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SYNOPSIS

This thesis commences with an analysis of
the cyclic variation in the bending natural frequency
of the tines of the tuning fork as it is orientated in
the gravitational field. The analytical solution
gives a value which deviates by less than ten per cent
from the experimentel value obtained by other authors
and therefore suggests a possible explanation of this
previously unexplained variation.

The torsion gyro, which forms the main part
of this text, i1s an alternative to the tuning fork as
a vibratory rate gyroscope. The instrument appears
to be a new concept in this field and seems to have
advantages over the tuning forke. Its configuration
and method of operation are described and some of its
main characteristics investigated. These include
the analysis of the belanced system and its transient
response, the effects of unbalance and the damping
characteristics of the system. Design graphs are
drawn to enable approximate numerical wvalues to be
esteblished and a suggestion is made for a suitable
type of instrumentation.

The theoretical results zgree closely with
those obtained experimentally. It was necessary to
operate the instrument with high input rates of tum,
but it has been shown that the instrument is capable

of detecting reasonably small inputs.
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CHAPTER I

1.0 Introduction

During the present century the gyroscope has
experienced innumerable modifications and improvements
which have increased its accuracy, sensitivity end
range of application. In the field of navigation,
where increasingly severe demands are being made on
this instrument, inaccuracies previously tolerated
could impose detrimental acceleration forces on the
human body while travelling at supersonic speeds. It
is apparent that each additional refinement becomes
more difficult to produce and the expense of manufactur-
ing high precision gyroscopes increases accordingly.
With the growing complexity in producing present day
gyroscopes it would seem that a basic change is
required from the conventional spinning wheel type of
instrument developed over one hundred years ago by
Foucault. The vibratory rate gyroscope emerged as
a result of these considerations. A parallel to this
can be seen in prime movers where steam power was
becoming increasingly impracticable in the form of the
reciprocating engine but was completely revolutionized
with the advent of the steam turbine.

Numerous authors have contributed papers on
the use of the tuning fork as a rate of turm indicator,
amongst the first being Pringle (Reference 9) in which

he describes the flight controls of the Diptera insect,
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one of which is the common fly. This insect has
protruding from its thorax two large club shaped
halteres which oscillate through a large amplitude
about the vertical plane. By inter-muscular action
the insect, as it turns a2bout the vertical axis,
detects Coriolis forces incurred in the vibrating
helt eres. This biologicazl action is similar to the
cction of the tuning fork when used as a vibratory
rate gyroscope. In the tuning fork the tines
oscillate through small amplitudes giving 2 radial
velocity to the mass of the tines which, together
with & rotation of <the stem inducecs oscillating
Coriolis forces to be superimposed on the stem.

This can also be visualised from the principle of

the conservation of saguler mome:xtum spplied to the
complete tuning fork about its stei. Ag the ineftia
of the +tine increases on its outwerd swing the velocity

rotation of the stem must decrecse %o compensate for

Hh

0
this snd meintain constant angular momentum within wme
sys tem. With a corresponding inerease in rotational
velocity as the tines swing inwards, & periodic
oscilletory motioa is superimposed on the gpplied rate
of turm. The amplitude and phase of this oscillatory
output is & measure of the velocity and direction of
the applied rate of turn.

A considerable smount of research has been
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carried out to establish the tuning fork as an agcurate
rate of turn meter. It can be seen from references Lo)
and (11) that the Sperry Gyroscope Company anticipated a
great future for this instrument. However, after a
considerable amount of research, they appear to have
abandoned the project. One of their major difficulties
wes the inability to eliminate output signals arising
from smell inaccuracies in the manufacture of the tines.
Another significant source of error expericnced by other
authors, is the sensitivity of the tuning fork to its
position in the gravitational field. This is more
fully discussed in the next chapter.

The main part of this thesis is concerned
with the investigation of a new type of vibratory rate
gYyTro. This instrument is a departure from the tuning
fork and appeared at the outset to be a new concept in
this Tield. The configuration of the instrument, as
cen be seen from figure (1), is similar to the more
conventionel gyroscope except that the shafts ere
rigidly fixed end the rotor oscillates rather than
rotates. The fundamentsl difference between this
torgion gyro instrument and the tuning fork is in the
primary systen. In the tuning fork this consists of
s latersl vibration of the tines instead of the torsional
oscillation experienced in the 'rotor' of the torsion

2yro. The secondary, or output systems of both are
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similar in that they are in torsional oseillation
about theroutput shafts. However, in the torsion gyro
this output shaft is not the saneé as the applied rate
of turn axis as is the case in the tuning fork.
Vibretory rate gyros, because of their unit
construction, are more robust than the conventional
form of gyroscope. The priacipal advantage ig the
absence of bearings which eliminates friction and wear,
thercby reducing replacement and maintenance costse
The output being oscillatory has advantages, as far as
neasurement is concerned, over the constant form of
output obtained in the more conventional type of gyro-

SCOPC e
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CHAPTER 2
2.0 Tuning Fork

In the tuning fork, when used as a vibratory
rate gyroscope, the tines are generally excited at their
natural frequency of bending by electromagnets. The
energy ianput has therefore to compensate only for the
logs due to damping within the systen. Whea & rotation
is zpplied to the stem of the instrunent, the combination
of this rotation snd the radiel velocity of the tines
produces Coriolis forces on the tines, a torque thereby
being applied to the torsional stem. To obtein
maximum response, the naturesl freguency of the torsional
systen is made equal to the bending natural fregueacy of
the tines.

Experimental work carried out by previous
authors detected a cyclic variation in the bending
netural frequency of the tines as the tuning fork was
orientated in the gravitational field. Due to this
veriation,the tuning of the bending frequency %o the
torsional natural freguency of the stem cannot be
esteblished and the response is correspondingly
reduced. This effect was considered by those authors
to be the greatest source of uncertainty in the
instrunent. An analysis of & possible source of this

variation is therefore discussed in detail in the

following paragraphs.
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2.1 Gravitational Effects

F/6.2.
By considering the tines as cantilevers fixed

rigidly to the heel of the fork (Fig.2),the bending
natural frequency of the tines can be evaluated by the
Rayleigh method. As the basisg of this calculation
the shape of the tine during vibration must be assumed;
in this case a quarter cosine wave has the requisite
properties; i.e. horigzontal at>= O and having no

curvature or bending moment atx= L.

i

7:7"//—Ca5£4 (;)

With this assumption the meximum potential
and kinetic energies are calculated and equated to give
the frequeancy of vibration. The maximum potentiel
energy of bending occurs when the tine reaches its
maximum deflected form and can be evaluated from the

characteristic equation:- X
Potential Energy = V =g/[ d*y >3 o )
= dx?

vthere E and I are respectively Young's Modulus of

Elasticity and Moment of Inertia in bending of the tine.
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By the substitution of equation (1) into
equation (2) the maximum potential energy is found to

be:~-

BE iy = M
V e ()

The maximum kinetic energy occurs when the
tine is in the mid position and can be found from:-—

5 sl
Moximum Kinetic Energy = T =&%ﬁ~ 2 /o
Z;/ g
o

@)

where « is the weight per unit length of the tine
material and P is the frequency of vibration.
Substituting equation (1) into equation (4)

gives the maximum kinetic energy as:—

7= 7”#2;:"— i -Z;J (5)

By equeting equations (3) and (5) an approximate
expression for the frequency of vibration can be
found For the tine considered as a cantilever vibrating
under the sction of its own mass per unit length.

As a part of the electrostatic drive system,
the instrument under consideration had masses attached
to the end of the tines. The poténtial energy of the
tine is not affected by the addition of this mass but
since the ampiitude of the end of the tine is(?p the
kinetic energy is increased byé—%ﬁ‘gf where W is

the weight of the end mass.
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The total kinetic energy is therefore:-—

T= 7%2;0 W—;-w[ -2’7—’—%4)/

@)

The frequency can then be found Ly equating (3) and (6)

> /bz L L BEOS f]‘ag,
LW+ 023wl ]
This expression holds good for the
condition when the tines are lying
in the horizontel plane, i.e. when
6= 0. Ls the fork is orientated

in the gravitational field, the mass )

of the tine material and the end e B
losds ceuse axial forces to be impressed on the tincs
in addition to those previously considered. The
potential energy of the tines is thercfore increased
or decreascd depending upon whether the axial forces
are tensile /77 <& <2m) or compressive /o <o )When &
equals zero or 77 corresponding to the tine lying in
the horizontal position, the exial forces are zero
end equation (7) can be used to obtain the bending
natural freguency.

Timoshenko (Reference 1) shows that the

changes in potentisl energy due %o the axisl load

effect of the end mass and tine material are

e /{%f&x ©

(=]

respectively:-

(7)
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s ’f/(%)ﬂ-x)a’x

where, from figure % it can be seen that:-
S =—Wsno
?( = — (O0.S/A8

By substituting the derivative of equation (1)

(12)

in eguations (8) and (9) and then integrating between
the limits O and I the change in potential energy

becomes:—

e B
A= Wyl

/e L

s & (1)

and 4V, = — %éﬁ(ﬁ—z___4)5/f?§ (!2.)

The total potential energy of the tine,therefore, from
equations (3), (11) and (12) becomes:-

o el e Wy : .
V=22 2’" 7 Z__/f?_'_f + L (12— ) [5in & —{12)
Equations (6) and (13) are then equeted to give the

frequency equation:-

2= .Z,?'l443 {W_’_ // = )}5’”9] — )
/b /é(_[u\/—f-CD—Z.prg :

The experimentel instrument, in which this

veriation in tine frequency was observed, had the
following approximete characteristics:-
/2 2
E = 2210 dynes/cu.

=
Tro= 1042 x 2 2 0°¢ cnd
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I = 57 Cite
W = 34°65 gms.
w = 6,16 gn/cm.

By substituting the ebove numerical values

in equation (14) the bending natural frequency can be

obtained.
. /bz = &2 xxa“é[x- ~—2/"‘5 xro % s ej_#ﬁb')
]5 = 2&7@0[/ — 275« /D-.GS:;? gjé /fé)

The maximum effect due To gravity occurs
when the Ffork is in either of its vertical positions,
i.e. when 9=z.7:f157f‘ and she=1/ By expand-

= = G
ing equation (16) from the Binomial Theorem, the
frequency Cﬁ) can be expressed agi-

e e T e
Bquation (17) shows that there is approx-

imately +13+75 parts per million sinusoidal
variation in the tine bending frequency due to the
orientstion of the tuning fork in the gravitational
field. The instrument ; in which previous authors
detected this variation,gave an experimentel value
+15 parts per million. The approximate nature
of the dimensions given does not ellow correlction
the experimental frequency of 394 c.p.s. @nd the
calculated result of 455 c.p.s. but the nearness of
the experimentel end theoretical frequency change
shows that the above analysis indicates a possible

explanation of this troublesome pihenomenon.
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CHAPTER 3

3.0 Torsion Gyro

The torsion gyro, which forms the main part
of +this text, is in its early development and only a
few of the main characteristics could be investigated
during the current research period. Ag this is an
entirely new type of instrument, some of these
cherecteristics must teke the form of a design study
rather than a more full investigation of its possible
gpplications. The configuration of the instrument,
as discussed earlier and illustrated in figure 1, is
gimilar to the more conventional type of gyroscope with
the exception thot there are no bearings and the 'rotor',
instead of spinning at a high velocity, oscillates
torsionally <bout the rotor shafts.

One of the principel difficulties experienced
with the tuning fork is the accurate manufacture of the
tines. This, to a great extent, is overcome in the
torsion gyro as the 'rotor', being a solid of revolution,
cen be more accurabely manufactured than the tines of
the tuning fork. Also a balancing out procedure, as
illustrated in Chapter 4.5 can be carried out
relatively easily on the 'rotor' of this instrument.

he 'rotor' clso gives a well defined plane of vibration
as compared to the plane of vibration of the tines of
the tuning forlk, which depend upon the relative stiff-

ness of the tine in its plane of vibration and the
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plane at right angles to it. The gravitational effects
occurring in the tuning fork and discussed in the
previous chapter sre not incurred in the torsion gyro.

The method of exciting the *rotor' of the
torsion gyro is one of the major disadvantages of this
type of ingtrument and compares unfavourably with the
electromagnetic or electrostatic drive euployed to
oscillate the tines of the tuning fork.

The remainder of this text is concerned with

the analysis of some of the aspects of the torsion gyro.

3.1 Analysis of the Balanced System

X
DUTPUT AX15.

o =ocy S ST

Ro7oe Ax/5

5 Z

e s
Figures 1 and 5 illustrate the arrangement
of the torsion gyro. The rotor is free to oscillate
about its axis oy while the gimbal in which the rotor
shafts zre mounted can oscillate about the output axis
O s The output shafts are mounted on the frame of

the instruments;about which, the input signel is applied.
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The rotor is vibrated by inducing a magnetic
flux to flow between two pole pieces mounted on the
gimbal, at the rotor periphery (Fig.l). Near the
periphery of the rotor, conductors are inserted
parallel to the axis of the rotor shafts. An
al terneting current is applied to those conductors
to give the torsionsl oscillation of the rotor.

When a rate of turn signal is applied to the
base of the instrument, the combination of this input
and the sinusoidal momentum induces Coriolis forces on
the rotor, acting at right angles to the rotor and
input axes. These Coriolis forces therefore develop
a torque which varies at the frequency of the rotor
velocity, thereby giving, via the output shafts, a
torsional output to the gimbal system.

To obtain the ameximum response pogsible froum
the system, the frequency of the rotor oscillations is
made equal to the undamped natural frequency of both
the roter and gimbel systems oscillating about their
torsionel shafts.

In this idealized system, it is assumed
that the instrument is symmetrical about the rotor
and output gimbel axes, the two axes of symmetry
intersescting at the centre of the rotor. The +two
systems oscillate entirely about their respective

axes. It is further essumed thet the bending
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frequencies of the rotor mounted in the gimbal, and
the gimbal mounted within the frame, are not within
the range of the operating torsional frequency.

Figure 5 shows a diagrammatic arrangement
of the torsion gyro. The orthogonal axes OXYZ are
principal axes considered attached to the base of the
instrument and o are also principal axes attached
to the gimbal. OXYZ coincides with ESE when &
the torsional output of the gimbal is zero. Consider
the rotor (« ) and output (e ) oscillations to be
small and F7x, and ;.2 to be unit vectors along the
respective orthogonal axes OX)YZ andoAyg.

With an input velocity < applied to the
instrument it can be seen, by resolving angular
veloelties about their orthogonal axes, that:-

Instrument anguler velocity Q=0Q,7+Q,F+0,%
Gimbal angular velocity @=(Q8)+ (0. +2,8)+(25-2,0) & e
Rotor angular velocity Lok

A, B and C refer to the principal moments
of inertia of the gsystem about the orthogonal axes
which, when included with the subscripts 'i' and 'o',
refer only to the inner rotor and outer gimbal system
respectively. The angular momentum of the rotor and

gimbal systems about the TXy3 axes can be expressed as:-

F=AQ,+E)T +B(Q,+2:6)T+ [€(2,-Q.0) ¢ i | ——9)



o

From the angular momentum equation the torgue
about the =c-axis cen be expressed in terms of the
angular momentum and angular velocities of the rotvating
axes. This torque can also be equated as the sum of
the damping and spring torques provided that the
inertia of the output shafts is small compared to the
inertia of the gimbal.

e =A é Wy + 1l &g = o8 —Ap o /20)

Hes ér and #3 are the components of angular

momentum, expressed in equation (19), about the X, g
and 2 axtks, zurand w, are the components of the
gimbal angular velocity, expressed in equation (18),

G and %& are the viscous damping and stiffness
co—efficients of the gimbal system about the output
r—axis. Equation (20) can therefore be expressed as:-

= A0 +8)—8(0, + 0 0Y 0, -Q, o)

—;—ZZ*/_Q -Q,@2)+ o:///_Q + Q&) = —(Lo %B}QO
On re-arrangement equation (21) becomes:-—
48 + G + [ + (- ()/Q st )+a,(_Q s [€ +(B-c )0, Q&%)
— /s 5}12 Q) +—ﬂJQ +GX Q, = (22 )

This equation is non-linear and has therefore no

formal solution., With the range of parameters used
for this instrument the teﬁmsﬁé-c}2L1—Jlf)é> and

C, Qo are very uuch smeller then the shalt stiff-
ness torque,%ig? and can therefore be neglected from

the equation. Since the output £ is small the
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equation can be linearized by neglecting ﬁheﬁg—g>/sz%4f7
as this is a second order guantity in 4 .

BEquation (22) can therefore be expressed as
the more general linear equation,having several foreing
functions.

APt e e ), O A, — O, —23)
This equation shows that the instrument is sensitive to
input rates of turn applied about rotor and output axis
as well as the rate of turn axis 7 . However, with a
constant rate of turn signal applied to the instrument,
the forcing function Ajl, will be gzero and the forcing
function Aé-f)jlljls will give a solution of constant
output. With a pick-up sengitive oniy G0 an
oscillatory motion this outpﬁt can be neglected leaving
only the output from the forcing function which is
proportionel to the oscillatory input.

Equation (23) can, therefore, for this

constant input rate of turn, be expressed as

,4§V+{}55+.é;é’ = — G pl L), (@4)
With o=af =3 ot this equation becomes the familiar

second order forced vibration equation with a solution
contaeining the complementary function for the free
vibration and the particular integral for the forced
vibretion. The free vibration solution repidly
approaches 'zero and the steady state solution

remains, giving:-

S o e € X, com /wl"—-?é)

A for=w?) E (G w)®
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W, represents the undamped natwral frequency

oy
equal to /7%1 and w 1s the forcing frequency of the

TreL IS
A/Wnl"w")

determines the phase of the output relative to the

systei. The phase angle;é equal to

rotor mmplitude o=ofsnwt o« Equation (25) can be
stated in its non dimensionel form by substituting #
the frequency ratio equal to 9%, and 4 the damping
ratio equal to C%C , where ¢. is the critical
damping coefficient equal to 24w, .

2l 047‘0(;_(21 Ca'::/dd?‘"ﬁéj
B[l - P+ C A s

The maximum response of the system occurs

L=

when the forcing frequency eqguals the undamped natural
frequency, i.e. the frequency ratio is equal to unity,
this condition being referred to as the tuned
regsonant condition.

This gives the solution:-

o G Q. spmel
— Z 27
This solution shows that the response of the system 1is

proportional to the rotor emplitude~, , the applied
rate of turmn <), end the inertia ratio /4 end inversely
proportional to the damping coefficient o and the
torsiondal frequency 4, . The phase of the output

at this tuned resonant condition, is the same as that
of the sinusoidal rotor oscillation for a positive

rate of turn, and 180° out of phase for negative rates
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of turn. The direction of rotation as well as the
magnitude of the input rate of turn being determined
by this equation. Tith a constant rete of turn it
can be secen that the instrument is sensitive only to

rates of turn applied about the input axis.

3.2 Response to Sinusoidzl Ianputs

The response to a step function and a
sinusoidael input, form two of the basic tests carried
out on a rate of turn gyroscope which is to be included
as part of a servo-systeme. The former is di scussed in
paragraph 3.3, whilst the latter is analysed in this
pregsent section.

Agssume a sinusoidal input Q =_Q’.szazz‘ is
applied to the system. Where Q' is the maximum

veloctiy and}f ig the frequency of the applisd input,
this input cen be resolved about the orthogonal axes.
By substitution in equation (23) of the previous

paragraph, eguation (28) can be obtained.
.45" +Qé+éﬁz/‘5-—c‘)ﬂ;ﬂ; 5/;}2(-—44?.(2 F@Zf*(;%”ﬂz;s’; “’rf”\‘fz‘ == 12‘?)

Which, on rearrangement becomes:-—
B+ G5 W O= F siawtsigl —+ Hemgt +f3 Sepl  ——)

— !
where R ;I-’q{a) _(2'_
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Expanding equation (29) to obtain:-

e+ FTorwe = F%[En/w—z)a‘ — o® /w—z“/) z‘j

+ﬁgroojz“+F%Z;—ca:ZZ{] (30)

As equation (30) is a linear equation with constant

coefficients, the forcing terms which are constant
can be eliminated by pick-ups recording only
sinusoidal outputs.

The solution to equation (30) can be
found by summing the individual solutions obtained
by using each of the forcing terms independently.
The steady state solution, ncglecting constant

forcing terms, therefore becomes:~—

P Cﬁﬁw—j)f-F'L//(_] = 21 s cao_/{(;uf/)f—'%[/z]
Zj@“‘—@ﬁf)yzf—/?"/w?yz Z_/[wf—/wrf)i/z+ E"/ﬂmf{/?
Fa Cc/.;«,/;’f \;&3) Ced /Zy?,"‘ ‘Wé)

Z—//w, #/z) 2 )1! Z_/Z_“J _J/_/+[(]

where the phase anglesc_

G )

ws® =y I
el
3% = a*t/ilfl'
(R ""’:(Z,,_

Consider the two limiting cases:-
(i) When the input frequencygf is equal
to the rotor forcing frequency «.
(ii) TWhen the input frequency is very much

less than the rotor forcing frequency.
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The rotor frequency is itself equal to the undamped
natural frequency «, . The second case is more
general for a conventional servo-systeai.

(1) With Z.-.a) the solution to equation (31)

becomegs=-
) 5 C‘aa’_lﬁ % .{.‘oo/‘/?z"-*‘l,/z)
69'_ + 2 Pl (=" { ”
R AR e
2
W cnlpl—ofs) _ 55 o [2rt — Va)
2 Gy 2~327)% g * (F)
By neglecting constant output terms and substituting

the non dimensionel demping coefficient ‘7/:2%,, it

can be seen that for d’<</, /3‘;*)‘15 very much greester
then Ao 1/%"‘)2 The latter term can thercfore be
neglected in the denominator of equation (32) to give

an output of the form:-

&3)

/ /5
#= Gl Bpe )t ooyt )

Substituting for ¢#,,% and ¢, gives:-

= o K% ‘!.I /5—6) Lf ’Qlf o
Z wﬁ_‘éé:z s ‘QL coo [2p T + & a/)
1= L2, NPl (34{)
‘;?ﬁ- 5/’1;

With the rate of turn considered to be applied
predominately about the input axis, i.c. J?J?.Q,’and

_cz; equation (34) reduces to:-

Tes S e T 24 ) £9)

Equation (35) shows that a sinusoidal input applied

to the instrument gives an output proportional %o,
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but at twice the frequency of,the input signals.
The response, as can be seen from the comparison of
equations (27) and (35), is very much less than that
obtained with the constant input discussed in the
previous chapter. Equation (27) contains in the
dencminator the non-dimensional demping factor
which, being very much smaller than unity, provides
& higher response from the constant input than from
the ginusoidal input.

(ii) With w>>g the steady state solution

of equation (31) +then becomes :—
oo FAcnliop)é- 4] £ an florg)t -]
7 7/
440_/2 + wrd*® A{su‘//_‘f)z_f_wnzc/!.

(3¢)
/z ('a:(f!“*lb’;) w F3 t‘aa/.ﬁ"!z‘—"l//-a)
L] +4grd* L] wa* p/6 p*d*
where the phase angles ¥ = - %=;—‘;"‘a’ and ‘l}g==_‘f£i/-='}_g4

With the range of parameters encountered in
the torsion gyro it can be reasonably assumed that,
with w >y and J <</ , the phase anglesfandy
are each equal 1o Zero and w, will be far greater than
/6520/2. By combining the outputs proportional to A
and substituting velues for ,»~ and the phase angle ¢

equation (36) can be reduced to, :
= _ _Gaup L2, Smcdi‘ Sin /f?l‘*f-{'w'ﬂ',) "O Z}
2A / 2o

— (B )IJ.x 12
‘3,42,,1 S Grept (37)

Coozz"
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As in the provious csae,it 1g agsuned that

the input is epplied predominately about the Y—axis,

_&"CJ ﬂz {-QBI
20

neglected. The second term Tﬁ%?gcffr nay give an

therefore, the term (wm%gf can be
appreciable output, depending upon the enplitude of
the input angular velocity component acting along the
output éxis. However, this may also be neglected
provided that Q,' is equal %o zero.

The output proportional to the component
of the rate of turn signal acting about the input axis
constitutes & response at the foreing frequency
which, ags shown in figure 6, is in itself modulated at

the input frequenqy;g .

V=
The peak value of the output is proportional

to the meximum velue of the sinusoidal input and
compares with the output obtained from = constant
input previously discussed in paragraph 3.1. The
ratio of peak output from a sinusoidal =znd constant
input is A 224,  This retio is equal to wnity when
2 is zero as the sinusoidal input is then reduced to

a constant input.
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3.3 Effect of Trangient Response

The effect of the transient response is
investigated here by coansidering the characteristics
of the system when the input is changed,by a step
function,from a constant spplied rate of turm L to
some new value S .

Until the steady stete solution correspond—
ing to the input Q' is reached, the output will not
be representative of the applied rate of turn. The
instrunent nust therefore be considered inoperative
during this transient zone. The inoperative time is
calculated by matching the steady stete solution
obteined with the initisl rate of turn X1 applied,
end the complete solution which includes the transient
as well as the steady state solution for the final rate

of turm 12'.
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Figure 7 shows &, and &G,as the steady state solutions
from equation (25) corresponding to the applied rates
of turn Q and O, At time Z=Z¢, the step input is
applied to give the equivaelent output from the new
rate of turn Q_; the time thereafter being considered
from Z = 0. This output is obtained by summing both
the complementary function and the particular integral
of the differentiel equation (24).

&. '
8=C ‘”Z;(m,szwn Ysinp {/ * jﬁdﬂ‘:’i‘;‘;ﬂf‘;;jf > ED)

Xand Y are constants to be determined from

1.

initial conditions.
“’a=/¥;/;,s undamped natural frequency
A= 5% =wd )
? =m= damped natural freguency.
The steady stete solution corresponding to

the rate of turmm Q is,from equation (25), equal to:-

&=

S L) ﬂeﬂuf—qﬁ) (%ﬂ
A J(wr - w)* +( Fw)? '

As discussed previously, to obtain maximum I'eSponse,
the system is operated at its tuned resonant condition,
ie€s W=Wn Beations (38) and (39) therefore

reduce to:-
A =qfﬁdi£kcwﬂb2dbngﬁﬁgjr4'2;;5%&42’ AZ#

and ﬁ ""7;.-5;}: M,,f

where Z-= C’,‘&‘Q_o(‘, and 72_= G -Clad
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At the commencenent of the step inpub, ise.
when A=Z for the initial solution and Z=ofor the
finsl solution, the velocities and displacenents of
the system must be equal.  Equations (40) and (41)
and their derivatives cen therefore be equated to
give an explicit solution to equation (40).

With &=

% seiwnd, = X (42)
and with £-¢
Tiddntom G = -—AX+>’/5 + 75 @y /Aj)
Equetion (42) is substituted into equation (43) to
obtain Y .
i'e'T= /Tw,,aaeuac‘,;fza S s = o /214/)

Giving as a solution to egquation (40)

—2Z

&= 7 5on W b, Cao%z/-f// Yacmpwal, 7“7'/,, Sinla T, “*’* }2:7

7’—/; S;n Wt @5)

By selecting the time =2, %o correspond to the time

when ol im0 and crw.d =+ & simpler solution
is obteined.

G=C" ) ([-T)sop7 [ + 7 5, 2 (4¢)

Theoreticelly the time for the trensient

response to become Zero is infinite but the effect
of the exponential decay factor 47 on amplitude
dininished with time. It cen be.assumed that the

complete solution will be considered to be numerically
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equal to the steady state solution when their ratio
reaches some value 7 for an increase and , for a
decrease in rate of turi. If #7 is the ratio of

the final to the initisl rate of turn, + or - implying
thet the fingl and initial rate of turn are in the
same and opposite directions respectively, the previous

statement cen be expressed as:-

Gir /8. /(,,,,/;4,@ s =, @ I "”f Sl el )
47
zZ<«| /5ﬁ/am¢éé.nﬂ“ = /h /5%/;é¢/ ok sH*

For the increased rate of turn case, equatlon (47)
becomes:-

202 /4 A )Sf"/?]—/-fyna},, N7y sentn? —/4%)

With the range of parhmeters encountered in

the present torsion gyro the damped and undamped
naturel frequencies can be considered to be numerically
equal. However, after a sufficient number of cycles
the phase change between those two frequencies could
be consgiderable. The time required for the transient
response to reduce by a given amount depends upon
amplitude and any phase change can be neglected.
Equation (48) then reduces to:-

e T )

giving fbr;Z?!

—Z—/
/764 Z{—Z/-‘fh) /ﬁ)
Correspondingly for Z«/
/ V=2 -
> Fa. ) == 5/
r= 2 ?E__Z%%ff) { /
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With s reslistic velue of A = 0.92, Figure 8 shows,
from equations (50)and (51), the veriation in the
$ime required for the output to be within 1% (solid
curves) and 10% (dotted curves) of the steady state
output pertaining to the final rate of turn _Q ' .

The step function which gives 1o inoperative
time due to the transient coandition can, for posgitive
values of =z, be found from equations (50) and (51).
This occurs when the value of the number withmthe
square brackets is equal tTo unity, giving the
condition that #= O when Z= % .

For velues of 7 between %; end 7 there is
no inoperative time. This can be seen from the
physical sense, because the step functions between
these limits do not increase the final steady state
solution beyond the tolerances of /7 .

For large velues of Z the curves are seen
to be asymptotes to a constant intervel of time.

In this case equations (50) and (51) become
independent of z and the time for the transient
response to be considered negligible can then be
simplified to:

L= 2;4'/7@ //r/»? ) (52)

The condition when the finzl rate of turn

epproaches zero (i.e. ~—=o0) can be seen to give &

transient time approeching infinity. However, the
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sensitivity of the instrumentetion will not record
ouputs below a certain value.

The consequences of this delay in recording
changes in input could be a serious limitation on this
instrument as a rate of turn indicator. Arrangements
to overcome this difficulty either by increasing the
frequency or damping are impracticable due to other

congiderationse.



CHAPTER 4

4.0 Torsion Gyro — Effccts of Unbalance

Asny foru of unbalence in the system,which
induces & torgue about the outrut axis,imposes limitations
on the sensitivity end reliability of the iastrument.
Unbalence within the system cen produce output gignals
either in-phass, or 90° out of phase with the applied
rate of turn signel. It ig the out of phese signals
which sre considered to have the most detrimental effect
upon ths sensitivity of the ingtrument. This can be
seen from figuresdPagesy), where the in-phase signals
merely shift the interssction of the output and rate of
turn axis, wherees, the out of phase signals alter the
output/rate of turn relationship.

The principel forms of unbalancse in this systenm
which ceuse the out of phase signals are, the tilting of
the Totor axis relative to the output axis and an
unbalerced moss attached to the rotor. These effects
can be produced by errors in menufacturesor in the case
of the unbalanced mess, by the lack of homogenity in the
rotor material. The in-phase, unbalanced signals can
be caused in this present system by misalignment of the
conductors inserted at the periphery of the rotor oxr, to
o lesser extent,by the reaction torgue developed as a
result of the tilt of the rotor =xis relative to the
ocutput exig.

The output obteined from an applied rate of
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turn is in-phase with the reference rotor drive signal
2t the tuned resonant condition. It would appear,
therefors, that the signels due to unbalance which are
not in-phase with the rete of turn signal could be
neglected by measuring the output from the system by
o phase-sensitive voltmeter, thereby recording oinly
the in-phese signals. However, to achieve meximum
gsensitivity, the system is operated at the coupled
resonant condition. Phese of the output relative to
the reference rotor drive signal can not be relied
upon, both from the cossiderations of the small drift
Prom the resonant frequency during operation and the
condition discussed on page(ﬂ), where it is shown thet
the tuned resonant condition can never be achieved
with unbalence present. A suitable servomechanism
could be designed to maintein this phase shift to
within & few degrees.

The present investigation 1is concerned with
the effects of unbalance in the system which appear

ag constant outputs. Rate of turn signels samallier

then the out of phase unbeleance signals can not be
detected and provision must be made to reduce these
tc an absolute minimum.

The remcinder of this chepter discusses each
of the effects of unbalance separately snd some of the

aspects arising out of them.
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4.1 Rotor Axis Tilted Towerds the Output Axis

7
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Figure 9 shows a diagrammatic arraungement of the
instrument with the rotor axis tilted towards the
output axis. The orthogonal axes OxyZ are considered
attached to the base of the instrument, Cagé to the
gimbal and QE%f’ to the rotor. Cpﬁﬂ5 coincides with
OXVZ end gﬁyT when the output amplitude & and the
angle of tilt & are respectively equal to zero.
Assume as a first approximation that the rate of turn
is applied about input Y-exis and the outer gimbal
system is constrained to oscillate torsionally about
the x-output axis only. This can be achieved by
ensuring that a bending natural frequency of the
systiem does not lie within the operating torsional
frequeazy renge and that the gimbals are of rigid
construction. By considering ©,<and ¢ to be small
displacements the angular velocities of the system

can be resolved as:i~
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Instrument sngular veloecity Q = ok
Gimbel angular velocity 5 = &7 +.Qf - &£
Rotor sngular velocity = /& .,._(?_96)2”’+_Q_j’+/a‘/¢é6—4267) b &3
= (& +E)T 1"—@7*@7 —ns)é
where J is a unit vector along the OY axis and D Z
and Z;’j’/{’ are unit vectors along the respective I3
and c?_f%() orthogonal axes. With A, B and C referring
to the moments of inertia of the system about the

orthogonal axes, which, when included with the subscripts

¢' and 9' refer only to the inner rotor and outer gimbal
system respectively.
The rotor angular momentum about the ?fﬂ) axes,
cen be expressed as:i:-
j= A6+ nee)l'HBa)] + G/ -06+Se) b —— [52)
From the angular momentun equations, the torque about the
~-axis can be indicated in terms of the rotor angular

momentun and angular velocity of the rotating Ory?, axes,

o =) hy oy + hy @y (55)

where ), hy and 4, are the components of the angular
momentum, expressed in equation (54), about the X,y and
3 aies and wy and wy are compon&nts of the gimbal
anguler velocity expressed in equation (53). With a
constant rate of turn () applied about the oY axis
{1.8. LJJ — o ) the torque about the x-axis due to the
inertia of the inner system can be found by substituting

cquations (53) and (54) into equation (55).
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@ 7' =[7/8+Q8€)+ Clbmad+de)e] -[78 QL) -028)]

+Z&/D.(‘_—Qé+éé) = e/ér.ﬂ.é‘é—)JQ_ (5¢)
The torque, due to the inertia of the gimbal

or outer system, cen also be found by these equations:—

L;/_’-;"’ -_-‘4 ‘;’.'f'/d%-('a)/ﬂzé’) /5'-7)
By combining equations (56) and (57), the total torgue

zbout the output »c-axis can be cbtained and equated to
the sum of the damping and spring torques.
= f A ]S+ afp-c) A€o +lae) r¥ (6 2)

= "'/{:rﬁ — G & (56)

vhere 4, and G are the stiffness and damping
co-efficients of the gimbal system about the output
x—-2xis. By neglecting second order effects and
eliminating small terus, i.e.ZE:g‘c:.c,a] and;z‘z‘ﬁ/gﬁc)-ﬂ,c:zf
<<¢£r equation (53) reduces to:-

BB s ettt =G & L) (s9)

Equation (59) is, with the exception of the first tera

of the right hend side, the same as equation (24)
which was derived for the balanced system. This shows
that the effect of this unbalence is to produce an
additionsl forecing term proportional to the component
of the inertia of the rotor about the output axis.
With constant co-efficients and & sinusoidal input
-l simwt » the steady stete solution to equation (59)

becomegs:—

b O /wfsz...(m‘—?éj — e ¢/ — )

- A ()
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w, represents the undamped natural frequency
of the gimbal system aboubt the output shafts and w
ig the forcing frequency of the systen. The phase
angle.¢ egual to tanfj%ﬁ%%;;y-determines the phase
of the output reletive to the rotor amplitude
o= oy sin 5

Bquation (60) can be expressed in its non-

dimensional form by substituting f; the frequency
ratio equel to “Yw, and d the damping ratio equal

G
to %

= s LG i )
4 Awiff,- £ + (2 P)* / & sinfot=3) — 0 coolot—4) ) —F1)

It can be seen from equation (61) that the

output, induced by the tilt of the rotor axis, is
900 out of phase with the output obtained from an
applied rate of turn ( .

4.2 Unbal anced Mass Attached to the 'Rotor'

¥.Y — wour ~eare oF
TURHN Axis

7 :‘y-! X

UTPUT AXS

G 10,

Figure (10) shows the diagrezmmatic arrangemnent of the
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instrument with the orthogonal axes OX)Y. and 0;(/5
considered attached to the base of the instrument and
the gimbal respectively. As in the previous case,
these two orthogonal axes are concurrent when the
output oscillation &£ is zero. An unbalanced mass

is considered to be attached to the rotor at an angle
of/g from the x¢s plane and displaced by a distance
b from the oy axis. This unbalanced mass represents
the effect produced by small manufacturing errors or
the lack of homogenity in the ‘rotor' material, which
will locate the unbalance mass at any point within the
rotor.

As in the previous case, it is assumed that
the rate of turn is applied about the Y —axis and thé
outer gimbal system oscillates in torsion about the
Xx~-output axis only.

By considering & and o/to be small angular
displacements, the angular velocities about the
orthogonal axes can be resolved, as in Chapfer 3.1,
for the system without the unbalance mass. |
i.e. Instrument angular velocity -Q = L5

Gimbal anguler velocity & —S7+ QF - Qed ,bz)
Rotor angular velocity =27+ ﬂj-{»ﬂ:‘/-ﬂéﬁi
These angular velocities, together with the inertia of
the system, give from the angular momentum equations,
a torque aboul thex-output axis.

“ T = b ey vk (¢5)
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The unbelzncedmass also gives a torque about
this exis, which, from D'Alamberts principle, is equal
to the product of its mass and its acceleration about
the x —axis. This acceleration can be regolved into
its ;;d%é components,

e YT -3F) )

where /»x is the torque about the x-axis due to the

unbal anced mass and » is the unbalanced mass. The
co-ordinates of the mass are r's and 2 and the accelere-
tions of the mass about these co-ordinates are Ei}

and & e

The total torgue about the x-axis can then
be found by summing equations (63) and (64). This
torque can also be equated to the sum of the spring
and damping torques about the output shafts,

ce /;~/§w3+/3wg + Tz =*C}é-—¢éé ————e5)
where, neglecting out of balance effects, /{,” ,/f,, and
/3 refer to the angular momentum about the :,»;f and?
aXss.

Consider A, B and C to be the inertias of
the balanced system about the 7,; and % 8Xes, which,
when included with the subscript 7' refers to the
inner rotor system only. Assume the :r,c;/ and % axes
to be principel axes for the balanced system, then
the components of the angular momentum about the =7

and axes are:-
2

b= Awz , H=Bwy , fy=Cu =)
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where (y ’wé" and wzare the components of the angular
rotation of the orthogonal axes COzys. Equation (65)
can therefore be expanded by substituting equations (64)
and (66)

NG A [5-C) RO+ CHAt T = — GO~ FnE (e7)

In a practicel systen 4. will be very much greater

thanﬁsfc)ﬂzé?. The latter can therefore be neglected
to give:i—

(&5)

The torque /xxr due to the unbalanced mass is evaluated

/Jé."f(:‘(é‘*’/érg-f- Ton i o L=

from equetion (64), the displacements along the x,é(and

2 } &)

5 é=fmﬂé’m(ﬂ

% 2xes being:-

vhere F= radius of unbalanced mass about the 9% axis

/54}7“0( = potetionel displacement of tThe mass
about the 0% axis

A = mean displacement

o/ = additionel displacement due to the input
oscillations

b= displacement of meass from the xay plane.
It can be shown that the absolute velocities and

acc_elera‘tions of & moving point are:-—
V:‘:I-‘wzg‘*wjé M=Vx"‘”3%1'fwayg 2 {70)‘
7 b
By congidering a constant® applied rate of turn Q. , i.e.

zJJ — > the torgue, due to this unbalanced mass, becomes
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from equetions (64), (69) and (70):-
T = 2T a2 }gfﬁ{ﬂ;%&jé+gfﬂz/é’—/zﬂh?’)~2ﬂ$rﬁé/:’£/f
+6fQ brsas } —"éé?j’ﬂé—zﬂt;i/@} -_Qz{zér,m'/g},uﬂ{zr‘m']g & f
- ér.u:./x;/z f—ﬁ}‘c&ﬁ;yj (7/)

By neglecting second order terms and eliminating small
terms, ¢ _Q_‘ﬁzﬂr‘;;;’/‘g)<4/@ , equation (71) can be
simplified and substituted into equation (68) to give:-
4o +Go o= — GO —f—er—stﬂ‘./S —2m’Q _-sm,‘/ga/

—mbr .5")73 AN mﬁrc&;ﬁq"/ (/72>

where 4'=4 +n/8 F ’Szi‘/ﬁ)

j.es A'is the sum of the inertia of the balanced
system and the inertia of the unbalanced mass (assuming
/ﬁis approximately constent) about the x-axis.

The steady state solution of equation (72)
can be found by summing the individual solutions
obtained by considering the right hand side to be a
linear equation with constant coefficients and having

several forcing functions. )
- e 7] _O_ Ca'a/w?‘—gb(
&= — C+2mbsm s f *
[+ ” 5*”/ AWjﬂ’fz)z'f"(ngﬂ/L
m/ozfﬁa{ca;'ﬁ She LRI~ gé/
e T TR B

mbrols L s 2 Cro [Pt — o)
24 = Nr—2? o=@ ET)® ]
m Qb1 smpg
R o)
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Equetion (73) is given in its non dimensional form

where:—
w = operating torsional frequency
w,= undsamped torsional natural frequency
= frequency ratio - %,
= damping ratio = G’/zjw,,
e o T = s =4 Zﬂ/
925 phase angle = o =
o~= phase angle =%, ’i%%;
With the operating frequency epproximately equel 0 the

undamped natural frequency, constant® outputs and outputs
at twice the forcing frequency are negligible compared
to the output at the forcing frequency.

Equetion (73) can therefore be epproximcted to:

i A0 cmfot— &)
?-'—ér‘l"[ﬂﬁf/' /5]4“) 1 > E: J'}; P
By cn B m&f-ﬁ/ e erig &H

A1) Pt w2d )7 7
Tith & modercte unbal ancedmess in the system (G =>/2mr 5,,,,/

the output due to the uabelanced mass can then be further

reduced to:-

e~ (‘Qm:{wz‘—#/-ﬁ/wérarm@ 5&»./@-?‘-—45'] ot
¢ - W =

The error signal proportional to the unbalanced mass

M can be seen from equation (75) to be, as in the

previous case, 00° out of phase with the output

obtained from an epplied rete of turn (L.

{75
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4.3 Unbalance in the Drive System

The present experimental instrument has, as
part of the electro-magnetic drive system, a nunber of
conduc tors placed across the periphery of the rotor.
Excitation is achieved in & direction at right angles
to those conductors and to the lines of magnetic flux
passing through the rotor.

When the conductors asre not aligned
parallel to the rotor shafts, & torque can be induced
about axes other then the rotor axis. If &
component of this unbelenced torque acts about the

output x~axis an error signal is established.

‘W TUBN ANS,
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$; INPUT — CATE OF

OA%S r;\ w?‘
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Figure 11 illustrates a section through the

gimbal, nomal to the output x-axis. A conductor is
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shown set at an angle ¥ to the rotor exis and displaced

by a vertical distance, @'

where @= g +afsiwt /76)

d, 1s a constant displacement and o s wlt is the
amplitude of the rotor oscillation superimposed upon @,
The driving force F acts normal to the
conduc tor. Its amplitude can be derived from the
characteristic electro magnetic force equation,
oy S z7)
where A is the flux density, </ the length of the

conductor and 7= ¢cear the current supplied to the
conductor.
This force can be regolved into components
4 and A, paerallel to the odz and J3 2xes respectivel y.
The force 4 1is the normal driving force which develops
the torque about the rotor axis. The force A~ is
displaced by the distance z' from the x—axis and there-
fore develops a torque />~ about this axis.
i.es 72 = /C;mcz-:ﬂ/ﬁéc'rmwz‘*sg;gb/x/c?a—/-afg szi;wf) )
S = —BLIG A Y emwlT— % B/ iody sin ) 0 2wt /2(7;
This torq_ue will act as & forcing function on the
outer gimbal system to give a differeantial -equation of
motion; »f the form:-—
AG + Cx @+ 4,8 = —BL iy 507 Y coo - —4 BLELAosiHY Stnl2wt —(79)
Since the system is operated at its .

fundamental undamped natural frequency the second
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forcing function of equation (79) can be considered
negligible compared to the first forcing function. A
steady state solution to this equation can then be
obtained, i.e.
o —Bé(?mmrycwﬁﬁjg (50)
4%_‘///7‘) S e

where /fand are the non-dimensional frequency and

damping coefficients and 4, is the undamped natural
frequency of the gimbal systen about the output
shafts.

It can be seen by comparing equations (26)
and (80) that this error signal is in phase with the
output obtained with an applied rate of turn signal Q.

This enslysis considers only one unbelanced
conduc tor. The experimental instrument heas six
conduc tors &ll of which may have, to a certain extent,
this form of unbalance. The resultant of the
effects from all the unbalanced conductors would have
to be determined to obtain reaslistic values due to
this effect. This is experimentelly outwith the
scope of the preseat work. However, the variation

‘' has been

in this signal by altering the distance
investigated and the results obtained are gshown in

Chapter /0.
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4.4 Torgue Reactdon

As a part of the drive system of this instrument,
magnebts are attached to the gimbal adjacent to the
periphery of the rotor. These magnets, together with
the conductors placed across the periphery of the rotor,
cause a torque to be induced in the rotor. A correspond—
ing reaction torque is therefore applied to the magnets.

In a balanced system this reaction torque has no effect
upon the output, provided a bending natural frequency of
the gystem does not fall within the range of the

operating torsional frequency. However, with an
unbalance present,as discussed previously in paragraph 4.1,
where the rotor axis is tilted with respect to the

output axis, the applied torque does not act at right
angles to the output axis. A torque can therefore be
induced about the output x-axis

bl + G+ G
e

-4———~bﬁﬁ—y—-

A,8+66

=y St T
&
I AéO/ -+ ('3""/
TOE2UES AcTivg  onN  EoroR 7OBONES Acimneg ON GimMBAL.
Fla. 12,

Figure 12 shows the torques acting on the inner rotor
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and outer gimbal systems. Ag and Aé arc the stiffness
coefficicnts and G and & the internal damping
cocfficients of the outcr and inner systems about their
axes. C;/ is the external damping cocfficient of the
inner systemn and is agsumed, for the purpose of this
analysis, to be proportional to the input velocity./
The cquation of motion of the inner rotor

system is thcereforc:-

Cod = A~ G~ G )

where C igs the moment of inertia of the rotor about the

rotor shafts and /, is the torque induced normal to the
rotor shaft.

For the oatef gimbal system, the rcaction
torqucs arc applied at the magnets, the stiffness and
internal damping torques applied to the rotor drive
arc¢ opposcd by an cqual and opposite torquc applied to
the gimbal at the rotor shafts. Thé cquation of

motion of the outer gimbal system is therefore:-

AE = (bt + GX)5h € ~ Tyin€ —4o8 — C (52)
Congider the axis tilt to be small and

substitute the value of /, obtained from equation (81)

in cquation (82), then:—

. - e /-
A + G + o = —Ge — e (#3)
As this @nalysis is en alternetive method to the
analysis of paragraph 4.1, the first forcing term of

equation (83) is discussed in this section.  The
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second forcing function gives a steady state solution

o C},}a{:%ﬂé‘ Co /cu?‘-'é)
ﬂ ,450.1 //__)102)2 #Ejg(/)zf /Ff)

The symbols of this equation are similar to those
detailed for equetion (61).

It can be seen from equation (84) that the
signal obtained from this torgue reaction creates an
output,in phase with, but independent of, the applied
rate of turn (1. With the parametersof the present
system, this unbalenced effect can be considered

negligible compared to those previously discussed.

4ebH Combined Effects of Unbalance

The combined effects of the unbalance and
rete of turn signals are summarized from equations

(61), (75), (79) end (84), to give a peak output of:
e /,—*—-ﬂ s
é? = 2 L
R - X ) )
whee N=—/cQ+ Et ——H‘f‘;i‘;”; /C‘a‘a () [
¥ '—‘[Ce—' ‘—mé"CaO/JcJ s ot — 4/ /

where X and Y ere the resultant of the in-phase and

&)

90° out of phase output signels respectivelye. With
the small values of axis tilt and external damping
coefficients encountered in the present instrument
the output proportional to (3',’5 will be less than an

cquivalent rate of turn 0f 0.2 Ir.p.m., which does not
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greatly influence the present systen. However, this
would have to be reduced considerably in a more accurate
ingtrument®. The other output in phase with a rate of
turn signal is entirely due to the drive system and a
vreplacement of this type of excitation would obviate
this difficulty.

Two of the main forms of unbalance in this
systen are,the tilt of the rotor axis and the
unbalanced mass attached to the rotor. However, as
the outputs from these effects are in-phase, any
inhereﬁt unbaleance induced during manufacture could be
minimized by deliberate unbalance introduced to the
system. In the present instrument difficulty was
experienced in aligning the rotor shafts prccisely at
right angles to the output shafts. Unbalenced masses
were therefore added to the face of the rotor to reduce
the resultant effect of this form of unbalance. Rough
palence was carried out at an angle of = 0° and
finer balance carried out with 2 approaching 90°,as
the effectiveness of adding mass at this point is
considerably reduced.

This procedure, together with experimental
results of the above unbalanced effects, are given in

Chapter 70 .
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4.6  Coupling Effects due to Unbalance

With no applied rate of turn, the balanced
torsion gyro can be considered as two single degree
of freedom systems, acting about the input and output

shafts. ith mass unbalance or a tilt of the input

axis, coupling between the two systems, can be set up.
& X2 o

& -f/o( ate small oscillaFons.

B about" Fxed axis OX

o4 aLale }dfa?‘uy gxrs 0‘5«
=, X
Jé-ﬂ‘-z:ra(é
o=afysinwl
.. 5 /ﬁ = 47“*//

G D,

Figure 13 sﬁows the accelerations of the unbalanced
mass due to the rotor and gimbal oscillations.

These sccelerations, together with the unbalanced mass,
give the torques 7mx and /m3 about the = and g -axis.

A /x[s.?'cz(z-,ua") +2 xou,éZé" 4-‘#50'(2 - :zj,c:?] (;7>

7:-? - ﬂ?[é://f"-rJZJ — ;‘L’;éz’ —x4 é] Gﬁ’g}
The total torque acting about the =z aad z-axis cen
then be found by adding these torques to the torques

for the balanced system, l.e.
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JA+my 21'-;2)]55‘ +[2‘z- 'r‘-ZM.?’é(c:/]ﬁ. + A8 = 773 —Moyéa'./z — (59
E;+M/7°fé/27&'/+ %t;\/‘r‘ 'é’,o( =ﬂ72’;2 +M?9‘2 (90)

When operating at the resonant condition, the second
forcing terms of the above equations provide a constant
output and an output at twice the operating frequency.
These terms can be neglected compared with the
magnitude of the output from the first forcing term.

By neglecting damping and considering the

unbalance to be small, equations (89) and (90) become:—

4§+é,g=m73,$;' /,9//
G+ Al = nrg & /92)

With en unbalance due to axis tilt, similar equations
to (91) and (92) cen be obtained from the analysis of

.1 Lyl L
& ,4;+éxy‘—'- —C E’ (9'_3)

O+l =—G €6 (%)

Equations (91) to (94) can then be compounded %o give:—

=

gimbel undemped natural frequency = [

g+ pe = a5 Ve,
Feppid o b & (%)
= M — C, E
where @ =
b e M.'?’é - C &

yd
)
/2= rotor undamped natural frequency =,/ %;
From equations (95) and (96) it can be seen that the
two systems are independent only when a and b are

equal to zero; that is when the system is in its
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balanced state.
By assuming a sinusoidal output, equations (95)

and (96) become:—

//&z_wl) = —aqw (97)
LR o
Equation (97) can be equated to show: F= —%

which, when substitutc,d; in equation (98) gives:-
4
T s
"‘// a.é) —w’ f + ) +;5/‘4 (99)

With no unbalance present; i.8. & = = 0, the equation

reduces to:-
/wz -‘/é, z)/uﬁ _/é‘z) =0 (/aa}

Equation (100) gives two roots,

MZf_ J!Z
o o)
These roots/b,, and /b; are the undamped
natursl fregquencies of the gimbal and rotor systemns
respectivel y.
Solve cquation (99) es a quadratic in w’

to obtains:—

G- o) g TRy

For the condition when #, does not equal /1,

//,,LM]J;" /// ,d?‘é ____pg})

provided ab is considered as a small quantl’s:y
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= b

V<74
Figure 14 shows the variation of w’with the resultant

unbalance ahb. The special case of the tuned resonant
condition where the natural frequencies of both inaner
and outer systems are equal can only be realised when
the unbalance is Zero.

If the system is operated with both the
undamped naturel frequencies equal to  (i.esf=4 = f1)
equation (102) can be simplified to:-

o e (o%)

With the frequency ratio /iﬁ%equation (104) can be

reduced to:-

= "z
/= (1 F Jab’) (res)
By substituting for values of 2 and b and expanding

by the Binomisl Theorum, eguation (105) becomes:—

VA ETR /oc)
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As the angle of tilt & is a small term, second and
higher order terms of & can be neglected. The
values of G, and A for this instrument can be

substituted to give:-

S ftS pe e (707)
Then operating at the natural frequency of

either the rotor or gimbal system, the response of

the other system is reduced unless the two natural
frequencies have the same value. This condition can
be seen, from this analysis, to occur only when there
ig no coupling and therefore no unbalance within the
gysten, As the output of the instrument is dependent
upon the response of both the rotor and gimbal systems
any form of unbalance which causes this coupling

reduces the output amplitude considerably.




~52-.
CHAPTER 5
5.0  Damping

In the analysis previous to this chapter, the
damping torque within the systen was assumed to be
proportional to the velocity of the oscillation, the
cocfficient of demping C being assumed constant.

During tests to ascertain the value of this viscous
demping coefficient,it was found that the amplitude did
not decay during the free¢ vibration tests ian the
logarithmic meanner contemplated for viscous damping.
Further damping tests were therefore carried out to
egtabligh the relctionship of the demping coefficient

to the motion of the system, both for the rotor
ogscillating inside the gimbal and the gimbal oscillating
within the external freme of the instrument.

The method uscd to determine the rate of
decay of the oscillations was that of the free torsional
oscilletions, in which the systen was oscillated at a
given emplitude and then released. The decey of the
emplitude was then measured by either a variable
capacitance or inductance type proximity gauge. The
resvlting signal,efter passing through & frequency
modulated circuit, produced a trace of the amplitude on
an oscilloscope. By means of an oscilloscope camerea
having & motor capable of passing the film at a pre—
determined speed through the camera, the amplitude of

the decaying oscillation,with respect to time, can be
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ascertained.

Figure (15) shows an example of the trace
obtained. The initial amplitude of the vibration was
varied over the stress range encountered during normal
operation of the instrument and the damping relationship
thereby evaluated. The initial amplitude of vibration
was obtained by using two methods, firstly,through
ogscillating the system with i1ts normal exciting system
and,secondly,by means of & mechenical vibrator
oscillating at the resonant frequency of the system.
The mechanicsl vibrator was applied at various points
of the freme to oscillate the gimbal system about the
output shafts and the rotor about its shalfts. The
point of application wes selected to oscillate the
systen under consideration, in torsion only. This
test was carried out for various amplitudes and it was
found that the damping corresponding to a given
amplitude was constant,regardless of whether this was
the initial amplitude or the amplitude obtained during
a decaying oscillation.

5.1  Damping lMeasurement

In the idesgl linear free vibrating system of
one degree of freedom, the differential eguation of

motion can be expressed as:-—

4D +Co+40 =5 (/oé)

The form of the solution of this equation depends upon
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the value of C, the coefficieat of viscous damping, to
the other counstants of the systen. For small damping
as encountercd within the present system, i.e¢. when

%ZQ?Kji)z , there is a decaying oscillation of

circular frequeicy f> =J/au‘ LA
where mh=t/2%7 = undemped natural frequency
&
4= 24
The solution of equation (108) is then of the form:-

= e Y4 s /;5z‘—a~)] (13

where A znd o are arbitrary constants depending

upon the initial conditions.

N

é?ﬂ-r-a'

e (7

(gh]

Figure (17) shows & as a function of time. Th
amplitude decreases by & definite percentage each
cycle and the natural logarithm of the ratio of two
successive amplitudes is called the logerithmic
decrement o

. & i o AT
in8s = 45% =, or for an interval




£ otgt : Lol &
of 'a' cycles 4 c:A%@ 5£;a ‘o)
For small damping <=2, The non~-dimensional

damping coefficient d can then be expressed asi~

/= —Z};‘-a’_ /%E 57,, ﬁh‘)

Enra
The photographic traces over a wide range of initial

amplitudes of the decaying oscillation were enlarged
and the values of the decrement evaluated for small
periods of time. The relationship of amplitude to
damping was therefore obtained over the operating
range of the instrument. A large number of points
wers tabulated and for the outer system,the dotted
lines of Figure (18),show the limit of scatter of the
experimentally obtained damping coefficients. A
gtraight line could be drawn through the mean values
of these results,giving en eguation relating the non-
dimensional damping coefficient to smplitudes:-—

A= 3756+ 375 x16™% —— (12)
This relotionship is in close agreement with similar
tests carried out by numerous authors. Sumner and
Entwistle Refercnce 7)have graphs similar %o
figure (18) drawn for = mild steel specimen.
Mecsurenent of damping was,in their casej;obtained by
measuring the energy supplied to the system %o
maintain it in oscillation. The ratio of this
energy to the total energy of the system per cycle

is & measure of ths demping capacity. At the
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resonant condition the energy input per cycle to an
oscillating system is 7cw.<£* and the total encrgy
equal to the maximum strein energy is £ £g*. The
fractional energy loss can then be evaluated in terms
of the logerithmic decrement used in the present

damping tests, €.8.

A& Tewas 2T
En Tt e A —ard =28  ——(i3)

Figure (18) and the results of Refereuce (7)

for mild steel can be compared by the above relation-
ship and for the renge of stress encountered, the
values are comparable. The slope of the latter is
greater but this is to be expected, as the mild steel
used in Sumner & Entwistle's tests was in the annealed
condition, whereas, the present test instrument could
be expeccted to have considerable internal stress due
to machining operations.

Reference (7) also shows the effect of
magnetizing the specimen and it can be seen that this
reduces the damping capacity considerably. This
reduction in damping can be visuslized from the
consideration of domain theory. In the demagnetized
state, the ferromegnetic material has the preferred
dircetion of its domains lying with & random
distribution,making the resultant magnetization zero.

During oscillation the movement of the domains due 0
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this random distribution,crcates internal damping.
In the magnetized, or 'domain alignment' state, the
domains are held in alignment along the magne tic
axis and thereby create less damping due to the
reduction of internal friction.

Tests were carried out to establish the
effect of magnetization on the present ingtrument.
"ne procedure adopted was to pass a mnagnetic flux
through the outer shalfts by an el ectro-magnet, coupled
%o the supports of the instrument. The flux thereby
passed through the outer shafts and gimbal, excitation
by the systems clectro-magnetic drive was not then
effectives, A mechanical vibration generator was
applied to the frame, resonating ab the resonant
frequency of the outer system and the amplitude
adjusted to lie within the normal operating range of
the instrument. As in the previous tests, the
damping coefficient was svaluated from the free vibration
decay curves. The velues of the damping coefficients
obtained from this induced magnetism, as shown on
figure (16),were considerably less then those obtained
previously, &lthough not as much a reduction as
obteined by Sumner and Entwistle, primerily because of
the differenée in magnitude of the induced magnetization
used in the two tests. The outstending feature is that

the demping,as well as being reduced, becomes much less
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dependeat on amplitude with a magnetized specimen.

The preceding damping analysis is concerned
with the outer gimbal system only. Similar tests were
carried out on the inner system before 1t wes installed
inside the gimbal acnd the non-dimensional damping factor
was found to be within the region 0°000L. When the
inner system was assembled inside the completc instrument
it was found that the damping increased and its
variation with amplitude wag found to be different from
that obtained with the outer system. In the inner
system the damping, &s cen be seen from figure (9),
decreascd with increaging amplitude. This effect was
due to clectro-magnetic damping within the exciting
system and was ¢vident,bccause of the remnent magnetic
flux, when therc was no direct current flowing through

the circuit.

5.2 Effect of Varietion of Damping on Qutput

From the previous desmping tests, it can be
seen that the damping of both the outer and inner
oscillating systems vary with the amplitudc. With
the inner rotor system maintained at a constant
amplitude, only the variation of damping in the outer
system need be considered as having an effect on the
output of the system. Thig deamping coefficient can

be assumed to be proportional to the output from the
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systen . The equation of motion will therefore be
amended by the replacement of the constant demping
coefficient by the relationship =«~&£+5H where a
and b have the numerical values of 3.75 and 3.75 x 10—4

for the present experimental set upe.

ie@e B+ (2w, (ag+5)[E+ wi'E = [cwwl (i)
wherc w,= [/ %; = undamped natural frequency

4 = inertia of gimbal and rotor system
about output axis

,é,= stiffness of gimbal and rotor system
about output axis

7 = torque due to rate of turn and unbal ance
w = forcing fregueincye.

This differentisl equation is, with the
exception of the demping term, similar %o equation (24)
i.e. Pie, /aé’a—rﬁ) replaces 2w, d
Since the damping term remains constant for a given
emplitude, equation (114) can be solved as the linear

forced vibration equation to give the steady state solution:-

v 7 cve (ot 7}/ ;
X (- + [2F/ G8+3)]" Z

where - /;,”“’[Z/o/(f‘;?'ff) ]

or : 7 -
C A - P) <L2P[ HsrB)]" el

To obtain an explicit solution for &, both sides of

equation (120) must be squared and rearranged 1o givei~

(Ja) 0.4 + Babes « f26) (S Ve~ ig)*

(21
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By substituting .;zfz g, xw?end the velues of a and b
found from the damping tests (l.e. a = 3475,

b= 3.75 x 10 ¥ ), cquation (121) can be simplified
for the balanced system to:i—

s 2g [+ ?55*/)]929 ~ofs 2= 0

In the unbalanced system, the in-phase

/2z)

unbalanced effects can be neglected as they merely
shift the intersection of the output and rate of
turn axes. The term/Q° -f'(Wé)‘] can then be
substituted for _Q° in equation (122) to give, as an
equivalent axis tilt, the equation for an unbalanced
system. From Chapter 4.6 (equation 107 )+ it can
be secen that with unbalance present in the system,
the frequency ratio f can be related to the unbalance
in the gystenm, |

Tise e fopizbE e
By substituting ia equation (122), an equation
relating output to unbalance and rate of turn can

be obtained, i.€ei-

4B + oot 5B /ciiz. = szé
—mﬁZh?+&meﬂ—f%)f] —/i23)

For amall velues of unbalance, l.e. €<</ this
equation can, for the parameters of the present

experimental instrument, be reduced to:-

St 2 ?é +[/ -+ 0'5/5’”0)]¢
‘%4 xo?) 2.5/ xw J +/ Y ] /24)
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Thigs ig a fourth order cquation of the form:-
1+ as H°+ B T

The first derivative of this eqguation shows
that a change of slope occurs at the value ¢5= (5
The sccond derivative shows that this is a minimum
value provided &; , #, &@nd @, are positive. As

% approaches +o0 the equation becomss positive,
illustrating that there must be at least one positive
root to the equation. Descertes Rule establishes that
there is only one such positive real root to equation
(124).

Figure (20) shows the effect of the damping
vaeriation on output, the bending over of the response
with increasing & becomes morc pronounced as the
rotor amplitude increases. A point is reached when
any increase in the input to the system merely
compensates for the increase in damping and there is

consequently no increase in output.
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CHAPTER 6

6.0 Frequency Selection and Sensitivity
of the Instrument

6.1 Frequency Selection

It can be seen from Chapter 4.5 that the
output from the system, due to the principal forms
of unbalance, is proportional to the inertia forces
and is therefore a function of the acceleration of
the system. The output, due to an applied input
signal, 1is proportional to the Coriolis forces and
depends upon the velocity of the system. The

combined output from these two sources can be expressed

é, =DM ///Gﬂa'()z-f—/(j‘go?)z ') [(i25)
where IM is the dynamic magnifier of the system and
depends upon the frequency ratio and damping coefficient
of the system, (¢ is the inertia of the rotor about
the rotor axis. «and &« represent the velocity and
acceleration respectively, of the rotor about its axis.
O 1is the applied rate of turn applied about the input
axis and € represents the resultant unbalance expressed
in terms of axis tilt.
With o=of smwt eguation (125) can be

rearranged to give:-

G =EM: €. ) ‘(DK/QZ + (we)? 7) {lec)
This equation shows that the combined output is

A
proportional to/Q* rlve) /% aend the proportion of this
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attributed to the input signal reduces as the operating
frequency w 1is increasede. To minimize the effects of
unbalance,it is therefore desirable to use a low
operating frequency.

For a system containing no unbalance and
using displacement type pick-ups,it can be shown that
to obtain a gain in outvut, an increase in frequency is
not justified. To determine the output available from
various design paremeters a 3" diameter by 1" thick
rotor with rotor shafts 2" dizmeter and 2" long was
used as the basis of comparison. This gives a
torsional natural frequency of approximately 500 cps
and en output proportional to (asw) . The ratio of
the output obtained with this design to that obtained
with any of the parameters permissable from figure (22)
is plotted in figure (21). This diagram shows that,
for an instrument of reasonable dimensions, an increase
in frequency by a factor of 10,mnerely gives a gain of 5
in output emplitude. The diasmeter and length have- to
be increased considerably to attein this higher
frequeacy, giving & much more cumbersome ingtrument.

Measurement of the output by accelerometer
rather then by displacement gauges does not give a
greater output within the range O - 600 cps. At

higher frequencies an increase in response is obtained
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by accelerometers but this is offset by the disadvantage
that an accelerometer requires & mass built into, or in
close contact with,the instrument. The proximity type
displacement gauge,used in the experimental work, does
not have this disadvantage.

As ecan be seen in Chapter 3,3, the inoperative
time of the instrument, which occurs due to the transient
condition when the input rate of turn is changed, is
inversely proportional to the operating frequencye.

The reguirement to operate at a low frequency does not
therefore reduce this inoperative time and provision to

reduce this by an alternative method will be required.

6.2 Senzitivity of the Instrument

‘ In a completely balanced system the output,
due to a constant input signal Q is, from Chapter 3.1,
equael toi-

£= —c.éf"f.‘_Q_ Con [t — &/ J/Z'G)
Aw{[f_ ’91)1 +/2 C?/ﬁ)z e
Assume that for this balanced system, the frequency
ratio ¢)is equel to unity. The amplitude of the output

is then:—

— 4 A
£= 2/1.40,,0’ ﬁz;’)
S e (2¢)
Cx

The sensitivity of the balanced instrument
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will depend upon the variables of eguation (128). To
enable small rate of turn signels to be detected, the
rotor amplitude af, and the inertia of the rotor & ,
nust be as large as possible. The damping must be
low and instrumentation capable of detecting small
output oscillations will be required. In the present
experimental instrument, & value of 0.02 1lb.in.sec. has
been achieved for the damping coefficient. It has
also been shown that this value can be rcduced by
passing a magnetic flux through the instrument.
Reference (7) shows that this magnetism can reduce the
damping coefficient to approximztcly 0.0005 lb.in.sec.
with little variation over tic stress range. With a
rotor inertia similer to that used in the present
experimental instrument (i.c. 60 x 1074 1v.in.sce )
a completely baleaaced, idealized instrument could,
theoreticelly, be capable of recording ratcs of tum
as small as carths rate. This would require a

rotor amplitudc of the order of +00l Radian and
instrumentation capable of umeasuring oscillations

as small as 10 € ins. he present instrument gives
an outyut of approximatcly 600 uV per 10~ inch
deflection, therefore, with small modifications, 1%
should be capable of detecting oscillations as small
as the earths rate.

To record small rates of turn, the unbalance
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in the system would either have to be eliminated ==
amegleeted by instrumentation. Chepter 4.5 shows that
by neglecting in-phase unbalance signals, the output

signel can be considered proportional tol%:jzjzﬁ.gaw%g“
where ( w e represents the resultant unbalance
expressed as an axis tilt. To record inputs as
small as earths rate, the proportion of the signal

due to unbalance must be less than this input.

1.8 5 S Z
op ey = ol e i)

Equation (129) shows that to record earths rate with
the forecing frequency of 500 cps used in the present
instrument, the unbalance must be reduced to less
then 2.4 x 10 2 Redians. By reducing the frequency,
this tolerance could be increased.

As discussed in Chapter 4.0, a phase
sensitive voltmeter could, due to differences in
phase, differentiate between rate of turn and the
principal unbalance effects. Perhaps by this
method and by adding a small unbalanced mass, in
close proximity to the top of the rotor, and
displaced by a small distence from the 0Y axis
(i.e. S—90° and b—0),low input rate of turn
signals cen be recorded.

A further limitetion would, however, be the

stability of the oscillator, as this would have to be
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controlled in frequency to within approximately 5 parts
per million for a damping coefficient of 0002 lb.in.sece.
This stability would be required to ensure that the

drop in output, due to the drift® from resonence, did

not exceed 10%.

Thelpresent experimental instrument is
capable of measuring only high rates of turn of the
order of 1.0 rpm. This is principally due to the
magnitude of unbalance end type of excitation used.
Also the sensitivity was greatly reduced by the
uncertainty of the tuning of the instrument, which
occurred when o mass was added,or when an attached
mass shifted,due to the oscillation of the rotor.

Greater sensitivity could also be obtained
through reducing the damping by magnetization of the
output shafts. This was observed, but due to the
difficulty in mounting the electro—-magnet across the
output shafts, this procedure wes not used in

subsequent testse.
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CHAPTER

7.0 Instrument Design

Figure (1) shows the configuration of the
ingtrument. The rotor, which is fixed to the outer
gimbal, is set in torsional oscillation about the
rotor shafts. With a rate of turn applied about
the input exis, Coriolis forces are set up, which
oscillate the gimbal about the output shafts.

These output shafts are held by end supports which

are bolted to the baseplate of the instrument.

T.l Inner System

From the
differential equation of Ix! INPUT
motion of the system, it
cen be seen that the out-
put from the system is
proportional to the torque
induced by the Coriolis
acceleration. This
torque is numerically
equal to the product of
the angular momentum
about the rotor axis and
the rate of turn epplied

about the input axis.




T O
i.,e. Torque about the output shafts, /[ ':CA'/-Q—A.?«‘?)

Il

where C, Inertia of the rotor about the a3 —-axis

« = Velocity of the rotor about the o3 -exis
1 = Rate of turn applied about the input axis
with o=absuwt equation (130) becomes:—

le= "Corlico 8] Chont //3’/)
It can be seen that for maximum output and sensitivity

from the instrument, this torque must be a maximum,
the limiting case being the stress in the input shafts,

This stress can be evaluated from the characteristic

egquation:—
PRI < A ek i
R T - (732)
where 7 = Torque applied to shafts 1b/ins.
J = Polar moment of inertia of shaft in.?
2
G = Modulus of Rigidity 1b/in.
4 = Angular displacement of rotor Rad.
Z = Length of Shafts ins.
% = Shear stress at diameter d 1b/in.
d = Diameter at which stress is considered ins.
=l 8 o C-?ﬁc/
giving 7= -2 /33)

The torsional natural frequency of the inner system can

be found from:-
é’u"”z = ’e/(‘,

where «,1is the torsional natural frequency

X is the stiffness of the rotor shafts = %
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Substitute for the stiffness coefficient in this

frequency equation to obtain:-

d)nz= Zé‘rg- : A'34}
"-? /

where 1%7 is the equivalent shaft length, equal to

4/, for two shafts connected to either side of the

rotor and . is the length of the individual shafts.

= 0197 ~5 //35)
The natural frequency considered is the undamped
natursl frequency which, for the small damping
factors encountered in this instrument, can be
considered to be numerically equal to the damped
naturel fregquency of the system.

To obtain suitable practical valuecs, 2
rotor of convenient dimensions cen be used as the
stoerting pointe. In the present analysis it was
decided to commence with a rotor of 3" diameter by 1"
thick, giving for mild steel, an inertia of

58.1 x 107

1b.in.secs about the o3-axis.

From this starting point, using equations (133)

and (135) graphs of the relationship between the
emplitude for a given stress and natural frequency
were plotted in figure (22) for the common parameters
d and L. The deflzction § is measured at a radius
ot %5

A further limitation must be imposed to
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ensure that a bending natursel frequency ¢ds does not
appear within the range chosen from figure (22) for

the torsional natural frequency,

1.8s Wh =X w. /13z)

where X is a factor introduced to ensure the
elimination of 4, the bending naturel frequency from
the operating torsional range. The bending natural
frequency is, as a first approximation, evaluated
considering the end supports to be simply supported.
This would be the case with abutments as smell as the
gimbaels in a practical instrument.

“ wi= iy /27)
Assume that the rotor itself does not deflect and

that all the static deflection 4 takes place in the
rotor shafts,
i.e. static deflection of the rotor /3
=A=L’_!{___ ="M'/'_€.357>
relative to the gimbal eEL K
where |/ is the weight of the rotor, and L, E, I and K
are the length, Youngs Modulus, Moment of Inertia in

bending and Stiffness,respectively,for the rotor shafts.

oy e e
g a)s WL?}? 6139)
4

wi
Substitute for equatlons (135) and (140) into

equation (136) to give:-

7 4 0/97557’4

o — i/ 2pae) — i
By using a shaft material whlch has Poisson's Ratio
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equel to 0.25, Youngs Modulus E can be assumed to be
equal to 2.5 times the Modulus of Rigidity G,
FoBa E = 2.5 G .

On rearrangement, equation (141) becomes:-—

c -
e (722)
2
For a solid rotor = _WD~
! 5;,
where O = diameter of rotor
hence —ZZ—)-— =/46X /,43)

This equation can be used as an approximate check on
the separation of the two natural frequencies. In
the optimum case, with the shafts considered simply
supported, the torsional frequency would be designed
to be lower than the bending natural frequency, i.e.
x> This would ensure that any building in
effect imposed by the end supports, which increases
the bending natural frequency, would carry this
frequency further away from the range of the operating
torsional frequency. With a 3" diameter rotor and

X< /2 (i.e. 20% separation between «w, and wsz ),
equation(143) determines that shaft lengths in excess
of 1.,7" should be neglected.

After deciding upon a rotor inertis,

graphs similar to figure (22) can be plotted from
equations (133) and (135). These graphs, together
with the requirements of equation (132) determine

the frequency and amplitude available for any given
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stress, enabling a first approximation to be made for a

suitable design.

7.2 Quter System

. The design of the outer system depends upon
the overall dimensions previously chosen for the inner
systen . After a design for this has been established,
a gimbal of a suitable size can be arranged to
accommodate this inner system. The inertia of the
gimbal and its torsional natural frequency are there-
fore fixed by the choice of the parameters of the
outer system, leaving only the dimensions of the output
shafts to be determined.

By substituting the inertia of the gimbal
system about the output axis in place of the rotor
axis in equations (133), (135) and (142), suitable
dimengi ons for the output shafts can be obtained.
Equation (142) considers that the mass is a rigid
structure and that all the deflection takes place in
the shafts. This may not be the case in the outer
system as the daflection of the gimbal itself would
nave to be included. However, since equation (142)
ig considered cily as a first approximation, this
gimbal deflection can be neglected in the preliminary
stages. |

The tuning of the resonant frequency of

the outer system to that of the inner system can be
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achieved by mounting small tuning screws on the face
of the gimbal figure (22). By extending these

tuning screws the inertia of the gimbal system 1s
increased,with & consequent lowering of the torsional
frequency,while the bending frequency remains
unchanged.

In the event of a bending natural frequency
of the system coinciding with the torsional frequency,
the shaft lengths can be extended slightly to give
the necessary frequency separation, as the torsional
and bending natursl frequencies are inversely
proportional to the shaft length and shaft length
cubed respectively.

7«3 Experimental Instrument

The instrument used throughout the
experimental work was constructed from material
resdily available and sizes convenient for machining
purposes. The inner system,as shown in figure (23)
consists of & 3" diameter by 1% thick mild steel
rotor swith shafts 2" dismeter and §" longsintegral
with & section of the gimbal. The effective inertia
of the rotor cbout the rotor axis was therefore
58.1 x 10 1b.in.sec’ , with torsional and bending
natural frequencies of 470 and 1400 cps respectively.
These peraneters give from (figure 22),a deflection

at the rotor periphery of i 0.008 in. with a shaft
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stress of 15,000 1b/in’e

An outer system having sufficiently rigid
gimbals and yet maintaining a reasanably light
structure was constructed,;as shown in figure(24l
This gave an inertia of the gimbal and rotor about
the output axis of 2.2 x 1072 lb.in.seecs . With
a gimbal thickness of 1 in.,; it was decided to have
the output shafts 2% in.long by 0.68 in. diameter
thereby giving the torsional natural frequency of
470 cpse. The outer or gimbal system was machined
from a solid piece of mild steel and then mounted,by
brass distance pieces and brass bolts, to the base-
plate of the instrument. The distance pieces and
bolts were required to be constructed of brass due
to the type of exciting system used. The outer
gimbal was recessed to receive the rotor systen,
final fixing being achieved by four z" diameter
machine screws and nuts. The fundamental bending
natural frequency of the outer system, with the
complete instrument bolted to a test bed, was found
experimentally to be 350 cps., vhich is approximatel y
the same as the value calculated with the end supports
pinned. Then the instrument was later mounted on
rubber,;to eliminate vibration transmitted by the
rough running of the rate of turn table, the
fundamental bending frequency rose to 440 cps. This
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waes considered to be undesirably ncar the operating
torsional fregquency. Since the calculated value of
the bending frequency, when considering the end
supports to be built-in, was 750 cps, it was

decided to modify the bolting down arrangement to
bring this bending frequency close to thé Dbuilt-in
condition. A heavier baseplate was installed in
an attempt to achieve this condition. This,
together with various additional clamping arrengements
of the end supports, mercly lifted the bending
frequency to 480 cps., which was even closer to the
torsional frequency than before. As discussed
previously, it was then decided to alter the bending
fregucney by increasing the length of the shaft.

ne shafts were incressed to 3 in. and to retain the
former torsional frequency, a small amount was
machincd from the oubter side of the gimbal. The
nett effect was to obtain torsional and bending
frequencies of 470 and 386 cps respectively. The
final tuning of the torsionel frequency to that of

the inner system was provided by the tuning screws.

T4 Exciting System

The type of excitation used in the present
instrument is of the electro-magnetic Type. A
megnctic flux was induced to flow between two pole

nieces attached to the gimbals at a point adjacent to
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the rotor. The gap between the rotor and pole pieces
was 0.006 in, Conductors were inserted at the
periphery of the rotor to cut the lines of magnetic
flux so that when an A.C. currentwas applied to the
conduc tors, torsional oscillation of the frotor'was
achieved. Three of these conductorsy cohstructed of
14 swg., were inserted in the rotor periphery
adjacent to each pole piece. The conduc tors were
connected in series by means of printed circuits
attached to the face of the rotor (Figure 23,
External leads were then led out of the instrument,
through an impedance matching transformer; to the
oscillators.

It was initielly anticipated that the
necegsary flux could be achieved by the remnant
flux obtained after magnetization of the gimbals by
means of coils This did not produce the desired
effect and was probably due to the large leakage
and eddy current effects as the rotor and gimbals
were of solid, rather than laminated, construction.
The coils, of 24 swg, were then rewound and an
eguivalent mass machined from the gimbals to
compensate for the inertia of these coils. A
direct current was then applied to she external
leads from these coils to obtain a suitable

magnetic flux. The coils produced a major
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disadvantaege in that the power dissipated in the form
of heat, raised the temperature of the complete
instrument considerably so that the damping and other
charaecteristics of the system were changed. This
resulted in reducing the output, for a given input
signal to 20% of the original signal within a period
of thirty minutes.(%igure @5). To overcome this
effect, it was decided to limit the direct current
and therefore the rotor amplitude to values which do
not reise the temperature of the gimbal above a
steady state temperature,

It is felt that this type of excitation
could be improved upon to give greater output and
good stabilization. An improvement to the existing
arrangenent would be to wind the coils external %o
the gimbal, thereby passing the flux in at one
support of the instrument and out at the other
support. This would also improve the damping
cheracteristics as discussed ia Chépter 5. The
gimbal would have %o be modified with brass insgris.
to prevent flux passing along the gimbal instead

of across the rotor gap.
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CHAPTER 8

8.0 Apparatus and Instrunentation

As discussed in Chapter T, the excitation of
the rotor depends upon a direct current being supplied
to the magnetic circuit and an alternating current
being supplied to the conductors. The individual
components used to produce these two supplies together
with the instrumentation as shown in figure 26 are
summarized in the following paragraphs.

Gl Direct Current Supply

MAGNETIZING
sl AV, BATTERY BarrEcy

CHIRGER

A& 2]

Figure 27 shows a diagrammatic arrangement of the
d.c. supply to the magnetizing coils which are wound
in series around the gimbal. The power issupplied
by two, twelve volt lead-acid batteries.

To ensure sn even supply of current to the
coils, & battery charger was coupled to the battery
to maintain it at a constant level of charge.
Resistances were installed enabling- the load To
the coils, and the charge to the battery to be

varied.
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8.2 Alternating Current Supply

ABEDFNCE
DECHADE e |
.
AL TCHNG
Osci e AMPLIEED
o &
T SFORM® SNENCro s

FI& 25

Pigure 28 shows a block diagram of the
components used to give the alternating, excitation
current to the rotor conductors.

Initially, the signal was generated by &
Goodmans type D5 power oscillator, but this had to
be replaced by an instrument heving better selectiviity
and stability. A Muirhesd Decade Oscillator coupled
to a power amplifier was then used. This oscillator
nas a frequency accuracy of + 0.2% or 0.5 cps which—
ever is the greater, and an hourly stability of +0.02%.

The output from the power anplifier was then
passed through an impedance matching transformer to
give the required oscillation at the rotor conductors.
These conductors were connected in geries by means of
a printed circuit attached to the face of the rotore.

Heavy gauge interconnecting wiring had to
be installed as it was found that with light gauge

wiring a considerable reduction in outputv was obtained
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over short intervals of timeo This was atbtributed
to the fact thet the change in resistance of the
wiring,due to the heating effect of the load,was

greater than the resistance of the conductors.

8.3 Instrumentation

As the amplitudesof the rotor and output
oscillations were of a small magnitude, it was
essential to have good instrumentatioin. Barium
Titenate strain gauges were tried but it was found
that their response was inadequate at the operating
torsional freguency of this instrument.

Proximity type gauges coupled to a
frequency modulated system were then used. These
gauges operate with & 2 megacycle carrier frequency
and a meximum modulation of 2%. The sensing unit
can be either of the inductance type for moderately
large movements, OY capacitance type where high
sensitivity has to be achieved to measure very small
oscillations.

An advantage of this system is that it
can be statically calibrated and it gives &
sinusoidal output which can be displayed on an
oscilloscopes

An inductence type pick-up was used to
measure the rotor amplitude and a capacltance

gensing unit was made with an effective area of
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one square inch and situated parallel to the oscillating
gimbal to give an output of 600 mV per thou. displacement
(figure 29). The output from these pick-ups, after
passing through the frequency modulated system, was
either displayed on a cathode ray oscilloscope or

valve voltmeter.
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CHAPTER 9

C

9.0 Experimental Work

The instrunent was assembled and tests
carried out at various rotor amplitudes, The
variation in emplitude being achieved by al tering
either the D.C. or A.,C. signal to the instrument.
Most of the experimental work was carried out with
& rotor emplitude, measured at the rotor periphery,
of 5.6 x 10 % ins. It was found that at this
amplitude, & ressonable smount of stability could
be obtained. At higher amplitudes the system
became unreliable due to the heating effect of the
increcsed load.

Graphs of output against applied rate of
turn are drawn for each of the varying parameters,
axis tilt, mass unbalance, and tilt of the rotor
conductors. The theoretical results are drawn
lightly end the experimental results superimposed
in heavy lines.

The values of output and axis tilt are
neasured =t a radiel distance of 1 in.

9,1 Verisation in ixis Tilt

Figure (30) shows, graphically, the
theoretical and experimentsl results obtained from
the assembled instrument. Initislly, it was found

thet an output signal approximating to a calculated
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axis tilt of 0.003 inches weas obtalned. The
ingtrument was therefore mounted between the
centres of a turning lathe and the eccentricity
meogsured and found to be 0.003 inches, thereby
substantiating the theoretical curve.

After careful alignaent to within an
oxis tilt of 0.001 inches, the instrument was
tegted, with verying rates of turn, to give the
curve shown on figure(30h  This approximatéd to
the theoretical values obteained for an axis tilt
of 0.,00L%, During subsequent testing it was
found thet the bolting arrsngement between the
immer and outer system yielded to give an axis

$ilt of spproximately 0.002 inches.

PO

Veriction in lMass Unbelance

Fizures (31 - 33)show, for various input
caplitudes, the signal obtained with an axis tilt
of 0.003" and subsequent reduction in this unbalanced

effect by adding balancing masses to the periphery of

As discussed in Chapter 4.5, & rough
belance wes carried out with balancing masses added
&t small angles o?/a end & large value of the axial
displocement 'b’'. To obtein more precise balance,

nagoes viere then added with/a approaching 90¢ and
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the axial displacement reduced slightly.

One of the greatest difficulties in this
balanecing out procedure was in waintaining the
system at its resonant condition. When counter
balancing masses were added, the natursl frequency

£ +the inner system changed slightly. This
reduced the rotor amplitude considerably due to
the low demping factors encountered. Tuning of
the inner systen had then to be carried out after
each mass had been added or after its radial
distance had been changed,

The outer system had, at each of these
belencing procedures, to be retuned by measans of
the tuning screw to maintain the system as iear &as
vosoible to its tuned resonant condition.

With large values of axis tilt, e.g8.
0.003 ins. the compensating mass required to
reduce the unbalanced signal was in the region of
6 gus. This added mass gave an approximate &lter-
ation of 1% and 0.1% to the naturel freguencies of
the inner and ouber systems respectively. The
bdlancing masses can therefore be of considerable
volume and after fairly short intervals of time
they can shift from their positions due to the
rotor oscillation, This upsets the balance and

tuning of the inner and outer systems with a
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consequent reduction in outputb. However, sufficient
results were obtained and figures (31) and (34) show
he resulting output when the ingtrument was

balsnced out from en initial axis tilt of 0.001 ins.
The majority of the experimental work was carried

out within the range +10 Rads/sec. as the veriation
in output due to damping was pronounced over this

rangee.

Figure 34 shows that the instrument is
capable of recording smaller rates of turn with
carefully controlled manufacture and instrumentation.
The instrument showed greater sensitivity than
illustrated in figure (34), but the stablility could
not be maintained for sufficient periods of time

to carry out extensive experimental work.

9.3 Unbelance in the Drive Systen

Lie discussed in Chapter 4.3, the conductors
inserted in the rotor can, if they are not inserted
parallel to the rotor axis, create an unbalanced
torque about the output axis. The magnitude of the
forque cza be veried by altering 'as' (figure 11) the
distance through wirich the clectro-magnetic drive
force acts sbout the output exis. This was
achieved for the purpose of the experimental work

by loozening the bolts which fix the inner rotor
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systen to the gimbel end then moviag the position of
the rotor relative to the gimbal along the o;a axise.
Figure (35) shows the results obtained experimentally
for this veariction. The rotor was displaced
upwards and downwards by approximetely 0.010 ins.,
with corresponding changes in the in-phase component
of unbalence. The chenge in the position of
minimun output as well as the intersection of the
rate of turn/output relectionship gives an indication
of the alterotion in this unbalenced component &nd

substontictes the analysis of Chapter 4.3.

e

Unfortunstely in +the present system, the rotor could
not be deflected for enough to elimincte this error

gignel.

el Verietion in Dampinz & Robtor JAmplitude

The output from a balanced system operating
at the resonant condition can, from eguation (27), be

expressed asi—

R .

Cx
For cny given applied rate of turn,the

ratio of the output to rotor smplitude should be
constont,if the dmping coefficient is constant.
llowever, as caa be seen from Chapter 5, the demping
of +he outer system is proportional to the output

amplitude. As the emplitude is increased, the
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output/rotor amplitude patio will therefore decrease.
Figure (3€)shows the effect of increasing the
auplitude of the rotor oscillation. he dotted
graph is for a rotor amplitude of 2 x 10_3 ing. s

snd as considerable hezting of the gimbal took place,
due to the load on the magnetic coils, some of this
reduction in output/rotor amplitude ratio must be
attributed to this cause. This could explain the
reduction in output when the input was increased
beyond O Rad/sec. With the present instrument

this variation in damping and the heating effect
makes it impracticeble to operate at high rotor

amplitudes.,
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CHAPTER 10

10,0 Conclusions

10.1 Observotiong on the Comparison of Results

It can ve seen from Chepter 9, that there is
a consideruble measure of correlation between
experimentel and theoretical resuits. lost of tne
experimental work was cerried out with an exceedingly
low rotor cmplitude of 5.6 x 104 ing. as it was
found that stability could best be obtained at this
valiuie, When the rotor amplitudes were increaseaq,
the instrument became unreliable because of the
inereosed variation in damping and the heabting effect
of the magnetizing coils. These factors made it
impossible to utilize the high angular momentum
anticipated in the design stages. However, it is felt
that both of these factors can be corrected in future
instruments.

Figure 34 shows that this prototype
ingtrument is capable of recording reasonably sméll
rates of turn, provided the system can be made stable.
Some of the instability occurred as a result of the
dislodgeunent of the counter balancing masses due to
the ogecillation of the rotor. This could be
rectified by attaching small balancing screws to the
foce of the rotor, which would remain fixed in
position, after the balancing procedure had been

cerried oute. This viould also reduce the other main

Q
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cause of ingtability which occurs due to the require-
ment that the instrument hes ot present to be retuned
after each subsequent balancing procedure, Adjugt-
ment of balancing screws in the direction of the
rotor sxis would not alter the natural frequency of
tiie rotor system and tuning would then be unnecessary.

In the present inzomumentthe ouvput Irom
the outer system was approximately 600 mV per thou
digplecemnent of the gimbal. It should therefore be
possible to record chenges in input of 0.03 rpm., by
using & velve voltmeter having a sensitivity down to

1 mV. A change in output of 0.1 rpm was frequently

detected over short periods of time with the present

=

nstrument, but wfortunately, the stability could
not be maintained over sufficient periods of time to
enable results to be repeated and recorded over a
range of applied inputs.

It was originelly intended to obtain
increased stability by operating the instrument at
& frecquency other than the resonant frequency.
However, this was not practicable with the small
outputs obtained from tuis instrument due to the
low rotor anguler momentum. In the case of the
tuning fork,the theoretical results for the effect
obtained by tilting the tuning fork in the

gravitational field agree very closely with the
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experimental results obtained by other authors.

This suggests that the explanation for this cyclic
variation is,as discussed in Chapter 2.1, due to the
axisl forces incurred by the effect of the mass of
the tines. These forces are tensile or compressive
depending upon the position of the tuning fork in the
gravitationsl field,and cause a variation in the
potential energy, hencc the natural frequency of the
tine as it is orientatcd in the gravitational field.

10+2 Futurc Desien Considerations

Chapter 3.1 shows that the rate of turn
signal is proportional to the velocity of the rotor,
while the main unbalancc effects, which are 90° out
of phesc with the ratc of turn sigral, are proportional
to the acceleration of the rotore. This guggests
thet the operating freguency of the instrument should
be as low as possible. However, a decreasc in
frequency has the c¢ffect of increasing the time in
which the instrumncat has to be considered inoperative
due to the transiont response when the input is
chonged by a step function (Chapter S The only
other way of reducing this transient response is to
incrcasc the damping, which is impracticable as it
roduces the overall response of the instrument. A
convenient means of reducing this transient response

aust be sought before this instrument can be usefully
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enployede.

Apart from unbalance, perhaps the main
gsource of uncertainty in this type of instrument
is the control or damping. In the present
instrument, the damping coefficient was of the
order of 0.02 lb.in.sec. and varied proportionally
with amplitudc. This compared reasonably well
with similer tests carried out by Sumner & Entwistle
(Refercnce 7)s It was also shown by those authors,
and confirmed to some extent by experimentation on
the prosent instruncnt, that this damping
coefficient could be reduced to 0.0005 lb.in.sec.
With little variation in the damping over the strcss
range,this cen be achieved by passing & magnetic
flux through the rotor shafts and as the damping
becomes almost independent of amplitude, a more
linear response is obtained from the system. I%
is therefore suggested that future instruments
should have this magnetizing flux flowing through
the output shafts, This flux should be independent
of the drive system as it has been shown that the
increased damping in the inner system of the present
ingtrument cen be attributcd to electro-magnetic
damping. To obtain a greater response from the

system this should be avoided.
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The present drive system is unsatisfactory
and an alternative to this is required. Crystals
can be produced with a stability greater than 1 part
in lOswhich suggests that a crystal installed in the
rotor or rotor shafts could provide a suitable

exciting system for this type of instrument.

10,3 Conclusions

The present prototype instrument behaved
basically in the manner predicted. -~ It was limited
in these tests to the recording of high rates of
turn,principally because of the instability of the
instrument at high rotor amplitudes. This was
due to the magnitude of the unbalance and the
inadequecy of the excitation system. Itis
shown that these factors can be reduced to enable
sufficiently low rates of turn %o be .detected
and thereby justify future work on this type of
instrumen t.

The analysis lays down approximate
design graphs and suggests a suitable form, of
instrunentation. It is anticipated that this.
type of instrument will have practical applications
in the future as there are advantages-over the
tuning fork which is considered to be a possible
replacement of the more convenfiongl type of

gyroscope.
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It is hoped that the present analysis will assist in
predicting some of the characteristics and " in the
choice of suitable values for the main parame ters.

of this type of vibratory rate gyro.
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