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Abstract

This study proposes a new method for finding a feasible fuzzy solution in positive Fully Fuzzy Linear
System (FFLS), where the coefficients are unknown. The fully fuzzy system is transferred to linear system
in order to obtain the solution using row reduced echelon form, thereafter; the crisp solution is restricted in
obtaining the positive fuzzy solution.

The fuzzy solution of FFLS is included crisp intervals, to assign alternative values of unknown entries of
fuzzy numbers. To illustrate the proposed method, numerical examples are solved, where the entries of
coefficients are unknown in right or left hand side, to demonstrate the contributions in this study.

Keywords: Fully Fuzzy linear system, Row Reduced Echelon Form, Unknown Coefficients.

1 Introduction

Linear System of equations is considered the simplest model in solving mathematical problems.
However, the coefficients of these systems are not completely obtainable. Therefore, the linear system is
replaced by fuzzy systems, to substitute the crisp numbers by fuzzy numbers. The linear system of
equations are called fuzzy linear system (FLS) if the elements of the matrix in left hand side are crisp
numbers and the element for vector in right hand side are represented by fuzzy numbers. On the other
hand, the linear system of equations is called fully fuzzy linear system (FFLS) where all the elements in
both sides are fuzzy numbers.

The first achievable approach of solving FLS was carried out in [15] where they proposed a generic model
for solving an FLS by transferring the FLS to linear system. In [10], [11] Dehghan and his colleagues
obtained the solution for FFLS when the coefficient and parameters are positive. Furthermore for the same
senario, scholars in [31-34],[16], proposed new methods for solving FFLS in a similar way to Dehghan
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and his colleagues. Malkawi and his colleagues in [24] proposed new matrix methods for solving a
positive FFLS, the necessary and sufficient condition to have a positive solution was discussed, this
method also capable for solving Left-Right fuzzy linear system (LR-FLS) and FLS.

In this study, we propose a method that can provide a positive solution for unknown coefficients in FFLS
using row reduced echelon form. This method can deal with any system regardless of its size.

The structure of this study is organized as follows: In Section 2, the basic definitions of the fuzzy set
theory will be reviewed. In Section 3, we introduce the proposed model. Section 4 contains some
numerical examples to illustrate our work. The summary of our method is given in section 5.

2 Preliminaries and notations

In this section, basic definitions and notions of fuzzy set theory are reviewed ([7], [17]).

Definition 2.1. (LR fuzzy number) A fuzzy number i is called LR fuzzy number where its membership
function satisfy
L(%) for x<m , a>0,
b (x) = x—m
R(5

), for m<x, >0, (2.1)

wherem, a, 8 € R.

The function L(.) is called a left shape function if the following hold:
1- L(x) = L(—x),

2- L(0)=1,L(1) =0,

3- L is non-increasing on [0, oo].

Also, the definition of function R(.) which is called right shape, is similar to that of L(.). The LR fuzzy
number can be symbolized as m = (m, a, B) .z, Where m denotes the mean value, while a and g are left
and right spreads, respectively. We denote the set of LR fuzzy numbers as F(R), Clearly,m = (m, a, 8)r
is positive, if and only if m — a > 0.

Remark 2.1. Among the several shapes of fuzzy number, the most common one used is triangular fuzzy
number (TFN), where L = R = ma x(0,1 — x). It is symbolically written as m = (m, a, B).

Definition 2.2. Two fuzzy numbers #i = (n,y, ),z and m = (m, a, B)r are called equal iff n =m,y =
a,6 =p.

Definition 2.3. (Arithmetic operations on LR fuzzy numbers) We will represent arithmetic operations for
two LR Fuzzy numbers m = (m, a, B) g @and i = (n,y,8) .z as follows:

o Addition:

m@P = m+na+y B+ (2.2)
. Opposite:

—m =(-ma,B)gy (2.3)
o Subtraction:

mO fi=m-na+38,L+Y) (2.4)

. Approximated multiplication operation of two fuzzy numbers:
i- Ifm > 0 and 7 > 0 then

Mm@ = (mnmy+namd+nf). (2.5)
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ii- Ifm < 0and@ > 0 then

mQ fi= (mn,na—msd,nf —my)g;. (2.6)
iii- m < 0 and 7i < 0then
m@ = (mn,—nf —ms, —na—my)g,. (2.7)
° Scalar multiplication:
Let A € R. Then
~ Am, Ao, A A=0,
AR = {(/1(m, —1B, —ﬁgm 1<0. (28)

Definition 2.4. A crisp matrix A is called inverse-nonnegative if A > 0 and A= > 0.

Definition 2.5. A matrix A = (@;;) is called a fuzzy number matrix, or shortly fuzzy matrix, if each element
of 4 is a fuzzy number. A matrix A will be positive fuzzy matrix (denoted by A > 0), if each element of A is
positive. We may represent such d;; = (Vij,di]-,/?ij) with the new notation A = (4, M, N), where A =
(mij), M = (a;;), N = (B;;) are three n x n crisp matrices. Clearly, if A = (d@;;)nx1 it is called fuzzy
vector.

Definition 2.6. Let A = (a;;) and B = (Eij) be two m x n and n x p fuzzy matrices respectively. We
define A ® B = C = (¢;) which is the m x p matrix where
Gj = X2, ol @ by;. (2.9)

.....

(2.10)
| :

\anlazl + AppXptee..... +8pnXy = by

Where Va,;, Ej € F(R), this system is called a fully fuzzy linear system (FFLS). The matrix A = (dij)?]_=1
and the vector B = (Ej)?zl may be represented as

AQRX =B (2.12)
. If the all entries of A, B > 0 Positives It is called Positive FFLS.
. If the vector X = (ij);l:lsatisfies (2.3),and all entries of X = (%) are positives, where VZ; €

F(R),j = 1,2, ..,n,itis called positive fuzzy solution. If 3%; € F(R),j = 1,2, ...,n, it is called
non fuzzy solution.

. If the vector X' = (fj’);;l satisfies
AQX ~B (2.12)

where V%' € F(R), j=1,2,..,n,and all entries of X' = (%) _ are positives is called Positive

n
j=1
approximated fuzzy solution. In the rest of this paper, we will find the positive solution.

3 The Proposed Method

In this section a novel method will be constructed to obtain positive solution where the coefficients are
unknown in FFLS.
Consider the following positive FFLS,
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AR X =B,
where,

1 — (5 — D — (K — b ., b pb

A=(ay), =AMN),B=(b)  =(mPa’p")

YV — (> — X X pPX

And, X = (&) = (m*,a*, B*) = 0,
(A,M,N) ® (m*,a*,B*) = (mb,ab,ﬁb). (3.13)

Let
a;; = (m, af, BYy), % = (mf, &, B¥) and b; = (m?, af, BP).

Define,

A 0 0
S = A 0]
M 0 A
where,
a a a
/m11 Miz . mln\
a a a
A= | mgy m§ .. mg, |
),
a a a
Mp1 My Mnun
a a a a a a
a1 A1z o Qi Bi1 Bz - Pin
a a a a a a
a1 Az . O3 Bx Bz - B2
M = ni,N = no,
a .a .. a / \ a pa .. pa /
\anl Apz 0 Onpn .Bnl ﬁnz nn
then,
a a a
|m21 my; Moy | 1o o0 0 | 10 0
A A i : : " : k : :
Mp1 Mpy 0 Mpp o o0 - 0 0 O
a a a a a a
@11 Az - Aip myp Miz . Mip /0 0
a a a a |
S = | af1  af agy | | mi mi, mg, | 0 0
a  a a a a a 0 0
pn1 An2 " Apn Mp1 My Mnyn
a
m m
a a a 11 12
Bll ﬁlz wen Bln /0 0 ann 0
a a
a a a | | | m§ mf,
| B21 Bz - ,82n | 0 0 .. 0
: : . : 2 2
,Ba ,Ba 'Ba 0 0 0 Mp1 Mp2
ni n2 nn

(e}

— N~ —

(@)
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RN O 4
W) )

Bz
Br
(™
| m3 |
kmﬁ)
N A T A T AT T
| b | b | | pb | | b |
B=kab)where mb=|"2 | ab=|% | g =|P2 | then B=| | %2
’Bb : : :
mp, ay Br a
/Bf\
K'Bg)
By
Hence, the new linear system is SX = B:
A 0 O m* mb
N A4 of|la*|=]a’ | (3.14)
M 0 A/ \p* BP
or,
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a a a
11 12 in 0 0 0

a a a
my; My, e Moy 0 0 0

o oo I
WA AR 1 L VAN S A G Y B | AW
o0 - o]
\ )

a a a a a
a1p Q12 . Qg mip; My ... Mgy

a a a a a
a21 azz azn m21 mzz mzn

o AN )
\anl Apz  *° Onpn Mpu1 My 0 Mpp

m% m4% ... mé
Bi1 Bz - PBin 0 0 .. 0 e m /ﬁ{‘\
a

Bzi B3z - Bin 0 0

v 0 m3
\si g g b i) s e\
nil n2 nn

I/ \I | (3.15)
L/
]

The above linear system is equivalent to the following fuzzy system [24].

Z?=1dij ®fj = Bi ,Vl = 1, 2, e, n,

Z?=1(mgj,aﬁj,ﬁ{fj) (0%4) (m]?‘, af, j‘) = (ml’?’,af’, l-b),Vi =1,2,..,n. (3.16)

Then (3.14) is a linear system, it can be solved using a reduced row-echelon form, then the obtained crisp
solution is equivalent to exact solution for (2.11),
Using the following inequalities,
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a’ =0,

(3.17)
BX=0, Vi=12,..n,

The crisp solution in (3.14) should be examined using the inequalities
mf=af, i=1,..n, (3.18)
whether it is positive or non-positive.

In order to obtain the positive fuzzy solution for an unknown coefficients, the obtained crisp solution from
(3.14) can be modified using
my = af,

a >0, (3.19)
|
kﬁi"ZO, vi=1,2,..,n

4 Numerical examples

In this section, numerical examples are illustrated to show the easiness and efficiency of the proposed
method to obtain the positive solution for arbitrary FFLS.
The following example is taken from previous study to compare the result, where the coefficients are fully
known.

Example 4.1. [10] Consider the following FFLS,
( (6,1,4) @ (m{, a1, B7) © (5,2,2) ® (m3,a3,;) ® (3,2,1) ® (m3, a3, B5) = (58,30, 60),

(12,8,20) ® (mf, af, B) @ (14,12,15) ® (m3, a3, B3) @ (8,8,10) ® (m3, af, B7) = (142,139,257),

|
\(24,10,34) ® (mZ, af, BX) @ (32,30,30) ® (m3, af, B5) ® (20,19,24) ® (mf, ad, BY) = (316,297, 514),
where ¥, = (m;*, a;*,3,*) = 0,i =1,2,3.

Solution
The system may be written in matrix form, as following,

(6,1,4) (5,2,2) (3,2,1) \ /(mf,af,ﬁf)\ / (58,30, 60) \
k(12,8,20) (14,12,15) (8,8,10) )@ k(m;‘,ag,,@;)/=k(142,139,257)/,
(24,10,34) (32,30,30) (20,19,24)

(m%,a%, )/  \(316,297,514)

where

6 5 3 1 2 2 4 2 1
A=<12 14 8>,M=<8 12 8>,N=(20 15 10>,

24 32 20 10 30 19 34 30 24
and

58 30 60
mb = (142>,ab = (139),/3b = <257>,

316 297 514

my ay By
m*=|m3 |,a*=|a3 |,f* =B |

m3 a3 B3
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Then, S, B and X are appointed as following,

A
S=|M
N
Also,
mb
B=|a?
ﬁb

Then the associated linear system is given by SX = B:

6 5
12 14
24 32
1 2
8 12
10 30
4 2
20 15
34 30

0 O
A 0
0 A

<
|
<

3 0 0 O
8 0 0 O
20 0 0 O
2 6 5 3
8 12 14 8
19 24 32 20
1 0 0 O
10 0 0 O
24 0 0 O

58
142

316
30

139

297
60

257
514

)
)
)

(
(
(

6
12

24
1

8

10
4

20
34

5 3 0 0
14 8) (0 0
32 20 0 0
2 2
12 8) (
30 19

2 1 0 0
15 10 0 0
30 24 0 0

58
142
316

297
60
257
514

0 0
0 o0
0 o0
0 0
0 o0
0 o0
6 5
12 14

30 m*
139 | and X = (ax)

0
0
0
0
0
0
3
8

6 5
12 14
24 32

BX

24 32 20 x

The crisp solution can be easily obtained only by computing,
6my + 5m3 + 3m3

12m{f + 14m35 + 8mJ

24m7 + 32m3 + 20m3%

my + 2m3 + 2m3 + 6af + 5a3 + 3af
8my + 12m3j + 8m3 + 12a{ + 14a3 + 8a3
10my + 30m3 + 19m3 + 24af + 32a35 + 20a3
4mi +2m3 + m3 + 65 + 565 + 363

20m{ + 15m3 + 10m3 + 1247 + 1435 + 8B5

34m¥ + 30m% + 24m% + 248 + 32BF + 20B%

0
0
0

3 0
8 0
20 0

0
0
0

)

IO O OO OO

6
12 14
24 32 20

58
142
316

30
=1 139
297

60
257
514

58
142
316

30
139 |,
297

60

257

514

0
)
0
0
)
0
3
8

)
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6my + 5m3 + 3m3 = 58,
12m% + 14m¥ + 8m¥ = 142,
24m¥ + 32m¥ + 20m¥ = 316,
my + 2m3 + 2mJ + 6af + 5a3 + 3af = 30,
$ 8mf +12m3 + 8mJ + 12af + 14a35 + 8af = 139,
10m{ + 30m3 + 19m3 + 24af + 32a3 + 20a3 = 297,
4m7 + 2my + m3 + 665 + 585 + 365 = 60,

20m¥ + 15m% + 10m% + 128 + 1485 + 865 = 257,

34my + 30m3y + 24m3 + 24BF + 32B5 + 2085 = 514.

The crisp solution can be easily obtained by solving the above linear system,

my 4
m¥ 5
my 4
m¥ 3 mg 5
ms3 3
1
as N 1
1 ai 1
X=1af =iz jor||ad ) |=]]2
af 1
af 1 ’ 2
2
. i 3
Bi 3 zx 2
¥ 1
3
Bz 2
B3 1

The inequalities are satisfied,
(mf = af,

BX =0, Vi=1,23.

Then the crisp solution is positive fuzzy solution,

okt BN [ o 3)\

(5.12)]
%= | gz ) || 77 |

(m, o, B5) \(3 L) )

ISPACS

International Scientific Publications and Consulting Services




Journal of Fuzzy Set Valued Analysis 10 of 18
http://www.ispacs.com/journals/jfsva/2014/jfsva-00193/

In the next Examples 4.2 and 4.3, we show that our proposed method is able to obtain the solution when
the entry coefficient is unknown.

Examples 4.2. Consider the following FFLS,
(6,2,1) ® (m7, a1, B) ® (7,3,1) ® (m3, a3, B7) = (54,46,54),

(6,1,2) ® (m7, a1, 1) @ (4,1,2) ® (m3, a3,B3) = (52,27,56),
where ¥, = (m;*, a;*, ;) = 0,i = 1,2,and & is an arbitrary real valued parameter not less than
2, determine when the system has a positive solution based on values of é.

Solution
The system may be written in matrix form, is as follows

((6, 2,1) (7,3, 1)) ((mi‘, af, B{‘)) ((54, 46, 54))
® = ,
(6,1,2) (41,2 (m%, a3, %) (52,27,56)

where,

(0 o G
) (§

o0

|

J
mb= (%) ap—(46) . = (5%) then B = 1;1;’ ((Eg)\‘ég\.’
(32)-2"=(37)-8"=(36) \EE‘E%/ Ey

Bb
m a a a
(oG ) )| G |- 5 |
) )
A bz 2

§ 700 0 0 /™ 54
6 4 0 0 0 0\[m 52
2 38 7 0 0] [_]|46
116400|a§ 27 |
\110057/ 1"/\54/
2. 200 6 4 \g» 56
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dmi +7mj 54

6my + 4my 52

2my 4+ 3m3 + daf + 7a3 46

my +mj + 6ay + 4aj 27

m¥ +m¥ + 8BF + 7B% 54
1 2 1 2

56

2mf + 2m3 + 66§ + 467
dmy + 7mj = 54,
6my + 4my = 52,
2mf 4+ 3m3 + daf + 7a3 = 46,
m{ + m3 + 6af + 4aj =27,

my +m3y + 6BF + 785 = 54,

2mf + 2m3 + 687 + 4B5 = 56.
The crisp solution can be obtained by solving the above linear system

74
21-248
mx 162 — 266
21-26
m;
989 — 1406
X 2(21 — 26)?
X = =
aF 1992 — 4156 + 2862
2(21 — 26)2
B
668 — 466
By (21 —26)?
2694 — 5986 + 3052
(21 — 26)?
(ai‘ <m{,
| X
e %, isa positive fuzzy number if and only if { *1 =0,
| Bt =0,

ISPACS|

International Scientific Publications and Consulting Services



Journal of Fuzzy Set Valued Analysis 12 of 18
http://www.ispacs.com/journals/jfsva/2014/jfsva-00193/

;74 989-1408 163-128 0
21-26 — 2(21-26)2’ (21-268)2 —
989-1408 989-1408 989
2270 S = > it
hence, < 22120 = 0, or 3 G120y = 0, then, 6§ < T30’
668—468 334-2368
> >
(21-28)2 = 0, \ (21-26)2 = 0,
ay <mf,
. . . . aX >0
e X, isa positive fuzzy number if and only if 2=
| p=0
162-268 _ 1992-4155+2852 (4812-13255+766> >0
21-286 2(21-28)2 '’ (21-26)2 -
1
§ < (1325 -+292777),
) 1992-4155+2862 >0 or 4 1992-4155+2862 > 0. then L
2(21-26)2 - (21-26)2 - ! 1
6> %0 (299 + /8581,
_ 2 _ 2
2694—5985+308 >0, 1347-2998+158 >0,
(21-26)2 \  (21-26)2
hence, the positive solution for ¥; , X, where
§<2
140
6 <7.0642,

A

§ < — (1325 - v292777), or{
§ <5157 and & > 13.054,

| and & > (299 + V8581,

hence, & < — (1325 — V292777 or § < 5.157.
The positive fuzzy solution,

( 74 989 — 1405 668—466)
21—28'2(21 - 26)%’ (21 — 25)2 \

X1 (m{,af, i) /
X = = = )
(JZz) ((m%‘, aé‘,ﬁé‘)) 162 — 265 1992 — 4156 + 2852 2694 — 5986 + 3052
< 21-25 ° 2(1-28)? (21 — 26)? >
where 2 < § < 5.157.
Similar to the previous example, the system has a positive fuzzy solution if and only if § € [2,5.157].
e For instance, when 6 = 5.1,

(@) ((mi‘,ai‘, {‘)> (6.851,1.178,3.715)
X = =

(m3,a%,B%) (2.722,2.588,3.639)
we get a nonnegative fuzzy solution.
Also, if we suppose & & [2,5.157], then the solution will be negative or non-fuzzy solution
with the following values:

e When§ = 5.2142,

i (J?1> ((m;‘,af,ﬁf)> (7,1.1587,3.831)
X = —

X,

%, (2.5,2.636,3.503)
we get negative fuzzy solution, since m¥ — a3 = —0.13682.

e When § = 6.9,

(m3,a3,B3)
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(3?1> ((mi‘, af,ﬂi‘)> (10.27,0.221,6.763)
X = =

(m%,a%, %) (—2.41,4.451,—0.0752)
we get non-fuzzy solution, since 8 £ 0.

X,

Examples 4.3. Consider the following FFLS,
(5,2,1) @ (mf, af, BY) @ (7,3,1) Q (m%, a3, B5) = (5,46,54),

(6,1,2) @ (mf,af,B) ® (4,1,2) @ (m3, a3, B5) = (52,27,56),
where ¥, = (m;*, a;*, ;) = 0,i = 1,2,and & is an arbitrary real valued parameter not less than
46, determine when the system has a positive solution based on values of §.

Solution
G,2,1) (7,3,1) (m¥, a¥, B¥) (5,46,54)
((6, 1,2) (41, 2)) ® ((m%,a%,ﬁé‘)) - ((52, 27, 56))
Where,
a=(g )m=(1 D.v=( ).
then,
a0 o0 /G366 o
s=lma ol=1(7 ) G2 6o
o) \dHEd e

/(mi‘)\ my

x x x m* m)%‘ m)%‘
)G = ()| ) |- 5 |
&) &)

pE 2

Then the associated linear system is given by SX = B :

X
5 7 0 0 0 0y /™ )
640000/"1%‘\ 52
2 357 0 0far [_|46
116400|a§ 27 1
\110057/55/\54/
2 200 6 4 \pz 56
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5m{ 4+ 7m3 =6,
6my + 4my =52,
2m{ + 3m3 + 5af + 7a5 = 46,
my +m3 + 6af + 4aj = 27,

m* +m% + 5pF + 7pF = 54,

\2m{ + 2mJ + 6B + 445 = 56.
The crisp solution can be easily obtained by solving the above linear system,

2
——(-91+56
7 (F91+8)
mi L 130+ 36)
11
m3
! (—413 + 136)
ay 242
X= = :
a; | | L _
—a7 (1967 = 256)
pr
! (708 — 56)
B¥ 121
2(173 + 6)
121
( - (=91 + 68) ! (—413 + 136) ! (708 55))
B (9?1) ((mi‘, ai‘ﬁi‘)) 11 ' 242 121
X = = =
X5 (m3,a3,83) ( 1 1 2(173 + 6))
7 (—130 +38), - (1967 — 258), ——~
(aj‘ <mf,
o " . . af =0
e X, is a positive fuzzy number if and only if 1 ’
Bt =0,
2 1
— = (=914 8) = — (—413 + 136),
11( ) 242( ) (575 < 4417,
hence { L (-413+138) =0, o ! 136 > 413, then, 22 <5 <2
242 13 57
l 55 < 708,
L (708 —56) > 0,

121
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ay <m3,

X
e X, isa positive fuzzy number if and only if @z 20,

lﬁé‘zo,

(L_ >_L -
11( 130 +368) 2 242 (1967 — 25), {916 > 4827,

1 4827
hence < ﬁ(1967 —258) =0, , or { 258 < 1967, then, 5. S0<—-

>
2(173+6) 0, k173 +6=>0,
121

using %, X, are positive fuzzy numbers where
413 4417

— <6< —,
13 57

or § € [53.0439,77.491].

4827 4417
— <6< —,
91 57

e For instance, when § = 54,

(;?1> ((mf,af,p’f)> (6.72,1.19,3.61)
X: = =

%, (m%, a%, B¥) (2.90,2.54,3.75)
we get nonnegative fuzzy solution.
Also, if we suppose that § & [53.0439,77.491], then the solution will be negative or non-fuzzy
solution with the following values:

e When§ =53,

~ X X X
7 (xl) ~ ((ml'“l’ ! )> _ ( (6.909,1.140,3.661) )
I U ~\(2.6363,2.652,3.735))’
%) \ongazpp) N )

we get negative fuzzy solution, since m3, —ay = —0.0157.
e When § = 80,

(ﬁ) ((mi‘, ai‘,ﬁf)> (2,2.59,2.545)
X - = = ,
X (m3, a3, B3) (10 — 0.136,4.18)

X2
we get non-fuzzy solution, since a5 £ 0.

5 Conclusion

Solution of fully fuzzy linear systems can be obtained by classical methods of linear algebra through
Gauss elimination method, Cramer's rule, Cholesky method, decomposition method, and other iterative
methods. These methods obtained the solutions where the coefficients are known. In this study, row
reduced echelon form is employed for FFLS. As a result, the solutions are obtained where some
coefficients are known. In addition to that, many steps coming from fuzzy operation are reduced.
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