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SYMBOLS. 

The following symbols are used to describe the 

quantities indicated in this list unless otherwise stated 

in the text. 

x distance from leading edge of the flat plate. 

Y distance from the surface of the flat plate. 

Z. distance from the centre line of the plate perpen- 

dicular to x and y. 

U, free stream velocity. 

U mean velocity at a point in the boundary layer. 

u x component of fluctuation velocity. 

v y component of fluctuation velocity. 

z component of fluctuation velocity. 

u', v',w' intensities or root mean square values of u, v 

wave velocity. 

(Sr = 27r f where f = oscillation frequency. 

oc = 271.4 wave number. 

density of air 

9 kinematic viscosity 

s boundary layer thickness. 

s* boundary layer displacement thickness. 

w. 



iii 

S = I.72 Ù for Blasius distribution. 0 

6 = 0.341 & relation used by Toilmein and Schlichtin 

R = Uo S" 
V 

boundary -layer Reynold's number. 

H rate of heat loss from a heated wire. 

Tw temperature of wire when heated. 

Ta, air temperature and temperature of wire when cold. 

T instantaneous temperature of wire. 

To reference temperature. 

Rw resistance of hot -wire at temperature -rw 

Ra. 'cold' resistance of wire at temperature 're, 

R. resistance of wire at temperature T 

current through hot -wire. 

R.A. ribbon vibration amplitude. 



iv 

NOTE. 

The graphs in this thesis have been plotted on 

millimeter ruled paper, but the rulings have not been 

reproduced in the photographic copying process. Trans- 

parent sheets of graph paper are provided in the pocket 

inside the back cover. 



CHAPTER I 

INTRODUCTION AND HISTORICAL SURVEY OF 

BOUNDARY - LAYER RESEARCH 

I.1. Introduction 

One of the most important problems in fluid 

mechanics which has attracted the interest of investi- 

gators for many years is the transition from laminar 

to turbulent flow. This problem is of greatest 

importance in practice for flows over aerofoils and 

in closed channels, where the effects of transition are 

marked. Little is known, however, about the fundamental 

physical processes which cause a laminar flow to break 

down to turbulence. 

The particular case of boundary -layer flow has 

received considerable attention and has been treated 

with some measure of success. Linearized theories 

have been useful in predicting the nature of the 

mechanism of instability of a laminar flow; but the 

non- linear problem, namely, the transition from an 

unstable laminar to a fully developed turbulent flow, 

presents formidable mathematical difficulties, so 

that few theoretical results have been obtained. The 

development of air and water tunnels together with 

improved measuring techniques in fluid flow has led to 

attempts by engineers and experimental physicists to 

relate the unstable laminar to the turbulent flow regime. 
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The aim of the work reported in this thesis was 

to gain further insight into the mechanism of transition 

in the boundary layer. The present experimental work 

was confined to the simplest example, the flow of an 

incompressible fluid along a smooth flat plate at zero 

angle of incidence with zero pressure gradient in the 

flow direction. The intention was to develop a hot -wire 

anemometer system to study the downstream development of 

disturbances introduced under controlled conditions into 

the boundary layer. As the work progressed emphasis 

was placed on one particular aspect of the non- linear 

development of the disturbances, the generation of 

higher harmonics of the fundamental wave. 

I.2. Historical Survey 

a) Reviews 

The following survey of the published literature 

deals in detail only with the stability and transition 

of the boundary -layer flow over a flat plate and other 

closely allied flows. More complete reviews of the 

wider field of boundary -layer problems have been made by 

several authors. These include Prandtl (1935), Dryden 

(1955a), (1955b), (1956) and (1959), Kuethe (1956), 

Morkovin (1958), Schlichting (1959), (1960a) and (1960b) 

and Stuart (1960a). Books by the following authors 

or editors contain material of relevance: Lin (1955), 

Schlichting (1955) and Rosenhead (1963). 
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b) The boundary layer 

Before the concept of the boundary layer was 

introduced in 1904 a large body of fluid flow theory 

was already in existence. It was based, for the most 

part, on Euler's equation of motion for an inviscid 

fluid, which had been formulated in the mid -eighteenth 

century. The Navier- Stokes equations of motion for a 

viscous fluid had been developed in 1820, but the 

mathematical problems encountered in the solution of 

these equations had proved to be so formidable that 

interest had centred on the inviscid fluid theory. 

This theory, which had been constructed by some of the 

best mathematical physicists of the nineteenth century 

using very reliable physical.principles, had yielded 

much information. Even the simplest observation of 

the experimental facts, however, led to large areas of 

disagreement with the theoretical predictions. The 

failure of the theory was particularly disturbing for 

the motion of bodies through the atmosphere because 

the only known mechanical properties of air which had 

been neglected, namely viscosity and compressibility, 

could reasonably be supposed to produce small effects. 

The divergence between theory and experiment is illus- 

trated by the prediction of perfect fluid theory that 

the drag on a body should be zero in steady flow. 

This so- called d'Alembert's paradox was the focal 

point of much interest towards the end of the nineteenth 

century. 
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As early as 1851 Stokes, considering the effect 

of viscous fluids on the motion of pendula, had shown 

that agreement between theory and experiment could be 

obtained by taking the condition of zero relative 

velocity of the fluid at the solid surface as the 

boundary condition in the solution of the equations 

of motion for a viscous fluid. It was, however, not 

until 1904 with the advent of the boundary -layer theory 

of Prandtl (1904) that theory and experiment were 

reconciled. Prandtl first introduced his theory to 

resolve the difficulty that, for fluids of small viscos- 

ity, the flow solutions derived by neglecting viscosity 

required slip over a solid surface. His theory retaine . 

the inviscid flow solution, but postulated the existence, 

between this flow and the solid surface, of a thin 

layer of fluid in which the velocity increased steeply 

from zero at the wall to the inviscid theory surface 

value at the edge of the layer. The influence of the 

viscosity of the fluid was restricted to this 'boundary 

layer', which was responsible for drag, separation and 

heat transfer, while outside the layer the flow was 

nearly that of an inviscid fluid. 

The assumption of such a layer allows approxi- 

mations to be made which lead to a simplification of the 

Navier -Stokes equations. The solution of the resulting 

boundary -layer equations (see Appendix I) is mathemat- 

ically easier than that of the full Navier -Stokes 

equation. 



-5- 

The boundary layer equations for two- dimensional 

flow over a semi- infinite flat plate at zero incidence 

with zero pressure gradient in the flow direction were 

solved by Blasius (1908) in terms of an infinite power 

series. Improvements to the solution were made by 

Goldstein (1930) and Howarth (1938), the latter tabu- 

lating the results for the distributión of velocity 

across the boundary layer. 

Experimental verification of the boundary layer 

theory was first supplied by Burgers (1925) and van 

der Hegge Zijnen in Delft. Further confirmation of 

the velocity distribution through the boundary layer 

has been made by Nikuradse (1942). 

c) Hydrodynamic stability 

The above description of the boundary layer has 

been confined to laminar flows. Prandtl and others, 

however, soon realised that turbulent flow and the 

transition from laminar to turbulent flow were subjects 

of great practical importance. 

The recognition of the two flow regimes, laminar 

and turbulent, stems from the work of Reynolds (1883). 

His experiments on the flow of water through pipes 

running full showed that transition from laminar to 

turbulent flow was roughly characterised by a certain 

value of a dimensionless parameter (the product of 

velocity and length divided by kinematic viscosity), 

now known as Reynold's number. 
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The theory of instability of a perfect fluid was 

developed by Lord Rayleigh in a series of papers, be- 

ginning with those of 1880 and 1887. The method used 

was to study the effect on the flow of a small pertur- 

bation, instability being indicated by amplification 

of the perturbation. An important result obtained by 

Rayleigh (1887) was that a necessary condition for 

instability of an inviscid fluid is that the mean flow 

profile should contain a point of inflexion. 

Lorentz (1896) and Orr (1907) discussed hydro- 

dynamic stability from the viewpoint of energy exchange. 

They argued that, when a disturbance in a fluid grows, 

the energy available for growth must come from the mean 

motion. Studies of energy transfer between mean flow 

and disturbance enabled them to estimate the Reynold's 

number for transition, the critical Reynold's number. 

The disturbance velocities chosen by them were, however, 

not solutions of the equations of motion, so that the 

critical Reynold's numbers obtained were much lower than 

those observed experimentally. 

About this time experiments had shown that the 

laminar boundary layer develops instabilities and 

becomes turbulent. In particular, Prandtl (1914) 

studied the effects of transition on the boundary layer 

by observing the variation with Reynold's number of the 

flow patterns round bodies of various shapes. He was 
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to show also, that flow separation of the boundary layer 

and transition were connected phenomena, an idea which 

was later developed by Taylor (1936). Taylor's theory 

was that transition resulted from separation, either 

momentary or permanent, of the laminar layer. From the 

Karman-Pohlhausen parameter for laminar separation he 

was able to find a relation to determine the Reynold's 

number for transition in the boundary layer. Experi- 

ments with flat plates, spheres and elliptic cylinders 

confirmed that this relation did control transition, 

but only when the free stream turbulence level was high. 

The main objection to Taylor's theory is that 

separation has not been shown to be necessary for tran- 

sition. From experimental studies on the effect of 

free stream turbulence on transition in the boundary 

layer on a flat plate, Bennett (1953) has suggested that, 

above a certain level of free stream turbulence, transi- 

tion may be controlled by the laminar- separation theory 

of Taylor. Bennett concludes, however, that this 

level of turbulence is much higher than had previously 

been anticipated. 

d) Instability of the laminar boundary laver 

The theory of instability of boundary -layer flows 

was first studied by Tietjens (1925) for velocity profile 

consisting of a combination of straight lines. It was, 

s 
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however, Tollmein (1929) who achieved the first major 

breakthrough in stability theory by considering the eff- 

ect of an infinitesimal disturbance on the flow. 

Important contributions to this linearized theory were 

made by Schlichting (1933a), (1933b) and (1935), who 

carried out detailed calculations of the characteristics 

of the oscillations arising from the instability. His 

work predicted the conditions for the boundary layer 

to be unstable, when small disturbances would be ampli- 

fied in time. Disturbances of this type, moving down 

the boundary layer, are known as Tollmein -Schlichting 

waves. The theory showed that small disturbances 

with frequencies in a certain range would be amplified 

by the boundary layer, whilst those of lower or higher 

frequency would be damped. The main result of this 

work can be summarised by a curve .in the ¡ /3,.V/ 
l 

0 

R) 

plane, known as the neutral stability curve, which 

separates the 'amplifying' and 'damping' regions of the 

boundary layer. 

Developments of the Tollmein -Schlichting theory 

have been made by Lin (1945) and Shen (1954), the former 

recalculating the neutral curve, while the latter has 

used the curve to obtain curves of constant amplification 

in the amplifying zone. Growth curves for disturbances 

in this amplifying region can thus be found. 
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The distribution of amplitude across the boundary 

layer was first calculated by Schlichting (1935) for 

neutral oscillations. Zaat (1958) has made similar 

calculations, as well as obtaining a slightly modified 

neutral curve. 

Figure A.I.l. shows the neutral stability curve 

of Schlichting together with that of Lin and Zaat. 

An outline to the theoretical approach to the 

problem of boundary -layer instability, by the method of 

small disturbances, is given in Appendix I. 

It should be noted here that the theoretical work 

so far described was concerned only with two -dimensional 

disturbances. The justification for this restriction 

stems from the conclusion of Squire (1933), extended 

by Watson (19601, that the problem of the instability 

of an infinitesimal three -dimensional disturbance at a 

given Reynold's number is equivalent to a two -dimensional 

problem at a lower Reynold's number. It should be noted 

however, that recent work by Meksyn (1964) has shown 

that, for disturbances of finite amplitude, three - 

dimensional oscillations are less stable than two- dimen- 

sional ones. 

Experimentally, Dryden (1936) was the first to 

observe velocity fluctuations in the boundary layer, 

but he was unable to relate their behaviour to the small 

disturbance theory. Nikuradse (1933) attempted to 
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introduce disturbances into the boundary layer on a 

flat plate in water, but obtained inconclusive results, 

mainly due to high natural disturbance level present in 

the flow. 

For the next decade the theory of small disturban- 

ces went untested, and it was generally believed (c.f. 

Taylor (1938)) that selective amplification of small 

disturbances had little to do with the phenomenon of 

transition. 

It was with the advent of the very low turbulence 

level wind tunnel that Tollmein-Schlichting waves were 

observed experimentally in the boundary layer on a flat 

plate, This important series of experiments was carrie 

out by Schubaucr and Skramstad (1947) using a wind 

tunnel at the National Bureau of Standards, Washington. 

With hot -wire anemometers, they were able to show that 

transition was preceded by instability waves of the kind 

predicted by Tollmein and Schlichting, provided that the 

free stream turbulence level was of low enough intensity. 

It should be noted here that, while Schubauer and 

Skramstad took this maximum permissible level of 

turbulence to be about 0.08 per cent. of the free stream 

speed, Bennett (1953) has shown that Tollmein -Schlichtin 

waves play a role in the boundary layer even when the 

turbulence level is as high as O.42 per cent.; a fact 

which is of importance in the present work. 



The observations of Schubauer and Skramstad 

allowed them to compare the frequencies of the natural 

sinusoidal oscillations present in the boundary layer 

with the frequencies of the waves predicted by instabil- 

ity theory. They found that when the non -dimensional 

frequency parameter /3 / Uo was plotted against R, the 

experimental points lay close to the upper branch (Lranciï 

II) of the neutral stability curve. From this observat- 

ion they inferred that a disturbance of a given frequency 

was amplified as it passed downstream, and reached its 

maximum amplitude at a point on the upper branch of the 

neutral curve, unless it had by then caused transition. 

Once it had been established that instability waves 

of the kind predicted by theory did occur, Schubauer and 

Skramstad performed controlled experiments with artifi- 

cially produced disturbances of suitable frequency. 

These disturbances were injected into the boundary 

layer using a vibrating ribbon. In this way, they 

were able to show good qualitative agreement between 

experimental points of neutral stability and the 

theoratical curve, even better agreement being obtained 

when Lin's more recent curve was used (Figure A.I.1.). 

Further confirmation of the theory was provided by their 

observations of the distribution of the amplitude and 

phase of the disturbance across the boundary layer. 
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Non-linear theories 

While the linearized theory of Tollmein and 

Schlichting, together with its experimental confirmation, 

described the early stages of instability of the laminar 

boundary layer, no clue was provided by it as to the 

subsequent nature of the breakdown process when the 

perturbation had grown to such an extent that the linear 

approximations of the theory could no longer be applied. 

Although Noether (1921) and Heisenberg (1924) had 

derived and discussed equations including non -linear 

terms, the first paper to give any definite predictions 

about the effects of non- linearity on instability was 

that of Landau (1944) who put forward a theory of 

successive instabilities as a precursor to turbulence. 

For the past two decades, work on the theory of 

hydrodynamic stability has tended to emphasise, more and 

more, its non -linear aspects. The work described below 

has been concerned for the most part with Poiseuille 

flow between parallel planes where local Reynold's 

number is independent of the co- ordinate in the stream - 

wise direction, a fact which makes this flow easier to 

treat mathematically than boundary -layer flow. It was 

hoped, however, that the general features of non -linear 

instability in this flow could be applied to boundary - 

layer flow over a flat plate, where the boundary -layer 

growth is relatively slow. Most of this work, again 
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for reasons of mathematical simplicity has been concerned 

with the amplification of disturbances with time, althoug 

Bradshaw, Stuart and Watson (1960) have shown how 

amplification with streamwise distance may be considered. 

The differential equation important in non -linear 

instability theory first derived by Landau has been 

obtained by an independent method by Stuart (1960b) and 

Watson (19604, considering disturbances of finite 

amplitude. Stuart (1960a) has pointed out the physical 

significance of the three non -linear terms in its 

solution. These non- linear features which control the 

amplification of a disturbance are the distortion of the 

mean motion, the generation of a second harmonic of the 

fundamental Tollmein- Schlichting wave, and the distortion 

of the fundamental wave. Meksyn and Stuart (1951) had 

considered terms associated with the first and third of 

these and had shown that the effect of a disturbance of 

finite amplitude was to cause distortion of the mean flow 

profile by the Reynold's stresses of the fundamental 

wave, this in turn altering the amplitude distribution 

of the disturbance across the boundary layer. An analy- 

sis by Stuart (1958), using an energy balance method, 

dealt only with the distortion of the mean flow, the 

change in the distribution of the disturbance being shown 

to be small enough to be neglected. From this analysis 



he concluded that a disturbance amplitude of approximate 

ly 10 per cent. of the maximum velocity was required 

before distortion of the mean flow was observed. 

An interesting point arising from the work of 

Stuart (1960a), (1960b) and (1960c) is the possibility o 

amplification of a disturbance which is in a region stabl 

according to linear theory provided the disturbance 

amplitude is above a threshold value, an observation 

which has some relevance to the present work. 

The second of the non -linear features mentioned 

above, the generation of higher harmonics, has been 

considered by Lin (1958) in an order of magnitude 

analysis. His conclusion was that 'for disturbances 

in a parallel flow, all the harmonic components of the 

oscillation simultaneously become important around the 

critical layer (the region in the boundary layer where 

the wave velocity equals the local flow velocity) before 

the amplitude of the fundamental component is large 

enough to cause any significant distortion of the mean 

flow'. This statement has been taken up briefly by 

Bradshaw, Stuart and Watson (1960) and Stuart (1960b) 

who show it to be at variance with their work, where the 

mean motion distortion and second harmonic component are 

found to be of the same order of magnitude, while higher 

harmonic components are of much smaller order of magni- 

tude, even in the critical layer. In an analysis of 



Lin's work they conclude that it can be applied only to 

disturbances much larger than those considered by them- 

selves. 

The non -linear theory so far described has been 

for two - dimensional flow. However, since 1960, follow- 

ing experimental observations which showed the inadequacy 

of the two- dimensional approach, three -dimensional flows 

have been considered theoretically with some measure of 

success. 

In the work formulated by Lin and Benney (1960) - 

and taken up by Stuart (1960c) the interaction of a 

two -dimensional Tollmein- Schlichting wave with a three - 

dimensional wave disturbance of the same wave number in 

the streamwise direction was treated to the second order 

of amplitude. The interaction produced non -linear 

effects of several kinds including the generation of 

harmonics of the fundamental wave, the modification of 

the original mean motion, and the generation of new 

harmonic components which are non- periodic in time. 

Berney (1961) has considered these latter components, 

two in number, and has shown that they possess stream - 

wise vorticity which gives rise to a spanwise transfer 

of energy in the boundary layer. Energy transfers of 

this kind had been observed experimentally by Klebanoff 

and Tidstrom (1959), a fact which had influenced the 

theoretical model formulated by Lin and Benney. 
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Benney (1964) has extended this work to a boundary 

layer with a profile consisting of two straight lines, 

again examining the terms, non- perodic in time, associ- 

ated with longitudinal vortices. 

A further theoretical approach leading to componen s 

with streamwise vorticity has been made by Górtler and 

Witting (1958). They suggest that the Tollmein-Schlich 

ting wave motion possesses regions where the total flow 

(mean flow plus oscillation) is unstable due to the 

action of centrifugal forces, an idea in accord with 

Landau's theory of successive instabilities. According 

to their work, streamwise vorticity will develop at 

positions where the streamlines are concave relative to 

an observer moving with the wave speed. However, for 

boundary -layer flow it has been observed experimentally 

to develop at positions where the streamlines are convex, 

qualitative agreement being obtained in this point with 

the Lin -Benney theory. 

An entirely new theoretical approach to instability 

has been made by Raetz in an unpublished paper reported 

by Stuart (1960a). His suggestion was that two three - 

dimensional oscillations, themselves in a neutral or 

damping region of the boundary layer may interact and 

'resonate' to produce an amplifying oscillation. This 

theory allows the possibility of much larger rates of 

growth of boundary layer oscillations than the usual 

instability theory. 

Finally in this account of the theoretical work 
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on boundary layer instability mention must be made of 

the work of de Santo and Keller (1962). They attempted 

a numerical integration of the flow equations using an 

electronic digital computer. While of limited success 

itself, this paper may pave the way for future theore- 

tical work, as it offers prospects for a unified view of 

the transition process in the boundary layer, most of they 

work up to the present having been concerned only with 

local aspects of flow instability. 

f) Experimental work 

While theoretical work has been unable to provide 

a clear picture of the mechanism of transition in the 

boundary layer, experimental work, using both air and 

water tunnels, has proceeded without this help. 

The later stages of transition, as turbulence was 

neared, were studied experimentally by Emmons (1951) 

using a water table and flow visualization techniques. 

IIe noted that, when disturbances in the boundary layer 

reached a certain size, a turbulent burst, or 'spot', 

appeared, which was observed to move with the fluid 

gradually fanning out to make turbulent all before it. 

A theory was proposed by Emmons to predict the percentage 

of time that each position on the plate will be turbulent, 

taking into account the effect of the turbulent spots 

formed upstream as well as those formed at the point in 

question. 
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A hot -wire anemometer was used by Schubauer and 

Klebanoff (1955) to study both naturally occurring and 

artificially produced turbulent spots, the two being 

found to be similar in character. 

Measurements of the intermittency factor (S), the 

fraction of time during which a point in the transition 

region is turbulent, have been made by Schubauer and 

Klebanoff, Narasimha (1957) and Dhawan and Narasimha 

(1958). These latter workers have deduced an empirical 

formula relating the intermittency factor with the down- 

stream position in the transition region. 

Experimental visual studies, using dyes, of the 

processes leading up to, and resulting in, breakdown on 

a water table, were perfected by Fales (1955). He 

observed that an initially uniform bed of dye was gather -) 

ed into lines after passing over a trip wire, evidently 

being concentrated by the vortices shed by the trip. 

The subsequent warping of these lines was studied by 

Hama, Long and Hegarty (1957), loops being formed which 

stretched out in the flow direction as they advanced 

downstream. From near the forward part of each loop 

bursts of turbulence occurred, the succession of turbul- 

ent spots being concentrated, in the first instance, in 

streets in the flow direction. Hama (1960) has replied 
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to objections of Schubauer (1958) by showing that the 

breakdown process induced by a vibrating ribbon is 

essentially similar in character to that behind the 

trip wire. 

Weske (1957), in dye studies in water flow over a 

stationary plate, has observed spanwise variations in 

boundary -layer. thickness associated with disturbance 

growth, followed by the development of vortex loops 

.f the type proposed theoretically by Theodorsen (1955) 

ith turbulence originating within the loop. Weske 

reports also that local separation occurred under these 

loops when the disturbance level was sufficiently high. 

Tani (1960) and Tani and Komoda (1962) have studied 

nstability by introducing two -dimensional disturbances 

nto a three -dimensional boundary layer. In experiments 

here the degree of three -dimensionallity of the boundary 

gayer could be controlled observations were made of 

plitude and phase distributions of the disturbance 

:cross the boundary layer under various conditions. 

However, the most productive work towards an under- 

standing of the mechanism of transition has been carried 

out at the National Bureau of Standards, Washington, 

where emphasis has been placed on the three - dimensional 

nature of the process. 

Spanwise variations in boundary -layer thickness, 

shown to be a feature of the Washington wind tunnel, wer 
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first reported by Schubauer (1958) and Klebanoff and 

Tidstrom (1959). These variations were shown to have 

a part in shaping the phenomena leading to transition 

since associated with them were variations in the stream - 

wise growth of disturbances in the boundary layer. 

Observations, using a hot -wire anemometer, were inter- 

preted by these workers as indicating a spanwise transfer 

of energy in the boundary layer. 

An important extention to this work has been carri-i 

ed out by Klebanoff, Tidstrom and Sargent (1962). By 

making modifications to the damping screens in the tunneii 

they were able to reduce the spanwise variations in 

boundary layer thickness to within the limits of experi- 

mental observation. An adaptation of the vibrating 

ribbon technique of Schubauer and Skramstad was then 

used to introduce controlled three- dimensional distur- 

bances into an effectively two- dimensional boundary layer. 

Surveys, using a hot -wire anemometer, of the longitud- 

inal and spanwise components of the mean velocity as 

well as of the intensity and instantaneous values of the 

longitudinal and spanwise fluctuations were made across 

the boundary layer at different spanwise positions in the 

region from ribbon to wave breakdown. It was establish- 

ed that associated with the three- dimensional wave motions 
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there were longitudinal vortices . This eddy system 

consisted of a pair of counter- rotating eddies, one on 

each side of the peak in the spanwise distribution of 

wave amplitude. Studies were made also of the down- 

stream changes in the eddy system and their relation 

to wave growth. Sufficient data were obtained by these 

workers for an evaluation of the various existing 

theoretical approaches. Those considered were the 

generation of higher harmonics, the interaction of the 

mean flow and the Reynold's stresses, the concave utream- 

line curvature associated with the wave motion, and the 

vortex loop concept. Each of these was shown to be 

inadequate in describing the observed phenomena. How- 

ever, some qualilative agreement was obtained with the 

theoretical work of Lin and Benney. 

As well as considering the growth of the wave 

motion, some attention was given in this work to the 

breakdown of the wave motion into turbulence. It was 

shown that the onset of turbulence was preceded by in- 

tense high frequency fluctuations; the results suggeste 

that the actual breakdown was a consequence of a new 

instability which arose from the three- dimensional 

disturbance. This mechanism was shown to be analogous 

to that observed by Kovasznay (1960) in breakdown behind 

a roughness element. 
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Further important observations were made by 

Klebanoff, Tidstrom and Sargent on natural transition. 

They concluded from these that the same basic mechanism 

was present in this as in artif ically- induced transition. 

I.3. Conclusion 

A conclusion to be drawn from this outline survey 

is that the existing theoretical approaches to boundary 

layer instability do not appear to be realistic when 

viewed from the light of experimental knowledge of the 

subject. This does not imply that they are necessarily 

incorrect; they may indeed play a role in some aspect 

of local behaviour of the flow. However, a unified 

theoretical approach is required and the advent of the 

digital computer would seem to offer hope that progress 

will be made in this direction. 

The low- turbulence wind tunnel and the hot -wire 

anemometer are the main tools available to the experi- 

menter. Using these Klebanoff et. al. have been able 

to reveal some of the main features of the transition 

process in the boundary layer on a flat plate, but much 

remains to be done. Considerable scope is afforded 

to workers, even those with limited resources, by observ- 

ing local flow behaviour in selected regions of the 

transition process and attempting to relate such obser- 

vations to the existing theories. A further experiment- 

al approach would be the use of a hot -wire anemometer 
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system with the required data processing facilities to 

map the flow behaviour in the boundary layer in the tran- 

sition region. Results from such a study would be an 

invaluable check on a computed solution of the boundary 

layer equations. 

The present work falls into the first category. 

The intention was to build a hot -wire anemometer system 

and to use this to study local aspects of the transition 

mechanism. This hot -wire anemometer system was made, 

however, sufficiently versatile to enable it to become 

an integral part of much larger instrumentation which 

could be used in a very low- turbulence wind tunnel, when 

this became available, to make a complete survey of the 

transition process. 



CHAPTER II 

DESCRIPTION AND CALIBRATION OF 

TI-3E WIND TUNNEL 

II.1. Description of the Wind Tunnel 

The wind tunnel used in this work was a modificat- 

ion of the N.P.L. Design No. A155. This tunnel is of 

open- circuit type with 18 inch octagonal working section 

and a 3.16:1 contraction ratio. The modification to 

the original design took the form of additional settling 

lengths, both before and after the contraction, to 

ensure a smooth flow and as low a turbulence level as 

possible in the working section. 

A diagram of the tunnel is shown in Figure II.1. 

The tunnel was situated in a basement room, 

50' x 26' x 10.1/2', the walls, floor and ceiling of 

which were of reinforced concrete. To ensure that 

spurious vibrations were kept to a minimum, the 2 inch 

angle iron legs of the tunnel were bedded in heavy slabs 

of concrete. These blocks were insulated from the 

floor of the room by felt pads, and located by rubber 

covered steel pegs set into the floor. 

The tunnel itself was of sectional construction, 

adjoining sections being firmly bolted together. The 

frames were of white wood, while the tunnel walls were 

of hardwood. The working section was constructed from 
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1/4 inch perspex sheet, cemented together to be of 

regular octagonal section. 

A honeycomb straightener, constructed from 4 inch 

hexagonal brass tubes measuring 3/8 inches from face to 

face, was fitted in the inlet section. Downstream 

of the honeycomb were two mesh screens constructed from 

32 S.W.G. wire with 30 wires to the inch. The optimum 

locations for these screens were found by Burns (1958) 

and Nicol (1958) to be 15 inches and 27 inches downstre 

of the honeycomb. These screens were found to collect 

dust, and had to be removed and cleaned at regular 

intervals. 

With this arrangement the free stream turbulence 

level in the working section at 25 ft. /sec. was found, 

using the hot -wire anemometer (see Chapter Iv), to 

be approximately 0.25 per cent. of the mean flow velocit . 

The air was drawn through the tunnel by a four - 

bladed fan mounted directly on the shaft of a 7.5 H.P. 

D.C. motor, coupled to a Ward -Leonard speed control 

system. This consisted of a three -phase 7.5 H.P. motor 

directly coupled to a D.C. generator, whose output was 

fed to the fan motor armature. An external 240 volt 

D.C. source supplied the field coils of the generator 

through a potential divider, which was used to provide 

speed control of the fan motor. 

.11 



A diagram of the speed control circuit is shown 

in Figure II.2. 

Windspeeds up to approximatelylP0 feet /sec. could 

be attained in the working section, but during the cours 

of the present work speeds in excess of 30 feet /sec. 

were rarely used. 

A full description of the design and construction 

of this tunnel has been given by Burns (1958). 

II.2. The Flat Plate and False Walls 

The flat plate used in the boundary -layer measure- 

ments was mounted vertically along the centre of the 

working section of the tunnel. The plate was made 

from a single sheet of perspex, 6 feet long by 1/4 inch 

thick, which spanned the tunnel from floor to ceiling. 

Its leading edge, situated 1 foot upstream from the 

start of the perspex working section, was smoothly 

tapered over a distance of 4 inches to a symmetrical 

knife edge. The top and bottom of the plate were 

bolted to 1 inch brass angle bars, which were in turn 

bolted to the tunnel ceiling and floor, the plate being 

held under slight transverse tension. 

Marks scratched at one inch intervals, along the 

centre line on the reverse side of the plate, were used 

to position instruments in the streamwise direction. 
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An aluminium fin was attached to the trailing 

edge of the plate, so that there was greater blockage 

to the flow on the working side of the plate than on 

the reverse side. The stagnation point at the leading 

edge of the plate was thus kept on the working side whic 

ensured that the early growth of the boundary layer was 

laminar on this side. 

To counteract the negative pressure gradient in 

the parallel -walled working section, false walls of 

1/16 inch thick perspex sheet were fitted vertically, 

close to the vertical walls of the tunnel. These 

commenced in the contraction, were parallel in the 

settling length, and diverged to meet the tunnel walls 

near the end of the working section. The profile of 

false wall on the working side of the tunnel could be 

varied, within small limits, by means of adjusting 

screws at various positions along its length. This 

allowed fine adjustments to be made in the pressure 

gradient along the working section. 

11.3. The Traversing Mechanism 

The traversing mechanism, to carry instruments 

in the tunnel, could be moved along the working section 

on ball races located in U- section brass rails which 

were mounted, parallel to the flat plate, on the floor 

and ceiling of the working section. The main carriage 
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was a brass plate spanning the tunnel vertically. On 

this the boom with its pivot mount could be located at 

various heights, allowing for change in the spanwise 

position of the instruments to be made. The upstream 

end of this boom was made to bear on the flat plate by 

means of a spring, a further arm being pivoted at this 

point. The instrument situated at the upstream end of 

this second arm could be moved perpendicular to the 

surface of the plate by a flexible clutch cable pulling 

against a spring, the micrometer drive for this being 

mounted on the outer tunnel wall. A clock- gauge, with 

its probe bearing on the flat plate, was attached to this 

arm, and gave the distance of the instrument from the 

plate. 

The side elevation of the carriage is shown in 

Figure II.3., while Figure II.4. shows a plan view of the 

boom system for movement in they-direction. 

II.4. Control of Wind Speed 

The fan speed could be controlled coarsely by a 

stepped potentiometer in the field -coil circuit of the 

generator of the Ward -Leonard system. A feed -back 

system was employed to provide continuous control over 

wind speed, and also to reduce the wind speed variations 

resulting from fluctuations in the external D.C. supply. 
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The sensing element for this system was a pitot- 

static tube mounted permanently in the flow on the re- 

verse side of the working section, the differential 

pressure from it being applied to an inverted -cup type 

of pressure balance. Electrical contacts closed when 

the balance was displaced from equilibrium. This 

operated a relay system, which in turn allowed a small, 

reversible, variable speed motor to drive a contact 

along a rheostat. This rheostat provided fine control 

of the current in the field coils of the generator, and 

hence fine control of the fan speed. Limit switches 

ensured that the contact could not be driven beyond the 

ends of the rheostat. 

A diagram of this feed -back system for automatic 

control of windspeed is shown in Figure II.5. 

In action the system worked as follows: Weights 

corresponding to the chosen windspeed (see ii.5.) were 

set on the seale pan of the pressure balance. A small 

increase in windspeed above this chosen value resulted 

in an increased pressure difference between total head 

and static pressures in the tunnel. This destroyed 

the equilibrium in the pressure balance thus the relays 

were activated, causing the servomotor to drive the 

contact along the rheostat to reduce the field -coil 

current of the generator. This resulted in a decreased 

fan speed, with a corresponding reduction in windspeed. 
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In the same way a drop in windspeed resulted in compen- 

satory increase in the speed of the fan motor. 

The speed of the servomotor was an important factor 

in this system. If the contact on the rheostat were 

driven too quickly, then the system tended to 'hunt', 

never reaching a stable position. In practice, for 

maximum sensitivity, the speed of the servomotor was 

decreased until the system just ceased to 'hunt'. The 

'hunting' was caused by the contact moving faster than 

the increase in speed of the fan motor, the inertia of 

the fan being the limiting factor in the response of 

the feedback system. The time taken for the speed 

control to increase the windspeed of the tunnel by 1 

per cent. of its original value was approximately ten 

seconds. The system thus reduced only the very low 

frequency fluctuations but had little effect on high 

frequency fluctuations. 

It was found that this feedback system controlled 

fluctuations in mean windspeed to within 2 percent. in 

a test run over a period of several hours. 

II.5. Calibration of Wind Speed 

To set the tunnel at a particular windspeed, a 

weight was placed on the scale pan of the pressure balance, 

the coarse -control stepped -potentiometer adjusted to the 

appropriate position and the fine control mechanism run 
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until equilibrium was reached. The weight required 

for a given wind -speed was determined by calibration 

of the pressure balance. 

For this, a pitot- static tube, of N.P.L. design, 

was placed in the working section of the tunnel at a 

position 2 feet from the leading edge of the flat plate. 

The difference between total head and static pressures 

was measured on a paraffin filled inclined -tube mano- 

meter, which had been calibrated previously by making a 

direct measurement of its slope using a travelling 

microscope. 

By making a comparison of the weights placed on 

the pressure balance with the manometer readings once 

the windspeed in the tunnel had reached equilibrium, a 

calibration for the pressure balance was obtained, allow 

ing the weight required to give a desired windspeed to b 

ascertained. 

I1.6. Adjustment of the Pressure Gradient along the 
Flat Plate 

Schlichting (1955) has shown that the rate of 

amplification of a disturbance in the boundary layer 

is dependant on changes in the local pressure gradient. 

For the present work, it was thus necessary to ensure 

that variations in the static pressure along the flat 
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plate were reduced to a minimum. 

For this purpose, a static pressure tube, 0.2 inches 

in diameter, was mounted in the free stream on the 

working side of the plate. This could be traversed 

along the vertical centre line of the tunnel, at a con- 

stant distance from the flat plate and parallel to it. 

Comparison of the static pressure at the centre line 

with that at a fixed tapping in the tunnel wall was made 

using the sloping -tube manometer. Readings were taken 

at two inch intervals in the streamwise direction. The 

false wall profile was adjusted after each traverse 

until further improvement towards constant static 

pressure was impossible due to the inflexible nature of 

the perspex sheet. 

A graph showing the pressure distribution obtained 

is plotted in Figure II.6. The static pressure is 

given as a non -dimensional quantity allowing comparison 

to be made with the pressure distributions obtained by 

other workers using nominally zero pressure gradients 

in the stream direction. 

In the consideration of the stability of boundary - 

layer flows with pressure gradients the Pohlhausen shape 

factor (A) is of importance. This parameter is defined 

by the equation 
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Values of this parameter have been calculated for the 

pressure gradient obtained by considering the curve in 

Figure II.6. to consist of a series of straight lines 

joining adjacent experimental points. Extreme positive 

and negative values up to x = 3 feet. obtained in this 

way are + 0.2 and - 0.4. The calculations of Schlich- 

ting (1955) show that for values of Pohlhausen shape 

factor as small as these, the pressure gradient can be 

taken to have a negligible effect on the position of 

Branch I of the neutral stability curve, the rate of 

disturbance amplification, and the shape of the boundary - 

layer profile. 

II.7. The Boundary Layer on the Flat Plate. 

A study of the undisturbed boundary layer on the 

flat plate in the Heriot -Watt tunnel, under conditions 

essentially similar to those of the present work, was 

carried out by Whitelegg (1961 ) and Morgan (1964). 

Using total -head and static pressure tubes made 

from hypodermic tubing they determined the extent of the 

laminar region of the layer, boundary layer profiles in 

good agreement with the theoretical Blasius profile 

being obtained. The extent of the laminar area of the 

boundary layer was shown to be limited by the wedges of 

turbulence shed from the top and bottom of the leading 

edge of the flat plate. The two turbulent regions were 

shown to meet on the centre line of the flat plate at a 

distance approximately 3.75 feet from the leading edge. 



Figure/1.1b. Pbotogrnp2a of Mind Tunnel. 



Figure II ,1c . Photograph of Wind Thnnel and Instrumentation. 
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CHAPTER III 

THE VIBRATING RIBBON TECHNIQUE 

III.1. Introduction 

The vibrating ribbon technique for the introduction 

of controlled disturbances into the boundary layer was 

first used by Schubauer and Skramstad (1947). In their 

experiment a thin flat ribbon of phosphor- bronze was 

placed, edgewise to the flow in the boundary layer, a 

few thousandths of an inch from the surface of the flat 

plate. Sellotape spacers were used to mount the ribbon 

to the plate; a further layer of sellotape along the 

length of the ribbon, with the exception of the vibratin 

span, held it in position. Rubber bands attached to 

ends of the ribbon kept it under tension. The ribbon 

was made to move in a direction perpendicular to the 

plate surface by passing through it a small current 

alternating at the desired frequency in the presence of 

a strong magnetic field from an electromagnet on the 

opposite side of the plate. In this way approximately 

two- dimensional disturbances of a chosen frequency could 

be fed into the boundary layer. When the ribbon was 

not vibrating, its effect on the boundary layer could 

not be detected. The width of the ribbon, its distance 
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from the plate surface and the length of the vibrating 

segment were features which appeared to have little 

effect on ribbon performance. 

No attempt was made by these workers to estimate 

the amplitude of the ribbon vibration and no mention was 

made by them of the relative values of forcing frequency 

and ribbon resonant frequency. They did state, however, 

that forcing frequencies of from 10 cycles /sec. to 

260 cycles /sec. were used. 

Subsequent workers at the National Bureau of Stand- 

ards have continued to use the vibrating ribbon technique 

but in their reports have given few practical details 

about methods of usage. Klebanoff and Tidstrom (1959) 

mention that the ribbon resonant was 

near the working frequency by means of the rubber hands 

attached to the ends. By placing pieces of sellotape 

on the plate beneath the vibrating span of the ribbon, 

Klebanoff, Tidstrom and Sargent (1962) were able to use 

this technique to inject controlled three -dimensional 

disturbances into the boundary layer. 

The vibrating ribbon technique has been used by 

other workers in studies of aspects of transition on a 

flat plate (c.f. Kovasznay (1960), Tani (1960)). In 

general, the systems used appear to have been similar to 

that of Schubauer and Skramstad with only minor modifi- 

cations. However, once again few details were reported. 
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The technique has been applied in the study of flow 

over a water -table by Hama (1960). To meet the very 

low frequency requirements for work in water (about one 

hundredth those for air), the roles of the ribbon and 

the electomagnet were reversed in this experiment; a 

direct current was supplied to the ribbon while the elec 

tromagnet was excited by a sine -wave signal of the desir 

ed frequency fed from a power oscillator. 

In view of the limited amount of information avail- 

able on ribbon systems, and, in particular, on the best 

method of mounting, the best mode of operation, and the 

extent to which the ribbon could be considered to produc 

two -dimensional vibrations, it was felt that the techni- 

que warranted further study. Consequently, before a 

ribbon was used in boundary -layer studies, a series of 

preliminary experiments were carried out with a view to 

finding out more about the ribbon system itself. 

111.2. Preliminary Experiments with Ribbon Systems 

a) Experimental arrangement 

For the first part of this subsidiary investigation 

of ribbon behaviour a small wind tunnel with 9 x 2.3/4 

inch working section and 9:1 contraction ratio was used. 

The ribbon was mounted, transverse to the flow, in the 

boundary layer on the roof of the tunnel working section. 

This position allowed the permanent magnet, and the prob: 

used to study the ribbon motion, to be placed on the 
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outer surface of the 1/4 inch perspex roof, which was 

suitably stiffened to prevent sagging due to the reduced 

pressure inside when the tunnel was running. 

The method of mounting the ribbon is shown in 

Figure III.la. The ribbon, a phosphor -bronze strip, 

0.001 inches thick, by 0.)1 inches wide, by approximatelÿ 

15 inches long, was held a fixed distance from the roof 

of the tunnel at two bridges of drawn glass tubing, the 

spanwise separation of which was 6 inches. The distanc 

of the free segment of the ribbon from the surface was 

set by the diameter chosen for the glass bridges. A 

diameter of 0.007 inches was used throughout these 

experiments. The regions of the ribbon between bridge 

and tunnel wall were held firmly against the tunnel roof 

with sellotape. At one side no freedom of movement 

was allowed, but at the other side the ribbon could be 

moved in its longitudinal direction enabling tension 

to be maintained throughout its length. This end of 

the ribbon was passed through a slit in the tunnel wall, 

and a hook soldered to it. A rubber band, stretched 

between this hook and a clamp fixed to a firm support, 

was used to tension the ribbon. Adjustments could be 

made to the clamp to alter the tension and consequently 

the resonant frequency of the ribbon. 

This method of maintaining) tension was used af- 

ter another method had proved unsuccessful. In this, 
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the free end of the ribbon, after emerging from the 

tunnel, was passed over a horizontal rod to hang verti- 

cally. Tension was applied by hanging weights from the 

hook. Various types of bearing and methods of lubri- 

cation between ribbon and rod were tried, but in all 

cases the friction between these surfaces prevented a 

constant tension being maintained. 

korsssho 
A small permanentLmagnet, 1.1/8 inches long, was 

mounted on the tunnel roof over the centre of the free 

segment of the ribbon. The alternating current used 

to excite the ribbon was supplied from a power oscillator. 

The ribbon motion was studied using an electronic 

system sensitive to small changes in capacitance which 

had been developed at Edinburgh University by Burns (1958) 

and Nicol (1958). In this system fluctuations in 

capacitance of order ± 10-3r1F. produced frequency 

modulation of a lMc. /sec. wave. The frequency modu- 

lation was converted to amplitude modulation in a high 

Q filter when the mean operating frequency of the oscil- 

lator coincided with the frequency of maximum slope on 

the response curve of the filter circuit. The output 

of the filter circuit was passed through a detector stage 

to a low frequency amplifier and thence to a cathode ray 

oscilloscope or valve voltmeter. 

A special probe to be used as a transducer for 

ribbon motion in conjunction with these electronics 

was constructed. This is illustrated in Figure III.lb.. 
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The sensing element, a thin piece of copper, 1/8 inch 

square, was mounted near the centre and embedded flush 

with the surface of a 6 x 1/2 inch strip of 3/8 inch 

thick perspex. An area of the perspex surface, 2 x 1/2 

inch, surrounding the copper square was covered with 

metal foil screening (Figure III.lb.). Screenedcable 

was used to connect the copper plate to the electronics. 

The perspex strip was placed on the outer surface 

of the tunnel roof immediately above the ribbon, as shown 

in Figure III.la. It could be moved across the roof 

to allow the copper plate to be placed above any part 

of the segment of the ribbon which was free to vibrate. 

The ribbon was maintained at earth potential as 

was the metal foil screening; the copper plate acted 

as the static plate of a capacitor; an area of ribbon 

immediately beneath it, small in size due to the screen- 

ing, acted as the other plate. Changes in capacitance 

as the ribbon vibrated were detected by the electronic 

system, allowing the amplitude and waveform of the 

vibration of each element of ribbon along the free 

segment to be studied as a linear relation existed 

between ribbon amplitude and output voltage. 

b) Experiments and results 

In the first experiment using this system, the 

probe was placed above the centre of the free segment 

of the ribbon. The output voltage of the electronics, 



-40- 

a measure of the ribbon amplitude, was determined for a 

number of frequencies of sine wave input signal in the 

range from 40 cycles /sec. to 250 cycles /sec., with the 

current in the ribbon circuit adjusted to be the same 

at each frequency. A graph of output voltage against 

frequency gave a resonant curve for the ribbon system. 

A typical graph for frequencies close to the resonant 

frequency of 180 cycles /sec. is shown in Figure 1II.2. 

This graph illustrates the change in the resonant 

frequency and the change inribbon amplitude observed 

when the tunnel was running. From curves of this kind 

it was found that the resonant frequency of the ribbon 

system decreased as the windspeed increased. 

The resonant frequency of the ribbon was found 

also to be very sensitive to changes in temperature. 

A 1 °C. rise in temperature was on occasion observed to 

result in a 50 per cent. drop in ribbon amplitude due 

to a slight fall in resonant frequency. 

These results indicated the inadvisability of 

operating the ribbon with a forcing frequency at or near 

to the resonant frequency of the system, since a small 

drift in resonant frequency resulted in a large change 

in ribbon amplitude even though the current through the 

ribbon was kept constant. 
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For forcing frequencies close to one third of the 

resonant frequency, observation of the output from the 

electronics, as displayed on a cathode ray oscilloscope, 

showed that the ribbon motion contained a component at 

the resonant frequency. This component was dominant 

when the forcing frequency was exactly one third of the 

resonant frequency. This fact limited the lower end of 

the useful operating range of frequencies of the ribbon 

in relation to the resonant frequency. 

The range of forcing frequency for which satisfac- 

tory stable operation of the ribbon could be expected is 

shown in Figure III.3. for a resonant frequency of 180 

cycles /sec. In this range it was shown that the ribbon 

would vibrate at the forcing frequency with only small 

changes In amplitude resulting from drift in the resonant 

frequency. 

The criteria used throughout the present work have 

been that the forcing frequency should be not more than 

five -sixths of the resonant frequency and at least ten 

cycles /sec. above one third of the resonant frequency. 

Under certain conditions the frequency response 

curve of the ribbon system showed twin resonant peaks, 

separated, on occasions by as much as 20 cycles /sec. 

as in Figure II1.4. Observations of the ribbon motion 

using a stroboscope showed that a torsional vibration of 
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low frequency was present under these conditions. The 

cause was traced to a grad *ation in tension across the 

width of the ribbon. This graduation occurred only when 

the hook, used to connect the rubber band to the ribbon, 

was soldered at a slight angle to the ribbon axis. Othe 

methods of attaching the rubber band to the ribbon were 

tried, but a wire hook, soldered parallel to the edge of 

the ribbon, was found to be the most satisfactory; if 

care were taken a frequency response curve with only one 

resonant peak could be obtained. 

The probe was moved to spanwise positions above the 

ribbon other than the centre of the vibrating segment, 

and the output voltage, a measure of the amplitude of 

the ribbon beneath the probe, was determined. In this 

way it was possible to obtain a profile of the ribbon 

amplitude along its length. Profiles were determined 

for a wide range of forcing frequencies and currents in 

the ribbon circuit. For frequencies in the range des- 

cribed above, the ribbon was shown to vibrate in a single 

loop, although over only a small region about the centre 

of the vibrating span could the amplitude be considered 

to be effectively constant, as can be seen in Figure 

III.5a. 

An investigation of the magnetic field distribution 

along the axis of the magnet with a search coil and flux- 
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meter showed that this fell off rapidly with distance 

from the centre of the magnet (Figure III.5b). To 

provide a more uniform field over the central region of 

the ribbon three magnets were fixed adjacent to each othe 

on the tunnel roof. The magnetic field distribution of 

this arrangement is shown in Figure III.5d. With three 

magnets in position the profile of ribbon amplitude ob- 

tained was more uniform over the central region, (Figure 

III.5e.), and thus the disturbance injected into the 

boundary layer could be considered to be effectively two - 

dimensional over a two inch region about the centre of th 

vibrating span. For this reason it was decided to use 

three permanent magnets in the ribbon system for the 

boundary -layer investigations. 

From this preliminary experiment on vibrating 

ribbon systems information was gained about experimental 

arrangements and methods of usage which was to prove 

invaluable in the operation of the ribbon system in the 

boundary -layer studies. 

III.3. Measurement of Ribbon Amplitude 

As the proposed boundary -layer work was not to be 

confined to the study of one particular frequency of 

disturbance, it was felt that a. quick and reliable method 

of measuring the amplitude of the ribbon vibration, which 

could be used over the range of frequencies of interest, 

would be of advantage. The electronic system used in 
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the preliminary experiments described in 111.2. was 

unsuitable for measurement of the ribbon amplitude in the 

boundary -layer studies, because constant monitoring was 

required in its successful operation. 

Other workers using the vibrating ribbon technique 

had used for the most part a single frequency of vibrat- 

ion. In their reports no indication was given of the 

method of estimating the ribbon amplitude and it seems 

possible that in most cases no quantitative estimate 

of the amplitude was made. It appeared that the ribbon 

amplitude was set according to its effect on the boundary 

layer at a downstream position as determined by a hot - 

wire anemometer. 

To investigate the problem of measurement of the 

ribbon amplitude, a ribbon system, essentially similar 

in design to that described in Section III.2., was set 

up on a small flat plate outside the tunnel. As the 

plate was vertical, tension was maintained in the ribbon 

by hanging weights from it. An estimate of the ribbon 

amplitude was made by observing the ribbon motion from an 

edgewise position with a microscope, fitted with a 

graduated eyepiece. With suitable illumination the 

ribbon appeared as a light coloured line against a dark 

background, broadening into a band as the amplitude of 

the motion was increased. From these observations it 

was shown that a linear relationship existed between 
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ribbon amplitude and the current in the ribbon circuit 

(Figure III.6.). 

It was realised that this relationship could provid 

the basis for a method of estimating the ribbon amplitude 

However, to determine the absolute ribbon amplitude at 

a given frequency it was necessary to know the current 

through the ribbon at some reference amplitude for this 

frequency. The amplitude of the ribbon when it just 

touched the surface of the plate was found to provide a 

convenient reference, as this was known, from the 

diameter of the glass bridges, to be 0.007 inches. 

Several methods of determining the point when the 

ribbon just touched the plate surface as the current 

was increased were tried. The ribbon system mounted on 

the perspex plate outside the tunnel was used for these 

tests. In all of these methods indication that the 

ribbon was touching the plate was given when an electric- 

al contact was made between the ribbon and a conductor on 

the plate surface. The first conductor used was a layer 

of very thin aluminium foil glued to the plate surface 

beneath the ribbon. An improvement on this was a film 

of ' aquadag', a suspension of graphite in water, which 

was deposited on the plate surface beneath the ribbon. 

However, difficulties in attaching leads to the silver 

foil and the 'aquadag' film without interfering with the 

boundary layer flow made these methods impractical, but 

a further modification of this technique was tried succ- 

essfully. 

For testing of this, a brass plug, 1/8 inch in 
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diameter, was fitted into a hole in the perspex plate, 

at a position corresponding to the centre of the vibrating 

segnìent of the ribbon. The surface of the plug was 

milled to be accurately flush with the surface of the 

perspex beneath the ribbon. A lead was taken from this 

plug on the reverse side of the plate to a cathode ray 

oscilloscope. With the ribbon earthed, the display 

of the shorting of the oscilloscope input as the ribbon 

touched the brass plug during each cycle of vibration 

proved to be an accurate method of judging when the 

ribbon amplitude was 0.007 inches. 

The following procedure was finally adopted for 

setting of the ribbon amplitude. The desired frequency 

was chosen on the oscillator and the current in the ribbo 

circuit increased until contact between the centre of the 

ribbon and the brass plug was just detected on the cathode 

ray oscilloscope. The weights hanging from the ribbon 

ere altered, changing the tension and ribbon resonant 

requenc3. until the current required to cause the ribbon 

to make contact with the brass plug was 0.7 amperes. The 

amplitude of the ribbon could then be set as desired using 

he relation of 0.001 inches per 0.1 amperes current. 

are was taken to ensure that the criteria for forcing and 

resonant frequencies laid down in Section III.2b. were 

not violated. 
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This method of setting the ribbon amplitude could 

be applied to any frequency and was used throughout most 

of the present work. Experience of this technique in 

use during the boundary layer studies showed that its 

accuracy was certainly no better than ± 10 per cent. 

111.4. Ribbon Arrangement for Boundary -Layer Studies 

The information gained from these preliminary 

exPeriments was employed in the design and operation of 

the ribbon system used to introduce disturbances into 

the boundary layer. 

The phosphor- bronze ribbon, 0.001 inches thick by 

0.1 inches wide, was mounted transverse to the flow at 

distance of 12 inches from the leading edge of the 

flat plate in the 18 inch tunnel. Glass bridges, 0.007 

inches in diameter, held in place with sellotape, were 

again used as spacers. The distance between the bridges 

was 9 inches; they were situated symmetrically about the 

centre line of the flat plate for most of the present 

work. The centre of the vibrating segment of the ribbon 

was displaced, however, to Z = 0.75 inches for the later 

studies. The upper end of the ribbon was held firmly 

against the plate with sellotape; the lower end was also 

eld against the plate, but was free to move in the 

vertical direction. Slots were cut in the brass angle 

mountings for the flat plate and in the roof and floor 
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of the tunnel, through which the ends of the ribbon were 

passed. The upper end was clamped to the outside of the 

tunnel roof, while the lower end hung freely below the 

tunnel. A hook, which carried a scale pan, was carefull 

attached to this end; the tension in the ribbon was 

maintained by placing weights in the scale pan. 

Electrical contact was made to the top and bottom 

of the ribbon. At the lower end this was done by 

bringing up a rod to just touch the flat surface of the 

ribbon above the hook. This rod helped to reduce 

the transmission of small torsional vibrations of the 

scale pan to the vibrating segment of the ribbon. The 

current was supplied to the ribbon, through an ammeter and 

switch, by a power amplifier fed from a signal generator. 

Three permanent magnets were bound tightly together 

and mounted, symmetrically about the centre of the 

vibrating span, on a shelf on the reverse side of the 

plate. 

A brass plug, similar to that used in Section 1II.3. 

was fitted flush with the plate surface at the centre of 

the ribbon. This was used in conjunction with a cathode 

ray oscilloscope in the estimation of the amplitude of the 

ribbon vibration. 

A small probe, 1 /10 inch by 1/4 inch, was fixed to 

the surface of the reverse side of the plate 1/2 inch be- 
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low the brass plug. This probe was used to provide an 

input signal for the capacitance electronic system 

described in Section III.2a. This electronic system was 

ideally suited for use in qualitative monitoring of the 

waveform of the ribbon vibration, the output wave form 

being displayed on a cathode ray oscilloscope. 

Diagrams of the ribbon system used in the 18 inch 

tunnel are given in Figure 111.7., 

With the ribbon arrangement described in this sect- 

ion it was possible to introduce effectively two- dimen- 

sional sinusoidal disturbances of controlled amplitude 

and frequency into the boundary layer on the flat plate. 
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CHAPTER IV 

THE HOT -WIRE ANEMOIETER 

IV.l. The Hot -Wire Method 

The hot -wire anemometer consists essentially of a 

fine electrically heated wire which is convectively 

cooled when placed in an airstream. 

The relation between the rate of loss of heat from 

a heated wire and the speed of the airflow over it was 

the subject of a considerable amount of research in the 

early years of the present century. King (1911+) showed 

that the equation relating the rate of heat loss from 

a fine wire (H) and the speed of the fluid in which it 

was immersed (U) was of the form 

H = B + C ; 

an equation which has become known as King's law. From 

experiments with electrically heated platinum wires 

he was able to verify that the 'constants' B and C 

were functions of temperature and of the physical proper- 

ties of the wire and the fluid; moderately good agree- 

ment between theory and experiment was obtained. 

Experimentally, hot -wire anemometry was confined to 

the measurement of mean flow speeds (hence the name 

'anemometer') for many years. Hot wires several inches 

long were used for this. Simmons and Bailey (1927) 
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developed the hot -wire technique and were able to measur 

flow direction with a three wire array. An account and 

bibliography of mean flow measurements with early hot - 

wire anemometers was given by Ower (1933). 

A hot -wire anemometer held transverse to the stream 

was used first to record the variation of longitudinal 

speed in the flow by Dryden and Kuethe (1929). Since 

then the hot -wire method has been developed by many 

workers, some of whom will be referred to later in this 

chapter. The extent of this development is illustrated 

by the recent report by Kovasznay, Komoda and Vasudeva 

(1962) of a ten -channel, transistorised, linearized and 

compensated hot -wire anemometer system. 

Papers dealing comprehensively with hot -wire anemo- 

meters include those by Cooper and Tulin (1955), 

Kovasznay (1959), Bradshaw (1961) and Bradshaw and 

7ohnson (1961). 

A brief account of some of the theory of hot -wire 

anemometry relevant to the present work is given in 

Appendix II. 

IV.2. Requirements for the Hot -Wire System 

In the design of the hot -wire anemometer certain 

requirements had to be met. These were influenced by 

the proposed aquisition by the research group of a very 

low turbulence wind tunnel, the specification of the 

hot -wire system allowing it to be used as a major tool 

in such a tunnel. 
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It was decided to build a two -channel hot -wire unit 

with provision for addition and subtraction of the signals 

from the separate wires. A low electronic noise level 

was essential; a typical voltage fluctuation across a 

wire is lmV. for 1 per cent turbulence. An upper 

frequency response of at least 10 Kc. /sec. was made 

necessary by the 100 feet /sec. capability of the proposed 

tunnel. A further requirement was the ability to supply 

steady currents of between 1mA. and lOOmA. to hot -wires 

with resistances between 2 ohms and 100 ohms. 

Two methods of hot -wire operation present themsel- 

ves to the designer and potential user of the method: 

constant current operation and constant temperature 

operation. Although the constant temperature method 

is the simpler to use, the design of stable feedback 

amplifiers poses problems. Non -linearity restricts 

constant current operation to the measurement of low 

intensity turbulence, but this was no limitation in the 

present work. The decisive factor in favour of constant 

current apparatus was, however, the lower electronic 

noise level possible with this system. 

IV.3. Components of the Itot -Wire Anemometer 

The equipment required to make measurements on 

fluctuating air flows by the constant current hot -wire 

anemometer method can be conveniently divided into the 

following five categories: 
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1) The hot -wire probe, which is installed in the desired 

position in the airstream and serves as a transducer. 

2) The control circuit, bridge and potentiometer whose 

functions are to control and monitor the mean operating 

conditions of the hot -wire. 

3) The amplifier and compensating unit, which are used 

to raise to a convenient working level a signal whose 

time lag.distortion has been restored by electrical mean -. 

4) Signal manipulating equipment, used to perform 

operations on the primary signal. In the present work 

this equipment was limited to frequency analysis units. 

5) The metering circuits used to make quantitative 

measurements on both the primary and the manipulated 

signals. 

In the following sections these various components 

are discussed in greater detail with reference to the 

two -channel hot -wire anemometer constructed for the 

present work. A block diagram of this system is shown 

in Figure IV.1. and a photograph in Figure IV.2. 

IV.4. Hot -Wire Probes 

In the present work, where studies have been confin- 

ed to the measurement of the longitudinal fluctuating 

component of velocity and the longitudinal mean velocity 

only single hot- wires, mounted normal to the flow, have 

been used. 

a) The hot -wire head 

The support members of the hot -wire head to which 
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the sensing element is attached must have a high mechani- 

cal strength and must be vibration free. Large ampli- 

tude vibrations may cause rupture of the wire, but small 

amplitude vibration can introduce strain -gauge type 

resistance fluctuations in the wire which are difficult 

to distinguish from those due to velocity fluctions. 

This effect is less likely to be encountered at the low- 

er wind speeds. 

members are low 

for soft solder. 

Other desirable properties of support 

thermal conductivity and an affinity 

Consistent with strength requirements, 

the complete hot -wire head should be as small as is 

practical to minimise the effects of disturbance of the 

air flow. 

The body of the hot -wire heads was machined from a 

piece of 1/4 inch outside diameter brass tube. The 

support members in each head utilised two nickel -plated 

steel sewing needles, 0.04 inches in diameter and 2 

inches in length. These were embedded in 'araldite' 

in the brass tube approximately 0.1 inches apart, the 

points of the needles protruding 5/8 inches beyond the 

streamlined end of the body. Near the rear of the body, 

one needle was soldered to the tube; the other, insulat- 

ed from the tube, extended 1/8 inch beyond the end. 

A photographic enlargement of a hot -wire head is 

shown in Figure IV.3. 
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b) Preparation of the wire 

Tungsten and platinum are the most commonly used 

hot -wire materials. Apart from preliminary studies with 

0.001 inch diameter platinum wire, tungsten wire of 

diameter 0.0002 inches was used throughout the present 

work. Tungsten, which has a tensile strength some 

seven times that of platinum, was considered to be more 

suited to use in the dust contaminated open- circuit 

wind tunnel. This material, however, oxidises rapidly 

at temperatures above 300 °C., and, unlike the platinum - 

cored Wollaston wire, is not wet by soft solder. To 

overcome this latter restriction, special techniques 

have been developed to attach the tungsten sensing 

elements to the supports. These include: 

1) Soft -soldering of a length of copper -plated tungsten 

wire to the supports and subsequently exposing the 

tungsten by etching the copper with dilute nitric acid 

(Bradshaw (1961)). 

2) .,Controlling the copper -plating process so that the 

required length of tungsten is left unplated (Schubauer 

and Klebanoff (1946), Wise and Schultz (1955) and Miller 

(1963)). 

3) Spot- welding of the bare tungsten wire to the 

supports. (van der Hegge Zijnen (1951)). 
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4) Attaching wire to the supports with silver conduct- 

ing paint (van Meet and Vermij (1963)) . 

The first of these techniques has been used throughout 

the course of the present work. 

To ensure good adhesion and even plating it was 

essential that the wire was clean. A cleaning bath, 

of the type suggested by Bradshaw (1961), using a strong 

sodium carbonate solution, was set up. It was found 

that the wire fused for a current comparable with that 

listed by Bradshaw. As it proved impossible to clean 

the wire satisfactorily by this method, it was abandoned. 

The wire could be cleaned by suspending it in a bath 

of carbon tetrachloride for about 20 minutes. A small 

blob of solder in which the end of the wire was embedded 

was used as a weight. 

The cleaned length of wire, hanging from the reel, 

was washed in distilled water and then transferred to a 

copper plating bath. This bath contained a saturated 

solution of copper sulphate with 10 per cent. by volume 

of concentrated sulphuric acid and had a copper anode. 

Electrical contact with the wire was made by gently plac- 

ing a metal rod on the reel of wire as shown in Figure 

IV.4. 

Plating was carried out slowly to ensure good 

adhesion between tugsten and copper; with excessive 

currents uneven plating and a brittle wire results. 

A current of 0.3 mA. was used over a period of several 

hours. Optimum diameter of the plated wire was found 
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to be about 0.001 inches. Wires thinner than this were 

difficult to handle, while thick wires were often brittle 

and were found to be difficult to fix to the supports. 

c) Mounting of wires 

The mounting of the plated wire on the supports was 

a delicate operation which required considerable practice 

The hot wire head was firmly clamped with its 

prongs parallel to andabout 1/2 inch above the surface o 

a glass plate. A sheet of white paper below the plate 

and a light improved the illumination. 

A length of copper plated tungsten wire was gripped 

about 1/2 inch from the end with a pair of tweezers. 

It was then held vertically with its end touching the 

tip of one of the needle supports, the ends of which had 

been 'tinned' with solder. A touch from a fine soldering 

iron was sufficient to fix the contact between wire and 

prong. The wire was then bent round this prong until 

it touched the other prong round which it was also bent 

and soldered. Figure IV.5 illustrates this sequence of 

operations in the mounting of wires. The wire was 

placed under a small tension,to prevent deformation 

under the aerodynamic forces, by lightly compressing 

the prongs together while the second contact was being 

soldered. Fine adjustments in the positioning of wires 

on the prongs could be made by stroking the prong at 

the wire position with the solder coated tip of a solder -, 
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ing iron. The surface tension of the solder was suff- 

icient to move the wire by a small amount on the prongs. 

The joints between wire and prongs were viewed 

under a microscope to ensure that good contact existed 

between them, poor wires being rejected at this stage. 

d) Etching 

The method employed for etching the copper from 

part of the wire was that described by Betchov and 

Welling (1949) and Bradshaw (1961). A fine jet of 

10 per cent. nitric acid was directed onto the wire 

which was connected to the anode of a 6 volt battery. 

The cathode of the battery was joined to a platinum 

electrode in the nitric acid reservoir held above the 

wire. The hot -wire probe was mounted in a jig so that 

the acid jet impinged on the wire. The jig allowed 

movement of the wire beneath the jet in a longitudinal 

direction. In this way a controlled length of tu-ire 

could be etched in a few seconds. A diagram of the 

etching apparatus is shown in Figure IV.6. 

Hot -wire lengths of lmm to 2mm have been used in 

this work. Schubauer and Klebanoff (1946) have shown 

that the minimum length of wire which can be satisfactor- 

ily used is restricted by the effect of heat conducted 

from its ends. The length to diameter ratios of wires 

in the present work are above the minimum Ualue quoted 

by Schubauer and Klebanoff. 
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e) Mounting in the tunnel 

The hot -wire probe was mounted in the tunnel on 

the boom of the traversing mechanism described in 

Section II.3. The hot -wire head was machined to plug 

into a brass tube at the end of the boom. The end of 

the needle extending from the rear of the head made 

contact with centre lead of a coaxial cable in the tube 

but insulated from it. The brass tube itself formed 

the earth lead. The coaxial cable was led to the input 

on the control unit. In this way the hot -wire circuit 

was screened all the way to the needle supports. 

IV.5. Control of the Mean Operating Conditions 

a) Basic circuit 

In most applications of hot -wire anemometry, the 

transducer constitutes one arm of a Wheatstone bridge 

circuit. Constant current operation is effected by 

supplying the bridge from storage batteries or regulated 

D.C. power supplies through large dropper resistances 

which are used to control the current. 

As no suitable D.C. supply was available in the 

wind- tunnel laboratory a new approach to constant current 

operation of a hot -wire anemometer had to be made. This 

approach was to use a transistor, supplied from a low 

voltage D.C. source, in the stabilization and control of 

the hot -wire current. 

After a series of tests on various types of circuit, 

the circuit whose basic form is shown in Figure IV.7. was 
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chosen. 

The Wheatstone bridge, one arm of which contained 

the hot -wire, was incorporated in the collector circuit 

of the transistor. Control over the current through 

the hot -wire was effected by a variable resistance in 

the base circuit of the transistor. Dry cells and latex f 

accumulators were used as the 12 volt D.C. source after 

tests had shown that the ripple factor across the hot - 

wire from a transistor power pack was larger than the 

noise level requirements permitted. A 1.1/2 volt 

dry cell provided base bias, and the fixed resistance 

in the base circuit prevented a 'runaway' condition 

being reached when the variable resistance was zero. 

A resistance in series with the hot -wire could be 

varied in 10 ohm steps from 0 ohms to 100 ohms. In 

this way the resistance in the collector circuit could 

be kept at an approximately constant value for all hot - 

wire resistances. 

A voltmeter monitored the voltage across the tran- 

sistor. To maintain the stability of the collector 

current this voltage was not allowed to drop below 

3.5 volts. A further requirement of the transistor 

used was that its power dissipation did not exceed 

500 m.watts. The decade resistance in the collector 

circuit permitted these requirements to be met over a 

wide range of operating conditions. Greatest stability 
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was achieved when the voltage drop across the transistor 

was at its largest value consistent with the maximum 

permissible power dissipation in the transistor. 

Another important design feature of this circuit 

was that one side of the hot -wire and the negative 

terminal of the battery were both at earth potential. 

With this circuit, hot -wires of resistances in the 

range 2 ohms to 100 ohms could be supplied with appro- 

priate currents in the range 5 m.amps to 100 m.amps. 

With a hot -wire of resistance 5 ohms and a current of 

20 m.amps., a 1 per cent. change in hot -wire resistance 

resulted in a 1/300 per cent. change in the hot -wire 

current. This stability was better than that claimed 

for any hot -wire control units available commercially 

at a reasonable cost at that time. 

b) Bridge and potentiometer 

The mean resistance of the hot -wire was measured 

with the Wheatstone bridge circuit. The fixed resis- 

tances were Muirhead precision resistances with an 

accuracy of ± 0.02 per cent. The decade box, also by 

Muirhead, gave values from O ohms to 10 k.ohms. in 10 

ohm steps and had a similar accuracy. The galvanometer 

was a moving coil Cambridge 'Scalamp' type. 

The bridge ratio was chosen to be 5000:1. This 

ensured that changes of resistance in the variable arm 
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of the bridge had negligible effect on the current throu- 

gh the hot -wire. 

Under the most unfavourable conditions, namely in 

the measurement of the .wire resistance at ambient 

temperature, the bridge accuracy was better than t 0.5 

per. cent. 

Resistances in the range 0 ohms to 20 ohms could be 

measured with the bridge as shown. An interchange of 

terminals allowed the range to be altered to 5 ohms 

to infinity. 

An accurate value of the hot -wire current was ob- 

tained by estimating the voltage across the 10 ohm stand- 

ard resistance in series with the hot wire. The poten- 

tiometer used in this estimation was a Tinsley Type 

3184D which had an accuracy under typical operating 

conditions of t 0.04 per cent. This instrument was 

modified to allow it to operate in a vertical position- 

in a standard 19 inch rack. 

c) The two- channel system 

The circuit of the two- channel current control 

system finally adopted is shown in Figure IV.8. It 

consists essentially of two of the circuits described 

above supplied from one battery source. The switch 

circuitry allows the bridge and potentiometer to be used 
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In conjunction with either channel. The main switch 

was a Pye low- resistance switch. The combination of 

two signals before amplification required the use of 

wires whose resistance was more closely matched than was 

possible by the control of the etching processes. 

However, the matching circuit enabled the sum and 

difference of matched outputs from two hot -wires whose 

resistances differed by up to 20 per cent. to be obtain- 

ed. The two variable resistances in each base circuit 

gave coarse and fine control over the current in that 

channel. Frequent monitoring and fine adjustment of 

the hot -wire current was made during operation. Provis 

ion to supply each wire with a small current (approximat 

ly 1 m.amp.) was incorporated in the switching. With 

this current the ambient or 'cold' resistance of a wire 

could be measured. 

The setting of the time constant of the circuit 

used to compensate for the thermal lag of the wires 

required that a square wave be superposed on the hot -wire 

current. Provision was made to feed square pulses 

at a frequency of approximately 1 k.c. /sec. on to the 146 

of either transistor. A second bridge arm was used in 

conjunction with the square waves to 'back off' the 

component of the output voltage due to the square wave 

current, leaving only the resistance fluctuations. 
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In this way the square wave setting operation was carrie 

out at constant current as required. Switching ensured 

that the potentiometer was disconnected during the squar 

wave tests. 

The noise level of each channel of this system was 

less than lOp.volts root mean square under typical 

operating conditions. 

The two-channel control unit was built on an alumin- 

ium chassis with meters and controls to the front and 

terminals to the rear. The chassis was mounted in a 

standard 19 inch rack, together with the bridge and 

potentiometer. Screened cable was used for all inter- 

connections, care being taken to eliminate earth loops. 

IV.6. Amplifiers and Compensatine Units 

a) Amplifiers 

Two identical channels were constructed for ampli- 

fication of the hot -wire outputs and compensation for 

the effects of thermal lag in the wires. 

The basic amplifier in each channel was a Solatron 

D.C. Decade Amplifier Type No. ÁA900. This was a stable 

wide -band D.C. amplifier providing accurate stepped gain 

amplification of up to 2000 times of low level signals. 

The output was flat up to a frequency of approximately 

40 k.c. /sec., and the equivalent input noise over the 

whole bandwidth was less than 12 /.,A volt s root mean square. 
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b) Compensating circuits 

The thermal lag of a hot -wire produces an attenuat- 

ion and a phase shift. It is shown in Appendix II 

that the frequency response of the wire follows the com- 

plex equation %Y = I/ I + r.j f M (.J =P) 
where e u. is proportional to the velocity fluctuations 

and e is the actual distorted voltage output of the wire 

The compensation therefore must have a complex frequency 

response I + 2-rrj -FM This means that 

the compensating circuit must also have a characteristic 

time constant and an amplification which is proportional 

to the frequency if the frequency is high (2TrÇM » I 

Several circuits with the required frequency respon 

have been used to compensate hot -wire anemometers. The 

circuits used by the early workers all employed passive 

components. However, the inductance - resistance 

circuit of Dryden and Kuethe (1929) and Mock and Dryden 

(1932),the capacitance- resistance circuit of Schubauer 

and Klebanoff (1946) and the transformer compensation of 

Kovasznay (1947) all suffered from serious disadvantages. 

Improved circuits using negative feedback resistance - 

capacitance compensation were built by Gould (1945) 

and Townsend (1947). However, the two -stage circuit 

of Iovasznay (1953) provided the basis for the present 

circuit which is shown in Figure IV.9. 

e 
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With this circuit the ratio between floor (0 - frequency) 

and ceiling (Do - frequency) amplification can be as 

large as 1:250. In this way compensation has been 

achieved up to frequencies of about 100 K.C. /Sec. The 
(M) 

time constantkof the circuit could be altered by adjustme- 

nt of the variable capacitor, one side of which was at 

earth potential. A further important feature of the 

circuit was that the basic amplification and the floor 

to ceiling ratio were both independent of the circuit 

time constant. 

c) Practical compensating amplifier 

The circuit diagram of one of the compensating am- 

plifier channels is shown in Figure IV.10. 

A low -noise twin triode E.C.C.83 was used in the 

compensation stage. This provided an uncompensated 

gain over the stage of approximately 20 times. The_ 

floor to ceiling ratio, equal to the feed -back ratio, 

was set to be approximately 250 by the choice of the 

resistance in the interstage feedback link. 

The time constant was defined by the resistance - 

capacitance combination in the cathode circuit of the fir- 

st valve. The resistance was fixed whilst the capacit- 

ance could be varied in steps. This capacitance was 

constructed using precision capacitances in the two 

lower ranges. In the highest range the capacitances 
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were selected from a large batch. The use of a Wayne- 

Kerr capacitance bridge enabled those accurate to ± 1/2 

per cent. of their quoted value to be chosen. Capact- 

ances from .0 p.r. F. to approximately 1 j .. F. in 1000h4 

steps could be obtained with the variable capacitance. 

This gave a range of circuit time constants from 0.005 

m.sec. to 5 m.sec. approximately. 

The frequency response of a compensating amplifier 

for various time constant settings is shown in Figure 

IV.11.. 

The later valve stages of the compensating unit 

(Figure IV.10) comprised a phase inverter and a push -pull, 

cathode follower output stage. With this system provis- 

ion was made to drive a passive adding and subtracting 

circuit for the combination of the outputs from both 

channels after separate compensation of the hot -wire 

signals. 

The compensating circuits were built in modular 

units designed to match the Solatron amplifier rack. 

A photograph of one of the compensating amplifiers is 

shown in Figure IV.12. 

The time constant of the compensating amplifier was 

set to match that of the hot -wire by the square -wave 

technique of Kovasznay (1953). The calibration of the 

compensating amplifiers was achieved using the 'dummy 

hot -wire' circuit shown in Figure IV.13. This circuit, 

whose time constant was dependent on the value chosen 
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for the capacitance, had a frequency response identical 

to that of a real hot -wire with the same time constant, 

and thus simulated the behaviour of a real hot -wire. A 

square wave of frequency approximately 1 k.c. /sec. under- 

went distortion in the circuit. The output from the 

compensating amplifier coupled after the 'dummy hot -wire' 

was displayed on a cathode ray oscilloscope. The dis- 

torted waveform was restored to its original form when 

the correct time constant was chosen for the compensatin 

amplifier. This square wave method provided a very 

sensitive means of adjusting the compensation to the 

required amount. Figure IV.14 shows the frequency 

response of the 'dummy hot -wire' and compensating ampli- 

fier after setting of the time constant by the square - 

wave method. 

In the work described in the later chapters of 

this thesis uncompensated hot -wires have been used. This 

method of operation was chosen as disturbance frequencies 

of less than 200 cycles /sec. were the only frequencies of 

interest to the present work, whilst the time constants 

of the hot -wires used gave an upper cut -off frequency 

greater than 500 cycles /sec. under all conditions of 

operation throughout this work. 

IV.7. Signal Manipulating; Equipment 

Only single hot -wires have been used and manipula- 

tion of the outputs from these wires has been confined to 
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harmonic analysis. 

For the harmonic analysis a set of filters was 

constructed following the simplified Q- multiplier cir- 

cuit of Harris (1951). In this circuit the output of 

a cathode follower was fed back to the grid of the valve 

through a tuned circuit. This resulted in an increase 

in the effective Q- value of the tuned circuit. The 

practical circuit constructed, which is shown in Figure 

IV.15., had switching to allow interchange of the cap- 

acitances in the tuned circuit. This enabled the filte 

to be used for three frequencies corresponding to the 

frequencies of the fundamental, second and third harmon- 

ics of the disturbance under observation. Accurate 

adjustment of the frequency of maximum response of each 

filter was achieved using trimmer capacitances. A 

double beam oscilloscope, with a time -base common to 

both beams, and two signal generators were used in the 

setting -up procedure. In this way the frequencies of 

maximum response of a set of filters were adjusted to be 

accurately in the ratios 1:2:3. A typical response 

curve is shown in Figure IV.16. 

The tuned circuit capacitances were mounted in 

a box separate from the rest of the circuit. Sets of 

filters for other fundamental frequencies could be con- 

structed by replacing this plug -in capacitance box by 

another box with suitably chosen capacitances. Two 

sets of filters were constructed with fundamental fre- 
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quencies of 47 cycles /sec. and 65 cycles /sec. respectively. 

In the design of the filters the Q -value of each 

filter was kept below 20. This ensured that a small 

region of effectively flat response existed about the 

resonant frequency. However, frequent calibration 

checks were made on the gain of the filter at the dis- 

turbance frequency in use. 

The success of the filters described above, in 

harmonic analysis of hot -wire outputs, resulted in the 

purchase of a more versatile instrument. The frequency 

analyzer purchased, a Bruel and Kjaer, Type 2107, proved 

to be of great value in the later stages of this work. 

IV.8. Output Meters 

A thermovacuum junction output meter was used durin 

most of the present work. The circuit constructed, 

incorporating the Cambridge thermovacuum junction, was a 

simplified version of that described by Bradshaw (1961). 

This two transistor circuit, shown in Figure IV.17, 

supplied current to the thermovacuum junction. The 

output from this, proportional to the mean square of the 

input voltage, was displayed on a sensitive 'Scalamp' 

galvanometer. The system was calibrated using a sine 

wave input from a signal generator. 

In the later stages of the work the root mean squar 

meter incorporated in the frequency analyzer was used 
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as an output meter. The faster response time of this 

instrument, which had an integrating time to approximate 

ly 1 sec. compared to the 15 sec. integrating time of 

the thermovacuum junction, greatly speeded up the coll- 

ection of data. 

The amplified output signals from the hot -wire, 

both before and after frequency analysis, were displayed 

on a Solàtron CD1O14 oscilloscope. A Cossor oscillo- 

scope with a 35 mm moving film camera was used on 

occasions to make a linear recording of the amplified 

hot -wire output. 

IV.9. Calibration of the Hot -Wire 

In Appendix II it is shown that when the heating 

current is constant, King's law governing the rate of 

heat loss from a heated wire normal to an air stream can 

be simplified to the form Rw/Rw- R0. + F Ü 

The power n = 0.5 was used by King (1914), and is still 

valid in many applications of hot -wire anemometry. 

However, Collis and Williams (1959) have shown that 

for hot -wires with Reynold's numbers in the range 0.02< 

Re < 44 the value n = 0.45 gives better agreement with 

experimental results. The Reynold's numbers of the 

hot -wires used in the conditions of present work all lie 

within this range. 

During preliminary studies it soon became apparent 

that over the wide range of wind speeds encountered in 
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boundary -layer work the 0.5 power law did not give 

sufficient accuracy. Linear calibrations between 

r` t, a-Ra and Ti" U were obtained however, with n = 0.45 and 

this value has been used throughout the work. 

The equation above shows that a plot of R/FwRa 

against Un will give a straight line allowing the 

constants F, and po to be determined. It should be 

noted that the value of poobtained in this way differs 

from the measured value of R-Ra at zero windspeed. 

Collis and Williams (1959) have shown that the linear 

relation does not hold at very low windspeeds (less than 

0.5 feet /sec.) due to the effects of free convection. 

However, for all windspeeds encountered in the boundary 

layer work described the linear calibration could be 

applied. 

In the calibration procedure adopted values of the 

hot -wire resistance at the operating current were measured 

for seven windspeeds at equal intervals in the range from 

15 feet /sec. to 45 feet /sec. Care was taken to ensure 

that the hot -wire was placed in the free stream during 

calibration. A value of the 'cold' resistance was also 

determined with the wire in the airstream. Using these 

values of resistance and windspeed a least -squares best 

straight line calculation enabled the constants F,and po 

to be determined. A typical calibration curve is shown 
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in Figure IV.18. Using the calibration constants F, 

and po it was possible to obtain values for the fluctua- 

ting velocity component from the calibrated output meter 

readings. The relevant equations are given in Appendix 

II. 

It was found that tungsten wire oxidised in the 

air at temperatures above 300 °C (cf. Schubauer and 

Klebanoff (1946)). This oxidation resulted in a drift 

in the calibration of the wire, the hot -wire resistance 

increasing with time when it was kept for long periods 

at a high temperature. This calibration drift could be 

avoided by using smaller hot -wire currents and conse- 

quently lower operating temperatures. With the tungsten 

wire used in this work a current of 45 m.amp. was found 

to give adequate hot -wire sensitivity without a drift in 

calibration. Calibration stability was improved also 

by heating a new wire to near red -heat for several hours 

before use. Slight changes in the calibration of a 

wire were found to occur due to the deposition of dust 

the wire in the open- circuit tunnel. In practice, as 

a precaution against drift, a hot -wire was recalibrated 

each time it was used. 

Throughout-this work a Ferranti 'Sirius' computer 

has been used in the determination of the calibration 

constants from the resistance readings and in the reductl 

ion of data. This facility has resulted in a great 

saving in the amount of labour involved in obtaining 

meaningful information from the hot -wire anemometer. 
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IV.10. Determination of the fir- position of the Hot -wire 

The traversing mechanism using a clock -gauge to 

make relative measurements of the hot -wire position in 

the y- direction accurate to 0.0005 inches has been 

described already in Section II.3.. It was necessary, 

however, to find some means of setting the hot -wire 

absolutely with reference to the plate, so that the 

actual y- distance of the wire from the plate surface 

was known at any position. 

The optical method used to determine the zero 

position of the hot -wire is shown in Figure IV.19.. 

A small plane mirror was placed on the floor of the 

tunnel, lying between the guide rail of the traversing 

mechanism and the plate, at an angle of approximately 

45° to the plate. With the mirror immediately below 

the hot -wire probe and suitable background illumination 

the probe and its reflextion in the flat plate were 

viewed by a telescope mounted on a rail outside the 

tunnel. With this system it was possible to judge 

when the tips of the needle supports just touched the 

surface of the flat plate and the clock -gauge reading at 

this position could be noted. 

The only remaining uncertainty in the estimation 

of the g- position of the wire was the distance of the 

wire itself from the plate where the tips of the needle 
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supports touched the surface. Using the apparatus 

shown in Figure IV.20. this distance for each wire could 

be measured outside the tunnel with the calibrated 

eyepiece of the microscope. The difficulties associate 

with the mounting of the wire on the supports resulted 

in slight variations in this distance for different 

wires, but in general the closest distance of approach 

of a wire to the plate surface was approximately 0.003 

inches. 
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Figure TV.2. Photograph of Hot -wire System. 



Figure IV.3. Photograph of Hot -wire Probe. 
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Figure IV.4. Diagram of Copper Plating Bath. 
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Figure IV.7. Basic Hot -wire Circuit. 
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vi.gure IV,q. Basic Compensating Circuit. 
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Figure TV.12. Photog;raph of Compensating Amplifier Module. 
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CHAPTER V 

PRELIMINARY STUDIES OF 

BOUNDARY -LAYER PHENOMENA 

V.1. Mean Flow Measurements 

As a preliminary check on the hot -wire system and 

the traversing equipment it was decided to make some 

measurements of the mean flow in the boundary layer. 

Previous workers with the Heriot -Watt tunnel (Burns 

(1958) and Whitelegg (1961)) had used pitot tubes to 

show that the boundary layer profile on the flat plate 

in the laminar region was in good agreement with the 

Blasiais profile. It was felt that similar agreement 

using the hot -wire anemometer would be a vindication of 

this technique in mean flow measurements. 

A hot -wire was traversed through the boundary layer 

in steps of 0.01 inches from the free stream to the sur- 

face of the plate. A hot -wire resistance reading was 

taken at each 3i-position and the local mean velocity 

calculated from the calibration. The boundary -layer 

thickness (S) was calculated by numerical integration 

using the formula 

S = o3at f I - %.) d.Y. 

and the boundary layer profile plotted on a non -dimension 

al scale. From a series of boundary -layer traverses at 
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various x- positions along the tunnel centre line in the 

laminar region, considerable experience was acquired 

in the techniques of hot -wire anemometry. The resultin 

boundary -layer profiles were found to be in good agree- 

ment with the Blasius profile, a typical graph being 

shown in Figure V.1. 

V.2. Distribution of the Intensity of the Disturbance 

through the Boundary Layer 

The next step was to extend the scope of the hot - 

wire observations to measurements of longitudinal fluctu- 

ating components of velocity. 

Studies were made of the distribution through the 

boundary layer of the intensity (R.M.S. value) of artifi- 

cially introduced disturbances of the Tollmein- Schlicht- 

ing type. The disturbances were introduced into the 

boundary layer by the vibrating ribbon technique describ- 

ed in Chapter III. A wide range of amplitudes of 

ribbon vibration was tried so that information for use 

in future studies could be obtained regarding the optim 

range of ribbon amplitudes. The windspeed and frequency 

were chosen so that Branch I of the neutral stability 

diagram lay close to the ribbon position, x = l' 0 ", 

observations being made along the plate centre line. 

Disturbances were thus in an amplifying zone immediately 

downstream of the ribbon. A hot -wire, at x = l' 2 ", 

was traversed from the free stream to the surface of the 
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plate in steps of 0.01 inches. Readings of hot -wire 

resistance and total signal hot -wire output were taken 

at each 3í- station for a series of seven ribbon vibrat- 

ion amplitudes. Only relative values of ribbon ampli- 

tude are quoted as no accurate method of the estimation 

of the absolute ribbon amplitude had been developed at 

this time. 

The resulting disturbance intensity distributions, 

shown in Figure V.2., illustrate the features of the 

intensity distribution through the boundary layer of a 

Tollmein -Schlishting disturbance close to Branch 1 of th 

neutral stability curve. The main features observed 

were the intensity peak close to Y/s = 0.2 and the mini- 

mum intensity in the region of 0.7 < Y/5< 0.85. The 

oscilloscope display of the hot -wire output signal show- 

ed that a phase change of approximately 180 degrees 

occurred at this minimum. These features were in good 

general agreement with the predictions of the linear the- 

ory and with the experimental observations of Schubauer 

and Skramstad (1946). 

With the same conditions as above, the distribution 

of intensities through the boundary layer was studied at 

five other x- stations from l' 4" to 2' 0 ". The results 

are presented in Figures V.3.a -e. The disturbance from 

a given ribbon amplitude was followed downstream until 

the output trace on the oscilloscope showed the presence 

of tubulent spots. The intensity of the peak at this 

position was approximately 7 per cent. of the free - 

stream velocity. 
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The curves in Figure V.3. illustrate further fea- 

tures of disturbances in the boundary layer and of their 

growth up to the point of breakdown. The disturbance 

intensities resulting from the smaller ribbon amplitudes 

grow slowly and show a movement, towards the plate, of 

the intensity peak and the position of the minimum of 

intensity as they progress downstream. Larger ampli- 

tudes show an initial slow growth of the intensity peak 

followed by a rapid increase in intensity with increasing 

x - position. Associated with this rapid increase in 

intensity are the outwards shift of the maximum intensity 

to approximately Y/6 = 0.3 and of the minimum to about 

y/6 = 0.8. The increase in intensity in the 

region 0.5 < Y/6 < 0.7 is in agreement with the obser- 

vation of Tani and Komoda (1962) of an outwards shift of 

the centre of gravity of the intensity distribution in 

the region of non -linear downstream growth of the 

disturbance. The largest ribbon amplitude resulted in 

disturbances which grew rapidly immediately downstream of 

the ribbon, turbulent spots being apparent at x = l' 6 ". 

The following main conclusions, in agreement with 

those of previous workers, were drawn from the observat- 

ions described above. 

a) An increase in ribbon amplitude resulted in an 

upstream movement of the entire pattern of the breakdown 

process. 
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b) A small disturbance near Branch 1 of the neutral 

stability curve grew slowly, apparently following the 

predictions of linear theory as it moved downstream. 

At a certain stage in the growth a rapid increase in 

intensity resulted and the distribution of the disturbance 

through the boundary layer was modified. This increase 

in the growth rate was quickly followed by the appearanc 

of a turbulent spot and a catastrophic breakdown of the 

boundary layer to full turbulence. 

c) For large initial disturbances there was no region 

of 'linear' growth downstream of the ribbon. 

d) In the early stages of development of the disturban 

ce, that is, in the 'linear' region, the distribution 

through the boundary layer of the disturbance intensity 

agreed with the results of Schubauer and Skramstad (191+6 

e) The behaviour of the wave in the region of rapid 

growth preceding the birth of the first turbulent spot 

was essentially similar to that observed y Klebanoff 

and Tidstrom (1959) and Tani and Komoda (1962). 

The results of the boundary -layer traverses describ -1 

ed above showed the power of the hot -wire method in the 

detailed study of boundary -layer phenomena and led to 

further use of the hot -wire anemometer in the study of 

the growth of disturbances in the boundary layer. 
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V.3. Reduction of Boundary -Layer Traverse Data 

During the work described in Section V.2. above it 

was quickly realised that the reduction of data obtained 

from boundary -layer traverses was a time consuming process. 

Throughout most of the work described above and all later 

work involving boundary -layer traverses the Ferranti 

'Sirius' digital computer, belonging to the Heriot -Watt 

College, was used for data reduction. 

The program developed calculated the calibration 

constants for the hot -wire and used these to calculate 

disturbance intensities from the mean hot -wire resistance 

and the fluctuating voltage inputs. A further feature 

of the program was the calculation of the boundary layer 

thickness from the mean resistance readings, by a numeric 

al integration process using the formula quoted in Sectio 

V.1., a print out of the `Us value of each station 

being given. 

This program written in Sirius Autocode language 

is given in Appendix III. 

V.1+. The Growth of Disturbances in the Boundary Layer 

In the next phase of the work, the growth of artifi- 

cially introduced disturbances in the boundary layer was 

studied. 

Previous workers, notably Klebanoff, Tidstrom and 

Sargent (1962) had found it convenient to use instruments 

mounted at a fixed distance from the plate (i.e. at con- 

stant y) in their observations of the downstream growth 
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of injected waves. however, Laufer and Vrebalowich 

(1960) have studied the growth of disturbances in a 

supersonic boundary layer by placing the hot -wire at the 

same local velocity at each x - position (i.e. at 

constant / 6 ). In the present work it was decided to 

keep the hot -wire at constant Y/S during traverses in 

the downstream direction. The nature of the traversing 

mechanism, together with the fact that it did not 

in the x direction accurately parallel to the plate, 

made the setting of the wire at a given y - position to 

an accuracy of ± 0.0005 inches a very difficult process. 

However, by observing mean resistance of the hot -wire th 

sensing element could be set very easily at the position 

of a given value of local velocity. Traverses were the 

made following the development of the disturbances along 

a streamline.. The streamlines followed during most 

of these observations were in the region of the ciitical 

layer, near Y/6 = 0.2, where the intensity of the dis- 

turbance through the boundary layer had its maximum value. 

The procedure consisted of setting the hot -wire at 

the Y/6 position chosen at an x - position immediatel 

downstream of the ribbon. During this operation the 

current in the ribbon circuit was switched off. Obser- 

vations with the hot -wire anemometer of the disturbance 

intensity were made for a number of ribbon currents. 
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Subsequently, with the ribbon current off, the hot -wire 

was moved to a downstream position (the interval was 

usually 2 inches) and its position in the boundary layer 

adjusted until its mean resistance had the same value . 

as at the previous position. The sensing element was 

thus set at the same local velocity at each x - position. 

Using this precedure the growth of the wave distur- 

bances produced by a series of ribbon amplitudes was 

studied. The region on the neutral stability diagram 

under observation was varied within small limits by 

using several windspeeds and frequencies of ribbon 

vibration. 

Typical graphs showing wave growth observations 

taken along the plate centre line by the above method 

are illustrated in Figure V.4. These are plotted with 

the intensity axis normalized to the value of the inten- 

sity at x = l' 2" resulting from the smallest ribbon 

amplitude. The ribbon amplitudes are quoted as ratios 

of the smallest amplitude, which was approximately 0.0004 

inches. No reliable method was available at this stage 

of the work for determination of the absolute ribbon 

amplitude. 

The results shown in the graph can be classified in- 

to three groups depending on the ribbon amplitude. 

For the smallest ribbon amplitudes the disturbances 

decreased in intensity immediately downstream of the 
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ribbon. The position of mimimum intensity was found 

to be close to the position of Branch ï of the neutral 

stability curve as predicted by the linear theory of 

Shen. Further downstream a slow increase in intensity 

was observed followed by a rapid amplification associ- 

ated with the breakdown process of the unstable laminar 

boundary layer. 

The disturbances produced by the largest ribbon 

amplitudes (of order O . t0035inches) showed entirely diff- 

erent behaviour, and under certain conditions were observed 

to amplify rapidly even upstream of the predicted positio 

of Branch I of the neutral stability curve. It thus 

appears that disturbances produced by the large ribbon 

amplitudes were not small enough, even immediately down- 

stream of the ribbon, to behave according to the pre- 

dictions of linear theory. 

This observation of amplification of disturbances 

upstream of Branch I of the neutral stability curve 

would seem to be in accord with the theoretical work of 

Stuart (1960c) . In a study of the stability of plane 

Poiseuille flow he concluded that it was possible for 

disturbances of sufficiently large amplitude to be 

amplified even before the critical Reynold's number was 

reached. No experimental support for this observation 

of amplification before Branch I has been reported in the 

writings of other workers, possibly because most obser- 

vations have been made in the region of Branch II and 

only small amplitude effects have been studied near 
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Branch I. It thus appears that for large disturbances 

upstream of Branch I the mechanism of the instability an 

breakdown process is different from that normally assoc- 

iated with the growth of small disturbances. Bennett 

(1953) has produced some evidence to show that, for - 

large disturbances introduced into the boundary -layer 

from a high level of free stream turbulence, the tran- 

sition process may be controlled by the laminar separati 

process suggested by Taylor. It could be that breakdo 

initiated before Branch I of the neutral curve is con- 

trolled by a similar type of mechanism. 

The disturbances introduced by ribbon amplitudes in 

an intermediate range showed features different from 

those already described for large and small amplitudes. 

Immediately downstream of the ribbon disturbances of 

intermediate size followed the predictions of linear 

theory, being damped till they reached Branch I of the 

neutral curve and then amplified. Further downstream, 

however, they broke away from the pattern set by the 

disturbances of smaller ribbon amplitudes and showed 

a regionAless amplification, and in some instances a 

region of damping, before the final rapid amplification 

leading to breakdown. 

This phenomenon of less amplification than expected 

or damping in an amplifying zone had previously been 

observed by Kiebanoff and Tidstrom (1959). In the 

n 
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three -dimensional situation existing in their tunnel thi 

reduction in amplification was observed to be associated 

with a spanwise transfer of energy. 

The observations described above and the conclusion 

of Klebanoff and Tidstrom prompted investigations into 

the three -dimensional nature of the boundary layer in 

the Heriot -Watt tunnel. 

V.5. Observations in the Spanwise Direction 

a) Mean flow variations 

The first step taken in the study of the three -dim- 

ensional nature of the boundary layer was the observation 

of the variation of boundary -layer thickness in the 

spanwise direction. 

With the traversing mechanism described in Section 

II.3. it was not possible to move instruments in the 

i- direction without removing and re- positioning the 

entire boom arrangement. Consequently a new method was 

devised for traversing instruments in the spanwise dir- 

ection. In this method the instrument (e.g. a hot -wire 

probe) was mounted on a boom protruding vertically down- 

wards into the tunnel from its roof. A micrometer 

screw outside the tunnel was used to move the boom, and 

thus the instrument mounted on it, in the z- direction. 

The total range of travel, in the spanwise direction, 

possible using this method was just over 2 inches. 
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In the early studies of spanwise variations of 

boundary -layer thickness the instrument employed was a 

boundary -layer pitot tube constructed from a length of 

hypodermic tubing. Later, the instrument shown in 

Figure V.5. incorporating both a pitot tube and a hot -wire 

probe, was used. This instrument was constructed so 

that, when it was mounted on the boom, the pitot tube 

and the hot -wire were kept at a fixed distance from 

the plate ( a constant y of approximately 0.035 inches 

for the hot-wire), and yet could be moved over the -2 

inch range in the spanwise direction. The traverses 

using this instrument were carried out at a distance of 

l' 3" from the leading edge of the plate. 

Pressure changes in the boundary layer detected by 

the pitot tube and an inclined- tube manometer, together 

with the hot -wire resistance readings showed that the 

local velocity in the boundary layer at a fixed distance 

from the plate was not constant in the spanwise directior_. 

This result implied the existence of spanwise variations 

in the boundary -layer thickness of the type observed by 

Klebanoff and Tidstrom. A graph of the observed 

spanwise variations in local velocity in the boundary 

layer is shown in Figure V.6. 

These variations in the mean flow were found to 

be completely independent of the ribbon vibration and 

were in fact still present when the ribbon and its 

mounting were removed from the: plate. The 'wavelength' 
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of these variations in the y- direction was found to be 

about 1 inch. The difference in boundary -layer thickne 

between maximum and minimum was of the order of 8 per 

cent. of the mean boundary -layer thickness. The 

',wavelength' of 1 inch was the same as that observed by 

Klebanoff and Tidstrom. No definite explanation of 

this similarity can be given. However, Bradshaw (1964) 

s 

has shown that periodic variations in boundary -layer 

thickness are associated with the damping screens used 

in the tunnel. As no information is available on the 

mesh size and wire diameter of the screens in the 

National Bureau of Standards tunnel it can only be assum- 

ed that some similarity between these screens and those 

used in the present work resulted in the same spanwise 

'wavelength' being detected in both cases. 

Periodic checks on the distribution of the spanwise 

variations in boundary -layer thickness throughout the 

course of this work have shown that the pattern was liable 

to shift in the z - direction although the 'wavelength' 

remained constant. These shifts were observed only 

after the cleaning of the screens, the pattern remaining 

fixed at other times. The process of cleaning the 

screens involved their removal with subsequent replace- 

ment, not necessarily in exactly the same position. 

This dependence of the spanwise boundary -layer thickness 

pattern on the orientation of the tunnel screens was in 

accord with the observations of Bradshaw (1964). Care 
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was taken to ensure that after cleaning the screens were 

replaced in the same order and with the same orientation 

as before, but even with these precautions changes in th 

spanwise pattern were noted. 

In consequence of this, there has been no control 

throughout this work of the three -dimensional nature 

of the boundary layer, and this had to be carefully 

re- examined subsequent to each time the screens were 

cleaned. 

b) Variations in disturbance intensity 

Using the instrument, incorporating the hot -wire 

probe, described in the previous section it was found 

that there were spanwise variations in the intensity of 

the fluctuating part of the flow when disturbances were 

introduced in the boundary layer using the vibrating 

ribbon. Figure V.I. shows these variations. Compari- 

son of this graph with that of Figure V.O. showed that 

the largest intensity of disturbance was associated with 

the region where the boundary layer was thickest. 

The windspeed and ribbon frequency were such that this 

observation was made at a position close to Branch I 

of the neutral stability curve. This result was in 

agreement with that of Klebanoff and Tidstrom who noted 

that near Branch I the largest intensity was associated 

with the. thickest boundary layer. 
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V.6. Downstream Growth of Disturbances at Several 

Spanwise Positions 

A hot --wire study was made of the downstream growth 

of artificially introduced disturbances at spanwise 

positions corresponding to maximum and minimum boundary - 

layer thickness using the traversing mechanism described 

in Section 1I.3. It was found that the pattern of 

growth differed at the two positions. Figure V.8. shows 

a typical set of growth curves taken at constant Y/6 

in the region of the critical layer at spanwise position 

= 0.5 inches and z = 1.0 inches. The windspeed and 

ribbon frequency were such that Branch I of the neutral 

curve lay close to the ribbon position, x = l' O ", and 

the ribbon amplitude was small enough to ensure that the 

growth followed a linear pattern for some distance 

immediately downstream of the ribbon. 

Figure V.8. shows that over the early part of the 

development the growth rates at both :à - positions were 

essentially the same, as would be expected when linear 

theory holds. However, further downstream the growth 

of the disturbance was found to be more rapid at z = 0.5 

inches, a position of maximum boundary layer thickness, 

than at z = 1.0 inches, a position of minimum boundary - 

layer thickness. It would appear that the disturbance 

at the 2 = 0.5 inches position grew at the expense of 

that at z = 1.0 inches, although the three- dimensional 

effect would not appear to be strong enough under these 
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conditions to produce a region of damping of this wave. 

The appearance of a turbulent spot, a burst of high 

frequency disturbance, was observed on the oscillo- 

scope first at the z = 0.5 inches position. The first 

turbulent spot at z = 1.0 inches occurred some 2 inches 

downstream of this position. The disturbance intensity 

when a spot appeared was some 7 per cent. of the free 

stream velocity. 

The features of the disturbance growth at spanwise 

positions of differing boundary -layer thickness were 

essentially similar to those observed by Klebanoff and 

Tidstrom and found to be associated with a spanwise 

energy transfer. Exact comparison cannot be made however 

due to the different methods of observation, growth 

at constant Y/& . in the present case and growth at 

constant y in the studies of Klebanoff and Tidstrom, and 

also the different degrees of three -dimensionality in th 

two experimental situations. 

V.7. Comparison of Experimental and Linear - 

Theory Growth Rates 

Shen (1954) using linear theory calculated the 

amplitudes of disturbances with certain discrete values 

of Gr v / Ué as the disturbances crossed the 

amplifying region from Branch I to Branch II of the 

neutral curve. These results are shown in Figure A.I.2 

the amplitude being plotted in terms of the amplitude 
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of the disturbance at Branch I. From this graph 

points of constant Iñ /Ao were obtained and used to plot 

curves of constant amplification in the ( f/.y 10 R ) 

plane. These are shown in Figure V.9. Using this 

graph it was possible to obtain growth curves for values 

of (3.-v U o not specifically calculated by Shen. 

It was decided to compare the growth curves of 

linear theory obtained in this way with the disturbance 

growths measured experimentally. A further aim of this 

part of the work was to locate the point at which the 

growth of the disturbance diverged from linear theory 

and to measure the amplitude of the disturbance at this 

point. Klebanoff and Tidstrom had suggested that 

amplitude of disturbance might form a criterion for 

departure from linear theory. 

Four ribbon frequencies were used, 65 cycles /sec., 

80 cycles /sec., 90 cycles /sec. and 103 cycles /sec. 

corresponding to non -dimensional frequency parameters 

( f - ' / Ü o ) of 100 x 10 -6, 125 x 10 -6, 140 x 10 -6 

and 160 x 10 
-6 respectively. With a windspeed of 25 

feet /sec. and the lowest frequency,B-ranch I of the neutral 

curve lay close to the ribbon position, while for higher 

frequencies the disturbances were injected into an 

amplifying zone of the boundary layer. The z- position 

was chosen to correspond to the maximum growth rate in 

the streamwise direction. Three ribbon amplitudes were 
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used at each frequency, 0.0004 inches, 0.0007 inches 

and 0.001 inches. At the highest frequency the ampli- 

tude of 0.0002 inches was used to show damping downstream 

of Branch II of the neutral curve. 

The method of operation was the same as that des- 

cribed in Section V.4., where the hot -wire probe was 

traversed downstream at constant ¡ / 5 in the region o 

the critical layer. The growth curves obtained from 

the experimental points were similar to those already 

described where a slow rate of growth gave way to a 

rapid amplification followed by a turbulent spot when 

the disturbance intensity reached approximately 7 per 

cent. of the mean flow velocity. 

By fitting the experimental intensity at a given 

Reynold's number to Shen's theoretical growth curve at 

this Reynold's number it was possible to estimate the 

disturbance intensity at Branch I of the neutral curve. 

The experimental intensities were then non- dimensionalized 

in terms of the intensity at the neutral curve and value 

of 1nA/ Ao obtained for comparison with the theoretical 

curve. This was done using the experimental values at 

x = l' 4" (R = 795) as a basis for fitting the experimen 

tal results to the theoretical curves. The results, 

to beyond the point of departure from the linear region, 

are plotted together with the theoretical curves in 
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Figures V.lO.a -d. 

The experimental points, in general, showed fairly 

good agreement with the theoretical curves in the early 

stages of the development of the disturbance. Further 

downstream, a marked point of departure of the experi- 

mental values from the theoretical curve was observed. 

An increase in ribbon amplitude caused this point of 

departure to move to lower Reynold's number, as expected 

Discrepancies between theory and experiment are 

apparent for the two smallest ribbon amplitudes at the 

lowest frequency. The ribbon position at this frequency 

was close to Branch I of the neutral curve so that the 

amplification immediately downstream of the ribbon was 

small. Thus, far small ribbon amplitudes disturbances 

of low intensity were detected by the hot -wire at the 

several stations immediately downstream of the ribbon. 

The resulting voltage fluctuations were difficult to 

distinguish from the noise produced by the residual 

turbulence in the tunnel. It was thus possible that the 

measurements of intensity made in this region, under 

these conditions, were rather high. As x = l' 4 ", 

the point fitted to the theoretical curves, was one of 

the stations where the intensity may have been under- 

estimated, the resultant points showing disturbance 

growth further downstream could be expected to fall below 

the theoretical growth curve. Even with this explanation, 
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further experimental work with a low turbulence wind tun- 

nel is needed to examine the shape of the growth curve 

in the immediate vicinity of Branch I of the neutral 

stability diagram. 

The disturbance growth produced by smallest ribbon 

amplitude at a frequency of 103 cycles /sec. is plotted 

In Figure V.10.d. This shows the growth and subsequent 

damping of a disturbance as it crosses Branch II of the 

neutral curve together with the theoretical growth curve 

which is available only for the amplifying region. Low 

signal levels again made measurements difficult. How- 

ever, the position of the experimentally observed turnin 

value is certainly close to the position of Branch II 

predicted by Shen. 

Klebanoff and Tidstrom produced some evidence to 

suggest that departure from the linear theory was 

associated with a critical wave intensity for a given 

disturbance frequency. A more general suggestion was 

that when a critical disturbance energy level was reache 

departure from linear theory results. From the graphs 

plotted in Figures V.10 a -d. it was possible to estimate 

the Reynold's number for departure from linear theory. 

Using this and the original experimental data an estimate 

was obtained of the disturbance intensity at this point 

Table V.1. shows that there was no critical intensity of 

disturbance associated with departure. For a given 
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frequency the intensity at departure from linear theory 

appears to decrease with increasing Reynold's number. 

It is also apparent that for a constant ribbon amplitude 

the disturbance intensity at departure decreases with 

increasing frequency. However, no simple relationship 

has been found to link these facts. It should be noted 

that the above results were obtained at constant Y/8 

while those of Klebanoff and Tidstrom were at constant y. 

Morgan (196+) has suggested that the breakdown 

process is initiated when the parameter ( a (3i. R / ), 

where a is a linear function of ribbon amplitude, reaches 

a critical value. The present results would seem to 

indicate that for departure from linear theory a paramet r 

involving a product of powers of a, pr and R would be 

required. Dependence on windspeed has not been checked. 

However, it seems that the simple linear dependence of 

the three quantities predicted by Morgan will not fit 

the present results and no simple relationship is 

apparent for the limited data available. 

V.8. Distortion of the Mean Flow 

A further result of the experiments on the downstream 

growth of disturbances in the boundary layer was the 

observation of the distortion of the mean flow under the 

action of the growing fluctuations. Figure V.11., 

a typical graph of non- dimensionalized local mean velocity 

against Reynold's number illustrates this phenomenon. 

This graph, for a disturbance frequency of 90 cycles /sec. 
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and a ribbon amplitude of 0.0004 inches, shows the mean 

flow conditions as determined by the mean resistance of 

the hot -wire corresponding with Figure V.10. c(1). 

Up to a boundary -layer Reynold's number of 930 the local 

velocity remained constant, as expected for a hot -wire 

set at constant Y/ 6 At the station immediately 

downstream of this however, the local velocity at the 

hot -wire position was slightly less than expected. 

As the hot -wire was set at the same local velocity, with 

the ribbon unactivated at this station, as at the positions 

of lower Reynold's number it must be concluded that the 

distortion of the mean flow pattern was a direct result 

of the action of the disturbance on the boundary layer. 

Moving to higher Reynold's number (above 1020) in 

Figure V.11. it is seen that the wave caused increasing 

distortion of the mean flow, but now in such a way that 

the local velocity at the hot -wire was greater than that 

with no disturbance present. 

Comparison of the mean flow graphs like Figure V.11. 

with the corresponding growth curves of disturbance 

intensity showed that distortion of the mean flow first 

occurred at small disturbance intensities (in some cases 

less than 1 per cent. of the mean flow velocity.). 

However, it has not been possible to identify a single 

value for this disturbance level or to find a parameter 

with a critical value determining this point of mean 

flow distortion. It should also be noted that the first 
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distortion of the mean flow leading to a decrease in 

local velocity occurred at a Reynold's number immediately 

below that for which significant departure from linear 

theory was observed. This implied that the effect 

of this distortion of the streamlines on the growth of 

the disturbance was, in the early stages at least, very 

small, predictions of the linear theory, which neglected 

this effect, still being followed. 

Profiles of the mean velocity distribution through 

the boundary layer were measured by the method described 

in Section V.1. The x- stations were chosen to corres- 

pond to positions where observations at constant Y/e 

had shown that the local velocity with the disturbance 

present was (a) the same as, (b) slightly less than, an4 

(c) greater than the local velocity detected with the 

ribbon not vibrating. The profiles obtained are 

plotted in Figures V.12.b -d. For case (a) the profile 

agreed with the Blasius profile as expected. The action 

of the growing wave was to cause a slight distortion of 

the profile towards lower local velocities in the region 

0.1 < Y/s < 0.4 at station (b), while at (c) the 

distortion of the profile was towards higher local velo- 

cities in this region, the form tending towards a 

turbulent boundary layer profile. In case (b) the 

departure from the Blasius profile was not great and, 

in view of the experimental uncertainty, taken alone 

would not have been considered sufficient evidence for 

mean flow distortion. The observation_., at constant 
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y / S as described,proved to be a much more accurate 

method of detecting distortion of the streamlines than 

studies of the boundary -layer profile. 

The distortion of the mean flow profile and the 

action of the Reynold's stresses of the disturbance has 

been treated theoretically by Meksyn and Stuart (1951) 

and Stuart (1958). The departures from the Blasius 

profile at station (b) were in broad agreement with the 

results of these workers. The general shape of the 

boundary layer profile at this station was similar to th 

predictions. It would thus appear that in the early 

stages of the transition process a mechanism of the type 

studied by Meksyn and Stuart has a disturbing influence 

on the flow. 

The experimental work of Klebanoff, Tidstrom and 

Sargent (1962) on a three -dimensional boundary layer has 

shown the complexity of the mean flow distortion mechani 

However, their conclusion was that other mechanisms dom- 

inate the later stages of the transition process to such 

an extent that the Reynold's stress effects become 

relatively unimportant among the various non -linear 

effects. The present experimental observations, where 

mean flow distortion was present but was small, would 

seem to agree with this conclusion of these workers. 

ir 
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V.9. Conclusions 

In this chapter the results of preliminary studies 

of flow features in the boundary layer have been described. 

These raise many questions to which answers could only 

be given after much more experimental evidence was avail- 

able. 

Some of the detailed flow features which on the basis 

of the preliminary results would appear to warrant furthr 

study are: 

i) The amplification of large disturbances upstream of 

Branch I of the neutral stability curve. 

2) The exact nature, ecale and origin of the spanwise 

variation in mean flow conditions. 

3) The establishment of a criterion for departure 

from linear theory. 

4) The distortion of the mean flow profile under the 

action of the Reynold's stresses and the effect this has 

on local flow behaviour. 

All these are topics which might prove rewarding 

to future workers, and which require further study befor 

the nature of the transition process can be fully 

understood. 
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CHAPTER VI 

HARMONIC CONTENT OF WAVE DISTURBANCES 

IN THE BOUNDARY LAYER 

VI.1. Introduction 

At this stage of the work it was felt that future 

interest should be confined to the study of some parti- 

cular feature of flow behaviour rather than to continue 

with the more general studies already described. It wa 

hoped that such a study would yield detailed information 

about some mechanism which was present in the transition 

process but which had received only superficial attentio 

from other workers on account of its relative unimportance 

in their systems. 

The generation of components of higher harmonic 

frequencies of a wave disturbance in the boundary layer 

had been considered theoretically by Lin (1958) in an 

order of magnitude analysis. His conclusion, already 

mentioned in Section I.2e, was that all harmonic compon- 

ents simultaneously become important around the critical 

layer before there is significant distortion of the mean 

flow. This conclusion is at variance with the work of 

Stuart reported by Bradshaw, Stuart and Watson (1960) 

where the mean motion distortion and second harmonic 

2 component are shown to be of order A if the basic 
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perturbation is of small order A, while higher harmonic 

,components are of order An ( n > 3 ). 

Experimental work on the generation of higher 

harmonics has been restricted to that of Klebanoff, 

Tidstrom and Sargent (1962). These workers made 

measurements of the harmonic content associated with wav 

growth_ in the vicinity of the critical layer. After 

a brief study they concluded that harmonic generation 

played an unimportant role in the breakdown process, and 

consequently made no further study of this phenomenon. 

During the preliminary studies described in the 

previous chapter the presence of components of higher 

harmonic frequencies in the wave disturbance had been 

observed in oscilloscope displays of hot -wire output. 

In view of this, together with the theoretical conflict 

and the lack of existing experimental information, it was 

felt that the topic of the harmonic content of distur- 

bances in the boundary layer was suitable for further 

study with the instrumentation and other resources 

available. 

VI.2. Analysis of Linear Recordings 

The first method employed to measure the magnitudes 

and phases of the harmonic components of the wave distur- 

bances involved the filming of oscilloscope traces of hot 

wire output signal with subsequent analysis of the filmed 

records. 
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The oscilloscope camera used was a 35mm moving 

film type with a gearbox to give a wide range of film 

speeds from 1 inch /sec. to 81 inches /sec.. A film spee . 

suitable to the disturbance frequency was chosen and a 

film record made of the velocity fluctuations in the 

boundary layer as detected by the hot -wire, by moving the 

film past a dual -beam oscilloscope which had its time- 

base switched off. In this way a linear recording of the 

hot -wire output together with a reference trace from the 

ribbon input was obtained. 

After processing the film the recording of the hot - 

wire signal was analysed. In the method of analysis 

finally adopted a magnified projection of a length of 

film was cast on to squared paper by means of an epidia- 

scope. The displacement of the trace was noted at 

twelve points per cycle of the fundamental disturbance 

separated by equal time intervals. A numerical Fourier 

analysis was carried out using these readings. A full 

description of the method has been given by Whittaker and 

Robinson (1946). An outline of the arithmetical comput- 

ations is given in Appendix IV. The arithmetical analy- 

sis proved to be very time consuming when calculations we 'e 

carried out by hand. To ease this burden the 'Sirius' 

digital computer was used in the numerical analysis. 

The Sirius Autocode program, based on the analysis of 

twelve consecutive cycles of filmed hot -wire trace, is 

given in Appendix V. This analysis gave values of the 
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amplitude and phase of the first five harmonics although 

only the first two of these can be regarded as signifi- 

cant as the amplitude of the others was comparable in 

magnitude to the background noise. 

This method of determining the harmonic content of 

wave disturbance had the disadvantage of taking a very 

long time since it involved filming, developing, 

processing, projection and analysis of the film and the 

preparation of punched data tapes for the computer. 

VI.3. Downstream Development of the Second Harmonic 

In the first experiments the harmonic content of t 

wave was studied by using a hot -wire at constant y /s 

the region of the critical layer. Filmed records of the 

hot -wire output were obtained at stations downstream of 

the ribbon from x = l' 2" to breakdown of the wave at 

intervals of 2 inches in the x- direction. The spanwise 

position corresponded to a maximum of boundary -layer 

thickness. The windspeed was 25 feet /sec. and the 

ribbon vibration frequencies were in the range 40 cycles 

sec, to 65 cycles /sec. These low frequencies were chose 

because visual observations of the oscilloscope traces of 

hot -wire outputs had shown that the harmonic content 

appeared to be greater for low frequencies than for 

frequencies above the range chosen. 

From the results of these studies it was immediatel 

apparent that the decay and growth of the second harmonic 
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at constant Y/$ did not necessarily follow that of the 

fundamental at this position. A typical result is shown 

in Figure VI.l. This shows that the fundamental had 

minimum intensity near x = l' 6" which was close to 

Branch I of the neutral curve with the conditions listed. 

The second harmonic, which was an order of magnitude 

smaller than that of the fundamental, however increased 

in intensity up to x = l' 10" then decreased before 

increasing rapidly in the region, just before a turbulen 

spot was detected, where the fundamental was amplifying 

rapidly. This graph is in conflict with one shown by 

Klebanoff, Tidstrom and Sargent (1962) for a downstream 

traverse at constant y in the neighbourhood of Branch II 

of the neutral curve. This graph shows that the second 

harmonic intensity was amplified downstream and no region 

of damping was noted. 

In the present work increasing the ribbon amplitud 

caused the final rapid amplification of the second 

harmonic intensity to move upstream until no region of 

damping of the second harmonic could be detected, whereas 

it might have been expected that an upstream shift of 

the entire pattern would result. It would thus appeal 

that the damping of the second harmonic was not an 

integral part of the breakdown process but was associated 

with some property of the second harmonic wave itself. 
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It should be noted here that Branch II of the neutral 

curve (after Shen ) for a fundamental wave with a frequen7 

cy the same as that of the second harmonic in Figure VI.1 

occurred near x = 2' 3 ", but the first maximum of second 

harmonic intensity was found in the region of x = l' 10" 

From the computations of phase angles the wave 

velocity of the components of the disturbance was 

calculated. It was found that the second harmonic was 

travelling down the boundary layer with a wave velocity 

greater than that of the fundamental. 

Observations at other y- positions showed that the 

second harmonic content of the wave was not constant 

through the boundary layer. In the region of the mini- 

mum of the fundamental intensity the second harmonic 

intensity was observed to be comparable in magnitude to 

that of the fundamental, a result which is at variance 

with the conclusion of Lin that the harmonics would 

become important around the critical layer. The above 

result, however, appeared to be also in conflict with 

the observation of Klebanoff et. al. that the percentage 

of second harmonic present at two y- stations near 0.28 

and 0.68 were comparable in magnitude. 

In view of this apparent conflict it was felt that 

more information about the second harmonic content would 

be gained by studying its intensity distribution through 

the boundary layer at several--x--and z- positions rather 

than continuing with the traverses at constant Yf b. 
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As one traverse through the boundary layer at fixed 

x - and z - position involved making observations at up 

to 40 y- stations the time consuming nature of the film 

analysis method made its use impracticable. In conse- 

quence another approach to harmonic analysis was sought. 

This resulted in the construction of the band -pass 

filters described in Section IV.7.. 

VI.4. Preliminary Observations of Second Harmonic 

Intensity Distributions 

In the first series of traverses through the 

boundary layer the second harmonic intensity was studied 

as a fraction of the fundamental wave intensity. 

Windspeed and frequency were chosen so that Branch I of 

the neutral curve was near the ribbon position and the 

Z - position was one of maximum boundary -layer thickness 

It was found that this ratio did not remain constant 

as the y-position was altered. A graph typical of thos 

obtained is shown in Figure VI.2. From a value of abou 

15 per cent. at Y/6 < O( the ratio of second harmonic 

to fundamental intensities fell as y increased to 

approximately 0.6 $ . A rapid rise followed, values 

sometimes in excess of 100 per cent. being found near 

y = 0.86 with a steady fall in the ratio for y values 

above this into the free stream. A dependence on 

x- position was noted particularly in the region O 2 < Y /,< o.s, 



-108- 

where an increase in the second harmonic content was 

observed in the region of non -linear amplification of th 

fundamental. The magnitude and width of the maximum 

near 0.8 $ was found also to be dependent on downstream 

position. 

The next step was to study the distribution of the 

second harmonic intensity through the boundary layer in 

the y- direction as the previous results had indicated . 

that this must differ from the fundamental intensity 

distribution. Observations of first and second harmoni 

intensity were made through the boundary layer at stations 

separated by an interval of 0.01 inches in the y- directidn. 

The fundamental frequency of 65 cycles /sec. allowed one 

of the sets of filters to be used. The windspeed chose 

was 25 feet /sec. The ribbon amplitude of 0.001 inches 

was kept constant throughout this aeries of experiments. 

The distributions of first and second harmonic 

intensities through the boundary layer at x = l' 6" 

and at a spanwise position of maximum boundary -layer 

thickness are plotted Figure VI.3. It can been seen 

that the second harmonic intensity distribution differed 

significantly from that of the fundamental, this latter 

being in general agreement with the predictions of linea 

theory., For the second harmonic the intensity reached 

maximum value close to the plate for y / $ < 0.1 
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A minimum intensity was noted in the region of Y/ 6 = 0.6. 

At the minimum intensity of the fundamental near 

y/ b = 0.8 the second harmonic content was large com- 

pared to the fundamental. 

Traverses through the boundary layer at other stat- 

ions further downstream showed that the second harmonic 

intensity increased in the region O.2 < y/ b < 0.5 

with increasing x - position until a second maximum of 

second harmonic intensity appeared at y/6 = 0.3. 

Boundary -layer traverses at other spanwise positions 

gave second harmonic intensity distributions essentially 

similar to those at the position of maximum boundary -layer 

thickness. The main features of a maximum. intensity 

close to the plate and a minimum near y/6 = 0.6 were 

the same at all spanwise positions, differences occurring 

in the region o2 < //64 0'5. 
There was no theoretical evidence available regard- 

ing the distribution of the second harmonic through the 

boundary layer nor had any experimental work been reporte¡3. 

Consequently, it was decided to investigate this feature 

more fully under as carefully controlled conditions as 

were possible with the Heriot -Watt tunnel. The purchase 

of the L3rúel and Kjaer frequency analyzer to replace the 

filter and thermojunction units allowed for much greater 

flexibility in the choice of frequency and also greatly 

reduced the time taken to make an observation. 
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VI.5. Distribution of the Second Harmonic 

Intensity through the Boundary Layer 

Before the commencement of this phase of the work 

the mesh screens were removed from the tunnel to be cle. - 

ed. On replacing these screens after cleaning a traver-e 

in the spanwise direction was made at a fixed distance 

from the plate using the instrument described in Section 

V.5a. This showed that any variation in boundary -layer 

thickness in the spanwise direction was masked by the 

fluctuations in windspeed resulting from the natural 

unsteadiness of the tunnel. From the readings of local 

mean velocity at the probe position in the boundary laye 

it was concluded that any variation in boundary -layer 

thickness in the .z - direction was less than 5 per cent. 

Although it was not possible to detect three - 

dimensionality in the boundary layer by mean flow 

measurements it was found that an artificially introduce. 

two -dimensional disturbance had differing rates of growt 

in the streamwise direction at various zpositions. 

The growth curves obtained from hot -wire readings taken 

at a constant >'1 b in the region of the critical layer, 

showed that the rapid amplification of the wave preceding 

breakdown occurred at a position further upstream at 

Z = 0.5 inches than at Z = 1.0 inches. This indicated 

that the boundary layer was three- dimensional, energy 

being transferred in the spanwise direction as the wave 

was amplified while moving downstream. It was thus 



concluded that z = 0.5 inches, where the rapid growth 

occurred furthest upstream, was in the vicinity of the 

spanwise position for maximum growth rate of the dis- 

turbance, whilst = 1.0 inches was in the vicinity of 

the spanwise position for minimum growth rate. 

The ribbon vibration frequency used in these 

studies was 55 cycles /sec. and the ribbon amplitude was 

0.0012 inches. This was the amplitude used almost 

exclusively throughout this phase of the work. With 

the windspeed of 25 feet /sec. Branch I of the neutral 

curve was near x = l' 4 ". 

From values of local mean velocity at each down- 

stream position obtained from hot -wire resistance readin 

it was found that, with the conditions listed above, the 

distortion of the mean flow occurred first in the region 

of x = 2' 0 ". 

Distributions through the boundary layer of the 

intensities of the first and second harmonics of the 

longitudinal fluctuations were found by traversing the 

hot -wire outwards from the surface of the plate in steps 

of 0.0005 Inches. Figures VI.4a. -f. show the results 

of these traverses at z = 0.5 inches for x = l' 4" to 

z = 2' 2" with 2 inch interval. 

s 



-112- 

For the first harmonic, the distribution showed the 

familiar features of a maximum of intensity in the region 

of Y/6=0.2, whilst the minimum was at Y/6 = 0.85, for 

x = l' 4" moving in` to about Y/6 =0.75 for x = 2' 2?., a. 

phase change of 180 degrees being noted on an oscilloscop 

when passing through the minimum. 

The distribution of the intensity of the second 

harmonic also showed a maximum and a minimum, but these 

were closer to the plate than in the case of the first 

harmonic, results which confirmed the earlier observation 

(Section VI.4.). The maximum intensity occurred at 

Y16 < 0.1, whilst the minimum was at `II/6 = 0.7 

for x = l' 4" moving to Y/6 = 0.55 for x = 2' 0 ". It 

would appear from Figure VI.4f. that the minimum had 

moved to a higher value of Y/6 at x = 2' 2 ". Obser- 

vations on an oscilloscope of the output from the 

frequency analyzer revealed that a phase change of 180 

degrees occurred on passing through the position of min- 

imum second harmonic intensity. At all x - positions 

the second harmonic intensity peak was about an order of 

magnitude smaller than that of the first harmonic. 

The shape of the second harmonic intensity distri- 

bution in the region 0.15 4 )1/ 6 < 0.5 is of interes 

For x = l' 4" the distribution exhibited a slight 'full- 

ness' in this region. Two inches further downstream thi 
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'fullness' had become more evenly distributed over this 

region so that the shape of the second harmonic intensity 

distribution through the boundary layer closely resembled 

the Tollmein- Schlichting'distribution of the first harmon 

is intensity, but had a lateral shift towards the plate. 

At x = 1' 8" the second harmonic intensity distribution 

was concave in shape between the maximum and the minimum, 

but two inches further downstream, the 'fullness' had 

reappeared in the region of y/6 = 0.3. A further grow- 

th of the second harmonic content in this region was 

observed at x = 2' 0 ". At x = 2' 2" the second harmonic 

content had increased to such an extent in this region 

that the intensity distribution through the boundary layer 

showed twin maxima, one close to the plate at y/6 < OI 

and the other at y/6 =0.2 . 

The intensity of the second harmonic in the outer 

region of the boundary layer had a maximum value at 

x = 1' 6 ", thereafter decreasing further downstream 

to a minimum at x = 2' 0 ". The height of the peak close 

to the plate also showed changes with downstream position 

A ribbon vibration frequency of 70 cycles /sec. was 

used later in this work. With a windspeed of 25 feet /se 

Branch I of the neutral stability curve lay at about 

x = l' 0" so that the disturbance of fundamental frequenc. 

was in an amplifying region immediately downstream of the 

ribbon. Mean flow distortion under these conditions was 

first apparent at about x = l' 9 ". 
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A boundary layer traverse made at x = l' 8" with 

this ribbon frequency and amplitude (0.0012 inches) show- 

ed that the shape of the second harmonic intensity was 

similar to that at x = l' 8" for a frequency of 55 cycles 

sec.; a sharp maximum close to the plate with concave 

form for O I < ) 1 6 < o . ( 0 was noted (Figure VI.5a.) 

Further downstream, at x = 2' 2 ", in the region of mean 

flow distortion resulting in lower local mean velocity 

than expected from the :iilasius profile, the intensity 

distribution of the second harmonic through the boundary 

layer had two maxima (Figure VI.5b.). The maximum close 

to the plate, occurred for y/6 <0.i whilst the other 

was near Y/6 = 0.3. This outer peak was some three 

times larger than the other. At x = 2' 6 ", with the 

boundary layer profile tending towards turbulent shape, 

this outer peak in the second harmonic intensity distri- 

bution had grown and spread to such an extent that the 

maximum close to the plate had been absorbed by it 

(Figure VI.5c.). At this position, a large maximum 

of nearly 20 per cent. of the fundamental intensity was 

apparent for y/ g OS , the minimum had moved towards 

the edge of the boundary layer. There was evidence that 

another maximum of second harmonic intensity occurred in 

the region of y/6 = 0.65 at this x - position (Figure 

VI.5c.). However, the scatter in the experimental point 

was large in this region, and additional information 
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would be required to definitely establish the existence 

of this peak. 

A further series of boundary layer traverses was 

made for the spanwise position z = 1.0 inches. It was 

found that there were twin maxima in the second harmonic 

intensity distribution through the boundary layer for all 

x - positions. The magnitude of the second harmonic 

intensity in the outer region of the boundary layer was 

found to be larger in general at z = Q..l: inches than at. 

= 0.5 inches 

Figure VI.6. shows the distributions of the first 

and second harmonic intensity through the boundary layer 

at x = l' 8" for a frequency of 55 cycles /sec. The smal 

peak in the second harmonic intensity near y/6 = 0.3 

for this z - position can be contrasted with the concave 

shape in the region at z = 0.5 inches shown in Figure VI. 

Figures VI.7a -f, show the growth of this outer 

peak in the second harmonic intensity distribution for 

the frequency 70 cycles /sec. at z = 1.0 inches. For 

x = l' 4" to x = 1' 8" the magnitude of this secondary 

peak was small, being only some 2 per cent. of the first 

harmonic intensity. However, further downstream this 

peak grew and spread rapidly until at x = 2' 2" it had 

almost absorbed the inner peak and now had a magnitude 

of approximately 15 per cent. of the first harmonic 

intensity in the vicinity of the critical layer. 

1 

4c. 
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The distribution through the boundary layer of the 

third harmonic intensity for a ribbon frequency of 70 

cycles /sec., z = 0.5 inches and x = l' 6" is shown to- 

o-ether with first and second harmonic intensities in 

Figure VI.8.. This shows that the third harmonic inten- 

sity had a maximum, closer to the plate surface than 

Y/ S = 0.1, which was an order of magnitude smaller 

in size than that of the second harmonic, that is, less 

than 1 per cent. first harmonic intensity. 

VI.6. Note on .Errors 

A close quantitative analysis of the graphs in the 

above section will show apparent minor inconsistancies. 

It should be realised that large quantitative errors were 

present in certain aspects of this experimental work. 

However, these do not detract from the importance of the 

qualitative aspect of the results. 

The largest uncertainty arose in the assessment of - 

ribbon amplitude. The accuracy of this procedure in an 

absolute measurement was certainly no better than ± 10 

per cent. The effect of even a 10 per cent. increase in 

ribbon amplitude on the boundary layer was marked and 

under certain conditions could result in an upstream move 

ment of several inches of the transition process. 
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VI.7. Further Experiments on the Nature of the harmonic 

To ensure that the harmonic intensity distributions 

obtained were peculiar to the second harmonic and were no 

common to an injected disturbance of the same frequency, 

the distribution of the intensity of the fundamental was 

found for a disturbance whose frequency was 110 cycles /se 

The ribbon amplitude was adjusted so that the intensity 

of the disturbance was of the same order of magnitude as 

the intensity of the second harmonic at the x - and z - 

position chosen, x = 1 8 ", z = 0.5 inches, with a ribbon 

frequency of 55 cycles /sec. 

The distribution of the intensity of the second 

harmonic of 110 cycles /sec. (Figure VI.5c) was different 

from the distribution of the intensity of the fundamental 

of the same frequency (Figure VI.9.). The shape of the 

distribution of the fundamental intensity agreed well wit 

the linear theory, whilst that of the 110 cycles /sec. 

second harmonic has already been described. 

By observing the phase of the signal output from 

the frequency analyzer relative to that of a reference 

trace displayed on a double beam oscilloscope, measure- 

ments were made of the wavelengths of the first and secon 

harmonic waves in the boundary layer for several fundamen 

tal frequencies. The wave velocities of the first and 

second harmonics were calculated from these wavelengths. 
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It was found that the wave velocity of the first harmonic 

was in fairly good agreement with the predictions of lin- 

ear theory. The wave velocity of the second harmonic 

had a higher value than that of the fundamental and was 

within 5 per cent. of the wave velocity measured for a 

fundamental of the same frequency. It should be noted 

however, that the wave velocity of the second harmonic wa 

always slightly lower even though within 5 per cent. of 

that of the fundamental of the same frequency. 

The downstream growth of the second harmonic wave 

was studied at a constant y/6 value of approximately 0.1 

in the region of the peak of the second harmonic distur- 

bance intensity. With a small ribbon amplitude, the 

x- position of maximum second harmonic intensity was noted 

in the region where the fundamental had not significantly 

departed from linear theory. These positions are plotte 

on the ( y /Up R ) plane in relation to the 

neutral curve in Figure VI.10. for as wide a range of 

conditions as could be conveniently attained with the 

tunnel. It can be seen that in general these points lie 

close to Branch II of the neutral curve. 

From analysis of filmed oscilloscope traces of 

second harmonic and a reference trace it was found that, 

for x = l' 6" and y/s rvOl the harmonic wave was in 

phase at z = 0.5 inches and z = 1.0 inches. However, 
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further downstream in the region of the rapidly develop- 

ing second harmonic intensity peak at y/ 5-..o.3 a phase 

difference of approximately 120 degrees was observed 

between the second harmonic at z = 0.5 inches and that 

at z = 1.0 inches. 

Bradshaw, Stuart and Watson (1960) have suggested 

that the conclusion of Lin (1958) on the generation of 

higher harmonics in the critical layer before mean flow 

distortion could possibly be applied to large disturbance 

To test this suggestion the ribbon amplitude was increase 

and traverses made through the boundary layer at a down- 

stream position just before distortion of the mean flow. 

A graph, for approximately doubled ribbon amplitude shown 

in Figure VI.11. illustrates the general result that the 

ratio of second harmonic intensity to first harmonic 

intensity increased with increasing ribbon amplitude. 

The intensity of the second harmonic in the boundary 

layer, therefore, appeared to be a function of the ampli- 

tude of the initial disturbance, though in no case could 

this disturbance be made large enough to satisfy Lin's 

predictions. 

VI.8. Non -linearity of the Hot -Wire 

It was realised that the non- linearity of the hot - 

wire would produce distortion of the signal which would 

tend to contribute to the measured second harmonic conten 
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The effects of this non -linearity could be expected to be 

greatest in regions where the disturbance velocities were 

not small in comparison with the mean velocity. A 

region of low mean velocities and relatively large dis- 

turbance velocities occurs in the boundary layer close to 

the plate for y / 5 < OI As this was the region 

where the measured second harmonic intensity had a maxi- 

mum it was felt that an analysis of the contribution to 

the second harmonic intensity resulting from hot -wire 

non -linearity would be necessary to establish the valid- 

ity of the results obtained. 

A numerical analysis of second harmonic content 

resulting from hot -wire non- linearity was carried out 

using the Manchester University 'Atlas' digital computer. 

The program for this analysis in Atlas Aútocode given in 

Appendix VI. 

It was found that, under typical conditions in the 

region of the boundary layer for y/ b < 0.2 the 

second harmonic intensity contributed by hot -wire non - 

linearity was at most some 3 per cent. of the fundamental 

intensity. 

After deduction of the hot -wire contribution to 

second harmonic intensity from the measured intensity in 

no instance was the resulting intensity distribution 

significantly diffèrent from that measured. Thus the 

results of this numerical analysis showed that in the 

present work the second harmonic contribution from hot - 

wire non -linearity could be neglected. 
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VI.9. harmonic Content of the Ribbon Vibration 

The output from the capacitance electronics used 

to monitor the ribbon performance was analysed for har- 

monic content. It was found that under typical condit- 

ions the second harmonic content was some 4 per cent. of 

the fundamental. Part of this second harmonic must 

undoubtedly have been contributed by the non- linearity 

of the capacitance electronics. The input signal to the 

ribbon was found to contain approximately 2 per cent. 

second harmonic. 

As nothing is known about the coupling between the 

ribbon and the boundary layer it must be assumed that 

some of this second harmonic distortion present in the 

ribbon motion was transmitted to the boundary layer. 

Thus, at least part of the harmonic content measured in 

the boundary layer may have come from the ribbon and not 

from a non -linear distortion of the fundamental distur- 

bance by the boundary layer. The fact that the second 

harmonic in the boundary layer may have been at least 

partially generated by the ribbon however in no way 

detracts from the importance of the results obtained for 

the intensity distributions of the second harmonic throug_i 

the boundary layer. 
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CHAPTER VII 

CONCLUSIONS ON THE NATURE OF 

THE SECOND HARMONIC CONTENT 

VII.1. Conclusions 

The main feature of interest in the work reported 

in Chapter VI was the distribution of the second harmoni 

intensity through the boundary layer. The results show 

that in general the maximum second harmonic intensity 

occurs for y/6 < 0.1 whilst the minimum intensity 

occurs at a y- position closer to the plate than that of 

the minimum fundamental intensity. 

The second harmonic intensity distribution through 

the boundary layer has been considered neither theoretic 

lly nor experimentally. It is interesting to compare 

the limited experimental observations on downstream 

growth of the second harmonic made by Klebanoff, 

Tidstrom and Sargent (1962) with the results of the 

present work. From a hot -wire traverse downstream at 

constant y in the vicinity of the critical layer these 

workers noted that, at departure from 'linear' growth of 

the fundamental, the second harmonic intensity was some 

5 per cent. of the fundamental, and, as breakdown was 

approached, this value increased to some 20 per cent.. 

These results are in broad agreement with those of the 

present work. 



-123- 

Measurements by Klebanoff et. al. in the region 

of Y/6 = 0.6 demonstrated that the second harmonic con- 

tent at this position was of the same order as the har- 

monic content in the vicinity of the critical layer, and 

at breakdown was even larger. It is interesting to note 

that these observations are in broad agreement with cer- 

tain of the present results (c.f. Figure VI.5a. and 

Figure VI.5c.). However, from the observations reporte 

in Chapter VI it would appear somewhat fortuitious that t 

two y- positions chosen by Klebanoff et. al. should give 

comparable values for harmonic content at the two 

y- positions. The present results are in agreement with 

the conclusion reached by Klebanoff et. al. from their 

studies that the order of magnitude analysis of Lin 

(1958) on the importance of higher harmonic in the 

instability process does not fit the experimental facts. 

Having reached this conclusion Klebanoff et. al. made 

no further studies on the second harmonic intensity 

distribution through the boundary layer. 

A further link can be made between the present 

experimental results and the orders of magnitude predict- 

ed for the harmonic terms by Stuart and reported by 

Bradshaw, Stuart and Watson (1960). It has already been 

mentioned that these workers suggest that if the funda- 

mental is of small order A, then the second harmonic will 

be of order A2 and higher harmonics of order An ( n . 3 ) 
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In the present work, for the second harmonic peak close 

to the plate, the fundamental intensity is of order 1/10 

of the local mean velocity and the second and third 

harmonics are each successive orders smaller than this. 

While the detailed features of the second harmonic 

intensity distributions through the boundary layer found 

experimentally cannot be fully explained by the present 

knowledge of the subject, certain suggestions can be 

offered in explanation of the more general features. 

The similarities between the fundamental and 

second harmonic intensity distributions, namely the peaks 

close to the plate and the minima in the outer region of 

the boundary layer witha phase change of 180 degrees at 

each minimum, are striking. It is also interesting to 

note that second harmonic content was present even before 

significant departure of the fundamental oscillation from 

the predictions of linear theory. It would thus seem 

that a theoretical approach might be made by extending 

the two -dimensional linear theory to include the small 

order non -linear second harmonic terms. It seems possib_e 

that such an approach would show that the basic distri- 

bution through the boundary layer of second harmonic 

intensity had a maximum for Y/ S < 0.1 and a mini- 

mum with a phase change near y/6 = 0.6. The present 

experimental results should prove to be a useful guide to 

a theoretician in such a study. 
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The results of this work indicate that this kind 

of theoretical approach could show that the second har- 

monic intensity had another minimum in the region of 

y/6 = 0.2 with a secondary maximum near y / S = 0.3, 

the higher order eigenfunction having two maxima and two 

minima. Txiïs suggestion, however, seems to be unlikely, 

as the experimental results show that this type of second 

harmonic intensity distribution with twin maxima and min- 

ima was not common to all spanwise positions. 

The results shown in Figure VI.10. suggest that 

second harmonic disturbances of neutral stability were 

present in a region where the fundamental was of a small 

order of magnitude and had not significantly departed fro 

linear theory. A two -dimensional theory for the second 

harmonic of the kind mentioned above would, it is hoped, - 

give confirmation of the existence of a curve of neutral 

stability for the second harmonic. 

If a theory of this kind for the second harmonic 

yielded results similar in form to those of the small 

disturbance linearized theory for the fundamental as has 

been suggested then it seems reasonable to expect a 

mathematical singularity in the region of the maximum 

second harmonic intensity, just as the linear theory has 

a singularity at the critical layer where the wave velo- 

city of the disturbance equals the local velocity and the 

fundamental disturbance has a maximum intensity. 
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Experimentally, for the second harmonic, the intensity 

peak was found in general to occur at a y- position closer 

to the plate than that of the fundamental and consequent- 

ly in a region of lower local velocity. This would imply 

that the second harmonic wave velocity was less than that 

of the fundamental. However, the experimental measure- 

ments of second harmonic wave velocity showed that this 

was greater than that of the fundamental. 

A two -dimensional theoretical approach of the kind 

suggested could not fully explain the results of the 

present work where the distribution of second harmonic 

intensity was found to be dependent on the spanwise 

position of the observations. 

A theoretical examination of the second ïarmonic 

terms in the three -dimensional theory formulated by 

Lin and Benney (1960) and extended by Berney (1961) and 

(1964), will give information on the three -dimensional 

aspects of the second harmonic intensity distribution. 

Up to the present, however, interest in this theory has 

been centred on the aperiodic terms associated with 

longitudinal vortices. 

Certain tentative suggestions can be offered to 

explain the nature of the three -dimensional second har- 

monic found experimentally. A possible explanation of 

the intensity distributions found for the second harmonic, 

is that they were compiled from two separate components. 



-127- 

It is suggested that the general form of the basic two - 

dimensional component distribution was similar to that 

shown for the second harmonic in Figure VI.4c. with the 

maximum intensity close to the plate for y /S < 0.1 and 

the minimum at about Y/6 = 0.6. Superposed on this 

basic distribution there was a component which varied 

in the spanwise as well as the streamwise direction. 

This latter component has its greatest influence in the 

region of ylg = 03. 

A possible source of a three -dimensional component 

of second harmonic intensity is a longitudinal eddy sys- 

tem of the kind found experimentally by Klebanoff et. al. 

and confirmed theoretically by Lin and Kenney. An eddy 

system of this type has associated with it a component of 

velocity in the y- direction at certain spanwise positions. 

Klebanoff et. al. have shown that an action of such an 

eddy system is to produce distortion of the fundamental 

wave and consequently to increase the second harmonic 

content. Thus in the present work it is suggested that 

the downstream growth of the second harmonic intensity 

in the region 0.2 < Y/6 < 0.5 was associated with they 

development of a longitudinal eddy system. With this i 

explanation the outer peak of second harmonic intensity in 

Figure VI.5c. can be associated with the doubling of the 

eddy system when three dimensional effects dominate 

suggested by Lin and Denney and illustrated diagramatic- 

ally by Klebanoff et. al. The different distributions 
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obtained at the two spanwise positions can be attributed 

to location of in these positions relative to an axis 

of the eddy system. Exact location of these relative 

positions is not possible for the results of the present 

work due to the limited information available on the 

three -dimensional nature of the boundary layer at the 

time of the experiments. 

The observations of the phase of the second harmonic 

support this proposed two -component explanation of the 

intensity distributions. At y/6 - 0.1 the second har- 

monic oscillations were in phase at both z - positions for 

all x - stations where measurements were taken. IIowever, 

a phase difference of approximately 120 degrees was 

detected between the second harmonic waves at the two 

z - positions for y/5 ̂' 0.3 at an x - position where the 

peak in second harmonic intensity at this 

position was growing rapidly. This latter observation 

is consistent with the view that the second harmonic 

component at this x - station and position resulted 

from an eddy system. 

Lack of knowledge of the exact three -dimensional 

nature of the mean boundary -layer flow and the exact 

positions of maximum and minimum boundary -layer thickness 

makes a more detailed explanation of the present results 

very difficult. however, the results obtained should 

provide a useful guide to future theoretical work on 

this aspect of local flow behaviour and they certainly 

suggest topics for further experimental study. 
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VII.2. Suggestions for further work 

Since the completion of the work described in this 

thesis a new wind tunnel has been built in the Department 

of Natural Philosophy, Edinburgh University. Using this 

very low turbulence level tunnel together with the assoc- 

iated instrumentation and data handling facilities it 

should be possible to make detailed measurements of the 

second harmonic intensity distribution through the 

boundary layer. An exact knowledge of the three- dimen- 

sionality in the boundary layer will be of prime import- 

ance in any such studies. It thus may be necessary to 

control the three -dimensionality of the boundary layer by 

artificial means, or to introduce three- dimensional 

disturbances into the boundary layer. To finally estab- 

lish the existance of an eddy system it will be necessary 

to use a V or X hot -wire probe system to measure the 

w - components associated with the disturbance. An 

instrument, which could possibly be developed using hot - 

film techniques, to study the v - components of fluctuat- 

ing velocity would be a considerable asset in any future 

work. 
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APPENDIX I 

AN OUTLINE OF THE THEORY OF LAMINAR 

OSCILLATIONS 

The theory of laminar oscillations, as formulated 

by Tollmein and Schlichting and developed by others 

(see I.2d.), treats, in general only two -dimensional flow 

with two -dimensional disturbances. 

The Navier -Stokes equations, for an incompressible 

Newtonian fluid, can be simplified, for an undisturbed 

laminar boundary -layer flow with zero pressure gradient, 

U + V ,;13 
= 

3213 

3C. ay yz 
The equation of continuity gives 

313 + n7" = o 
y 

the boundary conditions being 

y.=. Ü =oV =o y =oo =Üo. 

These are the equations which were solved by Blasui 

the results being tabulated by Howarth. 

The basic flow can be assumed to be steady and a 

function of y only, while under most circumstances IT is 

negligible in comparison with U . Thus the basic flow 

the boundary layer can be assumed to have the form 

U = U (y) 0.nd. V= o. 

s, 

The disturbances superposed on this flow are functións 

of x, y and time, and can be written 
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u = u (x, y, t) 

v = v (x, y, t) 

P = P (x, y,,t) 

where p represents the pressure due to the disturbances. 

The components of the total velocity thus become 

U + u and v. By introducing these components into the 

Navier Stokes equations and subtracting the corresponding 

equations for u = v = p = o, then neglecting terms of 

second order smallness, u and v being small, equations 

are obtained which are linear in the first order pertur- 

bation terms: 

au. + U au- 
at. d x. 

TI IX 
at a 

+ '13- 
U 

áy 
(a=u. aLu. I d 

(1) - 9 5-378. a y:i P 

() 
äc. 

vá x z ay ai áv1 .i. ab 
P ay 

The equation of continuity becomes: 

au 
x. 

a ., = o c3) aÿ 
The pressure terms may be eliminated from equations' 

(1) and (2) to give: 

iu" U a + aU a 
a1:11 

a a - a=y 
+ 

ay at ax. ay ay ax. dy= ay ay at 

z -Ü I. a'u a'u _ 
a x' axs ay a y' a ax. a y 1 (4) 

A perturbation stream function (4)) is now introduced 

such that the disturbance velocities satisfy equation (3) 

v a. 
A solution is usually sought to the disturbance 

equations with a stream function of the form 
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= FcY) e,: "'1st) F(y) e, 
or (x - ct) 

where F (y) represents the initial amplitude of the 

stream function and oC is the wave number. The quan- 

tity /3 is taken to be complex with p ßr 

where 

and 

r 

P 
is the angular frequency of the oscillation 

determines the degree of amplification or 

damping with time. in the same way, C is complex with 

Cr representing the phase velocity of the wave and Ci 

another form of the amplification factor. 

By assuming o(, to be real and f3 complex, the 

wave is considered to be amplified with time but not 

distance. For the purposes of finding a neutral curve 

this assumption is immaterial, However, in an experimental 

verification it is convenient to measure amplification 

with distance when a steady state has bean reached with 

respect to time. 

Expressing lengths and velocities non -dimensionally 

in terms of 6* and V o and putting Fly) 

U6341(7)where ^1 m vethe following equation is obtained,l' 

(V C)C ) U n = - ¿ (I) 
s+a 

_ cc1 _ 
ot R\ 2 oc + y s 

where the prime denotes differentiation with respect to 

. The boundary conditions require 

^ = O 4:i:o , - 0 ; 

% _ co , = O - O . 
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This is the Orr- Sommerfeld equation for small distur- 

bances. 

With the mean flow Ü (y) specified, for each pair 

of values for oC and R the equation (5) defines one 

eigenfunct'ion I (y) and one complex eigenvalue c. 

The methods of solution of equation (5) have been 

fully discussed by Lin (1955), suffice it to say here 

that two approximations to equation (5) can be considered 

in its solution. The first of these is that obtained by 

neglecting the viscous terms. This however, has 

singularities at the surface and at the point where the 

wave velocity is equal to the local stream velocity, the 

critical point. A second approximation to equation (5), 

neglecting all but the largest of the viscous terms, 

together with a change of variable, allows a solution to 

be made in the region of the critical point. 

The solution of the Orr -Sommerfeld equation for 

real values of c (i.e. Ci = O) enables the points of 

neutral stability to be plotted in the (°46' , R ) 

A 
( PsMy Uo , R ) or ( c` /(je, R ) planes. The neutral 

stability curve in the ( p,AVT I 1 ,R) plane is shown in 
0 

Figure A.I.l. 

Using an indirect method, Shen (1954) has calculated 

points on curves of constant 'ci, in the amplif*ing region, 



-134- 

in the (0c6*, R ), plane. From these results he was 

able to calculate the amplitude of disturbances with 

different values of pry tUo as they cross the 

region from Branch I to Branch II of the neutral stability 

curve. A graph of these results is shown in Figure AI.2. 
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APPENDIX II 

OUTLINE OF TUE THEORY OF HOT -WIRE 

MEASUREMENTS 

a) Measurement of u' 

The relation between the fluid velocity normal to 

a heated wire and the rate of heat loss from the wire 

was given by King (1914) as 

H = (Tw - T...)(1) + F ÑÛ) (J) 

where the terms D and F depend on the thermal conductivity, 

density and specific heat of the air and on the dimens- 

ions of the wire. However, due to the methods of using 

hot -wires in boundary -layer investigations these terms, 

D and F, may be regarded as constants. 

From the con - ervation of energy, the difference 

between the heat generated in the wire and the heat lost 

to the air will be equal to the thermal energy accumu- 

lated in the wire. Thus 

La Rw - Cr.. - Td) (D -r F ) = m s (3) 

where m is the mass of the wire and s is the specific 

heat of the material of the wire. 

If the mass of the hot -wire is small and the fluc- 

tuations are slow, then the right hand side of equation 

(2) can be neglected and a quasiequilibrium equation 

obtained. 

- -r0) + F Ar ) (3) 

The resistance of the wire at temperature T is 

given by 
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R = R. ( + 0QCT - "re )) 
where o(, is the temperature coefficient of resistance 

of the wire. The slope of the resistance- temperature 

curve, c4 0R0 , is nearly constant over a wide range 

of temperatures for most wire materials, so that 

(4) 

With 

Rr,,- R = oco Ro (-rw -Ta) cs) 

Substitution of equation (5) in equation (3) gives 

Rw - R a 
= i'o Re C D + F (4) 

p Rw/ (Rw-Ra ) , 

Pb = D/12 0(. oO 

F1 = F/1? ot oRo 

equation (6) becomes 

e = eo + rt-r (7) 

For constant current operation of the hot -wire 

Ro and FP, are constant for a given wire and given current, 

so that a linear relationship exists between p and V v 
Using this relation the mean velocity of a fluid stream 

can be found. In the boundary -layer work where the 

range of velocities was large the modification of King's 

law due to Collis and Williams (1959) was found to give 

better agreement with the experimental results. Thus 

the relation 

o + F, U 
o as 

has been used throughout the present work. 

(t) 



-137- 

Fluctuations in the velocity of the fluid stream 

result in changes of the temperature of the wire. The 

resulting resistance changes produce fluctuations in the 

voltage across the wire. By differentiating equation 

(8) the resistance fluctuations can be related to the 

velocity fluctuations by the equation 

dP = o 45 dU /U (4) 

P - F° Ra d Rw Bit d e = Vc Rw - . z c(o) 

Thus, substitution of equation (10) in equation (9) gives 

cal - 4 

tJ 0.45 (Rw- Ra)i(e -fb) dRW (II). 

If dÜ represents the turbulence intensity tir and 

the root mean square voltage fluctuation for constant 

current is el = i d Rw, then equation (11) becomes 

u' (1pp . .)2 e (it) U 0.4.5 L Ra.. (e - (ici 
Thus the turbulence intensity can be determined from 

the voltage fluctuations. 

b Thermal lag 

If the fluctuations are of high frequency then the 

right hand side of equation (2) cannot be neglected 

Thus 

R - (17 1- + F f ) = m s dT 
at 

Writing U in the form of a mean flow plus a component 

periodic in time, the resulting equating can be solved 

for the temperature fluctuations. 

(13) 
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It is found that the ratio of the temperature 

fluctuation to that predicted by neglecting the right 

hand side of equation (13) is I / 
( I+ !r- -R a f a M2) 11t . 

Thus the corresponding voltage variations are re- 

duced in amplitude below that for zero frequency by this 

factor and lag in phase by the angle tan-1 21rÇM. 

For constant current operation the time constant 

(M) is given by the expression 

M = J rr s 
Lana «o 

which can be written in the form 

Rw-Ra 
R.q, 

i 4 
= J Y s 

oC p C3"0 

(14) 

(Is) 

where J is the mechanical equivalent of heat, r the 

radius of wire, 
P, 

the density of the material of the 

wire and 0-0 the resistivity of the material of the 

wire at 000. 

More detailed accounts of the theory of hot -wire 

measurements have been given by Dryden and Kuethe (1929), 

Schúbauer and Klebanoff (1946) and Kovasznay (1947) and 

(1953). 
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APPENDIX III 
SIRIUS AUTOCODE PROGRAM POR THE REDUCTION 

OP L90UPIDARY-LAYER TRAVERSE DATA 

Jvi 
IQ)Xvo =TAPES 
Xvo =Vo 
Xvi =vi 
Xvo =v2 
TEX T 
BCUNDARY LAYER TRAVEL SE 

Ì'10-O 
) v (9-1nG ) =v ( I +'2o )-v8 v(I+ïio)=v(i+no)-vo 

v( I+nO )=v( i-i-no )/v(9+nO ) 
ni=5xno 
ni=,^zi+is 
2: +no 
v(9+120 )=LOCv(9+n0 ) 
v ( 9+no )=o . 45X v ( 9+no ) 
v(9+no )=EXPv(91-n0 ) 
no =i10+ i 

V300=Vú-vo 
V3oo=v300/500 
no o 
XVI 6=0 
Xvi=o 
X1)18=o 
vi 9=O 
2)vi6=vi6+v(9+no) 
V17=V17+v(i+n0) 
v2o=v(9+î'1o)Xv(9+n0) 
v2I=V(i+no)XV(9+î20 ) 
v18=Vi8+V20 
v19-V19+u2I 
no-..îlo+i 
''2, no#7 
v20=7xv13 
u2I=v16x V16 
v2o=v2o-v21 
1)21=vi7;;v18 
v22=vi6xvi9 
v2I=V2I-1i22 
V22=7xV19 
1)23-v16XV17 
022=v22-023 
v2I=v2I/020 
v22=V22/V2o 
TEXT 
INTERCEPT 

PRINTv21, 4043 
TEXT 
C,RADIENT 

PR1NTv22,4044 
12)vI=TAPE3 
n2=0 
8)v25=TAPE* 
Xn 3 =n o 
Xno=o 
TEXT 

U U/Uo CALI 
v4=v30oxv1 
3)v2+no)2v(/ 
u(25 25+no)-vo 
v(25+no )=v(25+î2o )/1i24 
v5=V ( 25+n0 )-v21 
v5-LCL¡v5 
v6=LCÿ1.'22 
u5=u5-V6 
v5=v5/0.45 
v(I25+î1O)=EXPv5 
v5=v(25+no)-I 
vs+v5xv5 
u5=v5/0 45 
v6=V(25+no)-v2I 
v5=v5/v6 
v(25+no)=v(I2 +í1o)/vI25 
V5=v5XV (25+Y1o 
v(225+no )=v5/v4 
PRI NTv(i 25+í20 ), 3042 
Svo=Vo 
SvI=v1 
PRI14Tv( 25+î1o), 4022 
SVO=VO 
Svi=vl 
PR1NTv(225+no), 4042 
;,`(25-I-î20 )=l--v( 25+n0) 
no=n0+i 
-33,T10 î 
vIO=O 
4)1)(23+îao)=V(23+i10 )X V3 

vI O=vI o+V ( 23+no ) 

VI I =v ( 24+720 )-v ( 23+î10 ) 

vIi=vliY.v3 
1%II=vII/2 
VIO=VI G+VI I 

i2o=íb0-I 
_tk, íd0-`I 
vi1=v25xv3 
vII=ViI/2 
VIO=VIO+VII 
vI I=I-v(24+n3 ) 

vII=VI IXV2 

Vi" 



.y \°J `tv.(.0,0 

SVo=vo 
Svl=vl 
PMNTv(225+tio), 4042 
;;(25-1-;1o)=1-v(25+;2o) 
;:0=Î10+I 
-43 , %Y0 ;îS 
vI0=0 
4)v(23+;1o)=v(23+Îzo)xv3 
vIO=vIo+v(23+îîO ) 

(244-no )-v(23+;20 
vII=2)IIx7)3 
vII=vII/2 
Vio -VIù+ VI I 
%10=ï"60- I 

V'II=V5xV3 
VI I="v'I I/ 2 
vIO=VIo+VII 
vI I=I-V( 24+;13 ) 

II=vIIXV2 
VII=VII/2 
VIO=VIo+VII 
VI I=Y/(24+;23 )XV2 
XVIO=VIO+vII 
XVI0=V'I0/ 0.341 
TEX T 
DELTA 
FR1NTvI0,3023 
`/.vo=vo 

Xvi=vl 
TEX T 
Y/DELTA 

;2o=y13 

5 )vI2=`r10-I 
v13=vI2xv3 
vI 4=v2+vl s 
v14=VI4/VIO 
PRINTv14,3023 
;1o=Yto-I 

-35,1100 
-*9,n2=I 
6)v24=TAPE 
v25=TAPE* 
XÎ11=Ylo 
`/,n0=0 

->II,`rllYl3 
TEX T 
UDASH/Uo PERCENT 

Vo=vo 
7) v,5=v( 25+Î4o )/v2,4 
v25=v25xv(225+;20) 
v25=v25XIoo 
PRIfvTv2J3023 
IYV-;:o+I 

Xvo= vo 
XVI=vI 
Xv2=v2 
9 ) V23=TAPE 
-,6,v23=-1 
;:2=I 

-4.8,v23=-2 
-,Io, v23=-3 
-12,v23=-4 
Ii)TEXT 
NUMBER OMITTED 
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APPENDIX V 

SIRIUS AUTOCODE PROGRAM POP 
NUMERICAL HARMONIC ANALYSIS 

Jv1. 

TEXT 
HARMONIC AMPLITUDES AND PHASES 

Xv40= 180/3.14159 
X1,41 =1.25 
X1,42= SQRT11 
2) 1,O =TAPE 
Xv1 =v1 
Xv2 =1,2 
TEXT 
FUND SEC THIRD FOURTH FIFTH 

AMPLITUDES 

n3=0 
1)n2=o 
vO=TAPE12 
v12=vO 
v13=vi+vli 
v14=v2+vio 
v15=v3+vq 
v16=v4+v8 
v17=v5+v7 
v18=v6 
v19=v1-v11 
v2O=v2-v10 
v21=v3-v9 
v22=v4-v8 

v23=v5-v7 
v24=v12+v18 
v25=v13+v17 
v26=v14+v16 
v27=v15 
v28=v12-v18 
v29=v13-v17 
v30=v14-v16 
v31=v1q+v23 
v32=v2o+v22 
v0=25/2 
v1=v26/2 
v2=v30/2 
v3=v31/2 
v4=v29XO.866 
v5=v32XO.866 
v6=v34x0.866 
v7=v35XO.866 
v12=v28+v2 
v13=v12 +vA. 
v13=v13/6 
v14=vit-v4 
v14.=v14/6 

v15=v24+v27 
v16=v0+vi 
v15=v15-v16 
vt5=v15/6 
v17=v24.+vO 

v18=v27+v1 
v17=v17-v18 
v17=v17/6 
viq=v3+v33 
v20=v1q+v5 
v20=v20/6 
v21=v10-v5 
v21=v21/6 
v22=v28-v30 
v22=v22 /6 
v23=v6+v7 
v23=v23/6 
v24=v6-v7 
V24=v24/6 
v25=v31-v33 
v25=v25/6 
v36=v25 
v32=v25 
v25=v13 
v3O=v2O 
v26=v17 
v31=v23 
v27=1/22 

v28=v15 
v33=v24. 

v2á =v14. 

v34- =v2 
v5=90,0 
->14,v20=0 
v5=v13/v20 
v5=ARCTANvS 
v5=v5Xv4o 
14)1,6=90 .v 
->15,v23=0 

v6=v17/v23 
v6=ARCTANv6 
v6=v6Xv4O 
15)v7=90.0 
->16,v2=0 
v7=v22/v32 
v7=ARCTANv7 
v7=v7Xv40 

16)v8=90.0 
->17,v24=o 

v8=vi5/v24 
v8=ARCTANv8 
v8=v8Xv40 
17)v9=90.0 
->18,v21=0 
vq=v14/v21 

v9=AR.CTANv9 
vc)=v9xv40 
1 Rl v1 g=v1. 'lxv1? 



14)v0=90.0 
->15,v23=0 
v6=v17/v23 
v6=ARCTANv6 
v6=v6Xv40 
15)v7=90.0 
->16,v2=0 
v7=v22, /v32 

v7=ARCTANv7 
v7=v7Xv40 
16) v8=qo,o 
->17,v24=0 

v8=v15 /v2.,4. 
v8=ARCTANv8 
v8=v8Xv4o 
17 ) vc)=90 . 0 
->18,v21=0 
v9=v14/v21 
v0=ARCTANv9 
vn=vnxv40 
18) v13=v13xv1.3 

v2 0=v2,Oxv20 

v0=v13+v20 
' 

v0=SQRTvO 
PRINT v0,3042 
Sv17=v1.7xv17 
v23=v23*v23 
v1=v17+v23 
v1=SQRTv1 
PRINT vi, 4042 
Sv22=v22xv22 
v36=v36 
v2=v22+v36 
v2=SQRTv2 
PRINT v2,4042 
Sv15=v15xv15 
v211=v24xv24 
v3=v15+v24 
v3=v15+v25 
v3=SQRTv3 
Sv14=v14xv14 
v21=v21x21 
v4=v1.4+v2 i 
v4-SQRTv4 
PRINT v4,4042 
5)n1=5xn3 
ni=nl+n2 
v(50+n1)=v(0+n2) 
->19,v(25+n2)Y0 
->20,v(30+n2)yO 
v(5+n2)=180+v(5+n.2) 
->21 
20)v0=v0 
->22,v(<'&n2)=0 
v(5+n2)=360+v(5+n2) 
->21 
22)v(5+n2)=360-v(5+n2) 
->21 
19)vO=vO 
->21,v(30+n2)y0 
v(5+n2)=180+v(5+n2) 
21)v(150+n1)=v(5+n2) 
r_2=n2+1 

->5,n25 
n3=n3+1 
->1,ny12 
Xv0=v0 
TEXT 
AVERAGE 

n2=0 
4)n3=0 
v0=0 
v1=0 
3)n1=5xn3 
n1=nl+n2 
v0=v0+v(50+n1.) 
v1=vl+v(150+nl) 
n3=n3+1 
->3,n3f12 
v0=v0/12 
v(210+n2)=v0 
v1=v1/12 
v(220+n2)=v1 
PR INTvO , 4.042, 

Sn2=n2+1 

->,n25 
Xn0=0 
10)n2=0 
9)n1=5xn2 
n1=ni+nO 
v(50+n.1)=v(50+n1)-v(210+n0) 
v(50+n1)=MODv(50+n1) 
v(250+n1)=v(150+n1)-n(220+r_O) 
v(250+n1)=MODv(250+n1) 
n2=n2+1 
->9,n212 
n0=n0+1 
->10,nW5 
TEXT 
STANDARD DEVIATION 

n0=0 
12)n1=0 
v0=0 
v240=0 
11)n2=5xn1 
n2=n2+n0 
vO=vO+v(50+n2) 
v240=v240+v(250+n2) 
nl=n1+1 



n i r 9 11 )¡ 
v(50+n.1)=v(0+n1)-v(210+n0) 
v(50+n1)=MODv(50+n1) 
v(250+n1)=v(150+n1)-n(220+n0) 
v(25O+n1)=MODv(250+n.i.) 

n2=n2+1 

->O,n212 
n0=n0+1 
->10,n05 
TEXT 
STANDARD DEVIATION 

n0=0 
12)n1=0 
v0=0 
v240=0 
11)n2=5xn1 
n2=n2+n0 
vO=vO+v(5O+n2) 
v240=v240+v(250+n2) 
n1=n1+1 
->11,n112 
vO=vO /12 
v0=v0/v42 
v0=v0/v41 
v240=v240/12 
v240=v240/v42 
v240=v240xv41 
v(310+n09=v240 
PRINTvO,4042 
Sn0=n0+1 
->12,n0715 

Xv0=v0 
Xvi=v1 
Xv2=v2 
Xv3=v3 
TEXT 
PHASES 

nO=O 
7)n1=5xn0 
PRINTv(150+n1),3o61 
SvO=vO 
PRINTv(151+n1),4061 
Sv1=v1 
PRINTv(152+n1),4061 
Sv2=v2 
PRINTv(153+n1),4061 
Sv3=v3 
PRINTv(154+n1),4061 
n0=n0+1 

->7,nW12 
Xv0=v0 
TEXT 
AVERAGE 

n2 =0 
8)PRINTv(220 +n2),4061 
v(230 +n2)= v(22O +n2) -v220 

Sn2 =n2 +1 
->£4,n2,5 

n2 =O 
Xno =O 
TEXT 
STANDARD DEVIATION 

23)PRINTv(310+n0),4061 
Sn0=n0+1 
->23 , n0V5 
->2 
(->0) 

.. Lf.NJi"StlElfliz 
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APPENDIX VI 

ATLAS AUTOCODE PROGRAM FOR CALCULATION 

OF "SECOND HARMONIC CONTENT RESULTING 

FROM NON- LI1NEARITY OF HOT-WIRE 

begin 
real a,b,cl,c2,c3,p,w,V1,V,A,U,B,t 
integer i,j,k,l 
array f(0:11) ,v(1:5) 
V1 ; p =3 ; 

A =0.684 
; w` =345 

cycle 1= 5,1,22 
if i <1O then U =i /10 
if 11 <i <19 then U =i -9 

if i >19 then U =5i -85 
newline 
newline 
print(U,2,1) 
newline 
cycle j= 2,2,40. 
a =j /100 
B=A *Uí0.45 
cyclek = 0,1,11 
t= 0.5236k/w 
b= (p +B *(1 +a *cos(w *t))$O.45) 

V= V1 *b /(b -1) 

f(k) =V 
repeat 
cycle 1 =1,1,5 
v(1)= f(1) +f(12 -1) 
repeat 
c1= 1/ 6( f( 0)- f( 6) +0.866(v(1)- v(5)) +-(v(2)- v(4))) 

c2= 1/ 6( f( 0)+. f.( 6 ) 4(v(1) +v(5)- ßr(2)- v(4)) -v(3)) 
c3= 1/6(f(0)- f(6)- v(2) -v(4)) 

newline 
print(a,0,2);spaces(6) 
print(100c2 /c1,2,2) ;spaces(3) 

print(100c3 /c1,2,3) 
repeat 
repeat 
end of program 
* * *Z 
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