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Abstract

This thesis is a review of research done over the course of the past 4 years, divided
into two unrelated parts.

The first is set in the context of Bagger-Lambert-Gustavsson models, based
on 3-Lie algebras. In particular I will describe theories with metric 3-algebras
of indefinite signature: these present fields with negative kinetic terms. The
problem can be solved by gaugeing away the non-physical degrees of freedom,
to obtain other well understood theories. I will show how this procedure can be
easily applied for 3-algebra metrics of any indefinite signature.

Part II of this thesis focuses on solutions of topologically massive gravity
(TMG): particular attention is devoted to warped AdSs black holes, which are
discussed in great detail. I will present a novel analysis of the near horizon
geometries of these solutions. I further propose an approach for searching for new
solutions to 3-dimensional gravity based on conformal symmetry. This approach

is able to yield most of the known axisymmetric stationary TMG backgrounds.
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Introduction

The first part of this thesis lays out some of the work done in collaboration with
J. Figueroa-O’Farrill, P. de Medeiros and E. Méndez-Escobar on the study of
the Bagger-Lambert-Gustavsson (BLG) model for coincident M2 branes. This
model introduced the idea of 3-algebras into the world of gauge theories and thus
attracted a lot of attention to the study of such triple systems. The original idea
( 11], [2]) was that of using 3-algebras, i.e. a structure on the space of symmetry
generators that involves a bracket with three slots, in lieu of Lie algebras in a
3-dimensional Chern-Simons theory coupled to matter, thus generating all the
properties expected of a description of a stack of M2 branes.

Let us quickly recall some of the reasons why this proposal was of such great
significance to the community. In the context of M-theory, the strong coupling
limit of type ITA string theory, it had thus far seemed impossible to write a consis-
tent worldsheet action for a stack of M-branes. Basu and Harvey had considered
a stack of M2-branes ending on an M5-brane, and proposed a solution satisfying
a generalised Nahm equation [3]. They could further write out a corresponding
bosonic theory on the M2-brane worldvolume, but it was not clear how to inter-
pret their results from first principles. Attempts to build up a consistent action
from geometric and supersymmetric properties of M-branes always incurred in

the same difficulties:

e M2 branes are the strong coupling limit of D2 branes, and as such are ex-
pected to yield a theory that is the infrared fixed point of a maximally su-
persymmetric 3-dimensional super-Yang-Mills theory. Such a theory, how-
ever, seems impossible to construct: the only interacting gauge theory with
these properties in three dimensions is maximally supersymmetric Yang-
Mills containing one vector field and seven scalars with SO(7) symmetry.
M2-branes need one more degree of freedom, i.e. eight scalars with SO(8)
symmetry. While this problem can be solved for the case of a single brane

(by dualising the vector field from the D2 brane), there is no generalisation
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to the case of N # 1.

e The near horizon limit of a stack of N M2-branes is dual to a 3-dimensional

conformal field theory with N 3 degrees of freedom.

e There is no free parameter in M-theory, so there is no obvious way in which
to obtain a weakly coupled limit that would correspond to perturbative

quantization of a classical Lagrangian.

The key problem that Bagger, Lamber and Gustavsson tackled, was that of con-
structing a supersymmetric scale invariant theory with manifest SO(8) symmetry.
They set up a Lagrangian containing eight scalar fields X, I = 1,...,8 taking
values in a non-associative algebra. To discuss the supersymmetry transforma-
tions, they needed a term containing a triple product of these fields, satisfying
certain symmetry requirements. It is precisely this structure that was found to be
a 3-Lie algebral] The introduction of this 3-bracket also in the equations of mo-
tion allows the supersymmetry algebra to close on world-sheet translations and
a set of bosonic transformations involving the triple product. The new structure
therefore makes its appearance in the Lagrangian as an interaction term, sextic
in the scalar fields X7. One can further gauge the theory by introducing a field
A%, valued in the adjoint of representation of the algebra, which couples to the
theory via a Chern-Simons like term.

The BLG idea generated a flurry of activity in the community, and theories
for various types of 3-algebras were soon written. Indeed one can relax some of
the original conditions (e.g. the total antisymmetry of the 3-bracket) to construct
more general 3-structures resulting in different gauge theories.

My contribution to this topic is encapsulated in two papers: the first focused
on finding the Lie-algebraic origin of 3-algebras [4] and the second on the analysis
of BLG-style models for 3-algebras of indefinite signatures [5]. It is the latter work
that is exposed in detail in this thesis, as we will see after the following quick
review of the results of the former.

In [4] we studied how some types of metric 3-algebras can be deconstructed
and reconstructed from pairs consisting of a metric real Lie algebra and a faithful
unitary representation, (g,V’). This begins to explain, in algebraic terms, how

superconformal Chern-Simons (SCCS) theories which were originally formulated

'If the scalar fields had been Lie-algebra valued, this term in the supersymmetry transfor-
mations would vanish, in which case one could not re-obtain the Basu-Harvey equation from
this construction.



in terms of 3-algebras, can be rewritten using only Lie algebraic data. This
(de)construction procedure was inspired by a general algebraic construction of
pairs due to Faulkner [6]: the examples of three algebras that have been used
in the literature on the BLG model correspond to the special cases of Faulkner’s
construction where the representation V' is real orthogonal or complex unitary.
The real case is shown to correspond to the generalised metric Lie 3-algebras of |7/,
appearing in N = 2 theories, while the complex case relates to the hermitian 3-
algebras of [§], which appear in the N = 6 theories (the Faulkner construction
also relates pairs where V' is quaternionic unitary and 3-algebras generalising
those which arise in N = 5 SCCS theory). In both cases we show how one
can obtain the pair (g, V") from the 3-algebra, and conversely how, starting from
the pair, we can reconstruct a corresponding 3-algebra. In the real orthogonal
case, this is in the same class of generalised metric 3-algebras of [7], so that
we establish a one-to-one correspondence between isomorphism classes of such
3-algebras and classes of (g, V') pairs. Therefore the problem of classification of
generalised metric 3-algebras reduces to that of classifying metric Lie subalgebras
of so(V). For complex unitary V', the reconstructed 3-algebra is generally in a
class which includes those of [8] as special cases. We showed how these are in
one-to-one correspondence with a class of metric Lie superalgebras.

Another natural question to ask in the context of BLG-models concerns the
signature of the 3-algebra used for the construction. Just like with Lie algebras,
the metric associated to a 3-algebra need not be positive definite. In the BLG
context, where matter fields are valued in the 3-algebra, this of course has con-
sequences for the unitarity of the theory, and a non-zero index of the metric is
expected to cause problems like negative energy states. This issue was addressed
in our second paper [5land the following two chapters follow precisely the work

presented therein.






Metric 3-Lie Algebras for Unitary
Bagger-Lambert Theories

The fundamental ingredient in the Bagger—Lambert—Gustavsson (BLG) model
[1,2,9], proposed as the low-energy effective field theory on a stack of coincident
M2-branes, is a metric 3-Lie algebra V' on which the matter fields take values.
This means that V' is a real vector space with a symmetric inner product (—, —)
and a trilinear, alternating 3-bracket [—, —, —] : V. x V x V' — V obeying the
fundamental identity [10]

[, y, (21, 22, 23] = [[7, 9, 21), 22, 23] + [21, [%, ¥y, 22), 23] + [21, 20, (2,9, 23], (1)

and the metricity condition

<[l‘,y,2’1],22> == <217 [ZL’,y, ZQD ) (2)

for all x,y,2 € V. We say that V is indecomposable if it is not isomorphic to
an orthogonal direct sum of nontrivial metric 3-Lie algebras. Every indecom-
posable metric 3-Lie algebra gives rise to a BLG model and this motivates their
classification. It is natural to attempt this classification in increasing index —
the index of an inner product being the dimension of the maximum negative-
definite subspace. In other words, index 0 inner products are positive-definite
(called euclidean here), index 1 are Lorentzian, et cetera. To this date there is a
classification up to index 2, which we now review.

It was conjectured in [11] and proved in [12] (see also [13,14]) that there exists
a unique nonabelian indecomposable metric 3-Lie algebra of index 0. It is the

simple 3-Lie algebra [10] S with underlying vector space R*, orthonormal basis



e1, €q, €3, €4, and 3-bracket

61, €j, ek Z Eijke€r (3>

where € = e; A es A eg A eq. Nonabelian indecomposable 3-Lie algebras of index

1 were classified in [15] and are given either by

e the simple lorentzian 3-Lie algebra S3; with underlying vector space R,

orthonormal basis eg, €1, 5, e3 with ey timelike, and 3-bracket

ey, ev, €] = E EpvpoSao s (4)

where sp = —1 and s; =1 for i = 1,2,3; or

e W (g), with underlying vector space g®Ru@Rv, where g is a semisimple Lie
algebra with a choice of positive-definite invariant inner product, extended
to W(g) by declaring u,v L g and (u,u) = (v,v) = 0 and (u,v) = 1, and
with 3-brackets

[u,z,y] = [z,y]  and  [z,y,2] = —([z,y],2)v, (5)
for all x,y,z € g.

The latter metric 3-Lie algebras were discovered independently in [16,/17,/18] in
the context of the BLG model. The index 2 classification is presented in [19)].
There two classes of solutions were found, termed Ia and IIIb. The former class
is of the form W (g), but where g is now a lorentzian semisimple Lie algebra,
whereas the latter class will be recovered as a special case of the results in the
following two chapters and hence will be described in more detail below.

Let us now discuss the BLG model from a 3-algebraic perspective. The V-
valued matter fields in the BLG model [1}2,9] comprise eight bosonic scalars X
and eight fermionic Majorana spinors ¥ in three-dimensional Minkowski space
RY2. Triality allows one to take the scalars X and fermions ¥ to transform respec-
tively in the vector and chiral spinor representations of the so(8) R-symmetry.
These matter fields are coupled to a nondynamical gauge field A which is valued
in A2V and described by a so-called twisted Chern-Simons term in the Bagger—
Lambert Lagrangian [1,/9]. The inner product (—, —) on V' is used to describe the



kinetic terms for the matter fields X and ¥ in the Bagger—Lambert lagrangian.
Therefore if the index of V' is positive (i.e. not euclidean signature) then the asso-
ciated BLG model is not unitary as a quantum field theory, having ‘wrong’ signs
for the kinetic terms for those matter fields in the negative-definite directions on
V', thus carrying negative energy.

Indeed, for the BLG model based on the index-1 3-Lie algebra W(g), one
encounters just this problem. Remarkably though, as noted in the pioneering
works [16,[17,/18], here the matter field components X¥ and U" along precisely one
of the two null directions (u,v) in W (g) never appear in any of the interaction
terms in the Bagger-Lambert Lagrangian. Since the interactions are governed
only by the structure constants of the 3-Lie algebra then this property simply
follows from the absence of v on the left hand side of any of the 3-brackets in
(5). Indeed the one null direction v spans the centre of W(g) and the linear
equations of motion for the matter fields along v force the components X* and
U in the other null direction u to take constant values (preservation of maximal
supersymmetry in fact requires ¥* = 0). By expanding around this maximally
supersymmetric and gauge-invariant vacuum defined by the constant expectation
value of X", one can obtain a unitary quantum field theory. Use of this strategy
in [18] gave the first indication that the resulting theory is nothing but N = 8
super Yang-Mills theory on R!? with the euclidean semi-simple gauge algebra
g. The super Yang-Mills theory gauge coupling here being identified with the
SO(8)-norm of the constant X™. This procedure is somewhat reminiscent of the
novel Higgs mechanism introduced in [20] in the context of the Bagger—Lambert
theory based on the euclidean Lie 3-algebra S;. In that case an N = 8 super
Yang-Mills theory with su(2) gauge algebra is obtained, but with an infinite set
of higher order corrections suppressed by inverse powers of the gauge coupling.
As found in [18], the crucial difference is that there are no such corrections present
in the lorentzian case.

Of course, one must be wary of naively integrating out the free matter fields
X" and P" in this way since their absence in any interaction terms in the Bagger—
Lambert lagrangian gives rise to an enhanced global symmetry that is generated
by shifting them by constant values. To account for this degeneracy in the action
functional, in order to correctly evaluate the partition function, one must gauge
the shift symmetry and perform a BRST quantisation of the resulting theory.
Fixing this gauged shift symmetry allows one to set XV and W" equal to zero while

the equations of motion for the new gauge fields sets X* constant and ¥* = 0.



Indeed this more rigorous treatment has been carried out in [21,[22] whereby the
perturbative equivalence between the Bagger—Lambert theory based on W(g)
and maximally supersymmetric Yang—Mills theory with euclidean gauge algebra
g was established (see also [23]). Thus the introduction of manifest unitarity in the
quantum field theory has come at the expense of realising an explicit maximal
superconformal symmetry in the BLG model for W(g), i.e. scale-invariance is
broken by a nonzero vacuum expectation value for X". It is perhaps worth
pointing out that the super Yang—Mills description seems to have not captured the
intricate structure of a particular ‘degenerate’ branch of the classical maximally
supersymmetric moduli space in the BLG model for W(g) found in [15]. The
occurrence of this branch can be understood to arise from a degenerate limit of
the theory wherein the scale X" = 0 and maximal superconformal symmetry is
restored. However, as found in [21}22], the maximally superconformal unitary
theory obtained by expanding around X“ = 0 describes a rather trivial free
theory for eight scalars and fermions, whose moduli space does not describe said
degenerate branch of the original moduli space.

Consider now a general indecomposable metric 3-Lie algebra with index r of
the form V = @;_, (Ru;®Rv; )W, where (u;, u;) = 0 = (v;,v;), (u;, v;) = 0;; and
W is a euclidean vector space. As explained in section 2.4 of [19], one can ensure
that none of the null components X" and U" of the matter fields appear in any
of the interactions in the associated Bagger—Lambert Lagrangian provided that
no v; appear on the left hand side of any of the 3-brackets on V. This guarantees
one has an extra shift symmetry for each of these null components suggesting
that all the associated negative-norm states in the spectrum of this theory can
be consistently decoupled after gauging all the shift symmetries and following
BRST quantisation of the gauged theory. A more invariant way of stating the
aforementioned criterion is that V' should admit a maximally isotropic centre:
that is, a subspace Z C V of dimension equal to the index of the inner product
on V', on which the inner product vanishes identically and which is central, so
that [Z,V, V] = 0 in the obvious notation. The null directions v; defined above
along which we require the extra shift symmetries are thus taken to provide a
basis for Z. In [19] all indecomposable metric 3-Lie algebras of index 2 with a
maximally isotropic centre were classified. There are nine families of such 3-Lie
algebras, which were termed type IIIb in that paper. In chapter [1| we will prove
a structure theorem for general metric 3-Lie algebras which admit a maximally

isotropic centre, thus characterising them fully. Although the structure theorem

10



falls short of a classification, we will argue that it is the best possible result for
this problem. The bosonic contributions to the Bagger-Lambert lagrangians for
such 3-Lie algebras will be computed but we will not perform a rigorous analysis
of the physical theory in the sense of gauging the shift symmetries and BRST
quantisation. We will limit ourselves to expanding the theory around a suitable
maximally supersymmetric and gauge-invariant vacuum defined by a constant
expectation value for X% (with U = (). This is the obvious generalisation of
the procedure used in [1§] for the lorentzian theory and coincides with that used
more recently in [24] for more general 3-Lie algebras. We will comment explicitly
on how all the finite-dimensional examples considered in section 4 of [24] can be
recovered from our formalism.

As explained in sections 2.5 and 2.6 of [19], two more algebraic conditions
are necessary in order to interpret the BLG model based on a general metric 3-
Lie algebra with maximally isotropic centre as an M2-brane effective field theory.
Firstly, the 3-Lie algebra should admit a (nonisometric) conformal automorphism
that can be used to absorb the formal coupling dependence in the BLG model.
In [19] it is shown that precisely four of the nine IIIb families of index 2 3-Lie
algebras with maximally isotropic centre satisfy this condition. Secondly, parity
invariance of the BLG model requires the 3-Lie algebra to admit an isometric
antiautomorphism. This symmetry is expected of an M2-brane effective field
theory based on the assumption that it should arise as an IR superconformal
fixed point of N = 8 super Yang-Mills theory. In [19] one can see explicitly that
each of the four I1Ib families of index 2 3-Lie algebras admitting said conformal
automorphism also admit an isometric antiautomorphism.

It is worth emphasising that the motivation for the two conditions above is
distinct from that which led us to demand a maximally isotropic centre. The first
two are required only for an M-theoretic interpretation while the latter is a basic
physical consistency condition to ensure that the resulting quantum field theory
is unitary. Moreover, even given a BLG model based on a 3-Lie algebra satisfying
all three of these conditions, it is plain to see that the procedure we shall follow
must generically break the initial conformal symmetry since it has introduced
scales into the problem corresponding to the vacuum expectation values of X",
It is inevitable that this breaking of scale-invariance will also be a feature resulting
from a more rigorous treatment in terms of gauging shift symmetries and BRST.

Thus we shall concentrate just on the unitarity condition and, for the purposes

of this exposition, we will say that a metric 3-Lie algebra is (physically) admis-
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sible if it is indecomposable and admits a maximally isotropic centre. Chapter
will be devoted in essence to characterising finite-dimensional admissible 3-Lie al-
gebras. Chapter [2] will describe the general structure of the gauge theories which
result from expanding the BLG model based on these physically admissible 3-Lie
algebras around a given vacuum expectation value for X*. Particular attention
will be paid to explaining how the 3-Lie algebraic data translates into physical
parameters of the resulting gauge theories.

Part [I] of this thesis is therefore organised as follows. Chapter [I]is concerned
with the proof of Theorem [1.2.7, which is outlined in section [1.2.6, The theorem
may be paraphrased as stating that every finite-dimensional admissible 3-Lie
algebra of index r > 0 is constructed via the following procedure. We start with
the set of data:

e for each a =1,..., N, a nonzero vector 0 # k“ € R" with components ¢,

a positive real number A, > 0 and a compact simple Lie algebra g,.;

e for each m =1,..., M, a two-dimensional euclidean vector space E, with a

complex structure H,, and two linearly independent vectors n™, (™ € R";

e a euclidean vector space £y and K € A’R" ® E, obeying the quadratic

equations
<Kijn7 Kk€m> - <Kijm7 Knkﬂ) + <Kijﬂa Kmnk> - <Kijk; KZmn> - 07
where (—, —) is the inner product on Fy;

e and L € A'R".

On the vector space

N M
V=0 Ru & Rv;) & P oo &P E- & Fo,

=1 a=1 =1
we define the following inner product extending the inner product on F, and Ejy:

o (u;,vj) = 0, (wi,uj) =0, (v;,v;) = 0 and w;,v; are orthogonal to the g,,
E. and Ey; and

e on each g, we take —\, times the Killing form.

12



This makes V' above into an inner product space of index r. On V we define the
following 3-brackets, with the tacit assumption that any 3-bracket not listed here

is meant to vanish:

T
[, wj, ug) = Ky + E Lijreve
=1
;

[wi, uj, 2] = — Z (Kij, To) vk

k=1

[wi, uj, 2x] = (07 ¢ — 0 ¢ ) Hrtn
r (6)

[uiaxmyﬂ] - H alry Yr Z C;'r_n;‘rgiﬁ)vj

7=1

[uia Lo, ya] - /f? [.Q?a, ya]

[Ta Yar Za] = — ([Tar Yol 2a) D 650,
=1

for all g € Ey, x5,y € Er, and T4, Yo, 2o € go. The resulting metric 3-Lie
algebra has a maximally isotropic centre spanned by the v;. It is indecomposable
provided that there is no xy € Ey which is perpendicular to all the K, whence in
particular dim Fy < (g) The only non-explicit datum in the above construction
are the Kj; since they are subject to certain quadratic equations. However we
will see that these equations are trivially satisfied for » < 5. Hence the above
results constitutes, in principle, a classification for indices 3 and 4, extending the
classification of index 2 in [19].

Using this structure theorem, in chapter [2] we are able to calculate the La-
grangian for the BLG model associated with a general physically admissible 3-Lie
algebra. For the sake of clarity, we shall focus on just the bosonic contributions
since the resulting theories will have a canonical maximally supersymmetric com-
pletion. Upon expanding this theory around the maximally supersymmetric vac-
uum defined by constant expectation values X" (with all the other fields set to
zero) we will obtain standard N = 8 supersymmetric (but nonconformal) gauge
theories with moduli parametrised by particular combinations of the data ap-
pearing in Theorem and the vacuum expectation values X% . It will be
useful to think of the vacuum expectation values X*“ as defining a linear map,
also denoted X" : R" — RS, sending & — X¢ :=>"7  &X%. Indeed it will be
found that the physical gauge theory parameters are naturally expressed in terms

of components in the image of this map. That is, in general, we find that neither
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the data in Theorem [1.2.7 nor the vacuum expectation values X" on their own
appear as physical parameters which instead arise from certain projections of the
components of the data in Theorem onto X" in R®,

The resulting Bagger—Lambert Lagrangian will be found to factorise into a
sum of decoupled maximally supersymmetric gauge theories on each of the eu-
clidean components g,, F, and Ey. The physical content and moduli on each

component can be summarised as follows:

e On each g, one has an N = 8 super Yang-Mills theory. The gauge symme-
try is based on the simple Lie algebra g,. The coupling constant is given
by || X*"||, which denotes the SO(8)-norm of the image of x* € R” under
the linear map X™. The seven scalar fields take values in the hyperplane
R” C R® which is orthogonal to the direction defined by X*". (If X~ = 0,
for a given value of «, one obtains a degenerate limit corresponding to
a maximally superconformal free theory for eight scalar fields and eight

fermions valued in g,.)

e On each plane E, one has a pair of identical free abelian N = 8 massive
vector supermultiplets. The bosonic fields in each such supermultiplet com-
prise a massive vector and six massive scalars. The mass parameter is given
by [| X" A X¢7||, which corresponds to the area of the parallelogram in R®
defined by the vectors X" and X¢" in the image of the map X% . The six
scalar fields inhabit the R® C R® which is orthogonal to the plane spanned
by X7 and X¢". (If || X7 A X¢"|| =0, for a given value of 7, one obtains
a degenerate massless limit where the vector is dualised to a scalar, again
corresponding to a maximally superconformal free theory for eight scalar
fields and eight fermions valued in E,.) Before gauge-fixing, this theory
can be understood as an N = 8 super Yang-Mills theory with gauge sym-
metry based on the four-dimensional Nappi-Witten Lie algebra d(E,,R).
Moreover we explain how it can be obtained from a particular truncation
of an N = 8 super Yang-Mills theory with gauge symmetry based on any
euclidean semisimple Lie algebra with rank 2, which may provide a more

natural D-brane interpretation.

e On Ej one has a decoupled N = 8 supersymmetric theory involving eight
free scalar fields and an abelian Chern—Simons term. Since none of the
matter fields are charged under the gauge field in this Chern—Simons term

then its overall contribution is essentially trivial on R%2.
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Note on simultaneous literature

Contemporarily to our work in this topic, the paper [24] appeared whose results
have noticeable overlap with those described here. In particular, they also de-
scribe the physical properties of BLG models based on certain finite-dimensional
3-Lie algebras with index greater than 1 admitting a maximally isotropic centre.
The structure theorem we prove here for such 3-Lie algebras allows us to extend
some of their results and make general conclusions about the nature of those
unitary gauge theories which arise from BLG models based on physically admis-
sible 3-Lie algebras. In terms of our data in Theorem [[.2.7] the explicit finite-
dimensional examples considered in section 4 of [24] all have K;j, = 0 = L;ju
with only one J;; nonzero. This is tantamount to taking the index r = 2. The
example in sections 4.1 and 4.2 of [24] has k* = 0 (i.e. no g, part) while the
example in section 4.3 has k* = (1,0)". These are isomorphic to two of the four

physically admissible IIIb families of index 2 3-Lie algebras found in [19].
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Divide et imperal

Chapter 1

Towards a classification of

admissible metric 3-Lie algebras

In this chapter we will prove a structure theorem for finite-dimensional indecom-
posable metric 3-Lie algebras admitting a maximally isotropic centre. We think
it is of pedagogical value to first rederive the similar structure theorem for met-
ric Lie algebras using a method similar to the one we will employ in the more

involved case of metric 3-Lie algebras.

1.1 Metric Lie algebras with maximally isotropic

centre

Recall that a Lie algebra g is said to be metric, if it possesses an ad-invariant
scalar product. It is said to be indecomposable if it is not isomorphic to an or-
thogonal direct sum of metric Lie algebras (of positive dimension). Equivalently,
it is indecomposable if there are no proper ideals on which the scalar product
restricts nondegenerately. A metric Lie algebra g is said to have index r, if the
ad-invariant scalar product has index r, which is the same as saying that the
maximally negative-definite subspace of g is r-dimensional. In this section we
will prove a structure theorem for finite-dimensional indecomposable metric Lie

algebras admitting a maximally isotropic centre, a result originally due to Kath
and Olbrich [25].
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1.1.1 Preliminary form of the Lie algebra

Let g be a finite-dimensional indecomposable metric Lie algebra of index r > 0
admitting a maximally isotropic centre. Let v;, i = 1,...,r, denote a basis for the
centre. The inner product is such that (v;,v;) = 0. Since the inner product on g is
nondegenerate, there exist u;, ¢ = 1,...,r, which obey (u;,v;) = 6;;. It is always
possible to choose the u; such that (u;,u;) = 0. Indeed, if the u; do not span a
maximally isotropic subspace, then redefine them by wu; — u; — % Z;Zl (wi, u;) v;
so that they do. The perpendicular complement to the 2r-dimensional subspace
spanned by the u; and the v; is then positive-definite. In summary, g admits the

following vector space decomposition

r

0= RueRy) &, (1.1)

=1

where t is the positive-definite subspace of g perpendicular to all the u; and v;.

Metricity then implies that the most general Lie brackets on g are of the form

[ui, uj] = Kij + Z Lijivk
k=1

T

(i, x] = Jiw — Z (Kij, x) v; (1.2)
[.Z', y] = [{Ea y]t - Z <.CI?, le> (%%

where K;; = —Kj; € v, L;j; € Ris totally skewsymmetric in the indices, J; € so(r)
and [—,—]; : © X t — v is bilinear and skewsymmetric. Metricity and the fact
that the v; are central, means that no u; can appear on the right-hand side of a

bracket. Finally, metricity also implies that

([z,9]s,2) = (. [y, 2]e) (1.3)

for all z,y, z € t.

It is not hard to demonstrate that the Jacobi identity for g is equivalent to

18



the following identities on [—, —|, J; and K;, whereas L,j;; is unconstrained:

[, [y, 2lele = [l2, yle, 2le — [y, [2, 2] = O (1.4a)
Jilz, yle = [Jix, yle — [z, Jiy]e = 0 (1.4b)

JidJjx — JjJiv — [Kij, x] = 0 (1.4c)

JiK, + Ji Ky + J K =0 ( )

(Kei, Kji) + (Kej, Kia) + (Ka, Kij) =0, (1.4e)

for all z,y, z € t.

1.1.2 ¢ is abelian

Equation says that v is a Lie algebra under [—, —], which because of equa-
tion is metric. Being positive-definite, it is reductive, whence an orthogonal
direct sum t = s ¢ a, where s is semisimple and a is abelian. We will show that
for an indecomposable g, we are forced to take s = 0, by showing that g = s ® st
as a metric Lie algebra.

Equation says that J; is a derivation of ¢, which we know to be skewsym-
metric. The Lie algebra of skewsymmetric derivations of t is given by ad s @so(a).
Therefore under this decomposition, we may write J; = ad z;+J7, for some unique
z € s and J! € so(a).

Decompose K;; = K7 + K.

&, with K7, € s and K € a. Then equation (1.4c)

becomes the following two conditions

[z, Zj]t = Kfj (1.5)
and

One can now check that the s-component of the Jacobi identity for g is auto-

matically satisfied, whereas the a-component gives rise to the two equations

JEKS, + JOKE + JEKS =0 (1.7)
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and
(Kf, K5 + (K KR + (K K5) = 0. (1.8)

We will now show that g 2 s @ s, which violates the indecomposability of g

unless s = 0. Consider the isometry ¢ of the vector space g defined by

p(u) = u; — z; — %Z (zi, 24) vj
o(v;) = v; (1.9)

olx)=x+ Z (zi, ) vy,

for all = € v. Notice that if x € a, then p(z) = z. It is a simple calculation to see

that for all z,y € s,

[p(ui), p(x)] =0 and  [p(z), p(y)] = @[z, ylo)- (1.10)

In other words, the image of s under ¢ is a Lie subalgebra of g isomorphic to
s and commuting with its perpendicular complement in g. In other words, as a
metric Lie algebra g = s @ s, violating the decomposability of g unless s = 0.

In summary, we have proved the following

Lemma 1.1.1. Let g be a finite-dimensional indecomposable metric Lie algebra
with index r > 0 and admitting a maximally isotropic centre. Then as a vector

space
T

=P RueRy) & E, (1.11)

i=1
where E is a euclidean space, u;,v; L E and (u;,vj) = 6;5, (u;, u;) = (v;,v;) = 0.

Moreover the Lie bracket is given by

[us, uj] = Kyj + Z Lijivg
k=1

T

[u, x] = Jix — Z (Kij, x) v; (1.12)
[l’, y] = - Z <l’, le> Vg,
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where K;; = —Kj; € E, L;jz € R is totally skewsymmetric in its indices, J; €

s0(F) and in addition obey the following conditions:

J,’Kjk + JjK]ﬂ' + JkKij =0 (1.13b)
<K&',Kjk> + <ng, Kkz) + <ng, Kij> =0. (1.13C)

The analysis of the above equations will take the rest of this section, until we

arrive at the desired structure theorem.

1.1.3 Solving for the J;

Equation ([1.13a]) says that the J; € so(E) are mutually commuting, whence they
span an abelian subalgebra ) C so(E). Since E is positive-definite, ' decomposes

as the following orthogonal direct sum as a representation of b:

E=@E. o E, (1.14)
=1
where
Ey = {z € E|J;z = 0 Vi} (1.15)

and each F, is a two-dimensional real irreducible representation of h with certain

nonzero weight. Let (H,) denote the basis for h where

0 ifr#o
H.H, - tn#o (1.16)

—II, ifw=p,

where I, € End(F) is the orthogonal projector onto E,. Relative to this basis

we can then write J; = Y JH,, for some real numbers J;.

1.1.4 Solving for the K,

Since K;; € E, we may decompose according to (1.14) as

Kij=>» KJ+K) (1.17)
=1
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We may identify each E, with a complex line where H, acts by multiplication by
i. This turns the complex number K; into one component of a complex bivector
K™ € A’C". Equation splits into one equation for each K™ and that
equation says that

JIKG + JT K + i K[ =0, (1.18)

or equivalently that J™ A K™ = 0, which has as unique solution K™ = J" At™, for

some t™ € R". In other words,
K[ = J't; — Jtr. (1.19)

Now consider the following vector space isometry ¢ : g — g, defined by

p(vi) = v; (1.20)

for all z € E, where t; € E and hence ¢; = Y7 _, t7 +t). Under this isometry the

=1

form of the Lie algebra remains invariant, but K;; changes as

and L;j; changes in a manner which need not concern us here. Therefore we
see that K; has been put to zero via this transformation, whereas K?j remains
unchanged. In other words, we can assume without loss of generality that K;; €
Ey, so that J; K}, = 0, while still being subject to the quadratic equation ([1.13c]).

In summary, we have proved the following theorem, originally due to Kath
and Olbrich [25]:

Theorem 1.1.2. Let g be a finite-dimensional indecomposable metric Lie algebra
of index r > 0 admitting a maximally isotropic centre. Then as a vector space

r

g=EP Ru; oRv)) 0 P E- & Eo, (1.22)
i=1 =1
where all direct sums but the one between Ru; and Rv; are orthogonal and the

inner product is as in Lemma Let 0 # J" € R", K;; € Ey and L, € R
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and assume that the K;; obey the following quadratic relation
(Kui, Kji) + (Koj, Kpi) + (Ko, Kij) . = 0. (1.23)
Then the Lie bracket of g is given by

[ui, uj] = Kij + Z Lijivg
k=1

[ui, x] = JFHyx

- 1.24
[uiaz] - _Z<Kij,z> Vj ( )
[#,y] = - Z (w, JT Hry) vi,

where z,y € E; and z € Ey. Furthermore, indecomposability forces the K;; to

span all of Ejy, whence dim Ey < (;)

It should be remarked that the L;;, are only defined up to the following

transformation
Lijk — Lijp + (K, te) + (K, t5) + (Kjg, ti) (1.25)

for some t; € Ej.

It should also be remarked that the quadratic relation ([1.23]) is automatically
satisfied for index r < 3, whereas for index r > 4 it defines an algebraic variety.
In that sense, the classification problem for indecomposable metric Lie algebras

admitting a maximally isotropic centre is not tame for index r > 3.

1.2 Metric 3-Lie algebras with maximally isotropic

centre

After the above warm-up exercise, we may now tackle the problem of interest,
namely the classification of finite-dimensional indecomposable metric 3-Lie al-
gebras with maximally isotropic centre. The proof is not dissimilar to that of
Theorem [[.1.2] but somewhat more involved and requires new ideas. Let us

summarise the main steps in the proof.
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1. In section we write down the most general form of a metric 3-Lie al-
gebra V' consistent with the existence of a maximally isotropic centre Z.
As a vector space, V = Z @ Z* & W, where Z and Z* are nondegener-
ately paired and W is positive-definite. Because Z is central, the 4-form
F(z,y,2z,w) := ([x,y,2],w) on V defines an element in A*(W & Z). The

decomposition

NMWeZ)=AWae (NWeZ)e (NPWANZ) e (WeANZ)eNZ
(1.26)
induces a decomposition of F' = Zizo F,, where F, € A*"*W @ A®Z, where

the component Fj is unconstrained.

2. The component F{ defines the structure of a metric 3-Lie algebra on W

which, if V' is indecomposable, must be abelian, as shown in section [1.2.2]

3. The component F; defines a compatible family [—, —]; of reductive Lie al-
gebras on W. In section [1.2.3| we show that they all are proportional to a
reductive Lie algebra structure g & 3 on W, where g is semisimple and 3 is

abelian.

4. In section we show that the component F, defines a family J;; of
commuting endomorphisms spanning an abelian Lie subalgebra a < s0(3).
Under the action of a, 3 breaks up into a direct sum of irreducible 2-planes

E, and a euclidean vector space Ey on which the J;; act trivially.

5. In section we show that the component Fj defines elements K, € Fy

which are subject to a quadratic equation.

1.2.1 Preliminary form of the 3-algebra

Let V be a finite-dimensional metric 3-Lie algebra with index » > 0 and admitting
a maximally isotropic centre. Let v;, 7« = 1,...,7, denote a basis for the centre.
Since the centre is (maximally) isotropic, (v;,v;) = 0, and since the inner prod-
uct on V is nondegenerate, there exists u;, i = 1,...,r satisfying (u;,v;) = d;;.
Furthermore, it is possible to choose the u; such that (u;,u;) = 0. The perpendic-

ular complement W of the 2r-dimensional subspace spanned by the u; and v; is
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therefore positive definite. In other words, V' admits a vector space decomposition

V= é(mui@m)@w (1.27)

i=1

Since the v; are central, metricity of V' implies that the u; cannot appear in the
right-hand side of any 3-bracket. The most general form for the 3-bracket for V
consistent with V' being a metric 3-Lie algebra is given for all z,y, 2 € W by

T
[w, wj, ug) = Kiji + E Lijreve
=1
T

[wi, uj, x] = Jijx — Z (Kijg, T) vk
k=1

(i, 2,y = [z, 9] = Y (2, Jijy) v;

Jj=1

(1.28)

T

[Iv Y, Z] = [l’,y, Z]W - Z <[1’, y]i7 Z) Ui

=1

where J;; € so(W), K, € W and Lk € R are skewsymmetric in their indices,

[—,—]i : W x W — W is an alternating bilinear map which in addition obeys

([z,yli, 2) = (2, [y, 21i) , (1.29)
and [—, —, —|w : W x W x W — W is an alternating trilinear map which obeys
<[x7ya Z]W7w> - —<[£L‘,y,IU]W,Z>. (130)

The following lemma is the result of a straightforward, if somewhat lengthy,

calculation.

Lemma 1.2.1. The fundamental identity of the 3-Lie algebra V defined by
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(1.28) is equivalent to the following conditions, for all ¢, w,z,y,z € W:

[t,w, [z,y, zlwlw = [[t, w, zlw, v, 2zlw + [z, [t, w, ylw, z]w

+ [z, [t w, 2lwlw (1.31a)

[w, [z, y, 2lwli = [[w, zl;, y, 2lw + [z, [w, y]s, z]w
+ [z, y, [w, z]i]w (1.31b)

[z,y. [z, tlilw = [z, 8, [z, ylilw + [[z,y, 2]w t];

+ [z, [z, y, tlwli (1.31c)
Jijle,y, 2lw = [y, 2lw + o, Jiyy, 2w + [, y, Jijzlw (1.31d)
Jijle,y, 2lw — 2,9, Jij2lw = [[x, yli, 215 — [z, v, 2]i (1.31¢)
[z, y, Kijilw = Jjk[z, yli + Jrilx, yl; + Jijlz, ylk (1.31f)
[ijzs ys 2lw = (2,9l 2] + [y, 21, 2l + [[2, 2]i, 9l (1.31g)
Jijley, 2lw = [z, [x, yl5li + [, [y, 2]50 + [y, [2, 2] (1.31h)
[, y, Kigilw = Jijlz, yle — [Tz, yli — (@, Tyl (1.31i)
Jilw, yly — Jile yle = [nw, yli + [z, Jieyli (1.31])
[, Tiyli = [Jija, ylk + [Teiz, y); + Tz, vl (1.31K)
[Kiji, ©le = [Keij, )i + [Kojr, ©)i + [Kogi, 75 (1.311)
(Kijie, x)e — [Kijo, ] = (JijIre — JreJij) @ (1.31m)
[z, Kjreli = (Jindie + Jredij + Jjedri) © (1.31n)
JimKjre = Jij Kiom + Jir Komj + i K jrm (1.310)
Jij Kiem = JomKijp + Jmplije + JpeKijm (1.31p)
(Kijm, Knke) + (Kiji, Kemn) = (Kijn, Kiem) + (Kijo, Konng) - (1.31q)

Of course, not all of these equations are independent, but we will not attempt
to select a minimal set here, since we will be able to dispense with some of the

equations easily.

1.2.2 W is abelian

Equation (|1.31a) says that W becomes a 3-Lie algebra under [—, —, —]y which is
metric by (1.30]). Since W is positive-definite, it is reductive [12,13/[14}/15], whence
isomorphic to an orthogonal direct sum W = S & A, where S is semisimple and

A is abelian. Furthermore, S is an orthogonal direct sum of several copies of the
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unique positive-definite simple 3-Lie algebra Sy |10,26]. We will show that as
metric 3-Lie algebras V = S @ S*, whence if V is indecomposable then S = 0
and W = A is abelian as a 3-Lie algebra. This is an extension of the result in [15]
by which semisimple 3-Lie algebras S factorise out of one-dimensional double
extensions, and we will, in fact, follow a similar method to the one in |15] by
which we perform an isometry on V' which manifestly exhibits a nondegenerate
ideal isomorphic to S as a 3-Lie algebra.

Consider then the isometry ¢ : V- — V| defined by

1 T T
p(vi) = v; pui) = u; — s; — 2 Z (si,85) v p(x) =+ Z (si, ) vi,
=1 i=1
(1.32)
for z € W and for some s; € W. (This is obtained by extending the linear map

v; — v; and u; — u; — s; to an isometry of V.) Under ¢ the 3-brackets (|1.28])

take the following form
[p(us), (), plug)] = @(ng) + Z L;‘?‘MW
=1

lo(ui), o (uy), o(@)] = p(Jfx) = Y (Kfy, x) vy

) (1.33)
(), p(@), 0(y)] = e[z, y]7) — Z (z, JEy)v;
[o(2), o(y), 0 (2)] = e[z, y, 2lw) — Z ([, 9], 2) vi,

where

[z, ylf = [z yli + [si, 2, ylw
Jhr = Jigx + [si, x5 — [s5, 2]i + [si, 85, x]w
K
Lo = Lijke + (Kre, 8i) — (Kyais 85) + (Kuij, 8k) — (Kiji, S0)
— (8is Jues;) — (Sws Jjesi) — (S, Jaesw) + (s, Jjusi) + (Se, Jkisj)
+ (e, Jijsw) + ([si: 85le, s1) — ([800 85]ws s6) — ([ 815 50)

- <[5jv Sklis se) + ([si, 3j75k]W75Z> .

= Kiji — Jijsk — Jjesi — Jrisj + [8is 8ilk + [S), Skli + [Sk, silj — [5i, 85, Sklw

(1.34)

Lemma 1.2.2. There exists s; € S such that the following conditions are met
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for all xz € S:
[z, =]f =0  Jir=0 (Kfyx) = 0. (1.35)

Assuming for a moment that this is the case, the only nonzero 3-brackets

involving elements in ¢(5) are

[(p(x),go(y),gp(z)] = 90([3:73/72}W)7 (136>

and this means that ¢(S) is a nondegenerate ideal of V| whence V' = ¢(S) @&
©(S)+. But this violates the indecomposability of V', unless S = 0.

Proof of the lemma. To show the existence of the s;, let us decompose S = Sf) S)
R Sim) into m copies of the unique simple positive-definite 3-Lie algebra S,.
As shown in 15| §3.2], since J;; and [z, —|; define skewsymmetric derivations of
W, they preserve the decomposition of W into S @ A and that of S into its
simple factors. One consequence of this fact is that J;;z € S for all x € S
and [z,y]; € S for all z,y € S, and similarly if we substitute S for any of its

simple factors in the previous statement. Notice in addition that putting i = j

in equation ((1.31g)), [—, —]; obeys the Jacobi identity. Hence on any one of the
simple factors of S — let’s call it generically Sy — the bracket [—, —]; defines

the structure of a four-dimensional Lie algebra. This Lie algebra is metric by
equation and positive definite. There are (up to isomorphism) precisely
two four-dimensional positive-definite metric Lie algebras: the abelian Lie algebra
and so(3) @ R. In either case, as shown in |15, §3.2], there exists a unique s; € Sy
such that [s;, z,ylw = [z,y]; for x,y € S;. (In the former case, s; = 0.) Since
this is true for all simple factors, we conclude that there exists s; € S such that

[si, z,ylw = [x,y]; for z,y € S and for all 4.
Now equation (1.31g)) says that for all z,y, z € S,

[Jijxy, 2lw = [z, yli, 2]; + [y, 2]y, 2l + [z, 203, 5
= [Sjv [Szﬁx’ y]Wa Z]W + [Siv [Sja Y, Z}Wa 1E]W + [Sjv [Si; Zyx]Wa y]W

= [[Si7sj7x]W7yax]W7 USing "

which implies that J;;z — [s;, s;, x]w centralises S, and thus is in A. However, for

xr € S, both Ji;z € S and [s;, s, z|lw € 9, so that J;;z = [s;, sj, z]w. Similarly,
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equation ((1.31il) says that for all z,y € S,

[$ay>Kijk]W = Jij[xvy]k - [Jijﬂij]k — [z, Jijy]k
= [3i7 S, [Sk, z, y]w]w - [3k7 [Siu Sj, I]W,y]w - [Sk,% [Sz‘, Sjy]w]w

= [[sis sy, silw, 7, ylw,  using (L.31a)

which implies that K — [s;, ;, si|w centralises S, whence K, — [si, s}, Sklw =
KA, € A. Finally, using the explicit formulae for Ji; and K, in equation (1.34),

ijk g
we see that for all all x € S,

J;;:v = Jijx + [si, x]; — [s;, x]i + [si, 55, x]w

- [Sia Sj,I]W + [Sja Siax]W - [Sia Sjax]W + [Sia Sjux]W =0

and
KZ;k = Kiji — Jijsk — Jjnsi — Jwisj + (86, 851k + [55, Skli + [Sk, Silj — 56, 555 Selw
= K{?k + [8i, 85, Sklw — 815 55, Selw — 85, Sk, Silw — [Sk, 84, 85]w
+ [k, 85 81w + [0, 85, Sklw + (85, Sk, silw — [8i, 85, sklw = Kf}k,
whence <K;‘J’-k,x> =0forallz e S. O

We may summarise the above discussion as follows.

Lemma 1.2.3. Let V be a finite-dimensional indecomposable metric 3-Lie alge-

bra of index r > 0 with a maximally isotropic centre. Then as a vector space
V=P Ru; ®Rv;) & W, (1.37)
i=1

where W is positive-definite, u;,v; L W, (u;,u;) = 0, (v;,v;) = 0 and (u;, v;) =

0;j. The v; span the maximally isotropic centre. The nonzero 3-brackets are given
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.
[, uj, ug] = Ky + E Lijreve

(=1
[ui, 'LL]', iIZ’] = Jl’jilf — Z <Kijk7 l’> Vi
=t (1.38)
[ui7 xZ, y] = [$7 y]l - Z <$7 Jljy> /Uj
j=1
[.T, Y, Z] = = Z <[LU, y]“ Z> Vs,

i=1
for all z,y,z € W and for some L, € R, K;j € W, J;; € so(W), all of
which are totally skewsymmetric in their indices, and bilinear alternating brackets
[—, =i : W x W — W satisfying equation (1.29). Furthermore, the fundamental
identity of the 3-brackets is equivalent to the following conditions on K,
Ji; and [—, —];:

[, [y, 2il; = [z, 9]y, 2Ji + [y, [, 2] (1.39a

[z, i, 21; = [l=, yl;, 2] (1.39b

Jijlz, yle = [Tz, yle + [z, Jijylw (1.39¢
0= Jjelz,yli + Julz, yl; + Jijlz, vle (

[Kz‘jk,ﬂ?]e - [Kijz, x]k = (Jiij:Z - JkZJij) z (
[z, Kjreli = (JjiJio + Jre iz + Jjedii) @ (1.39¢f
Jii Kiem = Jom Kiji + ImiKije + T lijm (
0 = (Kijn, Kiem) + (Kije, Kinnk)
— (Kijm, Knke) — (Kiji, Komn,) - (1.39h)

There are less equations in than are obtained from by simply
making W abelian. It is not hard to show that the equations in imply
the rest. The study of equations will take us until the end of this section.
The analysis of these conditions will break naturally into several steps. In the
first step we will solve equations and for the [—, —];. We will then
solve equations and , which will turn allow us to solve equations

(1.39¢]) and (L.39f) for the J;;. Finally we will solve equation (1.39g). We will
not solve equation ((1.39h)). In fact, this equation defines an algebraic variety (an

intersection of conics) which parametrises these 3-algebras.
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1.2.3 Solving for the [—, —|;

Condition for i = j says that [—, —|; defines a Lie algebra structure on
W, denoted g;. By equation , ¢; is a metric Lie algebra. Since the inner
product on W is positive-definite, g; is reductive, whence g; = [g;, 9] @ 3, where
s; := [@i, 8;] is the semisimple derived ideal of g; and 3; is the centre of g;. The

following lemma will prove useful.

Lemma 1.2.4. Let g;, i = 1,...,r, be a family of reductive Lie algebras sharing
the same underlying vector space W and let [—, —]; denote the Lie bracket of g;.

Suppose that they satisfy equations ((1.39a]) and ((1.39b)) and in addition that one
of these Lie algebras, g, say, is simple. Then for all z,y € W,

[, yli = Kilz, Y, (1.40)

where k; € R.

Proof. Equation says that for all z € W, ad; x := [x, —]; is a derivation of
g;, for all 4, j. In particular, ad; x is a derivation of g;. Since derivations preserve
the centre, ad; x : 3; — 3;, whence the subspace 3; is an ideal of g;. Since by
hypothesis, g, is simple, we must have that either 3, = W, in which case g; is
abelian and the lemma holds with x; = 0, or else 3; = 0, in which case g; is
semisimple. It remains therefore to study this case.

Equation again says that ad; x is a derivation of g;. Since all deriva-
tions of g; are inner, this means that there is some element y such that ad; x =
ad; y. This element is moreover unique because ad; has trivial kernel. In other

words, this defines a linear map
wi g — by adi xr = ad1 ?/)ZCE Vo e W. (141)

This linear map is a vector space isomorphism since kert; C kerad; = 0, for
g; semisimple. Now suppose that [ < g; is an ideal, whence ad;(z)I C I for all
x € g;. This means that ad;(y)l C I for all y € g1, whence I is also an ideal of
g1. Since g; is simple, this means that I = 0 or else I = W; in other words, g; is

simple.
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Now for all z,y, z € W, we have

(il yli, 2] [z, yli, 2] by equation (|1.41))
Yy

1= [ z
= [z, [y, z]i)i — [y, [z, 2]i): by the Jacobi identity of g;
= [z, [Yiy, 211 — [, [Wix, 2]1]1 by equation ([1.41))
= [

[iz, Yiyli, 2 by the Jacobi identity of g,

and since g; has trivial centre, we conclude that

Vilr, yli = [z, Yyl

whence v; : g; — g1 is a Lie algebra isomorphism.

Next, condition says that ad; [z, y]; = ad;[x, y];, whence using equation
, we find that adi[z,y]; = ad; ¥;[z,y];, and since ad; has trivial kernel,
[z,y]; = ¥ilx,y]1. We may rewrite this equation as ad; x = ¢; ad; x for all z,
which again by virtue of , becomes ad; ¥;x = 1); ad; x, whence 1); commutes
with the adjoint representation of g;. Since g is simple, Schur’s Lemma says that
v; must be a multiple, x; say, of the identity. In other words, ad; x = k; ad; z,

which proves the lemma. O

Let us now consider the general case when none of the g; are simple. Let us
focus on two reductive Lie algebras, g; = 3; ®s;, for « = 1, 2 say, sharing the same

underlying vector space W. We will further decompose s; into its simple ideals

N;

si— P (1.42)

For every x € W, ad; x is a derivation of g, whence it preserves the centre 3
and each simple ideal 55 . This means that 3, and 5/26 are themselves ideals of gy,

whence

p=Eo@st ad & =EoDst Voe{L2.. N}, (143)

acly OZGIB

and where the index sets Iy, I1, . .., Iy, define a partition of {1,..., Ni}, and

W=E®E @ - En, (1.44)
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is an orthogonal decomposition of 3;. But now notice that the restriction of g; to

Es® @, 1, 59 1 reductive, whence we may apply Lemma to each simple

s5 in turn. This allows us to conclude that for each 3, either 55 = Ej or else
55 = s¢, for some o € {1,2,..., N1} which depends on 3, and in this latter case,

[z, y]ﬁg = K[z, ylse, for some nonzero constant .

This means that, given any one Lie algebra g;, any other Lie algebra g; in the
same family is obtained by multiplying its simple factors by some constants (which
may be different in each factor and may also be zero) and maybe promoting part
of its centre to be semisimple.

The metric Lie algebras g; induce the following orthogonal decomposition of
the underlying vector space W. We let W, = [:_; 3 be the intersection of all the
centres of the reductive Lie algebras g;. Then we have the following orthogonal
direct sum W = W, @ @2;1 W,, where restricted to each W~ at least one of
the Lie algebras, g; say, is simple and hence all other Lie algebras g;.; are such
that for all x,y € W,

[z, yl; = rijlz, yli Ik € R, (1.45)

To simplify the notation, we define a semisimple Lie algebra structure g on
the perpendicular complement of W, whose Lie bracket [—, —] is defined in such
a way that for all z,y € W,,, [z, y] := [z,y];, where i € {1,2,...,r} is the smallest
such integer for which the restriction of g; to W, is simple. (That such an integer
i exists follows from the definition of Wy and of the W,.) It then follows that the
restriction to W, of every other g,; is a (possibly zero) multiple of g.

We summarise this discussion in the following lemma, which summarises the

solution of equations ([1.39a)) and ({1.39D)).

Lemma 1.2.5. Let g;, i = 1,...,r, be a family of metric Lie algebras sharing the

same underlying euclidean vector space W and let [—, —]; denote the Lie bracket
of g;. Suppose that they satisfy equations (1.39a)) and (1.39bf). Then there is an

orthogonal decomposition

N
W =W, o P W, (1.46)
a=1
where
0 if x,y € Wo;
[z, yli = (1.47)

K x,y) if iy € W,
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for some x$ € R and where [—, —] are the Lie brackets of a semisimple Lie algebra

g with underlying vector space @2;1 Wa.

1.2.4 Solving for the J;;

Next we study the equations (1.39¢|) and (1.39d]), which involve only J;;. Equa-
tion (1.39¢|) says that each J;; is a derivation over the g, for all 4,7, k. Since

derivations preserve the centre, every J;; preserves the centre of every g, and
hence it preserves their intersection Wy. Since J;; preserves the inner product, it
also preserves the perpendicular complement of Wy in W, which is the underlying
vector space of the semisimple Lie algebra g of the previous lemma. Equation
does not constrain the component of J;; acting on Wj since all the [—, —]j
vanish there, but it does constrain the components of J;; acting on @gzl W,. Fix
some « and let x,y € W,. Then by virtue of equation (|1.47)), equation
says that

Ky (Jijlz,y] = [z, y] = [z, Jyyl) = 0. (1.48)

Since, given any « there will be at least some £ for which xf # 0, we see that
Jij is a derivation of g. Since g is semisimple, this derivation is inner, where
there exists a unique z;; € g, such that J;;y = [2;,y] for all y € g. Since the
simple ideals of g are submodules under the adjoint representation, J;; preserves
each of the simple ideals and hence it preserves the decomposition . Let 27
denote the component of z; along W,. Equation can now be rewritten
for x,y € W, as

ki 250 (o yl] + K5 (26, [, y]) + w7 (25, [z, y]] = 0. (1.49)
Since g has trivial centre, this is equivalent to
ki 25+ KG 2g + kg2 = 0, (1.50)

which can be written more suggestively as k* A 2* = 0, where k* € R" and
2% € A’2R" ® W,. This equation has as unique solution z* = k* A 5%, for some

s* € R" ® W,, or in indices

Ch dsi € Wi, (1.51)
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Let s; =), s¢ € g and consider now the isometry ¢ : V' — V defined by

90(/01) =V
p(z) ==z
o(u;) = u; — 5 — % (Siy85) v; (1.52)

for all z € Wy and all x € @L W,. The effect of such a transformation on the
3-brackets ((1.38)) is an uninteresting modification of Kjj; and L,z and the more
interesting disappearance of J;; from the 3-brackets involving elements in W,,.

Indeed, for all x € W, we have

[p(ui), p(uy), o(x)] = [u; — si,u; — s, 7]
= [ug, uj, ] + [uj, $i, x] — [wi, 4, 2] + [s4, 85, 2]
= J;jx + [s;, z]; — [s;, x]; + central terms

«

= [z5, o] + K5 [s7, 1] — K{'[s], 2] + central terms

150
= [2f; + KSs{ — K{'s§, o] + central terms

= 0 + central terms,

where we have used equation (|1.51)).

This means that without loss of generality we may assume that J;jz = 0 for
all z € W, for any a. Now consider equation for z € @ivzl W,. The right-
hand side vanishes, whence [Kj, x|, = 0. Also if € Wy, then [Ki,x], = 0
because x is central with respect to all g,. Therefore we see that K;j; is central
with respect to all g, and hence Kj;;, € Wy.

In other words, we have proved the following

Lemma 1.2.6. In the notation of Lemma [1.2.5] the nonzero 3-brackets for V
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may be brought to the form

.
[wi, uj, u) = Kyj + E Lijreve

=1
[wi, wj, xo] = Jijxo — Z (Kijk, To) Uk
k=1
. 1.53
[wi, To, Yo| = — Z (o, Jijyo) v; ( )

j=1

[uhxauya] = K?[x7ly]

[ma’ Yas ZO&] - - <[xaa yoz]v Zoe) Z "f?via
=1

for all za, Yo, 20 € Wa, To,y0 € Wy and for some Ly € R, Kijp € Wy and

Ji; € s0(Wp), all of which are totally skewsymmetric in their indices.

Since their left-hand sides vanish, equations ({1.39¢)) and ((1.39f) become con-
ditions on J;; € so(Wp):

Jij ke — Jedij = 0, (1.54)
ijJig + Jkét]ij + Jj@J]ﬂ' - O (155)

The first condition says that the J;; commute, whence since the inner product
on Wj is positive-definite, they must belong to the same Cartan subalgebra h C
so(Wy). Let Hy, for m = 1,..., L%L denote a basis for b, with each H,
corresponding to the generator of infinitesimal rotations in mutually orthogonal
2-planes in Wy. In particular, this means that H,H, = 0 for 7 # p and that
H? = —II,, with II, the orthogonal projector onto the 2-plane labelled by .
We write Jj; € R for the component of J;; along H,. Fixing m we may think
of Jj; as the components of J" € A?R". Using the relations obeyed by the H,,
equation separates into L%J equations, one for each value of m, which
in terms of J™ can be written simply as J™ A J™ = 0. This is a special case of a

Pliicker relation and says that J™ is decomposable; that is, J™ = n™ A (™ for some
n™, (™ € R". In other words, the solution of equations ([1.54)) and ((1.55) is

Ti=>_ (f ¢ —nj¢T) Hy (1.56)

™

living in a Cartan subalgebra h C so(WVj).
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1.2.5 Solving for the K,

It remains to solve equations ((1.39g|) and (|1.39h)) for Kjj;. We shall concentrate
on the linear equation (1.39¢g). This is a linear equation on K € A3R” ® W, and

says that it is in the kernel of a linear map

AgRr & Wo —_— AQRT &® ASRT ® WO (157)

defined by
Kiji = Jij Kiom — JomKiji — ImiFKije — JeeKijm. (1.58)

The expression in the right-hand side is manifestly skewsymmetric in 75 and kfm
separately, whence it belongs to A2R" @ AR" ® W, as stated above. For generic

r (here r > 5) we may decompose
AR @ AR = YR 0 YE R @ AR, (1.59)

where Y Youns tableau qonotes the corresponding Young symmetriser representation.
Then one can see that the right-hand side of has no component in the first
of the above summands and hence lives in the remaining two summands, which
are isomorphic to R” @ A‘R".

We now observe that via an isometry of V' of the form

p(vi) = v;
90(3:01) = Tq
Qp(ul) =u; +t; — % Z <ti, ij> Vj (160)

J

(o) = w0 — Z (o, t;) vi,

i

for t;, € Wy, the form of the 3-brackets ([1.53) remains invariant, but with Ky,

and L;;, transforming by

Kiji — Kiji + Jijte, + Jjiti + Jiit;, (1.61)
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and

Lijke — Lijie + (Kiji, te) — (Keij, tre) + (Kgeir t5) — (Kjke, ti)
+ (Jijte, te) + (Juits, te) + (Jjuts, te) + (Jielj, ti) (1.62)
+ (Jjete, ti) + (Jreti b))

respectively. In particular, this means that there is an ambiguity in Kjj;;, which

can be thought of as shifting it by the image of the linear map
R @W, — AR @ W, (1.63)

defined by

The two maps (1.57)) and ((1.63) fit together in a complex

R W, —— AR @W;, —— R"® AR @ W,, (1.65)

where the composition vanishes precisely by virtue of equations ([1.54)) and ([1.55]).

We will show that this complex is acyclic away from the kernel of J, which will
mean that without loss of generality we can take Kjj; in the kernel of J subject
to the final quadratic equation ((1.39h)).

Let us decompose W into an orthogonal direct sum

(dim Wp)/2
E,, if dim W, is even, and
=1
Wy = (1.66)
(dim Wp—1)/2
Rw @ b E., if dim W, is odd,
=1

where E, are mutually orthogonal 2-planes and, in the second case, w is a vector
perpendicular to all of them. On FE, the Cartan generator H, acts as a complex
structure, and hence we may identify each E, with a complex one-dimensional
vector space and H, with multiplication by ¢. This decomposition of W allows
us to decompose Ky, = K, + > KT, where the first term is there only in
the odd-dimensional situation and the K7, are complex numbers. The complex
breaks up into Ld‘mTWOJ complexes, one for each value of 7. If J™ = 0 then
K7, is not constrained there, but if J™ = 7™ A (™ # 0 the complex turns out to

)

have no homology, as we now show.
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Without loss of generality we may choose the vectors n™ and (™ to be the
elementary vectors e; and ez in R", so that J™ has a J;, = 1 and all other J; = 0.
Take i = 1 and j = 2 in the cocycle condition ((1.57)), to obtain

Kiom = Jom STk + T K20 + e Ko, (1.67)

It follows that if any two of k,¢,m > 2, then Kp,, = 0. In particular KT;; =
K3,; = 0 for all 4,5 > 2, whence only KT, for k > 2 can be nonzero. However
for £ > 2, K75, = Jex, with e, the kth elementary vector in R", and hence
KT, is in the image of the map ; that is, a coboundary. This shows that
we may assume without loss of generality that K[, = 0. In summary, the only
components of K;j;, which survive are those in the kernel of all the J;;. It is

therefore convenient to split W, into an orthogonal direct sum

Wo = Eo ® @ E-, (1.68)

where on each 2-plane E, J© = n™ A ("™ # 0, whereas J;jz = 0 for all z € Ej.
Then we can take K;;, € Ep.

Finally it remains to study the quadratic equation (1.39h)). First of all we
mention that this equation is automatically satisfied for r < 4. To see this
notice that the equation is skewsymmetric in k, ¢, m,n, whence if r < 4 it is
automatically zero. When r = 4, we have to take k, ¢, m,n all different and hence

the equation becomes
(Kij1, Koga) — (Kijo, Kaar) + (Kijs, Ka12) — (KGja, Ki23) =0,

which is skewsymmetric in ¢,j. There are six possible choices for 7,7 but by
symmetry any choice is equal to any other up to relabeling, so without loss of
generality let us take ¢ = 1 and 7 = 2, whence the first two terms are identically

zero and the two remaining terms satisfy
(K123, Ka12) — (K124, K123) = 0,

which is identically true. This means that the cases of index 3 and 4 are classifiable
using our results. By contrast, the case of index 5 and above seems not to be
tame. An example should suffice. So let us take the case of r = 5 and dim Fy = 1,

so that the Kj;, can be taken to be real numbers. The solutions to (1.39h)) now
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describe the intersection of five quadrics in R!°:

K25 K134 — K124 K135 + K123K145 = 0
K5 K234 — K124 K35 + K123 K945 = 0
K135 K934 — K134 Ka35 + K123K345 = 0
K45 K934 — K134 K245 + K124 K345 = 0
K45 K35 — K35 K45 + K125 K345 = 0,

whence the solutions define an algebraic variety. One possible branch is given
by setting Kj;; = 0 for all 4,7, which leaves undetermined Kajz4, Kozs, Kous
and K3y5. There are other branches which are linearly related to this one: for
instance, setting Ky;; = 0, et cetera, but there are also other branches which are

not linearly related to it.

1.2.6 Summary and conclusions
Let us summarise the above results in terms of the following structure theorem.

Theorem 1.2.7. Let V be a finite-dimensional indecomposable metric 3-Lie al-
gebra of index r > 0 with a maximally isotropic centre. Then V' admits a vector

space decomposition into r + M + N + 1 orthogonal subspaces

r N M
V=P Ru; & Rvy) @ P W & P E- @ E, (1.69)
i=1 a=1 =1

where W,, E, and E, are positive-definite subspaces with the E, being two-
dimensional, and where (u;,u;) = (v;,v;) = 0 and (u;,v;) = d;;. The 3-Lie

algebra is defined in terms of the following data:

e 0 AN AN(" € A°R" foreach m=1,..., M,

0+# ke R foreacha=1,..., N,
e a metric simple Lie algebra structure g, on each W,,

L € A*R", and

K € A’R" ® E, subject to the equation

(Kijny Kiem) + (Kijo, Kpnk) — (Kijms Knke) — (Kije, Komn) = 0,
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by the following 3—brackets,E|

I8
[, wj, u) = Ky + E Lijreve
=1
T

[wi, wj, wo] = — Z (Kijk, To) Uk

k=1

[wiyuj, xn] = JEH iy
’ ! (1.70)

T

[ui7 T, yﬂ'] == Z <x71" JZ]FHﬂ'yW> Uj

J=1

[uia Lo, ya] = fi? [*1'017 ya}

[wm Ya, Za] = - <[xa7ya]7 Zoc> Z K’zqvia
i=1

for all xg € Ey, 2.,y € E; and x4, Yo, 2o € Wy, and where i =nr ¢ — il
and H, a complex structure on each 2-plane E.. The resulting 3-Lie algebra is
indecomposable provided that there is no xy € Ey which is perpendicular to all

the Kjj;, whence in particular dim Fy < (g)

1.3 Examples for low index

Let us now show how to recover the known classifications in index < 2 from
Theorem [L.2.7

Let us consider the case of minimal positive index » = 1. In that case, the
indices 1, 7, k, [ in Theorem can only take the value 1 and therefore J;;, K
and L;;i; are not present. Indecomposability of V' forces Ey = 0 and E; = 0,
whence letting v = uy; and v = vy, we have V. = Ru & Rv & @gzl W, as a
vector space, with (u,u) = (v,v) = 0, (u,v) = 1 and @_, W, euclidean. The
3-brackets are:

[, Ta, Ya] = [Ta, Yol

(1.71)

[xaa Yas Zoz] = <[xcw ya]u Za> v,
for all x4, Ya, 2o € W, and where we have redefined k[ o, Yo] — [Ta, Ya], which is
a simple Lie algebra on each W,. This agrees with the classification of lorentzian

3-Lie algebras in [15] which was reviewed in the introduction.

'We understand tacitly that if a 3-bracket is not listed here it vanishes. Also every summa-
tion is written explicitly, so the summation convention is not in force. In particular, there is no
sum over 7 in the third and fourth brackets.
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Let us now consider r = 2. According to Theorem [I.2.7] those with a maxi-
mally isotropic centre may now have a nonvanishing Ji» while Kjj, and L;;, are
still absent. Indecomposability of V' forces Ey = 0. Therefore W, = @WMﬂ E,
and, as a vector space, V = Ru; ® Rv; @ Ruy @ Ruy & Wy & @gil W, with
(g, uy) = (v, v;) = 0, (uz,v;) = 65, Vi, j = 1,2 and Wy & @, W, is euclidean.

The 3-brackets are now:

[ug, Ug, Trx] = Jxp

[ur, 2, Y] = = (@, Jyz) 02

[ug, o, Yr| = (T, Jyr) 11 1.72)
[tr; %o, Yol = K7 [0, Yol

(U2, Ta, Yol = K5[0, Yol

[Tar Yas Za] = = ([T Yal, Za) K101 = ([Ta, Yal, 2a) K5 V2,

for all x,,y, € E, and T4, VYo, 2« € W,. This agrees with the classification
in |19] of finite-dimensional indecomposable 3-Lie algebras of index 2 whose centre
contains a maximally isotropic plane. In that paper such algebras were denoted
Vi (E, J, 1, b, g, 1) with underlying vector space R(u,v)®R(e;,e_ ) ESGhDg
with (u,u) = (v,v) = (ex,ex) =0, (u,v) =1 = (e;,e_) and all @ orthogonal.

The nonzero Lie 3-brackets are given by

[U, g1, 92] = ['ngl, 92]9

et = le—, g1, 92) = [91, 9]
= e [g_7g1792]=—1<’[92 gg] g3) €
le_z.y] = — (Ja,y)v B BRI )
- (ng,gﬂgagz) v
[6_,h1,h2] = [hlth]fJ
[u,ﬁl,@] = [El,gg][
[h1, ha, R ([l haly, ha)

[51752,53] = - ([51752][75:*) v

where x,y € E, h,h; € b, g; € gand {; € .
To see that this family of 3-algebras is of the type ((1.72)) it is enough to identify

Uy U V] v Uy <> €_ Uy ey (1.74)
as well as

N
Wo—E and PW.olobag, (1.75)
=1
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where the last identification is not only as vector spaces but also as Lie algebras,

and set
/‘il‘hzo /ﬁ?g‘bzl
kil =1 Kol =10 (1.76)
ff1|ga :¢a ff2’ga :17

to obtain the map between the two families. As shown in [19] there are 9 different
types of such 3-Lie algebras, depending on which of the four ingredients (F, J),
[, b or (g,v) are present.

The next case is that of index r = 3, where there are up to 3 nonvanishing J;;
and one Ko3 := K, while L;jj, is still not present. Indecomposability of V' forces

dim Fy < 1. As a vector space, V splits up as

N M
V=P Ru; & Rv;) e P Wa © P E- @ E, (1.77)
i=1 a=1 =1

where all @ are orthogonal except the second one, W,. Ey and E, are positive-
definite subspaces, dim Ey < 1, E, is two-dimensional, and (u;, u;) = (v;,v;) =0

and (u;,vj) = d;;. The 3-brackets are given by

[ulu Usg, U3] - K

T

[wi, wj, wo] = — Z (Kijk, To) Uk

k=1
T
(Wi, wj, xr| = S H

r (1.78)
(i, 2, Y] = = Y (@, T Hocg) 05

j=1

[uia Loy ya] = KJ? [I’a, ya}

[l‘a, Yo Za] = <[xa>ya]7 Za> Z K'iavia
=1

for all xy € Ey, Tr,yx € Er and Ty, Yo, 2o € Wy, and where J{]r- = 77?@77 — n}rCf
and H, a complex structure on each 2-plane F.

Finally, let us remark that the family of admissible 3-Lie algebras found in [24]
are included in Theorem [I.2.7] In that paper, a family of solutions to equations
was found by setting each of the Lie algebra structures [—, —]; to be nonzero
in orthogonal subspaces of W. This corresponds, in the language used here, to

the particular case of allowing precisely one ¢ to be nonvanishing in each W,.
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Notice that, as shown in ((1.76]), already in [19] there are examples of admissible
3-Lie algebras of index 2 which are not of this form as both x; and ks might be
nonvanishing in the g, factors.

To solve the rest of the equations, two Ansétze are proposed in [24]:

e the trivial solution with nonvanishing J, i.e. & = 0, K, = 0 for all

1,7,k =1,...,r and for all a; and

e precisely one k¢ = 1 for each o (and include those W,’s where all k’s are
zero in W) and one J;; := J # 0 assumed to be an outer derivation of the

reference Lie algebra defined on W.

As pointed out in that paper, L;ji is not constrained by the fundamental
identity, so it can in principle take any value, whereas the Ansatz provided for
Kji, is given in terms of solutions of an equation equivalent to . In the
Lagrangians considered, both L;ji; and Kjj;, are set to zero.

One thing to notice is that in all these theories there is certain redundancy
concerning the index of the 3-Lie algebra. If the indices in the nonvanishing

structures &5, Ji;, Kijr and L;ji involve only numbers from 1 to 7y, then any
3-Lie algebra with such nonvanishing structures and index r > ry gives rise to
the equivalent theories.

In this light, in the first Ansatz considered, one can always define the non
vanishing J to be Ji5 and then the corresponding theory will be equivalent to one
associated to the index-2 3-Lie algebras considered in [19)].

In the second case, the fact that J is an outer derivation implies that it must
live on the abelian part of W as a Lie algebra, since the semisimple part does not
possess outer derivations. This coincides with what was shown above, i.e., that
Jlw, = 0 for each a. Notice that each Lie algebra [—, —]; identically vanishes
in Wy, therefore the structure constants of the 3-Lie algebra do not mix J and
[—, —]i- The theories in [24] corresponding to this Ansatz also have K;j;, = 0,
whence again they are equivalent to the theory corresponding to the index-2

3-Lie algebra which was denoted V(E, J, ) in [19].
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Yet what are all such gaieties to me whose

thoughts are full of indices and surds?
Lewis Carroll

Chapter 2

Indefinite Signature

Bagger—Lambert Lagrangians

In this section we will consider the physical properties of the Bagger—Lambert
theory based on the most general kind of admissible metric 3-Lie algebra, as
described in Theorem [1.2.7]

In particular we will investigate the structure of the expansion of the corre-
sponding Bagger—Lambert Lagrangians around a vacuum wherein the scalars in
half of the null directions of the 3-Lie algebra take the constant values implied
by the equations of motion for the scalars in the remaining null directions, span-
ning the maximally isotropic centre. This technique was also used in [24] and
is somewhat reminiscent of the novel Higgs mechanism that was first introduced
by Mukhi and Papageorgakis [20] in the context of the Bagger—Lambert theory
based on the unique simple euclidean 3-Lie algebra S;. Recall that precisely this
strategy has already been employed in lorentzian signature in [18], for the class
of Bagger—Lambert theories found in [16,/17,/18] based on the unique admissible
lorentzian metric 3-Lie algebra W(g), where it was first appreciated that this
theory is perturbatively equivalent to N = 8 super Yang Mills theory on R!?
with the euclidean semisimple gauge algebra g. That is, there are no higher order
corrections to the super Yang—Mills Lagrangian here, in contrast with the infinite
set of corrections (suppressed by inverse powers of the gauge coupling) found
for the super Yang—Mills theory with su(2) gauge algebra arising from higgsing
the Bagger-Lambert theory based on Sy in [20]. This perturbative equivalence
between the Bagger—Lambert theory based on W(g) and maximally supersym-
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metric Yang—Mills theory with euclidean gauge algebra g has since been shown
more rigorously in [21},22,23].

We will show that there exists a similar relation with N = 8 super Yang-Mills
theory after expanding around the aforementioned maximally supersymmetric
vacuum the Bagger—Lambert theories based on the more general physically ad-
missible metric 3-Lie algebras we have considered. However, the gauge symme-
try in the super Yang—Mills theory is generally based on a particular indefinite
signature metric Lie algebra here that will be identified in terms of the data ap-
pearing in Theorem The physical properties of the these Bagger-Lambert
theories will be shown to describe particular combinations of decoupled super
Yang-Mills multiplets with euclidean gauge algebras and free maximally super-
symmetric massive vector multiplets. We will identify precisely how the physical
moduli relate to the algebraic data in Theorem [1.2.7] We will also note how the
theories resulting from those finite-dimensional indefinite signature 3-Lie algebras

considered in [24] are recovered.

2.1 Review of two gauge theories in indefinite

signature

Before utilising the structural results of the previous section, let us briefly review
some general properties of the maximal N = 8 supersymmetric Bagger-Lambert
and Yang—Mills theories in three-dimensional Minkowski space that will be of
interest to us, when the fields are valued in a vector space V equipped with
a metric of indefinite signature. We shall denote this inner product by (—, —)
and take it to have general indefinite signature (r,r + n). We can then define
a null basis e4 = (u;,v5,e,) for V, with i = 1,....7, a = 1,...,n, such that
(i, vj) = i, (ws,uj) = 0= (v;,v;) and (e, €p) = dap.

For the sake of clarity in the forthcoming analysis, we will ignore the fermions
in these theories. Needless to say that they both have a canonical maximally
supersymmetric completion and none of the manipulations we will perform break

any of the supersymmetries of the theories.

2.1.1 Bagger—Lambert theory

Let us begin by reviewing some details of the bosonic field content of the Bagger—

Lambert theory based on the 3-bracket [—, — —| defining a metric 3-Lie algebra
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structure on V. The components of the canonical 4-form for the metric 3-Lie
algebra are Fupcp = ([ea, en,ec|,ep) (indices will be lowered and raised using
the metric (e, ep) and its inverse). The bosonic fields in the Bagger—Lambert
theory have components X7 and (AH)A g = F4 BCDAED , corresponding respec-
tively to the scalars (I = 1,...,8 in the vector of the s0(8) R-symmetry) and the
gauge field (u = 0,1,2 on RY? Minkowski space). Although the supersymmetry
transformations and equations of motion can be expressed in terms of (A4,)3, the
Lagrangian requires it to be expressed as above in terms of A/‘:‘B.

The bosonic part of the Bagger—-Lambert Lagrangian is given by

1
3:—§<DMXI,D“XI>+”//(X)+$CS , (2.1)

where the scalar potential is
V(X)) = —5 (X1, Xy, Xk, [ X1, XJ, XK]) (2.2)
the Chern—Simons term is
Lo = % (AAB NdAp+ 2AY A Age A ACB> , (2.3)

and D¢ = 9,04 + (AM)A p®P defines the action on any field ¢ valued in V of
the derivative D that is gauge-covariant with respect to A*5. The infinitesimal
gauge transformations take the form d¢? = —A45¢? and (5(21#)’4 B = 8u/~\’4 B+
(A)AcACs — A e(A,) 5, where Ap = FAzopACP in terms of an arbitrary
skewsymmetric parameter A4% = —ABA,

If we now assume that the indefinite signature metric 3-Lie algebra above
admits a maximally isotropic centre which we can take to be spanned by the
basis elements v; then the 4-form components F,, 4pc must all vanish identically.
There are two important physical consequences of this assumption. The first is
that the covariant derivative D, X;" = 0,X;". The second is that the tensors
Fupep and FapcCFpera = Fapc?Fperg which govern all the interactions in
the Bagger—Lambert Lagrangian contain no legs in the v; directions. Therefore
the components AZZ’A of the gauge field do not appear at all in the Lagrangian
while X" appear only in the free kinetic term —D, X/ 0*X}" = —0, X[ 0*X}".
Thus X}* can be integrated out imposing that each X;* be a harmonic function
on R"? which must be a constant if the solution is to be nonsingular. (We will

assume this to be the case henceforth but singular monopole-type solutions may
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also be worthy of investigation, as in [27].) It is perhaps just worth noting that,
in addition to setting X;* constant, one must also set the fermions in all the u;
directions to zero which is necessary and sufficient for the preservation of maximal
supersymmetry here.

The upshot is that we now have —1 (D, X;, D*X;) = —1D,X{D"X¢ (with
contraction over only the euclidean directions of V') and each X" is taken to
be constant in (2.1). Since both X;* and A%* are now absent, it will be more

economical to define X} := X} and A" := A% henceforth.

2.1.2 Super Yang—Mills theory

Let us now perform an analogous review for N = 8 super Yang—Mills theory, with
gauge symmetry based on the Lie bracket [—, —] defining a metric Lie algebra
structure g on V. The components of the canonical 3-form on g are fapc =
(lea,es),ec). The bosonic fields in the theory consist of a gauge field A7 and
seven scalar fields X7 (where now I = 1,...,7 in the vector of the so(7) R-
symmetry) with all fields taking values in V. The field strength for the gauge
field takes the canonical form F,, = [D,,D,| = 0,A, — 0,A, + [A,, A,] in terms
of the gauge-covariant derivative D, = 0, + [A,, —]. This theory is not scale-
invariant and has a dimensionful coupling constant k.
The bosonic part of the super Yang-Mills Lagrangian is given by

4K2

1
XSYM(AA7X}4a H|g) - _5 <DuXI7 D“XI> -2 <F,u,l/7 Ful/>

— X X)X, X)) (24)

Noting explicitly the dependence on the data on the left hand side will be useful
when we come to consider super Yang-Mills theories with a much more elaborate
gauge structure.

Assuming now that g admits a maximally isotropic centre, again spanned by
the basis elements v;, then the 3-form components f,, 4 must all vanish identi-
cally. This property implies DX} = d X", F"* = dA" and that the tensors fapc
and fag®fopr = fap®fcpe which govern all the interactions contain no legs in
the v; directions. Therefore X" and A" only appear linearly in their respective
free kinetic terms, allowing them to be integrated out imposing that X" is con-
stant and A" is exact. Setting the fermions in all the u; directions to zero again

ensures the preservation of maximal supersymmetry.
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The resulting structure is that all the inner products using (e4, ep) in are
to be replaced with (e,, e,) while all X} are to be taken constant and A% = d¢*™,
for some functions ¢*. With both X" and A" now absent, it will be convenient
to define X! := X} and ¢' := ¢“ henceforth.

Let us close this review by looking in a bit more detail at the physical prop-
erties of a particular example of a super Yang-Mills theory in indefinite sig-
nature with maximally isotropic centre, whose relevance will become clear in
the forthcoming sections. Four-dimensional Yang—Mills theories based on such
gauge groups were studied in [28]. The gauge structure of interest is based
on the lorentzian metric Lie algebra defined by the double extension d(E,R)
of an even-dimensional vector space F with euclidean inner product. Writing
V =Ru® Rv ® E as a lorentzian vector space, the nonvanishing Lie brackets of

0(E,R) are given by
[u, 2] = Jx | [z, y] = —(z, Jy) v, (2.5)

for all x,y € E where the skewsymmetric endomorphism J € so(FE) is part of the
data defining the double extension. The canonical 3-form for ?(E,R) therefore
has only the components f,.;, = Ju, with respect to the euclidean basis e, on E.
It will be convenient to take J to be nondegenerate and so the eigenvalues of J>
will be negative-definite.

We shall define the positive number p? := X¥X¥ as the SO(7)-norm-squared
of the constant 7-vector X* and the projection operator P}, := 75 — u 2 Xv¥ X4
onto the hyperplane R® C R7 orthogonal to X¥. It will also be convenient to
define z¢ := X}X{ as the projection of the seventh super Yang-Mills scalar
field along X¥ and D® := d® — d¢* A J® where ® can be any p-form on R'?
taking values in F. In terms of this data, the super Yang-Mills Lagrangian
LM ((dpv, A2), (X%, X9), k[o(E,R)) can be more succinctly expressed as

1 u a a Kzz 2 u a a via
- §PIJD#XIDHXJ + S (S Py XPXG — 32 (2 D A (2 DAY

k2
— ﬁ (D + ,uzJ“bAZ) (DHz* + ;LQJ“A’”) . (2.6)
From the first line we see that the six scalar fields P}, X are massive with mass-
squared given by the eigenvalues of the matrix —x?u?(J?)qp. All the fields couple
to d¢" through the covariant derivative D, but the second line shows that only the

seventh scalar x® couples to the gauge field A®. However, the gauge symmetry
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of under the transformations A% = DA and dz¢ = —pu2J%\, for any
parameter A* € E, shows that x* is in fact pure gauge and can be removed in
by fixing A\* = p~2(J1)%2®. The remaining gauge symmetry of is generated
by the transformations d¢* = o and d® = a J® for all fields & € E, where « is
an arbitrary scalar parameter. This is obvious since D = exp(¢"J)dexp(—¢*J)
and therefore, one can take D = d in by fixing o = —¢".

Thus, in the gauge defined above, the Lagrangian becomes simply

1
LM ((dp", AY), (XF, XT), k|0(E,R)) = —§PIUJ8MX}18MX3

+ () P X XY — L (20),A9) (201 AY0) 4+ 12(J2), ATARY | (2.7)
describing dim E decoupled free abelian N = 8 supersymmetric massive vector
multiplets, each of which contains bosonic fields given by the respective gauge
field %Afj plus six scalars P/, X¢, all with the same mass-squared equal to the
respective eigenvalue of —k?%(J?) g

It is worth pointing out that one can also obtain precisely the theory above
from a particular truncation of an N = 8 super Yang—Mills theory with euclidean
semisimple Lie algebra g. If one introduces a projection operator P;; onto a
hyperplane R® C R7 then one can rewrite the seven scalar fields in this euclidean
theory in terms of the six projected fields P;; X9 living on the hyperplane plus the
single scalar y* in the complementary direction. Unlike in the lorentzian theory
above however, this seventh scalar is not pure gauge. Indeed, if we expand the
super Yang-Mills Lagrangian for this euclidean theory around a vacuum
where y® is constant then this constant appears as a physical modulus of the
effective field theory, namely it gives rise to mass terms for the gauge field A% and
the six projected scalars Py X§. If one then truncates the effective field theory to
the Coulomb branch, such that the dynamical fields A and P;;X; take values in
a Cartan subalgebra t < g (while the constant vacuum expectation value y € g),
then the Lagrangian takes precisely the form (2.7 after making the following
identifications. First one must take F = t whereby the gauge field A* and coupling
r are the the same for both theories. Second one must identify the six-dimensional
hyperplanes occupied by the scalars X7 in both theories such that Pf; in
is identified with Pr; here. Finally, the mass matrix for the euclidean theory
is —k?[(ad,)?]s which must be identified with —r?p?(J?)q in (2.7). This last

identification requires some words of explanation. We have defined ad, ¢ := [y, ]
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for all ® € g, where [—, —] denotes the Lie bracket on g. Since we have truncated
the dynamical fields to the Cartan subalgebra t, only the corresponding legs
of (ad,)? contribute to the mass matrix. However, clearly y must not also be
contained in t or else the resulting mass matrix would vanish identically. Indeed,
without loss of generality, one can take y to live in the orthogonal complement
t+ C g since it is only these components which contribute to the mass matrix.
Thus, although (ad,)? can be nonvanishing on t, ad, cannot. Thus we cannot
go further and equate ad, with pJ, even though their squares agree on t. To
summarise all this more succinctly, after the aforementioned gauge-fixing of the

lorentzian theory and truncation of the euclidean theory, we have shown that

XSYM ((d¢u7 A‘E) ) (X}L7 PIuJXJ|E7 CC|E) 7ﬁ|D(E7]R)) =
= LM (Alp, (P Xyle,yls), klg) , (2.8)

where F = t, y € t* C g is constant and (ad,)? = p?J? on t. Of course, it is
not obvious that one can always solve this last equation for y in terms of a given
p and J nor indeed whether this restricts ones choice of g. However, it is the
particular case of dim E = 2 that will be of interest to us in the context of the
Bagger-Lambert theory in where we shall describe a nontrivial solution for
any rank-2 semisimple Lie algebra g. Obvious generalisations of this solution give

strong evidence that the equation can in fact always be solved.

2.2 Bagger—Lambert theory for admissible met-

ric 3-Lie algebras

We will now substitute the data appearing in Theorem into the bosonic part
of the Bagger-Lambert Lagrangian , that is after having integrated out X}’
to set all X} := X} constant.

Since we will be dealing with components of the various tensors appearing in
Theorem [1.2.7] we need to introduce some index notation for components of the
euclidean subspace @gzl W, & @ﬂle E,. ® Ey. To this end we partition the basis

eq = (€ay; €a,, €ay) ON the euclidean part of the algebra, where subscripts denote

a basis for the respective euclidean subspaces. For example, a, = 1,...,dim W,
whose range can thus be different for each «. Similarly ay = 1,...,dim Ej,
while a, = 1,2 for each two-dimensional space E,.. Since the decomposition
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@gzl W, ® Gny:l E, @ Ey is orthogonal with respect to the euclidean metric
(€q,€p) = Oqp, We can take only the components (e, €p.) = danbn, (€ars€b,) =
darb, and (€40, €py) = dagp, t0 be nonvanishing. Since these are all just unit metrics
on the various euclidean factors then we will not need to be careful about raising
and lowering repeated indices, which are to be contracted over the index range
of a fixed value of «, m or 0. Summations of the labels @ and 7 will be made
explicit.

In terms of this notation, we may write the data from Theorem [1.2.7]in terms
of the following nonvanishing components of the canonical 4-form Fygcp of the
algebra

Fuiaabaca - /{?faabaca
Fuiujaﬁbﬂ- - (n:(;r - n;TCZr) eaﬂ’bﬂ'

Fuiujukao = Kijkao

(2.9)

Fuiujukul = Lijkl s
where f, .., denotes the canonical 3-form for the simple metric Lie algebra
structure g, on W, and we have used the fact that the 2x2 matrix H, has only

components €, . = —€ with €15 = —1, on each 2-plane E .

A final point of notational convenience will be to define Y42 := X# X2 and
the projection Xf = & X! for any ¢ € R”. Combining these definitions allows
us to write certain projections which often appear in the Lagrangian like Y5 :=
X5X5 and Y& := X5X¢ for any £, ¢ € R". Tt will sometimes be useful to write
V& = ||X¢||2 > 0 where || X¢| denotes the SO(8)-norm of the vector X¢. A
similar shorthand will be adopted for projections of components of the gauge
field, so that A% := & A7 and A% := &AL,

It will be useful to note that the euclidean components of the covariant deriva-
tive D, X7 = 0, X + (A,)*pXF from section can be written

Dy X7 = 9, X7 — K frbece (2 AN X7 4 Alece X7)
= 9,X}* — 2B X}

D, X" = 9, X¢ + 27 (Tt (AU XY — A= X7 + Al X}) (2.10)
= 0, X074 2 eorbr (AZ”C“X? — AT XS A X )

D, X7 =0, X" — Kijn® A X] .

The second line defines two new quantities on each W,: Bie := § foebace Abace and
the covariant derivative 2, X7 1= 9, X —2 foabace g AP« X7~ The latter object
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is just the canonical covariant derivative with respect to the projected gauge field
szflfa = —2 A/’ja“a on each W,. The associated field strength %, = [Z,, Z,] has
components

Fao = 9 o (dAiaa _ ,{?faabacaAiba A Ajca) ‘ (2.11)

Although somewhat involved, the nomenclature above will help us understand
more clearly the structure of the Bagger—Lambert Lagrangian. Let us consider
now the contributions to coming from the scalar kinetic terms, the sextic
potential and the Chern—Simons term in turn.

The kinetic terms for the scalar fields give
1 L 1 a0 M v ao
~3 (D, X, D'Xy) = —§D#X] DrXj

N M
1 1
— 52 DuXpDIXpr — 03 DX[TDIX (212)

a=1 =1

which expands to

WE

1 a Ao, kY Dag Ao, KRS Daq Ao
[—ﬁﬁuXI“@“XI +2 X[ Bl gt X e — 2 YR Ble B }
1

Q
I

+
M=

1 T T T ™ T T
[—gauxgwauxgw — .9t X an orbr (AZ X~ AT XS 4 AST X )
1

T

=2 (AT - AT AT X

X (A“”ﬁUX}L’T — Arman X674 A“Cﬂ“”X?ﬂﬂ
1 y 1 y
— Ou X0 X0 + K AT ory ke — 3 ijkao Kimnag Y LA AR (2.13)
The scalar potential can be written ¥ (X) = ¥W(X) + ¥¥(X) + vFo(X)
where
N
nj/W(X) _ _i Z faabaeafcadaea (Y/io‘riayaaca . Yri"‘aayno‘ca) Ybada

a=1
M

“//E(X) — _% Z {Yawaw (Yn”n”yC”C” _ (YW’TC")Q) 4o yTany Tanyn (T
=1
_yntarynTany ¢TCT YC“awyC”awyn”n”}
V(X)) = =& Kijrao Kimna YY" Y
(2.14)
Notice that #F0(X) is constant and will be ignored henceforth.
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And finally, the Chern-Simons term can be written .Log = L% + L% + L&

where
N
LY =—2> BN
a=1
M
Lo =—4> {ea”b” AT N ASTE 4 2 ATT N AT N\ AT O
=1

—%e“”b" At A dA”WCW}

E, ij kag _ 1 ij kl mn | L ij kl
28 = 2 Kijrag A” NdA™ — 3 Kigtag Kjmnag A7 N AT N AT + §LZ~WA TN AAT .

(2.15)
These expressions are valid only up to total derivative terms that will be dis-
carded.

Clearly there is a certain degree of factorisation for the Bagger-Lambert La-
grangian into separate terms living on the different components of @ivzl W, &
@M, B, @ E,. Indeed let us define accordingly 2" = -3 SN D X DX+
YW(X) + L and likewise for E and E,. This is mainly for notational conve-
nience however and one must be wary of the fact that . Z% and .Z*0 could have
some fields, namely components of A%, in common.

To relate the full Lagrangian . with a super Yang-Mills theory, one has first
to identify and integrate out those fields which are auxiliary or appear linearly
as Lagrange multipliers. This will be most easily done by considering £V, #*

and 20 in turn.

2.2.1 £V

The field B% appears only algebraically as an auxiliary field in #%. Its equation
of motion implies
2V Bl = X[ PX [ 4w F 0 (2.16)
for each value of . Substituting this back into #" then gives
L N
-5 > DX DFX{e + LY =
a=1
4YK/QI‘CO¢

N

1 .
Z{—Epfjguxga@ﬂxga——l ngwvaa} , (2.17)
a=1
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where, for each a, PF/ = ;5 — % is the projection operator onto the
hyperplane R” C R® which is orthogonal to the 8-vector X" that k% projects the
constant X onto.
Furthermore, in terms of the Lie bracket [—, —], on g,, the scalar potential
can be written
N

YW(X) = =3 ) V™" PPy [Xn Xulee [ Xk, Xela (2.18)

a=1

In conclusion, we have shown that upon integrating out B® one can identify

N
LV =M (% PrXS X)) (2.19)
a=1
The identification above with the Lagrangian in has revealed a rather in-
tricate relation between the data x§* and g, on W, from Theorem and the
physical parameters in the super Yang-Mills theory. In particular, the coupling
constant for the super Yang-Mills theory on W, corresponds to the SO(8)-norm
of X#“. Moreover, the direction of X" in R® determines which hyperplane the
seven scalar fields in the super Yang—Mills theory must occupy and thus may be
different on each W,. The gauge symmetry is based on the euclidean Lie algebra
@gzl Ga-

The main point to emphasise is that it is the projections of the individual ¢
onto the vacuum described by constant X% (rather than the vacuum expectation
values themselves) which determine the physical moduli in the theory. For ex-
ample, take N = 1 with only one simple Lie algebra structure g = su(n) on W.
The Lagrangian then describes precisely the low-energy effective theory
for n coincident D2-branes in type IIA string theory, irrespective of the index r
of the initial 3-Lie algebra. The only difference is that the coupling || X", to
be interpreted as the perimeter of the M-theory circle, is realised as a different
projection for different values of r.

Thus, in general, we are assuming a suitably generic situation wherein none
of the projections X#* vanish identically. If X#* = 0 for a given value of «
then the W, part of the scalar potential vanishes identically and the only
occurrence of the corresponding B is in the Chern—Simons term . Thus,
for this particular value of «, B* has become a Lagrange multiplier imposing

F % = (0 and so &% is pure gauge. The resulting Lagrangian on this W, therefore
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describes a free N = 8 supersymmetric theory for the eight scalar fields X7<.

2.2.2 ¥E

The field €=’ A%t~ appears only linearly in one term in £ and is therefore a
Lagrange multiplier imposing the constraint A7"¢" = d¢" <", for some some scalar
fields ¢""¢", for each value of m. The number of distinct scalars ¢" ¢ will depend
on the number of linearly independent 2-planes in R" which the collection of all
n™ A (™ span for m = 1,..., M. Let us henceforth call this number &, which is
clearly bounded above by (g)

Moreover, up to total derivatives, one has a choice of taking just one of the
two gauge fields A7 % and AS"% to be auxiliary in Z¥. These are linearly
independent gauge fields by virtue of the fact that n™ A(™ span a 2-plane in R" for
each value of m. Without loss of generality we can take A7 %" to be auxiliary and
integrate it out in favour of AS"%r. After implementing the Lagrange multiplier

constraint above, one finds that the equation of motion of A" % implies

2y AT — et [T (aX]r 4 26 (Xjrdg™ 4 X[ AT )

+ 25 (dAS 4 2P dgT T N ASTT) L (2.20)

Substituting this back into .#¥ then, following a rather lengthy but straightfor-

ward calculation, one finds that

M
]' a a
-5 > D X{mD'X{r 4+ Ll =

=1
1 M
= 5 D0 P (X5 26 (X1 0,07 + X AL )
=1

x (0nxsr 4 2emer (Xgrorg™ 4 X[ An<Ter ) )
M
Tax A 0x e Tbr
- v <8[#A§] + 260" A )

=1

X (O“A”CW“" +26“”0”8“¢”W<”A”<%”) . (2.21)

¢ x¢"x§" . 7 8

where, for each 7, Pp; = 055 — Skere#~ projects onto the hyperplane R C R

orthogonal to the 8-vector XIU which (T projects the constant X onto.
We have deliberately written (2.21) in a way that is suggestive of a super
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Yang—Mills description for the fields on F however, in contrast with the preceding
analysis for W, the gauge structure here is not quite so manifest. To make it
more transparent, let us fix a particular value of 7 and consider a 4-dimensional
lorentzian vector space of the form Re, & Re_ @ F,, where the particular basis
(eq,e_) for the two null directions obeying (e;,e_) = 1 and (ex,eL) = 0 =
(e4,e4,) can of course depend on the choice of m (we will omit the 7 label here
though). If we take E, to be a euclidean 2-dimensional abelian Lie algebra then
we can define a lorentzian metric Lie algebra structure on Re, @& Re_ @ E, given

by the double extension ?(F,, R). The nonvanishing Lie brackets of 0(E, R) are

[6+7 6a7r:| = _Ea/ﬂ'bﬂ'ebﬂ ’ [eaw’ ebﬂ'] = _Ea/ﬂ'bﬂ'e_ ‘ (222)

This double extension is precisely the Nappi—Witten Lie algebra.

For each value of m we can collect the following sets of scalars and gauge
fields, A™ := (2d¢"™¢",0, =2 AS"r) and X7 := (X}, X", X97) respectively, into
elements of the aforementioned vector space Re, @& Re_ & FE,. The virtue of
doing so being that if D = d + [A, —], for each value of 7, is the canonical
gauge-covariant derivative with respect to each 9(E;,R) then (DX;)* = dX7™ +
2 ganbr (X}’“ A" + X7 Am’”> while the associated field strength F,, = [D,,, D, |
has F¢= = -2 (dACﬂa’f + 2 €@ dpn"™ " A Aqﬂb”). These are exactly the compo-

nents appearing in ([2.21))!

Moreover, the scalar potential #(X) can be written

M
PE(X) = =1 S YT PP X X1 X, X)o7 (2.23)
=1
where [—, —] denotes the Lie bracket on each d(E,, R) factor.

Thus it might appear that #* is going to describe a super Yang-Mills theory
whose gauge algebra is @7]:/[:1 0(E,,R), which indeed has a maximally isotropic
centre and so is of the form noted in section [2.1.2l However, this need not be
the case in general since the functions ¢""¢" appearing in the e, direction of each
A™ must describe the same degree of freedom for different values of 7w precisely
when the corresponding 2-planes in R" spanned by n™ A(™ are linearly dependent.
Consequently we must identify the (e, e_) directions in all those factors 9(E,, R)
for which the associated n™ A (™ span the same 2-plane in R". It is not hard to
see that, with respect to a general basis on @7]:4:1 E., the resulting Lie algebra £

must take the form @ﬁr]:l (L, R) of an orthogonal direct sum over the number
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of independent 2-planes k spanned by ™ A ([ of a set of k double extensions
0(Ex, R) of even-dimensional vector spaces Ejr), where DY E, = @fﬂzl Ep.
That is each [rr] can be thought of as encompassing an equivalence class of 7
values for which the corresponding 2-forms n™ A (™ are all proportional to each
other. The data for £ therefore corresponds to a set of k nondegenerate elements
Jix] € s0(Epy) where, for a given value of [r], the relative eigenvalues of Ji
are precisely the relative proportionality constants for the linearly dependent 2-
forms n™ A (™ in the equivalence class. Clearly € therefore has index k, dimension

2 (k + [%D and admits a maximally isotropic centre.

Putting all this together, we conclude that

k
- (7l [ (7]
2P = 30 2 (A PG X< o(Bg R)) - (229)

[7]=1

One can check from and that the contributions to the Bagger—
Lambert Lagrangian on E coming from different E, factors, but with = values
in the same equivalence class [rr], are precisely accounted for in the expression
by the definition above of the elements Ji; defining the double extensions.

The identification above again provides quite an intricate relation between
the data on E, from Theorem and the physical super Yang—Mills param-
eters. However, we know from section that the physical content of super
Yang—Mills theories whose gauge symmetry is based on a lorentzian Lie algebra
corresponding to a double extension is rather more simple, being described in
terms of free massive vector supermultiplets. Let us therefore apply this preced-
ing analysis to the theory above.

The description above of the Lagrangian on each factor E, has involved pro-
jecting degrees of freedom onto the hyperplane R7 € R® orthogonal to X§ . The
natural analogy here of the six-dimensional subspace occupied by the massive
scalar fields in section is obtained by projecting onto the subspace R® C R3
which is orthogonal to the plane in R® spanned by X7 A X¢", i.e. the image in
A%RS8 of the 2-form 1™ A (™ under the map from R” — R3 provided by the vacuum

expectation values X?. This projection operator can be written

Pl =6 - X7 QT - X5 Q5 (2.25)
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where

™ 1 T AT us T T ™
Q" ::m<y<<X? _yncXIc>
nﬂ’ Uy
S S S (2.26)
T e U T
and
(Apgren)? = | XT AXT|P= YTy — (Y72 (2.27)

The quantities defined in are the dual elements to X7 and X5 such
that Q7 X7 =1=0Q X¢" and Q7 X" =0 = Q5 X!". The expression (2.27)
identifies A,=¢+ with the area in R® spanned by X7 AX¢". From these definitions,
it follows that PJ;¢" in (2.25) indeed obeys P;;¢" = P1<", Pl PlLS™ = Ple”
and P1¢" X7 =0 =P XS

The scalar potential on E has a natural expression in terms of the
objects defined in and as

M
VE(X) = =3 (D) P X X5 (2.28)

=1

Furthermore, using the identity

Pnﬁcﬂ' — Pg‘/r i (AnTrCﬂ')Q nTr ,'771' 2 29
1J — 1 1J y¢r¢T QI J ( : )

allows one to reexpress the remaining terms

M
1
-5 > D X{TD'X{T + L (2.30)
=1
in (2.21) as

Yo

S =3 P DX DX — poker (2D, 457 (2 DA <o)

=1

M T AT
1 yere - (Ayren)?
S - n" p¢ ar nr¢ arbr ACTbr

T T A T 2 T
x (X;; g, e X 4o Bre)” Y"Cfa) €rmem A ) . (2.31)

where we have introduced the covariant derivative D® := P 42 @b dpn™ <" A

b for any differential form ®%* on R? taking values in E,. Similar to what we
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saw in sectlon 2| the six projected scalars PfJC X 5™ in the first line of ({2 - do
not couple to the gauge field AS"%" on each E,. Moreover, the remaining scalar in
the second line of (2.31]) can be eliminated from the Lagrangian, for each E, using

the gauge symmetry under which A% = DA~ for any parameter A"~ to fix

C"an _ 1 vS¢
A - 2(A 7\'C7T)2

which 6¢""¢" = AT and 6@ = —2 AT b ®On where the gauge parameter

AT = qr (T A, under which the derivative D transforms covariantly. This can

arbr YN" pCT b ; S
e*=’= X, Pr; X7 . There is a remaining gauge symmetry under

also be fixed to set D = d on each E,. Notice that one has precisely the right
number of these gauge symmetries to fix all the independent projections ¢7"¢"
appearing in the covariant derivatives.

After doing this one combines and (| - ) to write

M

1 T a a 1 T a ar
L = Z _§PInJC auXIWaMXfr - §(A77”C”)2PIUJC XIWXJ
=1
M
+ ) — 7 (200,45 ) (201 AT — e (Agrer ) AG 4 AR
=1

(2.32)
describing precisely the bosonic part of the Lagrangian for free decoupled abelian
N = 8 massive vector supermultiplets on each Eﬂ, whose bosonic fields comprise

the six scalars PJ;¢" X9 and gauge field —2 e A% all with mass A prer Ol

=T
each E.. It is worth stressing that we have”presllented as a sum over all
E; just so that the masses A== on each factor can be written more explicitly.
We could equally well have presented things in terms of a sum over the equiva-
lence classes Efy, as in (2.24), whereby the relative proportionality constants for
the A,r¢= within a given class [7] would be absorbed into the definition of the
corresponding Ji.

The Lagrangian on a given F in the sum can also be obtained from the
truncation of an N = 8 super Yang—Mills theory with euclidean gauge algebra
g via the procedure described at the end of section 2.1.2 In particular, let us
identify a given F, with the Cartan subalgebra of a semisimple Lie algebra g of
rank two. Then we require — || X" ||? (ad,)? = (A, =¢x)? 12 on B, for some constant
y € B+ C g. In this case g must be either su(3), so(5), s0(4) or go and Ex is
identified with the root space of g whose dimension is 6, 8, 4 or 12 respectively.
A solution in this case is to take y proportional to the vector with only +1/-1
entries along the positive/negative roots of g. The proportionality constant here

7r€7r

being \/F”XU” where h(g) is the dual Coxeter number of g and equals 3, 3, 2
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or 4 for su(3), so(5), so(4) or gy respectively (it is assumed that the longest root
has norm-squared equal to 2 with respect to the Killing form in each case).
Recall from [29] that several of these rank two Lie algebras are thought to
correspond to the gauge algebras for N = 8 super Yang-Mills theories whose IR
superconformal fixed points are described by the Bagger—Lambert theory based
on Sy for two M2-branes on R®/Z, (with Lie algebras s0(4), s0(5) and go corre-
sponding to Chern—Simons levels k& = 1,2, 3). It would interesting to understand
whether there is any relation with the aforementioned truncation beyond just
numerology! The general mass formulae we have obtained are somewhat remi-
niscent of equation (26) in [29] for the BLG model based on Sy which describes
the mass in terms of the area of the triangle formed between the location of the
two M2-branes and the orbifold fixed point on R®/Z,. More generally, it would
be interesting to understand whether there is a specific D-brane configuration for

which £ is the low-energy effective Lagrangian?

2.2.3 ko

The field A’ appears only linearly in one term in £ and is therefore a Lagrange
multiplier imposing the constraint KijkaOAjk = d"iq,, Where 7,4, is a scalar field
on RY? taking values in R” ® Ej.

Substituting this condition into the Lagrangian allows us to write

1 1 . .
LD, XPDEXGE + 28 = — 0, (Xp0 — 4 X)) 0% (X0 — 7, X))

2 2 . ) (2.33)
— %AU A df)/iao A d’}/jao + §LijklA” A dAkl .

The first line shows that we can simply redefine the scalars X7 such that they
decouple and do not interact with any other fields in the theory.

Notice that none of the projections A7 ¢" = d¢""¢" of A that appeared in £*
can appear in the second line of since the corresponding terms would be
total derivatives. Consequently, our indifference to Z%° in the gauge-fixing that
was described for Z%, resulting in ([2.32), was indeed legitimate. Furthermore,
there can be no components of AY along the 2-planes in R" spanned by the
nonanishing components of Kjjq, here for the same reason.

The contribution coming from the Chern—Simons term in the second line
of is therefore completely decoupled from all the other terms in the La-

grangian. It has a rather unusual-looking residual gauge symmetry, inherited from
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that in the original Bagger-Lambert theory, under which 6., = 0iay := Kiagu A"
and Ly (6AM — dAM) = o,%d~ ), for any gauge parameter AY. In addition to
the second line of being invariant under this gauge transformation, one can
easily check that so is the tensor L;judA™ — dvia, A d7ja,- This is perhaps not
surprising since the vanishing of this tensor is precisely the field equation result-
ing from varying A% in the second line of (2.33). The important point though
is that this gauge-invariant tensor is exact and thus the field equations resulting
from the second line of are precisely equivalent to those obtained from
an abelian Chern-Simons term for the gauge field C;; = LijklAkl — Y A dYjjag
(where the [ij] indices do not run over any 2-planes in R” which are spanned by

the nonvanishing components of Uie and Kjkq, )-
In summary, up to the aforementioned field redefinitions, we have found that

E 1 a ao | Lo ik
L0 = —§8HXI°8“XI° + §M] Ci NdCy (2.34)
for some constant tensor M%*_ which can be taken to obey M¥k = MUkl —
MM that is generically a complicated function of the components L;; and
Kijkay- Clearly this redefined abelian Chern-Simons term is only well-defined in
a path integral provided the components M¥“* are quantised in suitable integer
units. However, since none of the dynamical fields are charged under C;; then we

conclude that the contribution from .#Z*° is essentially trivial.

2.3 Examples

Let us end by briefly describing an application of this formalism to describe the
unitary gauge theory resulting from the Bagger—Lambert theory associated with
two of the admissible index-2 3-Lie algebras in the IIIb family from [19] that were
detailed in section [L.3]

2.3.1 Vimp(0,0,0,6,9,9)

The data needed for this in Theorem is klp = (0,1)%, Klg, = (¢a,1)". The
resulting Bagger-Lambert Lagrangian will only get a contribution from #" and
describes a sum of separate N = 8 super Yang-Mills Lagrangians on f and on
each factor g,, with the respective euclidean Lie algebra structures describing

the gauge symmetry. The super Yang-Mills theory on § has coupling || X*?|| and
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the seven scalar fields occupy the hyperplane orthogonal to X“2 in R®. Similarly,
the N = 8 theory on a given g, has coupling |1, X" + X"2|| with scalars in the
hyperplane orthogonal to 1, X" 4+ X"“2. This is again generically a super Yang—
Mills theory though it degenerates to a maximally supersymmetric free theory

for all eight scalars if there are any values of « for which ¥, X" + X*2 = 0.

2.3.2 Vimp(E, J,0,5,0,0)

The data needed for this in Theorem is klp = (0,1)" and J™ = n™ A (™
where n™ and (™ are 2-vectors spanning R? for each value of 7 and E = @7]:/[:1 E..
The data comprising J™ can also be understood as a special case of a general
admissible index r 3-Lie algebra having all n™ A (™ spanning the same 2-plane in
R" (when r = 2 this is unavoidable, of course). The resulting Bagger-Lambert
Lagrangian will get one contribution from ", describing precisely the same
N = 8 super Yang-Mills theory on f we saw above, and one contribution from
Z¥%. The latter being the simplest case of the Lagrangian (2.24) where there
is just one equivalence class of 2-planes spanned by all n™ A (™ and the gauge
symmetry is based on the lorentzian Lie algebra 9(E,R). The physical degrees
of freedom describe free abelian N = 8 massive vector supermultiplets on each
E. with masses Ay~ as in . Mutatis mutandis, this example is equivalent
to the Bagger—Lambert theory resulting from the most general finite-dimensional

3-Lie algebra example considered in section 4.3 of [24].
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Summary

In this first part of the thesis we studied admissible metric 3-Lie algebras of
indefinite signature and the corresponding BLG models. In these theories, the
matter fields are valued in the 3-algebra and their kinetic terms, described via
the inner product, can become negative if the signature of the metric is not
positive definite, thus making the model seem non-unitary. This problem was
tackled i.a. by [30], where a 3-algebra with an inner product with one negative
eigenvalue was used in building a BLG model. It was shown there that the
matter fields with values along one of two the null directions decouple (this is
clear from the 3-algebra structure constants), while the fields along the other
are forced to constant values by the equations of motion. If one then expands
around the maximally supersymmetric gauge-invariant vacuum defined by this
constant field, one obtains a unitary theory: an N = 8 super Yang-Mills theory,
with coupling constants defined by the norm of the constant field. This procedure
can be made more rigorous using BRST quantisation, gauging the constant-shift
symmetry of the decoupling fields (i.a. [31]). In any case, the result is a maximally
supersymmetric Yang-Mills theory based on a euclidean gauge algebra, having
broken scale-invariance with respect to the BLG model based on the 3-algebra.
In these first two chapters we generalised this discussion to metric 3-Lie alge-
bras with generic indefinite signature: in chapter [1| we first characterised phys-
ically admissible finite-dimensional 3-Lie algebras, i.e. those that are indecom-
posable and have a maximally isotropic centre. For these, the fields along the
null directions can effectively decouple from the theory. We show how the vector
space on which the 3-algebra is defined factorises into the part spanned by the
null vectors times different types of euclidean sectors. We then use this char-
acterisation, in chapter [2| to calculate the Lagrangian for the general associated
BLG model. This was found to factorise into a sum of decoupled, maximally
supersymmetric gauge theories on the different euclidean components of V.

3-algebras and even n-algebras still constitute an extremely active research
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direction, as more applications to M-theoretic computations are constantly being
discovered.

Going back to the original motivation that lead to the discovery of 3-algebraic
gauge theories, let us also note at this point that significant progress has been
made in the search for model describing stacks of coincident M2 branes. The
restrictions on positive definite signature 3-Lie algebras used in BLG models
result in such a model being able to describe the world-volume theory at best of
2 M2 branes. Indeed, it is shown in [32] that BLG theory with the Sy 3-Lie algebra
can be rewritten as a “traditional” Chern-Simons theory with Lie algebra SU(2) x
SU(2), coupled to matter fields valued in the bifundamental representation and
with two Chern-Simons terms of opposite sign preserving parity invariance. The
moduli space of such a theory does not coincide with what is expected of a model
describing a stack of M2 branes. Furthermore, not all the superconformal primary
operators predicted by the AdS/CFT correspondence can be constructed from the
field content of the BLG theory. Consequently, theories based on 3-Lie algebras
could at best describe two coincident branes, the special case in which both these
issues could be resolved.

The key idea in [32], however, inspired the work of [33], the much acclaimed
ABJM theory. Here the SU(2) x SU(2) quiver proposed by Van Raamsdonk is
generalised to a U(N) x U(N) and SU(N) x SU(N) structures, allowing explicit
N = 6 superconformal symmetry. Again one writes d = 3 Chern-Simons theories
at levels k and —k, coupled to bifundamental matter - the theory is expected
to describes the low energy limit of a stack of N M2 branes probing a C*/Z,
singularity. The large N limit would then be dual to M-theory on an AdS; X
ST )7y,

In the special case of N = 2 in the SU(N) x SU(N) theory, one recovers
precisely the BLG theory, as the superconformal symmetry is enhanced to N = 8.
This type of construction obviously sheds some serious doubt on the necessity of
introducing triple structures in the first place, since the same and more general
results can be obtained using direct product Lie algebras. For general N, ABJM
theory at levels k = 1, 2 is still expected to have enhanced N = 8 supersymmetry,
so that it describes a stack of M2 branes probing flat space and R® /Z, respectively.
Needless to say, a lot of literature focuses on examining the theory for generic k
for different amounts of conserved supersymmetry.

More recently the more general case of ABJ theories has also been developed

beyond the classical level. Such theories are based on Lie algebras of the type
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U(N)xU(M), contain the usual CS factors at levels k and —k and classically have
explicit N = 6 superconformal symmetry. It is argued in [34] that for £ = £2 and
M = N +1 a hidden N = 8 supersymmetry emerges at the quantum levell] ABJ
theories for these special values of N, M and k have the same moduli space as
U(N)r x U(N)_; ABJM theories, but are not isomorphic to them. BLG theories
for low values of k£ are found to be isomorphic, at the quantum level, to one or
the other such theories at N = 2.

Finally let us mention one of the most important results following from the
ABJM proposal for a world-sheet theory of coincident M2 branes. We recalled
in the introduction that in the near horizon limit the dual 3-dimensional CF'T
has N2 degrees of freedom. Such a result seemed for a long time very difficult to
reproduce via any of the proposed models. The key element that finally allowed
a corresponding calculation of this quantity in ABJM theory, was the realisation
that the partition function and Wilson loop observables of the theory could be
encoded via a zero dimensional super-matrix model (see e.g. [35]). Without go-
ing into the detail of such a model, let us just observe that it allowed for the
calculation, in [36], of the planar free energy, matching at strong coupling that
of classical supergravity action on AdS; x CP?. Furthermore it reproduces the
correct N2 scaling for the number of degrees of freedom of the M2 brane theory.

The successes and all the activity around ABJM theories over the last few
years have made this a very fertile research ground, not to mention a more and
more probable candidate for the M2 brane description. The techniques that have
been developed around this topic are furthermore leading to interesting mathe-
matical generalisations that will bring a clearer understanding of these theories.
It is not excluded that a more transparent connection to BLG models and 3-
algebras (including the more generic triple structures, beyond 3-Lie algebras)
will be established.

I A hidden parity invariance is also argued to emerge at the quantum level, consistently with
what is expected of N = 8 theories.
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And now for something completely different!

Monty Python

Part 11

3-dimensional Gravity
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Introduction

The second part of this work is set in the context of topologically massive grav-
ity (TMG). This is a cosmological gravity theory in 3 dimensions, containing an
Einstein-Hilbert (EH) term with negative cosmological constant —g%, but also a
gravitational Chern-Simons term. Recall that pure Einstein gravity in 3 dimen-
sions is “trivial”, in the sense that it does not contain any dynamic degrees of
freedom in its linear expansion and its solutions are described solely by their global
properties [37,38]. It is therefore an extremely simple setting in which to analyse
gravity, but of limited use in the quest for quantisation. The same simplicity, how-
ever, together with the hope for a better UV behaviour of perturbative theories
in three dimensions, motivates us to look at generlisations of pure 3-dimensional
gravity including terms of higher order in the derivatives of the metric. In fact, it
turns out that there are two possibilities for such a generalisation that do yield a
physical propagating field in the linearised theory: the addition of a gravitational
Chern-Simons term, as in TMG (see e.g. [39,40}41,|42]); the inclusion of specific
higher order derivative terms, going like R, R* and R?, giving rise to what is
known as new massive gravity [43]. Both cases have drawbacks. In particular,
since we are here focusing on TMG, let us point out that it is a parity violating
model, and, even though it does feature a propagating graviton of helicity £2,
the linearised theory is unitary only for the “wrong” sign of the EH term. Indeed,
using the standard sign on the EH term causes non-unitary propagation of the
spin 2 modes, implying non-unitarity of the boundary CFT [44]. On the other
hand, the opposite sign implies negative mass for black holes in the bulk, which
translates to a negative central charge for the boundary CFT. Nonetheless, the
simplicity of the theory makes it a very useful toy model within which to explore
quantum gravity, not least since it poses considerable interest in the context of
holography, as we will elucidate in the next section.

In what follows, we will first motivate our interest in space-like warped back-
grounds in TMG in a short introductory section, to then proceed into a detailed
analysis of the locally warped AdSs solutions to the theory. That is, we will
review warped AdS3 and those quotients of it that result in causal singularities
protected by horizons. Our aim in this first part is to present a very clear, ge-
ometrically obvious construction, that will clarify the relation of the emergence
of closed time-like curves to particular choices of coordinates for locally warped

AdS; spaces. We will proceed to studying these solutions in depth and present
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a detailed analysis of the near horizon limits that can be defined for warped
AdS;3 black holes. Here we chose to emphasize how to take such limits from the
quotient construction directly, leading us back to the local parametrizations in-
troduced earlier. The whole process gives a systematic, geometrically motivated
understanding of warped AdS in TMG.

Overall, this work was motivated by our ambition to understand holography
for such backgrounds. Keeping this hope in mind, we propose in the final chapter
a conformal approach to solving TMG via a Kaluza-Klein (KK) reduction. Again,
the aim being some insight into holography in this context, we hoped to find
solutions that interpolate between AdS and warped AdS space. Understanding
such a background could lead to some insight as to what should be expected as
a dual boundary gauge theory for the warped case. Our approach was found to
require too much symmetry to yield such novel solutions, but it does reproduce
most known stationary axisymmetric TMG backgrounds.

Chapters [3] and [4] therefore follow precisely [45]and [46]F] respectively.

2Currently under review for publication in “General Relativity and Gravitation”.
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Let’s do the space-warp again!

Chapter 3

TMG and warped AdSj3

3.1 Why warp?

The action of TMG contains an Einstein-Hilbert term with negative cosmological

constant —1/¢? plus a gravitational Chern-Simons term
GS d3 2 4 Apvr o1° 2 o T
167G S[g] = zyv/—g || R+ 7 + € I, | 0,07, + gFWFVp :

In three dimensions, the gravitational constant G has dimension of length and v
is a dimensionless positive constant that we shall take v > 1. The equations of

motion are

1 1 ¢ 1
Ry, — §R9W - g_gglw = +3_V€up (Ryp — ZQVPR);U =—Cu ,

where the Cotton tensor €}, is a measure of conformal flatness. A solution of
TMG is given by a metric along with a preferred orientation of the Levi-Civita
tensor €,,,. It is clear from the above that AdSs space is always a solution of
this theory, since it solves both sides of the equations of motion being set to zero
separately.

The theory is worth some attention since its solution space is more relevant to
four-dimensional physics than what one might expect from such a simplification.
The near-horizon geometry of the extremal Kerr black hole [47], at fixed po-
lar angle, is a particular solution of TMG, the self-dual warped AdS; space in
Poincaré coordinates (see also [48]). The geometry of warped AdSs therefore
plays a pivotal role in TMG.

The last couple of years have seen a flurry of activity in TMG, due to the con-
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jecture that the black hole solutions obtained by quotients of spacelike warped
AdSs are dual to a CFT with separate left and right central charges |[49]. More
recently, real-time correlators were obtained for the self-dual geometry in accel-
erating coordinates that were chiral [50]. This motivates us to take a tour in the
quotient construction and obtain the self-dual geometry as a spacetime limit of
the black hole quotients.

The next two sections can be read as a review of spacelike warped AdS; and
the black hole quotients. In section [3.2) we describe warped AdS; as the universal
cover of SL(2,R) equipped with a “non-round” metric. We give three coordinate
systems that will be of use: the (global) warped AdS3 coordinates, accelerating
coordinates and Poincaré-like coordinates. In section [4.I] we present the black
hole quotient construction following [49] paying particular attention to the case
when causal singularities do exist behind the Killing horizons. As customary, it
is for this case that we shall call the quotient a 3d black hole [38]. We explicitly
write a corresponding inequality on the ADT mass and angular momentum for
the black hole quotients in two commonly used conventions, those of [49] and [51].

We find that the phase space is such that the ratio of left to right temperature
T7,/Tr has a lower bound, and that there is a critical value of the ratio when the
inner horizon coincides with the causal singularity. In section 4.2l we accordingly
find that the causal diagrams fall into three different classes. These are similar
to those of the non-extremal charged Reissner-Nordstrém 4d black hole (RN) for
a generic ratio 17, /T, the extremal RN when Tr = 0, and the uncharged RN
when the ratio is at its critical value.

In the last section we describe the various spacetime limits that one can take
in the black hole phase space. We describe the regulalﬂ extremal limit, the
near-horizon limit of the extremal black holes, a near-extremal limit T, — 0
for the non-extremal black holes, and the limit when both temperatures Tx and
T7, go to zero while keeping the Hawking temperature fixed. The extremal and
near-extremal limits give the self-dual warped AdS; geometry in coordinates that
respect the nature of the horizon. The limit when both temperatures go to zero
while keeping the Hawking temperature fixed gives the vacuum solution and is

universal for all ratios Ty, /Tg.

lregular in the sense of a continuous limit in the ADM metric form.
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3.2 Spacelike warped AdS;

In this section we review the geometry of spacelike warped AdS3;. This will
prepare us for a clear understanding of the quotient construction in section 4.1}
We describe the metric in warped, accelerating and Poincaré coordinates. In

summary, the metric will be written in the form

2 dx? 412
v = ———=(—f(x)dr’ ———(du + zdr)? 3.1
ge, V2+3( f(x)T+f($)+V2+3(u+xT) )7 ( )
where
2?2 +1 for warped coordinates,
f(x) =422 —1 for accelerating coordinates,

2 for Poincaré coordinates.

The metric (3.1) satisfies the TMG equation of motion with €., = ++/—g. We
will use the same labels (7, z, u) for accelerating and Poincaré coordinates, hoping
this will not cause confusion. For the warped coordinates we will use instead the

coordinate labels (¢, 0, @), where we replace z — sinho, u — @ and 7 — .

3.2.1 Warped coordinates

Let us start by expressing AdSs3 as the universal cover of the special linear group
SL(2,R):

T+ X, Th+X
SLR,R)=< | 170 R X2 X221
X,—Ty T — X,

As a group, SL(2,R) acts on the left and right on the group manifold. We write
the action as SL(2,R), x SL(2,R)g. We choose a basis of the right- and left-
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invariant vector fields,

respectively, l, and r,:

l(r2) = % (‘XQG% — T (‘)?Q 1 8?(1 £ 8(;2)
— % <_01 _() ) € sl(2,R)rm) ;
Iy (o) = % <_T1 aaTg T a‘; + X, af(z X, afq)
— % (fl _01> € sl(2,R)(r) ;
Iy (1) = % (—X1 8(;1 -1 8?(1 + Xga(;z + Tzai@)
= % <_01 —f1> € sl(2,R)r) -
The non-zero commutators of the generators are [lq,ly] = €,°l. and [rq, 1] =

€. e, Where the indices a
signature metric and €go = +1. We associate to the bases [, and r, the dual
left- and right-invariant one forms 6 and 6%, so that 6%(l,) = 6 and 6(r}) = 2.
refore acts as £, 0° = ¢, .0¢ and .%,,0° = ¢,° 0°. The left-

ow us to write metrics on SL(2,R) with symmetry of rank

The Lie derivative the
invariant one-forms all
3,4 and 6.

The Killing form, or “round” metric, is simply

e

Let us introduce the p

T

15

X1

X5

which was shown in [52] to cover the whole of SL(2,R) with @,0 € R and f ~

2
:%(—9°®90+91®61+02®92) :

arametrization

- g % oog b 1 sinh © sinh & sin £
= cosh § cosh § cos 5 + sinh § sinh 7 sin 7,
_ o dgint _ sinh 2 sinh & cos &
= cosh Z cosh § sin 5 — sinh & sinh 3 cos 3,

- 2 ginh @ cos £ 4 sinh Ggin L
= cosh § sinh § cos 5 + sinh § cosh 7 sin 7,

: g U i
— sinh Z cosh 7 cos 3,

N |+

= cosh % sinh % sin
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t + 4m. These are the hyperbolic asymmetric coordinates of [53]. We use the
conventions in (3.2)), so that with the above parametrization the 0 are

0" = —dt cosh @ cosh o + do sinh @, (3.3)
0" = —do cosh @ + df cosh o sinh @, (3.4)
0* = dii + dtsinh o | (3.5)

the left-invariant vectors are

To = —8; s (36)
r1 = sint d, + costtanh o 0; + costsech o J; , (3.7)
ry = —costd, + sint tanh o 0; + sech o sint 9 (3.8)

and the right-invariant vectors are

lo = —sinh @ 0, — cosh @ sech o 0; + cosh 4 tanh o 05 (3.9)
ly = —cosh @0, — sech o sinh @ 0; + sinhwtanh o 05 , (3.10)

The round metric becomes

2 -
9=7 [— cosh? odt? + do? + (dii + sinh Udt)ﬂ . (3.12)

The isometry group of SL(2,R) when endowed with the round metric is
SO(2,2) = (SL(2,R), x SL(2,R)g)/Zs, where we take into account that —1 acts
similarly on each side. Unwrapping ¢ € R gives the AdS; metric in warped coor-
dinates 52|, as a hyperbolic fibration over AdS,. The isometry group becomes a
diagonal universal cover of (SL(2,R), x SL(2,R)g)/Z,.

Keeping the time identification £ ~ 447, one observes in that it covers
twice a quadric base space. This is because the isometry generated by Iy defines

a non-trivial real-line fibration of SL(2,R) over the quadric

T2+ T2 - X?=1. (3.13)
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Explicitly, the coordinates defined by

Tl — X = 2(X1 + TI)(X2 - T2)7
T+ X =2(X; — ) (X, + T), (3.14)
Ty =2(T2 — X2) -1

are invariant under /5 and satisfy . For every point (Tl, Tg, X 1) that satisfies
the quadric , there are two different orbits in SL(2,R) compatible with
. Indeed, can be solved depending on the value of Ty: if Tp < —1
the solutions will cross 75 = 0 and the two orbits are distinguished by the sign
of X,; similarly, if T, > —1 the same happens, but with 75 and X, exchanged;
if T, = —1 the two orbits are given by Th = +X,. One can easily check that

the action of the vector field ry induces on the quadric base space a rotation of

period 27:
L (Ty) =T
'Z’o( Nl) = _TQ
Z,(X) =0,

while, from (3.2)), it has period 47 in SL(2,R). The double cover is depicted
in figures [3.1(a)| and [3.1(b)} Note that this is slightly different from the Hopf

fibration of the three-sphere, which covers the two-sphere once. If two complex
numbers z;, 2z are used to describe the three-sphere as |21|*> + |22|? = 1, then the
projection is m(21, 22) = (22123, |21]* — |22/%) € S?. For every point in S? there is
precisely one orbit given by (21, 22) — (€21, € 2y).

Along these lines we approach the spacelike warped metric

I (P S S P (3.15)
43 V243 ’ '

so that for » > 1 or ¥ < 1 we have a respectively stretching or squashing of
the fiber in the direction of Iy [54}53,55]. The isometry group is broken to that
generated by the [y and the r,. In the warped coordinates (Z,o,@), the warped

metric is

2

€2
v2 43

4y
v2 43

Gop = (— cosh? o dt? + do? + (dﬂ + sinh o dﬂ2> , (3.16)
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T2+ 72 -X2=1
) The flow of ry covers twice the (b) The fiber is two distinct or-
quadrlc bits of Is.

Figure 3.1: Hyperbolic fibration

where the coordinate ¢ covers the quadric base space twice. As before, we unwrap
the time coordinate to run over £ € R. This is the warped AdSs; geometry in the
global warped coordinates, which was given in for f(z) = 2% + 1. The
isometry group is the universal cover SL/(E,/]R) X R.

If we compactify spacelike warped AdS3 along [y, that is u ~ @ + 27w, we
obtain the so-called self-dual solution of TMG. In warped coordinates, the metric
is

2

62
v2+3

4
o = (— cosh? o di? + do? + 5 v
v

3 (adgz;%—sinhadf)z) ,

with £,0 € R and ¢ ~ ¢ + 2r. The isometry group of the self-dual geometry

—_——

becomes SL(2,R) x U(1).

3.2.2 Accelerating coordinates

Let us ask how we would write the warped AdSs; metric in other coordinate
systems (7,z,u) where 0, is a linear combination of the r, and l. Since [y
acts freely we can choose u to be such that 0, = l,. The metric would have
as a manifest symmetry the translations in 7 and u. We still need to make an
appropriate choice for the coordinate x, which should be invariant under 0, and

O,. That is, we require 0,z = J,x = 0. We choose x = (v ﬁ;; G0 (O, 0r),

which is indeed invariant because 9, and 0, are commuting Killing vectors. The
coordinate system (7, x,u) is thus described by the surfaces (u,7) generated by
the flows of two Killing vectors, and a coordinate x which smoothly labels them.

Under an SL(2,R)p rotation on the r, and an GL(2,R) transformation on
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(u, 7) we can bring 0, to one of the following forms: ry, —ry, or rg & ry. We
always keep 0, = lo as before. The timelike case 0, = —ry corresponds to the
warped coordinates, see and . In this subsection we consider the
second, spacelike case, 0, = ry, and in the next subsection we will consider the
null case. Here, we thus have a set of coordinates defined by the action of the
Killing vectors ry and [y and their metric product. Using and the present

data, we can write the metric

dz? n 412
2 -1 v243

62
v2+3

Goy = (—(332 — 1)d7m* + (du + xd7)2> , (3.17)
where we fixed dx to be orthogonal to the (u,7) hypersurfaces. This is precisely
the metric , with f(z) = x? — 1. The self-dual solution in accelerating
coordinates is obtained by replacing u = a¢ in , with ¢ ~ ¢ + 2.

We call this set of coordinates “accelerating” as they have a lot in common
with those of the Rindler spacetime. Accelerating coordinates are those of ob-
servers with proper velocity v = ‘g—:‘, whose acceleration V,v is position depen-
dent. In contrast to Rindler coordinates though, where 0, is a Lorentz boost in
Minkowski space, here 0. is never timelike with respect to the metric (recall that
it is taken to be ry). Nevertheless, note how the 7 =const. surfaces are spacelike.
As expected for metrics expressed in Rindler-like coordinates, there are apparent
Killing horizons appearing at x = £1. Here the flow of ry takes us to a line where
r9 becomes collinear to [5. Thus this coordinate system is valid only away from
the Killing horizon. The warped AdS spacetime has an infinite number of such
regions. The figure in gives a visualisation of the situationﬂ The value
of the level x tells us where we are with respect to the Killing horizons in each
region, for each of which there is an appropriate isometric embedding of (7, z, u)
in warped AdSs.

Let us present an explicit embedding as in figure The region = > 1

with metric (3.17]) isometrically embeds in warped AdS under

sinho = vx2 — 1coshr

2

cott = —xT sinh 7 (3.18)
).

2in the figure we take % =const., which is possible because @ is defined globally.

tanh
i = u+ tanh ™! ("

X
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2w 1 0

—0.7 | e
ey <7
6T =L
T 0
1 —0.7 -
o A \ -
: o7 | 1 \
o
(a) Integral curves of ro in warped AdSs
t
i —— 27-(-77
r<-—1 ™
g \
,/'/ .

| = Sz =

T lz] <1
e

z>1
o

(b) the regions of warped AdSs covered by ([3.18]) and (3.19)

Figure 3.2: The (o,t) plane of warped AdSs at fixed @. Each line is the flow of
0, and the level numbers are & = coshosint. At 0 =0, t = 5 mod m we have a
fixed point r = 0.



This covers & € R, ¢ > 0, and ¢ € (0, 7) with coshosint > 1. The inverse of

BT i

x = coshosint

tanh 7 = — coth o cost

cott

sinho ’

u =i+ tanh™'
which is well-defined for o > 0, € (0,7) and

cott

sinh o

<14 |coshosint| > 1.

Similarly the region || < 1 can be embedded with

sinho =+v1 — z2sinh 7
x 1
/1 —=x2cosht

it = u + tanh (2 tanh 7) |

tant = — (3.19)

whose inverse is
x = coshosint

tanh o

tanh7T = — -
cost

u = 1 + tanh ™' (sinh o tan?) .

Here we cover 0 € R, u € R and

|sinho tant| < 1< |coshosint| <1 .

3.2.3 Poincaré-like coordinates

We can go through the same construction as above, but this time choosing 0, =

—ro +ry. We define as before 9, = I, and x = (ﬂj’f G0, (0y, 0-). We also use the

freedom to make x hypersurface orthogonal. The metric is

2 dx? 41?2
Jev =

213 —2?dr? + g + 213 (du+x dT)2> : (3.20)

in what have been called Poincaré coordinates of warped AdS for obvious reasons.

This is the metric in (3.1) with f(z) = 2%
The case 0. = rg + 19 is similar to the above, simply by the warped AdS
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|

z <0

/ z>0

Figure 3.3: Isometric embedding in Poincaré coordinates.

discreet symmetry (f,4) ~ (—t,—a) that flips the sign of r, while preserving
that of 5. Note how rescaling x +— €Sz and 7 + e 7 is an isometry. This is
because it is the action of €', and we can show that r; = 20, — 70, by noting

the following:

(2 4 3)?
4242

(12 4 3)?

Z“l (gf,l/(aua 87')) = A202

r(z) = 9o (Oy, [r1,0;]) =z ; (3.21)

[r1,0:] = 0y = 0-(r1(7)) = —1 and 90,(r1(u)) =0,
(11,00 = 0= 0y(r1(u)) =0 and 9,(r1(7)) =0 .

In (3.21) we used that r; is Killing and we have also used the commutation
relations. Compactifying along [, that is u ~ u + 27, results in the self-dual
solution in Poincaré coordinates

dx? 41/

L = —22dr? 4+ =
9¢, u2—+—3( ‘ T+x2+y2+3

(avd + xdT)Q) .

An explicit embedding for x < 0 that covers the range sinh ¢ +4-sin  cosh o < 0,

as in figure |3.3] is given by

x = sinho +sintcosho ,

x7 = —costcosho ,
w—ii+In icosha/2(:‘ost/2 + s.lnha/2smt/2
cosho/2sint/2 + sinho/2cost/2
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The first equation above is the definition of x, while the second follows from

Or = —Zyx = (4;22) 9ew(Ou 1)

where we used the Killing property of ry and its commutation relations, and we
use the relation ry = x0, — 70, described in the previous paragraph. The last
equation relating u — @ is an integral of sinh odt — xdr so that z is hypersurface

orthogonal. We easily confirm that z < 0 is equivalent to

cosha/QCost/Z+sinh0/281nt/2<
cosho/2sint/2 + sinho/2cost/2 =

3.3 Warpping up

At the end of this chapter, we are now more than familiar with the warped AdSs
geometry and we are able to describe it in three different sets of coordinates,

according to how we choose our Killing vector 0,:

e for 0. ~ ry timelike, using the parametrization (3.2)), we obtain the set

(t,0,1), well defined on all of AdSs, of warped coordinates;

e for 0. ~ ry spacelike, we obtain the set (7, x,u), exhibiting apparent hori-

zons and therefore only locally well defined, of accelerating coordinates ;

e for 0, ~ 1y + ry null, similarly, we obtain the set (7,zu), with apparent

singularity at « = 0, of Poincaré coordinates .

We explicitly derived and listed the isometries that embed the patches of the local
coordinates into the total AdSs; space, for completeness, although the general
form ([3.1)) visualising all these choices does give the clearest idea of the salient
characteristics of each map. It is precisely this visualisation, together with the
relation between explicit isometries and different coordinate maps, that we want
to keep in mind for the next sections. We will be using these maps as starting
point to construct non-extremal and extremal warped BTZ black holes, where
we hope to clarify how solutions with actual causal singularities are very easily

related to global AdS space via the appropriate coordinate patches.
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Farnsworth: Shizz, baby. So paradox free
time-travel is possible after all.

Bubblegum: Right on. But dig this
multiplicand here.

Farnsworth: The doom field? That must be
what corrects the paradoxes.

Curly Joe: When that momma rises
exponentially, it could rupture the very fabric

of causality!
Futurama

Chapter 4

Black hole quotients

4.1 The quotient construction

Here we will follow the construction of |[49], and find the quotients of spacelike
warped AdS that have causal singularities hidden behind Killing horizons. Up to
an SL(2,R)g rotation, we quotient spacelike warped AdS by exp(2mwdy) with Oy
given by

2l Trry + 2m€ T I non-extremal black holes (4.1)

&
I

(ro £ 1) + 2wl Ty ly  extremal black holes.

The timelike case Jy = Arg + Bly yields naked closed timelike curves (CTCs).
Up to an SL(2R)g rotation, which is an isometry of warped AdS, these three
cases cover all choices of 0.

We pay attention to two points of interest. The first is that singular regions
of a non-extremal quotient can be hidden behind a Killing horizon only when
T1,/Tr is bigger than a critical value. The second is that the Ansatz for Tj, and
Tg as a function of 7, and r_ in [49] is not one-to-one for 77, /Tx smaller than a
second (different) critical value.

The method we employ is to describe the quotient in accelerating or, for the

case of extremal black holes, Poincaré coordinates. The reason is quite simple:
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other than 0y we would like a metric where the remaining isometry 0; is manifest.
The coordinates (¢,60) should then be given by a GL(2,R) transformation on
the accelerating, respectively Poincaré, coordinates (7,u). The remaining radial
coordinate r is then any function of x that labels the integral flows of (9, d,).
The non-extremal black hole horizons are none other than the Killing horizons of
warped AdS at x = +1, while the extremal black hole horizon lies on the Poincaré

horizon x = 0.

4.1.1 Non-extremal black holes

Assume the accelerating coordinates (7, z,u) and the quotient defined byE]

)= 90)

The periodicity 6 ~ 6 + 27 is preserved under the coordinate transformation

o)) s

That is, the quotient matrix in (4.2)) is equivalent under

a b N Aa Ab
¢ d)  \aB+c¢ Bb+d)

When b = 0 we bring the matrix to the form

)= 6 L) “

This quotient is the self-dual solution albeit in accelerating coordinates. When

Lrecall Iy = 9, and ry = O;.
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3(v2-1) _3(2-1) 3(v2—-1) 3(v2-1)

4v2? 42 42 402
| | | | - a
T T T T

—)>< ><

CTCs for x < —1 no CTCs CTCs for x > 1

Figure 4.1: CTCs versus the parameter a.
b # 0 we bring the matrix to the form
t 2v a 1 T
= 4.5
2 0 1 t
I B W 3 /c (4.6)
u v \1 —a/c) \0
) 2 0 1 0;
PR I , (4.7)
Oy v \1/c —a/c) \O,

where our choice is to normalize the length |9;|* = ¢2. Note that 1/c # 0 and so

we cannot describe the extremal case T = 0 regularly.

We now ask when singular regions |9y|? < 0 exist and whether they are hidden
behind the Killing horizon x = 1. By reflecting 6 +— —@ if necessary, we choose
¢ > 0. Observe that we have not yet restricted the parameter a in . A simple

calculation in accelerating coordinates reveals

2 2
Aoyl = L3 (—(x2—1)+ f” (x—a)Q),

412

with determinant

2 2
vt t3 ve—1
A, = 2 (a -3 7 )

and

2 2 2
+3 ve—1 iy
8,(c2|9y[2) = 2~ 3 - .
(106 %) 212 I/Q—I—SI V2+3a

It follows that for |a| < ¥ 7D there are no CTCs, for a < ——V?’(Qyj_l) CTCs

2v

exist in x < —1 and for a > —”3(21/;71) there are CTCs after x > 1. This is

summarized in figure [4.1]
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The quotient in [49] is parametrized by

ry—7r_ T+

= 4.

r 5 Tt (4.8)
2

- 4.9

. viry —r_)’ (4.9)
_ 7
- vyt ror_(v? 4 3) | (4.10)
viry —r.)

so that the right and left temperatures in (4.1]) are given by

(P43 (ry—r)
Ty = - , (4.11)

243
TL:V+ re4+ro —

4.12
KY¥4 ( )

v

ror_(v? 4+ 3)) ‘

The local coordinate transformation into the global warped coordinates i&ﬂ

t=tan " (2\/(7“ —ra)r—r-) sinh (%(m —r ) (v + 3)0)> ;

2r —ry —ry

o =sinh™* (2\/(T —ra)lr=r) cosh(i(nr —r ) + 3)0)) :

Ty — Ty

. 243
u

(2t + <l/(r+ +ro) —rer_ (v + 3)) 9)
+ coth™! <27"_T—+_T‘ coth (}l(u —r )R+ 3)0)) ,

ry — T4

and the Levi-Civita tensor transforms to €;,9 = ++/—¢g. The coordinate trans-
formation from the accelerating coordinates allows one to write the black hole

metric in the ADM form

*dr?

2 _ p2 142 2 D2 0
ds® = (°dt” + (*R*d0(d0 + 2N dt)+m

(4.13)

?d 0?d
= N? (—dt + ﬁ) (dt + QRJGQ) + £2R2(d9 + Ngdt)2 ,

2the transformation in eqs.(5.3)-(5.5) of [49] are defined in r_ < r < r,, whereas ours is in
r > ry. Note that we have translated ¢ — ¢ + 7 with respect to (3.18).
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Figure 4.2: The parameter a versus the ration A = r,/r_ > 1.

where
R 3(y24_ 1)7"(7“ ~ o) (4.14)
, (v +3) A3 (r—ro)(r—ry)
N= = 4—R2(r—r+)(r—r,) = 3o e p— (4.15)
N, — 2ur — ZJJF;(VQ +3) (4.16)
o — du/ror (12 +3) — (V2 +3)(ry +1) ' (4.17)

3(r?2—1)

It is instructive to draw the graph of the parameter a in (4.10) as a function
of \=ry/r_ > 1, see figure . By a suitable choice of r_ > 0, the parameter
1/c > 0 is kept arbitrary. We find that a grows from minus infinity until the

maximum at

V2 —1 \/§ 2v
Ai=146—— |14+ ——— 4.18

for which value

a(A) = —

and then asymptotes to —1. There is thus a hidden isometry between the pairs
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Figure 4.3: Graph of ro(ry/r_) for fixed (v,r_).

(r4,7_) in the two regions (A, Af) and (Af, 00), where

412

V2437

c =

The isometry relates black hole metrics with

1/—}-3
7

2

o (e )
V—|—3 2v - 2
=g (7Y V)

for the radial coordinate transform r +— 7 given by

2

2r—ry —r_ 2r —7ry —7_
= — = .

Ty —T_ Ty —T_

It is worth pointing out that rg in (4.17), as a function of the ratio A =
ry/r— > 1 with r_ fixed, presents a maximum 7r(\.) = r_ and then decreases
monotonously, see figure . In particular, ro(Af) = 0. As a result, the maximum

root of R(r)?, denoted 7y hereafter, is

_ 0 if 7o <0 i.e. A>Ag
Tron =
’ ro if ro € [0,7_] de. 1< X< Ay,

and so R(r)? > 0 for r > r_. The equality R(r_)? = 0 holds only for ro(\.) = 7_,

that is when the inner horizon coincides with the singularity. For later use, let
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us define )
R: = R(ry)? = % (zu\/r— VAT 3)7«1) >0,

Altogether, we have that for r > 7y the flow of 0y is spacelike.

We should stress that we arrive at global results using accelerating coordinates.
This is because 0y in is a global identification and one can choose to cover
any of the infinite regions discussed in using accelerating coordinates. In fact,

Vo=

U tell us that = > 1 is an accelerating patch where CTCs

the values a > 5
14

exist. One can then move by the discreet isometry (z,u) — (—x, —u) to the outer
region of the black hole. This essentially flips the sign of a, or equivalently we
choose the region = > 1 to be the outer region as we did here. The lower bound
in 77, /Tg was discussed in [49} §6.1.1]. Furthermore, the parametrization of 77,
and Tg in terms of r_ and r, is such that the lower bound is satisfied. A subtle
feature of the parametrization is the isometry in parameter space for ry /r_ > A..
Let us also comment that, by the above analysis, the parameter a = 0 appears

special and disconnected from the region a < —+———. We will nevertheless

obtain it as the vacuum limit of the non-extremal black holes in section 4.3

4.1.2 Extremal black holes

In the quotient given by the matrix in , observe that the parameter 1/c ~ Tg
is always positive. One can thus never reach the extremal black holes from a
regular quotient of that type. It is clear though that the non-extremal black
holes have an extremal limit given by setting r. = r_ in the non-extremal black
hole metric in ADM form . We shall later recover this result as a limit of
the non-extremal quotient .

The quotient that gives the extremal black holes in terms of the second Killing
vector in does not present any particular point of interest. We can repeat
the previous derivation mutatis mutandis, where now the coordinates (7,u) in
are the Poincaré coordinates of warped AdS. The case b = 0, see (4.4)), is
the self-dual solution in Poincaré coordinates. The case b # 0 gives the black
hole solution in ADM form (4.13)), when setting r, = r_ in and using
x = r —r_. The singular regions are behind r < r_ for all values of T, # 0,
which can be chosen positive by reflecting € if necessary. As explained beneath
(4.1)), we are free to rescale and normalize the factor in front of 9,. We will use
this later in order to obtain the near-horizon limit of the extremal black holes,

which is the self~dual solution in Poincaré coordinates.
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4.1.3 Thermodynamics

We would like to recall here the thermodynamic quantities that were computed
for the spacelike warped black holes in [49]. It is also noteworthy to translate
the condition in (4.18) and the region r, /r_ < A; into conventions used in the
literature. However, let us first briefly comment on the ADM form. A general
stationary, axisymmetric, asymptotically-flat black hole uniquely normalizes the
Killing vector

fzat—Qag

that is null on its horizon, by using the asymptotically defined ¢ and 6. For
example, the surface gravity kg = 27Ty on its horizon ¢ is given unambiguously
by

Ve = | wkof .

Were we to use a different time and angle

' =At

(4.19)
0 =0+bt,

the Hawking temperature, angular velocity €2, and ADT charges |56}57,58,59.60],

here the mass Mapr and angular momentum Japr, would transform as

1

Ty =T
H A H
Q+0b
o=
A )
, 1 b
5MADT - K(sMADT - K(SJADT )

5‘]//XDT — 5JADT .

On the other hand, the entropy variation in the first law, 65 = i((SM ADT —
Q0 JapT), is seen to be invariant under (4.19). The Wald formula for the entropy
[61] as applied for TMG in [62] (see also [57, §4.2]) depends on the asymptotic
orthonormal frame and its spin connection, and therefore is indeed invariant under
(4.19).

We shall normalize the thermodynamic quantities with respect to the frame

where

g(@t, 8,5) = 62 .
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This is compatible to the asymptotically warped AdS; conditions in [51]. In
particular, it fixes both ¢ and @ coordinates as in the ADM form (4.13)). From [49],

we have

T _V2+3 TR
B 4ty Ty + Tx
0- V2 +3 1
N 4my TR“‘TL’
T
MADTZ@KTL,
V}g 2 5V2+3 2
J =——— (27T — ——— (27wl T,
ADT = 302 1 3)G ((” ) 2 R>>’
_7r2€ 502 4+ 3 4y

0T, — /T )
R (2 +3)G L)

The CFT correspondence conjecture in [49] allows one to write the entropy

S‘3<m

in the form of Cardy’s formula [63] with left/right central extension charges

cn = ihiaal and ¢, = %! The bound in @I8) and Tk > 0 become,

respectively, the left-hand side and right-hand side of

UlG
—mMiDT < Japt <

120G
v g o

There is yet another form of the black hole metrics that is given in [64], [51]
and [65). The metric in [64] with parameters (v, J’,a’, L') is related to the one

in [51], which we write here

40

ds? = dT" + (%(ﬁ ~)R? = 2 o)
v, dR"
— 4ZR dT'df + 3;2”2 7 lomR £ B (4.20)

by j=GJ', 6m = 4GV, o’/ = —v/l and L' = /2(/(3 — v?). The metric in (4.20))
is related to (£.13) under the transformation R = £r — £ /r r_(v? + 3) and

2 4v
T" = ¢t with

2 3 _ 2 3
6m— L <r+—|—r— rer- (2 F )>=27T€TL,
4 v
5v2 + 3 24+3):
4 = V16+ (V2 +3)r_r, — %é(m + 7o)\ rory .
v

3the black hole metric was first found in [57] using the dimensionally reduced equations.
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The condition of a Killing horizon is that gg g/ Vanishesf_f] for some R'. Its deter-

minant Ag with respect to R’ is

l/2+3_

A = (12m)? — 16 ”

2
(”2; 3(r, — r)) — (4nlTR)’ >0 .
The condition that there are singularities hidden behind a Killing horizon, that
is T1,/Tg is bounded from below, is that ggp vanishes somewhere. The positive
determinant condition of ggg, or equivalently the upper bound of r /r_ in (4.18),
becomes

j > —3m?vl/(1? —1).

For smaller values of j for fixed m we continue in the region where there are no
CTCs.

4.2 Causal structure

In this section we will examine the causal structure of the spacelike warped black
holes in a manner similar to [37]. Although these geometries are ideal (also
referred to as “eternal”, that is symmetric under ¢ — —t, so that they can be
extended to regions including new singularities in the past), they are likely to
appear as the end state of physical processes where chronology is protected. We
will show that the Penrose-Carter diagram of a generic non-extremal or extremal
black hole is similar to the 4d non-extremal, respectively extremal, Reissner-
Nordstrom black hole. Recall that we uncovered a critical value ry = r_ that is
isometric to r_ = 0. We accordingly find that the »_ = ry black hole has a causal
diagram similar to that of the Schwarzschild black hole, that is the uncharged
Reissner-Nordstrom black hole.

In what follows we will work with the two-dimensional metric g,

(Adr?
= —N?dt*
g T IRN?

+02R*(df + Nydt)? .

[\

-~

g2

If a curve v : [0,1] — M has tangent vector v € v*T'M, then

4recall that ggr g is inverse proportional to the lapse function squared N2.
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thus a causal curve v must be non-positive on ¢,

On the other hand, any causal curve gs(%, %) < 0 can be lifted to a causal curve

on g, e.g. by choosing the horizontal lift
0+ Nyt =0 . (4.21)

Let us note that the metric g does not capture the behaviour of causal geodesics,
see e.g. [66]. However null curves on g such that holds are geodesic on gs.
They correspond to zero angular momentum py = g(*, ).

The metric g9 then tells us about all causal relations by neglecting the angle 6.
One might wonder why we do not take a § = const. section. After disentangling
the angle one can indeed find a Kruskal extension, as done generically in [67].
However, the angle is not defined globally on the different Kruskal patches, so
our choice is simpler since the connection df+ Nydt is global. Furthermore, a local
f-section will not give us information on causal relations, nor can it be compatible
with any geodesic. Indeed, observe that for large enough r no Killing vector 0y
can be timelike, so the restriction of the metric on a constant angle will always
be positive definite far away from the horizon.

The similarities with the RN black holes are not coincidental. Our method
involves reducing the causal properties to the two-dimensional quotient space
under the angular isometry dy. The difference to the Reissner-Nordstrom solution
then, other than the dimensionality of the sphere, is a non-trivial connection one-
form df 4+ Nydt, compare e.g. with Carter’s extension in [6§].

We will first describe the future horizon ingoing coordinates. This is done
so as to intermediately introduce the Regge-Wheeler tortoise coordinate r,. We
then write down the Kruskal-Szekeres extension in a straightforward way. We
can finally conformally compactify and draw the causal diagrams. We shall also
use the ingoing coordinates in section 4.3 in order to derive the near-horizon

geometry of extremal black holes.
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4.2.1 Ingoing Eddington-Finkelstein coordinates

To introduce Eddington-Finkelstein coordinates, one first solves for the Regge-

Wheeler tortoise coordinate r,, which in our case satisfies

dr*: ? :\/3(1/2—1) \/r(r —ro)
dr  2RN? v24+3 (r—r)(r—ry)

(4.22)

For r > 7y and r, # r_, the solution is branched as follows

Vil =) ( =] )
Ty =T (Vivis —To+ V=T /i5)

_ V32—

v2+3

T

_/r=(r- =) ln( lr —r_| )
Ty =T (V= —r0+\/7“—7“0\/ﬁ)2
+2In (Vr++/r —710) ] . (4.23)

For the critical value ry /r_ = 412 /(v*+3), the solution (4.23)) is also well-defined.
For the extremal case ry = r_, (4.22) becomes

dr. /3= 1) /7= 7o)

4.24
dr 2+ 3 (r—r_)2 ( )
and its solution is branched as
302 — 1 —
ry = #(—MqLan(\/ﬁrM)
2+ 3 r—1r_
1 2r_—rg lr—r_|
+ = In . (4.25
2yr_(=ro+r-)  (r(r— —m) + r(r—ro))Q) (4.25)

The ingoing coordinate is defined as u =t 4 r,.
The coordinates (u,r) are well-defined on and past the future horizon. In

contrast, the angle 6 is entangled, that is it diverges for geodesics that cross the
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horizon. For 7, # r_ and 7, /r_ # 4v*/(v* + 3) we define the angle

+ 4v ! (2w+ + Ve (V2 +3) In (\/7“(7“+ —10) + \/7“+(7” - 7“0))

v24+3v(ry —r-) \ 2ury — \/ror_(v2 +3)

2ur_ 4+ \/ryr_(v?2 4 3)

- |2vr_ — \/ryr_(v2 + 3)|

n (\/T(T‘_ — 7o) + /r_(r — 7“0))) + No(ry)u ,
while for r, /r_ = 42 /(v* + 3) we define

0, —0 — —
o r_3(v?

4
Y In (\/F+—3 D)

For the extremal black holes r, = r_ we define

Oin = 0 4+ No(r_)u +

4y _/r(r—ro)
3(v?—1)(v?2+3) r_(r—r_)

10 In U .
* 2r \/r_(=ro+71_)  (\r(r- —re) +/r_(r — ro))2)

These definitions are such that, in (u, r, 0;,) coordinates, in all cases the metric
becomes P
g=—N%du® + Trdu+ P R*(db;, + Ny, du)? (4.26)

with Ny, (r) = Ng(r) — Ny(ry) being zero on the horizon. The coordinates
(u,r,6;,) are regular on the future horizon r = r, and valid until » = r_. The

Hamiltonian of a free-falling particle is

2

2 14
H=7 <€2Rpupr + N?R*p? + 4—R2p3m - szNa,-nprpem) :

where py, , p, are constants of motion. Null geodesics, H = 0, satisfy

2

and for py, = 0 the ingoing rays are those with p, = 0.
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Observe that in the critical case, ro = r_, Ny, simplifies considerably,

4 v 1 1
No,,, = 55 -——] .
3121 Ty

and for r, = r_ there is of-course a double root in N2,

G2 +3) (r—r_)?

N = 3w2—=1) r(r—ro)

As said, we shall use these results later to obtain the near-horizon geometry. The
tortoise coordinate we introduced is however also useful to maximally extend the

spacetime.

4.2.2 Kruskal extension of non-extremal black holes

We first describe the Kruskal extension across r = r for the case r, # r_. With

1/2+3r+—7’__1 rL—7r_ vi+3
4 Ry 2\/r(ry —70) /32 = 1)

b+:

U = p(r)e™!
V= p(r)e " forr >ry and
g, =g Nolre)y U
2, V)
U = plr)e! ‘
b
V= —p(r)e " forr_ <r<rg.
NQ(T+) U
0, =146 In —
LTS T

The transformation in r_ < r < r, is given so that one can match the Kruskal

patches using (4.13). In these coordinates, the metric becomes

ds®> = Q2dUdV + (*R*(df, + Nyy(VdU — UdV))* (4.27)
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where

14,/ ={r=—"0)
2 4 ri(ry —ro) (r—r_) 4 (r4—70)

Qf = (Vry/re =70+ —roy/ry)?

v2+3 (ry —ro)? r(r —ro)

r_(r_—rqg) Ty

x (VT —ro+ \/T_—M)_2 SO (= TO)_Q\/MTFTO)

is everywhere positive and Ny can be shown to be regular at r = r,. The
coordinate r is given implicitly by UV = p?(r), which is monotonous in r > r
and, separately, in r_ < r < ry. We have the limits lim, ..UV = 400,
lim,_,, UV = 0 and lim,_,, + UV = —oo. We can extend with the isometry
V — —V and U — —U, and the patch K, = {U,V € R} is regular everywhere
with a metric given by .

We now build an extension across r_ for r, # r_ and r_ # ro. With

V43rp—r- 1 rp—r v:+3

b = — S
4 R_ 23/r_(r— —mro) /32 —1)

0 = plre
T (N —b_t
Vi=p(re ) forro<r<r_ and
o —g_Nolr-) ) U
2b_ \%
U= —p(r)e"!
S <N —b_t
V= p(r)e forr_ <r<ry.
Ng(?”,) U
9_ - 9 1 ==
+ 5 n -
The metric becomes
ds* = Q2dUdV + (?R*(d9_ + Ny (VAU — UdV))? (4.28)
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with

) 1y [ PEr 270
9 40 r_(r— —rg) (ry —r) VUm0

= (\/7_"\/7"——7”0+\/7’—7“0\/K)2

v2+3 (ry —r)? r(r —ro)

ry(ry—rp) Ty—T_

—2 = 2 =0
< (Vv =ro+yivi=mo) VT (Vi i) T

and r is given implicitly by UV, which is again monotonous in . We have the
limits lim, 7+ UV = p2 > 0, lim,, UV =0 and lim, ., - UV = —cc.

We similarly extend the coordinate range with the isometry U +— —U, V —
—V. The patch K_ = {U,V € R} is defined regularly throughout with the
metric given in (4.28)).

By transforming into the finite-range coordinates tan(u) = U and tan(v) =V,
and similarly tan(@) = po U and tan(d) = py V, we draw in figure [4.4] the Carter-
Penrose diagrams for the two patches. Note that the conformal factor multiplying
the connection one-form in the metric blows up as

R2 ry—r_
v O (Tm) '
<
To circumvent any ambiguity, we compactify the manifold by using instead the
coordinate system
[ = =+
V=

where the exponent z(z) is a function that is zero for small but positive = and

rows smoothly within a finite range up to the constant value of ———=—. The
g y ge up ]
factor multiplying the connection one-form then becomes finite and non-vanishing
in the limit » — oco. The maximal extension is obtained by concutting K, after
K_ ad infinitum, as in figure 4.5

For the critical value r /r_ = 40?/(v? + 3) we define the patch K, as before.
With the special value
243

b, =
+ Ay )

100



us s
N2 N2
, N , S
N N
— s
r=7r_| '~ , .
, N , N
, N , N
, N , N
, N N
N /
N 7/
s
N Y _ N s
N , =X N z
N Ve N s
\ ,T T4 r ro O ’
S , N 7
N P Ny P
JIS - F
™ N s = D =
2 ’ N 2 4 , \ 4
’ N s N
’ N a— N
s \ r=r7Tr_ A
s N , N
/ N N
N / < ,
N ’ N s
N ’ N s
N ’ N /.
N ’ N =T
S e N s +
S 4 N 7
N ™ N ™
2 2
(a) Ky

(b) K_
Figure 4.4: Penrose diagrams of Kruskal patches for ry = r_ black holes.

Figure 4.5: The Penrose diagram of maximally extended 7y # r_ black holes
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Y

Figure 4.6: Penrose diagram for ro = r_.

we find
402 42 1 2
2 L 2 _ —
Q= 302 1)1 37 (ﬁ\/?)(y 1)+ 2v4/r L)

V3(w2-1)

X<\/;+m> YL (4.29)

However, here we do not extend beyond the inner horizon r_ where |95|* < 0.

The Kruskal coordinates have the limits lim, ;o UV = +oo, lim,_,, UV =0

1 /3(v2—-1)
lmUV = —p2 = oo

= — r_
r—0 0 V2 +3

and

The Penrose diagram of the critical black hole is drawn in [4.6] where we use

U = potan(u) and V = pg tan(v).

4.2.3 Kruskal extension of extremal black holes

Finally, we describe the extremal case. We present the conformal compactification
at once, by using a transformation similar to the one for the extremal Reissner-
Nordstrém in [68]. However, some care is needed to show that the connection

one-form is also well-defined. Using the tortoise coordinate, define for r > r_

tanU =t + 7, , (4.30)
tanV = —t +r, , (4.31)
Ouy =0 — Ny(r_)t — C ( 2tanh™ " tan 5 2tanh™" tan 5 ) (4.32)
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with the constant

4y

(24 3)B0E = D\ (r- —1o)

The metric takes the form

C:

g = Q*dUAdV + PR*(d0yy + Nyy (dU — dV))?,

with

2 N2

cos2 U cos?2 V

and Ny is zero on the horizon. We first observe that Q2 is non-zero on the future

(r—r_)?
cos?2V

and past horizon. Indeed, the dangerous factor in the limit V' — 0 goes

like

where the last equation uses the derivative of the tortoise coorindate in .
It follows that limy_Q? is finite and non-vanishing on the future horizon, and
similarly on the past horizon. We also defined 6y in with the term linear
in C so that a potential pole of g(0y, dy) ~ Nyy in r — r_ vanishes. Altogether,
this means that we can use the same transformation on and behind the horizon
but for a different domain of U,V and by replacing C' — —C. The singular
region is at tan U + tan V' = 2r, which can be brought to zero by a suitable shift
in r,. The Penrose diagram of the extremal black hole is drawn in @ and the

maximal extension can be obtained with the isometry U — V — U — V + 27Z.

4.3 Spacetime limits

In the previous sections we explored the geometry of warped AdS, its black hole
quotients and their causal properties. In particular, the extremal black holes
are obtained from a different quotient than their non-extremal counterparts. At

the same time, the extremal black holes are a regular limit of the non-extremal
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Figure 4.7: Penrose diagrams of extremal black holes.

black holes, in the sense that we can set r_ = r, in the ADM form. In this
section we explain this limit in more detail. We also want to ask what other
classical’| limits we can obtain from the warped AdS black holes. We will obtain
the near-horizon geometry of extremal black holes and we will define several other
spacetime limits, which give us the self-dual warped AdS, in either accelerating
or Poincaré coordinates, and warped AdS with a proper time identification.

We find it helpful to recall Geroch’s notion of a spacetime limit [69]. Here
one collects a family of metric spacetimes (M, gr.), where L > 0, and constructs
the augmented manifold .# = {(My,gr,L)r}. A spacetime limit, L — 0, is
invariantly defined on the boundary of .#. Spacetime limits are interesting for
the properties of the family (My,g;) that are inherited in the limit, a typical
example being the rank of Killing vectors and Killing spinors [70]. Naturally, the
spacetime limit (Mg, go) is of interest when its maximal extension is not included
in the original phase space.

An instance of Geroch’s notion is when there is a local isometry fr : M —
My, for L > 0, between the metrics ¢g;, and ¢g;. The limit can then be said to
be of the metric itself g; rather than a limit in the family of metrics g;. An
example is the Penrose limit [70]. A metric limit typically involves blowing up a
neighbourhood of the spacetime. Minkowski space is not only a spacetime limit

of 4d black holes, where the mass M = L — 0, but can also be written in terms

Sthat is, we consider ¢, G and v fixed.
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of a metric limit [69]. In the latter case, one is translating in the limit to the
asymptotically flat region while keeping the mass M fixed. In this paper, we call
a metric limit the near-horizon geometry of g; when the isometry f; fixes the
outer horizon.

In our case, the metrics are parametrized by (T, Ty) that we take as functions
of L > 0. Each black hole in the phase space is given by the identification Killing
vector 9y as written in (.1). Note, though, that the identification vector in
is unique up to SL(2,R)g rotations. The question we ask is, what are the limits
of the non-extremal black holes as T — 0.

In order to simplify our discussion, we do not ask what happens in the limit be-
hind the outer horizon. We thus take the My to cover only part of the maximally
extended spacetime. In practice this means we can work with the accelerating,
or Poincaré coordinates, and define the limits explicitly. The coordinates will
thus depend explicitly on L. This description is complementary to the previous
not only for practical reasons, but also because it describes the relation of the
coordinate range of the limit manifold M, to that of M.

We first describe the near-horizon limit of the extremal black holes, using
the coordinate description in the framework of [71,[72,73]. We then consider
spacetime limits of non-extremal black holes when T — 0. There are two such
limits. The first one gives the extremal black holes. The second gives us a
geometry similar to the near-horizon geometry of the non-extremal ones, but in
accelerating coordinates. We call the latter a near-extremal limit because of this
similarity. We also describe the near-horizon geometry of extremal black holes
in the invariant description. Finally, we consider the case when we send T — 0

while keeping the Hawking temperature fixed.

4.3.1 Near-horizon limit

Let us erect Gaussian null coordinates on the future horizon of a spacelike warped
black hole, as explained in [74]. The ingoing coordinates (u,r,6;,) are such that
0;, is a well-defined angle on a spacelike section of the horizon and u is the group
parameter of ¢ = J,. Recall that the metric in ingoing coordinates has the form
(14.26)):
€2
g=—N2du® + Edrdu + P R*(dB;y, + N, du)? .

We are interested in defining a new coordinate 7 that is the affine parameter of

a null geodesic congruence v emanating from the horizon and parametrised by
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(u,0:,). We fix its velocity 4o on the future horizon % to be the normalized
null complement of 9, and 0p,, with respect to the metric: g(o,0y)|p+ = 1/2
and g(4o0, Oy, )|+ = 0. The Hamiltonian of a free-falling particle and its geodesic

equations are

2 02
H= 6_4 (€2Rpup7« + N2R2p? + 4—R2pgm - €2RN9mp,.p9m)
.2
P= (¢*Rp, + 2N*R*p,)
2 (Do,
Nz <2R2 RN(’W”)
2
u = E_QRpT

The equations can easily be solved. The constraint H = 0 implies p,| »+ = py,, =

Oandwithpu:%vveﬁndprzo,ézuzoand

dr R

where 7 is the affine parameter. This equation is solved generically by

r = 1o cosh® (—‘ 32 Uf — C) ) (4.34)

402

where

cosh ¢ = 1/r—+ and ¢ >0 . (4.35)
To

The coordinate transformation (4.34)) covers the region r € (rg, +00), which cor-

responds to
_ 40?
re|—o0, ———c| .
3(v?2—1)

The other coordinates remain v € R and #;,, periodic.

For r, # r_ the metric takes the form
g = —7 F(7) du® + drdu + *R*(r(7))(din + No,, (7(7)) du)* , (4.36)

where N? = 7 F(¥) and F(r) is regular non-vanishing on the horizon 7 = 0. It

follows that the near-horizon limit cannot be defined for non-extremal black-holes.
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Indeed, if we assume a diffeomorphism 7 +— 7/ L that zooms in on a neighbourhood
of the horizon, then the component g(d,,0) dictates an appropriate rescaling
u +— Lu so that lim; _0g(0,,0r) remains finite. However, this blows up the
component g(dy, dy,).

When r, =r_, F(r) =7 H(T) where H(7) is regular non-vanishing at 7 = 0.

Introducing the coordinate transformation

7 =7/L
(4.37)
v = Lu,
and sending L — 0, gives the metric limit
2
2
+3 d Ny, R_
g="2 e 7 du”® + di'du’ + (* R (d@m + di”’ E—QF’du’> ;o (4.38)
with
dNy,. | A v—2%r_r_+uvV12+3r_
dr |, r? (2v — V12 +3)2 .

Observe that as L. — 0, any point 7 close to 7 = 0 is pushed away to infinity with
respect to 7. The metric in (4.38)) is the self-dual solution with o = %R, in

Poincaré coordinates. This can be verified by using the diffeomorphism

/
U =T7T——

e
202
7= L (4.39)
2v 1
=0 —1 )
o=0F R e

The above derivation zooms indefinitely into the future horizon of an extremal
black hole along a geodesic congruence. Using the coordinate description we got
the self-dual warped AdS in Poincaré coordinates. This result is universal. We
would not have been able to arrive at the same geometry in, say, accelerating or
warped coordinates. Since the horizon is non-bifurcate the same should be true
for the limit spacetime. One could use equivalently the double null coordinates
(u,v), where u is the ingoing and v = —t + r, is the outgoing coordinate. The
description using (u,v) serves to show that we are zooming in on the whole of
the horizon. Finally, we could have used the ADM coordinates (r,t). The limit

is given by r —r_ = 7' L and t = t//L. This description provides an equivalent
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explanation for why the limit is in Poincaré coordinates. This is the case because
t is defined asymptotically by observers who wish to probe the horizon. As such,
the near-horizon inherits a preferred time which is not related to the global warped
time .

We can already ask what properties are inherited in the limit. It is clear that
one such property is the nature of the horizon. The size of the radius of # on
the horizon is also inherited, this being a consequence of definition as an
isometry that fixes the horizon. We will later describe the near-horizon geometry
invariantly, using the identification vector 0y, and see that this is related to the

extremal black hole via o = 270 T7,.

4.3.2 Near-extremal limit

Although a non-extremal black hole does not admit a near-horizon limit, we can
consider a limit in the black hole phase space (T,Tx) for T — 0. This limit
cannot be considered a metric limit because Tx is continuously varied. Further-
more, there is more than one way to take the limit. Here we will consider the case
when the limit gives us the self-dual solution in accelerating coordinates. We call
the limit the near-extremal near-horizon limit, or near-extremal limit for short,
and we stress it is a spacetime limit in the phase space of non-extremal black
holes.

A black hole is described by (T, T7) that enter the definition of the
Killing vector 0y,

Op =21l TRrry + 2wl Ty 5 .

There are however two gauge freedoms that we can use in its description. The
first is an active SL(2, R)g rotation that isometrically maps the outer region
as embedded in warped AdS to a new region. The rotation transforms ry +—

Ary + Brg, with A2 — B2 = 1, and we can use instead the vector
69/ZZWETR(ATQZEBT())—F27T€TLZ2 . (440)

Note that we are considering an active transformation in warped AdS. That is,
the rotation exp(tanh™'(£)r;) is not an isometry of the metric.

The second gauge freedom is how we describe time t. The GL(2,R) diffeo-
morphism in (4.3 keeps the identification vector Jy invariant. However, we are

redefining 0; and so the metric form in the new coordinate system does change.
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It is this freedom that we shall use and fix here. Indeed, notice that if we simply
take Tp = 0 in (4.7)), that is send 1/c — 0 and keep a/c fixed in (4.7]), we end up
with 0; collinear with dy. The coordinates (t,6) are thus ill-defined in the limit.

We use the transformation

t’ _1243Tr ¢
( ) ) ( , (141
0 2u 2l Ty, 1 0
o\ b 0 .
Op 2l Ty 2nlTy ) \0,)

Here we have included an arbitrary b > 0 constant, which is equivalent to b = 1

so that

by diffeomorphism invariance.
The near-extremal limit is now well-defined in coordinates ¢’ and #’. By simply

setting T = 0 we get

8,5/ - b(?T
89/ =27/ TLGu .

This identification gives the self-dual geometry with o = 27¢ T}, in accelerating
coordinates. The identification with is made by ¢ = ¢ = u/a and 7 = bt'.
It is useful to describe the limit explicitly in coordinates. For this, we reuse
the accelerating coordinate z, which is related to r via (4.8)). Recall that z is
given linearly by ¢(0,,d,) and so it remains invariant under the transformation
(4.41)). We also use the coordinates (¢',¢) from (4.41]). Altogether we have

I S ry+r_
T T T
2v TL
t=— b—t'
L (4.42)
0= t.
(b + 2l TR
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The ADM metric at fixed 77, and Ty > 0 in (¥, x, ¢) coordinates is

2 4l T, 2
— _ b2 2 1 et dt/2
g v2+3 (= ) (R(r)(u2 + 3))
? dx?

+ PR2(r) (dp + Ny(r)dt')?*, (4.43)

+1/2+3x2—1

with

Ny(r) = —2 <1 VAl X U 3)> . (4.44)

Y] Tr v2+3 2R%(r)
Note that in the limit r. — r_, r(z) — =3=. We also have that

7“+—{—7“_
2

R*(

- (v +3)(2mC Tr)* + (4mvl TL)® v (4m£TL>2 |

(12 +3)2 V213

By using the above, and the equations for 77, and Tx in (4.11)) and (4.12), one
sees that the term in parentheses in (4.44) is zero as r. — r_. Therefore, it

cancels the pole in Tk. In order to find the limit we expand the function

F re—To T4 + 7 2ur — \/r_ry (V2 +3)
r,r. | =
2 2 P 2R2(r) ’

which is symmetric in its last two arguments, in powers of L, with rp. =r. + L

and keeping r. and x fixed:

flLa+rere+ Lir — L) = f(rere,re) + [0 (rere,re) L
PO r )L — FOO () L+ O(L)

2ur — _ 2 —r_
_a, ( vr rory(v +3)> Ty v+ O(Th2) .

2R2(r)

r=r_=ry

After some algebra, we find

. 1 2v
i No(w) = =T gbe

With R_ = 47l Ty /(v?* + 3), we confirm that the metric (4.43) becomes at
ry — r_ the self-dual solution with v = 27¢ T, and t' = b.
One might ask whether the transformation in (4.42)) can be modified so as to
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describe a metric limit of a fixed geometry Tg # 0. An immediate guess x — z/L
and t' — Lt in keeping r_ # r, and sending L — 0 gives us the self-dual
solution in Poincaré coordinates. However, this limit commutes with taking the
same limit after we send r, — r_.

Observe that the bifurcate nature of the horizon is inherited in accelerating
coordinates. Although this is not a metric limit, in the sense that we have not
fixed a black hole geometry, we intuitively understand as zooming in close
to the outer horizon of non-extremal black holes with T; &~ 0. Finally note that,
in taking T — 0, we can keep T}, or some other combination of T, and T fixed.
The interpretation of the near-horizon limit in the context of the 4d Planck scale
limit L, — 0 for Reissner-Nordstrom black holes has been discussed in [75,76],

see also [77].

4.3.3 Extremal limit

In the ADM form one can reach the extremal black holes by setting r. = r_ in
(4.13). We can describe this by combining the limit T — 0 with an SL(2,R)x
transformation,

Op =21l TR (Arg £ Bro) + 21l Ty 1y, (4.45)

where we set

a- L g (L)Q_l. (4.46)

In the limit T — 0 we have

2
3
0, =12
U

Op = 2m(re £ 1ro) + 2wl T s,

which describe precisely the extremal black holes. Here we do not need to use a
GL(2,R) transformation.

We claim that this limit is equivalent to setting r_ = r; in the ADM form.
Indeed, in section [4.1 we only considered the case when 0y is a linear combination
of 75 and ly. Since €™ is invertible, the identification along Jy is equivalent to

the identification along Oy :

627r89 27 0gr 6(7‘1

p~p=e pr~ep
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Figure 4.8: The field r; is not an isometry of the black hole metric, since it
does not preserve the identification. However, the mapped region is by definition
isometric to the black hole.

for every point p in warped AdS. We can define coordinates (r’,t',6') on the
mapped region by using the (r,¢,6) coordinates of 4.1 with r' = r, ¢/ = t,
0" = 0, see figure

By using the invariant description of the identification vector, it is obvious
that in sending Tr — 0, and keeping 77, finite, non-extremal black holes can
either limit to the near-extremal geometry with a = 27¢ T}, or the extremal
black hole with the same T;. That is, we can either try to keep the term in 0y

that is multiplied by Tg (the extremal limit) or not (the near-extremal limit).

4.3.4 Near-horizon geometry, again

We are now able to describe the near-horizon geometry of the extremal black
holes, which was given in §4.3.1} in an invariant way. Let us accordingly switch
to Poincaré coordinates (z,7,u). From (4.1)) and by using an SL(2, R)g rotation,

the identification vector is
89 = 27TL(7’2 +7“0) +27T€TLZ2 with L > 0.

It is also necessary to use a matrix transformation as in §4.3.2] so that 9, is not
collinear with dy in the limit L — 0. We use a matrix transformation identical in
form to (4.41)), but replace T with L. In the limit L — 0, we obtain the self-dual

solution in Poincaré coordinates, with o = 27l T7.:

3t — baT
89 =27/ TL0U .
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One can use coordinates to describe the above limit. In fact, the coordinate
transformation follows closely , with some minor changes. In , the
first equation should be replaced with x = L (r —r_), and Tk should be replaced
with L in the other two equations. The metric in (r/,t,¢') coordinates, ,

becomes

/2 Agrvl'T 2
_ _ b2 2 L At
9= 73’ * (R(r)(y2+3))

62 dSC2 2 159 N2
V2+3?+€ R*(r) (d¢ + Ny (r)dt)” |

and, in the limit . — 0, the metric limits to the self-dual geometry in Poincaré
coordinates, with o = 270 Ty, and t/ = br.

It might seem surprising that this is the same limit as in §4.3.1} Observe how-
ever that 0y — 0, is proportional to the Killing vector that is null on the horizon.
In using the matrix transformation we are rescaling the ingoing coordinate as
before. The radial coordinate is then rescaled appropriately so that the limit is
finite.

4.3.5 Vacuum limit

We finally consider the limit Tg, 7, — 0 with the ratio T /T kept constant.
This is equivalent to keeping a fixed ratio r, /r_ and sending r_ — 0. In |49
this limit was called the vacuum solution. In order to keep 0y finite, we use the
SL(2,R)g transformation in , with the same parameters , so that in
the limit T — 0 we obtain

v+ 3

0 = Oy
o (4.47)

Op =2m(ry £ 1) .

Note that here we do not need the GL(2,R) transformation. Observe that the

Killing vectors 0; and 0y do not depend on 7 /r_. The limit is thus universal.
The geometry we obtain is warped AdS in Poincaré coordinates with a periodic

identification of the proper time 7. We can see this by using coordinates. As in

the extremal limit, we use the metric in ADM form, and we send the parameters
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r_ and ry to zero keeping r, /r_ fixed. The metric becomes

2 2 dr? 2_1 w1 \?
lim g = —2—2 T3 g2 . +€2¥r2 (d9+ —”—dt)

=0 3(v?2—1) v2 43 r? 3w2—-1)r
r4—
2 2 2 22 2 2 2
eV 35 = dr 4vl v:+3 v:+3
=/ r=df +—V2+3—T2 +(V2+3)2 5 dt + 5 rdf) . (4.48)

v243
2

The limit corresponds to sending Mapr and Japr to zero while keeping the

The identification with Poincaré coordinates can be made with z = T.
Hawking temperature fixed. One can also interpret the limit as a metric limit
to the far-away region. That is, the metric in (4.48) corresponds to keeping the

leading order components of the black hole metric when r > r,.

4.4 Discussion

Having elaborated on the construction of warped AdSs from first principles in
the previous chapter, we have now set up the quotient construction. We focused
on the case when causal singularities do exist and are hidden behind a Killing
horizon. The geometries are ideal, in the sense that they can be continued to
regions that contain new singularities and new asymptotic regions. We found
the causal structure and showed that the geometries fall into three classes that
resemble the causal structure of the Reissner-Nordstrom black hole.

We pointed out two features that are usually suppressed in the literature.
The first is that the black hole metric parametrized by r, and r_ presents a
redundancy, in that for a certain region two sets of parameters (r,,r_) describe
the same geometry. The second is that, the ratio of the left to right temperature
is bounded from below, if the geometry is to describe a causal singularity that is
hidden behind Killing horizons. In [51] care was taken to consistently define an
asymptotically Killing algebra [78] that contains a centrally extended Virasoro
algebra with generators .7, so that %, has positive spectrum and a central
extension that matches the AdS/CFT expectation [63]. The bound on the ratio
of temperatures Ty /Tr would then imply an upper bound on %. Indeed, in
[51] £ for a black hole goes like c(%m2 — %]) (for a specific, field-dependent,
normalisation, which guarantees %, > 0), for m and j as described in . We
further saw in that the lower bound on T}, /Tx corresponds to a lower bound

on j, so that, for any given m, for too high values of %, one does not have any
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causal singularities.

We also described various spacetime limits that one can take in the black hole
phase space. We do this by studying the behaviour of the identification vector dy
for different significant limits of the invariants T, T and their ratio. We chose
this exposition for the clarity of the geometric interpretation of the limits, and
also to avoid the ambiguities that could come from a coordinate description. In
this description, it is easy to see that the possible limits using this method are
again quotients of warped AdS. Furthermore, the spacetime limits inherit suitable
coordinates that are not global. In particular, we get the self-dual solution in
accelerating or Poincaré coordinates, and warped AdS in Poincaré coordinates
under a proper time identification.

The spacelike stretched black holes are a subset of the general black holes
of cosmological Einstein-Maxwell theory with gravitational and gauge Chern-
Simons couplings, which were presented in [65], with ug/pug = 2/3 and % =
(13+3)/(4v?). There, the causal structure of the general black holes was also first
reported. We have here presented an explicit Kruskal extension, which underlies
the Penrose diagram of the maximal extension. Our derivation focuses on the
metric go that is defined on the two-dimensional quotient space of a black hole by
the global isometry dp. One can successively remove detail from our presentation
but retain the reduction on g, since this captures the essential causal relations
of the 3d spacetime.

Also in [65], local coordinate transformations were given that relate the various
black holes, the self-dual solution, and the vacuum. Here, we only write the local
coordinate transformations between the black holes, or the self-dual solution, and
spacelike warped AdS, which precisely define the first as discrete quotients of the
latter. Furthermore, the vacuum and self-dual solution are obtained here as limits
of the black holes. This was done invariantly using the identification vector, but
also through well-defined coordinate transformations. We note this comparison
so as to highlight the structure of this work. Let us also remark that the limits
we consider are classical, that is v, G and ¢ are kept fixed. This does not allow us
to obtain, for instance, the black holes with vanishing cosmological constant [79)].

Let us also compare to the construction to the Banados-Teitelboim-Zanelli
black holes of Einstein gravity with a negative cosmological constant. The BTZ
black holes are necessarily asymptotically locally AdS (AlAdS) and so their con-
formal boundary is always timelike. The causal diagrams of the BTZ black holes

fall into two classes, depending on whether the geometry is extremal or not [37,38].
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This is different from the present case, as warped AdS backgrounds are not AIAdS
and exhibit fundamentally different behaviour.

One motivation for this work was to find a non-extremal spacetime limit
where the acceleration coordinate 0, would explicitly depend on a parameter b.
This would imply that the limit inherits two parameters rather than the one in
u = 2wl Ty ¢. Then one could approximate the chiral thermal Green functions
of the near-extremal black holes with those computed in the self-dual warped
AdS space in accelerating coordinates, see [50,80]. It is for this reason that we
introduced the constant b in . By diffeomorphism invariance though, we can
set this constant equal to 1. We speculate on whether a suitable set of asymptotic
conditions can break this freedom.

Topological massive gravity is expected to have a rich spectrum and we believe
that the solution space will present new insight in generalisations of the AdS/CFT
correspondence. Indeed AIAdS solutions have been seen to be dual to logarithmic
CFT theories, while even the holography of the non-AlAdS case of null-warped
AdS has been studied in detail. This sets up the motivation for the next chapter,

wherein we investigate a possible Ansatz for the search of new solutions to TMG.
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Wer nicht {iberzeugen kann, sollte wenigstens

Verwirrung stiften.

Chapter 5

A kinky approach to 2d-Reduced
TMG

We have often mentioned how our interest in TMG solutions, and especially the
warped AdS space studied in Chapter [3, was motivated mainly by the conjecture
of [81] regarding a CFT dual to spacelike warped AdSs black holes. As a matter
of fact, for a critical value of the theory, the holography of null warped AdS;3 has
already been studied extensively in [82], see also [83]. However, spacelike warped
AdS; has different asymptotics to AdS3 or the Schrodinger background and a
similar analysis cannot be made. In particular it is not asymptotically locally
AdS, so techniques such as a Fefferman-Graham expansion are not applicable.

The largest class of known solutions to TMG is the Kundt class [84], which
includes the TMG wave [85] and spacelike warped AdSs; the odd one out is time-
like warped AdSs, which is not a Kundt spacetime [81]. Various other solutions
can be written up to identifications with one of the above [86]. One of our mo-
tivations here was the search for an “intermediate”, or “interpolating” solution
between AdS; and spacelike warped AdSs;, for generic values of the theory, which
could be relevant to the warped-AdS/CFT correspondence.

Numerical solutions that are asymptotic to warped AdS; were found in [87],
wherein the same question as ours is posed. Our ambition was further encour-
aged by [88], where an interesting solution was found for the purely gravitational
Chern-Simons term that appears in the TMG action. These solutions can be
related at a local level to kinks with interpolating behaviour, see also [89]. The

hope was to generalise their approach to include the Einstein-Hilbert action, and
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search for a similar solution for the full model.

In [88], the authors used a Kaluza-Klein (KK) dimensional reduction on the
three-dimensional theory, to obtain a system of differential equations in 2 dimen-
sions. For the purely Chern-Simons part of the action, one of the equations of
motion is actually a conformal Killing equation on the gradient of one of the re-
duced fields. It is the presence of this new symmetry that allows a simple solution
to the problem.

We will see below that the approach of [88] does not generalise in a simple
way for the full TMG action. Recalling the classification of Pope et al. [86] and
the Kundt solutions to topologically massive gravity [84], we will show that our
“kinky” approach only leads to a subset of these. The symmetries imposed by
the Ansatz, i.e. an isometry along which to perform the KK-reduction and an
exact conformal Killing symmetry generated by the dilaton, are too restrictive to
yield new solutions. The approach does however yield locally most of the known
stationary axisymmetric solutions of TMG as collected in [87].

Although these solutions are not gravitational kinks, we have retained use of
the word since our method is influenced by [88]. In section we set up our
notation and introduce some helpful theorems to streamline our derivation. In
section we motivate our Ansatz and in we identify the solutions it yields.

We end with concluding remarks.

5.1 Setup and notation

In this first section we derive the equations of motion of the reduced action and

set up some theorems that simplify the ensuing analysis.

5.1.1 2d reduced action

We write the full TMG action as

2 g v g 2 ag T
167G S[g] = /d3x\/ <R+ + e T <a Iy, + 3F#Tr,,p)) .
We follow the usual KK-reduction set-up, starting with a 3-dimensional metric

g® = 229G 4 2 (dz 4+ A)?
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where we assumed the isometry z — z+&. ¢ is a function and A a one-form on the
remaining two coordinates. We raise/lower the 2-dimensional tensorial indices
a and b with the metric g,. The + sign distinguishes spacelike and timelike
reductions. We could absorb the a parameter above into g, but we choose to
leave this free for now. This freedom will allow us to find various solutions from
one simple Ansatz.

By D, we denote the 2-dimensional covariant derivative and write D? =
D,D®. The field strength F' = dA = f dvol; defines the scalar f in 2 dimen-
sions by its Hodge dual. The 3-dimensional scalar curvature R written in terms

of the 2-dimensional curvature R is given by
_ 1
R — e—2a¢>R o 2 (a + 1) 6_2a¢D2¢ . 26—2a¢’d¢|2 + 56_4a¢+2¢f2 (51)

and the Einstein-Hilbert part of the action is therefore

_ 1
Ipg = / dvol, [&R + 2ae?|do|* + §e<—2a+3>¢ f2=2(1+a)D, (&D%)} .
(5.2)
To KK-reduce the Chern-Simons-like terms in the action, we make use of the

results of [88]. Schematically, in their set-up (o = 1)

(eF(%@F + %rr)) . —%\/—_g(FR +F9).

This schematic result has to be corrected by exponential factors for generic a.
This can be easily done, since the metric of [88] is conformally related to our

generic one by gq = €2(@71%g,,. We thus obtain the action

1 _
ICS — :‘:2_ /dVOlg (e(f2a+2)¢fR o 2(Oé - 1)6(72a+2)¢fD2¢ + e(*4a+4)¢f3) ;
1%
(5.3)

where . = 3v/¢. Both parts of the action are valid for either sign of the reduction.
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5.1.2 Equations of motion

We can now either Varyﬂ the reduced action, or reduce the 3-dimensional equa-

tions. Either way one obtains the following set of equations of motion:

F: c =H2pelF20H300f 4 20-)9R _ 9(q — 1)e2(1-2? D2
4 34(1-0)6 72

Dil: — 5 =e 2R —2(a+1)e 2?D2p — 2e72¢|dg|* + Le(-10+20)9 f2,

Kink: 0 = D2 4 Le(-20439)0 2 _ 2 (20+10)0 4 $<D2(e(‘2°‘+25)¢’f)
Fe-202006 F R 9(o — 1)el~2042006 F D2 4 26(74a+4ﬁ)¢f3)’

CKV: 0 =e*D, (e 2 Dy)e?) + ﬁeg(o‘_l)d’D(a (6_2(0‘_1)¢Db)(6_2("‘_1)¢f))
—Gap | €229 D (6_2“¢Dce¢)

2 G Dc(e—2<a—”¢’f>)} :

In the F equation ¢ is a constant of integration that a solution will fix. The
CKYV equation is the traceless part of the Einstein equation and round brackets
around indices indicate symmetrization of strength one. The trace of the Einstein
equation is what we call the Kink equation. For the dilaton equation (Dil.) we
can equivalently use and the constant scalar curvature —6/¢% of the 3d
geometry. The two-dimensional equations have been examined before, e.g. in the
conformal gauge in [90].

These equations exhibit two types of “symmetry”: a scaling of z — £z and
a shift of & — o + &. The former rescales the fields as e? — £2e%, g — £207
and f+— €221 f and can be used to normalize c. The latter transforms fields as
g e*2§¢g and f — €2£¢f , whereas it leaves ¢ unchanged. Using this, a can be
fixed from the onset but, as mentioned above, we keep this freedom and let it be

fixed by a consistency requirement on our Ansatz.

lthe variation of f is 6f = % fg,.0[g"] F € 9,6 A,.
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5.1.3 Conformal Killing vectors

Let us now focus on the last of the above equations of motion, labeled CKV
because of its similarity to a conformal Killing equation. In fact it contains the
conformal Killing equation of [88] for D,(e 2@~D¢f) coming from the purely
Chern-Simons part of the action, but is complicated by the similar equation
for D,e? coming from the Einstein-Hilbert term. Nevertheless, this equation
motivates us to search for solutions where its content is that of a single conformal
Killing vector equation. This is both for simplicity, but also in the hope of finding
behaviour similar to [88]. Let us first list a set of propositions that will help us
in the subsequent analysis.

The next proposition will be used to fix the metric.

Proposition 5.1.1. If g has a conformal Killing one-form di that is non-null

and exact, then the metric can be written in some coordinate system as

dy ()
dx

g= (dz® — dt?) . (5.4)

Proof. In a conformal gauge, the metric can be written as g = A(x, t)dudv , where
conformal Killing vectors are of the form X = g(v)d, + h(u)d, . The condition
that g(X) is non null (g(v)h(u) # 0), allows us to change coordinates

/ 1
H —_—
) iy
/ 1
v [ ——,
9(v)
so that g = A(x,t)(da®—dt?) with X = 0,, and §(X) = dv) implies A = ¢'(x). O

Lemma 5.1.2. If g has a Conformal Killing one-form dw that is null and exact,

then the metric can be written in some coordinate system as
g = (dx® —dt?) . (5.5)

Proof. Conformal killing vectors X, will have one of the coefficients (h(u) or
g(v)) equal to zero. Pick X, = h(u)d,, so that

9(X, =) = A(u,v)h(u)dv = dip.
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Xy is null, g(X, X) =0, so it has to be X, = h(u)0, = 0, £ 0; and
g = Au,v)dudv = Az, t)(d? — dt?).
Therefore
g(X,—) =dy = A(z,t) (dz F dt)

so that
1/), = :F@Z} = A(uv ’U).

Furthermore, since dy) = A(u,v)h(u)dv, we have that ¢ = 1 (v), A(u,v) = A(v)

and h(u) = k =const. In other words we get

g = kp(v)dudv — § = dudv = dz? — di* .

The following proposition will be needed to complete our Ansatz.

Proposition 5.1.3. Assume two non-null conformal Killing one-forms, FjdF;

and dy, with F} and F, functions of = in (5.4). They are necessarily related by
FydFy = kdi

for some constant k.

Proof. FidF, is dual to a conformal Killing vector X = ¢(v)d, + h(u)d, , for

some functions g(v) and h(u). Since the left hand side of

FdF, = w’éx) ((glz+t)+h(x—t)de+ (g(z +t) — h(x — 1)) dt) .

is a function of =, we have g(z + t) = h(z — t) = const. . O

Finally, we have

Proposition 5.1.4. Take diy to be the metric dual to a conformal Killing vector

as before. Then in the adapted coordinates we define

_14d
Y dx

for which

ZD%*) = —R. (5.6)
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Proof. For g = 2@ (dx? — dt?), the Laplacian is D? = e727@) (9% — 92). At the
same time, the curvature scalar is R = —2e~2°@¢g" (). We substitute '(z) =
620(90)' N

Equivalent statements for a null one-form di can also be written, however our
method for the null case does not lead to any solutions. Proposition will be

used as in [88] to check for the consistency of a solution.

5.2 A general Ansatz

Before moving onto a general Ansatz involving functions generating conformal
Killing vectors, we glance briefly at the simplest solution to the equations of

motion.

5.2.1 Constant f or ¢

From our Kaluza-Klein Ansatz, it is clear that we can obtain known solutions to
TMG by simply setting f and ¢ to constant values f = fo, ¢ = ¢g. For simplicity,
let us set here o = 1. From the dilaton (Dil.) equation of motion we obtain R

in terms of these constants, while the Kink equation becomes

%(e% + %fo)(fo - %e‘”)(jb + %e%) =0, (5.7)

yielding AdS3 or warped AdSs, respectively for fo = j:%e% and e®0 = :F% fo-
Along these lines, it is interesting to note that constancy for ¢ implies the
same for f, and vice versa. This can be easily checked by setting one of the two

functions to a constant value and studying the equations of motion for the other.

5.2.2 The Ansatz

Let us focus again on the CKV equation. If we view this as the sum of two
conformal Killing equations coming separately from the Einstein part and Chern-
Simons part, we can only obtain the AdSs solution. Trying to relax this idea,
we can allow for a “mixing” of the functions appearing in the two gradients. For

instance, focus on the first term

> D, (e 2 Dye?) = e?(Dy Dy + (1 — 20)) D, Dy),
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and write out the function f as
f = £2ukeom19% 4 ((20=28)0 f (5.8)
for a constant k. Inserting this into the second term of the CKV equation yields

1
+ Z6(204725)¢>D(a (e(*2a+2f3)¢Db)(e(*2a+2ﬁ)¢f)) —

1 N
k e?(Dy Dy 4 (=200 + 3) Dy Dyd) + Ze@a—?ﬂwD(a(e<—2a+2ﬁ>¢>p,,) . (5.9

The most obvious approach is to impose that f is zero so that we are left

=22 the left-hand side of

with the conformal Killing vector equation. For k # ;a—S

the equation becomes

(1—-2a)+ k(—2a+3)
1+k

(1 + k) (DaDm + Da¢Db¢)

= 6(1—6)(],5]‘ + ijaneﬂz),
€

when
(1—-2a)+ k(—2a+3)

1+k

is well defined and non-zero. That is, k # —1 and k # ;;E% It is then natural to

take di) = de®® in proposition [5.1.1} If, on the other hand, we start by imposing
d = de®, then f appears in the CKV equation that now takes the form of

€E =

a conformal Killing vector equation, and so is fixed by using the F equation of

motion to satisfy proposition [5.1.3] This way all fields are fixed and in particular

[ = £2pukee100 4 fellamt4e | 50(20=20)0  when e £2 — 20 < k #£ 1
(5.10a)

f = 42ukee710)0 4 o20=20)8(Ly 1 5) whene=2—-2a < k=1.
(5.10b)

The metric one obtains by choosing the conformal Killing generator to be
1 = e for some « is equivalent to the one obtained by the choice ) = ¢ for

o = a+ €/2. Our Ansatz is thus to assume di) = d¢ is a conformal Killing
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one-form. We set

1 -2«
k=——
200 — 3’
and by using proposition [5.1.3] which is satisfied by the F equation of motion, f
is given by
~ 3
f = 22uke?e718)8 4 fella—iB)d 4 50(20-26)¢ if oo, (5.11a)
f=+2ue’ + ko + 6 ifa=1, (5.11b)

whereas the metric is given by ((5.4) with ¢» = ¢. This way the CKV equation
is automatically satisfied and at the same time all fields are fixed. It remains to

show that the other equations of motion are satisfied for suitable values of «, k,

6 and c.

5.3 Solutions

In this section we check the consistency of our Ansatz, namely which functions
f and ¢ related by our Ansatz satisfy the reduced TMG equations of motion.
Starting with , we use the equations of section to calculate the ex-
pressions for |d¢|?, R and D?¢ in terms of ¢. We then use proposition and
compare ZD?@, that is Z acting on the expression for D?¢, with the expression
for —R obtained previously. When the two expressions match, the equation for
D?¢ implies that of R. Finally, the consistency of the equation for |d¢|? = ¢' is
checked by the integral of the equation for D?*¢ = ¢"/¢'.

The resulting conditions are in terms of long expressions involving exponen-

T elmatnd)o

(m,n)esS

tials of ¢, schematically

Recall the first consistency check is an equation of the type
ZD*¢+R=0.

The simplest approach is to consider all the powers to be different, ma + n #
m’a + n’, so that their coefficients have to vanish separately. We thus obtain

three cases:

1. 6 =0, @ = 1/2 and k, ¢ unconstrained;
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2. c—0=k=a=0;
3. 0=c=Fk=0and ;2?20 +1)2 = (2a — 3)%.

One need also check the cases when the powers mentioned above are not all

different. This happens when
a=0,1/2,3/4,1,9/8,7/6,5/4,4/3,11/8,5/3,7/4,2,5/2, 3.

For each of these values we simplify the result, but again find the same three
possible solutions.
The final check is to verify that the expression for |d¢|? is also satisfied. We

therefore integrate the expression for D?¢
D6 = H(8) — o' = H()o' —|dof =o' = [ Hdo+d.

for a function H(¢) of ¢, and compare with the expression for |d¢|?. One finds
that for a suitable integration constant d, the two expressions always match for
the three cases above.

We will now write down and identify the three classes of solutions that can

be obtained via our Ansatz.

5.3.1 Case1l: §=0, a=1/2
In this case our generalised Ansatz simply becomes
f=ke?,
so that A = —%e_%dt. Solving the equations of motion we get
D% = L(cF2uk)e® + He? — 2k 39,

R = %(c F 2/1]2;)@“75 — e%e‘ﬁ _ %];26—3@
Integrating D?¢ = ¢ /¢/
|d¢|2 =¢' = —l(c F 2;1/;;)6*‘15 + l€¢> + 1]2,2673@ 4
2 €2 4

and inserting into the dilaton equation (along with D?¢) we find that d = 0.
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The 3-dimensional metric can now be written in the ¢ coordinate as

dep? k2 1
g = €¢ = ¢ F (_6*3¢ + Ze*¢ + _e¢)dt2
Be30 + Ze=¢ 4 Led 4 2 4

k
+ e*(dz — 56_2¢dt)2. (5.12)

Identifying this and the other metrics is particularly easy due to the classifi-
cation of algebraically special solutions to TMG [86]. We suspect we are dealing
with constant scalar invariant spaces (CSI), after evaluating the first three cur-
vature invariants, in which case they are CSI Kundt, locally homogeneous, or
both [91,84]. Furthermore, the Ansatz we use implies two commuting symme-
tries 0; and 0,. To identify which particular Petrov-Segre class we are in, we
study the Jordan normal form of the tensor
1

S,=R) -
a a 3

R6,°.

For Case 1, the canonical S,° turns out to be identically zero, i.e. the solution is

of Petrov class O, corresponding to locally AdSs.

5.3.2 Case2: c—02=k=a=0

The Ansatz here boils down to

2
f= $?Me_¢ + e~ %9,

2 1
so that A = <:|:?Me_¢ — §5€_Q¢) dt. From the equations of motion we obtain
that

2 1
¢ = :|:§M5e_¢ + 1526—%’ +d.

Furthermore we get that d = z% + %,LLQ and

_ 2
R= 6%+ §u56_¢.

127



The full 3-dimensional metric is then

1
F2ude ¢ + 16%e 2 4+ d

g3 = d¢? + (i%uée*‘ﬁ — }1526*2‘15 — d) dt?
(5.13)

+ (e?dz + (£2p — 16e7?) dt)2 .

For this solution, the canonical S, is given by

placing it into Petrov class D, whence by the theorem in [86] it is locally spacelike
or timelike warped AdSs. In fact, case 2 covers both spacelike and timelike
stretching. One can easily find a diffeomorphism that will bring the metric to

one of the standard forms

0? dy? 9 412 ~ 2
= —6) du® £ dt + yd 5.14
g y2+3(y2_5$(y )u V2+3( +yu)>, ( )

where the two values 0 = 0, 1 are isometric. The sign above distinguishes spacelike
and timelike stretching and is the same as the one we used to distinguish between

spacelike or timelike KK reduction.

5.3.3 Case 3:  =c=k =0 and 2220+ 1)? = (2o — 3)?
The general Ansatz here is

1 -2«
— 49 (2a—18)¢
/ Hoa =3¢ ’

so that A = F52£-e(?2=1994¢. The equations of motion here yield that

« o (1 —2a)(202 + 3a)) 20
7~ e*? .

20 —
D¢_2< G (2c0 — 3)2

Consistency with the dilaton equation requires a d = 0 integration constant and

¢ = —4M e2®
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The 3-dimensional metric is therefore given by

dg? 42 21 2
_ J2a¢ 2a¢dt2 + 2¢ d (2a71ﬁ)¢dt )
oo (s gt e e (s

(5.15)

Again, to identify this solution we look for the Jordan normal form of the

traceless Ricci tensor S,°, which in this case is

CAE

a

o o O
o O =
o o O

corresponding to the Petrov class N. When v # £1/3, a coordinate transforma-

tion can bring the metric to the form of an AdS pp-wave
g=—— 4 5p20) g2 4zt (5.16)

where s; and s, are uncorrelated signs. The sign s; keeps track of the sign of the
KK reduction we used and the sign sy comes from the two possible solutions for
a. When v = £1/3, the solution for « is unique and our metric becomes that of
AdS; in Poincaré coordinates.

The pp-wave then corresponds to a TMG wave [85] with two commuting
symmetries. It is locally isometricﬂ to the Schrodinger sector solutions of [87, §4.2]
for their b = 0, which were found and their causal structure analyzed in [92].
Our Ansatz is thus seen to reproduce locally all known stationary axisymmetric
solutions to TMG [87] for generic values ¢ and v, with the exception of the b # 0
in |87, §4.2].

5.4 Conclusion

The search for new solutions to TMG has lead us to exploring the power and
range of the “kinky” approach to 3d-gravity as used in [88]. The idea of using an
exact conformal Killing vector to simplify the reduced two-dimensional equations

of motion seems very effective in leading to a whole range of possible solutions

2the diffeomorphism in [85] has an arbitrary function fi(z) that here should be a constant,
see also the appendix in [83].
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depending on a small set of parameters. However, the theorems we used impose
strong restrictions on the Ansatz. A subset of valid parameter values is selected
that corresponds to the already well-known and studied solutions of locally AdSs,
warped AdSs and the pp-wave.

Appealing as the Kinky Ansatz may look, it requires too much symmetry to
yield any novel solutions. Nonetheless, this is a new, simplified way to obtain the
most symmetric TMG backgrounds. We note how a simple and local Ansatz can
reproduce a large class of the known stationary axisymmetric solutions in [87],
without assumptions on the asymptotics. In this setting, the relationship between
these is in terms of the functional dependence of the generator of a conformal
isometry.

Our Case 3 corresponds to the special case of the family W; = —2/¢ of type N
CSI Kundt solutions where the fo;(u) in [84] is constant. In this way, their general
solution acquires an extra isometry, which is precisely what our Ansatz requires.
One might wonder whether our Ansatz can be generalized to include other defor-
mations of AdS; and warped AdS3. Another natural question is whether the core
idea behind this Ansatz, which was to automatically satisfy the traceless part of

the Einstein equation, can be useful in studying other gravitational systems.
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Summary and Outlook

This second part of the thesis was dedicated entirely to topologically massive
gravity and solutions to it exhibiting isometry groups smaller than the maximal
SO(2,2). In particular we dedicated one chapter to a detailed study of warped
AdSj3 space, to familiarise with the various possible ways of parametrisation. We
then set up the quotient construction for warped AdSs3 black hole solutions to
TMG in chapter [} we saw how the identification procedure can lead to closed
time-like curves that can be “naked”, or hidden behind event horizons. We also
explained in detail that the temperatures 77, and Tg, appearing as constant co-
efficients in the quotient construction, are unambiguous parameters by which to
identify the black holes (in contrast with the horizon radii r, and r_). We pro-
ceeded to a full layout of the causal structure of such solutions and gave a quick
review of their thermodynamics.

Chapter 4] also gives an in-depth study of the near-horizon geometries of
warped AdSs black holes. The analysis takes place in parameter space, where
the near horizon behaviour is obtained by taking specific limits of the identifying
parameters 177, and Tg. The salient point of these two chapters is the following:
via an appropriate choice of parametrization, keeping a specific Killing symmetry
“direction” 0, manifest, and subsequently quotienting along a similar isometry
(spacelike quotient for a spacelike 0. etc.) yields the corresponding black hole
solution. For example: choosing a spacelike 0, i.e. accelerating coordinates with
two apparent horizons, and a spacelike quotient direction, one obtains the met-
ric of a non-extremal black hole. Furthermore, zooming in towards the horizons
gives us back a metric in the originally chosen coordinates, albeit a further iden-
tification yielding the “self-dual” version of these spaces. This is the merit of
our construction and our setup. The analysis of locally warped AdSs solutions of
TMG and its salient properties can be very easily laid out and understood from
a careful geometrical discussion, toward the most obvious coordinate choices,

via appropriate quotients, leading all the way to the near-horizon properties of
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warped black holes.

We further dedicated chapter |5 to our first attempt at finding new solutions
to topologically massive gravity. We started with a KK dimensional reductions
and hoped to be able to use a conformal isometry on the resulting 2-dimensional
space to simplify the equations of motion. Ultimately we were aiming toward a
“kink”-like solution, a metric that would interpolate in some way between the
known locally AdS; solutions and warped AdSs. As usual, we were motivated by
our wish to formulate a holography conjecture for warped AdSs space. We recall
this, so as to motivate the following, describing ideas for future related work.

One possible project emerging from this work, is to continue the above analysis
for other, less symmetric backgrounds. Clearly this will not be straightforward, as
one is dealing with non asymptotically locally AdS spaces, so finding the asymp-
totic boundary metric is a highly non-trivial problem. Since we are familiar with
TMG and spacelike warped AdS solutions, one could start with this case. A lot
of work has been done concerning the asymptotics of different TMG backgrounds
(e.g. [93]), and in particular in [51] the authors give a set of consistent bound-
ary conditions for space- and timelike warped AdSs3. Their analysis furthermore
shows that the conserved charges are finite and integrable. One could also try
to compute 1- and 2-point functions on the gravity side from the on-shell action,
hoping to reproduce results from a recognizable gauge theory. This step is clearly
far from obvious and probably such a gauge theory would have to be set up anew
with the information that is known: the symmetry structure, the sources for the
operators and the expected values of the 1- and 2-point correlators.

Within TMG, we are also interested in understanding some of the other
known solutions, referred to as deformed AdSs; and deformed warped AdS3 spaces
(see [86]). As we saw in section[5.3] these belong to the set of Kundt CSI solutions
to TMG. One would first of all have to understand in what sense they are to be
viewed as deformations of the more symmetric solutions, and subsequently try
to understand their asymptotic structure. Here asymptotic boundary conditions
have yet to be defined. Also, it has to be understood whether the most general
conditions will yield finite charges, or if some sort of renormalisation has to take
place. Preliminary results indicate that relaxed asymptotic conditions with finite
charges do exist. Setting up the conditions will require a detailed analysis of all
the symmetries and properties of these solutions, but the charge discussion will be
a purely computational task. If there is anything conceptually well defined about

the deformed adjective, then this could give some intuition about eventually de-
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forming the known dual theories to TMG towards a gauge theory corresponding
to these types of solutions. Considering the rather large class of Kundt CSI back-
grounds in the bulk, one might be justified in expecting to find a corresponding
“class” of dual theories. According to how many parameters are switched on or
off, and how much symmetry is required, this class may split into subsectors: the
most symmetric being CFTs, and the next in line being logarithmic CFT.
Summarising, my recent interests focus on gauge-gravity duality. I choose
to approach the topic via 3-dimensional gravity theories to simplify the analyses
without trivialising the problem, and Part [[]| of this thesis is the result of my first

steps in this direction.
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