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Highlights 

• (Eigen)strain solution for residual stress in zirconia-porcelain dental prostheses 

• Thermal expansion mismatch and sintering dominate bulk stress in coping 

• Phase transformation drives micro-scale residual stress at interface  

• Eigenstrain gradient model closely matches phase variation found experimentally 

• Stress distribution is captured well through multi-scale modelling approach  

Abstract 

The exceptional strength and appealing aesthetics of porcelain veneered Yttria Partially 

Stabilised Zirconia (YPSZ) dental prostheses, has led to the widespread adoption of these materials. 

However, near-interface chipping of the porcelain remains the primary failure mode. Advanced 

experimental techniques have recently revealed significant variations in residual stress and YPSZ 

phase distribution at the YPSZ-porcelain interface. Therefore, in order to improve existing 

understanding and effectively optimise the production of these devices, an enhanced model of the 

YPSZ coping that includes these newly discovered phenomena is presented in this study. 

Macroscale stresses are shown to arise through the uneven temperatures within the coping 

during the sintering process and the coefficient of thermal expansion mismatch with the porcelain 

during veneering. In contrast, microscale stresses are driven by the YPSZ phase transformation and 

the associated volumetric expansion. The eigenstrain approach proposed here was found to 

demonstrate a good match between the phase variation determined experimentally, and the 

corresponding residual stress distribution showed an effective comparison with the empirical 

measurements. The proposed technique is a straightforward but powerful method for simulating this 

dominant mechanical behaviour, with significant potential to combine the resulting expressions into 

existing models. These enhanced simulations are the only viable approach for the precise, reliable 

and systematic optimisation of prosthesis production parameters that are needed to significantly 

reduce prosthesis failure rates. 
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CTE – Coefficient of Thermal Expansion 

DIC – Digital Image Correlation 

FEA – Finite Element Analysis 

FIB – Focused Ion Beam 

XRD – X-ray Diffraction 

YPSZ – Yttria Partially Stabilised Zirconia 

 

 



 

 

1. Introduction 

Yttria Partially Stabilised Zirconia (YPSZ) is a high strength biocompatible ceramic that in 

recent years, has found increasing use in dental implant copings due to its exceptional toughness 

(Roehling et al., 2019). This mechanical response arises from the tetragonal (t) to monoclinic (m) 

phase transformation that is induced by high magnitude tensile stresses at crack tips (Garvie et al., 

1975). The diffusionless atomic rearrangement is associated with a 7% volumetric expansion which 

absorbs energy and acts to close crack tips; resulting in a high toughness ceramic with a KIC 

between 4 and 8 MPam-0.5 (Turon-Vinas & Anglada, 2018).  

In dental applications, the YPSZ coping is coated with a porcelain veneer to improve the 

aesthetic appearance and prevent wear of neighbouring teeth. However, this manufacturing 

approach is associated with the primary failure mode of these prostheses; near interface chipping of 

the porcelain veneer (Ferrari et al., 2015). The origins of this failure have been investigated in 

depth, and are associated with residual stress state at the interface (Masoud Allahkarami & Hanan, 

2011; Baldassarri et al., 2012). This behaviour is significantly influenced by the thermal history and 

the Coefficient of Thermal Expansion (CTE) mismatch between the YPSZ and porcelain. The CTE 

of porcelain is generally chosen to be larger than that of the YPSZ, such that the near-interface 

porcelain is driven into a state of compression and the neighbouring YPSZ experiences a 

corresponding tension (Fischer et al., 2009). This approach exploits the high compressive strength 

of the porcelain (when compared to its tensile properties), and has been the focus of several 

bimetallic analytical models and Finite Element Analysis (FEA) studies (Eischen et al., 1990; 

Fabris et al., 2016; Guazzato et al., 2010; Timoshenko, 1925; Zhang et al., 2012).  

Despite showing a good match with experimental results at larger distances from the interface, 

these models have been unable to fully capture the YPSZ-porcelain interface behaviour. One of the 

reasons for this, is that experimental characterisation had been limited to a spatial resolution of 10’s 

– 100’s of microns at best. However, recent developments in experimental methods have begun to 

shed light on the near-interface characteristics. This has included the use of synchrotron methods to 



 

 

characterise the residual stress and phase variation in both the YPSZ and porcelain at microscale 

resolution, as well as Raman spectroscopy for quantification of the YPSZ phase variation at the 

interface (Lunt et al., 2019). The sequential and parallel ring-core Focused Ion Beam (FIB) and 

Digital Image Correlation (DIC) approaches have also been used to validate these experimental 

results at the microscale (Lunt & Korsunsky, 2015).  

These studies were performed on the buccal surface (side) of the prosthesis where chipping is 

most commonly observed (de Lima et al., 2015; Rinke et al., 2013; Roediger et al., 2010) where the 

radius of curvature is at least an order of magnitude greater than the thickness of the coping. 

Therefore, the spherical/cylindrical form can be well approximated by that of an equibiaxially 

stressed plate at this position (Young et al., 2002). Approximating the system in this way has the 

added advantage of being described by a single positional variable which is the easiest formulation 

for input into existing models of the system. 

These improved experimental insights have demonstrated that the high magnitude tensile 

stresses in the YPSZ are sufficient to induce the t-m phase transformation close to the interface. 

This relieves the residual stress in the YPSZ and drives the neighbouring porcelain into a state of 

mild tension. It is this effect, combined with the sequential porcelain sintering and creep induced 

nanovoiding, which ultimately reduces the fracture toughness of the near interface porcelain and 

leads to failure at this location (A. Lunt et al., 2017; A. J. G. Lunt et al., 2015). 

Experimental results of this kind offer new insights for enhanced modelling of the interface, 

and therefore careful consideration of an effective simulation approach is required. The challenge is 

to identify an approach with is realistic and representative of the physical response but is 

sufficiently simple and adaptable as to facilitate optimisation of the production parameters. 

One approach that can be used is FEA, which offers effective and efficient simulations of these 

types of loading conditions and deformation characteristics, provided that reliable estimates of the 

mechanical properties of a component or system are known. As such, quantification of the failure 

load presents a challenge, since the input material parameters depend greatly the on the 



 

 

microstructure and residual stress state induced by processing. A method which has previously been 

used to overcome this obstacle has been the integration of analytical residual stress distributions 

into FEA using an eigenstrain (equivalent plastic strain) distribution approach (Achintha et al., 

2013; A. M. Korsunsky, 2009). These models have been shown to be particularly effective at 

simulating residual stress distributions at surfaces and interfaces at the micro-to-nanoscale (A. M. 

Korsunsky et al., 2018; Enrico Salvati et al., 2016; X. Song et al., 2012) and has also been 

previously been successfully used to simulate phase transformations (Tirry & Schryvers, 2009). 

In this paper the eigenstrain approach has been optimised and refined in order to encapsulate 

the phase transformation and resulting residual stress distribution within the YPSZ coping as a 

function of distance from the interface. This highly localised (microscale response) has then been 

combined with existing simulations of CTE mismatch and enhanced consideration of the non-

uniform temperature variation induced in the coping during sintering. This approach captures the 

differing residual stress drivers across the entire YPSZ cross section (at the millimetre length scale), 

to offer a powerful but flexible model for the optimisation of production parameters.  

2. Material and methods 

In order to assess the validity of the proposed model, the residual stress and YPSZ phase 

distribution obtained in this study will be compared on those previously determined experimentally 

(A. Lunt et al., 2019). This analysis was performed on a representative incisal prosthesis which was 

produced from Wieland Dental Zenotec Zr bridge. A veneer of IPS e.max Ceram was applied to the 

YPSZ coping according to the manufacturer’s instructions. Cross sections were obtained using a 

slow speed saw, followed by gentle polishing to minimise the influence of sample preparation on 

the results obtained. 

Experimental analysis was then performed across the side walls of the crown in both the YPSZ 

and porcelain. The in-plane residual stress distribution was quantified using the ring-core FIB and 

DIC approach (A. J. Lunt et al., 2015). This method makes using of a FIB to mill traction free 

surfaces at the microscale, thereby relieving the residual stress in small cores of material in the 



 

 

surface of the sample. Scanning electron microscopy images are incrementally captured during 

milling process to provide a record of strain change in these cores which can be quantified using 

DIC. The relief profiles are then compared with FEA predictions in order to estimate the residual 

stresses originally present. 

The sequential ring-core FIB and DIC approach was performed using a 5 μm diameter core, 

1 μm trench width and a 50 μm step size to determine the residual stress variation across the entire 

coping (E. Salvati et al., 2017). The parallel FIB and DIC approach was next applied for high 

resolution analysis of the residual stress distribution within the YPSZ at the interface (Baimpas et 

al., 2014). Eight markers of a size 3 × 3 μm2 were milled using a trench width of 1 μm to give a 

residual stress measurement every 4 μm. Close to the interface, these results were validated using 

transmission synchrotron X-ray Diffraction (XRD) which was used to map lattice strain variations 

at a resolution of 2.8 μm (A. J. G. Lunt et al., 2016).  

In order to characterise the phase variation as a function of distance from the interface, Raman 

spectroscopy of the sample was also performed on the coping with a measurement point every 1 μm 

(A. Lunt et al., 2019). This approach is based on the relative intensity of the monoclinic and 

tetragonal peaks which are observed in this spectrum (Clarke & Adar, 1982). The distribution was 

cross-validated using synchrotron XRD, by comparing the ratio of the monoclinic and tetragonal 

Bragg peak intensities (Toraya et al., 1984). 

3. Theory and modelling 

The interaction between the YPSZ and porcelain is dominated by the residual stress state 

within the YPSZ in a direction parallel to the interface, and therefore the following analysis has 

been focused on this mechanical response. In order to fully capture this behaviour, the analysis has 

been performed at two distinct length scales. Firstly, the global (“macro-scale”) stress distribution 

across the entire coping is decomposed into two key effects: CTE mismatch between YPSZ and 

porcelain that arises as a consequence of veneering (in section 3.1), and the residual stress induced 

by temperature variations across the coping during YPSZ sintering (in section 3.2). The micro-scale 



 

 

residual stresses induced by the phase transformation at the YPSZ-porcelain interface are next 

modelled using eigenstrain gradient transformation plasticity (in section 3.3). Reassembly of these 

three effects is then performed in order to facilitate quantitative assessment of the parameters 

associated with these different sources of residual stress. 

It should be highlighted that the modelling outlined below is based on approximating the 

YPSZ-porcelain coping as an equibiaxially stressed plate, as previously exploited to great success in 

existing models within the literature (M. Allahkarami et al., 2010; Ni et al., 2013; Olevsky et al., 

2013; Swain et al., 2019). This approximation exploits the fact that the radius of curvature of the 

coping is at least an order of magnitude higher than its thickness on the buccal and lingual surfaces 

(sides) of the prosthesis, where porcelain chipping is primarily observed (de Lima et al., 2015; 

Rinke et al., 2013; Roediger et al., 2010). By making use of this approach, the stress variation 

within the plane can be written as a function of a single positional descriptor (x). This variable is 

defined by an origin at the YPSZ-porcelain interface, with positive x values corresponding to the 

YPSZ coping and negative to the porcelain veneer. 

As is the case for any approximation, experimental validation for the suitability of the approach 

is crucial. This validation has recently been provided in the literature, which shows nominally 

identical stress profiles in the two orientations being considered in this study (A. Lunt et al., 2019). 

Within an equibiaxial system, Mohr’s circle for stress collapses to a single point, such that there are 

no shear stresses within this plane (Timoshenko, 1925). This is supported by the low-magnitude 

shear stresses determined experimentally, and as a result the shear stress within the plane will be 

considered to be zero in the remainder of this study.  

One of the important considerations when approximating the system as equibiaxial is the use of 

appropriate boundary conditions. In the model below, consideration will be given to stresses and 

forces which are generated by coefficient of thermal mismatch, sintering and phase transformation. 

This forms a strong basis for further analysis of the interaction of external forces, but these effects 

will not be analysed in this instance. Therefore, given that no external forces are being applied, the 



 

 

sum of stresses over the cross section must be balanced when the coping is in stable condition. This 

approach has been used and described widely within the literature (Aydiner et al., 2001; Gardon, 

1980; Indenbom, 1954; A. Korsunsky et al., 2016) and is based around the idea that if there were 

unbalanced forces, the resultant moment would cause the plate to bend to a point where equilibrium 

is achieved. 

3.1. Coefficient of thermal expansion mismatch 

Analytical modelling of the residual stress distribution at the YPSZ-porcelain interface has 

previously been performed by approximating the system by a bi-material strip (Asaoka & Tesk, 

1990; Dehoff & Anusavice, 1989; Swain, 2009). This analysis can capture the linear variation of 

strain induced in both YPSZ and porcelain by the CTE mismatch which results in tensile near-

interface stress in YPSZ, and compressive in porcelain. 

In the analysis that follows the simple bending approach (Timoshenko, 1925) has been used to 

determine the residual stress distribution in both materials in the direction parallel to the interface as 

a function of the normal distance from the interface. Complete expressions for the stress profiles 

have previously been presented in the literature (Eischen et al., 1990) and demonstrate that these are 

dependent upon the thickness of YPSZ (𝐿𝑍 = 625 μm) and porcelain (𝐿𝑃 = 925 μm), the CTE’s 

of the two materials (A. Lunt et al., 2019) and the post sintering temperature change 

(750℃ → 25℃). Representative estimates of the elastic modulus of YPSZ (𝐸𝑍
𝐸𝑓𝑓

) and porcelain 

(𝐸𝑃
𝐸𝑓𝑓

) are also required, which can be represented well by the plane strain expressions: 

 𝐸𝑍
𝐸𝑓𝑓

=
𝐸𝑍

(1 + 𝜈𝑍)(1 − 2𝜈𝑍)
= 404 GPa, (1) 

 𝐸𝑃
𝐸𝑓𝑓

=
𝐸𝑃

(1 + 𝜈𝑃)(1 − 2𝜈𝑃)
= 96 GPa. (2) 

The linearly varying residual stress distributions resulting from this analysis are shown in 

Figure 1 in which the near interface YPSZ is seen to be in tension (of ≈ 110 MPa) and the near 

interface porcelain is found to be in a state of mild compression (of ≈ −30 MPa). These 

distributions do not match the distributions observed experimentally (A. Lunt et al., 2019) and 



 

 

suggest that other factors are influencing the residual stress state at the interface. In the case of 

YPSZ, the sintering approach is known to induce macro-scale variations in residual stress that are 

present in addition to the CTE mismatch. In porcelain, this is associated with the layering routine 

applied to the YPSZ coping which will not be considered in more detail here.  

 

Figure 1. Stress variation across the YPSZ-porcelain interface predicted by CTE mismatch. 

3.2. YPSZ sintering stresses 

During the manufacture of the coping, the YPSZ lightly pre-sintered green body is placed into 

a furnace and heated to 1600℃ to sinter the component. This process is associated with a ≈ 20% 

shrinkage (densification) of the YPSZ at a critical densification temperature 𝑇𝐷 which is dependent 

upon the YPSZ grain size and elemental composition (Hsueh et al., 1986; Stawarczyk et al., 2013). 

This structural change is associated with a large increase in strength and fracture toughness (Sato et 

al., 1996). 

Although sintering is typically performed using a slow heating rate, the extremely low thermal 

diffusivity of 5 mol% YPSZ (𝐷 = 2.2 × 10−7m2s−1 (Basu, 2005)) results in temperature gradients 

between the surface of the coping and the core. Consequently, the complete sintering and the 

associated shrinkage do not occur uniformly across the coping. This results in strain mismatch and 

induces a residual stress distribution that varies with time and temperature in accordance with the 

solution of the transient thermal conduction equation. Previous studies have demonstrated that the 

residual stress distribution that arises in this kind of sintering operations is near parabolic in profile 



 

 

(Grabner, 1978), with compressive stresses present within the core, and tensile stresses in the near-

surface region. The magnitude of this residual stress distribution in YPSZ is particularly sensitive to 

the cooling rate applied, and sintering fracture can be induced if high heating or cooling rates are 

applied (Magnani & Brillante, 2005). 

In order to understand the distribution of residual stress within the coping, consideration must 

first be given to the temperature distribution within the coping cross section, 𝑇(𝑥, 𝑡), as a function 

of position (𝑥) and time (𝑡). The 1D heat conduction equation can be used to determine this 

distribution in the following form: 

 
𝜕𝑇(𝑥, 𝑡)

𝜕𝑇
= 𝐷

𝜕2𝑇(𝑥, 𝑡)

𝜕𝑥2
. (3) 

Separation of variables and Fourier series representation can be used to solve this equation 

using the appropriate boundary conditions. This approach has been covered in detail in the literature 

(Kreyszig, 2019). 

At this stage of the assessment it is important to discuss the limits in which the form of the 1D 

heat equation shown in Equation 3 remains valid. Intrinsically, within this formulation there is an 

approximation that the thermal diffusivity D is constant within the temperature range under 

consideration (in other words, it does not depend upon temperature or time). Fortunately, the high 

temperature thermal characteristics of YPSZ are generally well-known, as this material has found 

extensive use as a thermal barrier coating (Chen, 2006). These studies have demonstrated that in 

general the thermal diffusivity of YPSZ shows little variation with temperature (Brandon & Taylor, 

1989; Xiwen Song et al., 2011). In fact, a YPSZ alloy with similar Y2O3 weight percent was found 

to show only a ±6.4% variation in D between 200°C and 1200°C. The approximation of constant D 

for the subsequent analysis is therefore likely to be realistic in allowing the approximate form of the 

temperature profile within the coping to be determined. 

One further phenomenon that needs to be considered when making use of the approximation of 

the 1D heat equation, is the phase stability of the material being analysed. During phase transitions, 

latent heat effects will absorb or release energy and have a significant impact on the temperature 



 

 

variation within the sample. Dental YPSZ is specifically alloyed such that the room temperature 

phase is metastable tetragonal t’ which is retained up to temperatures of 1400°C (Krause et al., 

2016). The unstable nature of this phase means that the material is able to transform to a monoclinic 

m phase with the application of tensile stresses. This transformation absorbs energy and is 

associated with a 7% volume expansion which acts to close crack tips and gives the material an 

exceptional toughness for a ceramic (Garvie et al., 1975). This property is one of the main reasons 

that YPSZ has found widespread use in biomedical systems such as hip joints and dental implants. 

For temperatures above 1400°C the metastable t’ phase of YPSZ transforms to m and the 

yttrium rich t’’. Studies have shown that at 1600°C, this phase change is approximately 1% after 10 

hours (Lipkin et al., 2013). Given that the YPSZ in this study is raised above 1400°C for a total 

duration of approximately 30 minutes, the % phase change within the coping is expected to be 

much smaller than 1%. Such a conclusion is perhaps unsurprising, as the sintering cycle has been 

selected to maximise densification during the sintering process as well as the toughness of the 

YPSZ coping (by minimising the phase transformation). The approximation of constant phase is 

therefore likely to be valid, meaning that the results obtained from the 1D heat equation are 

representative of the temperature profiles present within the coping. 

In order to gain insight into the likely temperature distribution induced within the coping cross 

section during sintering, one of the simplest solutions that can be exploited is based on an 

instantaneous temperature rise. This analysis is based on holding the prosthesis at 25℃ and 

imposing boundary conditions at 1600℃  at either surface (i.e. ∆𝑇 = 1575℃) and has a solution: 

 𝑇(𝑥, 𝑡) = 1600 − ∑
4∆𝑇

(2𝑚 − 1)𝜋
𝑒

−𝑡(
(2𝑚−1)𝑐𝜋

𝐿𝑍 )
2

sin [(2𝑚 − 1)
𝜋𝑥

𝐿𝑍
]

∞

𝑚=1

, (4) 

where 𝑐 = √𝐷. The temperature variation at different time intervals is shown in Figure 2. This plot 

demonstrates that after a short time period (≈ 5 s), the temperature distribution is well 

approximated by a sine curve with a magnitude equal to the difference between the external 



 

 

temperature and the central temperature. In the case of a reduced heating rate, a similar sinusoidal 

distribution is expected but with a magnitude dependent upon the heating rate applied.  

 

Figure 2. Temperature distributions within the YPSZ coping as a function of time after an 

instantaneous temperature increase at the boundaries to 1600℃. 

One additional factor that needs to be assessed for the suitability of the proposed sinusoidal 

temperature distribution, is the sensitivity of the 1D heat equation to the thermal diffusivity 

parameter D. Although significant analysis has been performed on YPSZ alloys designed for 

thermal barrier coatings, very few peer reviewed articles have provided estimates of D for dental 

YPSZ.  A review of the literature revealed that the value of D = 2.2 × 10-7 m2s-1 for 5 mol% Y2O3 

(Basu, 2005) was likely to be most representative of the material used in this study. The smallest 

published estimate for D for dental YPSZ was 1 × 10-7 m2s-1 (O’Brien, 2002) and the largest was 

7.5 × 10-7 m2s-1 (Swain, 2009). Therefore, the analysis outlined above was repeated using these two 

extreme cases. These calculations revealed that the temperature profiles obtained are nominally 

identical, with offsets in the associated dwell times. In the case of D = 1 × 10-7 m2s-1 a sinusoidal 

temperature distribution was obtained after ≈10 s and for D = 7.5 × 10-7 m2s-1 it was ≈1 s. Given 

that the nominal sintering time of the coping is on the order of hours, the approximation of a 

sinusoidal temperature variation therefore remains valid within the range of known literature 

estimates of D. 



 

 

Having established the nominal temperature distribution profile within the coping during 

sintering, the relationship between residual stress (or, rather, the underlying misfit strain, or 

eigenstrain) and this distribution needs to be established. In materials with a distinct mechanical 

property transition temperature, one of the simplest and most effective approaches which can be 

exploited to determine this relationship is based on the instant freeze model pioneered by Indenbom 

(Indenbom, 1954). This approach is based on separating the total strain 휀𝑇(𝑥) into three additive 

components, elastic strain 휀𝐸(𝑥), viscous strain 휀𝑉(𝑥) and thermal strain 휀𝐻(𝑥): 

 휀𝑇(𝑥) = 휀𝐸(𝑥) + 휀𝑉(𝑥) + 휀𝐻(𝑥). (5) 

Viscous strain is a parameter that was originally coined by Indenbom to refer to the strains that are 

permanent ‘frozen in’ the green body below a critical densification temperature 𝑇𝐷. This descriptor 

is more generally referred to as eigenstrain, with the equivalence between these two terms being 

highlighted in a number of literature sources (Aydiner et al., 2001; A. Korsunsky et al., 2016).  

Therefore, from this point onwards the effective viscous strain will subsequently be referred to 

as eigenstrain 휀∗(𝑥); a formulation that was pioneered by Mura (Mura, 1987) to describe 

permanent/transformation strains as a source of residual stress. This approach has been shown to be 

useful in simulating the response of a material to a broad range of physical changes or interactions, 

including laser shock peening (Achintha et al., 2013), at interfaces (Zhong & Meguid, 1996) or 

around inclusions (Takao et al., 1981).  

Eigenstrain modelling is reliant upon providing a physical interpretation for the permanent 

strain distribution within a body of interest. In the case of a cooling body, Indenbom’s model is 

particularly effective. This formulation is based on the presumption that on one side of the transition 

temperature (below in the case of sintering) the material does not sustain any elastic strain (and 

therefore that stress is zero). Densification then proceeds from either surface until this front reaches 

the centre of the body and the entire component is at a temperature above 𝑇𝐷. From this point, the 

eigenstrain distribution is fixed and the final residual stress state at room temperature arises from 

the interplay between this distribution and the changing thermal and elastic strains.  



 

 

One study which has recently used this approach to great effect has been an analysis of thermal 

tempering of bulk metallic glass plates by Aydiner et al. (Aydiner et al., 2001) in which similar 

trigonometric thermal distributions are observed. The principal difference between the results of 

this approach and those presented here, is that an increase in strength and stiffness is observed 

during cooling below the glass transition temperature in this study, rather than the increase in 

strength observed when heating above the critical densification temperature. With this distinction 

accounted for, the analysis presented in this study can be used by simply changing the sign of the 

eigenstrain distribution. The resulting stress distribution has the form: 

 𝜎(𝑥) = 𝛼𝑍𝐸𝑍
𝐸𝑓𝑓

𝑇(𝑥, 𝑡𝐷) + 𝜎𝐵𝑎𝑙 , (6) 

where 𝑡𝐷 is the time at which full densification occurs, i.e. when the minimum temperature in the 

cross section is equal to 𝑇𝐷. The term 𝜎𝐵𝑎𝑙 is identical to that proposed by Aydiner (Aydiner et al., 

2001) and is required to ensure that stress distribution is in equilibrium across the plate cross 

section i.e. ∫ 𝜎(𝑥)𝑑𝑥 = 0
𝐿

0
. Since both 𝑇𝐷 and the external temperature at a time 𝑡𝐷 are unknown, a 

trigonometric approximation of the form:  

 𝜎(𝑥) = −𝛼𝑍𝐸𝑍
𝐸𝑓𝑓

Λ sin
𝜋𝑥

𝐿𝑍
+ 𝜎𝐵𝑎𝑙 , (7) 

can instead be used, where Λ is the difference between the external temperature and 𝑇𝐷 at a time 𝑡𝐷 . 

In order to determine a numerical estimate of this parameter, comparison between the experimental 

and analytical residual stress profiles can be used. This process requires the addition of the linear 

residual stress distribution resulting from CTE mismatch to provide estimates of the total 

macroscopic stress distribution as shown in Figure 3. 



 

 

 

Figure 3. Residual stress as a function of distance from the YPSZ-porcelain interface. Shown are 

the experimental results obtained through sequential ring-core milling (markers) (A. Lunt et al., 

2019) and the predicted distribution analytically based on the combination of CTE mismatch and 

sintering. 

The fitted value of Λ was found to be 38 K, and the resulting stress profile was found to show a 

satisfactory match with the experimental results for most of the coping cross section. The largest 

deviation between these two profiles is observed at the YPSZ-porcelain interface, at the location 

where the tetragonal to monoclinic phase transformation is induced. This suggests that the volume 

expansion associated with the phase transformation has influenced the residual stress state at this 

location, and further modelling of this behaviour is presented in section 3.3. Some discrepancy is 

also observed at the points 50 μm and 350 − 500 μm from the interface, indicating that the profile 

sharpness has not been fully captured by the two residual stress sources considered in this analysis.  



 

 

3.3. Transformation boundary layer modelling 

Limited experimental observations into the location and extent of the tetragonal to monoclinic 

phase transformation has previously prevented this effect from being included in the analysis of 

residual stress at the YPSZ-porcelain interface. The principal difficulty has been the fact that the 

related phenomena play out at extremely short length scales and recent experimental developments 

have been necessary to elucidate this behaviour. The present section is devoted to the derivation of 

the boundary layer model for the transformation-induced inelastic strain (eigenstrain) that allows 

comparison with the monoclinic volume fraction (𝑉𝑚) distributions obtained experimentally. These 

results can then be combined with those presented in section 3.1 and 3.2 to provide complete insight 

into the residual stress state in YPSZ. 

As shown in Figure 3, the CTE mismatch and sintering residual stress generation approach 

fails to predict the very steep stress gradients observed at the YPSZ-porcelain interface. In fact, 

these high magnitude localised stresses are similar to those observed at crack tips (McMeeking & 

Evans, 1982), and those have previously been shown to be sufficient to induce the tetragonal to 

monoclinic phase transformation. The atomic rearrangement associated with the phase change is 

diffusionless and is therefore equivalent to inelastic stress-free straining, which can be simulated 

effectively through the use of eigenstrain (A. M. Korsunsky, 2009). The magnitude of the 

eigenstrain distribution can be considered to be equivalent to the extent of transformation at a given 

position and can therefore be used to link the phase transformation to the mechanical state. 

In this section the boundary layer solution for the 1D distribution of stress and strain 

component parallel to the YPSZ-porcelain interface is described as a function of normal distance 

from the interface (𝑥) within the narrow band of material where the steep stress gradient is present. 

An estimate of the total strain (here meaning the sum of elastic strain and eigenstrain) within YPSZ 

at the interface (휀0
𝑇) based on the CTE mismatch cooling from 750 ℃ → 25℃ is given as: 

 휀0
𝑇 = 휀𝑇(0) = (𝛼𝑍𝑖𝑟 − 𝛼𝑃𝑜𝑟)(750 − 25) = 1.09 × 10−3. (8) 



 

 

Critical examination of Figure 3 indicates that the analytical macroscale residual stress estimate 

at the interface is ≈ 210 MPa. However, due to the activation of phase transformation the actual 

residual stress measured at this location is compressive and, due to scatter, has a magnitude in the 

range 25 − 175 MPa (A. Lunt et al., 2019). The average value of this stress is ≈ −100 MPa. 

Therefore, the stress change induced by the tetragonal to monoclinic phase transformation at the 

interface can be approximated as 310 MPa. By way of estimate, this corresponds to an eigenstrain 

value of 휀∗(0) ≈ 7.7 × 10−4.  

Using the approximations outlined above, the form of the expected eigenstrain 휀∗(𝑥) profile 

can be determined from energy considerations and variational calculus. In the subsequent analysis, 

the total strain will be assumed to be equal to the sum of elastic strain and eigenstrain. The elastic 

strain energy is therefore given as: 

 𝑈𝐸 =
1

2
𝐸𝑒𝑓𝑓 ∫ [휀𝐸(𝑥)]2𝑑𝑥

𝐿

0

=
1

2
𝐸𝑒𝑓𝑓 ∫ [휀𝑇(𝑥) − 휀∗(𝑥)]2𝑑𝑥

𝐿

0

, (9) 

where 𝐿 is the width of the region of interest (boundary layer). In addition to this elastic expression, 

two further energy terms need to be considered. The first is associated with the energy reduction 

induced by strain gradient plasticity (Mura & Koya, 1992) given by: 

 𝑈𝑆𝐺 =
1

2
𝐸𝑒𝑓𝑓 ∫ [

𝑑휀∗

𝑑𝑥
]

2

ℓ2𝑑𝑥
𝐿

0

=
1

2
𝐸𝑒𝑓𝑓 ∫ 휀,𝑥

∗ 2ℓ2𝑑𝑥
𝐿

0

, (10) 

where ℓ is the strain gradient material length scale (Hutchinson & Fleck, 1997) and 휀,𝑥
∗ (𝑥) is the 

rate of change of eigenstrain with respect to 𝑥. The origin of this energy penalty lies in the fact that 

the deformation of solid regions that are closely neighbouring at the micron-scale cannot be entirely 

independent: sharp transitions become ‘blurred’ into local gradients. The total energy of the system 

is therefore not simply the sum of contributions from sub-volumes, but also depends upon the 

steepness of transition (strain gradient) between them. In the present treatment, eigenstrain gradient 

plays a role similar to the plastic strain gradient in the Hutchinson and Fleck strain gradient 

plasticity theory (Hutchinson & Fleck, 1997). 



 

 

The second energy reduction term is the Gibbs free energy reduction due to the phase 

transformation:  

 𝑈𝑇𝑟 =
1

2
𝐸𝑒𝑓𝑓 ∫ [휀∗(𝑥)]2Γ𝑑𝑥

𝐿

0

, (11) 

where Γ is the coefficient which relates the square of the eigenstrain to the amount of energy 

required to induce the phase transformation per unit volume.  

These expressions can be combined to give an expression for the total energy:  

 𝑈𝑇 = 𝑈𝐸 − 𝑈𝑆𝐺 − 𝑈𝑇𝑟 =
𝐸𝑒𝑓𝑓

2
∫ [(휀𝑇(𝑥) − 휀∗(𝑥))

2
− ℓ2(휀,𝑥

∗ (𝑥))
2

− (휀∗(𝑥))2Γ] 𝑑𝑥
𝐿

0

. (12) 

Rearrangement gives: 

 𝑈𝑇 = 𝐸𝑒𝑓𝑓 ∫ [
1

2
(휀𝑇(𝑥))

2
− 휀∗(𝑥)휀𝑇(𝑥) +

1

2
(1 − Γ)(휀∗(𝑥))2 −

1

2
ℓ2(휀,𝑥

∗ (𝑥))
2

] 𝑑𝑥
𝐿

0

. (13) 

In order to minimise the total energy, the derivative of 𝑈𝑇 must be set equal to zero, such that: 

 𝛿𝑈𝑇 =
𝑑𝑈𝑇

𝑑휀∗
𝛿휀∗ = 0. (14) 

Therefore: 

 

𝛿𝑈𝑇 = 0 = 𝐸𝑒𝑓𝑓 ∫ [−휀𝑇(𝑥) + (1 − Γ)휀∗(𝑥)]𝛿휀∗𝑑𝑥
𝐿

0

− 𝐸𝑒𝑓𝑓 ∫ ℓ2휀,𝑥
∗ (𝑥)𝛿휀,𝑥

∗ 𝑑𝑥
𝐿

0

. 

(15) 

In order to remove 𝛿휀,𝑥
∗  from this expression, integration by parts can be applied to the 2nd integral: 

 ∫ ℓ2휀,𝑥
∗ (𝑥)𝛿휀,𝑥

∗ 𝑑𝑥
𝐿

0

= [휀,𝑥
∗ (𝑥)𝛿휀,𝑥

∗ ]
0

𝐿
− ∫ ℓ2휀,𝑥𝑥

∗ (𝑥)𝛿휀∗𝑑𝑥
𝐿

0

, (16) 

where 휀,𝑥𝑥
∗ (𝑥) is the second derivative of eigenstrain with respect to 𝑥. In order to ensure that 𝑈𝑇 is a 

minimum for any value of 𝛿휀∗, the term associated with limit substitution must equal zero. This 

results in the so-called ‘natural’ boundary conditions of 휀,𝑥
∗ (𝐿) = 휀,𝑥

∗ (0) = 0. Back substitution then 

gives: 

 0 = 𝐸𝑒𝑓𝑓 ∫ [−휀𝑇(𝑥) + (1 − Γ)휀∗(𝑥) + ℓ2휀,𝑥𝑥
∗ (𝑥)]𝑑휀∗𝑑𝑥

𝐿

0

. (17) 



 

 

Since 𝛿휀∗ can take any value, this expression is only guaranteed to be true when the expression in 

the square brackets is equal to zero. This results in the Euler differential equation for this system: 

 휀,𝑥𝑥
∗ (𝑥) +

(1 − Γ)

ℓ2
휀∗(𝑥) =

1

ℓ2
휀𝑇(𝑥). (18) 

This equation has the complementary function solution: 

 휀𝐶𝐹
∗ (𝑥) = 𝐴𝑒−𝜔𝑥 + 𝐵𝑒𝜔𝑥, (19) 

where 𝐴 and 𝐵 are constants to be found, and 𝜔2 = (Γ − 1) ℓ2⁄ .   

In order to determine the particular integral for the Euler equation, the form of the total strain 

distribution needs to be considered. Within the thin (≈ 10 μm) boundary layer the total strain 

variation can be approximated as linear, with the interface strain equal to that derived in Equation 8. 

Therefore, it is possible to write: 

 휀𝑃𝐼
∗ (𝑥) =

휀0
𝑇 + 𝐶𝑥

1 − Γ
, (20) 

where 𝐶 is another unknown constant to be found. In order to determine the expressions for 𝐴, 𝐵 

and 𝐶, the ‘natural’ boundary conditions can be used, along with the fact that the phase 

transformation at 𝐿 is expected to be zero, i.e. 휀∗(𝐿) = 0. The resulting eigenstrain distribution is 

given by: 

 휀∗(𝑥) =
휀0

𝑇

1 − Γ
[1 +

(1 − 𝑒𝜔𝐿)𝑒−𝜔𝑥 + (1 − 𝑒−𝜔𝐿)𝑒𝜔𝑥 + 𝜔𝑥(𝑒−𝜔𝐿 − 𝑒𝜔𝐿)

2 − 𝑒−𝜔𝐿 − 𝑒𝜔𝐿 − 𝜔𝐿(𝑒−𝜔𝐿 − 𝑒𝜔𝐿)
]. (21) 

This expression can then be simplified using the hyperbolic functions sinh(𝑥) and cosh(𝑥): 

 휀∗(𝑥) =
휀0

𝑇

1 − Γ
[1 −

sinh 𝜔 (
𝐿
2

− 𝑥) + 𝜔𝑥 cosh
𝜔𝐿
2

𝜔𝐿 cosh
𝜔𝐿
2

− sinh
𝜔𝐿
2

]. (22) 

In order to obtain estimates of 𝐿, Γ and ℓ, this expression can then be compared to the monoclinic 

phase variation determined experimentally (A. Lunt et al., 2019). This fitting process also requires 

the estimate of the interface eigenstrain to be incorporated, 휀∗(0) ≈ 7.7 × 10−4. The results of this 

analysis are shown in comparison to the monoclinic volume fraction distribution in Figure 4. The 



 

 

optimum values of the system parameters were found to be 𝐿 = 10.7 ± 0.3 μm, Γ = 1.55 ± 0.06 

and ℓ = 2.88 ± 0.15 μm. 

 

Figure 4. Comparison between the analytical eigenstrain distribution (left) and monoclinic volume 

fraction determined using Raman spectroscopy (right) (A. Lunt et al., 2019). 

The very close similarity observed between the shape of the analytically derived eigenstrain 

distribution and Raman spectroscopy experimental results suggests that the present energy 

minimisation captures well the physical processes that take place in the near-interface region. The 

eigenstrain variation found can be combined with the macro-scale formulation for the stress state 

within the prosthesis to generate an improved understanding of the overall mechanical state in the 

coping as shown in Figure 5. 

 

Figure 5. Residual stress as a function of distance from the YPSZ-porcelain interface. The 

experimental results obtained through sequential ring-core and parallel FIB milling are shown (A. 

Lunt et al., 2019) along with the complete analytical solution. 



 

 

4. Discussion and conclusions 

In this article, analytical modelling of the residual stress distribution in a YPSZ dental 

prosthesis have been presented. This distribution has been decomposed into the macroscale effects 

of coefficient of thermal expansion mismatch and residual stresses induced during sintering. as well 

as phase transformation characteristics induced within a few microns of the interface. Figure 5 

demonstrates that there is a satisfactory match between the experimental results and the model over 

much of the cross section. The main deviation between these two profiles is observed at ≈ 20 −

70 μm from the interface, where the model underpredicts the magnitude of residual stress identified 

experimentally. The origins of this deviation are unclear but may be associated with the influence of 

thermal tempering, or the multi-layering porcelain manufacture approach which have not been 

considered here. Despite these differences, the general trends in residual stress have been captured 

effectively by combining the three sources outlined in section 3.  

The eigenstrain approach that has been implemented has been shown to be particularly 

successful at emulating the influence of the this diffusionless transformation. This technique 

provides a flexible analytical method which can be combined with existing FEA models of YPSZ-

porcelain dental prostheses in order to facilitate optimisation of a range of production parameters. 

At larger (millimetre) length scales this could include the consideration of different thermal 

expansion coefficients or thermal histories. Locally, the impact of differing YPSZ characteristics 

such as diffusivity and Gibbs free energy of the t-m transformation can also be analysed and 

assessed. However, it should be noted that in order to fully encapsulate the system response to these 

varying conditions, enhanced simulations of the veneering process, including the degradation of 

mechanical properties at high temperatures and stresses is required. Development of the tools 

necessary to encapsulate this response are ongoing, and will be combined with the YPSZ 

simulations in subsequent publications. 

One aspect of this approach that is worth remarking on is the successful use of eigenstrain as a 

parameter that describes the diffusionless phase transformation in YPSZ, which has been combined 



 

 

with the strain gradient plasticity formulation for the first time. This opens interesting possibilities 

for modelling many other processes and phenomena related to martensitic transformation, including 

quenching of carbon steels, shape memory alloys and polymers, and many other effects. 
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