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Abstract

In this paper, we consider a nondifferentiable minimax fractional programming problem with con-
tinuously differentiable functions and formulate two types of higher-order dual models for such
optimization problem. Weak, strong and strict converse duality theorems are derived under higher-
order generalized invexity.
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1. Introduction

Fractional programming problems have become a subject of wide interest since they provide a
universal apparatus for a wide class of problems in the financial analysis of a firm, educational
planning, public policy decision making, corporate planning, agricultural planning, healthcare,
marine transportation, and bank balance sheet management. Some results for optimality conditions
and duality in multiobjective fractional programming problems have been obtained under various
kinds of generalized convexities. The non-differentiable fractional programming problems play
an important role in obtainting the set of most preferred solutions and a decision maker can take
the good decision. In recent years, many researchers have paid attention to develop optimality
conditions and duality results for a nondifferentiable minimax fractional programming problem.
For more details, one can consult Ahmad and Husain (2006), Ahmadet et al. (2008), Batatorescu
et al. (2009), Jayswal (2011), Zalmai and Zhang (2007), and the references cited therein.

An extension of F'-convexity (Hanson and Mond (1986)) and p-convexity (Vial (1983)) is intro-
duced by Preda (1992), that is, (F, p)-convexity. Later, Liang et al. (2001) presented a unified
formulation of generalized convexity, called (F, a, p, d)-convexity and discussed optimality condi-
tions and duality results for fractional programming problems. In Zalmai and Zhang (2013), they
obtained several parametric duality results involving generalized («, 1), p)-V -invex funtions for a
semiinfinite multiobjective fractional programming problem. Some results for a nondifferentiable
minimax fractional programming problems are established in Jayswal and Kumar (2011) and Yuan
et al. (2006) under (C, «, p, d)-convexity. Second order duality results for nondifferentiable mini-
max fractional programming problems are discussed in Ahmad (2013), Gupta and Dangar (2014),
and Kailey and Sharma (2016).

Generalized convexity extends the validity of the results to a wider class of nonlinear programming
problems. With the development of optimization problems, there has been a growing interest in
the higher-order dual problems. Several researchers (Ahmad (2012); Batatorescu et al. (2007b);
Batatorescu et al. (2007a); Gao (2016); Jayswal et al. (2014); Sharma and Gupta (2016); Ying
(2012)) have shown their interest in higher order duality.

Motivated by the earlier work and importance of the higher order generalized convexity, we discuss
the higher order duality results for the dual problems related to a minimax fractional programming
problem involving generalized higher order (P, p)-V -invexity.

The structure of this paper is as follows: Basic concepts and some preliminary material from con-
vex analysis are given in Section 2. Sections 3 and 4 deal the duality results for a minimax frac-
tional programming problem under higher order (®, p)-V -invexity. Conclusions and future lines
of research are presented in Section 5.
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2. Notations and Preliminaries

Let R" be the n-dimensional Euclidean space and R’} be its non-negative orthant. Let X be an
open subset of R".

Definition 2.1.

A function ® : X x X x R"*' — Ris convex on R""! with respect to third argument, if for any
(xz,2*) € X x X, the following inequality,

®(z, 2% (a1, bi) + (1 = A)(az, b2))) < A®(z, 2% (a1, 01)) + (1 = A)@(x, 2% (az, b2)),
holds for all a;,ay € R",by,bs € R and for any A € [0, 1].

Let f: X — R¥and 0 : X x R™ — R be continuously differentiable functions at z* € X.

Definition 2.2. (Sharma and Gupta (2016))

A function f is said to be higher-order (P, p)-V-invex at z* € X with respect to @ if there exists a
function ® : X x X x R"*' — R, where ®(z, 2*,.) is convex on R"*!, ®(x, 2", (0,a)) > 0 for
all x € X and every a € Ry, p = (p1,p2, -, p) € R* and real-valued functions o; : X x X —
R*™\ {0},i=1,2,..., k such that, the following inequalities
filx) = fi(a®) — 0;(a*,p) + p" V,b;(z*, p)
> O(x, 2", iz, ") (V fi(2") + V0™, p),pi))i = 1,2, .k,
hold for all (z,p) € X x R".

)

If each function f;,7 = 1,2, ..., k, satisfies the inequality (1) ateach x € X, then f;,7 = 1,2,....k
is said to be higher-order (®, p;)-V,,, -invex at z* on X with respect to ;.

The function f is said to be strictly higher-order (®, p)-V-invex at z* € X (x # z*), if the above
inequalities hold as strict inequalities.

In the present paper, we consider is the following nondifferentiable minimax fractional problem:

T
(NP)  min sup f(z,y) + (2" Bx)
€l yey g(z,y) — (27Cx)

1/2

1/2°

subjectto h(x) <0, z € X,
where Y is a compact subset of R, f(.,.),g(.,.) : R" x R® — Rand h(.) : R" — R™ are
continuously differentiable functions. B and C' are n X n positive semi-definite matrices.

Let & = {x € X : h(z) < 0} denotes the set of all feasible solutions of (NP). For each (z,y) €
R™ x R', we define

f(@,y) + (a7 Bx)'?

g(z,y) — («TCx)1/?"

o(x,y) =

Published by Digital Commons @PVAMU, 2021
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such that for each (z,y) € S x Y, f(z,y) + (zTBx)Y? > 0 and g(z,y) — (z7Cz)"? > 0. For
each x € &, we define

J(z)={j € J:hjx)=0},
where

’]:{1727 7m}7

_ ey + @B f(x,u) + (2 Br)'2
Y(x) - {y cY: g(x,y) _ (:L’TC.T)I/2 - uEI); g(x,u) _ (I'TD$>1/2 } )

S)={(s,t,) e N X R, x R™ :1<s<n+1, t=(t1,ts,-- ,t;) € R}

with Y “t; =15 = (1,8, -+ . s) with g; € V(x),i = 1,2, --- ,s}.

i=1
Since f and g are continuously differentiable and Y is compact in R', it follows that for each
z* € 3,Y (a) # (0. Thus, for any g; € Y (2*), we have a positive constant
x = f(x*vgl) + (x*TBx*)l/Z

)\O:qb(x’yi): Sy T *)1/2 "

g(a*, 4i) = (a1 Ca)V

The following generalized Schwartz inequality and necessary conditions are required in our dis-
cussion.

Let B be a positive semi-definite matrix of order n. Then for all x,w € R",
«" Bw < (27 Bx)"*(w” Bw)"/?. (2)

It is observed that equality holds if Bx = £Bw for some & > 0. Evidently, if (w” Bw)"/? < 1,
then

2" Bw < (z¥ Bx)Y/?

Theorem 2.1. (Lai and Lee (2002))

Let 2* be an optimal solution for (NP) satisfying z** Bz* > 0, z*7 Cz* > 0 and let Vhi(z*),j €
J(z*) be linearly independent. Then there exist (s,t*,y) € S(z*),\s € Ri,w,v € R" and
p* € RY such that

S { @, 7:) + Bw = Ao(vg(a®,5i) — Co)} + 7 Y piihy(2*) =0,
i=1 =
fl@*, y) + (x*TBx*)1/2 — Xo(h(z",7;) — (:p*TCx*)l/Q) =0,i=1,2,--,s,
> ishy(x) =0,
j=1

tr>0,i=12-- 5> ;=1

=1

w'Bw < 1, vT'Cv < 1, (" Bx*)Y? = 2*" Bw, (2" C2z*)"/? = *" Cw.

https://digitalcommons.pvamu.edu/aam/vol16/iss1/22
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It may be noted that both the matrices B and C' are positive definite in the above theorem. If one
of (z*" Bz*) and (2*7Cz*) is zero, or both B and C' are singular, then for (s, t*,7) € S(z*), we
can take a set Uy(z™) defined in Lai et al. (1999) by

Uy(z*) = {u € R" : u"'Vh;(x*) <0,j € J(2*) with any one of the following (i)-(iii) holds } :

(i) «*" Ba* > 0,z*7Cz* =0

= Zt V1@ 9:) + % = A Vg(a", 7)) + (uf (NC)u)2 <0,

(17) *TBx =0,2"7C2z* >0

= Zt{w ) = M (Vale )~ )+ (B <

(131) x*TBx =0,2"Cz* =0
= UT(Z AV (2", 55) = A VA, 5)}) + (uf (A2C)u)' 2 + (u" Bu)'’? < 0.
i=1

If Uy(«*) = 0 in Theorem 2.3, then the Theorem 2.3 still holds.

3. First Duality Model

In this section, we formulate the following higher-order dual for (NP) and establish duality theo-
rems:

(DMI) max sup A,
(5:,9)€5(u) (w,p, A\, 0,w,p) EH 1 (8,8,7)

Where Hi(s,t,y) denotes the set of all (u, u, k, v, w p) € R“meXR+><R”xR”><R" satisfying
Zt{vfuyz)JrBw ANvg(u, 5i) — CU}+VZuj i(u +Zti p(F' (4, Gi, p)
j=1 i=1

=1

—AG(u, i, p))] + Y 1V, Hj(u, p) = 0, 3)

Jj=1

Zti{f<u>gi) +u' Bw — A(g(u, 5;) — u" Cv) + [F(u, §i;, p) — G (u, Gi, p)]

=1

—pTVp[F(u,gi, p) — AG(u, 4, p)|} + Z:uj

j€Jo

+ > piH(u,p) = p" Y p;VypH (u,p) > 0, )

j€Jo J€Jo

Published by Digital Commons @PVAMU, 2021
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jE€Js Jj€Js jE€Js
w! Bw < 1,UTCU <1, (6)

where F: R"xR'xR" - R, G : R"x R*x R® — Rand H : R" x R™ — R™ are differentiable
functions. Jg C M ={1,2,...,m}, 3 =0,1,2,...,r with U Jg=Mand JgNJ, =0if § # ~.

8=0
If for a triplet (s,t,y) € S(u), the set H(s,t,y) = 0, then we define the supremum over it to be
—00.
Remark 3.1.
_ 1 ~ - 1 L
It F(u,gi,p) = 50" V2 (w,5)p, Glu,gp) = 50" V29(w,g)p,i = 1,2, Hi(u,p) =

1
§pTV2hj (w)p,j = 1,2,...,m, then (DMI) becomes the second order dual (DM3) in Dangar and
Gupta (2013). If, in addition, J, = @, and p = 0, then we get the dual (DMI) (Jayswal and Kumar

(2011)).
We denote

- i;ti{fc,yi) O Buw— Mgl 3) — (7O,
and 7

(, 5, p Zt {F(u, 51, p) — AG(u, 71, p) }-

Theorem 3.1. (Weak duality)

Let x and (u, i1, A, v, w, s, t, 7, p) be feasible solutions to (NP) and (DMI), respectively. If

+Z p;h;(.) is higher-order (@, p; ) —V,, -invex at u with respect to function ¢ (u, 7;, p)+
Jj€Jo

ZMJH u

J€Jo
(ii) h;(.),j € Jg, 8 = 1,2,...,r is higher-order (®, p7) — Vaz-invex at u with respect to function
Hj,j € J/g, and

(i) sz +ZZugp] >0,

B=1 ]EJ/3

https://digitalcommons.pvamu.edu/aam/vol16/iss1/22
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then,

=

z,7) + (a7 Bx)'/?
Su
ver g(2,79) — (27Cx) 12 =
Proof:

Suppose to the contrary that

sup LED (2" Br)'/

A.
o g(w, ) — (TCx)2

Then, we get
f(@,5) + (2" Bx)Y? = Xg(z,5;) — (27'Cx)/?) <0, forall g; € Y.

It follows from ¢t; > 0, ¢ = 1,2,--- , s, with Zt = (t1,t9,- -+ ,t5) # 0, and by (2) and

(6) that

s

> tilf (@, 5:) + 2" Bw — Mh(x,5;) — 2" Cv)] < 0.

=1

On utilizing the feasibility of x for (NP) along with dual constraint (4), we get

)+ Y ishy(@) = () = (w5, p) + T Vi (w5 p) — Y by

je€Jdo j€Jdo

= wiH,(u,p) +p" > 1V, Hj(u,p) <0,

j€Jo j€Jo

which by using hypothesis (), we have

®(z,u, q; (z,u) )+ ZMJVh )+ Vo (u, i, p) + ZMJV Hj(u,p), pi)) <0. (7)

_]EJ() jeJo

On one hand, by using hypothesis (i7), we get
hy(x) = hj(u) — Hy(u, p) + p' V,Hj(u, p)

> q)(x,u,a?(x,u)(th(u) + Vij(u,p),pi)), Vieds, B=1,2,---,r

Hj

Multiplying the above inequalities by ————
o (z, u)

inequalities, we get

ZZ

=1j€eJs ]

Published by Digital Commons @PVAMU, 2021
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_ZZ .CE’LLO(( )(Vh( )—i—Vij(U,p)?p?)),VjEJ,g,5:1,2,---,7"

B=1 jeJs 3

By using the feasibility of x for (NP) and dual constraint (5), the above inequality yields

ZZ (2, u, a3 (z,w) (Vhy(u) + V,H;(u, p), 7)) < 0. ©)
B=1je€Jg ]
1
Now, multiplying each inequality (7) by ﬁ, t = 1,2,---,s and then summing up these
o; (r,u
inequalities, we get
- 1
Z m@(w, u, o (z,u) )+ Z 1 Vhi(u) + Vb (w, Gi, p)
i=1 Jj€Jo
j€Jdo

By adding (8) and (10), we obtain

1
Zal—@(m,u,a}(x, +ZN’]V}L +Vp¢1(u y17p)

j€Jdo

(z,u, oz?(x, u)(Vh;(w)

J€Jo B=1jEJs J'
+V, H;(u, p), p3)) < 0. (10)
Let us introduce the following:
1
1
gz: ai(z7u>’l:1727 Sy (11)
Hj
o aj(zu)
:uj:Tu?EJﬁaﬁ:laQa'“an (12)
e 4= 3" s 30 s
B=1 jeJs J

Notethat 0 < ¢; < 1,i =1,2,---,5,0 < p; < 1l,j€Jg B=12,---,r, andalstoi—l—

)B) SII
B=1jeJg
Thus, in view of (11), (12), and inequality (10) we have

i=1

Zt@ z,u, a; (z,u) (Vi (u —i—Zuth ) + Vpr(u, i, p)

j€Jo

https://digitalcommons.pvamu.edu/aam/vol16/iss1/22
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+ 37 1V, H (u.p). pt) +ZZM r,u, 02 (x,u) (Vhy(u)
Jj€Jo =1j€eJs
+V,Hj(u,p), p7)) < 0.

Using the convexity of ®(z,, (.,.)) on R**', we conclude that

qumxuw )+ > 1 Vhy(u) + Vot (u, 55, 0) + Y 15V Hy(u, p), p})

Jj€Jo j€Jo

+ZZW u) (Vhy(u) + V,Hy(u, p), %)) < 0,

=1j€Js

which yields,

(I)(LIZ', +VZHJ +val<u yzap>

+ZugV H;(u,p), ZPJZZ&

=1j€Js

The above inequality and Equatlon (3) imply

Zm +ZZPJ (13)

=1 ]EJﬂ

On the other hand, by using the hypothesis (iii) together with the fact that ®(z, u, (0,b)) for each
be R,, we get

ZfHZZﬂJ >0,

B=1j€Js

which contradicts (13). This completes the proof. n

Theorem 3.2. (Strong duality)

Let z* be an optimal solution for (NP) and let Vh;(z*), j € J(z"), be linearly independent.
Assume that
F(z*,y;,0) =0; V,F(2*,97,0) =0,i=1,2, ..., s,
G(z*,y;,0) = 0; V,G(2*,97,0) =0,i=1,2, ..., (14)
H;(z*,0)=0; V,H;(z",0)=0, je.

Then, there exist (5,7, ) € S(z*) and (z*, i, \, 0, W, p) € H,(5,%,§") such that 2* = (z*, i, \, 7,
w,3,t, 5%, p = 0) is feasible for (DMI) and the corresponding objective values of (NP) and (DMI)
are equal. Furthermore, if the hypotheses of the weak duality theorem (Theorem 3.1) hold for all
feasible solutions of (DMI), then (z*, fi, M\, 0, ,5,t,7°,p= 0) is an optimal solution for (DMI).

Published by Digital Commons @PVAMU, 2021
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Proof:

By assumption z* is an optimal solution of (NP) and Vh;(z"), j € J(z") are linearly independent.
Then, by Theorem 2.3, there exist (8,¢,5*) € S(z*) and (z*, i, A\, 0, w,p = 0) € Hy(5,t,7") such
that

m

STV 5) + Bo — v, ) — Co)}+ v Y fizhs(at) =0,

i=1 Jj=1

fa", i) + (27 Ba")'? = A(g(a, 5i) — (2" Ca")'?) =0, i = 1,2,--- 5,

Z fijh(x
j=1

S

52207 Z:1727 757257,:17

i=1
@' Bw <1, 77Cs < 1, (" Ba*)Y? = 2*" Bw, («*" C2*)Y? = 27 C,
which along with Equation (14) imply that of z* = (2*, i, \, 9, W, 5,1,4*,p = 0) is feasible for

(DMI) and the problems (NP) and (DMI) have the same objective values. Optimality of z* for
(DMI), thus follows from the weak duality theorem (Theorem 3.2). n

Theorem 3.3. (Strict converse duality)

Let " and (@, ji, A, U, W, 3,t, 5", p) be the optimal solutions for (NP) and (DMI), respectively. If

) + Z p;h;(.) is strictly higher-order (®, pj) — V,i-invex at @ with respect to function
Jj€Jo
1/11(7371?:717) + Z ID’JH u
j€Jo
(i1) hy(.), j € Jg, 8 = 1,2, ..., 7 is higher-order (®, p?) — Vaz-invex at & with respect to function
H]uj S Jﬂ,

(141) Vh (%), j € J(z") be linear independent, and

(i) ZpﬂrZZugp] >0,

B=1j€Js

then, * = w; that is, u is an optimal solution for (NP).

Proof:

, W, 5,t, 7", p) be the optimal solutions for

A, U
*), be linear independent, from Theorem 3.3,

Suppose to contrary that x* # u. As x* and (a i,
(NP) and (DMI), respectively, and Vh;(z*),j € J(x

we know that

=\

f(l,* —*) 4 (l'*TB.T*)l/Q
sup 2
ey g(x* y*) _ (l’*TC{E*)l/Q

https://digitalcommons.pvamu.edu/aam/vol16/iss1/22 10
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By hypotheses (7) and (i7), we have
‘i‘Z/Ljhj(Q?*)—w(a)—d}l(ﬁ,yl, )+p val u yza Z:u]

j€Jo je€Jdo
— > mH;(,p) +p" Y VH; (1, p)
Jj€Jo Jj€Jdo
><I>(m*,a,oz (x* +Z,u]Vh u) + Vb (u, g, p)
]GJO
‘i‘ZﬂJVﬁHj(aaﬁ)?pzl))a (15)
j€Jo

hi(x*) — hy(u) — H;(a,p) + p' VyH, (4, p)
> & (2", u, o (z*, u) (Vhy(a) + VH;(u,p),p3)), Vj € Jg, B=1,2,-- . (16)

Multiplying each inequality (15) by t = 1,2,---,s, and each inequality (16) by

1
al(z*,u)’

% j€Js, B=1,2,--- r, respectively, then summing up these inequalities, we get
a?(z*
5 1 L ) L
Zal( 2) > phy(x*) — (@) — i (a, g7, p) + PVt (4. 57, p)
i=1 ¢ J€Jo
—Zﬂj )= > R Hi(a,p) +p" Y py V(i p)]
jEJO Jj€Jo J€Jo
>Z (z*,a, o (2 +Zuth ) + Vi (4, y;, D)
Jj€Jo
+ Y Ve, (,p). pj)), (17)
Jj€Jo
and
Z Z *> - hj (ﬂ) - Hj(avﬁ) +pTvﬁH](ﬂap)]
=1j€Js J
> ZZ — (2,1, (", 1) (Vhy(w) + V;H; (1, p), p3)). (18)
B= 1j€Jp -7
On the other hand, from the feasibility of 2* for (NP) and dual constraint (5), we have
Z Z —[h;(z*) — hj(@) — Hj(u,p) + p' V5H,(a,p)] <O0.
B= 1j€Js -]

Thus from (18) we obtain

Z Z ZL’ 7ﬂa a?(x*,ﬂ) (th(ﬂ) + VﬁHj(ﬁaﬁ)7p32)> <0. (19)

B=1jeJgs -]
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On combing (17) and (19), we have

S

1 — =% = — — =% =
Z e )+ Y pih(at) = (@) — ¢ (@, 55, D) + ' Vet (4,7, D)
=1 j€Jo

=Y pihi(u) = > pH(u.p) +p" Y 1 VH; (4, p)]
jeJU ]eJo ]GJO
5 1 .
>ZOC1(J}* I_L)(I)(ZZ' » Uy QG ( +Zlu]v}l +va1(u y7,7p)
i=1 ! J€Jo

+ Y [ VH,(u,p), pi))

j€do

+ Z > (ot @, ol (e, @) (Vi (@) + VH, (@, 5), 7)) (20)

ﬁ 1]6][3 j

Let us introduce the following notations:
ti:Z—*7i:1727"'7§7 (21)

7.j€<]ﬁ775:1a27"'7r7 (22)

g
=
o
=
O
N
Il
|
QH
\.&* -
S
+
M-
[\e}
5=
=

Notethat 0 < ; < 1,i = 1,2,---,5,0 < p; < l,7€Jg, B=1,2,---,r, andalsoZﬂ-—i—

i=1
2. =1

B=1 jEJﬁ
Thus, (20) together with (21) and (22) yield

S () + ) pghy(at) = (w) = i (a, g5, p) + ' Vi (W, 75, P)
=1

j€Jo

_Zﬂj ZMJ (u,p —i—pTZ/LJVH(UP)]

j€Jo j€Jo j€Jo

>Zt<1>:c u, o (z*, ) V@D —l—Zuth ) + Vi (4, 97, p)

=1 j€Jo
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£ 37 1 VsH,(,9), 1) +ZZM3 o, 03w, @) (Vhy(0)

j€Jo =1j€Js

+vﬁHj (’Z_L, ﬁ)7 p?) ) .

Using the convexity of ®(z*, @, (,.)) on R"™", we conclude that

=1

Jj€Jdo

= mihi(a) =Y i H;(w,p) +p Y [V H; (1, p)

jEJo ]EJQ ]GJO

x uZtoz (x*, 1) V1/) —i—Z,uJVh u) + Vi (, 7, p)

j€Jo

+ Z ﬂjvﬁHj(avp)a pzl)) + Z Z /]jq)(x*7 u, ajz'(x*7 ,U’) (Vh]<l_l,)
j€do B=1jeJs
+vl_7Hj (aaﬁ)7 p?))
Thus,

(@) + Y pihy(a®) = (@) — ¢ (@, 57, D) + " Vit (4,7, D)

.
I @l
—_

Sh

J€Jo
=Y pihi(m) = > pH,(u,p) +p" Y [V H, (4, p)
j€Jo Jj€Jo Jj€Jo
1
>¢>(x /_1 +VZuj u) + Vi (4, 3, p)

DWALTES I 3 o)

,3 1 ]EJ/i

The above inequality together with dual constraint (3), gives

1
)+ > () — (@) — i (w57, p) + pT Vit (4,5, D)

Al *
Aat(x*,u) =
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_ZMJ Zﬂj (4, p) —l—pTZ,u]VH(up) > 0.

j€Jdo Jj€Jo J€Jo

1
Since I > 0, and o' (z*, @) > 0, the above inequality gives

(@) + > pihy(a) = (@) — i (a5, p) + P Vb (4, 57, P)

j€do

= mihi(a) =Y pH;(w,p) +p Y i VH; (@, p) > 0,

j€Jo j€Jo Jj€Jo

which together with the feasibility of z* for (NP) and dual constraint (4) yields
(z®) >0,

Le., Zt{f ", 7;) + (") Bw — Ag(a*, 5;) — (2%)"C]} > 0.

Therefore, there exists a certain 7., such that
flag;) + (@ Ba)2 = No(a*,51) — (2" Ca)'?) > 0.

It follows that
f(x*,g*> + (.T*TB.Z'*>1/2 - f(x*,g:;) + ($*TB$*)1/2

su > .
e 9 7) = (@ TCa)7 = gl g;) = (@ TCa) 72
Finally, we have a contradiction, and the proof is complete. n

4. Second Duality Model

In this section, we consider the following form of Theorem 2.3.

Theorem 4.1.
Let 2" be a solution for (NP) and let Vh;(Z), j € J(z*) be linearly independent. Then, there exist

(5,t,9) € S(z*) and &t € R such that
Zt {(9(a*,5) = (=T Cx")' ) (7 f (2", i) + Bw) — (f(2", 4:) + («*" Ba*)'?)

(Vy(=", 5i) Z i V hi(z*) =0,
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m
> ijhy(x) >0,
Jj=1

RERTE>0> hi=1geY()i=12-,5

i=1

Now, we consider the dual model of (NP) as follows:

(DMII) max sup C(u),
(s,t,7)€S(w) (u,p,0,w,p)EHa(8,t,7)
fu,y) + (u" Bu)'/?
where ((u) = su ,
) = oy — ()
R" x R x R" x R" x R" satisfying:

and Hs(s,t,y) denotes the set of all (u, u, v, w,p) €

Zti{(g(% gi) — (u Cu)' ) (7 f(u, 5i) + Bw) — (f(u, ;) + (u” Bu)'/?)

(VQ(U, g@) - CU)} + Z i \/ h](u) + Z ti{vpﬁ(u7 giap)

j=1

=V, G (u, 55, 0)} + Y 1V H(u, p) =0, (23)

J=1

D wshi(w) + >t F(u, g5, p) = Glu, g p)y = 0" YtV {F(u, i, p)
j=1 i=1

i=1
_é(u7 ?jzap)} + Z :ujgj(uap) - pT Zﬂjvaj(U,p) > 07 (24)
j=1 j=1
(s,t,y) € S(u), (25)
(u? Bu)'? = uT Bw, (W' Cu)*? = vTCv,w" Bw < 1,07Cv < 1, (26)

where ' : R*" x R* xR" - R, G : R"x R x R — Rand H : R" x R* — R™ are
differentiable functions. If for a triplet (s,t,7) € S(u), if the set Ha(s,t,7) is empty, then we
define the supremum over it to be —oc.

Remark 4.1.
. 1 .
Let F(u,yi,p) = (9(u,9) — (uTC’u)l/z)ipTVQf(u,gji)p, Gu,i,p) = (flu,m:) +

1 - 1
(uTBu)1/2)§pTV2g(u, vi)p,i = 1,2,..,s, Hj(u,p) = ipTVth(u)p,j = 1,2,...,m. Then,
(DMII) reduces to the second order dual (DM1) (Gupta et al. (2012)). If in addition, p = 0, then
we get the dual (DII) (Jayswal and Kumar (2011)).
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In this section we denote
- Z ti{(9(u. i) — u" Cv)(f(,5:) + ()" Bw) = (f(u,5:) +u" Bw)(g(.,5:) — ()" Cv)},

and

s

¢3(U>§i’p) = Ztl[ﬁ’(ua gzvp) - é(u>gz7p)]

=1
Theorem 4.2. (Weak Duality)

Let z and (u, , v, w, s,t, 7, p) be feasible solutions of (NP) and (DMII), respectively. If

(1) y(.) is higher-order (®, 0}) — Vpi-invex at u with respect to function ¢ (u, 4;, p),
(i1) h;(.),j =1,2,...,m is higher-order (P, a?) — Vjz-invex at u with respect to function H}, j =
1, 2

s eeey M, and
(vi1) ZO‘Z +Zu]0] >0,
=1 =
then,
,y) + (v7 Bx)/?
S o)~ (e =
Proof:

Suppose to the contrary that

Fla.y) + (o Ba)'
P gl y) — @Oy < 7

For any y; € Y (u),7 = 1,2, ..., s, we have

(u) = 2 e (8)
From (27) and (28), we get

f(z,y;) + (a7 Bx)'/? < f(z,y) + («"Bx)'?  f(u,y;) + (u” Bu)'/? _
(@, y) — (@TCx) 2 = 38 glay) — @ Ca) 2 = gluy,) — (uTCu)i/2""

Since g(.,y;) — ((.)TC(.))? > 0, therefore, we have
(9w, y;) = @"Cu)?)(f(w,9:) + (27 Bx)'2) = (f (u, 30) + (u” Bu)'’?)
(g(z,y:) — (TCx)Y?)] <0,i=1,2,.... 5
It follows from ¢; > 0,7 = 1,2, ...,sand t = (t1, s, -+ ,ts) # O that

Zt (u,93) = (" Cu) ), ) + (7 Ba) ) = (F ()
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+(u" Bu)'?)(g(x,y;) — (2" Cx)"?)] < 0.
From (2) and (26), it follows that

) = Yl 0) — " Co) (o 1) + " B)
T )+ B gl ) — )
< D (gl 30 — (6T ) o ) + (7B )
) + B gl ) — (7O )
< 0 = y(u).
That is,

l[]g(&?) — l[]g(u) < 0. 29)
Now, by hypotheses (i) and (i7), we have

Yo(x) — ho(u) — ¥3(u, G, p) + p" Vs (u, i, p)

> (ID(x, u, Bi (z,u) (Vl/)g(U) + Vpis(u, i, p), O'Z-l)), (30)

and

hj (.%) — h](u) — .E[j (u,p) —i—pTfo:Ij (U,p)

> & (w, u, F(x, u) (Vhi(uw) + V,Hj(u, p), 0?)). (31)
1
Multiplying each inequality (32) by W 1 = 1,2,--- s, and each inequality (33) by
(2, u
5 ac ,J =1,2,---,m, respectively, then summing up these inequalities, we get
5]‘ (I, U)
S 1 - -
; M[%(l‘) — to(u) — ¥3(u, Ui, p) +PTvp¢3(U7 Yi, p)]

> i #i)(x,u B} (x,u) (ng(u) + V3w, gi, p) 01)) (32)
- p 53 (:C7 u) s M 9 p Y Y A} Y

and

S B () = hy(u) = Hy(u,p) + "V, Hj(u, )]

§ le 6?(63, oy 2 s B ) (Vhy () + W, Hy(u.p). o). (33)
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Let us introduce the following notations:

R~ 1 <
whereA:izlm—i-jzlm.
Nsote that 0 < fz(x, u) < i = 1,2,---
Zﬂl(x, u) + Z@(m,u) =1
i=1 j=1
Thus, (32)-(33) together with (34)-(35) yield, respectively,

Z B, w)[ha () — tha(u) — Us(u, Ti, p) + p" Vs (u, G, p))
i=1

S

Z ZBZ(SE? Z)(I)(x7 u, 5zl<x7 u) (VQ/)Q(U) + pr3(u7 givp)v 03))7

i=1

and

> Bilw,w)lhy(x) = hy(u) — Hy(u,p) +p"V, H(u,p)]

j=1

m

Z Zﬁj(x,u)@(x,u,ﬁf(x,u)(Vh](u) + vpﬁj(u7p)’032))’

Jj=1

On adding (36), (37) and using the convexity of ®(x, z, (.,.)) on R"™, we get
Z 51($’ U) [@Dz(ff) - ¢2(u) - ¢3(U, gia p) + pTvpdji’)(uv giv p)]
i=1

m

+ > By, w)lhy () = h(u) = Hj(u,p) + p"'V,H;(u,p)]

Jj=1

S

> Z @(m, u, Bz(m, u) B (z, u)(Vq/)g(u) + V,bs(u, i, p), O'il))

1=1

m

+ D @ (@ u, B2, w) 5 (2, 0) (Vi (u) + YV, Hj(u,p), 05))

j=1
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s, 0 < Bj(a:,u) < 1,5 =12,

S. Al-Homidan et al.

(34)

(35)

,m, and also

(36)

(37)
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1 m m B S m
> &(x,u, Z(V%(U) + Vs (u, G, p) + > Vhy(u)+ >V H(u,p), > ol +>  p0?).
j=1 i=1 j=1

j=1
The above inequality, together with dual constraint (23), hypothesis (iii), and the fact
®(z,u, (0,a)) foreach a € R, gives

S

1 i . .
ZZI m{wz(l’) - ¢2(u) — wg(u,y“p) +p Vp¢3< 7%729)}

m

lu] I T i
+Z m{ha‘(iﬂ) — hj(u) = Hj(u, p) +p" VpHj(u,p)} > 0.
7=1 J
Now, assume 3; (z,u) = 6?(@ u) = B(x,u) > 0. Then, the above inequality gives

o () — o (u) — 3(u, §i, p) + p" Vpbs(u, §i, p)

#37my {hy(@) = hy(w) = Hy(w.p) + 7V, (. p) | 20,

Utilizing the feasibility of = for (NP), dual constraint (24), we conclude from the above inequality

Vo) — tha(2) 2 0,

which contradicts (29). This completes the proof. n

In a similar way as discussed in Section 3, we can prove the following Theorems 4.3 and 4.4
between (NP) and (DMII). Therefore, we simply state them here.

Theorem 4.3. (Strong duality)

Let 2™ be an optimal solution for (NP), and let Vh;(z*), j € J(z"), be linearly independent.
Assume that

F(z*,7;,0) = 0; V,F(a*,55,0) =0,i =1,2,...,s,
G(x*,5;,0) = 0 V,G(x",75,0) =0,i=1,2,....5,
H;(z*,0) = 0; V,H;(z*,0) =0,j € J.

Then, there exist (5,¢,7") € S(x*) and (x*, i, 0, w, p)€ Ha(5,t,y") such that (=™, i, v, W, 3,
t,y",p = 0) is feasible for (DMII) and the two objectives have same value. If, in addition, the
hypotheses of the weak duality theorem (Theorem 4.3) hold for all feasible solutions of (DMII),
then (z*, i, 0, w, 3,t, 5", p = 0) is an optimal solution for (DMII).

Theorem 4.4. (Strict converse duality)

(i) 1b2(.) is strictly higher-order (®, 0;) — Vi -invex at @ with respect to function v5(4, 7}, p),
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(é4)
(131)

), j =1,2,...,mis higher-order (P, 02) Vg2-invex at u with respect to function H s
i(2),5 € J(x )be linear independent, and

U+Z

ngfi

i=1

then 2* = w; that is, @ is an optimal solution for (NP).

5. Conclusion

In this paper, we have formulated two types of higher order dual models for a nondifferentiable
minimax fractional programming problem and proved an appropriate duality relations involving
higher-order (®, p)-V -invex functions. This work can be further extended to study for the following
nondifferentiable minimax fractional programming problem:

1/2
(CNP)  min sup Re[f(&,v) + (x5 Ax) "]

v’ yew Relg(€,v) — (7 Bx)'?]

b

subjectto — h(£) € S, £ € C*,

where ¢ = (2,2), v = (w,w) for z € C", w € C™. f(.,.) : C* x C*™ — C and h(.,.) :
C* x C*™ — (C are analytic with respect to &, T is a specified compact subset in C*™, S is a
polyhedral cone in C? and g : C*" — C? is analytic. Also A, B € C"*" are positive semi-definite
Hermitian matrices. This will orient the future research of the authors.
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