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Abstract
The mathematical formulation of the problem of determining the coordinates of targets in the network of counter-battery ra-

dars is formulated. It has been established that the problem of estimating the coordinates of targets in the network of counter-battery 
radars for an excessive number of estimates of primary coordinates should be considered as a statistical problem. The method for 
determining the coordinates of the firing positions of roving mortars has been improved, in which, in contrast to the known ones, 
the coordinates of targets on the flight trajectory are coordinated with space and time and the information is processed by a network 
of counter-battery radars. The developed simulation mathematical model for determining the coordinates of the firing positions of 
roving mortars by a network of counter-battery radars. Simulation modeling of the method for determining the coordinates of the 
firing positions of roving mortars by a network of counter-battery radars has been carried out. It has been established that the use of 
a network of radars makes it possible to increase the accuracy of determining the coordinates of the firing means on average from 
23 % to 71 %, depending on the number of counter-battery radars in the network. It has also been found that the appropriate number 
of counter-battery warfare radars in the network is three or four. A further increase in the number of counter-battery warfare radars 
in the network does not lead to a significant increase in the accuracy of determining the coordinates of artillery and mortar firing 
positions. In carrying out further research, it is necessary to develop a method for the spatial separation of elements of a group of 
targets and interfering objects by a network of counter-battery warfare radars.
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1. Introduction
The most common types of terrorist attacks are grenade launcher attacks and mortar at-

tacks. The use of roving mortars by terrorists is due to the following:
– firstly, mortars are quite easy to make in a handicraft way from scrap materials;
– secondly, terrorists often locate mortar firing positions in residential areas, refugee camps, 

near schools, hospitals, hiding behind a «human shield»;
– thirdly, regular shelling from mortars has a fairly strong psychological impact.
The experience of conducting counter-battery activities (CBA) showed a number of problems 

in countering roving mortars. As a means of counter-battery warfare, let’s consider CBA radars  
AN/TPQ-48A (USA) (and a modification of AN/TPQ-49). One of the main problems is significant 
errors in determining the position of the mine and, accordingly, the coordinates of the firing po sitions 
of roving mortars to deliver an adequate retaliatory strike in order to destroy the firing weapon.  
Improving the accuracy of determining the coordinates of the firing positions of roving mortars is 
especially important when firing from residential areas, school grounds, kindergartens, etc.

The existing methods for determining the position of the mine and, accordingly, the coor-
dinates of the firing positions of roving mortars provide for the autonomous operation of several 
CBA radars. In this case, information from each CBA radar is processed separately, regardless of 
the operation of another CBA radar.

It is proposed to combine autonomous CBA radars into a network. When building a CBA 
radars network, a number of additional opportunities arise associated with the use of multi-radar or 
multi-position methods for processing radar information:

– increasing the probability of detecting targets at a given time interval by the CBA radars 
network in comparison with an autonomous radar;

– increasing the likelihood of detecting targets by irradiating them from different angles by 
spatially spaced CBA radars;

– reducing the time of setting up and improving the quality of tracking target trajectories 
by increasing the rate of information update in the CBA radars network in comparison with an 
autonomous radar;

– improving the accuracy of determining the coordinates of targets by averaging or weight-
ing data integration in the CBA radars network;

– increasing the accuracy of determining the coordinates of targets through the use of 
multi-position methods for determining the coordinates of targets.

So, it is relevant to develop a method for determining the coordinates of the firing positions 
of roving mortars by the CBA radars network.
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The aim of the article is to improve the accuracy of determining the coordinates of the firing 
positions of roving mortars through the use of the CBA radars network.

To achieve the aim, the following objectives have been set:
– to develop a method for determining the coordinates of the firing positions of roving mortars;
– to carry out simulation modeling of the method for determining the coordinates of the 

firing positions of roving mortars by the CBA radars network;
– to determine the appropriate number of CBA radars in the network.
The experience of the advanced countries of the world shows that the Counter-Rockets, 

Artillery and Mortar (C-RAM) concept can be used as a response to mortar attacks, violations of 
international humanitarian law and the infliction of unintentional civilian casualties [1]. C-RAM 
is a set of measures to counter missile, artillery and mortar attacks [1]. For example, in Iraq (2004), 
a working group was created to study C-RAM issues from the Training and Doctrine Com-
mand (TRADOC) of the US Army [2]. The result of the group’s work was the creation of a consoli-
dated tactical unit, which combined the forces and means of anti-aircraft artillery air defense of the 
ground forces, field artillery of the ground forces and air defense of the United States [2, 3]. The 
main component of such a unit is the AN/TPQ-48A CBA radar (and the AN/TPQ-49 modification).

The measurements of the object coordinates of the CBA radars are carried out in a spherical 
coordinate system and include measurements of the radial range, angular coordinates (azimuth 
and elevation) and radial velocity of the target [4, 5]. Most often, the direct radar method is used to 
measure the range, based on measuring the delay time of the reflected signal relative to the probing 
one [4, 5]. With the amplitude method of measuring the range, the lag time of the characteristic 
change in the amplitude of the received radar signal is determined. The most common modulation 
of rangefinder radars is pulse-amplitude modulation [4, 5]. Measurements can be carried out both 
sequentially in time (by scanning the antenna pattern) or by instantaneous comparison of sig-
nals (monopulse method) [6]. The main disadvantage of the known methods of measuring coordi-
nates by existing CBA radars is the low accuracy of determining the coordinates of the mine (target)  
and, accordingly, the coordinates of the firing positions of roving mortars [4–6].

One of the possible ways to improve the accuracy of determining the coordinates of objects 
in radar systems is the use of multi-position radar systems [7, 8]. At the same time, system effects 
are used when combining autonomous radars into synchronous multiradar systems (MRS) with the 
implementation of coherence of varying degrees and compatible echo reception [9]. The key issue 
that determines the possibility of creating a synchronous-coherent MRS of space-separated radars 
is the need to fulfill the conditions [8, 9]: frequency synchronization, phase synchronization, time 
synchronization, coordinated airspace survey.

In [10], a method is proposed for determining the coordinates of the motion parameters of 
an object with nonlinear motion using only angular information. The comparison of the accuracy 
of determining the coordinates and parameters of the object’s motion by the methods of N-bear-
ings and N-polynomials is carried out. It has been established that the method [10] is effective for 
uniform rectilinear, uniformly accelerated and uniform movements of an object and can be used to 
determine the parameters of movement of objects in the CBA radars.

In [11], a method for determining the location of an object by the Saibel direction finder is 
proposed. In [12], an algorithm is proposed for determining the coordinates of radio emission sources 
from an aircraft based on phase-time signal information from two receiving modules. However, the 
methods [11, 12] are effective only for determining the coordinates of objects in passive systems. Also, 
the definitions of the coordinates of objects in passive systems are considered in the review work [13].

In [9], a variant of constructing an MRS and methods for increasing the efficiency of radar 
detection of subtle air objects are proposed. However, the methods [9] provide for the MRS con-
struction as part of a radar with mechanical rotation.

Methods of statistical synthesis and analysis of devices for detecting and measuring the 
coordinates of objects in multi-position radio engineering systems are considered in [14]. However, 
in [14], the features of target detection in the CBA radars were not considered.

The fundamentals of the theory of reception and processing of signals in MRS are deve-
loped in [8]. The peculiarity of these systems is the use, to one degree or another, of spatio-temporal  
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methods of information processing. This information is embedded in wave fields and radio sig-
nals, which are received simultaneously at spatially separated receiving points (including mobile 
ones). In this case, both active and passive methods of radio reception are used. In [8], a statistical  
theory of detection, determination of object coordinates, determination of principles of interposi-
tion identification of single measurements and target trajectories based on the use of parametric 
and coordinate gates in multiradar active and passive systems is presented. However, in [8], the 
features of detecting objects by the CBA radars network are not considered.

Further development of radar systems is carried out in the direction of combining separate 
surveillance radars with mechanical rotation in a small base MRS with joint processing of radar in-
formation [15, 16]. A variant of organizing joint information processing in an active-passive radar 
system is considered to increase the probability of detecting an airborne object and joint processing 
of coordinate information to improve the accuracy of determining coordinates.

In [17, 18], the principles of construction and options for the practical implementation of 
spaced-apart radar systems are considered. Expressions are obtained for assessing the potential 
capabilities of spaced radar systems to identify and determine the coordinates of airborne objects, 
the dependences of the characteristics of spaced radar systems on the number of radars are given, 
and is used to illuminate an airborne object. However, in [17, 18], the CBA radars integration in 
order to improve the quality of object detection is not considered.

For further research in order to improve the accuracy of determining the coordinates of the 
firing positions of roving mortars, let’s set the task of developing a method for determining the 
coordinates of the firing positions of roving mortars by using the CBA radars network.

2. Materials and methods
The research used methods of system analysis, methods of probability theory and mathema-

tical statistics, methods of statistical radio engineering, mathematical apparatus of matrix theory,  
methods of differential calculus, methods of mathematical modeling, methods of radar theory, 
methods of multiposition radar, methods of optimization theory; iterative methods, methods of 
mathematical modeling. During the experimental studies, the method of statistical tests (Monte 
Carlo method) was used. When validating the proposed solutions, analytical and empirical me-
thods of comparative research were used.

The following constraints and assumptions were adopted during modeling:
– CBA radar AN/TPQ-49 are considered as a means of radar;
– conditions for ensuring a coordinated view of the airspace by the CBA radars network 

have been fulfilled;
– conditions for the time synchronization of the operation of the CBA radars in the quality 

network have been met;
– roving mortars of 82 mm and 120 mm calibers are considered as firing means;
– mines of 82 mm and 120 mm calibers are considered as targets in the CBA radars;
– there is one target within the coverage area of the CBA radars network;
– corrections for meteorological conditions during shooting were taken into account (the 

state of the atmosphere in the plane of shooting (wind, pressure, air temperature));
– trajectory of the target (exchange) is taken as ballistic.

3. Research and discussion
The location of the firing position of the roving mortar (hereinafter referred to as the firing 

position) is determined by the vector ζ(xA, yA, zA), where xA, yA, zA – the coordinates of point A of the 
firing position. The mine, flying out of the firing means, is the target for the CBA radar. Let’s con-
sider the CBA radars network with N ≥ 2 CBA radar single-position, in which the coordinates of the 
target are determined by forming the resulting single measurement. Within the coverage area of the 
network, each n-the CBA radars conducts I primary measurements of azimuth α in , elevation βin and  
range Din (the symbol «∼» means the estimate of the corresponding coordinate) (i = 1...I, n = 1...N).

Within the coverage area of the network, all CBA radars measure the primary coordinates 
of the target simultaneously.
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By the characteristic of the target at each moment of time, let’s define the state vector 
XT = (α, β, D), which contains three coordinates of the target (azimuth, elevation and range, respec-
tively). To determine the coordinates of the firing position of a roving mortar, it is necessary to 
determine the spatial coordinates of the target (mines). To determine the spatial coordinates of the 
target, it is necessary to have at least three independent measurements of the primary coordinates. 
The measurements of the primary coordinates of the target by the radar network can be summa-
rized in an observation matrix    U Dα β, ,( ) (expression (1)) of size XT = (α, β, D) where I is the number 
of measurements of the coordinates of the target of each CBA radar.
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From expression (1) it is seen that when using the CBA radars network, there are redundant 
measurements that can be used to increase the accuracy of the resulting unit measurement, elimi-
nate uncertainty and interpositional identification of targets. Let’s suppose that, in accordance with 
the geometric configuration of the CBA radars network, the measurement vector of the primary 
coordinates of the target    U Dα β, ,( ) is related to the state vector XT = (α, β, D) by the following  
general functional dependence (2):

 




U D h X Dα β α β, , , , ,( ) = ( )( )  (2)

where h X h hT
k( ) = [ ]1(X), , (X)  – vector of known functions that determine the dependence of the 

primary coordinates of the target on the components of the state vector XT = (α, β, D).
Estimates of azimuth α, elevation β and range D in expression (2) differ from the true values 

of azimuth α, elevation β and range D by the amount of measurement errors.
Each of the equations (2) with fixed values of the left sides determines the surface of the target 

position in space. By measuring the primary coordinates, the azimuth and range correspond to the 
surface of the position in the form of a vertical plane through the CBA radars and the target and the 
sphere centered at the CBA radars, respectively. The coordinates of the point of intersection of at least 
three of the specified surfaces correspond to the spatial coordinates of the target. Thus, the task of  
determining the coordinates of targets in the CBA radars network is to determine, in one way or ano ther, 
the coordinates of the point of intersection of the position surfaces and the formation of the resulting 
single measurement in the coordinate system of the CBA radars network. Mathematically, this problem 
is equivalent to finding the roots of a system of N equations (2) and can be solved in various ways.

Expression (2) takes into account the fact that when measuring the signal parameters, va-
rious kinds of errors arise. This leads to errors in measuring the primary coordinates of the target, 
and hence the corresponding surfaces of the position. Therefore, in fact, only estimates of the 
primary coordinates of the target  


X DT = ( )α β, ,  can be obtained, which differ from the true values 

XT = (α, β, D). At each moment of time, to obtain an estimate of the state vector  


X DT = ( )α β, , , 

(3×N) measurements of each coordinate are carried out. The observation matrix at an arbitrary  
k-th moment in time (k-th dimension) can be represented as a column vector (expression (3)):
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In the general case, the functional dependencies connecting the estimates of the spatial  
coordinates of the target  


X DT = ( )α β, ,  with the primary    U Dα β, ,( ) have the form (4):
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U D U DN1 α β α β, , , , , ,( ) … ( ) – prima-

ry measurements of the first, second, ..., n radars of the CBA radars network.
A feature of solving CBA problems is that the end result is not the determination of the co-

ordinates of the target, but the determination of the coordinates of the firing position and the point 
of the mine fall. Therefore, along with the vector of primary observations    U Dα β, , ,( )  the state vec-
tor  


X DT = ( )α β, , , let’s consider the vector of trajectory measurements    ξ = ( ( ), ( ), ( ))x t y t t T  z  – the  

vector of estimates of the coordinates of the target positions on the flight trajectory, obtained as  
a result of processing the primary measurements at a certain moment in time. These estimates of 
the vector of trajectory measurements    ξ = ( ( ), ( ), ( ))x t y t z t T   are determined in a Cartesian rectan-
gular coordinate system as   x t y t z ti i i( ), ( ), ( ),   i = 1…I. Primary measurements of target coordinates 
contain errors of primary measurements of azimuth ∂αni , elevation ∂βni , range ∂Dni of the n-th 
radar of the CBA on the i-th dimension. Let’s designate ΔU i i i i Ni Ni Ni

TD D= ∂ ∂ ∂ ∂ ∂ ∂( , , ,... , , )α β α β1 1 1  –  
the vector of errors on the i-th primary measurement of each CBA radar; α βni ni niD, ,  – «exact» 
values of azimuth, elevation and range, respectively, measured by the n-th CBA radar at the i-th 
measurement. These «exact» values can be reduced to a matrix U(α, β, D) of dimension (3×N)×I. 
Since the primary measurements contain an error, the estimates of the vector of trajectory measure-
ments    ξ = ( ( ), ( ), ( ))x t y t t T  z  of the coordinates of the target on the i-th dimension will also contain 
errors in determining the coordinates of the target ∂xi, ∂yi, ∂zi, caused by the presence of errors in 
the primary measurements. Let’s denote x(ti), y(ti), z(ti) – «exact» values of the target coordinates 
at time ti (on the i-th dimension); Δξi i i i

Tx y z= ∂ ∂ ∂( , , )  – the vector of errors in determining the coor-
dinates of the target on the i-th dimension. Let’s pose the problem of finding the coordinates of 
the target (vector of trajectory measurements) in the CBA radars network. It is expedient to con-
sider such a problem of estimation by an excessive number of estimates of primary coordinates as  
a solution to some statistical problem. Let’s assume that at point Сi of the trajectory with unknown 
coordinates xi, yi, zi at time ti there is a target (mine). At N receiving points (CBA radars network) 
at a given time, azimuths, elevation angles and slant ranges to point C are measured. As a result, 
an observation vector of dimension (3×N)  












U D D Di i i i Ni Ni Ni

Tα β α β α β, , ( , , ,..., , , )( ) = 1 1 1  is formed (ex-
pression (3)). The vector of unknown coordinates of the target at time ti    ξ = ( ( ), ( ), ( ))x t y t t T  z  is the 
state vector. With a normal distribution law of estimates  












U D D Di i i i Ni Ni Ni

Tα β α β α β, , ( , , ,..., , , ) ,( ) = 1 1 1  
the task of finding the vector of unknown coordinates of the target    ξ = ( ( ), ( ), ( ))x t y t t T  z  is solved 
by the maximum likelihood method, according to which the optimal estimate    ξ = ( ( ), ( ), ( ))x t y t z t T   
will be such that minimizes the quadratic form (5):

 L U U U K U Ui i i i

T

Ui i i( , ) exp






ξ ξ ξ= ⋅ − − ( )



 ⋅ ⋅ − ( )


−const
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,  (5)

where KUi is correlation matrix of errors (CME) of the i-th primary measurement of size 
(3×N)×(3×N); const is the factor before the exponent, which does not depend on ξi  and Ui .

The maximum of the likelihood function (5) is achieved when minimizing ξi in the quadra-
tic form J U U K U Ui i i

T

Ui i i






ξ ξ ξ( ) = − ( )
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−1  (expression (6)):
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The necessary condition for the minimum of the quadratic form J i
ξ( ) according to ξi (ex-

pression (7)):
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is a system of equations for determining the estimate of the state vector    ξi i i i
Tx t y t t= ( ( ), ( ), ( )) .  z  

The equation of system (7) is nonlinear and to find the roots of system (7) it is advisable to use 
numerous (iterative) methods.

The calculation of the coordinates of the firing position in the CBA radars network consists 
in the fact that according to the marks of the observed it is necessary to determine the parame-
ters of the target trajectory in three-dimensional space and to determine the coordinates of the 
firing position. The input data is the state vector (vector of coordinate estimates) of the target 


  ξi i i i
Tx t y t t= ( ( ), ( ), ( ))  z  at times ti and K B K B

i i
T

Ui iξ = ( )( )−
−

1
1
 is the estimate of the CME for deter-

mining the coordinates of the target (i = 1…I). The initial data xA, yA  – estimates of the coordinates 
of the firing position (provided that zA = 0). To calculate the trajectory of the target, it is necessary 
to numerically integrate the system of differential equations of external ballistics using a rather 
laborious finite difference method. To avoid these difficulties, let’s use the results of [19–21]. This 
problem can be solved in two stages, thus reducing the dimension of the equations. First, it is ne-
cessary to determine the orientation of the firing plane relative to the horizontal plane, and then, in 
the found vertical plane, determine the parameters of the law of change in the height of the mine.

The sequence of actions of the method for determining the coordinates of the firing posi-
tions of roving mortars by the CBA radars network is shown in Fig. 1.

Fig. 1. Sequence of actions of the method for determining the coordinates of the firing positions 
of roving mortars by the CBA radars network

Initial data input: Xpp1…Xppn, Ypp1…Yppn,
Zpp1…Zppn, σα, σβ, σD

Begin

End

Formation of the observation matrix  , ,U D 

Calculation of estimates of the coordinates of the firing 
position in the CBA radars network, ( Ax , Ay ), provided Az 0

Electronic scanning: implementation of a synchronous and 
consistent view of space by spaced-apart

CBA radars

Estimation of the target coordinates vector
( ( ), ( ), z( )) Tx t y t t

Derivation of estimates of the coordinates
of the firing position ( Ax , Ay )
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The essence of the method is as follows:
1. Input of initial data, namely:
– Xpp1…XppN, Ypp1…YppN, Zpp1…ZppN – coordinates of the CBA radars included in the network;
– σα, σβ, σD – measurement errors of azimuth, elevation and range (determined by the CBA 

radar tactical and technical characteristics (TTC)). It is believed that all CBA radars network are  
of the same type, have the same TTC and, accordingly, the same errors in the primary measure-
ments of coordinates.

2. Electronic scanning of airspace: implementation of a space-synchronous and time-coor-
dinated survey of space by spaced-apart CBA radars.

3. Formation of the observation matrix    U D( , , ).α β
4. Estimation of the target coordinates vector    ξ = ( ( ), ( ), ( )) .x t y t z t T  
5. Calculation of estimates of the coordinates of the firing position in the CBA radars net-

work ( , ) x yA A  (provided zA = 0).
To carry out a comparative assessment of the developed method for determining the coor-

dinates of the firing positions of roving mortars and the known method of carrying out imitation 
modeling and assessing the quality of the method for determining the coordinates of the firing 
positions of roving mortars. Simulation statistical modeling is based on the statistical test me-
thod (Monte Carlo method).

Estimates of the accuracy of determining the coordinates of the firing position are shown  
in Fig. 2, 3. Graphs in Fig. 2, 3 are presented in the Cartesian coordinate system (x, y).  
Fig. 2 shows the case of determining the coordinates of the firing position of one CBA radars.  
In Fig. 3 – determination of the coordinates of the firing position by a network of four CBA radars. 
CBA radars are indicated by triangles.

Fig. 2. Estimates of the accuracy of determining the coordinates of the firing  
position (one CBA radar): a – the relative position of the firing position and  

the CBA radars; b – scattering ellipses determining the coordinates  
of the firing position

Fig. 3. Estimates of the accuracy of determining the coordinates of the firing  
position (a network of four CBA radars): a – the relative position of the firing position  
and the CBA radars network; b – scattering ellipses for determining the coordinates  

of the firing position
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Fig. 2, a, 3, a show the relative position of the firing position and the CBA radars net-
work. Fig. 2, b, 3, b show enlarged scattering ellipse for determining the coordinates of the firing  
position. Analysis of Fig. 2, 3, it was found that the use of the radars network makes it possible to 
increase the accuracy of determining the coordinates of the firing means on average from 23 %  
to 71 %, depending on the number of CBA radars in the network.

In Fig. 4 shows the dependences of the errors in determining the coordinates of the firing 
position (semi-major σx and semi-minor σy axis of the scattering ellipse) on the number of CBA 
radars in the network (N).

Fig. 4. Comparative assessment of the accuracy of determining the coordinates  
of the firing position: a – semi-major axis; b – semi-minor axis

Analysis of Fig. 4 it can be seen that the appropriate number of CBA radars elements 
in the network is three or four. A further increase in the number of CBA radars in the network 
does not lead to a significant increase in the accuracy of determining the coordinates of the 
firing position.

The increase in the accuracy of determining the coordinates of the firing positions of rov-
ing mortars is explained by the use of the CBA radars network.

A mathematical formulation of the problem of determining the coordinates of targets 
in the CBA radars network is formulated (expressions (1)–(7)). It has been established that the 
problem of estimating the coordinates of targets in the CBA radars network for an excessive 
number of estimates of primary coordinates should be considered as a statistical problem (ex-
pressions (5)–(7)).

The method for determining the coordinates of roving firing positions has been im-
proved, in which, unlike the known ones, the coordinates of targets on the flight path are mea-
sured consistent with space and time and the information is processed by the CBA radars net-
work (Fig. 1).

The developed simulation mathematical model for determining the coordinates of the firing 
positions of roving mortars by the CBA radars network.

Simulation modeling of the method for determining the coordinates of the firing positions 
of roving mortars by the CBA radars network was carried out.

It has been established that the use of a radar network makes it possible to increase the accu-
racy of determining the coordinates of the firing means on average from 23 % to 71 %, depending 
on the number of CBA radars in the network (Fig. 2, 3).

It has been established that the appropriate number of CBA radars elements in the network 
is equal to three or four (Fig. 4).

A further increase in the number of CBA radars in the network does not lead to a signifi-
cant increase in the accuracy of determining the coordinates of the firing positions of artillery and 
mortars (Fig. 4).

During the study, a single-purpose case was considered. In carrying out further research, it 
is necessary to develop a method for spatial separation of elements of a group of targets and inter-
fering objects by the CBA radars network. At the same time, it is necessary to process large data 
arrays, which will require appropriate computing facilities.
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4. Conclusions
The method for determining the coordinates of the firing positions of roving mortars 

has been improved, in which, in contrast to the known ones, the coordinates of targets on the 
flight path are coordinated with space and time and the information is processed by the CBA 
radars network.

Simulation modeling of the method for determining the coordinates of the firing positions 
of roving mortars by the CBA radars network was carried out. It has been established that the 
use of a radar network makes it possible to increase the accuracy of determining the coordinates 
of the firing device on average from 23 % to 71 %, depending on the number of CBA radars  
in the network.

It has been established that the appropriate number of CBA radars elements in the network 
is equal to three or four. A further increase in the number of CBA radars in the network does not 
lead to a significant increase in the accuracy of determining the coordinates of the firing positions 
of artillery and mortars.
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