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PART I,

INTRODUCTION,




INTRODUCTION.

1. Arrangement of the thesis,

The present thesis consists of three parts. In
the first part we give a brief historical outline of the
most important results that have been obtained in the
theory of axially symmetric gravitational fields, Parts
IT and III are devoted to two contributions by the writer
to this branch of the general theory of relamivityf A
bibliography of papers dealing with the subject is given
at the end, This bibliography has been arranged in chrono-
logical order, and references to it are made by quoting
the authors name followed by the year of publication.

2. Statement of the problem,

The general theory of relativity is a more com-
prehensive theory than zk Newton's theory of gravitation.
Nevertheless in so far as it replaces newtonian theory, it
is legitimate to concentrate attention on the narrower
aspect of the general theory of relativity as a theory of
gravitation, Comparing from that point of view the gene-
ral theory of relativity with newtonian theory, we notice
that the main trend of researches carried out in the two
theories is very different. While in the general theory

of relativity the interest is mainly concentrated on



cosmological sclutions, in newtonian theory the object
of research is the gravitational field of a finite dis-
tribution of matter, leading to a boundary condition
problem, The reason is not far to seek, for one of the
defects of newtonian theory is the absence of cosmological
solutions other than the trivial solution of an empty
universe ; namely three dimensinal space and universal
time. The interest of the new theory is ofcourse greatest
in those fields uncovered by the older newtonian theory.
In the present thesis however we are concerned
with that aspect of the general theory of relativity
which is parallel to the classical newtondan theory of
gravitation, We are not concerned with the homogeneous
cosmological solutions but with non-homogeneous solutions
 involving boundary conditions.

Corresponding to any newtonian gravitational
field there exists an einsteinian gravitational field, The
correspondence 1s not unique, for the newtonian statement
of the problem is not sufficiently explicit. In the gene-
ral theory of relativity it is not enough to define the
shape and density of the matter producing the gravitatio-
nal field, we must also state the nature of the internal
stresses and strains in the matter, before the problem of

determining the field becomes definite. If we suppose



this 1s done for any newtonian gravitational field, then
we are presented with the problem of determining the exact
solution of Einstein's gravitational equations correspon-
ding to this field. The boundary conditions that we lay
down in this problem are that the fundamenta! form must
nowhere be singular and that the coefficients of the
fundamental form and their first derivatives must be con-
tinuous throughout the field., We do not lay down the con-
dition that the field must tend to be galilean at infinity
corresponding to the newtonlan boundary condition of the
vanishing of the potential at infinity, for in part II an
of a field will be given in which the above boundary con-
ditions determine the coefficients uniquely, but which is
not galilean at infinity.

This problem has been solved exactly in only
a very small number of cases. There is first of all the
Schwarzschild solution, corresponding to the newtonian Xk
theory of an attracting particle, the problem having been
made definite by supposing the attracting mass to be a
spherically symmetric homogeneous incompressible liquid.
In part II another solution of this type is given, cor-
responding ﬁo the newtonian ssdwtier theory of the atirac-
tion of an infinite cylinder. Here the problem has been
made definite by supposing the cylinder to be a liquid,
rotating with just that angular velocity which reduces

the pressure everywhere to zero. The present writer is



not aware of any other non-homogenecus solution of
Einstein's gravitational equations,

In the case of the Schwarzschild solution
the gravitational equations were found to be soluble
owing to the great simplicity introduced by the assumption
of spherical symmetry. In looking therefore for more gene-
ral solutions it 1s obviously Indicated to attempt to
introcduce a measure of symmetry less than that of complete
spherical symmetry. One 1s thus led to the study of
axially symmetric solutions of the gravitational equations,
The definition of axial symmetry 1s not as simple as that
of spherical symmetry. Though there has been no disagree-
ment among different investigators about the canonicali-
sation of the fundamental form appropriate to the case of
axial symmetry, no very satisfactory definition of the
conception has been given. A geometrical definition has
been attempted by the writer in the second paragraph of
part II,

In the case of spherical symmetry it is a
consequence of the gravitational equations that space-time
is of the normal statical type. By a static solution we

mean one in which the line-element can be put in the form

(21} g

1l

de™ - ﬁe?de

where




and where all the dup, G¢e  OTC independent of % .
In the case of axial symmetry this is not so, and con-
sequently we have statical and stationary axially sym-
metric fields. In the stationary case the coefficients

are also independent of t , but the line-element cannot
be reduced to the form (2.1).

3. Statical solutions.

Weyl and independently Levi-Civita (1919),
obtained the general solution for a static axially sym-
metric gravitational field in a region where the energy
tensor vanishes. The solution may be expressed as follows,

The line-element is given by
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The equation (3.2) is seen to be the condition of in-

tegrability of (3.3) and (3.4), and hence we have field
satisfying the gravitational equations corresponding to
any solution of (3%.2). The equation (3.2) is seen to be
Laplace's equation in cylindrical coordinates, with the

L

term %;ﬁ missing.

The axis of symmetry 1s given by ¢ =©° , and
if this axis is not to be a singular line in the geometry
of space-time, we must have A = 0 on the axis. This
is easily seen by considering a small circle round the
axis in a z-plane, and determining whether the ratio of
its circumference to its radius approaches 277 &8 T
approaches zero,

Levi-Civita (1919) applied the theory to
obtain the field of an infinite cylinder. Assuming » to

be a function of r only, he found
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He also showed that in this fisld the gravitational
force varies proportionally to the power « o©of the

geodesic distance from the axis,where
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To obtain further cases of his general solution, Weyl
introduced an auxiliary space by interpreting ;,21;1




as cylindrical coordinates in a euclidean space. Given
& partigular distribution of matter in the auxiliary
space, we find the ordinary nawtonian potential and this
gives an exact solution when substituted in (3.1).
Weyl's solution is the most general one for
this type of field, and hence must contain the Schwarz-
schild solution as a particular case. Weyl showed that
the Sclwarzschild solution is obtained by considering
the potential of a unéform bar along the z-axis in the
auxiliary space. Analytically this 1s expressed as
follows., If wewv transform (3.1) with the transformation

KB4 Nl 2 v O S (x+ <),

then the function V giving rise to the external

Schwarzschild solution is

(3.8) V;L;}lb =

Several investigators have applied themselves
to the problam of determining the field due to two spheres.
It is obvious that a statical solution of this type does
not exist, and the problem therefore is of rather academic
interest, but we can give it a certain measure of physical

interest by supposing the spheres to be kept at rest by a

rigid structure of negligible mass.



The basis of these attempts has been the generalisation
of the preceding result. The fisld of one mass centre is
given by the potential of a uniform bar in the auxiliary
space., This suggests finding the lins-element arising from
two uniform bars in the zarenigal spaze auxiliary space .
Three arbitrary constants will appear m,, m,, and d,
which are to be interpreted as the masses and the distance
between them. Solutions have been given by Bach (1922),
Palatini (1923%), and Chazy (1924), 8% of which Bach's
solution appears to be the best.

Bach obtains the form (3.1) where
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and where T , I , T,, r’?, are the distances of the point

A ?b , 1o the extremities of the two bars in the
canonical space, The two bars. are situated on the z-axis

the first bar between z@nd Z the second bar between

n ?
z, and 2, . We see that on the axis A =o for z > 2, or
) but on the stretch 2. >z 7z, » A

has a constant value
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and hence the line-element is singular at all points on
the axis between the mass centres,

Weyl (1922), in an addition to Bach's paper,
supposed that the singularity was removed by filling the
region in the neighbourhood of the portion of the axis be-
tween the masses with a medium capable of retaining them
in equilibrium with suitable stresses. Calculating the
flux of force across a surface normal to the axis betwsen
the masses, ne found for the force of attraction K betweem
them the formula
(3.12) K= s LG sk

s (A g 4 )
If 2d is much greater than m4 or m,, this givesa

approximately

(3-13) |< = ej/‘u.‘_lw 1
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the correct newtonian expression, if 2d is the distance
between the masses. |

Other papers dealing with Weyl's theory are
not of vefy much interest. Chou (1931) has attempted to
apply Weyl's theory to obtain the field of a spheroidal
homeoid. Chou himself however remarks that the line-



element which he obtains can be transformed into the
Schwarzschild form, but making the observation that
"the interpretation of the coordinates is not the same".
Further we may mention three papers by Straneo (1924),
devoted to a discussion of certain difficulties which
appear to have occurred to the writer in connection with
Weyl's theory.

An excsllent review of the development of the
subject up to 1927 will be found in Darmois' article in
the Memorial des Sciences Mathematiques (1927).

4. Stationary solutions.

The stationary case differs from the static
case in the presence of an additional coefficient in the
canonical form of the line-element. A general exact
solution of the gravitational squations for the étationary
case was obtained by Lewis. This solution contains Weyl's
solution as & particular case, but unlike Weyl's solution
it is not the most general solution., A simple derivation
of Lewis' solution is given in paragraph § of part II,
Lewis used his solution to obtain the external field of
a rotating cylinder. The gravitational equations in the
interior of rotatating non-intseracting matter, ars con-
sidered by the present writer in partlII. A general exact
solution is faund, and the field in the interior of an

(0.



l.

infinite rotating cylinder are deduced as a particular
case, Associating the internal solution thus obtained
with Lewis' external solution, the problem of the field
of a rotating cylinder can be completely solved, the boun-
dary conditions determining uniquely the arbitrary con-
stants occurring in the solution in terms of the physica 1
dimensions of the system,

Exact solutions in the case of a rotating liquid
have not so far been obtained. In this case we must content
ourselves with approximate solutions.

The external field of a rotating sphere was first
investigated by Lense and Thirring (1918). They used their
result to sktxirn determine the effect of the rotation of
a central body on the advance of the perihelion of X a
planetary body. They found a slight increase in the advance
of the perihelion but below the limit of observation.

Second approximations to the field of a rotating
sphere were obtained by Bach (1922) and by Lewis (1932).

A second approximation to the more general case of the
field of a rotating MacLaurin ellipsoid was obtained by
Akeley (1931).

In part III of this thesis the gsrsxal problem
of the gravitational field of a general rotating ligquid
is discussed, and the general solution given corrsct to

the second order.
The theory is applied to determine the field



of a slowly rotating sphere. Comparison of the results
here obtained with those of Bach and Lewis is not easy,
as these writers were not able to express the arbitrary
constants occurring in their solutions in terms of the
physical dimensions of the system. The result we obtain
is however checked by comparison with the Schwarzschild
solution, to which it must ofcourse tend when the angular

velocity tends to zero.



PART II,

THE GRAVITATIONAL FIELD OF A DISTRIBUTION OF

PARTICLES ROTATING ABOUT AN AXIS OF SYMMETRY.

1.



IX.—The Gravitational Field of a Distribution of Particles
Rotating about an Axis of Symmetry. By W. J. van
Stockum, Mathematical Institute, University of Edinburgh.
Communicated by Professor E. T. WHITTAKER, F.R.S.

(MS. received July 2, 1936. Revised MS. received December g, 1936.
Read November 2, 1936.)

§ 1. INTRODUCTION,

THE generalisation to the stationary case of the solution given by Weyl
(1918) of Einstein’s gravitational equations in a statical axially symmetric
universe, has been attempted by various writers. It has not, however,
so far been possible to reduce the equations to linear form and thus to
find the most general solution. A set of special solutions has been
obtained by Lewis (1932), valid in a region free of matter, which contain
Weyl’s solution as a particular case. They depend upon an arbitrary
solution of the equation
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In the first part of the present paper the gravitational equations are
considered in the interior of an axially symmetric distribution of particles
rotating with constant angular velocity about its axis of symmetry.
Solutions of the equations are found depending upon an arbitrary solution

of the equation
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In the second part the field of an infinite rotating cylinder is considered,
and the internal solution obtained by the method of the present paper
is associated with the external solution given by Lewis. The boundary
conditions, namely the continuity of the coefficients of the fundamental
form and their first derivatives across the surface of the cylinder, determine
uniquely the constants occurring in Lewis’s solution in terms of the
physical dimensions of the system. It appears that there are two essen-
tially different types of external field of a rotating cylinder, according
as the radius of the cylinder is less or greater than a certain critical value.
In the first case, the geodesic planes normal to the axis of symmetry are
infinite and tend to euclidean planes at infinity; in the second case,
these planes are finite and closed. The external field of a rotating
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cylinder given by Lewis corresponds to the case where the radius is less
than the critical value.

§2. DEFINITION OF AXIAL SYMMETRY.

It is customary to define stationary axially symmetric space-time to
be such that by a suitable choice of co-ordinates the fundamental form
assumes a certain simple expression. As however, in what follows, we
shall allow ourselves to be guided by geometrical intuition in defining
the energy tensor of a rotating system of particles, it may be more con-
sistent to give a geometrical definition of axial symmetry, and to deduce
the particularisation of the fundamental form from our definition.

Stationary axially symmetric space-time we define as follows. The
universe contains a privileged observer O, whose world-line is a time-
like geodesic g. The observer O separates space-time into space and
time by referring to the 3-spaces S formed by all geodesics at O normal
to g as space and to some suitably chosen parameter # defining his position
on g as time. The universe is said to be stationary if with the passing
of time the observer O detects no change in the intrinsic geometry of the
space S. If the parameter ¢ is used as one of the co-ordinates, it follows
that the coefficients of the fundamental form must be independent of &
We now say that, in addition to being stationary, the universe is axially
symmetric if at any instant there exists in S a privileged geodesic a,
passing through O, which is such that at any point of it all directions
in S normal to @ are intrinsically indistinguishable. We have then at
every point of g a privileged geodesic @ normal to it. We shall now
show that it follows from the definition of axial symmetry that the unit
tangent vectors at g to the geodesics ¢ are parallel in Levi-Civita’s sense.
For suppose this is not the case; then selecting the S, passing through
the point O on g, we obtain a cone of directions at O by propagating the
unit tangent vectors to the geodesics @ parallelly along ¢ to @. Con-
sidering the geodesics in S defined by this cone of directions, we obtain
a surface in §, containing the privileged geodesic @ of S. But this surface
would define, at all points of &, privileged directions in S normal to «,
namely those tangent to the surface, which contradicts the assumption
of axial symmetry.

We may now choose a system of co-ordinates as follows. At an
arbitrary point of g we select two unit vectors in S which, with the unit
tangent vector to @, form an orthogonal triad. We can use the triad to
set up in this § a system of geodesic polar co-ordinates, » being the length
of the geodesic joining an arbitrary point to O, @ the angle between the
tangent to this geodesic and the tangent to @ at O, and ¢ the azimuthal
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angle. Propagating the triad parallelly along g, we have defined a triad
in every S and 7, 8, ¢, #, can now be used as co-ordinates of space-time.
From the definition of axial symmetry it follows at once that the coefficients
of the fundamental form must be independent of ¢. We can show that
in the present system of co-ordinates the #lines will be normal to the
#-lines. This is seen by noting that the #line of a point, the », 8, ¢
co-ordinates of which are kept fixed, is described by propagating the
geodesic radius vector, which is normal to g, parallelly along it, and it is
well known that its extremity then describes a curve which is at all points
normal to the geodesic radius vector. It can further be shown to follow
from the definition of axial symmetry that the #lines are normal to the
f-lines. Consider the surface 2 in S formed by all the points geodesically
equidistant from O, and let this surface intersect ¢ in a point . The
directions of the #lines at points of S can be projected on to S. Suppose
this is done at all points of S lying on X. Then since the #lines are
normal to the 7-lines the projections will lie in X, forming a congruence
on X. Now, since all directions at 2 in X must be equivalent, this con-
gruence must lie symmetrically about 2, and hence must cut the @-lines
orthogonally. It follows that the #lines are normal to the 0-lines. From
these last two results it follows that the product terms &rdz and d0d¢
are absent in the fundamental form, which will then be of the form
ds? =dr* + AdP? + Bdg® + Cdpd! + Dds?
where the coefficients are functions or » and @ only.

§ 3. CALCULATION OF Riccl TENSOR.
For analytical purposes the co-ordinate system established in the
preceding section is not the most convenient. We therefore apply the
transformation

(3' I) 0 ot =x1(r, e}) «? =x2(7: g): x® Z(FS! at= Z
thus obtaining the slightly more general form

; B 22 a8 L i a,ﬁ:z,z
(3.2) : ds® =g gdx"dsx’ + g, dx™dx", (m} v 4)

where the g,5 and the g,,, are functions of the co-ordinates #! and x*
only. In what follows, unless the contrary be explicitly stated, it will
be understood that Greek indices are to have the range 1, 2 and Roman
indices the range 3, 4. The summation convention is adhered to, with
the understanding that repeated Greek and Roman indices are to be
summed through the ranges 1, 2 and 3, 4 respectively.

We note that the transformation (3.1) can always be chosen so that
gu=ge and gp=0. If we suppose this to have been done, we may
write (3.2)
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(33 i ds® = e?¥(duldal + da?dx?) + 1dxPda® + 2mdaddat — fdatdat,

It will be convenient first of all to obtain the expressions for the com-

ponents of the Ricci tensor of the form (3.2), in tensor form with regard

to transformations of the type (3.1). We notice that with respect to this

group of transformations the functions g, g™*, D, where D is defined by
D=~ | Smn ]s

transform like invariants, and that their partial derivatives transform

like vectors in the (x!, x%)-surfaces. We denote partial differentiation by

small Greek suffixes. These suffixes can then be raised and lowered in

the usual way with respect to the form

(3:4) : : ; do? =g, .dx"dxP.

Covariant derivation with respect to (3.4) we denote by a comma pre-
ceding the suffix, or alternatively by the symbol —88-— For the Christoffel
xa

symbols of the form (3.2), containing the indices 3 or 4, we have the formulza

(3:5) T {”j”} s {:;} i {ﬁ;}ﬂ,

” 4 Gl A
{a”}:%g‘" Ensa {m%J’_ _i‘gmn-

Substituting these values in the usual expressions for the components
of the Ricci tensor in terms of the Christoffel symbols, we obtain, after
some simplification, the following formula for the non-vanishing com-
ponents

Ry=K34+ DD ,— DD"D, ~ Lot g™

f:
(3.6) - : 2 (. [
lf?n =307 (Dg™gns)s
X

where K is the Ricei tensor of (3.4). Writing these formulae explicitly
for the form (3.3), we obtain

(V-8 Rg=DAS; + D, g = 3D, fo+ 1 fo+ 2mmp),

-y 3_‘1._3_[_;‘7“+mm‘
'\/( g)R _2 fx® D : ]
v(,g)ﬁi=£iﬂ[w],
(3»7) 2 Ox D
\ e )R4_I @ [m!a—lma]
VeoR=a =5 )
it 2 [Latmm,
'\/( g)R4—2 axa[ D ]1

\V(-£)(& +RY =AD,

where A is the ordinary Laplacian operator in the variables x! and x*
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§ 4. THE ENERGY TENSOR.

We consider now the energy tensor of a distribution of particles
rotating round the axis of symmetry. We suppose that from the point
of view of the observer O of § 2, the particles are describing the
¢-lines in the space S. It follows then that the first two components
of the unit tangent vector to their world-lines vanish. We furthermore
suppose that the particles are describing their paths without mutual
interaction, the world-line of each particle being a geodesic in space-
time. The energy tensor of such a system of particles is of the form

T;z[-!')tf)tm (?) §=1, 2,3, 4)

where p is the density of the particles and A" is the unit tangent vector to
their world-lines. In order to satisfy the condition of axial symmetry,
it is of course necessary that the density p be a function of x' and 2?
only. In the present case we have Al=A>=o0. If we write Q=2A3/AY,
we find for the components of the unit tangent vector

= Q
A (f-20m -2

I

A3

4

A TN —2Qm -0

We obtain for the non-vanishing components of the energy tensor the
expressions

[’TBZ QU+Qm ., Pm-Qf
) | T e R Qm -
SRR T W

S 2Qm - Q¥ ’ 'uf—sz—sz

The vanishing of the divergence of the energy tensor gives the equations

o
(42) . 0= BN X NN =0 (5=1,2,5,4)

. 7}
Since A*=o, andgf,—n:o, the first term in (4.2) disappears. Using the

fact that A=A, =0 and that A" is a function of x! and x? only, we find that

}km,ﬂ = )\“, g=0
aam .
Am = n
(4:3) . : . : . T {“”}A :

a

x ={ }Aﬂ.

,m mn
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Substituting from (4.3) in (4.2), the latter reduce to the two equations

a
(4-4) - : : ! ; p{m%})\m)\" =0
which, using (3.5), may be written
(4.5) . . . . wl f,—2Qm — Q) =o.

We now suppose that Q is a constant, and that p#o0, then the equations
(4.5) can be integrated at once, giving

(4.6) . . ; . f—2Qm — Q¥ =constant.

It is important to notice that the equation (4.6) holds only when p=o.
We now adopt a new system of co-ordinates with the transformation

U Rea? BP=a-Qat F=at

(gep)r 5 . at=gl

This transformation constitutes a change to a rotating system of reference,
relative to which the matter is at rest. If the bars be omitted, which
may be done without danger of ambiguity, the fundamental form becomes

(4.8) . ds*=e(dutdal +duda?®) + Ldxdda® + 2 Mdaddat — Fduddat,

where
T
(o) . ; ; . A M =m+QI,
lF=f—2Qm—Q21.

If we denote the components of the energy tensor in the new system of
co-ordinates by accented letters, we find
"T§=Tg'_QT§:
‘Ti=QTi+ T3 -Q275-Q7T%,
(4.10) . ; ; ’T§=T",3 - & %
'T4=QT5+ 7%,

the remaining components being zero as before. If we now substitute
from (4.1), using (4.9), we find that the quantity Q disappears from the
expressions, and we obtain, finally,

{’ngo, ‘Ti=o,
(4.11) . A . She e i
"Ts=p— & g = 1
l T& V’F: I
The equation (4.6), yielded by the vanishing of the divergence of the

energy tensor, becomes in the present system of co-ordinates

(4.12) . . : . . F=constant.
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§ 5. THE GRAVITATIONAL EQUATIONS.

Since the fundamental form (4.8) is of exactly the same type as (3.3),
we obtain the expressions for the components of the Ricci tensor in the
system of co-ordinates of § 4, by writing #, L, M, for f, I, m, in (3.7).
We write the gravitational equations in the form

(51 . . . Ri=-k(Tj-17%), @GJ=1,2,34)

where we may, without ambiguity, omit the accents relating to the present
system of co-ordinates. We have, from (4.11),

T=Ti=-p,
and hence we deduce from (5.1),

R+ Ri=0,
and this gives, by (3.7),
(5.2) . ; : ; ] AD=o.

On the basis of this equation we may proceed with the introduction of
Weyl’s canonical co-ordinates, the application of which to the stationary
case was first noted by Lewis (oc. ¢cit.). We define a transformation

el : 1 : =20, g=0,

where D’ is a function of x#' and x?* such that

D +iD = f(x +ix?),
which, if (5.2) is satisfied, is always possible. This transformation leaves
the fundamental form of the (x!, x%)-surfaces in the isothermal form, and
hence occasions no change in the expressions for the Ricci tensor. We
suppose the transformation to the co-ordinates #, z to have been effected,
but we will retain the indicial notation whenever convenient, suffixes I
and 2 referring to differentiation with respect to » and z respectively.
We may then put D=7 in all formule thus far calculated. For 2, 4
we have

(5.4) . : Dy, = _‘al‘l: A Dy, 5= —‘;{’2, D,, 2=4‘1-

Considering now the remaining gravitational equations, if we substitute
from (3.7),(4.11),and (5.4) in (5.1), and write for convenience p =xu/( - g),
we obtain after some simplification:

r P
(5.5) . . . A¢=‘;2(L1F1+52F2+/W12+M§)";r
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I .
(5.6) - . . = _;_(Llﬁl + M- L Fy— M3,
iy
G . : = ;;(51]? o+ Lolfy + 20, M,),
“}M - MF,
(5-8) =0,
o [ FZ,-LF,
(5.9) - ; . e —2p,

( ) d ]I/[ fﬂ/ M
5.1 — = — 20—,
3-10 o Pﬁ.
§6. SOLUTION OF THE GRAVITATIONAL EQUATIONS.

We first of all remark that the equations (5.8) to (5.10) are not inde-
pendent; (5.10) may be deduced from (5.8) and (5.9). To obtain the
general solution of the equations we make use of the relation (4.12).
Putting

(6.1) . : . : 3 F=1,

the équations (5.5) to (5.9) become

Ba2) o e o ow DY =4—:_2(M§ + M2 - 2”;,
R S ~4§(M¥ - a3,
(oM . s —;I; M,

(6.) LR s iM, —0;
B8 = SRR e ; e

We notice that the equation (6.5) expresses the condition of integrability
of the equations (6.3) and (6.4). We may therefore attempt to obtain
solutions of the equations by choosing a function M satisfying (6.5).
The equations (6.3) and (6.4) being integrable then determine ¢. We
are then left with the equations (6.2) and (6.6) to determine Z and p.
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The functions Z and M, however, are not independent. Owing to the
particular choice of the co-ordinate system we have from (5.3)

6.7) . ! ? ! . PR=FL+M?
and hence by (6.1)
6 & = w5 a ¢  I=r-ME

Substituting from (6.8) in (6.6), and using the fact that M/ satisfies (6.5),
the equation (6.6) becomes

(6.9) . . ' . . Mi+Mi=1mp.

We may consider this equation to define the density distribution, and
then the equations (6.3) to (6.6) are all satisfied. If we now calculate
Ay from (6.3) and (6.4), and substitute the result in (6.2), this equation
becomes identical with (6.9), so that it also is satisfied. We have there-
fore shown that the general solution of the equations depends upon an
arbitrary solution of the equation (6.3).

If we write ¢ =23, cz=x* we have for the fundamental form

(6.10) . ds? =V (dr? + d2?) + (7% - M2 dp? + 2 Medpdt - Pdr,

where M is any solution of (6.5), ¢ is determined from (6.3) and (6.4),
and where the density p is given by the equation

(G A .Kp:i%e-w(;wﬁﬂg).

We cannot deduce solutions for the external field from the present solution
by putting u =0, for we then see from (6.11) that this implies 4/ =constant,
and the resulting solution is trivial, space-time being then galilean. The
reason is that the equation (6.1) was deduced from the vanishing of the
divergence of the energy tensor on the supposition p#o0, and hence does
not necessarily hold when the energy tensor vanishes.

§ 7 THE FIELD OF AN INFINITE ROTATING CYLINDER.

We now consider the particular solution of the equations which is
obtained by supposing M to be a function of » only. The equation
(6.5) then reads

I
Mll—';Ml-EO,

and this yields on integration

rdl ’ L I y M=ar?,
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where a is a constant of integration. Determining the function i from
(6.3) and (6.4), we find

—qtr?
82¢=£’ ar.

The equation (6.11) for the density now reads

(m2) - 3 > 5 . Kkp=4a%e ",

We obtain therefore the fundamental form

2 ; ds® = H(dr* + dz*) + Ldd® + 2 Mdpdt — Fdr?,
where

{H o L=r¥1-a*",

(7.4) M =acr?, F=c2

The present system of co-ordinates constitutes, as we have seen, a system
of reference relative to which the matter composing the cylinder is at
rest. We define the angular velocity of the cylinder to be the angular
velocity relative to a non-rotating system of reference associated with
an observer on the axis of symmetry, using Walker’s definition of non-
rotating (1935). Walker defines a non-rotating system of reference for
an observer to be such that in it the acceleration of a free isolated particle
in the neighbourhood of the observer is independent of its velocity. This
clearly corresponds to what is meant by a non-rotating system of reference
in Newtonian dynamics. We may call such a system a dynamical rest
frame for the observer. Walker has shown that for such a system the
unit tangent vectors in the direction of the space axes must be defined
by Fermi-transport along the world-line of the observer, which, since
the world-line in the present instance is a geodesic, reduces to ordinary
parallel transport.

Let us denote the unit tangent vector to the »-lines by ! (=1, 2, 3, 4).
Then if £ is transported parallelly along the world-line of the observer
the equations

i il ; b
(R ’ . . z—i % +{:5}§“%x; =o ({,a,b=1,z2,3,4)
must be satisfied at the origin. We have

[ Ei=(Ht o, 0,0),
(ol i - : -ldia=(o, o, 0, F-1),

ds

Substituting from (7.6) in (7.5), and using (3.5), we obtain the two
equations

G~ = D2FM, - MF)H3¥F-¥=o,
(7:8) . . ; DY MM, + LF)H- F*t=o.
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We now apply the transformation (4.7), where we write Q' instead of Q,
to the form (7.3), and calculate the expressions on the left-hand side
of (7.7) and (7.8) for this new form, obtaining the equations

(7.9) . ) i I . #(e—afd#?) =o,

Q' +ac
—2a%Q) +a®3c )% =o0.

(7.10)

¥

These equations are satisfied at the origin only if
(7iEr) . ; . . . Q' = —ac.

It may be shown similarly that the unit tangent vector to the z-lines is
propagated parallelly along the world-line of the observer, independent
of the value of ', We therefore obtain the expression for the fundamental
form in a non-rotating system of co-ordinates, by applying the transforma-
tion (4.7), where we substitute for Q the value given by (7.11). When this
is done we obtain the form (7.3), where
H=¢"" L =71 -a??,

(7.12) {M=aaﬁ4, F =21 +a*? +a¥h).

§ 8. INTERPRETATION OF THE SOLUTION.

We see from (7.11) that the angular velocity w of the cylinder is
given by
&y = : : . . w=ac.

If we denote the density of the cylinder on the axis of symmetry by pu,,
we find from (7.2), if we substitute for « its value in terms of Newton’s
gravitational constant y, that

(8.2) . : : : . @t =z2myp,,

and hence we have for the angular velocity

(8.3) . : : ; . w= 1/271)/;.-:0.

If we suppose the cylinder to be of the density of water on the axis of
symmetry, so that uy=1, the period of rotation of the cylinder is approxi-
mately 2 hours 42 minutes. If we denote by R the value of » on the
boundary of the cylinder, then we see from (7.12) that we must have

ak < 1,

otherwise the coefficient of d¢* in the fundamental form is negative in
the interior of the cylinder. For a cylinder of given density therefore
there is an upper limit for the radius. Since w=ac, the inequality may
also be written

wk < ¢,



146 W. J. van Stockum,

so that the upper limit of R is the same as the upper limit of the radius
of a rotating cylinder in the special theory of relativity. The quantity
R, however, is not the radius of the cylinder but connected with it by

the equation
i

®=| ¥,
0

where R’ denotes the radius, If yy=1 we find that the maximum radius
is approximately 35 x 10® I{. M.

We now consider with what angular velocity a particle is to describe
a ¢-line if its world-line is to be a geodesic in space-time. We write
the equations of the geodesics in the Lagrangian form

R N T ] (ZI#IJ 2, 3:4)
where
T=H@G?+2%) + L2+ 2"t — Ft"?,

dashes denoting differentiation with respect to the arc s. We attempt
to satisfy these equations by putting »=constant, z=constant. The
only pertinent equation is then seen to be

d 8T orT

ds &' or
which gives a quadratic for d¢/d¢, namely
B.4) . : : L,dd* + 2 M dddil — Fidt* =o.

Substituting from (7.12) in (8.4), and solving the quadratic, we obtain
the roots

o,

(8:8) . . : : w;=ac,

8.6) . 3 : : Wy = —la?zac.
I —2a%r

The first root gives the angular velocity of the cylinder, verifying that
the world-lines of the particles composing the cylinder are geodesics.
If we suppose a thin tube hollowed out in the cylinder along a ¢-line,
the second root gives the angular velocity with which a particle must
be endowed in order to traverse the tube in a sense contrary to the sense
of rotation of the cylinder.

The unit tangent vectors to the world-lines of the particles composing
the cylinder must always be time-like. To investigate whether this is
the case, we consider the null-directions in the (¢, #)-surfaces. These
are given by '

B.n . : ; . Ldd® + 2Mdbdt — Fdi? =o.
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Solving this quadratic we obtain the values of d¢/d¢ corresponding to
the null-directions. They are found to be

3.3

1 —a’? ac

(8.8) . ; ; : Ql=m =
1+a%% ac
(8.9) . 5 : i Qg ==Ea < _azrg c;'

We see from (8.8) that, for all values of », we have Q; > a¢, and hence
the tangent vectors to the world-lines of the particles are always time-
like. Comparing (8.6) and (8.9), we see that when ar=1%, we have
Q,=w, Hence when ar ——1, the velocity with which a particle must
be projected in order to describe a ¢-line, in a sense opposite to the sense
of rotation of the cylinder, tends to the velocity of light. At points
where # exceeds this value it will be impossible for a particle to describe
a ¢-line in this sense. If we consider the case of a cylinder whose density
and radius are such that eR =1, then on the boundary a light signal sent
out in the direction of a ¢-line, and in a sense opposite to the sense of
rotation of the cylinder, will travel along the ¢-line. An observer there-
fore on the surface of the cylinder will be able to look right round the
cylinder. Assuming po,=1, we find that if the observer is at rest on the
surface of the cylinder, a ray of light sent out by him returns in approxi-
mately 40 minutes.

Returning to equation (8.6), we see that when ar= the angular

I
V2’
velocity w, becomes infinite. The ¢-line is then a space-like geodesic.
The length 7 of a ¢-line is given by

/= »r 7(1 - a®®)tdp = 2mr(1 - a®)1,
0

a . I :
and we see that / is a maximum when ar::/-:. As 7 increases beyond
2

this value the length of successive ¢-lines diminishes. When a»—-—1 the
length of the corresponding ¢-line——o0. If the cylinder is such that
aR =1, then all geodesics issuing from the origin in the planes z=constant,
meet again on the boundary, which then reduces to a line, the antipodal
line of the axis of symmetry. We will return to this point when we
consider the external solution.

Before proceeding to the question of the external field and boundary
conditions, we may consider the Newtonian analogue of the present
solution. If in Newtonian potential theory an infinite liquid cylinder
of uniform density is endowed with a constant angular velocity €, there
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exists a definite value for Q, which will reduce the pressure everywhere
to zero. If w is the density of the cylinder and y the gravitational con-
stant, we find for Q the value

Q=v amuy.

The present paper is concerned with the gravitational field of such a
cylinder according to the general theory of relativity. We see that we
obtain the same value for the angular velocity, but in the present case
the density is not constant, it decreases with increasing distance from
the axis. If the radius of the cylinder is small, however, the density
does not vary very much from its value on the axis of symmetry.

§9. LEWIS'S SOLUTION FOR THE EXTERNAL FIELD.

In order to complete the solution we must now consider the external
field and the boundary conditions. We make use of Lewis’s solution
for the external field of a rotating cylinder (Lewis, 1932). The form
in which Lewis gives this solution is not a convenient one from the point
of view of determining the constants occurring in it by means of the
boundary conditions. We will therefore here obtain this solution by
a different method, and in a form more convenient for our purposes.

We return to the equations (5.5) to (5.10), where we put p=0. With
Lewis we remark that the conditions of integrability of (5.6) and (5.7),
and the condition of compatibility of these equations with (5.5), are con-
tained in the system (5.8) to (5.10). These last three equations are not
independent, any one being a consequence of the remaining two. We
consider (5.9) and (5.10), and make the substitution

(0.1) F M

: . v . . U=— =—

9 . 7 v 7

Using the relation (6.7), the equations (5.9) and (5.10) become
(6:9) 3|:'rz¢ﬂj| aJ:ﬂ;n:l

y ’ ' © alu+er|T” e T

We attempt to obtain solutions of these equations by putting
(9:3) - : o u, =0 (u+0?), v, =D, (u+?).

Substituting from (9.3) in (9.2), we see that the functions © and ® must
satisfy the equation

(9.4) . : : s O, + 0, +;_I-®1=o.

Choosing two arbitrary solutions of this equation, we now attempt to
obtain # and » from the system of equations (9.3). This system of first
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order partial differential equations is complete, that is to say, the con-
ditions of integrability are identically satisfied if

0,0, - 0,0, =0,
as may easily be verified. This relation involves
D =£(0),

and since ® and @ are both solutions of (9.4), it is easily seen that we have

G=40+ 75,
where 4 and B are constants. It is then evident from (9.3) that this
implies
(9.5) . : ; 3 . v=Au+B.

The two sets of equations in (9.3) are then equivalent, and they reduce to
an ordinary differential equation which may be written

i
= —40.

6 =
(9:6) 42+ GAB +Du+ B

In the integration of (9.6) three cases arise, according as 44 B +1 is >,
= or <o0. In the case 448 +1 < 0, we obtain, introducing different
constants,

—u=a?+f%+208 coth 20,

—o2=a coth 20 +f,
and these give

X e
#~1L = - sinh 20,
(e

o . : . 47 WM = —cosh 20 _@ sinh 20,
27

2 2

a®+
7r~LF= - 28 cosh 20 — sinh 20.

Substituting from (9.7) in (5.6) and (5.7) we obtain for i the equations

1
ot _J¢1=—4—7+r(®i’-®§),
lp2=2?'®1®2.

In the case 448 +1 < o, we have similarly

1
711 =—cos 20,
o

(9.9) . . . 477l =5in 20 —'E—g cos 20,
a

0',2-*‘82

r~1F=28sin 20 + cos 20.
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The equations for i are now

[ S i_y(@f._ g);
. 47

14’1’- = —270,0,.

The case 448 + 1 =0 does not, in the present instance, require separate
treatment.

(9.10)

§ 10. BouNDARY CONDITIONS. THE CASE aR < }.

The external field of the cylinder is now obtained by choosing a
solution of (9.4) which is a function of » alone. We find

¢ o & : : ; . @=nlog (1),

7o
We consider first of all the solution given by (9.7). Obtaining ¥ from
(9.8), we find for A

S\oni=3
(10.2) . : : ; : H=k(}) ;

We suppose that on the boundary of the cylinder we have »=R2. We
write 20 = 0, + 0, where

R\
[9,,= 27 log (—),
*o

(To:3) : : ;
]‘ 0=22log (}%),

so that =0 on the boundary. Substituting in (9.7) we equate the values
of the coefficients on the boundary with the internal boundary values
given by (7.4). If we write for convenience ¢ =x*, we obtain the equations

f

e
— sinh 0y =R%(1 — a2R?),
a

(10.4) . . . —cosh 6, - Easinh Oy=aR,

2 2

—2f3 cosh 6, - & sinh @, =R

We now calculate the derivatives of the coefficients of the form and equate
their values on the boundary, obtaining the equations

-2 (sinh @+ 22 cosh 6) = 2R(1 — 2a°R%),

p

— 23(cosh 8+ 27 sinh ;) —

(sinh @+ 27 cosh 05) =2aR,

a? + p?

a.

(10.5) . — (cosh B+ 22 sinh ) —

(sinh 8y + 27 cosh ) =o.
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7¢* sinh (e — 0)
Gog) SENS . Feme—a

and where 6 is defined by
(10.15) . . : o B=+/(1 —4a*R?) log ;é‘

sinh ¢

The present system of co-ordinates is, as we have seen, to be interpreted
as a rotating system. In order to obtain the field in a system of co-ordinates
which is a dynamical rest frame for the observer on the axis of symmetry,
we must apply the transformation (4.7) where Q= —ac. When this is
done it will be found that for sufficiently great values of », the coefficient
of d¢* changes its sign. This does not mean that the fundamental form
changes its signature, for by (6.7) the determinant of the quadratic (8.7)
is positive for all values of #, and hence, as long as L is positive a trans-
formation of the type (4.7) can always be found which will transform the
quadratic into the difference of two squares. We see, however, that the
unit tangent vector to the world-line of a particle with fixed space co-
ordinates in Walker's dynamical rest frame is space-like at sufficiently
great distances from the axis of symmetry. The separation of space-
time into space and time by means of Walker’s rest frame therefore holds
only in the neighbourhood of the observer. We can, however, find
a system of co-ordinates in which the coefficient / remains positive
throughout space. We apply the transformation (4.7), where we put

¢ sinh e +cosh ¢
(10.16) . : . Q=—-————" " ocoshe
£ sinh 3e +cosh 3¢

We then obtain the form (7.3), where # is given by (10.11) and

[ 7 Rz[sinh 3e+cosh 36(7*)“3" 3 sinh 3¢ —cosh 35(7' ‘)1 '2"]
& 4 sinh 2¢ cosh e\ 4 sinh ze cosh e \ /¢, i

(10.17) + ¢ jy— ﬁ#(f)l_m
! sinh 3e +cosh 3e\ &%, ;

4 sinh ze (r“"n
o

and where 7 is defined by (10.7). We easily verify that in the present
system of co-ordinates the cosine of the angle between the ¢-lines and
the #lines tends to zero as 7 tends to infinity. Furthermore the angular
velocities with which a particle must describe a ¢-line in order that its
world-line may be a geodesic in space-time, tend to become equal and
opposite and both tend to zero as » tends to infinity. Hence the present
system of co-ordinates may be described as one which is not rotating
with respect to the fixed stars. We call the present system of co-ordinates
an astronomical rest frame for the observer on the axis of symmetry.

l =t
sinh 3e + cosh 3¢
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The angular velocity o’ with which the cylinder is rotating in the present
system of co-ordinates is obtained from (10.16). LExpressing o’ in terms
of R by using (10.10) we obtain
W [1 —2a2R% — /(1 — 4a%R?)),
2a% R4 3
(10.18) . : ; =ac(1 +2a2R% + 1002t RE+ . . ).

Comparing (10.18) and (8.1), we see that Walker's dynamical rest frame
rotates with an angular velocity w” relative to the astronomical rest
frame, where w” is given by

(10.19) . : : w" =2a*R*(1 + 5a2R%+ . . .ae.

If @R is small compared with unity, so that the radius of the cylinder
is small compared with its maximum permissible value, then o” will
be very small compared with w’. If we suppose the cylinder to be of the
density of water on the axis of symmetry, and its radius to be that of the
earth, then Walker’'s system of reference will complete a revolution
relative to the fixed stars in 7:7 x 10° years.

§ 11. BOUNDARY CONDITIONS. THE CASE aR = 4.

The equations (10.8) and (10.9) show that the solution of the preceding
section for the external field is valid only if aR < }, otherwise the constants
occurring in the solution are imaginary. The external field in the case
aR =% is simply obtained from the equations (10.11) to (10.14) by a
limiting process. We find

( S\ -3
H=€_}(E) 3

"
\

L=<}Rr<3 +log i),
R

(r1.1) i

M =Jz-:rc<1 +log l_?,)’
7 7'52(' i 7

‘ =Z\I- og ﬁ’)'

To obtain the external field in the case aR > %, we return to the solution
(9.9). Proceeding exactly as before, we find

. _a'm< r) ~ 2atR
=g — ‘
R

sin e+ 0)

Y

L=Rr— ‘
2 sin 2e oS €
sin (e + 6)
M =rc—
sin 2e
o
7¢2 sin (e — )
y R A
V4 sin e

(11.2)
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where

-t
(xzzi3) = : : ; 0=+ (4a2R2 - 1) log j—?,
(11.4) . . . . tan e=4/(4a*R*—1).

The present solution only holds when aR > 1.
We see from (11.2) that L, the coefficient of Z¢?* in the fundamental
form, is zero when
(zz:5) & : ; ; . 3e+b0=m
Denoting the value of # at this point by #/, we find

m— 3 tan~t/ (4a%R? — r):l
V(4" R* 1) :

When » > # the coefficient of &¢* becomes negative and the fundamental
form changes its signature. It is easy to show, however, that all geodesics
in the surfaces g=constant, issuing from the origin, meet again at the
point »=7'. It follows that these surfaces are closed, the point »=7#'
being the antipodal point of the origin. We see from (11.6) that when
aR —— %, then #' —— o, and hence the external region becomes infinite
as the radius of the cylinder approaches its critical value. When aR —— 1
it is seen that ' —— R. Hence as the radius of the cylinder increases,
the external region diminishes and finally vanishes when the radius reaches
its maximum value. The cylinder then fills space completely. We see
from (8.5) and (8.8) that both w; and Q; remain finite when aR — 1.
It follows that the world-lines of the particles on the antipodal line are
null geodesics. Hence as aR —— 1, the velocity of the particles on the
boundary tends to the velocity of light. The cylinder can therefore
never fill space completely, there must always remain a small filament
of empty space surrounding the cylinder.

(11.6) . . . r'=Rexp|:
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THE GRAVITATIONAL FIELD OF A ROTATING LIQUID,

1, Introduction.

The gravitational fisld of a rotating liquid was
first investigated by Lense and Thirring (1918), These
writers obtained a first approximation to the external
field of a slowly rotating sphere by using Einstein's
metnod of the retarded potential for the approximate
solution of the gravitational equations. Bach (1922) and
Lewis (1932) have attempted to obtain clossr approximations
to the external field by direct analysis of the equations
To a first approximation the fields of Bach and Lewis
agree and are identical with that obtained by Lense and
Thirring. The second approximations do not however agree.
Lewis accounts for the discrepancy by observing that
owing to a different choice of coordinate system, Bach's
definition of a sphere does not correspond exactly with
his own. Doubt has been tarown on the validity of Bach's
second approximation by Akely (1931), who calculated the
internal field corresponding to Bach's external solution
and found that the boundary conditions could not be satis-
fied, The second approximation obtained by Lewis does not
appear to be free from criticism either, like Bach's
method it suffers from the disadvantaze of concentrating
attention exclusively on the external field. In th=sse
methods a point is ultimately reached where a solution of

%
a patial differential equation must be chosen, and in
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the cass of gensral relativity no less than in newtonian
potential theory, the gravitational equationsd do not
determine the solution uniquely without reference to the
boundary conditions,

The more general problem of the gravitational field
of a rotating liquid in the internal and external case has
been treated by Akely (1931). The method adopted by
Akely consists in assuming expansions of ths type

o :.r?;
HU:ZZ k&g,l(bf’ w

where ¥ 1s one of the coefficients of the fundamental
form, P is the density and « the angular velocity. These
series are then substituted in the gravitational equations
for the internal case, and equations for the different
coefficients Y2 p are obtained. Solutions of
these equations are then chosen which satisfy the necessary
boundary conditions,

While no criticism is made of the validity of
Akely's process, it appears io the writer to be unnecessari-
ly laborious and not in a form which admits a simple staté-
‘ment of the results of the analysis, Fach particular figure
of equilibrium requires independent investigation and the
resulting formulae are extremely complicated.

From the point of view of the present writer how-
gver there is another objection to the methods so far dis-
cussed. It appeared in part II of this thesis that in the

case of a rotating cylinder there were two essentially
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different non-rotating systems of reference, which we
refferred to as the dynamical and the astronomical rest
frame, and we obtained the relative angular velocity of
these two frames. We are therefore naturally led to ask
the question whether this phenomena is assoclated parti-
cularly with the case of an infinite cylinder or whether

it is of more universal interest., The present writer there-
fore proposed to investigate whether the two frames were
distinct in the case of a rotating sphere and if so,to find
the formula for the relative angular velocity of the two
frames.

Now none of the preceding methods is adapted to
the solution of this problem, for the relation between the
two frames is obtained through the boundary conditions, and
consequently it is necessary to have a method by means of
which the boundary conditions can be easily dealt with.

The method adopted by the present writer consists
in attempting to reduce the gravitational eguations to
linear equations. When this has been achieved the question
of satisfying the boundary conditions reduces to a well-
known type of problem, which can, in certain cases at any
rate, be solved.

It is well=-known that to a first approximation
the gravitational equations reduce to Poisson's equation.
It is here shown that to a second approximation the gravi-
tational equations reduce to Poisson's equationg and three

further linear partial differential equations. The explicit



3/.
expression of the coefficients of the fundamental form in
term- of these four potentials is given. We thus obtain a
general result applicable to all figures of equilibrium,
The question of non-rotatimg frames of reference is then
discussed and it is shown that the dynamical and the astro-
nomical rest frames are distinct and the general formula
for the relative angular velocity of the two is given. We
next proceed to the case of a slowly ratating sphere.

There is a point of difference between the results here
obtained and those of Bach and Lewis, for though it appears
that the eccentricity may be neglected in calculating the
second order terms, regard must be had to the terms arising
out of the eccentricity in the first ordsr terms. Both
Bach and Lewiss neglect the eccentricity altogether.

The angular velocity of the dynamical rest frame
relative to the fixed stars 1s calculated for the case of
the earth., It is found to be very small, amounting to
about lmin, 5 sec, of arc per century. One of the physi-
cal interpretations of this result is that the invariable
plane of a Foucauld pendulum suspended at the North Pole
precesses with that angular veloclity relative to the fixed
stars. Theorstically this furnishes another test of the
general theory of relativity.

It is quite clear that to a first approximation
the results here established agree with newtonian analysis,
it is desirable however to test the accuracy of the second

order terms. To thlis end the valus we obtain for the pres-
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sure in the interior of the Schwarzschild solution and it

is shown that when the angular velocity tends to zero

the two formulae agree to the required degree of approx-

imation.

2. Energy tensor of a rotating liquid,
As in part II we assume for the fundamental form

the two alternative expressions

(8.1 st = * o e
ai(ﬁd/x g %mw.ow( d/’ )

or

(220 ds = EH(MW 42) + A g ¢ 2m dgdt - ]“&1,

where we adopt the same convention about Greek and Roman
indices.
The energy tensor of a psrfect fluid in the general

theory of relativity is of the form

T: = Lr.t+‘§ﬂ >\%>\5 +%%Z SRS 12,30
where J 1is the density, f the pressure and A~ the
unit tangent vector to the world -lines of mean motion
of the particles composing the liquid. We suppose that
}A is a constant, so that the liquid is homogengous and

incompressible. As in (II,3) the particles composing the
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liquid are describing the Ff—lines of the space associated

with an observer on the axis of symmetry. We have then
?\i :X": o » and writing _Q i >i/>\# we find

S s et
(2.3) V(§ -2 Qe - 00
y A

e
>\ = \[(Z{‘—lﬂmfﬂxﬁ\

We obtain then for the non-vanishing components of the
energy tensor the expressions

— & =
T
: Ll 4 WA P
.Ts = ‘I"E1L i o )
(}A Cs}—lﬂ%_j\tﬂ
> N ~ LS
o A The k) SR
y
T,} = *I"P_> &'e'i'
¥ i Gl aae KRG
‘TQ = + S\%“‘& + -L .
Tl el e

The vanishing of the divergence of the energy tensor
gives the equations

s

..,s_-—L# BN ¢ (krB) A X +U”p‘))‘>‘
(2.5 , s

+ 9 {I& % -0 (755 = 12,8



Now we have

an A
>\-,'\1‘.: K'.?:O )
(2.6) A A n
N o A S R S

Substituting from (2.4) in (2.3) and using the fact that

/LL is a constant and p a function of X" and X only,

we obtain
B s B i
@D 4Rt R)Gu NN+ % - 0

Which becomes in the notation of (2.2)

(5.8) t’(_')__“_wd_ﬂi'ﬁ.l. e Tig 2 ];
® N I £
'{‘ —"LS\"M—Q‘Q /“'+ e®

Integrating this equation we have

(2.9) -_“-__Q_g_%__.ﬂli‘é = ﬁ(#-ﬁ_&%‘\ )

where k is a constant of integration. We now transform to

a rotating system of coordinates with the transformation

B

— 1 4 — 2

| )
(2.10) 3 ;i . 7
RS T S e

The fundamental form then becomes, ommiiting the bars which
may be done without danger of ambiguity,

(B 11t S Q.ZH( A+ d2) 4 Ldg pa Mdgdt - F e,
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where
L == ’é )
: i
(2. 12) o= s RE. ,
Eooe 2 Qg - QL

Denoting the components of the energy tensor in the new

system of coordinates by accented lstters, we find

R A
R G
s b 'T] 5
(2.13) Ta = o™ ) ¢y = )
A" M e
3. = (lu.{-c,"' FJ T‘, = —-/A.

The equation (2.9) , derived from the vanishing of the

divergence of the energy tensor now reads

(2.14) F-“- %(p’rfﬂﬂl

If the system of coordinates is such that F = < on the
bounding surface of the liquid where p=o0 , then
S s
C ~ .
(2.15) = _fu_’l il L (l t ;f? .
(+E2)
The equation (2.15) holds in a system of coordinates relati-

Y‘? to whigh the liquid is at rest. As a particular case
must therefore hold for the Schwarzschild
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internal solution, and it may easily be verified to be
true for that case.

3. The gravitational equations,

As in part II we find for the components of the Riceci
tensor of the form (2.11) the expressions

e Rz DANT 4D, - 5 (LF e hpfrall i),

LE 4D
3 Lu{+hH.L
(i R Bl
5 p i d FY H B
(3.1) \r(~3\ R”:I’B_)-C"‘L JZD )’
5 \ B
filag) Ry 2 Mbas L)
g e R e
J(- %) R,; = IB.[“‘ ;

We write the gravitational equations in the form

i~

(3.2) R:= - K (TN ‘T%:{) Peeiine 1,1;},0

Substituting in (3.2) from (2.13) and (3.1) and taking

simple linear combinations of the equations we obtain

S 1S 2 H
(3:3) 4daM +ab - £(LEHHLRAT) - Lagpoe




(3.4)

(3:5)

(3.6)

(3.7)

(3.8)

(.9)

€3

-Du"'-bzx = 1H. = ';LDLL‘Fl'_Hlm"L:.Fz" H:-)J

Ihn.' H:.: ;LDLLlF"-"L’“F‘ +1H'HDJ

2 H
L\._D = ')_K'E:LTDQ_

_B_ Fhot“ hFJ-) - B
o e m—— |
0X D
2H

LB
LB e

2 H

2 FIIS o (R M
e

The equations (3.7) to (3.9) are not independent, (3.9)
can be deduced from (3.7) and (3.8). The system therefore

reduces to the six equations (3.3) to (3.8). We see that

we cannot here proceed with the intrcduction of Weyl's

canonical coordinates, for their admissibility deprends

on the equation &Av =0 , which , as (3.6) shows , is

not satisfied in the present case. Exact solutions of

the above system of equations being very hard to obtain

we now proceed to the discussion of approximate solutions,




4. Approximate solutions.

The case we investigate is that of a finite quan-
tity of incompressible liquid of uniform density, rotating
with constant angular velocity about an axis of symmetry.
If d be the greatest linear dimension and S/t the den-
gity of the liguid, we shall attemptv to find approximate
solutions of the gravitational equations, on the assumption

that the dimensicnless quantity
2 5
(4.1) O i

is small compared with unity., In the case of the sun we
have ¢ = 2.03x |0_q s0 that the theory will apply to
rotating masses of liquid comparable in size and density
with the sun. We call a qguantity of the order of magnitude
of & a quantity of the first order, one of the order of
magnitude ¢" of the second order, and so on.

If we assume for the fundamental form of such a field

the expression
3 . J g <
ds” = 9ot W, e =, 20 )
L
where
N
i te

then, as is well-known, the quantities Yn‘ are of the
first or higher orders of magnitude. We will suppose that
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the T%J are expressible as series, each temm in the
serles being of a higher order by one than the preceding
term. We then attempt to determine the first two terms in
each of these series. The method applies ofcourse equally
well to a system of coordinates which instead of being
approximately cartesian, is approximately cylindrical.

We therefore assume the field to be given by the funda-

mental form (2.11), where we put

(4.2) Hi= i on
(4.3) o~ %Ll+1€+2“,
(4.4) S S e

small Roman letters on the right hand sides of (4.2) to
(4.4) denoting quantities of the first order and small
Greek letters denoting quantities of the second order.

The question of the proper assumption to be made in the
case of M requires some discussion. The present system

of coordinates is one relative to which the liquid is at
rest. To obtain a non-rotating system of coordinates we
apply the transformation (2.10), where we change the sign
of (L , the transformation here proceeding in the revese

direction. The new system of coordinates is then non-

refating
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rotating (in Walkers sense), if the unit tangent vectors
to the coordinates 1lines at the origin are paralelly
propagated along the world-line of the origin. If now by
the same method that was used in (II,7) , we investigate
when this is the case, it will be found that the trans-
formed coefficient of df AL must not contain powers
of r less than r’' . But after the transformation we
find for the the coefficient of dg it

F’\ S e ALY H_Slil(l+1€+1>\\

It is clear therefore that M must contain the term (L%,
otherwise the transformed coefficient will contain a
power of r 1less than rj. We therefore assume for M the

expression
(4.5) Mo we* (1+2m+21),

where m 1is a quantity of the first order and » a
quantity of the sedond order.

We consider now the order of magnitude of the
angular velocity of the liquid. There is ofcourse a relation |
between the angular velocity and the density of a rotating
Tiquid. The solution of part II may clearly be regarded
as the limiting case of a rotating liquid, moee rapid
rotation being impossible without the pressure becoming
negative in the interior of the liquid, and we there ob-




7
tained the formula
wli - K l,( [ 5
which may be written

Yo
(4.6) ‘9—% - ¢

In the present case therefore the quantity ‘ig: is of

the order £ or higher.

The order of magnitude of the pressure may be sim-
rly obtained by comparing (2.15) and (4.4). We obtain from
(2.15)

(4.7) F= (- 1#:_@*

———

approximately, and hence we see

i RO Y e
fe
We deduce
(4.8) LA - b = DY)

In what follows it will not always be convenient to write
the equations in such a way that only dimensionless quan-

tities occur, and hence we may occasionally loosely refer

to the equations (4.1), (4.6) and (4.8) by saying that




« 1is of the order %, «~M of the order 1, and kf
of the order 2. It will always however be easy to justify

the argument by a rearrangement of the equation.

5. First approximation,

We now proceed to the appraximation by substituting
from (4.2) to (4.5) in the gravitational equations. It
will be convenient for the purposes of calculation to
choose a time unit so that ¢ =1 , We begin by neglec~-
ting terms of the second order and higher, but retaining

terms of the order % . We have then

Ho=h,
L = *fﬁl+1€),
(5: 1)
M = D-.*Lq‘(li'-z_%\‘
- B = I-—l.if'J
where
w ¥
(5:2) [ P I
Then we have
(5.3) T = el g et s ),
and
Lo+ = - yof, +00
(5.4) Fa L, AR R

ol e RS = E S,
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We write for convenience
(5.5) g = A
Now substituting from (5.1) to (5.4) in the equations (3. 3)

to (3.8), remembering that kP is of the second order,

these become respectively

(5-6) ‘/.{_\.ﬁ it gu*ﬁn '1'%{_'8, f"?f:h: —-'J-K“-"-+ Q.L]
(5.7) Sl S (g Y e
(5.8) 2@1—-.1{1 = _..’).’13“_‘

(5.9) %‘u +ﬂ1.1 * _i-gl - == SQLJ

(

($.10) Tn“+'m“+:’;;m, +-(e“+f,_x-—fl—€t) = e,
(5.11) Lol widind el i

The condition of integrability of the equations (5.7) and
(5.8) is found to be

4T e e

and is therefore satisfied by (5.9). Calculating Ak
from (5.7) and (5.8) we find

&‘E\.: ‘pu +‘é11 + -’tgl“i%u—i{iu +:,1l,-0-1.
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Substituting this value of af in (5.6) we obtain

(5.12) 1(&'¥&"+%€J::ju*jn+-ﬁx—Kﬁ,

and using (5.5) this equation i1s easily seen to be equi-
valent (5.11). We now choose a particular solution of(5.93

name ly

(5:.33) 3= -2 Q&

The equations (5.7) and (5.8) then give
(5.14) ho=

while (5.12) becomes
(5.15) f,,+t”u+z"’? = —3Kp-

If we write m = {+mn  and substitute in (5.10) and
use (5.15), we obtain for m  the equation

(5.16) N+ My ¥ hs S

"

For the first approximation we obtain therefore
H={,
L = m*(1+2f)

(5.17) :
H o= 0t (4220,

A e

=

where Af and 7 satisfye the equaticns (5.15) and
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(5.18). Although the terms involving the pressure have
been omitted in the gravitational equations, we can use
the formula (4.7) to obtain an approximation to the press-
ure. Comparing (4.7) with the expression for F in (5.17)
we see that
(5.18) i;; = AT

The first approximation gives therefore the newtonian

expression for the pressuee.

6. Second approximation.

To obtain the second approximation we now put

H :€+‘V,

(6.1) | = &L(J‘rl'f -|-J.z\)’

b= ﬂ“tl(l+1{0+2n+ly),

SRR S PR e R e e
When these quantities are substituted in the gravitational
equations, it will be found that » 1s a quantity of the
second order. The resulting term in the expression for M
is therefore of the order £ and since in the present
investigation we neglect quantities of higher order than

the second, we may neglect V .
Considering now the right hand sides of the equatlons



ST

(3.3) %o (3.8), in calculating these correct to the second
order, we use the equation (5.18) giving a first approx-
imation for the quantity j: . This approximation is

clearly suffieiently good to obtain these expressions
correct to the second order, the qQuantityn }?'« always oc-

curring multiplied by a quantity of the first order.
We find from (6.1)

(6.2) D= r(u+ )\_H,IQ‘_ Vil 200 m)

the first order terms in the expression for D cancells
ing. It will be convenient to introduce three new quantities

all of the second order, defined by

Sl /\—w\_.ﬂ?“_ AL w20 B
(6-3) [’; = )\ - é:
T = qzl+€“+ ol R

We have then
R
(6.4)
o= P
We may note the following formilae
L F‘ +Hl1 1
"'L"___-__ :—81-—?{01" ﬁ':
4D
LLF1+ h-;, ey ‘2’[; :
4D
(6.5)
Dhinal ot I 8
¢D

—




53,

The equation (3.3) then becomes

G5 Al + 48 8¥ + 7L, +olsn + 710/!) +‘rf9, +4?/f, z,a/’:) *9/5;: ";g/.t(/mﬂ

or using (5.15)

(6.6) A f{’ga*b/uf-“:‘a(J +-/fy,z+l./;2) - Eifgf = H,\.rp "

The equations (3.4) and (3.5) become after some rearrang-

ement

(6.7) V' 2 (3| + El(oz\“_g(u) + ‘L((}"‘_._(:)

J

(6.8? Hi - [%L TR SO A0T (,ém

From (3.6) we obtain
2
(6.9) oL, +o4,, + T % 1KF(€+,§Q1,L(1).

The equation (3.7) is satisfied if we neglect V . The
reduction of equation (32.8) is a little laborious, We

first of all note the formulae

FL,-LF o iy
cavtnd pap -2y b2k, +20Y, HUHw el
Blol
b Lo i r2ifa F2t] 4 Q% m, - 4 QP f
D

Substituting from (6.10) in (3.8) and using (5.10) and
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(5.15) the equation becomes

(6.11) [5"1-(%111. %{ﬁ‘ +1/“+]/“ = _)"Kr*&d- 15: Kr_‘_Q}Fp.I

The condition of integrability of the equations (6.7) and
(6.8) is found to be

(6,12) o M it it w48 [ e v A m B

2
&

and is easily seen to be satisfied by using (5.15) and
(6.9). Calculating A Y from (6.7) and (6.8) we obtain

(6.13) A¥ = o4 Pun -4y vk -2)) + 0 TR (404 4]) |
|
Substituting this expression for & Y 1in (6.6) it is |
found that (6.6) becomes identical with (6.11). The system
of equations therefore reduces to the two equations (6.9)
and (6.11) to determine o, fs , ¥ » only two of these three
quantities being independent by (6.4). Having determined
functions o« and /3 satisfying these equations, then the

equations (6.7) and (6.8) are integrable and determine ¥
The quantities A and 1 are then obtained in terms of

ol ! P I '}r from (6.3).
If in (6.9) we write « = F)—}r and eliminate the

quantity fz from the resulting equation and (6.11) we

obtain

Gt e Tl B Y

v



S
(5.15) the equation becomes

(6.11) (511+(511+ ";(‘;‘+?"+n.____.-5kr&ﬂ..,i:;<r._§f’il,

The condition of integrability of the equations (6.7) and
(6.8) is found to be

(6,22) ok ek

1in

edd v ibillistarit) <0,

and is easily seen to be satisfied by using (5.15) and
(6.9). Calculating AV from (6.7) and (6.8) we obtain

(6.33) AV = e P - (o vhin -22,) + kg O (00 4L) |

Substituting this expression for A Y in (6.6) it is
found that (6.6) becomes identical with (6.11). The system
of equations therefore reduces to the two equations (6.9)
and (6,11) to determine o , fs , Y » only two of these three
quantities being independent by (6.4). Having determined
functions « and /3 satisfying these equations, then the
equations (6.7) and (6.8) are integrable and determine Y
The quantities A and 7 are then obtained in terms of
Ly ft from (6.3).

If in (6.9) we write « = F)-}r and eliminate the
quantity /3 from the resulting equation and (6.11) we

obtain

@IL‘) Iy -_I-.kn. + f_lt }! S

PV

|(r\_'€ --E- Kr —Qf’?.h,
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The solution for the second approximation depends therefore
on the two linear partial differential equations (6.9) and
(6.14), together with the system (6.7) and (6.8) to
determine VY .

The coefficients of the fundamental form may now be
expressed in terms of f n,«, y, We find

H = ’)_e}.f-'l.l"’))

L G o I+1é+~2€m+~29(+1
E% C ),
M = SLP-LLLl"-l‘Q"-z%))

£ - = ke SL“C+1£11'151"&‘-€_ ‘rSf‘k‘fnﬁzr

We now re-introduce the ordinary time unit, and substi-

tute for « 1its value in terms of Newton's gravitational

constant, namely

(6.16) K = W? :

(5
If we make the substitution

o Bl gl

o

[

(6.17) ol = 2 > }— Q

T

i

and write l
(6.18) o= p¥ |

then, remembering (5.2), the equations (5.15), (5.16)
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(6.9), (67 14) and (6.7), (6.8) become respectively

(6'19) U'll i U-n. + J’E U

\ — *¢WJ.’

(By28h o = Ml e d i s
{4

(6.21) ’?" + FPn r %.L’Pt = kTie U + $no w]“tlj
(6.22) Q“ L RS J{Q, = —20Te U 4TS 2 42

J

(6.23) Wiz P Q4 s BB Ve U0
(6.24) W P K00 e B ke W0 KL

Substituting from (6.17) and (6,15) in (2.11), we obtain
the fundamental form

(6955 llSTa K (s d22) + dep“ +9 d.tpdf- Fifh,

where .
Sl 2 U 2U + 2 W
e - C_.?__ﬁ )
L = Ltl( {5t ')__L}’ + 2——-————-—U i 2 1-_?-__(9 J
ci et
(b.zé)

M = UJ*‘L"'(‘*' ILE%ED)

E Q-LQ__ Uy 2Q U zw‘k"UMu‘«.‘V)'
= = o
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We may now obtain a second approximation to the pressure
in the interior of the liguid by using equation (2.15).
We find

(6.27) A N - bk
F 5 (l l’u_c‘ U )u_‘c"

Comparing (6.26) and (6.27), we find
B e s AT Qs SOV pau Vi e
=2 %

('_.1\

(6.28)

The actual determination of the field in any particular
case now proceeds as follows. The rotating liquid divides
the r,z plane into two regions, which we call the inter-
nal and the external regions reegeeddsmeds, If we suppose
the bounding curve of the liquid as given, then the equa~
tion (6.19) determines uniquely , apart from an additive
constant, two functions U,, and U., which together with
their first dériva.tives are continuous across the bounding
surface, and such that U., satisfies (6.19) in the inter-
nal region and U, satisfies the same equation, where we
puto=o0, 1n the external region. The function U

having thus been determined, we obtain solutions V., V,,
P,, B ; Q. Q, of the equations (6.20) to (6.22) res-
pectively inthe same way and satisfying the samwe condit-
ions. Substituting the values of the functions thus ob-

tained in (6.29) , we obtain the coefficients of the fun-
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damental form K., K,, ; L., L,, etc. From the condit-

lons which we have imposed on the solutions U, V, P, Q,

it 1s clear that the fundamertx internal values of the

coefficients of the fundamental form together with their
first derivatives will be continuous across the surface

of the liquid with their external values,

In order that the solution thus obtained may cor-
respond with an equilibrium configuration it is ofcourse
necessary that when the solutions that have been obtained
for U, V, Q are substituted in (6.28),it is found that the
pressure vanishes on the bounding surface of the liquid,
There is nothing to guide us in our original choice of a
bounding surface of the liquid, only by trial can we
determine whether the chosen configuration is actually
an equilibrium configuration., The same difficulty exists
in the ordinary newtonian analysis of the rotating liquid.
The results of newtonian analysis can clearly be used in
the present investigation to ensure at least first order

vanishing of the pressure on the bounding surface.

7. Non-Botating frames of reference.

The formulae (6.20) give the field in a system of
coordinates relative to which the liquid is at rest, In
order to obtain the field in a non-rotating system of co-

ordinatesw we apply the transformation (2,10), where we

change the sign of (. , as the transformation is here
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proceeding in the reverse direction, so that we write

i\ 1 g b x

e = e W, = N

3 b

(ls1) 2 y
S R A 0 e
After this transformation we have that the new coefficient

of d.fidf is given by

(7.2) H = M=k

In order that the frame of reference may be a dynamical
rest frame, it is necessary, as we have already noted, that
M does not contain any powers of r less than the third.

The functions HEZ¥% U,V,P,Q are determined uniquely
by the conditions of the problem apart from an arbitra.ﬁ
additive constant. We may choose 1f we like solutions
which are zero at infinity, but this is not always the
most convenient choice. For the present however we sup-
pose that the solution of V which has been chosen isis
such that V = 0 at infinity, In this case ths func-
tion Vwill not in general be zero at the origin, it will
contain a constant term which we denote by V,.

Substituting from (6.26) in (7.2) we have
(Fo3)er wablt = wk‘“(wl—g +‘»-\l)- S\*L"*.U*l}-j-._
: = e ¢ <

If we now determine S- so that at the origin the terms
involving * disappear we find
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(7.4) &\_zw(,f_l%‘;.).

The formla (7.4) now gives the angular velocity of the
ligquid relative to the dynamical rest frame. We must now
find the interpretation of the gquantity « ., Let us apply
the transformation (7.1) where we put <L = « . In that

case the transformed coefficient M is glven by
(7.5) Ml e nvaie o

and as we have chosen V so as to be zero at infinity we

see that in the present system M = © at infinity. This &
clsarly a frame of reference relative to which the fixed
stars are at rest and is the frame which we called the
astronomical rest frame in part II. It is seen therefore
that in order to be able to intesrpret the constant W

as the angular veloclty relative to the astronomical

rest frame it is necessary to obtain a solution V which
which vanishes at infinity.

We see now that in the case of a general rotating
liquid we have the same situation as in the case of a
rotating cylinder, there are two essetially different non-
rotating frames of reference, the dynamical and the astiro-
nomical rest frame. The relative angular velocity of w’ ;/
the two frames is given by

(.60 S e e

C
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We obtain the actual expressions of the coefficients of
the fundamental form in the astronomical rest frame by

carrying out the transformation (7.1) whers we write

L wt wiptWesfind
LU s W
K = | #* :; 4+ Q,"_ iy
l. LL‘L( +1U + '1_U1‘+_'1-:P__+_7_~_C_Q )
(7.7) = it ot
1&1&."‘]
e
2
’; LG
F = QL&I o g e e 0Ll
- o "

The formla (6.28) for the pressure is ofcourse unaltered
by the transformation.

The formulae (7.7) will give the expression for the
coefficients of the fundamental form in the dynamical
rest frame if we choose a solution V which is zero at
the origin. We see thersfore that the interpretation of
the constant «w depends on the particular solution cho-
sen for V. The relative angular velocity of the two frames
is however quite independent of the arbitrary additive
constant in V. For an arbitrary choice of this constant

the equation (7.6) must be written as is easily seen,

!

(7.8) S T WS S

(5

and we see that &’ 1is independent of this constant,
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7. The field of a rotating sphere.

. We now apply the results obtained to determine
correct to the second order the fisld of a slowly rotating
sphere. We suppose that the bounding surface of the liquid
is given by

(8. 1) _':. % _—671 "

We suppose further that the shape of the liquid is so
nearly spherical that we may neglect higher powers than
the second of the eccentricity e of the conic (8.1).

The equation of the bounding surface may then be written

correct to this order
(8.2) R R (s o)

where we write

R'\ ¥ ’1.""7—1"

(8.3)

We detsrmine first of all the solution of (6.19) appro-
priate to the present assumptions. This is given by the
ordinary classical potential theory. Ve have

s

b Cep it
(8.4) —U- = otk \ Li - E\ S R‘~+h)(g}+J\)L@"+-?\)q’-

W

where w=o0 for U;, and u 1s the positive root of



- s :
b e i

- - QO
B 6t 4+t

(8- 5)

int the case of U,. Writing
W = CL.I 1= >\

and neglecting higher powers of e than the second, the
equation (8.4) becomes
[

B S R =
(8.6). N = O}J&TBL‘"%‘)F&"'IQ no o' u(‘ N\w&

in the case of U,. Calculating the definite integrals in
(8.6) and adding a constant so as to make the term

in the expression for U which is independent of e*
vanish on the bounda.ry, we obtain

2 N Ao e )
S’Tl'o"(-a}— R\ -3 Il 18 +1S' T )

(8.8) UL:
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The condition that
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on the boundary,gives a relation between the angular

velocity and the eccentricity. This is easily seen to be

(8. 10) wh = Vi R

L sl (‘J‘"(*r.x—lzl)J
o A O N Sl L w“(—e)f('('lalzl)-
(8.12) Ua_ = ?TU‘C‘-("*)-;“ o C,e)+? R

Proceeding now to the solution of the equations (6.20)
to (6.22), we remark first of all that in calculating |
the second order terms we may neglect the angular vel-
ocity. The formulae were calculated on the assumption
that the angular velocity is of the order one half. Here
we suppose that the angular velocity is small compared
with its maximum permissible value for a rotating liguid,
We therefore assume that «“ 1is of the order one or higher
and it is easily seen that the terms involving w in the
second order terms are then really of the third order at
least, and may therefors be neglected.

We transform the equations (6.20) to (6.22) into

polar coordinates, with the transformation
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The solutions of these equations which we require will be
functions of R only, hence we may omit the terms arising

from differentiation with respect to ¢ in the trans-

formed equations, and we obtain

PV € ov - Shme
(8.14) opr R R :

DL 8 98 o jine U
(8.15) = o * R R
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We choose a solution of (8.14) which tends to zero as

R tends to infinity and has no singularities and which
together with its first derivative is continuous across the
surface k= o ., The solution is then unique and is easily
found to be given by

(8.17) V-: -;TTU"KIH_;,*U‘&.,

(8.18) AR

We obtain solutions P and Q of ths equations (8.15)
and (8.16) satisfying the same conditions, but we deter-
mine the additive arbitrary constant so that P = O and
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®= o0 on the boundary. We find

(8-19) ?i = e %‘T{“‘Tx(Rl’-ﬂ ?Hf-. Rl"' 1.0:‘),
D 4 )
(8.20) b = ._:1—-.-@ Q (Iﬁ -
(8.21) Qplas _%_ﬂ_a.q.a,(gR—loaﬁ 1—7&),
(8.22) QQ_ Ao |_E ek a‘f s E‘R_‘\

To obtain the function W we transform the equations

(6.23) and (6.24) to polar coordinates, obtaining

o 13
(8.23) %—%:A‘E+‘b?+lﬁ‘im &i,ﬂ- g—?{+’{’bf2)} >
e +2<3_U)‘E.

Solving these we find
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Substituting the values we have found for U,V,W,P,Q, in
(7.5), we have the expression for the intemal and exter-

nal field of a slowly rotating sphere, correct to the
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second order.

We may now find the relation between the astro-
nomical and the dynamical rest frame in the case of a
rotating sphere. Substituting from (8.17) in (7.4), we
find

(8.27) GV N megAS Holee et ©

se>
Hence we see that the dynamical rest frame is rotating
slowly relative to the fixed stars, in the same direction
as the rotating sphere.

The formula (8.27) furnishes theorstically another
test of the truth of the general thedry of relativity.
Consider a Foucault pendulum suspended at one of the poles
of the earth. Such a pendulum, being a small dynamical
system in the neighbourhood of the observer at the origin
is exactly the kind of system which the observer uses to
specify the dynamical rest frame. We now see that this plane
is rotating relatively to the fixed stars. As the pendulum
is not at the centre of the earth the angular velocity
is not given by the formula (8.27), but by the formula

(8.28) ok Y Y

a:l-

wnere V, 1s the value of ¥ at the point where the

the pendulum is suspended. Hence we find in the case of



a pendulum suspended at the surface of the earth

(8. 29) wl - Krs a9
Jeie s

This clearly is a result which, theoretically at any
rate 1s capable of verification. Actually the angular
velocity «’is far too small to be observed, but the
formula (8.29) nevertheless appears to the writer to be
of some interest in giving a better insight into the
question of rotation in general relativity.
Calculating the valae of «’ for the case of the
earth, we find that the plane of a Foucault pendulum
rotates through an angle of about 26 sec, of arc per
century. The effect is ofcourse very much larger in
the case of the sun. Assuming the sun to rotate through-
out with its equatorial angular velocity, we find that
the plane of the pendulum in the case of the sun will
rotate through about 52 min, per qentury.

Another physical consequence of the theory is
Xkat derived from a consideration of planetary motion
round a rotating sphere.  Consider the orbital plane of
the planet. From the definition of the dynamical rest
frame, it is evident that this plane is fixed relative
to the dynamical rest frame. It follows therefore that

§J.

the orbital plane will ratate relative to the fixed stars.,
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If the plane is inclined to the axis of rotation this
rotation will be observable. The angular velocity will
be given by the formula (8.28). Substituting from (8.18)
we find

3
| l6 o a- W f;\

In the case of the system formed by the moon and the earth
we find on calculation that ' is about 1.2 xro"?secs.
of arc per century. This is far below the limit of obser-
vation. In the case of the planet mercury and the sun w'’
i about £.3 XK /o secs. of arc per century. This again
is far too small to be observable.

Somewhat better values are found in the case of
some of the satellites. We see from (8, 30) that the
effect varies as the inverse cube of the distance of the
planetary body from the rotating sphere. The greatest
effect will therefore be found in cases where the
planetary body is near the rotating sphere., As another
example we take the satellite Mimas of Saturn. The
orbital plane of this satellite 1s inclined at an angle
of 1 deg. %b min, to the equator of Saturn, The distance
of Mimzs 8 from Saturn is only about three times the
radius of Saturn. On calculation we find that the orbital

19
plane of Mimas rotates through about 48 secs. of arc

per century.
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A still greater effect is obtained in the case of Jupiter
V, but it would be more difficult of observation as the
angle which the plane of the orbit makes with the equa-
torlal plane of Jupiter is only 27 min. On calculation
we find that the orbital plane rotates through an angle
of 59 secs. per century.

9. Comparison with the Schwarzschild solution.

In order to check the accuracy of the second
order terms calculated by the present method, we will
now compare the formulae which we have obtained for the
pressure with that given by the Schwarzschild solution,
and show that as the angular velocity tends to zero our
formula agrees to the required degree of accuracy with
the Schwarzschild formula.

Substituting from (8.11) and (8.20) in (6.28),
we obtain for the pressure in the interior of a slowly
rotating sphere, the formula

(9.1) * = %“"W-m*“;:t R‘)L 1€)
fk

Now in the Schwarzschild solution we havé the fundamental
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form
s A X T
(9.2) das = e — +*C‘Uu’ 1 S ﬁ(hp —%[ J&-—;sm.}ﬂﬂjimv)di
: IR T

and the pressure is given by

= o T — \Jl—?kft}h

Calculating this formula correct to the first order, and

(993) = 3 HQ-

expressing the result in terms of Newton's gravitational

constant, we obtain

. —_ L . g 55

(9.4) _E_ = B’*’TTUK;\—“} ¥ 6 ™ g:_ (_'?.«:"H*Li) T -,
: 2 e

Comparing (9.4) and (9.1), we see that for w= o, the forz

milazs are not quite identical. The reason is that the

quantities r and R accurring in the formulae are not
the same to & first approximation. If we transform the

‘form (9.2) with the transformation

(9.5} ¥ /::[! r 2TT (Po f"‘)]

then the form (9.2) becomes to a first approximation

(9.6) ds™= [1+ 2T (pe-ptl] (Lp eprto® vprunttde?)
— c[l ’;“—Leo ‘)](u .

and hence comparing with (7.5), we see thax now , to
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a first approximation
(9.7) P

Substituting from (9.5) in (9.4), we wbtain , noting
that Lo = (Do ’

(9.8) &

b-

Now comparing (9.8) and (9.1), we see that the formula

f ) 16 u__u- F -,"(_31) u)ux = Ji f;.) ;

w)r

we have obtained for the pressure in the interior of a
rotating sphere agrees with the Schwarzschild expression
to the required degree of accuracy, in the case of zero

angular velocity.
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