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Abstract

When an object is grasped by a set of fingers, it is important to know the best
positions to place them. An immobilizing set is a set of points on the object at
which a firm grasp of the object is achieved, that is, where the object cannot be
moved within the grasp. In this thesis a study of immobilizing sets of points for
planar figures and tetrahedra is undertaken.

A new proof of Czyzowicz, Stojmenovic and Urrutia’s theorem giving necessary
and sufficient geometric conditions for immobilizing a triangle is obtained. The
same method of proof is employed to obtain proofs of statements on immobilizing

sets of polygonal planar objects.

In three dimensions, a detailed study of immobilizing sets of a tetrahedron is
carried out. A 3 x 3 matrix A is defined for each quadruple of points, one from
the interior of each face of the tetrahedron using a good choice of outward normal
vectors to the faces of the tetrahedron. A necessary and sufficient condition on
the quadruple of points to immobilize the tetrahedron is that the matrix A is
symmetric. An analysis of the eigenvalues of symmetric matrix A leads to a new
proof of Bracho, Mayer, Fetter and Montejano’s theorem. This proof is adapted
to give another treatment of necessary and sufficient conditions characterizing

immobilizing sets of a triangle.

The set of centroids, set of circumcenters and set of orthocenters of the faces of
a tetrahedron are shown to immobilize it in appropriate cases. It is shown that a
set of four immobilizing points one in each face of the tetrahedron has five degrees
of freedom and immobilizing sets of a tetrahedron having two fixed points have
one degree of freedom. An analysis of the orientation of the tetrahedron whose
vertices are the points in an immobilizing set of a given tetrahedron reveals the
existence of immobilizing sets of a regular tetrahedron which are co-planar. In
higher dimensions, a method of generating sets of points for which the matrix A
is symmetric from another such set is presented and some geometrical properties

arising from the symmetry of A are analysed.
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Chapter 1

Introduction

1.1 Background

The design of robots relies on geometric techniques because of the need to analyse
motion. Various interesting geometric problems arise but rather few of them have
been subjected to serious mathematical study. Nevertheless, it is important to
have a firm understanding of the theoretical principles before proceeding to the
more practical, algorithmic aspects of the problems. This research project is
devoted to making a thorough analysis of one of the geometric issues that arise
in robotics, namely the problem of the ‘grasping hand’.

Grasping emerged as field in its own in the early eighties with the introduction
of dextrous multi-finger robot grippers. It is concerned with characterizing and
achieving conditions that will ensure that a robot gripper holds an object securely,
preventing, for example, any motion due external forces. Different authors have
given different types of grasping depending on the conditions a grasp is required
to satisfy. The two most common types are force closed and form closed grasps,
although, unfortunately, there is no agreement on terminology in the grasping
literature. In [D], [MK2] and [RE] the term form closed grasp was used to mean
a grasp with the property that any external wrench to the object can be balanced
by forces and moments applied at the grasp points, yet in [MI], [MU] and [SE]
force closed grasp was used for a grasp satisfying the same criteria. In [SE]| a
form closed grasp was defined by first considering paths (parametrized by time)
an object could take in SE(3), the configuration space of the object. Then a point
contact of a finger on an object was assumed to stop the object from moving along
the contact normal towards the finger. Then a body was said to be in a form
closed grasp if the space of all feasible velocities it can acquire is null, that is

consists of the zero velocity only.

In this thesis we study the problem of immobilization of objects, an important



aspect of grasping. We assume a finger is a point where the finger touches the
object. The fingers of a human or robot hand are able to get a steady hold on
a body if they touch the body at a good set of points. The number of fingers
(or points on the body) required for this purpose depends on the shape of the
body. The set of points of contact on the body at which the fingers hold on the
body in such a way that the body cannot slip from or wriggle in the grasp is
called an immobilizing set of the body. Since a set obtained by adding points to
an immobilizing set is also an immobilizing set, it is enough to consider minimal
such sets. Immobilization problems were introduced by Kuperberg [KU] and
were motivated by grasping problems in robotics, [MK1] and [MK2]. Their only
interest is in the geometric aspects only and no account of force, torque, moment,
etc. are considered.

1.2 Thesis outline

The last section of this chapter introduces general preliminary material that will
be needed later in the thesis. It consists of standard definitions and theorems in

mathematics.

In Chapter 2 a study of immobilization of planar objects is undertaken. A key
observation in this chapter is the idea that an orthogonal line to an edge of a
polygonal object divides the plane into two half planes each of whose points have
different properties. This is given in the form of Lemma 2.4 and is used to obtain
different proofs of results by Czyzowicz, Stojmenovic and Urrutia [C1].

Chapter 3 studies the assignment of Pliicker coordinates to lines in space. The
two types of planes that lie on a Klein quadric are analysed and the geometrical
configurations of four lines having linearly dependent Pliicker coordinates are
obtained.

In Chapter 4 we undertake the problem of finding the criteria that immobilizing
sets of a tetrahedron fulfil. For each set of four points, one in the interior of
each face of a tetrahedron, one defines a 3 x 3 matrix A. It is found out that
the four points immobilize the tetrahedron if and only if A is symmetric and has
a property we call almost positive definite. The symmetry of A is referred to
as the symmetry condition. The positions of the four points in the faces of the
tetrahedron can be encoded using a 4 x 4 stochastic matrix. It turns out that if the
points are interior to their faces the matrix A is almost positive definite whenever
it is symmetric. The approach given here is different from that of Bracho, Fetter,

Mayer and Montejano [BR] and generalizes to other dimensions. An example of
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this is an explicit algebraic condition on a set of three points to immobilize a
triangle.

Chapter 5 uses the criteria developed in Chapter 4 to find immobilizing points of
the tetrahedron, the most natural of these being the set of centroids of the faces of
the tetrahedron. It is seen that any given tetrahedron has many immobilizing sets.
It is also shown that if two of the points in the faces of a tetrahedron are fixed,
the remaining two points that complete an immobilizing set are linearly related
and, for each face, lie on a line whose direction is independent of the choice of
fixed points. Vector algebra is employed to obtain the five dimensional space of
solutions of the symmetry condition and a method of classifying immobilizing
sets is proposed.

In the last chapter generalizations to higher dimensions are made of some of the
results in chapters 4 and 5. In particular, it is shown that the set of centroids of
an n simplex, n > 2, immobilizes the simplex and a method of obtaining other
solutions of the symmetry condition from one solution is presented. The situation
in higher dimensions is different because the symmetry of A does not imply that

A is almost positive definite, an explicit example is given in dimension 4.

1.3 Preliminaries

1.3.1 Euclidean and projective spaces

The objects we seek to immobilize will be assumed to be subsets of a Euclidean
space. To define coordinates of a line it will be assumed that the line lies in a

real Projective space.

Definition 1.1 A Fuclidean vector space E is a finite dimensional vector space
over R, together with a positive definite symmetric and bilinear form ¢ (i.e.
¢ : E xE — R is symmetric and bilinear, and d(z,z) > 0 for all x € E,
T #0). We write ¢(z,y) = (z,y) and call this number the scalar product of x
and y.

The standard example of a Euclidean vector space is E = R", with

S((@1,-- 1 Tn), (U1, Wn)) = D Tibs-
i=1



Definition 1.2 Let E be a vector space over the field K. The projective space
derived from E, denoted P(E), is the quotient of E\O by the equivalence relation
‘c ~ vy if and only if y = Az for some non-zero A € K’. A projective space is
called real if K = R. If E = R™! and K = R, then the projective space derived
from E is called the real projective space of dimension n or the real projective
n-space, and is denoted P™.

P" will be considered as the projective extension of R™. A point in P" is denoted
by an ordered set of n + 1 real numbers called the homogeneous coordinates of
the point. Let z € P" be given by (zo,...,Zn). If To # 0 then z represents the

point (%, e %) € R" and if zo = 0 then z represents the point at infinity in
the direction of the line spanned by the non-zero vector (z,...,%n)-

1.3.2 Rigid body motion

Since a body is said to be immobilized if it cannot execute any rigid motions, the
concept of immobilization of an object is intimately related to the rigid motions
the object is capable of. For this reason we briefly review the theory of rigid body

motion.

The motion of a rigid body is more complicated than that of a particle. The
motion of a particle can be described by giving the location of the particle at
each instant of time relative to an inertial Cartesian coordinate frame. However
a rigid body motion is a displacement of all particles (making up the object) such
that the distance between any two particles remains fixed and the orientation
of any set of particles is preserved at all times. Thus a mapping g : R™ — R"

describes a rigid body motion/transformation if it satisfies the properties:
e P1: |g(X)—g(Y)| = |X —Y]| for all points X, Y € R".
e P2: Orientation is preserved.

Translations and rotations are good examples of rigid body transformations. The
set of all translations R* — R™ is a Lie group which will be denoted by Tp, it
is isomorphic to the additive group R™. Let x' = (z},..., ;) be the effect of a
rotation g (about the origin) on the vector x = (z1,...,%n») and (gix) the matrix
of g. Then =}, =3, gi®k. Since a rotation does not alter lengths or angles it

leaves the scalar product of any two vectors invariant. Thus if y’ = g(y),

Xy= Zxkyk =x-y = Zgikfk : Zguyz
k k l
= Z 9ik G Tkl

ikl



Equating coefficients of zy; we obtain >, gikgu = (5,6-,, i.e. [9*9]l = 6w hence
g is an orthogonal matrix. Rotations preserve orientation therefore the matrix
(gix) has positive determinant. The set of all rigid motions R® — R" fixing the
origin is a Lie group denoted SO(n) and called the rotation group of R". It can
be identified with the group of matrices:

SO(n) = {R € GL(n,R) : RRT =1,detR = +1}.

Theorem 1.3 Let R € SO(n). There exists a real skew symmetric matriz S
such that ) )
=S+ =5+

1 2
R=In+S+§S +3! oy

where I, is the identity n X n matriz.
Proof See [PR].

Remarks

The set of all rigid body motions R* — R is a Lie group called the proper
Euclidean group or group of proper Euclidean motions, and is denoted SE(n).
Let g € SE(n), then the action of g can be expressed as g(X) = R(X) +t where
R € SO(n) and t is a vector in R™ The product of two such transformations
g1 = (Ry,t1) and go = (Rp,ty) where

g1(X) = Ri(X) + t1, g2(X) = Ra(X) + ¢t2
g2(Ri(X) +t1) = Ro(Ri(X)+t1)+t2
= Rle(X) + Rz(tq) + ts

i.e. (Rg,t2)(Ry1,t1) = (RaRi, Ro(ty) + t3).  Therefore one can write
SE(n) = SO(n) x R*. The group SE(n) can be identified with the space of
n + 1 by n+ 1 matrices of the form

=[5 1]

Theorem 1.4 The dimension of SE(n) is 3(n+1).

Theorem 1.5 (Chasles) Every rigid motion in three dimensions, with the ex-
ception of pure translations, can be realized by a rotation about an azis combined
with a translation parallel to that axis.

Proof See [SE]



1.3.3 Divergence theorem

Corollaries of the following Theorem will be needed in Chapters 4 and 5.

Theorem 1.6 (Divergence Theorem) LetV be the volume bounded by a closed

surface S and A be a vector function of position with continuous derivatives, then
// V-AdV=//A~ndS=//A-dS
v s S
where n is the positive (outward) normal to S.
Proof See [SPI).
Corollary 1.7 [[;ndS = 0 for any closed surface S.

Proof

Let A = 1C where C is a constant vector. Then by the Divergence Theorem

// VV-(lC)dV=//Slc-ndS,
c-///VV1dV=c-/[S1nds.

Since V1 =0 and C is an arbitrary constant vector,

0=//SndS.

Corollary 1.8 Let S be a closed surface and r the position vector of an arbitrary
point in S, then [[sr x ndS = 0.

that is

Proof

Let A = r x C where C is a constant vector. Then by the Divergence Theorem

///Vv-(er)dV=//S(r><C).nds,
C-//VerdV=C-//SnxrdS.

Since V xr = 0 and C is an arbitrary constant vector,

0=//nxrdS.
s

that is



1.3.4 Hodge star operator

The aim of this section is to give a brief introduction of the Hodge star operator
*x : APR™ - A""PR". This will be needed in Sections 4.4 and 6.2. Most of the

material in this section comes from [F] and [KO].

Definition 1.9 The space of p-vectors on R, denoted \P R™, is the space con-
sisting of all sums ) a;(zi1 A+ - - AZip), where oy are scalars and x;; € R™, subject

to the following constraints:

1. Foreachi 1A+ - (AZ; + Bys) ANTizi A+ Ay
=/\(3:1/\~~-/\:c,-/\a:i.,_l/\~-/\x,,)+ﬁ(:v1/\--'/\yi/\xi.l.l/\--o/\xp),

i.e. Ty A\ -+ A xp is linear in each variable,
2. 1 N+ Nz, = 0 if for some pair of indices i # j, T; = xj,
3. 1 A+ Az, changes sign if any two z; are interchanged.

One calls z; A - -+ Az, the exterior product of the vectors zy,...,z,. If e1,...,€n
denotes the standard unit basis of R™ then the set

{exx A-r-Aey, 1< <o <A <n}
is a basis of AP R". Thus the dimension of AP R" is (7).

p

Lemma 1.10 An inner product { , ) on R defines an inner product ( | ) on
A’ R” as follows:

(LA Azp |yt A Ayp) = det((Ti,95)),
where T A+ ATy, y1 A+ Ny, € APR™.

Proof See [ML).

Remarks

Suppose an inner product is defined on A” R™ then the length of vectors in AP R
is defined. The magnitude |z3 A- - - Azp| of the p-vector z; A--- Az, is the volume
of the ‘parallelepiped’ spanned by zi,...,z,. If ei,..., e, denotes the standard
orthonormal basis of R” then the set

{ex Ao Aes, (1< A <o <A <7}

is an orthonormal basis of A? R".



Definition 1.11 The volume elements of R™ are the non-zero elements of the
1-dimensional space A" R™. Two volume elements w, and wy are said to be equiv-
alent if there exists a ¢ > 0 such that wy = cwa. An equivalence class [w] of volume

elements on R™ is called an orientation on R™.

Suppose R" is given the standard inner product, a fixed orientation andep,...,e,
is an orthonormal basis of R*. Then an orthonormal basis e; A - A e, of AR
is determined. Fix z € APR™. The map A" "R® — A"R" givenby z ~ 2 Az
is a linear transformation into R. This can be expressed as

zAz=f.(x) esN---Neg

where f, is a linear functional on A" ? R™. Therefore there exists a unique vector
xz € A""PR™ such that

(xz|z)er A+~ Nep =2 AT

Thus there exists a linear map * : APR™ — A" PR™ called the Hodge star

operator defined by x : 2 ~ xz.
Theorem 1.12 The operator x is an isomorphism.

Proof
Since * is a linear map, is onto (and dim APR™ = (?) = (") = dim A"PR"),
* is an isomorphism of vector spaces.

10



Chapter 2

Immobilization in a plane

2.1 Introduction

In this chapter the problem of immobilizing objects in the plane is studied, focus-
ing on polygons with particular emphasis on triangles. Czyzowicz, Stojmenovic
and Urrutia [C1] found that three non-vertex points immobilize a triangle if the
points lie in different edges of the triangle and the normal lines at them are con-
current. The proof given by these authors, in part, analyses the small distances
and small angles corresponding to small rigid motions. The proof also considers
the case when the normal lines meet inside the triangle separately from when
they meet outside the triangle. In this chapter a different proof is given which
appeals to two simple lemmas and does away with the need to locate the posi-
tion of the point of concurrency of the normal lines. Hence a simpler proof of
the theorem explaining the nature of immobilizing points of a convex polygon
has been obtained. At the end of the chapter triples of points that immobilize

general polygonal objects are described.

Definition 2.1 A rigid motion g € SE(n) is said to be a small rigid motion if
it lies in a small neighbourhood of the identity in SE(n).

Definition 2.2 Let P be a polygon, not necessarily convez. A set of points S in
the boundary of P, is said to immobilize P if any small rigid motion of P in the

plane of P forces at least one point of S to penetrate the interior of P.

Alternatively, a set S immobilizes P if there exists a neighbourhood U of the
identity in SE(2) such that for every g € U different from the identity, g(S5)
intersects the interior of P (or equivalently g~'(P) intersects S). We use this

latter notion of immobilization in Lemma 2.4 and following.

Clearly, the circular disk does not have any immobilizing sets since holding the
disk at any number of points on its boundary leaves the disk still free to rotate

11



about its centre. From the definition of an immobilizing set, one’s focus should
be on isometries of the plane close to the identity, that is, small translations and
small rotations. It is observed that a set of points S immobilizes P if and only if,

when P is held by point fingers at S, no translation or rotation of P is possible.

2.2 The case of a triangle

Lemma 2.3 Let T be a triangle, T is immobilized with respect to translations by

three points in its edges if and only if the points lie in different edges.

The proof of the lemma is obvious.

A
+
v, +++ ++
Nxe + + X ‘+ NX,-
- - - _\S&—_
B

Figure 2.1: The half-planes defined by orthogonal line Nx at point X in the interior of
an edge of a polygon.

Lemma 2.4 Let AB represent a line segment on the boundary of a polygon P
(see Figure 2.1). Let X be any point in the interior of AB and let Ux C P be a
closed neighbourhood within P of the point X, sufficiently small that the interior
of Ux lies entirely to one side of the line containing the segment AB. This is
illustrated by the shaded region above. Let Nx denote the line orthogonal to AB
at X. Then Nx divides the plane into two open half-planes. For each point Q) in
the region marked + (-), all sufficiently small anti-clockwise (clockwise) rotations
g of P about Q are such that g(Ux) does not meet AB.

Proof The statement of the lemma is easy to verify.

Note: Let Nx, (Nx,) be the semi-infinite part of Nx starting at X and pointing
into (away from) Ux. Then if Q # X is a point of Nx, (Nx,), any (no) sufficiently
small rotation g of P about @ is such that g(X) penetrates the interior of Ux C P.

Theorem 2.5 Three non-vertex points X, Y and Z immobilize a triangle T if
and only if the orthogonal lines to the edges of T at X, Y and Z are concurrent.

12



Proof

Suppose X, Y and Z immobilize T. Then no translation of T is possible when
T is held at X, Y and Z, so by Lemma 2.3, X, Y and Z lie in different edges
of T. Suppose the orthogonal lines Nx, Ny, Nz do not meet at a single point.
Then Nx, Ny and Nz partition the plane into seven distinct regions and for each
of the two half-planes on each side of lines Nx, Ny and Nz, a + or - sign can
be attached depending on which side of the line contains points @ about which
T may be rotated through some small anti-clockwise (+) or clockwise (-) angle
without the given points X, Y and Z penetrating the edge of T containing the
point. If this is done in order for Nx, Ny, Nz, a triple of signs (+ and/or -) is

then attached to each of the seven regions (see Figure 2.2). It can be seen that

Figure 2.2: The seven regions of the plane defined by three non-concurrent lines at X, Y
and Z.

the region at the centre, i.e. the triangle G determined by these orthogonal lines
is marked +++ (in this case, but it could have been - - -), which means that for
any point Q in G, there is a small anti-clockwise rotation about Q@ through which
the triangle T' may be rotated without any of X, Y or Z penetrating the interior
of the triangle T.

Conversely, suppose the orthogonal lines Nx, Ny and Nz intersect at a point 0.
X, Y and Z must lie in different edges of T for this to happen. The lines Ny,
Ny and Ny define six distinct regions of the plane. Applying Lemma 2.4 to each
of the half-planes defined by the lines Nx, Ny and Nz in that order, we see that
none of the six regions is labelled with a - - - or +-++. Hence no rotation of T" in
the plane is possible without one of X, Y and Z penetrating one of the edges of
T. In addition, by Lemma 2.3, the points X, Y and Z immobilize T with respect

to translations. Therefore X, Y and Z immobilize T'.

Corollary 2.6 Let P be a plane convez figure whose boundary OP is a smooth
curve. Suppose points X, Y and Z in OP immobilize P, then the tangents to OP

13



at X, Y and Z form a triangle which contains P and the normals to OP at X,

Y and Z are concurrent.

It is worth pointing out that the following statement [a corollary from [C2] page
186],

Given two points X and Y on two different sides of a triangle T', it
might not be possible to find a third point Z on the remaining side of T
such that X, Y and Z immobilize T. This happens only for obtuse T

is correct if the last sentence is omitted. Figure 2.3 shows a right angled triangle
where point Z cannot be found such that the points X, Y and Z immobilize the
triangle.

Figure 2.3: Two points of a right angled triangle that are not a subset of any immobilizing
set of the triangle having three points.

2.3 The case of a polygon

Although some figures like the square require at least four points, many planar
figures can be immobilized using three points. This section studies how to im-
mobilize a polygonal object using three non-vertex points. In the triangle case
immobilization with respect to translations was achieved by the requirement that
no two of the three points should lie in one edge. Clearly this does not suffice
where more than three edges are involved. To ensure that no translation is possi-
ble in the case of a polygon, in addition to the above requirement, no two points

should lie in parallel edges. In the convex case we have the following theorem.

Theorem 2.7 A convez polygon P can be immobilized by three non-vertex points
X, Y and Z if and only if each of the points X, Y and Z belongs to a different
edge of the polygon, the three lines containing the edges of P that contain the
points X, Y and Z determine a triangle T that encloses P and the orthogonal
lines Nx, Ny and Nz at X, Y and Z to the respective edges of P meet in a
common point.

14



Proof

If X,Y and Z do not belong to different edges of P, then they belong to one or
two edges of P. Either way, P can be translated along one or both of these edges.
See Figure 2.4(a). Now suppose P is convex and X, Y and Z are in different

K ] R
(a) (b}

Figure 2.4: Three points of a polygon whose extended edges do not form a triangle that
encloses the polygon.

edges u, v and w of P and the triangle determined by extended w, v and w does
not enclose P. Then, because P is convex, that triangle is completely outside P,
see Figure 2.4(b). P can then be translated along the two outer edges. If, on the
other hand, X, Y and Z belong to different edges of P, the edges containing X,
Y and Z when extended determine a triangle T that contains P, and the lines
Nx, Ny and Nz do not meet in a common point, then, by Theorem 2.5, X, Y

and Z do not immobilize T', hence do not immobilize P.

Conversely, suppose each of X, Y and Z belongs to a different edge of P, the three
lines containing the edges of P that contain X, Y and Z determine a triangle T,
P is enclosed in T and the orthogonal lines Nx, Ny, Nz meet in a common point.-
Then focusing on the triangle 7', the conditions of Theorem 2.5 are satisfied, hence
X, Y and Z immobilize T, and hence immobilize P.

Corollary 2.8 Let X, Y and Z be three non-vertex points of a polygon P, not
necessarily convez, and Nx, Ny and Nz orthogonal lines at X, Y and Z to the
edges of P that contain X, Y and Z respectively. Then if Nx, Ny and Nz do
not meet in a common point, X, Y and Z do not immobilize P.

Next, the situation where three non-vertex points immobilize a non-convex poly-
gon is considered. From Corollary 2.8, the concurrency of the orthogonal lines is
still necessary but the lines containing the edges containing the three points need
not define a triangle, and even when they do, that triangle need not enclose the
polygon for the points to immobilize the polygon.

15



Theorem 2.9 Let P be a polygon and X, Y and Z be three non-vertex points
of P belonging to different edges of P, no two of which are parallel. Let Ex, Ey
and Ez be the lines that contain the edges of P that contain points X, Y and Z
respectively. Suppose that the orthogonal lines Nx, Ny and Nz to the lines Ex,

Ey and Ez at points X, Y and Z respectively are concurrent. Then:

(a) there exist ten ways in which lines Ex, Ey and Ez define a triangle; for
three of these, the points X, Y and Z immobilize P.

(b) there exist siz ways in which lines Ex, Ey and Ez are concurrent; for two
of these, the points X, Y and Z immobilize P.

Proof
Suppose the orthogonal lines Nx, Ny and Nz are concurrent. The lines Ex, Ey

and Ez either define a triangle or are concurrent.

(a) Suppose the lines Ex, Ey, Ez define a triangle. Let orthogonal line Ng at
point @ and point @ be represented by a line with a marked point. Consider the
constellation of three concurrent lines, each line with a marked point different
from the point of concurrency. The constellation represents the three concurrent
diagonal lines Nx, Ny and Nz. There are only two essentially different cases as

shown in Figure 2.5. Now consider a segment of Ex at X. The points of P in

Figure 2.5: The constellations representing three concurrent lines each having a marked
point different from the point of concurrency.

the immediate neighbourhood of X lie on one side of this segment (or on one
side of Ex). Using a shading to represent the side of Ex that contains points
of P in the immediate neighbourhood of X, six figures are obtained for each
of the constellations in Figure 2.5. However two pairs of these are the same
configuration, resulting in ten configurations presented in Figure 2.6(a) to (j). In
Figure 2.6 triples of signs have been attached to each of the six regions defined by
the orthogonal lines according to the principle of Lemma 2.4. It is observed that
Figures 2.6(d), 2.6(g) and 2.6(j) have no subregion marked - - - nor +++. This
means that with these configurations there is no region in the plane at which a
rotation of P can be effected without any of X, Y or Z penetrating P through

their edges. So these immobilize P with respect to rotations. In Figure 2.6(a)

16



(0 (b)

(d) (e)

(g)

—-++

Figure 2.6: The signed regions of the ten different configurations that represent the case

when the lines Ex, Ey and Ez define a triangle.

none of the six regions is marked with - - - or +++ but any rotation about the

point of concurrency of lines Nx, Ny and Nz does not lead to any of the points

X, Y, Z penetrating their respective edges.

It remains to show that the points X, Y, Z of Figure 2.6(d), 2.6(g) and 2.6(j)
immobilize P with respect to translations. For each figure first consider the line
Ex containing the edge containing point X. Shade out the open half-plane with
boundary Ex that does not contain interior points in the immediate neighbour-

17
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hood of X. The shading represents all the planar translations of the polygon P
that would cause point X to penetrate P through the edge in Ex. The unshaded
half-plane represents the directions in which P can be translated without point
X penetrating P through the edge. Doing this for each of the three lines Ex, Ey
and Ez in each figure, it is seen that the entire plane is shaded in the Figures
2.6(g) and 2.6(j). In Figure 2.6(d) the triangle defined by Ex, Ey and Ez is left
unshaded but encloses a part of the polygon P. Just like in the convex case, this
part, and hence the whole polygon, is immobilized with respect to translations
by the points X, Y and Z. This means that the points X, Y and Z of Figures
2.6(d), 2.6(g) and 2.6(j), in addition to immobilizing P with respect to rotations,
immobilize P with respect to translations. Therefore P is immobilized by the

points X, Y and Z in these configurations.

(b) Suppose that the lines Ex, Ey and Ez are concurrent. The concurrent or-
thogonal lines Nx, Ny and Nz and concurrent Ex, Ey and Ey are represented

by the constellation in Figure 2.7. Consider a segment of Ex at X. The points

Figure 2.7: A constellation representing three concurrent lines having concurrent orthog-
onal lines.

of P in the immediate neighbourhood of X lie on one side of this segment. Us-
ing a shading to represent the side of this segment that contains points of P
in the immediate neighbourhood of X six different configurations are obtained
(see Figure 2.8 (a) to (f)). Attach triples of signs to each subregion in each of
the figures as was done earlier. It is seen that the points X, Y and Z of Figures

2.8(c) and 2.8(e) immobilize P with respect to rotations.

As was done in part (a) of the proof, for each of the Figures 2.8(c) and 2.8(e),
shade out, for each point, the half-planes that represent planar translations of P
that would cause the point to penetrate the polygon. It is seen that the entire
plane is shaded in the configuration of both figures. Therefore the points X, Y
and Z of Figures 2.8(c) and 2.8(e) immobilize P.

18



(a)

(c)

Figure 2.8: The signed regions of the six different configurations that represent the case
when Ex, Ey and Ez are concurrent.

2.4 Conclusion

Let P be a general polygon, not necessarily convex and X, Y and Z three non-
vertex points of P belonging to different edges, no two of which are parallel. Let
Ex, Ey and E7 be the lines containing the edges containing the points X, Y and
Z, Nx, Ny and Nz be the orthogonal lines to Ex, Ey and Ez at X, Y and Z
respectively and C be the set of configurations of Ex, Ey and E for concurrent
Nx, Ny and Ny in Figures 2.6(d), 2.6(g), 2.6(j), 2.8(c) and 2.8(e). Then the
points X, Y and Z immobilize a polygon if and only if the configuration of the
lines Ex, Ey and Ez containing their edges and the orthogonal lines Nx, Ny
and Nz at them is one of the configurations in C.

In [C2] to each edge ex of P containing point X was assigned the halfplane
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containing points from the interior of P in the immediate neighbourhood of X
and whose boundary contains the edge ex. The edges ex, ey and ez were then
said to form a triangular triple of P if the intersection of the three halfplanes

assigned to them is a triangle. It was then claimed in Theorem 3 on page 187 of
[C2] that

A polygon P can be immobilized by three points X, Y and Z different
from the vertices of P if and only if

o the orthogonals at the points X, Y and Z to its respective edges

ex, ey and ez meet at a common point, and

e ex, ey and ez form a triangular triple of P.

From Theorem 2.9 this is clearly wrong, as the configuration in Figure 2.6(g), for
example, shows.
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Chapter 3

Line geometry

3.1 Introduction

In Chapter 2 it was shown that a necessary and sufficient condition for a set
of three points in the edges of a triangle to immobilize the triangle is that the
normal lines to the edges at these points should be concurrent. This means that
the search for a set of immobilizing points of a triangle can be construed as a search
for three concurrent lines orthogonal to the edges of a triangle. Similarly, it is to
be expected that the normal lines at the immobilizing points of a 3-dimensional
simplex will form a special type of configuration. It is therefore necessary to
study the relevant geometry of lines in space. The first problem encountered is
assigning coordinates to lines in space. The discovery of these coordinates was
attributed to Cayley in [BA] (see pg 56) and to Pliucker in [GR] (see pg 461).
We begin with the simple task of assigning coordinates to lines in P2,

3.2 Line coordinates in P?

Every linear homogeneous equation upXo + 1 X1 + ueXe = 0 in P?, where
ug, U1, Ug are not all zero, represents a line in P?, and conversely. The ho-
mogeneous line coordinates of a line having equation ugXo + u1 X1 + us X2 = 0
are (ug, u1,uz). A point X = (X, X1, X2) in P? lies on the line u = (ug, u1, uz) if
and only if ugXo + w1 X7 + u X9 = 0.

3.3 Pliicker coordinates of a line in P3

In P? every linear homogeneous equation ugXo + u1 X1 + u2Xs +u3X3 = 0, where
Ug, U1, Uz, U3 are not all zero, represents a plane, and conversely. The homo-

geneous coordinates of a plane having equation ugXo + u1 X1 + uXo + uz X3 =0
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are (ug, U1,z u3). A point X = (Xo,Xi,X2,X3) in P lies on the plane
u = (ug, U1, Uz, u3) if and only if ueXo + u1 Xy + us Xz + u3 X3 = 0.
The equation of a straight line going through the points X = (Xo, X1, X2, X3)
and Y = (Y,,Y1,Ys,Ys) in P3 is given by

XUy —UsXo  X3U; —UsXy  X3Up — UsXy

X3Yo—YsXo  XsY1-YsXy  X3Ya—Y3Xo'
where Uy, ..., Us are the coordinates of an arbitrary point on the line. Clearly

the coordinates of such a line cannot be simply read off its equation like that of a
line in P2. The coordinates of a line in P? are obtained by introducing redundant
coordinates which are related by a quadratic relation. These are called Pliicker
coordinates and are defined from two equivalent points of view. The two dual
sets of coordinates obtained were called Pliicker ray coordinates and Plicker azis
coordinates in {GR).

3.3.1 Pliicker ray coordinates

Let X = (Xo,...,X3), Y = (Yo, ..., Y3) be any two distinct points on the line £
in P3. Consider the set of coordinates defined by
pij = X;Y; - XY, 0<i#j<3.

Not all p;; can be zero since X # Y but p;; = —p;; for all 4, 5. The six numbers
Poi, Doz, Dos, P23, P31, P12 constitute a set of homogeneous coordinates for £.
Replacing X and Y with U = A\;; X + AipY and V = Ag1 X + AppY where U # V
are two new points on £, the coordinates of £ are replaced by

U;V; — U; V; = (Ai1h2 — Ai2Aa1) pijs

where Aj1 A2 — A2 Aa1 # 0 since U # V. So the homogeneous coordinates {p;;} are
unchanged. The numbers po1, Doz, Pos, P12, P13, P23 are the Pliicker ray coordinates
of the line.

3.3.2 Pliucker axis coordinates

A line in P? is also uniquely determined by two intersecting planes. If (uo,...,us)
and (wo, . .., ws3) are the coordinates of different planes x and ¢ that meet in the
line £, not all the numbers

q,-]-:u,-wj—ujwi, OS@#]SB,

are zero and ¢;; = —¢;;. The six numbers o1, goz, 903, 923, g31, q12 are the Plicker
axis coordinates of £. Any two distinct planes through ¢ determine coordinates
proportional to g;;.
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Proposition 3.1 The Pliicker ray coordinates and the Plicker azis coordinates

of a line are connected by the equations

Po1 : Po2 :Po3 P23 P31 P12 = 4§23 - 931 - 412  do1 * o2 : do3- (3.1)

Proof
Two points that determine a line £ lie on any plane that contains £. Therefore
if X = (Xo,...,X3), Y = (Yo,...,Y3) are two points that determine ¢ and

u = (ug,...,us), w= (wp,...,ws) are two planes that meet in ¢, then

upXo + ur X1+ ue Xo +u3Xs =

0
ugYp +u1Y7 + ugYs +uzYs = 0
weXo + w1 X1 +we Xo+w3zXs = 0

0

woYo + wr Y1 + weYe +wiYs =

On multiplying Equations (3.2) and (3.4) by wp and ug respectively and subtract-

ing the two outcomes we obtain
go1X1 + qo2 X2 + go3 X35 = 0. (3.6)
Doing the same thing with Equations (3.3) and (3.5) we obtain
go1Y1 + go2Y2 + gos¥3 = 0. (3.7)
Now solve for the ratio of the ¢’s in Equations (3.6) and (3.7) to obtain
gor i goz i qo3 = XoY¥3— X3Ya: XaY1 — XiYs: XiYe — XoY)
= D23 :P31: P12

To get the remaining part of (3.1), multiply (3.2) and (3.3) by Y, and X, respec-
tively and subtract the two outcomes to obtain

Po1u1 + Pozu2 + posus = 0. (3.8)
Do the same thing with Equations (3.4) and (3.5) to obtain
Po1w1 + Poaws + Poswz = 0. (3.9)
Solving for the ratio of the p’s in Equations (3.8) and (3.9) we obtain
Po1 ' Po2 *Po3 = UgW3 — UgWaz @ UgW) — U1W3 & U1W2 — UWy
= {¢23:431: Q2.

For the rest of this thesis Pliicker coordinates of a line will mean Pliicker ray

coordinates.
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Lemma 3.2 The Plicker coordinates of a line £ in R3 going through the point
P with direction vector n are (n, P x n).

Proof

Let P = (P;,P,,P,) and n = (ng,ny,n;). As an element of P?, the line ¢
goes through the points X = (1, Py, P, P;) and Y = (0, ng, ny, n;). Therefore its
Pliicker coordinates are

(Nzy Ny, M2y Pyny — Pyny, Pyng — Pyny, Peny — Pyng) = (n, P X n).

3.4 The Klein quadric

Proposition 3.3 There is a one to one correspondence between the lines of P3
and the points of the quadric &&s + £1€4 + Ea&s = 0 in IPS.

Proof

First, we show that the Pliicker coordinates of any line satisfy the relation

Po1P23 + Po2P31 + Po3P12 = 0.

Suppose X = (Xo,...,X3) and Y = (¥;,...,Y3) are two distinct points on the

line. Then the determinant = of the matrix

Xo X1 X3 X3
Yo Yo Vs
Xo X1 X2 X3
Yo i Y2 Vs

is zero. Expanding Z using 2 X 2 minors yields

—_—
bt
e

(XoY: — X1Y0)(XaYs — X3Ya) — (XoYa — XoY0)(X1Ys — X5Y1)

+ (XoYs — X3Yp)(X1Ys — XoY1) + (X1Y2 — XoY1)(XoYs — X3Y0)
— (X1Y3 — X3Y1)(XoYa — XoYo) + (XoVs — X3Y2)(XoY: — X1Y0)

= 2(poip23 + Po2P31 + PosP12)-

Conversely, if £ = (£, &1, . --,&) € P° with & # 0 satisfies §o&s + €164 + €265 = 0,
set X = (&,0,—E&5,&) and Y = (0,&, &, &2). The Pliicker coordinates of the
line going through the points X and Y are

= (oo, &1, Eobar —Ea&s — €14, €0€a, €0és)
= (&&o, £o1, Eob2, o€, €€y §0&s)
(601 oo a§5)'
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For the following cases the given points X and Y define the appropriate line:

1) &=0&#0 X=(0,0,-6&,~&),Y=(1,80,-¢)

(i) £=0&#0; X=(0,0,-6,-&),Y =(1,-%,&0)

(i) o=6&=6=0&#0; X =(0,-£,6,0),Y =(0,-%,0,1)

(iv) fo=&E=6=0,#0; X=(0,-£4,6,0),Y=(0,0,-§,1)

(V) o=6=6=0&#0 X=(0,1,0,-8), Y =(0,0,6,—&)

Hence each ¢ satisfying &3 + €1€4 + €2€5 = 0 corresponds to a line in P* whose
Pliicker coordinates poi,...,p12 are &, . ..,&s. This correspondence is one-to-one.

The equation &3 + &1&4 + €265 = 0 determines a quadric @ in P° whose matrix
of coefficients is

000100
000010
0 000O01
100000
010000
001000

Since this matrix has determinant —1 quadric @ is nonsingular. This quadric is

known as the Klein quadric.

Corollary 3.4 The geometry in which the line is the fundamental element is four

dimensional.

Definition 3.5 Two points £ = (€,...,&) and n = (no,...,ns) of P° are said

to be conjugate with respect to the Klein quadric if

Emz + E1ma + Eoms + E3mo + Eam + Esm2 = 0.

Proposition 3.6 The line £ with Plicker coordinates poy, - - ., P12 and line ¢ hav-

ing Plicker coordinates pjpy,. .., Py intersect if and only if

(£,0) = popas + Po2P3; + PosPhy + P23Po1 + P31Pgg + p12pps = 0.

Proof
Suppose X, Y are points that determine the line £ and X 'Y’ are points that
determine the line #. The lines £ and £ intersect if and only if the four points
X,Y, X" and Y’ lie in one plane. That is, if and only if
Xo X7 Xo X
Yo i » ;5
Xo X1 X3 X3
Y. ¥ 2 ¥

but this determinant equals (¢, ¢').

= 0,

Therefore two lines in P? intersect if and only if their corresponding points on @

are conjugate.
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Proposition 3.7 The Klein quadric Q) contains two families of 2-planes.

The proof comes from [SE] but corrections have been made to it.

Proof
Let the coordinates of a point & = (&,...,&s) € P° be given by £ = (u,v) where
u = (&,£&1,&) and v = (&3,&4,&5). On performing the change of coordinates:

§o=Xo+ X3 §3=Xo— X3
§1=X1+ X4 §a=X1— Xy
§2= X2+ Xs §s = Xo — Xs,
the equation of ) becomes
X4+ X244 X2-XI-XZ-X2=0.

Let M be a 3 x 3 real matrix. Consider the points in P° satisfying the three
homogeneous linear equations X = M X’ where

Xo X3
X = X1 and X/ = X4
Xo X5

The points satisfying these equations lie in a 2-plane, the ‘graph’ of the matrix
M. If the matrix M is orthogonal then the points also lie on the Klein quadric,
since X = M X' implies

XX = MX' -MX
= X'"M'MX'
— Xltxl
— XI‘XI

and X - X = X' X' is the new equation for the Klein quadric after undergoing
the above change of coordinates. Suppose

myy Mmiz Mig
M= | ma mo mo
m31 M3z 33

and X = MX' is a plane on Q). Then

mnXs +mpXy+mpXs = Xo,

ma1 X3+ map Xy + M3 Xs = Xi,

ma1 X3 + mae Xy + mazXs = Xo,
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which on substituting in the equation of @) yields:
miy +my +m3; =mly +miy +miy = mis +myy +miy =1
and
m1iMyj + MoyMa; + mama; = 0,4, = 1,2,3,1 # 7,
hence M is an orthogonal matrix, thus X = M X' represents a 2-plane on Q if
and only if M is orthogonal.
Since u = X + X', v= X — X', the equation M X' = X of a plane in P® can be

written as
(13— M)Ll+ (13+M)V = 0.

Case 1. M'M =[5, det(M) = +1
Suppose also that (M + I3) is nonsingular (which is the general case when
detM = +1), then one can write

v=(M+ L) (M- I3)u.
However, the matrix My = (M + I3)~*(M — I3) is skew-symmetric because

M. = (M'—L)(M'+ I3~

Mt — MM (M + I3)™*
I— MM YM'+ )™t

I — M)[(M*+ L)M]™
= —(M—-L)M+I)™!

= —M,

(
(
(
(

since M — I3 and M + I3 commute. Let

0 —v B
M, = v 0 -«
-8B a 0

and m, the vector (o, 3,7) associated to M. Then v = m, x u. Recall that if
(u, v) represents the Pliicker coordinates of a line £ in P?, the vector u denotes
the direction of £ and v is given by P x u for any point P on the line. Thus when
det(M) = +1 and M + I3 is nonsingular the points of the plane with equation
(Is — M)u+ (I3 + M)v = 0 lie on Q and represent lines going through the point

having position vector m,.

In the degenerate case suppose det(M) = 1 and M + I3 is singular. Since
M € SO(3), let a be the non-zero unit vector for which Ma = a. Choose an
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orthonormal basis {a, b, c} for R? such that Ma = a and in the plane Span{b, c},

cost —sind ) Then, in the chosen basis,

M i tion Ag = .
1s a rotation Ay sin @ cos

2 0 0
M+Iz3=| 0 cosf+1 —siné
0 sin 6 cosf +1

and det( M+ L) = 2 (cos9 +1)? + sin® 9] ,= cosf = —1, so § = w. Therefore
1 0
M = - O , 50 if u and v have coordinates (u, Uy, u,)* and (vg, vy, v;)"

with respect to ba31s {a, b, ¢} respectively, then the original equation becomes

000 Uy 2 00 Uy 0
020 u, |+ 0 0 0 vy | =101,
0 0 2 U, 0 00 U, 0

giving solution u = u,a, v = v,b +v,c, where u;, vy, v, are arbitrary, but not all

vanishing together. The case u, # 0 describes all lines parallel to a.

Case 2. M'M = I5, det(M) = -1

Then (M — I5) is generally nonsingular hence u = (M — I3)""(M + I3)v where
M_ = (M — I3)"Y(M + I3) is skew symmetric. Therefore, like we argued in the
first case, u = m_ X v for the vector m_ associated to the matrix M_. Since
m_-u =m_(m_ x v) = 0, the lines, having Pliicker coordinates (u,v),
associated to the orthogonal matrix are all perpendicular to vector m_. If v =
g X u, where g is an arbitrary point on a line, then

u = m_xvVv
= m. X (g xu)

= (m_-u)g— (m_-q)u

= —m_-qu
= m_-q = —1
Hence the lines associated to M when det(M) = —1 and M — I3 is nonsingular

are the lines lying in a 2-plane in R3.

In the degenerate case suppose det(M) = —1 and M — I is singular. Then there
exists a unit vector a such that Ma = a. In the complimentary subspace {a}+,
M defines a reflection in some line through the origin. An orthonormal basis
{b, c} for this plane may now be chosen with axes along and perpendicular to the
line of reflection. Then with respect to the orthonormal basis {a, b,c}, M has

28



10 O
matrix [ 0 1 0 |. Proceeding as above, in this basis, the original equation
0 0 -1
becomes
00 O Uy 2 00 (. 0
00 O u, |+ 0 2 0 vy =101,
0 0 -2 U, 0 00 U, 0

with solution u = uza + uyb, v = v,c, where ug, uy, v, are arbitrary, but not all
vanishing together. The case (uz, uy) # (0, 0) describes all lines lying in the plane
Span{a, b}.

Remarks

A 2-plane on @ whose corresponding orthogonal matrix has positive determi-
nant is called an a-plane of @, and one whose orthogonal matrix has negative
determinant is called a B-plane of @. If (u,v) is used to represent the Pliicker
coordinates of a line in R3, v = 0 means that the line passes through the origin
and u = 0 means that the line lies in the plane at infinity. Two distinct a-planes
intersect in one point, this point representing the single line common to the two
bundles (a bundle is the collection of all lines going through a point in R3). A
particular a-plane does not in general intersect a particular 3-plane. This reflects
the fact that in P a generally chosen point does not lie on a generally chosen
plane, hence no line lying on a plane is expected to pass through the point. How-
ever if an a-plane and a 3-plane intersect, they do so in a line, which corresponds
to the set of lines in a plane passing through a point. Such a configuration is

called a plane pencil of lines.

Lemma 3.8 The Klein quadric does not contain a 3-space.

Proof
Let Q be the nonsingular matrix given at the end of Proposition 3.3. Then () can

be written as %ftQﬁ = 0. Suppose S is a P C P containing independent points
fl, N ,64. Then S = Span(z ti&') and if S C Q,

(Tue) e(Fte) = o v

& €08 = 0V ij

Since Q is nonsingular this implies {Q¢;} are four linearly independent vectors
in RS, each of which is perpendicular to &, ...,&;.
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Proposition 3.9 Four lines, no three having linearly dependent Pliicker coordi-
nates , have linearly dependent Plicker coordinates if and only if every line which
meets three of the lines intersects the fourth. Then the four lines:

1. belong to a bundle (assemblage of all lines in space through a point) or a

plane of lines, or

2. intersect in pairs so that the pencils determined by the two pairs have a line

in common but lie in different planes and have different vertices, or

3. belong to one ruling of a quadric surface.

Proof

Suppose the lines ¢y, ¢3, 3, ¢4, no three having linearly dependent Pliicker
coordinates, have linearly dependent Pliicker coordinates [;, ly, l3, ly where
l; = (p(()zl), ceey P21) Then there exists non-zero constants ki, kg, k3 such that

ls = kili + kalo + ksl
e. (05, ,050) = (kS + kop$ + kspD, .. kipl) + kap$? + ksp).

Now if the line £ with Pliicker coordinates [ = (poi,...,p21) meets the lines
51, Kg, 63, then

(4) 4) (4) (4)

(4,€4) = porpss + Po2P31 + PosPis + P3Py + P31Pos
= ki(£,41) + ko(£, £2) + k3(¢, £3)

(4) (4)

+ P12Pp3

Hence ¢ meets ¢4 as well.

Conversely, suppose ¢1, 2, ¢35 and ¢4 are four lines no three of which have linearly
dependent Pliicker coordinates. Let &;, & &3 and &4 be the points on @Q corre-
sponding (see Proposition 3.3) to the lines £, {5, £3 and ¢4 respectively. Then
no three of &, ...,&, are collinear. Suppose ¢ is another line in [P®* whose corre-
sponding point on @ is £ and £ meets the lines ¢;, £, £3. Let W be the P? defined
by &1, &, & and ¢ = (qo, - - -, ¢5) be any point on the line in P3 joining & to &; for
1 =1,2,3. Then there exists a t € R such that

g = (1-t)+1;
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Therefore

9093 + q19a + g2q5s = [(l—t)p01+tp ][1—t)p23+tp ]
+ [(l—tpoz+tp Hl—tp31+tp ]
+ [(1*tp03+tp ][1—t)P12+tp()

¢;

= —(1—-t) (4,0 + t2( i &) + (1 — 1), &)
= o

Hence ¢ belongs to @, so the lines 7; in P° joining £ to & belong to Q. If £ ¢ W
the collection &, &;, & and &3 define a IP® C @Q, which cannot happen according to
Lemma 3.8. Therefore £ € W. By hypothesis £ is conjugate to &4, so the line 4
joining £ to & lies in Q. Since @ cannot contain a P* (Lemma 3.8), the point &,
lies in the same P? as &, that is & € W. Hence the lines 41, £,, ¢3, £4 have linearly
dependent Pliicker coordinates.

Now suppose four lines £y, ..., €4, no three having linear dependent Pliicker co-
ordinates, have linearly dependent Pliicker coordinates. Then the 4 by 6 matrix
M of their Pliicker coordinates has rank three. Then M has three linearly inde-
pendent rows which define three linearly independent points of IP>. Three such
points of P° define a P? in P5, let W be this P2

Case 1. When W lies completely in (), we have either an a-plane or a (-plane of
Q@ (see Proposition 3.7 and remarks at the end of its proof). If W is an a-plane
then its points represent concurrent lines in P* and so the four lines belong to a
bundle. If W is a 3-plane then the lines it represents in P3 are coplanar and then

the four lines belong to a plane field of lines.

Case 2. Suppose W meets @ in a degenerate conic, that is a line pair within
@ having lines m; and m,. Then two of the four points on @ corresponding to
the lines ¢,...,44 lie on m; and the other two on ms (since no three of these
four points are linearly dependent). A pair of points on m;, ¢ = 1,2 is conjugate
and two points, one on m; and another on ms, are not conjugate. Therefore the
four lines intersect in pairs and the pencils they generate have a line in common,
represented in () by the common point to the lines.

Case 3. When W meets @ transversally in a non-degenerate conic C, then no
two points of C' are conjugate, otherwise each line joining conjugate points would
be part of C, making it degenerate. So the lines of IP? represented by the conic C
form a 1-dimensional family of lines which is such that any two lines are skew to
each other. The four lines belong to one ruling of a quadric surface S generated
by any three lines represented by points on C.
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Note The subspace W defines another P?, called the polar of W, comprising all
points in P° conjugate to every point of W, see [SO1]. If this P? is denoted W',
then W’ intersects @ transversally in a non-degenerate conic C’. Every point of
C is conjugate to every point of C’ and vice versa. The conic C’ represents lines
that belong to the other ruling of the quadric surface S.

The first three cases do occur.

Case 4. If W were to touch @ along a ‘double’ line, the four points on @
corresponding to the four lines would have to be on this double line, implying
that any three of these points are linearly dependent. This would contradict the
given hypothesis.

Note Four lines satisfying the conditions of Proposition 3.9 were called semi-
concurrent in [BR] and linearly dependent in [GR]. We, however, will continue
to say that such lines have linearly dependent Pliicker coordinates. An example
of such a set of lines is any four lines in one ruling of a non-degenerate quadric

surface.
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Chapter 4

Immobilization in space

4.1 Introduction

In this chapter, the problem of immobilizing a tetrahedron is studied. Let T be a
tetrahedron having vertices V1, . .., V4, faces F;, where F; is the face of T opposite
vertex V;, and n; is an outward normal vector to face F;. The immobilizing
points of a tetrahedron were first studied by Bracho, Fetter, Mayer and Montejano
[BR](1995) where, for fixed points Pi,..., Py, with P; € intF}, an energy function
E on SE(3) was defined. For an element g of SE(3) near the identity the function
E measures the ‘total amount of penetration’ caused by g at the four points. They
showed that four given points immobilize the tetrahedron if the energy function
defined at these points has an isolated maximum at the identity in SE(3). This is
one of the two main results in [BR] and was used to prove the second main result:
interior points P, ..., P, immobilize a tetrahedron if and only if Z:.;l P, xn; =0,
where the n; are chosen so that ZLI n; = 0. In this thesis, a different proof of
the main proposition in [BR] is given leading to a new proof of the main theorem
in [BR]. This proof lays the grounds for generalizations to other dimensions. The

vectors in this chapter will be column vectors.

4.2 Orientation on a tetrahedron

Four distinct points in R® having coordinates V4, ..., V4 describe a tetrahedron if

no 7 (2 < r < 4) of them lie in the same r — 2 dimensional affine subspace of R3.

Definition 4.1 A tetrahedron will be said to be positively oriented if the deter-

Vi - Vg
det[ 1 ... 1]

minant

s positive and negatively oriented if it is negative.
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This definition is motivated by the definition of an oriented affine n-simplez in
[RU] and is clearly dependent on the ordering given to the vertices. In this thesis
tetrahedra will be assumed to be positively oriented. One of the effects of choosing
an orientation on the tetrahedron is to fix the outwards and inward directions of
normal vectors to the faces of the tetrahedron. For example, if a tetrahedron is
not oriented the vector (V3 — V) x (Vo — V}) is orthogonal to the face having
vertices V5, V3 and V4 and could be inward or outward pointing. However if T is
positively oriented, then

Vi Vo V3 V,
det 11 12 13 14 = det[ (Vi—-Va) (Va—Va) (Vi—Vd)]

= (Vi—Va) (Va— Vi) x (Vs — Vi)
= (Va—Wa)- (V= Vi) x (V3 — Vi)
0.

Since V; is the vertex opposite face having vertices V5, V3 and V,, vector
Vs — Vi x Vo — Vj is outward pointing. Therefore if this face is held horizon-
tally, with vertex V; behind V3, and V, on the right of edge V3V, as shown in
Figure 4.1, vertex V; lies below this face (see direction of arrow in Figure 4.1).
By changing the face of the tetrahedron lying in the horizontal plane the chosen

%
V4<
v,

Figure 4.1: Plane containing vertices V,, V3 and V4. The arrow indicates that vertex Vi
lies below this plane.

orientation can be represented by different figures. All the positive orientations
can be represented geometrically by the generic 3d picture in Figure 4.2. This can
be shown by considering the vertex V} in Figure 4.2 to be ‘at the back’ and vertex
V3 to be ‘at the top’. By fixing V; and having V] then V3, then V5 successively
at the top, 3 distinct positive orientations are obtained. Then the corresponding
3 orientations with T turned to bring each of Vj, V5, V3, V4 to the back gives a
total of 12 distinct positive orientations, corresponding to the 12 positive permu-
tations of {V1, V2, V3, V4}, all of which can be brought to the generic disposition
in Figure 4.2 simply by rotating T
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4\<

Figure 4.2: A positively oriented tetrahedron.

Lemma 4.2 There exists a set of outward normal vectors ny, ..., ng with the
property that Z;l n; = 0.

Proof

Define
n = V-V x(Va-Vy) = (VaxVy)+ (VaxVy)+(VyxVi)
n, = (Vai—Va)x(V1i—-V3) = (VaxW)+ (Vi xVs)+(VzxVy)
ng = Vi=-Vo)x(Va—=Va) = (VixVe)+VaxVa)+(VaxW)
n = (Vb-V)x(Vz-W) = (VaxV;)+(VaxV)+ (Vi xV)

For a positively oriented tetrahedron each vector n; points outward and they
satisfy Z:.Ll n; = 0. This set of normal vectors will be referred to as the stan-
dard outward normals of the tetrahedron. Any other set of outward normals m;
satisfying Z?zl m; = 0 is simply a scalar multiple of the n;. For if m; = k; n;,
then

0 = kiny+kyny+ ksng + kyny
= ki(—ny —n3—ny)+kony+ k3nz + kyny
= (k‘g — kl) ns + (k?3 - k‘l) ns + (k?4 — kl) Nyg.
HoWever any three of the n; are linearly independent, hence k; = ky = k3 = k4.

Observe that |n;| = 2A; where A; is the area of face F;. The condition that
Zle n; = 0 can also be viewed as resulting from the Divergence Theorem of
Vector Calculus. Indeed if n; is the outward unit normal vector to face F; of
tetrahedron 7', n the outward unit normal vector to 7', then

4 4
E n;, = E 2A1 fli
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4

= 21:21/1;1(1511,
4

= 2;/&!1,(15

=2/ nds
aT

=0

by Corollary 1.7.

With this choice of orientation the volume V of T is given by

1 _ 1 i V2 V3 Vg
V—E(V4—V3-n3)—6det[1 1 1 1
Lemma 4.3 Letny,..., ng be the standard outward normals of a tetrahedron hav-

ing vertices Vq,...,Vy and V its volume, then (V; — Vi) - ng =6V for all j # k.

Proof

Since the magnitude of ny is twice the area of face Fy and V;V, is an edge of the
tetrahedron not in Fy, then (V; — Vi) - ny = £6V. The angle between V; — V;,
and ng is acute.

Lemma 4.4 Let m; be the plane of F;, then P; - n; is independent of the choice
of Bbem, 1<i<A4.

Indeed

Prony = Vi (V3xV),
Pyomy = V- (Vyx W),
Py-mng = Vp- (Vi xVy),
Py-mny = V- (VoxVs).

4.3 Immobilizing the tetrahedron
Definition 4.5 Let X, Y C R3. The SE(3)-motions of X inY is the set
SEQ)X,Y)={g € SE@3):9(X) c Y}

considered as a subset of SE(3).
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Definition 4.6 Let K C R3 be a compact convez body, int(K) its interior (which
is assumed to be non-empty) and OK its outside, i.e. OK = R3 — int(K). A set
of points P C 0K C OK is said to immobilize K if the identity map I3 € SE(3)
is an tsolated point of SE(3)(P, OK).

Let K be a three dimensional sphere. Since any rotation of K about its centre

belongs to SE(3)(0K,0K), a sphere does not have an immobilizing set.

Definition 4.7 Let Py, ..., P, be fized interior points in the faces Fy, ..., Fy,
respectively, of a tetrahedron T and n; the standard outward normals of T. The
extended energy function E: SE(3) — R is the function defined as:

Bg) = Y lo(R) - Pl'n,

The extended energy function can be defined for a general convex body having
points Py, ..., P, in its boundary.

Lemma 4.8 The extended energy function is invariant under translations.

Proof
For any ¢t € R3 let T} be the translation T;(z) = = + t, then

E(T,0g) = Z[g(ﬂ-) +t—P]-n,

= Z[Q(H) — P)] -ni+t-_zni
= E(g).

Let g € SE(3) and g € SE(3)/T3 = SO(3) be the coset § = gT3. Then following
Lemma 4.8 we can define the energy function E : SO(3) — R by

E(g) = Z[h(m ~ P]-n

where h € SE(3) is any element of the coset g.

The fact that it is enough to consider the energy function £ defined on SO(3) only,
and not SE(3), corresponds to the fact that to immobilize T' using four points
chosen from different faces of T one only needs to immobilize T' with respect to

rotations.

From here onwards P will denote the set of points { P, P, P3, P4}.
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Lemma 4.9 For g € SE(3), g close to I3, g € SE(3)(P,OT) if and only if
[g(R)_-Pl]n‘LZ 0f07"7:= L 2 37 4

Proof
Suppose g € SE(3)(P,0T) and g is close to I3. Then g(P;) € OT for all i

and g(P;) is near P; for all ¢. Since n; is an outer normal to the plane ; at B,
[g(B) — B]-n; > 0 for all 4.

Conversely, suppose [g(P) — P -n; > 0 for ¢ = 1, 2, 3, 4. Since n; is an outer
normal to F;, g(P;) lies in plane 7; or in the outer half-space determined by ;.
This means g(P;) ¢ intT and also that g(P;) is close to P; for every 7. Hence
g € SE(3)(P,OT) and g is close to the identity I.

Hence if g € SE(3)(P, OT) and is close to the identity E(g) > 0.

Lemma 4.10

For any small neighbourhood N of the identity I3, NNT3NSE(3)(P,OT) = {I3}.

Proof

Let g € Ty, then g(z) = t + z for some ¢t € R3, for all z € R3. By Lemma 4.9,
g € NNSEB)(P,0OT) if and only if [g(P)— P]-n; > 0 V i, therefore if
g € NNT3NSE(3)(P,OT),t-n; > 0foralli. Butt'n; = —t-ny—t-nz—t-ng <
0=t-n;=0. Similarly £-n; =0 V ¢ =t = 0 as n;, ny and nj3 are linearly

independent.

Proposition 4.11 The points Py, ..., Py immobilize T if and only if the energy
function E : SO(3) — R has an isolated local mazimum at I3 € SO(3).

Proof

From Lemma 4.8, E is well-defined on SE(3)/T3, let w: SE(3) — SE(3)/T3 be
the natural quotient map. Denote the coset of g by g and let I3 be the identity
element in SE(3). Then E(I3) = E(I3) = 0. For g € SE(3) consider the three
equations

[g('PL) - -P’L] ‘N = —u-ng, 1= 1a2,3)
where u = (ug, uy,u;). If n; = (i, niy, niz), ki = [P — g(F)] - ny, then the
equations can be written as
u-n; = ki, i = 1,2,3
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or as Nut = k where

Nz N1y N k1
N = Ny T2y T2, N k= kg
N3y N3y N3; ks

Since the matrix A is nonsingular the system AMu* = k has a unique solution.
Let this be denoted u,. Define § = Ty, o g. Now suppose E does not have an
isolated local maximum at 3. Then for every neighbourhood V of I3 in SE(3)/Ts,
there exists a § close to the identity, g # I3 such that E(§) > 0 and so for each
neighbourhood 7=1(V) of I3 in SE(3), there exists a g, close to I3, g # I3, such
that E(g) > 0. Take the § corresponding to this g, then

E@g) = Z[g(a)—m-ni

= Z[Q(B) +u;— B]-n;

4

= Y (lg(P) = P] ni+uy-ny)

=1

= [9(Ps) — Py -ng+uy-ny
[9(P4) +ug — P4] - ng

= E(g)
> 0.

Thus [g(P) +uy — P]-n; > 0 fori=1,2, 3, 4 Hence, by Lemma 4.9,
g =Ty, og € SE(3)(P,0T), implying that P does not immobilize 7.
Conversely, suppose F has an isolated local maximum at I3 € SE(3)/T3. Then
there exists a neighbourhood V of I3 in SE(3)/T; such that E(g) < 0 for all
g#1I3, ge V. Then E(g) = E(g) < 0 for all g € #=1(V) \ #~*(I3). Moreover
I; € n7Y(V). Using Lemma 4.9 and considering ¢ ‘near’ I3, it is seen that
g & SE(3)(P,OT). Since m~!(I3) = T3, Lemma 4.10 implies I; is an isolated
point of SE(3)(P, OT). Hence P immobilizes T'.

Proposition 4.12 For each choice of P, € F;, 1= 1,...,4 define a 3 X 3 matriz
A by

4
A= Z n; Pit,
i=1

where P} denotes the transpose of P,. Then E(R) = tr(R'A)—6V for R € SO(3).
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Proof
E(R) = ) _[R(R)-PR]-m
= Ztr([RP,——Pi]tni)

4 4
= Y tr(PiR'm;) - ) _tr(Pny)
i=1 i=1

4 4
= Ztr(ninRt) - ZPi -y
i—1

i=1
4 4
= Ztr(Rtnin) - Z P, -n,;
=1 i=1
= tr(R'A) -6V

since, by Lemma 4.4,

doni P o= Vi (Vax Vo) + Ve (Vax VW) + V- (Vi x Vi) + Vi - (V3 x V&)

= (Vo= V1) [(Va = V) x (V3 — V2]
= (Vz—Vl)'H1
= 6V.

Definition 4.13 Let M be an n X n real symmetric matriz, M is said to be

almost positive definite if the sum of any two of its eigenvalues is positive.

This condition is equivalent to the condition that only one eigenvalue of M may
be negative and if A is such an eigenvalue, the magnitude of X is less than the

magnitude of any other eigenvalue of M.

Proposition 4.14 Let A be a fized 3 x 3 matriz and g : SO(3) — R the function
defined by g(R) = tr(R'A) for R € SO(3). The function g has a strict local

mazimum at R = I3 € SO(3) if and only if A is symmetric and almost positive
definite.

Proof
Let R € SO(3), then by Theorem 1.3,

s s3
R=exp(S)=Ig+S+—2—'—+—3—|-+...
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for a unique skew 3 x 3 matrix S. Therefore

g(R) = tr(R'A)
= tr(A'R)

AtS? AtS3
— t t
= tr(A + A'S + o + 3 )
t Q2 tQ3
= m#yumm$+”m5)+ﬁms)+m

2! 3!
Thus g has a critical point at R = I3 if and only if

t Q2 t Q3
mm$+”%f)+”%f)+

has a critical point at S = 0. However the latter happens if and only if tr(A%S) = 0

0 a -0
for every skew S. Let S=| —a 0 ¢ , then
b —c 0

tr(A'S) = Z[AtS]kk
k=1

3 3 3
= Z AnSa + Z AixSio + Z AizSis
= a(Aia — Aa1) + b(A1z — Az1) + ¢(Azs — Asz).

Therefore g has a critical point at R = I3 if and only if A is symmetric.

Now the critical point at R = I3 is a strict local maximum if tr(A*S?) < 0
for every skew matrix S # 0, i.e. if tr(A*S?) = tr(4S?) < 0. We show that
tr(AS?) < 0 for every skew S # 0 if and only if A is almost positive definite.
Now tr(AS?) < 0 if and only if tr(SAS) < 0 if and only if tr(S*AS) > 0 for skew
S £ 0. Since A is a real symmetric matrix, there exists an orthogonal matrix P
such that P!AP = D, where D is a diagonal matrix. Then

P'S'ASP = P'S*PP'APP'SP = SiDS,,

where S; = P*SP. Hence S*AS is similar to StDS;. Thus tr(S*AS) = tr(StDS;)
and tr(S*AS) > 0 for skew S # 0 if and only if tr(StDS;) > 0 for skew S; # 0,
since S; is skew if and only if S is skew. Now suppose tr(SiDS;) > 0 for skew

Sl 75 0. Let
0 a -b A
Si=| -a 0 ¢ , D=1 0
b —-c¢c O 0

where A, u, v are the eigenvalues of A. Then
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tr(SiDS1) = a®(u+ A) + B* (A 4+ v) + (v + p).
So tr(S8}DS,) > 0 for every skew S; # 0 if and only if A is almost positive definite.

Lastly, suppose the critical point at R = I3 is a strict local maximum. Then
tr(A*S?) < 0 for every small skew matrix S. We show that the hypothesis in
fact implies that ¢tr(A*S?) < 0 for every small skew S # 0. Let R be written as
R = exp(kS) where k € R and S is the skew symmetric matrix associated to R.
Then

g(R) = tr(A'exp(kS)) = Z :—’: tr(A'Sh). (4.1)

By hypothesis tr(A*S) = 0 for all skew S, therefore tr(AtS") = 0 for all odd
h since S skew implies S” is skew when A is odd. Thus we only consider even
powers of h in Equation 4.1. Let S; = P'SP and D = P'AP be the matrices
defined above. Then Equation 4.1 can be written as '

kh
g(R) = thr(AtSh)
— h!

h

= % tr(PDP!Sh)
— h!

kh
= Z —tr(DS}),
h!
h
which becomes g(R) = Y_,_, (%% tr(DS?") when we leave out the zeros for odd
h. From the hypothesis ¢tr(A*S?) < 0 for every small skew matrix S, which by
an argument similar to the one above is equivalent to A + p > 0 for each pair

of eigenvalues A, u of A, suppose two eigenvalues of A sum up to zero. Let the

eigenvalues of A be —\, A\, u where 0 < A < pu, then with the choices

A 00 010
D=0 -x0}|, Ssi=[ -100],
0 0 pu 000

tr(DS#") = 0 for every integer h. Thus a neighbourhood N of the identity exists
on which g(R) = 0 for all R € N, so g does not have a strict local maximum at
R = I3, contradicting the hypotheses. Hence A is symmetric and almost positive
definite.

The following lemma will be needed in the proof of Theorem 4.16.

Lemma 4.15 Let p(\) := A% — ;A% + o)\ — ¢3 be the characteristic polynomial
of a 3 x 3 matrizx M having real eigenvalues. The matriz M is positive definite if

and only if 1, co and c3 are positive.
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Proof
If p(A) has positive roots A1, Az, Az then

P(/\) = (A - )\1)(>\ - /\2)(/\ - /\3)
= )\3 — ()\1 + )\2 + )\3))\2 + ()\1/\2 + )\2)\3 + )\3)\1)/\ - /\1)\2)\3.

Conversely, if ¢, co, c3 are all positive, then writing A = —v we have

p(A) =p(—v) = ——c?— v —cy
= —(P+cp+er+c)

< 0 forallv >0,

i.e. p(A) <0 for all A < 0. By hypothesis M has real roots thus the roots of p(A)

are all positive.

The first proof of the next theorem is essentially that in [BR]. We follow it with

an alternative proof that avoids some of the complicated algebra used in [BR).

Theorem 4.16 (Bracho, Fetter, Mayer and Montejano) Let T be a tetra-
hedron andn;, i = 1,...,4 be the standard outward normals of T. Interior points
Py, ..., P, of faces Fy, ..., Fy immobilize T if and only if 22;1 P, x n; =0.

The statement Ele P, x n; = 0 will be referred to as the symmetry condition -

being equivalent to the symmetry of the matrix A = Z?=1 n,; P}

Proof 1
Taking Propositions 4.11, 4.12 and 4.14 into consideration, it is enough to prove

that if Pi,..., Py are interior points such that the matrix A = Z‘." n; P! is

i=1 i
symmetric then A is almost positive definite. The matrix A can be written as
A = N'P where N is the 3 x 3 matrix whose rows are nf, n§, n§ and Pisa 3 x3
matrix with rows (P, — By)t, (P — F,)t, (P; — P4)t. Since any three n; are linearly
independent, the matrix N is nonsingular. Therefore A is similar to the matrix

U = PN*®. The matrix U = (u;;) has nice properties: u;; = P, — P; - n; and
e Ul: u;; >0fori=1, 2, 3.
o U2: yj <wujjforl<i,j<3andi#j

o U3: Z;;l u;; > 0 for each 1 <4 < 3.

These properties can be deduced from the assumption that the points P, are
interior to their faces, i.e. the 12 inequalities (P, — P;) -m; > 0for 1 <i# j <4
hold, so
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o u; =PF —F;-n; >0,
° ujj—uij=Pj—P4-n]-—P,-—P4-nj=Pj—P¢-nj>0,

3
Zuij = B-P-m+PF—FPn+F—-PFn;
=1

= F—F;-ni+nz+n;g
= P—F —-ng
= Py,—F,-ns >0

The matrices A and U have the same characteristic polynomial (since A = N*P
and U = PN?), therefore U has real eigenvalues. Let the characteristic polynomial
of U be p(A\) = A3 — a;A? + a2\ — a3. Then a3 = det(U) = det(P)det(N) and
ay = tr(U). Let B = (a1 — U), where [ is the identity matrix, then

) is an eigenvalue of B < (a; — \) is an eigenvalue of U,

(a1 — p) is an eigenvalue of B <> p is an eigenvalue of U.

Let p1, po, pu3 be the eigenvalues of U, then U is almost positive definite if and

only if
to+pz > 0 tr(U)—pu > 0
uz+pr > 0 p &< tr(U)—pg > 0 .
w1+ pe > 0 tr(U)—-,u3>O

It therefore remains to prove that B = tr(U)I —U is positive definite. Let p(r) =
73 — €172 4 coT — c3 be the characteristic polynomial of B, then by Lemma 4.15
it is enough to show that the constants ¢;, ¢; and c; in p(7) are all positive.
Expanding det(7] — B) yields

¢, = 2(U11 + Ug9 + U33)
co = bibs + babs + biba — urouo — uszU3; — UgzU3L
cg = bibabs — u1zuz1be — UroU21 b3 — UazUz2b1 — UsaU21UI3 — U3U3IUIL

where b; = (u11 + U2 +u22) — uy;. From property Ul of the matrix U, the constant

c¢1 is obviously positive. It is left to prove that ¢, and c; are positive.

Now —b; = —(uge +us3) < —(uaa+ua3) < uz < uy; by application of U2, U3 and
again U2 in that order. Likewise —by = —(u11 + usz) < —(u11 + 13) < U1z < Ugo.
Since b1by = (uge +usz)(u11 +usz) > uniuge by Ul and biby > 0, by1by > ujoua;.
Similarly, b1b3 > wui3us3; and bsby > uzsuq;. Therefore ¢, is positive. Lastly, from

[BR], cs can be written as:
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[(ua2 — w12)(ua1 + Uz + uas) + (uss — u13)(us1 + usz + uas)|unr
+ [(uss — uas)(us1 + usz + uss) + (w11 — 1) (u11 + ur2 + wr3)]uaz
+ [(w11 — us1)(ur1 + u12 + w13) + (uoz — us2)(Ua1 + u22 + Uss)|uas
+ (U22 - u12)(U33 - U23)(u11 - U31) + (U33 - Ula)(uu - U21)(U22 - Usz)
which is a sum of positive terms and hence c;3 is positive. Therefore B is positive
definite, hence U and A = Z§=1 n; P! are almost positive definite.

Proof 2
It is enough to show that A = Zle n; P} is symmetric implies A is almost positive
definite.

The matrix A can be written as N*P where P and N are the 3 x 3 matrices given
in the first proof. Let V be the 3 x 3 matrix whose rows are (V; — V,)t, (Vo — Vj)*
and (V3 —V,)t, then V N = —6 VI3, where V is the volume of T" and I3 the 3 x 3
identity matrix. To preserve symmetry, the tetrahedron is cast into R* having
coordinates (z,y, z,w), such that T lies in the hyper-plane w = 1 of this space.
Let V' be the 4 x 4 matrix having rows, (V{,1), ..., (V{,1), a 4 x 4 matrix N’ is
sought, where N’ is a kind of extension of NV, such that V' N"* = —6V I,. Suppose
N’ has rows (nt, q), ..., (n}, q4), then

Viimpy+qr Vi-ng+¢q Vi-nzg+gz Vi-ng+aq
Vormy+q1 Vormp+¢q Varnz+gz Vo ng+qy

]}I]\]lt=
Varmi+q Varmo+q Varnzs+gz Via-ng+qq
Vairmp+qn Varng+¢q Viarnz+gs Viarng+q
The choice
Q1 = —‘/2'1'11,
g = —Vz-my,
g3 = —Vi-ng,
gg = —Vi-ny

nd{,—Vo-n P} 1
Let N' = 2%::1‘22 and P = ]Izé:i
n}, —Vi - ny P 1
Then
A = P'N
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nla—%'nl
-Pl P2 P3 P4 ntz,—‘/;g'ng

n:ts,—‘/:i'ns
ni, —Vi -y

where the *s represent numbers that we do not need to calculate. Therefore the
eigenvalues of A are —6V and the eigenvalues of A. It now remains to determine
the eigenvalues of A.

The points P; in F; are interior to their faces, so we can express them as convex

linear combination of the vertices as:

P = agVo+a1Va+ (1 —a1—as)Vs
P, = asVi+(1~a3—as)Vaz+asVa
Ps = asVi+(1—a5s—aq)Va+asVy
Py

(1—-az—arn)Vi+aVa+a7Vs

where 0 < a; < 1forl1 < i< 8and0 < a;+ag <1, 0<az+as <1,
0O<ags+a; <1land 0 < ap +a; < 1. Then P* =V'A where A is the special

stochastic matrix

0 as Qs 1—a2—a7

as 0 1—a4—a5 asg

ai 1—a3—a6 0 ar
1—a;—asg ag ay 0

that encodes the positions of the P;.

The characteristic polynomial of Ais

det(A—XI) = det(P*N' —\I)
= det(N* P — A1)
= det(P'N"* —\I)
= det(A*V'N" — \I)
= det(A[-6V] = AI)
= 6*Videt(A+ pl),
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where A = 6V u. Since the sum of each column of A is 1, the sum of each column
of A — I, is zero, i.e. the sum of the rows of A — Iy is 0. Thus (1,1,1,1) is
a left eigenvector of A with eigenvalue —p = 1 corresponding to the eigenvalue
A = —6V of A. Now suppose A is symmetric, then A has all its eigenvalues real.
Let these be —6V, o/, ¥/ and ¢. Then A is almost positive definite if o’ + ¥, o' + ¢
and b’ + ¢ are positive. This is equivalent to saying that if .4 has eigenvalues 1, a,
b and ¢, then a+ b, a + ¢ and b + ¢ are negative because for A an eigenvalue of A,
A = 6V u, where —pu is an eigenvalue of A. The proof of the theorem concludes
with the following two lemmas.

Lemma 4.17 Let B = (b;;) be an n x n matriz such that 3°7_, |b;;] < 1 for each

i, then every eigenvalue of B lies in the unit disc.

Proof

Let z € C" and |z| = maxi<i<n{|2:|}. The i** entry of Bz is ), bi;z; and so

|(Bz)i] < [bisllz] < el
j=1

Hence |Bz| < |z|. If z is an eigenvector with eigenvalue A then
|Bz| = |Xz] = |Allz].

But |Bz| < |z|. Therefore |A| < 1.

Lemma 4.18 Let (b;;) be a real n X n matriz such that
1. by =0 for all 1,
2. bi; >0 for alli # j,

3. Z] bij = 1,

and 21, ..., 2z, complex numbers such that

4. |zi| < for all j,

¥

225055 25l = 7 for all 4,

then zy = -+ - = zp,.
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Proof

Let K be the convex hull of 2q,...,2,. Then K C D, the disc of radius r in
the complex plane. Since b;; > 0 for all i # j, for each 3, the convex linear
combination Zj bijz; lies strictly in K. Suppose the z; are not all equal, let 2
differ from all 2; with ¢ # k. Then K cannot be a point set and since |z| < r V i,
the interior of K lies in the interior of D. Now consider Y b;;2; with i # k,
Z]. bijz; = bixzi + Z#kﬂ. bi;z; lies strictly in intK since 2, # z; for j # k and all
the weights are positive. This implies Ej bi;z; lies strictly inside D, contradicting

|- bijzi| = 7.

Conclusion of Proof 2 of Theorem 4.16

From Lemma 4.17 it is deduced that the eigenvalues 1, a, b, ¢ of A each has magni-
tude not exceeding one. And from Lemma 4.18 it is deduced that the eigenspace
corresponding to any eigenvalue of magnitude equal to one has only one span-
ning eigenvector (1,1, 1, 1), which corresponds to the eigenvalue of 1. Hence the
eigenvalues a, b and ¢ all have magnitude strictly less than one. Since the trace
of A is zero, 1+ a + b+ ¢ = 0. Therefore

a+b=-1—-¢<0,
a+c=-1-b<0,
b+c=-1—-a<0,

so A is almost positive definite.

Corollary 4.19 Let K be a convex body and ny,...,ns normal outward vectors
at boundary points Py, ..., Py respectively, where Z;l n,=0. If P,...,P, im-
mobilize K, then i, P, x n; = 0.

In the conclusions of [C1](1991) and [C2](1999) it was speculated that d + 1
points immobilize a convex polytope if and only if the (d — 1)-dimensional hyper-
planes tangent to P at the points enclose P, and the lines orthogonal to the
hyperplanes at the points of immobilization are concurrent. This is not quite
correct as Corollary 4.20 shows.

Corollary 4.20 Four points in the interior of faces of a tetrahedron T' immobilize

T if and only if the normal lines at these points either

1. are concurrent, or
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2. intersect in pairs, or

3. belong to one ruling of a quadric surface.

Proof

From Theorem 4.16 the points Py, ..., P, immobilize the tetrahedron if and only
if Z:;l P, x n; = 0. Since 2;1 n;, =0, P,,..., P, immobilize the tetrahedron
if and only if Zle(n,-, P, x n;) = 0, which happens if and only if the lines hav-
ing Pliicker coordinates (ni, P} X n;), ..., (n4, Py X n4) have linearly dependent

Plucker coordinates. Applying Proposition 3.9 we get the result.

Remarks If the normals lines at the immobilizing points belong to one ruling of

a quadric surface the equation of this surface can be computed as described on
page 69 of [SPA].

Corollary 4.21 Let P, i = 1, ..., 4 be points in the interior of faces F;,
i =1, ..., 4 of tetrahedron T such that the set P = {P,,..., Py} tmmobilizes
T and let l; be the normal line at P;. Let [} be the translate of l; by a fized vector t
and P! the point of intersection of I} with ;, the plane of F;. Then if P, € F; V i,
the set {P], P}, P;, P;} immobilizes T.

Proof
The new position P/ = P,+t -+ k; n; for some scalar k; (see Figure 4.3). Therefore

Figure 4.3: Point P, is translated to point F;.

4 4
ZP{xni = Z[P,-+t+kini]><n,-
i=1 i=1
4 4 4
= ZP,-xni-i-thni-l-Zk,-nixni
i=1 i=1 i=1
= 0.
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4.4 The triangle case revisited

In the final section of this chapter, the meaning of the symmetry of A in the two
dimensional case is investigated and compared to the results of Chapter 2. It is
found out that an analogue to Theorem 4.16 holds; namely that the triangle is
immobilized provided the corresponding 2 X 2 matrix A is symmetric and almost
positive definite. In this section T' will denote a triangle in R? having vertices V7,
Va, V3. Let ex be the edge of T opposite vertex Vi and n; be an outward normal
vector to edge ex (k = 1,2,3) chosen so that 22=1 n, =0. If P,, P,, P; are

interior points in e;, es, e3 respectively we study the 2 X 2 matrix A = zz=1 n; PL.

First, an orientation on T is fixed. Suppose edge e; is lying horizontally in the
plane of T and vertex V; is on the left of vertex V, as shown in Figure 4.4. Let Q)

Vs

€;

Figure 4.4: Chosen orientation on triangle

1

be the rotation matrix ( _?1 0 ) Define

n, = Q(V3 - V2)
n, = Q(Vl - Vs)
n; = Q(V2 - V1)-

Then n; is normal to edge ex and Zi:l n, = 0. Let P, = (Ps, Pyy)* be an
arbitrary point in eg; then the matrix A = Zi’:l ny P} is given by

A1) = (V3= Vo) Pip + (Vi — V3)y Pog + (Vo — V1) Ps,
A(L2) = (Va— V) Ply'*‘(vl 3) P2y+(V2_V1)yP3y
A2,1) = (Va=W3)oPro+ (Va—Vi)oPor + (Vi = V2)o Pss
A2,2) = (Va=Va)aPry + (Vs — Vi)aPoy + (Vi — V&) Py,

A is symmetric if and only if

P-(Va=Va)+ Py (Vs =V1)+ Ps- (Vi = V3) =0,
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if and only if the rows of
(Vs—Va)e (Va—Wa)y Pr-Va—Vi
M= Wi-V3), M-V3), Po-V1-V3
(Va=Vi)e (Va—Wi)y Ps-Vo—Vi

are linearly dependent. But this is equivalent to the three lines with line coordi-

nates

(Vs = Voo, [Va = Valy, =P - (V3 — V2)),
([Vl - V:’S]za [Vl - V3]y1 _P2 ' (Vl - VE&)):
([V2 - Vl]za [V2 - Vl]zﬂ _P3 : (V2 - Vl))

being concurrent.

Now the equations of lines [;, I, and I3 in Figure 4.5 are

[(z,9) — AA]- (Vs — V2)
(z,9) = P2 - (Vi — V3)
[(z,9) — B3] - (Va2 — V1)

0,
0,
0

respectively, hence their line coordinates are

([VS - VZ]:L‘; [VS - V2]y) _Pl . (V3 - V2))’
(V1 = Vale, Vi = V3ly, = P2 - (Vi = V3)),
([‘/2 - ‘/l]z, [1/2 - ‘/i]y> _PS * (‘/2 - ‘/1))

respectively. Hence the symmetry of A is equivalent to the concurrency of the

Figure 4.5: The orthogonal lines at their respective points in the edges of a triangle.

three lines at P, P, Ps.

Does A symmetric imply that A is almost positive definite? There are at least
two ways this question can be answered. First, consider the stochastic matrix A



that was introduced in the second proof of Theorem 4.16. In the two dimensional

case,
0 (03] 1-— (631
A= 1-— [(87) 0 (6%
(8 %] 1-— Qa3 0

for some numbers a3, as and a3,0 < ; < 1 for 1 < ¢ < 3. The two eigenvalues
of A that are not equal to 1 add up to —1, since trace(.4) = 0. Therefore A is

almost positive definite.

Alternatively, let p(A) = A? — trace(A)\ + det(A) be the characteristic
polynomial of A. Then

tr(A) =x[PAAN(Vs=Vo)+ PPA (Vi = V3)+ Py A (Vo — 1))

where X AY is the exterior product of vectors X and Y and * is the Hodge star

map given in Subsection 1.3.4. Now

PNV3=Va) = [oauVa+ (1 —a)Vs] A (Vs —Vs)
= aiVbAVz+ (1 —aq)VaNA (—Vs)
= a(VaAVa) + (1—a)(VaAV3)
= VoAV;.

Therefore

tr(A) = «(VaAVs + VaAVL + VIAV,)
= (Va2 =VI) A (Va—W)]
= 2(Area of T).

Let A7 be the area of T', then

det(A) = [2Ar Py — 2A7 Psy| Py, + [2Ar Psy — 2Ay Py Py,
+ [2Ar Py — 2A7 Pyy) Ps,
= 2Ar [Py Py — PsyPy + P3yPo, — Py Py, + PyyPs; — PoyPs,]
= 2Ar [PyyPiy — PiyPsy + P3yPa; — P, Py + Py Ps, — P3y Py
= 247 x(PAANP,+ P, AP;+ P; A\ Py)

= 2Ar Ap p,ps,

where Ap p,p, is the area of the triangle with vertices P, P,, P5;. This triangle
has the same orientation as T. Hence both the trace and determinant of A are
positive thus when A is symmetric both its eigenvalues are positive showing that,
provided each P; is an interior point of e;, the matrix A is positive definite, not

merely almost positive definite.
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The chapter is concluded by a theorem that unifies immobilization in 2 and 3

dimensions, thus providing an algebraic version of Theorem 2.5.

Theorem 4.22 Let r = 2,3 and K be an r-simplex in R" having vertices
Vi,...,Vii1. Suppose Fy denotes the face of K opposite vertex V), and ni an
outward normal vector to F, chosen so that Zzg n, = 0. Points Py,..., Py
in the interior of faces Fy, ..., F.4q respectively, immobilize K if and only if the
matriz 3111 n, Pt is symmetric.
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Chapter 5

Immobilizing sets of a
tetrahedron

5.1 Introduction

Although the criteria for an immobilizing set of a tetrahedron was first given
in [BR], no attempt was made to find concrete sets of points that fulfilled the
criteria. This chapter fills this gap. In Section 5.2 the centroids, the orthocenters
and the circumcenters of faces are shown to make the matrix A symmetric. These
face centers immobilize the tetrahedron if they lie in the interior of their faces, in
particular, the centroids of a tetrahedron immobilize the tetrahedron. Section 5.3
investigates the situation of two fixed points being part of an immobilizing set. It
is shown that if one pair of points in the faces of a tetrahedron is fixed then pairs
of points exist in other faces which solve the symmetry condition. In Section 5.4
the full five dimensional solution of the symmetry condition on A is found and in
the last section an analysis of the nature of immobilizing sets is undertaken.

5.2 Face centers

5.2.1 Centroids

Proposition 5.1 Let G; be the centroid of face F; of a tetrahedron and V its
volume. Then 3 i, m;Gt = 2V I,

Proof

Let s = %(Vl +Vo+V3+Vy). Then G; = s — %Vi. Consider

4 3

> Gl = > (Gi—Gy)n}

i=1 i=1
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Then if N and V are the 3 x 3 matrices given on Page 45 in the second proof of
Theorem 4.16,

OOIr—l

3 1
Z (Vi — Va)nt = —§VtN.

4
> Gt -
i=1

However, NVt = —6V I; and V is nonsingular, so N = —6V I3V, hence

! 1
> Gl = —3V'N

1 _
- —gvt.—fsvzgvt !
oW Is.

Remarks

The equation Z?=1 n; Gt = 2V I3 may also be obtained via the Divergence Theo-
rem of Calculus. Indeed, if i = (ny, ny,n,) is the outward unit normal vector to
T,

4
ZniGﬁ ZZA f; Gt
i=1
o[ s
= 22// A rtd
i=1 :
= 2// nrtds
aT
NgY MNg2
= //a nyy nyz | dS
T

n T N,y N2

B;,-h Byy-h Byz-n
= 2// B;;-n Byy'nn Bog-nd ds,
or B;;-n Bs,n Bis-n

where

B,; = («,0,0), By, = (y,0,0), Bys = (2,0,0), By; = (0,2,0), Bay = (0,9,0),
Bys = (0, 2,0), B3; = (0,0,z), B3z = (0,0,y), Bss = (0,0, 2). By the Divergence
Theorem (1.6),

[[ Banas=[[[v-Buav=[[[1av=v,
aT T T
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and for i # j,

//aTBij.ﬂdS=///Tv.BijdV:///TOdVZQ

Hence >°i , n; Gt =2V I,

Corollary 5.2 The set of centroids of faces of a tetrahedron immobilizes the
tetrahedron.

Remarks

Since the symmetry of 3"+, n;G is equivalent to 3+, G; X n; = 0, the equation
2;1 G; x n; = 0 can be shown directly via the Divergence Theorem of Vector
Calculus. If n; is the outward unit normal vector to face F;, n the outward unit
normal vector to T and A; the area of Fj, then

4 4
1 R
ZGixni = ZE//I'dSXQA,n,
i=1 i=1 i
4
= 22// r x f; dS
i=1 F

= 2// r x nds
aT

= 0
by Corollary 1.8.
5.2.2 Orthocenters
Proposition 5.3 Let ny, ..., ny be the standard outward normals of a tetrahe-
dron and H; the orthocenter of face F;, i =1, ..., 4, then 2;1 H, xn;=0.

Proof
Consider face Fy. See Figure 5.1.
The orthocenter H, satisfies the equations:

(H - V3)-(Va=V3) = 0, (5.1)
(Hi=Vy)-(Va—=Va) = 0, (5.2)
(Hi = Vo) - [(Va = Vo) x (Vg =Vp)] = 0. (5.3)

Equations 5.1 and 5.2 can be rearranged to
H - (Vi=Va) = V3 (Va— V) (5.4)
Hy-(Vs=Va) = V4 (Vz3-V2) (5.5)
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v, K

Figure 5.1: The orthocenter H; of face Fj.

respectively. Multiplying Equation 5.4 by (V3 — V3) and 5.5 by (V4 — V3) and
subtracting the two results produces an equation whose left hand side

= [H - (Va—Vo)|(Vs = Vo) = [Hy - (V3 = Va)](Vy — V)
= Hy x[(V3—Va) x (V4 — V)]

= H1 X —1y,
and right hand side

= [Va- (Va=W)|(Vs —Va) — [Va- (V5 = V2)](Va — V2)
= [Va- (Va-Va)[Vs+ [Va- (Va = Va)[Va+ [Va - (Vs = Vi) V2.

Therefore

Hixn = [V, (Va=Va)|Va+ [Va- (Va = Vo)[Vs + [V (V3 - V2)|Va

By comparing the orientation of the vertices V5, V3, Vy in face F} with the orien-
tation of the vertices in the other faces, it is deduced that:

Hy xny = [Va-(Va—WV)[Va+[Vy- (Vi = W)]Vy+ [Vi- (Vs — Vi)W,
Hyxng = [V3-(Va—=W)Va+[Vi-(Va—W)IVi+ [Va- (Vi — Vi)|Vs,
Hyxng, = [Vi-(Va=Wa)|Vi+ [Va- (Vs—W)Vo+[Va: (VL — VL))V,

Therefore Z‘ll H; xn;=0.
Corollary 5.4 Let T be a tetrahedron and H,, Hy, H3, H, orthocenters of its
faces. If (H; — H;)-n; <0 fori # j then the set {H, ..., Hs} timmobilizes T'.

The conditions of Corollary 5.4 merely ensure that each H; € F,.
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5.2.3 Circumcenters

Proposition 5.5 Let n,,...,ny4 be the standard outward normals of a tetrahe-
dron and O; the circumcenter of face F;, i = 1,...,4, then Ele O; xn; =0.

Proof Consider face F;. See Figure 5.2. The circumcenter H, satisfies the equa-

v, Vs

Figure 5.2: The circumcenter O of face Fj.

tions:
(@—%;%)4%—w)=o, (5.6)
(a—%;”>ww—%)=o, (5.7)

Equations 5.6 and 5.7 can be rearranged to

O (G=Va) = F(Ve+ V) (o= Vi) 59
O (Vi=Va) = 5(Va+%)- (Va—Va) (5.10)

respectively. Multiplying Equation 5.9 by (V4 — V3) and 5.10 by (V3 — V) and
subtracting the two results produces an equation whose left hand side

= [O1-(Va=W)|(Va=V3) = [O1- (V3 — Vp)](Vs — Va)
= O1 x[(Va— VW) x (V4 — V)]

= 01 X —ny,
and right hand side
1
= 3 {Val’ = 1al")(Vs = Vo) = (IW&* = V") (Vi — V) }

1
= 5 {UVl° = Val")Va + (IVal* = [Val*)Vs + (Val® — [Va|*) Vi }
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Therefore

1
01 xmy = 5 {(IVl? = IVsP)Va + (Val? = [VaP)Va + (IVal* = [Val*)Va}

By comparing the orientations of vertices V5, V3, V; in F; with the orientation of
the vertices in other faces it is deduced that:

1

Opxmy = o ((Val” = VA")Vs + (IW° — [Va")Va + (I = [Val) W) ,
1

Os xmg = = ((IVal* = Vi[")Va + (IVal* = Ve )V1 + (A = [Val*)V2)
1

Osxny = o ((Wf = Vs + (V] = [V + (VI = [Val)Va) -

Thus Y, O; x n; = 0.

Corollary 5.6 Let T be a tetrahedron and Oy, Oz, O3, Oy circumcenters of its
faces. If (O; — O;) -n; < 0 fori # j, then the set {Oy,...,04} tmmobilizes T

The conditions of Corollary 5.6 merely ensure that each O; € F;.

Corollary 5.7 Let Z; = aO; + BG; + vH; where o, 3,7 are scalars satisfying
oa+B8+~v=1.IfZ, € F, for 1 <i <4, then {Z,...,Z4} tmmobilizes T

Proposition 5.8 Let T be a tetrahedron and @ any point in space. Suppose
li, ..., ly are lines going through @ with direction vectors ny, ..., ng4 respectively,
and these lines intersect the faces Fy, ..., Fy of T orthogonally in Py, ..., Py
respectively, then {Py, Py, P3, Py} immobilize T'.

Proof
Since Z?:l P, x n; is translation invariant it can be assumed that the origin is at
Q. Then P, = \; n; for scalars \;, ¢ =1, ..., 4, thus Zle P, xn;=0.

An example of such a point @ is the centroid C = %(Vl + Vo + V3 + Vy) of
the tetrahedron. The point C lies inside the tetrahedron and the normal line
l; = C + Xn; through C meets face F; in an interior point of the face. To prove
this, it is enough to show that (V; — C) - n; > 0 for all vertices V; in face F; of
the tetrahedron. If, for example, ¢ =1 and j = 4, then

3 1
(V,—C)-n; = Z%—Z(Vl+V2+V3) (Ve x Va+ Vo x Vy+Vy x V3)

1 1
_Zvl'nl'*'Z%'(V:lX%)
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1 1
= —ZVl'nl'i'—Vrnl

4
1
= Z(V2—V1)'n1
3
= §V > 0.

Similarly, all other inner products are positive, hence the result.

There are other interesting quartets of points that satisfy the symmetry condition.

i) If P, isthe foot of the altitude from V; dropped onto face F;, then P, = V;+a;n;

for some positive scaler a;. Hence

4 4 4

Pt — Vit n.nt

n; P = nV,;” + a;n;n;.
i=1 i=1 i=1

The second matrix is clearly symmetric, while, from the proof of Proposition 5.1

on Page 55,
4 3
> Vi = 3 (Vi—Vi)n!
i=1 i=1
= V'N
= V. —eVIVT
= —6VI;.

The point P; need not be interior to F;.

ii) If A; is the area of the face F; and a point @ is given by

Q= Z?=1 AiVs
Z?:l A; ,
then @ is the centre of the inscribed sphere within 7. This sphere touches the
face F; at the point P, = @ + rn; where
6V
T = —
2 Zi:l A;

The points P; are always interior to F; and satisfy the conditions of Proposi-
tion 5.8, so they immobilize T'.

5.3 The case of two points being fixed

When the fingers of a hand grasp an object it is usual for some of the fingers to
touch the object before others. For a good grasp, the placement of the fingers
that touch the object last is dependent on the positions of the fingers that touch
the object first. In this section we investigate whether or not we can find an
immobilizing set of a tetrahedron that contains two given finger positions.
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Proposition 5.9 Let P, € Fi, P, € F; be given. There are lines l3 in m3 and
ly in w4 from which points Q3 € l3, Q4 € ly can be chosen so that the points
Py, Py, Q3, Q4 satisfy the symmetry condition. Each point Q3 on l3 corresponds to
a unique point Q4 on ly for which the set { P, P2, Q3, Q4} satisfies the symmetry

condition and vice versa.

Proof
It is desired to solve
Poxni+Pxnyg+Q3xn3+Q4xny = 0, (511)
Qs -mz = V- (Vi xVy), (5.12)
and Q4-ng = Vi- (V2 xV5) (5.13)
for @3, @4, where Equations 5.12 and 5.13 are the conditions that Q3 € 73 and

Q4 € m4 respectively. Writing (z1, Z2, z3) for @3 and (1, ¥2,y3) for Q4 yields the
system MX = B where

0 —MN3; N3y 0 —T4, T4y
n3; 0 —n3 ng 0 —ng
M = —Ngy Nag 0 N4y T4 0 )
N3z N3y N3, 0 0 0
0 0 0 N4y T4y (e
I
22 n1><P1+nz><P2
X=|7 and B = Vi-Vax Vi
v Vi Ve x Vs
Y2
Ys

The matrix M has rank 5, since three of the six 5 x 5 submatrices have determi-
nants —|nz|? [ny X (n4 X n3)];, |n3|? [ng X (ng X n3)],, —[N3/? [n4 x (N4 X n3)], and
both n3 and ng x (ng4 x n3) = (ng - n3)ny — |n4|*n3 are non-zero. Therefore the

system MX = B has a one parameter family of solutions.

Reducing the augmented matrix of the system to echelon form, the solution of
the system is obtained as
T
2
3 = C1 — Y3 Ca,
U
Y2

where y; is arbitrary, ¢; and c; are 5 by 1 column vectors and ¢, is dependent on
n3 and n4 only. The first three terms of ¢, simplify to the entries of the vector
|n4|2 [l’l3 X (1’14 X n3)]
In3|2 [ng x (ng x ng)].’
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and the last two are

—[Il4 X (n4 X n3)]z —[l’l4 X (l’l4 X n3)]y
[1'14 X (n4 X Ilg)]z ’ [n4 X (n4 X 113)]2 )

Therefore the solution of the system is pairs of points Q3 € I3 and Q4 € l4 where

Q3=153+—7§[n3 x (ny4 x n3)], Q4=P4+L2[n4 X (n3 x ng)],
|ns| |n4|
where 7 is a scalar and Py and P, are any points in 73 and w4 respectively such

that the set { P, P, B, 154} satisfies the symmetry condition.

Observations

1. The direction vectors N3 = [n3 x (n4 X n3)] and Ny = [ng x (n3 X n;)] of
the lines [3 and l4 respectively are independent of the choice of the fixed points
P, and P.

2. The lines I3 and [; meet the line going through edge V1V, at right angles, since
n3 X ny lies along the line through ViV, and the direction vectors n3 X (ng X ns)
and ng X (n3 x n4) are both perpendicular to nz x ny.

3. If Ng is the unit vector in direction N3 and N4 is the unit vector in direction
Ny, to get a set { Py, Py, Q3,Q4} that satisfies the symmetry condition from an-
other such set, a displacement of SN /|n4| along l4 should be accompanied by a
displacement of SN3/|ns| along l3. This is because

INs| _|ng x (ng xn3)|] _ |ng|
IN4|  |ng x (n3 xng)|  [ng|’

and a displacement SN,/|n,| along I corresponds to a value of v given by

BN, ¥

= N.N
T N
ﬂ|n4]
=~ = :
7 |NY|

Hence the corresponding displacement on I3 is

Blng| [Ns|Ns _|ng| |ngf ¢

IN4| "~ [ng|? Ing| " |n3|?
— N3
gl

The point P; on I3 and its corresponding point P, on [4 such that
P1 ><n1-+P2><n2+P3 ><n3+P4><n4=0

will be referred to as related points.
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4. Let Pz on I3 and P, on l4 be related points. Consider the problem of solving
the symmetry condition with P; and P, fixed. Since {P, P, P3, P,} satisfy the
symmetry condition, the lines /; on F} and [; on F3 that contain points that solve
the problem go through P, and P, respectively. Moreover, their direction vectors

are n; X (ng X n;) and ny X (n; X ny) respectively. Therefore
ll :{(EZZ=P1+)\(H1 X (n2 an)}, lg={1§:.’II=P2+(5(Il2 X (111 Xng)}.

For related points on these lines & |ny|? = A |n;|2. Hence when P, and P, are
fixed, lines I3, l4, I, and I are automatically fixed. We will refer to such four lines
as related lines.

Corollary 5.10 Let T be a tetrahedron and G; the centroid of face F;. There
exist small neighbourhoods I and J of 0 such that for any A € I, § € J, the points

H::Q+|¥Onﬂmxmn
P, = G2+ |n—)2\|5 (nz x (m; X ny)),
P = Gs3+ | 6|2 (n3 X (n4 X n3))
and Py = Gi+ | 6|2 (ng X (n3 X ny))

immobilize T'.
Alternatively, for s € I’, t € J', I, J' small neighbourhoods of 0, the points
A= (30wt ar) %t (50 e )

1
(- mp)

%(1 - Ianlz) + %) Vs + (%(1 - ]ntzlz) + t(Tnzlfz)) Vi
1
£ (1) %

+
_.I_
1 S sk3) (1 s s(l—k‘;;))
Py = (z0- )+ 2 )vi+(=00- + v,
3 Q( m Tl T B TR T e )
+
+

o+ i) v (- o+ )y
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where

k Va—Vy-Va+ Vo -2V,
1 = )

3|Vs — V4|2
L VoV i+ i-2v
2 — 3”/3_‘/4'2 )
b M-V Vit V-2V
3 - 3|‘/1_‘/2|2 )
L M-V VitV -21
4 - 31‘/1_‘/2|2 b

immobilize T'.

Proof
Fix P, = G; and P, = G and solve the symmetry condition for @3 and Q4. The

related lines {4, 3, I3, l4 arising out this setup are

A
li, = qz:z=G;+—=[n; x(nyxn ,
1 { 1 |n1|2[1 (2 1)]}

ly

{x:a:=G2+“')‘\'—2[n2X(n1xn2)]}’

|ng|

)
I3 {x.x—G3+@[n3x(n4xn3)]},

la = {x:x=G4+L[n4><(nz><n4)]}

|, |?

for scalars A and 4. Let x; be an arbitrary member of line [;, solving the six
inequalities : o — 21 Ny >0, 23— 27 -n3>0, 24— 21 -n4 >0, 21 — 29 -n; > 0,
T3 — x3-n3 > 0 and x4 — z2-n4 > 0 for A, a range of values of A for which points
in both [; and [; are on their faces is obtained, 7.e. the neighbourhood I of zero is
determined. Likewise, solving the six inequalities: xo—z3-n9 > 0, 1 —23-n; > 0,
Ts—23-ny >0, —24-n1 >0, 23 —24-n3>0and s — x4 -ny > 0 for §, the
neighbourhood J of zero is determined. A choice of A € I and a choice of § € J
is a choice of related points on lines [;, I and lines I3, I; respectively, hence an
immobilizing set of T'.

Another way of thinking about this is to write the arbitrary point z; on line
l[; as a convex linear combination of the vertices of face F;. The lines I, Iy
are perpendicular to edge V3V, and lines 3, l4 are perpendicular to edge ViVs,.
Consider line [, for example and suppose /; meets the line through edge V3Vj in
point Z, then Z; = k; V3 + (1 — k;) V4, for some scalar ki, and satisfies

0 = ?1 —Z1-V3—Vy

= s (B+V+V) —kVa— (1= k)i V=V

1
= kl(%—%)-(%—w>+§(%+%+m)—m-%-m.
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Hence

2Vy—Va =V - V3=V,

3Va—V3-V3=Vy)

Va—=Vy-Va+ Vo -2V,
3|V — V4?2

Since [, goes through G; and Z;, an arbitrary point z, on /; can be written as
(1—t)G1+tZy, ie

r1 = (1=t)(Va+Va+Vy) +t(kiVa+ (1 —ki)Vay)
- (%(1—t)+tk1)V3+(§(1—t)+t(1—kl))V4+§(1—t)v2

for ¢ in some neighbourhood of zero. Similarly, solve for k,, k3 and k4 and obtain
expressions for arbitrary points z2, 3 and z4 on lines Iy, I3 and I; respectively
as has been done above, taking care to give arbitrary points z; and z, the same
moving parameter ¢ and arbitrary points z3 and x4 moving parameter s. For
related points on these line pairs the moving parameter of each line is divided by
the corresponding |n;|? as was seen in the ‘Observations’ after Proposition 5.9.

In particular, if T is a regular tetrahedron then k; = k; = k3 = k4 = 1/2 and the
set,

P, = (1—2t)Va+tVs+tV,,
Py = (1=2t)V, +tVs+1tVj,
Py = (1-2s)Vy+ sVi + sV,
P, = (1-2s)Vs+ sV +sV,

immobilizes T" for any choice of s and ¢ lying between 0 and 1/2.

Corollary 5.10 assures us that every tetrahedron has many immobilizing sets.
The fact that the centroids of a tetrahedron are the most natural immobilizing
set of the tetrahedron gives the impression that immobilizing points are centrally

located on their faces. The following corollary dispels this impression.

Corollary 5.11 If T is a regular tetrahedron the immobilizing points of T can
be chosen as close to the vertices of T as desired.

Proof

The points Pi,..., P, given by Equations 5.14, ..., 5.17 immobilize a regular
tetrahedron for any choice of s and ¢ in (0,1/2). As s and t tend towards O,
P—=V,, P, — Vi, 5 —Vjand Py — V3.
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Proposition 5.12 Let P, P, in Fy, F, be fized. The normal line w, = {z:z =
P, + An} at P, meets the normal line wy = {z : = P, + Any} at P, if and
only if the line l, = {z : z = P, + A\(n; X (np x )} meets the line ly = {z: z =
Py + A(nz X (n1 x ny)} if and only if line I3 = {z : £ = P; + A(n3 X (n4 x n3)}
meets line ly = {z : © = Py + A(ng X (n3 x ng)} if and only if the normal line
w3 = {z:2x = Py + Ang} at P3 meets the normal line wy = {z : x = Py + Any}
at Py for a related pair of points Ps, Pj.

Proof

Let P, € F; and P, € F; be fixed and P; and P; be related points in 73 and 74
respectively. Suppose w; are the Pliicker coordinates of line w;, i =1, ..., 4 and
l; are the Pliicker coordinates of line l;, i =1, ..., 4 defined in the statement of

the proposition. Then w} = (n;, P; x n;) and

Ii = ((n; x(nz xm), P x[n; x(ng xn)))
= (nxm,P; x(nxn))
= (mxn, (P -m)np—(P-n)n),

ly, = ((ngx (n; X ny), P x [ng x (n; x ny)))
= (ng xn, Py X (ng xn))
= (ng xn,(P-n)ny — (P-ny)n)

where 7 = n; x n,.

I; = ((n3 X (ngxmn3),P;x[n3 x (ng x n3)))
= (w xng, Py X (w X n3))
= (wxmng (P -n3)w— (P w)nyz),

l; = ((ngx(n3xmny),Psx[ngx(nzxny))
= (n4 X w, Py x (n4 X w))

= (ngxXw,(Py-w)ng— (P ny)w)
where w = n3 X ny.

Then

() = (mxm)-[(Pe-nm)ny — (P n2)n] + (0 x ) - [(Pr-ny)n — (P - n)ny]
= (P-n)(nxmni-ny)—(Pr-n)(n-ny xn)
= (132'77—}31'77)|77|2
= (P,— P)-nlnl*.
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Yet

(w,ws) = my-PaXnyg+ny-P xmny

= B-(-n+P-n = (P-P)n.

Likewise, (I3,l) = (Py — P;) - w |w|? and (w3, wy) = (P3 — Py) - w.

Since (P,— P1)-n|n|> =0if and only if (P,— P)-n=0and (P, — P3)-w|w/>=0
if and only if (Py — P3) - w = 0, w;, meets w, if and only if [; meets 5, and w;
meets wy if and only if I3 meets I4.

Finally, it suffices to show that {; meets [, implies {3 meets Iy, i.e. (I1,l3) =0 =
(I3,14) = 0. Now Zle n; = 0 and EleP,- Xxn;=0= 1] +10,+ 15+ =0 since
I} = (n;, P, x n;). Recall that (I;,1;) = 0 since each [; is a line, then taking the
‘products’ (l;,1; + lp + I35 + I4) for i = 1,2, 3,4 respectively gives

(L l2) + (l, I3) + (I, ls) = 0 (5.18)
(I, l2) + (I, I3) + (l2, ls) = 0 (5.19)
(i, 83) + (lo, 3) + (I3, 1s) = O (5.20)
(i, l) + (b, L)+ (s, le) = O (5.21)

Now 5.18 + 5.19'- 5.20 - 5.21 gives (I3, l2) = (I3,14). Hence I; meets [, if and only
if I3 meets I,.

Corollary 5.13

1. Let (P, P) = (G1,Gs) where G; is the centroid of face F,. Then the lines
3 and ly that contain points Q3 and Q4 that solve the symmetry condition go
through the points G3 and G4 respectively.

2.  Let (P, P,)) = (Hy, Hy) where H; is the orthocenter of face F;. Then the
lines I3 and l4 that contain points Q3 and Q4 that solve the symmetry condition
go through H3 and H, respectively.

3. Let (P, P2) = (0y,0;) where O; is the circumcenter of face F;. Then the
lines l3 and ly that contain points Q3 and Q4 that solve the symmetry condition
go through Oz and O4 respectively.

To conclude this section we recount that for any two given points P, € F; and
P, € F, there are pairs of points Q3 and @4 in the planes of faces F; and Fj that
solve the symmetry condition. The full set { P, P, @3, Q4} is an immobilizing set
of the tetrahedron if Q3 € int(F3) and Q4 € int(Fy), that is, if the six inequalities:
(Pi—Q3) n; >0, (P,—Q3) ny >0, (Qu—Q3) my >0, (PL—Q4) -mn; >0,
(P2 — Q4)-ny > 0and (Q3 — Q4) - n3 > 0 hold. With reference to Corollary 4.20,
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a regular tetrahedron realises all the three types of immobilizing points. The
centroids of faces belong to the first type.

Secondly, the set of solutions of the symmetry condition with fixed points P, = G,
P, = G5 contains {G1, G2, G3, G4}, for which the normals are concurrent, but
any other solution {G, G2, Ps, P4} is such that the normals at P; and P, are
concurrent (see Proposition 5.12), hence are immobilizing points of the second
type.

Lastly, let P, ..., P, be an immobilizing set of a regular tetrahedron obtained by
fixing s = s, # 3 and t = t, # 3 in Equations 5.14, ..., 5.17. Then the normal
line at P, meets the normal line at P, and the normal line at P; meets the normal
line at P;. These two are the only intersections between these four normal lines.
Now fix P, and P; and solve the symmetry condition for points @}, € Fj and
Q4 € Fy. The normals lines at a solution set { P}, @2, P5, Q4} where @, # P, and
Q4 # P4 do not intersect each other. Hence {P, @2, P5,Q4} is an immobilizing
set of the third type.

5.4 General immobilizing set of a tetrahedron

In this section the dimensionality of the solution space of the symmetry condition
is computed by a ‘brute-force’ method, however a more general method will pre-
sented in Chapter 6. Let T be a given tetrahedron. Since the normal vectors n;
in Zle P, x n; = 0 are known, the equations Zle P, xn; = 0 are linear and can
be solved for the three relations between the eight parameters that characterize
four points in different faces of a tetrahedron. The result is simply a solution
of Zle P, x n; = 0 and is not sufficient to ensure that each P, € F;, therefore
appropriate bounds have to be imposed on the parameters to obtain immobilizing

sets of the tetrahedron.

An arbitrary point P; in Fj can be expressed in more than one way. The following
choice of expression is made because it is considered to be more symmetrical than
the rest. Let

P = (l+6¥1)V2+(%+ﬁ1)V3+(%—01—ﬁl)V4

3
1 1 1

P = (§+0‘2)Vl+(§+52)‘/:1+(§—012—ﬁ2)V§,
1 1 1

Py = (§+a3)‘/4+(§+,83)‘/1+(§“a3_ﬂS)%
1 1 1

Py = (§+a4)V3+(§+ﬁ4)V2+(§—a4—ﬂ4)V1
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where «;, 3; are scalars that are required to lie in the interval (—

b,

., Py are to be in the interior of their faces. For each i, P,

individually to obtain

Plxnl =
PgXl’lg =
P3XH3 =

P4XII4 =

[P - Vo= Vy| Vs + [P
[Py Vi — V5] Vi + [P2
[Ps-Vy— Vo] V) + [Ps

[Py Vs = V1| Vot [Py

3, 2) if the points
X

n; is computed

ViVl Vo + [P - Vs — Vi Vs,
Vs = Vi + [P Vi = V] W3,
Vo= VilVa+ [Py Vi — Vi V3,
Vi— Vel Vs + [Py Vo — VB 4,

where the P; on the right hand side of the expressions are written in the above

given form as convex linear combinations of their faces, but for shortage of space

we have not used that form. Thus the right hand side of the expressions P; x n;

contain the parameters o; and §;. Arrange the three equations Z?ﬂ P,xn; =0

into system M X = 0 where M is a 3 by 8 matrix and X is the column vector

(a1, B1, a2, Bo, a3, B3, aa, B4)'. Then M is the matrix whose columns are the

eight vectors

a
by
as
b,
ag
b;
ay

b,

Ve — Vi
[Va— Vi
Vi—Vs-
Va—Vs-
[Vi—Va-
Vi-V;-
[Vs—Vi-
[Ve—V1-

Vi— V5|Vt Vo=V,
Vi— V3l Va+[Va =V,

V4—V1]Vs+[V1—V3

Vi—WVa+[Va—V5-
Vo—W]Vat+[Va—Va-
Vo—WVi|Va+[Vi—Va-

Vo—WslVi+[Va—VW1

Vo—VslVi+[Va—V; -

Vs — Vel Va+ Vo — Vi - Vo — Vil Vi
Vs — VBl Vi + Vs — Vi - Vo — Vi) Vi
Vi—ValVa+ Vi = Vs Vs = Vi 4
Vi- Vel Vit [Vai— Vs Vo= Vil Vi
Vi— Vil Vo + [Va— Vo - Vi — VBl V4
Vi— Vil Vot Vi — Vo - Va— V3l V4
VWi Vot Vs —Vi- Vi — Vil Vs
Vs — Vi Va+ Vo — Vi - Vi — Vi Vi,

This system of equations has a solution if a non-zero triple product can be found

from the eight vectors ay, ..

., bg. First, the eight vectors a;, ..., by are transla-

tion invariant because the coeflicients in each vector have sum zero. Then consider

the crossproduct a; x b;. For simplicity write

then

a; = rVo+rVa+13Vs

by = s3V2 + s4Vy + 83V3,

a; X by = (re9sq — 1482) Vo X Vi + (1483 — 7384) Vo X V3 + (r380 — 1283) V3 X V).

Let Vo — V4 =u and V3 — V; = w, then V, — V3 = (u — w), hence
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- Va—Vi-Va—Vo][Vs = Vi Vi — Vi
W)W — (aew— ) (o —w)
= (—u-w)(wf-u-w) + (u-w-[[u?|w?
= (u-w)2--|u|2|W|2

= —|ul*|w|*sin?4,

(ras3 —71384) = [Va=Vi- V3 — Vol][Vs =V, Vo — V)]
— [Va=Va - Va=Vi][V3 = V- V3 = V)]
= (ww-u)(wu) - (u-u)(w-w-u)
= (u'W—|u|2)(u-w) _ |u|2(|W|2—u~w)
= —Juf W + (u-w)’

= —|ul?|w|*sin?#,

(7’352—7”233) = [V2—V4'V2"V:1][V§—V4'V4—V3]
— [Va—Va- Vi = V3] [V3 = V4 - Vo = V]
= (ww(w--w) - (u--w)(w-u)

= —uf’ W+ (u-w) (u-w)

= —|ul*|w|*sin?6
where 6 is the non-zero angle between u =V, — Vy and w = V3 — V.
Hence

ap xb; = (Jul?|w|®sin®8) [Voa x V3 + Vi x V3 +V; x V3]
= |Va— Va2 Vs — Vil2sin260 (Vo — Vi x Vi—Vh)
= —|Vo—V4|?|Vs — V4|*sin® O n;.
Similarly, similar expressions can be written down for the vectors a; X by, az x by
and a4 X by.
Now consider the dot product a3 - a; x b;. Set V; to (0,0,0) in a3, then
az-a; Xby = kqVi+kaVz - (Ju]?|w]?sin?8 [Vax Va+ Vi x Vy+ Vg x Vy])
= |ul?|w|®sin?0(ky + kg) Vo - V3 x V,
where ky = [Va — Vo - Vi = VyJand ky = [V, — Vo - Vo — V).
Hence
azg-a; xb; = |uf|w|’sin®f [Va— Vo - Vo—-Vi]Va- Vs x V4
— [u]* |w|%sin®8 V, - V3 x Vj

£ 0.

Il
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Therefore the system M X = 0 has a solution, namely

w-az X b
0y = ——
al-blxag’
13 w-a; X ag
1 = ——e.
bl-a3xa1’
w-blxal
oy = ——
a3-a1xb1’

where w = azay + B2 by + O3 bs + a4 a4 + B4 by. Therefore a general solution
for the symmetry condition is

1 w-az X by 1 w-aj; X as
P = (4|21 2t |T——=)V:
! (3+[a1-b1><a3})v2+(3+[bl-agxal) 3

+(§+[

w-agx(al—bl)
a3-a1><b1
(

1 1
P o= (3ta)Vi+(5+6) Vit

1 w-blxal 1 1 w-blxal
Py = (G4 | Xy B Vi (o |2 XA L py
3 (3+[a3-a1xb1J) 4+(3 163) 1+(3 l:a3-a1>(b1:| 183) 2
1 1 1
Py = (5+C¥4)V3+(§+54)V2+(§"-a4—ﬁ4)vl,
where the scalar o;, £;, 4 = 1,...,4 should lie in the interval (—31, ) for the points
Py, ..., Py to be an immobilizing set of the tetrahedron.

Corollary 5.14 The solution set of the symmetry condition is 5-dimensional.

5.5 Orientation of an immobilizing set

The following question naturally arises: How different is one immobilizing set of
a tetrahedron from another? This question is partly answered by Corollary 4.20
where it is seen that immobilizing sets of a tetrahedron can be classified geometri-
cally into three types. In this section, the same question is handled algebraically

and three different classes are found.

Definition 5.15 Let T be an n-simplex having vertices Vi, ..., Vo4t and P, . . .,

P 1 points in the interior of faces Fi, ..., F,y, respectively. We will say that
the set {Py,..., Poy1} has the same orientation as T if the n-simplex T having
vertices Py, ..., Py, has the same orientation as T, i.e., if
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det[ P - Py

1 ... 1 ] has the same sign as det[ Vi Vot } '

1 ... 1
In two dimensions any choice of points P;, P, P; has the same orientation as the
triangle, since, if Vi, V,, V3 are the vertices of the triangle and P; € int(F;) for
i=1,2,3, then

P = aVo+(1-a)V;

P, = pV3+(1-08)V;

Ps = yWVi+(1 -7V,

(
(
for 0 < @,B,v < 1. Thus if x : A*(R?) — A%(R?),
0 1-8 ~
det[lil 1;2 113} = det [‘?‘f‘f}] o' 0 1—7
l—a f 0
i Vo Vi
= [(1-a)(1—p0)(1-7)+ afby]det { 11 12 13 ] ,
and [(1 —a)(1 - B)(1 —v) +aBy] > 0.
However, a regular tetrahedron does have immobilizing points of both orienta-

tions. The set of centroids has a different orientation to that of the tetrahedron
since, if s = 3(V1 + Vo + V3 + V),

Gy - Gy B (3_%1/1) (S-§V4)
det[ 1 ... 1] = det[ 1 1
1 1
-y ... —ly,
- 3 3
= det[ 1 1 J
_ Vi -V,
= —1/27det[ 1 .1 }

For an immobilizing set having the same orientation as the tetrahedron, recall,
from the proof of Corollary 5.10, that the points

P = (1-20)Va+tVs+tV,

P, = (1-20)Vi +tVz3+tV,

Py = (1-25)Vy+ sV, +sV,
P = (1-23)V3+ sV +sV,

where 0 < s,t < 1/2, immobilize the tetrahedron. As both s and ¢ tend towards
0, the points P, — V,, P, = V;, Py — V,, P, — V5. Thus

P P, P By Va Vi Vi Vs
d‘3t1111]_’det[1111
o vwwuv
“det[1111}'

72



Therefore a regular tetrahedron has immobilizing points of both orientations. For
any tetrahedron, the transition from the centroids to a set of immobilizing points
having the same orientation as T, if one exists, goes through a set which does not

have any of the two orientations. This is when

P P, P P

det | ;0 T 1

=0,
i.e. when the immobilizing points lie in a plane. It can be concluded therefore
that

1. a regular tetrahedron has an immobilizing set which lies in a plane (see
example below),

2. depending on orientation, three types of immobilizing sets of a tetrahedron

exist.

Example.

Let V; = (=3,-3,-3), Vo = (5,-1,-1), V3 = (—1,5,~-1) and V; = (-1, -1, 5).
The vertices Vi, . . ., V4 describe a regular tetrahedron having edges of length 2v/6.
The points P1 = (1, 1, 1), Pz = (—%, %, %), vP3 = (—%, —%, %) and P4 = (—%, %, —%)
are interior to the faces of the tetrahedron and the matrix

4 128 32 32
> mPi=| 32 152 -136 |,
i=1 32 —136 152

moreover P, ..., Py lie in the plane z — 2y — 22 + 3 = 0.

Observe that the orientation of the set {Py,..., P} is related to the sign of the
term a3 in the characteristic polynomial p(A) = A% — a;A% + a\ — a3 of the
associated symmetric matrix A. For

az = det(A)
= det(PN?)
o R P
= det[l? T fi“]m-ﬁV(m—Vl)
= 36V2det[1:1 ? ‘? IH.
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Chapter 6

Higher dimensional results

6.1 Introduction

In Chapter 4 a matrix A was defined of each quadruple of points one in the plane of
each face of the tetrahedron. It was seen that necessary and sufficient conditions
of immobilization on a quadruple of points in the faces of the tetrahedron was that
A should be symmetric. In the current chapter immobilization of an n-simplex,
n > 2, is defined and a necessary and sufficient condition for immobilization is
obtained. The set of centroids of faces is shown to immobilize the simplex and a
method of obtaining other solutions of the symmetry condition from one solution
is presented. The chapter begins with finding a way of defining good normal

vectors to the faces of an n-simplex.

6.2 Normals to an n-simplex

Let n > 2, n + 1 distinct points in R™ having coordinates Vi, ..., V,.; describe
an n-simplex if no r (2 < r < n+1) of them lie in the same (r — 2)—dimensional
affine subspace of R™. Let T be an n-simplex having vertices V1,...,V,1. Label
the vertices Vi,. .., V41 to be positively oriented. Then if ey, ..., e, denotes the

standard unit basis of R",

1 .- 1
= nlVe A---Ne,

Vi=Var) Avo A (Vo= Vo) = det[v1 V"“]

where V' is the ‘n-volume’ of T. Let F; denote the i** face of T', i.e. the (n — 1)-

simplex of T' opposite vertex V; and n; an outward normal vector to F;,. For

i =1,...,n define n; by

(=17 % [(Vi = Vag) Ao A Vit = Vo) A (Vg = Vag) Ao A (Vo = Vad)],
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and
Ny = (—1)"*x (Vi = Vo) Ao A (Vaor = Vo).

Then fori=1,...,n, (V; — V41, n;) is equal to
(=1)"7H(Vi = Vap1)yx [(Vi = Vap2) A+ A (Vier = Vag1) A (Vigt = Vanr)
ASRERA (Vn - Vn+1)]>
= (=) % (Vi = Vap)) A(Vi = Vapa) A+ A (Vier = Vaga) A (Vigr — Vi)
Ao AN (Vo= Vaga))
= x[(VWi=Vag) Ao AV = Vara)]

= nlV
and

<Vn+1 - Vn) Iln+1> = (_1)n<(Vn+1 - ‘/n):*[(‘/l - Vn) JARRRIAN (Vn—l - Vn)]>
= (_l)n * [(Vn+1 - Vn) A (Vvl - vn JARERIAN (Vn—l - Vn)]
= (_1)1 *[(Vi = Vo)A A (Va1 = Vo) A (Vo — Vo))
= nlV

Lemma 6.1

Proof

Expand the wedge products and add, remember x is a linear map.

The normal vectors defined above will be called the standard outward normals
of the simplex. From here onwards we will assume that the vectors ny,...,n,;
are the standard outward normal vectors to the simplex. One has the following

results as in the case n = 3.

Lemma 6.2
In;| = (n— 1)1 A;, where A; in the ‘n-area’ of face F; of the simplex.
Lemma 6.3

Fori# 3 (Vi-V;) -nj =nlV, whereV is the ‘n-volume’ of the simplez.
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6.3 Immobilizing the n-simplex

In this section we propose a generalization of Bracho, Fetter, Mayer and Monte-
jano’s Theorem (4.16).

Definition 6.4 Let P,,..., P, be a set of points in R™. The energy function
(associated to P, ..., Pyy1) is the map E : SO(n) — R™ defined by

n+1

E(g) =) _l9(R) - P]-m;
for g € SO(n).

If each of the points P, ..., P,y belongs to the boundary of a convex body K
and has a unique normal vector at them, then the energy function £ measure

the ‘total amount of penetration’ into K a small rotation g causes at the points
Pl)"'aPn+1~

Definition 6.5 The points Py, ..., P,y1 in the interior of faces Fi,. .., Fhy1 Te-
spectively immobilize the simplez if the energy function (associated to Py, ..., Ppy1)
has an isolated mazimum at I, € SO(n).

This definition is suggested by Proposition 4.11

Proposition 6.6 Let E be the energy function on SO(n) and A the n x n matriz

defined by
n+1

A = Z l'liIDit
i=1
where {Py,..., P41} is the set associated to E. Then for R € SO(n),
E(R) = tr(R'A) — n! V.

Proof
The proof is similar to that of Proposition 4.12.

Proposition 6.7 Let A be a fired n x n matriz and g : SO(n) — R the function
defined by g(R) = tr(R'A) for R € SO(n). The function g has a strict local
mazimum ot R = I, € SO(n) if and only if A is symmetric and almost positive
definite.

Proof
The proof is similar to that of Proposition 4.14
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Definition 6.8 A set of points P, ..., Ppy1 tn R™ will be said to satisfy the sym-

metry condition (with respect to a particular n-simplex) if the matriz Z?:ll n; P}
18 symmetric.

Theorem 6.9 Let T be an n-simplez and ny, ..., N, its standard outward nor-
mals. Interior points Py, ..., P,y of faces Fi, ..., Fyy1 immobilize T if and only

if the matrix A = 27’:11 n,; P} is both symmetric and almost positive definite.

1
Proof
Definition 6.5 and Proposition 6.7

It will be recalled that in the 3-dimensional case, provided that each P, € F;,
the symmetry of the matrix A implies that A is almost positive definite. This
is not the case in higher dimensions. The difficulty one encounters when trying
to generalize the second proof of Theorem 4.16 is that the bound of 1 on the
magnitude of the eigenvalues of the higher dimensional stochastic matrix A (see
Page 46) does not infer anything on sums of pairs of its eigenvalues. For example
when n = 4, we would have eigenvalues 1, a, b, ¢ and d of A satisfying 1 + a +
b+ c+d= 0. Then, for example, a + ¢ = —1 — (¢ + d) which is not useful.
The following example in 4-dimensions demonstrates that A can be symmetric
without being almost positive definite. I must thank Tony Gilbert for providing
this example.

Example

Consider the 4-simplex having vertices V; = (32,-1,0,-3), Vo = (58,0,0,1),
Vs = (1,1,0,-3), V4 = (£,0,-1,1) and V5 = (3,0,1,1). The standard out-

18? 18’
ward normal vectors of the simplex are n; = (0, 34,0, %), n, = (16, :33—4, 0, :118—19 ,

n; = (0,-34,0,%), ny=(-8,%,34,=1) and ny; = (8,4, -34,=18). The

’ 3 ' " 36 36
points
3 2 3 3
P = —V,+ - — —V
1 0 2+5V§+20V:1+205
1 1 2 2
P, = — — = Z
2 10V1+10V3+5V21+5V5
2 2 1 1
= = = — — Vs
P; 5V1+5V2+10V4+105
1 7 1 1
Py = EVI+1_OV2+E%+EV5
1 7 1 1
Ps = — — — —
> TR TR TICRITC
are interior to their faces and satisfy the symmetry condition since
. #ZB 0 0 0
0 ¥ 0 o
b
;“ipf =lo 6 % o
- 0 0 o0 =2
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However, a pair of eigenvalues of this matrix has a negative sum.

6.4 Immobilizing sets of an n-simplex

For a given n-simplex, it is desired to find the points P, ..., P,4; that immobilize
the simplex, that is points P; € int(F;), ¢ = 1,...,n + 1, such that the matrix

n+1

A=Zn,-Pf
i=1

is both symmetric and almost positive definite. Clearly, one has to first, find the
points P, ..., P, that satisfy the symmetry condition and second, check which
of those points make matrix A almost positive definite. This section will deal with

the first problem. Observe that A can be expressed as NP where N isthe n+1

by n matrix whose t*

i*® row is P,. We begin by showing that the set of centroids of faces immobilizes

row is the vector n; and P is the n + 1 by n matrix whose

the simplex.

Proposition 6.10 Let G; be the centroid of face F; of n-simplex T, then the set
G ={G1,...,Gny1} tmmobilizes T

Proof
It is enough to show that the matrix S 7% n;Gt is a positive multiple of the
identity matrix I,,. Let n; be the outward unit normal vector to face F;, n be

outward unit normal vector to T and A; be the ‘n-area’ of face F;, then

n+1 n+1
> nGl = > (n—1)! A G
i=1 i=1
n+1
= (n—1)) mAG!
i=1
n+1

= (n—1)! Zﬁi r'dS
n+1
= (n—1) Z/ irtdS

Let h = (ny,...,n,) and r = 7€ + - - - + e, where ey, ..., e, is the usual basis
in R™, then the ij*" entry of matrix art is [Arf];; = n;r;. Let €, be the (n — 1)
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form ;; = n;7;dS, then, by Stokes’ Theorem,

V oi=j
Q= dSd;; = . :
/aT J /T ’ {0 iF ]

Thus S n,Gt = (n — )1V I,
Note. Let s = ;(VI + -+ 4+ Vpy1), then

G, -+ Gpp1 _ (s_%vl) (S—;I;Vn+1)
det[1 1 ] = det[ { 1
1 1
_ _;;‘/l o T o Vn4l
= det{ i 1 ]

B 1\" Vi oo Van

Thus the centroids have the same orientation as the simplex when n is even but
a different one when n is odd.

6.4.1 The case of some points being fixed

In Section 5.3 it was shown that for any pair of points in different faces of a
tetrahedron there exists pairs of points in the planes of the remaining faces that
solve the symmetry condition. This is so because the number of parameters
that characterize four arbitrary points in different faces of a tetrahedron is eight,
the number of conditions satisfied by two fixed points in two faces is four and
the symmetry condition involved three equations. Thus solving the symmetry
condition in that case meant solving three equations for four unknowns. In the
n-dimensional case, the number of parameters that characterize n + 1 points in
different faces of an n simplex is (n+ 1)(n — 1), the number of conditions satisfied
by k fixed points in k different faces is k(n — 1) and the number of equations
involved in the symmetry of the n x n matrix A is n(n — 1)/2. Therefore the
(n + 1 — k) points that solve the symmetry of A exist, in general, if

g(n—l) < (n+1—k)n-1)
n
< —+1
E < D+l

n+2

i.e. a maximum of points can be fixed for an n-simplex. Thus when n = 3

a maximum of 2 pomts could be fixed. However, more than %2

points can be
fixed if the points are known to be members of a set that satisfies the symmetry
condition. This is explained in the following proposition where the number of
fixed points 7, 1 < r < n + 1, will be assumed, without loss of generality, to be

in the faces F1,..., F;.
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Proposition 6.11 Let P, € Fi,..., Pyy1 € Fpy1 be points of a set that satisfies
the symmetry condition. Suppose points Py ..., P, 1 <r <n+1, are held fized,
S =141+ + Ny and

(ni) S — ni)

N.=s—n, —
P T T )

n; forr+1<i<n+1,

then

1. the points Q; = P, + v;N; lie in m;, the n — 1-dimensional subspace of R™
containing F;, forr +1 <i <n+1 and for any scalar ;,

2. if Y = -+ = Yny1, the set {P1,..., B, Qrs1,.-.,Qnt1} satisfies the sym-
metry condition.

Proof
For the first statement, it is enough to show that the vector N; is parallel to m;
for r+1 <17 <n+1. The calculation is:

(n;, N;) = <nz‘,S —n; — Mni>

(n'i7 ni)
= <nias_ni> - (nirs_ni)
= 0.
For the second statement, let .11 = = Yn+1 = 7, then the matrix A can now
be written as:
n+1
4= Yur+ S o
i=r+1

n+1 n+1

- Sorer 3
i=r+1

n+l n+1 (n;,s — ;) t
= ; Pt n; n- —_ #___1' n;

Z 1 + 7 1—21 1 l: (] <ni, nZ) 1

n+1 n+1 n+1 n+1 Il _
_ t _ A\, s —1y)
SO UEEDOEEEED SELEED B~ st

i=r+1 i=r+1 i=r+1

n+1l n+1 n+1 l’l
_ t _ i) S ot
= Zn,P + ysst — v Z n;n Z nhnl) n;n;

i=r+1 i=r+1

which is a sum of symmetric matrices, hence A is symmetric.

We can therefore get solutions of the symmetry condition starting from any given
solution.
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6.4.2 The case of n — 1 points being fixed

Now suppose the points P, € F1,..., P,y1 € F,4; satisfy the symmetry condition
and all but two of the P, are fixed. In addition, suppose the remaining two points

lie in faces F}, and Fj, where h < k. By Proposition 6.11 the points

(nhank)

P,... B_ —_ P ..
1y ooy Pro1, Pn 4+ y(ng (5, 1) ng), Poty, ...,
Pie—1, Py +v(np — (n’“—nh)nk), Pei1,..., Py

’ (nk,nk)

satisfy the symmetry condition for any scalar . Considering all the possible
combinations there are ("}') such sets of solutions of the symmetry condition
These solutions are special in the sense that their displacements from the set
{P1,...,Pyy1} span the set of all possible displacements from a solution of the
symmetry condition to another (- this is shown later). Suppose P,..., P, is
another set of points such that P/ € Fy for 1 <i<n+ 1. If P/ = P, + d;, then
d; must satisfy (d;, n;) = 0 in order that the displacement P, — P, lies in the face
F;. Additionally the symmetry requirement reduces to 3 - n;d¢ is symmetric.

For 1 < h< k <n+ 1 the vectors

ny— DR g n, -

(nha nh)
will be denoted by d}* and d}* respectively. Clearly d?* = df* and d?* = dk*
and (d}*,ny,) = 0 and (d?*,n;) = 0. The matrix 3 7% n;d! can be expressed as

N!D where N is the n + 1 by n matrix whose i** row is the vector n; and D is

(ng, np)

n
(nk,nk) ¥

the n+ 1 by n matrix whose i** row d; satisfies (d;, n;) = 0. Then the problem of
finding displacements d;, ..., d,,; that transforms one solution of the symmetry
condition into another is equivalent to the problem of finding a matrix D with
the property that N'D is symmetric.

Proposition 6.12 Let Dy for1 < h < k <n+1 be the n+1 by n matriz whose
i rowd; =0,i# h, i #k and dp, = d¥, di, = dP*. Then the matriz N*Dyy, is

symmetric.

Proof
Let n, = (’I’I,hl, ce ,’I’L;m), n, = (nkl, ce ,nkn), then

n+1
[Nchk]ij = ani[th]m]’
m==1

n;,n na,n
= T (nkj - u%nhj) + Mg (nhj - (—h——kznk;) ;

(nh, n,;
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n+1
[N‘th]ji = anj[th]mi

n,n ng,n
= My (nki - Li’—k) nhi) + N (nhi _ o) nki)

(l’lh, Ilh) <nk) nk)
= [N'D],;.

Let S = {D : D is an n + 1 by n matrix whose i*"* row d; satisfies (d;,n;) = 0
for 1 <i<n+1and N'D is symmetric }. S is a linear space. Each matrix
Dii, 1 <h < k <n+1isamember of S. An element of S will be referred to as a

symmetric displacement and Dy, will be called a special symmetric displacement.

Lemma 6.13 The matrices Dpr wherel < h < kK < n+1 are linearly dependent.

Proof

Rearrange the entries of each Dy into a row wp having n(n+ 1) entries, n(n —1)
of which are zeros. Form the ("}') by n(n + 1) matrix W whose rows are the
Wi, 1 < h < k <n+ 1 defined above. The row wy, comprises the displacements
of all points P; € 7; (hyperplane of F;) under the special symmetric displacement
Dy The sum of all the columns of W is zero. To see this, consider the columns
of W in groups of size n. There are n + 1 such groups. Let ¢; be the j** group of
columns of W. The sum of the columns in ¢; is

an Z (nunJ) n;, = an z.—,éj nth) n,

n; (nj, n;
i i#] 3) i 7 15)
n+l

= E n'i
i=1

= 0.
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Example When n = 3 the matrix W is given by

—nQ—E:—I%nl nl—%ng 0 0 |
ng—&’i—::‘l‘;nl 0 nl—%ng 0
m—é——ﬁi—:ﬁ%%nl 0 0 nl—%n

0 ng—%ng ng—g’—lfﬁ:—gn 0 ,
0 n4—§::—2‘2‘;n 0 ng—% 4
| 0 0 m—%ﬁ%‘%ng n3—%:::—:3

where 0 = (0,0,0). It is easy to see that each of the four columns in the matrix
W has sum 0.

Lemma 6.14 The relation
S Du=0
h<k
is the only dependence among Dp, 1 <h <k <n+1.

Proof

Consider the matrix W introduced in the proof of Lemma 6.13. It is enough

n+1
2

matrix obtained from W by deleting row wp,. Consider groups of columns of

to show that any ("}') - 1 rows of W are linearly independent. Let W be the

W of size n. Column group ¢, now has n — 1 non-zero sub-rows spanned by

ny,...,N 1, Ngyq,...,N,y. Likewise column group c; has n — 1 non-zero sub-
rows spanned by ny,...,ny_1,Np41,...,Ny41. Suppose the linear combination
E a’w;; is zero.
ij#rk

Since the sub-rows of column group ¢, and ¢, are spanned by n linearly inde-
pendent vectors, o = 0 for j # k and o = 0 for ¢ # h. Let ¢; be any
other column group j # h, j # k. c¢; has n non-zero sub-rows and one of these
sub-rows has got a coefficient in 3, . a“w;; which has already been deduced
to be zero. Hence ¢; is also spanned by n linearly independent vectors. Therefore
each o =0 if 3., ., o¥wy; is zero.

Proposition 6.15 The special symmetric displacements Dy, 1 <h <k <n+1
span the space S = {D : D is an n + 1 by n matriz whose rows d; satisfy
(di,n;) =0 for 1 <i<n+1 and N'D is symmetric }.
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Proof

Let D be the linear span of all the Dy, 1 < h < k < n+ 1. It is desired to
show that D = S. From Proposition 6.12 we have D C S. To show the opposite
inclusion suppose X is a symmetric displacement that is not in D. Then, because
X is an element of a linear space, it can be assumed that X is orthogonal to all

Dy, where the inner product between two matrices A and B is given by tr(A®B).

Now if
Wh _ <nh)nk> and Wk _ <nk7nh>

(np, np) (g, ny)’

then
n n+l

tr(DiX) = D) [DuilsiXii

i=1 j=1
n

= Z(nkz — Whnpy) Xni + (npg — Wi nigg) Xes

i=1

n n n
= ) i Xni + nuiXai — W Y naXng — Wi > i X
i=1 i=1

i=1

n
= Z N X hi + Tpi X
i=1
= [NXt]kh + [NXt]hk.
Therefore the assumption that X is a symme‘éric displacement that does not
belong to D implies that N*X is symmetric and NX? is skew symmetric. The

following two Lemmas complete the proof.

Lemma 6.16 Every linear map X : R" — R™! such that N*X is symmetric
may be expressed in the form X = SN where S is self-adjoint.

Proof

Regard the matrices N, X as defining linear maps R® — R"*!. The matrix N?
defines a linear map R"*! — R" whose kernel is the subspace {1} spanned by the
vector 1 whose components are all equal to 1. Let Im(N) =V, then V = {1}
Let N}, be the restriction of N* to V and Ny : R* X5 V. The maps N}, and
Ny are adjoints and both are isomorphisms. Now suppose N!X is self-adjoint.
Consider the diagram

X
R” Rn+1 %
Ny i R"
R SV o 14 /N:t/
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Since Ny and N}, are isomorphisms, there exists a self-adjoint map Sx such that
N'X = N,SxNy = N'SxNy,

where 7 is the inclusion map V. — R"*!. Let S be the extension of iSx to
S : R**! — R"*! which is zero on kerN*. Then

N'X = N'SNy = N'SN

and S is self-adjoint. Hence X = SN.

Lemma 6.17 Let NN'S be skew symmetric where S is a symmetric matriz hav-

ing a zero in its (1,1) entry. Then S = 0.

Proof

First, the specified zero in the (1,1) position of S corresponds to the subspace
ker N' on which the map S obtained in Lemma 6.16 is zero. The matrix NN?
is positive on ker(Nt)* = V, so one can change coordinates orthogonally. Let P
be the orthogonal matrix such that PN N*P! = D, where D is a diagonal matrix
with a zero in its (1,1) position and all other entries positive. Let U be the
symmetric matrix PSP!. On checking individual entries of DU using skewness,
it is established that U = 0, hence S = 0.

Corollary 6.18 The dimension of S is ("}') — 1.

This corollary is in agreement with the number obtained from the following ap-
proach: The number of parameters that characterize n + 1 points, each of which
is in a different face of an n-simplex T is (n + 1)(n — 1) and the number of con-
ditions involved in the symmetry of n x n matrix A is n(n — 1)/2. Therefore the

dimension of the solution to:

n+1
P,cF, for1<i<n+1 and ZniPit is symmetric

i=1
is

(n+ 1) =1) =5 (n—1)= (";”1) ~1
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6.4.3 Geometrical property of immobilizing sets

Theorem 2.5 and Corollary 4.20 give the geometrical property of the normal lines
at points of an immobilizing set of a 2-simplex and a 3-simplex respectively.
The aim of this subsection is to find a generalization of these results in higher
dimensions. First, we obtain a method of assigning coordinates to lines in P",

n > 4. This is a generalization of the work in Chapter 3 and can be found in
both [HO] and [SO2].

A k-dimensional subspace of P* (k < n) is determined by k + 1 independent
points, .e. by k+1 points no r (r < k+ 1) of which lie in an (r — 2)-dimensional
subspace. Let Sy be the subspace determined by the points X,,..., X, with

coordinates
Xoo, Xo1, -+, Xon
XlO) Xll) Y Xln
XkO) th Y an-
The Pliicker coordinates of S; are the (Zﬂ) k+1by k + 1 determinants of the
matrix
Xoo Xo1 ++ Xon
X1 X1 - X
Xko X - Xin

given in a specified order. We will denote the coordinate obtained by choosing
the ", j® k', ... columns, 1 <i<j <k <--- <n, by pijr.. As was the case
for lines in IP3, there is a dual set of Pliicker coordinates on Si. This is obtained
by considering Sy as the intersection of n — k hyperspaces ((n — 1)-dimensional

subspaces) of P™.

Lemma 6.19 The Plicker coordinates of a line ¢ in R™ going through the point
P = (P,...,F,) with direction vector n = (nq,...,n,) are (n, (P An)), where
@ is the function /\2 R” — R(3) that assigns to a 2-vector its coefficients.

Proof
As an element of P"* the line ¢ goes through the points X = (1, P,,..., F,) and
Y = (0,n,...,n,). Its Pliicker coordinates are the 2 x 2 determinants of the
matrix
1 A P --- P,
0 n mng -+ Ny ’
that is
(n].) I [ P1n2 - P2n1) Pln3 - P3n1a s )Pn—lnn — Pnn'n,—l)'
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‘Theorem 6.20 If the points Py, ..., P,y1 immobilize an n-simplez then the nor-
mal lines to the simplex at these points have linearly dependent Plicker coordi-

nates.

Proof
Suppose the set of points {P;..., P,4+1} immobilizes an n-simplex. Then the

. 1 . . .
matrix A= 3 7'n; P} is symmetric, that is

n+1

aniij - nijki =0 forall ¢ 75 ]
k=1

However, according to Lemma, 6.19 ny; Py; — ny; Py; are the last (’2’) entries of the
Pliicker coordinates of the line in R™ going through the point P, = (Fy, .. ., Pin)
n+1

. n; = 0 (see Lemma 6.1)

with direction vector ny = (nk1,...,7n). Since >

the symmetry of A implies

n+1

E (Mk1 -« o> My Prankz — Prokas - - 5 Pi(n—1)kn — PenTk(n—1)) = 0,
k=1

that is A is symmetric if and only if the Pliicker coordinates of the normal lines
at Pr,1 <k <n+1, are linearly dependent.
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