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Abstract

For a set A of points in the plane, not all collinear, we denote
by tr(A) the number of triangles in a triangulation of A, that is,
tr(A) = 2i + b — 2, where b and i are the numbers of boundary and
interior points of the convex hull [A] of A respectively. We conjecture
the following discrete analog of the Brunn—Minkowski inequality: for
any two finite point sets A, B C R? one has

tr(A+ B) > tr(A)Y? + tr(B)Y/2.

We prove this conjecture in the cases where [A] = [B], B = AU {b},
|B| = 3 and if A and B have no interior points. A generalization to
larger dimensions is also discussed.
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1 Introduction

In this paper we write A, B to denote finite subsets of R¢, and |- | stands for
their cardinality. We say that A C R? is d-dimensional if it is not contained
in any affine hyperplane of R?. Equivalently, the real affine span of A is
R<. For subsets Xi,..., X, of RY [Xy,..., X;] denotes their convex hull.
Here and in what follows we denote A+ B := {a+b:a € A,b € B} and
A — B := A+ (—B). The lattice generated by A is the additive subgroup
A = A(A) C R? generated by A — A ={x —y: x,y € A}, and A is called
saturated if it satisfies A = [A] N A(A).

Our starting point are two classical results. The first one is from the
1950’s, due to Kemperman [10], and popularized by Freiman [4]: if A and B
are finite nonempty subsets of R, then

|A+ B[ > [A]+[B| -1, (1)

with equality if and only if A and B are arithmetic progressions of the same
difference. The other result, the Brunn-Minkowski inequality, dates back to
the 19th century. It says that if X,Y C R? are compact nonempty sets then

AX 4+ V)8 > MX)T + A\(Y)a

where A stands for the Lebesgue measure. Moreover, provided that A(X)A(Y) >
0, equality holds if and only if X and Y are convex homothetic sets.

Various discrete analogues of the Brunn-Minkowski inequality have been
established in Bollobas, Leader [1], Gardner, Gronchi [5], Green, Tao [6],
Gonzdlez-Merino, Henze [11], Herndndez, Iglesias and Yepes [8], Huicochea
[9] in any dimension, and Grynkiewicz, Serra [7] in the planar case. Most of
these papers use the method of compression, which changes a finite set into a
set better suited for sumset estimates, but does not control the convex hull.

Unfortunately the known analogues are not as simple in their form as
the original Brunn—Minkowski inequality. For instance, a formula due to
Gardner and Gronchi [5] says that, if A is d-dimensional, then

|A+ B| > (d)~4(|A| — d)i +|B]4. (2)

Concerning the case A = B, Freiman [4] proved that, if the dimension of
A is d, then

Az @il (71, ®)

Both estimates are optimal. In particular, we can not expect a true dis-
crete analogue of the Brunn—Minkowski inequality if the notion of volume is
replaced by cardinality.



We here conjecture and discuss a more direct version of the Brunn—
Minkowski inequality where the notion of volume is replaced by the number
of full dimensional simplices in a triangulation of the convex hull of the finite
set.

For any finite d-dimensional set A C R? we write T4 to denote some
triangulation of A, by which we mean a triangulation of [A] with set of
vertices equal to A. We denote |T4| the number of d-dimensional simplices
n TA.

In dimension two the number |74 is the same for all triangulations of A,
so we denote it tr(A). More precisely, if Ay and 4 denote the number of
points of A in the boundary J[A] and in the interior int[A], respectively, then
it is easy (see, e.g., [3, Lemma 3.1.3]) to show that

tr(A) = A+ 204 — 2= 2/A| — Ay —2. (4)

Therefore around 2005, Matolcsi and Ruzsa conjectured in dimension two the
following discrete analogue of the Brunn—Minkowski inequality (see Boroczky,
Hoffman [2]).

Conjecture 1 If finite A, B C R? in the plane are not collinear, then

[NIES

tr(A+ B)z > tr(A)? + tr(B)2.

One case where Conjecture 1 holds with equality is when A and B are
homothetic saturated sets with respect to the same lattice; that is, A = AN
k-P and B = ANm- P for a lattice A, polygon P and integers k,m > 1. This
follows from the original Brunn-Minkowski equality as follows: for saturated
sets tr(A) = 2area([A])/ det A, because every triangle in a triangulation is a
fundamental lattice triangle, of area %det A. On the other hand, A+ B =
AN (k+m)- P and tr(S) < 2area([S])/ det A for every subset S C A, such
as S=A+ B.

Concerning A4 and Ap in (4), we observe that any side of [A+ B] is of the
form e+ f where e and f is a side or a vertex of [A] and [B], respectively, with
the same exterior unit normal, and |(e+ f)N(A+ B)| > |[eNnA|+|fNnB|—1
by (1). This implies that

Ay > Ay + Ap. (5)

We also note that Conjecture 1, together with the equality (4) and (5), would
imply the following inequality of Gardner and Gronchi [5, Theorem 7.2] for
sets A and B saturated with respect to the same lattice:

|A+ B| > |A| + |B| + (2|A] — Ay — 2)'?(2|B| — Ap —2)'/* — 1.
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Figure 1: An illustration of case (b) in Theorem 2.

Unfortunately we have not been able to prove Conjecture 1 in full gen-
erality. Our main results are the following four cases of it: if [A] = [B]
(Theorem 2), in which case we also determine the conditions for equality
in Conjecture 1; if A and B differ by one element (Theorem 4); if either
|A| = 3 or |B| = 3 (Theorem 7); and if none of A and B have interior points
(Theorem 8). Actually, the last two theorems satisfy a stronger conjecture
(Conjecture 5) discussed below.

We start with the case [A] = [B], which naturally include the case A = B.

Theorem 2 Let A, B C R? be finite two dimensional sets. If [A] = [B] then
Congecture 1 holds. Moreover equality holds if and only if A = B, and

(a) either A is a saturated set, or

(b) A={z,...,2k} for k > 4, where zy, ..., z,_3 € int[zx_2, 2k_1, 2], and
21y ..., 2p—g are collinear and equally spaced in this order (see Figure 1).

Let us mention that Theorem 2 (in fact, its particular case A = B) gives
a simple proof of the following structure theorem of Freiman [4] for a planar
set with small doubling. We recall that according to (3), if finite A C R? is
two dimensional, then |A 4+ A| > 3|A| — 3 and, if the dimension of A is at
least 3, then |A + A| > 4|A| — 6.

Corollary 3 (Freiman) Let A C R? be a finite two dimensional set and
€ (0,1). If |A| > 48/e* and

A+ Al < (4—-¢)[A],
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then there exists a line | such that A is covered by at most
2 32
-1+
S ()

We note that, for A the grid {1,...,k} x {1,...,k*} and large k,

lines parallel to .

A+ A< (4-¢)]A] (6)

with ¢ = ¢, = £ and A can not be covered by less than k parallel lines.
Therefore the constant 2 in the numerator of g is asymptotically optimal in
Corollary 3.

The next case we address is when A and B differ by one element.

EI[ N

Theorem 4 Let A C R? be a finite two dimensional set. If B = AU{b} for
some b & A then Conjecture 1 holds.

For our next results we need the notion of mized subdivision (see De Loera,
Rambau, Santos [3] for details). For finite d-dimensional sets A, B C R? and
triangulations T4 and T corresponding to A and B, we call a polytopal
subdivision M of [A 4+ B| a mized subdivision corresponding to T4 and Tg if

(i) every k-cell of M is of the form F' + G where F' is an i-simplex of T4 and
G is a j-simplex of Tg with ¢ + j = k; in particular, all vertices of M
are in A + B;

(ii) for any d-simplices F' of T4 and G of T, there is a unique b € B and a
unique a € A such that F+be M and a+ G € M.

In dimension two, every mixed subdivision consists of |Ta| + |T5| trian-
gles, translated from those of Ty and Tz, together with a certain number of
parallelograms that we denote M;j;. Since we can triangulate each parallel-
ogram into two triangles, the following is stronger than Conjecture 1, and
offers a geometric and algorithmic approach to prove Conjecture 1.

Conjecture 5 For every finite two dimensional sets A, B C R? there exist
triangulations Ta and T of [A] and [B] using A and B, respectively, as the
set of vertices, and a corresponding mized subdivision M of [A+ B| such that

|Mu| = V/[Tal - |Ts. (7)

The following example shows that one cannot a priori fix any of the
triangulations Ty and T in Conjecture 5:

b}



Figure 2: An illustration of the example described in Proposition 6.

Proposition 6 Let

A= {(070)’ (_1’ _2)’ (2a 1)}

For k > 145, let
B = {p7Q7107"'7lk7r07"'7rk71}7
where p = (=1,k+ 1), ¢q = (k+1,-1), [; = (i,i) fori = 0,...,k and
ri=(i,i+1) fori=0,...,k—1.
Let Tg be the triangulation of B consisting of the triangles

[p7 lia”]? [Q7 lia,r’i]7 1= 07 s 7k —1and [pa liﬂnifl]a [q7li7ri71]7 1= 17 cee 7k'

Then, no mized subdivision of A+ B corresponding to Ty and any triangu-
lation Ty of A satisfies (7) for d = 2.

Now Conjecture 5 is verified if either A or B has only three elements.

Theorem 7 If |B| = 3, then Conjecture 5 holds for any finite two dimen-
sional set A C R2.

Remark It follows that if B is the sum of sets of cardinality three, then
Conjecture 1 holds for any finite two dimensional set A C R%. For example,
if m > 1 is an integer, and B = {(¢,s) € Z*> : t,s > 0 and t + s < m}, or
B={(t,s) € Z?: |t|,|s| < m and |t + s| < m}.

Conjecture 1 was verified by Boroczky, Hoffman [2] if A and B are in
convex position; that is, if A C J[A] and B C J[B]. Here we even verify
Conjecture 5 under these conditions.



Theorem 8 Let A, B C R? be finite two dimensional sets. If A C 9[A] and
B C 0|B] then Conjecture 5 holds.

Part of the reason why we could not verify Conjecture 1 in general is
that, except for Theorem 7, our arguments actually prove the inequality
tr(A+ B) > 2(tr(A)+tr(B)), which is stronger than Conjecture 1, but which
does not hold for all pairs with A C B. For example, if A are the lattice points
with nonnegative coordinates and with the sum of coordinates at most £, and
B is the same with sum of coordinates at most [, we have tr(A+B) = (k+1)?,
tr(A) = k* and tr(B) = [2. So we have tr(A+ B) < 2(tr(A) +tr(B)) if k # 1.

We now turn to higher dimensions. The first difference is that we can
no longer define tr(A) for a point configuration, since different triangulations
of A have different numbers of d-simplices (see Example 11 below). Still,
there is the following analogue of Conjecture 5. For a mixed subdivision M
corresponding to triangulations T4 and Tz of A and B, let us denote by || M|
the weighted number of d-polytopes in M, where F'+ G has weight (th ) it F'
is an ¢-simplex of T4, and G is a j-simplex of T with ¢ + j = d. The reason
for these weights is that every triangulation (without additional vertices) of
such an F' 4 G has exactly (”Z”) d-simplices (see e.g. [3, Proposition 6.2.11]).
Thus, ||M|| is the number of d-simplices of any triangulation of A + B that
refines M without additional vertices.

Hence, we may ask for which triangulations T4 and Tg there exists a
corresponding mixed subdivision M for [A + B] such that

IM]||7 > |Tal® + |Tp|7. (8)

Question 9 Is it true that for every finite sets A, B C R there are trian-
gulations Ty and Tp and a corresponding mized subdivision M of [A + B]
satisfying (8)7

It is easy to show that the answer is positive if A = B:

Theorem 10 For a finite d—dimensional set A C R% and for any triangu-
lation Ta of [A] using A as the set of vertices there exists a corresponding
mized subdivision M of [A+ A] such that

1M = 2°|Tal.

Therefore in certain cases, mixed subdivisions point to a higher dimen-
sional generalization of Conjecture 1. This is specially welcome knowing that,
if d > 3, then the order of the number of d-simplices in a triangulation of
the convex hull of a finite A C R? spanning R? might be as low as |A|d and
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as high as ©(|A|l%/2]) for the same A, as the following example shows. In
particular, one can not assign the number of d-simplices as a natural notion
of discrete volume if d > 3.

Example 11 Let A be any set of n points in general position in R? (that is,
no d + 1 in any affine hyperplane) and such that [A] is a simplex. Any such
A has triangulations of size 1+d(n —d —1) via the following construction: in
a first step, consider [A] as the single d-simplex in your triangulation. Then,
one by one add the n —d—1 interior points to the triangulation as follows: at
each step you stellarly subdivide the simplex containing the new point into
d + 1 simplices, all having the new point as a common vertex. At the end,
as claimed, we have a triangulation of A of size 1 +d(n —d —1).

If, moreover, the n — d — 1 interior points of A are the vertices of a
cyclic polytope, then you can also triangulate A with size ©(n!%?1) (and
this is optimal by [3, Corollary 6.1.20]): triangulate first the cyclic polytope
with size ©(n!??1) and then add one by one the d + 1 outer points, at each
step conning the new point to the part of the boundary of the previous
triangulation that is visible from that point.

2 Proof of Theorem 2

We will actually prove that
tr(A+ B) > 2tr(A) + 2tr(B), (9)

a stronger inequality than Conjecture 1.
For a finite two dimensional set X C R?, we define

fX(Z):{ 1 if z € 0[X]

2 ifzeint[X] '’
thus (4) yields that

tr(X) = (Z fX(z)> —2. (10)

zeX

Lemma 12 Let A, B C R? satisfy [A] = [B]. Then inequality (9) holds.
Moreover, equality in (9) yields A = B.

Proof: Let T be a triangulation of [A] = [B] such that the set of vertices
is AN B. One nice thing about inequality (9) is that, since it is linear, it is



additive over the triangles of T'. Therefore, it suffices to show that, for each
triangle ¢t of T, if A, = ANt and B, = BNt, then

tr(Ay + By) > 2tr(Ay) + 2tr(By), (11)

and that equality in (11) implies that A; = B, consists of the three vertices
of t alone. According to (10), inequality (11) is equivalent to

> fass(p) =2 (Z fAt(p)> +2 <Z th(p)> —-6.  (12)

pEA+By pPEAL pE By

Let A; N By = {1, v, v3} be the three vertices of the triangle t = [A;] =
[B:]. We claim that if i, j € {1,2,3}, p € (A UB;)\{v1,v2,v3} and ¢ € A, UB,
then

vi+p=v;+q yields v; =v; and p=gq. (13)

We may assume that v; is the origin and, to get a contradiction, v; # v;.
Then the line [ passing through v; and parallel to the side of ¢ opposite to v;
separates ¢t and v; + ¢, and intersects ¢ only in v; # p. Since v; + ¢ € v; + ¢,
we get the desired contradiction.

It follows from (13) that the six points v; + v;, 1 <1 < j < 3, and the
points of the form v; +p, i = 1,2,3 and p € (A; U By)\{v1,v9,v3} are all
different. Since the six points v; +v;, 1 <1i < j < 3, belong to d(A; + By),
we have

Y fas (vt = (Z fa(vi ) + <Z f&(%‘)) = 6. (14)

1,7=1,2,3

On the other hand, we claim that, if p € A;\{vy,v9,v3} and g € By\{v1, v, v3},

then
Z] 1 fAt-‘rBt (p + UJ) > 2fAt (p)
Z@ 1 fAt+Bt (UZ + q) > 2th <Q)

Indeed, if p € 9[A], then the inequality readily holds, and if p € int[A,],
then p +v; € int [A; + By for j = 1,2,3, as well, yielding (15).

By combining (14) and (15) we get (12) and in turn (9). Moreover, (15)
shows that if equality holds in (11) for a triangle t of T', then A; = By, and,
therefore, if equality holds in (9), then A = B. O

(15)

For a finite two dimensional set A C R? and a triangulation T' of A we
denote by Az the union of A and the set of midpoints of the edges of T (see
Figure 3).



Figure 3: A triangulation and its midpoints.

Lemma 13 Let A C R? be a finite two-dimensional set. Then the equality
tr(A+A) =4-tr(A)
holds if, and only if, for every triangulation T of [A], we have Ay = 3(A+A).

Proof: Divide each triangle ¢ of T" into four triangles using the vertices of ¢
and the midpoints of the sides of ¢. This way we have obtained a triangulation
of [A] = [Ar| using Ar as the vertex set. Therefore

tr(A+ A) =tr(3(A+ A)) > tr(Ap) =4 - tr(A).
Moreover, there is equality if and only if Ar = $(A + A). O

We observe that the equation in Lemma 13 is equivalent to Conjecture 1
for the case A = B. Therefore all we have left to prove is that tr(A + A) =
4 -tr(A) if and only if A is of the form either (a) or (b) in Theorem 2. The

if part is simple.

Lemma 14 Suppose that either (a) or (b) in Theorem 2 hold for the finite
set A. Then

1
AT - §(A+A)

Proof:  Suppose first that we have property (b). Then there is a unique
triangulation 7" of [A] using A as vertex set. For 1 <i < j <k, [z, 2] is an
edge of T', unless j < k — 2, an hence we have Ar = %(A + A).
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So, for the rest of the proof we assume (a): A = [A] N A for a lattice A.
For a triangulation T corresponding to A, readily the midpoints of sides of
triangles of 7" are in (A 4+ A). On the other hand, let m € (A + A), and
let t be a triangle of T" containing m. We may assume that the origin o is a
vertex of ¢, and hence the other two vertices p and ¢ form a basis of A. Since
m &€ %(A + A), both of its coordinates in the basis p and ¢ are integers or
half of integers, thus m is either a vertex of ¢, or the midpoint of a side of ¢.
Therefore m € Arp. O

The next Lemma shows the reverse direction and concludes the proof of
Theorem 2.

Lemma 15 Let A C R? be a finite two dimensional set. If every triangula-
tion T of A satisfies

1
AT = E(A + A),
then either (a) or (b) from Theorem 2 hold.

Proof: We prove the Lemma by induction on |A| > 3. If |A| = 3, then A is
readily a saturated set.
If |A| > 4, then we claim that

there exists a vertex v of [A] such that A\{v}

is two dimensonal and does not satify (b). (16)

Let v" be any vertex of [A]. If A\{v'} is collinear, then we can choose v
to be any other vertex of the triangle [A]. If A = A\{v'} is two-dimensional
and satifies (b), then there exists a line £ such that A = {vy,v5} U (€N A)
where v; and v, are strictly separated by £. We may assume that the closed
half plane bounded by ¢ and containing v; also contains v’. Then we may
choose v = vy, as A’ = A\{v.} satisfies that ¢ is a supporting line of [A'] and
|t N A’'| > 3, proving (16). This finishes the proof of claim (16).

Now, let v € A be as in (16), and let A" = A\ {v}. We fix a triangulation
T of A’ and extend it to a triangulation 7" of A. We observe that the
triangles in 7\7" are of the form [v,u,w] where there exists side e of [A’]
whose line strictly separates v and int [A’] and u,v € e N A" are consecutive
points. Applying the induction hypothesis to A%, we deduce from (16) that
A’ satisfies (a); it is a saturated set with respect to some lattice A.

For any side e of [A'], let /. be the line parallel to e and intersecting
[A] N A, which is closest to e among the lines with these properties and not
containing e. We claim that

GNA #0D. (17)
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To prove (17), we may assume that A = Z?, (0,0), (1,0) € e and (z,y) € A’
for y > 1. Tt follows from the convexity of [A’] that (%,1), (”gfl,l) €
[A]N{,. Since there exists a multiple z-y, z € Z, of y among z, ..., z+y—1,
we have (z,1) € £, N A" by the saturatedness of A’.

We distiguish two cases depending on whether A would eventually satify

(a) or (b).

Case 1. For any side e of [A’] whose line strictly separates v and int [A'],
there exists a p € ¢, N A’ such that [p,v] N[A] # {p}.
In this case, we prove that A is also saturated with respect to A; namely,

if e is a side of [A’] whose line strictly separates v and int [A’], then

le,o) NA = {v}U(enA). (18)

To prove (18) for e, let p € £, N A" such that [p,v] N [A] # {p}. It follows
from [p,v] N[A] # {p} that L(p+ v) can’t liec in A\ A}, therefore it lies in
Al by Ap = 3(A+ A). Since p € L., we have £(p 4+ v) € e, and actually
s(p+v) = F(u+w) for u,w € eNA. In turn, we conclude (18), and hence
A is a saturated set.

Case 2. There exists a side e of [A’] whose line strictly separates v and
int [A’], and [p,v] N [A’] = {p} for any p € . N A"

In this case, we prove that A satifies (b). Let p € £, N A’. Since p € £,
and [p,v] N [A] = {p}, there exists a side f of [A’] such that f meets e in a
vertex of [A'] and p € f. Since [p, v]|N[A'] = {p} and the line of e strictly sep-
arates v and int [A’], we may also assume that the line of f strictly separates
v and int [A’]. In particular, we may asssume that A = Z2 en f = (0,0),
w = (1,0) € e and p = (0,1), and then v = (s,t) where s,t < 0. For
q = (1,1), we have [g,v] Nint[A’] # (), and hence g & A" in Case 2. Therefore
either A = {p} U (enZ?) or A = {w} U (f NZ?), thus A satisfies (b) in
Case 2, verifying Lemma 15. O

3 Proof of Theorem 4

The inequality between the quadratic and arithmetic means gives that, if
a,k > 0, then ) ) )
(da +2k)2 > a2 + (a + k)=.

Therefore to prove Theorem 4, it is sufficient to verify the following: Let

B=AU{b} for b ¢ A.

12
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Figure 4: An illustration of Case 1.

(x) If tr(A) = a and tr(B) = a + k, then tr(A + B) > 4a + 2k.

We fix a triangulation T' of A, and let Ay be the union of A and the set
of midpoints of the edges of T'. It follows by (4) that

Ay, +2Q4, —2 =tr(Ar) = 4a.

To estimate tr(A + B) = tr(3(A+ B)), we isolate certain subset V of A in a
way such that
Arn (3(V +{b})) = 0. (19)

2
Therefore, equation (4) and (19) give,

tr(A+ B) > 4da+2/5(V +{b}) Nint[B]| +
12(V 4+ {b}) N 9[B]| + |Ar N J[A] Nint[B]|. (20)

We distinguish two cases depending on how to define V.

Case 1 b ¢ [A]

We say that @ € [A] is visible if [b, 2] N [A] = {x}. In this case x € J[A].
We note that there are exactly two visible points on J[B], which are on the
two supporting lines to [A] passing through b (see Figure 4). Let k+1 be the
number of visible points of A, and hence k£ > 1. Now k — 1 visible points of
A lie in int[B], thus (4) yields that tr(B) = a+ k. Let V be the set of visible
points of A. The condition (19) is satisfied because [A] N (3(V + {b})) = 0.

13



Figure 5: An illustration of Case 2.

We have |3(V + {b})| = k+ 1, and 2k — 1 visible points of Ay lie in int[B].
In particular, (%) follows as (20) yields

tr(A+ B) > 4a+2k — 1+ k+1 = 4a + 3k > 4a + 2k.

Case 2 b e [A]

In this case tr(B) = a+k for k£ < 2 by (4), and b is contained in a triangle
T = [p,q,r] of T (see Figure 5). We may assume that b is not contained in
the sides [r,p] and [r,q] of T. We take V = {p,q,r}, which satisfies (19).
Since (b + ¢) € intT C int[A], (20) yields tr(A + B) > 4a + 4. In turn, we
conclude Theorem 4.

Remark: The argument does not work if we only assume that A C B,
because we may have equality in Conjecture 1 in this case.

4 Proof of Theorem 7

Let A C R? be finite and not contained in any line. By a path o on A we
mean a concatenation of segments [ag, a1],. .., [as—1, as] where ag,...,a, € A
are distinct points and the segments do not intersect A or one another except
at their endpoints. We call the number ¢ of segments the length of o, and
denote it |o|. We allow the case that ¢ is a point, and in this case we set
lo| = 0. We say that o is transversal to a non-zero vector u if every line
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parallel to u intersects ¢ in at most one point; equivalently, if u - (a;41 — a;)
is non-zero and of the same sign for all 7. In this case, the segments in o
induce a subdivision of ¢ + [0, u| into |o| parallelograms if |o| > 1. For the
proof of Theorem 7 the idea is to find an appropriate set of paths on A with
total length at least /tr(A).

First, we explore the possibilities using only one or two paths. We will
see in Remark 16 that one path is not enough, but Proposition 17 shows that
using two paths oy, 09 almost does the job.

Observe that for any given non-zero vector w, the length of the longest
path on A transversal to w equals the number of lines parallel to w intersect-
ing A, minus one. The next remark indicates that we may need a least two
paths to get the total length close to /Ty.

Remark 16 Given pairwise independent vectors wy, . .., wy, let f(wy, ..., wy,S)
be the minimal number such that, for every finite set A C R* with tr(A) = s,
there is a w; and a path on A transversal to w; of length f(w1, ..., wy,s).

Forn =2, f(w,wsy,s) > \/m, with equality provided that k := \/m
is an integer. An extremal configuration consists of the points {iw; + jws :
i,j €40,...,k}}.

For n = 3, f(wy,wy,ws,s) > +/2s/3 and equality holds provided that
s = 6k2. Assuming without loss of generality that wi + ws + w3 = 0, an
extremal configuration is given by the points of the lattice generated by wy, wo
in the affine reqular hexagon [tkwy, £kwq, Tkws).

Let e; = (1,0) and es = (0, 1), and let 01, 09 be paths on A. We say that
the ordered pair (o1, 09) is a horizontal-vertical path if

(") o; is transversal with respect e;_; (possibly a point), i = 1, 2;
(ii") the right endpoint a of oy equals the upper endpoint of o9

(iii’) writing Ry = {t € R: t > 0}, if |0y, |oa| > 0, then
((01\{a}) + Riez) N ((02\{a}) + Roier) = 0.

We call o the horizontal branch, and o5 the vertical branch, and a the center.
We observe that if o] is the image of o; by reflection through the line
R(ey + e2), then the ordered pair (o}, 0}) is also a horizontal-vertical path.
For any polygon P and non-zero vector u, we write F'(P,u) to denote the
face of P with exterior normal u. In particular, F/(P,u) is either an edge or
a vertex.
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Proposition 17 For every finite A C R? not contained in a line, and for
every triangulation T of [A] having A as the set of vertices, there exists a
horizontal-vertical path (o1, 09) whose vertices belong to A, and satisfies

o] + [oa| > /[T + 1~ 3.

Proof: Let us write
§ = [F(A], —er) N F([A], —eg)[ <1,
Ay = [(ANOAD\(F([A], —e1) U F([A], —e2))] -

By the invariance with respect to reflection through the line R(e; + e2),
we may assume that

[E([A], —e2) N A] > [F([A], —er) N Al (21)

We set {{e1,p) : p € A} = {ap,...,ax} with ap < ... < ag, &k > 1.
For i = 0,...,k, let A, = {p € A: (e1,p) = «;}, let x; = |A;], and let
a; be the top-most point of A;; that is, (e, a;) is maximal. In particular,
xo = |F([A],—e1) N A|. For each ¢ = 1,...,k, we consider the horizontal-
vertical path (oy;, 09;) where

01; = {[ao,al], ey [ai_l,ai]},

and the vertex set of oy; is A;. In particular, the total length of the horizontal—
vertical path is (o1;, 09;) is

‘0’11" + ’0’22'| =1 + XT; — 1.
The average length of these paths for e =1,... k is

St (ol +lowl) _ Sy (i@ —1) _ |A] = LA

k k k 2 2
We observe that 2|A| = |T'| + A4 + 2, according to (4), and (21) yields

Therefore we deduce from the inequality between the arithmetic and geo-
metric mean that

Zle(\ali"i"@ib _ 201A| =2z k1
! ok 2 2
1/|T|+ A +1 |
> 5(“7/4*%)—5 (22)

v

1
VARV T (23)
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Therefore there exists some horizontal-vertical path (o1;, 09;) satisfying (23).
O

The estimate of Proposition 17 is close to be optimal according to the
following example.

Example 18 Let k > 2 and t > 0. Let A" be the saturated set with [A’]
having vertices (0,0), (0, k), (k —1,0) and (k—1,1), and let A= A"U{(k +
t,0)}. A triangulation T of A has k* +k — 1 triangles and every horizontal—
vertical path (o1,09) on A has total length

o] + Joa] <k < /T +2— 1.

We next proceed to the proof of Theorem 7 by a similar strategy using
three paths. Let B = {vy, vy, v3} and, for {i, 5, k} = {1,2,3} denote by u; the
exterior unit normal to the side [v;, v;] of B. A set of three paths (o1, 02, 03)
on A with a common endpoint a is called a proper star (with respect to
B = {vy,v9,v3}) if the following conditions hold:

(i) 0; is transversal with respect v; — vg (possibly o; = {a});

(ii) writing R, = {t € R: ¢t > 0}, if |gy|, |ox| > O, then
((0;\{a}) + R (ve = v:)) N ((ox\{a}) + Ry (v — v3)) = 0;

(iii) the other endpoint b; of o; lies in J[A] and w; is an exterior unit normal
to [A] at b;; in particular,

(b, u;) = max{{x,u;) : x € A}.

We note that the three paths are allowed to have common vertices and edges,
but they do not cross one another by (ii).

If the paths o;\{a}, i = 1,2, 3, are all non-empty and pairwise disjoint
(except for their common end-point a), then (ii) means that they come around
a in the same order as the orientation of the triangle vy, vq, v3] (see Figure 6
for an illustration).

The next Lemma shows how to construct an appropriate mixed subdivi-
sion of A+ B using a proper star.
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Figure 6: A proper star with respect to vy, vy, v3 centered at a. On the right,
paralellograms based on the proper star

Lemma 19 Let A and B be finite non-collinear sets in R? with B = {vy, vs, v3},
and let us a consider a proper star on A with respect to B with rays o1, 0, 03
and center a such that |o1|+ |0+ |o3| > 0. Then there exists a triangulation
Ty for A extending the paths o1, 09,03, and a mized subdivision M for A+ B
satisfying

| M| = |ov] + |oa| + [o3].

Proof: We may assume that |o1| > 0 and v3 = 0. Let T4 be a triangulation
using all the edges in the given proper star, and partition the triangles of Ty
into three subsets 31,3, 33 (some of the ¥; might be empty). The idea is
that if the semi-open paths o;\{a}, i = 1,2, 3, are all non-empty and pairwise
disjoint and {7, j,k} = {1,2,3}, then ¥; consists of the triangles of T4 cut
off by o; U or. We also use Jordan’s theorem for a simple closed polygonal
path o; namely, it encloses an open bounded set D such that x € D if and
if whenever a ray ¢ emanating from x does not contain any edge of o, then
| N o] is finite and odd.

A triangle 7 of Ty is in ¥ if and only if for any p € (int 7)\(a + Ruy)
such that p — R, v; does not contain any edge of o5 or o3, we have

(P = Ryv1) Noaf + [(p = Ryvr) N

is finite and odd. Similarly, 7 € T4 is in ¥, if and only if for any p €
(int 7)\ (a + Rovy) such that p — R vy does not contain any edge of oy or o3,
we have

[(p = Ryvz) Nou| + |(p — Ryvz) Mo,

is finite and odd. The rest of the triangles of Ty form 3.
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The mixed subdivision M is constructed as follows. Concerning triangles,
[B]4+aisin M, and if 7 € ¥;, then the corresponding triangle in M is 7+ v;.
For the parallelograms, if {i,j,k} = {1,2,3} and e is an edge of o;, then
e+ [v;,vg] is in M. It follows from properties (i) and (ii) of the proper star
that these parallelograms do not overlap, and taking also (iii) into account,
we obtain a mixed triangulation of A + B. O

For the rest of the section, we fix finite A C R? and B = {vy, v, v3} C R?
such that both of them span R? affinely, and confirm Conjecture 5 in this
case.

The following statement is a simple consequence of the definition of a
proper star.

Lemma 20 Assuming B = {vy,va,v3} with vy = (1,0) = —uy, vo = (0,1) =
—uy and vy = (0,0), and hence uz = (\%,\%), if (01,02) is a horizontal-
vertical path for A centered at a € A, then

(a) there exists a proper star (o},04,0%) centered at a such that oy C o,
o9 C 0},

(b) if in addition a & F([A],us), then |o§] > 1.
Proof: A triple of paths (61, 79, 63) meeting at a will be called a semi-proper
star extending (oq,09) if it satisfies properties (i) and (ii) above and o; C
g; for i = 1,2. In particular, (o1,09,{a}) is a semi-proper star extending

(01,02). We show that if (&1, 09, 3) is a semi-proper star extending (o7, 03)
and

max{(z,u;) : x € 6;} < max{(x,u;) :z € A} for ani € {1,2,3},

then there exists a semi-proper star (o4, 05, 0%) extending (oy, 02) such that

o =ad; for j #1i,6; C o} and 7; # o} (24)

Let b; € 0; be the other endpoint of &;; namely,
(bi, ;) = max{{x,u;) : x € 7;}.

To prove (24), we consider the open half plane H;" = {z € R? : (z,u;) >
(bi,u;)}, and distinguish two cases. First, if H;' N6, = () for j # 4, then we
choose any z € AN H;". The points of A N [b;, 2] divide [b;, 2] into a path,
and adding this path to &; we obtain the required o} in (24).
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The second case in proving (24) is that if there exists j # i such that
H Na;# 0. We consider the 2 € ANa; N H; such that

(uj, x) > (uj,z) forz € Anag;NH.
Let {1,2,3} = {i,7,k}. Since
i+ Ry(v; —vg) Cb+Ry(v; — o) +Ri(2 —b;)

by the choice of z and as ¢; is transversal with respect to v; — vg, and in
addition, v, — v; € Ry(v; — vg) + Ry (2 — b;), we deduce that

([ 0] + R (v; — vi)) N (65 + R (v — i) = 0. (25)
Similarly,

(x,ug) < (bj,ug) for x € [z,b] + Ry(vg — vy)

(r,ug) > (bj,uy) for x € o +Ry(v; —vj)
imply that

([, bi] + Ry (vk — v5)) N (Gk + Ry (v — v5)) = 0. (26)

Again, the points of AN [b;, 2] divide [b;, 2| into a path, and adding this path
to &; we obtain the o}, which, together with o = &; and o}, = 6y, satifies (ii)
by (25) and (26). In turn, we conclude (24).

Since A is finite, repeated application of (24) leads to the required proper
star satifying (iii), as well. O

Proof of Theorem 7 We apply the same idea as in the proof of Proposi-
tion 17, only applying Lemma 20 at a certain point to improve the bound.
We may assume that B = {vy,v9,v3} with v; = (1,0) = —uy, vy =
(0,1) = —uy and v3 = (0,0), and hence uz = (%, \%) In addition, we may
assume that
IF([A),uz) 1 A 2 [F([A),ur) 1 A

Using the notation of the proof of (22), we set {(—u,p) : p € A} =
{ag,...,ap} with ag < ... < ag, and Ay = [(A N IAD\(F([A],u1) U
F([A]l,u2))|. Fori =0,...,k, let A, ={pe A: (u,p) = a;}, let x; = |A]
and let a; be the top-most point of A;; namely, (—us,a;) is maximal. Ac-
cording to (22) and (23), we have

k .
C (i x;—1 Tal+A+1 k1 —_—

k - 2k 2 (27)

N | —
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Let I be the set of all i € {1,...,k} such that

|Tal + A +1 K 1} _¢

¢+xi—1z[—+——— (28)

2k 2 2

Since £ > /|Ta| + 1 — 3, if strict inequality holds for some i in (28), then
using Lemma 19 for the proper star constructed in Lemma 20 (a) concludes
the proof of Theorem 7. Thus we assume that

1+x;—1=¢ forev el

If i € I and a; ¢ F([A],u3), then £ > /|Ta|+1 — L and using Lemma
19 for the proper star constructed in Lemma 20 (b) concludes the proof of
Theorem 7.

Therefore we may assume that

a; € F([A],us) forie I (29)

Let 6 = |I|. Since ¢ > 1 for i € I and |F([A],u3) N F([A],u2))] < 1, we
deduce that

0 < |P((A], us)\F([A], u)| < min{A, +1,k}. (30)
Since i +x; —1 <& —1,ifi ¢ I, we have

g_ZLuzxi—D L 0Er(=0 -1 k-0

k k
We deduce from (27) that if i € I, then

S (4 —1) +k—9

itz -1 = §>

k k
Ta|+ AL +1 k1 k-0
- 2k 2 2 k
[Tal + A +1 k1 6
B 2k 2 2 k

Finally, if (29) holds and i € I, then we apply both inequalities in (30) and
later the inequality between the arithmetic and the geometric mean to obtain

. ’TA|+¢9 k 1 0 |TA| k 1 0
> AT, 0,2 Z_FAb, - 7
v Z T or 9ty T ET o Toto T

T k
> ’2_2|+§Z\/|TA|'

Therefore, we conlude Theorem 7 by Lemma 19 and Lemma 20 (a). O
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5 Proof of Theorem 8

We assume in this section that there are no points of A (resp. B) in the
interior of [A], (resp. [B]).

Recall that Ax denotes the number of points of X in the boundary of
[X]. Tt is easy to check that A4, p has at least as many points as Ay and
Ap together, that is:

Asip > Aps+ Ap =tr(A) + tr(B) + 4.

As a motivation for the proof, we note that Conjecture 1 follows if the number
Q4. p of points of A+ B in int([A + B]) is at least

tr(A) +tr(B) =2  As+Ap

- 3.
2 2

Naturally we aim at the stronger Conjecture 5. Given Theorem 7, Theorem 8
follows if A and B being in convex position and |A|, |B| > 4 yield that there
exists a mixed subdivision of A + B satisfying

tr(A) + tr(B)‘

. 31)

| M| >

Throughout the proof we assume that [B] has at most as many vertices
as [A] and v denotes a unit vector (which we assume pointing upwards) not
parallel to any side of [A + B]. We denote by ay and a; the leftmost and
rightmost vertex of [A] and by by and b; the leftmost and rightmost vertex
of [B].

To prove (31), we say that A and B form a strange pair if [B] is a triangle
and the three exterior normals to [B] are also exterior normals of edges of
[A].

We will use that, for ¢,s > 1,

ts>t+s— 1. (32)

Case 1 A and B are not strange pairs.

We choose a unit vector v as above in the following way: if B is a triangle,
then the upper arc of J[B] is an side such that [A] has no side with same
exterior unit normal; if [B] has at least four edges, then the two supporting
lines of [B] parallel to v touch at non-consecutive vertices of [B]. For the
existence of the latter pair of supporting lines, we note that while contin-
uously rotating [B], the number of upper minus lower vertices changes by
either zero or two units at a time when an edge of [B] is parallel to v, and
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a; = by ay = by

Figure 7: An illustration of the proof of Claim 21.

after rotation by 7 it changes to its opposite. Hence, at some position that
difference is zero or one which implies, since [B] has at least four vertices,
that at that position there is at least one upper and one lower vertex, as
required.

Claim 21 One of the two following statements hold:

‘((A+b0)u(a1+B)>ﬂmtA+B} SatBB 3 or
(33)

‘((ao+B)U(A+bl)>mntA+B) Latbe _ 3

Proof: 'We may assume that b; = ag = o (see Fig. 7). Observe first that the
only repetitions x + by = a1 +y or x + by = ag + y in these configurations are
the points a; + by and ap+b; (which are interior to [A+ B] by our hypothesis).
To prove (33), we verify first that

(i) for every x € A\ {ap, a1} except perhaps two of them, at least one of
T 4+ by or x + by is interior in A + B,

(ii) for every y € B\ {bo, b1} except perhaps two of them, at least one of
ap + y or ay + y is interior in A + B.

For (i), we note that if both x + by or x + by are in 0[A + B], then they
are the endpoints of a segment translated from [by, b1] and only two such
translations have their endpoints in J[A + B] because A and B are not a
strange pair. The argument for (ii) is similar.
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Now (i) and (ii) say that counting the interior points of (A+by)U(a;+ B)
and (ag+ B) U (A4 by) except ag+ by and a; + by we have altogether at least
|A4|+|Ap|—8 of them. Including the latter we have at least |A 4|+ |Ag|—6 of
them and at least half of these in either (A+bg)U(a;+B) or (ag+B)U(A+by),
which yields (33). O

Let us construct the suitable mixed triangulation of [A + B]. For every
path o on A, we assume that every point of A in ¢ is a vertex of o. According
0 (33), we may assume that

A+ A
\(AUB)mnt[A+B]|2%_3. (34)

Let aupp (aiow) be the neighboring vertex of [A] to o on the upper (lower) arc
of 0[A], and let bypp (biow) be the neighboring vertex of [B] to o on the upper
(lower) arc of 0[B]. We write wA and wil to denote the paths determined
by [0, aupp] and [0, aiew] and wl and wg, to denote the paths determined by
[0, bupp) and [0, biow ], and hence the two dimensionality of [A] and [B] implies

|UJ |wlowl > L.

upp l wlow | | upp

Next let o7, (0f3,,) be the longest path on the upper (lower) arc of J[A] start-

ing from o such that every segment s of o5, (07, ) satisfies that s + [0, bupp)

(s + [0, biow]) is a parallelogram that does not intersect int[A]. Similarly, let
ou, (01,) be the longest path on the upper (lower) arc of [ B] starting from o

such that every segment s of 00 (07 ) satisfies that s+ [0, aupp] (54 [0, Giow])

low

is a parallelogram that does not intersect int[B]. Since a; = by = o0 is a com-

mon point of o, ofs. 08 ob., we deduce from (34) that

Ay+Ap
1 + (| upp| - 1) (|Ulgwl - 1) + (|U§pp - 1) + <|0-1§W| - 1) Z T - 37
equivalently,
Ay+Ap
l upp| + |010W| + |Uupp| + lo—lgwl > T (35)

We construct the mixed Subdivision by Considering the subdivisions into
suitable paralleograms of aupp +wh, and o+ wfpp that have wfpp %)p
in common, and the subdlvrsrons into suitable parallelograms of ot + wZ

and o+ wil  that have wil + wf, in common (see Figure 8).
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a1:b0

Figure 8: An illustration of the parallelograms of the mixed subdivision in
Case 1.

In particular, |wA |, |wB | > 1, (32) and (35) yield that

upp b 1“upp
Mul = (ol = [wippDlwimpl + (7] — lwmp D lwipp ] + wip| - lwip| +
(10| = [wigw Dlwigw| + (Iiow] — lwiow D wiow] + [wioy] - lwigy |
> (|ohppl = Iwipp]) + (el = lwippl) + lwipp] + gy — 1+
+(10iow] = [wiowl) + (1010w] — wiow]) + [wiow] + [wigy| — 1
> Ay —;— Ap o _ tr(A) —;—tr(B)’

proving (31) in Case 1.

Case 2 A and B form a strange pair with |A|, |B| > 4, and [A] and [B] are
not similar triangles

We write oupp (Qiow) to denote the number of segments that the points
of A divide the upper (lower) arc of 9[A]. We denote by by the third vertex
of [B] and by [xg, z1] the side of A with x; — x¢ = t(by — by) for ¢ > 0. For
1 =0,1,2, let s; be the number of segments that the points of B divide the
side of [B] opposite to b;.

Claim 22 There exists a v such that one of the following holds:
1
Qupp > 2 and aypp + So + 51 > §(AA+AB),07“ (36)

1
Qow, S2 > 2 and gy + So > §(AA + Ap). (37)
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Proof: Since ovypp+uow = A and sp+ 51+ 52 = Ap, the claim easily follows
if there is a v such that, for each the sets A and B, both the upper arc and
the lower arc contain a point of the set strictly between the two supporting
lines parallel to v.

Otherwise, choose a v such that the side [by, b;] of [B] contains at least 3
points of B (this is possible since |B| > 4). Then [z, z;] has no other point
of A than xg,z; and the other side of [A] at x;, i = 0,1 is parallel to [b;, b].
As [A] and [B] are not similar triangles , [A] has some more edges, which
in turn yields that [b;,bo] N B = {b;,bo} for i = 0,1. In summary, we have
Qupp = So = 1 = 1 and ey, 52 > 2. Since yow + S2 > Qupp + So + 51, We
conclude (37). O

To prove (31) based on (36) and (37), we introduce some further notation.
After a linear transformation, we may assume that v is an exterior normal
to the edge [bo, b1] of [B]. We say that p, q € 0[A] are opposite if there exists
a unit vector w such that w is an exterior normal at p and —w is an exterior
normal at ¢. If p, ¢ € O[A] are not opposite, then we write pg the arc of J[A]
connecting p and ¢ and not containing opposite pair of points.

First we assume that (36) holds and by = o. Since [xg,x;] has exterior
normal v and ayp, > 2, there exists a € A\{xg, x;} such that v is an exterior
normal to J[A] at a. We write [, and ryp, to denote the number of segments
the points of A divide the arcs azy and axy, respectively. To construct a
mixed subdivision, we observe that every exterior normal u to a side of [A]
in az, satisfies (u, by) > 0, and every exterior normal w to a side of [A] in @z
satisfies (w, by) > 0. We divide aZg+ o, bo] into suitable s;l,,, parallelograms,
and azy + [0, by| into suitable soryp, parallelograms. It follows from (32) that

M| = S1lupp + SoTupp = lupp + Tupp + S0 + $1 — 2 = Quupp + S0 + 51 — 2
%(AA +Ap)—2= %(tr(A) + tr(B)).

v

Secondly we assume that (37) holds. Since sy > 2, we may assume that
0 € ([bo, b1]\{bo,b1}) N B. For i = 0,1, we write sy; to denote the number
of segments the points of B divide [o,b;]. Let Zy and Z; be the leftmost
and rightmost points of A such that —v is an exterior normal to J[A], where
possibly Zo = Z;. Since [A] has sides parallel to the sides [by, by] and [be, by] of
[B], we deduce that Ty # x¢ and Z; # x1. To construct a mixed subdivision,
we set Moy = 0 if To = T1, and my,,, to be the number of segments the points
of A divide %y, 7, if Ty # #1. In addition, we write lioy > 1 and 715y, > 1 to
denote the number of segments the points of A divide the arcs Zozo and 7,21,
respectively. We divide Zoxg + [0, bo] into suitable 1, so0 parallelograms, and
Z121 + [0,b1] into suitable 7,891 parallelograms. In addition, if 7y # 71,
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then we divide [ZoZ1] + [0, bo] into suitable my.y, parallelograms. It follows
from (32) that

M| = lowS20 + TowS21 + Miow = low + Tlow + Miow + S20 + S21 — 2
= Quow + 52— 2> 3(Aa+ Ap) — 2 = L(tr(A) + tx(B)),

finishing the proof of (31) in Case 2.

Case 3 [A] and [B] are similar triangles and |A|, |B| > 4

We recall that sq, s and s3 denote the number of segments the points of B
divide the sides of [B] and let s, s5, s5 be the number of segments the points
of A divide the corresponding sides of [A]. We have tr(A) = s] + s}, + s — 2
and tr(B) = s; + $2 + s3 — 2. We may assume that s; is the largest among
the six numbers and that s, > s;. Readily

| My1| > max{s sy, 852, 8183} (38)
If s, > 3, then
|Mi1] > 3s1 > L(s1 4 8o+ s34 8 + 55+ s5) > 1(tr(A) + tx(B)).
If s, = 2, then s§ < 2 and
|Mi1| > 251 > L(s1+ 524 85+ 8§ + 55 + 85 — 4) = $(tr(A) + tr(B)).

Therefore we assume that s, = s§ = 1. In particular, we may also assume
that s; > s3. Since s} > 2 and sy > 1 we have s|sy > s} +2s5 — 2. Therefore,

| M| > max{sy, s)s2}
1 /
> 5(31+32—|—53+31—2)

%(tr(A) + tr(B)),

and we conclude (31) in Case 3, as well. O

6 Proof of Theorem 10

Let A = {ay,...,a,}. Naturally, [A + A] has a triangulation {F' + F : F €
T4}, which we subdivide in order to obtain M. We define M to be the
collection of the sums of the form

[aio, e ,aim] + [aim, PN ’aik]’
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where £ > 0,0 <m <k, i; < i for j <, and [a;y,...,a;] € Ta.
To show that we obtain a cell decomposition, let

F = [aio,...,aik] GTA

be a k-simplex with £ > 0 where ¢; < 7; for j <[, and hence

k k
F4+F= {Zajaij 1Y oy =2&Vay zo}.
=0 =0

We write relint C' to denote the relative interior of a compact convex set C.

For some 0 <m < k, ag,...,a, > 0 with Zf:o a; = 2, we have
k
Zozjaij € relint ([ai,, - .., a;,] + (@i, .. a;]) CF+F
i=0

if and only if 37, a; < 1and 3" a; > 1 where we set 3, a; =0. We
conclude that M forms a cell decomposition of [A + A].

For any d-simplex F' € T4, and for any m = 0, ..., d, we have constructed
one d-cell of M that is the sum of an m-simplex and a (d — m)-simplex.

Therefore
‘. /d
Il = 1z 3 (1) =21zl
m=0

7 Proof of Corollary 3

In this section, let A C R? be finite and not contained in a line. We prove
four auxiliary statements about A. The first is an application of the case
A = B of Conjecture 1 (see Theorem 2).

Lemma 23
|A+ Al > 4|A] — Ayx — 3.

Proof: We have readily Ay 4 > 2A 4. Thus (4) and Theorem 2 yield
1
A+ Al = 5 (tr(A4+A) +Aspa+2) >2tr(A)+ Au+1=4]A| —A,—3. O

We note that the estimate of Lemma 23 is optimal, the configuration of
Theorem 2 (b) being an extremal set.

Next we provide the well-known elementary estimate for |A + A| only in
terms of boundary points.
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Lemma 24 Let my denote the mazximal number of points of A contained in
a side of [A]. We have,

AQ _ AA(mA - 1)

A+ A >—4

[A+Al= 4 2

Proof: We choose a line [ not parallel to any side of [A], that we may assume
to be a vertical line, and denote by sy, ..., s, the sides of [A] on the upper

chain of [A] in left to right order. Let A; be the set obtained from A N 's; by
removing its rightmost point. We may assume that

A
’A1’+--~+|AMZTA-

We observe that, for 1 <17 < 57 < k, we have
|A; + Ayl = [Ai] - |A;] and (A; + 4;) N (Av + Ap) = 0if {4, j} # {7, '}

It follows that

k k
A+ Al > Z |A; + Ay| = Z | Al - Ay :(Z !Ai\)Q—Z!Ai\Q
1<i<j<k 1<i<j<k i=1 i=1
A\ Ay
> (=) — -1)—/—. O

The following Lemma can be found in Freiman [4].

Lemma 25 Let { be a line intersecting [A] in m points of A. If A is covered
by exactly s lines parallel to ¢, then

A+ Al > 2|4 + (s — )m — s. (39)

Moreover,
2
A+ Al > (4 — §)|A| —(2s—1). (40)

Proof: We may assume that ¢ is the vertical line through the origin, that
ai,...,as are s points of A ordered left to right such that A = Us_; (AN({+a;))
and that |[AN ({4 a1)| = m. Let A; = AN (a; + ). Then,

|A+A’ = |A1+A’+’(A\A1)+As‘
> (A A = 1)+ (1A + A - 1)
=1 =2

— 9JA] + (s — 1)(JAi] + JAL]) — (25 — 1),

29



from which (39) follows. On the other hand,

S s—1
A+ Al =Y 24+ ) |Ai + A
=1 =1

s s—1

>3 QAN =D+ (|4l + A | — 1)
=1 =1

= 4[A] = (4] + [As]) = (25 = 1).

If the latter estimate is larger than the former one we obtain (40), otherwise
we get the stronger inequality |A + A| > (4 — 2/s?)|A| — (25 — 1). O

Proof of Corollary 3 Let |A+ A] < (4 — ¢)|A| where ¢ € (0,1) and
e2|A| > 48. To simply formulae, we set A = Ay and m = ma.

We deduce from Lemma 23 that A > ¢|A] — 3. Substituting this into
Lemma 24 yields

(4—o)A] > A% A(m—1) S A(elAl=3)  A(m-—1)
- 4 2 - 4 2
A Al —
= el -m- = P
Therefore

8/ ¢ 3 3 12
lelAl— —1<—<1——> 1+ 2 422
el === (-7 gar=s) T2 < =

as e|A| —3 > 2 —3 > L In particular, m — 1 > Je|A| — 2.
Next let [ be the line determined by a side of [A] containing m = my

points of A, and let s be the number of lines parallel to [ intersecting A.
According to (39),

(4—o)Al = 2A|+ (s —=1)(m — 1) =1 > 2|A| + (s — 1)(5¢|A] = ) — 1,
thus first rearranging, and then applying e%|A| > 48 yield
20A| > s- (beld| = 2) = 5- Le] Al

Therefore s < g.
We deduce from (40) and s < £ that

(4=o)lAl> (4= 3)A] - 25 > (4= DIA| - 2.

Rearranging, and then applying 2| A| > 48 imply

< 2 1 16 B < 2 1+ 52 O
s<—(1——— - — .
5 e2|A| 5 e2|A|
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8 Proof of Proposition 6
We call the points of A,
a = (0,0), a1 =(—1,-2), ap=(2,1).

If £ > 2, then we show that every mixed subdivision M corresponding to
T4 and Ty satisfies
| My, | < 24. (41)

We prove (41) in several steps. First we verify

[a1,as] +1; is not an edge of M fori=0,...,k, (42)
la1,as] +r; isnot an edge of M fori=20,...,k—1. (43)

For (42), we observe that ay + ;11 if i <k —1or a; + ;1 if i > 1 is a point
of A+ B in [ay, as] + [; different from the endpoints. Similarly, for (43), we
observe that a; + 7,41 if i <k —2ora; +7;_1if 1 > 11is a point of A+ B in
[a1, as] 4+ r; different from the endpoints.

Next, we have

lag, as] + [l;,7;] is not a parallelogram of M fori=0,...,k — 1,(44)
[ag, a1] + [ri,l;41] 1is not a parallelogram of M  for i =0,...,k — 1,(45)

as li41 € int [ag, as] + [l;,r;] and I; € int [ag, a1] + [, lip1]-

Let us call the edges of T of the form either [I;,r;] or [r;, 1] for i =
0,...,k —1 small edges, and the edges of Tp of the form either [p,l;], ¢, ]
for i = 0,...,k, or [p,r], [q,r5] for i = 0,...,k — 1 long edges. In other
words, long edges of Tz contain either p or ¢, while small edges of T’z contain
neither.

Concerning long edges, we prove that that the number of parallelograms
of M of the form

ea + ep for an edge e4 of Ty and a long edge ep of T is at most 12. (46)

If e4 is an edge of T}, then there exist at most two cells of M whose sides
are p+ e4. Since T4 has three edges, there are at most six of parallelograms
of M of the form e, + eg where e, is an edge of Ty and ep is an edge of Ty
with p € eg. Since the same estimate holds if ¢ € eg, we conclude (46).

Finally, we prove that that the number of parallelograms of M of the
form

ea + ep for an edge e4 of Ty and a small edge eg of Ty is at most 12.

(47)

31



The argument for (47) is based on the claim that if e4 + ep is a parallelogram
of M for an edge e4 of Ty and a small edge eg of T, then there is a long
edge €5 of Ty such that

e + €5 is a neighboring parallelogram of M. (48)

We have ey # [ay,as] according to (42) and (43). If eq = [ao,a;], then
ep = [li,r;] for some ¢ € {1,...,k — 1} according to (45). Now r; + ex
intersects the interior of [A + B] as r; € int [A], thus it is the edge of another
cell of M, as well. This other cell is either a translate of [A], which is
impossible by (42), (43), and as r; & p+ [A], ¢ + [A], or of the form ey + €5
for an edge €3 # ep of Tp containing r;. However, ¢y # [r;, li11] by (45),
therefore /5 is a long edge.

On the other hand, if e4 = [ag,as], then eg = [r;, l;11] for some i €
{1,...,k — 1} according to (44), and (48) follows as above.

Now if e4 + €5 is a parallelogram of M for an edge e4 of T4 and a long
edge €’z of T, then there is at most one neighboring paralellogram of the
form ey + ep for a small edge ep of T because e4 + eg does not intersect
ea+pand eyq +¢. In turn, (47) follows from (46) and (48). Moreover, we
conclude (41) from (46) and (47).

Finally, it follows from (41) that if £ > 145, then

|M11| <24 < Vak = v/ |TA| . |TB| O
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