ORTHOGONAL POLYNOMIALS

expressed as

BORDERED DETERMINANTS and CONTINUANTS

by
D. E. Bailey




INTRODUCTION

The purpose of this Thesis is to treat the Theory of
Orthogonal Polynomials by an approach based on Matrices and
Determinants.

In Part I, general Orthogomal Polynomials are considered
for any positive weight function w(x) over any range (a,b),
with the restriction that in each polynomial the coéfficient
of the highest degree term 1s unity. 0f great 1mporténoe
to the theory are the positive definite persymmetric matiix
of moments,¥; , and the cofactors Npp of the elements of the
last column of |Mp| .

The orthogonal poly¥nomisls, P,(x), are expressed in
several determinantal forms - the Bordered Momemt Detefninant
(Theorem 5), The Secular Polynomial (Theorem 20), The
Characteristic Determinant of a Matrix in Rational Canonical
Form (Theomem 21), and three Continuant Determinants
@heorems 14, 15, 16), one being normalised to a Characteristic
Polynomial of a Symmetric Cuntimuant (Theorem 16). A summary
of these six different forms is on pp. 15 & 16, and the Matrix
Transformations connecting them are given in Theorems 22 - 26.

In Theorems 17 = 19, well known results about the zeros
- of Orthogonal Polynomials are given - in some cases standard
proofs are quoted, in others the theorems are proved by
matrix methods. The recurrence relation for three

consecutime polynomials is established in Theorem 12.



ii

In Part I1I, seven special cases are considered -
Uncentred Legendre Polynomials, Legendre Polynomlals, two types
of Uncentred Jacobi Polynomials, Laguerre Polynomials,
polynomials allied to the Laguerre Polynomials and Hermite
Polynorials.

In each case, the following are calculated = m,, N,. , lun\,
the coefficient of x¥ in P,(x), the recurrence relation,
and Py, P31, Pp, P},.P4 . In addition, the matrices
associated with three of the determinantal forms for Pqﬂx)
(viz. the Bordered Determinant, the Secular Polynomial, and the
Characteristic Polynomial of a Bymmetric Dontinuant) and also
the Matrix of Cofactors K, are displayed.

The calculation of Nnr for the Special Cases proves
rather lengthy, and these calculations are therefore separated

from the Special Cases, and kept together in Part I1I.
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PART I

THE GENERAL THEORY




DEFINITIONS

Let w(x) be a function of x , positive throughout (a,b).

Let its moments be

m

lit

b
j xTw(x) dx (r=0,1,2,...)
a

matrix of moments,

L 4 r

Let 1, be the n+l X n+l
un E 30 ml mz ee e
ml m2 m3 s e
mz m3 m4 o e e
Mn mn+1mn+2o e
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J Ln = ml mz m3 s
ma m} m4 L
m; M4 ms o e
"n+1%n+2"ne3° 0

Let Ju_y| = 1

P

Lo
Brel
Mne2

L B N ¥

Mon

Let N
occurs 1in the last column of M, ,
-— n4r e
Ve = (=) m, my m,

s e m

mr-lmr . mr+1‘ . @
BralPrefresze -
"

n mn+1 +20 . .

ar be the n x n cofactor of the Mp.r Which

(n=0,1,2,...)

(n=0,1,2,...)



Let p,(x) be orthogonal polynomials of degree n in x , such

b = 0 for 1#
that & py (x) pj(x) w(x) dx {
a FZ 0 for 1=}

PROPERTIES OF Mp

Theorem 1 (1) Ny = lun—l\ (11) Ny, = ()% | Lo

These results a Fe clear from the definitions.

Theorem 2 M, is pos_itive definlte
The quadratic form y'M,y (where y = {yo Y1 Yoo +e¥pt)
S ¢
— m Y ¥
izo j=o 1+ "1 73

n

LI
S ] w(x) ax vy vy
=0 j=0 a

Sb i ‘2 xt y, xJ y;‘ w(x) dx

a | i=0 j=o0

Sb [1§ xi yae w(x) dx > 0
a =0

since the integrand is positive throughout $a,b) .



ORTHOGONAL POLYNOMIALS AS BORDERED DETERNINANTS

Definition Let Q,(x) = 1 x x2 ... xB

n
= ()" 2 L - xT
r=o

b . 0 } if r{n
Theorem 3 jAa Qu(x) xF w(x) ax = (-}n‘Mn‘ if r=n

(—)n+lﬁg*1’n if r=n4l

For n=0,1,2,¢.. &

r Prsl Yr42 c*c Bren

mo ml ma e e mn

If r{n two rows are ldentical and determinant vanishes.

If r=n moving top row to bottom, det = (-)nlmnl.

If r=n4¢l woving top row to bottom, det = (_)n+1 Hn+1 -
E]



0 if m;l_-n

Pialpin-1) 1f m=n

b
Theorem 4 j Q,(x) Qu(x) wix) ax =
a

for m,n=20,1,2,...

-

of generality that m{n

LHS = Sb Q, (x) (—)“[§ Np x’]dx
a Ir=0

(1) nM0 : Either m=n or we may assume without loss

"

,
B

M

b
> [ij Qu(x) w(x) x¥ dx]
r=o a

0 ifm<¢n Dby Thm 3
(=)" Ny ()" |iy] 2f men by Thm 3

0 if m<n
‘%-—1\\%\ if m=n by Thm 1.

(11) mn=n=0

b, b
LHS = Sa Q (x) w(x) dax Sja w(x) dx = m }'}Mo“u-l‘

since {u_l\ was defined as 1 .

Theorem 5 The orthogonal polynomials having coefficlient of xR
unity, are

P (x) 2 (=)%upq) ~rQ, (x)

- (_ ‘n 'un-‘]-,ll (o]

By Thm 4 the Pp(x) satisfy Tnel®™n ®nielccc Moga)
the orthogonal conditions
and the coefft of xP is 1
by Thm 1.




SOME PROPERTIES OF THE ORTHOGONAL POLYNOMIALS

b
Theorem 6 ( P (x) xF w(x) dx = (" 0 if r{n
& an\‘Mn—l\-l if r=n

-‘-‘Mn_flﬂml,n if r = nfl

for n=0,1,2,...

These results are obtained by direct substitution
of B P,(x) =z (-)nlnn-l“l Qn(x) in Thm 3

Theorem 7 jb P,%(x) w(x) dx = 'Mn-l\‘llun\ (n=0,1, 2...)
a

By substitution in Thm 4,

Theorem 8 jb P (x) Py(x) wi(x) ax =0 for m+#n
a

(m,n=0,1,2,...)

By substitution in Thm 4.

1|

L

b
Theorem 9 Sa P 2(x) w(x) x dx = iun-]rzﬁn,n-l {Mn‘ = Nhel,n iMn-

(n =1,2,3,...)

Writing x P,(x) as a polynomial in x ,

-1 (b n
BHS = ‘Mn-l‘ ' Sa Pn(x) rgonnr £ w(x) ax
b
= 'Mn,_l\ 1 Sa Pn(x)[nn a1 X% ¢ N xn'ﬂ] w(x) ax
- -1 -1 1
= My Hn,z\-l Mn“nn--l\ = Yan lgn{-l ,n’un-lr

by Thm 6

| - Nn+1,n|“n-]3] by Thm 1 .

I
5&
1
-
{
P
| - ~l
2
=
]
)



Theorem 10 Sb P (x) P_;(x) w(x) x dx = h’n-]rl%mn‘
1. .

(n=1: 2s 35 ove)

Writing x P,_j(x) as a polynomial in x ,

b n=1
LS = ‘Mn_ai-lsa Pn(x)[r.o Hn—l’r xr"']]'(X) dx

b
ll&n_a\"lga Pn(x) Kn—l,n—l x? w(x) dx

"

‘Mn-e\-l N'n--il.,n--l ‘Mn\ \un-l\ -t by Thm 6

T by Thm 1.

b
Theorem 11 S Polx) Pgyix) w(x) x dx = 0 , for m{n-1
a B

(m - 0’1,2’0--, n = 2,3,4,0-0)

The highest power of x in x P, (x) 1s m+l{n

and so, by Thm 6, expression is zero.



RECURRENCE RELATION FOR ORTHOGONAL POLYNOMIALS

Theorem 12

- Pnﬂ(x) +x 4+ Nnel,n - ¥n,n-1 P, (x) = Mﬁ P ,(x) =0

4y} || |in-a| 2

(n = 1,2,3,...)

Pn+1(x) - x Po(x) 1is of degree {n , and, by Thm 6,

% .
g \'Pnﬂ(x) -x Pn(x;J x¥ w(x) dx = 0 for r=0,1,2,...,0=2.
a

Hence Pp.j(x) - x P (x) can be expressed in the form

uy Pax) = vy Ppoi(x)  where u, and v, are constants.

i.e. = Puo(x) ¢+ (x4u)) Pp(x) = vy Ppg(x) = 0 (n=1,2,...)

Multiplying by w(x)P,_1(x), integrating, and using Thm 8,
b b 2
ga Pn(x)Py 1 (x)w(x)xdx - vnga Pp-1“(x)w(x)dx = 0

-2
to Yo = Poal TPl Pacd for = 2,25

by Thms 7 & 10.

Multiplying by w(x)P,(x), integrating, and using Thm 8,

b b
g P,2(x)w(x)xdx + uns P,2(x)w(x)dx = 0
a &

i.e. u, = Nn-!-l,n _ Tn,n-l
M

for n S 1,2,%,.4s
n-l\

by Thms 7 and 9

Since M, is positive definite vy >0



Theorem 13 - Pl(x) + [% +’El$] Pc(x) =0
Mo

Pa(x) =1

P]_ (X) = -

3 x\’ x-21 = x40

1l
m, m

Hence - Py(x) + (x4u )P (x) =0 where u, - Y10




ORTHOGONAL POLYNOMIALS AS CONTINUANTS

Theorem 14 Pplx) =
N10
Tﬁ;‘ 1 . .nw .
iy | Ml Nog N
- -21 _ 210 - . .
Wol =™ % g ™ g '
. Mo | Yo s Y32 _ a1 ... .
lMl‘ 2 g |y
e e e e e e e e e e e e e e e e e e e e e e -1
| ip -2l 3) x 4,01 _ Nn-1,n-2
' " Pin-2) 2 paa) -zl
From Thms 12 & 13 :
(x+uy) Py (x) - P(x) =0
~v1Po(x) + (x4uy)Py(x) - Py(x) -
-voPy (x) + (xeup)Py(x) = P(x) =0

........ . Ll . - - - . . - - .

Vn_lpn_a(X) + (I+un-1)Fn_1(X) - Pn(x) =0
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10

("‘)n Pn(x) . Po(x)
X-H.lo "1 . se s -1 .
-vl x+u1 -1 .0 . xml -1 .
3 -'72 11'“2. e @0 -v2 Xf'uE —1 eee o
.Vn-l x+un,1 ........... -1
1.e. Pplx) = xyu, -1 . et which is result
-Y{; Xtuy -1 ... . required.
x+un_1
Theorem 15 P (x) = {(n LN AP ‘“n-a\} |¥p 4| X

poglpiol x + Ny g} = gl . e
- i)y piolliigls + Noy [iigf = Wyo[iy| -y ...
- |uo)|,| S J——

...............................

. e - ]un_}“nan_l) |Mpaaliin 1) x
*Nn,n-l n-
-Np-1,n-2 [Mp-1}

Yo

This form of P,(x) is obtained from the form of Thm 14
by mulyiplying the 1%B row by |My_,|
the ith col by ‘Mﬁ—l' (1 - 1,2.3,"‘1\)




THE ZEROS OF Pp(x)

31

Theorem 16 Pp(x) = 'xI - Dn‘ where D, =
—
- Yo NVALS TS : i
Mg ol
JENMY N + Nio  JTMolla) .
Mol g} Mol Ml
: s _ %z By .
jata) \ug "y
_ Sn,n-l i Nn—lin-z
Lﬂ . . coe ‘Mn_].‘ ‘Mn_a‘a—

This form of Pp(x) is obtained from the form of Thm 15
by dividing the ith row and column by /(|Mi-2||lg-1))

{1 = 132335'.-3)
These divisors are real since )Mn\ is positive by Thm 2.

Theorem 17 The zeros of Pp(x) are real and distinct and lie in

the interval (a,b).

In Thm 16, P,(x) is exhibited as the characteristic
polynomial of a real symmetric continuant.
Hence the zeros of P,(x) are real.

If the zeros are not distinct, there is a repeated
root x = k (say)

Then Pp(x) / (x~kx)2 is a polynomial of degree n=2



i2
b 2 _
and 80 S P, (x) [Pn(x) / (x-k)]w(x) dx =0 by Thm B¥ 6
a

D ~

but S \fn(x) / (x-ki‘ 2w(x) dx > 0 since the
a

integrand >0 in (2,b) and is not identically O.

So we have a contradiction, and therefore the zeros of
P,(x) are distinct.

To show that the zeros lie in (a,b) let k be any zero.
The.n Pp(x) / x-k 1is a polynomial of degree n-l .

Hencelxb Pn(x){:gﬁx) / x-%] w(x) dx =0 by Thm 6
a

but Pna(x) w(x)};tJ in (a,b) and is not identically O.

therefore x=k must change sign in (a,b)
i.e. a_ll the zeroe of Pp(x) lie in the interval.

Theorem 18 Ppn(x) and Pp.j(x) cannot have a common zero.

By Thm 12 3
- P (x) + (xtup_1)Ppo3(x) = vpaPpo(x) =0 (0= 2,3,...)
where vp.} is not O.

Therefore, if P, (x) and P_;(x) have a common zero k (say),
k is also a zero of Py_»(x), and, step by step, 1t is a
zero of Pn_s(x),...,Pz(x),Pl(x), and Po(x).

But Py(x) 1s a constant 1, therefore hypothesis is wrmg,
i.e. P (x) and Py_;(x) do not have a common zero.



13

Theorem 19 The zeros of Pn-(-f) interspace those of P (x)

In Thm 16 we exhibited P (x) in the form 'xl - 1y

The leading principal minor of ‘xI - Dn\ is P, _4(x)

This minor may be reduced orthogonally to dlagonal
canonical form thus @

H' ] EI - Dtg H . - x-xl . . s e . dl T
'S 1 . 1 . x‘xa ° R . da

. . X-XB ® s . d}

o . . evs X=Xp.1 dn—l

g

where Xj,Xo,...Xp.] are the zeros of P -1(x) which we have
already proved to be real and distinct, and we may assume

that X1<12<13 ...<xn_,1 .

Now d; #0 , 1 =1,2,3,...n-1, simce if d; =0,
X = x4 would make Pp(x) vanish and we have proved
in Thm 18 that P,(x) and P,_1(x) do not have a common zero.

When x=® , |xI-Dpl = ool > 0

™ Xn-1 " -dn_le (xn_l-x]_) (... (xn_l-xn_g) < 0

" Ip-2 " -8 2% (xpup=xy ) (oo (xp =2y ) D O

n X3 " -dlz(xl -xa)(. ..(x3=x,_7) whichhas the
sign of (=)0-1

n -0 " (- B which has the sign of (-)R

i.e. |xI - Dn‘ has Signs 4,=,4,=,+.. 8% XZ0,X_7,+-+,% ,=00
and therefore vanishes at n places intermediately.

Henve the zeros of P,_;(x) interspace those of P,(x)



THE SECULAR _POLYNOMIAL 14
(A SYMMETRICAL FORM DERIVED FROM THE BORDERED DFTERMINANT)

Theorem 20 Polx) = ‘Mn-l\'linn-lx - Ln--l‘

Applying to Q,(x) the transformations coly - coly_j

(1 = 2,3,4,+..,n0¢1)
we get

Qn(x) : V 1 * * LR 2 ®

mn.l mn“mn_lx ¢« & o secoe man_l-&zn_al

= (‘)n'mnpl‘ - Ln-ﬂ

Hence Pn(X) ='Mn-1‘”1\nn~lx - I‘n—-l\

THE RATIOWAL CANONICAL TFoild

___&__Th orem g__l Pn(x) - X . . ce e Hm/lnn-ll
"1 b4 . o Hnll‘nn-]j
L] “1 x LIS anltun-l‘

e o s see X Nn,n—zl\nn—ﬂ
. . e oo c"l X + Nn’n_ll ‘Mn_l\

Applying the tra_nsformation row1+xrow2+x2rew3+...ixn'}own
to RHS : n=-1\{ N
e [ . s o0 z n; xi} + xn

1=o o1 J
-1 X . ... Ny /|Mpel
. "'1 X e an /ll{n_lt

n=1 ( Ni.: H :
= 2 {\"rﬁ?l x‘}' + 2t = Talx)
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SUMMARY OF THE DIFFERENT FORMS FOR P,(x)

(Thm 5)  Pplx) = (=)7)u,_) - |44|

where Ap = ~____1 x x2 ... xB N
By W B Tn
my mns m3 mn*l
m m m Mo, _
Lhn—-l n ntl 2n i
(Thm 14) Pu(x) = ‘Bn‘ where B, =
10 N
x + m -1 .
- .____T'MIHM’I‘ X 4 h - E.l.Q, =1
M) g} g
__‘“n..ﬂl“nq\ x 4+ lqn,n--l - I"n--l,n—a
Pin_p| 2 pedl Moz

(Thm 15) P (x) = Buonnluuz\ .}..lnﬂ_%l'z I \Ca| where © )=

g = ¢ mohid =pygy oo
=Pl e\« Noge) - Moghyl - prfle] e

..............................

‘lun-}\\un-]l \Mn—znun-]j *
* Nn,n—l Mn-al
- Nn-l,n-a n=-

L —




m

(Thm 16) Pn(x) = (xI - Dnl where D

n
_ Ny Py
{ Mol |Mo|
gl y) N N0 [l
ol \ug) g} Y
. ; BIn,n—l 4o Nn-il.,n--z
- ' Mp-af  |Mpg]
-
(Thm 20) pn(x) = ‘un-lw ‘En‘_ where En 2 nn—lx - L

MX = My mX =M, WX = Mg .. By X =@y
mX = Wy WMpX =Wy WaX =My ee. BX =W

. - e d - - - - - - - - - - - . - s ® @ & 2 s+ 2 =

(Thm 21)  P,(x) = | Fn|

where F, = X . . Npo /{Mpal
-1 b 4 . cse an /‘nn-]l
-1 x YA

................
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TRANSFORMATIONS CONNECTING DIFFERENT FORMS OF Pp(x)

Theoremn 22 [1 0 = A, G, where m = {mo,ml,ma,...mn_]}
noT 0z{0,0,0,...0}

l-x 3 eee o
. 1-1 coe o

. L 1 LN 2 L]

® 9 8 5 08 0000

° L] * L3R 1

This result is dear from the proof of Thm 20, since the
transformations coly = x colyy (L =2, 3, 4, «.. n4l)

are equivalent to post-multiplication by G, .

Mo F =M x+M [T o o s Ny /M) ]
Sl e e Ny /M)
e=l . e N /M)

. x w amd nn’n_llgun_ﬂ

n=1 -
= My gx = |mp mp mg ... Wy Zmr Nop /lnn-ll

. . . L . . - . . . - . - . . - . . L]

n=l1
:‘n B¢l Boge +** Mon-2 %mri-n—lnn- Mip_al

= Mpaix = Lpal /8ince
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n=1 .
since rzo Wrst Nor AL

- -1
= l“n-]' B My My eee Tpp My
m, m, m} e M m, +1
T rl"‘n-i-'.l ceee Bono Pien-l
mo By B vt m,n1 &0
-1
mp mp m3z ... g o
Mpel My Mpgl s M2p-2 0
mp Mp4l Mpg2 +-+ Mpp-l =MWign

(applying col,g=—coly ) for 1 =0,1,2,...,0=1 .

Theorem 24

This

= Mi4n .

' Cg=) dtog(|Mogl gy, - fin-z) Bn dteg (i i lizh - o)

result is clear from Thm 15 since the transformations

|M1_2| rows and |My_j|coly are equivalent to pre- and

post-miltiplication by the matrices indicated.

Theorem 2_5

[x1 - ;] = 0 ¢, By |
—= 2 1
where H, = diag [\/ﬁ:ﬂ LEP V(Mou My, ... v Mn-&\\“u—lj_]‘

This result is clear from Thm 16 since dividing the i%B

row and column by V |My_o|My_3| 1is equivalent to pre-

and post-multiplication by Hp .



Theorem 26

C, =K' By Ky

where Kn - Roo Nlo NZO N}O PR Nn'.'.'}l 'o

. Hll Nal N31 s e
sz N}E L n_‘l’a

19

vt n-1,n-1
K EpKpe Kt My 5 Kyx =K Lia K
e ﬂ’ . H
E.! =| N . . .
n'¥n-1 00 m, m my ...m
N H L] L L]
10 " m my mg ...omy
R N my my my eee Wy
Nn—l ,onn—l ’1 e s w Onn-l ,n-l mn-lmn mn*l LI .mzn‘-e

oy

The (1,j)¥P element in this product = 'F

: mo ml ma s m1_2 mj_l
d .
1 ma m; LR B m1-1 j
where

Mpd e .N -
< r¢j-1 Mi-l,r

= 0 if <£-1
10246, .. (20-4) (j+1=2)
if } i

Bopcd. ..k 18 defined as the determinant whose

diagonal is my myp mg ... my and whose columns have
suffixes which are cobecutive from row to Tow.

A




S Eg'MpaKy = (B mp mp ...ompy oo Mio Npo - n-1,0
L mc! moB e e Hon * Nll Hal e s n Kn-l’l
° L] %24..- mozn*l L] L] N22 e s Nn..l’z
. . e see EOZ..m‘o . . ....Nn_1 n=1
_— R ) S
e [mo¥yy 7 ? ? -
* moznll ? o s ?
L ] L ] %24“22 ch ?
j . : 220 M024..2n-2"n-1,n41
Since M, _; is symmetrical, so also‘is xn'nn-lKn ,and

using the results

KM, 1Kp = M—l““o‘ . . p .
N I
. . bojug .. :
B s 5 " lun_gﬁnn i
K 'l =| Nyo - « mag ® m Wy mg o...omy
Hlo Hn ¢ sse o ma 1?3 m4 o mn+1
Hzo N21 B22 cer m3 m4 m5 tos mn’z
En‘—l ,OHn-l,l‘ * Nn—l,n—l B mn+1mn+2. * Bopal

my24..2n = |Up| and

Nnn = ‘nn-l‘ s

20




i-1
The Qi,j}th element in this product = Bre) Ni-l,r
r=0
=S| mp mp mp ... my_» my :{O if 3(1-—2
M} Mp My ... Wy ) My ®0246...(21-4) (j41-1)
my my omy o...my myo if J},i"l

® 0 5800000000000 00880s

mi_l m1 mi*lo ° oﬂ21_3 nj+i_1

+ Kp'LpaaKy

™ ] Nyn Nyg N N |
mp mp m3z ... Wp] D 00 M10 Y20 +-+ ®n-1,0
Moz Moz Moy e+ Moy Mo(n4) « N33 85 eeeFinn
© Moo o5 +er Moeiis Woo(ng2) v gy e W5
; ¢ ¢ et m0.'24.2n--2’m024...».3.11--1 ¢ * * *** Tn=l,ne-l
- —
myNog ? ? cee 1 ?
o200 Po2V10%03N1; ! SO L
. "ozd'11  ToafzaatozsVee v 7 :
. . . cse m024‘ ZR-ENB-'E,B—E % .
where

= /
R’ = m024o . 211-2“1‘1-!,11-2*”024. . 2!1—1 Nn-l ,n-].

Since Ln—l is symmetrical, so also is Kn'Ln-lxn s and usimg the

results

m024...2n =l“n‘

"024...(2n-2)(2n41) =

E4

Hnn = ‘Hn_].‘ s and

- Nu-p-l,,n

»



Ky'Lp-1Kp =

Hence Kp'Epkn

P O O i s
Moy il - Nalg gl -
. oy Foahd - Ny .- -

......................

ee Npa ,n—z“n—l‘ =

l'n . n—lpa—z

Kp'Mp3Kpx = Kp'LpgKp

Scn

22




PART 1I

CALCULATION OF Nnr FOR THE SPECIAL CASES.
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CALCULATION OF CERTAIN DETERMINANTS

Theorem 27
i 1 1 ...
a a4l a2 a4n=-1 -
1 1 1 ¥ 1
ael a¢? ael asn
1 R 5 E . E 1
a¢re=1 aPn$r-2
1 ® % & % 8" 6 s 8 00 1
aprel a$+n+r
1 b e € - 1
afn awon=1

(112! ...(0=1)1)% nt ((a=1)tal...(a4n-2)!) (a4n4r-1)!
((a4n)! (A+n+1)! ... (a420-1)8) (n~-x)! (ar-1)! r!

By Cauchy's Double Alternant ,

1 i ... 1
x)~¥1 217Y2 17V | _ (k1)

1 1 vas & -
R EE R R . y2—y1

1 1 LR 1 ( -y) R R R o (x -y)
TRV %, = Yk 1771

[ariting



Writing 24
XysXpse e Xy = adn,asne+l,...a¢n+r=1,a4n4r4l,...242n

yl’y2"“yk =N, n=l, n-2, ... 3, 2, 1 s

LHS of Theorem
= [i_)in(n-lilzn!Qn-l)!...(r+1)!(r-1)!...2!1!(n_l)!(nia)!..gglg

(n-1)!
(a42n-1)?! (a4on=2)! ... (asn4r)! (aener-2)! ... (a¢n-1)!
(a+n-1)! (a+n=2)! (a4r)! (a¢r-2)! (gg})!

(112131, .. (0-11)% n! ((a=1)tal..{a+n-2)!) (a4ner-1)!

((a+n)!(a+n+1)!...(a+2421)!) (n=-r)! (a$r-1)! r!

Theorem 28
1 }_ .]_- P -1_ 7
2 3 n - (11213t...(n-1)!)" nt (n4r)!

i1 01 ...01 ((n¢1)! (n42)!... (20)1) (ner)! (z!)?
2 3 4 n+l

1.1 .. 1

r r+l n+r-1

1 l . & s s 1
42 I+3 neT+l

1 1 L ] . e ‘~1
n+l n+2 2n

This result is obtained by writing a =1 in Thm 27.



25

Theorem 29

i 1 1 ... _1 2
2 3 3% nl | _ (21203t (0-1)1)7 (01)2 (agrs1):
1 1 1 ... _1 ((n42)t (n43)!...(2n+41)8) (n=r)tr! (r+1)?
3 4 5 n+2
1 1 ... a1

T+l T42 ner

11 ... 1

r43 r+d n+r+2

I S PR

n+2 n+3 2n+l

This result is obtained by putting a = 2 4in Thm 27.



PROPERTIES OF n?

Definition

Let n? = n(n-2)(n-4)...4.2 if n is even
n(n-2) (n-4)...3.1 if n is odd .

The choice of the symbol } is based on the following idea:

factorial ! could be a corruption of 1 indicating that the

factors decrease by 1 , and similarly ? would be a
corruption of 2 indicatkng that the factors decraase by 2.

Theorem 30

(1) n? (n=1)? = n!

(11) If n is even, n? = I"“" 2&3 (3n)!

(1i1) If n 18 odd,  n? n!

These results are evident from the definition of n? .
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CALCULATION OF CERTAIN DETFRMINANTS (continmed)

Bheorem 31
i 1
a a+42
1 1
a$e a+4
1 1
a$er=2 a+t+lr
1 1
atorye a+or+d
1 1
a+zZn  a+on+d

1 ee e 1
a+t4 aten=-2
1 L B 1
ath aton
L B O I 1
asn42r=-4
" 06 0 0 s 0 1
a+ontor
L I I A 1
addin-2 i

(2?4?...(2n-2)?)2 (2n)? ((a-2)?a?...(a¢2n-4)7) (ae2ne2r-2)?

((a42n)7(a+2n42)?... (a+4n-2)7) (2n-2r)? (as2r-2)? (2r)?

In Cauchy's Double Alternant, writing

X]sXpse e Xp = 842N,842N42, .. . A+2N+2T~2,2420+20+2,. . a4/

Y1s¥pse+-¥g = 20, 2n-2, 2n~4, ... 6, 4, 2,

and working in ay manner similar to the proof of Thm 27,

we get the RHS required - which is the same as the RHS

of Thm 27 with ! replaced by ? , and everything except

a doubled.
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Theorem 32
1 1 1 . 1
3 5 on=1
1 1 1 1 =
3 5 7 el
1 1 sakisdsses 1
2r=1 2r+4l ane2r-3
1 5 F
2r+3  2T4H Pn42rel
1 1 esssemwans 1
2n+l  2n43 /n-1
on®-2n41
2 (112...(2n-1)1)(224t...(2n~2)!) n! (2ne2r-1)!

((2n41)! (2na3)t...(4n-1)?) (n=-r)! (2r)! (n¢r-1)¢

Putting a =1 in Thm 31 ,

LHS = (274?...(21:-2)?)2 (en)? (1737...(2n-3)7 (en+2r-1)7

((2n41)7(2n43)7...(4n-1)7) (2n-2r)? (2r-1)7? (2r)?

(2%"(""1)1322...(::-1)!) oBnt (2141, .. (2n-2)1)(2n42r-1)!

20471 (nyr-1)1

]

(2n+41)! (2n43)! ... (®4n-1)! # -in(h-1)_n-r .
n! (n41)? (2n-1)1 272 727 (n-r)t (2r)

by Thm 30

RHS
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Theorem 33
1 i ! 1
3 5 7 entl =
1 1 i 1
5 7 9 2n¢3
1 1 % IR g s 1
2r+l or+3 on¢or=1
1 ) DT PP 1
2reD>  2r4f 2n42r+’
) 1 e 1
2n+43  2n+H 4n+l

22“2"“ (122130, .. (2n)t) (12350, .. (2n~-1)!) (2n+orel)!?

((2n43)t (2n45)t... (4n041)!) (n-r)! (2r41)! (n4r)!

Putting a = 3 in Thm 31 ,

s = (2747...(2n-2)7)2 (2n)? (173757...(20-1)7) (2ng2rel)?
((2n43)7(2n+5)7...(4n41)?) (2n-2r)? (2r+1)? (or)?

121...(n=1)t) 2P0t (11315!...(2n-1)1) if’;*?’;i;

n

(2n43)8. (2n45)8 ... (4né1)!?
(n¢1)t  (n+2)! (en)?

o=in(3n41) pn-r (n-x)! (or+1)!

by Thm 30

RHS
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Theorem 34

1 x xqy (x 4d) ... xl(xr+d)(x1+2d)...(xle:Ea)
1 x, xz(xefd) .. xe(é2+d)(x212d)...(xzéfzih)

L ] - * . L3 . . - . . g . . . . . . * . . . * L ] .

1 X, xk(xk+d) .o xk(xk+d)(xk+2d)...(xkff:§a)

= ME(xp=xy 1) (xpexy o)ees (xp=xg ) ((x _g=xp _5)eeneno(xymx;)

The LHS can be reduded by linear transformations on the

columns to

RHS

-
el
N
ta
n
n
"
n
N
ol
»
!
P
1]
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Theorem }5
1 1 1 cee 1
2.3 3.4 75 (h+1)(n42) -
2 2 2 o 1
3.4 4.5 5.6 (n+2)(n+3)
| 1 00 isasssessmesnessse 1
T+1) (r42) {n+r) (n+r4l)
s D 1
(r+3)(r+d) 5 (n¢r42) (ntre3)
1
To+2) (nt3) T2n+1) (2n42)
3
(1t2!3t...n!) (n#l)! (n¢re2)!
((n42)t (n43)t...(2n42)1) (r+1)! r! (n-r)!
LHS = o1 2t L., ot 1

2.3.4¢3.4.5  n(o#l)(n42) (n41) (n42)

etc.

(applying col, = col, =1,2,...(n-1) )

41
= 38 2% . 28 2% 1
2.3.4.5 3.4.5.6 (n-1)n(n+1) (n42) n(n+1) (n+2) (n+1)Xn+2)
etc.

(applyihg col, - 0011*1 i=21,2,...(n=2) )



"

n! (n-1)!¢ I 1
2.3.4...(n42) 3.4.5...(n+2) (n#1) (ng2)
n! .
3.4.5...(n+3)
n! N etc.

.................

Bl 000 SRR EANESEEE 1

(n$2). .. (2n+2) (2n41) (2n¢2)

n! (n-1)! (n-2)! ... 2! 1!

(n+2)! (n43)! ... (n+r¢l)! £nare3)! ... (one2)t

1! 2! ! (re2)! (n41)!
1 2 2.3 o 2.3.4.0..0
1 3 3.4 —_— 3.4.5...(n+l)
1 el (r41)(x42) cevnnnno.....
1 43 (r43)(z4) .ol
1 nt2 (ng2)(ne3) ...  (ne2)(n43)...2n

(1!2!...11!)2 (n+1)! (n+r¢2)? X n!(n-1)!...2'1!
((n+2)t(n+3)t.. (2n42)1) (r41)! (n-r)! r!

by Thm 34

RHS

32
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Theorem %6

a!  (al)! ... (a#n-1)!| _ (11203!...n!)(a!(asl)!...(a+n)!)

(a41)! (a42)! ... (a¢n)!? (n=-r)! r! (a+r)!

..........................

(a4r=1)! c.envn... (a+ntr-2)1
(a+rel)! ........ (a¢ner)!
(a¢n)t  ........ (a+2n-1)1

s = allasl)l...(a4r-1)!(atr4l)t...(a4n)t X

1 (a41) (asl)(a+2) .....
1 (at2) (d+2)(ag3) .....
1 (a+1) b b B E B Blin ke &
1 (a4r4l) . vriiiiiiieinnnn
1 (8+n4l) oo
= a!(a41)!...(a+n)!? % n! (n-1)1...211! by Thm 34
(a+r)? (n-r)! r!

o
&
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Theorem 37
ot 1t 2! ... (n-1)! = (11203!...n1)°2
1 2t 3t ... nf (n-r)t (r1)2
(1‘—1)! oooooooooooooo
(r+1)!  oiirininnn..
n! 2 s 0 e e (211-1)!

This result 18 obtained by putting a = 0 in Thm 36

Theorem 38
i o2t 3 ... ol = (112131...n1)2 (ne1)!
2t 3t 4t .. (ng1)! (n-r)! (r+1)! rd
r! S R
(eaB)t ssevssessssnss
(o#1)! e

This result id obtained by putting a = 1 4m Thm 36
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Theorem 39

a? (a42)? (a44)? ... (a¢2n-2)7 -
(a+2)? (a44)? (a46)? ... (a+2n)?

(&{-21‘-2)? oooooooooooooooooooooo - . e e

(a42242)7 cereiiiiiinteinninaiiiannns

(a42n)? e X EwE e n (a44n=-2)7?

2%n(n-1) (112031, ..nt ) (a?2(ag2)?. .. (a42n)?)
(n-r)! r! (ager)?
LHS = a?(a+2)?...(a4or-2)2(at2r42)?...(as2n)? X

1

. s

a?(a+2)?...(a+2n)?

a2 (a42) (444) k8 B
at+d (a+4) (a46) e
a+2r .
a*zr*d FIE X N B N N N N Y N O N B B B
ateng2 e e e Bk B S #

(a+2r)?

RHS

n!(n-1)!...2%1¢

2n)?{2n-2)7...4727
X zzn-zri? !21*?? by Thm34

a?(a+2)?...(a+2n)? X

X oin(n-1)

(a+2r)?

(n-r)? rt

by Thm 30
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Theorem 40
11 37 e @37 o7l (qag | (9pe1)t) nt (zo1)
1731 57 ... (gn-1)7| (n-r)t rt (2r-1)
E2F=TTT sssidksabrnidinhie
(PP41)7  teivieiieinennnns
(2n=1)? ,,,,,,0000. {4n+3)?

Putting a = -1 in Thm 39,

tis = 2#2(a=1) (1101, . .n1) (173757...(2n-1)7)
(n-r)! X r! (2r-1)7

2in(n=1) (1120...n1) (113151...(2n-1)t) 27-1 (r-1)1

(n-r)t 9 2:n(n=1) (101, (n-2)1) (2r-1)t
- RHS by Thm 30
Theorem 41
17 37 57 ...(en-1)? | =  27PFTF (113151, .. (2n41)t)
37 57 77 ...(2n41)? (n-r)! (2r41)!
(2r=1)? e
(8x43)? oo,
(2n41)?  ....... . (4n=-1)7

Putting a = 1 &n Thm 39,

s = 2:8(n-1) (112t...n1) (113050 . . (2032)1) 2 2t vy wmm 30
(n-r)t  xt 222U041) (3100 ne)(orel)s




EVALUATION OF N, WHEN myq = O

Theorem 42
¥hen mzk*l = 0, Nnr -

1) o when n is even, r is odd.
(11) o when n is odd, r is even.
(n-r
(111) (-)% ) Mg eoe Mp_o 1 PR
ma oo s mn 34 PP mn+2

mr‘z LI mn+r.4 mn L man.z

Bpe2 *° Fner

when n,r are even.

mn LR O ﬁen_a

(iV) (")% (n-r) mo scoe mn_l m2 LR mn-l
3\2 se e En+1 m4 eee mn‘u
Mpol *°- man_a mr_l see mnﬂ._ 4

mr+3 .0 mn+r

LR I B B B B O B R B R R

Tnel +++ ®2n-2

when n,r are odd.

/(1)



(1) Ny = -

‘(Ei) Ny -

0 si

. 8 00

mn-l

Om

0

nce

LI

. e 0

0

n+l

eince diagonal blocks are

LI I I IR

8 0 50 000 a8 0D

see Mpire3 0

LI AN

n4r-1 Y

L O

* 80 0

mo .o cmn-a

LR B B S IR B R

ﬂn LR szn-g

aaaaaaaaa

Bp-1 *Pop-2

Ba
O - .

Pnel e Pon-2

not square.

L A

38
0

ma L OEn

mt-l TEEE)
mr+3 EEEE

mn L) omarl.g

e Dmn_l

L 3R A
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2
n T
To res Wy 0 = (—)* -4 mo ... My o
o m2 e o mn mr-a e s 08 80
Ceaeesaaaans ceeeeae Brgp coocee 0
mn N man_a
0 m, saw O n4r=2
My eoe M
0 mr+2 PP 0 mn+r 2 n
P I I I R A o L
0 gy .0 W2 . .
mno "'EZD-ZO n L 2n-2
i
= result given, since (_)4n(n~2) = + 1 when n is even.
(1V) NBr -
5 o = ( ﬁne-%n+%r-}
T ce o I B Mg «.elp.]
0 ma e mn—lo PR R I 0
® 8 B 8 6 O 6 s B A 8 EE e s mn_l ..mzn-z
a1 @ 00 OB Mo eeemp g
m o PUNPE o m s e s s e
1’+1 n*r 0 mr-l R
0P 68 s s e s s e s e mr+3 s800e e
m .. M
0 mn+1 ..mgn_zo
1(n-1)(n41
-~ result given, since (-)‘i ) = 4 1 when n is odd




PART III

SPECIAL CASES




UNCENTRED LEGENDRE POLYNOMIALS

Let w(x) =1, (a,b) = (0,1)

Then

- 1
Rl ¢
Nnr: 1 % % C A % :
(3Tl 1 1 e 2
2 3 4 n+l
1L A
T ndr-1
1 ........ - 1
4l n+r4l
Y. sasmesnins 1
n-rT 2n

(10202} n')3
(n#1)t (n42) ... (2ns#1)?

‘Mnl = Nptl,n41

o (12131, (0-2)1) (n=1)! n!

N. .1 =
2,n=l (4 1)8 (042! . ... (2n-2)t) (2n)!
n$r (ner)! (n! =
)= St = 2 S M g, F
Polx) =1

Pe(x) :x‘?—xq-%

P;(x):x3 -%x2+§ --2-%-

- 2 1
P4(x) = x4 - 2x3 +%x - ox = )
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]
2.n
11}
~
m.ﬂ..ﬂ n
= Lw
N po=—
' -
=
= lm
£/ G
n.illc
H omm—

Upn
Ya

4(4n°-1)

M52 2

n_l(X) - 0

%2
4(4n2-1)

‘Pn-yl(") t (x=3)p (x) -

[ o e o |
®
1xnw u&:; ~ho .u:(
_ A_r ~hn ko i~ ~jo
1._4 4_5 .....ro _......7
Lo L] L
ey it it
R Al AR MR i~ e ) Sl
o i <t~ -
LI | ELAYE L | oS ] Ta WS | N _. .. ...»?) v..“.6
139» u#z/ = saﬁu
I LoV T ] [Ta
~j oy
o i 4.4 ......5
o 4 » M
lal = ] U] DA | R o e
_ _ _
1] 1
<t
Lﬁ. =



[ -]

s
F
n

-

ol

’ -

Q
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LEGENDRE POLYNOMIALS

Let w(x) = 3, (a,b) = (-1,1)

Then my, = ;%I if n is even
0 if n is odd
Mo = O™ |3 5 1 o 1 ...
3 5
o 1 o 1 o ...
3 5
i1 o 1 o 1 "
3 5 7
etc.
n+r '
When A is odd Nopp = 0 by Thm 42
n+T
When f is even Nop = (_)i(n-r) 21”2"""”'1 )&
(1!2!...(n--1)!)3 n! (n¢r-1)¢
((n41)t...(2n)!) r! (3n=ir)! (n¢lir-1)!
by Thms 42, 32, 33, & 30.
lua) = 22 (aar L (0e1)1)3 ()2
((n42) ! (n+3)t...(2n)!) (2n+2)t
N



Pox) = § («)" _nt (a-1)t (ngr-1)r
) (2n-1)t r! (in-ir)! (in¢ir-1)!
for evén values of n+r only.
P, (x) =
Pi(x) = x
PE(I) - x2 - %
Ps(x) = x3 - %x
- x4 - 642
P4(x) - x 3 +3}3
Un = 0 Vn = —_}2—.

- Ppe1(x) + xPulx) - 202 P _,(x) = O

An®-1
A4 -~ 1 X 12 13 x4
a
1 0o 2 o %
1 1
o 3 o £ o
1 1
3 0 5§ 0 %
0 % 0 3; 0
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UNCENTRED JACOBI POLYNOMIALS - TYPE I

Let w(x) = x, (a.p) = (0,1)
Th = A
on é‘n n+2
Npe = (%7 2 2 1 Lo 1
2 3 4 ntl
i 1 1 . 2
3 4 5 n+2
[ U 1
r+l n+r
I 1
T+3 n+r+2
I U 1
n+2 2n+l
3 2
- yotr (12t (n=1)t)” (nt) " (ntrsd)!
((n+2)! (n+3)?...(2n+1)!) (n-r)! r! (r+1)!
by Thm 29
| = (112!...n1)° (n41)!
(n43)! (n+3)t... (2nt2)!
Ny o1 = _ (1!2!...(:1--2)!)3 ((n=1)1)? n!

((n42)! (n+3)t. .. (20=1)!) (2nel)!



P, (x)

P,(x)
P;(x)
Pa(x)
P4(x)

P4(1)

Up

/; fﬁ (-)2¥F 0! (n41)! (n4red)t ST
° (2n41)! (n-r)! rt (r+1)!

= 1
= x - %
- x2 - gx + 2

4 _ 203 2_ 1 5
oy %‘ 31 * 1%

= ___2(n41)? v n(nel)
(2n+41) (2n4+3) 4(2ne1)?

-P .. ( o 2(ny1)? _ _n(n+1)
Rt (? Gard) (2013)) ® ) 7 F(ongn)Z o2 ™)

"
n
»
i
Lo
-

M= WU Al Wi
N OV Ui B

ol N O\ A
Wi e ~N= OV

'ﬁ Vil D W ol -

47



48

luu..
o

1cO

43200




49

UNCENTRED JACOBI POLYNOMIALS - TYPE II

Let W(K) -] X(I'X); (&,b) - (0’1)

Then mp = 1
(n+2) (n43)
N . [ 1 1 : JI 1
nr = 2.3 3.4 4.5 (n+l)(n¢2)
1 1 s Y 1
3.4 4.5 Db To+2)(n+3)
1 seeeeccan 1
(r+1)(r+2) (n+r) (ntr+l)
S 1
(£+3) (r+4) (ntr$2) (n4rt3)
T Gmws s brEE 1
(n42)(n+3) (2n+l) (2nt2)

= ()™ (112t...n1)” (asd)! (ners2)t
((n+2)t (n43)t...(2n42)1) (x41)t ! (n-r)!

by Thm 35

ENIE (1t2t...n1)° ((m1)1)°
(n$3)! (ne4)t... (2ne3)!
- (2t .. (a=2)1)° ((o=1)tnt) (n1)!
Nn,n—l

" ((n+2)! (n43)t... (20)1)  (2ng2)!



P (x)

P, (x)
P, (x)
P,(x)
P (x)

PA(X)

§ (_)n+1'
o

1

x -3

%2 - x 4 %

}t}-gxz{'%x-

34-213...%;2..

n! (n+1)! (n4re2)!

A

14

1 1

—x —

SRR
Vn

SR ¢ (x-d) P ) -

1 X
1 1
2.3 3.4
1 1
3.4 4.5
1 1
4.5 5.6
1 1
5.6 6.7

(2ne2)t ! (r+41)! (n-r)!

n{n+2)

4(2n+1)(2n43)

n{n+2)

4(20+1) (2n43) 7

x2 %7 x4
1 1 1
4.5 5.6 6.7
2 1 1
5.6 6.7 7.8

1 1 1
6.7 7.8 8.9

1 1 1
7.8 8.9 9.10

P

,(x) = 0

50






LAGUERRE POLYNOMIALS

Let W(X) = e“x > (asb) = (oam)

Then m, = n!
n+r -

e = (=) ot 1t 2t . 5 (n-1)t

1t 2! 3! - n!
(x=1)! ... . (n+r-2)
(e#1)t ....... d x mmmw mm (n+r )
2'1! . L R ® (2!1-1)!

2

(_)n+r (112t...n!)

(n-r)t (1.!)2 by Thm 37.

Innl - (112!,..n1)°

Y-l T - (t2h.(ae2)1)2  (g1)2




(n!)?

n
P - _\D#T r
n(x) g =) (a-r)t (r1)2 ¥
Po(x) = 1

Pl(x) = x =1

Pz‘x) = x2 - 4x ¢ 2

P3(x) = x7= 9x2 ¢ 18x - 6
Pylx) = x4 - 16x3 4 72x2 - 96x + 24
u, = 2ntl v, = n®

Pm.l(x) + (x=-2n-1)pP(x) - n® P,.1(x)

or 1t 2t 31 4
1 2t 3t 41 51
2t 31 4t 51 6t
31 4t 51 6t T8




N
n

R=2x
2-bx
6-24x

oo,

x=1

0 O O w

1-2x

2-6x

6-24x
24~120x

-1

2-6x
6-24x

6-24x
24~120x

24=-120x 120-720x

120-720x 720-5040x

B

54



55

POLYNOMIALS ASSOCIATED WITH THE LAGUERRE POLYNOMIALS

Let w(x)

Then my

nr

(a,b) = (0,)

1t 2! 31 - n!

2t 31 4t i (ngl)y

r! I A I T T I Y - (n*r-l)!
(re2)! e (n4r+1)!
(n41)! oo .. (2n)t

(1122...n1)2 (n+1)t

by T
(n=r)! rt (r41)! v Thm 38

21...01)% (a41)!

- (1!2!...(11—2)!)2 (n-1)! n! (n41)!




P (x) = f (=) 04T n! (nyl)! o

o (p=-r)t ¢ (r+1)!
Po(x) = 1
P(x) = x=-2
Pa(x) = x2 -6x+4+6
Pj(x) = x3 - 12x2 4 36x - 24
P4(x) = x4 - 20x3 ¢ 120x2 - 240x 4 120
u, = 2n+2 v, = n(n1)

- Ppalx) + (x = 2n = 2) P (x) = =nlnrl) P_;(x)

mm——y
e

2 - <4

"

-
»
L]

R4
1t 2t 31 Al 5t
21 31 41 51 61
31 41 51 6! 7!
44 5t 6t 7t 8t




l=2x
2=6x

6-24x
24-120x

X=2
- /2

©C O O =

2=6x
6=24x
24-120x

120-720x

-2
x=4
- /6

o,

6=-24x 24=-120x
24-120x 120-720x
120-720x 720-5040x
720-5040x 5040-40320x
0 o
- /6 0
x=6 -\/12
- J12 x~-8
-
12 - 576
-12 864
2 - 288
o] 24
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HERMITE POLYNOMIALS

2
Let w(x) = 1 emix , f(a,p) = (=ow,w)
ven
Then
B, = O 1€ n 1s odd
(n=1)? if n is even
n+r
Npp = () 18 0o 1r 0 37
O 17 0 37 O
1?7 © 3@ 0 57
etc.
When n¢yr 1is odd Npp =0 by Thm 42.
When n4r 1is even
i(n-r) ~i(n-r
r!  ( i(n-r))!
N = 0

n,n~1

.

by Thms 42, 40,
41, & 30.



Pn(x)

Po(x)
P, (x)
P,(x)
P3(x)
P4(X)

A4

29

2% (n-r) n!

f (_)ﬁ(n-r) x* for even values
° rt (3(n-r)!) of mm n+r only.
1l
x
x2 =1
xJ - 3x
x4 - 6x2 4 3
0 v - n
n
- Ppalx) + xPy(x) - nP_(x) = 0
- 1 x 12 x> x4
0 1? 0 37
4] 1t 0 3?7 0
1? 0 37 0 57
0 3? 4] 5t 0
— i
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LITERATURE OF ORTHOGONAL POLYNOVIALS

Ae standard work on Orthogonal Folynomials is

G. Szeg8 : Orthogonal Polynomials , American lMathematical

Society Colloquium Publications, Vol, XXIII, New York, 1939,
This contains a comprehensive list of references, pp.378-393,
to which we refer in general, The very great majority of the .
papers cited treat orthogonal polynomials from the analytical

standpoint, and only refer incidentally to determinants

iuir, History of Determinants , Vol, II ( period 1860-1880),

pP. 354-356, describes the paper of Rouché below,
Houché, B, Sur les fimections Xn de Legendre, Comptes Rendus,

Paris, Vel, XLVII (1858), pp. 917-921, gives the Legendres
polynomials in bordered determinant form, which he transforms
to secular polynomial form,

Turnbull % Aitken, Canonical VMNatrices, ILondon and Glasgow, 1932,

P. 102, Examples 4 and 5, give the Legendre and Hermite poly-
nomials in continuant form, and indicate the transformation to
the characteristic polynomial of a symmetric continuant for
these types.,

The work of Tchebichef and of Siisltjes on continued fractions
in relation to orthogonal polynomials naturally implies the
continuant form for the latter,

The specifie problem of inter-relating by matrix theory the
various determinantal forms, the essential subject of the pre-

sent thesis, would appear not to have been investigated before.




