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Abstract

Calorons, or periodic instantons, are anti-self-dual (ASD) connections on S! x R3, and
form an intermediate case between instantons (ASD connections on R*) and monopoles
(translation invariant instantons). Complete constructions of instantons and monopoles
have been found: there is a complete construction of instantons from algebraic data,
the ADHM construction due to Atiyah and others, while Nahm gave a construction of
monopoles from solutions to a system of ODEs known as Nahm'’s equation. Both these
constructions can be thought of as generalizations of a correspondence between ASD
connections on the 4-torus, and ASD connections over the dual 4-torus, originally due to
Mukai and Braam-van Baal. This correspondence, often called the ‘Nahm transform’,
is invertible and the inverse of the transform is the transform itself up to sign. Given
an ASD connection on the 4-torus it is defined in terms of the kernel of a family of
Dirac operators parameterized by the dual torus. The aim of this thesis is to generalize
the Nahm transform to the caloron case. In particular, our approach is via analysis of
these families of Dirac operators rather than via twistor theory.

We start by exploring topological aspects of calorons and boundary conditions.
These are needed to ensure that the Dirac operators that define the Nahm transform
are Fredholm. Our main innovation is to regard R? as the interior of the closed 3-ball
_B_B, and to stipulate fixed behaviour on the boundary, rather than imposing asymptotic
boundary conditions. The boundary conditions for calorons can be stated as follows:
given a bundle on S x B® we fix some gauge f on the boundary, and we require that
in the gauge f, a U(n) caloron must resemble the pull-back of a U(n) monopole. There
is a topological obstruction to extending f to the interior of St x Eg, which we call the
‘instanton charge’ of the caloron. _

The Nahm transform of a caloron consists of a solution to Nahm’s equation on S?,
which we refer to as Nahm data. Many aspects of the 4-torus transform generalize
readily to the caloron case, and the construction of calorons from Nahm data is very
similar to the construction of monopoles. The main difficulty in the construction lies
with recovering the boundary conditions for the caloron and calculating its instanton
charge. The caloron constructed from a set of Nahm data is defined using a family of
Dirac operators A(z) parameterized by z € S! x R3. Our approach is to deform A(z)
to some model A(z) for which we can recover the boundary conditions and calculate
the instanton charge. We then show that this deformation does not affect the behaviour
on the boundary. Thus we prove that every set of Nahm data on S! gives rise to a

caloron via the Nahm transform.



Going the other way, from the caloron to the Nahm data, we encounter two main
problems: first, we must calculate the rank of the Nahm data, which can jump at
isolated points on S'; and secondly, we must show that the Nahm data has certain
prescribed singularities at these points. The transform is defined in terms of a family of
Dirac operators parameterized by S!. We show that the caloron boundary conditions
ensure this family of Dirac operators is Fredholm away from the prescribed points on
Sl. We also prove an index theorem for Dirac operators coupled to connections on
S x R3 that allows us to calculate the rank of the Nahm data. We obtain partial
results concerning the behaviour of the Nahm data at singularities. These are based
on Nakajima’s method for recovering the singularities in Nahm data constructed from

SU(2) monopoles.
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Chapter 1

Introduction

Anti-self-dual (ASD) connections have been studied intensively by mathematicians over
the last three decades, and have many remarkable properties and applications. One of
the original problems in the area, the construction of finite-action ASD connections on
R*, was solved in 1978 by Atiyah and others [5, 4]. They gave a complete construction
of all such connections—the celebrated ADHM construction of instantons—by means
of twistor theory and algebraic geometry. For the purposes of this introduction we
will call any anti-self-dual connection on R* an instanton. Instantons are of great
interest to physicists, since they are solutions to the Yang-Mills equation in a gauge field
theory, and so represent minimum-energy configurations. They have had an important
impact on quantum chromodynamics (QCD), with applications to symmetry breaking,
tunnelling, and confinement.

In fact the ADHM construction can be regarded as a special case of a correspondence
we will refer to as the Nahm transform. If A C R?* is a sub-group of translations, and
A* C (R*)* is the dual of A (so that A* consists of elements taking integer values on
A), then the Nahm transform is a correspondence between ASD connections on R4/A
and ASD connections on (R%)*/27A*. The details of the transform vary depending on
the nature of A, and the existence and invertibility of the transform have been proved
rigorously in several cases. For example, the case A = {0} corresponds to the ADHM
construction, as presented by Donaldson and Kronheimer [12].

Another area of interest to mathematicians and physicists alike is that of monopoles,
which are solutions to the Bogomolny equation on R®. The Bogomolny equation is
a translation reduction of the ASD equation, and so monopoles can be thought of
as translation-invariant instantons, or equivalently, ASD connections on R*/A where
A = R. In this case, the Nahm transform is a correspondence between monopoles and
objects defined on the ‘dual torus’ (R*)*/2wrA* = R, which we will refer to as Nahm
data. The construction of monopoles from Nahm data and the inverse correspondence
has been described by Hitchin [17] (for SU(2) monopoles) and Hurtubise-Murray [20]
(for arbitrary gauge group).



Periodic connections on R? correspond to A = Z, and form an intermediate case
between instantons and monopoles. A periodic anti-self-dual connection over R? is
called a periodic instanton, or caloron. The aim of this thesis is to study the geometry
of calorons and the Nahm transform. Since A = Z, the transform will be a correspon-
dence between calorons lying on R?/A = S x R and Nahm data on (R*)*/27A* = S1.
In some sense a caloron can be thought of as a hybrid between an instanton and a
monopole. For example, a caloron has an ‘instanton charge’ (an invariant that depends
on the 4-dimensional topology of the caloron) together with ‘monopole charges’ (which
characterize the 3-dimensional topology). We will see this reflected in the Nahm trans-
form for calorons, as it shares features with both the ADHM construction of instantons
and the construction of monopoles. Originally introduced by Nahm in [33], the trans-
form for calorons has been studied recently for calorons with unit instanton charge and
zero monopole charges, in a series of papers [23, 24, 22] and [26].

Completeness of the ADHM construction of instantons and construction of mono-
poles was originally proved using twistor theory. In the case of monopoles, there is a
correspondence between monopoles and certain algebraic curves in twistor space, called
spectral curves, and this was used in [17] and [20] to go from monopoles to their Nahm
data. The twistor picture for calorons was studied in [13], and there is a similar corre-
spondence between calorons and their spectral curves. While the twistor picture could
be used to prove the existence of the Nahm transform for calorons, the approach in
this thesis is via analysis of families of Dirac operators, regarding the caloron case as a
generalization of the Nahm transform on the 4-torus.

With the scene set, we go on to introduce anti-self-duality and the Nahm transform
more formally in Section 1.1. In Section 1.2 we review existing work on calorons, before
giving an overview of the aims and results of this thesis in Section 1.3. From the outset,
we draw the reader’s attention to the Glossary of Notation on page 138 in the hope it

will make the thesis easier to read.

1.1 Anti-self-dual connections and the Nahm transform
1.1.1 The anti-self-duality equation on R*

Let zg, 71,22, 23 be the standard coordinates on R*, and equip R* with the standard
Euclidean inner product. Fix an orientation by decreeing that the ordered basis of
1-forms dzg, dz1,dza, dz3 be positive. The space of p-forms on R?* is denoted APR?,
and a p-form « will be represented by its skew-symmetric covariant tensor g, as,...,a,

of components, defined by

1
a=— E Qayap,...,ap8Tay N -+ - AN dTq,.
p: ai,...,ap



In general, the Hodge star operator is defined on any n-dimensional Riemannian man-
ifold M with volume form 7. It is the linear map * : APM — A" PM defined pointwise
by

a,f)n = *xa A B

where a, 3 € APM and «, §) is the inner product between p-forms defined by the metric.

Integrating over the manifold M gives an inner product on forms defined globally:

(a, B) =/ (a, B)n =/ *xa A . (1.1)

M M

On R* the Hodge star becomes
*: A’RY — AZRY
1
(*a)ab = 5 Z €abcdXed
c,d

for any 2-form «, where €,.q is the 4-dimensional alternating tensor with €gj23 = 1.

Since ** = 1, * has eigenspaces with eigenvalues +1. A 2-form « is self-dual (SD) if

*xa = a and anti-self-dual (ASD) if xa = —a. In terms of components, « is anti-self-dual
if

apr + 93 =0, agpe+a3; =0, and ag3+ aip=0. (1.2)

Given a connection A on a bundle E on R*, A is anti-self-dual, or satisfies the anti-self-
duality equation, if its curvature Fj is anti-self-dual as an endomorphism-valued 2-form

i.e. if
xFy = —F}. (1.3)

If we consider the action of a discrete sub-group A C R* of translations on R?, so
that R*/A is 4-dimensional, the anti-self-duality condition makes sense on the quotient
manifold R*/A. The ASD 2-forms are those that satisfy (1.2) where zo, 1, 2,23 are
the coordinates on R*/A corresponding to the standard coordinates on R*. Note that
throughout we will use the symbols E, A etc. to refer to vector bundles and connections
over 4-manifolds and the corresponding symbols E, A etc. to refer to vector bundles
and connections over 3-manifolds.

An instanton is a unitary ASD connection A on R* whose action

||FA||2=/ tr x Fpa A Fy
R4

is finite. Uhlenbeck [40] showed that any such connection extends smoothly to the
compactification S* of R*, and that every ASD connection on S* arises in this way.
Thus instantons really live on S* and are characterized by their second Chern class,

which is often called the instanton number, or charge.
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1.1.2 Translation reduction: the Bogomolny and Nahm equations

Next, we define the Bogomolny equation and Nahm’s equation, and show how these can
be thought of as translation reductions of the anti-self-duality equation. The Bogomolny
equation applies to connections over R3, and we need to fix the following conventions.
Throughout, we will consider R? as a slice of R of the form z¢ = constant, oriented
so that the ordered basis dz, dzs, dx3 is positive. The Hodge star operator is given in

components by
*: A’R3 — ARS

1
(*a)a = ) ;eabcabc

where €, is the 3-dimensional alternating tensor with €123 = 1. To distinguish between
the star operators on R? and R? we will sometimes write them as *3 and 4.

Consider what happens to the anti-self-duality equation (1.3) if we decree that
a connection A is translation invariant. Of course, this is equivalent to looking at
connections on the ‘generalized torus’ R*/A with A = R, that satisfy a symmetry
reduction of the ASD condition. Let Ag, A1, Ag, A3 be the matrices representing A in
some global trivialisation of E, and suppose that the matrices are independent of zg.
Then, using (1.2) and (Fy)i; = 0;A; — 0;A; + [Ai, Aj], we see that Fj is ASD iff

Os A3 — O3A9 + [Az, Ag] = 01Ag + [Al,Ao] (1.4)

holds, together with the two equations obtained by cyclic permutations in {1,2,3}. Let
E be a unitary bundle over R3 with some fixed trivialisation. From this point on we
will restrict to unitary bundles for the rest of the thesis. Let A be the connection on £
with components Aj, Ag, A3 in this trivialisation and let & be the endomorphism of E

represented by Ag. Then (1.4) and its cyclic permutations can be written as
*xFq = V0. (1.5)

This is the Bogomolny equation. Note that conversely, any solution to the Bogomolny
equation can be used to construct a translation invariant ASD connection on R* via
the same argument. The endomorphism ® is called a Higgs field.

A monopole is a unitary solution (A4, ®) to the Bogomolny equation whose energy
IEAll? + [V 422 = / tr {xFa A Fa + +V4® A V43}
R3

is finite. The finite energy condition can be re-expressed in terms of the asymptotic
behaviour of A and ®. For SU(2) monopoles the asymptotic condition is that ||®|| — x
as 7 — oo where 7 is the standard polar coordinate on R3. (In fact there are additional

conditions that will not concern us till later.) On the 2-sphere at infinity ® therefore
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has eigenvalues +iu, defining two eigenbundles. We let £k be the first Chern classes
of these eigenbundles, and say that the monopole (A4,®) has charge k. Note that
instantons cannot be translation invariant, since this would contradict the finite action
condition.

We can perform further translation reduction: consider an ASD connection A on
R* whose components Ag, A;, Az, A3 are independent of z1, T2, z3 in some trivialisation.

The anti-self-duality equation becomes
oA + [Ao,Al] + [AQ,A3] =0 (1.6)

plus cyclic permutations in {1,2,3}. In a similar way to the reduction to the monopole
case above, A determines a connection V and three endomorphisms 77,75,73 on a

vector bundle over R; from (1.6) we see that these satisfy
1
VI + 5 > elTy, Tu] = 0. (1.7)
.k

This is Nahm’s equation. Following the sketch of the Nahm transform at the start of
the Chapter, we expect solutions to Nahm'’s equation to correspond to solutions of the

Bogomolny equation under the transform.

1.1.3 Gauge transformations

Monopoles and instantons are studied modulo the action of the group of bundle auto-
morphisms preserving the base manifold. These automorphisms are referred to as gauge
transformations. In particular, the Nahm transform is defined modulo this gauge ac-
tion. If local trivialisations are fixed, the action of a gauge transformation is the same
as a change of trivialisation. We therefore sometimes refer to fixing a local trivialisation
as ‘fixing a gauge’.

For an instanton A on a U(n) bundle E — R*%, a gauge transformation g acts on

sections of E by s — gs and on A by Vp — gVg~L

In a local trivialisation over
some open region U C R?*, g becomes a map g : U — U(n) and V, is represented by

matrix-valued functions Ag, A1, Ag,Az : U — u(n). The action of g is given by

1 1

Ay — ghag™ —dgg™".

Similarly, for a monopole (A, ®) on a U(n) bundle E — R3, a gauge transformation g
acts on sections of E by s +— gs, on A by V4 +— gV4g~!, and on ® by & — gPg~!. In
a local trivialisation over some open region U C R3, g becomes a map g : U — U(n),
® becomes a map @ : U — u(n), and V 4 is represented by A;, A3, A3 : U — u(n). The

action of g on ® is given by
® — gbg~!

8



and on A by

Ap = gAug~! —dggTt
Gauge transformations for bundles over the 4-torus and over S! x R® are defined in an

analogous way.

1.1.4 Spin structures and Dirac operators

The Nahm transform is defined using Dirac operators on R*/A. In this Section we fix
our notation and conventions for such operators. We start, however, by recalling the
definition of a spin structure on an arbitrary manifold. References [12], [39] and {14]
provide more background material, and proofs of all the statements.

Suppose M is an oriented smooth n-dimensional Riemannian manifold. Let F' be
the principal SO(n) bundle of oriented orthogonal frames for the tangent bundle. A
spin structure for M is a pair (F,0) where F is a principal Spin(n)-bundle over M,
and o : F — F is a two-to-one covering such that the restriction to each fibre is the
double covering Spin(n) — SO(n). The obstruction to the existence of a spin structure
is the second Stiefel-Whitney class, which is contained in H?(M,Z,) (see [12, Section
1.1.4]), and the number of spin structures is counted by H*(M,Z2). If a spin structure
exists then M is called a spin manifold. The spin bundle S — M is defined to be the
vector bundle associated to the Spin(n) principal bundle F via the spin representation.
It comes equipped with a representation « of the Clifford algebra of the tangent space
T.M on the fibre S, for each z € M, and this is used to define the Dirac operator.

When M = R%, it is easy to check that there is a unique spin structure. Since
Spin(4) = SU(2) x SU(2) it follows that the spin bundle S decomposes into two SU(2)
bundles S*,S8~ with § = St & S~ (see [12, Section 3.1.1]). The spin representa-
tion v respects this decomposition in the following way. Given the orthonormal frame
(Ozgy Oz » Oy, Oxy) the endomorphisms v(0;,) : S — S decompose as

0 *
1) = () ) istes —stes,

fora = 0,1,2,3. Since v is a representation of the Clifford algebra these endomorphisms

satisfy

Ya¥s + V5 Ya = 20ab. (1.8)

In particular, we can choose bases for ST and S~ in which the endomorphisms are

given by matrices

=3 ) n=( %) mC D m-C D) oo



Note that these satisfy

v, = —v, and viv; = —Yk, (1.10)

where {i,,k} is a cyclic permutation of {1,2,3}. Let V be the covariant differential
operator on some bundle E — R* associated to some unitary connection A, and let

Vo, V1, V3, V3 be its components in the frame Bz, Oy, Orq, Ors). The Dirac operators

t

Df :T(ST®E) - TI(ST®E) and Dy :I'(57® E) — (ST ®E) (1.11)

are defined by

Dfs= Z'yavas (1.12)
a=0
and
3
Dys=— Z'y;Vas, (1.13)
a=0

and are called the Dirac operators coupled to the bundle E via the connection A.

Next consider the two cases M = R*/A where A = Z or Z* (i.e. M = S* x R3 or
M = T*%). The spin bundle and spin representation -y are invariant under the action of
A, and so descend to the quotient. Thus in both cases M has a spin bundle § = ST®S,
together with Dirac operators defined by equations (1.11)—(1.13).

The following Weitzenbock formula holds on M = R?*, S! x R3, and T*:

Lemma 1.14. Given any section s of ST ® E we have

As——-ZV Vas—-Z'ya'yb (F)a

a<b

where Fg is the self-dual part of the curvature F of A.

Proof: Using the relations (1.8) and definitions (1.12)—(1.13) we have

3
DyDf == 7inVaVs

a,b=0
—( Z 7a¥aVaVa) = (D 7e1VaVs)
a#b
- Z VaVa Z’Yaﬂn)(v Vi - vbva)
a<b
The last term can be rewritten as
> Ve (Fa)ab- (1.15)

a<b

10



A basis of anti-self-dual 2-forms is given by
dzg Adzy — dxo A dzs, dzg A dzo — dzg A dzy, dzo Adzs —dzi A dzs.

Substituting these forms into (1.15) and using (1.10), we see that the final term vanishes

on the anti-self-dual part of Fj, establishing the lemma. O

Finally, consider M = R3. In this case the spin bundle is a Spin(3) = SU(2)
bundle which we denote S(3). We can find a trivialisation of S(3) in which the spin
representation y(8;) for j = 1,2,3 is given by +;, where the -y; are defined by (1.9).
Given a unitary bundle E over R® and a unitary connection A on E, the Dirac operator

coupled to A is defined by
Dy F(S(3) ® FE) — F(S(g) ® FE)
3
Da=>Y vV
j=1
Note that we will often want to use identifications
St = Tr*S(g), ST W*S(:g), (1.16)
where 7 is the projection 7 : R* — R3 or 7 : S x R® — R3.

1.1.5 The Nahm transform on the 4-torus

As described on page 4, the Nahm transform is a correspondence between ASD con-
nections on R%/A and ASD connections on (R*)*/2wA*, where A C R* is a group of
translations. The Nahm transform on the 4-torus (when A = Z*%) is in some ways the
most natural version, and the other cases of the transform can be regarded as general-
izations of the 4-torus version. In this Section we present thé Nahm transform on T*
following Braam-van Baal [6] and Donaldson-Kronheimer [12, Section 3.2]; later, we
will use this as the framework into which the other cases fit, in particular the transform
for calorons.

Let A be a maximal lattice in R* and let T = R*/A. As before, the dual lattice A*
consists of elements of (R*)* taking integer values on A, and we define the dual torus
to be T* = (R*)*/2nA*. We equip T* with the flat Riemannian metric induced from
(R*)*, and denote the spin bundles 5% Note that if A is generated by {uoeo, - - - , uses}
where o € R and ey, . .. ,es is the standard basis of R* then T* has periods 27/ u, for
a=0,1,2,3.

The dual torus T* parameterizes flat U(1) connections on T in the following way.
Any ¢ € (R*)* can be regarded as a 1-form with constant coefficients on T via £ —

>~ €adz,. The connection d — i€ on the trivial line bundle C x T is flat, and we denote

11



the line bundle with this connection by L¢. Two points £1,&2 € (R*)* determine gauge

equivalent connections iff there is a well-defined gauge transformation g satisfying

i(é1 — &) = dgg™!
& g(z) =expi(§1 — &) -z (1.17)

where z is the coordinate on R%. The map g is a well-defined gauge transformation
g:T — UQ1)iff & —&; € 2nA*. Thus L¢, and L, are gauge equivalent iff §; —&3 € 2mA*,
and T* parameterizes gauge equivalence classes of flat U(1) connections on 7.

Next, fix a unitary vector bundle E over T with a unitary ASD connection A. We
restrict to connections that are ‘irreducible’ in the following sense (the definition is

taken directly from [12]):

Definition 1.18. The connection A is WFF (without flat factors) if there is no splitting
E = E' @ L¢ compatible with A for any flat line bundle L¢.

For each £ € (R*)* we can consider the bundle E = E ® L¢ equipped with the
induced connection A.. Using some fixed trivialisation of E, A¢ is represented by
A®1—1®:1i€ where (by abuse of notation) A is a matrix of 1-forms. It is easy to check
that A¢ is ASD for all £. We can write down the Dirac operators on T' coupled to E¢
via A¢, following definitions (1.11)—(1.13):

Df :T(S*QE® L) - T(STQE® L¢)
where
Df =Df —iv(§), D7 =Dy +iy*(é), (1.19)
and « is the spin representation for R%. Since A, is ASD, applying Lemma 1.14 we have
-+ *
D¢ Df = Vi, Vag.

Thus s € ker Dg iff [[Vacsll = 0, in which case s is a covariant constant section of
E ® L, and, if non-trivial, yields a splitting E = E' @ LZ. Since we are assuming that
A is WFF it follows that Dg' is injective.

Via standard results on elliptic operators, Dg is Fredholm for all £ € T and has
constant L?-index. Since Dg’ is injective, using the Fredholm alternative it follows that
dim ker DE_ = —index Dg‘ and this is independent of £&. Moreover, the fibres Eg =
coker Dg‘ = ker D define a vector bundle E over (R%)* which inherits an hermitian
metric from the L? hermitian metric on ['(S™ @ E). Let I be the bundle over (R*)*
whose fibre at ¢ consists of L? sections of S™ @ E® L¢ so that [& is a sub-bundle of I,
and let 135 be the L? orthogonal projection onto ker Dg . Let P be the map on I given
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fibrewise by 155. Using the standard covariant derivative d on the trivial bundle Iﬁ‘, we

can define a unitary connection Aonk by
Vi=P-d (1.20)
Finally, note that
D¢y, = (expin - z)Dg (exp —in - z)

for all n € 2w A* so that (expin-z) : T — U(1) is a gauge transformation identifying
ker D; with ker D¢, . Hence 2rA* acts on E — (R%)*, and the quotient is a bundle
over T*, which we also denote K. The connection A respects this action and descends

to a connection over T* in the same way.

Definition 1.21. If A is a unitary WFF ASD connection on a unitary bundle E —» T
then (I, A) is called the Nahm transform of (E,A), where E — T* is given fibrewise by
E¢ = coker D{ and A is defined by (1.20).

The transform is non-trivial, in that, when ¢; (E) = 0, the rank and Chern classes

of £ are given by:

rank() = ¢3(E)
a(B)=0
co(E) = rank(E).

(When ¢ (E) # 0 there is a very similar formula.) The relations are a direct result of
the index theorem for families due to Atiyah-Singer, and a proof is given in [12, Section
3.2.2].

The key point is the following:

Proposition 1.22. The Nahm transform (&, A) of (E,A) is ASD.
Proof: The curvature Fj of A is given by

F; = PdPdPP,
where P is the L?-projection onto ker Dg at each point £ € T*. Now

P;=1-DfG¢D;
where

Ge = (D Df)~.
Substituting this into the expression for F; we obtain

F; = P(dD})G(dD; ) P.
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From (1.19), we have
dDf = —i Y vadé, and dD7 =iy ~jdé.
a b
Since
(D vadéa) A (Y 1 dEs)
a b

is ASD (which can be checked by substituting in the matrices v, from (1.9) and compar-
ing with the anti-self-duality equation), it follows that Ais ASD provided G¢ commutes
with Clifford multiplication for all £&. But Lemma 1.14 shows that Ggl = DE— D§+ com-

mutes with Clifford multiplication, so the Proposition follows. O

Another remarkable property of the Nahm transform is that—Ilike the Fourier
transform—it is invertible, and the inverse is the transform itself (up to factors of
om and sign). It turns out that given an ASD WFF connection (E,A), not only is A
ASD, but it is also WFF, so the transform can be applied again to (]E,A) The inverse
transform is defined in the following way.

Just as T parameterizes the flat line bundles on T, the torus T parameterizes flat
line bundles over T™ via the identification z — d — 1) 2,d€,. We write L. to denote
the line bundle and flat connection corresponding to € T, and, given a unitary bundle
F and unitary connection B over T*, let D be the Dirac operators coupled to F ® L,
via B twisted by L,

DE . I($*®F®L,) - T(STQF®L,).

If B is WFF and ASD then the inverse Nahm transform, (]F ,]E%), is defined entirely

analogously to the original transform, so that F has fibre ker D7 foreachz €T.

Theorem 1.23. If A is a WFF ASD unitary connection on E — T then A is WFF.
Hence (Vlf‘], A) is well defined and there is a natural isomorphism w : E — E such that
w*(A) = A.

The analogy with the Fourier transform for functions on R" is obvious—indeed
Donaldson-Kronheimer call the Nahm transform the ‘Fourier transform for ASD con-
nections’.

There are two approaches to proving the Theorem, as described by Braam-van Baal
[6] and Donaldson-Kronheimer [12] respectively. The first approaches uses relations
between harmonic spinors on 7" and harmonic spinors on 7*. Given an ASD connection
A and its transform A, there is an elegant relation between the Greens function éI of
Dz DF on T* and solutions y¢(z) to D¢ on T. The Greens function G, is given very
explicitly, and it follows quite readily that A is WFF'. There is also a formula expressing
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the solutions 1z (¢) to D7 on T* in terms of the solutions ¢ (z) to D . Using these
two relations one constructs the desired isometry w : E — E. The second approach to
the Theorem is to convert the problem into an equivalent one in holomorphic geometry
that can be solved using d-cohomology and spectral sequences. ASD connections on
T are characterized by the following: a unitary connection A on a unitary bundle E is
ASD if and only if it defines a holomorphic structure on E for each complex structure
on T. There is also an identification between the spaces of forms Q% @ Q%2, and
00! over T with the spin bundles S*,S~. This characterization allows one to move
between ASD connections on unitary bundles and d-operators on holomorphic bundles.
The holomorphic version of the transform was first given by Mukai [30]; Donaldson-
Kronheimer also give a proof of the holomorphic version together with the details of

how to move between ASD connections and holomorphic bundles.

Remarks

(1) In algebraic geometry the transform of Mukai between holomorphic bundles over
complex tori has been generalized to give the ‘Fourier-Mukai’ transform—a transform
between bundles over algebraic varieties (e.g. elliptic surfaces, K3 surfaces). This has

been very successful in the study of moduli spaces of bundles over these surfaces.

(2) The Nahm transform is a hyperKahler isometry between the moduli spaces M(E)
and M(E) of WFF ASD connections on E and E. The moduli spaces are smooth
manifolds away from the connections with flat factors and are equipped with natural
metrics, given by the L2 metrics on 1-forms over T and T*. The ASD equation implies
that these metrics are hyperKahler. Braam-van Baal [6] prove the Nahm transform on
the 4-torus is a hyperKahler isometry. It is conjectured that this holds for the transform

for other cases of A, and this has been proved in certain cases.

This concludes our description of the Nahm transform on T%. Next we consider the
transform when A is a general group of translations, reviewing the cases that have been

studied in the literature.

1.1.6 The Nahm transform on the generalized torus

We want to consider the ‘generalized torus’ T = R%/A where A = Mg X A\; X A X A3
and A\, = {0}, Z, or R for each a = 0,...,3. It can be thought of as the limit of
the 4-torus with generators {uoeo, ... , u3es} C R* where some of the u, tend to zero
or infinity. Recall that the dual torus has periods 27m/u,, so ‘shrinking’ p, to zero
(i.e. taking A\, = R) corresponds to ‘stretching’ a period on the dual torus (i.e. taking
A: = {0} where A* = X} x ... x A}) and vice versa. Given some generalized torus,
one can attempt to carry across all the theory in Section 1.1.5 to give a version of the

Nahm transform in this new setting. Many aspects carry across readily, but two main
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problems are encountered:

1. In all cases other than the 4-torus we can assume T is non-compact (since if T
is compact then 7* must be non-compact and we can swap the two around). It
becomes necessary to impose boundary conditions at infinity on the connection
A to ensure that D? is Fredholm—and even with these conditions Dg may fail
to be Fredholm for certain values of £. The Nahm data will contain singularities
at the points where Dg‘ is not Fredholm. In fact & will not in general be a single
vector bundle, but may change rank at these singular points. This introduces a
new element into the problem: one must give boundary conditions for A and A
at infinity and singular points, and then show that these can be recovered from

each direction of the transform.

2. A related problem is that the index theorem for families relating the topology
of E and | does not hold on non-compact manifolds or for singular connections.
Furthermore, while index theorems on non-compact manifolds do exist in the
literature, they depend heavily on the precise nature of the geometry at infinity.
It may therefore be necessary to prove a new index theorem depending on A and
the nature of the boundary conditions being imposed, for each different case of

the transform.

Various cases of the transform on the generalized torus exist in the literature, and
we review these next. We describe the constructions of instantons and monopoles in
some detail, as these cases are directly relevant to the caloron case, but delay comment-

ing on the literature until Section 1.1.7. We let T™ denote the n-torus S1x ... xS

The case T = R%, T* = {0}: the ADHM construction of instantons. A de-
scription of the ADHM construction as a generalization of the Nahm transform on the
4-torus is given in [12, Chapter 3]. We give a brief sketch of the construction, comparing
with what you might expect naively from the 4-torus transform.

Let (E,A) be an instanton with charge k (recall the definition in Section 1.1.1).
There is a unique flat line bundle over R? and the dual torus T* is a single point, so
to perform the Nahm transform we consider only the Dirac operator Dg rather than
the family of operators DgL. The boundary condition on (E,A) (i.e. the assumption
that the instanton extends to the compactification S4) allows the Atiyah-Singer index
theorem to be applied. This shows that DX is Fredholm with index —k, so [ is just the
k-dimensional vector space coker Dg. In analogy with the transform for 7%, we expect
A to be an ASD connection over R* invariant under any translation. This would be

represented by skew-hermitian endomorphisms

~

Tos = 1P (z,5) (1.24)
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for s € coker D}, satisfying
[To, Th] + [T2, T3] = 0 (1.25)

and cyclic permutations in {1,2,3} (the fully translation invariant ASD equation). In
fact when we perform the transform, the RHS of equation (1.25) turns out to be non-
zero. This ‘surprise’ arises as a direct result of the non-compactness of R4,

The correct dual picture is the following. Let

_ Aa ok o G k1 o G
A(x)_ia:(Ta—ima>®7a-C ®ST-C RS (1.26)
where T}, is a k x k skew-hermitian matrix and A, a rank k row vector, fora=0,...,3.

The map A(z) is the analogue of the Dirac operator DF. Under the assumptions

A(z) is injective for all z, and

A*(z)A(z) commutes with the « matrices for all z, (1.27)

coker A(z) defines an SU(2) bundle E over R* as z varies. This has c;(E) = k, and an
analogue of Proposition 1.22 shows that the induced connection A is ASD. Atiyah and
others [5, 4] proved that every SU(2) instanton can be constructed in this way—this is

the ADHM construction. Expanding (1.27) gives
[To, Ta] + [T2, T5] = (AgA1 — ATAo) + (A3As — A3he)

and cyclic permutations in {1,2,3}; this is the correct version of equation (1.25). To
obtain the ADHM data {T,, A\, : a =0,... ,3} from a given instanton ([, A) one must
consider the Nahm transform less naively than we did above. Careful analysis of the

asymptotic behaviour of the solutions in coker D;{ can be used to obtain the A,.

The case T = R3, T* = R: the construction of monopoles. The following sketch
of the Nahm transform for SU(2) monopoles as a generalization of the transform on
the 4-torus follows Nakajima [34]. We comment on other approaches in the literature
in Section 1.1.7.

We have already seen how a translation invariant anti-self-dual connection A is
equivalent to a solution (A4, ®) of the Bogomolny equation. We can perform a similar

reduction on the Dirac operator Dg. Using the identifications 1.16, D;" reduces to

where £ € R is the coordinate on the dual torus. The rank of the Nahm transform is
given by the dimension of the cokernel of D.
An important role will be played in this thesis by Callias’ index theorem [7], which

gives a formula for the index of operators like D, on odd dimensional manifolds. The
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original version of the theorem applied to operators on bundles over M = R™ for odd m,
but was generalized by Anghel [3] and Rade [38] to apply more widely. The generalized

version applies to operators of the form
Das=Dsg+1®%:C®°M,SQE)— C®(M,SQ®E)

where M is a complete open odd-dimensional spin manifold with spin bundle S; E is
a unitary vector bundle on M; D4 is the Dirac-operator coupled to E via a unitary
connection A; and ® is a skew-adjoint endomorphism of E. The main condition required
is that ® should be invertible outside some compact set My C M and on the boundary
OMp (some mild additional conditions are also required). If this is the case, then &
decomposes E|gpy, as a direct sum E|gp, = EY @ E~ where E* consists of eigenvectors
of —i® that have positive eigenvalue, and E~ consists of eigenvectors with negative

eigenvalue.

Theorem (Callias-Anghel-Rade). Under the assumptions above, D4 ¢ is Fredholm
with L2-index given by

ind Dpp = — / A(OMo) A ch(E™) (1.29)
Mo

where ch denotes the Chern character of a bundle and A is the A-genus. (See [39,

Chapter 2] for background on characteristic classes and genera.)

Returning to the operator D, defined by (1.28), we want to apply Callias’ theorem
to compute its index. Suppose that (A, ®) satisfies the SU(2) monopole boundary
condition, so that at infinity ® has eigenvalues +iu defining eigenbundles with Chern

classes +k. Since the A-genus of the two sphere is trivial, (1.29) gives
ind D¢ = —c;1(EV)[SE]

provided ®—i£ is invertible on 512{ for all sufficiently large R. Here E is the eigenbundle
over 5'122 on which —i(® — 1£) is positive, ¢; denotes the first Chern class, and S,z2 is the
2-sphere with radius R. Since this result is independent of R we can take the limit as
R — oo, and write ind D¢ = —c1(E*)[S%). When & > p, Et is trivial so the index
is zero; when £ < —pu, E* is the whole vector bundle over S}%, so the index is zero
again; and when p > € > —pu, ET is the eigenbundle with Chern class k so the index is
—k. A Weitzenbock formula like Lemma 1.14 shows that D; is injective, so the Nahm
transform of (A, ®) consists of a bundle £ over the interval (—u, ) C R with rank k.

The analogue of A is a connection V and skew-adjoint endomorphisms T}, T3, T3 on
F defined by

Vs = P(9s) (1.30)
Tjs = iP(z;s), 7=1,2,3 (1.31)
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for a family s(€) € coker D¢. These satisfy Nahm’s equation (1.7). Near the singulari-
ties & = % u there is a parallel gauge in which the T; have a simple pole:

+

R
T;(€) = : :; - + analytic function,

and at each singularity the residues R;.b define an irreducible representation of su(2)
with dimension k.
Conversely, given such a connection V and endomorphisms 7T} on a rank k bundle

E — (—u, p), the analogue of D} is the operator

3 3
A(m)=V+ZT}®’yj—iZ$j®’yj:F(E®5'+)—>F(E’®S'_) (1.32)

j=1 7=1
for z € R3. Nahm’s equation implies A is injective, and the singularity condition

implies that A has index —2, so coker A(z) is a rank 2 bundle over R3. We then define

V as = P(ds)
ds =1P(&s)

where s(z) € coker A(z) for each z. An analogue of Proposition 1.22 shows (4, ®) satis-
fies the Bogomolny equation (1.5), and the monopole also satisfies the SU(2) monopole

boundary condition with eigenvalues +iyu and charge k.

The case T = T! x R3, T* = T!: calorons. Existing work on the transform for

calorons is reviewed in Section 1.2.

The case T = T? x R2, T* = T?. Jardim [21] has recently proved the existence and
invertibility of the transform for this case. The transform takes instantons on T? x R?
satisfying certain decay conditions to solutions of the so-called Hitchin equations on T?
with point singularities. The proof has a strong algebro-geometric flavour by regarding
T as a complex manifold T2 x C, and in broad terms follows the proof of the transform
on T* in [12, Chapter 3].

The case T = T® x R, T* = T3. Van Baal [41, 42] has studied instantons on T% x R
and the Nahm transform, in particular with ‘twisted boundary conditions’ (conditions

on every half period, as well as full periodicity).

1.1.7 Notes on the literature for the Nahm transform

In Section 1.1.6 we presented the constructions of instantons and monopoles as gen-
eralizations of the Nahm transform on the 4-torus. Historically, this is not how these
constructions arose—in this Section we describe approaches to the Nahm transform for

instantons and monopoles as they occurred in the literature.
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SU(2) Monopole

N

Nahm data Spectral curve

Figure 1.1: Hitchin’s circle of ideas

The ADHM construction of instantons [5] arose from developments in twistor theory
in the late 1970’s. Ward [43] proved a correspondence between instantons on S4 and
certain holomorphic bundles on the twistor space P3(C) of S*. In turn, the ADHM
construction [5] was a complete construction of these bundles, thereby giving a complete
construction of instantons.

In the early 1980’s Nahm [32, 33] sketched the Nahm transform, showing how it
encompassed the ADHM construction, and describing the transform for monopoles and
calorons. It was apparent from this work, but not explicitly stated, that the transform
would work on 7% and generalized tori. At roughly the same time Mukai [30] proved the
existence and invertibility of the transform between holomorphic bundles over complex
tori which we mentioned on page 15. Later, Corrigan-Goddard [9] provided some of
the details missing from Nahm’s original work on the transform for instantons and
monopoles.

Up to this point there was no rigorous proof of the transform for monopoles including
the singularities in the Nahm data. Hitchin [17] proved the correspondence between
SU(2) monopoles and Nahm data via spectral curves of monopoles. Using twistor
theory he proved a correspondence between SU(2) monopoles and certain algebraic
curves in the twistor space TP1(C) of R3 [16]. Instead of constructing the Nahm
data directly from the cokernel of a Dirac operator coupled to a monopole, Hitchin (17]
considered the spectral curve of the monopole and constructed a set of Nahm data from
this. By going round the circle shown in Figure 1.1 and proving the monopole obtained
is isomorphic to the monopole started from, Hitchin showed that the construction
of SU(2) monopoles from Nahm data is complete. Hurtubise-Murray [20] adopted a
similar approach to prove completeness of the Nahm transform for SU(n) monopoles.

In 1989 Braam-van Baal [6] described the Nahm transform on T as we presented
it in Section 1.1.5, in terms of ASD connections and Dirac operators, rather than the
holomorphic approach of Mukai [30]. At a similar time, Nakajima [34] proved the exis-
tence and invertibility of the Nahm transform for SU(2) monopoles by ‘direct’ means
(i.e. via analysis of the relevant Dirac operators obtained by dimensional reduction of

the transform on T?), rather than by the spectral curve method. A direct proof for
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SU(n) monopoles is yet to be given.

1.1.8 Twistor theory and spectral curves for monopoles

In this Section we expand on the twistor theory used to prove the existence of the Nahm
transform for monopoles. The twistor space for R? is the set of oriented geodesics in R3.
This can be identified with the tangent space to the 2-sphere, T'S? = TP, (C). Hitchin
[16] proved a correspondence between certain rank 2 holomorphic bundles over twistor
space TP1(C), and SU(2) solutions (A4,®) to the Bogomolny equation on a bundle
E — R3. Given a solution (A, ®), the fibre E, at z € TP;(C) of the corresponding
bundle is given by

E, ={s e (E|,.) : (Vy — i®)s = 0}

where 7, is the oriented geodesic in R corresponding to z, and U is the unit vector
along v,. Imposing the SU(2) boundary conditions on the monopole, some analysis
reveals that there is a holomorphic rank 1 sub-bundle L* of E, whose fibre at z is given

by sections of E over vy, solving
(Vy —i®)s=0 (1.33)

that decay in the direction of the oriented geodesic .. Similarly there is a holomorphic
rank 1 sub-bundle L~ whose fibre at z is given by solutions of (1.33) over +, that decay
in the opposite direction. The spectral curve S C TP;(C) is then defined by

S={2eTPy(C): L} =L}

so S consists of geodesics over which there exist solutions to (1.33) which decay at both
ends of the geodesic. The spectral curve is a compact algebraic curve, and from it one
can reconstruct F and hence the original monopole. In other words, monopoles are
uniquely determined by their spectral curves. Proofs for all these statements are given
in [16]. As described in Section 1.1.7, the spectral curve is used to prove completeness
of the construction of SU(2) monopoles from Nahm data in [17]. The Nahm data is
given in terms of a flow on the Jacobian of the spectral curve.

As we mentioned above, twistor theory and spectral curves have also been used to
prove completeness of the Nahm transform for SU(n) monopoles. In [20] Hurtubise-
Murray describe spectral curves and Nahm data for SU(n) monopoles, and give a
chain of constructions equivalent to those in Figure 1.1. The spectral curve of an
SU(n) monopole has (n — 1) components in TP;(C) with some prescribed intersection
relations. More relevant to us, however, is the Nahm picture for SU(n) monopoles.

Given an SU(n) monopole (A, ®) we assume that at infinity ® has eigenvalues

i1, ... ,iun Which define eigenbundles with Chern classes ki, ... , k,. (There are other
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Terminating component:

this piece of the Nahm data
Rank has a singularity exactly like
that for SU(2) data.

Rank= ki + k2

) Continuing component: this

\ piece of the Nahm data is
Rank= ki + k2 + k3 continuous across the join.

/

) /
> Rank= k,

/

e U3 M2 H1 3

Figure 1.2: Typical U(4) monopole Nahm data illustrating gluing conditions at the
singularities

Rank

Zero jump: the Nahm data
has a prescribed discontinu-
ity across the join.

/

ko

]
=)

4 M3 B2 B €

Figure 1.3: Typical U(4) monopole Nahm data with a zero jump
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boundary conditions which we ignore for the moment.) The p; are ordered so that
pn < ... < p1. Hurtubise-Murray [20] show that the Nahm picture for (A, ®) consists
of (n — 1) bundles X, over the intervals [pps1,4p), p=1,... ,n — 1, such that

rank X, = ky + - + kp. (1.34)

Each bundle is equipped with a connection V, and endomorphisms Tg , 7 =123,
satisfying Nahm’s equation. At each p, there is a gluing condition between the bundles
X, and X,_1, which depends on the ranks of X}, and Xp_1: see Figures 1.2 and 1.3.
When k, =0, rank X, = rank X,_; and we call this a ‘zero jump’.

This form for the Nahm data is precisely what you expect if you consider the cokernel
of Dg, the Dirac operator defined by equation (1.28). Applying Callias’ index theorem
in a similar way as that on page 18, D¢ is Fredholm except when £ € {p1,- .. ,#n}, and

the dimension of the cokernel is given by

k1++kp When£€ (,U'p—}-lalu’P))

dim coker D¢ =
0 when & < p, or € > .

This agrees with equation (1.34).

1.2 Review of existing work on calorons

Recent work on calorons consists of two main strands. First there is the work of
Garland-Murray in which SU(n) calorons are regarded as monopoles whose structure
group is the loop-group of SU(n). Secondly, Kraan and others have proved the existence
of a version of the Nahm transform for a special kind of caloron, namely those with
unit instanton charge and vanishing monopole charges. Before reviewing this work,
however, we make some remarks on other places calorons appear in the literature.
Calorons and their applications to QCD at finite temperature were first studied
in the late 1970’s: [L0] contains a review of this work. In [15], Harrington-Shepard
constructed an explicit SU(2) caloron by arranging a periodic array of charge-1 in-
stantons in R%. Later, others showed how to take monopole and instanton limits of the
Harrington-Shepard caloron (by letting the period tend to zero or infinity respectively).
Other explicit solutions have been constructed by Chakrabarti using various ansatze,
including calorons with non-trivial monopole charges: see [8] and the references therein.
Calorons and the Nahm transform have an interpretation in string and brane theory: a
caloron can be regarded as a periodic arrangement of strings and D-branes; the Nahm
transform is a correspondence between different brane configurations, called ‘T-duality’.

In this thesis, however, we steer clear of these stringy issues.
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1.2.1 The loop group point of view

Garland and Murray [13] make the remarkable observation that SU(n) periodic in-
stantons are the same as monopoles with the group LsU (n) as their structure group,
where LSU(n) is the semi-direct product of the loop group LSU(n) and U(1). In other
words, they show that the anti-self-duality equation (1.3) for a SU(n) connection on
R* is equivalent to the Bogomolny equation (1.5) for a LSU(n) monopole. Garland
and Murray go on to develop twistor theory and the spectral curve picture for periodic
instantons, by regarding them as loop-valued monopoles, and extending known results
for regular monopoles. In a similar vein, Norbury [35] has extended the rational map
construction of SU(n) monopoles [11] to a construction of LSU(n) monopoles based
on holomorphic maps from S? to a certain flag manifold.

In general we will not make much use of the loop group approach in this thesis;
on the other hand it often gives clues as to what one might expect for calorons, by
extending existing results for monopoles. In this Section we prove the correspondence
between calorons and loop-group monopoles, before sketching Garland and Murray’s
work [13] on the spectral curve of a caloron. Finally we describe the form we expect
caloron Nahm data to take, as sketched by Garland and Murray [13, Section 8]. First,
however, we make the following definitions.

Let G be a Lie group and g its Lie algebra. The loop group LG of G is the group of
smooth maps from S! to G with pointwise composition. Let Lg denote the Lie algebra
of LG, that is Lg = Map(S1, g). Define the Lie group LG to be the semi-direct product
of LG and U(1): as a set

Le=LGxU(1)
and the composition is
(91(8),€"1) 0 (g2(0), €*2) = (g1(6 — cx2) 0 ga(6), (™1 +22)).

(Note that there is a choice as to how we let U(1) act on LG. We have taken the choice
as above since, as we shall see, it gives an adjoint action corresponding to ordinary

gauge transformation on S! x R3.) The Lie algebra ig is then
Lg=Lg®iR.

The adjoint action of LG on Lg is given by

Adiy)00)(£(0), ) = (9(©)E(O)g™(0) = A2(©)g™1(0),2)  (135)
where © = 8 + «, and the Lie bracket is
(€4(6),0), (€2(6),102)] = (61(0), &(O)] + M o2 ~ 2o 2L 0). (136)
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Next we want to describe the correspondence between SU(n) calorons and LSU(n)
monopoles. We will consider calorons with period 2m/uo for some pg € R. These can
. 1 — 2
be thought of as connections on bundles over S%ﬂ Juo X R3 where S o = R/ (FEZ)
Given a connection A on a bundle E — S;ﬁ Juo X R3 fix a global trivialisation of E, and
define A and ® by

Va =Va+dzo(0z + P) (1.37)

so that A is a loop of connections on a bundle £ — R3 and ® a loop of endomorphisms

on FE, parameterized by zg € S%Tr Jio" We then define
A= (A(),0), and &= (®(8),ino) (1.38)

to be the LSU (n) monopole configuration on E corresponding to A, where 0 = pozo.
Conversely, given an LSU (n) monopole configuration of the form (1.38) on a bundle E,
let E = p*E where p is the projection p : S _ Juo X R3 — R3, and define A using (1.37).
(Garland and Murray show that by gauge transforming, every finite energy LSU(n)
monopole can be written in the form (1.38).) We want to show that this correspondence
is gauge invariant. Let g : S5 Jo x R® — SU (n) be a gauge transformation on [E and
let g(6) be the corresponding map R® — LSU(n). The LSU(n) gauge transformation

corresponding to g is then
§=1(9(6),0) : R® - LSU(n).
Under g, A and ® transform as

A Ad;A — dgg™! = (gAg™! — dgg™",0)

1ai/1'0)

. s 0

& — Adyd = (909" — po559"
using the adjoint action (1.35). Since po8y = Oy, this is exactly the same as the action
of g on A:

Ag — gAag™ — Bagg™t

Proposition (Garland and Murray [13]). Under the correspondence given above,
A is ASD if and only if A, & satisfy the Bogomolny equation.
Proof: Fixing a global trivialisation of E, A is represented by a matrix of 1-forms

3
d drg + Z A;dx;.

i=1
The coordinate form of the anti-self-duality equation (1.2) then implies
(Fa)23 + (Fa)or =0

& 0y Asg — O3A9 + [A2,A3] + OgA — P + [@,Al] =0
0A,

& Oy Az — O340 + [Ag, A3]+ =019+ [Al, (I)] — ;1,070—
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and cyclic permutations in {1,2,3}. These equations can be written invariantly as

0A
= - lo—. .39
*Fa=Va®~ po_ (1.39)
On the other hand, the LSU(n) Bogomolny equation is

«F; =V ;9 (1.40)
where F' '1 is the curvature of A. However F° "1 = (Fa(6),0), while from the bracket (1.36)

we have
V48 = (Va®)(6) — (10054)(6),0).
Hence (1.39) and (1.40) are equivalent. a

With the correspondence between SU(n) calorons and LSU(n) monopoles estab-
lished, Garland and Murray go on to consider the twistor theory and spectral curves of
calorons. The twistor space of 5217r Jpo X R3 can be obtained by lifting the translation
To — Zo + 27/po on R? to an action on the twistor space P3(C) \ P1(C) of R%, and
quotienting by this action. (The twistor space TP1(C) of R® can be obtained in a
similar fashion.) The quotient is a bundle 7° over TP1(C) with fibre C* = C\ {0},
and it can be embedded in a fibre bundle T — TP;(C) with fibre P;(C). Just like the
monopole case, standard twistor theory methods show that a caloron (E, A) determines
a holomorphic bundle [E° over twistor space 7°. Garland and Murray show that if the
caloron satisfies certain boundary conditions, then E° extends to the compactification
to define a holomorphic bundle E — 7. The bundle E can then be used to define n
spectral curves in TP1(C): a point z € TP;(C) lies in a given curve depending on the
existence of certain sections of E over the fibre of 7 — TPl(C) above z. In particular,
sections over a fibre P1(C) of 7 are characterized by how they extend from C* to zero
and infinity. Garland and Murray then show how a caloron is determined by its spectral
curves, constructing a caloron from a set of spectral data.

Given the twistor picture for calorons, and arguing by analogy with the monopole
case, one can predict what the Nahm picture for calorons should look like — this is
sketched in [13, Section 8]. First, however, we need to describe Garland and Murray’s
boundary conditions for calorons. They require that there is a gauge at infinity in which
a LSU(n) monopole (A, ®) of the form (1.38) agrees with a static (f-independent)
SU(n) monopole configuration. Thus a caloron can be characterized asymptotically
by the eigenvalues iu1,... ,iu, of the Higgs field in this gauge, and the Chern classes
ki,..., ks (the ‘monopole charges’). There is an additional topological characteristic,
denoted kg and called the ‘instanton charge’, that is the obstruction up to deformation

on the interior of R® to the entire configuration being 6-independent. In terms of an
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Rank

ko + k1

k{ -  _—— |

—(po + 1)  p1 — po —pr O 1 Mo — 1 po + £
Figure 1.4: Typical SU(2) caloron Nahm data

SU(n) periodic instanton (E, A) the boundary condition requires that there is a gauge
at infinity in which Ag = ® has eigenvalues iy, ... ,iu, etc.
We expect the Nahm data corresponding to such a caloron to consist of n bundles

Xp, p=1,... ,n, over the intervals

I = [pps1,pp) CR/oZ, p=1,... ,n—1, and I, := [p1 — po, tn] C R/uoZ.
(1.41)
Each bundle X, is equipped with a connection and endomorphisms satisfying Nahm’s

equation. Furthermore, we anticipate the rank of the data to be given by
rank X, = ko + ki + -+ + kp. (1.42)

(Garland—Mﬁrray do not give this formula, but it is implicit from their work.) At each
point § = p, we expect the Nahm data to satisfy conditions entirely similar to those
for SU(n) monopoles (recall Figures 1.2 and 1.3). A typical set of SU(2) caloron Nahm
data is illustrated in Figure 1.4.

1.2.2 Calorons with vanishing monopole charges

The Nahm transform for calorons has been studied recently for SU(n) calorons with
unit instanton charge and vanishing monopole charges in a series of papers [23, 24, 22]
and [26]. In terms of the boundary conditions described in Section 1.2.1, these calorons
have kg = 1 and k; = 0 for j = 1,... ,n. In [23], [24], and [22]), Kraan and others
construct such calorons from infinite arrays of ordinary ADHM data, corresponding to
an arrangement of instantons in R* repeated periodically, possibly with some topological
‘twist’. (This is, of course, a similar approach to the Harrington-Shepard construction,
but more general.) The caloron is given by the cokernel of an infinite-dimensional matrix
operator A(z), similar to the operator (1.26) for the regular ADHM construction, but
constructed from this array of data. By regarding the algebraic equation A*(z)v = 0

as a equation for the Fourier coefficients of a function on S!, Kraan obtains the Nahm
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The Nahm matrices have On the interior of each in-

a prescribed discontinuity terval the Nahm matrices
Rank across each zero jump. are constant.
e N rank=

/

—(po +m) p1— po —p1 0 Bo—p1  Ho+ M1 3

Figure 1.5: Typical SU(2) caloron Nahm data with vanishing monopole charges and
unit instanton charge

picture for calorons. This agrees exactly with the Nahm picture conjectured at the end
of Section 1.2.1 and consists of bundles X,, p=1,... ,n over the intervals (1.41), each
equipped with a connection and skew-adjoint endomorphisms Ti,T5,73. The bundles

all have rank 1, and so Nahm’s equation reduces to
VT; =0, 7=12,3,

since the T; commute. Working in a parallel gauge on each bundle, the matrices
Ty, T, T3 are constant. At each point & = p, there is a ‘zero jump’ (i.e. rank X3 =
rank X,), and the matrices have some prescribed discontinuity there. Kraan and van
Baal [24] show that each discontinuity determines (and is determined by) a vector
Yp € R3. Note that each block of data X, is exactly the same as the Nahm data for a
charge-1 SU(2) monopole, and so the caloron can be said to consist of n ‘constituent
monopoles’. Kraan and van Baal show that the constituent monopoles are located
at the points y, € R3. This interpretation does not hold for higher charge calorons:
for example, consider a caloron with kg = 2 and vanishing monopole charges. The
Nahm data for the caloron should be discontinuous, but not singular, at each & = p,,
while the data for a charge-2 SU(2) monopole has singularities at its endpoints. The
caloron Nahm data therefore cannot be assembled from n sets of monopole Nahm data.
Figure 1.5 illustrates Nahm data for Kraan'’s calorons.

Since Nahm’s equation can be solved completely in the case of unit instanton charge
and vanishing monopole charges, the construction of calorons can be given very explic-
itly. Roughly speaking, the locations of the ‘constituent monopoles’ y1,... ,yn and
the values p1, ... , i, determine the Nahm data completely: expressions for the corre-
sponding caloron are given in terms of these data in [24]. Kraan and van Baal go on to
consider the moduli space of calorons, and argue completeness of their construction by
counting parameters. They also take various limits for the SU(n) caloron, obtaining

monopole (up — oo) and instanton (po — 0) limits on the moduli space. Shrinking one
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interval of the Nahm data gives a caloron with a ‘massless’ constituent monopole—the
Harrington-Shepard caloron can be obtained in this way. Independently of Kraan, Lee

[26] has given a very similar construction of calorons from this kind of Nahm data.

1.3 Overview of results

The aim of this thesis is to prove the existence of a version of the Nahm transform
for calorons as a generalization of the transform on the 4-torus. As indicated in Sec-
tion 1.1.6, many aspects of the Nahm transform on the 4-torus carry across directly to

the caloron case, but we encounter the following difficulties:

1. Boundary conditions. We need to specify boundary conditions on the caloron
that are sufficiently strong for the transform from the caloron to the Nahm data
to be possible, but sufficiently weak to be recovered for a caloron constructed
from some set of Nahm data. The ‘dual’ problem—specifying conditions for the
Nahm data at singularities—is much more straightforward as we take these to
be exactly the same as the conditions for SU(n) monopoles. The main difficulty
in the construction of calorons from Nahm data is proving the caloron obtained
satisfies the boundary conditions; conversely, obtaining the singularity conditions

for the Nahm data constructed from a caloron is also a difficult problem.

9. The index formula. Given a caloron A we need a formula for the L2-index of
the Dirac operator D;{£ = DK — 3£ in order to calculate the rank of the Nahm

data obtained from the transform.

Our approach to these problems and our main results can be summarized in the

following way:

Chapter 2: the topology of calorons.

We define boundary conditions for calorons and explore topological aspects such as
deformation of caloron configurations. The main innovation is that we work on closed
manifolds with boundary rather than open manifolds with asymptotic boundary con-
ditions, and thus consider calorons on S! x B® where R is the interior of the closed
ball B®. This allows the boundary conditions to be stated very succinctly, but the
drawback is that we have to do more work to recover them in the Nahm transform. A
U(n) bundle E — S? x B is framed if it is equipped with a trivialisation f at infin-
ity. There is a topological obstruction, denoted c2(E, f), to extending this to a global
trivialisation of E. Our boundary condition for a caloron A on E is that it should
resemble the pull-back of a U(n) monopole configuration in the trivialisation f. Thus
calorons are characterized by the eigenvalues i1, ... ,iu, of the Higgs field at infinity,

the Chern classes ky, ... , kn of the corresponding eigenbundles, the period 27/ug, and
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the invariant kg = c2(E, f) of the framed bundle. We go on to define a map between
calorons in different topological classes which corresponds to a rotation of the Nahm
data round S!. This ‘rotation map’ has been considered previously by Lee [26, 25] for
calorons with vanishing monopole charges, but its relation with the Nahm transform
has not been fully explored. It plays an important réle in our construction of calorons

from Nahm data.

Chapter 3: the transform from Nahm data to calorons.

Nahm data for calorons was described at the end of Section 1.2.1. Let N*(ko, k, po, i2)
denote the collection (modulo gauge transformations) of Nahm data characterized by
(ko, k, o, /i), so that the data is singular at & = u1, ... , 4, and has rank given by (1.42).
Here k = (ky,... ,kn) and similarly for /, and we call (ko,E, Lo, Z) a set of caloron
boundary data. Let C*(ko, k, po, i) be the collection of calorons (modulo gauge trans-
formations) with boundary conditions defined by (o, k, o, iZ). We prove the following
in Chapter 3:

Theorem (Nahm data — caloron). For each set of boundary data (ko, k, o, i), the
Nahm transform is a well-defined map from N*(ko, k, po, i) to C*(ko, k, po, ).

Showing that the connection constructed from the Nahm data is ASD, periodic,
and SU(n), is relatively easy, and the main difficulty lies in recovering the boundary
conditions. In the notation of Section 1.1.5, D} is the Dirac operator whose cokernel
gives the caloron. We define a model operator Dj —a deformation of D} —and prove
that the cokernel of D; gives a periodic connection satisfying the desired boundary
conditions, but not the ASD condition. We then prove that the boundary conditions
are not affected by the deformation, and conclude that the cokernel of D} therefore
satisfies the desired boundary conditions. This approach was used by Hitchin [17] to
recover the boundary conditions for an SU(2) monopole. We have extended it in three
ways: firstly to deal with zero jumps (which cannot occur for an SU(2) monopole);
secondly to work right up to the boundary of FB; and finally to model D} on the
interior as well as at infinity. This last point is necessary to recover kg, which is the
obstruction to extending the framing of the caloron to the interior, and so requires
understanding of D (at least up to deformation) when z is in the interior of S1 x B
Defining the model operator ﬁj requires some ingenuity, and recovering the boundary

conditions occupies the majority of Chapter 3.
Chapter 4: the transform from calorons to Nahm data.
We aim to prove:

Theorem (Caloron — Nahm data). For each set of boundary data (ko,E, Ho, i2),
the Nahm transform is a well-defined map from C*(ko, k, Ho, &) to N*(ko, k, po, fi).
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In particular, we have to prove that the rank of the Nahm data obtained is given
by (1.42), and that the Nahm data obtained satisfies the desired singularity conditions.

The rank condition follows from the following theorem:

Theorem (The index theorem). Given a caloron A on a framed bundle (E, f) which
satisfies the boundary conditions specified by (ko, k, po, ), Dg’g = D} — i is Fredholm

with L?-index
ind Dx,g =—(ko+k1+...+kp)
when & € interior I, and I, is defined by (1.41) forp=1,... ,n.

The proof of the index theorem involves two main steps. The first is a calculation of
the index when ko = c2(E, f) = 0, in which case the caloron can be deformed through
the space of calorons satisfying the boundary conditions, until it is independent of zo.
Callias’ index theorem [7] is used to compute the index in this case. The second step
uses an excision theorem of Gromov-Lawson [14] to reduce the problem to the case
ko = 0. The theorem has been published, together with some material from Chapter 2,
in [36], and a copy of this paper is attached to the thesis.

The singularity conditions are recovered, in part at least, by generalizing Nakajima’s
analysis [34] of the singularities for SU(2) monopoles. We successfully recover the
singularity conditions at points £ = p, where k, # 0 under the assumption of two
analytic conjectures given in Section 4.4.4. Note that we do not give a complete proof
of the Theorem (Caloron — Nahm data): we do not recover the gluing conditions at
zero jumps in the Nahm data, and we do not show that the Nahm data obtained gives
rise to an injective operator D;f—a necessary condition for the Nahm data to lie inside
N*(ko, k, po, if)-

1.4 Open problems

Behaviour at the singular points. There are a few problems concerning the be-
haviour of the Nahm data constructed from a monopole or caloron which we do not

resolve. These are explained in Section 4.4.4.

Injectivity of the Nahm operator and invertibility of the transform. An ob-
vious ‘next step’ following this thesis is to prove that the transform from Nahm data to
calorons and the transform from calorons to Nahm data described in Chapters 3 and
4 are mutually inverse. One approach to proving invertibility is to adapt Donaldson
and Kronheimer’s method [12, Chapter 3] that uses holomorphic geometry and o-
cohomology. Another approach, more in keeping with the rest of this thesis, is to adapt
Nakajima’s analytic proof that the Nahm transform for SU(2) monopoles is invertible

[34, Sections 4 and 5]. We remarked above that our proof of the Theorem (Caloron —
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Nahm data) is incomplete because we do not prove injectivity of the ‘Nahm operator’
D} = A(z) constructed from the Nahm data in a similar way to (1.32). Without this
established, it may not be possible to apply the inverse transform to go back to the
caloron. This is not a serious problem: if we perform the transform on a caloron, and
then form the Nahm operator A from the Nahm data obtained, it is easy to prove
that A(z) is injective away from a finite collection of points, so the inverse transform is
defined almost everywhere. A first step towards proving invertibility is to express the
Greens function of A*(z)A(z) in terms of smooth solutions ¢ of Dy 9 = (Dy +i)¥ =0
(see [6, Section 2.3] for the 4-torus calculation). This Greens function should have some
canonical form in terms of the spinors 1. A proof by contradiction shows that A(z)
is injective: if it is not then the spinors 1 cannot be smooth. Braam-van Baal 6,
Proposition 2.5] and Corrigan-Goddard [9, Section 3] use an argument like this for the
4-torus and ADHM construction respectively. With this in place, adapting Nakajima’s
proof of invertibility should be quite straight-forward.

The moduli space of calorons. There are many open problems concerning the
moduli space of calorons, including fundamental problems such as proving existence
and smoothness, calculating the dimension of the space, and proving the existence of a
hyperKahler metric. These fundamental problems also apply to the space of Nahm data.
With these problems solved, it might be possible to prove that the Nahm transform is a
hyperKahler isometry between the two spaces. One could then explore the moduli space
of calorons by working on the space of Nahm data. Many of the problems investigated
for monopoles, for example calculation of the metric for widely separated constituents

or scattering for symmetric configurations, could be carried over to calorons.

Monopole and instanton limits of calorons. One of the reasons for studying
calorons is that they form an interpolating case between monopoles and instantons.
An obvious question to ask is whether we can find families of calorons with a monopole
or instanton limit. In terms of moduli spaces it might be possible to prove that mono-
poles and instantons form the boundary of the caloron moduli space in some sense.
Kraan and van Baal (22, 24] have constructed such families for calorons with vanishing
monopole charges and unit instanton charge. However, these involve taking the limit
as one interval of the Nahm data is contracted to zero (taking the ‘massless monopole
limit’ in physics language). This is the same as looking at monopoles and calorons with
non-maximal symmetry breaking—opening up a wide range of problems. Throughout

this thesis we will only consider calorons with maximal symmetry breaking.
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Chapter 2

The Topology of Calorons

This Chapter is concerned with topological aspects of calorons, especially boundary
conditions. Based on the boundary conditions used by Garland-Murray [13, Section
3], in Section 2.1 we define a set of boundary conditions which are sufficiently strong
for the Nahm transform from calorons to Nahm data to be possible, but which can
be recovered for a caloron constructed from some set of Nahm data. We draw the
reader’s attention to definitions 2.6, 2.9, and 2.10—these are central to the rest of
the thesis. In Section 2.2 we study ‘large’ gauge transformations (non-periodic gauge
transformations that leave the caloron periodic) and a map between different calorons
given by such a gauge transformation, that in some sense corresponds to rotation of
the Nahm data round S!. Section 2.3 contains a slight digression in which the caloron
boundary conditions are derived by regarding a SU(n) caloron as a LSU(n) monopole

and imposing the monopole boundary conditions.

2.1 Boundary conditions

Boundary conditions for objects on open manifolds can be regarded from two points of

view:

1. one can specify a set of asymptotic conditions that control behaviour as ‘infinity’

is approached;

2. alternatively, one can glue on a boundary to obtain a compact manifold with
boundary, and demand that objects extend to the boundary and have fixed be-

haviour there.

The second approach is motivated by the work of Melrose (see [27, 28]). It allows
the boundary conditions to be stated more concisely, and is the approach we adopt
to define the boundary conditions in Sections 2.1.1 and 2.1.3. I acknowledge the help
of my supervisor, Michael Singer, with the definitions in this Section, many -of which

appeared in our joint publication [36].
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We compactify R® by identifying it with the interior of the closed 3-ball B’ As
— 27

/o R/(#_OZ)_BLet

x §% and let p: X — B be

previously, we consider calorons with period 27/up, and let S;
X = 521 X Fg, denote the boundary by 60X = .5'21

/o 7/ 1o
the projection on to B°. The interior X° = X \ 80X can be identified with 5’217r Juo X R3.
Let zo, ... ,z3 be the coordinates on X° corresponding to the standard coordinates on

R* under projection R* — X°, and orient X° so that dzg, dz1,dzs,dz3 is positive. Let
the metric g on S;ﬂ Juo X R3 be the standard flat product metric that gives the circle
length 27/puo. Next we write down coordinates near the boundary of X and derive the
form of the metric ¢ in these coordinates. Let 7,¥1,y2 be polar coordinates on R3, so
that r is the distance from the origin in R® and y;, y2 are some local angular coordinates

on S%. We suppose y; and yp are chosen so that g takes the form
g = dr® + r¥(hidy? + hody3) + dzd,

for some positive locally-defined functions h1, hy. Local coordinates near the boundary
of X will be x = 7~ 1, y1,92 and =g, so that x becomes a boundary defining function:
x > 0 on X, with equality only at X, and dx # 0 on dX. Writing g in terms of x,
dx*  dyl ., dys o
g = —r + h1— + hy— + dz§, 2.1
X4 X2 X2 0 ( )
so g is singular at the boundary.

2.1.1 Boundary conditions for monopoles

Let E — B° be the trivial U (n) vector bundle and let E,, = El|gz . Suppose A is
a U(n) connection on Ey, o is a skew-adjoint endomorphism on Ew, and that the

following conditions are satisfied:

&, has n distinct constant eigenvalues, and . (2.2)
Ao =EPP;-d (23)
j=1

where P; is projection onto the j-th eigenbundle, and d is the covariant derivative on
E. It follows that V4_®. = 0. The condition that the eigenvalues are distinct is
that of maximal symmetry breaking: although this is not required for many of our
results, we only prove the existence of the Nahm transform for calorons with maximal
symmetry breaking. We therefore assume maximal symmetry breaking from the outset.
Note that we also assume n > 2 (since we are ultimately interested in the gauge group
SU(n)).

Definition 2.4. A U(n) monopole configuration framed by (Aoo, Poo) is a unitary con-

nection A on E and a skew-adjoint endomorphism & on E that satisfy
Alsgo = Aoo and ‘I)Isgo = q)oo

34



We will also work with SU(n) monopole configurations, in which case we require
and ®., to be trace-free and A to be compatible with the volume form. Note that a
monopole configuration is not required to satisfy the Bogomolny equation. The gauge
transformations are the unitary bundle automorphisms of E that are the identity at
infinity.

Let 4pu1,... ,ipn be the eigenvalues of ., and order them so that p, < pp—1 <
.-+ < p1. Let kj be the Chern class of the eigenbundle with eigenvalue ip;. Thus we
have k = (ky,... ,k,) € Z” and i = (p1,... , pn) € R” satisfying:

1. S0k =0,
2. pp <pn—1 < -- < pa.
This choice of notation matches that in [13] and [20}.

Definition 2.5. A pair (k, [7) is a set of U(n) monopole boundary data if it satisfies
these two conditions. It is a set of SU(n) monopole boundary data if in addition it

satisfies Y | p; = 0.

We have shown that on one hand a pair Ay, Poo satisfying the boundary conditions
determines a set of boundary data; on the other hand note that a set of monopole

boundary data (E, i) determines Ay, Poo uniquely up to isomorphism.

2.1.2 Framed bundles

Definition 2.6. A U(n) framed bundle over X consists of a pair (E, f) where E — X

is a U(n) vector bundle and f : E|sx — p*E is a unitary bundle-isomorphism.

There exists a topological obstruction to extending f to a global identification of E
with p*E, and we use this to define an invariant c3(E, f) of a framed bundle. Consider
what happens when we try to extend f: for each s we can find an identification F(y :
E|zo=s — F that agrees with f5) = f|ze=s On S2.. We can do this continuously, and

obtain a path of maps F{,) for s in some interval I, = (—¢,2m/ug + €). Define
(s)
c(s) = P(s+2ﬂ/#0)F(;)1 € Autg E (2.7)

where Autg E is the group of unitary automorphisms of E that are the identity on S2.

Then c represents an element of
moAutg E = moMap(S3,U(n)) = mU(n) = Z
which we call deg c. Note that deg c is independent of the choice of F, that the choice

of F corresponds to a bundle automorphism of E, and that F' can be chosen so that c is
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independent of s. If c is sufficiently smooth then there is the following integral formula

for deg c:
deg c= 1 tr (dec™t)? (2.8)
8c= 2471'2 33 ' '

To establish this formula it is easier to work with a map ¢ : $° — U(n) and prove that
deg c is given by the same integral over 53, Tt is easy to check that the formula holds

when c is the standard map with deg ¢ = 1:

3
c(z) =) YaTa where [z] =1.
0

To prove that the integral depends only on the homotopy class of ¢, consider a family

of maps c; defined for all ¢ in some open interval in R. The form
tr 8;(dese;t)?
is exact, so
O /53 tr (dege;t)2 =0

and it follows that the integral is homotopy invariant. Finally, given some c : S3 = U(n)

and some k € Z, a short calculation shows that
tr [d(c®)e™*] = ktr (dec™?!) + exact terms.

This proves the integral formula for deg c for ¢ € Map(S®,U(n)). Identifying Auto E
with Map(S3,U(n)) then gives (2.8).

Definition 2.9. Given a framed bundle (E, f) let c2(E, f) = deg c. We may also write
ca(E, f)[X].

We can equally well work with gauge group SU(n), in which case the clutching map
c takes values in SAutg E, the group of special unitary automorphisms of E that are

the identity on the boundary. The same formula holds for deg c.
2.1.3 Boundary conditions for calorons
Let Ao, Poo be a U(n) connection and endomorphism on E, satisfying (2.2) and (2.3).

Definition 2.10. Let A be a unitary connection on a framed bundle (E, f). Then A

is a U(n) caloron configuration framed by Aco, Poo if
Alax = p*Aco + " Poodzo

where the framing f is being used to identify E|sx with p*F.
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We can define SU(n) caloron configurations in a similar way by equipping E with
a parallel volume form. Note that the gauge transformations are (strictly periodic)
unitary bundle automorphisms of E. A gauge transformation g acts on the framing f
by f +— fg~!, and acts on the connection in the usual way.

Just as for monopoles, the boundary conditions for a caloron configuration deter-
mine (and are determined by) a set of boundary data (ko, k, o, f). In particular the
Higgs field at infinity, ®,, determines a set of monopole boundary data (E, i) and we
assume that u, < ... < p1. In addition the caloron configuration is characterized by

Lo and by
ko = C2(E7 f)

We require two further conditions:

po — (k1 — pn) > 0. (2.11)

and
P

> kj>0forp=0,1,...,n (2.12)

=0
The first condition is equivalent to saying that, regarding the caloron as a loop-group
monopole as in Section 1.2.1, the Higgs field at infinity lies in the positive Weyl chamber
of the Lie algebra. Garland and Murray [13] discuss this condition in greater detail.
The second condition ensures that each block of Nahm data has positive rank. It can

be derived from the spectral curve picture—see [13, Section 4].

Definition 2.13. A set of caloron boundary data is a set (ko, k, po, i) where (E, i) is a
set of monopole boundary data, and the two conditions (2.11) and (2.12) are satisfied.
The boundary data is said to be principal if

p
ijZOforp=1,... , T
1

The condition of being principal is important in the context of the rotation map
which we discuss in Section 2.2, and is equivalent to saying that the lowest rank of any
block of the Nahm data is kg.

For each set of caloron boundary data we need the following quantities. Let
P
my =Y _k; (2.14)
0
forp=1,... ,n and

Ap = Hp = Hptl (2.15)

forp=1,... ,n—1and take A\, = (o+pn)— 1. In the physics literature m, and A, are
called the charges and masses of the ‘constituent monopoles’ of the caloron respectively.

Note that (ko, k, po, fZ) is principal iff m, = min{m,,... ,m,}.
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2.1.4 Framed quasi-periodic connections

Let I. = (—¢,2m/po + €) be some open neighbourhood of the interval [0,27/ po] with
coordinate s. Let g be the projection g : I X B® = B and let E9 = ¢*E. There is
an obvious correspondence between caloron configurations and connections on E9—we

spell out the details in this Section. Let Aoo, Poo satisfy (2.2) and (2.3).

Definition 2.16. A U(n) connection A? on E? is quasi-periodic with clutching map c
if

A9(2m/po + ) = (¢71)"AY(s)
for some map

c:(—€,€) o Autg E

c(s) : Els = B on/po-

We say that A? clutches with clutching function c. The map c has a degree since it

represents an element of mo(Autg E).

SU (n) quasi-periodic connections are defined in exactly the same way, except the

clutching function c takes values in SAutg E.

Definition 2.17. A connection A on E9 is framed by Ao, Peo if
Alg2 = q"Aco + ¢ Poods.

There is a 1 — 1 correspondence between caloron configurations and quasi-periodic
connections framed by Aeo,Poo (up to bundle isomorphism). Given a caloron configu-
ration A on (E, f), extend f by F' (as in Section 2.1.2). Let A? = (F~1)*A. Then A is
a framed quasi-periodic connection with clutching function given by (2.7). Conversely,
given a framed quasi-periodic connection A? with clutching function ¢, quotienting by
the action of ¢ gives a framed caloron configuration A on a framed bundle (E, f) with
ca(E, f) = deg c¢. The framing f is properly periodic on E because ¢ =1 on S2.. The
correspondence is determined up to bundle automorphisms on E? that are the iden-
tity on the boundary S22, and periodic bundle automorphisms of E. Given a caloron
configuration A, we call the corresponding framed quasi-periodic connection A? the

quasi-periodic pull-back of A.

2.1.5 Calorons as loops of monopoles

There is a correspondence between loops of monopoles ‘with a twist’ and caloron config-

urations. Fix a set of monopole boundary data (E, i) and let A, Poo be the connection
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and Higgs field on S2, this determines. Let Mon(k, i) denote the set of all U(n)-
monopole configurations which are framed by Aoo, Poo (as defined by Definition 2.4).
Mon(E, fi) is equipped with gauge group Auto E, and ¢ € Autg E acts according to

c(A) = cAc™! - decl, ¢(®) = cdct.

Now mg(Autg E) = m3(U(n)) = Z. Moreover, Mon(k, i) is an affine space, hence
contractible, so 1 (Mon(E, ii)/Auty E) = mo(Autg E) = Z. Let L(ko, k, po, ) denote
the smooth (free) loops in Mon(k, i)/ Autg E with degree ko and parameterized by
s € [0,2m/po). Some care is needed to ensure loops are smooth across the ends of
paths, so we note the following characterization of smooth loops. Suppose A(s), ®(s)

is some path in Mon(k, i) such that

A(2r/po) = ¢(A(0)), @(27/po) = c(®(0))

for some ¢ € Autg E. The path defines a smooth loop in Mon(k, i)/Auto E if and
only if it can be extended to a path defined for s € (—¢,2m/ug + €), for some small ¢,
such that

A(2m/po + 5) = c(A(s)), B(2r/po +s) = c(2(s)) (2.18)

for s € (—¢,€). Note that ¢ is independent of s.

There is a correspondence up to isomorphism between caloron configurations with
boundary data (ko, k, po, ) and elements of L(ko, k, o, i), which follows immediately
using the quasi-periodic pull-back of a caloron configuration. A loop in Mon(E, i)

whose ends are related by (2.18) determines a framed quasi-periodic connection via
A=A+ ®ds (2.19)

and hence a caloron configuration with boundary data (ko,E, po, £). On the other
hand, given a framed caloron configuration consider its framed quasi-periodic pull-back
A? with clutching map c¢. As we have already seen, A? can be chosen so that c is
independent of s. The splitting (2.19) then determines an element of C(ko,E, po, ).
Note that the correspondence does not restrict to a correspondence between loops of
monopoles satisfying the Bogomolny equation and anti-self-dual calorons (compare the
Bogomolny equation (1.5) with the equation for loop-group monopoles (1.39)). Also
note the difference between the picture of a caloron as a twisted loop of framed monopole
configurations (where the twisting occurs on the interior of ES) and the loop-group
picture (where the twisting is at infinity).

In the light of this correspondence, it is clear that a monopole configuration can be
pulled-back from B® to S}/,

will need the following converse:

x B® to give a caloron configuration with ko = 0. We
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Lemma 2.20. Let A be a framed U(n) caloron on a framed bundle with (B, fX] =
0. Then there is a deformation B of A (through framed U(n) caloron configurations),
such that B is the pull-back of a monopole.

Proof: Let A? be a quasi-periodic pull-back of A. Then A9 has clutching map ¢ with

deg ¢ = 0. Let cex; be any smooth unitary automorphism of E? satisfying

c on(i—z—e,%+e)x§3,
Cext =41 onI.xS%,
1 on (—e,€) X B
Such an extension exists if and only if deg ¢ = 0. Acting on A? by Cext, We reduce to

the case ¢ = 1. If we define a connection and endomorphism (A,®) on E by
A+ ®ds=A%s=0)
then
Bi(s) = A+ Pds

is a framed quasi-periodic connection which is the pull-back of the monopole config-
uration (A4, ®). Moreover, A? can be deformed to B? through framed quasi-periodic

connections with ¢ = 1 via the obvious linear path. a

2.1.6 Smoothness at the boundary

Up to this point we have been deliberately vague about the precise degree of smoothness
up to the boundary that we are assuming (i.e. whether connections are continuous or
smooth up to the boundary)—Definitions 2.4, 2.6, 2.9, 2.10, and 2.17 all make sense
if we assume only continuity up to the boundary. In this Section we specify precise
smoothness conditions for our objects. We also give a brief comparison of our boundary
conditions with the asymptotic boundary conditions for calorons used by Garland and
Murray [13] and others.

We will need the following spaces of functions:

Definition 2.21. C)’z(X ) is the space of functions f on X such that f is smooth on
X°, and for all o, 3,7 and all I <k, 8;8;' 35262'0 f is continuous up to the boundary.

1

Definition 2.22. A 1-form a on X is Cg’l if the dx component is Cg and the other

components are C,.

Let A be a caloron configuration on a framed bundle (E, f) that is continuous up
to the boundary, and framed by Aco, Poo. Then there exist local gauges on E defined

for sufficiently small x > 0 and all g, in which

Ay, = diag(ipy,. .- ,ipn), (2.23)
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and
A, = diag((0y,e1,€1),- - ,(Oy;ensen)), =12 (2.24)

on S%, where e;,... ,en is @ local trivialisation of Feo respecting the decomposition
into eigenbundles, and such that Az, Ay, Ay,, Ay are continuous up to the boundary.
Here Ay, Ay;, Ay are the matrices representing A in the fixed gauge. Conversely, if
such gauges exist for some connection A on K, then A is framed by Ao, P and some
map f : Elox — p*Ec. We restrict attention to caloron configurations for which there
exist local gauges satisfying (2.23) and (2.24) in which A is CY'. We call these C
caloron configurations.

In addition, we also require that, on the boundary, A, is diagonal and independent
of zo in these gauges. We impose this condition to ensure that A,, has the following

asymptotic behaviour:
Az, = diag(ip1, ... ,iftn) — %diag(ikl, ... ,iky) + higher order terms (2.25)

when A is anti-self-dual. To obtain this, extend the framing f to a neighbourhood of the
boundary, perform the “3 4+ 1” decomposition (1.37), and consider the dx component

of the anti-self-duality equation (1.39):
x3Fy = VP — 0y A. (2.26)

Working in the gauges described above, on the boundary 8X the dx component of the
LHS of (2.26) is —3diag(ik1, . .. ,iks), because A, is the standard connection on each
constituent line bundle of Ew. On the RHS of (2.26) the second term vanishes on the
boundary, while the dx component of the first is 0y Az, Equating the two sides of (2.26)
shows that the O(x) term of Ay, is —1diag(iky, . .. ,ikn), and so we obtain (2.25). We
will need the expansion (2.25) in Chapter 4 when we construct Nahm data from a given

caloron.

Definition 2.27. Given a set of U(n) caloron boundary data, let C(ko,E, o, i) be
the set of gauge equivalence classes of U(n) 02*1 caloron configurations (E,A) sat-
isfying these smoothness conditions, whose boundary conditions are determined by
(ko, k, o, fi). Let C*(ko,l'c', po, fi) denote the subset of anti-self-dual caloron configura-
tions modulo gauge. When the boundary data is SU(n) we restrict C and C* to SU (n)

configurations.

It is convenient at this point to compare our boundary conditions for calorons with
the ‘BPS’ decay conditions used in [13]. Given a framed bundle (E, f), we can extend f
to a neighbourhood of the boundary X, and perform the “3+1” decomposition (1.37)
to define a loop of connections A on E over this neighbourhood, and a loop of endo-

morphisms ®. Garland and Murray [13] impose the condition that A and ® satisfy
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the ‘BPS’ boundary conditions for monopoles uniformly in zo. (Various versions of the
‘BPS’ monopole boundary conditions exist: see [31] and [16] for example.) For a co!
framed caloron, V,,® and 9;,4; are O(x) as x — 0, while V,® and 9;,A, are O(1).
Using the form of the metric in equation (2.1) it follows that

Va®| = O(x*  and ||8zAl = O(x*)
SO
”VAq) - aavoA” = O(Xz)' (2'28)

This is a gauge invariant quantity—it does not depend on the choice of framing f- Thus

our boundary conditions imply the following:

e there are local gauges in which ® = diag(ip1,. .. ,ipa) — Fdiag(iky,... ,ika)+

higher order terms,

o [Va2] =00,

o P =0 forj=1.2,

and these estimates are uniform in zg. But these conditions are just the BPS monopole

boundary conditions described in [16}].

2.1.7 Chern-Weil theory

Given a caloron configuration A € C(ko, 1_5, o, fi) on a framed bundle E, we will need
the ‘Pontryagin integral’

1
/S R cha(E, A) = —5 5 . Fy A Fa, (2.29)
X

27/ uo 2m/ug

which we calculate in this section. Here chy(E, A) denotes the second order term of the
Chern character of E (which also depends on the connection A since we are working on
a manifold with boundary). The integral has been evaluated by different means in [10]
and [13]. Pulling A back to a framed quasi-periodic connection A7 on K7 gives:

! / tr Fa AN Fy =
S

_ S tr Faq A Faq
2 — ) -
8% Jsi, ) ¥ B 8% Ji0,21/po]x B®

Using the familiar trick of writing
tr Faa A Fpq = d tr {dATANAT + %Aq A AT A AT}

the integral becomes an integral over the boundary of the rectangle [0, 27 [ o) X B

1

- —5 tr Fpa N\ Faq =
8 ][0,27f/uo]><§3 ' '

1

2
- — tr {dAIAAT+ —ATAATAATL. (230
82 ~/(9([0,21r/yo]XF3) t 3 J- (230
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Working on the boundary requires the smoothness assumptions made in Section 2.1.6.
Regarding A? as a path in Mon(k, i)/ Autg E, we obtain a path A(s), ®(s), whose ends
are related by (2.18). Evaluating (2.30) on the component (8]0, 27/ o)) x B° and using

the clutching formula gives

—%/ tr{quAAq+—2-AqAAqAAq}=
871 J (60,27 /p0))x B 3
1 —133 1 -1
- — — d dc}.
5272 /§3 tr (dec™)” + = /§3 tr {A(0)c™ " dc}
The first term is —deg ¢ = —ca(E, f)[X], and the second can be re-expressed as an

integral on S2, which vanishes because ¢ = 1 on 52, On the other component of the

boundary we obtain

1

872 Jio,2m/uo)x S%
1

87 J{0,2n/uolx 52,

2
tr {dATA AT+ AT AATA AT} =
tr {2F4 A ®ds — dA A ®ds + AN dD Ads + AN ANds}.

The final term vanishes because ;4 = 0 on S%, and the sum of the middle two terms
is exact, so does not contribute. Since the connection Ao is compatible with &, the

first term is given by

1 1«
—— tr 2F4 A®ds = —— > pjci(E,,)[S2
871'2 [0,2?T/M0]><Sgo Mo Zl: J ( HJ)[ oo]
where E,; C Eo is the eigenbundle of ® with eigenvalue ij;. Putting the terms
together, we arrive at the expression
/ iy (B, &) = —co(B, N)IX] - —Zujcl 182 (2.31)
Sl X

27/ po B

= —ko — ;(—)—(,ulkl + -+ /,Lnkn). (2.32)
Just like regular instantons, calorons minimize the action within each topological
class. Expanding ||Fa + *Fa|| and using (1.1) gives

1
action=||FA||2= §|IFA+*FA“2_/1 tr Fa N Fa.

xR3
2/ po

The second term is constant within each topological class, so the action is minimized
when Fj + *Fy = 0 i.e. when A is ASD. A similar result is obtained by regarding a
SU(n) caloron as a LSU(n) monopole, evaluating the energy |F4l2 + ||VA§>||2, and

performing the ‘Bogomolny trick’ (re-arranging in terms of | %3 F3 =V A‘i’”)-

2.2 The rotation map

Up to this point we have considered two caloron configurations to be equivalent if

related by a strictly periodic bundle isomorphism, or, in other words, we have taken

43



Mp_1 =ko+ ...+ kn-1 mg = Ko

Mp—2=ko+ ...+ kn_o
my = ko + k1
€
Hn Hn—1 Hn—-2 ... H2 H1 Mo+ Hn  Ho T+ Hn

Figure 2.1: Typical U(n) Nahm data

gauge transformations to be strictly periodic. However, we can consider ‘large’ gauge
transformations—transformations that are non-periodic but leave the caloron strictly
periodic. In the quasi-periodic picture, these are equivalent to bundle automorphisms
of B9 that are not necessarily the identity at infinity, and such gauge transformations
affect the framing (recall the final paragraph of Section 2.1.4). We therefore expect a
large gauge transformation (if such an object exists) to be a map between calorons with
different framings, and possibly with different boundary data.

On the other hand, consider a caloron constructed from some set of Nahm data. (For
the present we assume we have a construction like that conjectured in the Introduction.)
The choice of origin on the circle T* = S;O = R/poZ should have no effect on the caloron
constructed from the Nahm data (as a connection over R*) because the inner product
defined on sections of the Nahm data is independent of the origin. However, changing
the origin does change the values ui, ..., u, and therefore the framing of the caloron

obtained. The Nahm construction gives a connection over R* which we quotient by

1
27/ po

freedom as to how we take the quotient and make the framing. The choice of origin

some action of Z to obtain a framed connection on S x R3, and there is some
for the circle T* = S}m corresponds in some sense to a choice of the quotient and
framing. Furthermore, calorons obtained by different quotients are related by large
gauge transformations.

All this will be made rigorous later, but we can draw the following conclusion: given
a caloron with boundary data B we expect that by applying a large gauge transfor-
mation we can obtain a caloron with boundary data B’, where B and B’ are related
by shifting the origin on S}LO = R/poZ. We call this the ‘rotation map’ and prove its
existence in this Section. We will explore its relation to the Nahm transform later. Lee
[26] has described the rotation map for calorons with vanishing monopole charges, and

explained it in representation theoretical terms [25].
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£
lln l]'n—l fn—2 /171—3 ce po + l]n o + ,an—l

Figure 2.2: The same U(n) Nahm data after rotation

Fix a set of boundary data B = (ko, k , o, i) and consider the following map:

Ap 7 Apt1, Mp = Mpi, forp=1,... ,n—1,

A'n, L )\17 My — My,

where m,, and A, are defined by (2.14) and (2.15). This map permutes—or rotates—
the ‘constituent monopoles’. We have defined it so that it corresponds to a rotation
of the Nahm data—the map can be obtained by comparing Figures 2.1 and 2.2. For
example, the highest rank block has width An—1 = fin_1 — pn before rotation and width
An—2 = fin-2 — fin—1 after rotation, so Ap—1 = fin—1 = pn = fin-2 — fn-1 = An—2. In

terms of k, and p, the map is given by:

ko s ko = ko + k1 o is fixed,
ky v k1 = ko p1 — i1 = po/m + p2
kn_o— En—Q =kn1 Hn—2 fin—2 = NO/n + Un—1
kno1+— Ign—l =ky Hn—1 " fn—1 = /,Lo/n + Un
k, — kn = k1 i, > fln, = 1 — (n — V)po/n. (2.33)

It is easy to check that the result is a new set of boundary data (i.e. it satisfies the
conditions of Definition 2.13), hence we have a map pp defined on sets of caloron
boundary data. Note that (ps)™ is the identity and that the quantity poko+ ...+ pinkn
remains constant under the action of the rotation. Each orbit under ps contains at
least one set of principal boundary data, corresponding to mn being the lowest rank
(recall Definition 2.13 and the remarks following it). |

Our aim is to construct a map p¢ on caloron configurations that changes the bound-

ary data in the same way as pg. In other words we want a map
pc : C(B) — C(paB).
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Fix a set of boundary data B and some framed caloron configuration (E,A) € C(B).
Let Aco, Poo be the connection and Higgs field on S2 fixed by B. The map pj is a
large gauge transformation on the quasi-periodic pull-back of the caloron configuration.
Let (E9,A%) be the quasi-periodic pull-back of (E,A) in the sense of Section 2.1.4.
Let ¢ : (—€¢,¢) — Autg E be the clutching map. Start by defining a family of maps
p(s) : Exy — Eo for s € (—€,2m/po + €), by

(s) = exp(ipos(n — 1)/n) on E,, (the eigenbundle of Eo, with eigenvalue iy,),
PR = exp(—ipos/n) on the other eigenbundles.

Hence p(s) € SU(n), and p(2n/uo) = exp(—2mi/n)id = w. Note that w lies in the
centre of SU(n) and acts trivially as a bundle automorphism. The rotation map can
be thought of as an action of the centre of SU(n) (which is Z,) on the space of SU(n)
caloron configurations. Next we extend p arbitrarily (but smoothly) to the interior of
B® to obtain a family of maps p(s) : E — E. Now p defines a bundle automorphism of
E9—but it does not necessarily define a (periodic) automorphism of E.

Consider the action of p on A?. Our claim is that p(A?) is the pull-back of an
element of C(psB): we have to show p(A?) is framed correctly and that it clutches
correctly. Split A? as A7 = A + ®ds using the framing at infinity; we know that on S2
A(s) = Aw and ®(s) = Po. But p acts on & by

Op
_ -1 _ -1
p(®) = pp 25"

It is easy to check that p(®)|sz is independent of s and has eigenvalues ifiy, ... ,ifin
defined by (2.33). Moreover the eigenbundle with eigenvalue ifi; has Chern class Ej,
so p(®) is framed in the desired manner. The map p preserves the eigenbundles of
®,,, and since Ay is compatible with the decomposition of E4 into eigenbundles,
p(A)|sz, = Aco- Hence p(A4) is also framed in the desired manner. It remains to show

that p(A7) clutches correctly. Now

P(AT) 2o 45) = P(2m /ot Py PAT) (5)
" so p(A7?) has clutching function
Cp = p(zn/po+s)cp(_3§-

However, ¢y|sz. = w so, as it stands, p(A?) does not clutch correctly (the clutching
function should be 1 on S2)). But w acts trivially as a gauge transformation since it is

in the centre of SU(n), so if we redefine
Cp = w—lp(27r/;to+s)cp(_s§ (2'34)
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it becomes a well-defined clutching function. We want to show deg ¢, = ko + k3 so that
p has the correct action on kg. We do this indirectly by considering the action of the
caloron configurations. The map p is a bundle isomorphism on E? so it preserves the
quantity

1
) tr FAQ A FAq.
8m [0,27/ o] xB®

Using (2.32) this implies that
poko + paky + - + pnkn = podeg ¢, + finky + - + finkn.

Hence degc, = ko + k1 = I~co, and this completes the proof of the claim. Note that
the choice of extension of p corresponds to a bundle automorphism on E, so that pc is
really defined on isomorphism classes of connections.

Having defined p¢ we will consider its relation to the Nahm transform in subsequent
Chapters. My thanks go to Michael Murray for a useful exchange of emails about the

definition of the rotation map pc.

2.3 Boundary conditions from the loop group point of
view

The boundary condition for SU(n) monopoles (Definition 2.4) implies that there is a
gauge at infinity in which the Higgs field, ®, lies in some adjoint orbit of SU(n).
Let A, d be a LSU (n) monopole configuration on B°. The corresponding boundary

condition is that

there exists a gauge at infinity in which b = <i>| sz lies in an adjoint

orbit of LSU(n) on Lsu(n). (2.35)

Our aim is to interpret this boundary condition in terms of the caloron A corresponding
to _[1, & and compare it with Definition 2.10. This attempt to ‘justify’ our boundary
conditions is not used at any point later, and is simply intended as a comparison of the
two view-points.

The first problem is to identify the adjoint orbits of LSU(n) on Lsu(n). From (1.35),
the adjoint action of LSU(n) is the action of LSU(n) followed by a rotation in 6. The

following Proposition determines the orbits under the action of LSU(n).

Proposition 2.36 (Pressley and Segal [37]). Suppose G is a compact simply con-
nected Lie group with Lie algebra g. Let A € R be some non-zero constant. Given
(€,i)) € Lg, solutions h : R — G to

Oh

O, 1 _ -1 _
5" A7l R(0) =1
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satisfy h(0 + 2m) = h(8) Mg for some M¢ € G called the holonomy of (§,i)\). The map
Adrg(§,iX) — AdgM;
is an isomorphism between the adjoint orbits of LG on fJg and conjugacy classes in G.

Fix a LSU(n) monopole configuration A = (A(6),0),® = (®(),iuo) on a bundle
E — R3 and let (E, A) be the corresponding caloron configuration so that E = p*E and
A is given by (1.37). The boundary condition (2.35) says that there is a trivialisation
of E|sz in which $oo lies in an adjoint orbit of LSU(n). Since the adjoint action of
LSU(n) is the action of LSU(n) followed by a rotation in 8, the orbits of the two
groups are the same, because two elements of f,g related by a rotation in 8 have the
same holonomy so lie in the same orbit of LG. For each y € S%, the holonomy map
defined in the Proposition takes ®o,(y) € Lsu(n) to M(y) € SU(n) so that M(y) lies

in a fixed conjugacy class of SU(n) as y varies. Thus

M(y) = v(y) My (y)

for some fixed M which we can assume is diagonal, where v : S2 — SU(n)/Stab M.
Define m by
M =exp (- g7—T-ﬂ—l)
Ho

and let

m(y) = v(y)my(y).

(Note Stab M = Stab 7 because M and m are diagonal.) Clearly m(y) lies in a fixed
adjoint orbit of SU(n) as y varies. By construction, the constant loop (m(y),iuo) €
Lsu(n) and & (y) have the same holonomy for each y, and so lie in the same adjoint
orbit of LSU(n). In other words, there is a gauge transformation g : S%, — LSU(n)
taking $oo to (m,iup). Thus we have constructed a trivialisation of E|sx in which
® = m where m : S2, — su(n) lies in a fixed adjoint orbit of SU(n) as y varies.

Since a trivialisation at infinity is really a framing, the interpretation of (2.35) in

terms of calorons can therefore be stated as follows:

given a connection A on E there is a framing f : E|sgx — p*E in which
A = A(zo) + p*Poodzo

where A(z) is a loop of connections on E and ®, has eigenvalues indepen-

dent of y € S%.

In other words, the dzo component of A is framed at infinity. Comparing this with
Definition 2.10, we have successfully derived a weak version of the caloron boundary

conditions from (2.35).
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Chapter 3

From Nahm Data to Calorons

We present the construction of calorons from Nahm data. Section 3.1 contains material
from [20] on the construction of SU(n) monopoles from Nahm data, including the
precise conditions imposed on the Nahm data at singularities, which we use in our
definition of Nahm data for calorons. In Section 3.2 we prove that the connection
constructed from our caloron Nahm data is periodic and ASD. As we explained in
Section 1.3, the main difficulty in the construction of calorons lies in recovering the
boundary conditions. This occupies Sections 3.3 to 3.6 and follows the deformation

method outlined in Section 1.3.

3.1 The Nahm transform for SU(n) monopoles
3.1.1 Nahm data for SU(n) monopoles.

Nahm data for SU(n) monopoles are defined in (20] and [19], and the following definition
is taken almost directly from these papers. Given a set of boundary data (E, i), define
mp=ki+-+kpforp=1,... ,n—-1 and fix the conventions mg = m, = 0. A set of

monopole Nahm data consists of the following:

Bundles: hermitian vector bundles X, of rank m, on each interval I;, = (tp+1, pip| for
p=1,...,n—1. We fix the conventions Iy = [p1,00), I, = (=00, un) and take
Xo, X to be rank zero bundles. Let £ be a coordinate on U, =R.

Connections and endomorphisms: an analytic connection V, on I, and analytic
skew-hermitian endomorphisms 7; g, j =1,2,3, on the interior of I, for each p =
1,...,n — 1. Note that the connection V, is defined on an open neighbourhood
of the closed interval I,. The connection and endomorphisms satisfy Nahm’s

equation on the interior of each interval:

i 1 ik
Vpr + '2- Zk €ijk [Tg,Tp] =0. (31)
Vi

The bundles X,, come with a means of gluing them together at each iy
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When my, > m,_1: an injection X,_1|,, — Xp|,,-
When m;, < m,_1: an injection Xp|,, — Xp_1|,,.
When m, = m;_1: an identification X,|,, < Xp_1|,,. We call this a zero jump.

Each map preserves the hermitian structure. At each boundary point u, the data

satisfy the following boundary conditions:

When m, > m,_;: we require that for each j = 1,2,3,

T2 = lim TJ_,
§—p

exists and Tg_l is analytic at p,,. Fix a parallel unitary basis for X,_; in a neigh-
bourhood of u,. Using the injection into X, this determines a unitary parallel
basis of a rank m,_; sub-bundle of X, in a neighbourhood of f,, which we can

extend to a unitary parallel basis of X,. In this gauge there is a decomposition:

T Mp-1 kp
i ( T3 +0(t) |o@t1r) ) | mo
g =

ot |Riprowy ) 1k,

where the upper diagonal block corresponds to the image of X,_; in X,. The
upper diagonal block is analytic in ¢ = £ — pp; the lower diagonal block is mero-
morphic in ¢; and the off-diagonal blocks are of the form ¢t(*»=1)/2 x (analytic in t).
The residues R} define an irreducible representation of su(2): in particular the

map
P A+ Aav2 + Aays — —2(M R, + A2R2 + A3RY) (3.2)

is the unique irreducible representation S¥~! on homogeneous polynomials in

(20, 21) of degree k, — 1, where the +; are defined by (1.9).

When m, < m;,_;: the situation is just the previous case but with X, and X,_;

swapped round.

When m, = m,_;: working in a gauge that is parallel either side of the join and
continuous across the join, we require that limits 7'~ of T3 and T2V of T;Z—1

exist. Setting

AE(Q) = (TP +T3%) + (AT} ) + (T2* — iT3*)(?
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we require that for all { € C
AT(Q) = A7(Q) = (u— wl)(w" +u*¢)

for some mp-dimensional column vectors u,w. At the singularity we therefore

have
~ . . , 1
T -Ty =) %®TIT-> % eTi =oo ~ 5l@a)
J j

where « is an element of C2 ® C™ formed from » and w.

The gauge transformations on a set of Nahm data consist of bundle automorphisms
on each of the bundles X, such that the automorphism on X, is the identity at &, and

1

&p+1 for all p. A gauge transformation g, ... , g, acts on V, by V, +— gV,¢7" and on

T3 by TZ — gTig™L.

Definition 3.3. Let Nﬁon(l_c', i) be the space of gauge equivalence classes of monopole
Nahm data with boundary data (E, ).

3.1.2 Definition of the Nahm operator A

The next task is to show how to construct the analogue of the Dirac operator D} from
a set of monopole Nahm data. Consider adopting a naive approach to generalizing the
4-torus Nahm transform to the monopole case, as we did in Section 1.1.6. Dimensional

reduction of the Dirac operator D} by A* = R? gives an operator

3 3
V4> %®Ti—izo—iy v ®z;: C°R,$T@X) - C°(R,$"®X) (34)
j=1 j=1 :

where V is a connection on a bundle X — R, and 71,75, T3 are skew-adjoint endomor-
phisms of X, satisfying Nahm’s equation. Of course, this picture is not quite correct,
since the rank of the ‘bundle’ may jump, but using (3.4) and the definition of the Nahm
data it is clear how to define D} on the interior of the intervals I,. We call the ana-
logue of D} the Nahm operator, A(z). In fact, following conventions in the monopole
literature, we introduce a factor of ¢ and define A(z) to be the analogue of 7 x D}.
Some care is needed at the points & = pu, in the definition of A(z). In particular, we
want to ensure that A(z) is Fredholm with index —n and is injective for all z € R4, so
that the cokernel of A(z) defines a rank n bundle over R%. If we can construct A(z)

with these properties then we can make the following definition:

Definition 3.5. Suppose A(z) : W — V is a family of bounded linear maps between
Hilbert spaces W, V, parameterized by = € R%, such that A(z) is injective, Fredholm,




and has index —n for all z. Define Coker A to be the U(n) bundle over R* with fibre

coker A(z), equipped with the connection
P-d

where P is orthogonal projection from V onto coker A(z) for each z, and d is the
standard covariant derivative on the trivial bundle V x R%. If vy,... ,v, is a local

trivialisation of Coker A, then in this gauge the connection is represented by matrices
(Aa)ij = (Gavi, vj) (36)
fora =0,1,2,3.

To see that Coker A is a smooth bundle we find a trivialisation on a neighbourhood
of the origin in R%. First note that coker A(z) = ker A*(z) for all z. Identifying
ker A*(0) with C™, there is a decomposition

A*(0) = (Pp,0) : V' ®C* — W

where V =V’ @ C™ and P, is invertible. Relative to this decomposition of V' we can
write A*(z) = (P, Q) where P; is invertible for sufficiently small z. The null-space

of A*(z) is a graph over C™:
A*(z)(u,v) =0 = uw=—-P;lQu.
Thus the map
v (~P7'Quv,v)

is a smooth isomorphism from C" to ker A*(z) for all sufficiently small z. The same
argument gives a trivialisation round an arbitrary point, and the transition between
different trivialisations is smooth.

Working with some fixed set of U(n) monopole Nahm data, let X,,p=1,... ,n—-1,
be the corresponding vector bundles. Using the trivialisations of the spin spaces S+
and S~ fixed by (1.9) we identify S+, 8~ with C2 throughout this Chapter. Let Y, =
C’® Xp. Let Wzl, be the Sobolev space of sections of Y, with [ derivatives in L?, where

the L? inner product (conjugate linear in the second entry) is defined by
(v,w)2 = / (v, w)d€
IP

for v,w € I/V,(,). Also define L?(I,) to be the Sobolev space of functions on I, with !
derivatives in L?. Often we will just write {,) where we mean the L? inner product or

the pairing between elements in dual Sobolev spaces.

52



One has to be slightly careful when defining spaces of distributions on manifolds with
boundary due to the different choices that can be made when taking completions. It will
be more apparent why this concerns us when we consider dual spaces in Section 3.2.3.
These subtleties are dealt with in Hérmander’s book [18, Appendix B2], and we will
adopt his notation. Let

L}(a,b] = L}(R)/ ~
where
f~ge (f—gv) =0 VYue L%, (R) such that Supp v C [a, b]
and
L?[a,b) = {v € LZ(R) : Supp v C [a, b]}.

It follows immediately that L?{a,b] is the dual of Lz_l[a, b], where the pairing is given
by the L? inner product. We define W;ﬂ to consist of L?(I,,) sections of Y;, and in what
follows we will often just write Ll2 to mean I—/? on a manifold with boundary. Note that
differentiation is a well-defined map
2 . Ifla,b] — L2y [a b

dt
since if f ~ g then

@Yy =(f -5, =0
for all v € L?_,(R) supported on [a,b]. Also note that if f € L2?[a,b] then the values
f(a) and f(b) are well defined: by the Sobolev embedding theorem each representative
of f is continuous, and any two representatives must agree on [a,b]. This ends the
technical aside on the definition of the Sobolev spaces, and we return to the definition
of the Nahm operator.

We adopt the following terminology from [20]. Suppose m, > mp_1. At the bound-
ary point i, of [1p41, pp), Yp decomposes as a direct sum Yy, (pp) = Y 1(ptp) ®Yp—1(pp)t
using the inclusion of X,_1(up) into Xp(pp). We call vectors in the first component
‘continuing’, and vectors in the second component ‘terminating’. If m, < mp_; then
all the vectors in Y,(up) are continuing. We adopt similar terminology at the other end
of the interval. See Figure 1.2 for an illustration.

Let T/ci)/lp C Wz} be the subset of sections of ¥}, whose terminating components vanish
at both ends of the interval (this definition makes sense following the remark above

about L? functions). Define
Dy(z) : WY — W2
Dy(z) =iV +iT, +x
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where
3 .
Tp = Z 7] & T;Z!
j=1

and

3

z=z0+ Y v ®T;
i=1

Then D, is well defined since the component of the section acted on by the singular

part of T is zero: using the Cauchy Schwartz inequality one obtains

1€ = mp) ' Fllze < ClIf L2

for any function f € L3(I,) vanishing at .

The zero jumps need special consideration. Let & = pq4 be a zero jump (i.e. suppose
mg = mg-1). The boundary condition on the Nahm data at a zero jump fixes a 1
(complex-)dimensional subspace of Y,(1q), which we denote J; (the ‘jumping space’ at

ttq)- For each zero jump we fix an element (; of J, with norm 1, and let

ma(w) = (wlkg), Cy) (3.7)
for any continuous section w of Y. Let J be the set of zero jumps
J ={q:mq=mg-1}

and let Nyero = | T |-
We are now in a position to define the Nahm operator A(z) : W — V. Let

o] e}

W = {(w1,... ,wn-1) E WY@ - @®@Wh_1:wp(pp) = wp—1(pp) forp=2,... ,n—1}
(3.8)

and
V=wl® . -eWl 6 @CNewo, (3.9)

The Nahm operator A is the direct sum of the D, operators, together with the projec-

tion at each zero jump:

Alz) W =V,
A(z)w = [D1(z)wi, ... , Dp—1(2)wn—1] & [7w].

The map 7 : W — CMeero has components g for ¢ € J. Note that we deal with
the zero jumps slightly differently from Hurtubise and Murray. Instead of CNeere their
projection 7 maps into @ J,—we fix a basis for this space (the {;), and work in this

basis. At some stages we will need to deform the projections m,; with our set-up the
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deformed operator will still be a map W — V| whereas with Hurtubise and Murray’s
version, the spaces would change with the deformation, which would cause problems.
We have to check that Coker A is independent of the choice of (,: making a different
choice for the (; is just equivalent to a unitary change of basis in CNeero, Hence the

choice of {; does not affect Coker A up to isomorphism.

3.1.3 Results from Hurtubise and Murray

Given a Nahm operator A(z) : W — V constructed from a set of U(n) monopole Nahm

data, Hurtubise and Murray prove the following results in [20]:

e A(z) is injective and has index —n for all z i.e. Coker A is well-defined (recall
Definition 3.5),

e Nahm’s equation implies that Coker A is anti-self-dual,
e Coker A is a translation invariant U(n) bundle and connection, and
e Coker A satisfies the monopole boundary conditions.

In other words, they show that the Nahm transform takes a set of monopole Nahm
data and produces a monopole. Since Hurtubise and Murray assume weaker boundary
conditions for monopoles than we do, we cannot assume that the Nahm transform on
an element of Nﬁon(E, ii) gives a monopole configuration as defined by Definition 2.4.

Thus we must state precisely which results from [20] we are free to assume. We assume:

Lemma 3.10. If A(z) is the Nahm operator constructed from some set of U(n) mono-
pole Nahm data in Nj{,lon(l_c‘, i) then A(z) is injective and Fredholm with index —n for
all z € R

Lemma 3.11. Under the same assumptions as Lemma 3.10,
1
/ chy Coker A = —-—(p,lkl + -+ /,Lnkn).
[0,27/ 0] X R3 Ko

(This is just equation (2.32) except with kg = 0 since Coker A is a monopole configura-

tion.)

Both Lemmas are implicit in [20].
Later on it will be useful to consider Nahm data that does not satisfy Nahm’s
equatibn. In addition, it is useful to drop the requirement that the Nahm data is

discontinuous accross zero jumps. We therefore make the following definition:

Definition 3.12. The space Mvion(k, jZ) consists of gauge equivalence classes of Nahm
data with boundary data (k, i), such that the data does not necessarily satisfy Nahm'’s

equation. Moreover, at a zero jump & = pg, either
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1. the endomorphisms T, T2, T® are discontinuous, as described previously, or

2. the endomorphisms are continuous, but there is still a projection operator 7, and

some 1-dimensional subspace J, C Y,(1q) associated to the zero jump.

Some of the results of Hurtubise and Murray continue to hold for this wider class
of data. In particular, it is easy to check that the proof of Lemma 3.10 still holds. We
will also assume that Lemma 3.11 holds for data in NMOH(E, f): this does not follow
from Hurtubise and Murray’s results, but we will give a proof later. Since we will not
require Nahm'’s equation to hold most of the time, we will refer to data from NMOH(E, 7)

as ‘monopole Nahm data’ and point out where we use Nahm'’s equation specifically.

3.2 The construction of calorons up to boundary condi-
tions

3.2.1 Definition of caloron Nahm data

A set of U(n) caloron Nahm data with boundary data (ko, &, o, /Z) consists of n bundles
Xi,...,Xy over the intervals I, C S}m = R/poZ defined by (1.41). The rank of X,
is mp, where m, is defined by (2.14). The bundles are equipped with exactly the
same structures as monopole Nahm data, and glued together in the same way at each
tp + poZ, p=1,... ,n. Note that X is glued to X,, at 1 + poZ, and the data satisfy
exactly the same gluing conditions there. The gauge transformations are also defined
in an entirely analogous way.

Next we have to build the Nahm operator A(z) : W — V from this data. This is
entirely analogous to the monopole case in Section 3.1.2. Define W}(,), I/?/'lp, and D, for
p=1,...,n in the same way as in Section 3.1.2. Label the zero jumps by q € 7, and

define Jg, {4, mg and Ngero just as previously. Then
W = {(wi,...,w,) € 1/(1)/11 69---691/?/17, twp(pp) = wp—1(pp) for p=2,... |n
and wy(pu1) = wn(p1 — po)}- (3.13)
In other words, W consists of sections that are continuous around the circle. Let
V=W®  &WleCNe]
and
Alz) : W >V,
A(z)w = [D1(z)ws, ... , Du(x)w,] & [7w]. (3.14)

In the monopole case every Nahm operator A(z) built from Nahm data was injective:

Hurtubise-Murray prove this by showing
IA@)FI? = IV flI* + positive terms.
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Thus any element of the kernel of A(z) has to be constant, and the vanishing condition
at the end points p; and u, ensures that any such section is trivial. (In fact this is a
slight over-simplification because zero jumps also have to be taken into account.) This
proof does not carry over to the caloron case: there could exist covariantly constant
sections of the bundles that remain in the continuing component at each p,. It is quite
easy to construct examples of caloron Nahm data satisfying our definition that do not
give rise to injective Nahm operators: for example take a set of U(n) monopole Nahm
data and glue on a rank kg bundle over Sﬁlt0 equipped with the trivial connection and
endomorphisms. This satifies the conditions to be a valid set of caloron Nahm data,
but the Nahm operator is not injective for all 2. Thus we restrict to sets of Nahm data

that do give rise to injective operators:

Definition 3.15. Let N*(ko, k, 0, i) be the set of gauge equivalence classes of U(n)
caloron Nahm data satisfying Nahm’s equation, and with boundary data (ko, k, uo, 7)),
such that the Nahm operator A(z) is injective for all z € R%.

It is useful to also consider caloron Nahm data that does not satisfy Nahm’s equa-
tion. We therefore define NV (ko, E, o, ) analogously to Definition 3.12. In general, we
will refer to data in A (ko, k, to, f2) as ‘caloron Nahm data’ and point out where we
specifically require Nahm'’s equation and discontinuities at zero jumps.

We will sometimes use the following terminology:

Definition 3.16. A set of caloron Nahm data is principal if it has principal boundary
data (in the sense of Definition 2.13).

3.2.2 The index of A

Given a set of caloron Nahm data and the corresponding Nahm operator A(z) : W — V|
we want to show that Coker A is well-defined i.e. we want to show that A(z) is Fredholm
with index —n for all z. (Recall that A(z) is injective by definition.) The calculation
of the index is an adaptation of the SU(n) monopole version [20, Section 4].

To calculate the index of A(z) we want to identify the kernel and cokernel, and
count dimensions. It is clear that the kernel of A(z) consists of (wy,... ,w,) € W

satisfying
e Dy(z)wp =0, and
e at zero jumps wg(pg) is in J3-

in addition to the constraints on W (i.e. that terminating components vanish at p,

where k, # 0 and that continuing components are continuous at any pp). To find the
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cokernel we integrate by parts. Fix (wy,... ,w,) € W and

v=(v1,...,0n)BseV = [é WS] @ [CNVeero]. (3.17)
p=1
Then
(v, A(z)w) = Z('Up’Dp(m)wp)B + Z(Squ’wq(Nq» (3.18)
p=1 qeJ

and v € coker A(z) if and only if this vanishes for all w. If we assume that wp(u,) =0
and w, is smooth for all p, then integration by parts of the first sum makes sense, and

we obtain

n

(0, A(@)w) = Y (Dj(2)vp, wp) 2

p=1

where
Dy(z) =iV, —iT), + z*.

(If we do not assume wpy(up) = 0 for all p then problems arise because v,(1,) may not
be well-defined and the boundary contribution in the parts integration may not make
sense.) Hence v, must satisfy Dj(z)v, = 0 for all p. It follows that v, is smooth on
the interior of I, and the continuing components of v, are continuous up to the ends
of the interval. Under these conditions integrating (3.18) by parts makes sense for all

w, and we obtain

n n

(v, Az)w) =Y (Dj(@)vp, wphrz + Y (2 (1p) — 05" (ip), wp(up))
p=1 p=1

+ Z(Squ’ w(pq))

qeJ

where v5°™ is the continuing component of v,. Then v € coker A(z) iff
e D7(z)vp, =0 on each interval [, for p=1,... ,n,
e the continuing components are continuous at each u, where k, # 0, and
e at zero jumps, vg(q) — vg—1(tq) = —is4(q-

To count the number of solutions in the kernel and cokernel we need some analysis
of Dp(z) and Djy(z) close to the singular points £ = pp. This is taken more-or-less
directly from Hitchin’s paper on the construction of monopoles [17, Section 2]. Start by

considering the case k, > 0, and recall the conditions imposed on the endomorphisms
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Tg at such a point. Let ¢t = £ — p, be a coordinate in a neighbourhood of p,. For

t € (—¢,0) we have in some paralle] gauge the block decomposition

Sweti=(g gy) B0

where B(t) is analytic and bounded, and R, = ) v; ®RJ. In terms of the representation
p defined by (3.2),

Ry = —% > v ®p(1).

It is possible to express R, in terms of Casimir operators. If S is a representation of
su(2) then the Casimir operator is defined by C(S) = 3_; p(7;)?. Now

C(S'es Y =10C(S* ) +2) v @p(y)+C(SH el
S0
1
R, = —Z[C(Sl @S —10Cc(S N - cSH eIl

The Casimir operator on S*» is —k,(k, -+ 2) - id, and decomposing into irreducibles we
have S! @ Sk»—1 = S§*» @ S*»—2. Hence

R, = =(k,— 1) on S¥» c S' @ sk»~! (3.19)

N =

and

1
Rp=—5(ky+1) on Skr=2 c St @ Sk~ 1,
Now let U, be the 2m, dimensional space of solutions to D, on I,. Using the block
decomposition of D, and the calculation of R,, we see that U, decomposes as U, =
B, ® G, & Cp, where

e B, isthe k,+1 dimensional space of solutions that are O(t‘(kl’“l)/ 2) corresponding

to elements of S*»,

e G isthe k, —1 dimensional space of solutions that are O(t(kl"’“l)/ 2) corresponding

to elements of S¥~2, and

e C, is the 2m,_; dimensional space of solutions that are O(t°) corresponding to

elements of the other diagonal block.

The solutions in B, do not have vanishing terminating component and are not L?
so cannot be elements of V%/p. (Here ‘B’ is for ‘bad’, ‘G’ is for ‘good’ and ‘C’ is for
‘continuing’. The ‘bad’ solutions are the ones that cannot be in ker A(z).)

Next consider the cases k, < 0 and k, = 0: the same decomposition of U, exists, but

B, and G, are trivial because all solutions are in the continuing block. Alternatively,
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one can decompose U, depending on the behaviour of solutions at the other end of the
interval, and obtain U, = B,® G, ® C,. If kpy1 > 0 then B, and G, are trivial, but

when k,;1 < 0 we have

. Ap is the 1 — kp41 dimensional space of solutions that are O(t(1**»+1)/2) corre-

sponding to elements of Slke+1l,

e G, isthe ~1 — k,4 dimensional space of solutions that are O(t{!~*»+1)/2) corre-

sponding to elements of Sl¥»+11=2 and

. C‘p is the 2m,41 dimensional space of solutions that are O(t°) corresponding to

elements of the other diagonal block.

For these estimates we have taken t = £ — up41. For u € Uy let Byu,Gpu, Cpu etc.
denote the projections with respect to the decomposition.

We can perform exactly the same kind of analysis for D;. Let U; be the 2m,
dimensional space of solutions to Dy (at the moment the ‘+’ is just a label—but in fact
Uy will turn out to be the dual of U,). We obtain decompositions Uy = B; & G, © C;,
and Uy = B; © G, @ C;. In particular when k, > 0 we choose B, to correspond to
elements of S*» so that it contains solutions that are O(t*#=1/2), and when k,4; < 0
we choose B; to correspond to elements of Sl¥»+1l so that it contains solutions that are
O(t=(+kp+1)/2) . When ky, <0 By is trivial, and similarly for B; when kp;1 > 0. Now
suppose u € Uy, w € U} for some fixed p. Then (u,w)(§) is well defined for any ¢ in the
interior of I, because the elements of U, and U, are necessarily smooth on the interior.
But because v and w are solutions to D, and D, Edz(u,w) (§) = 0 so U, really is the

P
vector space dual of Up,, with the pairing

(u, Wydual = (ftp — tp+1) " {u,w) g2 = (u,w)(€) for any & in the interior of I,.

Moreover, because the solutions in B, and B;; correspond to elements of S*», By is the

dual of By, and similarly for G and Cp. Hence
(U, w)dual = (Bpu, Bpw)dual + (Gpu, Gpw)dual + (Cpu, Cpw) dual (3.20)
where
(Bpu, Byw)dual = (Bpu, Byw)(§)
for any £ in the interior of I, etc. Note that
(Cyt, C)avar = (Cypt, ) (1) = (Coty Cw) ()

because the values at the end-points are well defined. We obtain a similar expression
to (3.20) using the decomposition of U, at the other end of the interval, in terms of Bp,
ép, and C'p.
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The boundary conditions for the kernel and cokernel can be stated in terms of
these decompositions. Suppose u, € U, and u,_; € U,_; satisfy the conditions to
be in the kernel at u,. This is equivalent to saying Byu, = 0 = Bp_lup_l (so that
the terminating components vanish), that Cpup(pp) = C’p_lup_l(up) (the continuing
components are continuous), and at zero jumps Caug(ug) € Jql. Similarly, suppose
wp € Uy and wp—1 € Uy, satisfy the conditions to be in the cokernel at up. This
is equivalent to saying Gpw, = 0 = é;_lwp_l (so that w, and wy_; are L?), that at
points y, where k, # 0 we have Cjwp(pp) = Cp_jwp—1(p1p) (the continuing components
are continuous), and at zero jumps g, Cywg(g) — C’;_lwq_l(uq) € Jg.

To find the index of A(z) we introduce a map © between finite dimensional vector
spaces whose index is easy to compute, but constructed so that ker A(z) = ker ©
and coker A(z) = coker ©. Let UP*™ c U, x U,_1 be the set of pairs (up,lp—1)
satisfying the boundary conditions for the kernel of A(z) at p, for p =2,... ,n, and

let UP*™ c U x U, in the same way. Consider the map
o Pur P,
p=1 p=1
9 : (ula a‘n)a ('UQ, ’lll), ceey (un’ﬂn—l) — (ul - '&l)a ('LL2 - ’a2)> ey ('u'n - ’[Zn)
By construction, the kernel of © is the kernel of A(z). Also
ind © = " dim UP*™ — ) "dim U,

Checking each case (k, > 0,k, = 0, and k, < 0) we have dim U},mirs =mp+mp_1—1

while dim U, = 2m,,. Hence ind © = —n. If we can show the annihilator of im © is
coker A(z) then we can conclude that ind A(z) = —n
Fix

n
u = ((Ulaﬂn)y (U2,'111),. .. ’(u‘naﬂn—l)) c @U;airs

p=1
and
w = (wy,... ,wp) € @U;
p=1
Then
(eua w)dual = Z(up - amwp)dual
p
= (Cpttp, Chwp)aual + (Gptip, Gywp)dual
P

- <épap7 é;wp>dual - (épﬁpa CA::;"");))dual]
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using (3.20) (plus its analogous version in terms of Bp, G’,,, C'p) and the fact that Byu, =

A~

0 = Bpiip. Now

(Cpup, Cpwp)dual = (Cpup, C;wp) (1p), and (ép'&m é;'wp)dual = (épﬁpaé;wp> (p+1)-

This implies that

(Ou, w)dual = Z[(Cpum C;wp) (1p) — (é —1Up-1, é;—lwp—lxl‘p)
P

+ (Gpup,G;wp)(§+) - (ép—lap—l,é;—lwll—l)(g_)]

for any £t € Ip and any £~ € I5_;. But Cyup(pp) = Cp—11ip—1(pp) because (uy, Up-1)

satisfies the boundary conditions for ker A(z) at pp, so

(Ou, w)dual = Z[(Cpupa C;wp - CA';:~17~Up—1>(l‘p)

P

~ P

+ (GPUP’G;WP)(€+) = (Gp-1ip—1, G _1wp-1)(§7)]. (3:21)

The annihilator of im © consists of w € P U for which this vanishes for all u. Such w

satisfy the following conditions.
1. At points p, that are not zero jumps Cpwp(pp) — é;_lwp_l(up) =0.
2. At zero jumps pg, Crwg(pg) — C';_lwq_l(uq) € Jg, because Cqwg(1tq) € J;-

3. We have seen that at any p, either G, =0 = G, (when k, < 0) or ép_l =0=
é’;‘,_l (when k, > 0). In the latter case (3.21) gives (Gpup, Gpwp)(§) = 0 for all
u and for all £ € I}_; so G w, has to vanish. Similarly, by considering the other

. * 0 — A=
case, w satisfies Gpw, = 0 = Gpw,, for each p.

These are precisely the conditions that w € coker A(z) as stated on page 61, and this

completes the proof of the following lemma.

Lemma 3.22. If A(z) : W — V is the Nahm operator corresponding to some set of
U(n) caloron Nahm data then A(zx) is Fredholm with index —n for all z.

We also need ‘to consider the index of deformations of A, for which the following

definitions will be useful.

Definition 3.23. A multiplicative operator W — V is a map of the form
(wiy... ,wn) € Wi (Aywy, ... ,Aqw,)®(0) eV

where A, is a smooth uniformly-bounded matrix-valued function on Y, = CZ® X,
over each interval I, C S’}LO. The second component is the zero vector in CN=ro. The
continuing components of the A, matrices are continuous at each & = p,, except at

zero jumps where we allow Ap(pp) and Ap_1(up) to be different.
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Definition 3.24. A deformation A(z) : W — V of A(z) is framed if, for sufficiently
large 7, A(z) — A(z) is a multiplicative operator that is independent of z. (Here 7 is

the polar coordinate on R3.)

Definition 3.25. Suppose A(z) : W — V is the Nahm operator corresponding to a set
of U(n) caloron Nahm data, and A is defined by (3.14). A deformation Az): W -V

of A(z) is a controlled deformation if it is of the form
A(z)w = [D1(z)wy + Aywy, . .. , Do(z)wn + Aqw,] ® [fw] + B(z)w
where the following conditions hold:

e For each p=1,...,n, Ap is a smooth uniformly-bounded matrix-valued function
on the interval I, C Sﬁo that is independent of z, and with the same continuity

conditions as in Definition 3.23.

e The projection 7 : W — CNeero has components

Tqw = (w(pg), 5q)

for g € J. Here fq is some (possibly z-dependent) vector in Y,(u4), such that

fq(x) = (4 for all z outside some compact set.

e For all z, B(z) is a compact operator W — V and B has compact support i.e.

B(z) = 0 for sufficiently large r.

Note that any controlled deformation is also framed. Roughly speaking, the so-
lutions in the cokernel of a framed deformation A of A will be asymptotically close
to solutions in the cokernel of A. The condition of being a controlled deformation is

stronger, with implications on the interior as well as asymptotically:

Corollary 3.26. Suppose A is a controlled deformation of A. The proof of Lemma
3.22 applies to A, and so A(z) is Fredholm with index —n for all x.

3.2.3 The adjoint of A(x)

Given the Nahm operator A(z) : W — V|, the ‘Hilbert space’ adjoint A*(z) : V —» W
is difficult to compute, involving the Sobolev space inner product on L%. Instead
it is easy to consider the adjoint as a map into the dual space of W, where linear
functionals consist of pairing the L? sections in W with sections in L2, because this
can be computed by parts integration like that at the start of Section 3.2.2. Formally,
therefore, the adjoint is the map A*(z) : V. — W™, where W* is the dual space of W,
defined by

(v, A(z)w) = (A*(z)v, W)dyal
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for all v € V and w € W. The bracket {,)dyal denotes the evaluation of an element in
W* on an element of W while the bracket on the LHS is just the inner product in V.
It is useful to understand W* as a sum of Sobolev spaces on the intervals I,. First

we claim that
(L?[a,b])* = L?,]a,b] = L2,[a,b] ® {Span &,} ® {Span &} (3.27)

where §,,0, are the evaluation functionals at a and b, which are certainly contained
in L2_1[a, b]. The first equality is true from the definitions of E% and le on page 53.
Consider the orthogonal complement U of {Span ,} @ {Span &} in L2[a,b], and
fix some element f € U. Then the map taking f (as an element of L%,(R)) to its
equivalence class in L2 [a,b] is an isomorphism U = L% ,{a,b], establishing (3.27). It
follows that

(WhH* = (W, 1) @ (Vo)™ © (Vplpps1))™

Recall the definition (3.13) of W. Since W C € W}

n

w* = PW,)*/Ann W
=1

=D & (Yolup)" & (Yp(ups1)) 7] /Ann W
p=1
where Ann W is the annihilator of W in € Wpl. Now, since W is the subset of Wz}
consisting of sections with vanishing terminating component which are also continuous

across the p,, we obtain

n n

= [DW; e [D %)),

p=1 p=1

where chom (pp) is the space of continuing vectors at pp.
We can now compute A*(z) in terms of this decomposition, i.e. as an operator

n

_ @Wo ® [CV=] - [PW, '] @ [ED (" (up) ] = W™
p=1

p=1

If we restrict A*(z) to some domain A C V consisting of elements v € V' with v, smooth
on the interior of I, and continuous up to the ends of the interval, then A contains the

cokernel, and integration by parts like that at the start of Section 3.2.2 gives

A*(z)v = (Di(z)v1,... ,Dp(z)vn) & [@ (w82 (pap) — wcont(,up)) ]
p¢J

& [@ ( (F‘p) com(.“p) + SpCp) ] (3.28)

pedJ
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where y* denotes the dual of a vector y € Y;°™(u,), and v is given by (3.17). We will
need this expansion in Section 3.2.4.

Finally, we make a few remarks about the projection P = P, onto coker A(z).
Since A(z) is Fredholm, it follows that its image is closed, so the projection P exists
and coker A(z) = ker A*(z). In addition, A(z) is injective, so A*(z) is surjective, and

A*(z)A(z) is invertible. The projection P is given by

P=1-A(z) (A*(z)A(m))_lA*(w).
3.2.4 Nahm’s equation and anti-self-duality

We want to show that when the Nahm data satisfies Nahm’s equation, Coker A(z) is
anti-self-dual. The index calculation shows that the connection A defined by Coker A(x)
is a well-defined U(n) connection on R%. Mimicking Proposition 1.22, the curvature is

given by
Fy = Pdz(A*(z)A(z)) " 'dz* P, (3.29)

so anti-self-duality follows if A*(z)A(z) commutes with the 7; matrices. In equa-
tion (3.29) the domain of (A*(z)A(z))~! is restricted to the image of dz*P. Using the
conditions for sections to be in the cokernel of A(z) given at the start of Section 3.2.2,

it follows that (A*(z)A(z))™! is only passed elements

n

uw=(ut,...,un)®Wi,... ,yn) € W* = [@WP_I] o [@ (ch‘mt(,up))*]
p=1

p=1

that have u, smooth on the interior of I, for all p and such that the continuing compo-
nents of u, are continuous up to the ends of the interval. Let A be the inverse image of
this subspace of W*. Since (A*(z)A(z))™! is smoothing, sections in A are even ‘nicer’,
and on the domain A(z)A, A*(z) is given by (3.28). It is therefore sufficient to prove
that A*(z)A(z) commutes with the ; matrices on the domain A, for which we take
A*(z) to be given by (3.28).

Fix w = (wy,... ,w,) € AC W. Then

A*(z)A(z)w = (D (z)D1(z)wy, . .. , Dj(x)Dp(z)wn)
& [ D (52 (mp) — iv™ (1)) "]
p¢J

® [ @D (w2 () — 1™ (1) + 55G5) "] (3:30)
ped

using equation (3.28), where v, = D,(z)w, and s, = mpwy(pp). Expanding Dy (z)Dy(z)
on each interval gives
Di(z)Dy(z) = ViV + Y [22 + 22T — (T3)*] = > b ® Vp T + e ® Ti T,
J 3,5,k

(3.31)
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The Tg satisfy Nahm’s equation (3.1) on the interior of each interval I, so the term
involving the 7; matrices vanishes there. It remains to consider the components in
Yp°°“t(,up). First consider a point £ = u, with k, # 0. At such a point the continuing

components of T, and w,, are continuous, so

cont ( . .cont cont

d d
Wy (pp) — 1™ (pp) = —azwp—1 (p) + nggont(#p)- (3.32)

(The RHS exists since w € A.) If we replace w with v;w, the RHS of equation (3.32) is
multiplied by -, so this component of (A*(z)A(z))™! commutes with the v; matrices.

-At a zero jump the continuing component of T}, is discontinuous, and

d d
iv;‘l“f(up) - ivzcnom(#p) = “%wp—l(#p) + ngp(l‘p)
— Tp1(pp)wp(kp) + Tp(tap)wp(pp).  (3.33)

The first two terms on the RHS commute with the v; matrices, just as for the &k, # 0

case. However,

(TP(NP) - TP—I(MP))wP(“P) = —(p X prp(,up) = —5,(p

and these terms cancel with the contribution from the s, in (3.30). Substituting (3.32)
and (3.33) into (3.30) gives

A*(z)A(z)w = (Di(z)Di(z)ws, ... , D} (x) Dp(z)wn)
T d cont d cont *
@ [,,62 (%wp (pp) — ﬁwp—ﬂ/ﬁp)) ]

and this map commutes with the «; matrices. It follows that Coker A is ASD.

3.2.5 Periodicity

Before considering how to frame (E,A) = Coker A, it is useful to make some remarks
about periodicity. In particular we will fix some notation required later, and explain
how to quotient (E, A) to obtain a connection on S} S0 % R3. As it stands, Coker A is

a bundle and connection over R%. Under translation in zo, A satisfies
A(rz) = Ury A)USL - (3.34)
where 7 is the translation
7 : (z0, 71, T2, T3) — (To + 0r, Z1, T2, T3) (3.35)

and U, w, U,y are unitary maps, given by

Urw(w) = (expid &)w,
Ur,v((vp) ® (sq)) = ((exp i6:€)vp) @ ((exp 67 pq)sq)-
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These maps are not well-defined for all §,: in general U, w(w) will not be periodic in
¢, so will fail to be an element of W. When 4, is a multiple of 27m/uo, however, the
maps are well-defined, so fix 6, = 2m/po ! and the corresponding maps Urw,Ury. Of
course, U, w, U,y correspond to the gauge transformation (1.17) for the transform on

the 4-torus. We will often just write U, for U, v, so that

Ur ((55) @ (50)) = ((exp 2mi€/juoYvp) & ((exp 2misig/ 1i0)sq). (3.36)
Now
coker A(rz) = U, coker A(z)
so U, defines an action of Z on E. It is easy to check that
A(rz) = (U7H)*A(z) (3.37)

so the connection is compatible with this action. Quotienting by this action gives an
hermitian bundle on S%ﬂ Juo X R3 with a compatible connection.

Note that U, w and U,y are not determined uniquely: we can replace them with
(expiA)U,w and (expiA)Ury for any A € R and (3.34) still holds. However, the

choice (3.36) is the only choice that allows the caloron to be framed in the correct way.

3.2.6 Remarks on the rotation map

The definition of the Nahm data for a caloron implicitly involves a choice of origin
for the circle S}LO. Suppose A(z) : W — V is the Nahm operator constructed from
some element of AM'(B) for some set of boundary data B. The inner product on V is
independent of the choice of origin on S}LO, and so, as a bundle and connection over
R%, Coker A is also independent of this choice. Recall the rotation map ps defined

by (2.33). Rotation of the Nahm data by po/n defines a map
px : N(B) = N(poB) (3.38)

but, as it stands, Coker A is insensitive to this action. However, the way we frame
Coker A does depend on the choice of origin: if the Nahm data has boundary data B
then we want the corresponding caloron to have boundary data B too.

In fact, we only give a construction of calorons from Nahm data with principal

boundary data—for technical reasons the construction is much harder if the data is

We can use U(n) Nahm data to construct a caloron with m times the expected period for m =
1,2,3,... by taking 6, to be m x 2m/uo. The point is, however, that while other periods are possible,
the Nahm data does give rise to a caloron of the anticipated period. Changing the periodicity of the
caloron in this way maps po — to/m and ko — mko because in the quasi-periodic picture the clutching
function is composed with itself m times. This should correspond to some map between sets of U(n)
Nahm data. Similarly, given a set of U(n) Nahm data, we can simply glue together m copies of it to
obtain a set of U(nm) Nahm data with period mpuo. This should correspond to some map between
caloron configurations, probably embedding the U(n) caloron m times in U(nm).
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not principal, essentially because we can only recover ko when it is the smallest rank
of the bundles X,...,Xn. Given a set of Nahm data with boundary data B (not
necessarily principal), we can rotate it until its boundary data B’ is principal. Our
construction will then give a framed caloron with boundary data B’, but by applying
the rotation map pc defined in Section 2.2 to the caloron, we can transform it into a
caloron with boundary data B as desired. This method of defining the construction
when B is non-principal ensures the following diagram commutes:

N(B) —Xm_, (¢(B)

construction

x| [#e

N(psB) —=22, C(poB)

construction

The diagram commutes by definition when there is only one principal rotation of the
Nahm data. If there is more than one principal rotation, then without loss of generality
we can assume B and ps B are both principal (by replacing the rotation maps pa, pc, P&
with plg,p(k:,pji/ for some k) The two calorons on the RHS of the diagram must be
equivalent as quasi-periodic connections over R*—in other words they are related by a
large gauge transformation—since Coker A is insensitive to the action of py. It is easy

to see the large gauge transformation must be pc.

3.3 The model operator A
3.3.1 Strategy

The aim of the remainder of this Chapter is to show that the bundle and connection
Coker A extends to S2,, and is framed there. This will complete the proof that the Nahm
construction on an element of N*(ko, k, 1o, ) produces an element of C*(kg, k, po, f).
The method adopted is to consider a deformation A of A, and prove that Coker A
extends to S2, and is a framed bundle (E, f) with invariant co(E, f) = ko. We then
prove that the framing and the invariant c; are independent of the deformation, and so
deduce that Coker A € C*(ko,E, wo, £). The first task is to define the model operator
A and prove that it is injective and Fredholm with index —n, which forms Section 3.3.
In Section 3.4 we prove that Coker A is a framed caloron configuration, and in Sec-
tion 3.5 calculate co(E, f). This shows that Coker A is an element of C(ko, k, o, ).
Finally, in Section 3.6, we prove that A can be deformed into A in such a way that the
framing is independent of the deformation, and deduce that Coker A is an element of
C*(ko, k, o, &) This method is based on Hitchin’s proof that a connection and Higgs
field constructed from monopole Nahm data satisfy the monopole boundary conditions
(17, Section 2].

From this point on fix the following notation. Fix a set of U(n) caloron Nahm data
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with principal boundary data (ko, E, o, £)- If the boundary data is not principal then
we apply the rotation map pa to the Nahm data to obtain a set of principal Nahm
data; we then apply the corresponding rotation map p, ! to the caloron constructed to
obtain the correct framing, just as we explained in Section 3.2.6. Let A, P be the
connection and Higgs field at infinity determined by (k, fi). Let A(z) : W — V be the
Nahm operator.

Any generic choice of model operator A will be injective (since the space of non-
injective operators is in some sense small). The problems encountered when defining
A are therefore to ensure Coker A is framed and that co(E, f) = ko. Much of the
‘engineering’ we do is to make the proof that cz(IE, f) = ko straightforward. Note that
throughout this Section we make no claims that the model operator A is a deformation
of A; often A will be defined in terms of a deformation, but we delay the proof of the
existence of a path joining the two until later.

When defining the model operator A it is easiest to consider two special cases
first. The first is the case of vanishing monopole charges—the case that k, = 0 for all
p=1,... ,n but kg # 0. (Calorons of this type were introduced in Section 1.2.2.) The
second case is the opposite of this: the case that there are no zero jumps in the lowest
rank block (we will make this precise later). We call this the case of ‘no zero jumps in
the instanton block’. In the remaining cases, the model operator is very similar to that
for no zero jumps in the instanton block, so the reader may prefer to concentrate on

that case.

3.3.2 Defining A: the case of vanishing monopole charges

Suppose that k, = 0 for all p = 1,... ,n but kg # 0 i.e. that every singularity p, in
the Nahm data is a zero jump. By gluing together the bundles X, a single continuous
vector bundle | J X, over S}Lo with rank kg is obtained. Similarly we can glue together
the Y, = C? ® X, to obtain a vector bundle Y over S}LO. Elements of W are sections
of Y that are periodic, L?, and continuous across the singularities u,. Let 71,... 7k,
be an orthonormal basis of sections of | X, that are periodic, smooth on each interval

I,c S}

110> and continuous across each & = p,. Let

1 _ 0 _
m= (0) ® 7 and 7 = <1> 7 (3.39)

Working in this gauge fix

Dy(z) = ia% +i1®A) +z

for each p=1,... ,n, where
A= diag(i)\l, ‘e ,i/\ko)
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for some pairwise distinct A1,..., o € (0,27/p0), and £ = 3 YaZa. Given A(z) :

W — V, consider the operator

A(z) W =V
A(z)w = [Dy(z)wy, ... , Du(z)w,] ® [m]

where the projection 7 is that determined by A, as in equation (3.14).

We want A(z) to be injective for all z, so consider the conditions for w € W to
lie in the kernel of A(z). We have A(z)w = 0 if D,(z)w, = 0 and mpwp(pp) = 0 for
all p, and if w is continuous and periodic. Parallel translation by the Dp round S;O

determines a holonomy
Hol(z) = exp[(iz — A)po)-

Consider finding solutions to this parallel transport problem that are continuous and
periodic in ¢. Such solutions exist if and only if Hol(z) has eigenvalue 1 i.e. iff [1—Hol(z)]

is singular. This occurs if and only if

z = (A + 27m/ o, 0,0,0) for some I € {1,... ,ko} and any m € Z. (3.40)
We call such points resonating points, and label them z for [ =1,... , ko and m € Z.

As it stands, A(m) is therefore injective away from the resonating points. When z =z},

there is a 2-dimensional space of solutions to the parallel transport problem that is

spanned by

Mm = [exp(2mim&/po)|mi, (3.41)
M 1= [exp(2mimé/ uo)|mi-. (3.42)

To exclude the possibility that these could be solutions to A(z), we adjust the projection
7 to be non-zero on mm,nﬁn by deforming the vectors ¢, used to define 7 in a small
neighbourhood of each resonating point. (Recall the definition of the components of =,

equation (3.7).) For p=1,... ,n let
G RY = Yy(p)
and let
p(z)(w) = (w(pp), Gp(2))-

Let #(z) : W — C" have components #,(z). Fix an open 4-ball By, around each
resonating point, sufficiently small that the balls do not overlap. We deform ¢, only

inside the union | J By,: define

Gp(z) =G
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if z ¢ |J Bim- Then, for each I, pick g, ¢~ € {1,... ,n} such that g, # ¢;*. Inside Bim,

res

arrange the fp so that near z = ;%

qu (1‘) = nlm(#m)a (343)
$ot (%) = M (g2 ) and (3.44)
Co(z) =01if g ¢ {q,qi"}- (3.45)

The third condition is not required for injectivity, but simplifies the calculation of kg
for Coker A. Equations (3.43) and (3.44) imply that at a resonating point zI%, 7,
and ﬁqlJ_ cannot both be zero on non-trivial linear combinations of 7, and nf;t. This
ensures that

A(z)w = [Dy(z)w, ... , Dp(z)w,) & [Fw]

is injective for all z. We can arrange the deformation of the vectors (;, so that Ep(m:) =
¢p(x) for all z and p, which ensures that A satisfies (3.34) under translation by 27/ uo.
Note that A is a controlled deformation of A (recall Definition 3.25). Corollary 3.26
therefore implies that A(x) is Fredholm with index —n for all z. As a final remark,
note that, unlike A, A is continuous across the zero jumps: the discontinuity in A is
required to ensure Coker A is anti-self-dual, but it is not required to ensure Coker A is

framed.

3.3.3 Defining A: the case of no zero jumps in the instanton block

Moving on to the second special case, we first explain what is meant by ‘no zero jumps
in the instanton block’. A zero jump in the instanton block is a point & = p, for
which m, = min{m,,... ,m,} which is also a zero jump (i.e. k, = 0). The condition
of no zero jumps in the instanton block is the opposite of the condition of vanishing
monopole charges, for which every singularity was a zero jump in the instanton block.
Figure 3.1 illustrates the situation, plotting the rank of the Nahm data versus £ for
three examples.

We assume, therefore, that the Nahm data has no zero jumps in the instanton block.
We can split off a bundle over S,{O of constant rank, and thereby decompose each bundle
Y, into two sub-bundles, in the following way. Recall that we are assuming that the

Nahm data is principal so that
ko = min{rank X, :p=1,... ,n}.

There exists a set {71,... ,7k,} of sections of the bundles Xy, ... , X, that are defined
over all of S}, that are periodic, smooth on each interval I, C S}, continuous across
each singularity £ = p,, orthogonal for each £ € R, normalised with respect to the L?

inner product, and linearly independent. In other words, we can find a ko-dimensional
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U(5) Nahm data with vanishing monopole charges

s Ha 3 ) ©1 o + ps Ho + Ha

U(5) Nahm data with no zero jumps in the instanton block

Hs Ha 2%} 2 M1 po + ps po + p4

U(5) Nahm data with one zero jump in the instanton block

2% 22 J2%] 2% M1 Ho + ps fo + Ha

Figure 3.1: Examples of classification of caloron Nahm data.
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sub-bundle X; of each X, such that the XI{ glue together to give a continuous bundle
over S}LO. Note that this decomposition is not unique: if rank X, > ko then there is
some choice for the 7j; over I,. Define 7 and nll by (3.39). We can choose the 7; so
that foralll=1,... ,kpand ¢ € J

Tgm =0= ﬂqnf‘. (3.46)

This is possible because each zero jump occurs in a block with rank greater than ko.
Thus we have a decomposition of each block Y, of Nahm data into a subspace YPI

spanned by {m (&), n(€) : 1 =1,... ,ko,€ € I} and the orthogonal complement YpM :
Y,=Y/ oYM

The bundle formed by gluing together the YPI is called the instanton block, and its
orthogonal complement is called the monopole block. The spaces W and V' decompose

in a similar way:

W=WreWy, V=VieVy, (3.47)
where
Vi = PW,)
p=1
and

n
Vi = [P W) @ [CNoe).
p=1

Here WO(YPI ) denotes the Sobolev space of L? sections of YPI etc. Note that we impose
the condition (3.46) to ensure that the jumping space J,; spanned by (, at a zero jump
g is contained in the monopole block YqM (iq), so that there really are no zero jumps
in the instanton block.

Next we want to specify the model operator A(z) : W — V which we construct

using the decomposition into monopole and instanton blocks. Define

Ar(z) : W = Vp (3.48)
d
Ar(z) =i%+i(l®l\)+m (3.49)
where A = diag(i\1, ... ,i\,) for some pairwise distinct Aq, ..., Ag, € (0,27/po). Just

as we saw for the case of vanishing monopole charges, A(z) is injective, apart from at
the resonating points defined by (3.40).
Restriction of the caloron Nahm data to the monopole block determines a set of

U(n) monopole data, i.e. an element of Niton(, i), and the associated Nahm operator
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Ap(z) : Wy — V. (Note that this data does not necessarily satisfy Nahm’s equa-
tion.) At asingularity & = p, with k, # 0 the Nahm data determines a |kp|-dimensional
residue R,. We deform Aps(z) so that near such singularities it is given by

, _if
d§ f Hp

on the terminating component and

+x

. d

on the continuing component. Near zero jumps we deform so that A(:c) is also given
by (3.50). Thus Ap(z) : Wy — Vi is given by

Ap(z)w = [(i-= }: YOFfp | z)w] @ [rw] (3.51)
5 pd ] — Hp
where 1), is a bump function equal to 1 on some neighbourhood of 11, and zero elsewhere.
We interpret R, as acting on each terminating component in the obvious way. Note
that without condition (3.46), Ajs would not be a well-defined U(n) monopole Nahm
operator, since m would be non-zero on the instanton block. Lemma 3.10 implies that
Ap(z) : Wy — Vr defined in this way is injective and Fredholm with index —n for
all z.
Consider the operator

(307 antw) 7 ¥

It is injective away from the resonating points (3.40). We want to put something into
the off-diagonal entries, supported near the resonating points, that will ensure the new

operator is injective everywhere. We need the following:

Lemma 3.52. Let Ay be the Nahm operator for some set of U(n) (n > 2) Nahm data
in N, Mon(E, ), and let x € R*. Then we can find two non-trivial orthogonal continuous
sections u,ut of the bundle Coker A defined on some open neighbourhood R of x,
such that, for all y € R, u(y) and u(y) are continuous across each zero jump so have

zero component in CNeero,

Proof: For any set of U(n) monopole Nahm data the singularities ;1 and p, cannot
be zero jumps, so there are at most n — 2 zero jumps in the data. The restriction
that solutions be continuous across the zero jumps therefore rules out at most n — 2
dimensions, and so u(y) and u'(y) can be chosen from a 2-dimensional subspace of

er Ap(y). Moreover, this can be done smoothly on some neighbourhood R of z. O

Let ¢y, be a set of bump functions on R x R3 that are equal to 1 on some 4-ball

with centre z = z]7; and zero outside some 4-ball with centre z = zj;. We can make
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the support of each bump function sufficiently small that they are disjoint, and arrange
them so that ¢ m4+1(T2) = @im(z). At T = z[7, Ar(z) has two solutions Ulm,"hm
defined by (3.41) and (3.42). Let v and uj" be the elements of coker Ap(z) fixed by
Lemma 3.52 defined on some neighbourhood of z;5,_- Adjust the bump functions
so they are supported within these neighbourhoods, and extend u, ulJ- periodically by
defining

= [exp(2mmit/po)lut, Uy, = [exp(2mmi€/po)lui-

Define B(z): Wy — Vi by

B(z)wum = Zwm(-’ﬂ) [((wat, wm (%)) L2)im + (Wt Ui (€)) 12 )i (3.53)
and B*(z) : Wi — Vj by

2ywr = O (@) [((Wr, M) 12) i () + (01, i) £2) Ui (2)] (3.54)

We chose vu; and “1 to have no component in the jumping spaces so that all inner
products can be made inside L2—this simplifies the definition of B. Define the model
operator A by

A= (gi ABM) . (3.55)

Lemma 3.56. A(z) is injective for all z € R%.

Proof: We have already shown A(:c) is injective outside | Supp ¢im, so it remains to
consider what happens near resonating points.

First we show that there are no non-trivial solutions to
A(z) (“6’ ) =0. (3.57)

We know Aj(z)wy(z) = 0 has periodic solutions only when = = zj,> for some [, m. At

such a point, the solutions have the form
wr = CTllm + ClnlJr_n

for some constants C,C+. Then B*w; = (Cu; + Cluf'), which is zero if and only if
C=Ct=0.
Next, note that the image of B*(z) is contained in coker Aps(z) and so is orthogonal

to the image of Aps(x). Hence, if

Ar B wr\ _o
B* Ap) \wm/)
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then A (z)wp(z) = 0, and so wp(z) = 0 because Ap(z) is injective. We conclude

that A(z) is injective because there are no non-trivial solutions to (3.57). O

Consider the behaviour of A with respect to translation 7 by one period in zo.

Suppose = € Supp @i, Then

B(tz)w = @rm+1(7T) [(w, (exp(27mi€/ o) )uim (T)) L2M,m+1
+ (w, (exp(2mi&/ 10) uiny () L2Mrma1)
= @1.m () [{(exp(—2mi€/ o)) w, wim (2)) L2 (exp(2i&/ 110) ) h,m

+ ((exp(—2mi&/ po))w, ugry (2)) L2 (xP (27 / 0) 1l )
= T,VB(m)U;‘}Vw.

B* satisfies a similar formula, and this ensures that A satisfies (3.34) under translation.

By construction, A satisfies the conditions of Definition 3.25 so is a controlled
deformation of A. Corollary 3.26 then implies that A is Fredholm with index —n.
Note that the model operator for a set of monopole Nahm data is implicitly dealt with
by the case of no zero jumps in the instanton block—we simply take the instanton block

to be trivial.

3.3.4 Defining A: the remaining case

We now generalize the model operator defined in Section 3.3.3 to deal with the remain-
ing case: that of zero jumps in the instanton block together with a non-trivial monopole
block. The following classification of the singularities p, is required. Recall that we are

assuming that the Nahm data is principal and that J is the set of zero jumps. Define

Jr := zero jumps in instanton block

= {p: mp = mp_1 and m, = ko},

Jum := zero jumps in monopole block
=J\J1,

Jo = other singularities
={1,...,n}\ J.

Table 3.1 lists these sets for the examples shown in Figure 3.1. Let N; = |Jf| and
N = |Tu|. We assume that N # n i.e. we are not dealing with the case of vanishing
monopole charges so there is a non-trivial monopole block. It follows that n — Ny > 2,
because we cannot have all but one p, being zero jumps.

Next pick a basis {m,n- : { = 1,... ,ko} for the instanton block in the usual way,
such that for each | = 1,... , ko condition (3.46) holds for each ¢ € Ju. (We cannot
make (3.46) hold for every ¢ € J when there are zero jumps in the instanton block.)
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Data set J1 IMm Jo
Vanishing monopole charges {1,2,3,4,5} {} {}
No zero jumps in instanton block {} {2} {1,3,4,5}
Zero jump in instanton block {1} {} {2,3,4,5}

Table 3.1: Classification of the singularities for the example sets of Nahm data in
Figure 3.1.

This splits the data into instanton and monopole blocks as in equation (3.47) so that

Vi = @ Wor) e [ (3.58)
p=1
and
Vi = [é WOy @ (). (3.59)
p=1

The projection 7 also decomposes: let 77 : W — CNI have components mq for ¢ € J1

and my : W — CNM have components m, for ¢ € Jp. We can then define

A(z) Wy = Vi

A(z)w = [('Ldi£ +i(1®A) + z)w] & [7rw]. (3.60)

Projection onto the monopole block determines a set of U(n — Nr) monopole Nahm
data (recall n — N1 > 2 since the case of vanishing monopole charges is excluded). In
particular, it determines a residue R, for each p € Jo. Like the case of no zero jumps

in the instanton block, define

Ap(z) : Wy — Vi .
Ap(z)w = Z % OR? ) ] & [marw] (3.61)

oo & He
where R, acts on the terminating component. Then Lemma 3.10 implies that Ajps is
injective and Fredholm with index Ny —n. We impose condition (3.46) for every q € Jnm
to ensure that these zero jumps really do occur in the monopole block, and that A is
the Nahm operator of some (deformed) U(n — N;) Nahm data.

Consider the operator Ar(z) @ Am(z) : W — V; it is injective away from the
resonating points (3.40) and we want to use the tricks from Sections 3.3.2 and 3.3.3
to make it injective at the resonating points. As in the case of no zero jumps in the
instanton block, we add an off-diagonal term. Lemma 3.52 proves the existence of
sections u,ul of Coker Aps with zero component in CNM | These can be used to define
B and B* as in equations (3.53) and (3.54). Defining A by equation (3.55), we see that
A is injective by applying Lemma 3.56.
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We added the off-diagonal term to prevent 7, and nf;n being solutions at the
resonating point z}%%; in fact the projection 7; may prevent them from being solutions to
Aj(z) at the resonating point, so adding the diagonal term may have been unnecessary.
However, when we come to recover ko for the model operator, it is convenient to assume
that nym and m;, are solutions to Ar(z) at zj5. We can deform m; to ensure this, rather
like the deformation performed in the case of vanishing monopole charges. For each

g € Jr replace {; with an z-dependent vector C-q such that

((z)=0 (3.62)
in some neighbourhood of z}% containing Supp ¢im, and f (z) = ¢ away from this
neighbourhood. Changing the definition of A in this way does not affect the proof of
injectivity.

Finally, note that A is a controlled deformation of A, and so Corollary 3.26 proves
A is Fredholm with index —n. We also obtain a formula like (3.34) for A in exactly

the same way as previously.

3.3.5 The adjoint of the model operator

We need to be able to identify the cokernel of the model operator A(m) To do this it is
easiest to write down the adjoint A*(z) on some domain A of suitably smooth elements
of V which contains the cokernel, just as we did in Section 3.2.3 for A*(z). Since this
is analogous to what we did in Section 3.2.3 we will not dwell on the details but just
write down A*(z) directly.

The adjoint is given by

A* = Ai "f Vi@ Vy — Wi e Wi (3.63)
B* A%,

In the case of vanishing monopole charges the monopole block is trivial and this reduces
to A* = A%. The spaces V7 and Vi are defined by (3.58) and (3.59), while

wi =W )] e (D " )]
p=1 p=1

and

n

Wir = (DWW (] e [P (" (1p))]
p=1

p=1

where Y,,I O (41,) is the continuing component of YPI at up etc. The off-diagonal blocks

B, B* are defined by (3.53) and (3.54) (extended to zero on the C¥# and CN compo-
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nent of Vs and V7 respectively). Given v = (vy,... ,vn) ® s € V] we have

Az = (Di(@)vr, -, Di(@)vn) @ [ €D (#0525 (1) — 0™ (1)) ]

PEJr
® [ €D (W2 (up) — i (1p) + 5pCp(2))"] (3.64)
pEIr
where
* .d " _
Di(z) = zd—€ +i(l1®A)+z*: WO(YPI) - W 1(YPI).
Finally, given v = (v1,... ,un) @ s € Vir we have

Ay (z)v = (Di()vs,. .., Dy(z)on) @ [ €D (052 () — ivp”™ (1)) ]

p¢IMm
® [ EB ( Cont(l‘p) - wcom(ﬂp) + SPCP) ] (3.65)
PEIM
where
~ d iR
DX z)=1i— — P 4zt
P( ) ¢ & - Hp

elsewhere.

3.4 Framing for A

The aim of this Section is to show that the bundle and connection Coker A on R x R3
extend to R x B° and determine a quasi-periodic connection framed by As, Poo. We
do this by finding ‘approximate solutions’ to coker A, by which we mean sections of the
trivial bundle V x R* that are asymptotically close to elements of coker A(z) as r — .
Near infinity, the solutions of [X*(:r) correspond in some sense with the singularities p,
in the Nahm data. We construct an approximate solution for each singularity in the
monopole block in Section 3.4.1. For singularities in the instanton block, we can in
fact write down an exact solution, which we do in Section 3.4.2. In Section 3.4.3 we
show the approximate solutions are exponentially close to exact solutions of A*(a:)
In Section 3.4.4 we show that in the gauge determined by these exact solutions the
matrices representing the connection A = Coker A extend to S2_ and are framed there.
This is based on Hitchin’s proof that SU(2) monopoles constructed from Nahm data
satisfy the BPS boundary conditions [17, Section 2]. In particular the representation
theory in Section 3.4.1 is taken directly from [17, Section 2].
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3.4.1 Approximate solutions for A* in the monopole block

Fix a singularity u, in the monopole block of the Nahm data (i.e. p € Ju U Jo). For
large r, we construct an approximate solution to A*(m) supported near £ = pu, which
is characterized by the sign of k,—we will deal with each case in turn. Let k = kp, and
let t =& — pyp.

The case k > 0: We continue the representation theory started in Section 3.2.2.
Fix a unit vector Z € R3, and let u = Z? zjv;. Then u generates a circle in SU(2) and
decomposes S¥~1 ® S! = §* @ S¥~2 into weight spaces with weight k,k—2,... ,—(k—
9),—k for S* and k — 2,k — 4,... ,—(k — 4),—(k — 2) for S¥72. Recall that S* is
the representation of su(2) on homogeneous polynomials of degree k. If [éo : &1) are

homogeneous coordinates on CP; = S 2 it is easy to check that the polynomial

(S020 + &121)" (3.66)

is the highest weight vector when u = [£ : &1]. The action of 1 ® u commutes with the
action of u® u so 1 ® u preserves the weight spaces with weights 4k since they occur
with multiplicity one. Let vy, v_ be elements of S* with unit norm and weights +k, —k
respectively. Now (1 ® u)? = —1, so (1 ® u)vy = tivy and (1 ® u)v_ = iv_. In fact
using the explicit form (3.66) of the highest weight vector, we have (1 ® u)vy = iv}
and (1 ® u)v_ = —iv_. As u varies, vy € S* spans out a line bundle L over S%, and
using (3.66) it follows that L has Chern class k. The action of SO(3) on the direction
vector # lifts to the adjoint action of SU(2) on u € su(2). Hence, on a neighbourhood

of & € R3, we can choose the highest weight vector v, according to

v4(92) = gvy(2)

where g € SO(3) acts by some unitary endomorphism on Sk.
Next, we use vy to write down an approximate solution to A*(z). As previously,
let R, be the residue of ) ;v; ® Tg at pp. Near £ = pp, A*(z) is given by

=, .d iR,
Dp—ldt—T+fE0—T(1®u)

on the terminating component, where r is the usual polar coordinate on R3. From (3.19)
we have that Ryv; = 3(k — 1)vg and (1 ® u)vy = ivy, so a solution is given on some

interval ¢ € [—26,0] by

Up = t(k=1)/2 [exp (3zo(t + 1p))] [exp(rt)]vy. (3.67)

Note that (t + ) in the expression above could be replaced by (t + a) for any a and
@, would still be a solution. We chose #, as above so that the result of translating by

one period 7 is given by the action of U, (where U, is defined by (3.36)). This will

80



ensure that the quasi-periodic connection we eventually obtain has a clutch map that
is the identity on the boundary. Also note that we could have used v_ to construct a
solution. However, such a solution would blow up in the limit £ — 0, and so fails to be
L2

We want our approximate solutions to be smooth and have compact support, so
we multiply by a bump function ¢,(t) supported on t € [—24,0] that takes value 1 on
[—6,0]. We also want the approximate solutions to have unit norm, so define vy, the

approximate solution associated to pup, to be
o = Cy lppily (3.68)

where C, = ||@piip|lL2. Consider the element of V' which is ¥, on the interval I, and
zero otherwise; abusing notation, let ¥, denote this element.

It will be useful to obtain an estimate for Cp = ||¢piyp||f2. Let

0
Ty = / @3 t* exp(2rt) dt (3.69)
—~26
SO
lepipllia = [Te—1l- (3.70)
Now
0 0
| / % exp(2rt) dt| < [J4] < | / % exp(2rt) dt|. (3.71)
—6 26

Integrating by parts gives
0 0
[t explae/x) de =[x+ explet/x) Pt/ )]

a

for some polynomial Py of degree k. Hence

0
/ % exp(2t/x) dt = X1 [Pe(0) — exp(—2a/x) Pe(—a/x)].

—a

Then (3.71) implies that
Jr = Cx**! + smooth exponentially decreasing term in x (3.72)

where C is some constant (used in the generic sense). Thus, using (3.70), we have an
estimate C, = |lppipllr2 = Cx*/?+ exponentially decaying term.

The case k < 0: This is entirely analogous to the case k > 0. We can repeat the
representation theory on Skl @ S! to obtain vectors vy,v_ in the same way so that
v_ has weight k, (1 ® u)v_ = —iv_, and v_ determines a line bundle with Chern class
k. Define the approximate solution to be %, = C; Lopt, where ¢, is a bump function

supported on I,_; and
Up = ¢(Ikl-1)/2 [expi(zo(t+ pp))] [exp(=rt)]v-.
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Just as for the case k > 0, there is an analogous estimate on Cp, = ||@ptyp|| L2
The case k = 0: Fix a unit vector & € R® and let u = 5_ £;v;. Consider solutions
to A%,(z)v = 0 where A}, is defined by (3.65). These must satisfy

d
(zﬁ +zo—r(l®u))v; =0

on I; for j = p,p— 1. The general solutions are
[expi(zo(t + pp))] [exp —i(rtu)]s_ on I,
and
[expi(zo(t + pp))] [exp —i(rtu)]sy on [y

for some vectors s_,s;. We want the solutions to match the conditions to be in
ker A%,(z) i.e. we want a discontinuity at ¢ = 0 such that the jump is a multiple of ¢p.
Now, (1 ® u) has eigenvalues +i and let 7+ denote projection onto these eigenspaces.
Let

iy = [expi(zo(t+ pp))] [exp —i(rtu)]miGp = [expi(zo(t + o)) [exp(rt)| 74 p
(3.73)

on I, and

it = —[expi(zo(t + pp))] [exp —i(rtu)]m_¢p = —[expi(zo(t + pp))] [exp(—rt)]7_(p
(3.74)

@H(t = 0) — Gy (t = 0) = —[exp(izoy))imss + 5] = —[exp(izosp)}Gp € .
Finally we smooth off by bump functions w; , ¢, and normalize to define the approxi-

mate solution v, by

B = C;1(0,... ,0,08 %, 05 5,0,... ,0)®(0,...,0,55,0,...,0) €V

!

on interval I3  on interval Ip corresponding to ¢,
where
Gy = (e a5 s + e I3 + V2
and
sp = 1exp(iZoptp)-

This completes the definition of the approximate solution @, for p € Jo U Jum.
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3.4.2 Solutions for A in the instanton block

For each p € J; (i.e. for each zero jump in the instanton block) we can write down
an exact solution to A*(m) that lies wholly in the instanton block and is defined away
from the resonating points. A solution v = (v1,...,vn) ®s € VI to A*(z) must satisfy
A%(z)v = 0, where Aj(z) is defined by (3.64). Hence

(z% +i(1®A)+z*)v; =0 (3.75)

for all , and v is continuous across the 45, except at any zero jump p; in the instanton
block, at which v can jump by a multiple of C~j (z). (Recall that the vectors (; are
deformed to give z-dependent vectors ¢;(z) in the definition of A(z).) Solving (3.75)

round S ,1“) gives a holonomy
Hol(z) = exp|[(iz* — A)po]- (3.76)
We know that [1— Hol(z)] is invertible away from the resonating points (3.40), so define

Up = — [exp ((iz* — A)(€ — up)] [1 - Hol(a:)]_1 [exp(i:co,up)]gp (3.77)

for each p € Jr, and for p, < & < pp + po. It is easy to check that this is a solution to
A*(z), jumping by [exp(ifcou,,)]fp at up. Define the exact solution v, € V' by

vp = Cy Hup) @ (0,.... ,0,iexp(izopy),0; . . ,0) (3.78)

where i exp(izopp) lies in the component of CNi corresponding to the jump pp, and Cp
is a constant that normalizes v,. Note that in the case of vanishing monopole charges,
the v, are well-defined solutions to A*(z) on the complement of the resonating points.
In the other cases, when the model operator has an off-diagonal block B, the v, are
well-defined solutions to A*(z) on the complement of Supp B. Also note that where
some vector Q:p has been deformed to zero, v, is just the corresponding vector in CNzero

Although we have written down an exact solution to A*(:r) corresponding to each
singularity p, with p € J, it is often more convenient to work with an approximate

solution. Define
it = —pf [exp(—At)] [exp (izo(t + up))] [exp(—rt)]7-Gp (3.79)

for some bump function ¢} on (—¢,0], and

U, = ¢, [exp(—At)][exp (izo(t + pp))] [exp(rt)]mslp (3.80)

for some bump function ¢, on [0,¢). (Compare with (3.73) and (3.74).) We can then
define an approximate solution v, € V constructed from @+ so that the CN! compo-
nent of ¥, matches the jump at . A short calculation shows that ¥, is exponentially
close to the exact solution vp in the limit 7 — oco. This is because in the limit the exact

solution v, becomes more and more peaked about the discontinuity at pup.
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3.4.3 How good is the approximation?

We need to consider in what sense the set of approximate solutions vy, ... ,V, approx-
imate the cokernel of A(z) Let P denote the orthogonal projection onto [E = Coker A
and consider wp(z) := P(z)0,(z). Now

P=1-A(A*A)'AY,
so we need to calculate A*(m)ﬁp in each of the cases k, > 0,k, = 0,k, < 0. For example,

in the case k, > 0 we obtain
A ¥ ~ -1/ d ~
A*(z)v, = C, (zacpp)up

where dip,/dt is supported on some interval t € [—24, -], and 4, is defined by (3.67).

Using integral estimates just like those on page 81, it follows that
~ - 1
1A*(2)UpllL2 < Cexp(—)—()

for some constant C. The norm of A(z)(A*(z)A(z))™! is bounded as r — co (we prove

this later: see equation (3.113)) and so

W, = P, = Up + (exponentially decreasing term).

The other cases k, < 0 and k, = 0 are entirely analogous, and so we obtain

P =1 + (exponentially small operator) (3.81)

as a map span{di,... ,Un} — E.
We would like, however, to replace P with a unitary isomorphism between these
spaces, so that the trivialisation 0, ... ,®W, is orthonormal. We know that the set
¥1,... ,0n is orthonormal by definition (by making the supports of the bump functions

disjoint), so replacing P with a unitary map will ensure we obtain a unitary basis of E.

Recall the ‘polar decomposition’ of an invertible matrix M: let
A=(MM*Y? andU = A"'M.

so that A is a positive-definite self-adjoint matrix and U is unitary, and these satisty
M = AU. Variational methods show that this decomposition minimizes ||M - U]|.
Define

By = (PP*)1/2P

so that Py is a unitary map span{%y,... ,9n} — E. Equation (3.81) implies that

Py = 1 + (exponentially small operator),
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so if we define w, = Isufzp, then @, = ¥,+ exponentially decreasing term. Hence the
approximate solutions 91, ... , ¥ are exponentially close to a unitary basis wy,... ,Wn
of E in the limit 7 — oo. Recall that the exact solutions corresponding to zero jumps in
the instanton block are exponentially close to the corresponding approximate solutions.

Hence for p € J; we have w, = vp+ exponentially decreasing term.

3.4.4 Proof that A is framed

We want to show that (E,A) = Coker A extends to the boundary S2, and is framed by

Ao, Poo. The exact statement is as follows:

Definition 3.82. Let F,B be a U(n) bundle and connection on I, x R and let BY
be some U(n) framed quasi-periodic connection on E9. The pair (F,B) is the interior
restriction of (E9,BY) if there is a unitary isomorphism F' : F — E9|;  gs such that
B = F*(BY|,xrs)-

Proposition 3.83. (E,A) is the interior restriction of (E, A7) where A7 is some U(n)
quasi-periodic connection which is smooth up to the boundary and which is framed by
AOOa QOO

Proof: First fix local trivialisations of Eo, in the following way. Fix a direction vector
# € R3. Each approximate solution 7y, is associated to a vector e, that spans out a line
bundle L, over S2.. In the case k, > 0, e, is the highest weight vector v.; for &k, <0,
e, is the vector v_; and for k, = 0, e, is the constant vector (, € Jp. Since S Tky=0
the vectors eq, ... ,e, form a local trivialisation of the trivial bundle E, over Sgo on
some neighbourhood of Z. By construction, there is a unitary action of SO(3) on the

ep such that
ep(92) = gep(&) where g € SO(3). (3.84)

To prove the Proposition it is sufficient to show that in the local trivialisation
Wy, ... , W, of E, the matrices AX, AIO,Aw,A v TEpresenting A extend smoothly to the

boundary I, x S2, and are appropriately framed there. In particular, we claim that
. AX=00nIE><S§o,
o A, =diag(ipg,... ,ipn) on I X SZ,
. ij = diag((0y; ep, €p)) on I X 82, for j =1,2.

These conditions are sufficient to deduce that A is the interior restriction of some
connection A9 framed by A.., Poo. In addition, we also have to verify that there is
some clutching map

0(3) : ]E|20=3 - Elxo=s+27r/,uo
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such that
Ao = s +27/p0) = (c(s) ™) "Alzo = 5)

and that in the gauge w;,... ,Wn, ¢ — 1 as 7 — oo. It follows that A is the interior
restriction of a quasi-periodic connection A? framed by Ao, Poo-
To prove the claim about the framing we have to calculate the matrices Ax, AIO,

A,,, and A,, using a formula like (3.6):
(Aa)ij = (Gati, wj).
Since w; = 7;+ exponentially decaying term, we have that
(Aa)ij = (8a®is, B;) + (smooth exponentially decaying term in x).

Hence it is sufficient to consider the matrices (0,7, 7;) for a = X, zo,y1,y2. By mak-
ing the supports of the bump functions ¢, used to define the approximate solutions
sufficiently small, these matrices are diagonal, and since the approximate solutions are
orthonormal, the diagonal entries in the matrices must be imaginary. Fix some p and
consider the p’th diagonal element of each matrix. Let k = k, and t = £ — p,.

First consider Ax- ‘When k > 0, 0, is defined by (3.68), and 8, is given by

0,7, = —(% n 8’5?)@,,.

Thus (Ax)pp = (OyUp, Up) 2 is a real integral, and so must vanish since it is also imagi-
nary. Hence (Oywp, Wp) 2 is smooth up to the boundary and vanishes there. The cases
k =0 and k < O are entirely similar.

Next consider A,y = diag((OzotWp, Wp)). We want to show that (9z,p, Up) is smooth
up to the boundary and has value iy, when x = 0. The proof depends on whether
k> 0, k =0, or k < 0; start by assuming k > 0 so that 7, is given by (3.67) and (3.68).
Then 0.9, = i(t + 11p)Tp SO

(8zoﬁp’f’p> = (Z(t + #p)ﬁp’{’p)m =ipp + i<t1~’p: 61’)[:2'

This last term is independent of z, and because of the SO(3) invariance (3.84), inde-
pendent of y;,y2; we want to show it is a smooth function of x and tends to zero as

x — 0. Now
(top, Up) L2 = Ti/|Tk-1]
where Jy is defined by (3.69). So (3.72) implies that

(tp, Up) 2 = Cx + smooth exponentially decreasing term,
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which completes the case kK > 0. The cases k = 0 and k£ < 0 are dealt with via very
similar estimates.

Finally, consider ij for j = 1,2. Fix j and let y = y;. It is sufficient to show that
(ByTp, Tpy 12 = (Oyep,ep) on S2,. As usual, we have to deal case-by-case with the sign
of k. When k > 0 or k < 0 this can be seen immediately from the definition of ©,,. For

example, when k£ > 0:

1

2t
2 jkp—1
T the~ exp —(0yep, €,) dt = (Oyep, ep).
”(Ppuplliz Ip["pp px]< y=p P) (yp P)

<ay7~’p’f’p)L2 =
For k, = 0 and assuming the zero jump is in the monopole block, we have

(ByUp, Up)p2 = Cp_l [”‘Ppa;”%'z (Oy(mrep), mrep) + ||90p77';-”%2 (Oy(m_ep), m—ep)].

But integral estimates show |74, |2 = O(x) = ll¢payllz as x — 0. Hence
(8yTp, By 2 = O(x) as x — 0. However, (9,e,,ep) = 0 since k = 0, and so (8y¥p, Up) L2
extends smoothly to 8X where it equals (9yep,ep). When the zero jump is in the in-
stanton block the exact solution defined by (3.79) and (3.80) gives exactly the same
result. This completes the proof of the claim about the framing.

It remains to prove that A clutches correctly. The map U, = U, v defined by (3.36)

gives a map from IF]|IO:S to ]E|xo=s+27r Juo Since A satisfies

A(rz) = UrvA(z)U, -
This implies that A satisfies
A(rz) = (U7H*A(z).
In the gauge w,... ,w, of E, U, is given by the matrix

(Uri(z), wj(rz)) = (Urdi(x), 9;(7x)) + exponentially decreasing term.
By construction, however, U,?;(z) = ¥;(7z), so
U, =1+ smooth exponentially decaying term.

This shows that A clutches correctly: A is the interior restriction of a framed quasi-
periodic connection A? with clutching function ¢, where ¢ extends smoothly to infinity

and is the identity there. a

3.5 Calculating ky for A

Proposition 3.83 shows that Coker A determines an element of C (l::o, E, o, i) for some

ko € Z. In this Section we prove that ko = ko, where (kO,E, 1o, ) is the boundary
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data for the Nahm data fixed at the start of Section 3.3. We do this by calculating
[ cha(E, A) and using (2.32).

The calculation is slightly different in each of the cases, but uses the following
scheme. The basic idea is to compare (E,A) = Coker A with a caloron configuration
(Eo, Ag) which has the same framing f as (E,A), but which has c(Eo, f) = 0, and
so is a deformation of a monopole. Regard (]E,A) as a bundle and connection over
I. x R3. Then (IE,A) is the interior restriction of a framed quasi-periodic connection

with boundary data (ko, k, po, i), 0
- -1
/ chy(, &) = —Fo — —(urk1 + - + pnkn) (3.85)
[0,27/po] x R3 Ko
using (2.32). Suppose (Eo, Ag) is a bundle and connection on I x R? such that

1
/ chy(Eo, Ag) = — - (uiky + - - - + pnkn). (3.86)
[0,27/ o) x R3 Ho

Moreover, suppose that on the complement R® of some closed region R C (0, 27/ o) % R3

there is a unitary isomorphism
F :E|ge — Eo|r
such that
Alge = F*(Ao|re).
Using (3.85) and (3.86) we then have
ko = /R{chg(Eo,Ao) — chy(E, A)}.

Suppose the isomorphism F is such that R is the disjoint union of some small closed
balls B; for { = 1,... ,kp, with each ball containing one resonating point. For each [
construct a bundle and connection (F;,B;) over $4 by gluing E|p, and Eo|p, at their

boundaries via the isomorphism F'. Then

ko
ko = 2/54 cha(FFy, By)
=1
ko
=23 () (3.87)
=1

where c3(F;) is the second Chern class, so if we can show cy(F;) = —1 then ko = ko.
This is done by calculating the transition function g; from Eg|p, to E| B, and using the

relation

() = AumMW=mW (3.88)

2472
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The transition function g; is found by fixing gauges on Eo|p, and E| B,- The precise
nature of these gauges differs for the different types of model operator A. In many
ways, the case of no zero jumps in the instanton block is the most illustrative, and the
reader may prefer to concentrate on that case first.

The calculation of kg for the model operator A suggests another way of thinking
about the topology of caloron configurations, which we call the ‘spotted dick’ model.
(The term ‘spotted dick’ refers to a type of pudding consisting of a cylinder of sponge
containing currants, often served with custard.) The idea is that away from a small
neighbourhood of each resonating point, Coker A is isomorphic to a monopole con-
figuration. The obstruction to extending this to a global isomorphism comes at the
resonating points. Near each resonating point Coker A resembles a charge-1 instanton.
Thus, up to deformation, we can think of a caloron as the pull-back of a monopole
to 5217r /o0

the ‘sponge’ is a monopole configuration while the ‘currants’ are charge-1 instanton

X §3 with ko charge-1 instantons embedded in it. This explains the name:

configurations.

3.5.1 The case of no zero jumps in the instanton block

The main idea here is that restricting to the monopole block gives a U(n) monopole

Nahm operator Ay, and we take (Eg, Ag) = Coker Aps. This monopole configuration

is framed in the same way as E, and so we can apply the scheme outlined above.
Recall the definition of A from Section 3.3.3:

x_(Ar B
5= (5 )

and let (Ep, Apr) = Coker Aps. We showed in Section 3.3.3 that A is injective and

Fredholm with index —n. Lemma 3.11 gives
1
/ chy(Enr, Ayr) = ——(prk1 + - + pakn).
[0,27/ o] X R3 Ko

Next, recall the definition of A*(z), equation (3.63). Outside |JSupp @i (i.e. away

from the resonating points)

5@ = (" aw)

so coker A(z) = coker Ap(z) for = outside |JSupp @im, because Aj(z) has no so-
lutions. (From equation (3.64) we see that a solution to Aj(z) must be continuous
across all the 4, and be in the kernel of D3 (z). There are no such solutions away from
the resonating points.) Setting Eq = Ep and Ag = Ay we can then use the scheme
described at the start of Section 3.5: kg is given by (3.87), and for each I = 1,... , ko
we want to find the transition function g; from Eps|supp ¢, to 1E|supp o Where ¢y = @0,

and ¢y, are the bump functions used to define B.
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We have to identify coker A(z) on Supp ;. Let

{ur1,-.. , w2}tV {ul,u["} (3.89)

be an orthonormal basis of ker A},(z) over Supp ¢;, where uy, uj- are the monopole so-

lutions used to define B. Note that u;1,... ,u; -2 are all solutions of A*(z) on Supp ¢,
because By, ; =0 for all j = 1,... ,n — 2. We know coker A(z) is n-dimensional, so

there are still 2 solutions to find. Suppose A*(z)(v; ® vpr) = 0 and decompose vy as
vm(z) = Cum(@)u(z) + Car(2)ui () + vis(2)

where v$,(z) is perpendicular to w/(z) and ui (z), and Cp, Ciiy are functions of z. Then

for each x € Supp ¢y
B(z)upm(z) = Cu(@)pi(@)m + Car(z)ei(z)mi-,
so A¥(z)vr(z) + B(z)vm(z) = 0 has solution
vr(z) = Cr(z)m + CF (e)mi" (3.90)
for Cr(z), C} () satisfying
(z* = \) (gli) + @ (gg ) =0. (3.91)
The condition B*(z)vr(z) + A}s(z)vm(z) = 0 implies that
vy = Cruur + Cipu — @iCr(Ahy) ™ — piCF(A%) Mo (3.92)

We want to extend the solutions w1, ... ,u,n—2 by two further solutions v, vt to

give a gauge for ]E|5upp o~ Consider taking

()52

where A and Al are some constants, p = ||z* — )| and ¥ is a bump function:

h N 11, and
b(z) = {p when z ; is small, an (3.99)

1 outside a small neighbourhood of z* — A\; = 0.

Then Cj(z) and Cjy(z) are well defined everywhere on Supp ¢ for any choice of A4, At
We define v and v by taking

()= (o) = () = ():
and using (3.90), (3.91), and (3.92). Then

{wii, .., wn-2}tVU {v,vJ‘}

90



is a gauge for lE|Supp ¢, Which is unitary on the boundary of Supp ¢;, but not necessarily
unitary on the interior. Equation (3.93) was constructed to ensure that the gauge was
unitary on the boundary but well-defined on the interior of Supp ;. There is no ob-
struction to taking the unitarisation over Supp ¢;, without affecting the gauge near the
boundary. Using (3.93) we can compare this trivialisation with the trivialisation (3.89),

and see that the transition function g; from Eps|supp 4, to ]E|Supp o 18

idp—9 0
g = z* =N\ . 395)
( 0 I‘_Al > (

Substituting this into (3.88) gives c2(F;) = —1, since with our definition of deg g, the
map
g:S3cR* - U(2)
¥ — )‘l

9@ = A

has degree —1. Thus, using (3.87), we have shown that ko = ko.

3.5.2 The case of vanishing monopole charges

Following the scheme outlined at the start of Section 3.5, we want to identify the bundle
and connection (Eg,Ag). Since there is no monopole block, this is rather different to
the case of no zero jumps in the instanton block, where Ey was the cokernel of the
restriction of A(m) to the monopole block. Essentially, we calculate the transition
functions g; by taking a trivialisation consisting of the exact solutions vy, ... ,v, away
from the resonating points, while at the resonating point zj% two of these solutions
are replaced by mm,nf;n to give a local trivialisation. We take Eg to be the trivial
bundle C" over I, x R3. Let {By, : L =1,... ,ko and m € Z} be a collection of closed
balls round the resonating points zj%;,, on which conditions (3.43)—(3.45) hold, and let
B; = Bjp. Let R = U’fo B; and let R¢ denote the complement. The exact solutions

v1,... ,v, defined in Section 3.4.2 determine a bundle isomorphism
F : E|pe — Eo|pe.

After applying the Gram-Schmidt algorithm to vy, ... ,v, We obtain a unitary bundle
isomorphism Fy in the same way. Define a connection Ag on Eg by

Ao|pe = (F7")*Alpe

and continue Aq arbitrarily over R. It follows that Ag is the interior restriction of a
framed quasi-periodic connection, and that (Eg,Ag) extends to the boundary in the
same way as (E,A). If f denotes the framing at infinity, then since (Eo,Ao) has van-

ishing monopole charges, equation (2.32) implies that

/[02 - cha(Eo, Ag) = —ca(Eo, f).
16T [ 1o)X
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However, we claim that Ag has trivial clutching function, so that the RHS is zero. Now
Ao = (F;')*A on R° and A(rz) = (U71)*A(z) where 7 is translation by 27 /uo in zo,
S0
Ap(rz) = (F'l(T:c))*(U;l)*(F(z))*Ao(x)
= [F(z)U-'F~(1z)]* Ao().

However, the exact solutions v, satisfy
vp(7z) = Urvp(z) (3.96)
SO
F) U 'F~Y(rz) = 1. (3.97)

The Gram-Schmidt process gives some GL(n,C) function ©(z) such that

and equation (3.96) implies that ©(rz) = ©(z). Substituting this into (3.97) shows

that Ag has trivial clutching function, so we have proved our claim, and shown that

/[02/ | IR3(:112(1E0,15x0)=0.
,4T [ o} X

Next we want to find a trivialisation of IE| p, foreach I =1,... ,kg. Comparing this
with the gauge v1,... ,v, on R® will give the transition function g; on 0B; between
Eo|B, and E|Bl- Start by fixing some [ € {1,... ,ko}. From the definition of the model
operator in Section 3.3.2, there exist g;,¢i € {1,... ,n} satisfying conditions (3.43),
(3.44), and (3.45). Condition (3.45) implies that for ¢ ¢ {q;,¢j"} the solution v, is
well-defined everywhere on B, since v, is just some vector in CNeero| The set {vg:q¢

{q1,qj"}} can therefore be extended by two sections 9y, 'inj. to give a trivialisation of E

<?q’> - TN (’Uq,) (3.98)
Ugt) Nz = Ml \ Vg

where z = ) z,7,. We want to show that 94, and fqul are well-defined at =z = z;*,

and that

over B;. Consider

{vg: q ¢ {a, Qll}} U {ﬁm’ﬁqll} (3.99)

is a trivialisation of E on B;. This is clearly a trivialisation away from zj*, so we only

have to understand what happens at the resonating point.
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Recall the definition of the exact solution v, given by equations (3.77) and (3.78).
Since {y,(z) = m(uq) near the resonating point (condition (3.43)), and using (3.39),

the exact solution vy, is given by

vg = —C:1[exp (i(z* = M)(€ — pg)))] [L — exp (i(z* — A)no)] ™

x [exp(izopq,)] (é) ® (3.100)
for pg, < & < pg, + po. Note that all the terms in this expression commute. Hence
v = [1 = exp i6a" = M)wo)] " CHfu(2:) (g) @
where

fqt (iL‘, f) = - [eXp (’L(.’I:* - ’\l)(§ - /J‘QI))] [exp(ixouq,)]

is defined for all z € By and pg, < § < g, + po. Similarly, for Vgits

vt = [1—exp (i(z" — /\l)/‘O)]_lc;J_lfql-’-(x,f) (2) ® 1,

and so
ﬁlh) _ Tr =N 1 — exp (i(z* -1 ( sz/Cm ) —
N = ——|1 —exp (i(z" — M)po ® 7. 3.101)
<”q,l lz* — Al [ ( ( )] fqu/qu‘ (

We want to estimate Cg,(z) and quL (x) near the resonating point. Let p = ||z*—X]|.
Then ||1 —expi(z* — A\)uol| = O(p) as p — 0, and (3.100) implies that

Cu=0(p™")=Cp (3.102)

so that vg, and Vgt have unit norm. Next, consider (3.101) in the limit p — 0. Equation
(3.102) implies that

. 1 fa/C
lim ———— | J%~* ) 3.103
Pl—r’r(l) llz* — A (fq,*/cq,* ( )

exists. Moreover,

})i_rg (z* = M) [1 — exp (i(z* — )\z),uo)]_l = ;i_r)r(l) (* = N) [ —i(z* — Ao + O(P2)]—l
1
= (3.104)
Combining (3.103) and (3.104) shows that the right-hand side of (3.101) is well defined
as p — 0. Thus 94, and 'i}ql_]_ are well-defined in the limit p — 0, and at z = ]* are
given by some multiples of 7, 7" respectively. The set (3.99) is therefore a trivialisation
of E over B;.
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We can now calculate the transition function g;. Comparing the trivialisation (3.99)

with the exact solutions {v, : p=1,... ,n}, we see that (up to some re-ordering)

id,,—2 0
g = N -
0 i‘—A[I
The two trivialisations vy, ... ,v, and (3.99) are not unitary, but applying the Gram

Schmidt process is equivalent to replacing g; with
O(z)qi(2)07'(z) € U(n)

where © : 8B, — GL(n,C). This does not affect the degree. Comparing g; with the
calculation of kg in the case of vanishing monopole charges, we have deg g; = —1 and

so ca(IF;) = —1. This completes the proof that ko = ko for vanishing monopole charges.

3.5.3 Thecase 1< N;y<n

The calculation is very similar to that in Section 3.5.1. Recall the definition of the
model operator in Section 3.3.4, the definition of the adjoint in Section 3.3.5, and the
definition of the exact solutions v,, p € Jr, given in Section 3.4.2. In Section 3.4.2 we
showed that the v, are well-defined solutions to A*(z) on the complement of Supp B,
where B is the off-diagonal block of the model operator. In fact the v, are well-defined
on Supp B, and are just vectors in CNro | because fp(a:) = 0 on Supp B. It follows that
B*(z)vy(z) = 0 for each p € J7, and since the v, solve Aj(z)v, = 0 everywhere they
are solutions of A*(m) for all z. The v, therefore define a rank Ny sub-bundle Ej of E,
which is equipped with a connection A given by projection from V onto E;. The proof
of Proposition 3.83 shows that (Ej,Aj) is the interior restriction of a framed U(Ny)
quasi-periodic connection with vanishing monopole charges and clutching function cy.
The v, give a global trivialisation of Ey in which A; is framed. Since v,(7z) = Urvp(z),
using the definition of the clutching function in Proposition 3.83 we have ¢; = 1, and so
c2(Eg, f) = 0 where f is the framing determined by the exact solutions v,. Moreover,

since the , span trivial line bundles in E, using (2.31) we have

/ Chz(]E[,A[) =0. (3.105)
[0,27 /0] X R3

Now Aps(z) is the Nahm operator of some U(n — Ny) monopole Nahm data. Let
(Epr, Apr) = Coker Aps. Then Lemma 3.11 implies that

1
/ cha(En, Am) = —— > iy
[0,27m/ o] xR3 PEJoUTM
1
= ——(wrk1 + - + pinkn)
Ho

94



since k, = 0 for all p ¢ Jo U Ju- We can then define (Eo, Ag) = (Epm ®Er,Ap @ Ap).
On the complement of the region R = Supp B,

&@= ("1 spw)

SO IE|Rc =E;®Ep and A|Rc = A; @ Ap. Since ch(E; @ Epr, Ar @ Apr) = ch(Er, Ar) +
ch(Eps, Ap), (Eo, Ag) satisfies (3.86).

It remains only to specify gauges on Eg and E near each resonating point and
calculate the degree of the transition function. Let u;(x) and uj*(z) be the solutions of

%7(z) used to define the off-diagonal blocks of A. Then, as in Section 3.5.1, let
{wp:p=1,... n—2—Ni} & {u,u}® {v,: p € Jr}

be a gauge for Eo|supp 4, Where u, are solutions of A%s(z). Again, following Sec-

L

tion 3.5.1 and reproducing equations (3.90) to (3.92), we construct v, v~ in exactly the

same way, so that
{wp:p=1,... n—2—Ni}®{v,v '} & {v,:pe Tr}

is a gauge for IE|supp o> and so that the transition function g; has deg g = —1. This

completes the proof that ko = ko.

3.6 Deforming A to A

The last step of the construction of calorons is to prove that the Nahm operator A can
be deformed into the model operator A in such a way that we can deduce that Coker A
is a framed caloron configuration. In Section 3.6.1 we prove the existence of a path
of injective Fredholm operators between A and [&, and in Section 3.6.2 we use this to
deduce that Coker A is a framed caloron configuration. Finally, in Section 3.6.3, we use
the boundary conditions and the anti-self-duality equation to prove that Coker A can

be equipped with a compatible volume form.

3.6.1 Existence of a path between A and A

We want to show that we can deform Ag = A to Ay = A with a path Ag in the space
of injective Fredholm operators with index —n. Let F_, denote the space of Fredholm
operators from W to V with index —n, and let F?, denote the subset of injective
operators. Thus Ag and A; are maps from I x R® to F2,,.
Proposition 3.106. If A, = A is a controlled deformation of Ao = A (in the sense
of Definition 3.25) then there is a path Ay in Map(I, % R3, F%,) between the two, such
that for all s € [0, 1],
A is a framed deformation of A, and (3.107)
As(tx) = Ur v As(z) ;‘}V, (3.108)
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where U, v,U; w were defined in Section 3.2.5, and Definition 3.24 gave the notion of

a framed deformation.

In Section 3.6.2 we show that conditions (3.107) and (3.108) ensure that Coker A
is a framed caloron configuration for each s.
Proof: We first prove the existence of a path A; satisfying (3.107) and (3.108) that lies
in Map(I, x R3, F_,,) and then perturb it so that it lies in Map(Ie x R3, Fi ). Recall
that

A(z)w = [Di(z)ws, - .. , Dp(z)wns] @ [rw]
and
A(z)w = [D1(z)wy + Aywi, ... , Dn(z)wn + Apwn] @ [Tw] + B(z)w

for some A,, 7, and B(z) satisfying the conditions of Definition 3.25. Let 75 denote a

deformation of 7w to 7 given by deforming the vectors (4, and let
As(z)w = [Dy(z)wy + sAjwi, ... , Da(z)wn + sApwy] @ [fsw] + sB(z)w.

Then, for each s, A; is a controlled deformation of A, so condition (3.107) is met
(controlled implies framed) and Corollary 3.26 implies that A; lies in Map(Ze x R3, F_,)
for each s. Since A and A satisfy (3.108), if we make the deformation 7 strictly periodic
in zo, then A; satisfies condition (3.108) for all s.

Next we want to perturb this deformation so that it lies in Map(Ze x R®, F%,,). The
deformation corresponds to a five (real) dimensional surface ¥ lying in F_, which is
the image of a map [0,1] x I x R® — F_,. Note that F_, is not a smooth manifold,
but is stratified, with the strata corresponding to the dimension of the kernel. Let
U c F_, denote the subset of operators that are not injective. If the codimension of
U is sufficiently large, then the surface ¥ can be deformed into Fi,. To perturb &
into F*, we require one dimension orthogonal to ¥ and U at each point on ¥, i.e. we
require the codimension of U to be at least six (real) dimensions. The codimension of
U can be calculated in the following way. Fix a € U. Since « is not injective, it has
a non-trivial kernel which is finite dimensional, so suppose {wi,... ,wn} is a basis for
the kernel, where m > 1. Since ind @ = —n, coker a is m + n dimensional, so fix a
basis {v1,... ,Um+n} for the cokernel. Note that m +n > 3 because n > 2. The paths

a on (ker a)t,

ai(t)=wp— v, forp=1,...,m-1,
W, > TWmi—1
for i = 1,2,3 define a tangent plane to U at «, contained in F:,. The condition
m + n > 3 implies that the three paths are well defined. Hence the (real) codimension

of U is at least six, and so the deformation can be shifted into F*,.
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A problem might arise: we do not want to perturb A; when s = 0 or 1, because the
perturbed path would no longer join A to A. Similarly, the other components of 8%
might be affected. First consider what happens for large r. We want the path A to
consist of framed deformations of A, which is certainly true before we perturb ¥. For

sufficiently large r
As(z) = Az) + sA
where A is a multiplicative operator independent of z. Equation (3.31) implies that
1As(@)wllF2 > Cr?llwllZ:

for large r and some constant C, because A is uniformly bounded. Hence for sufficiently

large r
|As(z)wl| =0 = |lwllp2=0 = [wlz=0

so Ag(z) is injective for sufficiently large r. Thus, combining the three boundary
components, we only have to perturb As(z) on some compact subset of R3 to move
¥ into F,. Finally consider 8I. If we perturb A, into F*_ for zg € (—¢,¢) then
the periodicity rule (3.108) fixes the perturbation for zo € (2m/po — €,2m/po + €).
Thus we have some fixed perturbation of ¥ in some neighbourhood of the boundary of
[0,1] x I. x R3, and we want to extend this to a perturbation of the whole of ¥. The

Proposition follows from the Lemma below. a

Lemma 3.109. Suppose ¥ is the image of some map o : M = [0,1] x I X R3 —
F_, and A is a neighbourhood of the boundary of M. We know that while M is
5-dimensional, the complement of the space of non-injective Fredholm operators has
codimension 6. Then any deformation of 0(A) into F*, extends to a deformation of

into Ft,,.

Proof: Milnor {29, Theorem 1.35] proves an equivalent result for smooth manifolds

which extends to spaces of Fredholm operators readily. O

3.6.2 Recovering the boundary conditions

We have a deformation A of A together with bundles and connections
(E,A) = Coker A and (E,A) = Coker A.

Given that A extends to S2_ in the sense of Proposition 3.83, our aim is to prove that
A extends to S2, and is framed there, by comparing the two connections and showing

that A is asymptotically close to A. The precise statement is as follows:
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Proposition 3.110. The bundle and connection (E,A) is the interior restriction of
(E9, A7) where A7 is some U(n) quasi-periodic connection which satisfies the smoothness

conditions of Section 2.1.6 and which is framed by Aco, Poo-

Proof: The aim is to construct a unitary isomorphism F' and framed quasi-periodic
connection A? such that F : E — E9|; «gs and A = F*(A9|; «gs). We start by compar-
ing the projections P(z) and P(z) from V onto coker A(z) and coker A(z) respectively,

and show that
(P(z) = P(2))lz = O(x) (3.111)

as x — 0. It follows that for sufficiently small x, P is an isomorphism as a map from
]El{x<<1} to E. We can then compare A with the pull-back of A under P.

The proof of (3.111) is taken almost directly from [17, Section 2| and follows from es-
timates on the Green’s function G(z) = (A*(z)A(z)) ! A*(z) of A(z). Equations (3.30)
and (3.31) imply that

. c?
(A*(2)A(z)w, w)dual = F”w”p (3.112)

for all w € W and for sufficiently small x. (Throughout, C is a constant used in the
generic sense.) Since A(z)G(z) =1 — P(z) it follows that

CQ
lvliZ2 = IP(z)olZz 2 FllG(m)vlliz
for all v € V, so that

X *
IG@) ez < %, and I6%@)l2r < (3.113)

Strictly speaking, G is a map L3 — L2, so ||G||p2—r2 is the norm of the composition
of G with inclusion into LZ. Similarly, G*(z) is a map L%, — L, so ||G*(z)||f2— 12 is

the norm of the restriction of G*(z) to L3 — L? . Fixing an element ¥ of E, we have

(P(z) — P(z))0 = (1 — P(x))?
= G*(2)A* ()
= G*(z)A*D

where

A=A(z) - Az)

is a multiplicative operator that is independent of z for sufficiently small x. Since A
is uniformly bounded and smooth, A*? is L2, and together with estimate (3.113) this
proves equation (3.111).
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The next step is to compare A and A. Equation (3.111) implies that P is an
isomorphism as a map P : E — E for sufficiently small x. Let R C I. x R? be some
region x < e on which P is an isomorphism. Consider the pull-back of A|r under P:
the difference between the connections on IEI g is an endomorphism-valued 1-form o,

given by
a(s) = A(s) — PgTA(Ps)

where Py 1is the inverse of P as a map E — E, so that Py 1p — P. Expanding « using
A=P -dand A= P.d gives

a(s) = —PdPs

where s is a section of E. Using the identity PdPP = 0 and the fact that Ps = s, this

gives
o = P(dP — dP)P.

Our aim is to prove that « is 02’1 and that the dzg, dy1, dy2 components of a vanish
at the boundary—this will imply that A and A are framed in the same way on S%.

Now,
P — P = ApA* — ApA*
where p(z) = (A*(z)A(z))™! and similarly for p(z). Since A(z) = A(z) + A on R, we
have
P—P=(A+ A)p(A* + A*) — AjA*. (3.114)
Hence
P(dP — dP)P = P((dz + A)pA* + Ap(dz* + A*) + A(dp)A*)P. (3.115)

By making the region R sufficiently small, A is multiplicative and therefore smooth on
each interval. Thus p is only passed L? sections in equation (3.115), so we regard p as
being restricted to L? sections. A similar comment applies to the image of p, so p can
be regarded as a map from L? sections to L? sections rather than L2, — L2. As such,

equations (3.30) and (3.31) give
prar2(z) = x>+ O(°). (3.116)

It follows from (3.115) that the dzo, dy1, and dy, components of a are O(x), and
similarly any derivative of these components of the form 6;08;1 8;;2 is O(x). Hence the

dxg, dy;, and dy, components of o are C’f(’ and vanish on the boundary.
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Next consider the dx component of a: using equation (3.116), it is given by

P((@x% + A)pA*dx + Ap(*x 7% + A%)dx + A(9yp) A*dx) P
= P(2A*dx + Ai*dx)P + O(x)

where & = yz is the unit vector in direction z. In the basis w1, ... ,w, of E, a is given

by the matrix
(aw;,w;), 4,j=1,...,n.
So, up to O(x), the dx component is given by
(EA* + AZ*)T;, T;). (3.117)

In the limit ¥ — O the 7; become ‘square roots of é-functions’: integral estimates like

those in Section 3.4.1 show that

x—0

0 ifi#j
{(A(up)ep,ep) ifi=j=p
for any multiplicative operator A that is independent of x, where {e,} is the gauge
on E, fixed in Proposition 3.83. Hence the limit of (3.117) exists as x — 0 which
shows that the dx component of « is continuous up to the boundary. In fact it shows
the dx component is diagonal on the boundary and independent of zg—so the dyx
component satisfies the conditions given in Section 2.1.6. Similarly, by considering
derivatives in zg, y1, and y2, it can be shown that the dx component of « is Cg up to
the boundary. The same method shows that the dzo, dyi, and dy, components of «
are C;: differentiating (3.115) with respect to x, the coefficients of the dzo, dy1, and

dyo components are of the form
multiplicative operator + O(x)

and so extend to the boundary. Thus « is Cg’l.
Let F be the isomorphism F : E — E9| 1.xR® Whose existence was proved in Propo-
sition 3.83. Let F' = FPHE 1 so that F is an isomorphism E — E? defined on R. We

have shown that
A = F*(AR) (3.119)

where A7 is a C’%l connection on E? framed by Ao, Poo- The isomorphism F' can be
extended to the interior of R?® so that (3.119) holds everywhere on I. x R3. (Given
A, this determines A? on the interior.) To complete the proof of the Proposition, it
remains to be shown that A? is quasi-periodic, and that F' can be replaced with some

unitary isomorphism.
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Define
c(s) = F(zo = s + 27/ o) U, F~Hzo = s).
Equation (3.37) implies that
AY(s + 21/ o) = (¢ (5))*A%(s) = cA¥(s)c™! — dec™! (3.120)

on I, x R3. We want to show that ¢ — 1 as x — 0 and that c is C;. In the gauge

FPw,...,FPw, on E|R, cis given by the matrix

(F(s + 21/ po)Ur Pi(s), F(s + 21/ po) Pw;(s + 21/ po)) 2 =
(Pg U, Pw;(s), w;(s + 2m/pmo)) 2 (3.121)

because F = F Py 1 and F is unitary. Now (3.111) implies that the RHS is given by

(Urdi, ;) + O(x) = (Uri, 05) + O(x)

where ¥; is the approximate solution associated to the solution w; of A(z). Hence

¢ — 1 as x — 0. Equation (3.120) implies that
lim dc = lim {cA9(s) — AY(s + 2m/po)c}
x—0 x—0

and since A is Cy'! it follows that c is C..
The final step is to replace F' with a unitary isomorphism and show that this does
not affect the framing or clutching adversely. As in Section 3.4.3 we replace P with the

unitary approximation Py defined by
Py = (PP*)_1/2P1

and compare A with the pull-back of A under Py. A calculation similar to the com-

parison above shows that the difference of the two connections is given by

oy = A — Pj(A)
= P(dP — P;'dPy)P.

We can calculate Py quite explicitly as follows. Equation (3.114) implies that
(P(z) — P(2))|g = (A(z) + A)pA* = A(z)pA* + O(x?).
Hence
P(z)lg =1- A(z)pA" + O(x")
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where A(z)pA* = O(x), and
PP*(z) =1 — (A(z)pA* + ApA*(z)) + O(x?).
We can use a power series expansion for (PP*)‘l/ 2.
(PP Y2(z) =1+ %(A(:I:)pA* + ApA*(z)) + O(x?).
Hence
Py(e) = (1+ 3 (A@)pA" + 4pA"(2)) P(@) + O)
and we have
Py(z) =1+0(x), Py(z)=1+O0(x). (3.122)
We can then calculate ay:
P;'dPy = dP + %d(A(m)pA* + ApA*(@))P + O(x)
SO
P(P;'dPy)P = PdPP + -;-Pd(A(r)pA* + ApA*(z))PP + O(x).
The second term in this equation simplifies:
Pd(A(z)pA* + ApA*(z))PP = Pd(A(z)pA* + ApA*(z))P + O(x)
= P(dzpA* + Apdz*)P + O(x)
= P(dzx?A* + Ax*dz*)P + O(x).
This implies that
oy =o— %P(dmfA* + Ax2dz*)P + O(x)
and so

a — ay = (bounded multiplicative operator)dx + O(x).

It is then easy to apply the arguments used to prove that « is 0,2’1 to ay, and conclude
that oy is also Cg’l. This shows that A is a Cg’l connection. Moreover, it also follows
that the dy component of ay is diagonal and independent of zo on the boundary, so
A, satisfies the conditions defined in Section 2.1.6.

The final check is to ensure that the clutching behaviour of A? has not been dis-
turbed by the change to a unitary isomorphism. The equation for the matrix of c,

equation (3.121), becomes
(PEIUTPUQI)Z', PU’II)j) = (U-,-ﬂ)i, 1Dj> + O(X)
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because of equation (3.122). But the RHS is 6;; + O(x) so ¢ — 1 as r — o0, and c is
still Cy. O

It seems that the Proposition could be extended quite readily to show that A is the
interior restriction of a framed quasi-periodic connection A? that is smooth up to the
boundary, rather than 02'1. First we should indicate why this seems difficult initially.

The difficulty comes when one considers x derivatives of
(aw;,w;) = (ab;, D) + smooth exponentially small term. (3.123)

To prove smoothness, all the x derivatives of (3.123) must extend continuously to x = 0.
However, the x derivative of ¥, includes terms like 1/x, and it is unclear how to make
these terms cancel to obtain the desired smoothness result. However, the method used
in the Proposition to show that the dxy component of « is Cg could be used to obtain
smoothness in the following way. The proof of the Proposition included the calculation
of the first few terms in the x power series expansion of a: the proof relied on the fact
that the leading coefficients for dzo, dy1, dys vanished, and that the leading coefficient in
dx was multiplicative. Equation (3.118) showed how this multiplicative term extended
to the boundary—a more general operator would not have a limit like (3.118). However,
all the coefficients in the power series expansion of o will be ‘differential operators
of negative degree’, so should have limits like (3.118). Some careful analysis of the
smoothing properties of the Green’s function p could therefore lead to the stronger
result.

We can use the Proposition to prove Lemma 3.11 for Nahm data in NMOH(E ). (Re-
call that we have not yet proved Lemma 3.11 for monopole Nahm data that does not
satisfy Nahm’s equation and that might be continuous accross zero jumps.) Suppose
that A is the Nahm operator associated to an element of NMon(E, f). Then Propo-
sition 3.110 implies that Coker A is the interior restriction of a U(n) quasi-periodic
connection framed by Ag, Poo. However, Coker A is translation invariant, and so must

have kg = 0. Applying (2.32) therefore gives
1
/ chy Coker A = ——(u1k1 + -+ + pnkn).
[0,27/110) x R3 Ho

and we have proved Lemma 3.11.

Next we apply the Proposition to our deformation A,:

Corollary 3.124. Consider the path A defined by Proposition 3.106, and fiz some
s € [0,1). The proof of Proposition 3.110 goes through if we replace (E,A) by Coker A
since it only relies on properties (3.107) and (3.108). Hence for each s there ezists a
quasi-periodic connection Al on Y which is framed by Ao, Poo and which is Cg’l, such

that Coker Ay is the interior restriction of (E9,Al).
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Recall that A was constructed from a set of Nahm data with boundary data
(ko, k, o, fi). Since A is framed by A, oo for each s, it must have boundary data
(K(s), k, po, i) where K(s) € Z for each s, and so equation (2.32) gives

1
/ chao(Coker Ag) = —K(s) — —(n1k1 + - - - + pinkn). (3.125)
0,27/ o] x R? 1o

But the LHS of this equation is continuous in s, and since ppo, fi, k are constant, K is
constant. From Section 3.5 we know K (s = 1) = kg, so K(s = 0) = ko, and we have

proved the following:

Theorem (Nahm data — caloron, U(n) version). Suppose (ko, k, o, iZ) is a set of
principal U(n) caloron boundary data. Given an element of N (ko,l_c", Ho, £) let A(z) :
W — V be the corresponding Nahm operator. Then, up to gauge transformation,
Coker A is the interior restriction of a U(n) framed quasi-periodic connection A7 on
E? with boundary data (ko,E, po, i), i.e. an element of C(ko,E, o, i&). This construc-
tion takes elements of N *(ko,E, Ho, ) to anti-self-dual connections i.e. elements of
C*(ko,E, 1o, ). Moreover, using the rotation maps pn and pc, the construction ez-

tends to non-principal boundary data as explained in Section 3.2.6.

3.6.3 Volume forms

A periodic volume form on E, parallel with respect to A, corresponds to a volume form

v on E9, parallel with respect to A7, and clutching according to the rule

v(wi(zo = s + 27/ o), - - - ,wn(To = s + 27/ o)) =

v(c(s)wi(zo = 8),... ,c(s)wn(zo = 8)).

where A? and ¢ are defined by Proposition 3.110. Our aim is to prove that such a
volume form exists when the boundary data (ko,k, po, ) is SU(n) and the caloron
configuration Coker A is anti-self-dual.

Let Faq denote the curvature of A?; a parallel volume form exists on E9 if tr Fpq = 0.
If A7 is anti-self-dual, then tr Fjq is the curvature of an anti-self-dual finite action
abelian field on I, x R3, and so vanishes. Hence E? can indeed be equipped with a
parallel volume form v. Since v is parallel and A7 is compatible with the clutching map

c, it follows that there exists a constant A with |A\| = 1 such that
v(c(s)wi(zo = s),... ,c(s)wn(zo = 8)) = Aw(wi(zo = 5),... ,wn(zo =5)) (3.126)

for any sections wy, ... ,w, of E4. We want to show that A = 1, so that v corresponds
to a periodic object on E. Since A is independent of z and all the objects are continuous

up to the boundary, we can evaluate A by working on S2..
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Suppose that the sections wy, ... ,wp are parallel in the zo direction i.e. satisfy

Loao (VA (ws)) =0

for each j. Then

v(wi(zo = s+ 27/10), - - - , wn(zo = s+ 21/ o)) = v(wi(2o = 5), ... , Wa(To = 8)).

(3.127)
It is easy to construct parallel solutions on S2.: in the gauge ey,... e, on 52, the
dzo component of A7 is AL, = diag(iuy,... ,iun). Hence w; = (exp —izop;)e; defines

a linearly independent set of sections that are parallel in the zg direction. Substituting

these sections into equation (3.127) gives

V(zo=0)(€1; - - - +€n) = V(zo=2m/uo) ((€XP =2Tip1 /po)er, - . . , (eXp —2mipn/po)en)

= ( H exp _27riup//'l‘0)y(zo=27r/,uo)(el, BRI en)
1

= V(go=2n/po) (€15 - -+ r€n), (3.128)

since Y 7 pp = 0. However, the clutching map c is the identity on the boundary, so

equation (3.126) becomes

V(Io=27l'/,uo) (61, N ,en) = )\I/(IO:O) (61, ey en). (3129)

Together, equations (3.128) and (3.129) imply that A = 1, and so we have shown that

the volume form corresponds to a periodic object on E. Hence we have established:

Theorem (Nahm data — caloron, SU(n) version). Suppose (ko, k, po, fi) is a set
of SU(n) caloron boundary data. Given an element of N*(ko, k, po, i) let Az) : W —
V be the corresponding Nahm operator. Then Coker A is the interior restriction of an

SU(n) framed quasi-periodic connection A? on E? corresponding to some element of
C*(ko, E’ Ho, ﬁ)
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Chapter 4

From Calorons to Nahm Data

We present the Nahm transform from calorons to Nahm data: our aim is to prove
that the Nahm transform is a well-defined map from C*(ko, k, 1o, f£) to N* (ko, k, po, ff)-
Throughout this Chapter we work with a fixed SU(n) anti-self-dual caloron configura-
tion, i.e. a bundle and connection (E, A) in C*(ko, k, 1o, i), framed by the pair A, Poo-

4.1 Generalizing the 4-torus Nahm transform

Many of the more formal aspects of the Nahm transform carry over directly from the 4-
torus case described in 1.1.5 to the caloron case. We cover these in this Section, delaying
the real difficulties—the calculation of the index of the Dirac operators involved, and

recovering the behaviour of the Nahm data at singularities—till later.

4.1.1 Defining the transform

Given the caloron (E, A), recall the definitions (1.12) and (1.13) of the Dirac operators

+ 1
Dj; on S21r,fyo

to its Nahm data involves the kernel of a family of Dirac operators parameterized by

x R3. Following the ideas of Section 1.1.5, the transform from the caloron

the dual torus S}LO. For each £ € R, let Di& denote the Dirac operators coupled to E

via the connection

A — i€ dxg,
so that
+ _pt_;
DA,g =Dy — i€
and
Dye= Dy + €.
Note that, since v; = —v; for § = 1,2,3, the two Dirac operators can be written as
Dy, =+(Vo—if) + Da (4.1)
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where D4 is defined by
3
Da=Y vV; (4.2)
j=1

and Vg, V1, Vs, V3 are the components of A in the frame (0, 0:1,02,03). We use the
same symbols DX E,DXE etc. to denote the extension of these operators to Sobolev

spaces of sections:

Df, : W' (S}, ), x R*, S* @E) » WO(S5,,, x R*, 57 ®F)

7/ po

where W is the space of sections with | derivatives in L2

Definition 4.3. The set of singular values, &g, for D;{;g is defined by
&sing={pj + Npo:5=1,... ,nand N € Z}.
Lemma 4.4. When A is anti-self-dual, ng is injective provided & & Esing-
Proof: Applying the Weitzenbéck formula 1.14, we obtain
3
Dy Df = —(Vo —i€)° Z (4.5)
Then
3
1D} esllze = (Vo — €)slF2 + D 1Visliia,

j=1

and so D;{Es = 0 implies that ||V;s||f2 = 0 for j = 1,2,3 and ||(Vo —i{)s||z2 = 0. By
definition, (E, A) is framed on X and we can extend the framing to a neighbourhood

U of 8X, to give an identification of E|y with p*E. In this identification we can write
Va— ’Lfdfl)o =Va+ dfro(azo + & — 25) (46)

where ®(z) € End(E) for each z, and ® — P, as 7 — co. When & ¢ &ing there
exists a compact subset of R? outside which ® — ¢ has distinct eigenvalues, none of
which equals an integer multiple of ip9. Thus, on the complement of this compact set,
(8z, + ® ~ i€) has no non-trivial periodic solutions, and so any solution to D;{,ES =0
must have compact support. However, any solution s must also satisfy Vg s = 0. This
is a first order ODE, so if s has compact support, it must be identically zero. It follows

that, provided £ ¢ &sing, Dy ¢ is injective. 0

Proposition. DK& is Fredholm iff € & Esing-
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We prove this result in Section 4.2.

From these two results it follows that coker D;{’g = ker D, . is finite dimensional
and has rank independent of ¢ on each of the component intervals of R \ &g, As €
varies, the vector spaces coker DI,E define a vector bundle on each interval in R\ &ing.
Let ID vy C R \ &sing be the interval (pp41 + Npo, pp + Nupg) forp=1,... ,n—1 and
N € Z, and let I} y = (u1 + (N — D)po, tn + Npo). Let X, n denote the bundle
coker Dl'{, ¢ over the interval I;, ~- The bundles inherit an hermitian inner product from
WO9(S— ® E). We define a connection and three endomorphisms on each bundle in the

following way. Let
Vons = P(8s) (4.7)
and
T? s = P(iz;s) for j = 1,2,3 (4.8)

where s is a section of X, v and P is the projection P : W°(S~®E) — W°(S~®E) onto
coker D"{’g. Here z; denotes the j-th coordinate function of R3. Note that if s is L2 then
x;s is not necessarily L? so these endomorphisms may not be well-defined. However, in
Section 4.2.3 we prove that sections in coker D;{,g are necessarily exponentially decaying,
so this problem does not arise, and the endomorphisms T;’ n are in fact well-defined.
The connection and endomorphisms are skew-hermitian by definition. In Section 4.1.2
we check that they satisfy Nahm’s equation on the intervals I;’ ~» and we check that

the transform gives periodic Nahm data in Section 4.1.3.

4.1.2 Nahm'’s equation

We want to show that the connection V, ny and endomorphisms Tg, y satisfy Nah-
m’s equation on the interval I;, n for each p, N. This is an adaptation of Proposi-
tion 1.22, and relies on the fact that D&,gD;{,g commutes with the Clifford matrices vq,
a =0,1,2,3. For the present we assume that sections in coker DX,E are exponentially
decaying so that the endomorphisms T;’ n are well-defined.

For brevity we fix the notation D = DK,{ and D* = Dg’g in this Section. Note that

if s is a section of X,y (i.e. if D*s = 0) then
D*(z;s) = —’y;s.
Since
P=1-D(D*D)"'D*
it follows that
(Pz;P)s := P(z;P(s)) = [z; + D(D*D)™1+}]Ps.
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Taking the adjoint of this expression gives
(Pz;P)s = Plz; + ~v;(D* D)1 D*]s.
Using these formulae and definition (4.8), we can calculate the commutator [Tg, N T}f’ NI
([T7 . TEN) = P(PzyP)(Px; P)P — P(Px;P)(PzyP)P

P[(zx + w(D*D)"'D*)(z; + D(D*D)~'~})

— (zj +7(D* D)™ D*)(=x + D(D*D)"'4})] P
P[y(D*D)™*D*z; + 2 D(D*D) 'y} + w(D*D) ™'}

— %(D*D)™* D", — 2;D(D" D)+ - 7;(D*D) '] P
P[ - w(D*D) 'y — w(D*D) '} + v(D*D) vy

+7(D* D)™ 9k +%(D*D) "' = %(D*D) '] P
= P[y;(D*D)™ '}, — w(D*D) ;] P.

From (4.5), D*D commutes with ~; for j = 1,2,3, and since ;v — %Y} = 22_ €ijk i

we have

]. y A * — ~
5 > eiklT2 n, Tyn) = 2P [%(D*D)~'] P. (4.9)
1,k

Next, consider the left-hand side of Nahm’s equation:
VpNT: y = iP(0¢ P)z; P + iPz;(8cP)P. (4.10)
Now
Po.P = —Po;[D(D*D)"'D*]
= —P(8:D)(D*D)~'D*
since PD = 0. But O¢D = —i s0
Py:P =iP(D*D)"'D*
and
(8;P)P = —~iD(D*D)~'P
Substituting this back into (4.10) gives
VpNTiy = Pe;D(D*D)™ P — P(D*D)™' D*z; P
= P(D*D)"'y}P - Py(D*D)"'P
= —2P~(D*D)'P.
Comparing this with equation (4.9), we have Nahm’s equation:

i 1 j
VNI N+ 5 > €iklTS y, Tin) = 0.
ik
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4.1.3 Periodicity

We have seen how to construct the Nahm data over the intervals I) 5 C R. In this
Section, we explain how to identify the fibre coker DI’E with coker DX’E +po> 5O that
the Nahm data is defined on S}LO = R/uoZ. This is entirely analogous to Section 3.2.5,
where we showed that Coker A is periodic for a given Nahm operator A.

Define the translation
TiE— &+ po

and let

~

U; = expipozo.

(Compare this with equation (3.36).) Then U is a unitary periodic bundle isomorphism
of E, and

+ _71.pt -t
Df ;¢ = U:Df U

Note that just as in Section 3.2.5 there is some choice for the map U;: it can be replaced

with any map of the form expiuo(zo + a). It follows that
coker Djf .. = U coker Dy,
for £ € R\ &sing, and
Pre = U: P U

where P; : WO(S~ ® E) — W?(S~ ®E) is the projection onto coker Dy , for each .
Substituting this back into definitions (4.7) and (4.8) gives

V(€ + po) = U V(&)U
and
TI(€ + po) = T (&)U j=1,2,3

where we have dropped the subscript p, N on the Nahm data. Thus U; defines an action
of Z on the collection of bundles X, v, and the connection and endomorphisms defined
by (4.7) and (4.8) are compatible with this action. Quotienting by the action, the data

reduces to a collection of hermitian bundles X, defined on the intervals I; c Sl . where

Ho?
ID = (pups1, pp) + poZ for p=1,...,n = 1, and I2 = (u1 — po, in) + poZ. Since the
connection and endomorphisms are compatible with this action, under the quotient

they map to a connection V, and endomorphisms Tg, j =1,2,3, on each bundle X,.
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4.1.4 Further remarks on the rotation map

In analogy with Section 3.2.6, we want the following diagram to commute:

c(B) —m ., A/(B)

transform

pcl lpw
Nahm

C(pgB) ———— N(paB)
transform

where p¢ and pp were defined in Section 2.2, and py is defined by rotating the Nahm
data by po/n as in equation (3.38). Given our caloron (E, A), traversing the diagram
round the top right (i.e. performing the Nahm transform followed by a rotation) is

equivalent to performing the Nahm transform with the Dirac operator

+ _ pt
DB:& - DA»(E_I"'O/”’)

rather than the Dirac operator D;{,&’ where B = A + i(#O/n)dIO- By ‘equivalent’ we
mean the two sets of Nahm data are isomorphic over S}LO with a fixed origin. In the
quasi-periodic picture suppose that A9, B9 are framed quasi-periodic connections on i

corresponding to A and B. Then
BY = g(A%)
where g(s) = exp —i(pos/n). If A7 has clutching function ¢, then so does B? since
BY(s + 2/uo) = we(AI(s)) = we(B(s)),

and w = g(27/uo) = exp —2mi/n acts trivially as a gauge transformation. (Recall that
clutching functions must be the identity at spatial infinity.)

Conversely, traversing around the bottom left of the diagram is just the Nahm
transform on pc(A). The quasi-periodic pull-back of pc(A) is p(A?) where p is the
bundle automorphism of E? defined in Section 2.2. We know that © := gplis a
bundle automorphism of E? taking p(A7) to B. If © descends to give a strictly periodic
isomorphism identifying pc(A) with B then the diagram commutes. A section ¢ of il
descends to a periodic section under the quotient by a clutching function c, if and only

if it satisfies

P(s + 27/ o) = cib(s)-

Now, p(A?) has clutching function c, given by (2.34), so consider a section of E? satis-

fying

(s + 2m/po) = esb(s).
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Then under the action of © we have

OY(s + 2 /o) = gls + 2m/po)p™ " (s + 27/ 110)c,(s)%(s)
= wg(s)p™ (s + 21/ po)w ™ p(s + 21/ po)c(s)p ™ (s)¥(s)
= cOY(s)
where c is the clutching function of B, and so © descends to a periodic section under

the quotient by ¢. Thus © descends to a strictly periodic bundle isomorphism taking

pc(A) to B and we have shown that the diagram commutes.

4.2 The Fredholm condition

We need to prove the Fredholm condition stated in Section 4.1.1:
Proposition 4.11. Dx,g is Fredholm iff € & &sing-

This ensures that the bundles X, y are well-defined. We also need to calculate the
rank of these bundles. Since D;{,E is injective, the rank of X, v is given by minus the
index of Dx,g for any £ € I y, and so the problem is equivalent to finding the index of
D;{,E, which we calculate in Section 4.3. The proof of the Fredholm condition and the
index calculation have been published jointly with my supervisor in [36]—the material
in this Section and Section 4.3 is taken more-or-less directly from that paper.

We give two proofs of Proposition 4.11: the first uses Anghel’s criterion [2}, while
the second uses the machinery of pseudo-differential operators (?DO’s) on manifolds
with fibred boundary [27]. Using this machinery in Section 4.2.3 we prove that solutions

in coker D;{é are exponentially decaying in r, so that (4.8) makes sense.

4.2.1 Proof of the Fredholm condition using Anghel’s criterion

Theorem 2.1 of [2] gives conditions for Dy ¢ := D;{,g ® Dy . to be Fredholm: Dy is
Fredholm if and only if there is a compact set K C X° and a constant C > 0 such that

IDag¥liz2 > Cllwllzs, when % € W(S ®E) and Supp(y) € X°\ K.
Note that Dy ¢ is Fredholm if and only if ng is Fredholm. Now for ¢ € W2(S ® E),
IDag¥llLz = (Df ¢Di ¢) ® (Dy ¢ Df )%, ) 12,
since D . is the adjoint of Dl;'\"5 and vice versa. Using (4.1), we have
Dy Df . = —(Vo —i€)* + [Da, Vo] + D5.

The third term here is clearly positive because D4 is self-adjoint, and the boundary

conditions allow us to estimate the other two as follows.
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The first term. As in the proof of Lemma 4.4, extend the framing f to a neighbour-
hood of 8X. In this identification we can define A, ® using (4.6). As the boundary X
is approached the eigenvalues of ® converge to the eigenvalues of ®«,. Using spherical
polar coordinates on R3, let i\;(r,y1,y2, Zo) be the eigenvalues of ®, and iu; be the
eigenvalues of oo (j = 1,...,7n) such that A\; — p; as r — co. Let A(r,y1,y2,20) be
the smallest element in {|A\; + Nuo — €| : 7 =1,...,n; N € Z} and p be the smallest
element of the set {|u; + Nuo — €| : j = 1,...,n; N € Z}. The condition § ¢ &ing
implies that = > 0, so there exists a compact set K; C X° such that A > /2 on
X°\ K;.

Suppose ¢ € W2(ST @ E) and Supp ¢ C X°\ K;. Using the isomorphism S* =

p*S(3), ¥ can be written as a Fourier series

%= exp(iNpozo)dn

N

where ¢n is a section of Sz ® E. Let

™M) = exp(iN pozo)$n-
Then

(Vo — €)™ = (iNpo + & — i€)yp™
SO
(—~(Vo - 2™, ™) > 22 M, on X°\ Ky

as a pointwise estimate. (Since ¥(V) € W2(S+ ® E), V) is actually continuous so
both sides of the inequality exist.) Since the inequality is independent of N it holds for

general ¢ and we obtain
. 1
Supp(¥) C X°\ K1 = (=(Vo —i€)*%, %) 12 2 71 I1¥lI7a- (412)

The second term. We have
[Da, Vol = _ [V, Vol = D 1{e(8;)(Va® — 0:04)}
J J

where +(6) denotes the interior product with a tangent vector 8, D4 is defined by (4.2),
and A is defined by (4.6). But, using (2.28), |V4® — 0;,A|| — 0 as 7 — oo, so there

exists a compact set Ko C X° such that

Supp(¥) € X°\ Kz = [{[Da, Vo, ) o] < gl (4.13)

Now let K be a compact set containing K; and K3. Combining (4.12) and (4.13)

we obtain
- 1
Supp(y) C X°\ K = (Dy D} %) 12 > g |[¢llz-
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A similar bound is obtained for DK,EDX@’ and so we obtain the following bound for
DAyfi

1
% € W*(S ®E), Supp(y) C X°\ K = ||Dactllz2 2 %ullﬁbllm-

By density, the inequality in fact holds for ¥ € W1(S ® E). This completes the verifi-
cation of Anghel’s criterion and gives a proof of the ‘if’ part of the Proposition. When
& € &sing it is possible to use Anghel’s criterion and some analysis similar to that above
to prove that DI’E is not Fredholm, but we choose to omit this. In fact the converse

statement follows much more easily if we use ¥DO'’s, as we will see below. o

4.2.2 Pseudo-differential operators on manifolds
with fibred boundaries

Mazzeo and Melrose [27] study pseudo-differential operators (¥DO’s) on manifolds
with fibred boundaries. These operators are particularly suitable for problems like our
Fredholm condition and index theorem: [27, Proposition 9] contains a necessary and
sufficient condition for a ¥DO on a manifold with boundary to be Fredholm, which we
apply to our operator D;{,E. I am indebted to my supervisor for explaining ¥YDQO'’s on
manifolds with boundary to me; the proof of the Fredholm condition using ¥DO’s is
due to him.

The general situation considered in [27] is a fibration of the boundary 60X of X:
U—oXx Y
where U is the fibre, and p is projection onto the base Y. In our example,

OX =S}/, X 5%, U=15; and Y = S,

/1o

so the fibration is trivial. Mazzeo and Melrose assume X has a boundary defining
function x i.e. a function x € C*°(X) such that x > 0, 8X = {x =0}, and dx # 0 on
0X. They consider differential operators of the form

P(x,y,u; X*Ox, X0, ), (4.14)

near X, where P is smooth in the first three variables and polynomial in the last three
variables. Here y and u are coordinates on Y and U respectively. These operators form
the algebra of ®-differential operators. (Note that this ® has nothing to do with the
dzg component of A, but stands for ‘fibred cusp’ in (27].) In [27, Proposition 9] it is
shown that such an operator is Fredholm in L? if and only if it is fully elliptic in the
following sense. First, {(4.14) must be elliptic in the usual sense over X°. This will
always be the case for Dirac operators. Secondly, the associated indicial family must

be invertible on every fibre p~1(y) C 8X. Given such a fibre, the indicial family on
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p~1(y) is defined by picking a real number ¢ and a real cotangent vector € TjY, and
defining

I@(P)(y,n,() = P(O)y"uG 'iC,i?%au)

as a differential operator on p~!(y). To say that the indicial family is invertible is to
say that Ig(P)(y¢) is invertible (in any reasonable space of sections over p~1(y)), for
each choice of (y,n,() as above.

For our example, we work with the boundary-adapted coordinates x, y1, 2, Zo and

denote the components of Vj in these coordinates by
Vy =0y + Ay, Vy, = 0y, + Ay;, Vg = 02y + Az
Relative to a suitable choice of basis for the spin-bundles, we have then
Dx,g = Vzo + 11XV + 72X Ve, + 3x2V, — i€. (4.15)

Strictly speaking, we are making a choice of normal coordinates here; otherwise there
will be additional zero-order terms coming from connection coefficients. Hence DI,& is
a ®-differential operator as defined by [27]. Following the recipe for the indicial family

for D;‘;E’ we obtain

Is(P)yne) = (Vazo — ) + i(my1 + m272 + ¢73)

where 71,77 are real numbers. This operator in C'°°(S%7r / #o,p*S(g) ® Foo) is a sum of
two terms B + A, where A = i(n1y1 + m272 + (73) is self-adjoint, B = V, — i is skew-
adjoint and [A4, B] = 0. It follows by considering (A + B)*(A + B) that (A+ B)u =0
if and only if Au = 0 and Bu = 0. Now B has a non-trivial null-space only if § € &sing-
Hence under the assumption of the Proposition, A + B is injective. Similarly the
adjoint (A + B)* = A — B is injective, so that £ ¢ &ing implies that the indicial family
is invertible, and so Dj{’€ is Fredholm in L2. Conversely, if £ € &sing, then B is not
invertible, and nor is B + A when 7; = 0 = (. So in this case DX’g is not fully elliptic
and hence cannot be Fredholm in L2. This completes the proof of Proposition 4.11
using material from [27].

The result that a ¥YDO P is Fredholm if and only if fully elliptic holds in a very
strong sense. If P has degree m then P makes sense as an operator between Sobolev
spaces of degree [ and [ —m for all [ € Z. Mazzeo and Melrose prove that if P is fully
elliptic it is Fredholm between any such spaces, and the index is independent of this
choice. In fact, they show that if P is fully elliptic, if Py = 0, and if for some real m,
x™ € L*(X), then ¢ € C*®(X) and ¢ vanishes to all orders in x at dX. There is a
similar statement for the cokernel. In particular, it follows that DX,E is Fredholm as an

operator

Df: W(S3, /0 X R3, ST QE) — WO(S3, ), X R3 S~ QE)

/1o
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(i.e. restricted to X°) if and only if it is Fredholm as a YDO on X. These strong decay

conditions also imply the following:

Lemma 4.16. Let A, B be two caloron configurations on (E, f), framed by (Aco, Poo)-
Then DK is Fredholm if and only if DI; is Fredholm. When the two operators are

Fredholm their L2?-indices coincide.

Proof: That DI is Fredholm if and only if Dg is Fredholm follows directly from
Proposition 4.11. It remains to prove that the operators have the same L?-index.
Consider the linear deformation of A into B. This clearly gives rise to a norm-continuous

path of Dirac operators between Sobolev spaces
WYX, E® S*,du) - WO X,E® S™,du) (4.17)

where dy is the volume form du = hihadzodyidys in terms of the usual boundary-
adapted coordinates. However, X is equipped with the volume form dzodridzodry =
x~4dp near x = 0, so it does not necessarily follow that the deformation is norm-

continuous between
WHX,E® St,x %dp) —» WX, E® S™,x *du). (4.18)

However, the decay properties stated above imply that D;{ is Fredholm as an operator
between spaces (4.17) if and only if it is Fredholm as an operator between spaces (4.18),
and the index is the same. Thus the deformation from A to B preserves the L2-index.
O

We can prove the Lemma without using [27, Proposition 9] in fact. Let A(s) =
(1 — s)A + sB be the linear path joining A and B. Then

1D,y = Doyl < 91— 5ol [lAze — Buollze + Ix(Ayy — Byy)llzz +
(s = Byo)llza + I (Ay = By)le]
using an expansion like (4.15) and working in some fixed gauge. It follows that the
path of operators D;{(s) is continuous provided [|[Az, — Bz, |2, [[X(Ay;, — By,)llz2, and
lIx2(Ay —By)|lL2 are bounded. Since the volume form near the boundary is x~*dp, this
follows provided we have pointwise estimates [Az, —Bag |, [X(Ay;, =By, X2 (Ax—By)| =
O(x?) as x — 0. However, this is true because A and B are framed in the same way

(using the smoothness assumptions of Section 2.1.6).

4.2.3 Decay properties of zero modes

We want to show that the solutions to D) E’(,D = 0 are exponentially decaying as r — 0o

so that the Nahm matrices Tg j =1,2,3 are well-defined by (4.8). Define wy by

exp —Ar whenr > 1
wa(r) =3 0 = (4.19)
some smooth non-zero continuation on r < 1.
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Lemma 4.20. Fiz some & ¢ Eing, and define
M = min{|p; + Nuo— &5 =1,... ,n and N € Z} = distance (&, &sing)-
If+ € L?-ker DATE then w)flg/) is L? for all A € R such that 0 < A < M.

This Lemma is certainly sufficient to deduce that the Nahm matrices are well-

defined. To prove the Lemma we introduce the ‘weighted’ operators
LZ,\ = w)\DX,wal, and
- I
It follows that

€ L*ker Ly, = wyy€L’ker Dy, (4.21)

provided A > 0. Next we prove that the weighted operators are Fredholm provided
|)\| < M{Z
Lemma 4.22. LZ)‘ is Fredholm iff || < M.

Proof: Using the ideas in Section 4.2.2 we prove that the indicial family is invertible
iff |\| < M, which is sufficient for the claim. Take P to be the ®-differential operator
Lg’ 5. Constructing the indicial family I (P) as described in Section 4.2.2 gives

Is(P) = (Vo — &) + imy1 +in2y2 +9Cy3 + A3

as an operator on C""’(S’%7r /#O,p*S(;;) ® E), in some suitable choice of basis for the
spin-bundles. We can perform a Fourier decomposition in xo: I¢(P) maps each Fourier

mode to itself, and on the N’th mode is given by

Io(P)N = ®oo + iNpo — i€ +imy1 + im2y2 +1Cy3 + A7s.

Moreover, Is(P) is invertible if and only if Is(P)y is invertible for all N € Z. Working
on the eigenspace of ®, with eigenvalue iu; for some j € {1,... ,n}, Is(P)n is given
by

ip; + iNpo — i€ +imy1 + ineye +1Cy3 + Ay =
ipg +iNpo —i§ —m —img — ¢+ 1A
iy — ¢ +iX i +iNpo —€+m)

This matrix has determinant
[ + Npo — €) — m][i(us + Nuo — €) + m] — (@A = ¢) — im][(iA = {) + imo] =
~ (i + Npo— )2 —nf —m3 + N+ 200 — (% (4.23)
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Hence LZA is Fredholm if and only if (4.23) is non-zero forall j = 1,... ,n, N € Z, and

for all n1,m2,¢. However, the real part of the terms (4.23) is strictly negative whenever

X? < (5 + Npo — €)°

for all j and N, i.e. whenever |A| < Mg. Conversely, when |A] > M there exist 71,72,¢
that make the determinant (4.23) vanish for some values of j and N. Hence Ig(P) is

invertible if and only if |A\| < Mg, completing the proof of the Lemma. ]

Fixing some A with 0 < A < M and £ € &ing, LZ , is Fredholm and has the same
index as Dj ., since {L}, : 0 < s <1} is a continuous path of Fredholm operators. It
follows that dim L2-ker L, 2 dim L2-ker Dye Combining this with (4.21) completes
the proof of Lemma 4.20.

4.3 The index theorem

We want to prove the following:

Theorem 4.24. Suppose (E,A) is a U(n) caloron configuration framed by Aco, Poo. If
D+ is Fredholm then the L2-indez is given by

ind D = —c2(E, f)[X] — ch(E(N) )[SZ, (4.25)
where for each N € Z, E(N) is the sub-bundle of Es on which Npug — i®s is positive
definite.

The Theorem implies the following:

Corollary 4.26. Suppose (E,A) is a framed U(n) caloron configuration with boundary
data (ko, k,po, ). When ¢ €I o the indez of DAE s given by

ind DY , = —my (4.27)

forp=1,... ,n and N € Z, where my, is defined by (2.14). Thus the bundles X, with fi-
bre coker DK,E have the correct dimension to correspond to Nahm data in N (ko, IZ, 10, ).

To see that Theorem 4.24 implies the Corollary, replace A in the Theorem with
— ifdzo and P with oo — 2. Then, when £ € ID y it follows that E( N is the
direct sum of the eigenbundles with eigenvalues i1, ... , iy, while E( k) is trivial for all
k # N. Hence ¢; (E(N))[Sgo] = k1 + -+ + kp, and (4.25) becomes
ind D} . = —(ko + k1 + - + k)

= —my

which is (4.27).
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The proof of the Theorem involves two main steps. The first is a calculation of
the index in the case that there is a trivialisation of E in which A is independent of
zg. By Fourier analysis in zg, the index problem reduces to a problem on R3 which
can be dealt with using Callias’ index theorem, which we introduced on page 17. By
a deformation argument, this calculation gives the index for any caloron configuration
when c3(E, f) = 0, completing the first step. The precise statement of Callias’ theorem

we will use is:

Theorem. Let (A, ®) be a U(n) monopole configuration on B framed by (Aco, Poo)
in the sense of Definition 2.4, and let

Daps=Da+1®3: WHR?, S5 @ E) » WOR?, S5y ® E) (4.28)

where S(3y is the spin bundle on R3. Then Dy is Fredholm iff ®o is invertible, and

the indezx is given by
ind Dpg = —c1(EL)[SE (4.29)
where EZ is the sub-bundle of Eoo on which —i®, is positive-definite.

This follows immediately from Rade’s version of Callias’ theorem [38].

The second step in the proof of Theorem 4.24 invokes an excision theorem for
operators of Dirac type due to Anghel [2] and Gromov-Lawson [14]. In our case,
this result gives ind (D}) —ind (Df) = —c(E, f)[X] if B is any caloron configuration
agreeing with A near X but living on a new framed bundle (F, f), with co(F, f)[X] = 0.
Since we calculated ind (Dg ) in the first step, that completes the proof of Theorem
4.24.

4.3.1 Proof when ¢(E, f)[X] =0

In this case, by Lemmas 2.20 and 4.16 it is enough to compute the index when E = p*E
and A = p*A + p*®dx is the pull-back of a monopole. Then the coefficients of D;{ are
independent of 7o and we can use Fourier analysis in z¢ to reduce the calculation of
the index to that of a collection of operators of the form (4.28).

Let

Zn = {t = exp(iNpozo)$ : $ € WO(R?, S(5 ® E)} (4.30)
so that
WSt @B) = (Y ™ 9™ e Zy and Y ¥ < oo}

NeZ NeZ

119



using identification (1.16). Since by assumption the coefficients are independent of zo,

DI maps Zy N W' into Zy and, using (4.1), its restriction to this subspace is equal to

Dy : W1(5(3) ®FE) — WO(S(g) ® F)
Dny=Ds+iNuy+1®

where D, is the Dirac operator on R3 coupled to E via A. Using the statement
of Callias’ index theorem on the previous page, and using Proposition 4.11, Dy is
Fredholm for every N € Z iff D is Fredholm. Equation (4.29) shows that:

ind Dy = —c1(Ely,)[S]

where E(J?V) is the subbundle of E,, on which (Nug — i®) has positive eigenvalues.
Since Z; N Z; =0 if j # k, the index of D;{L is the sum of the indices of the Dy, i.e.

ind D} =Y ind Dy = =Y a1(Efy)[S%]-
N N

This sum is finite because E&'V) is trivial when ||N|| is sufficiently large. That completes
the proof of Theorem 4.24 when c3(E, f)[X] = 0.

4.3.2 Proof when ¢ (E, f)[X] #0

Anghel [2], generalizing work of Gromov and Lawson [14], has given an excision theorem
which compares the L%-indices of a pair of Dirac operators over a complete manifold
that agree near infinity. In our case this result yields the following statement. Let |
and F be a pair of bundles over X° and let A and B be unitary connections on [E and
IF respectively. Suppose that there is a bundle isometry 6 : E|xo\g — F|xo\x which
carries A to B outside some compact set K C X°. Then

ind D} —ind D} = / chy(E) —/ cha(F). (4.31)
XO

o

We will deduce Theorem 4.24 by taking for B a connection which agrees with A near
00, but which lives on a framed bundle (F, f) with co(F, f) = 0. This will complete the
proof in view of the results of Section 4.3.1.

Let (E,f) be a framed bundle and A a framed U(n) caloron configuration on E.
Let A9 be a quasi-periodic pull-back of A (in the sense of Section 2.1.4) with clutching
function ¢. Let U be a neighbourhood of S2, so that U = B \ K where K is a compact
set K C R3. Let cext be a bundle isomorphism of E? that satisfies

m _, 2n
¢ on (#o €, uo+€)XU=
Cext = ¢ 1 on I, X Sgo’

1 on(—¢€)x B
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and which is arbitrary elsewhere (compare with the proof of Lemma 2.20). By gauge
transforming by cex; We can assume that ¢ = 1 on U. Define B? on E9 to agree with
A on U, but extended over I x K to define a smooth quasi-periodic connection on E?
with trivial clutching function, cg. Note that A? and B? are framed in the same way.
Let (B,F) be the quotient of BY,[E? by cg, so that B is a framed caloron configuration
with c(TF, f) = 0.

Applying (4.31),

ind D} —ind Df = / chy(E) — / chy ().
Xo

o

But
LN
/oCh2(E) = —c(E, /)[X] - " > nicr(Bp)[S5%)]
1

from (2.31), and

1 n
[ ca® = === S mser(B)I%)
o /.LO 1
So
ind D} = ind Df — c(E, f)[X]
From Section 4.3.1 we know that ind D = — Y y a1 (E(ij))[Sgo] so we have proved that
; + _ + 2
ind DY = —ca(E, f)[X] = D _ c1(Ely)[S%)-
N

This completes the proof of Theorem 4.24.

4.4 Extension to the singular points

The final problem we consider is how to prove the Nahm data constructed from a caloron
satisfies the correct gluing and singularity conditions at the points §& = p1,... ,tn.
These conditions were specified in Sections 3.1.1 and 3.2.1. Nakajima (34, Section 2]
showed how to obtain the singularity conditions for Nahm data constructed from an
SU (2) monopole, and our approach will follow his quite closely. Nahm data correspond-
ing to an SU(2) monopole cannot contain zero jumps, and at the two singularities the
continuing component is trivial. (Recall the definitions of the terminating and contin-
uing components on page 53.) While Nakajima’s method therefore helps us to recover
the behaviour for the terminating component, it does not provide much insight into the
continuing component. Hurtubise and Murray’s proof [20] that the Nahm data con-
structed from on SU(n) monopole satisfies the gluing and singularity conditions uses

the spectral curve of the monopole. No ‘direct proof’ via analysis of Dirac operators
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exists to date. Indeed, the proof for calorons would follow quite readily from a ‘direct’
proof for monopoles. We start, in Sections 4.4.1 and 4.4.2, by considering the termi-
nating component for U(n) monopoles, using Nakajima’s method and filling in some of
the details he misses. In Section 4.4.3 we show how to extend these results for calorons,
while in Section 4.4.4 we consider the continuing component, giving only sketch results
and conjectures.

The main idea is that solutions to D;s are characterized by their asymptotic be-

1
2/ po

t = & — u, (we will use this definition of ¢ for the remainder of the Chapter). We saw in

haviour on S x R3 close to each £ € &sing. Suppose that £ is close to p, and let
Section 4.2.3 that ¢ € coker Dy . decays at least as fast as exp(—rlt]) as r — 0. We will
show that solutions in the terminating component at y, are of the form exp(—r|t|) x
(non-L? function), while the motivation behind our results for the continuing compo-
nent is that the corresponding solutions decay like exp(—r|t + «|) for some a # 0, and

so continue across & = u, as L? sections.

4.4.1 The model operator for monopoles

We need to recall the boundary conditions for U(n) monopoles from Chapter 2 and
the definition of the Nahm transform for monopoles. Let (E, A) be a U(n) monopole
framed by Ao, Poo with boundary data (E, i). Just as in Section 2.1.6, we need to
assume some additional smoothness conditions near the boundary. We assume that

there are local gauges on E, defined over some region 0 < x < 1/R in which
o & =diag(ip,. .. i) — Sdiag(iky, ... ,iks) + O(x?),
o Ay, = diag“ayj@p’ep)) + O(Xz), i=12,
e A, is diagonal on S%, and
e ®isCl and Ais CY'.

These are entirely analogous to the smoothness conditions we assume for calorons in
Section 2.1.6 (compare with equations (2.24) and (2.25)). Next recall the definition of
the Nahm transform for monopoles given in Sections 1.1.6 and 1.1.8. The transform is
given by the cokernel of D¢ as defined by equation (1.28), and the Nahm data is defined
by equations (1.30) and (1.31).

Fix a singularity & = p, with k, > 0, and let k = k, and t = { — p,. Nakajima’s
method is similar to the way we recovered the boundary conditions in Chapter 3. We
define a model operator DC that approximates D¢ and find k solutions to Dgzp = 0,
defined on some neighbourhood t € (—¢,0), for some € > 0. We then show that these
solutions are arbitrarily close to solutions to DZ¢ = 0 in the limit ¢ — O_, thereby

recovering the terminating component.
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The definition of the model operator uses the following facts about Dirac operators
on SZ, taken from [34]. The spin bundle S(y) of 52, decomposes into two line bundles
S = S(‘;) ® S(—z) and there are two Dirac operators

+ . oo + o
D*: C=(8%,53) = C (5% 5%))-

As previously, we can identify S2, = P;(C). Then

Sy =A>'@H'=H and Sy =A@H'=H

where H is the hyperplane bundle on P;(C) and AP is the space of (p, g)-forms. There
is an identification A®! = H2 so A%l @ H~! >~ H?® H~! = H. The Dirac operator
D~ is then a multiple of the Cauchy-Riemann operator:

D~ S5, = AP @H 2 A g Bl = 5}

= 5y (4.32)

Similarly, we can consider the Dirac operators coupled to the line bundle H k via the
homogeneous connection a; on H k which we denote

DE : C%(8%, S5, ® H*) = C°(85, 5%, ® H).

Equation (4.32) becomes

® H* = 700 g gk-1 20, 501 ® H1~ s+ o H*.

Df;k : S(—2 (2

)
so ker D = H°(P(C),O(k — 1)).

Next, consider M = (R, 00) x S2, equipped with coordinates r,y1,y2 and the metric
dr? + r?(hidy? + hody3)

(compare with the notation at the start of Chapter 2), so that M is isometric to R3\—I§;,
where —B% is the closed 3-ball with radius R. Let g be the projection ¢ : M — S%. The
spin-bundle of M is isomorphic to ¢*S(z). Under this identification the Dirac operator
on M is given by

o= (37 o) )

iD+ —i(0, + 3)

in some suitable local gauges on S(ﬂ;), where D* : S(ﬂ;) — S(:Fz) are the Dirac operators
on S2. When we couple the Dirac operator on M to ¢o*H k via the connection g*ay,
equation (4.33) becomes

DM,Hk = <Z(6T + 7‘) rD

e ) (4.34)
s ot y)
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With this background material established we are in a position to define the model
operator. Given Eo — S2, we work on the pull-back ¢*E. Recall that ®,, decom-
poses Eo into eigenbundles, Eo, = Lg, & -+ @ Ly, where Li; = H* and kq,... ,kn

are the monopole charges. For each p=1,... ,n define
(Dg)* : T(M, 0" S(z) ® " Li,) — ['(M, " S(2) ® 0" L, )

. k
(D2)* = ~ilptp = € = 52) + Dy v

. kp+2 -
(e P (4.35)
1D, (=0, =y + €+ 522)

where D, 4, is defined by (4.34). Using the decomposition of E into line bundles,

we can define

Dg :T(M,0"S2) ® 0*Ex) = T(M,0"S(2) ® 0" Ex)
DE — ([)g)* DB ([)?)*, (4.36)

Fixing some identification of E|ps with ¢*FE and working in the local gauges on Ein
which A and @ satisfy the asymptotic conditions stated at the start of this Section, we

have

Df=Dy—®+it

. - k kn _
= diag(Dps gre1 s - - - , Dpg e ) + idiag(€ — p1 + #, € — tin + 5;)—5—0(7‘ 2)

=D+ 0(r™?). (4.37)

Since Dg is given so explicitly, we can write down solutions and these will be our
approximate solutions to Dy. Working near the singularity & = pu, (with k := k, > 0),
DE is given by

(0, +t + E2) ipg
( 1pt (=8, +t + £:2) (4.38)

on ¢*Lx. Now ker D, = H°(P1(C),O(k — 1)), and every element f = fly1,y2) €

ker D, determines a solution of (4.38) of the form

- 0
Y= ((exprt)r(k_2)/2f(y1,y2)> ’ (4:39)

Note that these solutions are L2 when ¢t € (—e¢, 0) but fail to be L? when ¢ € [0,¢). Since
H°(P;(C),0(k - 1)) is k-dimensional (when k > 0), taking an orthonormal basis >gives
k linearly independent orthogonal solutions to Dgz/; = 0 of the form (4.39). Smoothing
these off by a bump function

1 >R+6
d’(r):{o :2R+
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and identifying E = 0*FEs over r > R gives the approximate solutions 1,51,... ,@k
associated to the terminating component at £ = p,. Note that the approximate solu-
tions are orthogonal (because the basis of H?(P;(C), O(k — 1)) is orthogonal), but not
normal.

We need some estimates as to how closely 1/31, . ,’(/;k approximate solutions to DZ .
Now

00 oo
C / (exp 2rt)r*=2 72 dr < ||¢;]12. < C / (exp 2rt)r*=2 2 dr
R+6 R

for some constant C (used throughout in the generic sense), where § was used to define
the bump function ¢. These integrals are the same (up to a change of variable) as the
integral J; defined by (3.69). We could estimate them using integration by parts, just

as we did on page 81, but this time around it is easier to change variable to u = 7t,

giving
—c0 uk - —00 uk
C (R+6)t(exp 2U)W du < ||9jl72 < C/Rt (exp 2u)tk_+f du. (4.40)
Similarly, since Dzlzj = O(r~?) x 1/~1j, we have
—oo uk—4 ~ o —00 uk—4
C (exp2u)~£m du < || D¢l < C/ (exp 2u)tk—_3- du. (4.41)
(R+6)t Rt
Together, equations (4.40) and (4.41) give
IDgb5llze < CE 452
whenever k > 3, because the limits
—00 —00
lim (exp2u)uf~* du and lim / (exp 2u)u® du
t—0_ [pt t—0- /Rt

both exist. However, this estimate does not hold in the cases k = 1,2,3 because the
limit on the left does not exist—note that Nakajima does not point this out. For the
cases k = 1,2,3 the estimates (4.40) and (4.41) give

1/2

~ - -1
|IDEbsll2/ 1bsllLe ~ 2 (A+ B | w*7* du) (4.42)

Rt
for some constants A, B, where ‘~’ means that for sufficiently small ¢ there exist A, B
such that LHS>RHS and there exist A4, B such that LHS<RHS. Evaluating the integral
in (4.42), the RHS becomes

t2(A+ Btk—3)1/2
when k =1,2, and
t2(A + Blog |t|)/?
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for k = 3. Thus we obtain

Clt| when k=1
. . C|t|3/? when k = 2
D . ~ 4.43
” g% "L2/“’¢).7”L2 Ct2(10g |t|)1/2 when k = 3 ( )
Ct? when k£ > 3.
Note that, by very similar estimates,
Irdsllze = @ebsllz ~ Cltl~ sl 2 (4.44)

as t — O_. At this stage it is convenient to normalise the approximate solutions 1&,,,

p=1,...,k, so that they are of the form

~ 0
Gy @(r) ((exp rt)rE=272 £ (1, y2))

where C, = O(t~(*+1/2),

4.4.2 The terminating component for monopoles

We want to use the approximate solutions to recover the terminating component of
the Nahm data. The method used is very similar to the proofs of Propositions 3.83

and 3.110. First, however, we need the following results from [34].

Lemma 4.45 (Nakajima). For any w € L?(R?, S(3) ® E) we have
|1 De(DgDe) " wli L2 < Clt| ™ |lwll 2
for some constant C and all t € (—¢,0), where t =& — pp.

Proof: Since D is injective and Fredholm on ¢ € (—¢,0) for some sufficiently small ¢,
(D¢ D) is invertible and

¢ = (D¢De)"'w

exists. (Nakajima gives a rather more involved argument.) For sufficiently large R and

small |¢|,

It] || < 2|(® - i&)ep|

pointwise on Bf?/ltl =R3 \_BII‘{/W S0

]2 / o2 dV < C||(@ — i€)p|2.

B/

Using Hoélder’s inequality and the Sobolev inequality, Nakajima obtains
0 [, P v < CIVaple
B/
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(Note that these inequalities hold for any ¢.) Combining the inequalities gives

lellze < CltI™" [ Degll e (4.46)

since

IDewllze = IVawllZ: + (2 - i€)ellZ2.

Substituting (4.46) into
1 Degll72 = (DiDe, o) < llelipe x llwllze
gives
| Decpll 2 < Cltl™Hlwll 2
proving the Lemma. a

Corollary 4.47. When k > 3, the approzimate solutions 1}1, . ,7,Zk satisfy

I = P)dslice < Clt) fisllce
as t — 0_, where P = 155 is the L? projection onto ker DE. We also have

Clt|log t] llw;llzz  when k=3

1— Pl < 7
0= Pyl = {c|t|1/2 [Wsllze  when k=2

Proof: Put w = D%*i/;j in Lemma 4.45 and use (4.43). O

Note that (contrary to Nakajima) we do not obtain an estimate ||(1 — PYi|l2 — 0
as t — O_ in the case k = 1. However, we expect the case k = 1 to be exceptional:
when k = 1 the irreducible representation of su(2) is trivial, so the Nahm data should
be analytic (rather than meromorphic) in ¢ near t = 0. We therefore have to deal with

the case k = 1 separately—see the remarks in Section 4.4.4.

Lemma 4.48 (Nakajima). Let R; be the endomorphism of H®(P1(C),O(k —1)) de-
fined by

(Rjf1, f2) =/ (iz; f1, f2)

P,(C)

for j = 1,2,3 where z; is the standard cartesian coordinate on P1(C) = S2 c R3. Then

a non-zero constant multiple of the linear map
A7+ Aeyz + Asys = ARy + ARy + AR (4.49)
defines an irreducible k-dimensional representation of su(2).

127



Proof: See the Appendix to [34]. O
We are now in a position to prove the following:

Proposition 4.50. Given a Bogomolny monopole (A, ®) with boundary data (k, D),
then for any singularity & = pp, with k := k, > 2 there is a parallel gauge defined on
some neighbourhood t := (€ — pp) € (—€,0) of the singularity in which the matrices Tg ,
j=1,2,3, defined by (1.31) decompose as

T Mp kp

TJ'=< * | * ) Im”—l
’ e BB ) 1k

such that

1. R},,R%,Rg form an irreducible representation of su(2) following equation (3.2),

and
2. in the limit t — 0_ we have

B,(t) = O(t%) when k > 3 (i.e. B; is bounded)
T 0@ ?)  when k=2 or 3.

We make no claims about the entries marked x at this stage.

We deal with the top left block (the continuing component), and discuss the off-
diagonal blocks, the case k = 1, and analyticity in Section 4.4.4. Of course, to satisfy
the conditions for Nahm data stated on page 50, B;(t) must be analytic—so in the
cases k = 2,3 it seems disturbing that we can only prove Bj;(t) is O(t~1/2). However,
Nahm’s equations impose additional strong conditions on B;, which we will discuss
in Section 4.4.4. Note that an entirely analogous statement to 4.50 holds for &, < 0,
essentially by replacing ¢t with —¢ in the proof of the Proposition.

Proof: The proof has two main steps. First we work in the ‘approximate gauge’

P, ... ,@Bk and evaluate the matrices
<6§’(,Za,’l,zb>[,2 and (Z.‘Tj,lza:q;b>L2 for .7 = 1) 2a37 (451)
where a,b € {1,...,k}. Then, using Corollary 4.47, we use the approximate matri-

ces (4.51) to deduce that the Nahm matrices decompose as described in the claim.
First consider evaluating the matrix with entries (851/70,1/;1,) 2. Since 851Za = 1,
651,5(1 is orthogonal to 7,51, when a # b because f, is orthogonal to fp, and the matrix is

diagonal. Moreover, because 11, ... , ¥ is an orthonormal set, the diagonal entries are
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imaginary. On the other hand, the integral (r1/~)a,1/;a) 12 is real, and so the matrix must

be zero. Also

(i %a, Yo) 2 = Jr dr ¢*(r)(exp 2rt)r¥*t [o o) dA (i fa, fo)
T T I dr () (e 2

where #; = ;/7 is the j’th unit coordinate function on P1(C), and f,, f» € H°(P;1(C),

O(k — 1)) were used to define the approximate solutions. Substituting u = rt into the

integrals, we obtain

[5 dr #?(r)(exp 2rt)rk+1
f;o dr ¢%(r)(exp 2rt)rk

= at™!

for some non-zero constant a. Defining the matrix Rf, by
(Rw=c [ dA ;1o f)
P1(C)
we have

(iz5%a, ) L2 = (Ré)“b ~ (4.52)

and Nakajima’s Lemma 4.48 implies that some non-zero constant multiple of the

map (4.49) (with R; := R}) is an irreducible k-dimensional representation of su(2).
Corollary 4.47 shows that the projection P on to the cokernel of Dy satisfies pP=
(1 + decaying term) on the span of 1, ... ,qﬁk. Just as we did in Proposition 3.110, we

can replace P with its unitarization PU, so that
Py =1+Q(t)
on the span of 1/;1, ... ,x, where

Q(t) = O(t) when k > 3, and
~ 1 O(tY/?) when k=2 or 3.

We can in fact obtain a better estimate in the case k = 3, but the estimate above is

sufficient for our purposes. Next define
'(;ba = pU";[;a- (453)

It follows that 1,... ,vx is an orthonormal set of sections of the bundle X, defined
over some neighbourhood t € (—¢,0). The set can be extended by m,_; further sections
to give a local trivialisation of the bundle X,,.

For the time being we will assume k > 3 and return to the cases k = 2,3 later. Now

(Octa, V)12 = (Oca + Oe(a — Ya), o + (P — Pp)) 2
= <af(¢0- - da),'&b)[ﬂ + <85(¢a - "Za)) ('Iwbb - 'J)b))L2 + <857Za1 ("/}b - 'I:Zb))L%
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because <a§¢a, ¥p) 12 = 0. The first term is bounded as ¢ — 0_ because ¥, — 1, = O(2).
Similarly, the second term is O(t), and the third term is bounded by

18¢wallze x s — dollrz < CltI™ x O(t)
using (4.44). Thus we obtain a bound

[(O¢ba, ) 2] < C (4.54)

on t € (—e,0) for some fixed C. Note that this bound might fail to hold in the cases
k = 2,3 due to the weaker estimates. Let T° be the matrix with entries (O¢¥a, ¥s)12-

Then the gauge transformation

0
g(t) = exp/t TO(s) ds
satisfies
g(t) =1+ O(t) (4.55)

because T° is bounded, and maps 91, ... ,%¥% to a unitary parallel set of sections. We
will apply the gauge transformation later.

Next we consider the endomorphisms T;f , 7 =1,2,3. Extend #1,... ,9%% by mp_1
further sections to form a gauge for X, on t € (—¢,0). In such a gauge the endomor-

phisms are given by
(T2)ab = (iTj%a,¥p) L2
= (izj9a + izj(Ya — Pa) s + (s - Vb)) 12
= Bt | o, (0 — i — (e = o) imes (4560
using equation (4.52). From (4.44), ||iz;%allz2 = O(|t|™*) and so
lizjallz2 = lliz; (1 + O®)dallz2 = Ot ™).

Thus, estimating the RHS of (4.56) gives
J
] ab
(@) = E2e2 1 1) (4.57)

where B; is bounded as ¢ — 0_. Moreover, gauge transforming by g(t) into a parallel
gauge does not alter the form of (4.57) because g(t) has the form (4.55). Nahm’s equa-
tion implies that multiplying the map (4.49) by —2 gives an irreducible k-dimensional
representation of su(2), as in equation (3.2). This completes the proof when k& > 3.
For the case k = 2 or 3 the analysis is very similar. Equation (4.54) becomes a

bound [(O¢ta, ¥s) 12| = O(t~/?), and the gauge transformation to the parallel gauge,
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equation (4.55), becomes g(t) = 1+ O(t/2?). Estimates on (4.56) give T% of the form
(4.57) but with B;(t) = O(t~/?). Gauge transforming by g(t) does not alter the
form of this expansion, and Nahm’s equation fixes the constant for the irreducible

representation. O

We leave monopoles at this point to prove an analogue of Proposition 4.50 for

calorons.

4.4.3 The terminating component for calorons

We prove the following analogue of Proposition 4.50:

Proposition 4.58. Given an anti-self-dual caloron (E,A) framed by (Aco,Poo) and
with boundary data (ko, k, o, i), then for any singularity £ = p, with k := k, > 3 there
is a parallel gauge for X, defined on some neighbourhood t := (& — pip) € (—¢,0) of the
singularity in which the matrices Tg , 5 =1,2,3, defined by (4.8) decompose as

Tg’=< - |- )Imp"l
e mpenw ) e

such that

1. R},,R%,Rg form an irreducible representation of su(2) following equation (3.2),

and

2. in the limit t — 0_ we have

Bi(t) = O(t®)  when k>3 (i.e. B; is bounded)
100w Y2 when k=2 or 3.

This follows almost directly from Proposition 4.50 applied to the Fourier modes of
D;’E, because up to O(r~2) a caloron is the pull-back of a monopole configuration. We
can extend the framing from the boundary to the whole of 5’217T o X M, and apply the
“34+1” decomposition (4.6) to define A, ®. However, up to O(r~?%), A and ® are exactly
the same as a monopole configuration framed by Aeo, Poo. Using (4.1) and (4.37) we

have

Dye=—0c+Da—®+it
= —0z + D{ + O(r™?)
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where l~)’£ is the monopole model operator determined by A, ®oo. Identifying the spin
bundles S* of S]_ Juo X M with S(3) and using the Fourier decomposition (4.30) gives

Dj ¢lzy = —iNpo + D + 0(r™?).

We therefore take the model operator for D, ¢ to be —iNpo + Dg on the N’th Fourier

mode.
Working near the singularity {£ = p, the approximate solutions @Zj, j=1,...,k,
defined in Section 4.4.1 pull-back to SJ Juo % M and satisfy D;,gzzj = O(T_Z)'(,Zj together

with the analogue of the estimates (4.43). The proof of Lemma 4.45 goes through,

replacing D, with DX ¢ and taking w € L2(S% x R3,S* ® E), as does the proof of

/1o
Corollary 4.47. The proof of Proposition 4.50 then gives 4.58 directly.

4.4.4 The continuing component and decomposition for &, # 0

We want to show that the continuing block of the Nahm data constructed from a
caloron is continuous across singularities with k, # 0, and obtain the full decomposition
of the Nahm data at such a point, as described on page 50. While we also want to
obtain the corresponding decomposition at zero jumps, this Section concentrates on
the case k, # 0 and we will only make some brief remarks about the zero jump case.
At present, obtaining the decomposition of monopole Nahm data at singularities via
analysis of the Dirac operator is an open problem (of course, Hurtubise-Murray obtained
the decomposition via spectral curves). It should be clear that if we could obtain the
decomposition of the Nahm data constructed from a U(n) monopole—defining the
Nahm data via the coupled Dirac operator rather than via spectral curves—then the
caloron case would be very similar. For the remainder of this Section we therefore
concentrate on the simpler case of U(n) monopoles rather than calorons, although our
conjectures and results will apply to calorons in an obvious way. Fix a U(n) Bogomolny
monopole (A, ®) on a bundle E, framed by Ay, P and with boundary data (E, 7).
Let D¢ be the coupled Dirac operator defined by (1.28) and let {XP,VP,T,g Cp =
1,...,n—1, 5 =1,2, 3} be the Nahm data defined in terms of D¢: X, — (pp+1, pp) is
the bundle with fibre coker D, while V,, and Tpl, TI?, T3 are defined by (1.30) and (1.31).
The full claim we want to prove is:

Claim 4.59. Let p, be a singularity with k, > 0 and let t = § — pp. Then there is a

parallel gauge on X, for some neighbourhood t € (0,€) in which the limits

2% = lim TJ_, (4.60)

P~ t—04

erist for 7 =1,2,3, and Tg_l(t) is analytic. Similarly, there is a parallel gauge on X,

for some neighbourhood t € (—¢,0) in which there is a decomposition
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T Mp-1 kp
7 (Ti;t+o<t> | o(¢t-1/2) ) P mps

O(tte=1/2) |R%/t+0(1) I kp

The upper diagonal block is analytic in t = £ — p,; the lower diagonal block is mero-
morphic int; and the off-diagonal blocks are of the form ke =1)/2 (analytic in t). The

resitdues Rf, define an irreducible representation of su(2).

Working with the fixed monopole (A4, ®), fix some p, with k := k, > 0 and let
m := myp_1. It is easy to show that away from the singularities {u1,- .. , pn} solutions
to Dj, decay at least as fast as exp(—r|t|) as 7 — oo, by a calculation analogous to that
in Section 4.2.3. On the other hand, the ‘Nakajima solutions’ o1, ... ., that determine
the terminating component at u, are of the form exp(—r[t[) x (non-L? function). The
following conjecture is based on the idea that solutions in the continuing component
decay like exp(—7|t + a|) across t = 0 for some a # 0, and are in some sense small
in the eigenbundle with eigenvalue pp. Let 91,... %% be the exact solutions defined

by (4.53) that determine the terminating component.
Conjecture 1. There is an orthonormal set {tk41,-.. ,Yktm} of maps
¥ i (—€,€) = L*(R®, 55 ® E)
such that for allj =k+1,... ;k+m:
1. v;(t) € coker D¢ when t # 0,
2. ;(t) is continuous in t
3. for all t € (—e¢,€), ;(t) vanishes to all orders of r in the limit 1 — oo, and
4. forali=1,... k and t € (—¢,0), ¥;(t) is orthogonal to 1;(t).

If Conjecture 1 holds, then using Proposition 4.50 the following Conjecture imme-

diately holds:

Conjecture 2. There is a parallel gauge on Xp_1 for some neighbourhood t € (0,¢€)
in which the limits Tg’f1 defined by (4.60) ezist. There is also a parallel gauge on X,
for some neighbourhood t € (—¢,0) in which the T7 decompose as in Proposition 4.50,
except the top left-hand block has the form T]g’jl + O(t).

Proof: Condition 3 of Conjecture 1 ensures that (iz;1a, %) 2 exists for all t € (—¢,e€)

and a,b € {k+1,... ,k+m}, and is continuous in t. Moreover, transforming to a parallel
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gauge cannot introduce any discontinuities, because (fixing TO to be the matrix with
entries (O¢vq,s)2) the gauge transformation exp [ T%ds will always be continuous,

even if T? is discontinuous. ]

We can provide some evidence to support Conjecture 1. Recall the model operator
Dy defined by (4.36). If Conjecture 1 does not hold for f)g (in some sense) then we
cannot reasonably expect it to hold for D¢, so we should try to understand the behaviour
of the solutions to Dz‘ near the singularity pp. First consider the component (D’g )* of

DZ defined by equation (4.35). Consider a separable solution of the form

¢(T, yl,yZ) — (f(T)u(yla y2)) ) (461)

g(r)v(y1,y2)

This is a solution if

((P*f)u + g(D;kv)) _0
f(DEw) + (P~ g)v

where Pt = i(r8, + rt + (k + 2)/2) and P~ = i(—r0, 4+ rt + (k — 2)/2). We therefore

ave (D(?il Défk) (Z) = (3 2) (:f)

for some constants A, u, and
0 P\ (f\_ (-1 O\(f
<P+ 0 ) <9> - ( 0 —A> (9) ' (4.6

Dz D} u= A, Df D; v=Auv, and (4.63)
P=PYf = uf, P+P~g = \ug. (4.64)

It follows that

The values @ = Au are fixed by the spectrum of the operator D, D;"k, which has a
complete set of orthogonal eigenvectors. Given any non-zero A, u, equation (4.62) can
be solved explicitly using Maple: the solutions are Whittaker functions with argument
z = 2rt (see [1, Section 13] for a description of Whittaker functions and their asymptotic

expansions). In the limit 7 — oo these have the form
(exp(—rt)) x (1 + lower order terms)

for ¢ < 0, and so are not normalizable. However, when A = p = 0 the equations decouple
and normalizable solutions for g exist—but these are just the Nakajima solutions. By
completeness of the eigenfunctions in (4.63) and (4.64) we can assume that any solution
to (Dg)* is a sum of terms of the form (4.61), and by orthogonality (f)g )* must kill

each term in the sum. Thus we have shown that the only normalizable solutions to
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(132J )* on t € (—¢,0) are the Nakajima solutions. This analysis can be repeated for
the other components (Dg)* (¢ # p) of Df, and shows that their solutions decay like
exp(—T|¢ — pq|) as 7 — oo. These solutions therefore form continuous families across
t = 0 which satisfy the conditions of Conjecture 1.

While this supports Conjecture 1, it certainly does not prove it. Given a family of
solutions &(t) to [?g that is continuous across t = 0, one might hope to use ¥ as an
approximate solution, as we did for the terminating component, and show that ¢ = Py
is a continuous family of solutions to D¢. However, since ¥(t) decays like exp(—r|t+ p|)
for some p # 0 the estimates (4.43) do not hold, and we do not obtain (1 — P)y — 0
as t — 0. Nakajima’s analysis is therefore insufficient to prove that the family Pi(t) is
continuous across ¢t = 0. In any case, there may be the wrong number of solutions to
Dg to match the expected rank of the continuing component.

An obvious approach to proving Conjecture 1 is to use weighted operators, like
those in Section 4.2.3, using the weighting to kill off the solutions corresponding to the

terminating component. Consider the operators
Ley = w,\Dgw;l and Lg, = wilDZw,\

where w), is defined by (4.19). If we take A to be some small positive constant then,
given the Nakajima solutions 1,... ,% of Dz, w;1¢1, e ,w;lzbk are solutions to
Lz,)\ but are not L2. In other words, by weighting we have removed the Nakajima
solutions from the L?-kernel. If we could prove that Lg \ was Fredholm with L?-index
m for t € (—¢,¢), then a trivialization ¥g41(t),... ,¥r+m(t) of the L? kernel of L
would give rise to a set of solutions to Dy satisfying the properties in Conjecture 1.
Unfortunately, a calculation of the indicial family like that in Section 4.2.3 shows that
L y is not Fredholm when ¢ € (=X, A), and so the strategy fails to work.

Obtaining the continuing component at a zero jump presents further difficulties, and
we will not be so bold as to make a formal conjecture as we did for k, # 0. Given a zero
jump pp, we would not expect to find families ¥;(t),... ,%¥m(t) defined on t € (—¢,¢)
satisfying conditions 1, 2, and 3 of the Conjecture, since the Nahm matrices would
then be continuous across the zero jump. One possibility is that there are families
P1(t),... ,¥m(t) defined on ¢t € (—¢,€) satisfying conditions 1 and 2 but not 3. This
would imply that the matrices (T7). = (iZj%q,¥p)2 do not exist at t = 0 (because
x 1, might fail to be L?), while the limits as t — 0 from either side could exist but be
different. Beyond this remark we will not consider zero jumps further.

The final step is to go from Conjecture 1 and Proposition 4.50 to the full decompo-
sition 4.59. We make the following:

Conjecture 3. Given that the data V,, T}, T2, T3 satisfy Nahm’s equation on the
pr Lps tpr p Yy q

interior of each interval I,,, we obtain the full decomposition 4.59 from Conjecture 2.
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Conjecture 3 follows immediately from:

Conjecture 4. Suppose we have a rank (m + k) solution V, T!, T?, T3 to Nahm’s
equation on a bundle over the interval t € (0,€), where m,k > 0. In addition, suppose

there is a parallel gauge in which the T? decompose as

m k
Ti(t) = ( S+ 0 ‘ - ) | m
) | W Lk

where S7 is some fized skew-hermitian matriz and A’ satisfies
Ri/t+ O(1) when k > 3

Aj(t) =S Ri/t+ O(t‘1/2) when k=2 or3
could be unbounded whenk =1

as t — 0. Here R, R? R® define an irreducible representation of su(2) in the usual

way. Under these assumptions it necessarily follows that
1. the top left-hand block is analytic in t, even for k =0,
2. the off-diagonal blocks are of the form t:=1)/2 » analytic function, and
3. AJ(t) is meromorphic when k > 1 but holomorphic when k = 1.

Conjecture 4 should be relatively easy to prove, and elements of a proof already exist
in the literature: [19, Section 2] contains related results. The main assertion contained
in the Conjecture is that when k = 2,3 and A7(t) = R/t + O(t~%/?), Nahm’s equation
forces A7(t) to have the form R?/t+ O(1). This is more straight-forward to prove when
m = 0, according to the following outline. Suppose that the matrices T1,T?,T° have

rank k = 2 or k = 3, solve Nahm’s equation (with V = &;) on (0, €), and have the form

, RI Qj .
jo— o X
T7 = : + 117z + higher order terms.
It follows that
1
—5Q' + B°Q°+ Q°R* - R'Q* - Q°R* =0 (4.65)

and the two equations obtained from cyclic permutations of {1,2,3}. In the case k = 2
we can express each Q7 as a sum Eg Q7' and assume R’ = —%'yj for 7 = 1,2,3.
Substituting this into (4.65) and the other two equations, it is easy to show that Qt=0
for all j,1. A similar proof using more sophisticated representation theory should work
for the case m = 0,k = 3. However, when m > 0 the off-diagonal blocks make the

Conjecture harder to prove.
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To conclude this Section we return to calorons to give a precise statement of our
results concerning the transform from calorons to Nahm data. Our aim was to prove
that the Nahm transform is a well-defined map from C*(ko, &, po, Z) to N'*(ko, k, po, ).
We have proved that the transform of an element of C*(ko, I;, to, ) consists of a well-
defined connection and endomorphisms {V5, T, z}’Tz?’ Tg‘} on bundles X, — (pp41, tp) C
R/poZ for each p = 1,... ,n; that the data satisfy Nahm’s equation; and that the data
has the correct rank to be an element of N'*(ko, E, 1o, ii). To complete the proof we must
also obtain the decomposition of the Nahm data at each point £ = p,, and prove that
the Nahm operator constructed from the Nahm data is injective (since N*(ko, k, po, i)
is by definition the set of caloron Nahm data that determine injective Nahm operators).
We have not addressed the problem of injectivity, but made some remarks about this
in Section 1.4. Although the Conjectures above are stated for U(n) monopoles they
also apply to calorons in an obvious way, and assuming they hold, we have obtained
the correct decomposition of the caloron Nahm data at singularities with k, # 0. We
refer the reader back to Section 1.4 for remarks about the invertibility of the transform

and problems that could be tackled with the Nahm transform in place.
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*3, kg
(4,9)

St 8-

Yo, 7Y1,72,73
r'(V)
Di,Dy
S(3)

T,T*

S+, 8-

3

WFF
D?,DE

P=p
(E,A)
Df,D;

T
LG
Lg
Lc
Mo
San /o
(4,9)
IP

=3

B

CZ(IEa f)?CZ(Ea f)[X]

b'e

XO
8X
S

p

Glossary of Notation

standard coordinates on R*

Hodge star operator

Hodge stars on R? and R*

monopole configuration

spin bundles on R4, S! x R3 or 4-torus
spin matrices

sections of a bundle V

Dirac operators coupled to connection A
spin bundle on R3

the torus R*/A and its dual

spin bundles on the dual torus
coordinate on the dual torus

without flat factors

Dirac operators coupled to the flat line bundle param-
eterized by £

orthogonal projection on ker Dg

Nahm transform of (E, A)

Dirac operators coupled to the flat line bundle param-
eterized by =

inverse Nahm transform of (E, A)

the n-dimensional torus S x --- x S!

vector bundle on which Nahm data is defined
connection on X,

Nahm matrices on X,

the group of smooth loops in a group G

the Lie algebra of LG

semi-direct product of LG and U(1)

27 /o is the period of the caloron

Shyjup = RIED)

a LSU(n) monopole

The interval [pip41, fp)]

the closed 3-ball

obstruction to extending the framing f to the interior

of E (the instanton charge)

X=s8}, xB
interior of X

boundary S? x S2, of X
boundary of B°

projection .5’21 x M — M for some manifold M

/1o
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T ¥Y1,%2

X
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Bl s Mn
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I
Autg F

deg c
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My

q
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Ad

Mon(k, i)
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CR(X)

0,1
C'X

C(kOa Ea HO, f'_":)

C*(koi Ea H0, ﬁ)

ch(E, A)
c1(L)
pa

pc

R

Sk
5,1,

MNton(k, )

Alz): W =V

Coker A
P=PF
Y,

Wl
L(1,)

polar coordinates on R3

boundary defining function on B x=r1

trivial U(n) bundle on B

Es = E|S2%,

connection and Higgs field on F

eigenvalues of ®,

Chern classes of eigenbundles of ®, (monopole
charges)

monopole boundary data

the interval (—e, 27/ po + €)

unitary automorphisms of F that are the identity at
infinity

degree of a map ¢ : S% — U(n)

trace-free elements of Autg E

the instanton charge c3(E, f)

caloron boundary data

rank of X, m, = > _§k; for calorons

the projection ¢ : I, x B B

the trivial bundle E9 = ¢*F

a quasi-periodic connection on E9, often the pull-back
of A

space of monopoles with boundary data (k, i)

space of loops of monopoles in Mon(E, ) with period
o and degree ko

functions with k& derivatives in x that are smooth up
to the boundary

space of 1-forms such that the dx component is C2,
while the other components are C},

space of framed caloron configurations with boundary
data (ko, E, 1o, /I)

subspace of ASD calorons

Chern character of the bundle and connection (E, A)
first Chern class of a bundle L

the rotation map on sets of boundary data

the rotation map on caloron configurations

residue in the terminating component of the Nahm
data at £ = pp

irreducible (k+ 1)-dimensional representation of su(2)
limits of the continuing component of the Nahm ma-
trices either side of a singularity

the set of monopole Nahm data with boundary data
(k, i£)

the Nahm operator

the cokernel of A(z) regarded as a bundle over R*
projection onto coker A(z)

Y,=C?*® X,

Sobolev space of sections of Y, with [ derivatives in L?

Sobolev space of functions on I, with ! derivatives in
L2
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space of restrictions to [a, b] of distributions in L?(R)
space of distributions in L?(R) supported on [a, ]
support of a function f

elements of Wz} with vanishing terminating component
the operator iV, + i1, + z on Y,

the sum Z?:l v ® T

subspace of Yg(uq) corresponding to the zero jump at
Hq

a vector in J,

inner product of a vector w with ¢,

the set of zero jumps {q: mg =mqg_1}

the number of zero jumps, Nyero = ||

monopole Nahm data not necessarily satisfying Nah-
m’s equation

space of caloron Nahm data with boundary data
(kOa k, Ko, ﬁ)

caloron Nahm data not necessarily satisfying Nahm'’s
equation

continuing component of a vector or vector space

the sum 3°3; ® R}

space of solutions to Dy(x)

space of solutions to Dj(z)

the adjoint of A(x)

the dual space of W

pairing of an element of W and an element of W*
action of translation z¢ — zo + 27/pg on V, W
translation by one period in the xg direction

UT =Urv

rotation of Nahm data by po/n

the model operator

basis of sections of the instanton block

the resonating point (\; + 27m/ o, 0,0,0)

deformation of the vector ¢,

inner product of w with fp

4-ball round resonating point zj;,

instanton and monopole blocks of Y,

decomposition of W into instanton and monopole
blocks

components of the model operator on the instanton
and monopole blocks

the off-diagonal block of the model operator

zero jumps in instanton and monopole blocks
singularities in the Nahm data that are not zero jumps
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adjoint of the model operator

adjoints of Ay, Ay
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