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Abstract. Neutron stars provide a cosmic laboratory to study the nature of dark matter particles
and their interactions. Dark matter can be captured by neutron stars via scattering, where kinetic
energy is transferred to the star. This can have a number of observational consequences, such as the
heating of old neutron stars to infra-red temperatures. Previous treatments of the capture process
have employed various approximation or simplifications. We present here an improved treatment of
dark matter capture, valid for a wide dark matter mass range, that correctly incorporates all relevant
physical effects. These include gravitational focusing, a fully relativistic scattering treatment, Pauli
blocking, neutron star opacity and multi-scattering effects. We provide general expressions that
enable the exact capture rate to be calculated numerically, and derive simplified expressions that are
valid for particular interaction types or mass regimes and that greatly increase the computational
efficiency. Our formalism is applicable to the scattering of dark matter from any neutron star
constituents, or to the capture of dark matter in other compact objects.
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1 Introduction

There is a long history of using stars as cosmic laboratories for fundamental physics and, in particular,
as a means of probing the nature of dark matter (DM). If DM particles couple to visible matter, they
will scatter with the constituents of stars. These collisions can result in sufficient energy loss that the
DM particles become gravitationally bound to the star, and thus a population of DM is accumulated
in the star over time [1-7]. Importantly, the rate of capture of DM particles is controlled by the
size of the scattering cross section with either the nucleons or leptons in the star. This provides
interesting complementary with terrestrial direct detection searches, which look for exactly the same



scattering interactions in either nuclear or electron recoil experiments, albeit in a different kinematic
regime.

The accumulation of DM in stars has a range of potentially observable consequences. For the
case of the Sun, accumulated DM could be detected via its annihilation to neutrinos [8-12] or to
other particles which escape the Sun [13-17]. In some cases, the presence of DM can also alter
the energy transport in the Sun [18-21]. The capture of DM in a neutron star (NS) may have
various dramatic consequences, ranging from the collapse of neutron stars to black holes [22-30],
or a modification of the rate of neutron star mergers [31]. (Modification of the gravitational wave
signatures from binary neutron star mergers is also possible [32-34], though this would require either
a larger DM fraction than we consider here, or a DM halo which extends beyond the star, as might
be obtained with light or self-interacting DM.)

Recent work has focused on the kinetic heating of NSs that results from DM capture [35-43].
The kinetic energy transferred from the DM particles to the star can cause heating of the star to
temperatures of order 2000 K, which may be observable with forthcoming telescopes [35]. This
allows potential sensitivity to DM-nucleon cross sections of order 1074 cm?, which, depending on
the type of interaction, is either comparable to current direct detection experiments or significantly
more sensitive. Furthermore, kinetic heating from DM scattering on the lepton constituents of a NS
would greatly surpass the sensitivity of current and forthcoming electron-recoil type direct detection
experiments, for all interaction types [39].

In previous work, the rate of capture of DM in NSs has been computed at various levels of
approximation. In this paper, we shall improve and extend the existing calculations in the literature,
to properly incorporate the relevant physical effects.

The scattering of DM particles in NSs occurs in an interesting kinematic regime. Because
DM particles are non-relativistic in the Universe today, most DM scattering scenarios involve low
velocities and very small momentum exchange, e.g., direct detection experiments or the capture of
DM in the Sun. However, DM particles are accelerated to quasi-relativistic speeds upon infall to
a NS. Moreover, the constituents of the neutron star may themselves be relativistic, particularly
in the case of highly degenerate leptons. With the exception of the recent ref. [42], most previous
calculations assume the dark matter scatters from nonrelativistic targets. The treatment of the
scattering interaction that we provide here is fully relativistic, with Lorentz invariance correctly
encoded.

There are other important kinematic effects that must be taken in account. At small mass,
the DM scattering rate is suppressed by Pauli blocking in the highly degenerate NS medium, while
at large mass, a single scattering interaction is insufficient to lead to capture. We shall provide an
improved treatment of these two effects, which, in the past, have usually been handled in a schematic
way. In addition, due to the NS gravitational field, we must include gravitational focusing of the
dark matter trajectories [22, 44]. Finally, due to its high density, we cannot always treat the NS
star as optically thin. Indeed, for the scattering cross sections for which DM capture in NSs become
efficient, i.e., where the capture probability is of order 1, opacity effects are important. Interestingly,
such cross sections are broadly comparable to those that may be probed in future terrestrial direct
detection experiments.

The aim of this paper is to provide, for the first time, a realistic calculation that correctly in-
cludes gravitational focusing, a fully relativistic scattering treatment, Pauli blocking, NS opacity and
multi-scattering effects. In doing so we will provide exact expressions for the numerical evaluation



of the capture rate, as well as a number of approximations that are valid in particular mass or cross
section regimes. The examples we shall provide will assume scattering from the neutron component
of the NS but, in fact, our formalism can be applied in a straightforward way to scattering from any
NS constituents, including degenerate electrons or more exotic species, or to DM capture in other
compact objects.

Our paper is organised as follows: We discuss relevant details of the NS composition and
equation of state in Section 2. In Section 3 we write down an exact relativistic expression for
the capture rate, including Pauli blocking, in the optically thin limit, while in Section 4 we then
modify this capture rate to account for the NS opacity and multi-scattering effects. Our results are
summarised in Section 5 and our conclusions presented in Section 6.

2 Neutron Stars

Neutron stars are the most compact stars known in the Universe. They are born in core-collapse
supernova explosions of massive stars. Our knowledge of NSs has improved over recent decades but,
as we shall detail below, their exact composition is still unknown.

2.1 Internal Structure

NSs are primarily composed of degenerate matter. The standard picture for NS composition assumes
that below a thin atmosphere, two concentric regions are found: a locally homogeneous core that
accounts for ~ 99% of the mass of the star, and a thin crust ~ 1km thick [45, 46].

The crust can be further characterised as two shells. The outermost shell, called the outer
crust, is comprised of ionised heavy nuclei in a Coulomb lattice and non-relativistic degenerate
electrons. Its surface, in the absence of accretion, is expected to be made of completely ionised
%Fe, while the inner layers contain increasingly neutron-rich nuclei until the neutron drip density,
pND ~ 4.3 x 101t gem™3, is reached [47-51]. This defines the transition to the inner crust, which is
expected to be inhomogeneous and composed of dense nuclear structures or clusters, and a dilute
gas of free neutrons and relativistic electrons. Neutrons in the inner crust are expected to be
superfluid [52]. Approaching the crust-core boundary, the so-called pasta phases, nucleon cluster
structures with different topologies, are expected to be found [53-59]. The density of this boundary,
pee, is of order half the nuclear saturation density, pp = 2.8 x 10 gem™3.

Even though the crust contributes only ~ 1% to the NS mass, it plays a crucial role in our
understanding of NSs, since physics phenomena in the core are not observable unless some effect
is transmitted through the crust. In particular, at low temperature, electrons, lattice phonons and
superfluid phonons of the neutron gas in the inner crust are the most relevant excitations in the
determination of the NS thermodynamical properties [60]. In addition, while neutron superfluidity
in the crust is suspected to be responsible for the glitches observed in pulsars, superfluidity in the
core can explain the deceleration in the spin-down of pulsars [52].

In the NS core, nucleon clusters dissolve into a superfluid liquid made of neutrons together with
an admixture of protons and electrons in 3 equilibrium. When the electron Fermi energy exceeds
the muon mass, at number densities n = 0.12 fm~3, muons start to appear. At higher densities, an
inner solid core containing meson condensates, hyperons or quark matter may or may not be present
in massive neutron stars [45, 61].



2.2 Equation of State

The NS equation of state (EoS) relates the pressure, P, to other fundamental parameters. With the
sole exception of the outermost layers (a few meters thick) of a NS and newly-born NSs, the pres-
sure in the strongly degenerate matter is independent of the temperature. Then, the microphysics
governing particle interactions across different layers of a NS is encapsulated in one-parameter EoS,
P = P(p), where P and p are pressure and density, respectively. Calculations of the EoS are
frequently reported in tabular form in terms of the baryon number density, ny, i.e. P = P(ny),
p = p(ny). The EoS is the key ingredient for NS structure calculations; its precise determination,
however, is an open problem in nuclear astrophysics and is limited by our understanding of the
behaviour of nuclear forces in such extreme conditions. While the EoS of the outer crust is based
on experimental data and is rather well established, physics beyond the neutron drip point cannot
be replicated in the laboratory, and theoretical models are used instead. Thus, the EoS of the inner
crust and the core are calculated in a reliable way using methods of nuclear many-body theory.
Nevertheless, even when considering the simplest NS core made of neutrons, protons, electrons and
muons, the reliability of this EoS decreases at densities significantly higher than pg, primarily due to
our lack of knowledge of strong interactions in superdense matter. The only way to constrain these
models is through observations [62].

Several EoSs can be found in the literature, see e.g. refs. [63-68]. In these models, unified
FEoSs are valid in all regions of the stellar interior. They are obtained by performing many-body
calculations based on a single effective nuclear Hamiltonian [69]. In this paper, we have considered
the unified equations of state for cold non-accreting matter developed by the Brussels-Montreal
group [49, 65, 70, 71] using the nuclear energy-density functional theory, whose analytical fits are
given in refs. [72, 73]. These fits provide us with an excellent tool for evaluating NS microscopic
properties without directly performing the underlying nuclear physics calculations.

2.3 Neutron Star models

A given EoS is characterised by a single parameter, the central density, p., and families of EoSs
can be constructed by varying this parameter. In order to determine the NS structure, the EoS,
P = P(ny), p = p(ny), is coupled to the general relativistic form of the hydrostatic equilibrium
equation, known as the Tolman-Oppenheimer-Volkoff (TOV) equations [74, 75]

dP 9 P(r) ] d®
= o0 1 2] (2.1)
dd  GM(r) A P(r)r 2GM(r)] "
dr 22 [1 + M (r)c? ! Cer | (2:2)
and the mass equation
dM 9
— = Amrep(r), (2.3)

where M (r) is the mass contained within a sphere of radius r and ®(r) is the gravitational potential.
Note that we are assuming a non-rotating, non-magnetized, spherically symmetric NS, therefore we
use the Schwarzschild metric

ds® = —dr? = —B(r)2dt* + A(r)dr® + r2dQ?, (2.4)



EoS BSk24-1 | BSk24-2 | BSk24-3 | BSk24-4
pe [gem™3] | 5.94 x 1014 | 7.76 x 10™ | 1.04 x 10'° | 1.42 x 10'°
M, [Mg) 1.000 1.500 1.900 2.160
R, [km] 12.215 12.593 12.419 11.965
B(R,) 0.763 0.648 0.548 0.467
cs(0) [d] 0.511 0.628 0.734 0.835

Table 1: Benchmark NSs, for four different configurations of the equations of state (EoS) for cold
non-accreting neutron stars with Brussels-Montreal functionals BSk24 [73]. EoS configurations are
determined by the central mass-energy density pc.

where
-1
)= [1- 2620 23)
B(r) = >, (2.6)
-1
80) = 35 (1) + Spe?] [1- 2580 s, (27)

The coupled differential equation system is integrated from the centre, with p(0) = p. as a free
parameter, out to the outermost layer of the outer crust, where p = 10°gcm™3 (this layer is only
few meters thick and accounts for only ~ 107'2Mg). At that density the NS radius, R,, and the
gravitational mass of the star M, = M(r = R,) are determined. The calculated mass and radius
can then be compared with those inferred from astrophysical observations, such as low mass x-ray
binaries [76-81], isolated NSs [82-85], and more recently using gravitational wave (GW) data and its
respective electromagnetic (EM) counterpart from the binary NS merger event GW170817 [86-89)].
As argued in ref. [39], from the set of EoS functionals in refs. [72, 73] we have chosen functional
BSk24 as our benchmark EoS family since it gives slightly better NS mass fits to observational
data than BSk25. BSk25 is also allowed by current observations. Other functionals in refs. [72, 73]
are ruled out by observational data. E.g., BSk19 cannot account for massive NSs, while BSk22 is
excluded by the constraint on the tidal deformability parameter imposed by GW170817 data [90].
BSk20 and BSk21 are very similar to BSk26 and BSk24, respectively [91].

Particle number fractions and chemical potentials for the different species (n, p, e and ) are
calculated as functions of the baryon number density n;. The relevant analytic functions for Y; and
pr; in the core were derived in Appendix C of ref. [73] for BSk24, BSk25 and other functionals,
under the conditions of beta equilibrium

NF,n(nln Y})) = /LF,p(nb’ Y}J) + NF,e(nba Yre)v (28)
pEn (e, Yp) = prp(ne, Yp) + pr (e, Yiu), (2.9)

and charge neutrality
Yp(np) = Ye(np) + Yu(m), (2.10)

where Y; is the number of species i per nucleon and jr; its corresponding chemical potential. (See
ref. [73] for further details on the calculation of these quantities.) Note that Y;,(ny) = 1 — Y, (ny).
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Figure 1: Top left: Baryon number density profile for the different configurations of the BSk24
functional in Table 1. Top right: B radial profile. Bottom left: Neutron chemical potential as a
function of the NS radius. Bottom right: Y, abundance as a function of the NS radius, where the
neutron fraction is computed with respect to the baryon number (N, + Np).

The chemical potentials in the inner and outer crust were also calculated assuming beta equilibrium;
see ref. [73] for further details.

Using the analytical fits for BSk24, implemented as FORTRAN subroutines by the authors of
ref. [73]!, we solve the TOV equations 2.1-2.3. At every step of the adaptive fourth order Runge-
Kutta integration of the differential equation system previously described, we calculate ny, pr; and
Y;. It is worth remarking that different fits apply to the core, inner and outer crust. In this way, we
have obtained radial profiles from the NS centre out to the outermost layers of the crust, relevant
for the calculations in the following sections. These profiles vary with the EoS choice, determined
by pe. The B(r) profile is obtained by solving Eq. 2.7 subject to the boundary condition

2G' M,
2R,

B(R)=1- (2.11)

To exemplify those calculations, we have chosen four configurations of the functional BSk24, given
in Table 1. Note that the maximum NS mass is restricted to M, < 2.16Mg by the GW170817

!These public available subroutines can be found at http://www.ioffe.ru/astro/NSG/BSk/.
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event [92-96]. For completeness, we also provide in Table 1 the central value for the speed of sound,

c(r) = %P(r) Note that all the chosen NS configurations are below the causality limit ¢; < ¢ [45].
Aside frorllol nucleons, leptons and exotic matter, DM can scatter off the different phonon modes
present in a NS (in the crust and the core) as mentioned in section 2.1. The response function of
these interactions depends on ¢, [29]. In the following sections, we do not consider this particular
case since a more realistic treatment of the pairing in the EoS, essential for superfluidity studies
(such as that of the BSk functionals in ref. [97] for which no analytical fits are available) would be
desirable.

In Fig. 1, we show the resultant profiles for the baryon number density, the neutron abundance,
Y,, and the neutron chemical potential, ur, and B(r). In fact, the analytical parametrizations in
ref. [73] were obtained using precision fits not only for the core but also for the inner and outer
crust. The radial profiles shown in Fig. 1 include the three regions and will be used in the following
sections to compute the DM capture rate. The influence of the choice of EoS on our final capture
rates will be illustrated later in Section 5.

3 Capture Rate in the Optically Thin Limit

The capture and interaction rates, C' and 2~ respectively, for DM scattering on nucleons were first
calculated by Gould [1, 2] for the Sun and the Earth. The early calculations considered a constant
DM-nucleon cross section, and were later generalised for arbitrary cross sections [98, 99]. Recently,
increasing interest in capture of DM in NSs has motivated several authors to modify the original
derivation in order to obtain expressions valid for NSs. When dealing with capture in NSs, there
are two main issues to take into account. Firstly, quantum degeneracy has an important effect.
The nucleons in NSs are in a quasi-degenerate state. (Likewise, the electron component is highly
degenerate.) As such, the lowest energy levels are nearly completely full, and are therefore not
available as final nucleon states in DM-nucleon scattering interactions. For some parameters, this
can severely suppress the interaction rate. Secondly, DM particles are accelerated to relativistic
speeds as they approach the NS, hence a non-relativistic description is not adequate. Moreover, the
neutron star constituents on which the DM scatters may also be relativistic, as is the case for the
highly degenerate electron component of the star. Ref. [30] addresses the first issue, by modifying
Gould’s original result for the interaction rate to correctly include the Fermi-Dirac (FD) distribution,
frD, for the initial and final nucleon states, such that the DM scattering rate is computed taking
only the free nucleon final states into account.

We carefully address both of the above issues by deriving an exact expression that allows
us to calculate the DM capture and interaction rates for any differential cross section and any
relativistic/non-relativistic, degenerate/non-degenerate NS constituent. In what follows, we will
focus on DM scattering from neutrons. However, we note that our approach can be applied to
scattering on any other NS constituents.

3.1 Capture Rate

We first use the TOV equations 2.1 and 2.3 within the star, and the Schwarzschild metric, Eq. 2.4,
outside, to obtain an expression for the capture rate as a function of the interaction rate. To that
end, we recast Gould’s formalism, replacing all variables at a finite distance r with their general



relativistic counterparts and using conservation laws for energy and angular momentum. This will
result in a capture rate that incorporates gravitational focusing, i.e. the fact that the DM flux is
focused due to the NS gravitational potential, with the trajectory of approaching DM bent toward
the star.

The proper time d7 spent by a DM particle of mass m, that moves from the radial coordinate
r to r + dr, assuming that the DM speed is ~ 0 at infinity, is

dr — VBT = dr . (3.1)

7 \/A%r) [1_3( )(1+mzr2)]

The escape velocity, in terms of the proper time, can be defined as

dr\? do\?
v2..(r) = A(r) <CZT> r? (d’7‘> =1-— B(r). (3.2)
Then, following Gould’s approach, the number of DM particles, N, captured per unit of proper

time by a thin shell of radius r and thickness dr is

dC _ dNy _ - Px B (uy)duy, JdJ
ms

drQ~ (r), (3.3)

dr dr My Uy

where p, is the local DM density, assumed to be p, = 0.4 GeV cm ™3, J is the DM angular momentum,
and Q7 (r) the DM interaction rate. The quantity fus(uy)du, is the relative velocity distribution
between NS particle species and DM particles away from the NS gravitational field, which we assume
to be Maxwell-Boltzmann (for further details see ref. [99]), and reads,

U 3  Bluy—v)?  Buyt+vx)?
uy)du, = —X \/ o= |e Wi e 2] 3.4
fMB( X) X vyvg V27 ’ ( )

where v, is the NS velocity and vy is the DM velocity dispersion.

Substituting Eq. 3.1 and the maximum value of J (also obtained from Eq. 3.1)

1— B(r)
2 2.2
Jmaz - B(’I") mXT ’ (35)

into Eq. 3.3, and integrating over the DM relative velocity and the angular momentum, we find

dC L 1 \/7 300\ o
/A Px 50 <\/7> Q~ (r)dr. (3.6)

mX Uy 20y

Note that the factor 1/B(r) in J2

- ar 18 due to gravitational focusing [44] and that the total number

of neutrons within a NS, N,,, has to be calculated in the following way,

R,
/ 20, (1)\/A(r)dr = N, (3.7)
0

We therefore reabsorb the factor \/A(r) within the neutron number density, n,(r), resulting in a

0 = AT Py <\/§ ”*) - 2YI= B0 oo o (3.8)
0

Uy My 2 vg B(r)

total capture rate of

The overall 1/B(r) correction factor in the final expression for C' is in agreement with previous
derivations of the capture rate [22, 44].



3.2 Interaction Rate

The next step is to derive an expression for the interaction rate as a function of the differential cross
section in terms of the Mandelstam variables s and t. We start from the non-relativistic expression
for the interaction rate, 7 (r), and modify it to obtain a relativistic treatment which is correctly
Lorentz invariant. The rate at which a DM particle with velocity w scatters off a neutron target
with velocity wu, to a final velocity v is

0 (1) = [ @051 = il (1) o ), (3.9

where fug(un)du, is the Maxwell-Boltzmann (MB) velocity distribution of the target, in this case
neutrons. Switching to the FD distribution, frp, requires we use the properly normalised neutron
number density instead of n, () fars(u,)d>u,. We therefore make the replacement

Js
2r)?

1 (r) i (un) vy, — d®p fep(En, 1), (3.10)
where gs; = 2 is the number of neutron spin states, p is the momentum of the incoming target and E,
is its corresponding energy. Note that the dependence of fpp on r stems from the radial dependence
of the target chemical potential (see Fig. 1). We then obtain

dNp,
av

Js pE,dFE,d cos 0y,
= dgp(zﬂ_)g,fFD(Enﬂa) = 27[_2 fFD(En,T)7 (311)

where cos 0, is the cosine of the relative angle between the incoming DM particle and the neutron
target. This angle can be traded for the centre of mass energy, s, in the following way,

dcos 0 1 1 B
008 Tuw = r) (3.12)
ds % /Ef( —m? 2pmy \| 1 — B(r)
In addition, we have to calculate | — ,| using relativistic kinematics,
L s2 —2s(1 + p2)m2 + (1 — p2)2ms
‘w - un|r6l = \/ ( r ) n2 (2 r ) n, (3'13)
5= (1 +u )mn
where p = Z—: and m,, is the neutron mass.
Next, we can rewrite the differential DM-target cross section as
do do do  dcosf.,
dv— = dcosf =dt , 3.14
v dv o8 Tem dcos O, dcos O, dt ( )

where t is the four-momentum exchanged in the collision, 6., is the scattering angle in the centre

of mass frame and
dcosOcm 2s

dt 82 —2s(1+ p2)m2 + (1 — p2)2mi’

(3.15)

Then, Q™ (r) reads

do  dcosO.,
d cos O, dt

L. dcos Oy pE, ,
| — Un’relTﬁfFD(Envr)(l — fro(E,,7)). (3.16)

Q (r) = /dtdEnds



Note that we have included the Pauli suppression factor, 1 — fpp(E,,r), for the neutron final

distribution. Here, E;I is the target energy after the collision, and can be obtained as a function of

E,,t,s and r from kinematics. We do not report the complete expression for E;l due to its length.
Substituting Eqs. 3.12, 3.13 and 3.15 into 3.16, we obtain

0 (r) = / dtdE,ds dcfecm 275;% : b (szr) 5 (3)87 5 /0 (Ens ) (L= fen (Bm), (317)
where

ﬂ(s) =s5— (m2 +m2) (3.18)
\/52 —4dmZmi. (3.19)

The integration intervals are
tmaz = 0, (3.20)
tmin = B _S4m%‘m3‘, (3.21)
Smin = M3 + mi +2 n”Z:) ! ;(B;gr) my\/ E2 —m2, (3.22)
Smaz = My, +m5 + 2 E’g:) +2 1_B(B;§T)mx\/m, (3.23)

and E, > 0. In general, the integration range for the neutron energy FE,, is [mn, \/%] .
IS

Note that when dealing with NSs at low temperatures, we can take the T — 0 limit by replacing
the FD distributions with © functions. In this case, frp(E,) restricts the target initial kinetic energy
range to [0, ], the factor 1 — frp (E;L) is approximated by @(E;1 — ltFn), and the integration range
for E, is [mn, mp + pry). In fact, the zero temperature approximation holds for temperatures up
to T ~ 109K for the DM mass range considered here.

Finally, since we are going to use a realistic neutron number density profile, as described in
section 2.3, n,(r), we correct the target number density with the factor {(r) = %r()) as in ref. [30],

NfreelT
where 7 ¢,ce(r) is obtained by integrating Eq. 3.11 over E,, in the limit 7" — 0,

[ () (2my, + UF,n(T))]3/2'

3 (3.24)

nfree(r) =
Then, the final expression for the interaction rate is

Q(r) = / dtdEndsg(r)dc(iaecm%f;lx 1f_9gzr)6(s;(s) frp(Enyr)(1 = frp(Ep, 1), (3.25)

This expression resembles that of ref. [30], but uses a relativistic formalism instead. In Appendix A.1,
we show that Eq. 3.17 reduces to the classical expression for the interaction rate in the non-relativistic
limit.

It is important to note that these results all assume that a DM particle will be captured after
a single scattering (which, for scattering on nucleons is true for m, < 10°GeV), and that the
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probability of multiple scattering is negligible (which holds for o < oyp,). The value of the threshold
cross section, oy, is defined as the cross section for which the resulting (optically thin) capture rate
is equal to the geometric limit [37],

_ R (1 - B(R,)) py \/5 Ve
Cgeom = ’U*B(R*) mix Exf 5@ . (326)

Note the 1/B(R,) factor in the equation above. In stars and planets where classical Newtonian
mechanics can be applied, gravitational focusing would result in a factor v2,. /v, = (1 — B(Ry))/vx
in Eq. 3.26, where we have used Egs. 3.2 and 2.11. In neutron stars, on the other hand, general
relativity introduces an additional factor of 1/B(R,), which can be obtained from the derivation of
the flux of DM particles accreted to a NS with a Schwarzschild metric (Eq. 3.8) [22, 44].

For scattering on neutrons, the threshold cross section is approximately

Oref %f‘;/ my S 1GeV Pauli blocking regime,
Oth =  Opef 1GeV <my <10°GeV, (3.27)

Ore flognﬁ my = 10°GeV  Multiscattering regime,

where
—45 2
Oref ~ 1.7 x 107" cm®. (3.28)
For scattering on other targets, Pauli blocking is relevant for q%]\AAX S Mtarget While multi-scattering
is relevant for m, 2 qg/[AX /v2, where qg/[AX quantifies the energy transfer in a collision, as will be

discussed later. In addition, because the other target species have a lower abundance than neutrons,
the reference cross section, o,..f, will be higher. The values of oy, in Eq. 3.27, and their regions of
applicability, can thus be altered appropriately for other target species of interest.

3.3 Differential Interaction Rate

In the previous section, we have calculated the interaction rate, 27, assuming the initial DM energy
E, takes its pre-capture value. However, we may also be interested in a generalised expression
for the interaction rate, valid for arbitrary DM energy. This will be required when we consider
capture via multiple scattering. It would also be necessary for studying the subsequent scattering
interactions that follow capture, and which allow the dark matter to thermalise in the NS. In
principle, it is possible to calculate this rate numerically by binning Q7 , Eq. 3.25, in the energy loss,
i.e. multiplying Q~ by EI%EJ@(EZ +E,—E,)O(E, — E, — E;) and integrating over the bin [E};, E;].
However, for matrix elements that are independent of s, it is possible to derive analytic expressions
for the differential rate. In order to do so, we use the definition of the scattering rate in ref. [29, 100]

o, [ [ & [ M C
= 2/ (27)3 / (2m)3 / (2m)3 (2Ex)(2E;<)(2En)(2E1’1) (27r)454 (k“ +pp—k, — pu>
X fep(En) (1 — fen(E,)), (3.29)

where |M|? is the squared matrix element, k* = (E,, k) and k' = (E;<7 k?) are the DM initial and

/

final momenta, and pt = (E,, ) and p* = (E,,, p_; ) are the target particle initial and final momenta,

n
respectively. Rearranging terms, and multiplying and dividing by v,.e; = | — 1y,|, it can be easily

demonstrated that '~ is equivalent to 27, Eq. 3.16.

— 11 —



The advantage of Eq. 3.16 is that it can be used to calculate the capture rate for any operator.
The disadvantage is that this computation has to be evaluated numerically, which can be compu-
tationally intensive. For this reason, shall now use Eq. 3.29 to derive analytic expressions that will
allow us to speed up computations and, in addition, to calculate the shape of the interaction rate
as a function of the energy loss. The limitation of this approach is that our analytic expressions are
applicable only when the squared matrix element is independent of the center of mass energy s, i.e.,
when |M|? is either constant or depends on the transferred momentum t.

The interaction rate I'", for do o t", is

1 Ex—mx tdtp EY — gy
' (E,) / qodgo | —E——=|1—g | —>—"2"|], 3.30
(Ex) 273 Bk Jo V@ Fte qo (3.50)

for elastic scattering with tp = —t = ¢% — qg, where gy = E,; — E,, is the DM energy loss,

2

gt 9 w0\2 [V — 4 Mnqo

n == \mn+ o) (ma+ ) + - , (3.31)
2 2 2 JVE-a@

is the minimum energy of the neutron before the collision, obtained from kinematics, and g(z) is a
step function with a smooth transition,

1 z >0,
glx) =49 1+=x —-1<z<0, (3.32)
0 r < —1.

The integral over tg can be solved analytically; the integration intervals and the exact expressions
can be found in Appendix B. Our result for I'" is an extension of that presented in ref. [29],
where the interaction rate was calculated only in the case of low energy and a constant matrix
element. It is valid at all energy ranges and for all matrix elements that are independent of s. The
differential interaction rate %(Ex,qo) is then just the integrand of Eq. 3.30. We will use % to
obtain normalised shapes for the differential interaction spectrum, while we will use 2~ when we
need the total interaction rate.

Kinematics, and the phase space allowed by g(x) in Eq. 3.30, determine the maximum energy
that a DM particle can lose in one scattering interaction, q(l)\/[AX (see Appendix B). For DM capture,
the value of qg/[AX depends primarily on the DM mass, as is illustrated in the left panel of Fig. 2.

We can see that for low m,, q(l)\/IAX o my, while, for m, > my, q(l)v[AX ~ 3 —6GeV. In the limits

my > my and m, < my, all normalised differential interaction rates %g—; are independent of m,.
Both q%)\/IAX and % also depend on pr, and B. Changing ur, has a very mild effect on the value

of g)"*X (see right panel of Fig. 2) and on the shape of the normalised spectrum (see Fig. 3). On

the other hand, increasing B has the main effect of reducing q%}/IAX (see right panel of Fig. 2), but

only a mild effect on the shape of the profile expressed as a function of the normalised energy loss

norm qO
qQ"" = MAX ® (3.33)
90

We can apply our results for % to DM-neutron interactions whose differential cross sections

depend only on the transferred momentum ¢ = (k* — kl“)Q and not on the centre of mass energy
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Name Operator Coupling |M|?(s,t)
S 2 2 2
_ 2 cr (4mx—t) (4mx—u t)
D1 XX 49 Ya/A - 2 .
_ _ . t(n2t—4
D2 XX @4 iyg/ N T
I
D3 XX 07°q iyq/\? Nt (t —4m?)
P
D4 | x’x g Ya/A? Rt
v 2 24 4(,2 202 1, 4(942 2
D5 Trax A7 1/A2 2% 2(p2+1)"mi —4(p +1):4 sm2 +pt (252 +2st+12)
D6 X 1/A2 2%%4 2(#271)2m§74y2mi(,u281~s+,u2t)+u4(232+25t+t2)
A 2 1\Z4 —4,2m2 (42 4(942 2
D7 XX 47*7°q 1/A2 2%’12(” 1) i mX(“HiJFSH)Jr“ (222t 47)
A 2 4 0 2 4_4 2 1 2,2 4 2 2 2 2
D8 | Yufx i d 1/A2 2% (141002 +1)mi -4 (i + ZL;: m?2 (s+)+p (252 +2s1+12)
D9 | xowxaorrg | 1/a2 | s Aleb Rl et (e )
W
T 2_1)\2,,4 _9o(,2 2,2 4 2
D10 | xowy’x qo*q | i/A? goky Ao mi=2(s HL’Z ety 2or)

Table 2: EFT dimension 6 operators and squared matrix elements for the scattering of Dirac DM
from nuclei [101]. The effective couplings for each operator are given as a function of the quark
Yukawa coupling, y4, and the cutoff scale, A. The fourth column shows the squared matrix elements

at high energy as a function of the Mandelstam variables s and ¢t. The coeflicients c%, cﬁ, CK, cf\l,

and ¢k are given in ref. [102].
L0+ e e 20 et
E ipn =200 MeV = 3 my =1TeV HEn ]
100 = - 100 MeV
3 E 15F —— 200 MeV 7]
—~_ f — 400 MoV 1
% 10! E_ _5 % - 00 MeV ]
><9 - i Z oL ]
S 1024 ] Z I
s B 3 =
i — 04 ] i
. 51
107 0.5 3
: 0.6 ]
104 vl vvvvnd vl vl vl vl i TS SRS R S S A R SR R
103 102 10! 10° 10' 10%2 103 10* 92 0.3 0.4 0.5 0.6 0.7
m, (GeV) B

Figure 2: Left: q%}/IAX vs. my for up, = 200MeV and different values of B. Right: q%/[AX as a
function of B for different values of pr, and m, = 1TeV.

s = (p*+k*)2. Of the lowest order EFT operators listed in Table 2, only D1, D2, D3 and D4 satisfy
this criterion. In the left hand panels of Fig. 3 we show the normalised differential rates as a function
of g5 for the four operators D1-D4, in the limit m, > m,. We can observe that D1 has a softer
spectrum, while D2 and D4 spectra are peaked towards higher values of qg, around ¢j°™ ~ 0.6.
Varying the chemical potential i, has a very mild effect, shifting the spectrum to lower values of
go with increasing values of pr,. Note that at small values of gj°™ there is a sudden change in
the slope of the normalised differential rate, which occurs for all operators but is more evident in
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Figure 3: Normalised differential interaction rates % 7 qﬁl;m as a function of ¢z°™ for different values
0

of ppn, my = 1TeV (left) and m, = 10MeV (right), B = 0.5 and operators D1 (first row), D2
(second row), D3 (third row) and D4 (fourth row). Profiles do not depend on m, in the limits
my > my, (left) and m, < m,, (right).

D1 (top left panel). This is due to the zero temperature approximation, implicit in Eq. 3.30, where
Heaviside functions were used to approximate Fermi Dirac distributions (see Appendix B); using a
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finite temperature would produce a smoother spectrum at small g;°™. In the right hand panels of
Fig. 3, we explore the low DM mass region m, < m,. In this case, all operators give rise to similar
profiles, the sole difference being that the peak of the profile is now shifted to lower ¢j°™ for D4 in
contrast to D1, with intermediate values for D2 and D3. This is a consequence of Pauli blocking, as
explicitly manifest in Eq. B.40 for the appropriate integration interval. In fact, this effect depends
on the specific power of ¢ that dominates the spectrum, with profiles with lower n (do o t") peaked
at higher ¢5°™ (see Fig. 16, right panels). For D4 we have |[M|  t?, while the matrix elements of
D2 and D3 are linear combinations of ¢ and t? and that for D1 is a combination of t" withn = 0,1, 2.
Comparing the right panels of Fig. 3 with Fig. 16, we observe that the lowest power of ¢t determines
the shape of the final differential interaction rate. Finally, varying pr, has a very mild effect, this

time shifting the spectrum mostly to higher values of gy for higher ufg,,.

3.4 Pauli Blocking

The DM interaction rate, Eq. 3.29, is proportional to the number of target particles (nucleons/leptons)
in the initial state with energy F,,, and to the number of free targets with final state energy E,, + qo.
In the T' — 0 approximation, all energy levels are either full or empty. Thus, in this limit, one neces-
sarily has '™ — 0 for gg — 0. This is a consequence of Pauli blocking (PB), and is not exhibited in
the classical rate calculation. It is worth noting that Pauli suppression only affects the differential
rate % when qo < ppy,.

With the aim of assessing the impact of PB on the DM differential interaction rate, in Fig. 4 we
compare the calculation with (blue solid lines) and without (light blue dashed lines) Pauli blocking,
for B = 0.5 and constant DM-neutron cross section. When Pauli blocking can be neglected, the
interaction rate is obtained straightforwardly from Eq. 3.29 by stripping away the (1 — pr(E;L))
factor. The difference between both computations is shaded in light blue. In the top left panel, we
can see how the differential rate changes by switching Pauli blocking on or off, for pug, = 100 MeV.
Indeed, the suppression for gy < pr, is evident. The rate calculated without PB is flat for go S
200 MeV, while when Pauli suppression is active it undergoes a smooth transition towards 0 for
qo < pFn- In the top right plot, we increase the neutron chemical potential from pp, = 100 MeV
to pp, = 400 MeV. Given that in this case q%}/IAX ~ 0.4m, ~ 400 MeV, almost the whole energy
range is affected by PB. The higher pp,, changes the spectra (both with and without PB) such that
the unsuppressed rate is no longer flat at low ¢o. The PB suppressed rate reaches a maximum at

values of qg slightly below qg/IAX, and then decreases towards 0 at lower ¢p. In the middle panels,
my = 100 MeV, and q%}/IAX ~ 40 MeV < piFy,. In this case, it is evident that PB suppression affects

the spectrum over the full ¢y = qg/IAX range. In the bottom row, we set m, = 10 MeV. As expected,

for lighter DM, PB effects are even more pronounced.

In Fig. 5 we plot the differential capture rate as a function of the NS radius, with and without
Pauli blocking. We see that Pauli blocking is most significant at low DM mass, below about 1 GeV,
and insignificant for higher masses. Pauli blocking has a larger impact on the differential capture
rate in the deep NS interior, and a negligible effect on the surface. This is particularly apparent in
the top left panel of Fig. 5. It occurs because the chemical potential is higher in NS interior than it
is near the crust, as seen in the radial p1f,, profile in the bottom left panel of Fig. 1.
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Figure 4: Differential interaction rates C%; as a function of the energy loss qp for different values

of my and pp,, constant cross section and B = 0.5. Blue lines refer to the result that includes
Pauli blocking, while the light blue dashed lines refer to the result without PB. Left column: up, =
100 MeV, right column: pp, = 400MeV. Top: m, = 1GeV, middle: m, = 100MeV, bottom:
m,y = 10 MeV.

3.5 Low and intermediate DM mass range

In sections 3.1 and 3.2, we have derived a general expression to numerically calculate the DM
capture and interaction rates, Eqgs. 3.8 and 3.25 respectively. Using these expressions, we can write
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Figure 5: Differential capture rate as a function of the NS radius r, with (solid) and without
(dashed) Pauli blocking, for the EoS benchmark BSk24-2. Top: constant cross section, center:
do  t, bottom: do o t2.

the complete expression for the capture rate as a function of the differential DM-neutron cross section

2 3 v, Re 92¢(r) do E,s
C= 7711*;7(13( Erf (\/gvd> /0 dri?(r) dtdEndstOS B o)1 (5)
X fen(En, 1) (1= fon (B, 1)), (3:34)
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where the functions B and v were given in section 3.2. Recall that in the limit 7" — 0, frp(E,,r) and
1— frp(E,,, ) can be taken to be theta functions, ©(pup, (1) — E,) and O(E,, — up. (7)), respectively.

The dlfferentlal DM-neutron cross section can be written in terms of the squared matrix element
as

do — LS 3.35
7 T 2E2E, [ — iy 91M| (3:35)

do 1 _ B g
dcosOom ~ 167 258(s) — 2(s) 1 (3.36)

where d?¢ is the 2 body phase space, and we have rewritten all quantities in terms of s, 8 and .
Making these substitutions, we obtain an expression for C' in terms of |M|?

B p 3 v, R* 2¢ M\QEH s
C= mz ™ (\EJ/ e | ey e

XfFD( n,T)(l — fFD(En7 T)) (337)

This expression can be used to numerically calculate the interaction and capture rates of DM in NSs.
For nucleon targets and DM masses in the range 1 GeV < m, S 109 GeV, i.e. the intermediate mass
range, Pauli blocking is negligible, as is the probability that more than one scattering interaction
is required for capture. Then, for [M|?> = at", the previous expression can be simplified to (see
Appendix A.2)

™ Vs R, _ r
o~ i%Erf <\/§Ud> / redr n"(r)lmf7i§)<a(r)> = Capproa (3.38)

] (4(173(7"))2@)"
(o(r)) = < / dta> O[S (3.39)

dt 16mm2  n+1

In Fig. 6, we show the capture rate as a function of the DM mass for matrix elements pro-
portional to t"™ for n = 0,1,2 and the NS benchmark model BSk24-2. Numerical results obtained
using Eq. 3.37 are shown in solid magenta; results using the same equation but removing the theta
function that enforces Pauli blocking are depicted in light blue; and the approximation for inter-
mediate DM masses, FEq. 3.38, in green. We show the geometric limit, Eq. 3.26, in orange for
comparison. The capture rates were all normalised to the geometric limit at large DM mass. No
correction for multiple scattering is implemented in these results. In the same plots, we also show
in brown the result obtained from using a modified version of Eq. 3.38, where we add inside the
integral the ratio between '~ with and without Pauli blocking, which is obtained in section 3.4 for
several values of B and up,. From Fig. 6, we can see that Eq. 3.38 is a good approximation to the
numerical results obtained without Pauli blocking, and can be safely used for DM masses from a
few GeV up to m, ~ 10% GeV, where multiple scattering becomes relevant. On the other hand, for
my S 100 MeV the brown line is no longer a good approximation to the numerical result with Pauli
blocking, Eq. 3.37, as it always overestimates the capture rate by nearly an order of magnitude.

In Fig. 7, we compare our full numerical capture rate calculation Eq. 3.37, with that of ref. [30],
which includes the stellar structure and Pauli blocking but not general relativity (GR) corrections,

for a constant cross section o = 107 cm?. To that end, we have selected NS configurations that
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Figure 6: Capture rate as a function of the DM mass for o = o,.cp ~ 1.7 X 10~% ¢cm? and EoS
BSk24-2, calculated with and without Pauli suppression. Top left: constant cross section. Top right:
do o t, bottom: do o t?, where t is the Mandelstam variable. NS opacity and multiple scattering
effects are neglected, and all rates are normalised to the geometric limit at large DM mass.

match those of Figs. 1 and 14 of ref. [30], namely Model A (BSk20-1): M, ~ 1.52Mg, R, ~ 11.6km
and Model D (BSk21-2): M, ~ 2.11Mg and R, ~ 12.0km. We denote this new benchmark model
as BSk26-1 (left panel of Fig. 7) and BSk24-5 (right panel). Note that we were not able to use
the BSk20 and BSk21 functionals, since there are no public available fits for chemical potentials
and particle abundances for those EoS families. However, as discussed earlier in section 2.3, BSk26
(BSk24) yields configurations which are almost indistinguishable from those obtained with BSk20
(BSk21) [91]. It is worth noting that BSk26 is disfavoured by observations [73].

We can see in the left panel of Fig. 7 that in the non Pauli suppressed region, m, 2 1GeV, our
capture rate calculation in the optical thin limit (solid magenta) exceeds that of ref. [30] (dot-dashed
blue) by a factor of ~ 4. When Pauli blocking is active, our capture rate calculation is about one
order of magnitude higher than the classical calculation. Recall that ref. [30] accounts for neither
gravitational focusing nor relativistic kinematics. We also show in dashed light blue the approxi-
mation given in ref. [25], which accounts for Pauli blocking with a suppression factor that depends
on the neutron Fermi momentum ~ 12, Vesc / pryn for my < m,,. Though this approximation fails to
reproduce the capture rate shape due to Pauli blocking in the DM mass range [0.1 GeV, 10 GeV], it
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Figure 7: Left: Capture rate in the optically thin (magenta) and geometric (orange) limits as a
function of the DM mass for constant cross section o = 1074 cm?, p, = 1GeVem™ and BSk26
functional for M, ~ 1.52My and R, ~ 11.6km denoted as BSk26-1. Capture rate calculations
from ref. [30] for a NS configuration with EoS BSk20-1 [72] equivalent to BSk26-1, are shown for
comparison. Right: Same as left but for p, = 10° GeVem ™ and the benchmark model BSk24-5
equivalent to BSk21-2 in ref. [30]: M, ~ 2.11Mg and R, ~ 12.0km.

underestimates the capture rate by only a factor of 2 when the DM mass is below 0.1 GeV. Finally,
we compare the geometric limit of Eq. 3.26 (solid orange) that incorporates GR effects [37] with the
non-relativistic expression in ref. [30] (dot-dashed brown). We observe that the former is ~ 67%
greater than the latter, mostly due to the 1/B(R,) GR correction [22, 44]. Similar conclusions are
obtained when comparing capture rate calculations for Model D of ref. [30] (their Fig. 14) with our
approach, as illustrated in the right panel of Fig. 7.

4 Multiple Scattering and Star Opacity

The capture rate expressions obtained in the previous section assume that the cross section is small
enough that the star is in the “optically thin” regime, and that DM capture by multiple scattering
is negligible. These assumptions break down if the DM-target cross section is of order the threshold
cross section or larger, or if the DM mass exceeds m, ~ 108 GeV, respectively. In this section, we
explain how to modify our previous capture rate expressions to account for the NS optical depth and
multiple scattering. See ref. [103] for a recent treatment of multi-scatter capture in white dwarfs.

4.1 Multiple Scattering

For DM of mass m, 2 105 GeV scattering on nucleon targets, the capture probability is smaller
than 1 and becomes tiny as we increase the DM mass to large values. To account for this effect,
we proceed in the following way. First, instead of setting the DM speed at infinity to 0, as we did
in the previous section, we now assume that the DM particles have a speed u, < 1 that follows a
Maxwell-Boltzmann (MB) distribution, Eq. 3.4. Then, the DM energy at infinity is

1
EY ~ my <1 + 2ui> , (4.1)
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and at a distance r from the star it becomes

By (r) = ”;?r) (1 + ;1@) (4.2)

The energy that the DM particle should lose in order to be captured is therefore

1 m
EC(r) = —u? X 4.3
X( ) 2 X B(T) ( )
The probability density function of the energy lost by a DM particle is
1 dr
E = —_— E 4.4
§(q0, Ex, pbrn) T(Ey) dqo (90, Ex, Fpn), (4.4)

where % is the DM differential interaction rate, calculated in Appendix B. The function £ is defined
for any go > 0, however, due to kinematics, the function is non-zero only for ¢y < q(l)\/IAX. ¢ depends
on B(r) through the ratio E, /m,, and for brevity we will simply write £(qo).

We can define the probability to lose an amount of energy of at least dqg in a single collision as

o0

Pi(dq0) = ’ dag(x). (4.5)

In the same way, the probability to lose at least the same amount of energy after 2 collisions is

0o dqo
Py(dq0) = P1(0qo0) +/5 dy /Oy dzé(z)¢(y — x) = P1(0qo) +/0 dzP1(dq0 — 2)§(2).  (4.6)

Thus, we obtain the following recursive relation for Py,

dqo
Pn1(6q0) = Pn(0qo) —|—/0 dzPn(dq0 — 2)&(2). (4.7)

Fig. 8 shows how the probability functions Pi, ..., Ps depend on the Mandelstam variable ¢ through
the differential cross section. We show results for o = const. (top left), do o t (top right) and
do o t? (bottom), with the values B = 0.5, pp,, = 400 MeV.

We define the probability of a DM particle to be captured after exactly N scatterings by
averaging over the MB energy distribution

1 > fuB(uy) 1 mxui 1 mxui
en(r) fOOO fMB(Ux)duX /0 Uy dux | Py 2.\/B(r) N1 2 VB(r) - (48)
Ux

where ¢y depends on r through the dependence of P, on B(r). Note that although our results will
assume a Maxwell-Boltzmann velocity distribution, it is straightforward to repeat the calculations
with any other DM velocity distribution. The cumulative probability Py that a DM particle is
captured after N interactions with a total energy loss dqo = E is

X
N

; 1 > fus(uy) L my o

Py(r) = c = / duy Py | = us | . (4.9)
; I Liiux)dux 0 Uy * 2/B(r) *
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Figure 8: Probabilities to lose an energy dqqg after 1, ..., 5 scatterings, Py, ..., P5, as a function of the
energy loss qo, assuming B = 0.5 and ug, = 400 MeV. Results are shown for different dependence
on the cross section on the Mandelstam variable ¢: constant DM-neutron cross section (top left),
do oc t (top right) and do o< t? (bottom).

The resulting cumulative probability is shown as a function of the number of scatterings N in Fig. 9,
for constant cross section and several DM masses. The cumulative probability Py for the above
values of B, i1, is well approximated by the function

~ __ Nm*
Py~1—e ™. (4.10)
In particular, for single scattering
=P ~1—e " (4.11)

Further discussion of the multi-scattering regime, and justification of this fitting function, can be
found in Appendix C. For the values B = 0.5 and pr,, = 400 MeV, we find

m* = 1.08 x 10°GeV, |M]? o t°, (4.12)
m* = 1.62 x 106 GeV, |M]? o t!, (4.13)
m* = 2.01 x 10°GeV, |M]? o 2. (4.14)

We illustrate how m* varies with B and pp,, in Fig. 10.
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4.2 Neutron Star Opacity

If the DM-neutron cross section is of order the threshold value or larger, i.e., large enough that the
flux of DM particles passing through the NS is significantly attenuated over the path length, we
should consider the star opacity in the capture rate calculation. We outline our calculation of the
star opacity below, with further details presented in Appendix C.

The NS opacity can be quantified with the optical factor 7,

n(ty) = e ™, (4.15)

where 7, is the optical depth seen by a DM particle as it traverses the stellar interior until it is
finally captured. Then, to account for the effect of the opacity on the capture rate, we insert the
optical factor n in Eq. 3.8,

Copt = AT PX g <\/§”*> - r2drv1B_(B;(T)Q(r)n(r). (4.16)
Vs My Vd 0 r

The optical factor n essentially acts as an extinction factor, removing the DM particle from the
incoming DM flux after it interacts (and is captured) the first time, thus avoiding double-counting
interactions. The optical depth, 7, is determined using

T (r,y, J) = / O (r )C;l dl = / dx“(x)g(x)"ife(”), (4.17)

-2

where 7/ is the proper time and ~ is the path followed by the DM particle within the NS to reach
the radial distance r. Note that for every point & on the NS shell of radius r, there are two possible
trajectories that a DM particle could follow. The shortest path goes from the surface to  without
passing the perihelion and the longest starts at the surface, reaches the perihelion and then goes to
Z, as depicted in Fig. 11. These trajectories lead to two equally probable optical depths that we
must average over

(r,J) do——= (4.18)
/* V1 J72naz
o (rJ) =7 (1)) + Q/T | d:c(ai)nnﬁz) ; (4.19)

where 7, is determined by the angular momentum of the DM particle. For further details, see
Appendix C.1.

In Fig. 12, we show the transition from the optically thin regime to the geometric limit for m,, <
109 GeV, by plotting the capture rate as a function of cross section for m, = 1TeV. The blue dashed
line indicates the capture rate Cyppror (Eq. 3.38), calculated in the optically thin approximation,
i.e. neglecting the optical factor n, and is therefore proportional to the DM-neutron cross section.
The light blue line denotes the geometric limit Cyeom (Eq. 3.26). The intersection of these two
lines gives the value of the threshold cross section, oy, (black dashed line). The capture rate,
calculated including the optical depth factor n (Eq. 4.15), Copr (Eq. 4.16) is depicted in purple. This
calculation is well approximated by Cyppror (blue dashed line) until o ~ few x 1076 cm?. For larger
cross sections, the optical depth factor suppresses the capture rate, such that it asymptotes to the

geometric limit when ¢ > 10744 cm?
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Figure 11: Schematic representation of the orbit of a DM particle around a NS and the possible
trajectories it follows within the NS until it reaches Z. The shortest (longest) path shown in orange
(green) is used to calculate 7, (7;7).
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Figure 12: Capture rate as a function of the cross section for m, = 1TeV and the NS model
BSk24-2. The purple solid line indicates the capture rate Cyy; calculated taking into account the
optical factor n, Eq. 4.15. The light blue solid line denotes the geometric limit Cyeom and the blue
dashed line the capture rate Cyppror calculated in the optically thin regime, i.e. without the optical
factor 7.

4.3 Opacity and Multi-Scattering

In the case that the DM-neutron cross section and DM mass are both large, we have to simultaneously
account for opacity and multiscattering effects, which are both highly nonlinear (see Appendix C.2).
We can properly incorporate this by adding to the integrand of Eq. 3.38 the optical factor n(7y(r))
calculated in Appendix C.2. In Appendix C.3, we show that this formalism correctly reproduces the
geometric limit in the case where the cross section is sufficiently large.

For m, 2 105 GeV, we obtain an optical factor of

1 "
—Tx (r)/n*(r)
) ’

n(r) = (4.20)
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Figure 13: Capture rate as a function of the cross section for m, = 107 GeV and the NS benchmark
model BSk24-2. The purple solid line indicates the capture rate C;, calculated taking into account
the optical factor 7, given by Eq. 4.20, and considering multiscattering. The light blue solid line

denotes the geometric limit Cycom,. The blue dashed line indicates the capture rate C; calculated

approx’
without the optical factor n but including the suppression factor due to a capture probability ¢; < 1.
The green dashed line denotes the capture rate Copproz, calculated without the optical factor 7 and

with Ccl = 1.

where ni* = ¢1 is the capture probability defined in Eq. 4.11. See Appendix C.2 for the full derivation.
The modified optical factor in Eq. 4.20 can be interpreted similarly to that in Eq. 4.15, with the
difference being that the capture probability for a single interaction is no longer 1, but rather ¢; = #,
and thus an average of n* interactions is required to remove the particle from the incoming flux.
This expression for the optical factor should be used in Eq. (4.16) whenever m, > 10°GeV and
O ~ Oth-

For large mass and small cross sections, m, > 10 GeV,0 < oy, the capture probability is
significantly smaller than 1, which should thus be accounted for, while the probability of subsequent
scatterings beyond the first is negligible, and hence the use of an optical factor is unnecessary. There-
fore, neglecting the factor that depends on the optical depth 7,, we obtain a suitable approximation

that accounts only for multiple scattering,

. AT py \/gv* / 9 1-DB(r) . 1
= — X FErf - ~ 0 ) 4.21
Capprox Ve My r ( 9 ’Ud) rodr B(r) (7) n*(r) ( )

The transition from the optically thin regime to the geometric limit in the case of large mass,

my > 105 GeV, is illustrated in Fig. 13 for my = 107 GeV. The purple solid line corresponds to Copt,
which correctly accounts for both the NS opacity and multiple scattering by using the expression
for n given by Eq. 4.20 in Eq. 4.16. The blue dashed line shows Cy,,,.,, (Eq. 4.21), which is a good
approximation of the capture rate at small cross sections, and includes the capture probability c1,
but not the optical factor 7. The green dashed line corresponds to Cyppror (Eq. 3.38), which includes
neither 7 nor ¢; and therefore overestimates C' by a factor n* = 1/¢; at small cross sections; see the
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o my $S1GeV | 1GeV <my < 10°GeV my > 10° GeV
o < ou | Cpp (3.8,3.25) Capproz (3.38) Cpron (4:21)
o~ o CPB+opt* Copt (4.16) with n (4.15) | Copt (4.16) with n (4.20)
o> o | Cyeom (3.26) Cyeom (3.26) Cyeom (3.26)

Table 3: Different regimes for the DM capture rate in NSs The DM mass ranges specified are valid
for nucleon targets.

green shaded area. Compared to the intermediate DM mass range, the key difference in this heavy
mass regime is that we require significantly larger cross sections to saturate the geometric limit.

5 Results

In this section, we present our results for the capture rate of fermionic DM scattering from neu-
trons within a NS in the zero temperature approximation, which is in fact valid for NS tempera-
tures 7 < 10K for the DM mass range considered here. We calculate the capture rate only for
scalar /pseudoscalar-scalar /pseudoscalar interactions between DM and neutrons, i.e. effective oper-
ators D1-D4 in Table 2, whose differential cross sections depend only on the Mandelstam variable ¢
but not on s. We assume realistic radial profiles for the neutron number density, chemical potential
and relativistic corrections encoded in B(r) as explained in section 2.3 for the configurations of the
EoS BSk24 in Table 1.

Table 3 summarises the various kinematic regimes identified in the previous sections, and the
relevant approximations needed to accurately calculate the capture rate. Note that we have not
given an explicit equation for Cppope+. This label refers to Egs. 3.8 and 3.25 with the optical depth
factor n included, using the proper calculation of optical depth 7, that correctly accounts for Pauli
blocking. In any case, very large DM-neutron cross sections are required to saturate the geometric
limit in the low mass regime, i.e. oy, > 107%° cm? when m, < 1GeV.

The mass regimes specified in Table 3 are valid for nucleon targets, and we have focused on
operators D1-D4 to illustrate our results. However, most of our results are applicable generally
to other operators or to other targets (with the mass ranges adjusted appropriately). Specifically,
Egs. 3.8, 3.25, which are to be evaluated numerically, are applicable to all operators and targets, and
work until multiple scattering becomes relevant, when m, 2 qéVIAX /v2. The optical factor of Eq. 4.15
for the intermediate mass range is also applicable to all operators and targets. The optical factor of
Eq. 4.20 and the value of m*, which are used to include multiple scattering effects in the large mass

qlo\/IAX /v2, can be easily computed for operators D1-D4 (or any other operator that

range, my 2
depends only on t) for all targets. For other operators it can be used only by numerically solving
the shape of the differential rate, a task that may be computationally intensive to achieve with high
precision. Our approximated formulas, Eqgs. 3.38, 4.21 and 4.16 have been checked to be accurate
only for nucleon targets, but can be applied to any operator (for s-dependent ones, see Appendix A.2
on how to remove the s dependence). In any case, one can substitute the relevant factors (n, m*)
into Eqgs. 3.8, 3.25 to calculate the capture rate, in the appropriate mass range, for other targets.
In order to estimate the NS EoS impact on the DM capture rate computation, we numerically
calculate it using the exact expression in the optically thin limit, Eq. 3.34, that properly accounts

for gravitational focusing and Pauli blocking but neglects the star opacity. In this approximation,
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Figure 14: Capture rate in the optically thin limit as a function of the DM mass for 0 = oy¢f ~
1.7 x 107*> cm? and the configurations of the EoS BSk24 given in Table 1. Rate calculated using
the 4-dimensional integral in Eq. 3.34, which includes Pauli blocking and neglects the NS opacity
and multiple scattering for the EFT operators D1 (top left), D2 (top right), D3 (bottom left) and
D4 (bottom right) in Table 2.

the capture rate is proportional to the differential DM-neutron cross section. Fig. 14 shows how this
rate varies with the NS EoS for operators D1-D4 and the EoS configurations given in Table 1, and
in turn with the NS mass and radius. The value of the cross section was chosen so that at large DM
mass the capture rate is equal to the geometric limit. Note that properly including the optical depth
factor n would have given a lower value of C' (see section 4). It is worth remarking that we should
not use larger values of the cross section in the optically thin approximation, as this would lead to
capture rates exceeding the geometric limit. Depending on the operator considered, going from the
lightest to the heaviest NS can change the capture rate by a minimum of one order of magnitude,
such as in the case of operators D1, D2 and D3 (at low DM mass), and up to 2 orders of magnitude,
as in the case of operators D2 (only at large DM mass) and DA4.

At large DM mass, all operators show the same scaling with the DM mass. At m, < 1GeV,
a different picture arises as Pauli blocking leads to different suppressions of the capture rate for the
different operators. However, we observe that the four operators give very similar results to those
of Fig. 6, where we analysed the dependence of the capture rate on the momentum transfer t. We
note that operator D1, which contains in its squared matrix element, |M|?, a term independent of ¢,
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Figure 15: Capture rate for constant cross section (top row), do o t (middle row) and do o« t?
(bottom row), for 0 = g, ~ 1.7 x 107%° cm? and NS EoS configuration BSk24-2. We extend the
plot in the top left panel of Fig. 6 to large DM masses. Left: Full mass range. Right: Same as before
but only for large DM mass range.

gives a result that is very similar to that of o = const. Operators D2 and D3, for which [M|? does
not include terms independent of ¢, but rather terms proportional to ¢t and t2, yield very similar
results to that of do oc t. Overall, we conclude that the lowest power of the transferred momentum
determines the mass scaling of the capture rate at low DM mass.

In Fig. 15, we show the capture rate for a broad DM mass range, spanning 13 orders of
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magnitude from m, = 10keV to m, = 108 GeV, including all the regimes identified in Table 3, for
do o const. (first row), t' (second row) and 2 (third row). In the left panels, we show the full
mass range. As in previous figures, the magenta line indicates the capture rate calculated in the
optically thin limit using the 4-dimensional integration in Eq. 3.8 that accounts for Pauli blocking.
At large DM masses, Pauli suppression plays no role and the capture rate approaches the geometric
limit (dashed orange line). We also show in Fig. 15 three new lines, portraying the effect of the
inclusion of the NS optical depth and multiple scattering, which become relevant at m, ~ 108 GeV.
The difference among these calculations is better shown in the right panels, where only the large
DM mass range is considered. The brown dashed line indicates the result that includes the optical
depth factor n but neglects multiple scattering, obtained using Eq. 4.15 in Eq. 4.16. As we can see,
for 0 = 0,¢y this causes a small suppression of the capture rate, when compared to the result where
the optical depth factor is ignored (light blue dot dashed line). For larger o, neglecting the optical
depth would result in a capture rate that exceeds the geometric limit (orange dashed line), while the
inclusion of the optical depth factor n causes the capture rate to saturate, tending to Cyeonm, for large
cross sections. The light blue dot dashed line indicates the capture rate calculated by neglecting
the optical depth factor, but including multiple scattering, given by Eq. 4.21. At m, ~ 105 GeV
that line matches the geometric limit, due to the chosen value of the cross section 0 = o,¢f. On
the other hand, at larger DM masses m, 2 10 GeV, multiple scattering is required to capture DM
particles, hence an additional suppression factor of 1/m,, arises, as given in Eq. 4.21. Therefore the
capture rate becomes increasingly smaller than Cyeom (orange and brown shaded areas). Finally,
the capture rate calculated including both effects is depicted in blue. At m, ~ 10° GeV, we can
observe the suppression produced by the optical depth factor n (light blue shaded region), while at
larger DM masses the proper additional suppression 1/m, emerges.

Comparing the plots for different ¢" dependence, we can see that increasing the power of n
has a small effect on the mass scale where the various suppressions become relevant. For example,
comparing the blue and light blue lines, which both include multiple scattering effects, we see that
the change of slope moves further to the right for larger n. This is a consequence of the fact that
larger powers of n result in larger energy transfer (see, for example, Fig. 16) and therefore a larger
capture probability c¢; and larger m*. However, the qualitative behaviour is the same for all choices
of do: the suppression of the capture rate is primarily due to Pauli blocking at low mass, opacity
effects in the 1-10% GeV mass range, and multiscattering effects (i.e. a low capture probability) at
the largest masses.

6 Conclusions

Neutron stars (NSs) are relativistic objects by nature, in the sense that their structure and evolution
should be studied in the context of General Relativity. For instance, their luminosity and observed
radius are affected by gravitational redshift. In adddition, dark matter particles are accelerated to
quasi-relativistic speeds upon infall to a NS. Therefore, NSs have greater reach to probe dark matter
(DM) interactions than any other known stellar objects, and most Earth-based direct detection
experiments, where the identification of DM interactions is hampered by small momenta, velocities
or recoil energies. Consequently, NSs have gained increasing attention in the last few years, especially
in light of upcoming infrared telescopes that might be able to detect a signal in the wavelength range
in which an old, faint, nearby NS would emit radiation. This signal can be interpreted in terms
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of heating induced by DM interactions with the particle species present in the NS, and used to
constrain the strength of DM interactions.

A key ingredient in any scenario involving the accumulation of DM in a NS is the capture rate.
Its proper derivation beyond the geometric limit, however, implies knowledge of the NS internal
structure, which is still an open problem in nuclear astrophysics. We are compelled then to assume
an equation of state (EoS) that relates pressure to other fundamental parameters, including those
required for the capture rate computation, namely, the number density, abundance and chemical
potential of each particle species present in the star. For the purpose of numerical computation, we
have therefore selected a family of NS EoS, specifically, the unified equation of state with Brussels-
Montreal functional BSk24. We have presented results for a set of benchmark configurations of that
functional, although it is of course possible to repeat the capture rate computation using any other
EoS. We find that the choice of EoS can lead to variations in the capture rates by one or two orders
of magnitude.

In this paper, we have improved and extended the existing framework to calculate the DM
capture rate, relaxing the simplifying assumptions that have previously been made. Specifically, we
have derived exact expressions for the capture rate that correctly incorporate relativistic kinematics,
gravitational focusing, Pauli blocking, the opacity of the star and multiple-scattering effects. We also
properly incorporate the NS internal structure, consistently calculating the radial profiles of the EoS
dependent parameters and the general relativistic corrections, by solving the Tolman-Oppenheimer-
Volkoff equations.

Neutron stars are composed of strongly degenerate matter, which results in significant Pauli
< 1GeV, suppressing the

~

blocking of scattering interactions when the dark mater is light, m,
capture rate by several orders of magnitude. By including the radial dependence of the chemical
potential in our calculations, we correctly account for Pauli suppression at any NS layer. However,
note that the chemical potential is dependent on the EoS assumption.

For very large DM masses, m, 2 105 GeV, the energy lost in a single collision is less than
the DM initial energy. In this regime, a single scattering interactions is insufficient for capture and
hence further scattering must be considered. To correctly compute the DM capture probability due
to multiple scattering, we have derived, for the first time, an exact equation for the DM interaction
rate in degenerate matter, and used that result to compute the differential capture rate as a function
of the DM energy loss. This enables us to compute the cumulative probability that a DM particle
is captured after multiple interactions, averaging over the initial DM velocity distribution.

Our framework correctly incorporates the NS opacity in the DM capture probability. For
my S 105 GeV, only one scattering is required. Then, to avoid double-counting interactions, it is
sufficient to modify the differential capture rate by including an optical depth factor, calculated
along all possible DM trajectories within the star. On the other hand, for m, > 10° GeV, the star
opacity and multiple scattering, both of which are non-linear phenomena, must be treated at the
same time to ensure a consistent calculation. As a result, the proper optical factor includes the
capture probability for an arbitrary number of scatterings.

In addition to obtaining an expression to numerically calculate the capture rate for any arbitrary
differential cross section, parametrized in terms of the Mandelstam variables s and ¢, we also derived
simplified expressions, valid at large DM mass, for differential cross sections that depend only on ¢
and not on s. These approximations greatly improve the computation speed.

Finally, although we have framed our results in terms of the scattering of DM from neutron
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targets, it is straightforward to obtain the capture rate for DM scattering from any other NS species,
simply just by replacing the neutron number density and chemical potential radial profiles with those
of the relevant target. Moreover, our framework can be applied to DM capture in other compact
objects.

Note added: Ref [104] appeared during the final stages of preparation of our manuscript. This
paper has some similarities with the material we present here. Specifically, both calculations use a
relativistic description of the scattering, but differ in other aspects.
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A Interaction rate in the optically thin limit

A.1 Non-degenerate weak field limit

When setting up the centre of mass energy interval in section 3.2, we have set the DM energy to
0 at infinity. This means that when taking the classical non-relativistic limit, the interaction rate
would approach

Q7 (r) = np(r)vese(r)o, (A.1)

in the simple case of constant cross section. Taking Eq. 3.17, one can first strip out the Pauli blocking
term (1 — frp), and then the integration in ¢ and s can be performed analytically. Then, first taking
the limit u, — 0, E, = my/y/1 —u2, and then the weak field approximation B(r) — 1 — v (r),

for a constant cross section =92 = 2 we find
dcosf 27

2 g 2unvesc(r)fFD (Ena T) 3 g ZUnUesc(r)fFD (Erw T)

Q7 (r) = my . dE, = my, . Unduy, (A.2)
30 Uesc(r)fFD(Ena 7”) 3 0 Uesc(r)fFD(Ena ’I") 3
= Mg 5,3 d’uy, = 5 5,3 d’p. (A.3)
Cases with o oc t" give similar results. Recall that
2fFD(En) 3
———d A4
2rp P (A.4)

is the number density of neutron states. Then, following expression in 3.10 we substitute it with the
classical number density n,(r), to obtain the expected classical limit given by Eq. A.1.
A.2 Intermediate DM mass range

The interaction rate in Eq. 3.25 can be rewritten in terms of the DM momentum p,, such that

o ) e a1 N e (E
(1) = 5y [ BB s o (B )1 = fro(Epr)). (A
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where we have also used Eq. 3.36. Assuming that the squared matrix element depends only on ¢,
i.e. [M|?> = g(s)t", we can straightforwardly perform the integral over t,

_ C(T) En’y(s) 1 S 1 "}/2(8) n
= 59,3 Mp:fFD(EmT)(l—fFD(EmT))n_i_l ( . > . (A6)

We now assume that either ;> 1 or ;x < 1. In both cases, the integration range for s shrinks

Q7 (r)

/ B, dsg(s)

to [so — ds, 80 + ds], with ds < sp, and the following simplifications can be made;

En
s0 = m2+m? 4+ 220 — 2 2 4 2, B, (A7)
B(r)
1—B(r)
ds = 2 me‘/E%_m% =2pyV E2 —m2, (A.8)
T

256(s) —72(s)  2(m2 +m2) 2B, (m2+m2)’
72(5s) . 4(1 — B(r))m?< - 4;0?<
s B0+ T

(A.10)

If g(s) is regular in sp, we can estimate the integral in s to be g(sp)2Js, approximating the integrand
as constant in that range, which gives

X

a(E2-m2) 1"
Q= (r) ~ () 2120) VE [ o ] / B Ep /B2 — m2

1673 E, (m2 + m2) n+1
X fop(Bn, 1) (1 — fep(E.,,7)). (A.11)

To perform the integral in F,,, we have to potentially deal with Pauli blocking. However, for p > 1,
Pauli blocking is not effective and we can drop the 1 — fpp term to obtain

M+ n () ) 3/2
/ dEnEn /E% _ m%fFD(En,T) — [/‘F,n(r)( mMn + luF,TL(T))] — Wanree(T)- (A12)

M 3
This, together with ¢(r), result in an overall factor of 72n, (1), leaving

n

2 _ )2
() 1ol VIR (o) [400 = B2 )
160 m2E, n+1| B(r)1+u?) |’ '
and the capture rate reads,
1 py \/gv* /R* 9 1— B(r) g(so) |4(1— B(r))mi "
~ g2 n A4
o mi™ < 2vd> ) T T B D) (A.14)

We can now rewrite these expressions in terms of the cross section which has been averaged over s,

(o(r)) = </dt‘j§>s _ 2(158/;:5 ds/dt‘j; _ 647miim% i fgzr»g(so)/dtt” (A.15)

1 B0 glso) [40-BE)mE]"™

647rm§m% (1-=B(r))(n+1) | B(r)(1+ MQ)X

(A.16)
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4(1 - B(r))m
B(r)(1+ p?)

1 g(s0) X

~ 167 (m2 +m2) (n+1)

, (A.17)

which leads to,

E2 _ m2
Q™ (r) ~ nn(r){o(r)) Y= (A.18)

E, ’

™ Vg Ry — r
C~ i*;;;Erf <\/§W>/O Ternn(T)lB(B;;)(a(r)). (A.19)

From Eq. A.19, we can identify the typical 1/m, scaling. This equation also looks very similar to
the non-relativistic case, with 1 — B(r) playing the role of the escape velocity v2,.(r) and 1/B(r)

esc
being a relativistic correction.

B Interaction rate including Pauli Blocking

The DM scattering rate is defined in ref. [29] as

Bk d3p d3p’ |M|? Lo ;o
r=2 P -
[ oy | o | vy ammyommy 0o (=)
x frp(Bn)(1 = fen(E,))  (B.1)
where k' = (EX,E), En = (E;(,k?) are the DM initial and final momenta, and p* = (E,,p),

pl‘u _ (El

n

,1;; ) are the target particle initial and final momenta. We will now calculate this rate
analytically, making no approximations for as long as possible. Following refs. [29, 100], we write

this in terms of the neutron response function, S(qo, ¢)*

G |2
be / (2m)3 (QEX)(QE;()(an)(an)S (90, 9), (B.2)

3 3,/ m2 , , ,
S(qo,q) = 2 / (%’3 / (‘; 753 o (2m)*o* (k# +pu— K, — pu) Fep(En) (1 — fep(EL)), (B.3)

where we have assumed that |M|? can be written only in terms of k and k', i.e. |M|? o ", where
t = (k+— k'")? is the Mandelstam variable. A few © functions are missing in the amplitude, namely
@(E;()@(En)@(E;L) We can actually demand that such energies should not only be positive, but also
higher than their respective masses, so we multiply Eq. B.2 by G)(E;( —my)O(E, —my)O(E, —my).

In addition, as we are only interested in exothermic scattering, i.e. g9 > 0, we also include a
O(qo) factor. The scattering rate and response function then become

[ K |2 ,
r= [ Gy (BB RE) @my) (G MOS0 ) (B.4)
m2 , ) ,
S(qo.q) = 2—;2 /dngnE’ 0 (qo +E, — En) Fen(En)(1 = fep(E)O(E — mn)O(E., — my),
(B.5)

2Note that we will factorise some terms differently, and multiply and divide by some masses to keep the same energy
dimension for each terms.
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where we have integrated over d3p’. After that E;l is fixed to

E (En,q,0) =/m2+ (5+q2=E2+ ¢+ 2qpcosf >m,, Vp,q,0,|cosb| <1, (B.6)

where 6 is the angle between p and ¢. The integral over d°p can be performed by changing to
d®p = 27pE,, dE, dcos® and, following refs. [29, 100], using the delta function to integrate over 6.
However, as noted in ref. [100], we should remember that this gives rise to a © function, namely
O(1 — cos? ). First, we calculate the derivative of the argument of the delta function

dE,
dcost

ap
= B.
7 (B.7)

(04 B = BB )| = | 202 (B )

d
dcos0

and then integrate over 6 to obtain

m2
S(qo,q) = ﬂ_;/dEanD(En)(l — frp(En 4 q0))O(En)O(1 — cos® 0(q, qo, En)). (B.8)

Using
_ 4§ — @ +2Enq

N e

we can determine the integration interval for E,,. For the ¢* > g3 case, ¢ is expected to be space-like,

0304, do, En) (B.9)

t = quq" <0, and the response function becomes

2 oo
S7(q0,q) = % /Et dEn fep(En)(1 = fep(En + o)), (B.10)

where E!  is the minimum energy of the neutron before the collision, which is obtained from kine-
matics and given by

2
- ) 902 O mMnqo
9 9 2 JE-q

For the t > 0 case, we instead have

2 BT
S* a.q) = /0 dE fon(En)(1 — fro(En + a0), (B.12)

where

2
2 2 _ 2
Et*:_<mn+@>+ (mn+qﬁ) _<Vq0 ¢ Mo ) (B.13)

We note that

1 — frp(En + o) = fro(—En — qo), (B.14)
and use the following result for FD integrals,

[log (e*t% + 1) — log (e* + 1)]
e —1 '

Flz,2) = /dfoD(z:)fFD(:z: =< (B.15)
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In addition, for finite non-zero values of E,,, we can identify 3 distinct regimes,

En > ppm, (B.16)
LEn —qo < En < pipn, (B'17)
En < HFEn — 40- (B18)

To calculate the response function in the 7' — 0 limit, we use the following results for each of the
above F, intervals,

%ingF(En/T, 0/T) = @, En > pirn, (B.19)
%ii?o TF(E,/T,q/T) = Ey+qo— ttFns  HFEn — qo < En < pirn, (B.20)
%ingF(En/T, 90/T) =0, E, < pirn — qo- (B.21)

The expressions above look like a step function with a smooth passage from 0 to gy for E, €
[LFn — Qo, fF ). Note that the middle case was absent in refs. [29, 100]. Then, we can define

E, — ,UF,n>

- (B.22)

lim TF(E,/T,q/T) = qg¢ <
T—0

where g(x) =1 for x > 0, g(z) = 0 for x < —1, and g(x) = 1+ a for —1 < x < 0, giving the response
function in the 7" — 0 limit as

m2qo El — ur miq, ( B — pr
S_ _ n 1 _ n T — n h n o B23
(90,9) - I\ - ” , (B.23)
2 Bt _ 2 EtT —
§*(qo.q) = 0 g | =rEER ) ) = Ty (S ER ) (B.24)
™q q0 Tq q0

where h(z) = 1—g(x) is a function such that h(z) = 1 for z < —1, h(x) =0 for z > 0 and h(z) = —z
for —1 < z < 0. Note that S~ > 0, while ST < 0. We drop the discussion of ST from now on, as
it is not required for elastic scattering®. Comparing to refs. [29, 100], our result has a factor h(x),
which encodes the smooth transition, while they instead use O(x).

Returning to the scattering rate expression

_— / d cos 0k’ 2dk’

GEOSUR AR 2 o _
647T2EXE;<m%‘M| O(Ex — 0 — my)O(20)5™ (90, 9), (B.25)

we change variables from &, cos 6 to qo, g,

qo = By — /K% +m2, (B.26)

¢ = k> 4+ k% = 2kk cos®), (B.27)

and plug in the result for S7, Eq. B.23, to obtain,

1 Vi E, —ur
I = ————— MIZh | 5 Fo — o — ' B2
647r3EX/<;/dqqodqo’ | h( o )9( v — 40 — my)O(qo) (B.28)

31t would be necessary for inelastic scattering, for example.
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To simplify the integration for t-dependent matrix elements, we define tp = —t = ¢> — qg, then

1

Ex—mx dtg — El — U
F_:/ qodq /M2h - PR B.29
2Tm3Evk Jo 00 \/qg+tE| | qo ( )

Next, we will assume that [M|? oc t%, with n = 0,1, 2.

1 Ex—mx thdtp El — WE
I (E,) o = d L h| =2 2 B.30
(E) 27773Exk/0 R A/ ( a0 (330

To find the integration interval for ¢g from the range of cosf € [—1, 1], we combine Egs. B.26, B.27
and the expression for ¢z, obtaining a result in terms of qo, £, and m,,

=2 [EX(EX —qo) —m’+ k\/(EX — )% — mi} . (B.31)

These roots need to be compared with the ranges of the h(x) function above. Therefore, there are
three possible intervals, one for h(z) = 0, another for hA(zx) = = and the remaining one for h(z) = 1.
To be in the case h(z) = 0, we require E! — up, > 0, such that
magy  te

[+~ Ea(@0 + ira) = (g0 + 28) > 0. (B-32)

As tg > 0, this is true for values of tg that are not between the two roots of Eq. B.32, which we
denote tir,

t:t =2 :U’F,n(,uF,n + q0) + mn(zﬂF,n + q0) + \/(MF,n(,UfF,n + q0) + mn(zﬂF,n + QO))2 - m%‘]{%] .

pt
(B.33)
For 0 < h(x) < 1, we require both
EY —pp, <0, (B.34)
B! — ppn+q > 0. (B.35)

In this case, we need to consider values in between ti[ . but not in between tt,, where ti, is obtained
directly from tiﬂr by substituting g, with ur, — qo,

ti:— =2 I’LF7’I’L(,LLF,7L - q0) + mn(Q,UF,n - QO) + \/(MF,n(NF,n - q0) + mn(z,UfF,n - %))2 - m%‘]g:| .

(B.36)

These four roots are, for 0 < ¢ < pry, always in the order t:+ > t:, > t;, > t;ﬁ > 0. For

HEn < qo < 2my, + pEy, the ti_

and the order of the remaining roots is t7, > ¢, > 0.
Iz I

roots do not exist, and for go > 2m,, + pr,, they become negative,

The final case h(x) = 1 can be obtained as the complementary to the first two as t;ﬁ >tp > t;,,
which means that this case does not exist when the = do not exist or are negative.
We define an operator that encodes the tp integral over the aforementioned intervals,

(), 650, ) =5 Y (F(tf)—F(t})>@(t§_i—ti+)9(t;r_tj_)

i=1,2 j=1,2
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% © (tj_ . tg_j) , (B.37)

Ft) = / dt Fb), (B.38)

and then rewrite I'™ as

1

I (By) & oo
(B« 75 E 5

EXme t% + +
quqOI 7t 7t 77t_7t_7 @<MF, —QO)
/0 \/qg—i—tE B2 pm TE "
Eyx—my tn
—/ quI 72E
0 gy tte

B 45 = o g
- / dQO z T2, (En - MF,n) 7tE7tM*7tE’tu+ @(MF,TL - qO)
0

Eyx—my tn
_/ dgo T 27}3
0 q tte

Note that all these contributions are positive as (ETT —p F,n) is negative in the given integration

E?fi - MF,’/L) 7t57t:+7t57t:> @(/'LF,n - qO)

Bl — MF’n) ,tg,t/;,t;;,t;) O(qo0 — uF,n)] . (B.39)

ranges. The value of the primitives of these functions are listed below for n = 0,1, 2,

tndtg
—A—=——==2D,(4g5,tr)\/ 4} + tr, (B.40)
V 4o + tE
tpdte - 2
—EZE (BY — jpn) = Rul@d, te), B.41
Do(z,y) = 1, (B.42)
— 2z
Dy(z,y) = ¢ 5 (B.43)
3y? — dzy + 822
Ds(z,y) = 22 15y , (B.44)
H,(z,y 0 0
Ru) = 5 5 (1) ) log o+ )
+(=1)"T(n + H)m2 ) log §(x, y), (B.45)
- 4m2 + + :
Hy(e,y) = y (\/ Gratniety) 4ﬂp,n> ~ dmn (4 ) — 2252 — gz — 27y, (B.AG)
- 1 4m2 +y) (z + 2
Hi(w,y) = 5y (2m5 + ) \/( Z) Et+y) _ 30— 22)(w +y) 2upn + 2mn + V/7) (B.AT)
- 1 4m2 +y) (z + 2
Hy(z,y) = 3Y (—6mpy +mZy +y?) \/( Z) (x+y) 1—5(37 +y) (82* — day + 3y?)
X (2upn + 2mp, + V), (B.48)
9(z,y) = (\/y(4m%+y) +2mi+y) (z +y), (B.49)

where I'(n + 1) is the Gamma function.
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All interaction rate spectra will have an endpoint at gy = ¢g MAX " the maximum amount of

MAX g shown in left panel of Fig. 2 as

energy that can be lost in a single interaction. The value of g;
a function of B in the case of large DM mass (m, = 1TeV), for several values of f1f,,. The endpoint
can be found as the minimum between the DM kinetic energy and the root of one of the following

two equations (only one of them, at most, has a positive root for each choice of my, g, and E,)

tp =t (B.50)
th= by (B.51)

For m, > m,, the second equation never has a solution, and the solution of the first equation is
always much lower than the kinetic energy. This results in the value of qo MAX 6 become independent
of m, in this mass range.

The shape of the differential interaction rate depends very weakly on m, and B for m, > m,
and m, < my, as seen by plotting it as a function of ¢f°™ = qo/ qéVIAX. Therefore, we use as a
reference m, = 1TeV (left) and m, = 10MeV (right), B = 0.5, and show the normalised differential
interaction rates in Fig. 16 for n = 0,1,2. We observe in the left panels that for n = 0 interaction
rates are flat (or peaked, depending on ) at low energy and suppressed at high energies, while
for n = 1,2 the profiles become peaked at higher and higher energies. Conversely, for m, = 10 MeV

the peak of the spectrum is shifted to lower energies with increasing power of t (do o t™).

C Probability to scatter from a NS target

In this section, we calculate the probability for a DM particle to scatter off a neutron or any other
NS species exactly N times, which we denote by (). This is done for large DM mass, m, > 1 GeV
for nucleon targets, which allows for Pauli blocking to be neglected. We will later discuss how to
calculate it for low mass DM.

C.1 Single Scattering

We start from g, the probability that a DM particle has never interacted with a neutron target
within the star. This probability is 1 until the DM particle enters the star. After that, the probability
evolves as

d
T4y = —o- Qo). (1)
Qolr) = e O — gl (C2)

where 7, is the optical depth, 7" is the proper time, and v is the path followed by the DM particle.
The optical depth for |M|? o t" is defined as

Usu’r‘fC( )nfree( ) 1= B( ) <1_B?w(;v))n

(v, J n s
5 (14 £2) (5545)
USUTfC(x)nfree(?") (1fBJE(z)>n
B /vdx JR—_ ) <1BfPf*))>" ’ (C.4)

‘]maac (1‘ B(R*)
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m, =1 TeV m, =10 MeV
2-5_I T T I T T T I T T T I T T T I T T I__I T T I T T T I T T T I T T T I T T I_
o = const. + o = const. ]
2.0 T .
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Figure 16: Normalised differential interaction rates, %dqﬁ%, as a function of ¢y°™ for different
0

values of pp,, with m, = 1TeV (left panels) m, = 10MeV (right panels) and B = 0.5. Top row:

n = 0, middle row: n = 1, bottom row: n = 2.

where 04, ¢ is the cross section on the surface of the star. As usual A(r) factors were reabsorbed in

the neutron number density, and we have used that for |M|? o t",

1—B(r)

0|55

—n
] = const.,

to define the cross section in Eq. C.3 at a given NS radius o(r) as a function of o, . For each value
of angular momentum J and position & at a radius r within the NS, there is a single orbit with two
possible paths for a DM particle to reach Z. The shortest path, which has optical depth Ty s goes
from the surface to & without passing the perihelion. On the other hand, the longest path will have
optical depth T;_ , and goes from the surface to the perihelion and then to Z instead. These paths
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are depicted in Fig. 11. The optical depths are calculated as

, 1-B(z) \"
() = / da "S“’"f”"(”( B@) )

_ 1-B(R,)
max 'Z' B(R*

Fomin r o*surfnn(r) 1-B@))"
() =/ +/ (5) (C.7)

. / - m) (1 B(R* )

1 B(x))

(C.6)

O-surfnn(r) B
_ rJ+2/ (1BR (C.8)
fn \/ ma:v(x ( B(R* )
where we can find 7, (J) by solving J = Jpmaz (Tmin ),
1-— B(Tmin)
J =myTminy| ——————. C.9
X B(Tmin) ( )
Substituting J with yJye2(7),
—B(z
ne gurm(e) (Y555
(r,y) dx -, (C.10)
2 Jmaz(r) (1_B(R*))
Jmaz(x) B(R*)
1-B(z)
r T sur fNn () ( B0
+ — .
TX (T, y) - TX (Tm’L’I’LJ y) + 2/ . da: 1 2 J72naz(7‘) (1—B(R*))n’ (Cll)
" Y @ TB®Y
allowing )y to be calculated as
1 _
Qulryy) = 5 [ ) e w] (C.12)

Nevertheless, recall that when calculating the capture rate in section 3.1, we integrated over J.
Hence, we will need to average Qg over the J distribution, given by

fi(y)dy = _vdy (C.13)

N

The final expression for Qg is then

1t ydy { o i
— — 2 2 e X 7y) _|_ e TX (T,y) . C.14
5] A (©1)
C.2 Multiple Scattering

Let Q1(r) be the probability that a DM particle scatters off a NS target exactly one time. We will
assume that it depends on r only through the optical depth 7, (r). We will also assume that the total
energy loss is much lower than the total energy. This assumption is always true as the DM speed
far away from the NS is not relativistic. The probabilities of exactly 2 and N scatterings occurring
will then be

xaw=A”Qua—xVWMa (C.15)
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N(ry) = /0 " Qua(ry - o) f (@), (C.16)

where f(z) is an unknown probability distribution function. This problem can be solved using
Laplace transforms,

Qn(s) = Qn-1(s)f(s), (C.17)
~ N—-1
Qu(s) = Qi) [F(9)] (C.18)
The cumulative probability is
[ee] ~ B N ~ 1
S S = §)——, C.
PILID 6] =@ 5 (C.19)

where we assumed f(s) < 1,s > 0, and f(0) < 1. The probability not to scatter for an optical depth
Ty 18
Qo(Ty) = €77, (C.20)

1
. 21
s+1 (C.21)

o
) = [ i =
0

The sum of all probabilities must be one, whose Laplace transform is 1/s. Thus, from the sum of
Eq. C.21 and Eq. C.19, we obtain

Qi(s) = i(;_{(f)) (C.22)
@t = 2 7] (©.23)

which implies that Q1(r) has the following form of
Qi(ry) = 1— e +/OTX (1- ™) f(a)de. (C.24)

For a given f, one can now find the single scattering probability as the inverse Laplace transform.

The kernel f needs to be of the form
Fs) = ==
S) =
1+s’

(C.25)

where A is a constant. The quantity f (0) = A sets the survival probability after one scattering, i.e.
the probability that after a single scatter the particle is not “removed” by the medium and continues
to propagate, being able scatter again. On the other hand, 1 — f (0) = 1 — A sets the absorption
probability after one scattering, i.e. that after a single scatter the particle is “absorbed”, which in
our case means captured. This quantity should match the DM capture probability, which is

~ 1 _m*
Clzplzf*:l—e mx, (C.26)
n
1 m*
o= — = — my > m”, (C.27)
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where the last approximation holds if n* > 1, i.e. P, < 1. This sets A = 1—P;. For my < 10° GeV,
the probability P~ 1, leading to

~ 1
Q1(s) = sGH 1) (C.28)
Qn(s) =0, N=>2, (C.29)
Qi(ry) = 1—e7, (C.30)
QN(TX) =0, NZ=>2 (031)
Q1 = %Ql =e X, (C.32)
Tx
n(1y) = Z Oy =Q1=e¢ ™ = Qo(Ty), my S 10°GeV. (C.33)
N=1

For m, 2 10°GeV (nucleon targets), ¢; = P, < 1, thus f(s) +£ 0. Note that, as P; = ¢; depends
on B and pp,, these probabilities depend on the position directly, and not only through 7, so
this somehow invalidates our initial hypothesis. However, as long as cj, i.e. m*, does not vary
significantly throughout the star, we can assume our hypothesis is true locally, and continue with
our approach. If this were not the case, the only possible approach would be to solve the Boltzmann

transport equation. Setting

. 1-— L
o) =40 (C.34)

we obtain

Lol
=
—~
N
I
7N
|
3*‘;_L
N———
=
L
—
N
—_
|
3*‘._.
N——
—
+
» [ =
~—
=
+
—

+ ;w] , (C.35)

Qn(my) = (1 - nl*>N_1 [(1 - nl) %N!e—fx + ni (1 - M)] , (C.36)

where I'(N, 7, ) is the incomplete Gamma function. We can distinguish two probabilities in Eq. C.36,
the probability of DM to scatter N times and be captured,

N—1
1 1 (N, 7y)
cap — (1. = B I IO A . 74 C.37
(-2 R0 e
and the probability to scatter N times and not be captured
N N

nocap () _ (1 _ ) Do, (C.38)
In Fig. 17, we show Qn, Q%" and Q' ““" for constant cross section and N = 20. It is clear that there
is a transition, where the probability of not being captured becomes relevant, that occurs around

T ~ N.
Note that the absorption probability after N scatterings is

N—1
Qn(00) = Q¥ (c0) = - <1 - nl> , (C.39)

n
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Figure 17: Probabilities Qa0 (purple), Q57 (blue) and Q5 “*? (orange) as a function of the optical
depth, 7,, for constant cross section, and n* = 92 corresponding e.g. to m, = 108 GeV and
m* =1.08 x 105 GeV.

and the cumulative probability is

N 1 N
3 Qi(o0) =1~ <1 - n*> ~1—enr (C.40)
i=1

which was chosen in Eq. 4.10 as a fitting function for Pw.
In order to calculate the probability to capture a DM particle after exactly N scatterings, we
need to plug inside the capture integral

R d cap 1 1 N—-1 7_N— 1
QN Ov _ 1 1-— X7, (C.41)
dr,  n* n* (N —1)!
To calculate the total capture probability, we need to calculate explicitly the sum for all scatterings,
namely
o
Z —e nzg’ my 2 10% GeV, (C.42)
N=1

and plug this factor inside the capture integral. Note that for n* — 1, the above expression tends
to Eq. C.33. A problem arises, as n* is not fixed, but in fact depends on the position. To obtain a
meaningful quantity, we need to carefully address the radial dependence, which we do through

n(ry) = We—<%>, my 2 10° GeV, (C.43)
where (=) is calculated by plugging a factor 1/n*(x) inside the integrals C.10 and C.11. This means

assuming that N — 1 scatterings take place along the path over which is integrated, and the last
scattering which causes the particle to be captured happens at the point 7.
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C.3 Capture Rate in the large cross section limit

We now assume that the cross section is very large. In this limit, 7';_ (r,y) > 1, (r,y) and

1 —
7~ / dye ™ V) £5(1), my, > 10° GeV. (C.44)
0

The capture rate integral has the form

Ry
C- / drdmrn(r)o f(r)n(r), (C.45)
0

where f(r) is some function for r, which can be obtained from Egs. 3.8 and 3.25, or from the
approximated expression 3.38.

Due to the factor 7, the probability Qn is exponentially suppressed everywhere except at the
surface of the star. Therefore, we expand the integral around r = R,. Setting r = R,(1 — p), and
considering a thin layer of thickness eR,, we obtain

€ 1
C~ /O dpAm R3n(R.)o f(R.) /O dy f1(y)n(ry) (C.46)

1 €
~axRin(R)a(R) [ 1wy [ dontry) (C.47)

Close to the surface, we can expand 7 in 7, such that

n(R,)oRyp

RV e

(C.48)

after which substituting p with 7, gives

9 1 Tx(€) 9 Tx (€)
C—anR2 (R [ dufs VT [ dnar) = =R AR [ dnarn). (9
0 0 0

We then take the limit o — oo, i.e. 7, (€) = o0,

C ~ rR2f(R,) /0 Y dran(ry) = TRZF(R.) = Cueom (C.50)

which is the geometric limit.
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