ( )
0
with the following iterative approximations
L exp(—uzo)
0th approximation = ——=
r+s+uv
1
L exp(—uaco) exp(—uzoc)
1st approximation = dc c
PP r—+ s+ uv r+s+uv/ r+s+uvc)fc()
0
(—uzo) | 1 )
. . exp(—uxg exp(—uzpcy
2nd approximation = dc c
PP r+ s+ uv r—l—s—i—uv/ 1r+s+uvclfc( )

0

exp(—uzocice) fo(c2)

1 1
+77’ /dcl ch (Cl) /dCQ
r+s+4+uv r+s+uve
0 0

exp(—uxg)
T+ S+ uv

nth approximation =

such that we find

exp(—umo)
r+ s+ uv

Ig(u, s;xg) =

r4+ s+ uv
m=1

r+s+uvz:: f[/l CJ(

r+ s+ uvecicy

rfo(e))
(7’ +s+uv H{Zl ¢

m

1
/de
0

Jj=1

m
exXp | —xo H Cj
)

rfc(e))
r4s+uv[[_,

) exp —xOch , (85)
j=1

which is equal to Eq. (56) for Poissonian resetting, and thus proves our claim.
[

F. Graphical illustration for dependent resetting

We finally illustrate the difference between ballistic
propagation with Poissonian and constant pace resetting
for uniform dependent resetting amplitude. To this end
we compare the corresponding PDFs at different times
respectively show the behavior of mean and variance of
(2(t)]zo)-

Fig. 8 shows the position PDF for ballistic displace-
ment, uniformly distributed resetting amplitude and two
different distributions of resetting interval lengths. For
each process the impact of different initial values zq is
shown. It is obvious that the influence of initial values
eventually disappears, as can be seen in the upper panels.
In the left panel of Fig. 8 constant pace resetting is used.
When the impact of the initial value disappears (lower
left panel) the PDF of = has a uniform part for small
values of x. However, the uniform character disappears
from a certain value of z and decreases in the tail. The
distribution does not change its shape, however, the PDF
of z fulfills a periodic movement. This motion of the dis-

tribution P(z,t;x¢) is divided in a linear shift in time
and a shift in the opposite direction as a point process in
time. In the right panels of Fig. 8 Poissonian resetting is
used. The height of the probability of no resets is inde-
pendent of the value of xy. This probability is mapped
at © = vt+xo and decreasing in time. For longer ¢ (right
lower panel) it can be seen that the process is stationary.

In Fig. 9 we can see the temporal behavior of the av-
erage and variance of (z(t)|xg). We show the results
for ballistic displacement process which is interrupted
by uniform dependent resetting events for two different
distributions of resetting interval lengths. All analytical
results are numerically verified, see Fig. 9. The vanish-
ing impact of different initial values xy for average and
variance of (z(t)|xp) with ¢ can be seen in all panels.
The average (x(t)|zo) (left upper panel) increases lin-
early with ¢ during the constant resetting interval lengths
and decreases at the resetting points. After some time
the average of (z(t)|xg) is confined to a certain range
and has a periodic switch between linear increase and
decrease as a point process in time. The corresponding



0.4
J/‘O = 0 =]
o = 4 x
= 03
_%3“ 210 e e 6 g
-~
S 0.2
SN—
D‘( 0.1 SO AHOHKIIR KKK I I I SHHHKIHKAKAKKIHKHX KKK
0
0 5 10
xZ
0.2 T
]/'0 = 0 [m]
xo = 4 X
g &&&&E@QQ
< 01 5
3 . &
= &
A B,
i
My
X
0 alols
0 5 10 15 20 25
xZ

15

Tro = 0 o
0 To = 4 X
> 10 SR o A
S i
Ko e
3 10 DD;QQX RHR S5k
~— X
A
1072
1073
5 10
0 X
10
| To — 0 o
: Tro = 4 X
g 1072 \ R .2
o
< \
A 107 Qﬁbﬁ’Babé
X
107°
0 10 20 30 40 50
X

Figure 8: PDF P(z,t;x0) of the height profile for different initial heights and ballistic motion with uniform resetting. Left:
"constant pace" resetting. Right: Poissonian resetting, compared to the classical resetting scenario with enforced resets to the
origin. Top: ¢ = 1/r. Bottom: ¢ = 10/r. Numerical results are shown by points, analytical results by solid lines. Parameters:

v =0.5 and r = 0.125.

Var{z(t)|zo} (left lower panel) stays the same during the
resetting interval lengths and increases discontinuously
at the resetting points, a jump in the figure. For longer ¢
the variance Var{z(t)|xo} converges to a finite limit. In
the right panels of Fig. 9 the convergence of average and
variance of (z(t)|xo) in presence of Poissonian resetting
is obvious. Thus, this process is stationary.

Fig. 10 shows the PDF for ballistic propagation with
Poissonian resetting times for classical resetting to the
origin and uniform resetting amplitudes, for two different
initial heights xg. At early times of the process (top
panel) the difference due to the initial height is distinct,
while in the long time limit (bottom panel) the PDFs for
the two uniform-resetting cases coincide. The difference
to the classical resetting case with enforced resetting to
the origin clearly results in a lower height profile.

V. CONCLUSIONS

We introduced a generalized resetting concept with
random resetting amplitudes in two different scenarios:
independent resetting, in which the height profile may
become negative, depending on the specific resetting am-
plitude PDF and the propagating process; and dependent
resetting, in which the positivity of the height profile is
guaranteed by the definition of the resetting amplitude
PDF. We derived an explicit analytical formulation of the
process and analyzed specifically ballistic propagation in
the presence of Poissonian resetting times and different
resetting amplitude PDFs. We also demonstrated that

the classical resetting theory with mandatory resets to
the origin is contained in our model in the dependent
case, whereas the independent scenario is a specific case
of jump diffusion [83] with one-sided jump lengths.

Physically, the RASR process introduce here corre-
sponds to the scenario of a propagating stochastic or de-
terministic process, that is interrupted by random resets.
This may correspond to the geophysical stratigraphic
scenario, in which the propagation mimics the gradual
build-up or decay of a sedimentation profile, whereas
the resets represent sudden erosion events. The latter
could be seasonal ("constant pace") or random-in-time
weather events such as extreme floods. In fact our model
is similar (albeit more flexible) to that proposed in [86],
where constant rates of accumulation were considered
the null hypothesis and the effect of random erosion pe-
riods on bed hiatus length distributions were explored.
We also note similar strategies developed for ecohydrol-
ogy applications [87], and the general development of a
class of jump processes [84]. In a different context we
could think of population dynamics interrupted by epi-
demics, pathogens (e.g., embodied by bacterial biofilms)
decimated by antibiotic treatment (here, both periodic
and "random" application protocols are being employed
in clinical studies), or crises-interrupted financial mar-
kets. All these cases process correspond to the intermit-
tent picture of a parent process (the "propagation") with
superimposed resetting statistic.

The qualitative difference between independent and
dependent resetting is that the latter case becomes sta-
tionary for ballistic propagation and Poissonian resetting
times, whereas the former remains non-stationary. The
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Figure 9: Mean (z(t)|zo) and variance Var{z(¢)|zo} of the height profile for dependent stochastic resetting with Poissonian
and "constant pace" resetting times for uniform resetting amplitude and two different initial heights xo, in comparison with
classical resetting. The propagating process is ballistic (v = 0.5) in all cases. For both types of resetting the resetting rate is
r = 0.125. Numerical results are shown by points, the analytical results by lines.
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Figure 10: PDF P(x,t;z0) of the height profile for different
initial heights and uniform resetting amplitude, compared to
the classical resetting scenario with enforced resets to the ori-
gin, for ballistic propagation (v = 0.5) and Poissonian reset-
ting times (r = 0.125). Top: ¢ = 1/r; bottom: ¢ = 10/r.
Numerical results are shown by points, analytical results by
lines.

fact that our basic model can be recast in these two vari-
ants underlines the flexibility embedded in this simple
extension of classical resetting (SR). Another appeal is
the relatively straightforward, fully analytical descrip-
tion, with the caveat that not all resulting expressions
can be expressed fully explicitly. Having said this, we
believe that our results represent an attractive extension
of the resetting process. Apart from the above physical
scenarios the described flexibility of our extension of the
resetting dynamics will be of interest in the mathematical
theory of random search processes.
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Appendix A: Mathematical identity between first and last resetting picture

In this section we prove the following formal mathematical identity that will be used in Appendix B below to
demonstrate the equivalence of the first and the last resetting pictures:

n ¢ As Ay
11 / dtj/ dyj/ dzjm (t, ti—15 Y5, Yi—1, 25, Zj—1) | m2(@, b, tn, Yns 2n)
=1 ti—1 Aq Az

t—to Ag Ay n—1 . ., Ag Ay
= / dTn / dyn / dzn H / dTnfi / dynfi / dznfi
0 Aq Az i=1 0 Aq Az

XM (Tnt1—i + tos Tn—i + 10, Yn+1—i) Yn—is Znt1—i Zn—i))

X1 (11 + to, to, Y1, Yo, 21, 20)02(x, b, Try + Lo, Yns Zn)

n t—to As Ay
<11 / de/ dyj/ dzjm (7j + to, Tj—1 + o, Y5, Yj—1, 25, Zj—1) | m2(@, ¢, Tn + to, Yn, 2n)
j:l Tj—1 Al AS

t—to Ag Ay n—1 . ., Az Ay
= / dTn / dyn / dzn H / dTnfi / dynfi / dznfi
0 Aq Az i=1 0 Aq Az

XM (Tnt1—i + t0s Tn—i + t0s Ynt1—i» Yn—is Znt1—i Zn—i))
(

XM (71 + tO;tO;ylvyO;ZI;ZO)UQ(xvtaTn + tO,yn,Zn) (A]‘)

with 7, = t; — to for 0 < j < n. To prove Eq. (A1) we use the method of induction. For n = 1, the Eq. (Al) is
obviously fulfilled,

t—to Ao Ay
/ d71/ dy1/ dzimi (11 + to, to, Y1, Yo, 21, z0)n2(x, t, 71 + to, Y1, 21)
0 A, As

i—to Ay Aq
:/ dﬁ/ dy1/ dzym (11 + to, to, Y1, Yo, 21, 20)12(x, t, 71 + to, Y1, 21)- (A2)
0 A, As

Next, we take the inductive step n = (n + 1),

nt1 [ t=to Ag Ay
/ de/dyj/deﬁl(Tjtho,Tjﬂ + 10, Y5, Yj—1, 25, 2j—1) | N2(@,t, Tyt + to, Ynt1, Znt1)
j=1 Ti—1 Ay Asz
t—to As Ay
= / d7n+1/dyn+1/dzn+1771(7n+l +t077_nJFthynJrlvynaZnJrlaZn)
Tn Ay As

t—to Ao Ay

n
<] / de/dyj/dem(Tjtho,Tjﬂ +t0,Yjs Yi—15 25> 2j—1) | 12(2, 1, Tag1 + o, Ynt1, Znt1),
j:l Tj—1 A1 A3



18

ie.,

t—to As Ay

t—to
/ dr, / dTns1 | dyn [ dzn
0 A

Tn A 3

Tn+l—i Ay

n—1
H / dTn z/dyn z/dzn znl(TnJrl z+t077_n z+t07yn+1 iy Yn—is Bn+1—is fn— z)
i=1

Ay As
Ay Ay

X /dyn-i-l/dzn-‘,-lnl(TnJ,-l +thTn +tO;yn-i-layn;Zn-‘,-l;Zn)nl(Tl +tO;thylayO;ZlazO)T]Q(‘rataTn +t0;ynazn)

Aq Az
t—to Tn+1 A

2
/ dTp41 / dry, / dyn / dz,
Ay

0

n  Tnt2-i Az Ay

X H / dTnJrlfi/dynJrlfi/dzn+17i771(7_n+27i+t0;7—n+17i+toayn+27i7yn+17i7Zn+27iazn+17i)
=2 9 Ay A

X /dyn-i-l/dzn-‘,-lnl(TnJ,-l +thTn +tO;yn-i-layn;Zn-‘,-l;Zn)nl(Tl +tO;thyla?JO;ZlazO)HQ(:EataTn +t0;ynazn)
Aq As

t—to As Aa
- / dTn—i—l / dyn—i-l / dzn—i—l
0 Ay Az

Tn+42—i Ao Ay

n
X H / dTnJrlfi/dynJrlfi/dZnJrlfﬂ]l (Tng2—i + 10, Tg1—i + 10, Ynt2—i> Ynt1—i> Znt2—is Zni1—i)
=1 7 Ay As
XM (Tl + th th Y1, Yo, 21, 20)772 (xa ta Tn + th Yn, Zn) (A3)
This proves our claim.
Appendix B: Derivation of last resetting picture for independent resetting amplitudes
In this section we aim to show the equivalence of the description in the first resetting picture,
t [ee) 0
P(x,t;20,t0) = V(t — t0)G(x, 20, t0) + /dtﬂ/f(tl —to) / dyG(y,t1; wo, to) / driq(z1 —y) Pz, t;w1,t1) (Bl)
to —oo — 0o
and the last resetting picture that includes all resetting steps,
o t—to
P(x,t;x0,t0) = U(t — t0)G(x, t; x0,t0) + Z / / dx, / dy.,
n=1 0 —o00
n—1 Tntl-i oo )
X H / ATn—iV(Tng1—i — Tn—i) / AYn—iG(Ynt1—i, Tnr1—i + t05 Tnois Tnoi + to) / Aty —iq (Tny1—i — Ynt1—i)
=1 — 00 —o0

xq(x1 —y1) Y(11)G(y1, 71 + to; xo, to)V(t — to — )G (x, t; Ty, Tro + o). (B2)
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To this end we write Eq. (B2) as

Px,t; 2" t) = V(t — "Gz, t; 2", 1) +

o0 n t
ST / dt(t; — ;1) / dyy Gyt 251, t1) / de;q (e; —y)) | Wt = 0)G (e, s t) (B3

n=1 jzltj71 — 00 —00

with tg = ¢’ and 29 = 2/. The equivalence of Eqs.(B2) and (B3) will be proven in this section below. Now we
substitute P(x,t;xq,to) and P(x,t;x1,t1) in the first resetting picture, Eq. (B1) with Eq. (B3). The left hand side
(LHS) of Eq. (B1) after this substitution becomes

LHS = P(m,t;xo,to) = \I/(t — tQ)G(w,t;.To,to) +

00 n t 00 o]
+Z H / dtj’(/)(tj 7tj,1) / dij(yj,tj;Sijl,tjfl) / dZL'jq(SCj 7yj) \I/(tftn)G(l',t,$n,tn) (B4)
n=1 j:ltj71 — 00 —o0

As P(z,t;x1,t1) in Eq. (B1) has the initial value x; at ¢, these two variables have the lowest index 1 instead of 0,
and thus instead of Eq. (B4) one gets

P(m, t;l‘l,tl) = \I/(t — tl)G(x, t;l‘l,tl)

o0 oo
o0

n t
+ H / dtj’lb(tj—tj_l)/dij(yj,tj;wj_l,tj_l)/dl‘jq(wj—yj) ‘I’(t—tn)G(l‘,t;wn,tn). (B5)

n=2 j:2tj71 — 00 —00

Substituting (B5) into the RHS of Eq. (B1) we get

RHS = \I/(t — tQ)G(l‘, t; Zo, to)

t [e%s) [e%s}
+/dt1w(t1—t0) / dyG(y,t1; o, to) / driq(ry —y)WU(t —t1)G (2, t; 21, 11)
to —o0 —co
t fe’e] fe'e] 00 n t [e%s} [e%s}
+/dt1 /dy/dfvlz 11 / dtﬂ/f(tj*tjq)/dij(yj,tj;xjfhtjfl)/diﬂjQ(%‘*Z/y‘)
to —0o —0o n=2 \ j=2 1 —00 —00

X"/J(tl - to)G(y, t1; o, tO)Q(‘Tl - y)lll(t - tn)G(xv t;Tp, tn)
= W(t—to)G(z,t; w0, 10)

t [e'e] [e'e]
+/dt11/1(t1—to) / dy1G(y1,t1; 2o, to) / dz1q(z1 — 1)U (t — t1)G(x, t; 21, t1)

to —o0 —co
o n t e} 0
+Z H / dtj’l/)(tj — tjfl) / dij(yj,tj;zj—l,tjfl) / dqu(xj - yj) \P(ti tn)G($,t,LL‘n,tn> (BG)
n=2 j:ltj71 — 00 —o00
with y1 = y. Then,
RHS = \I/(t — to)G(l‘,t; $0,t0)
00 n t o9 o
+ > 11 / dtjip(ty —tj-1) / dy; G(y;, 55251, t5-1) / drjq(xj —y;) [ Ut =) G2, G20, t0),  (BT)
n=1 j:ltj71 — 00 —00

and thus RHS = LHS, which proves our claim. Thus, Eq. (B3) solves the first resetting picture of Eq. (B1), and
Eq. (B3) describes the RASR with independent resetting amplitudes. If we can show that Eq. (B3) and the last
resetting picture of Eq. (B2) are equal, we demonstrate that both mathematical representations describe the same
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process. To this end, consider

LHS = P($ t'l‘o,to) = ‘I’(t — to)G(w,t;.To,to)

(o] oo

+i ﬁ/dtﬂb )/dij(ijtj;xjflatjfl)/dl'jq(xj*yj) U(t —t,)G(z,t; 2, 1)
n=1 \ j=1 e o
= \Il(t—to)JGlx t; o, to)
+i H / dri(r; — Tj— 1)/dij(yj,Tjtho;:cj,l,Tj,l +t0)/d:ch(zj—yj)
n=1 S .
X\I/(t—Tn)G(:v,t;xn,Tn—i-to), (B8)

Witth :tj—to forlgjgn.
If we now use Eq. (A1) with the substitution (B9), we obtain

m(ty, tj—1, Y5, 951,25, 2j—1) = ¥(t; —t;-1)G (Y5, t5: 21, t-1)q(z5 — y5)
772(%@ b, Yn, Zn) = \Il(t - tO)G(:C,t; Zn, tn)

: (B9)
zj = xyj, tj =T + to
A17A3 = —0Q, A25A4 =0
for 1 < j < n. We then find
00 t—to 0 [e’e) n—1 Ttl-i
LHS = U(t — t9)G(x, t; o, to) + Z / dry, / dx,, / dy, H / ATn—it)(Tnt1—i — Tn—i)
n=1 7 —00 —o0 =179
n— 1 oo oo
H / dyn zG(yn-i-l is Tn+1—i + tnyn is Tn—i + tO) / d-rn—iq(xn—i-l—i - yn—i-l—i)
xq(x1 — y1)Y(m1)G(y1, 71 + to; 2o, t0) U (t — to — 70 )G (2, t; T + 1), (B10)

which represents exactly the last resetting picture (B2), proving our claim.

If we assume a free propagator, that is homogeneous in space and in time, the stochastic process with resetting itself
will be homogeneous in space and time, G(x,t; 2o, t9) = G(x — x0,t —t0;0,0) = P(x,t;20,t0) = P(x — z0,t —t0;0,0).
By assuming G(z, t; zg, to) = G(x — zo,t — t0; 0,0) the density P(z,t;x0,t0), Eq. (B10), then becomes

w t—to
P(z,t;xo,to):\Il(tfto)G(:cf:co,t—to;O,O)JrZ/ /dxn/dyn
n=1 0

n—1 Tn+1—i [e'e] [eoe]
X H dTnfi"/)(TnJrlfi - Tn7i> / dynfiG(y'r%Flfi — Tp—is Tnt1—i — Tn—i; 0, 0) / dxn_iq ($n+17i - yn+17i)
=1 0 — 00 —00
xq(r1 —y1) Y(11)G(y1 — 20, 71;0,0)¥(t — tg — 7,)G(x — 2p, t — to — 74;0,0),
00 t— t() o0
= W(t—to)G(z — mo,t —10;0,0) + Y / dry, / da!, / dy,
n=1 0
_ Tn+1 i [e'e)
H / ATy —iO(Tnt1—i — Tn—i) / dyr,—i:GWns1—i — T_is Tnt1—i — Tn—i; 0,0) / d),_q (Thy1i — Yny1i)
=1 — 0 —0o0
Xq( /1 )w(Tl)G(ylle;Ovo)\Ij(tftO77_”)(;’(:67:607:Cfnvt7t077_n;050)7 (Bll)

in which 2, = z; — xo and yj = y; — xo for 1 < j <n. On the right hand side of Eq. (B11) x and z¢ as well as ¢ and
to only occur as differences x — zy and t — ¢t and not as single terms. Thus, G(z,t; g, to) = G(x — zo,t — t;0,0) =
P(x,t;x0,t0) = P(x — x0,t — t0;0,0), which proves our claim.
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Appendix C: Differential equation for P(z,t) with Poissonian resetting, ballistic displacement process, and
arbitrary independent resetting amplitudes

To derive a differential equation for the PDF P(x,t; 20;to) we use the fact that the process is homogeneous in space
and time. We use the short-hand form P(x,t) for the choice z(ty = 0) = 0. As the z-propagation for ballistic motion
reads

[ x(t) + z with probability rAt
o(t + At) = { x(t) + vAt with probability 1 — rAt - (C1)

This means that

oo

OP(z,t) OP(z,t)
sy Y p Pl —
Ey "% rP(xz,t) +r / dzP(x — z,t)q(z) . (C2)
P(z,0) = 6(z)
For the characteristic function we therefore find
OP(k,t) . - . . R
P(k,0) =1
The solution of Eq. (C3) is
» . - (Tt)n ~ n
P(k,t) = exp(ikvt) Y ~—— exp(—rt)(G(k))", (C4)
— nl

which verifies our result (15) for Poissonian resetting.

Appendix D: Derivation of last resetting picture for dependent resetting amplitudes

We now show the equivalence of the first resetting picture

t o] Yy
d
P($,t;$0,t0) = ‘I’(t — to)G(w,t;.To,to) /dtﬂ/] tl — to —yG y,tl;wo,to)/dl'lfc <ﬂ) P($,t;$1,t1)
Y Y
0

to 0
t 00 1
= lI/(t - tO)G(ZE, t;.%'o, tO) + /dtﬂ/’(tl - to)/dyG(yatl;antO)/dclfc(cl)P(xa t; 1Y, tl)a (Dl)
to 0 0

with ¢; = x1/y, and the last resetting picture

00 t—to 1 [e'e]
P(x,t;x0,t0) = U (t — to)G(x, t; x0,t0) + Z / dTn/an/dyn
n=17 0 0
_q Tnt1—i o0 1
X H / dTn—ith(Tny1-i 7Tn7i)/dynfiG(ynJrlfi;TnJrlfi +t0;cnfiyn7i77_nfi+t0)/dcnfifC(anrlfi)
=19 0 0
x fe(e1)y(m1)G (Y1, 71+ to; coyo, to) W (t — to — 70 )G (2, 5 CnYn, Tn + to), (D2)

with ¢g = 1 and yg = xg. Therefore,

P(x,t; 2" 1) = V(t — t)G(x, t;2', 1)
t 1

+Z H / dtﬂ/)(tj*tjfl)/dij(yjatj;cjflyjflatjfl)/defC(Cj) V(t —tn)G(,t; cpyn, tn), (D3)
n=1 0

j:1tj—1 0
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with to =t', ¢o = 1, and yo = 2’. The LHS of Eq. (D1) after substitution reads
LHS = P(ZL', t; 2o, tO) = \Il(t - to)G(ZL', 1 %o, tO)

1

t ¢}
+Z H / dtﬂ/)(t]’*tjfl)/dij(yjatj;cjflyjflvtjfl)/defC(Cj) V(t —tn)G (7, t; cpyn, tn). (D4)

n=l\J=L~, 0 0

As P(z,t;c1y1,t1) in Eq. (D1) has the initial value ciy; at 1, these three variables have 1 as lowest index, and we
write

P(.T,t; T, tl) = ‘I’(t — tl)G(l‘,t; Clyl,tl)

t o] 1
+Z H / dtj(t; *tjfl)/dij(yjatj;cjflyjflvtjfl)/defC(Cj) V(t —tn)G(,t; cpyn, tn). (D5)
n=2 \J=%7, 0 0

Substituting Eq. (D5) into the RHS of Eq. (D1) we get
RHS = ‘I’(t — to)G(w, t; o, to)

t o) 1
+ / dtlw(tl — to) / dyG(y, t1; o, to) / dclfc(cl)\ll(t — tl)G(x, t;c1y1, tl)
to 0 0
00 1 00 n t 00 1
/ / Z / dtj(t; _tj—l)/dij(yjatﬁCj—lyj—latj—l)/dcjfc(cj)
to 0 n=2 \J=2 0 0
x"/)(tl - to)G(’y, t1; o, tO)fC(cl)\Il(t - tn)G(:L', t; cnYn, tn)
= V(t —to)G(x, t; 20, t0)

t e’} 1
+/dt11/)(t1 *tO)/dylG(ylvtl;xmto)/dclfC(cl)\P(t*tl)G(zat;Clylatl)
0 0

to
t 00 1
+Z H / dtji/)(tj 7t]‘,1)/dij(yj,tj;Cj—lyjflytjfl)/defC(Cj) \P(t*tn)G($,t;Cnyn,tn) (DG)
=2 \7=;_, 0 0
with y1 = y. Then,
RHS = ‘I’(t — to)G(l‘,t; $Q,t0)
t o] 1
+Z H / dt]1/1 /d yg,tg,cg 1Y5— 17t] 1)/dcij(Cj) \Il(tftn)G(xvt;Cnynvtn)v (D7)
n=L\s=4", 0 0

and thus we have the identity RHS = LHS. Consequently Eq. (D3) solves the first resetting picture of Eq. (D1). This
implies that Eq. (D3) describes the RASR with a dependent resetting amplitude. If we show that Eq. (D3) and the
last resetting picture of Eq. (D2) are equal, this means that both mathematical representations are equivalent. To
proceed,

LHS = P(ZL', t;x()vto) - \Il(t - to)G(:C,t, Io,to)

t 00 1
+Z H / dtji(t; —tj—l)/dij(yjatj;Cj—lyj—lafj—l)/defC(Cj) U(t = tn)G(2, b5 Cnyn, tn)
= Jj= 1t 0 0

= V(t —to)G (2, t; 20, t0)
t—to [e'e] 1
+Z H / drj(7j — 7j- 1)/dij(yjaTj + t03 ¢j—1Yj-1, Tj—1 +t0)/d0jf0(0j)
-1 0 0
XU (t— 1, fto)G(z,t;cnyn,Tn + to), (D8)
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with 7; =¢; —to for 1 < j < n. If we now use Eq. (Al) with the substitutions
V(t; —tj-1)G ().t zj—1yi-1, tj-1) fe(z))

Mg tj—1,Y5, Yi—1, 25, Zj—1)
Ui (1' t tnaynvzn) = \Il(t - tO)G(zat;Znynvtn) (Dg)
tj =Tj + to, Zj =¢j
A1:0, AQZOO, A3:0, A4:1
for 1 < j < n, we get
o I 1 o] n_1 Tntl—i
LHS = \I/(tf to)G €, t; SC(),tO Z / /dcn/dyn H / dTnfi"/)(TnJrlfi — Tnfi)
n=1 0 0 0 =1
n—1 9 1
H/dyn [ (yn-i-l iy Tn+1— z+t07cn iYn—is Tn— z+t0)/dcn sz(Cn-i-l z)
0
XfC(C1)1/)( )G (y1, 71 + to; 20, to)V(t — to — 7)G (2, t; Culyn, Tn + to) (D10)
which is exactly the last resetting picture.

If we assume that the free propagator is homogeneous in space and in time, the stochastic process will be also
homogeneous in time but not in space, G(x, t; xo,t9) = G(x — x0,t — t9;0,0) = P(x,t; 20, to) = P(x,t — to; 20,0). By
assuming G(z,t; g, to) = G(x — zo,t — t0; 0,0) the density P(x,t; x0,%0), Eq. (D10), becomes

00 — 1 00 n 1 Tntl—i
P($ t; .To,to) ‘I’(t — to)G($ — $Q, tQ,O 0 Z / /dcn/dyn dTn—iw(Tn—H—i - Tn—i)
n=17j 0 0 =l
H/dyn 7 (yn—i-l —i — Cn—iYn—i, Tn+1—i — Tn— 170 0)/dcn sz(cn—i-l z)
0
—to — 7x;0,0). (D11)

xfc(cl)z/J( 71)G(y1 — 20, 71;0,0)¥(t — to — 7)) G( — CpYn, t
On the right hand side of Eq. (D11) ¢ and to only arise as differences t — to, however x and zy occur as single term
t0;0,0) = P(x,t;20,t0) = P(x,t — to; 20,0) # P(x — 2o, t — t9; 0,0), which proves

Thus, G(z,t; 20,t0) = G(x — x0,t

our claim.

Appendix E: First and second derivatives of Eq. (56) with respect to the Laplace variable u

The first derivative of Eq. (56) reads

) n 1 k n
P'(u,s;m0) = Z\il(s—i—uv) H/dckfc(ck)z/? (s—l—uv]:[ci> exp —uxOch
n=0 k=17 i=1 j=0

l

s+ uv Hz 1 Cl) [Ticici .
— X H Cj
¥ (s + uv Hi:l Ci) =0

(E1)

v’ (5 4 uv) v’ (
(s + uv) Z
fo cfo(c)de this expression is rewritten as
\Il’ (s) 1/; (5) & .
( W) i & )
n T,/ Tn—1 " T, <C> — <c>n+1 . n T, n
vy (s) U (s) + 0" ()9 () U () =1 — ) zoy" ()W (s){(c)" ) . (E2)
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The second derivative of Eq. (56) is
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With the definition (c?) = fol c® fo(c)de we further transform this expression to
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