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Abstract

We present here two calculations based on the phase-space of interactions treat-

ment of neural network models.

As a way of introduction we begin by discussing the type of neural network models
we wish to study, and the analytical techniques available to us from the branch of
disordered systems in statistical mechanics. We then detail a neural network which
models a content addressable memory, and sketch the mathematical methods we
shall use. The model is a mathematical realisation of a neural network with
its synaptic efficacies optimised in its phase space of interactions through some

training function.

The first model looks at how the basin of attraction of such a content addressable
memory can be enlarged by the use of noisy external fields. These fields are used
separately during the training and retrieval phases, and their influences compared. -
Expressed in terms of the number of memory patterns which the network’s dy-
namics can retrieve with a microscopic initial overlap, we shall show that content

addressability can be substantially improved.

The second calculation concerns the use of dual distribution functions for two
networks with different constraints on their synapses, but required to store the
same set of memory patterns. This technique allows us to see how the two networks
accommodate the demands imposed on them, and whether they arrive at radically
different solutions. The problem we choose is aimed at, and eventually succeeds

in, resolving a paradox in the sign-constrained model.
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Chapter 1

Neural Network Models and the Phase Space of

Interactions

In principle, neural network models are nothing less than an attempt to capture
the salient properties of biological neural tissues. Whether this programme is any-
where near to accommodating the enormous body of neurological information is a
debate we shall not enter. But what we can certainly say is that the introduction
of neural networks has spawned a variety of field” across the disparate disciplines
of computer science, electronic engineering, theoretical physics, cognitive science,
and perhaps even in neurobiology itself. However, it is the theoretical physics
viewpoint which will be the main concern of this work, and in particular a demon-
stration of the power of the mathematical tools developed in the field of statistical

mechanics.

The object of this introductory chapter is to bring together the relevant features
of neural network models and statistical mechanics. We shall avoid a lengthy trea-
tise on either fields by focusing our attention on a neural network based model
of a content addressable memory, and its analysis by the use of quenched disor-
der statistical mechanics. The characteristics of this model and the calculation
techniques to be described will both be of relevance in the two chapters which

follow.



1.1 NEURAL NETWORK MODELS AND STATISTICAL

MECHANICS

Much has been written in the literature across the entire spectrum of interests
which falls under the heading of ‘Neural Networks’, and it is not simply a matter of
expedience here to request the reader to refer to, for example, references [Ami89)
and [HKP91] for suitably broad treatments. Instead, in this section we shall
discuss what we mean by a neural network, with a deliberate bias to the areas we

shall require for the subsequent chapters.

The model of the neuron we shall use is that introduced by McCulloch and Pitts in
1943. This device models the two possible states of neural activity with a simple
update rule dependent on the state of the interacting neighbours and the synaptic
efficacy between them. The values of these synapses are determined during the
training phase, by presenting the network with some set of training data based
on the problem we wish the network to solve. In the case of a memory model, it

will be the binary images of patterns we wish the network to store.

Neural networks are categorised by the architecture which seems best suited to
the tasks we require to solve. The one we shall study consists of a single layer
of many inter-connected neurons, with each site acting as a bit of information
for a content addressable memory. Such an aréhitecture is believed to exist in
the hippocampus region of the brain [TR90|. Fortunately, this model has strong
analogies with magnetic spin systems, and in certain cases is amenable to analysis
by the methods of statistical mechanics. Indeed, so much of the analytical work
done on neural networks has been based on statistical mechanics that we have
freely borrowed many of its imageries and terms. It is therefore necessary to
devote the next subsection to discussing the machinery of the techniques we shall

encounter.



1.1.1 QUENCHED DISORDER SYSTEMS

" Statistical mechanics is the study of systems with many components all behaving
in a simple way. The quantities it calculates reflect the nature of such systems by
demanding that they be statistically relevant to be of any importance. That is,
the typical value of an observable is equal to its average with a vanishing degree of
uncertainty. This is another way of saying any relevant quantity we calculate must
be invariant from sample to sample, and is hence independent of microscopically

fine details.

To calculate the observables of a statistical mechanical system the usual starting
point is to write it in terms of a configurational sum, suitably weighted by a
Boltzmann term. This is of course, the celebrated central axiom of statistical
mechanics which equates the equilibrium values of a system with a configurational
average over the important region of phase space. If we now denote the thermal
average of an observable A by angled brackets we can see this configurational sum

by schematically writing down the weighted sum over the configurations S as

(A)g

7 S A(S)exp (-(S)), (1.1

where the normalising constant Z is the partition function, 57! is the temperature
of the system, and H(S) is the Hamiltonian which contains the details of the
model. Upon taking the low temperature limit of (8 — o0), the sum will be
dominated by the configuration which yields the lowest value for the Hamiltonian.
This procedure is analogous to slowly cooling down the system and hence is often

referred to as annealed optimisation.

There are a variety of ways to calculate the thermal averages of equation (1.1),
depending on the class of model under scrutiny. A common first steps is to insert

any physics we know into the problem by identifying the relevant overlap measures,



so called because they are a succinct statement of the system’s configuration with
a chosen state. Given a sensible set of overlap measures, we can replace the
configurational sum with an integration over the overlap measures by use of the
‘extraction’ technique of equation (A.7). The resulting integrals are not likely to
be any easier to exactly calculate than the original configurational sum, but the
problem is now amenable to approximation by the saddle-point method [Cop65,
Arf85). This approximation becomes exact in the thermodynamic limit, that is,
when the co-ordination number of all the sites is large. Following reference [Ste89],
we shall elevate the overlap measure at the saddle-point by calling it an order
parameter of the system. We do this because the order parameter is a physically
relevant, thermal-averaged observable which characterises the system, and not just
a quantity we introduce to ease the mathematics. In passing we should mention
this nomenclature is not universal, and the literature has referred to our overlap

measure as their order parameter.

THE REPLICA TECHNIQUE

The title of this subsection refers to the particular branch of statistical mechanics
we shall be interested in. This is the study of models where there is some disorder
frozen, i.e., quenched, into the system. The origins of this concept lie in magnetic
spin-glass systems, where it is believed the interactions between sites have been
frozen into a random configuration [EA75, KS75]. References [Pal89, Ste89] pro-
vide good introductions to this subject, while the book [MPV87] gives the most

authoritative treatment to date.

In the spirit of statistical mechanics we want to take the average example of
disorder in our system and feel justified in believing it is also a typical example.
This requires us to do the averaging on the quenched disorder of the system, but
since this disorder is supposed to be fixed throughout all time the averaging must

be over a physically observable quantity. Another way of putting this is that



we wish to quenched average over an extensive object whose fluctuations from
system to system will vanish in the thermodynamic limit. Unfortunately, this
averaging is only simple for the partition function, but which has exponentially
large fluctuations. To properly do the quenched averaging we need to use the

replica technique first introduced in reference [EAT5].

The archetypal quantity we shall quenched average over is the logarithm of the
partition function. This extensive object is related to the physically observable
free energy by a factor —f3 which we shall neglect. The crucial first step is to write

the logarithm in terms of @ = 1...n replicas of the system via the identity

(InZ) = lim ~ In << 1211 z>> (1.2)

with the double-angled brackets denoting the quenched average. Upon perform-
ing the quenched average we find it is necessary to introduce an overlap mea-
sure between the replicas. This overlap is written as g, and it encodes how the
phase-space of the model is being divided up by the disorder. The overlap gqp is
again evaluated at the saddle-point in the thermodynamic limit, whilst taking the
replica-symmetric ansatz of gz = q Va # b. We can identify this saddle-point of ¢
with the Edwards-Anderson order parameter gra, a quantity originally proposed
to indicate broken ergodicity in a system. The appendix chapter B discusses this

object in more detail, albeit in another context.

Given equation (1.2), which appears to display full symmetry under permuta-
tions of the replica index, we may naively expect the replica-symmetric ansatz to
be the only sensible move to make. However in highly disordered models such as
spin-glasses it was quickly realised that replica-symmetry gave incorrect solutions,
with physically questionable results such as negative entropies and re-entrant be-
haviour in the phase-diagram. Hence for many quenched disorder calculations

involving the replica technique a query often made by the cognoscenti is whether



the replica-symmetric ansatz is a valid assumption to make, or whether we should
use something with a richer structure. There are at present three means of an-

swering this question and their merits and pitfalls are outlined here.

Historically the first, the method introduced by de-Almeida and Thouless [dAT78]
was in response to problems with the low temperature limit of the Sherrington-
Kirkpatrick spin-glass model [KS75, KS78]. It acknowledges the use of the method
of steepest descent in performing the integrations over the replica indexed overlap
measures and examines whether the replica-symmetric ansatz is actually a stable
fixed-point. That is, whether the determinant of the Hessian at that point is
positive definite. The replicas provide the Hessian with a non-trivial structure,
from which we can reduce the question of stability to any arbitrary fluctuation to
that of just three specific modes. The calculation of the elements of the Hessian
matrix can be somewhat tedious, but this is the method used in calculations that

follow.

Unfortunately, having a stable replica-symmetric ansatz does not necessarily mean
it will be the correct solution, for there may be another non replica-symmetric
ansatz with a lower free energy! which is the true saddle-point solution. The
obvious way to test for this eventuality is to insert an alternative ansatz and
compare it against the replica-symmetric case. Finding an appropriate alternative
is not as hopeless as we may expect, for there is in the Parisi replica-symmetry-
breaking scheme? a proven and bossibly unique [Lau91, Fra91] route to generating
the ultrametric structure expected. Hence we can in principle begin by testing
with the so-called one-step replica-symmetry breaking ansatz, and progress with

further steps towards ever more elaborate schemes.

Lastly we can in certain cases calculate the (replica-symmetric) entropy of the

model. Finding the line of zero-entropy below which the replica-symmetric ansatz

1The word ‘energy’ can be used in a metaphorical sense to denote some cost-function.

2Reference [MPV87] contains a section devoted to the Parisi ansatz.



should be rejected is the most straightforward of the methods discussed here, and

can be extended to consider the validity of the replica-symmetry-broken ansatze

as well. Unfortunately this seems only possible in models where the space of the
and

annealing dynamics is discrete, such as in spin-glass models, '\cannot be extended

to continuous models.

1.1.2 NEURAL NETWORK MODELS AS QUENCHED DISORDER

SYSTEMS

We shall now pull the threads of the previous two subsections together and discuss
how the statistical mechanics of quenched disorder systems have anything to say
about neural network models. Once again the literature contains good coverage

of the subject, in for example references [Ami89, She90].

The initial breakthrough came from the writing down of a Lyapunov function for
the neural-dynamics by Hopfield [Hop82], which made the problem amenable to
analysis by equilibrium statistical mechanics. This model was quickly elaborated
upon and culminated in the full replica treatment by references [AGS85, AGS86].
This model maps the neural activity of the system onto spin-sites, with a Hamil-
tonian based on Hopfield’s Lyapunov function. The interactions amongst the sites
are given by a prescribed matrix which is motivated by the proposed mechanism
of Hebbian learning in biological synapses[Heb49]. By being able to store and
retrieve a given set of memory patterns, the network is indeed an example of a

content addressable memory,

The second approach was introduced by Gardner and is distinctively non-biological
in motivation. Instead it asks what are the properties of a network optimised to a
certain task, namely the task of storing a set of memory patterns. The choice of
the word ‘optimise’ is deliberate, for the calculation is based upon an annealing

process in the synaptic efficacy. That is, in lieu of the neurons’ spin configuration



we have the values of the synaptic connections as the dynamical variable, which in
the limit of a zero anneal temperature limit settles on the optimal solution. Hence
instead of a sum over the spin model’s configurations by its partition function,
we have here an exploration over the volume of the phase-space of interactions.
For the work which follows, we shall be interested in the properties of a network
- possessing such an anneal-optimised set of interactions. To actually uncover these
optimal connections Gardner proposed a perceptron-like training algorithm first
introduced by Rosenblatt. She then proceeded to prove that provided a set of
optimal connections actually exists, the algorithm will converge in a finite number

of steps [Gar88].

How the synaptic connections are optimised is dependent on the physical features
of the network, and to elaborate on the Gardner ethos, it is now necessary to turn

our attention to the physical definition of a neural network model.

1.2 A NEURAL NETWORK MODEL OF ASSOCIATIVE

MEMORY

The aim here is to write down mathematically the physical realisation of the
neural network model, and in particular an auto-associative niemory trained to
learn a set of memory patterns. Variations on this model will be studied further

in following chapters.

The network consists of NV time-dependent binary perceptrons, the state of which
are represented by the vector §(¢) = {S:(t)},? = 1... N where each site can be
either S;(t) = +1. Each neuron interacts with C' others via the connection matrix

{Ji} = {J¥},i =1...N,j = 1...C (j # i) and obeys the zero-temperature



parallel update
St +1) = sign[hi(?)] (1.3)

dependent on the local field at the previous time-step. The added complexity of
an external field will be discussed in full later, but for now we shall assume the

local field is given simply by the scalar product

Bt = 2 750 (1.4)

i

where the normaliser is defined through |J¢|* = E]C# J%. The inclusion of this
normaliser is a reflection of the redundancy in the weights’ magnitude when using
equation (1.3) for the update. If the {J;;} diagonal elements are sufficiently large
and positive, we can see that any given state will be stable to the update rule.
This obviously distorts the storage capacity of the model with spurious states
possessing attractor basins of zero sizes, so we shall choose to explicitly remove

them from the model.

The task given to the network is the storage of P uncorrelated patterns &* =
{€#},i = 1...N,p = 1... P, and this is successfully done if they form fixed-

points of the above dynamics, that is if
£ = sign[J* - €4/ Yu=1...P (1.5)

where we have taken the liberty of defining the scalar product as the sum over the
input nodes j = 1...C,(j # i) entering the :*" neuron. The above equation can

be alternatively, expressed by defining an ‘alignment field’

Af =T &)/ (1.6)



for each pattern £*, and requiring A} > 0 V: for it to be memorised.
. g

In an associative memory it is obviously imperative to monitor the dynamics of
the N neurons as they evolve in time. A natural measure to use for this is the

overlap with a chosen pattern, say £*=',

1 N
m!(t) = = D€ Si(t) (1.7)

=1

at time-step t. We are typically interested in starting the network at a state close
to one of the nominated patterns, and whether the dynamics will draw the neurons
towards that pattern. In this case the convergence of the quantity (1.7) to unity

will indicate the successful retrieval of that pattern.

This completes the physical definition of an associative memory. For the calcu-
lations to proceed, we must specify the nature of the phase-space of connections
and detail the importance of the alignment field. But first it is useful to build on
the above and make a brief but necessary digression into the case of learning in a

single perceptron.

1.2.1 THE SINGLE PERCEPTRON

3 connected to C inputs by a synaptic

Here we are considering just a single neuron
vector J = {J?}. The problem then is not so much memorising a set of patterns as
learning a given rule as defined by a set of binary input-output mappings (¢, T*),
where ¢ = 1... P now enumerates over the so-called training examples. With a

binary perceptron we can make use of the alignment field (1.6) and succinctly say

3For a reference on the properties of single perceptrons from a mainly geometric perspective

please refer to the standard text by Minsky and Papert [MP88].

10



the perceptron is successfully trained when
AP =THJT - &)/ >0 (1.8)

for all the P input-output relations.

The computational ability of a single binary perceptron is not unlimited and we
can very easily think of input-output rules which cannot be learnt, such as the
celebrated ‘Exclusive-Or problem’[MP88]. These ‘unlearnable’ problems occur
whenever the inputs cannot be linearly separated into two regions corresponding
to the outputs T# = +1 and —1. However this is hardly a reasonable criterion
in real world problems and the need for its circumvention has spawned networks

with richer architectures, but with less analytically tractable behaviour.

Returning to the case of an associative memory, we can consider each of the NV
sites as being trained with P input-output relations. For the storage of uncorre-
lated patterns these relations are simply examples of the random binary mapping
problem. Hence for a pattern £ the required output T* is given by a specific
bit &/ and it is successfully memorised when this rule is observed across all the

1=1... N sites.

For all but the most trivial case the random binary mapping problem will become
more likely to be unlearnable as the number of memory patterns increases, and
the point at which this occurs defines the storage-capacity of the network. This
important parameter gives a readily accessible measure of the performance of a
network and its analytic calculation is one of the more obvious successes of the

statistical mechanics approach.

11



1.3 THE PHASE SPACE OF INTERACTIONS

The task here is to formulate the process of learning in a network of perceptrons
as an annealed search through the phase-space of connections. This process of
annealing can be expressed by writing down a phase-space volume associated
" with each site S;(t) with the appropriate Boltzmann weighting. This weighting is
a reflection of the training task and is only dependent upon the alignment field,
that is some ‘training-function’ g(A¥) which rewards correct learning [WS90a] for
each of the u = 1... P patterns. Hence for a network performing as an associative

memory the volume of phase-space for the interactions into the it site looks like

V= [D()exp (ﬁig(m) (19)

where S is the inverse annealing temperature, such that in the zero temperature
(8 — oo) limit the optimal synaptic conﬁgufation will be found. The volume
element D(J*) is over the connectivity-C dimensions with some prior distribution
and constraint. The above equation (1.9) is the volume for a single site in the
network; for the whole network the total volume is simply [T V* as the dimen-
sionality of the problem is increased. For the case of uncorrelated input-output
mappings considered here, we can remove the superfluous site index ¢ and along
with it the distinction between an associative-memory network and a single per-
ceptron. As far as each neuron is concerned, memorising uncorrelated patterns is
merely the consequence of attempting to learn a set of random binary-mapping

problems.

The patterns we require the network to memorise are random, uncorrelated binary
images. In the spirit of statistical mechanics v;re take average patterns as being
the typical patterns, with any observables having vanishing fluctuations between
differing samples. These patterns are our source of disorder, remaining fixed

over the time-scale of the annealing process. As outlined in §1.1.1 any averaging

12



over them must hence be over extensive quantities, and this means we do not
average equation (1.9) but instead quantities such as the logarithm of the volume.
Replicating the connections, which are here the annealed variables, this means we

wish to perform a quenched average of the archetypal form

v = {([Ti{owen (2 amn) ) (110

with the alignment field for weight J, having also picked up a replica index.

Upon doing the quenched average we introduce interactions amongst the replicas

and this is dealt with by introducing the overlap measure between the replicas
. _
Gab = —C—(Ja'Jb), Va,b(a < b), (111)

The restriction in the indices give this quantity n(n — 1)/2 unique values, but
having said that, the so-called replica-symmetric ansatz is normally chosen as
soon as possible to facilitate any further analytical progress. This ansatz sets the
above elements to the same value, i.e., g.p = ¢, Va # b. Finally, this is a mean-field
calculation, and in the thermodynamic limit the integrations with respect to gas
can be replaced by the saddle-point value through use of the method of steepest
descent [Cop65, Arf85].

Thus far we have avoided the issue of the nature of the phase-space of interactions.
But in order to perform the calculation in equation (1.10) we must specify the
nature of the volume element D(J*), and with it any prior distributions in the
weights. In the work that follows, the synapses will take on continuous values with
the phase-space restricted to lie on a unit hypersphere by enforcing the spherical

constraint

\J?=C ‘ (1.12)
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over the connectivity, hence setting the diagonal elements of the correlation ma-

trix (1.11) to unity.

In passing: we should mention the existence of another phase-space in common
use. This is the case where the weights are restricted to J? = +1 in lieu of
constraint (1.12), giving an annealing landscape similar to that seen in the dy-
namics of spin-models [GD88] with the integration in equation (1.10) replaced by
a configurational sum. Furthermore there have beep extensions beyond the binary

weights case, where the weights have multiple discrete states [BDvM91].

1.4 SUMMARY

We have given in this chapter brief introductions to neural network models and
statistical mechanics, with the aim of allowing us to use them in the calculations
that follow. This then led to the formulation of learning in a neural network
model as an annealed optimisation process. By considering annealed optimised
synapses, learning can be treated as a statistical mechanical problem, with the
partition function replaced by a volume of phase-space. For proper treatment
the calculation requires a quenched average over the uncorrelated input-output
relationships, which necessitates the use of the replica method. An important
simpliﬁca,tion‘ca,n be made in the notation: by recognising the memorising of
patterns in an associative memory can be viewed from the perspective of a single
perceptron. That is, an associative memory for uncorrelated patterns is merely
the random binary mapping problem, a problem which;teventua,lly unlearnable in

the limit of a large number of patterns.

The use of the phase-space of interactions, the alignment field, and the simplifi-

cation to a single perceptron will be key concepts in the following chapters.
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Chapter 2

Enlarging the Attractor Basin in Neural

Network Models by External Fields

This chapter is an elaboration of previously published results [YW91], with the
majority of the additional material given to detailing the calculations involved.
We shall build on sections made in the last chapter by presenting here an explicit
example of an associative memory neural network model, allowing insights into
the anleytical methods albeit with an unavoidable loss of generality. As a way of
introducing this work, we shall begin by giving an idea of what we wish to achieve,
followed by a discussion on the quantities to be calculated. There will then be

sections on the calculation itself, results, and a concluding discussion.

2.1 MOTIVATIONS FOR AN EXTERNAL FIELD

A key attraction of statistical mechanical models of neural networks is their ability
to function as associative memories. This is a two stage process with the network
first trained to store a set of memory patterns, followed by a retrieval stage defined
by the neurons’ update dynamics. However, retrieval of a stored pattern can only

occur if the system is initiated sufficiently close to it. That is, if the initial state of
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the networks is inside the basin of attraction of the nominated memory pattern’s
attractor. Expressed in this way, we can see that content addressability is merely

the consequence of a memory state having a non-zero basin of attraction.

The principal motivation of this chapter is to examine how the basin of attraction
can be enlarged by the use of external fields which are noisy representations of
the memory patterns stored. Independent work has shown the beneficial effects
of applying noisy external fields throughout retrieval [EBKS90, RSW91] but as
stated above, a network is defined in two stages and their role during the training
phase should also be explored. Moreover, both simulation [GSW89] and analytical
[WS90b, WS90a)] results have shown that training a network with ensembles of
noisy representations also improves content addressability, so it may be advanta-

geous to include noise in our training formalism.

For these two reasons this work calculates the properties of a network trained with
ensembles of noisy external fields. The retrieval dynamics under a persistent, noisy
external field is also examined, and the effects these two fields have on content
addressability compared. To do this we shall look at the fixed-point behaviour
of the dynamics which reveals the attractor structure, and from this we judge
whether content addressability has been improved. Finally comparisons are made
for the three cases when external fields are applied during training only, during

retrieval only, and during both stages.

2.2 THE EXTERNAL FIELD MODEL

The associative memory model we have is a single layered network of N time-
dependent binary spin neurons, required to store P uncorrelated patterns, much as
defined in §1.2. To considerably simplify calculation of the dynamics, the number
C of connections into each site is set at C <« In N, or equivalently (In N/InC —
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o0) [KZ]. This high level of dilution in the synapses simplifies the dynamics at
each time step by allowing self-averaging at all time steps to be assumed. The

reasoning for this can be found in the literature [DGZ87, Ami89).

The space of interactions is continuous and bounded by the spherical constraint
given in equation (1.12). The dynamics of the network is conducted by zero

temperature parallel update, with each site acting deterministically on the sign of

its local field

C ] )
) = ,iJ,-—ISj(t) T (2.1)

which differs from the original equation (1.4) by a persistent external field applied
throughout the retrieval phase. This added field of strength 7 can be thought of
as a corrupted version of the nominated pattern £€“=! we wish to retrieve. The

noise comes from the (; term which follows the discrete probability distribution
P(G) = (1 — fa)6[G — 1] + fa6[Ci + 1] (2.2)

where f; is the mean fraction of erroneous sites in the applied field. The resulting
dynamical progress in retrieving the designated pattern is again measured by the

network’s overlap with the nominated pattern, as defined in equation (1.7).

The stated aim of this work was to consider the performance of networks already
trained with ensembles of noisy external fields. In deference to Gardner, the
network we consider has its connections annealed-optimised, with the noise and
stored patterns the two sources of quenched disorder [Gar88]. These connections
are optimised to maximise a performance function, in much the same way as a
magnetic spin system optimises by seeking out its lowest energy configuration.
Moreover, Gardner gave a convergent iterative algorithm to train the network

to these optimal connections, one which reflects the performance function used.
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Hence the performance function will be intuitively better referred to as the training

function, a name which stresses its réle in determining the network’s properties.

The training function chosen in the original Gardner model required the state of
the network to be invariant to the updating process once the sites match a stored
memory pattern. This is more concretely expressed by requiring the alignment
field defined in equation (1.6) to be positive definite for all the patterns to be
memorised. We can also make this demand more stringent by requiring the align-
ment field to be larger than some positive parameter &, which will set the minimal
stability of the network. Increasing this stability constant allows the basin of at-
traction to be enlarged, but its usefulness is limited by a corresponding dec1;ease

in the storage capacity [Gar88, For88].

Further enlarging the basin of attraction by an improved training function is the
goal of this work, and the idea is to train the network with ensembles of noisy
external fields, in anticipation of later retrieval with a statistically similar field.

This can be achieved by having

Q .
g(A¥) = %an 7 — K] (2.3)

for the training function in §1.3, where 71 is the external training field strength and
{¢#*°} = £1 the noise factor. The noise terms are enumerated over the s = 1... Q
ensembles for .ea,c.h pattern, and follpw the same pfobability distribution as in
equation (2.2) above, but with the external field strength and mean fraction of

incorrect bits given by the parameters 71 and fr respectively.
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2.3 QUANTITIES TO CALCULATE

Since we are interested in improving the content-addressability of a neural-network
model, it will be very helpful if we have a quantitative inkling as to the size of the
network’s basin of attraction. The way this is done here is by finding an equation
which describes the dynamics of the model, and then look for all the fixed-points
with respect to the time-step [KA88, Gar89]. We can then define the attractor
boundaries and centres by the unstable and stable fixed-points of the dynamics,

respectively.

Upon calculating the dynamical equation we find that the network is strongly
dependent on the probability distribution of the alignment field. This distribution
is entirely determined by how the network is trained, and in the optimally trained
case is calculated by the Gardner phase-space treatment [WS90a]. Furthermore it
is strongly dependent on two parameters: the storage capacity which is simply the
number of memory patterns divided by the connectivity of the network (P + C),
and the storage error which is the fraction of erroneous bits with which each
pattern is stored. As we shall see, these quantities are useful in providing ways of

controlling the behaviour of the network, allowing its performance to be assessed.

Finally the validity of the assumptions in the replica calculation for the alignment
field distribution will be tested by finding the stability of the solution to small
perturbations. The method is based on the approach used for the Sherrington-
Kirkpatrick spin-glass model [dAT78], with elements of a (in the author’s opinion)

clearer treatment by Lautrup [Lau88).
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2.4 THE ITERATIVE DYNAMICS

" We require an expression for describing the retrieval dynamics of the network
as measured by the system’s overlap with a nominated pattern, as defined in
equation (1.7). We shall settle on a simple iterative déscription, that is one where
the overlap at time step (¢ + 1) is some function of the overlap at time ¢. The
derivation is essentially the same as originally done by Abbott and Kepler [KA88]

with minor modifications for the external field, so only an outline will be presented.

Since only one memory pattern —the one nominated to be retrieved— is ever
considered in this section, the pattern index is superfluous and will be removed
from the notation. The conditional probability that a binary perceptron network

with an initial overlap mg will be taken to an overlap m; after one update is

- P(mu | mo) =

1 N 1 N ) N Jij
B v e (5 e

{si}
- Z {5 I:mo - %‘%&Sj] } . (2.4)

{8}

where the spherical constraint (1.12) and external field have been explicitly in-
serted into the local field (2.1). This expression is better handled by first intro-

ducing a set of fields {w;} at each site and rewriting it as

N 1N
P(my | mo) = /H [dw; p(w; | mo)] 6 [ml -~ Esign[w,-]] , (2.5)

leaving the conditional probabilities
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1 N N Jij
plwi|mo) = > {5 [mo = sz:&'&] 6 [w,- - (ﬁi;ﬁsj +TRC.-)]}

{5:}

= {5 [mo.— %ifj&] } (2.6)

{s:}

to deal with. This is done by first writing the delta-functions in their integral

forms and performing the configurational sums over the spins {S;}, giving

p(wi | mo) =
N i
/ d;::y exp (imeo +iy(wi — 7 G) + Z,: In cos [a;gj + ygi\‘;_a])

N
—%-/d:v exp (i:cNmo + > Incos [:cfj]) .
g

Taking the connectivity to the thermodynamic limit and making use of the align-

ment field A; defined in equation (1.6) (again without the superfluous pattern

index), the cosine term is then expanded to give

dzdy
27

exp (imNmo +iy(w; — ¢) + Nlncosz — %y2(1 + tan®z) — yA; tan m)

N
—:—/d:c exp (i:cNmo + ) "Incos [zfj])
J

p(wi | mo) =

which allows the z-integrations to be done by the method of steepest descent. The
denominator subsequently divides out leaving a straightforward Gaussian integral
in y to do. Inserting the result of this into expression (2.5), and writing another

integral-representation for the remaining delta-function, we get
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d :
P(my | mo) = /i exp(izmy)

N1 dw; 1 1| w; — moA; — Tr(; : iz .
X /];[ { Jor \/1___777% exp (—-2—[ \/1 s ] - -ﬁmgn(w.-)) }

which can be rewritten using the error-function defined in equation (A.3). In the
large system size N limit the integral over z reduces to a delta-function to give

the overlap at the first time-step

N
A; + 7ol
o= L St [TO_LC

v/2(1 — md)

with probability one. Finally, in the limit of a large system size N we can use self-

averaging to rewrite this as an average over the alignment field and external-field

noise,

e <</ dA p(A) erf [ﬁzi(\/?—i———in%

where p(A) is the probability distribution of the alignment field and the double-

)

¢

angled brackets denote an average over the noise in the external field. The task
of finding the probability distribution for the alignment field is the subject of the

next subsection.

The above expression (2.7) is exact for the first time step, and also in the case of
low connectivity as mentioned earlier in §2.2. The validity of this simplification
has been confirmed by direct numerical simulations [Hen91] of dilute networks.
Furthermore, earlier work simulating fully connected networks [KA88] has stressed
the importance of the first time step dynamics by showing it to be highly indica-
tive of the network’s ultimate fate, a result which broadens the generality of the

iterative map calculation.
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2.5 THE ALIGNMENT FIELD DISTRIBUTION

The previous section’s derivation of equation (2.7) describing the model’s iterative
dynamics ended with the introduction of the alignment field distribution. This
distribution should be thought of as the encapsulation of an optimally trained

network, and be independent of the retrieval dynamics we care to choose.

AVERAGING OVER THE EXTERNAL FIELD NOISE

We shall first make use of the simplification to a single perceptron as justified

in §1.2.1, and write the distribution function of the alignment field as

p(A) = <</f[d,]f5[/\ = Al]a[z(ﬂ)z _ Clexp (ﬂ ig(,\u)>
N /H dea — Clexp (ﬂ Zg(A")) >> (2.8)

€€

where one delta function picks out the alignment field for a typical pattern &=,
and the other explicitly enforces the spherical constraint. This function is an
extensive quantity, so it is a suitable object for which to perform the quenched
average over, as denoted by the double angled brackets introduced in §1.1.1. Repli-

cating over the annealed variables, equation (2.8) can be written as

p(A) = lim << / HdJJé[A A}
Il {6[;@{)2 - Clexp (B s(02) }>> 29)

¢ €
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which now picks out the alignment field for a typical replica a = 1 as well as a
typical pattern 4 = 1. We can now perform the quenched average over the fixed
disordered quantities, beginning with the noise term in the external training field

{¢**} which appears in the form

e (53000) )y = ({exp (2755 opaz 4 ragm — o
@ u o) Q dme {eme)

where these angled-brackets are specifically over the noise. Performing this average

via the probability distribution given in equation (2.2) we arrive at

(e (), - (- srse-

1,8 r=0

X exp (g Z {rB[A + 72 — K] + (Q — r)O[A% — 75 — n]})} . (2.10)

In the limit of large number of ensembles @), the binomial sum in equation (2.10)
can be considerably simplified by substituting the (@ + 1) terms with the single

mean term 7 = Q(1 — fr) to give

({few(p2p00))), = o (s5s00)

where we have defined a mean training function g(\)
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AVERAGING OVER THE MEMORY PATTERNS

The remaining disordered quantity to quenched average are the memory patterns.
This quantity only occurs in the alignment field and can be extracted from the

training function via equation (A.7) to give

P dA“dx“

p8) = b [TI =5 / Hd.]’

6[A — A ]H 5[Z(J’)2 C] H epo lizg A% + Bg(AL)]
<<H exp (—1 > a:"A") >>{€?}. (2.12)

The term in equation (2.12) dependent on the patterns can be treated in isolation,

by first writing in the input and output patterns

<<ﬁ exp (——i > a:f,‘Af,‘) >> - = ﬁ <<exp (—i > xf:T“;/%-ﬁé‘) >>w}

where T can be viewed as the i*® bit of pattern ¢#. Upon performing the average
over all the input patterns {€*} and (uncorrelated) output targets {T*} we can,
in the thermodynamic limit of the connectivity C' going to infinity, expand and

exponentiate the resulting cosine function to get

(o (sSexs))) | - Moot

P nn,C o
= []exp (—% > ngingf,‘) . (2.13)
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This term (2.13) contains an interaction between the various replicas, which in the
spirit of the replica-method is dealt with by introducing the inter-replica correla-
tion parameter ¢4 as defined by equation (1.11) in §1.3. Inserting this inter-replica
correlation parameter and Writing.in integral form the delta function which en-

forces the spherical constraint by equation (A.6), we find

o = i [T [T g [T [ Tle
§[A — A1] 1‘[ exp (—%E [(Ji)? — 1])
<[ ew (—IFa,, Caw— Y J’Jg])
a<
X geXP (ot NE + Bg(W)) l;[exp (—% i(ﬂcfi)2 -3 wé‘qabwz‘) :

a<b

This expression can be collected into a form explicitly amenable for integration

by the method of steepest descent,

~ dE, dF,.dqg,
P = i [T [T
a<

eXPC {Gs({Eq, Fup}) + aGA({¢ab}) + Go({ Ea, Fusy qab}) }
/ d dma ndel

X exp {—— > (22)? = X whguay + E [iz2A + B3(AD)] } . (2.14)

a<b

The functions in the exponential have taken advantage of any symmetries in the

site and pattern indices and are defined as

Gi({E.,Fu}) = ln/HdJ exp (———ZE JE+id_Ja F,,,,J,,)

a<b
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Galland) = In [T 55" exp (——zm X catats

a<ld

+ E izade + ﬂg(Aa)]) ,

GO({EG’Fabaqu}) = _EE _IZFabqab (215)
a<b

In equation (2.14) the parameter « is the storage capacity of the network and is

defined in §2.3 asa =P =+ C.

THE SADDLE POINT EQUATIONS

In the thermodynamic limit the integrations over the {E,, Fy, ¢} variables in
equation (2.14) can be performed by the method of steepest descent. By differen-
tiating equations (2.15) with respect to these three sets of variables, the stationary

point can be found by solving the equations

0 = _%{JZ}GJ %7 Vaa
0 = i{Ldi}e, —igw,  Va,b(a<b), (2.16)
0 = —o{zazs}g, —iFa, Va,b(a <),

where we have introduced braces operators in the interactions and alignment field.
Taking the following replica symmetric ansatz for the three steepest-descent inte-

gration variables

E, = FE, Va,
Fow = F, Va,b(a<b), (2.17)
dab = ¢, Va,b (a < b)’

these two operators can be written down as
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{¢-Ne, = /]z'_[dJa (--+) exp(—%(E+F)z::JZ+i_2}z[za:Ja]2)
+/l:_IdJaexp (—%(E+F)$Jf+%‘ [;Ja]z) ,

(e, = /ﬁd/\ dwa

) exp (—%(1 ~03e-§[se]
+ 3 e+ A50))
s [T 2 (—%(1—q>§xz— [z

+ Z lizada + ﬂg(ka)]) : (2.18)

DO |2

The integrations over {J,} and {z,} are done by first performing Hubbard-Stra-
tonovich transformations (A.2) on the numerators and denominators in order to
linearise the summed-squared terms in the exponentials. It can then be seen
that the denominators will involve some finite expression raised to the number of

replicas-n, hence going to unity in the (n — 0) limit. This same limit allows the

two simpler operators

—~
—~
.
~—
~—

<~

/dJ («++) exp (—%(E + F)J? + uJ\/iﬁ)
- / dJ exp (—%(E FF)J? 4 qu/i?) ,
JEL () exp (51~ a)a? +iz(h ~ 2v3) + B3

dzz\iw exp (—%(1 —q)z® +iz(A —z/q) + ﬂg(,\)) (2.19)

-

.

.
~—r
S
-

I

to be defined, where the quantities v and z originated from the said linearising

transformations. The saddle-point equations (2.16) can hence be written as
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1 = {Jf}GJ

= [pu {70},

79 = {Jan}G,
= [Du {0),Y,
iF = —a{z.a}g,

—a / Dz {(z),}. (2:20)

Expressions of the form (J*), for an arbitrary moment k are straightforward

Gaussian integrals. The two cases we require to solve equations (2.20) are

(J) _ U F
I T JfETiFVETE

1 F
2 _ 2
(2 = iE+iF(1+”E+F)‘ (221)

Some authors have removed the imaginary nature of £ and F' by transforming
their integrations in equation (2.14) to lie along the imaginary line, but this is
at the expense of some confusion when evaluating the stability of the saddle-
points, which we shall prefer to avoid. The corresponding expression (z*), for an
arbitrary moment of z is a sbmewhat more complicated. The integrations over

the x variable is a Gaussian and upon completing squares can be expressed as

N %/'Dz (1 — q)~30+0) [z e (M)]k

m
ey (012 L2))
(A —2/9)’

+ [ S—arhems (s - S 2/D). (22
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We can see from equation (2.22) that in the limit of a zero annealed temperature
(B — o0), the previously difficult integrations over A are now amenable to solving
by the method of steepest descent. In return this requires us to find a A(z) which

maximises the function

Q

—
S

~—
1]

(N - ;j;(x — @),
Y = 26(1—q), (2.23)

where we have surreptitiously avoided the problem of the 1/ factor by introducing
a parameter 4. From equation (1.11), we can interpret the saddle-point solution
of ¢ as the order-parameter of the overlaps between the differing solutions under
identical training conditions. Thus when we take the (¢ — 1) limit we are forcing
all the solutions to converge together, a scenario Gardner called the optimal limit
because, as we shall see in §2.7, it corresponds to the case of having the maximum
number of memory patterns learnt. Introducing the parameter v now allows us to
take the limits of a zero annealed temperature (8 — o0) and an optimal perceptron

(¢ — 1) together, as this corresponds to keeping « finite.

Returning to equations (2.20), we find the required moment of equation (2.22) is

@h=xﬂiq(¥?:;), | (2.24)

after having taken the zero temperature and optimal-solution limits. Collecting
the pieces from equations (2.20)—(2.24), we arrive at the saddle-point equations

now equal to

- v (4 5r)
T iE+iF\ TE+F)’
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- 737 (757
9 = SEXiF\E+F/)’

L / Dz [A(z) - 2|". (2.25)

Finally, taking the zero replica limit for the alignment field distribution of equa-

tion (2.14) gives

p(8) = [Dz(5[A - N,
- / Dz §[A — ()] (2.26)

which has been written in terms of the function :\(z) which maximises equa-
tion (2.23). Finding this function A(z) is in principle straightforward, but in

practice has been quite involved, as will be seen in the following section.

2.6 MAXIMISING THE FUNCTION G())

The stated aim of this section is to find the values of A = A which maximise the
function G(\) defined in equation (2.23), corresponding to the stationary points
in a steepest descent evaluation. Hence by definition (2.11) we are trying to find

the A’s which maximises the function
| 1
G(A) = (1 = fr) O[A+ 70 — &) + fr O[A — 72 — K] — :ﬁ(’\ — 2)%. (2.27)

in the optimal perceptron limit of (¢ — 1). Unfortunately, we can quickly see that
the interplay between the above quantities v, the (Gaussian in origin) variable z,
and the field parameters f; (fraction of erroneous bits) and 71 (field strength)
considerably complicates the task of finding A Firstly the stationary point is
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strongly dependent on z, with discontinuous jumps encountered as it moves along
the real number line, in a manner analogous to first-order phase transitions be-
tween the lowest energy sta,tés. This point is also dependent on the remaining
three parameters, but thankfully they can be grouped into distinct regimes of pa-
rameter space. The task then is to identify these regimes, and what the §o—called

magzimising function A(z) will look like in them as z is varied.

We shall first find what are the possible values A(z) can take. Equation (2.27)
has discontinuities at A = (k — 7¢) and A = (& + 7r), hence if we define the
Heaviside step function to return unity with a zero argument, we find :\(z) can
be A(z) = (k — 7;) or A(2) = (k + 71). In addition, when the quadratic term is
dominant, equation (2.27) will be maximised by A\(z) = z. These then are the

three possible values the maximising function :\(z) can take.

The next step is to determine which values of z will cause a transition between
these three values of the maximising function. This is done by substituting each of
the possible values of A(z) into equation (2.27) and solving for z. That is, by solv-
ing the three equations G(A(z) = k £ 70) = G(A(2) = 2) and G(A(2) =k + 72) =
G(Mz) = & — 11) for 2. These solutions of z give the possible transitions as oc-

curring at six points, which are given in equation (C.1) in the appendix.

The order in which these six transition points occur along the z number line now
needs to be determined by comparing fifteen inequalities. Appendix §C.1 gives
the results of this, and concludes that the 4y and external field parameters group
themselves into six possible regimes, as given by expression (C.3) which presents

them in terms of ranges in the external field strength 7.

For each of these six ranges in the field strength, we now need to determine :\(z)
This is done by equating z with each of the six possible transition points and
determining which one of the three A(z) = {(k — 7z), (k + 7z), 2} possible choices

gives the largest value to the function (2.27) we wish to maximise. Further details
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of this procedure are given in appendix §C.2. The pieces are combined in §C.3
and we find the ranges (C.3) can actually be reduced to just three regimes, inside

each of which A(z) will look like

Regime 1 —00 < 21 < v [1 —vV1- fT]

:\(ze[—oo, K+1r—19]) = 2,
:\(*”"3[’C + =YK+ m]) = (k+7),

Aze[k + o, 00]) = z.
Regime 2 ~ {1 —+1- f-r] <21 < Wfr

Aze[—00,k — 12 —1/1 = fz]) = 2,
Mzelk =12 = /1= fr,6 =72 fo/(4))) = (k~ 1),
Mzelx =7 f2/(47s), k4 1)) = (5 +7),

Aze[k + 12,00) = =
Regime 3 YW e < 272 < 0

A(ze[—o0, k — 71 — 7\/:‘;]) = z,
Meels =7 =11 = fryp = ml) = (=),
Azelr — oo+ —1/Fal) = 2,
Mzels+ 7m0 — 7/ fro6+12]) = (k+72),
Aze[s + 11,00)) = = (2.28)

The second and third regimes differ from the original Gardner-Derrida result!
[GD88] but, as we can verify, they do reduce to the referenced result in the limit of
a zero external field strength. Having obtained X(z) for the three differing regimes,

we are now in a position to give concrete results for the quantities discussed in §2.3.

!Which looks like the first regime but with (x + 71) replaced by «.
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2.7 THE OPTIMAL STORAGE CAPACITY

Returning to the saddle-point equations (2.25), we can see that by eliminating the

quantities F and F' we can obtain an expression for the storage capacity. As we

approach the optimal perceptron limit of (¢ — 1), the storage capacity increases

up to the optimal storage capacity ac, defined as

ac—[/Dz (A(z) - ) ] -

The maximising function A(z) for the three identified regimes can then be inserted

from equations (2.28) to give the optimal storage capacity as:

Regime 1

[ac]™ =

Regime 2

[ec]

Regime 3

[ac]™ =

—oo<27'T'<'y[1——M]

K+Tp

[ D2z = (5 + 7)),

K+TT -

T[1=-VI=F] <2n <

K= 72 T
I{+TT

1= / Dz(z —(k—1)) + /'DZ(Z — (k+ 7)),

n—TT—'y\/l—fT K— il o

4l

Y r < 21 < 00

K—TT K+TT

A=Tr—vV l—f'r K+Tp—vy f'r
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2.8 THE FRACTIONAL STORAGE ERROR

We may- understandably feel uncomfortable at giving the parameter v defined
in equation (2.23) any significance other than as a mathematical artefact. Ap-
pendix B attempts to assuage this apprehension by making an analogy with spin-
glass models, but we can also alleviate it by expressing v in terms of some physi-

cally more obvious parameter, namely the fractional storage error,

1

Z( Hdﬂ o= S5 ~ Clexe (ﬂi)g(l\“))
s f H W S = Clewp (ﬂz'::gw))» (2:31)

¢

which is the average fraction of bits per pattern and (since we are explicitly using
the single-perceptron simplification in our notation) per site that is erroneously
stored by the network. This defining equation is treated on similar lines to that in
the calculation of the alignment ‘ﬁeld, and we find we can write expression (2.31)

for a typical replica-1 and a typical pattern-1 as

F o= [ Dz (0N,
_ / Dz 0[-7(2)]
- / dA / Dz §[A — A(2)] 0[=A]

- / dA p(A), (2.32)

using the alignment field distribution in equation (2.26). It can be shown [GD88]
that the fractional error F is only equal to zero in the limit of the parameter v

tending to infinity.
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We may interpret equation (2.32) literally and regard the fractional storage error
as a consequence of the negative and destabilising part of the alignment field
distribution. Another way of -viewing the storage error is as a way of controlling
the strictness of the network’s training, such that the further above zero it is —and

the further v moves away from infinity— the less strictly enforced is the training

function.

The consequences of having a non-zero storage error will be discussed in the results
for the alignment field distribution. Before that we shall examine the validity of

the replica-symmetric ansatz by a stability analysis around the saddle-point.

2.9 STABILITY OF REPLICA SYMMETRY

The question of whether the replica-symmetric ansatz is a valid one to use is
addressed here. The analysis follows closely that by de-Almeida and Thouless
[dAT78], and in essence examines whether the saddle-point solution of the repli-
cated quantities is stable to small, 'local, replica-symmetry breaking fluctuations.
In the original paper the saddle-integrations were over real variables, so the cri-
-terion for stability was re-cast by asking whether the stationary point was a
maximum?; that is, whether the eigenvalues of the stability matrix were all nega-
tive definite[Wid61]. In this problem the stationary point is located in a complex-
space and the stability condition determined by sign changes in the determinant

of the stability matrix.

de-Almeida and Thouless found that the elements of the Hessian matrix had cer-
tain symmetry properties which not only simplified its treatment considerably
but allowed the actual eigenvalues to be found. Appendix §D.1 illustrates how

this is done from an alternative perspective [Lau88], from which the relevant re-

?In which case we were actually integrating by ¢ The method of Laplace’.
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sults will just be quoted here. The fluctuations arising from these symmetries
are characterised by three types: symmetric, weakly-asymmetric and asymmetric
fluctuations. However, §D.1.1 and §D.1.2 show the first two of these give identi-
cal determinants in the zero replica limit so we shall only examine the cases of

symmetric and asymmetric fluctuations.

2.9.1 SYMMETRIC FLUCTUATIONS

Appendix §D.1 gives the simplified Hessian for symmetric fluctuations as ma-
trix (D.10), with the product of eigenvalues to these fluctuations given by the

determinant

|Q°l = | 2(Q%r — QBr) (QFr —4QFF +3Q%F) —i
0 | i QA —4Q8 +3Q9)
(2.33)

where the matrix elements reflect the possible permutation symmetries in the

replica indices, namely

te = —7 [Du{}+ [u{n} [Du{),

Qe = —5 [Pu{3}+1 [Du{t2} [P {0},
1 1 2

Qtr = 5 [Du{(0)} -5 [Pu{(n,} [Du{(03},

Qe = 5 [Du{A 3} -5 [ou{)) [ou{3),

Qtr = - [Dufi}+ [Du{)3} [Du{)3},

QFr = - [Du{n,3}+ [Du{n3} [Pu{()3},
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Qfr = - [Du{()3}+ [Du{()3} [Du{(13},
4= aDe{@} - [D{@3} [P {3},
& = o Dz{@)@}} - [P {(2)i} [ Dz {(@1}),
c a/Dz{(m);‘\} - /Dz{(x)i}/pz {()2}. (2.34)

The braces and angled brackets operators follow the definitions in equations (2.18)
and (2.19). The first (J); and second moments (J?), are given in equations (2.21),

but we also need the moments

S = (iE-:iF)% [3u 77t (mrE) |
(%), M—iiﬁ[ﬂeu ( F )2I ’ (2.35)

Similarly we take the first moment (z), from equation (2.24) and use the second

moment

P U O 2 1
(@ 1—q[1 (V=) *(1—q)ﬂg~(i<z»] (2:39)

where the last term contains a double differentiation of equation (2.27) with re-
spect to the variable A evaluated at the saddle-point. This term is a necessary

second-order correction to the integration method by Laplace [Cop65).

Placing these moments into equations (2.34) we get the stability matrix elements

of matrix (2.33) for fluctuations in E and F to be

(@4 -Q2n) = —7 [Du{(4, - (73}
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1 [2+ AF ]
sGE+iF? T E¥FD

(@ - Q) = 5 [ Du{(F)40)s = (7,00)3}

sadread
GE+iF) lE+ F)’
(Q#r —4QPr +3Q%r) = — [ D={[(0)3 - 72),] [300)3 - (42),]}

- (E i iF)? [E2-f F- 1] ; (2.37)

while the element for fluctuations in q is

(Q4 —4Q2 +3Q5) = o [ Du{[(=)} — (=2),] [(@)3 — (=]}

« 1
T (—g) /Dz { ll * (1 - )BG"(A(2))
1 A(z) — 2 2
[1 YT 0pa @) T (Vi) ] } ’

which can be re-written as

e - Q) J»: { [1‘ 1- fwg"l(i(z))/z]

B 1 Mz) -z ?
[1 I 77(2)/2 ”( V=1 —q) ” (2:38)

in terms of the 4 parameter of equation (2.23) and the mean training function

in equation (2.11). Clearly the integrand is zero when g”(A(z)) = 0, which for
the training function in question will only not occur at ;\(z) =k —7r and £ + T,

whereupon we are left with

«
(@4 —4QB +3Q%) = ——; / Dz
(1-4)°.
A(2)=kxTp

n 2(3\(/21);;)2} L (239)

39



We can now see the effect of symmetric fluctuations on replica-symmetry by writ-

ing down the product of the eigenvalues as given by the determinant (2.33)
QY = (Qf —4Q% +3Q%) {(QgE — Q25)(Qfr — 4QFF + 3Q%F)
2
+2(Q%F — QF) } +(QzE — QgE)

which by piecing together equations (2.37) and (2.39) as well as using the saddle-

point equations (2.25) solves to

e . Mz) -2\
o - gu-r oo ()]
—%(1 ~q)° [2 + 1;-41 (1-@a- q)z_)} ; (2.40)

but this is of order (1 — ¢) so vanishes in the optimal perceptron limit of (¢ — 1).
However, we can say is that for ¢ just under the optimal limit, the terms of
order (¢ — 1) is a constant for all storage capacities, hence symmetric and weakly-

asymmetric fluctuations do not affect the stability of the replica-symmetric ansatz.

2.9.2 ASYMMETRIC FLUCTUATIONS

For the stability matrix in the case of asymmetric fluctuations we find orthogonal-
ity conditions mean that the contribution from fluctuations of the quantity {E,}
vanishes, resulting in the simpler matrix (D.15). Excluding unimportant constant

terms, the determinant of this matrix is

Q7 = (QFr — 2QFr + QFr) —i (2.41)
B - (Q4 — 202 +Q5) '
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where the quantities are as defined in equations (2.34). Assuming a line of rea-
soning very similar to that of the previous section, we can immediately write

down

(Qfr —208r + Q%) = — [Du ()3 —(1))],
1

(iE +iF)’
(@4 —205+05) = o [Dz[@E) — )]

« ! 2
= P [l 1 —v?a"(ﬂ(z))/‘*]
= ﬁ /DZ. (2.42)

AMz)=K-Tp
X(Z)=K+TT

The complex nature of the elements in the determinant (2.41) indicate we are sited
on a saddle-point[Cop65, Arf85]. The condition for whether the replica-symmetric
solution is to be stable is deem‘ed when the determinant of the Hessian is positive
definite. This is easily verified by the positivity of the determinant (]JQ? = 1) at
the zero storage capacity limit of ag = 0, if we are prepared to accept the veracity

of the replica symmetric ansatz with zero quenched disorder in the model.

Hence we can write the condition for a positive determinant as

ac / Dz<1 (2.43)
Me)=kzTr

where the necessary ranges for A(z) = &+ 77 is read off table (2.28) in the optimal
perceptron limits of (¢ — 1) and hence (a — a¢), for each of the three parameter
regimes identified. Unlike with symmetric and weakly-asymmetric fluctuations,
the determinant for asymmetric fluctuations does not vanish in the optimal per-

ceptron limit. Hence we must beware of the network wandering into a region where
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the replica symmetric solution is unstable, and hence obviously incorrect. This
was done for all the results to be presented, and we can pre-empt them slightly

by stating that they all lie within the replica-symmetrically stable regime.

2.10 RESULTS FOR THE ALIGNMENT FIELD DISTRI-

BUTION

Equations (2.7) for the iterative dynamics and (2.32) for the storage error are
both dependent on the alignment field distribution. This distribution gives an
indication of the training function’s effect as the following external field parameters
are varied: the training field noise level f; and field strength 7r, the stability

constant «, and the storage error F.

Armed with equation (2.28), the somewhat terse expression (2.26) for the align-

ment field distribution function can be expanded for the three regimes into

Regimel — —oco< 27 <47 [1 - ﬂ]
p(A) = = {0l(x + 72 = 7) = Al + 018 — (x + )l exp (—37)
+6[A — (k + 7)) {ﬁ[n + 7] — H[k + 77 — 7]} ,

Regime 2 =~ v [1 - \/l——f;] <21 < Jr
p0) = == {010 = 72 = 1/T= 72) = AL+ A = (s + )] fexp (~34°)
+0lA= (6 = ) {8 [ - 22| s — e =0T 1)

+8[A = (& + 71)] {ﬁ[n + 7] —H [n - ﬁ]},

4 Ty

Regime 3 WV r <21 < 00

p8) = == {016 = 2 = 1/T= ) = A+ 18 = (5 = )]
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—0A —(k+ 70— 7\/f_T] +0[A — (k +’TT)]} exp (—%Az)
+8[A — (5 — 72)] {H [k — 72) — Hlx — 7p — Nﬁ;]}
4610 = (o -+ 7)) {Tle + 7] = T [ 472 = 7/7a] } (2.44)

where the error function H[- - ] is as defined by equation (A.4) in the mathematics
appendix. These three distributions reflect how well the two terms in the training
function (2.11) are satisfied, a “correct’ term (1— fr)0[A+7r —&] and an ‘incorrect’
term fr0[A — 7 — k]. Wecan see the training noise level f; weights between the
two terms, while the actual difference in thresholds between the two step-functions -
is given by the noise strength 27;. The choice of regime is also affected by the
ffactional storage error, because demanding it to be low is achieved by setting
the parameter v to be large, which translates to demanding a strict adherence
to the training function. The three plots 2.1-2.3 of the alignment distribution
- show regimes 1,2 and 3 respectively, for three increasing field strength at a fixed
noise level. . The same regimes can be qualitatively reproduced by keeping the
field strength fixed and decreasing the noise level, with the main difference in the

locations of the delta-peaks at (k — 77) and/or (k + 7z).

Figure 2.1 shows the first regime is essentially the original Gardner - _train-
ing function distribution with a non-zero fractional storage error [AEHW90], bar
a trivial rescaling in the stability requirement constant (x — & + 7). This occurs
when the erroneous fr0[- - | term in the training function of equation (2.11) dom-
inates over the ‘correct’ (1 — fr)d[ - -] part. This can happen at low storage errors
F, as strictly requiring the erroneous part to be trained automatically ensures
adherence of the easier correct part. Indeed, for the strictest zero storage error
case, the distribution is the same as the original Gardner regardless of the other
parameters and no new behaviour is observed. With the storage error greater than
zero, this first regime can still be visited by a low enough external field strength
7r and/or a high field noise level fr. The former because there is then a negligi-

ble difference between the two step-functions, and the latter because the training
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Figure 2.1: Alignment field distribution for a fixed storage error ¥ =1% and
minimum stability constant & = 1.0. This is for the first regime in parameter
space with a low training field strength 7 = 0.10, and the noise level at fr = 0.24.
The delta peak lies at (s + 7). This same regime is qualitatively reproduced with

a high noise level fr = 0.50 with a field strength =, = 0.50.

function becomes heavily weighted in favour of the erroneous part.

Novel behaviour appears in the second regime illustrated by figure 2.2. This is
made by fixing the storage error to a non-zero value while raising the external
field strength and/or lowering the noise level from the values in the first regime.
This new regime has an additional delta peak at (k — 7r) and is the manifestation
of alignment fields that satisfy the correct term in the training function, but not

the tougher erroneous one, suitably aided by the weighting towards the former.

Further raising and/or lowering the external field parameters produces the final
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Figure 2.2: Alignment field distribution for the same storage error and stability
constant as in the previous figure. This illustrates the second regime in parameter
space with a medium training field strength 7. = 0.50, and the noise level at
Jr = 0.24. There is now an additional delta peak at (x — 71) in addition to the

one at (k + 7). The same regime is reproduced by a noise level f; = 0.30 at a

field strength 7 = 0.50.

third regime shown in figure 2.3. Here the correct term in the training function
continues to grow in importance over the erroneous part, expanding its influence
on the distribution at the expense of the delta peak at (x + 7p). As the external
field strength further increases, this diminishing delta peak eventually disappears
and the distribution returns to the Gardner case but with the remaining delta

peak relocated to (k — & — 7z).
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Figure 2.3: Alignment field distribution, again with the same storage error and
stability constant as before. This shows the third regime with a high training
field strength 7. = 0.90, and the noise level at fr = 0.24. The same regime is
reproduced by a low noise level f; = 0.10 at a field strength 7, = 0.50.

2.11 RESULTS FOR THE BASINS OF ATTRACTION

We shall now examine the network’s dynamical behaviour by the iterative ex-
pression (2.7). The use of diluted connections allows this to be generalised to a
time-iterative map of the overlap measure, so that the retrieval of an arbitrary

pattern is given by

_ ~ fer mi + 1) . m\ — 7,
Mep1 = / dA p(A) {(1 fa) f[——z(l = mz)} + faerf [————2(1 = mz)] } (2.45)

t 4
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in terms of the alignment field distribution function. The additional parameters
(fr, Ta) are to do with the application of a persistent external field during retrieval,
with fz the mean fraction of erroneous bits, and 7 the field strength. Taking the
field strengths 7 and g, and the fractional storage error F all to zero restores the
retrieval dynamics for the original Gardner model [KA88]. From this dynamical
equation we can discover the network’s attractor structure of retrieval. The results
and analysis of this constitute the remainder of this chapter, beginning first with

a discussion on what quantities we intend to measure.

2.11.1 TRANSITIONAL POINTS OF THE DYNAMICS

The aim here is to discover how the attractor structure of the retrieval dynamics
changes as the various network parameters are varied. For a given set of these
parameters we start by numerically [PFTV88] finding the fixed-points of the iter-
ative mép equation (2.45) for the overlap measure m, where the stable solutions
indicate attractor centres and unstable ones define the attractor boundaries. From
these two values of the overlap the fidelity of the memory attractor to its training
pattern and the size of its basin of attraction are revealed.. The network’s iterative
dynamics is described by equation (2.45), for an optimal storage capacity ac given
by equation (2.30) and a fractional storage error F by equation (2.32). The effect
of the training and retrieval external fields will be discussed in detail later, but
for now we shall focus on the effects of varying the storage capacity and storage

€rror.

The storage capacity ac is a particularly interesting quantity to examine since it
gives a readily accessible indication of a network’s performance. We shall refer to
figure 2.4 which shows the basin of attraction for an increasing optimal storage
capacity in the Gardner case of no external fields and zero error in therstora,ge.
The solid lines are attractor boundaries, and the attractors themselves are drawn

with dashed lines. In figure 2.4 we can make out two phases in the storage-overlap
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Figure 2.4: Fixed-point map showing the basin of attraction for the Gardner case

of no external field and zero storage errors, for increasing optimal storage capacity.

The attractor boundaries are drawn in solid lines ( ), and the attractor centres
by dashed lines (— — —). The circled points are two transitional points and mark
out the two retrieval regions. From a storage capacity of a = 0 to o = &9 we have
the region of wide retrieval, and beyond that from a = &g to a@ = &; we have the

region of narrow retrieval. Beyond a¢ > &; no dynamical retrieval of a pattern is

possible.

(ac, m) space. At low storage capacities the basin boundary has an overlap of
essentially zero, implying retrieval of the pattern is guaranteed for any positive,.
infinitesimal initial overlap. As the number of patterns stored by the network
is increased, a level of storage is reached whereby the attractors for the memory
patterns can no longer avoid each other, and have to shrink their basin boundaries
in response. This storage capacity signals the upper-bound for the region of wide-

retrieval, beyond which a macroscopic initial overlap is necessary for retrieval.
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A further increase in the storage capacity squeezes the basin of attraction until it
and the attractor vanish altogether, making the dynamical retrieval of a pattern
impossible. From the end of the region of wide-retrieval to this saturation point

of the network is the area we call the region of narrow-retrieval.

For the cases to be examined, we wish to emphasize how these regions of wide
and narrow-retrieval are affected by the external fields. Operationally, these are
marked out by points in the storage-overlap space where stable and unstable fixed-
points meet. Henceforth they will be referred to as transitional points® and are
denoted by hats: (&,). Figure 2.4 illustrates where two such points exist for
the original Gardner case. The transition from the wide-retrieval to the narrow-
retrieval region is given by an optimal storage capacity ac = &o with an overlap
m = 7hp, and the transition from narrow retrieval to zero retrieval is given by the
point (&;,m1). For the zero storage error Gardner case, the wide and narrow-
retrieval regions are bounded by (&0 = 0.42,77¢ = 0.0) and (& = 2.0, = 1.0)
respectively [Gar89]. From zero storage to the end of the narrow-retrieval region
there is a stable fixed-point at m = 1 for the memory attractor, but for the storage

o > &g there is another spurious attractor with overlap m = 0.

We can treat the fraction of erroneous bits per pattern stored (F) as a parameter
by solving equation (2.32). The effect of increasing this value is to decrease the
quality of the memory attractor, and a corresponding narrowing of the narrow-
retrieval region [AEHW90] by a decrease of the &; transitional point. This simple
(and somewhat unproductive) response to further increases of the storage error has
been verified in this model at the values of 0.1, 1, 5, and 10% of the bits per pattern,
where no qualitative changes. in the behaviour took place. Nonetheless, §2.10 has
shown the necessity of keeping the storage error above zero for novel behaviour so

in the results that follow this parameter has been fixed at the somewhat arbitrary

value of F = 0.01.

3Reference [YW91] called these ‘critical-points’, a name we now regard as too vague.
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Finally this leaves the external field parameters to examine. The cases presented
in the following subsections look at the effect on the transitional points with a
training field (fr, 7r) only, with a retrieval field ( fa, 7a) only, and with statistically
equal training & retrieval fields (fr = fx,7r = 7a). The chosen means of showing

their effect is by looking at the resulting regions of wide and narrow retrieval, as

).

given by plotting the transitional points’ overlap (— — —) and storage (

2.11.2 TRANSITIONAL POINTS WITH TRAINING FIELD ONLY

Figures 2.5 and 2.6 show the transitional points as the training noise strength is

increased, for two levels of training noise at fr = 0.20 and fr = 0.24 respectively.

The straightforward behaviour shown in figure 2.5 is typical for low noise levels
(below fr~0.05 the network is essentially insensitive to the training field). Given
a sufficient noise level the improved content addressability of the system becomes
readily apparent as the region of wide-retrieval region bounded by the transitional
point (&g, ™Myg) increases, peaking at &, = 0.52 for a field strength 77 = 0.52. As
the number of patterns that can be retrieved with a microscopic initial overlap
has increased, the basin of attraction can therefore be said to have widened. Un-
fortunately this improvement is seemingly at the expense of the narrow-retrieval
region, whose decrease reduces the number of patterns that can be stored without

saturating the network.

Increasing the training noise above fi~ 0.21 complicates the transitional point

plots considerably, as the typical example at f; = 0.24 in figure 2.6 shows.

For low field strengths up to 7y~ 0.36 the wide and narrow-retrieval regions in-
crease and decrease respectively, as with the example discussed above. Additional
structures indicating new transitional points appear as the field strength is further

increased, and are best understood by referring to their fixed-point diagrams. The
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Figure 2.5: Plot of the transitional points with only the training field applied, the
storage error is at 1% and the external field noise level is fr = 0.20. The plot is

against an increasing field strength 7, with the transitional points’ overlaps (——~—)

and storage ( ) sharing the same ordinate. Here two transitional points are
being tracked: the (&g, o) line with zero overlap throughout and a storage ca-
pacity starting at ag = 0.42 which marks the upper-bound of wide-retrieval, and
the (&1, ™4) line starting with an overlap m =~ 0.98 and storage ac ~0.90 which
marks the end of narrow-retrieval. The increase in the wide-retrieval region as
indicated by &g shows that content addressability is improved, but the decrease

in &; shows a corresponding decrease of the network’s saturation limit, and with

it the narrow retrieval region.
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Figure 2.6: Plot of the transitional points with only the training field applied, the
storage error is again at 1% and the noise level has increased from the previous
plot to fr = 0.24. The meaning of the broken and solid lines remain as before, but
this example appears to be far richer. However, this additional structure has a
straightforward origin and is due entirely to the creation and later disappearance
of an additional stable fixed-point, one of a lower quality than the memory attrac-
tor. The evolution of this can be more clearly seen by examining the fixed-point

maps from which the transitional points are extracted, which explicitly show this

additional attractor.
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Figure 2.7: The first of three ‘snapshots’ of the the fixed-point retrieval maps
from which the previous transitional points plot is made. We are showing here the
fixed-point map’s evolution by plotting the fixed-point of overlap against storage
capacity for five increasing field strengths, with the largest field strength plot
drawn in broken lines. Here the training noise level is f; = 0.24 and the field
strengths are 7o =0.20, 0.28, 0.36, 0.44 and (in broken lines) 0.52. At low field
strengths 7 =0.20, 0.28 & 0.36 the wide and narrow retrieval regions increase and
decrease respectively. As the field strength is increased to 7, =0.44 and 0.52, a
new attractor is created and with it two new transitional points with overlaps m ~
0.90-0.98, one of which has now assumed the réle of marking out the upper-limit

of narrow retrieval.

important ‘snapshots’ for this example are given in figures 2.7-2.9, which plot the

fixed-points against increasing storage levels, for increasing field strengths.

Figure 2.7 shows that as the field strength is increased the (&4,7h;) transitional

53



1.0
0.9
0.8

0.7
0.6
0.5
04
0.3
0.2
0.1

Fixed Point of Overlap

1 ] ] 1 1 1 1 [ A i 11 L 1 1 ] 'l 1 i ]

0.0 T T
0.45 0.65

Storage
Figure 2.8: The second of the three ‘snapshots’ of the fixed-point retrieval maps
giving the transitional points plot at noise level fr = 0.24. The field strength
has now increased to 7r =0.52, 0.56, 0.60, 0.64 & (in broken lines) 0.68. Here we
see the original (&, Thl) transitional point merging into the (&o, o) point at the
abscissa at 7 =0.60-0.64. Its réle marking out the région of narrow retrieval has
already been assumed by one of the transitional points associated with the new

attractor seen created in the previous figure.

point marking the narrow-retrieval region starts to merge into the wide-retrieval
point (&g, o). Meanwhile two new transitional points appear with an overlap
m ~ 1, indicating the formation of a stable attractor in addition to the memory
pattern’s, but of lower fidelity. In figure 2.8 the old (&4,7;) transitional point
vanishes but its role marking out the region of wide-retrieval is quickly taken
over by one of the two new transitional points. Finally, in figure 2.9 the other
new transitional point coalesces into the wide-retrieval point, taking with it the

extraneous attractor.
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Figure 2.9: The last of the three fixed-point retrieval map snapshots, for the
training noise level fr = 0.24 case. The training field strength here is further
increased by 7, =0.68, 0.84, 1.00; 1.16 & (in broken lines) 1.32. We can see
here the extraneous attractor’s stable fixed-point disappearing, merging the final
extraneous transitional point into the (&o,70) point. In the limit of very large

training field strengths we are left with the same fixed-point map as for the zero

field case.
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The extra structure brought along by the appearance of the extra attractor seems
to have little practical consequence. Indeed, if anything it appears to degrade the
region of wide-retrieval over some range of external field strengths, and hence may

be indicative of the maximum training noise level to choose.

This structure is not, however, a result of instability in the replica-symmetric
solution and cannot be dismissed on these grounds. The indications from equa-
tion (2.43) are that stability of the replica-symmetric solution is only violated

beyond the network’s limit of storage.

2.11.3 TRANSITIONAL POINTS WITH RETRIEVAL FIELD ONLY

As mentioned in §2.1 motivating this model, the effect of an external persistent
field on the retrieval dynamics has recently been studied for the zero storage error
[EBKS90], but it is still useful to consider the 1% error case for the sake of direct

comparisons.

At a low retrieval noise level (figure 2.10) below f; ~ 0.20 the structure is straight-
forward with no new attractors appearing. The transitional points do differ from
the training-field only case because the introduction of the retrieval field breaks
the invariance of the dynamical equation (2.45) to (m — —m) overlap flips, raising
the wide retrieval transitional point’s overlap 7o above zero. Consequently the
stable zero-overlap attractor at a > &p is now replaced with a macroscopic one
induced by the external field. Meantime the wide-retrieval region & increases,
then eventually coalesces with the falling narrow-retrieval point &;. Beyond this
the retrieval map has no transitional points, and instead there is just one attractor
of steadily decreasing quality with increasing storage, signalling the dominance of

the external field in the network’s dynamics.

Retrieving with the slightly noisier field shown by figure 2.11 retains the transi-
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Figure 2.10: Plot of the transitional points using an external field only during
retrieval. This one again has the storage error at 1% and the field noise level at
fr =0.20. As with the two plots where only a training field is used, we are plotting
).

However, unlike those plots the transitional points of wide and narrow-retrieval

on the same axis the transitional points’ overlaps (— — —) and storage (

eventually come together at 7o = 0.38 beyond which the network has only a single
attractor whose quality decreases with increasing storage. When this happens the
lack of any transitional points prevent us from making a demarcation between the
wide and narrow retrieval regions. However, examination of the fixed-point maps
has shown only a worsening in the basin of attraction with incréasing retrieval
field strengths. This is corroborated by the following plot for a higher retrieval
noise level where the transitional points do survive and we can explicitly see the

wide and narrow retrieval regions decreasing.
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Figure 2.11: The second transitional points plot using an external field only during
retrieval. Again the storage error is fixed at 1% but the field noise level is now
increased to fr = 0.30. The transitional points begin much like its lower noise
level sibling, but do not come together at a given field strength. Instead the
region of wide retrieval reaches a maximum at 7, = 0.38 before it follows the
narrow retrieval region on a seemingly steady decline. This detrimental behaviour
simply reflects the network’s dynamics being dominated by polarisation by the

high retrieval field.

tional points throughout the covered field strength range, and consequently it is
possible to see how the regions of wide and narrow-retrieval decrease for large field
strengths. In comparison to the example of figure 2.10 this is able to show the

eventual polarisation of the spin-sites to the external retrieval field.

Lastly, both plots here are within the regime where replica-symmetry is stable.
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2.11.4 TRANSITIONAL POINTS FOR EQUAL TRAINING AND RE-

TRIEVAL FIELDS

Since the motivation for this work is the training of the network with ensembles of
external noisy patterns, it seems reasonable to expect the best performance with
statistically identical training and retrieval fields. The plots of such an assumption
are presented in figures 2.12 and 2.13, for two levels of external field noise. The
most immediately apparent observation is their qualitative similarity to the pure
retrieval field cases. The quantitative differences are summarised in table 2.1 which
shows the maximum wide-retrieval storages max{do} and the corresponding ‘best’
field strength, amongst the three cases discussed above for three field noise levels.
Nonetheless the improvements are such it may be implied that the retrieval field
has a disproportionate effect on the dynamics, and hence an ‘optimal’ training and
retrieval fields combination may involve weakening the latter. This hypothesis is

supported by the disparate best external field strengths to use.

Once again the results presented are replica-symmetrically stable.

2.12 CONCLUDING REMARKS

We have seen in this chapter a detailed example of a Gardner phase-space of inter-
actions calculation. This model was an extension motivated by the observations
that including external fields and noise with the training procedure can improve

content addressability.

The first equation calculated was an expression giving an iterative map which
describes the dynamics of the neurons’ zero-temperature (i.e., non-stochastic and
deterministic) update. This map is exact for the first time step from a random

start, but can be elevated to-all time steps for a network with a highly diluted
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Figure 2.12: This plot shows the transitional points when a statistically equivalent
external field is used during training and retrieval. The storage error is at 1%,
and the noise levels at fr/s i.e., (fr = fr) = 0.20. Qualitatively the behaviour is
identical to having only a retrieval field at a low field noise level, with the same

merging of the two transitional points.

connectivity C' much less than the magnitude of the number of sites V.

We then invoked self-averaging for the large system size and wrote the iterative
map in terms of a distribution function of the alignment defined in §1.2. This
distribution function was then calculated by doing an annealed-optimised search
over the phase-space of connections, picking out the solution which satisfied the
training function we had. The disorder from the memory patterns we wish to
store and the noisiness of the external fields were quenched averaged by use of the

replica method, closely followed by taking the replica symmetric ansatz.
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Figure 2.13: The second plot of the transitional points when a statistiéally equiv-
alent external field is used during training and retrieval. The storage error is at
1%, and the noise levels here are at fr,x = 0.30. The behavior is as in the previous

figure.

We then found the parameters which control the external field used during the
training phase gave three regimes of behaviour, two of which are novel and differ
from the familiar Gardner result. These gave three sets of equations for the
storage capacity (2.30) ac, the fraction of storage error (2.32) F, and —via the
distribution function (2.44)— the dynamical equation (2.45). The validity of these
equations to small local replica-symmetry breaking fluctuations was ensured when

condition (2.43) was satisfied.

For the results, we first examined the effects of the three regimes on the alignment
field distribution function. We then introduced the idea of a transitional point

which allowed us to qualitatively measure the basins of attraction as the various
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max{éo} Dbest{r}

0.20

Mean External Field Noise Level

max{&o} Dbest{r}

0.24

0.30

max{d&o} best{r}

Training field 0.52 0.52 0.52 0.60 0.50 0.50
Retrieval field 0.72 0.38 - 0.66 0.38 0.60 0.38
Training =

Retrieval field 0.76 0.30 0.71 0.32 0.63 0.36

Table 2.1: Comparison of the three cases examined at three levels of external field
noise. The external field has been applied during training only, during retrieval
only, and during both training and retrieval phases. The entries refer to the
largest wide-retrieval region obtained, together with the associated field strengths
to obtain it. The former is measured by the maximum storage capacity where
retrieval of a memory pattern with a microscopic initial overlap is possible, &,. By
comparison, the region of wide-retrieval in the original Gardner model is bounded

by a maximum storage capacity of & = 0.42.

external field parameters were varied. These points showed that the maximum
storage capacity in which a pattern can still be retrieved with a microscopic initial -
overlap, the region of wide retrieval, was increased by the use of external fields.
Specifically, improvements in the basins of attraction were looked for in three cases:
training field only, retrieval field only, and statistically equal training and retrieval
fields. In all three cases the region of wide-retrieval were improved above the
original Gardner model’s &9 = 0.42, with the equal field case marginally highest;
e.g., max{do} = 0.76 for training and retrieval fields at strength f;,, = 0.30 and
noise level fr,r = 0.20. However, this slight improvement over the corresponding
retrieval-field only case (max{&p} = 0.72), and the differing value for the best
field strength (7: = 0.38), perhaps suggests the retrieval field was dominating the
dynamics and that a simple equality was not the optimal relationship between the

training and retrieval field parameters.
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The stability of the replica-symmetric ansatz to small symmetry breaking fluc-
tuations was calculated and it appears to have been respected in all the results

presented.

Before we close this chapter we ought to mention that reference [RSW91] has
made a survey of retrieval behaviour, comparing the effects of discrete and Gaus-
sian noises in the retrieval field. The authors have pointed out that discrete noise
probabilities of the form described by equation (2.2) can be responsible for fea-
tures in the fixed-point retrieval maps which disappear when using the continuous
Gaussian noise. This does not invalidate the results presented here, but it should
temper one’s enthusiasm for their potential universality. The obvious remedy is
to repeat the calculations and numerical analyses in this chapter using Gaussian

noise for the retrieval field, and this may be pursued in the future.
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Chapter 3

Storage Properties of Sign-Constrained Neural

Network Models

3.1 DvuAL DISTRIBUTION FUNCTIONS

The phase-space of interactions is a tremendously powerful technique for elucidat-
ing the properties of neural network models with optirhal connections. Chapter 2
illustrated this with the specific problem of calculating the attractors in the re-
trieval dynamics of such a network. We saw that the dynamics is principally
determined by the distribution function of the alignment field. From the point of
view of understanding the network this distribution is an interesting quantity to
calculate in its own right, and we could have similarly calculated the distribution
over the synaptic efficacy. Both these distributions allow us insights into the na-
ture of the optimal network without actually having to know the exact value of

each individual connection.

In this chapter we shall further develop the phase-space technique and calculate
the dual distribution functions as introduced by Wong [Won90]. These objects will
be used to compare the properties of two different optimal networks given the same

sets of patterns to train, with a view of seeing how they cope as the differences
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between them are varied. These differences can be in the training function as in
reference [WRS91]), or they may be in their physical architecture. The example
considered here belongs to the latter category, namely in the way the networks’
connection weights are constrained to a given sign. This idea of constraining the
weights to be a specified sign is our attempt to model the biological observation
known as Dale’s rule, but its consequences here appear to lead to an embarrassing
paradox. We shall now spend some time detailing the model and how it leads to

this problem.

3.1.1 DALE’S RULE AND THE SIGN-CONSTRAINT

Dale’s rule is an empirical statement which claims that the synapses into a bi-
ological neuron are either all excitatory or all inhibitory [Ecc64]. The way this
observation is modelled in a neural network model is by restricting the synap-
tic efficacies into a neuron to be all positive for excitatory connections, or be
all negative for inhibitory connections. Previous works have examined the re-
trieval dynamics [CW90], calculated the storage capacity by geometric arguments
[CR91], and given a convergent perceptron-like learning algorithm for generating

such optimal synapses [AWC89b)].

However it is reference [AWC89a} which motivates this chapter’s work. This con-
siders how a sign-constrained network is able to optimally store random, uncorre-
lated patterns. In particular it hints at a possible paradox whereby the network

is seemingly able to store patterns which ought to contradict its constraints.

We shall now detail the model we wish to study, using much of the notations given

in §1.2. We require P patterns £*,u = 1... P to be stored, which is realised when

@ <, Ji ©
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that is, the alignment field is larger than some positive constant & for all 4 =
1... P patterns and for all sitesz = 1... N. Using the justifications given in §1.2.1,
we can simplify the notation by considering a single perceptron and re-writing the
patterns as (('¢Y — ¢/). This perceptron has C continuous weights J7,j =1...C
whose phase space is constrained by equation (1.12) to lie on a unit C-dimensional

semi-hypersphere. Together these three items simplify the stability condition to

c 7i
A=) —¢' >k 3.1
where we have taken the liberty of denoting the alignment field by A*. The
final constraint to consider is for enforcing the signs of the interactions. This is
realised by introducing a C-dimensional sign vector {g’} with the possible binary

components g’ = +1 such that we require
gJi >0 (3.2)

for all the y = 1...C weights into the perceptron to be satisfied. This sign vector
{g’} allow us to specify whether each weight should be excitatory or inhibitory,

with Dale’s rule occupying the two extremes of g/ = 1 or g/ = —1 for all j.

The paradox mentioned above concerns what happens when we flip each com-
ponent of the sign vector {g’}. Upon doing this, constraint (3.2) will demand a
corresponding change in the sign of the weights (J7 — —J7), but this will then
violate the stability condition of equation (3.1). Hence it seems two networks with
opposing signs in weights are not able to store the same set of memory patterns.
Of course, the stability condition can be respected again if we also flip the pat-
terns ({£*} — {—&"}), but this is just telling us a network with opposite weights
{—=J?} can only store the flipped set of patterns.

We arrive at the paradox when we perform the quenched average on the uncor-

related and unbiased memory patterns, i.e., completely random patterns. We
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can quickly see thié calculation is independent of whether we average the set
of patterns {€”} or its opposite {—&*} [AWC89a], which suggests the opposite
network can meet the stability requirement without explicitly requiring the pat-
terns to be flipped. We can turn this argument around and say that in effect a
sign-constrained network is seemingly able to store a set of patterns {£”} and its

opposite {—£"}, despite the prima facae conclusions from the constraints (3.1)

and (3.2).

The rest of this chapter is devoted to the task of resolving this paradox. To
facilitate this we shall calculate the dual distributions in weight and alignment
field distributions, for two networks under the same quenched memory patterns.
The two networks have different sign constraints and in effect we are trying to
ascertain how the two networks are coping in storing the same patterns. The
following section will mathematically write out the calculation, and in the process
introduce the notations to be used. Before the presentation of the results there will
be a discussion on the stability of the replica-symmetric ansatz, a task necessary

to lend justification to the mathematical validity of the calculations.

3.2 CALCULATING THE DUAL DISTRIBUTIONS

We shall be investigating the storage properties of two networks with differing
sign-constraints, by examining the dual distributions of their alignment fields
and synaptic efficacy. That is, we shall be calculating the functions p(A,]\) and
p(w, W), where we have differentiated between the networks by the tilde symbols.
The two networks are required to obey the stability condition (3.1) as well as the
sign-constraint (3.2). The latter allows us to vary the difference between the two

networks by defining an overlap measure between the two sets of constraints {g’}
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and {g'},

c
m =g LeE | (53)
and hence for C connections into the neuron, a fraction (1 + m;)/2 have the same
signs, whilst (1 — m,)/2 of them have opposing signs. m, is now a parameter
we can vary, such that m, = 1 gives the two networks identical constraints, and
_ conversely m, = —1 forces them to be antisymmetric to each other. The latter
extreme corresponds to the paradox discussed in §3.1.1 above. We shall now detail

the calculation for the dual-distribution function of the alignment field.

3.3 THE ALIGNMENT FIELD DUAL DISTRIBUTION

We shall take a quenched average over the memory patterns of the dual distribu-

tion function, as given by

~ C . . . . oA ~ -~ ~
p(AA) = << / II [6g7 J/1dJ76]5" J)d.T7) 6[A — AMJS[A — AM)

c c p
<8[9 = CIAIY ()~ Clexp (83 [o(A") +5(1))

. 0) J
c 8T ggsd o
X

P ~ . c ~
/ I1 [ 477 dF?] 813 ()2 - ClIY(F)* - €]

X exp (ﬁi:: l9(A%) + g(f\“)])] _l>>‘3 (3.4)

5

where the first two delta functions sample the alignment field for an arbitrary
pattern ¢€*=!. The double-angled brackets denote the two networks are quenched
averaged with the same g = 1... P set of patterns. Apart from the differing sign-

constraints the networks are identical, although this formalism has the potential
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to allow other differences to be considered, in for example the spherical constraint

and the training function g(A*).

AVERAGING OVER THE MEMORY PATTERNS

By writing equation (3.4) in terms of @ = 1...n replicas over the connections we

can raise the denominator and do the quenched average over the patterns. i.e.,

p(A,A) = lim

n—0

P 3 o n,C
B[ ddadat dedas] (280
a a a a J 77 i0r~7 77 i
[ o or ] J 11 [olg' 21453008 2147

~ n C . C ~ .
6[A — MJ6[A - AT [6[‘;@)2 ~ CI6_(Ji) - 01}

n,P N : .
x [T exp (izids +izeds + Bg(M) + Bg(Ae))

a,u

X <<ﬁexp (—i an |24k + :zg[xg]) >>f : (3.5)

n

Using the definition of the alignment field given by equation (3.1), the last term
in (3.5) with the dependence on the memory patterns can be averaged. In the

large connectivity limit this can be written as an exponential function via

(e (o)),

- llf_[exp (—-2—152?: [znj (w3 + gzgjg’)] 2)

n,C

= ]i[exp (—5152 [(xf:‘]i)2+ (;igjg)z]

a,j

S SX [etisietk + T

7 a<b

ATy [stszf:JFazsnggw:])

7 ab

69



which is dealt with by introducing the correlation measures between the replicas

llI

C
E JITE, Gab Va,b (a < b),
j

C

Z A

é (3.6)
=S,

J

Ql+=
lIl

Ql+-

Va,b.

The quantities gq5 and §,5 measure the overlap between different replicas within
the same network, whilst r,, examines the correlation between the two networks’
synapses. By inserting the definitions (3.6) and writing the spherical constraints

in integral form, we obtain for the dual distribution of alignment fields

~ _ dFabdqab dFabdqab dI{abdrab
p(AA) = hm /H[ﬁlw 4 ]g[ 2r/C  2x/C lg[ 2 /C ]
exp C {GJ {Ea, Eo, Fap, Fup, Kop}) + @G ({gabs Gabs Tab})

+G0({Eaa Eaa Fab, Fab, Gab, q~ab1 I{aba Tab})}

/H ld/\ld:r:1 dAldz! ] §(A — N8R — A1)

X exp {—5 Z [(17,11)2 + (;ﬁ}l)?] _ Z [xiqabwi + ilﬁabfi;]

a<b

_ E olrg il + z [iz] Al +izLAL + Bg(AL) + Bg(A)] }

(3.7)

which has been explicitly written in a form to be amenable to integration by the

method of steepest descent. The functions inside the exponential are

Gi({Ea, Ea, Far, Fup, Kop}) =

/ / I dJ.dJ, exp (—% S [Ed? + Eu 2]
oo ¢

a

%(1 + m,)In
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+lz [JaFabe + jaFabjb] + 12 JaKabjb)}

a<b a,b

o 0
1 - . i< .
+—2—(1 — m,)1n {/ / [[dJ.dJ. exp (—5 za: [E,,Jf + E',,Jf]

0 -0 @&

+i Z [JaFabe + jaﬁabjb] + IZ Jal(abjb)] )
a<b a,b
GA({Qab’ qab, rab}) =

d\.dz, d).dZ, 1. ) o
ln/ [ o ] exp (—§ Za: [xi + zﬁ] =3 [ZaasTe + FadasEs)

a<b

- Z za'rabib + i [iza/\a + i-%a:\a + :Bg(Aa) + ﬂg(:\a)]) ’
a,b a

GO({Eaa Ea’ Fab, Fab, Gab, Qaby Kab, 7'ab}) =
';" > [Ea + Ea] —iy, [Fab%b + Fabqab] —1) KapTas. (3.8)
e a<b ab

The quantities {Fab-, Fo, K} are the conjugate variables to {gab, Gab, Tas} TE€SPEC-
tively, and integrations with respect to them will also be evaluated by the method

of steepest descent.

EVALUATION AT THE SADDLE POINT

In the large connectivity limit the integrations in the first line of equation (3.7)
can be performed by the method of steepest descent. This means we need to find
the saddle-point which maximises the function G = Gy + aGj + Gy by solving

the set of equations

1= {Jz}G.n = {jZ}GJ, Ya,
b = {Jadb}a,, dab = {Jab}a,, Va,b (a < b), (3.9)
C1Fp = —a{zezb}a,, iF, = —a{Z.%b}c,, Va,b(a<b)
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and

rab = {Jads}a,, iKa=—a{zads}e,, Va,b. (3.10)

Equations (3.9) are analogous to those already encountered in §2.5, but with
different curly-braces operators complicated by having two networks to contend
with. Before we evaluate the braces in equations (3.9) and (3.10), we shall first
take the replica-symmetric ansatz given in equations (2.17) for the quantities
{E4, Fab, qap} and their dual {Ea,ﬁab,qab}. We shall also employ 7, = 7, Koy =
K, Va,b for the two remaining replica-dependent quantities. We can then write

the two braces operators as

(o0}

G Ney = 514 m) /711 [.dz.] ()

0

exp{—%(E-i—F)ZJf— (

+% (F [f) Ja] +2K lZ]

3
l————l
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T
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| IE— |
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My
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gku .
| S
~n
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——

3

exp{—%(E +F)Y I - %(E + B3

a

+ (F [Z Jf’r +2K [zanl [E ja] +r [E j“D }
J

[1 [d/adJ] exp{—%(E+F)EJ3— %(E+F)ZJZ

(oo}

o/
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and

d\,dz, df\ad:%a] ()

(e, = [T] [ Loz
e {-J0-0 e 30-03 2
S [5]  fe] [e] o[5e)
N Xn: [izada +i8aha + Bg(Aa) + ﬂg(xa)]}
# [T [Vttt {1030 - S0 -9 322
(] e 5] [Ee] afe])

+ znj [izaa +iZaha + Bg(Aa) + B(Ra)] } : (3.12)

a

A1

The next step is to linearise and decouple the terms inside the exponentials of

equations (3.11) and (3.12). For the first operator this is done by first re-writing

in terms of the quantities

1 K
AZEE[l—{——} and B?=

o (3.13)

such that we can write



A2 n n 2 ‘2 n n 2
= exp (1/;— [\/FZJ,,-]-\/EZL] +%— [\/FZJ,, — \/EZL] )
= /'Du’Dv IIexp ([Au + Bv] J,ViF + [Au — Bv] ja\/l_ﬁ) (3.14)
by performing two Hubbard-Stratonovich transformations (A.2) which add Gaus-

sian integrals in the variables 4 and v.

We can treat the second curly braces operators (3.12) in the same manner by

introducing

)
il

[1 + %l and b?= % [1 - \/Lcﬁ] (3.15)

[NX ]

and perform the linearising transformations by y and z, giving

€x

=}

AT e ][] i)
= exp (_%2 [\/qixa + \/52:::%]2 - E; [\/ﬁixa - ﬁ‘i%ar)
_ /DyDzlf[exp (=il +bel 2@ =i foy — be] 3/a) (3.16)

Upon replacing the above transforms (3.14) and (3.16) back into the operator
definitions (3.11) and (3.12) respectively, we find the denominators go to unity in
the zero replica limit. This means we can simplify saddle-point equations (3.9)

and (3.10) and write them in terms of the following operators

(), = 7dJ(' ++) exp (—%(E + F)YJ? 4+ (Au+ Bu)J\/i?)

T4



+ [drexp (—%(E +F)J? 4 (Au+ Bv)J\/i?) ,
0
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]

7dj(- - )exp (_%(E +F)J? 4+ (Au— Bv)J\ﬂ?)

—:—/dj(- --) exp (—%(E + F)J? + (Au - Bv)j\/l—}) ;

0

/0 dJ(-- -)exp((—%(E + F)J? + (Au - Bv)j\/l_f">
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Il

+ /0 djexp((—%(l:?-i—ﬁ’)jz+(Au—Bv)j\/i7F), (3.17)

and

(- = / e (- Jexp (< T - )+l = (o + b2) v + Bo(]e
d/\dx

27
/
d

%— 1—q)+i[A— (ay+b2)\/§+ﬂg()\)]m),

E(-Yexp (——(1 — )+ [1- (o = bai+ A1) 3)

l‘

o (-0 - 0+ A G- b+ Ae)] ). (2as)

We shall now use the above definitions and simplify each of the saddle-point

equations (3.9) and (3.10) in turn. We begin with the one obtained by taking the
derivative with respect to {E,}

1 = {Jz}GJ
= /Du'Dv {%(1 4+ m ) (I, (1) 54 + %(1 — ms)(J2>J<1>J-}
= [Dupo{(s2),}, (3.19)
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and similarly for the derivative with respect to {E,}

1 = {jz}GJ
= [ DuDo {50+ m)1) (50 + 50 = m) (1))
= [DuDy {%(1 +mo)() e + %(1 —m)(J;- ) (3.20)

Likewise, the derivatives with respect to {Fy} and {Fab} are

g = {Jabb}es,
- /DuDv{(J)i},
§ = {Jadb}s,
= [ DuDo {50+ m )5 + 50 - m)5 ) (3.21)

respectively. Differentiating with respect to {qqs} and {gus} gives simply

iF = —a{z.)e,
= —a [DyDz{(@);},

i = —af#.8}e,
= —a / DyD:z {(#)}}, (3.22)

again respectively. We can see straightaway that the solutions to equations (3.19)-
(3.22) can be placed into two groups, each concerned with its own network. Hence

we have two sets of -intra-network quantities {E,, Fys, ¢ap} and {Ea,ﬁ'ab, Jab}, in
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addition to the inter-network quantities {ras, Kop}. It is in the saddle-point equa-
tions of the inter-network quantities that the inter-network overlap m; of defini-
tion (3.3) arises. Equating the derivative with respect to {Ku} equal to zero, we

have

r = {Jajb}c;,
= [DuDo {504 I ge + 5= m) D 62)

Finally, the differentiation with respect to {r.s} gives us

iK = —a{z.b)e,

= —a / DyDz {{z),(#);} . (3.24)

We have now expressed the saddle-point equations as Gaussian weighted integra-
tions of moments with respect to the operators (3.17) and (3.18). Appendix E
shows how the moments of the former are calculated, but here we shall simply

quote the ones we need. For the evaluation of equations (3.19)—(3.21) and (3.23),

these are
Au+Bv [ F
Jy, = 0[Au + B
D= ZEmE B A B
o Au — Bv F
(N = ———\| =—=0[Au — Bv],
mE+m\E+F
. Au — Bv F
(J)j- = ———| =—=0[—(Au — Bv)],
wE+m\E+F
1
2 _ 2
(7%, = HLHF(1+Mu+Bd_E+F>ﬂAu+&m
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(JDjq = = Jlr = (1 + [Au — Bo)? 7 i F) 9[Au — Bu],
(JY;. = — i = (1 + [Au — Bo]® = f: F) 0[—(Au — Bv)]. (3.25)

For the remaining three saddle-point equations (3.22) and (3.24) we need the

moments with respect to the operator (3.18), which we can write as

(@), = /'D:c 1(1+k) [:v+i (A - (f‘/yl_t%z)ﬁ)r
X exp (ﬂg(A) +iz [’\ (j/yl;b;)\/@D
[ St -atem (st - B,
(2 = \/2—7T/Da: — §) =R [wJH( —(j/yT:EZ)\/_)]k

X exp (Bg()\) +iF [ q])

/\/— (1—§) 7 expB (9(;\) _ Q== b2)va) ) . (3.26)

26(1 - §)

The integrations with respect to the z and & variables are standard moments of a
Gaussian distribution. However, the integrations with respect to A and X require
us to take the low annealed-temperature limit of (8 — oco), which then allows us
to use the method of steepest descent. Consequently, this requires us to find the

functions ;\(y, z) and A(y, z) which respectively maximise

G = g - 7i A — (ay + b2)y/al?,
) = ¢(X)— % [X —(a- bz)\/&]2 , (3.27)

78



where the parameters 4 and 4 are defined as

v =26(1—q) and ¥ =26(1 - q) (3.28)

in an identical manner to equation (2.23). Taking the optimal perceptron limits

of (¢ — 1) and (§ — 1) for both the networks, the moments we seek are

(z), = i (5\(3/,2) — (ay +b2)> ’

vI—¢\  vI-¢
o i Ay, z) — (ay — bz)
(Z) = =3 ( Ty ) . (3.29)

Upon substituting the moments (3.25) and (3.29) into the saddle-point equa-
tions (3.19)-(3.22), we can reduce the double Gaussian integrals into single ones.

Hence we obtain the following saddle-point equations

b= 2(iE1+iF) (33:215) b 2(iE1+iF') Ci?if)

1 F 1 F
7= 2(iE+iF)(E+F)’ "~ 2B +iF) <E+F) .
= a_fq-ﬁ/Dz(/‘\(z)_Zy, iF = (1—_;1;)—2/1)2(:\(2)—2) ;

K

the first four of which we can solve in terms of the inter-replica order parameters

q and ¢ in the optimal perceptron limits to give

1 . . 1
i\E+iF = , 1WE41F = ——,
2(1 — 2(1 — :
- ( lq) " ( IQ) (3.31)
T R LT g
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Upon substituting equations (3.31) back into the last two expressions of equa-
tions (3.30), we obtain the optimal storage capacity ac. We find this quantity is

simply half that of the unconstrained network which is given in equation (2.29).

The remaining two saddle-point equations concern the correlation between the
networks. We shall deal with them in turn beginning with equation (3.23). In-
serting equations (3.25) and (3.31), it becomes

. %(1 + m,) / DuDv + %(1 —ms) / DuDv| (A%? — B*?)

2
Au+Bv>0 Au+B'u>0
Au—Bv>0 Au—B-u<0

which is solved by transforming into plane-polar co-ordinates to give

o
—;—(1 + m;) / dd + %(1 —my) / da} (A% cos? § — B%sin? 0)

- P

« [ gze (-5)

= —(1 - m3)7rR + 2msR sin™! @ + 2 \/1 — R? (3.32)

[NR

where we have defined

I
>
%

(3.33)

To solve the final saddle-point equation (3.24) we shall now specify the form of the
training function g(A). Namely we shall use the original Gardner theta function

[Gar88] for both the networks

80



g\ =0[A - &), and g(\) =0\ — x|, (3.34)

which simply states that we want the alignment field to be larger than some
positive minimum stability constant k for all the memory patterns. We shall
further simplify matters by 'going to the limit of zero error in the storage by
taking the parameter v towards infinity —a procedure already discussed in §2.8.

The functions :\gy, z) and j\(y, z) which maximise equations (3.27) and (3.34) are

. fi +bz) = —o00...k,
Ay, 2) = K or (ay + bz) 00...K (3.35)
(ay + bz) otherwise, ,
and
2 f —bz)=—00...k,
Ay, o) = K or (ay — bz) 00...K (3.36)
(ay —bz) otherwise.

Substituting the above equations (3.35) and (3.36) into the moments (3.29) we

get from the saddle-point equations (3.30) the optimal storage capacity

ac = % [ [ Dz (s~ z)2] (3.37)

and for the final saddle-point equation (3.24)

iK(1-g)(1-9) = a/DyDZ[:\(y,Z) ~ (ay +b2)][A(y, 2) — (ay — b2)]

R = 2ac / DyDz[k — (ay + b2)])[x — (ay — bz)]. (3.38)

ay+bz<n
a.y—bz<n
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using definition (3.33) for the quantity R. We shall make use of equation (3.37) to
transform the minimum stability constant « in preference for the more physically

intuitive optimal storage capacity.

The remaining saddle-point equation (3.38) is dealt with by first shifting (y —

y' = y — k/a), and then moving over to plane-polar co-ordinates to give

2
R = £¥—g/dG/d.ss"’exp _2E s — = [a% cos? 8 — b?sin? 4]
T J a 2a?
T—¢

k2 (3 b k2 (3 b’
X [2907‘ + 2ab + 2ab§ (—8— - Z) + 2(,05 (— — —)]

2
%—xz } - (3.39)

where ¢ = tan~!(a/b). Equations (3.32) and (3.39) are coupled with each other,
with the solution (r, R) found numerically. There are efficient algorithms for
solving these equations [PFTV88] and in practice this is but a minor hindrance

to obtaining the results which follow.

EVALUATION OF THE ALIGNMENT FIELD DUAL DISTRIBUTION

Using the angled-brackets notation of equations (3.18), we can evaluate the dual

distribution of the alignment field (3.7) as

p(AR) = [ DyDz (58— M)y (6[A - Xi]);

= / DyDz §[A — A(y, 2)I6[A — A(y, 2)].
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Using the form of A(y,z) and f\(y,z) given by equations (3.35) and (3.36), this

splits the double Gaussian integral into four regions

p(AA) = / DyDz §[A — k]6[A — &]

a.y+bz<n
&y—bz(n

+ / DyDz 6[A — k]6[A — (ay — bz)]

ay+bz<n
&y—bz)n

+ / DyDz §[A — (ay + bz)]J6[A — «]

a.y+bz>n
&y—bz(n

+ / DyDz §[A — (ay + bz)]6[A — (ay — bz

a.y+bz>n
a,y—bz>n

which evaluates to

p(AR) = 5[A—n]6[ﬂ—n]jpwﬁ[%l

+6[A — K]0[A — k](27)"*H

0[A — K)O[A — &] A2 1[A-rA
2ny/1 —r? P

)]

r) . (3.40)

Equation (3.40) can be integrated with respect to the alignment field A to give the

single distribution function p(A). As a useful consistency check we find this is the

same as the Gardner optimal network, as has been reported in r

eference [AWC89a).

Furthermore, we can then introduce the conditional probability function p(A | A).

For A > &, this probability is
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(A, 4)
p(A

)

p(A | A)

(3.41)

which has an obvious depeﬁdency upon the parameter r. The significance and
plot of this parameter will be given in the results section, but we shall now turn

our attention to the dual distribution function for the synaptic efficacy.

3.4 THE SYNAPTIC FIELD DUuAL DISTRIBUTION

The second dual-distribution function we wish to calculate is for the networks’-
weights. These weights are a direct result of the annealed optimising procedure
and the distribution ought to tell us how the networks have coped with their
own set of sign constraints. We shall begin by calculating the dual-distribution
function p(w,w), but as in the case of the alignment field in §3.3, this is an
essential intermediate step towards finding the more useful conditional probability

distribution function p(w | @).

In replica form, we may write the dual-distribution function by sampling in both

networks a typical weight index j = 1 and replica a = 1, giving

N " [dE, dE, dFaydgar dFunddas | v [dKapdras
p(w, @) = 6%11_—?330/]':‘[[4% 4%](:1[;‘[1,{ 2n/C  2x/C }g[ 27 /C

€xp C {GJ({EM E~a’ Faba Faba Kab}) + aGA({qaba qab, 7'ab})
+G0({Ea7 Eaa Faba Faba I{ab) Gab, Qab, 7nab})}
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« [ 1 ol 2172018 7142] 6 [ - 2] 6 2 2]
X exp (——;—; [E’a (,];)2 + E, (j;)z]

+ Y [aFasds + JuFudy) +i E J Kabe) (3.42)

a<b

where the functions in the exponentials are as given in equations (3.8). Hence
the determination of the saddle-point equations also carries over here and we
may proceed straightaway with the distribution function itself. By introducing
two linearising Hubbard-Stratonovich transformations, we can borrow the angled-
brackets notation of equations (3.17) and write the above equation (3.42) free of

the superfluous replica and weight indices as
plw, @) = [ DuDv {(8lw ~ J]) 2 (6 ~ J) .} (3.43)

where the operators ((---));+ and ((---)) j+ are constructed to handle the weight

signs g and g, such that

(8w — ) ya / dJ 6w — gJ] exp (——(E + F)J + g(Au + Bv)J\/F)

- / dJ exp (—%(E +F)J? 4 g(Au + Bv)J\/i?) (3.44)

and for the conjugate network
(8l — Tye = [dF 66~ gJ)exp (——(E + F)J? + (Au — Bv)J IF)
0

+/d]exp (—%(E + F)J? + g(Au — Bo)J 1ﬁ‘) . (3.45)
0
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Equations (3.44) and (3.45) are sufficiently similar that we shall detail the treat-
ment of only the former. Firstly, the denominator can be written as the function
H[ -] defined in equation (A.4). Next, the delta function allows the integral in

the numerator to be easily evaluated, giving for gw > 0

(6lw - J));+ = exp (—%(E + FYw? + g(Au + Bv)wx/i?)

srree (e )

with the denominator essentially serving to normalise this function in w. However,
we know that in the optimal perceptron limit the saddle-point solutions grow
according to equations (3.31). This permits us to expand the function H|[---] in
the denominator via equation (A.5) for the appropriate range in the argument.
It also means the exponential function in the numerator will have the quantity w
dominated by either its critical point or by zero. That is, we first acknowledge
the restriction gw > 0 placed by the sign-constraint, so in the optimal perceptron
case w will be dominated either by g(Au+Bv)vF/VE + F or by zero, depending
whether g(Au + Bv) is positive or negative respectively. In either case, since the
denominator serves as a normaliser, so the equations are reduced to Dirac delta-

functions and we can succinctly write down for equations (3.44) and (3.45)

w— g(A?;f:)},\/lT} 8[g(Au + Bv)]

+6[w] [—g(Au + Bv)],
§(Au — Bu)ViF

© iE4iF
+6[w] 9[—g(Au — Bv)]. (3.46)

Il
N

(6[w — J])Ji

(6o —J)je = 6| 0[(Au — Bo))

Substituting equations (3.46) back into expression (3.43) for the dual distribution
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function, we find the integration region for the double Gaussian weighted integrals

are split by the theta functions into four regions and hence

) = vl e | on[ £

gulR ]
gu>0

+(4m)"Y(1 — R®)"Z exp ——i [w——@t—b—] - 7I)z) 6 [gw] 0 [gw]

+6[w] (47) 7% exp (— ’1’2) o (g0 T | —22F__
)

+6[w)] (47) % exp (“T 0 [gw] H

V20— R |’

which upon integrating with respect to the synaptic field w, gives the single prob-
ability distribution in the weights w

p@) = [ dw plw,)

= gotol+ (am)Fexp (=) o). (3.48)

Hence the conditional probability for a synaptic field w given a field @ in the

conjugate network is

plw|@) = p(w,®)+ p(@)

_ siwl T |89 Olgw]  [_1 w— R’
= Ml B 2(1-1!22)]Jr 47(1 — R?) p( 4[\/1—1??])

for gw > 0.
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Now that we have the conditional probabilities (3.41) and (3.49), we are in a
position to tackle the paradox in §3.1.1. But first we need to find the conditions
under which the calculations are valid, namely whether the replica-symmetric

ansatz used is stable to small, local, replica-symmetry breaking fluctuations.

3.5 STABILITY OF REPLICA SYMMETRY

The procedure for determining the stability of the replica-symmetric ansatz is the
same as that used for the external field model in chapter 2. Once again we are
probing the saddle-point solution with symmetric, weakly-asymmetric, and asym-
metric fluctuations, and examining the determinants of the simplified stability
matrices. We can avoid a lengthy argument over whether the signs of these deter-
minants should be positive or negative definite by checking against any changes:
in sign, as these indicate a transition to or from replica-symmetric stability de-
pending on our initial condition. The next two sections will give the results for
symmetric and asymmetric fluctuations, since appendix §D.2 shows the symmetric

and weakly-asymmetric fluctuations yield the same result.

3.5.1 SYMMETRIC FLUCTUATIONS

The matrix (D.26) in §D.2.1 shows how the stability matrix simplifies into two
non-zero diagonal blocks in the zero replica limit. Each of these blocks correspond
to a particular network, hence if symmetric fluctuations are irrelevant in both
networks we can say they are also unimportant for the calculation as a whole.
The ‘sub-determinants’ for these two blocks are given by determinant (D.10) and
for brevity we shall concentrate on one of these. From the moments (E.2) we can
see the elements of this network’s sub-determinant have the same quantities as

in equations (2.37), bar an additional factor of one-half from the sign-constraint.
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Moreover, since the training functions for the sign-constraint network and external
field model are the same apart from the external field parameters, the matrix
element in equation (2.39) also stands if we set the external field strength 7 to

Zero.

We can write the analogous equation to expression (2.40) for the sub-determinant

as

%l = 200(1 - 9" [P !1 + 2(%)1 - %(1 —q)* [2 + T%] (3.50)

Mz)=x

and similarly for the conjugate network. This will not be written out because
we can quickly see that in the optimal perceptron limit of (¢ and § — 1) equa-
tion (3.50) goes to zero. However, as in §2.9.1, when the networks are just be-
neath the optimal limit this determinant evaluates to a constant regardless of the
storage capacity. Hence we may conclude the replica-symmetric solution to the
sign-constrained network is similarly stable to symmetric and weakly-asymmetric

fluctuations.

3.5.2 ASYMMETRIC FLUCTUATIONS

The null result from §3.5.1 hints that each of the two networks are stable to replica-
symmetry breaking fluctuations as in the originél Gardner model [Gar88]. We can
then expect that nothing new in the way of replica-symmetry breaking is going to
occur unless the inter-replica parameters r and K are included in the discussion,
which is indeed the case for asymmetric fluctuations. Moreover, as seen by the
resulting matrix (D.31) and its elements (D.32), we find the stability matrix is
considerably simplified in the limit of zero replicas into a block diagonal form.

Two of these blocks concern themselves with the stability of the intra-network
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parameters to asymmetric fluctuations, while the central block is concerned solely

with the inter-network parameters.

STABILITY OF THE INTRA-NETWORK PARAMETERS

Restricting our attention to the intra-network parameters to one of the networks,
we can modify the result from the external field model as in §3.5.1, and write the

diagonal elements as

Qrr — 2Qpr + Q%r = —/DUDU [<J>3 - <J2)J]2
1
T T2(E+iF)?
£ -205+0Q5 = o [Dz]@ - @),
(87
= —(1 — q)2‘ / DZ. ' (351)
A(2)=x

In the optimal perceptron limit we can use the saddle-point solutions (3.31) and
write the condition for the intra-network parameters to be stable to asymmetric

fluctuations as

1
ac/Dz<§, and ac/Dz<

Mz)=x Mz)=x

1
- 3.52
; (3.52)
which since the integrals are bounded above by one-half, are only violated when
the maximum storage capacity exceeds its maximum value of a¢c = 1 [AWC89a,
CW90]. We hence conclude the intra-network parameters are stable to small,

local replica-symmetry breaking fluctuations when within the maximum storage

capacity.
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STABILITY OF THE INTER-NETWORK PARAMETERS

The relevant sub-determinant for the inter-network parameters K,; and rg is the

central block marked out in matrix (D.31) with the elements given by

PK = Qix— (QEx+QFx) + Q%

r = Qfh—(QE+Q%)+Q75. (3.53)

These quantities arise from the permutation symmetries of the elements of the

stability matrix and are defined as

kK = BT(GZZ’ r = a—gra;, Va,b,

QFx = 37(3;—5’7(— 5= gl Vabe(b#o), 50
O = g5k @5 = 525G Vabe(a#o),

Q%x = 37(@%%(; c — ar—%%—d Va,b,c,d (a # c,b# d),

where the function G(- - -) being differentiated is as defined in equation (D.16). Us--
ing the above (3.54) and the angled-brackets notation defined in equations (3.17)
and (3.18), we can write the elements (3.53) as

2

K = )/DuDv{ (1 +m) () (T 54 = (T2 (D)5
~(D3T?) o + (D)) 5]
+;<1—ms)[<J2>J<J2> < ><J>3--
—(IVI) 5o + (D) 5-] )
- )2/DuDv (72, = (2] {50+ ma) (T 50 — (D) ]
+5(1—m,) [< )5 = D)5 ]}
?r = / DyDxz | 2)2] [ — @3] (3.55)

[\'JID—‘ Ku
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The appropriate first and second moments for J and J may be found in equa-

tions (E.2) in the appendices, and give

2 |1 1 1
pr = W _|lg s/DD —1—3/1719 -
E+iF 20T ™) uDv + 5(1 —m,) YEUVIE 1 iF
Av+Buv>o . Au+Buv>o
u-—Bv>0 Au—Bv(O
_ Ok [2m &+ L(1—m )n] (3.56)
- wm(E+iF)GE+iF) 7 2 <0 '

by using the same plane-polar co-ordinates as in the calculation of equations (3.32),
the saddle-point solution for the inter-network order parameter r. For the other
diagonal element 9%r we require the quantities given by first moments (3.29) and

the following second moments

(ay+bz)> B 1 }

(1-9) | vi—g¢ 1 —2¢"(\y,2))/2

—_

(w—ba)_ A }
-9 vI-g L1325\, 2))/2)

(3.57)

where the training functions g(A) and §(\) are as defined in equations (3.34),

and the parameters ¥ and ¥ in equations (3.28). Substituting the above ex-
| pressions (3.57) into the equation (3.55) for 9%r, we find the integrand is only
non-zero over a certain integration range, giving in the zero error storage limit of

(7 = 00,7 — 00)

2 o
e e P / DyD2. (3.58)
ay+bz<n
a,y—bz<n
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Taking the evaluated equations (3.56) and simplifying equation (3.58) by moving
over to plane-polar co-ordinates, we find in the limit of the optimal perceptrons

the condition for stability of the K, = K, 7, = r replica-symmetric ansatz is

4ac 1 2¢ K2 —
1> o {2m3<1> + 2(1 — ma)w} {27r exp (_ﬁ> +/'Da: H

-K

that is, equation (3.59) must be satisfied for the central sub-determinant of ma-
trix (D.31) to be positive definite. This condition can be readily shown to be the
correct one for zero storage at a¢ = 0 where there is no source of disorder in the

problem and, presumably, replica-symmetry yields the correct result.

We can easily numerically evaluate equation (3.59) to monitor the validity of our
results. This was done for the results to be presented, and it transpires that so
long as one is within the upper storage capacity of ac < 1, then stability of the

replica-symmetric ansatz is respected.

3.6 THE INTER-NETWORK ORDER PARAMETERS

In §3.3 and §3.4 ‘we have calculated the conditional probability distributions for
the alignment and synaptic fields. A cursory glance at these two distributions
indicates the inter-network correlation parameter r defined in equations (3.6) and

its conjugate R have an importance elevated above being mathematical artefacts.

The definition of r is as a measure of the correlation in connections between the two
networks we wish to compare, so its saddle-point solution given in equation (3.32)

is its thermal’ and quenched averaged observable. Hence, we are justified in

In the sense of a Boltzmann weighted annealed average over the phase-space of interactions.
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calling the saddle-point solution of » an actual physical order parameter on the
same footing as (for example) the Edwards-Anderson order parameter discussed in
appendix B. Another interpretation of the parameter r is given by the conditional
probability for the alignment fields in equation (3.41). If we gloss over the roles
of the delta and theta functions, we can say r is the most probable ratio of the
two alignment field values A/A given the field A. So in this sense r relates the
alignment field distributions between the two networks. It is also responsible for
the width of the Gaussian contribution, with the Dirac delta function limit reached

when 7 = +1. We shall have more to say on this when we return to the paradox.

The origins of the other saddle-point parametef R is in equation (3.33), where
we find it is simply a rescaling of K, a quantity conjugate to r arising from its
introduction in the calculations. However, as with r, the conditional probabil-
ity function of equation (3.49) allows us an attempt at an interpretation. This
conditional probability tells us that given a conjugate field equal to @, the most
probable value for the weight w peaks at R —again upon being somewhat cava-
lier with the delta and theta functions. This quantity R also determines the width
of the Gaussian part of the distribution, which reduces to a delta function in the

limit of R = 1.

THE PARADOX

We shall now limit ourselves to the case discussed in §3.1.1, namely where the
correlation (3.3) between the weight signs is m; = —1. The naive view is that this
resultsin a cornpletg anti-correlation between the networks, that the inter-network
order parameter takes on the value r = —1. If this is true, the conditional proba-
bility distribution for the alignment field (3.41) will have its Gaussian compressed
into a delta function at A = —A. Hence it is impossible for both networks to have
their stability fields larger than zero, that is for both networks to be anything

but marginally stable to the same patterns. That then is the case if the two net-
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works are simply related by J7 = —J7 for all j, and with the inter-network order

parameter r = —1.

Figure 3.1 is a plot of the saddle-point solution (;f the order parameter r, which
measures the correlation between the two networks. The plots are against in-
creasing optimal storage capacities, for nine values of the overlap between the
networks’ sign constraints. The particular case discussed in the above paradox is
highlighted by a broken line, and we can see straight away that the naive expec-
tation of complete anti-correlation between the networks never occurs. Instead
it starts with a negligible correlation at zero storage capacity and decreases to
r = —0.22 at maximum storage; which by equation (3.37) corresponds to one
starting with an infinite minimal stability constant which then decreases to zero.
Increasing the weight sign overlap above m, = —1 brings the networks closer to
the limit of identical constraints at m, = 1. At m, = 1 the two networks are iden-
tical and, as expected, are fully correlated with each other by the inter—netwOrk

order parameter r = 1.

The result that the inter-network order parameter never reaches r = —1 even in
the my; = —1 limit also affects the conditional probability of the alignment fields.
From equation (3.41) we see this provides a finite width to the Gaussian part of
the distribution, and hence there is a finite probability the alignment field in one
network satisfies the minimum stability requirement A > «, for any corresponding
field A > « in the conjugate network. Balanced against this, we find the first
network is not able to” . achieve the same stability, for the conditional probability

does not peak at A = A, but instead tails off after A > «.

Figure 3.2 gives thé corresponding plot for the order parameter conjugate to the
inter-network order-parameter. Once again we are plotting for increasing optimal
storage capacities a¢, for different weight sign overlaps m,. Unlike its counterpart
it is not immediately obvious whether this conjugate order parameter R is also an

overlap measure of some quantity between the networks. What we can say is that
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Figure 3.1: Saddle-point solution of the inter-network order parameter r. This
order parameter measures the correlation between the two networks, and is plotted
here against increasing optimal storage capacity ac. This is done for different

overlaps between the sign-constraints beginning with m, = -1.0 in dashed lines,

up to ms; = —0.75,-0.5,0.0,0.25,0.5,0.75 and 1.00.

since the saddle-point equations never solves to R = —1 the Gaussian part to the
conditional probability distribution (3.49) for a sign overlap m, < 1.0 will have
a finite contribution at gw > 0, given g0 > 0 and a¢ > 0. Hence for non-zero
storage and the paradox’s scenario of complete antisymmetry m, = —1 between
the networks’ sign constraints, the most probable value of weight w given ¥ is
not single valued by a delta function at w = —@. This bears out the results in
figure 3.1 where we have already found the two networks are not related by a

simple sign change.
For completeness figures 3.3 and 3.4 plot the inter-network order parameter r and
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—0.51
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00 02 04 06 08 10

Storage Capacity o,
Figure 3.2: Saddle-point solution of the inter-network order parameter R. This or-
der parameter’s most obvious physical significance is in determining the most prob-
able weight value w given w0, as given by the conditional probability distribution for
the weights. The plots are for overlaps between the two networks’ sign-constraints
ms = -1.0 (in dashed lines) up to m; = —0.75,—0.5,0.0,0.25,0.5,0.75 and 1.00.
These plots are drawn against increasing optimal storage capacity a¢, or equiva-

lently a decreasing minimum stability constant .
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-1.0 -05 0.0
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0.5 1.0

Figure 3.3: Saddle-point solution of the inter-network order parameter r, for over-
laps between the sign-constraints m, = —1...1. The plots are for increasing
minimum stability constant k = and a corresponding decrease in the optimal
storage capacity ac: starting in dashed lines with (¢ = 0.0;a¢ = 1.0), up to

(0.5;0.48), (1.01;0.26), (1.51;0.15) and (5.0;0.02).

its conjugate R against the sign overlap m,, at different values of the minimum
stability constant. The main point of note is that they form a steady convergence
to r and R = 1 as the two network constraints become identical at m; = 1.
The differences between the plots are increased by a low minimum stability, or

equivalently, by a high storage capacity.

We can elegantly illustrate the changes in the network’s weights as the overlap
m; in the sign-constraints is varied by means of a projection onto a sphere. The
idea is to say something about how ‘typical’ a trained network with a weight

vector J is in the phase-space of connections. The inter-network order parameter
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Figure 3.4: Saddle-point solution of the inter-network order parameter R.
The plots are against overlaps between the two networks’ sign-constraints
m, = —1.0...1, for (k = 0.0;ac = 1.0) in dashed lines, up to (0.5;0.48),
(1.01;0.26), (1.51;0.15) and (5.0;0.02).

r measures the overlap between two networks whose sign constraints differ by
their sign overlap m;, so from figure 3.3 we see that at m; = 1 the two networks
have identical weights J = J, whilst differing the most at m, = —1. We can
explicitly reveal the dependence of the inter-network order parameter on the sign
constraint overlap, by writing r(m,). We shall also fix the conjugate network’s
weights and centre our attention on the response of the other network as m, is
varied, explicitly done by writing J(m,). Hence this network’s trained weights are

bounded to lie in the phase-space of interactions between the vectors J(m; = 1)

and J(m; = —1).
We can now elaborate on what we meant earlier by ‘typical’. The network is

99



deemed typical if its weight J(m,) lies along the planar region bounded by the
vectors J(m; = 1) and J(ms; = —1). The quantities 7(m;) and r(—m,) are
the overlap of J(m,) with J(m, = 1) and J(m, = —1) respectively, so J(m,)

will be displaced outside this plane if the angle [cos™! r(m,) + cos™!

r(—m,)] is
not equal to the planar angle cos™' r(m, = —1) between the bounded region.
We can plot how far J(m;) is displaced outside the plane by mapping it onto a
‘world map’ with longitude and latitude co-ordinates, as shown in figure 3.5. The
points show the trajectories of r(m;) and r(—m,) as the sign constraint overlap
is varied, for five values of minimum stabilities and storages. We can see that
the weight vectors indeed occupy regions of phase-space outside the plane defined
by the m, = £1 limits. Moreover these points are uniformly distributed along
the longitudinal axis, so we can say the network connections which satisfy the

constraints of equations (1.12), (3.1) and (3.2) are evenly placed in the phase-

space of interactions.

3.7 DISCUSSION

This chapter motivates the use of the dual distribution functions introduced by
Wong [Won90], by investigating a possible paradox in networks where the inter-
action weights are constrained to a prescribed sign. For this, we consider two net-
works with differing sign-constraints and calculate the dual distribution functions
for their alignment field and synaptic efficacy. This is a replica calculation with
quenched disorder in the memory patterns, with the neural connections annealed-
optimised in the phase-space of interactions. The stability of these calculations to
small, local replica-symmetry breaking fluctuations around the mean field saddle-
point is considered. We find that as with the single network case of chapter 2,
only the asymmetric fluctuations mode is of any importance. This mode intro-
duces a criterion concerned with the inter-network quantities to be satisfied, in

addition to the intra-network criteria already known. Fortunately none of these
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Figure 3.5: Projection of the weight vector J onto a 3-dimensional sphere, as
represented by longitude and latitude co-ordinates. The diamonds mark the solu-
tions as the sign overlap m; is linearly varied from m, = 1 at the graph’s western
origin to m; = —1 towards the eastern end. The four plots are for the minimum
stability constants and optimal storage capacities pairs of: (¥ = 0.0;a¢c = 1.0) (in

dashed-lines), (1.0;0.26) (2.0;0.10), (3.0;0.05), and (4.0;0.03).

criteria are violated for the results resolving the said paradox. In this we find that
contrary to the naive expectations of the paradox, two networks with opposing
sign-constraints in their weights but storing the same set of patterns do not have

their annealed-optimised synapses simply anti-correlated with each other.

In conclusion, we have given an example of the use of dual distribution functions
in elucidating the behaviour of networks optimised in the phase-space of interac-
tions. This is necessary if we cannot analytically tell what the network’s synaptic

values are, but where a comparison with a ‘known’ network can still prove useful.

101



The example here is for two networks with differing sign-constraints. Work has
also been done where the networks differ in the noisiness of the training function
[WRS91], recovering in the low noise limit the optimal Gardner [Gar88] network,
and in the high noise limit the Hopfield-Hebb [Hop82, AGS85] model. One can
conceivably extend this programme for networks with other forms of weight con-
straints such as a Gaussian distribution, or perhaps with different errors in the
storage [GD8S, AEHW90]. The introduction by Gardner of the phase-space tech-
nique has been quickly followed by a proliferation of variations on her model, and
the use of dual distribution functions promisesa further understanding of their

similarities and differences.
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Appendix A

Mathematical Notations and Identities

A.1 GAUSSIAN MEASURE

This is a common notational device to simplify writing down integral measures
with a Gaussian weighting term. For an integration with respect to a variable z

we define

d 1
—\/%exp <—§m2>. (A1) ¢
A.2 HUBBARD-STRATONOVICH IDENTITY

This identity is often used to ‘linearise’ the argument of an exponential function.

Using the Gaussian measure notation just introduced it is

exp (%(f) = _7 Dz exp(+az). (A.2)
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A.3 ERROR FUNCTIONS

The conventional definitions of the error function and its complement are
erf(z) = 2 jdt exp(—t?), erfc(z) =1 — erf(z) (A.3)
_ Vid J

but the functions more commonly encountered here are its Gaussian equivalents

defined by

H(z) = / Dt H(z) = 1-H()
= H(-z). ' (A.4)
In the large argument limit these functions can be expanded via '

1 1, 1 3
H(m)NEexp(———Q—z)[1—;—{-;‘;-}----], for z — oo. (A.5)

A.4 INTEGRAL FORM OF THE DELTA-FUNCTION

We can write the Dirac delta functions by its Fourier transform, integrating along

either the real number line or equivalently along the imaginary line
T dz ) P de
8la — b —_[o o exp(xiz[a — b)), —_/ o exp(+zfa — b)). (A.6)

An example where this integral representation is used is in ‘extracting’ out a

known quantity from a function which we wish to keep general, for example

) = [ Sair- A

= / d;\im exp (iz(A — A)) f(X). (A.7)
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Appendix B

The Physical Interpretation of the v Parameter

This is a discussion on how the parameter defined in equation (2.23) may be
given a physical interpretation, as mentioned in reference [WRS91]. The quantity
in question was first introduced by Gardner and Derrida [GD88] to allow the
simulta,neoqs limits of the inverse annealed temperature § and the inter-replica

order parameter ¢ to be sensibly taken. That is we define

7' = lim 26(1-¢q) (B.1)

g—1
such that v is always finite.

The order parameter g is the replica-symmetric saddle-point of the quantity
Ly i
b = = ) JIJ}
¢

defined in equation (1.11), which measures the correlations between the replicated
weights. This quantity ¢ can be seen to be an incarnation of the Edwards-Anderson

spin-glass order parameter qg4, and it is with this that the conceptual link of
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the interpretation depends upon. In the notation of an Ising spin system with

j =1...N sites S; = 1, the Edwards-Anderson order parameter is defined as

where the double angled brackets denote an average over the quenched disorder,

and the single angled brackets a thermal average over the spin configurations.

The local susceptibility for a magnetic spin model can be written in correlation

form [Moo84] as

v = (5 Tss) - (5)(50))

i

which for binary spin sites and zero correlations between the sites becomes

ys = <<%z [(s2) - <sj}2} ). = B(1 - gea),

via self-averaging.

Hence by analogy with equation (B.1), we can write for the phase-space of inter-

actions problem

7 = lim {2xs} (B.2)

g—1

where we shall define

w = (FZLm-0])) (B:3)
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and loosely call it the local susceptibility. This can actually be verified by using
the notations defined in (2.18) and (2.19) to show that equation (B.3) evaluates

to

xi = B[{J2)g, - Uadia)]

= B[ Du [, - (03]
IB .

= iE+iF/D“

= B(l-gq)

where the first and second moments of J are given by equations (2.21), and (iE +

1F)™" = (1 — ¢q) at the saddle-point.
iF)! he saddl i

To conclude, we have seen how the parameter v can be expressed in terms of the
phase-space of interactions’ analogue of the local susceptibility of magnetic spin
systems. The conceptual bridge comes through both models having an Edwards-
Anderson order parameter, which we can use in the correlation form of the local
susceptibility. The somewhat implicit line of reasoning involved leaves open the
question of whether we are justified in calling x; the local susceptibility in the tra-
ditional spin-system sense. Whatever our reservations, equation (B.3) does give
an insight into the correlations amongst the connections which satisfy all the con-
straints. That is, x is the variance of the region of interaction phase-space which

satisfies the training function, weighted by the inverse annealed temperature.

In the zero storage error case of F = 0, v diverges, which means the variance of
the weight-space is shrinking at a slower rate than the annealed temperature going
to zero. Reference [WRS91] builds on this to interpret the solution of iﬁteractions
as having a finite —indeed wide— variance slightly above the ground state. With
a storage error 7 > 0 we find v is finite [GD88], so the width of solutions in

weight-space now tends to zero proportionally with the temperature.
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Appendix C

Maximising the Function G()\) for the External
Field Model

This appendix provides more detailed treatments to some of the calculations de-
scribed in §2.6 on maximising the training function. We shall make use of the

quantities of the external field model defined throughout chapter 2.

C.1 ORDERING THE TRANSITION POINTS

By solving the function G()) defined in equation (2.27) at the three possible values
of A(z) = {(k— Tr), (k+7z2), 2}, we find there are six possible points along z where

A(z) may change value, namely at

zZ = K—Tpry, K—Tp — Y1 — fr, 6+ 71,
2

K+ T —79, &+ 70 — Y/ fr, and k — 1L (C.1)
47y

To determine in what order these transition points occur at as z is varied requires

(54+4+43+2+1) =15 comparisons to be made, which give
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Order of Transition Points Condition
K+Tr>K—1p always,
K+Tpr >K+Tp—7 always,
k+7r > k+ T — Tz always,
K+Te>Kk—Tr —9/1 = fr always,
K+Tp > K— %:% always,
K—Tp > K+Tr—7 21 < 7,

kK—Tr > Kk+ T — Y[z 27 < v/ [,
K—Tp > Kk—Tp — 31— fr never,

n——TT>n—%-.% 270 < YW1,
K+Te—y> k47— 9/ r never,

K+To—y>Kk—Tr—y/1— fr
K+7’T—"}’>K,-—~ﬁ'&

4Ty

I£+TT—")’\/7T.>K,—TT—")’\/1— fr
K+Tp—7 fT>’$;%‘&

Tr

2
fc—TT—fy\/l—fT>fc——14—7-.%

210 > v [1 - M] s
2 <[l - VI= fa
and for 27y > v [1 + \/1_:-_7;] ,
22 > 7 [VFr = vI= Ja
always,

2 <[l = vI=Ja| -

(C.2)

The conditions in table (C.2) clearly show the transition points are uniquely or-

dered as the training field strength 27 lies in one of the six ranges

—oo<;r[\/j"—T—\/q]<’r[1—M]

<~ fT<7<7[1+\/1—fT]<oo.

(C.3)

That is, as the field strength is varied through the ranges (C.3), :\(z) may take on

one of six forms for us to investigate.
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C.2 VALUE OF G(A) AT THE TRANSITION POINTS

The function A(z) maximises the function G (A) defined in equation (2.27), and may

take on one of three values: A(z) = {(k — 7¢), (k + 71) or z}. We now consider

which of these three is the maximum at the six transition points of z given in

equation (C.1). This is answered by comparing the value of the function G(A) at

the three values of A(z), for each of the transition points. Once again we find a

dependence on the parameters which can be concisely expressed around the field |

strength 7. For z at the following transition points, the correct values of 3\(2) are

Transition

A=)

K — Ty

k=T —7/1-fr

K+ Tp

K+ Tp —7

6+ 1 =i

_ 2
k=37

k — 7r & z when 272 > 7/Tz,

K + 7r when 27; < y/fr.
n—TT&zwhen2TT>7[1—M],
K+ 7r when2TT<7[1—\/1_—_f;].
k + 1 & z always.
rc+TT&zwhen2TT<7[l—M],
n-—TTwhen’y[l—\/l_—f;] <21 < 7,
z when 27p > 4.

k + 7r when 271 < Y/fr,

& + 7r & z when 27 > 7/fz.
zwhen2TT<'y[1—\/7;],
k-1 & K+ 11 when'y[l—\/ﬂ_«] < 21 < fr,
z when 21 > v/fz.

(C.4)
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C.3 REDUCTION TO THREE REGIMES

The final task is to combine all the above results. That is, for each of the six
parameter ranges given in equation (C.3) we wish to write down the function
S\(z) itself. This function changes at the six possible transition points given by
expression (C.1), with its ordering along the z line given by table (C.2). Hence,
with table (C.4) which lists A(2) at the transition points, we can finally map out
the maximising function A(z) throughout the entire 2 range, for the six identified

ranges of the external field strength.

2TT<"/[\/7;‘V1“fT]

z range | A(z)
—00 n—%é z
n—'y:TTT K+ T —7 2
K+ Tp—7 K+ 7 —fr K+ Tp (C.5)
K+Te =3I |k—To—AWI=fo |6+
k—Tp —y/1— fr K —Tp K+ Tp
K—Tr K+ Tr K+ Tr
K+ Tr le’e} z
vV -VT—Tx <2 <vy[l-VvI=F]
z range A(z)
-0 n—%—.l;l z
n—%é? K+ Tp—79 z
K+ Tp —7 K—=Tp =1 —=Jfo || 6+ 70 (C.6)
k—=To—=1=Jr| k+m—7/Fr |6+
£+ 1 —v/Tr K — Ty K+ Tp
K—Tr K.-+TT K+ Tp
K+ Tp o} z
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7[1—\/1—;T]<2TT<’)’\/};

a

z range A(2)
—00 k—Tr —1/1—=fr z
cmrmWITR|  stmey |-
K+ T —7 fc—’Y:TTT K—Tr
ic—fTTT K+ T — vV K+ Tp
&+ T — V1 K — Tp K+ Tr
K — Tp K+ 7r K+ T
K+ T oo z
Wi <21 <«
z range Az)
—00 k—m—WI-Jr| =z
K—Tp —1/1—fr K+Tr —7 K — Tp
K+ Tp —7 K—Tp K—Tp
K~ Tr fc—”:,rTT z
x—%—é k+Tr — Yz z
&+ Tr — YV fr K+ Tp K+ Tp
K+ Tr 00 z
Y <2m <v[l+VI=Fi
z range 5\(2)
—0o0 k—Tr — /1 — fr z
K—Tr —y/1—fr K — Tp K — Tr
K — Tp K+Tr—7 z
K+ Tr—7 Ic—%.% z
;c-%é & + 127V fr z
&+ 127V fr K+ Tok + Tp K+ Tp
K+ Tp 00 z
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and

27 >y [L+ VI = Fo
z range A(2)

A

—00 k—Tr —YV1— Jz z
k—Tr—yV1—fr K — Tz K—Tr
K — Tr ’ K — 7:7.: z (C.10)
n—%é KE+7Tr—7 z
K+ Tr—7 K+ 70— VI z
&K+ 10—/ fr K+ Tr K+ Tp
K+ Tp oo} z

From tables (C.5)-(C.10) we can see that some of them give the same A(z) func-
tions. In fact there are only three unique regimes of parameter space we need to

be concerned with, and these are the ones given in expression (2.28).
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Appendix D

Stability Analysis for the Replica Symmetric

Ansatz

This appendix derives the expressions with which we judge whether the replica-
symmetric ansitze employed in the preceding chapters are valid. In particular
-we are interested in checking against the effects of small, local replica-symmetry
breaking fluctuations. These fluctuations are categorised by the permutation prop-
erties of the replica indices into three types: symmetric, weakly-asymmetric, and

asymmetric fluctuations.

There follows two main sections, one concerned with the external field model of
chapter 2, and the other a more involved treatment of the dual sign-constrained
network of chapter 3. The starting point in both cases is a Taylor expansion of
the saddle-point equation around the stationary point up to the second order.
The resulting Hessian matrix of the second order derivatives tells us whether
the stationary point indeed maximises the saddle-point equation. The daunting
task of evaluating the Hessian is made tractable by examining the effects of the
three types of fluctuations in turn, each of which gives a vastly simplified matrix.
This appendix will finish by showing how in the zero replica limit the weakly-
asymmetric and symmetric fluctuations produce the same Hessian, and we need

only concern ourselves with stability to symmetric and asymmetric fluctuations.
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The relevant chapters will ascertain replica-symmetry stability by examining the
signs of the determinants of these Hessian matrices. Namely, whether the signs
change as a parameter is varied, indicating a transition to or from instability
depending on the model’s initial stability. Hence any unimportant constant factors

can be divided out from the determinants of the Hessians.

D.1 STABILITY OF REPLICA SYMMETRY FOR THE

EXTERNAL FIELD MODEL

We are interested in ascertaining the stability of the stationary point of equa-

tions (2.20), which is supposed to maximise the equation

G({Ea; Faby gav}) = Gs({ Eay Fur}) + aGa({ga}) + Go({Eay Fat, gas})  (D.1)

where the functions G(:-+), Ga(-+-) and Go(: - -) are given in equations (2.15).

We shall probe the stationary point with replica-symmetry breaking fluctuations

of the form

E, = E+6E, Va,
Fo, = F+ 6F,, Va,b (a < b),
9% = q+6gu, Va,b(a<b),

which give the second order term of the Taylor expansion of the function (D.1) as

e, &G
Z SE.6E; + S,
9E,0E, . <§(Z<d) 0F40F

82G

OF, ab(s F, cd

115



2°G 0*G

+ 6qab6(ch +2 2 6Ea6Fbc
(a<b)(c<d) aqaba a(b<c) aE anc
0*G 0*G
42 Y o 5—0Ebq+2 Y., o7 6Fu6qu (D.2)
a(b<c) OE.0qs. (a<b)(c<d) OF2,0qca

where the restricted summations enforce enumerations over only the defined repli-
cated quantities. A superficial glance at equations (D.1) and (2.15) allows us to
immediately simplify the above equation (D.2), by observing

0*G
aEaach
0*G
0F240qcq

= 0,

= —164,:0b,4, for all (¢ < ) and (c < d).

For the other terms we shall make use of any symmetry properties in the replica
indices. This is done by calculating the double derivatives of equation (D.1) and
identifying all the unique terms. The following four subsections will examine the

permutation symmetries of these derivatives.

FLUCTUATIONS IN §E,6E, A :

The permutation symmetries of the double derivatives mean not all of them are
unique. We shall make use of this by first dealing with the term containing
fluctuations in §E,6E;. We can re-write the summations in equation (D.2) to
reflect the two possibilities given by the replica indices by defining
Qfp = g—;«%’ Va,

. (D.3)
QEE.

2
3@_,370—17, Va,b (a #b),

- and hence the term in question can be written as
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8*G
—=—==0EbE, = QpgY 6E2+ QB> SE.SE,
Z OE,OF, BB Z vE Z#%

= (Q%sz — QBr) Y 86EX+QEg Zb SEGSE,. (D.4)

FLUCTUATIONS IN 6E 6 F}.

We can do a similar analysis for the term with the fluctuations 6 E, F}., and par-

tition the summation into the three groups

2°G :
a(bggc) SE o e
= Qir ), $EbFu+Qfr Y, SESFu+QFr Y 6E.6F,
a(a<b) : a(b<a) a(b<c)

a#b,c

= QlEtp |: Z 6E¢;6Fab+ 2 6Ea6Fba
a(a<b) a(b<a)

+Q2F [ E SE6Fy — ( Z SE0F, + Z 5E45Fba)

a(b<c) a(a<b) a(b<a)

which because the restricted sums over the indices a(a < b) and a(b < a) are the

same as that over (a < b), simplifies into

0*G
Z OFE,0F, 6 EabFye = 2(Q§F - QgF) Z SE6Fy + Qgp 2 OE6F,;.

a(b<c) (a<bd) a(b<c)

(D.5)
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FLUCTUATIONS IN §F 6 F 4

The term with the fluctuations in §F,,6 Fc4 is a little bit more complicated. We
start by writing

0*G

(a<b)(c<d) OFup0F 4

6Fab6ch

= Q?’F E 6Fazb + QgF Z 5Fab5Fac + Z 6Fba5Fac '
(a<d) (a<g);£a<c) (b<a)(a<c)

+ Z 5Fba5Fca + Z 6Fab6Fca. + QgF Z: 6F065ch-

(b<a)(c<a) (a<b)(c<a) (a<b)(c<d)
b#e a#c,b#d

The summations with the restrictions {(“<2¥:<°)} and {(b < a)(a < ¢)} give the

same indices as {(K‘&(z“)} and {(a < b)(c < a)} respectively, so we can write

9*G
Z OF, abaF cd

(a<b)(c<d)

OF, ab6F cd

= Qfr S 6FL4+2Q8: | S 6FubFuc+ Y 6FyubF,.

(a<b) (a<b)(a<c) (b<a)(a<c)
b#c

+Q%r | Y. 6FwbFu—2| S 6FubFuc+ > 6F3abF,.

(a<bd)(c<d) (a<b)(a<c) (b<a)(a<c)
b#c
- 2 6F,
(a<bd)
= (Qfr— QFr) Y SF%4+ Qfp Y. 6Fu6Fy
. (a<b) (a<b)(c<d)

+2(QI.;F - Q}C'ZF) Z 0F 6 F, . + Z 0Fy0F.| .
(a<i¥a<c) (¥<a)(a<c)
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This can be further simplified by realising the summations

Z 6Fab6Fac + E 6F606Fac = Z 5-Flab‘S-Fat: + E 6Fba6Fac - Z 6F¢;2b

(a<z¥a<c) (b<a)(a<c) (a<bd)(a<c) (b<a)(a<c) (a<d)
= 2 E OF WO F,. — Z 5F3b
(a<b)(a<c) (a<d)

hence allowing us to write

0*G
6FpbFeg = (Q?‘F - 2Q?'F + QgF) Z 6F¢12b
(a<b)(c<d) OFap0F (a<b)
+4(QFr — QFr) Y 6FubF..
(a<b)(a<e)

+Q%F Y 6FubF. (D.6)
(a<b)(e<d) :

FLUCTUATIONS IN 8¢440qcq

Finally, summations over fluctuations in 6¢,;8q.4 follow an identical treatment to

give

0*G '
6qa69a = (Qay —2Q0 + Q%) 3 642,
e<bicd) 09a50qca 99 qq 9q &
+4(Qq€1 - Qqc;) Z 6?065(1010
(a<b)(a<c)
+Q% >~ 6qabqea. (D.7)
(a<b)(c<d)

Collecting equations (D.4)—(D.7) into equation (D.2), we can remove all the sum-

mation restrictions by setting the diagonal terms §F,, = 6¢,, = 0 to give
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. 2
26°G = (Qfs— QF5) Y 6EX+ Q2 [E 5Eal
+2(Qfr — QBr) D 6EubFu+ QBr Y 6E. Y 6F
a,b a b,c

2

+5(@hr — 2080 + Q%) 5673 + (@ - G5 T[S R
Qg 2
&

2
+3(04 — 208+ Q2 T b + (@ - 0 T [ b
a,b a b

> 6Fy,
a,b

c
a9
+4

2
Z 6qab:|
a,b

—iZ5Fab6qab- (DS)

a,b

Equation (D.8) allows us to explicitly see which fluctuations mode to choose,
avoiding the problem of directly diagonalising the Hessian. The following sub-
sections examine how this is done by choosing three types of fluctuations, whose
mutual orthogonality and spanning of the [n 4+ 2n(n — 1)/2] = n? space must be

ensured if they are to be a complete description.

D.1.1 SYMMETRIC FLUCTUATIONS

We shall begin by inserting fluctuations which are symmetric in the replica indices,

that is

E, = E+6FE, Va,
F,, = F+6F, Va,b(a#b), (D.9)
Gab = ¢+ 6‘1’ Va,b (a 7£ b))

with the diagonal fluctuations F,, and g,, set to zero for all a. This vector spans

a subspace of 3-dimensions and reduces the Hessian matrix to
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PE  OEQF 0
OEOF  OF  —(n-1)
0 -Bm-1 oy

where the elements are given by

O*FE = n(QQE + (n - 1)QSE)?
OEOF = g(n —1)(2Q4r + (n — 2)QB,),

O°F = F(n—1)[Qfr +2n — 2QFr + 5(n — Dn — Q] ,

Pq = 2(n-1)[0h +2n - 205 + 1n - 2(n - 3)5)].

Since we shall be primarily interested in sign changes in the eigenvalues of this
matrix, we can simplify the above by considering their product. Upon dividing

out common factors and taking the (n — 0) zero replica limit the determinant is:

(Qie — Q2E) —(Q%r — QBr) 0
2Q%r — QBr) (Qfr —4QPr +3Q%F) —i . (D.10)
0 ~i (Qg — 4Q2 +3Q%)

D.1.2 WEAKLY-ASYMMETRIC FLUCTUATIONS

We next consider weakly-asymmetric fluctuations as defined by

» Ea = F + 5Ea, Va,
Foo = F+6F,+6F, Va,b(a#b), (D.11)
Qb = q+06q.+6F,, Va,b(a#b),
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which when required to be orthogonal to the symmetric fluctuations (D.9) results

in the constraints

S 6E, =35 6F, =% ¢, =0. (D.12)

Hence weakly-symmetric fluctuations span 3 x (n — 1) dimensions and reduces the

Hessian to

0°E OEOF 0
QEOF  OF  —i(n—2)
0 —i(n—-2) d%q

where the matrix elements are now given by

OE = (Qhs—QEp),

OEOF = (n—2)(Qfr— QBp),
OF = (n—2) [Qfr — 200k + QFr + (n — 2)(QEr — Q%)) ,
0% = (n—2)[Q4 — 205 + Q%+ (n - 2)(Q2 - Q%)].

In the zero replica limit the determinant for this matrix is the same as that for

the symmetrical fluctuations matrix (D.10).

D.1.3 ASYMMETRIC FLUCTUATIONS

Finally, we shall look at asymmetric fluctuations as defined by

E, = E+6E,, Va, ,
Fyp = F+6F,;, Va,b (a 7é b), (D13)
b = q+90qa, Va,b(a#b),
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which has the constraints

6B, =) 6Fp =) 6qus=0 (D.14)
b b

in order to be orthogonal to the weakly-asymmetric fluctuations (D.11). These
constraints reduce the dimensions spanned by 6§ Fy; and 8¢qp from [2 X n(n — 1)/2)
to [2 X n(n — 3)/2]. This give the total dimensions spanned by all three types of
fluctuations as {3 + 3(n — 1) 4+ n(n — 3)] = n?, which is as stipulated at the end
of §D.1.

The Hessian for these fluctuations is just

( HQfr —2Q8r + Q%r) —% ) (D.15)

; %(Qqu - 2Q£] + Qqc:z)

and since we shall be interested in the sign of the product of eigenvalues, we can

again divide the determinant of matrix (D.15) by any constant factors.

D.2 STABILITY OF REPLICA SYMMETRY FOR THE

DUAL NETWORK DISTRIBUTIONS

We now turn our attention to the dual distribution calculations of chapter 3. We
shall attempt to follow the same procedure as for the external field model in §D.1,
and produce a set of determinants whose signs will determine the stability of the
analytical results to small replica-symmetry breaking fluctuations. By having to
consider two networks each with their own sets of fluctuations, the dimensionality
of the stability matrix is drastically increased and with it an explosion in the

number of terms to the second order Taylor expansion around the stationary point.
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Fortunately this turns out to be but an irritating inconvenience, and the real source

of novel behaviour actually arises from the inter-network order parameter r and

its conjugate K.

The equation whose saddle-point we wish to examine is

G({Eaa Ea’ Fab’ Fab, Gab, ‘qvab, Kab’ Tab}) = GJ({Ea’ Ea, Fab, F‘ab, Kab})
+aGA({Qab, qab, rab}) + GO({Ea.’ Ea, Fab, Fab, Gab, qab, Kab, Tab}) (D16)

with the functions on the right hand side defined in equations (3.8). The fluctua-

tions we wish to probe are of the form

E, = E+68E, E,

Fab = F+6Fab, Fab

Gab = q+ 6qas, dab
Ko = K +6Kuy, T

E +6E,, Va,

F 4 6F,, Va,b(a<b),
G+ 64, Va,b(a<b),
r+ éres, Va,b

(D.17)

which presents a total space of (2[n 42 x in(n —1)] +2n?) = 4n? dimensions for

the fluctuations to cover. Rather than write the analogous second order Taylor

expansion term of equation (D.2) we can better show the mixing between the

eight sets of quantities with a representation of the second order derivatives of
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equation (D.16) in matrix form

[ ?E oEoF 0o |okoE o |oEsE oEaF o
OEOF O°F 0F0q|0F0K 0 |QEOF OFOF 0

0 0Fdq 0% 0 OqOr 0 0 0q0§
OKOE OFOK 0 K OKor|OKOE O8FOK 0 (D.18)
0 0  8q0r | KOr 0% 0 0  9Gor '

OEQE OES8F 0 |0KOE 0 O%E  QEOF 0
OEOF 9FOF 0 |8FOK 0 |0E8F 08*F 0Fo§
\ 0 0 8¢dG| O dGor 0 0Fd§ 9% )

where we have immediately written down any zero elements. Before we can sub-
stitute in the three modes of replica-symmetry breaking fluctuations we must
elucidate the permutation symmetries in the replica indices of the elements in
matrix (D.18). This is, of course, done by studying the double derivatives to
equation (D.16) but as we shall see, commonality in symmetries mean we need

not treat each of the 24 elements on an individual basis.

THE INTRA-NETWORK MATRIX ELEMENTS

We can see the two 3 x 3 diagonal blocks of matrix (D.18) are just realisations of
networks which have already been dealt with previously in §D.1. We can hence
borrow equation (D.8) for the symmetry properties of these two blocks; bar a

simple re-labelling in the tilde notation for the second network.

THE ELEMENTS WITH SIMPLE SYMMETRIES

The other unique 3 x 3 block in the top-righthand corner has elements which are

essentially independent of their replica indices. This gives the six elements
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0*G

——bE,6E, = QE.Y 6E.E,,
é?,, OE,0F, b = Ops Xb: b
0*G ~ Qri .
T SE.F, = XEEN §E §P,
a(%) OE,0F. ’ 2 z,,: b
2 . - o
s _PC_pon - Qs spsn.
a(b<c) aEﬂ-anC 2 a,b,c
0°G . Qs )
—wT_&Fab&ch = =fE 6Fab‘5cha
(a<§(:c<d) OFap0Fe 4 a%c:,d
e, Qui
~ 5Qubéch = 6qab5q'cd9 (D'lg)
(a<b)(c<d) aQaband 4 a,bz,c,d

where we have set the diagonal fluctuations 6 F,, = §F,, = 6qaa = 8§aq, Va to zero

in order to write the summations in an unrestricted form.

Another element with a simple symmetry is the off-diagonal elementsin the central

block. From equation (3.8) we can see straightaway that

0°G

Z m&](abarcd = —i Z 6Kab6rab- (DZO)
a,b,c,d a ¢

a,b

The preceding two subsections have reduced our task to studying the symmetries

of just eight elements. These will be appropriately grouped in the next four

subsections.

THE ELEMENTS 0K, ,0E, AND 8K,,0F,

The symmetries for these terms are straightforward with the indices allowing only

two possibilities. We can express this for the 0K, 0F, term as

9*G
———6K,46E. = Q4 6KaSE, + QRp Y. 6Ku40E,
Zb:c 0K ,,0E, KE Zb: e
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and similarly for the OK ,0F, term. In unrestricted forms these terms are

0*G
PN 3 T SKabE. = (Qkp— Qkr) Y 6KabE.+ Qg Y, SKu4bE:,

a,b,c KabaE i 5
_PC kB, = (@ B> 6KubEy + Q55> 6KudE
g:caf(aba~ ab = KE'_QKE‘)g ab Eb+QKE§:c ad Ec.

(D.21)

THE ELEMENTS 0F,,0K.; AND OF,;0K .4

The next term we shall consider arises from taking the derivatives with respect to

 0F,0K.4, whose permutation symmetry can be grouped into two parts

0*G
—F—6F 0K,
(a<b)e,d OF 0K cq ’ ?
= Qé‘K Z 5Fab6[{ac+Q?‘K z 6Fa65Kbc+QgK Z OF 6K 4
(a<b)c (a<b)e (a<b)c,d

a,b#c

= (Q?‘K - QEK) Z 5Fa661{ac + Z 6Fab5Kbc] + Q?K 2 6Fa66ch,

(a<b)e (a<b)c (a<b)e,d

and for the 8F,,0K.4 term

0*G ~ ~ ~
55 O FabKa = (Qfx — @Fx) [ 3 6FubKe 4+ Y 6Fu6K ey
(a<b)c,d ab cd (a<b)e (a<bd)c

+QBx 3 6F 6K,
(a<b)c,d

These can be written in a simplified form as
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0°G
TFk FidKa = (Qfx — QFx) 2 [zb:'m"] [E 5K“°]

(a<b)c,d
+—Qg" 3 6FuéK.
2 ab cdy
a,b,c,d
0*G . )
oFan, fadKea = (Qrk - QF [ 5Fa'>][ 5K°a]
(a<zb):c,d aFabach ’ 4 ( FK FK); Xb: zc:
B .
+—55 2 SFubKa.  (D.22)
a,b,c,d

THE ELEMENTS 0¢q;07cq AND 0§04

These two terms possess exactly the symmetries as for dF,,0K .4 and 8F,;0K .4 in

the previous subsection. Hence we can simply write

0*G
—F a 6 ¢ = A _ B 5 i 6 ac]
(a<b)ed 0qap0rcq 9abOTcd ( gr qr) Za: [Zb: q b] [zc: T
' B
+% E 6qab6’rcd,
a,b,c,d
0°G
Biatrea” T = w = Qn [ 6~al[ 6cal
(a<b)cd 0GabOrcd QabOTcd ( gr qr); Xb: dab Zc: r
B
5 > 8Gabbrea. (D.23)
a,b,c,d

THE ELEMENTS 0K 30K .q AND Org,0rs

Finally we shall consider the two diagonal terms of the central block in the stability

matrix (D.18). For the derivative with respect to 0K, ;0K 4 we find there are four

possible symmetries
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0*G

Z al{ ba.[{ d61{ab6[{6d = QQK E 6Ka2b + QﬁK Z 6K666Kac

a,b,c,d a,b a,b,c
b#c
+Q2K Z 5K065ch + Q?{K 2 5Kab6ch
ab,c a,b,c,d
a¥c aFc,b#d

which can be rewritten in a form without restrictions on the summations. Since
the derivatives with respect to dr;;0r.4 follow the same symmetries, we shall write

these two terms together as

e, )
—— §K, 6K, = (Q4, — [QE B c SK2
a%c:d aI{abal{cd 30K 4 (QKK [QKK + QKK] + QKK) Z oy

+ (0 - Q) X [T o] [Tk
(@~ Q) [ 6] [ 0] + @ 3 6Kt

. a,b,c,d
0*G

o Orasdrea
-z fped o]
(@8- [Sone [] 08 S 020

a,b,c,d

bradrea = (@ — [QF + QR+ QF) T or?,
b

This completes the symmetry analysis for the terms in the stability matrix (D.18).
We can now substitute in the three possible replica-symmetry breaking fluctua-

tions and examine their effects on the matrix determinant.
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D.2.1 SYMMETRIC FLUCTUATIONS

The fluctuations symmetric in the replica indices are defined as

E., = E+6E, E, = E+S§E, Va,
Fyw = F46F, F, = F+6F, VYa,b(a#b),
Gab = q+8q, G = §+6G Va,b(a#d),
Ky = K+6K, re = r+6ér, Va,b,

(D.25)

with the diagonal contributions Fj,, ﬁ'aa, Qaa, and §qq set to zerofor alla =1...n.
Inserting these into the stability matrix (D.18) we find the two intra-network
diagonal blocks are the same as in matrix (D.10), with the elements of order n
and n(n — 1). In contrast, the elements in the rest of the stability matrix are of

2

order n22. Hence in the zero replica (n — 0) limit only the two intra-network

blocks survive and the stability matrix reduces to

O*E QEOF 0 | 0 0 0 )
OEOF 9°F —i| 0 0 0
0 —i 9% 0~ ~0 ~ 0 (D.26)
0 0 0 | ?E OEdF 0
0 0 0 |0kaF 8°F —i
\ 0 0 0 0 - 0% )

with the elements in each block of the same form as those in matrix (D.10). Hence
we can say that if each network is uninfluenced by symmetric fluctuations, then

the dual distribution calculation as a whole is also unaffected.
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D.2.2 WEAKLY-ASYMMETRIC FLUCTUATIONS

The weakly-asymmetric fluctuations are given by

E, = E+6E,, E, = E+6E,, Va,
Foo = F+6F,+68F, F, = F+46F46F, Va,b(a#b),
Qab = ¢ + 5qa + 5%, q~ab = q+ 66:1 + 6qba Va,b (a' :/é b)’

Ky = K+6K,+ 5]?(,, Tap = T+ 6rg + 5?5, Va, b,

(D.27)

with the orthogonality constraints

Y 6E, =Y 6F, =) 6q. = 0,
Y 6E, =Y 6F, =Y 6§ = 0,
Yobra=) 6fa=) 6K, =Y 6K, = 0, (D.28)

which results in the space spanned by the fluctuations (D.27) to 10(n — 1) dimen-
sions . Substituting in these fluctuations, we find the two intra-network diagonal
blocks are of order (n — 2), whilst the other terms are of order n2!. So as with
symmetric fluctuations, in the zero replica limit the stability matrix is reduced to
two diagonal blocks with zero elements elsewhere. Furthermore, this matrix will
have the same determinant as in the symmetric case, as in the case for the single

network (external field) model of §D.1.
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D.2.3 ASYMMETRIC FLUCTUATIONS

Finally we shall now examine fluctuations of the type

E, = E+6E, E, = E+6E, Va,
'Fu = F+6Fy, Fu = F+6Fs Vab(asb),
Qab = q+08qas, Gab = §+6Gw, Va,b(a#b),
Ky = K+4+6Kgp, rep = 1+ 6res, Va,b.

(D.29)

Demanding orthogonality with the weakly-asymmetric fluctuations leads to the

constraints

8B, = L 0Fu =Y 0w =
ZéFab = Z6Qab = 0)
2 57‘,,1, = E&"ab = 251{,,5 = Z(S.Kab = 0, (D30)
a b a b

which restricts the space spanned by these fluctuations to 2[n(n — 3) + (n — 1)?]
dimensions. Hence the total number of dimensions covered by the three fluctuation

modes is [8 + 10(n — 1) + 2n(n — 3) + 2(n — 1)?] = 4n?, as demanded in §D.2.

Substituting in the asymmetric fluctuations, we find the stability matrix is also
greatly simplified in the zero replica limit. Unlike the previous two types of fluc-

tuations however, we do obtain a non-trivial result in that we now have three
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decoupled blocks making up the matrix, that is

The elements for matrix (D.31) are given by

O*F
PF
9%q
0§
0’°K
0%r

NN =N~ -

A
Qkx

(2 —il 0 oo o)
-1 9% 0 0] 0 0
0 0 |8K —-i| 0 0
0 0| - &0 0
0 0| 0 o0 |&F -i

\ 0 0|0 0|-3 &

QFr — 2QFr + QFF)

+Q)

+Q5),

— (QFk + Q%k) + Q%«,
— (@2 +Q5) + @5
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Appendix E

Mathematics for the Sign-Constrained Network

In this appendix we shall deal with the angled-bracket operators defined in equa-
tions (3.11), and in particular arbitrary k** moments of them. We can spare
ourselves the chore of looking at all three operators separately by recognising that
they may be dealt with in essentially the same manner. Using the function defined

in the mathematics appendix (A.4), we can write down

(J, = /dJ(gJ)kexp (—%,6’2J2+ag:1:.])
0
T 150
+/dJexp (—§ﬂ J +aga:J)
0

o T age]t | [age
_ _g/éim[%] [J+%] TH[ﬂ (E-1)

as representing some generalised form of equations (3.11) for either of the two
networks, and for positive or negative weight constraints. Depending which of the
two networks is being considered, 82 is hence either i(E + F) or i(E + F), a is
either ViF or ViF, and z is either (Au + Bv) or (Au — Bv). Similarly, the flag g

is set depending whether we have positive (g = 1) or negative (g = —1) weights.
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The key assumption in calculating the moments (J*) ; of equations (E.1) is that the
variables o and 3? are of order (l—q')‘1 (likewise of order (1—§)~! for the conjugate
network), and hence in the optimal perceptron limit of (¢ and § — 1), the quantity
a/B becomes large. The a-priori justification for this comes from considering
non sign-constrained networks where this is indeed the case, as can be seen by
solving equations (2.25) which is a non sign-constrained model. Alternatively, and
somewhat more rigorously, we can show that the assumption of /3 being large is
consistent with the solutions (3.31) of equations (3.19)-(3.21). The consequence
of this is that we can expand the appropriate functions H[- - -] for large arguments

via equation (A.5). Hence up to the fourth moment we find

[ 2.2 2.2
(J2)J — ﬂ—2 ﬂ g exp(_az)+ﬁ[a;w]+1+am]

_ g [3ae + a3:1:3] 0 [agx]

VRN
(Y, = B (52”” + “;ﬁs) \/g_.exp (-%) —‘ﬁ[i’%]
+°‘;$4 +62" 25 +3]
= 4[ “;4 6";’” +3lo[“§$]. (E.2)

The first two moments are needed for solving the saddle-point equations (3.19)-
(3.21), and the latter two will appear when calculating the stability matrix of the

replica-symmetric ansatz.
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