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0.1 Abstract

This thesis describes the calculation of the form factors for four semileptonic
decays. The decays considered are those where a pseudoscalar meson composed
of a heavy and a light valence quark decays to a vector meson containing only
light valence quarks. The form factors were calculated in nonperturbatively O(a)
improved quenched lattice QCD. To estimate discretisation effects the calculation |

was done at B = 6.0 and B = 6.2, with lattice sizes 16% x 48 and 243 x 48

respectively.

Results are presented for the following semileptonic decays of charmed mesons:
D, = ¢, D - K*and D — p. The § = 6.2 and 8 = 6.0 results agree within
errors. The B = 6.2 results were used to calculate integrated decay rates and
form factor ratios at ¢> = 0. The lattice predictions for integrated decay rates
are in reasonable agreement with experiment. In some cases the lattice form

factor ratios differ significantly from experiment.

The simulation results were extrapolated in heavy quark mass to obtain
B — p form factors at high ¢?. These were used to determine |V| from the
CLEO collaboration’s measurement of the partial decay rate B — p in the range
14 GeV? < ¢ < 21. This gave |Viy| = 3.4733 £ 0.7 + 0.6 x 10~2 where the
errors are statistical, systematic and experimental. This is in agreement with the

determination of |V,;| by the Particle Data Group.
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Chapter 1

Introduction

Particle physics is the study of the most fundamental constituents of matter.
The aim is to identify the building blocks of matter and understand their inter-
actions. The Standard Model (SM) of particle physics describes the observed
particles and their interactions in terms of a quantum field theory. The SM is a
spectacularly successful theory; it gives a unified description of a vast range of
different phenomena and agrees with all experimental results to date'. This in-
troduction describes aspects of the SM relevant to this thesis, and reviews recent

work to confront the theory of flavour changing interactions with experiment.

1.1 Charged currents

The electroweak sector of the standard model is an elegant and intricate theory.
It gives a unified description of electromagnetism and the weak force in terms of
a spontaneously broken gauge theory. Without the symmetry breaking all the
particles in the theory are massless. The symmetry breaking generates an effective
mass for the fermions and three of the gauge bosons. The residual signature of
the symmetry breaking mechanism is a particle, the Higgs boson. Despite much

effort, the Higgs boson has not yet been observed. It is the only SM particle that

The recent strong evidence that neutrinos have mass is the only exception to this [1].

However, the SM can be generalised to accommodate neutrino mass [2].
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has not been observed.

The weak interactions relevant to this work are the interactions of the W
bosons with fermions. After symmetry breaking the interaction between the W,

leptons, and neutrinos is given by the effective Lagrangian density [3],
Lwe = \_/—Z_(WIJ;‘ +WoJH) (1.1)
The current J, is given by
J) = vey*Pre + vy Py + vx v Pt (1.2)

where the neutrino and lepton fields in this expression are four-component Dirac

fields. Pp, projects out the left-handed component of a spinor,
, 1
The leptons only interact with neutrinos from the same generation.

The interaction between the W and quarks is given by the effective-Lagrangian
density [3],

Lw, = :/—“;(WIJ: + W (1.4)

where the current J o is

‘/ud ‘/'u.s ‘/ub d
Jp=(@ ¢ OYPr| Ve Voo Vi s |- (1.5)
Vie Vis Vi b

The matrix in the above expression is the Cabibbo-Kobayashi-Maskawa (CKM)

matrix. It is not diagonal, so quarks from different generations do interact.

The coupling constant g, in (1.1) and (1.4), measures the strength of the
interaction between the W boson and fermions. It turns out that g is much
smaller than unity [4]. This is very fortunate for theoretical calculations, because
perturbation theory can be accurately applied. The decays of interest in this
work involve the exchange of a highly virtual W boson; the four-momentum
of the boson (¢*) satisfies ¢> << My,. For these decays the W boson field
can be integrated out of the Lagrangian. The resulting effective Lagrangian has

interactions between four fermions, with coupling Gr = ¢%/(SME).
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1.2 Quantum chromodynamics

Quantum chromodynamics (QCD) is the theory that describes the interaction
between quarks and gluons. From a theoretical point of view QCD is the most
complicated part of the standard model. In many interesting processes perturba-

tion theory cannot be applied to QCD.

Quantum field theories have UV divergences and need to be renormalised to
give finite results. Renormalisation causes the parameters of a quantum field
theory to depend on the energy scale at which they are measured. In the case of
QCD the coupling between quarks and gluons is [5]

2 127
) = B3 2Ny) log(u?/Adop) (1-6)

where Agep is approximately 0.2 GeV, Nr is the number of quark flavours, and
i is the energy scale. This result is calculated in perturbation theory, and is
only valid if a; is small. In modern collider experiments quarks interact at high
enough energies for a; to be fairly small. Perturbative QCD calculations agree
very well with the results of collider experiments. This is the main reason that

QCD has become established as the correct theory of strong interactions.

The quarks bound in a hadron interact at low energies, at which «; is large.
Perturbation theory cannot be applied to the quarks in a hadron. A nonpertur-
bative approach is required. This thesis is about a calculation of nonperturbative

QCD effects using the lattice QCD approach.

1.3 Weak decays of mesons

The weak decays of mesons are of interest because they can be used to deter-
mine elements of the CKM matrix. The theoretical description of these decays
requires electroweak theory and QCD. The electroweak part of the decay can
be accurately calculated in perturbation theory, but the QCD part is inherently
nonperturbative. Weak decays which take place by single W exchange have an

amplitude of O(GF). The contribution from loops to these decays is insignificant
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because G is so small. The decays mediated by single W exchange can be di-
vided into three classes: leptonic, semileptonic and nonleptonic. In a nonleptonic
decay one meson decays to two mesons, for example X' — w7w. These are difficult
to describe theoretically because the final state mesons interact by the strong
force. In the case of semileptonic and leptonic decays there is one or no mesons

in the final state, and the QCD effects can be separated from the weak effects.

An example leptonic decay is shown in figure 1.1. The diagram shows a specific
leptonic decay, but can easily be generalised. Figure 1.1 is the tree-level Feynman
diagram for the decay in a world without QCD. In the real world low energy QCD
interactions strongly bind the quarks in the initial state. This binding cannot be
visualised with a Feynman diagram or calculated in perturbation theory. The
amplitude for the decay in figure 1.1 is [6],

e G y
M(B~ = 17v) :ZTI;VubeL Qu (1.7)

were ¢* is the four-momentum of the B~, the leptonic current is
L* = 0y (1 — ys)v (1.8)

and fg describes the nonperturbative QCD effects.

=]

Figure 1.1: The tree-level Feynman diagram for B~ — ¢~ v, in the absence of
QCD. This is a leptonic decay.

An example semileptonic decay is shown in figure 1.2. The amplitude for this

decay is [6],
M(B® — pte5) = i%‘fubL“Hu , (1.9)

4

where

H, = (p*ay,(1 — 75)b| B®) . (1.10)
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The current H, is called a weak matrix element. It describes the QCD effects
in the semileptonic decay. Symmetry arguments show that H, can be expressed

in terms of a few functions of ¢?, called form factors. This is shown explicitly in

section 5.1.
-
i /<
/
/
b £ u
d d

Figure 1.2: The tree-level Feynman diagram for the decay B® — p*¢~ 7, in the

absence of QCD. This is a semileptonic decay.

1.4 The CKM matrix

The CKM matrix is a unitary matrix. A general 3 x 3 unitary matrix is defined by
3% free parameters. In the case of the CKM matrix five of these free parameters

are unphysical. Five arbitrary phases can be absorbed into the definition of the
quark fields.

A convenient parametrisation of the CKM matrix was introduced by Wolfen-
stein [7]. The parametrisation uses four real parameters A, 7, p, and A. The
parameters A, 7, p are of the order of unity, but A is small; experiment gives
A = 0.223 £+ 0.004 [4]. The Wolfenstein parametrisation neatly summarises the
hierarchy in the magnitudes of CKM matrix elements. This hierarchy is an ex-

perimental observation and is not derived from the SM. The parametrisation is

1—A2)/2 A AX3(p — i)
Verm = -\ 1—\%/2 AN? + O\,  (1.11)
AN (1 —p—in) —AN 1

where the suppressed O(A?) terms have been omitted.
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There is one phase in Voias which cannot be absorbed into the quark fields.
The physical significance of this is that the interaction between the W boson and
quarks (1.4) is not invariant under a combined charge parity (C P) transformation.

This is the only interaction in the standard model which violates C' P symmetry.

Several of the alternatives to the SM predict new mechanisms for flavour
changing interactions, and for C'P violation. In these alternative models the
effective Lagrangian for flavour changing interactions would have a nonunitary
CKM matrix. Therefore it is important to test experimentally the unitarity of

Veram. The unitarity condition,

VermVienu =1, (1.12)
gives six independent relations for the elements of Vorxar. The most interesting
relation is

Vua Vi + Vea Vi 4+ VigViy = 0. (1.13)
Each of the terms on the left hand side are O(A*) in the Wolfenstein parametri-
sation. Each term is similar in magnitude and two of them are expected to have
a large phase. This equation can be elegantly presented as a unitarity triangle.
The three terms in the equation are represented as vectors in the complex plane,
and these vectors form a closed triangle if the terms sum to zero. The unitarity
triangle for (1.13) is shown in figure 1.3. Note that many authors rescale the sides

of the triangle in some way.

——y
s

Vea Vi

Figure 1.3: The unitarity triangle for relation (1.13).

The unitarity triangle gives a beautiful way of visualising the experimental

tests of unitarity. Each test is interpreted as restricting the apex of the triangle to
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a region of the complex plane. For example the measurement of |V,4V,};| restricts
the apex of the triangle to an annular region. The width of the annulus is the
error on |V,qV.5|. The different experimental results for the apex of the triangle
are combined by superimposing the different allowed regions of the complex plane.
At present there is a region of the complex plane where all the allowed regions

overlap and so experiment is consistent with the Standard Model.

1.5 |V from B decays

The CKM matrix element |V,;| gives an important constraint on the apex of
the unitarity triangle. Its current value from the Particle Data Group is |Vis| =
0.0035 = 0.0015 [4]. Knowledge of the unitarity triangle (figure 1.3) would be

greatly increased if |Vy;| could be determined more accurately.

The inclusive semileptonic decay B — X, ¢ can be used to determine |V].

The measured branching ratio B is used to compute

B(B — X, v
|Vub|:\/ (B = V), (1.14)

FthyTB

where 75 is the B life time, and fthy is calculated from theory. A semileptonic
decay is described by three kinematic variables. These are F;, the lepton energy,
E5 the neutrino energy (in the B rest frame) and ¢?, where ¢ = p, — p. The
formula (1.14) is correct for a branching ratio integrated over part or all of phase
space, although of course the value of ['ihy changes. If the branching ratio is
integrated over all of phase space then r thy can be calculated as a series in a(mp)
and Agcp/ms, using an operator product expansion (OPE). The error on f‘thy 18
estimated to be about 8% [8]. If the experimental measurement could be made,
this would allow a determination of |V,,| with a 4% theoretical error. In practice
however, the decay B — X,¢0 has a huge background of B — X fv events. To
distinguish the two decays, cuts are placed on the kinematic variables. There are
two widely used cuts, mp/2 > E, > (m4—m%)/2mp and (mp—mp)? < ¢*> < mi.
Unfortunately, imposing these cuts makes the OPE calculation unreliable [8, 9]

and results in a large theoretical error on |V,;|. Recently two solutions for this
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problem have been proposed. One strategy is to apply an unconventional cut that
uses both E; and ¢? [10]. It should be possible to use the cut for the experimental
measurement and the OPE is well behaved. Another strategy uses the data for
B(B — X,v) with the conventional cut mp/2 > E; > (mj —m})/2mp. The
uncontrolled terms in the OPE are determined from experimental measurement
of the inclusive decay B — X,v [11]. These methods are expected to allow a
determination of |V,;| with 10% theoretical errors. However, neither method has

yet been implemented.

An alternative way to determine |V,| is to use exclusive decays of B mesons.
Currently the best exclusive and inclusive determinations of |V,,| have similar
errors [9]. The simplest exclusive decay is the leptonic decay B~ — £~ where the
nonperturbative effects are described entirely by the decay constant fg. However
the branching ratio for leptonic B decay is predicted to be very small and is
unlikely to be observed experimentally for some time. The semileptonic decays
B — plv and B — wlv offer a good opportunity to determine |V,;|. Both these
decays have now been observed by the CLEO collaboration {12, 13]. To determine
|Vis| the weak matrix elements (1.10) for these decay needs to be calculated.
With the weak matrix element as the theoretical input |V,;| is obtained by a
formula similar to (1.14). At the moment the best measured inclusive decay is
B — plv. The CLEO collaboration use five different theoretical calculations of
the weak matrix element to determine |V,;| and estimate a theoretical error from

the spread of results. They obtain [13]
|Vis| = 3.25 £0.147525 £0.55 x 1072, (1.15)

where the errors are statistical, systematic and theoretical. The dominant error

is the theoretical uncertainty.

This thesis describes a lattice QCD calculation of the matrix element for the
decay B — pfv. In principle this is the best method for calculating the necessary
weak matrix element. The lattice is the only fundamental approach to nonper-
turbative QCD. However the current systematic errors on lattice calculations are

large, and comparable to the systematic errors claimed for light cone sum rules
[14] and quark models [15].
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There are two major experiments currently gathering data, which are devoted
to B physics. These are Barbar in California, and Belle in Japan. These exper-
iments are expected to greatly improve knowledge of B decays over the coming

years.



Chapter 2

Lattice QCD

This chapter gives an overview of some theoretical aspects of lattice QCD. More

detailed accounts can be found in [16, 17].

2.1 The path integral

In QCD all important information is contained in the Green functions. These

can be formally expressed in terms of a path integral.

(0] TO[, 4, A] |0) = %/Dt/)DzEDA O, b, Ale?SAv)

Z = / Doy DD AetSA+] (2.1)

where O is a function of fields, and 7" is the time ordering operator. The functional
integral D means an integral over all possible values of the field at every point in
spacetime. Equivalently the functional integral can be thought of as an integral

over all possible field configurations.

Lattice QCD is a way of defining what (2.1) means. The first step is to for-
mulate the theory in Euclidean space time. Let (z°, z', 22, 23) be the coordinates

of Minkowski spacetime. If instead of z° the imaginary time coordinate
zt = i2° (2.2)

10
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is used, then the set of coordinates (z',z%,z° z*) have a Euclidean metric. The

change from real to imaginary time can be thought of as a rotation in the complex
time plane and is known as a Wick rotation. It has been proved that Euclidean

correlation functions can be analytically continued to Minkowski space.
In Euclidean space (2.1) is modified to

(0| TO[, %, A]|0) = % / DY DPDA Ofth, , Ale™SelAv 7]

7 = / DYDY DAe~ 5449 (2.3)

where Sg is the Fuclidean action and is, in general, different from S. Sg is a
positive real quantity. The key benefit of (2.3) is that each field configuration
receives a weighting as opposed to a phase in (2.1). This is an essential feature

for Monte Carlo calculations and is also much better defined mathematically.

2.2 Discrete spacetime

In lattice QCD spacetime is reduced to a finite number of points. As a conse-
quence fields have a finite number of degrees of freedom, and the path integral
can be given a precise definition. A hypercubic lattice is used with coordinates

(z',z2, 2% 2%). The lattice consists of all points whose coordinates satisfy

¥ =ant , n" €Z 0<n*<Lforpu=1,2,3
0<n'<T, (2.4)

where a is the lattice spacing and has dimensions of length, L is dimensionless.
To define an action boundary conditions are required. For fermion fields the
boundary conditions are periodic in the space dimensions and antiperiodic in the
time dimension. The boundary conditions for scalar and gauge fields are periodic
in all dimensions. It follows that momentum space is discretised. In the case of

fermion fields momentum space is discretised on the lattice

2w
pr=—nt 0<n*<L forp=1,2,3
al
27 1
pt = ﬁ(n4 + 5) 0<n°<T . (2.5)
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Note that there is a maximum allowable momentum so there are no UV diver-

gences in lattice quantum field theory.

Other discretisation schemes are possible, but are not considered here.

2.3 Lattice gauge fields

In this section fields with an SU(N) symmetry are considered, as specialising to

SU(3) does not simplify the discussion. For a more thorough discussion see [18].

The simplest discretisation of the gauge fields would be to have the gauge
field at each lattice point and replace the derivatives in the continuum action
with finite differences. Classically gauge invariance is broken for finite ¢ and is
restored in the limit ¢« — 0. However, in the quantum theory renormalisation

interferes and gauge invariance may not be restored as a — 0.

A discretisation is required which retains gauge invariance for all a. To do this
the theory is formulated in terms of variables living on the links between nearest
neighbour lattice sites. The link variables are SU(N) matrices. Let U, , be the
link variable from lattice site = to site « + fi. The link variable in the opposite

direction is not an extra degree of freedom and is defined to be
Ustip,—u = UL# : (2.6)
The gauge transformation of a link variable is given by
U, =N Usy AL, (2.7)
where the A are SU(N) matrices.

The trace of the product of link variables around a closed path is gauge invari-
ant. The simplest, nontrivial closed path is around a unit square of the lattice.

This gives the plaquette variable,

Popo = U Upyan UL UL (2.8)

z4vo.u -’ TW

The plaquette variable is shown diagramatically in figure 2.1.
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x4+ 0 T+ i+ 0
[ - 9
Y A
® - —e
T T+ [

Figure 2.1: Graphical representation of the closed path of link variables which
gives the plaquette variable (2.8).

The Wilson action for pure gauge theory is a sum over plaquettes
. 1
SU1=8> (1- Re Tx P) (2.9)
P

where the sum over plaquettes means all distinct plaquettes.

The integration measure for gauge fields is an integral over the group manifold

for each link,

DU = [[dUs.,. . (2.10)
T,p

The integral over the group manifold is defined in a gauge-invariant way and is

known as the Haar measure.

In the limit ¢ — 0 the lattice gauge theory in terms of link variables tends to
continuum Yang-Mills gauge theory. The starting point for showing this is

. Ug,,—1
Iim ==
a—0 a

=T; Ai(z), (2.11)

where {T:} are SU(N) generators and {A}(z)} are continuum gauge fields. The

B parameter in (2.9) is related to the continuum bare coupling by

2N

p="7" (2.12)
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2.4 Free lattice fermion fields

Fermion fields have to be discretised carefully to avoid what is known as the
doubling problem. In this section the problem and its resolution are discussed
for the case of a single Dirac spinor. The fields and mass parameter are chosen
to be dimensionless. To relate them to their continuum counterparts they need

to be multiplied by the appropriate power of a.

The naive approach to lattice fermions is to define the field at each site and
replace the derivatives in the Lagrangian with finite differences. The naive action

using a convenient notation is
Snaiue = 1;5:[\,5:3}7#;} 5 (213)

where the index Z is spacetime and spin, and the summation convention is used

for the repeated indices. The quark matrix is
1
Koy = 9 Z VulOzy-i — Soy+a) + mMbay (2.14)
"

where spinor indices have been suppressed. Note that the quark matrix is mod-
ified at the boundary to satisfy the antiperiodic boundary condition [16]. The

integration measure for the fermion field is given by

DYDY = |[ dbzdps - (2.15)

The lattice free-quark propagator is a countable number of Gaussian integrals.

Evaluating the integrals by the standard generating functional technique gives
(s bg) = K55 . (2.16)

The matrix inverse in (2.16) can be done explicitly. In the limit @ — 0 this quark
propagator describes 16 propagating fermions. For the interacting theory this is

a disaster. This is known as the fermion doubling problem.

The solution used in this work was first proposed by Wilson [18]. An extra

term is added to Spaive, which is suppressed by a positive power of a in the classical
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continuum limit. The extra term gives a large mass to 15 of the fermions, leaving
a theory with 1 propagating fermion as desired. The Wilson action is
) - qr
Swilson = Shnaive + '(/)I,Ot [5 Z(_—éﬂfyy‘l'ﬁ + 251?‘!/ - 5-"3:1/"11)] ¢y,a ’ (217)
i
where the index « is spin and r is a free parameter known as the Wilson pa-
rameter. The penalty for the extra term in the action is that chiral symmetry is

explicitly broken.

2.5 Lattice QCD action

The lattice QCD Lagrangian consists of link variables and fermion fields. The
fermion fields are triplets of Dirac spinors. There is a triplet of spinors for each
flavour of quark. The components of the triplet correspond to the three colours
of QCD, referred to as red, green and blue. The lattice QCD Lagrangian is con-
structed to be invariant under an SU(3) gauge transform. The gauge transform
for the link variables is given in (2.7), the gauge transform for the fermion fields
18

by = Asthy , P = PuAL, (2.18)

where A, is an SU(3) matrix. The Wilson action is
Sacp = SylU, %, %] + S,[U] (2.19)

where S, is the gauge action given in (2.9) and S, is

SolU, %, 9] = haKaghs (2.20)
where the index & is spacetime, spin, colour and flavour. The quark matrix is
Koy[U] = boy — Z [(53;,1,_,1(7" = YUz + Oy (r + %)Ug,u] . (2.21)
In

The spinor indices are carried by the gamma matrices, the colour indices by the
link variables and there is a Kronecker delta in flavour space. All these indices

are suppressed. The hopping parameter, &, is related to the free quark mass by

. 1
T 2m 48’

(2.22)

and the quark fields have been rescaled from those in (2.17) for convenience.



CHAPTER 2. LATTICE QCD 16

2.6 The continuum limit

The formulation of Lattice QCD presented in this chapter is dimensionless, so any
lattice observable Oprqay, such as a hadron mass, is dimensionless. For simplicity
Opra is assumed to be independent of quark mass for the following discussion.

The continuum value of the observable is given by

Oont = lim Ovat() : (2.23)

50 aN

where N is the dimension of O, in energy units. However the lattice spacing,
a, does not appear explicitly in the lattice QCD action. The free parameter of
the action is B(go), which is a function of a. The relation between a and 8 can be
calculated in perturbation theory using the renormalisation group . To leading
order this gives [17]

B
e 1280 (2.24)

a

- Alatt
where Ay is the free parameter of massless QCD and Sy is the first coefficient

in the power series expansion of the -function.

1 2

where n; is the number of flavours. In the Standard Model n; = 6, so fo is

positive and continuum limit ¢ — 0 is equivalent to 8 — co.

Massless lattice QCD contains one free parameter, so one observable is used
to determine the lattice spacing before predictions can be made. In the theory
with quark masses additional observables are needed to determine these. The

lattice spacing is given by
a = (OLati/Ocont)l/N . (226)

The value of lattice spacing obtained will depend on the observable used, because
different observables have different discretisation errors. If the lattice spacing is
fine enough and there are no other sources of error, then the variation in a will

be small.



Chapter 3

Numerical techniques of Lattice

QCD

In general lattice QCD path integrals cannot be solved analytically. However,
given certain bounds on the number of lattice points and on the free parameters
of the Lagrangian, integrals can be done numerically to an acceptable accuracy.
They are done most efficiently by algorithms based on the Monte Carlo principle.
This chapter describes some of the techniques and theory used in Monte Carlo

calculations.

3.1 The quark propagator

The QCD path integral is over gauge and fermion fields. The fermion field is
composed of Grassmann variables. These are rather formal mathematical objects
and very difficult to handle on a computer. Fortunately the action is quadratic
in the fermion fields and the fermion path integral can be performed analytically.
This leaves a path integral over gauge fields which can be expressed in terms of
integrals over real numbers. The simplest case of integrating out the fermions

is the quark propagator. The quark propagator is the expectation value of the
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product of a ¢ and P field,
(Ysthy) = %/DzﬁD@DU e~ 59 Saapabs
7 = [DypivU e, o)

where the index Z is space, spin, colour and flavour. The gluonic part of the
action, S,, is given in (2.9) and the fermionic part of the action, Sy, is given in
(2.20). The quark propagator is not gauge invariant because independent gauge
transformations can be applied to the fields at  and y. After doing the fermion

integral
(bathg) = % / DU e % (detK) Ky = % / DU e 51/ K}
7z = / DU e=%11 | (3.2)
with the effective action given by
Sers = Sy — log detK . (3.3)

It is useful to introduce the quark propagator, G = K~!, for gauge configuration
U,
GZI;B(fEa Ys U)K(ﬁ,b,y),(%c,Z)[U] = SaybacOzs (3.4)

where «, 3,7 are spin, a, b, ¢ are colour and z,y, z are space time indices, and re-
peated indices are summed over. The flavour dependence of (7 is just a Kronecker
delta so it is suppressed. For a given gauge configuration it is possible to solve
the matrix equation (3.4) using an iterative algorithm. An efficient algorithm

exploits the fact that K is a sparse matrix.

3.2 Monte Carlo integration

It is convenient to approximate the path integral as

(0)=>_o[r] , (35)
{u}
where
e S5 [U]

PIU) = “—

DU (3.6)
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is the probability associated with gauge configuration U. The sum corresponds
to some unbiased discretisation of the space of gauge configurations, and DU is
the volume of gauge configuration space associated with U. Note that computers
store floating point numbers with a finite number of bits so the space of gauge
configurations on a computer is finite. The algorithms used to evaluate (3.5)
randomly samples N gauge configurations. This is done in such a way that the

probability of sampling gauge configuration U; is P[U;]. Then

(O) = lim %2(9,- (3.7)

where O; is the value of O for the 7’th gauge configuration. In a simulation O; is
calculated for V configurations and averaged. This gives an unbiased estimate of
(O), i.e. the result of the simulation is from a distribution with mean (O). This
determination of (O) has an error which can be estimated using the bootstrap
method. The error decreases with increasing N. More precisely, the result of the

simulation is from a distribution with standard deviation
o NN? 1
[standard deviation]® = < (((’)) -~ Z (Qi) > x (3.8)

where the outer expectation value is over different sets of N configurations.

Gauge configurations are generated from the correct distribution by a Markov
chain. A sequence of gauge configurations is generated one after the other, start-
ing with a typical gauge configuration. Whenever a new configuration is added to
the chain it is selected from a distribution depending on the current configuration.
Configurations which are close on the chain will be correlated and, for instance,
(3.8) will not be true. A subset of configurations with negligible correlations is

used for the final analysis.

3.3 The quenched approximation

The correct action for lattice QCD is Sesy. This is nonlocal because of the sec-
ond term in (3.3). Unfortunately, generating a Markov chain for a system with

a nonlocal action is much slower than generating a Markov chain for a similar
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system with a local action. This study uses the quenched approximation, which
is a modification of lattice QCD with a local action. The determinant in (3.2)
is replaced by a gauge field independent constant. In perturbation theory the
quenched approximation corresponds to omitting closed fermion loops. Although
the quenching is an uncontrolled approximation, the theory still retains the es-
sential features of QCD. Calculations of the light hadron spectrum in quenched
QCD are within about 10 % of the experimental results [19, 20]. It is hoped that

the error on other hadronic quantities is similarly small.

3.4 Symanzik improvement programme

The purpose of the improvement programme is to eliminate the O(a) errors of
lattice QCD expectation values. The hope is that results will be closer to the
continuum limit values without the expense of going to a finer lattice spacing.

For a detailed discussion see [21, 22].

An expectation value calculated exactly in lattice QCD has a discretisation

error. This error can be written as
<O>lattice = <O>continuum + a<ol>continuum + O(az) (39)

where the subscript on the expectation value indicates whether an expectation
value is taken with respect to lattice QCD or continuum QCD. The lattice theory

at non-zero a can be thought of as an effective continuum field theory with action
Seff = S+ aS1 + O(az) (3.10)

where Sy is the QCD action and S;... are unwanted additional operators with
the correct symmetries and dimension. Local composite, gauge invariant renor-
malised fields on the lattice (e.g. %, referred to simply as fields for the rest
of this section) are also expanded as a power series in the effective continuum

theory. The lattice field ¢ is expanded as
bers = do + agy + O(a?) (3.11)

where ¢p is the continuum analogue of ¢ and ¢;... are unwanted operators with

the correct symmetries and dimension. In the fully O(a) improved theory the
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operator @ in (3.9) is 0. This is achieved if S; and ¢, in (3.10, 3.11) are cancelled
by adding O(a) terms to the lattice action and fields.

There are five operators with the appropriate dimension and symmetries that
can be added to the action. Only one of these has a non-trivial effect on the

physics, the clover term.
Csw Z 'J)xi‘auupx,pv"/)z 5 (312)
where F ,, is the lattice analogue of the continuum field strength tensor [21],

1

FIL',MV = g(Px,uu - P:v,uu.) 3 (313)

with
Pr,tw = Ux,u Uz+ﬁ,v Ug+:},u U;:r,u

+ Uz U:I—,H::,M U:I-—;l,u Us—ppn
] t
+ Ua:—;l,,u U:c—ﬁ—l?,t/ Uﬂ_l}:# Ux—f/:l’
+ UT_&’V Ua;_,;,“Ux+‘2_,;,y UT . (3.14)

€ Z,

The . in (3.12) are dimensionless as in chapter 2. The clover term gets its name

because the four plaquettes of Fy ,, look like a four leaf clover.

To discuss the counter terms added to lattice fields the following bilinears are

defined:
Vi(e) = By )
Afa) = sy ()
I5,(x) = D)ot b(o)
Pt = By (o) (315)

where 7% are the Pauli matrices, % is a doublet of quark fields. The continuum
notation ¥ (z) is used for dimensionful lattice spinors. The counter terms for
these fields are constrained by dimension counting and symmetry giving O(a)

improved fields

VMI = V,+cevad, T,

Al = A, +caad,P (3.16)
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where 0, is the symmetrical lattice derivative.

The final step of improvement is to renormalise the fields by multiplication
with a mass dependent renormalisation factor. The improved renormalised oper-
ator is

Ghen = Zs(1 + bpamg) Pia,. (3.17)

where ¢} _ are the improved bare fields V I AL etc.

To implement improvement the dimensionless factors weighting the counter
terms, ¢y, and the renormalisation parameters Z; and bs need to be determined.
These parameters are functions of 5. A great deal of effort has been put into
calculating these parameters. They can be calculated using perturbation theory,
but this is unsatisfactory because there are still discretisation errors of O(aZa).
More recently many of the parameters have been determined nonperturbatively

[23, 24]. The coefficients used in this work are discussed in later chapters.

3.5 Meson operators

Meson operators, {2y are used to create and annihilate mesons on the lattice. A
meson operator must have non-zero overlap with the state it is intended to relate

to and no overlap with lighter states. The operator for the state | M) must satisfy

(0|2um|M') =0, (3.18)
where |M') is any state lighter than |M). The states considered here are eigen-
states of the angular momentum (J), parity (P) and charge conjugation operators

(C). The pseudoscalar meson has eigenvalues 0, —1, +1 and the vector meson has

eigenvalues 1, —1, —1.
The simplest meson operator is a local bilinear of the quark fields, generically
Qu(z) = 1 (2)Tarha(z) (3.19)

where I'ps is a gamma matrix or some combination of gamma matrices chosen

so that the operator satisfies (3.18). The index on % and % is flavour. A local
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meson operator has overlap with the meson ground state as desired but also
unwanted overlap with higher energy states with the same quantum numbers.
A good meson operator maximises the overlap with the groundstate relative to
the excited states, especially the first excited state. This is achieved by using a

non-local gauge invariant operator. In its most general form this is
'Q'M(:Eat) = Z'J)l(gi)}-(ga fat)FM'L[)?(f:t) (320)
g

where F(7,Z,t) is a weighted sum of path ordered products of link variables. An
efficient procedure for implementing an operator of this type, used here, is known

as fuzzing [25]. Another method used here is Boyling [26].

3.6 Two-point correlation functions

The two-point correlation function of meson operators has simple time depen-
dence in the limit of large time. It is used to determine the mass and the overlap

of the meson operator with the state.

The two-point correlator is defied as
C(t,7) = 3 e (0] T{ Qi (7, )2 (0)} [0) (3.21)

Specialising to the time ordering ¢ > 0 and inserting a complete set of energy
eigenstates gives

—ip.&

C(t,7) = %‘ ;;mwmwns, E)(S, k|9, (0)]0) (3.22)

where the states have norm
(S,k|S, k) = 2Es(k)L? . (3.23)

The complete set of states in (3.22) is discrete for a finite lattice. Multiparticle

states have a discrete spectrum because they are restricted to discrete momenta.

A quantum operator O obeys the Heisenberg equations of motion

O(z) = (3}“_“’3‘5(’)(0)e_m""";'JE , (3.24)
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where H is the Hamiltonian and p is the three-momentum operator. There is no
factor of ¢ in front of the Hamiltonian in Euclidean space. Using this to rearrange

(3.22) gives

clt,p) =2, 7

Z,8,k

ei/?.i

e BsBr 0] 0, (0)]S, ENS, KL (0)]0) . (3.25
(R (0] (0)[S, k)(S, k|0, (0)0) . (3.25)

The time dependence in this expression is all in the exponential; the matrix
element is time independent. It is simplified further by noting that it contains a

Kronecker delta in the form
1 L= .
Sis= s 2.7 (3.26)

This result is trivial for k = p and is proved for k # p by noting that it is the

sum of a finite geometric series. Performing the sum over k and 7 in (3.25) gives

e_ES(ﬁ)t

CLR =3 g wOISAP. (3.27)
S

This formula is correct for an infinite lattice. On the finite lattices used in this

work 1t is modified to
e_ES(ﬁ)t + e_ES(ﬁ)(T_t)
C(t,p) = 0| Qs (0)]S, 7)) . 3.28
CURDS i OIS (329

If T —t and t are large then the ground state meson dominates the sum and

—FEg,t -Eg,(T-t)
e [ ] 0

C(t,p) = TR
=50

where Sy is the ground state meson.

| (0] 2 (0)[S0, DI , (3.29)

3.7 Pseudoscalar mesons

The operator used to put a pseudoscalar meson onto the lattice is of the form

(3.19) or (3.20) with I'ps = 5. For example the local operator is
Qp(z) = hr(2)1592(2) (3.30)

It is conventional to define

Zp(p) = (012 (0) |50, P) - (3.31)

Lorentz invariance implies that Zp is independent of p'if Qp is local.
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3.8 Vector mesons

The local operator used to put the vector meson onto the lattice is

O (z) = Pi(2)r"s(2) (3.32)

and the fuzzed operator has the same v matrix structure. The operator has a

Lorentz index so the two-point vector correlator has two indices,
Cyapr(t,p) = Z (0] Q4 (z)%(0) 0) - (3.33)

There is a slight complication to analysing the time dependence of this function.
When the complete set of states is inserted in (3.22), these states come in de-
generate triplets. The states in a triplet are distinguished by the three possible
independent polarisations of a vector meson. Rewriting (3.25) for a vector meson

with an explicit sum over polarisation gives
e_ES(ﬁ)t

ClaprtP) =2 Spiy IR OIS 7o) (S, 7l O)10), (3:34)

S,r

where r labels the three polarisation axial vectors 7,.

The matrix element in (3.34) is an axial vector. The only axial vector that

the matrix element can depend on is 7, so
2oyt = (0] %(0)[So, 7, 7r) (3.35)

which defines Zy. Lorentz invariance implies that Zy is independent of p if Qs

is local. Rewriting (3.34) in terms of Zv gives

3

ZV - v o*®
Cvapr(t,P) = l l eTVEN Tty T (3.36)

r=1

where higher excited states have been omitted. It can be shown that for massive

vector mesons

. pHp”
v ox ny Q<
E nin, T = —g" + el (3.37)
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3.9 Evaluating two-point correlation functions

To obtain the two-point correlator (3.21) the required matrix element is evaluated
by Monte Carlo. The approach is shown here for the case of the local meson

operator (3.19). The expectation value needed is

My = (Q(2),(0)) = (Pl mepa(z) P2lme1(0)) (3.38)
where 1,2 are flavour indices and
Tar = valha - (3.39)
After analytically evaluating the fermion integrals

My = —< Tr(rMc;?(m,o; U G0, 2; U)) > (3.40)

Seys

where the trace is over spin and colour and G is the quark propagator. Note
that if lavour 1 and 2 are the same then there is an additional term. It saves
computer time to calculate G only for the case G(0,z). The quark propagators

have the following 5 symmetry,
G(z,y;U) = 3G (y,2;U)ys (3.41)
where ! is the adjoint with respect to spin and colour. Then

M, = —< Tr(FM%Gﬁ(O,x; U)vsDar G0, z; U)> > . (3.42)

Sesf

3.10 Three-point correlation functions

Three-point correlation functions are used to calculate weak matrix elements.

The three-point correlation functions used in this work are of the form
Cltp(Brta, Gty) = e PEHED (0] T{Qp(Z, 12)J*(,1,) (0)}0)  (3.43)
z,y
where J is the local, flavour changing axial or vector current. To analyse the

time dependence specialise to the case t; > ¢, > 0. The procedure is similar
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to analysing the time dependence of the two-point correlator. First insert two

complete sets of states

ey e 1 1
-t — § —i(p.Z+¢.7)
3PT - € — _ «
4:1771-»:1,1_52,3,/4,1' 2L3EB(I’:"1) 2L3EA(]\72)

(0 Qp ()| B, k1 ){ B, B |74 ()| A, ki, n. (A, B, 1, |Q4(0) [0) . (3.44)

Shifting the current and pseudoscalar operators to the origin using the Heisen-
berg equations of motion and summing over Z, 7, El, ks using the Kronecker delta
identity (3.26) gives
1% _
e =D T
ir. 2EB(P)  2Ea(k)
(0] Qp(0)| B, 5)(B, p1J“(0)| A, k, m,)(A, kb, m, |Q1(0) [0)  (3.45)

e~ EB(B)(ta=ty) o—Ea(R)ty

where k = p — ¢. For large t, and ¢, — ¢, only the slowest-decaying exponentials
in (3.45) are significant and
e—EP(tz—ty) e—Evty

Citr ™ —5— % g Z{,Zni‘” (P,plJ*V ke (3.46)

where P is the ground state pseudoscalar meson and V is the ground state vector
meson. The above expression contains a polarisation-averaged matrix element

which is the object of interest for calculating form factors.

An important alternative time ordering is t, > t,. In this case the asymptotic

form of the three-point correlation function is

} 750y i (Boe ) . ,
b = g re T e B S (Vo | HO)P, ) . (3.47)

The { on the flavour-changing current is not made explicit elsewhere in this work,
but is implied by context. A Hermitian definition of the v matrices was used so

the 1 does not change the sign of the correlation function.

3.11 Evaluating three-point correlation functions

To numerically evaluate a three-point function we need the matrix element in

(3.43). For local meson operators this is

Ms = (p17°Pa(z) b2l Pa(y) P37 4:1(0)) , (3.48)
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where 1,2, 3 are flavour indices, ¥* = y*y#+* and ['* = y* or v#4°. Analytically
integrating out the fermions in the path integral expression for (3.48) gives

My = ——<Tr< 10, 2; U)Y°G*(z, y; U)T*GP(y, 0; U)&”)> , (3.49)
with the same notation as (3.40). Calculating (3.49) in terms of quark propa-
gators is computationally expensive because it contains an all-to-all propagator,
G?*(z,y;U). Recall that the two-point function only requires origin to all prop-
agators. A more efficient approach is to calculate (3.49) in terms of a quark

propagator and an extended propagator. The extended propagator is
E0,y;U) = G (0,2; Uy’ G*(z,y; U) (3.50)

SO
E(0,y; U)KZL[U] = G*(0,2; U)y 8y - (3.51)
The extended propagator is given by a matrix equation similar to the equation
for the quark propagator (3.4) and can be calculated using an iterative algorithm.
The matrix element can now be rewritten as
Ms = —( Te(BO, 50 G 0,500 ) ) (3.52)
eff

which contains no all-to-all propagator.

3.12 Discrete symmetries

The action used to generate the gauge configurations is invariant under the
discrete symmetries parity (P), charge conjugation (C) and time reversal (7T')
[27, 28]. If gauge configurations U and U’ are related by one of these discrete
symmetries then the quark propagators calculated on U and U’ are related. The

relations are [29]

e Parity
G(z,y; U) = v'G(zF, 47, UP )y (3.53)

e Hermiticity

G(z,y;U) = v°GM(y,z; U)y° (3.54)
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e Time reversal
G(z,y; U) = v*4°GyT, 2T UT)y°4* (3.55)

e Charge conjugation

G(z,y;U) = vy’ G(y, z; Uy y* (3.56)

Note that the gamma matrices appearing on the right hand side of these re-
lations are particular to the gamma matrix convention used in this work. The
discrete symmetries show that the three-point correlators, averaged over all gauge
configurations are pure real or pure imaginary. However, a three-point correla-
tor calculated on a particular gauge configuration has nonzero real and nonzero
imaginary parts. One of these parts is a stochastic estimator of zero and can be

discarded.

3.13 Fits

In a generic lattice calculation a set of observables {d;} is calculated on N gauge
configurations. This set of numbers is referred to as data. Typically the d; are
values of a correlation function at a particular time slice. To extract physical
quantities the data are fitted to a model by minimizing chi-square with respect

to the model parameters [30].

For correlated data chi-square is defined as

(@) =) (di — mi(2))C51 (d; — my(&)) (3.57)
1'.7
where d; is the average value of quantity 7, Z are the free parameters of the model,

m;(Z) is the model prediction for quantity d; and C' is the covariance matrix.

The elements of the covariance matrix are estimated from the data according

to
N

1 S ]
Cij = [V(T:—l—) az:::l(d, — di )((lJ - d]) 5 (338)
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where d¢ is the value of d; measured on configuration . In the limit of an infinite

number of configurations (3.58) tends to the true covariance matrix.

The minimum of chi-square is the point at which

ox®
a:l:,' -

0, (3.59)

for each model parameter. If the model function is linear then (3.59) is a set of
linear equations which can be solved analytically. For a nonlinear model function
x? is minimised numerically. The algorithm used in this work is the Marquardt-

Levenberg algorithm [30].

If there are enough configurations then, to a good approximation, the data
averages (d;) are from Gaussian distributions and the covariance matrix is accu-
rately estimated. In this case chi-square can be used to rigorously test if a fit is
acceptable at a particular confidence level. This is done by Q(x?,v), where the

number of degrees of freedom is
v = [Fit parameters] — [Data points] . (3.60)

Q is the probability that chi-square exceeds x? assuming that the model function
is exactly right. In a typical lattice fit it isn’t possible to apply a stringent test to
@, but it can still be used as a guide to whether a fit is acceptable. Another useful
guide is reduced chi-square = x*/v. This should be about 1 for an acceptable fit.

3.14 Statistical errors

The fitted parameters ¥ have an error, called the statistical error, due to the finite
number of gauge configurations. It is important to estimate this error. In general
a lattice calculation has a small data sample (IV of the order of a few hundred)
and a non-Gaussian distribution of the data. The method that has been chosen
to cope with this is the bootstrap. N gauge configurations are picked at random
(with repetition) from the sample, to create a bootstrap sub-ensemble. The fitting
procedure is then repeated with the sub-ensemble exactly as for the true sample.

This gives a new estimate of the fit parameters. This procedure is repeated Nyoo1
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times to generate a bootstrap distribution for each of the fit parameters. The
upper and lower bounds on parameter z; at confidence level X% is given by the
following procedure. Put the Ny, values for z; in ascending order, then the

X Nioot /200°th value is the lower bound and the (100 — X') Nyt /200°th is the
upper bound.

3.15 Remarks on the covariance matrix

To gain an intuitive understanding of correlated chi-square (3.57) diagonalise the

covariance matrix

C'= RCRT , (3.61)

where C is the covariance matrix and R is an orthogonal matrix chosen so that
C' is diagonal. Chi-square can then be written in the more familiar uncorrelated
form

1 -
NOEDY o (di = mi(7))" (3.62)

where d = Rd and ' = R using vector notation instead of the index :. Note
that C!/; are the eigenvalues of C. The correlated observables can be considered

as a linear combination of uncorrelated observables.

If two observables 7 and 7 have very different systematic errors, or are known to
be uncorrelated then the covariance matrix elements C;; and C}; should be set to 0
by hand. The covariance matrix can have very small eigenvalues due to statistical
fluctuations in the data. In extreme circumstances the matrix cannot be inverted.
The approach taken in this work is to use the singular value decomposition (SVD)
inverse. Very small eigenvalues are set to infinity for calculating the inverse.
A more sophisticated approach proposed in [31] is eigenvalue smoothing. The
N lowest eigenvalues of the covariance matrix are replaced with their average.
However fits using this method gave the same results as fits using SVD where

tested in this work.

The correlation matrix is given by
CiiCjj

Corr;j =

(3.63)
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The correlation matrix is a normalised version of the covariance matrix. If an
element is 1 the observables are completely correlated (so the diagonal elements
are 1), if 0 not correlated and if -1 completely anticorrelated. As the number of

gauge configurations increases the correlation matrix tend to a constant matrix.



Chapter 4

Analysis of two-point correlators

4.1

Details of the simulation

Two ensembles of gauge configurations were used in this work, generated using

the Wilson plaquette action and the quenched approximation. There are 302

B = 6.0 configurations and 216 S = 6.2 configurations. The propagators were

calculated using the clover improved Wilson action. The improvement coefficient

csw used is the nonperturbative value calculated by the Alpha collaboration [23].

This information and hopping parameters (k) used are summarised in table 4.1.

p =60 B=62
Csw 1.769 1.614
LPxT 16% x 48 24 x 48
#config. 302 216
Light « 0.13344, 0.13417, 0.13455 0.13460, 0.13510, 0.13530
Heavy « || 0.11230, 0.1730, 0.12230, 0.12730 | 0.12000, 0.12330, 0.12660, 0.12990

Table 4.1: Parameters of the simulation.

The two-point correlators were calculated with momentum p for the cases
I7] = 0,1,v2,V/3,V4 in units of 27/al (these units are used for momentum

throughout this chapter). In the |p] # 0 cases several p’ were used to increase

33
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statistics. The momenta used for the three lowest values of |p] are listed in table

4.2. Only one of the pair p, —p was used because the corresponding correlators

are trivially related.

|p] P
0 (0,0,0)
1 || (0,0,-1), (0,-1,0), (-1,0,0)

V2 | (-1,-1,0), (-1,0,-1), (0,-1,-1),
(-1,1,0), (-1,0,1), (0,-1,1)

Table 4.2: Momenta used to calculate the meson correlators, in units of 27 /aL.

4.2 Operator smearing

The meson correlators were calculated with smeared operators to increase overlap
with the groundstate. The situation for the heavy-light mesons is simpler as only
one smearing combination is of interest here. The heavy quark propagator is

Boyled at source and sink and the light propagator is local at source and sink.

This is visualised in figure 4.1.

Kg K heavy

L(c;rF/_\L(c;r F Boyled Boyled
e

KL K light

Figure 4.1: Schematic of the light-light smearing (left) and heavy-light smearing
(right). ‘F’ is fuzzed, ‘L’ is local.

The light-light meson correlators were calculated with one propagator local
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at source and sink. The other propagator was local or fuzzed at source and local
or fuzzed at sink, giving four possibilities. This is visualised in figure 4.1. The

following notation is used to specify a light-light correlator
XYK:F, LLK:L s (41)

where quark propagator with hopping parameter kxr has smearing X at source
and Y at sink, quark propagator with kj is local at source and sink. In total
there are four correlators for a degenerate meson and seven correlators for a
nondegenerate meson. In fact not all correlators were calculated. It turns out
that correlators of the form LFkp, LLky are very noisy in comparison with the

other three possibilities and are not useful.

0.06 T T T

-~~~ Pseudoscalar LL,LL
—— Pseudoscalar: FF,LL
—=—- Vector: LLLL
— Vector: FF,LL

0.03 |

Noise

-
-
—
-

002f o pem=m ]

—==
-
-
-
|

0.01

0 ) " 1
12 14 16 18 20 22

Figure 4.2: The noise on four light-light meson correlators, as a function of time.
Noise is defined to be [standard deviation]/[mean] for each time slice. The corre-

lator shown is 8 = 6.2, k = 0.13460, 0.13460.

Figure 4.2 shows the noise for four light-light correlators. The noise on the
pseudoscalar correlator is approximately constant with time whereas the noise on
the vector correlator increases approximately exponentially. This agrees with the
simple analytic prediction [32]. The fuzzing reduces the noise on the pseudoscalar

correlator, but unfortunately it increases the noise on the vector correlator.
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4.3 Overview of the fits

Fitting lattice correlation functions requires intuition and experience. There is no
recipe that gives the best procedure. There are several useful ways of visualising
whether a fit is good or not. These are described here using the f = 6.2, k =
0.12000, 0.13460, |p| = O correlator as an example. In the graphs shown circles
are the average of the correlator over configurations, errors are calculated by
bootstrap. 1000 sub-ensembles are used in the bootstrap analysis. In a few
cases increasing the number of bootstrap sub-ensembles to 2000 was investigated.
This was found to have a negligible effect on the error suggesting that 1000 sub-

ensembles is enough.

A meson two-point correlator is predicted to be a sum of exponentials (3.28).
The simplest fit ansatz assumes that the groundstate dominates the sum. The

fit function is
F(t) = (e 4 e7=2T7Dy (4.2)

where the z; are free parameters; z; is the overlap of the meson operator with the
state and z, is the meson mass in lattice units. This is referred to as the single
exponential ansatz because there is only one free parameter in an exponential.
The single exponential is only good when ¢ and T' — ¢t are sufficiently large. A fit

range must be chosen for which the groundstate approximation is good.

The two-point correlator is shown on a log plot in figure 4.3. In practice a log
plot is not very useful for choosing fit ranges. A much more useful quantity to

plot is effective mass

L Copr(t — 1) + Copr(t + 1)
2Cqpr(t)

meys(t) = cosh™ (4.3)

An effective mass plot is shown in figure 4.4. The correlator at time ¢ has been
averaged with time slice T — t. If the groundstate approximation is correct, the

effective mass is constant and equal to the groundstate mass in lattice units.

A sliding window analysis can be used to investigate different fit ranges.
Ansatz (4.2) is fitted to the correlator in the range ¢ to iq, for many differ-

ent ¢. The fit parameters z;, zo and the goodness of fit criterion () are plotted as
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Figure 4.3: Logarithmic plot of the 8 = 6.2, x = 0.1200,0.13460, |p] = 0 Boyled

pseudoscalar correlator. The error bars are smaller than the points.
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Figure 4.4: Effective mass plot. The same correlator as in figure 4.3 is shown.

a function of ¢. This is shown in figure 4.5. The fits used correlated chi-square
and t,me; = 22. Time slice 23 is too noisy to be useful. Nearby time slices are

extremely correlated. For example time slices 12 to 15 of the correlator have
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Figure 4.5: Sliding window plots for a single exponential fit. The fit range used
is from ¢ to 22. The left plot shows how the goodness of fit criterion @), the right

0.1 |

plot shows the free parameters of the fit, described in (4.2). The same correlator

as in figure 4.3 was used in the fits.

correlation matrix,

1 0983 0.962 0.939
0.983 1 0.987 0.969
0.962 0.987 1 0.988
0.939 0.969 0.988 1

(4.4)

The low value of Q for ¢ < 11 relative to ¢ > 11 in figure 4.5 indicates a bad fit
when ¢ < 11.

4.4 The heavy-light pseudoscalar

As a general principle, estimates of the same quantity are averaged before fitting.
Time slices t and 7' — ¢ and all momenta with the same |p| are averaged. From
looking at sliding window and effective mass plots (e.g. figure 4.4) it was decided
to use single exponential fits for the pseudoscalar meson. Figure 4.4 shows that

the Boyle type smearing does a good job of reducing overlap with excited states
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without making the correlators noisy. All 4 heavy x 3 light |p] = 0,1,/2 corre-
lators were fitted to a single exponential (4.2) with z; and z as free parameters.
The fit range was chosen to be times 12 to 22 for both § = 6.2 and f = 6.0.
Correlated chi-square fits were used. The 8 = 6.2 results are in tables A.1, A.2
and A.3, the 8 = 6.0 results are in tables A.7, A.§ and A.9.

In the continuum, energies at different momenta are related by the dispersion
relation

E* = |p)* +m?. (4.5)

On the lattice Lorentz symmetry is broken to hypercubic symmetry and the

dispersion relation does not hold exactly. The fitted energies are compared to the

dispersion relation in figure 4.6.

—
085 | .
08 b 151
0.75 1.4
0.7 & L 1.3 L
0 1 2 0 1 2
IpP? Ipl?

Figure 4.6: Testing the dispersion relation. The data points are fitted energies,
the line is the dispersion relation calculated using the fitted mass. Momentum
is in units of 27 /aL. The left-hand graph is f = 6.2, the right-hand graph
is B = 6.0. The kappa combinations are 0.13460, 0.12000 and 0.13344, 0.1230

respectively.

Figure 4.6 shows no detectable deviation from the dispersion relation for 8 =
6.2, but very clear deviation for # = 6.0. It would be interesting to continue the
B = 6.2 graph to higher |p]? and try and find at what point the energy noticeably

deviates from the dispersion relation. However, the sliding window analysis for
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the B = 6.2, |p]? = 3 correlator indicates an unreliable fit if time slices less than
15 are included. Fitting times 15 to 23 gives a value for the energy but its errors

are too large for it to be useful.

To reduce the error on the parameter z; for the 8 = 6.2 case the fits were

repeated with the energy held fixed at its dispersion relation value. These results
are in tables A.2 and A.3.

4.5 The light-light vector, |p]> =0

There is an extra complication to the vector not present for the pseudoscalar;

there are two Lorentz indices on the correlator (3.33). In the |p]*> = 0 case
011/’12]3:]" = 0‘2/,22PT = Ce/?ZPT = év otherwise C\;;:/ZPT =0 (46)

where, in the groundstate dominance approximation,

_ |Zvp

Cv(t,1p) = By

(e Bvt 4 e~ BV(T-0)y (4.7)

The situation is not much different than for the pseudoscalar. The three non-zero
correlators are averaged for the fit and the other correlators, which are stochastic
estimators of zero, are discarded. Fit ranges were chosen using the sliding window

analysis and effective mass plots. The fit parameters are in tables A.4 and A.10.

In general the fit parameters for the vector have larger errors than the fit pa-
rameters for the pseudoscalar. These error bars reflect the noise on the F'F, LL
correlator. Figure 4.2 shows that the LL, LL correlator is considerably less noisy
than the F'F, LL. The noise level of the F'L, LL correlator is in between. Includ-
ing all three correlators in the fit might reduce the errors on the fitted parameters,
although it requires introducing additional free parameters. Unfortunately the
groundstate approximation is not good for the LL, LL correlator. To include it
in the fit a double exponential fit is used which takes account of the groundstate

and the first excited state. The double exponential ansatz is

F(t) = ma(e7 4 e T70) (et 4 72T (43)
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where z, is the energy of the groundstate and z4 is the energy of the first excited
state. The three correlators are simultaneously fitted with a double exponential.
The masses T, x4 are the same for each correlator, z,,z3 are different for the
different correlators but not completely independent. To show this the following

notation is introduced,

Zj\’nr = <0|Q$, X(O)lsi>ﬁa77r> > (49)

where X is F' or L and 7 is 0 or 1; Sq is the groundstate, S, is the first excited
state. Here L means that the source (or sink) of both quark propagators is local,
F means that the source (or sink) of one of the quark propagators is fuzzed
the other is local. The parameters z, 3 have the following values for the three

different correlators

ZO 2 Zl 2
T, = '—L|—, T3 = 121" for LL,LL
2.’1,‘2 2324
VAYA: VAVA:
a, = L2E g = ZLTF for FL,LL
2$2 21114
02 12
T, = |ZL|, T3 = |—Z—F|— for FF,LL
2:(22 2:134

In total there are 6 free parameters in the fit.

In general double exponential fits are unstable. To find the minimum of
chi-square the algorithm needs to be started from a point already close to the
minimum. This was achieved by first doing a single exponential fit to obtain
To, 2%, Z3. Secondly the double exponential fit was done, but with the parameters
Tq, Z%, Z? held fixed at their values from the first fit. This gave the starting point
for the full double exponential fit.

Choosing fit ranges for double exponential fits is difficult. Effective mass plots
are no use, and there are many more parameters to consider in the sliding window
analysis. There are three correlators and in the full sliding window analysis the
three fit ranges can be varied independently. Figure 4.7 shows an example sliding
window plot. The strong dependence of am; on fit range makes the fits difficult
to trust. The final fit range used for f = 6.2 was 9 to 23 for all three correlators

as this was the largest range which gives an acceptable ). The fitted parameters



CHAPTER 4. ANALYSIS OF TWO-POINT CORRELATORS 42

}» | eam, (g;'roundsta;e) | 1075
041 1 "' mam,

039 b l } ‘|‘ T i 1055
am, }: T I I I am,
037 | I } f ‘J[ ® {035
035 ' L . . M Y

9 10 1 12 13 14

Figure 4.7: A sliding window plot for the double exponential fits described. The
fit ranges are 9 to 23 8 = 6.2 for the FF'F, LL and F L, LL correlators and ¢ to 23
for the LL, LL. All the fits shown have a good ). « = 0.13460,0.13460, 8 =
6.2, |p]> = 0 correlators were used in the fit.

are in table A.12 and a comparison with the single exponential fit is made in
table A.4.

The parameters from the double exponential fits agree with those from the
single exponential fit. This suggests that both methods are reliable. It also
suggests that the right strategy was used to chose the fit range for the double
exponential fit. The fuzzing enhances the ground state relative to the first excited
state. Using the 0.13460, 0.13460 case as an example

2k

ZF — 075
2
7L
“L_96.
2L

The enhancement of the groundstate is important for the analysis of the three-

point correlators.



CHAPTER 4. ANALYSIS OF TWO-POINT CORRELATORS 43

4.6 The light-light vector, |5]? # 0

At momentum |p]> = 1,2 the diagonal correlators (i.e. of the form Cy/;py) have

three different values. Ignoring possible lattice artefacts these are

C(./i,?PT = CN’V 1= 1727 3 pi =0 (case 1)
Ciapr= (14 Oy i=123 P40 (case?) (410
Cipr = —[p1A(Z)? Cy (case 3).

The factor multiplying Cy is the polarisation sum given in (3.37). In the |p]2 =1
case all the off-diagonal correlators are zero. In the |p|® = 2 case the off-diagonal
correlators

Cilapr for i# j and [p'| = |p'| =1 (4.11)

are non-zero. Unfortunately the off-diagonal correlators were not saved and so

have not been used in the fits.

Two approaches were considered for fitting the vector correlator at {p] # 0,

which are described in the following subsections.

4.6.1 Method 1

The form factor calculation in chapter 5 requires the factor Zy (4.7). The mass-
dependent factors multiplying Cy in cases 2 and 3 of (4.10) need to be dealt with.

A simple approach is to sum the diagonal correlators giving

3" Clpr(t,B) = 3Cv (¢, I71) - (4.12)
mn
The mass dependent factors in the sum cancel. The fit procedure is now the same

as in the pseudoscalar case.

This method is unsatisfactory because it involves averaging correlators which
are estimates of different quantities. The three different cases of correlator may
have different statistical errors. Summing over all the correlators hides this fact

and could lead to an unnecessarily large error on the fitted parameters.
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4.6.2 Method 2

The motivation for this method is to avoid averaging correlators which are not
equal. Correlators which are equal according to (4.10) are averaged. This gives
3 average correlators, one for each case. These are simultaneously fitted with the

ansatz

J(1) = Kcase (5, m)zs (772 + =219 (4.13)

where K is the factor multiplying Cy in (4.10) and z;, z, are the free parameters.
The fitted mass is used to calculate K. Sliding window plots for this method
are shown in figure 4.8. The fits use correlated chi-square, with a block diagonal
correlation matrix, that is correlations between the different cases are set to 0.

The @ values are good for fits starting at ¢ > 10.
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Figure 4.8: Sliding window plots for fits to the light-light vector meson using
method 2. The fit range is from ¢ to 23. The F'F' 0.1346, LL 0.013460 B8 = 6.2

|p]2 = 1 correlator was used in the fit.

4.6.3 Comparison of the methods

Four possibilities were considered for fitting the vector two-point function at

|7]?> # 0. The options were: method 1 or 2, with the energy a free parameter or
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fixed at its dispersion relation value. The results from the four possible fits to

the heaviest vector are compared in table 4.3.

method 1 method 2

Parameter E fixed E free E fixed E free

Zy(|p1? = 1) || 0.0695%12 | 0.071F5 | 0.0670*1% | 0.070*3
aE(|p)? = 1) || 0.461%3 | 0.464F2 | 0.461%3 | 0.465*:
Zy([p12 = 2) || 0.0592F17 | 0.065+2° | 0.056171¢ | 0.055%S
al(|p)2 =2) || 0.530%3 |0.544%2L | 0.53013 | 0.527%13

Table 4.3: Comparison of the parameters Zy, a«F obtained by different types of
fit. The correlator F'F 3460, LL 3460, B = 6.2 was used.

The fitted energies in table 4.3 satisfy the dispersion relation within errors.
This is shown graphically for f = 6.2 and £ = 6.0 in figure 4.9. It was decided

to use a one-parameter fit as these give much smaller errors on Zy.

032
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Figure 4.9: Testing the dispersion relation for the light-light vector. The data
points are fitted energies, using method 2, the line is the dispersion relation

calculated using the fitted mass. Momenta are in units of 2a7/aL. The kappa
combinations are 0.13460, 0.13460 and 0.13344, 0.13344.
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The value for Zy depends significantly on whether method 1 or method 2
is used. The reason is that the vector two-point correlator does not satisfy the
continuum prediction for the three possible values multiplying Cv given in (4.10).
This was found by repeating the method 2 fit with the full correlation matrix, i.e.
correlations between the different cases not set to zero. The value of () obtained
indicated a bad fit. This is nicely illustrated by dividing the averaged case 2
correlator by the averaged case 1 correlator. This ratio is referred to as (. The
numerator and denominator of { are highly correlated, so there is a dramatic can-
cellation of statistical errors. In the continuum, and with groundstate dominance
this ratio is 1 + (25 )%. The method 2 fit relies on this result. The continuum

and lattice ratios are compared in figure 4.10.

4.6.4 Fuzzing and rotational symmetry

Figure 4.10 shows that the LL, LL correlator agrees with the continuum predic-
tion for the ratio ¢, but the LL, FF correlator disagrees. At time slices 12 and
13 the disagreement is at more than the 6o level. The LL, LF and LL, F'L are
in slight disagreement with the continuum prediction, at between the 1 and 2 o
level. These results suggest that the local vector operator is more continuum-like

than the fuzzed vector operator.

The continuum value of ¢ was derived in section 3.8 by using the sum over
polarisations for a massive vector particle. An equivalent derivation relies on
rotational symmetry. The vector two-point function (Cy5pr) is a tensor with
two indices. The only tensors with the same transformations under rotations are

p*p” and ¢g". Therefore

v ZV 2 v Uy —
Cltipa(t,) = T (=g 4 app)e (4.14)

where the variable « is not determined by rotational symmetry. The continuum

Ward-Takahashi identity for a flavour-changing vector current [16] gives

Puc\lj:;PT =0, (4.15)
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Figure 4.10: The ratio (. The data points are the lattice value of the ratio,
the line is the continuum prediction. The filled circles are time slices where the
groundstate-dominance approximation is reliable. Each graph is for a two point
function with different smearing (the smearing is noted on each graph). The
correlator used is k = 0.13460,0.13460, 8 = 6.2, |p]> = 1.

so a = 1/m%. Therefore

Ly |ZV|2 v, PP _E
Cvapr(t,p) = E(—g“ + ) (4.16)

as was derived earlier. Results (4.14) and (4.15) are exact in the continuum,

but not exact on the lattice. However, if the lattice spacing is fine enough these
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conditions will be approximately true. Fuzzing the vector operator makes either

(4.14), (4.15) or both a less good approximation.

A reasonable conjecture is that rotational symmetry is violated more strongly
for the LL, FF correlator than for the LL, LL correlator. To justify this consider

the fuzzed vector meson operator [25]

6
Vhoes(0) = ¢ S i@+ 7 OF @67 o a(Fr) . (417)

i=1
Here the 7; are in the direction of the lattice axes and F(Z,¢;7;,) is the prod-
uct of fuzzed links between @ and & + 7; at time slice ¢. The fuzzing treats the
three spatial lattice axes differently from other directions. It is easy to imagine
a more rotationally symmetric smearing procedure than (4.17), which includes
additional terms with 7; not in the direction of the lattice axes. This study uses
|7:| = 6a at B = 6.0, |7;| = 8a at f = 6.2. At momentum 1 in lattice units the
wavelength associated with the momentum is aL. The fuzzing length is smaller
than the wavelength of the momentum, but not insignificant. If rotational sym-
metry is being spoiled by the fuzzing then (4.14) is modified by terms forbidden
by rotational symmetry, but permitted by hypercubic symmetry. The additional

term which is lowest order in the lattice spacing is
(")’ + (")’ . (4.18)

with no summation convention. The fuzzed vector operator at |p] # 0 needs to

be investigated further.

The results for fitting the |p] # 0 LL, F'F correlator are listed in tables A.5
A.6 and A.11. The results for method 1 and 2 are both listed. For the form factor
calculation the method 1 calculation of Zy was used. The difference between the

two results was treated as a systematic error.
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4.7 Quark mass

The free parameter which determines quark mass in a simulation is the hopping
parameter, . For free fermions the quark mass is

1

am, = — —
77 9

(4.19)

which is a rearrangement of (2.22). However in the interacting theory this ex-
pression is modified by renormalisation. For the Wilson action the quark mass is

modified by an additive renormalisation. The quark mass is given by

1 1
am)” (4.20)

- 2% 2Kk.
where k. 1s the critical value of the hopping parameter, at which the quark mass
vanishes. This work uses the O(a) improved Wilson action which causes an
additional mass dependent multiplicative renormalisation of quark mass. In this

case the quark mass is given by
mg =m, (1 + bpam]”) . (4.21)

The value used here for b,, is the one-loop tadpole improved perturbation theory
result [33]
1
by = —5~ 0.0962g2 . (4.22)

b, has also been calculated nonperturbatively for f = 6.2 [34]. There is a fairly
large error on this result and it is in good agreement with perturbation theory so

it has not been used.

Chiral symmetry arguments suggest that the mass of a pseudoscalar meson

composed of light quarks satisfies
md = B(mg1 +mga) (4.23)

where m,; are the quark masses given by (4.21) and B is a mass independent
parameter of QCD. This relation (4.23) is used to determine the critical value
of the hopping parameter and the light quark masses. Substituting (4.21) in to
(4.23) yields

nz;zg(_1+bm)+§(1_%_)(%+i)+%(i2+:§>. (4.24)

Ke 2K,
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This relation was used to determine k.. The lattice results for amp were fitted
to 3 x 3 K1, ko combinations with ¢B and k. as unknown parameters. This was

done in [19], giving
ke = 0.13525215¢ (B =6.0)
ke = 0.13581571] (B =6.2).
(4.25)

Table 4.4 contains the quark mass for each of the x values used in the simulation,

calculated using 4.21.

B =62 B =6.0

K am K am
0.13530 | 0.014 [ 0.13455 | 0.019
0.13510 | 0.019 | 0.13417 | 0.029
0.13460 | 0.033 [ 0.13344 | 0.049
0.12990 | 0.15 | 0.12730 | 0.20
0.12660 | 0.23 [ 0.12230 | 0.30
0.12330 | 0.29 [ 0.11730 | 0.37
0.1200 | 0.35 || 0.11230 | 0.42

Table 4.4: The quark mass for each of the k values used in the simulation.

4.8 Matching quark masses to experiment

The masses of the light pseudoscalar mesons are used to determine light quark

masses. Applying (4.23) to the observed light pseudoscalar mesons gives
mZy = B(my + my)

mii = B(m, + m;)

m2o = B(ma+my) . (4.26)
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In this study isospin symmetry is assumed, i. e. m, = my, and the kaon masses

are averaged according to

1
my = i(mﬁ{i + m¥o) . (4.27)

The lattice light quark masses are given by

M [O)2r,
amg = (aO)Z% (4.28)
a(ms +mg) = (aO)QM , (4.29)

aB
where O is the quantity used to set the scale (lattice spacing) and the ratios

with subscript ezp are the experimental values. « B and ¢ O are calculated on the

lattice.

The values amg, amy calculated by the above procedure depend on which
physical quantity is used to set the scale. This is not a surprise because the
theoretical pseudoscalar masses are not calculated in the right theory; they are
calculated in quenched QCD at nonzero lattice spacing. This problem always
occurs when comparing quenched calculations with experiment. The standard
approach is to use several different physical quantities to set the scale, and treat
the variation in the result as a systematic error. In this work rg is used to set the
scale unless otherwise stated. Phenomenological results are also calculated using

m, to test the scale dependence of the result and estimate the systematic error.

4.9 Quark mass dependence of the pseudoscalar

The pseudoscalar masses are extrapolated in light quark mass for the form factor
calculation. This is done separately for each heavy quark mass. The meson
masses are linear in light quark mass to a very good approximation, as shown in
figure 4.11.

Given the size of the error bars on the data in figure 4.11, it is surprising that

the central values are so close to the fitted line. This is because the three data
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Figure 4.11: The dependence of the heavy-light pseudoscalar mass on the light

quark mass. The data are fitted masses, the line is a linear fit. Kpequy = 0.12000.

points are highly correlated. The correlation matrix for the data in figure 4.11 is

1 0.979 0.876
0979 1  0.950 (4.30)
0.876 0.950 1

with Kyigne in the order 0.13530, 0.13510, 0.13460. The parameters from correlated
and uncorrelated fits are virtually the same in this case. However, for the fit
shown in figure 4.11, a correlated fit gives @ = 0.116 and an uncorrelated fit
gives @ = 0.892. Clearly the uncorrelated fit overestimates ). Correlated fits

were used.

In this situation correlated data is an advantage. Errors on the fit parameters
are calculated by using the bootstrap method. The fit is repeated for each boot-
strap sub-ensemble. To correctly handle the correlations, the three data points
fitted always come from the same bootstrap sub-ensemble. To find out what the
errors would be if the data were uncorrelated the fits are repeated using differ-

ent bootstrap sub-ensembles for the three-points. Comparing the resulting fit
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parameters:

Slope : 1.25%1%  (uncorrelated) 1.2575  (correlated)

Intercept : 0.798%5 (uncorrelated) 0.798%3 (correlated) .

The correlations in the data allow a much more accurate determination of slope

than would be possible with uncorrelated data.

4.10 Quark mass dependence of the vector

Figure 4.12 shows the dependence of vector meson mass on average quark mass.

As before the data are highly correlated. A linear ansatz fits the data well.

0.39
037
>
2 035}
«©

033 |

0.01 0.02 0.03
(am,+am,)/2

Figure 4.12: The dependence of the light-light vector mass on averaged quark

mass. The data are the fitted masses, the line is a linear fit.



Chapter 5

Analysis of the three-point

correlators

5.1 Form factors

The three-point correlators depend on the matrix element
(V.k,nlJ.|P,p) , (5.1)

where J* is either A* or V#, n is the polarisation vector of the V and p, k
are four-momenta. This matrix element describes the nonperturbative part of
a semileptonic decay. The matrix element can be decomposed in terms of form
factors, that is, the matrix element can be expressed in terms of a few functions
of q* (where ¢ = p — k). This is proved by using the Lorentz, parity and charge

conjugation symmetries of the current and states.

The matrix element (5.1) with a vector current depends on one form factor.
The conventional parametrisation, used here, is
2V(q?)

L |V =
(V;I»,nl‘#lp’p> mp + my

6,Wagp”ic"1}*5 . (5.2)

For the case of an axial current the matrix element depends on three form factors.

A parametrisation convenient for phenomenology is
(V. k0 | AP, p) = i(mp +mv)Ai(q®)guom,”

54
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ZAQ((]Z)
e— (» + k) ugony”
2imv A(q? ‘o
H2 DGR . (69)

Any three form factors related to A;, A;, A by an invertible linear transformation
can be used for the form factor decomposition. The following form factors are

sometimes useful

As(q*) = m—;i%\ifh(qz) - m};n;wmvflz(qz) (5.4)
Ao(q®) = A(d”) + As(q”) - (5.5)

At g? = 0 there are only two independent axial form factors. This is expressed

by the constraint

Ao(0) = As(0) - (5.6)

The three-point correlators depend on the polarisation-averaged matrix ele-

ments. In terms of form factors these are
2V(q*)

V. k / _ - N1/ P 1.0
2771/(\ >l",77r|‘# IP7P> mp +7nv5upaup k (57)
r . 2 k}—‘ku
Z 77u<v> kv erAuIPaP> = ?'(mP + ?nV)Al(q )(gu,u - W)
iAs(q*) -k
+mp + my (r+ A)“( k Pv)

2imvA k
JBAWD) gy, ), (58)

TI'L v

where r labels the three possible polarisations of the vector.

The form factor decomposition presented here is for continuum Minkowski

space. The Euclidean space decomposition is obtained by the substitution
Jt=1J°

nt =n°. (5.9)
In principle the form factor decomposition is different on the lattice, because
Lorentz symmetry is modified to hypercubic symmetry. The lattice form fac-
tor decomposition will tend towards the continuum one as the lattice spacing is

reduced and is not considered here.
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5.2 Lattice details

The same gauge configurations described in chapter 4 were used in the calculation.

The three-point functions calculated are of the generic form

Chpr(P,G,t) = Y e ' PF 99 (0| T{Qp(Z, tr = 28)J*(5, 1) (0)} 0) , (5.10)
Z4

described in section 3.10. The flavour-changing current J* is either A* or V*. For
the improvement counter terms the correlator is also calculated with the flavour-
changing tensor and pseudoscalar. The pseudoscalar operator, {p, is always at
time tp = 28. Moving this would require recalculating the extended propagator.
The three-point function is calculated with all possible values of . The situation
t > 28 is referred to as the back of the lattice and t < 28 is referred to as the
front of the lattice. p is the momentum of the pseudoscalar, ¢ is the momentum

transfer of the decay. The momentum of the vector is k, where

The three-point correlator and most of the notation conventions are shown in
figure 5.1. The quarks are refered to as active, passive and heavy with hopping

parameters k4, kp and Ky respectively.

T (tq)

Active, K,

V (0.K) Ps (1;=28,p)

Passive, Kp

Figure 5.1: Schematic of the three-point correlator.

The combinations of the momenta p and k used in the simulation are listed

in table 5.1. The p, k combinations have been grouped into 9 momentum chan-
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Channel name P k
0—0 (0,0,0) | (0,0,0)
0—1 (0,0,0) | (0,0,-1), (0,-1,0), (-1,0,0)
0— 2 (0,0,0) | (-1,-1,0), (-1,0,-1), (0,-1,-1),
(-1,1,0), (1,0,-1), (0,-1,1)
1—=0 (0,0,1) | (0,0,0)
1 —=1u (1,0,0) | (1,0,0)
1—=1.1 (1,0,0) | (0,-1,0)
1 — 1yt (1,0,0) | (-1,0,0)
1 —2u (1,0,0) | (1,1,0), (1,0,1), (1,-1,0)
(1,-1,0)
121 |(1,00) | (0,1,1),(0,1-1), (0,-1,1)
(0,-1,-1)

Table 5.1: p, k combinations used in the simulation, grouped into momentum
channels. The momentum channels are referred to by a name of the form |p]* —
|l—c’|2 Where necessary the name includes the orientation of p'and k. For example

L indicates that p and k are perpendicular.

nels. All the p, k combinations in a particular channel are related by hypercubic
symmetry and have the same ¢°>. Each channel has a name so that it can be
referred to in the tables and text. The name is of the form |p]2 — |k|2. If |5]? and
|l_c‘|2 are both nonzero, then the channel name includes the relative orientation
of p and k. For channel 1 — 1 there are three possible orientations of # and E;
parallel, perpendicular, and antiparallel. These orientations are included in the
channel name using the symbols L, |, and n respectively. For channel 1 — 2 two
orientations were considered. These were referred toas 1 —+ 2 L and 1 — 2,

although p and k are not parallel in the latter channel.

The three-point correlators are calulated with 4 xy values, 3 k4 and 2 kp,
giving 24 k combinations in total. The active quark propagator is fuzzed at (v,
the heavy quark is Boyled at Qp. The flavour-changing current is local and both

ends of the passive propagator are local.
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5.3 Improvement and renormalisation

The action used in the simulation is the O(a) improved SW action. The axial
and vector currents need to be improved by adding counter terms, given in (3.16).
This can be simply implemented by improving the three-point correlator. In the

case of the axial correlator,

C§”3p§~ _ { Chapr +icasin(q”) Cp gpr  for p=1,2,3

Yapr £ casinh(q*) Cf ;pp for p =4, 4 for t < 28, — for t > 28
(5.12)

where C}S{;PT is the (improved) axial correlator, Cp3pr is the three-point corre-
lator with a flavour-changing pseudoscalar and ¢* is in lattice units. ¢* is defined
to be positive. This result is from applying the discretised partial derivative to
Cpspr. The case u = 4 assumes that the correlator is decaying exponentially
and is different for back (¢ > 28) and front of the lattice. The constants used for

improvement and renormalisation are listed in table 5.2.

coefficient || 8 =6.0 | B =6.2 | reference
Ly 0.770 0.7874 | LANL [24]
by 1.53 1.42 | LANL [24]
Za 0.807 | 0.818 |LANL [24]
by 128 | 1.32 |LANL [24]
ev 0.107 | -0.09 | LANL [24]
ca 0.037 | -0.032 | LANL [24]
csw 1.769 1.614 | Alpha [23]
bm -0.5962 | -0.5931 | Alpha [33]

Table 5.2: Constants needed to implement improvement in this work. All except
for b,, are calculated nonperturbatively. Note that the Zy in this table is the
renoramlisation coefficient, not the overlap of a meson operator with the vector

state.

In practice it was convenient to fit the improved three-point correlator and
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then renormalise the form factors. The renormalisation prescription is
[frlrenorm) _ 73 <1 + bJﬂ_n“_;ﬂ) [lbare) , (5.13)

where m, is the active quark mass, m; is the heavy quark mass, and F' is the
form factor. The subscript J is A for the axial form factors or V' for the vector

form factor.

Apart from b,,, the constants in table 5.2 were all determined nonpertur-
batively. Also they are consistent with each other. The LANL constants were
calculated with gauge configurations generated using the Alpha value for csw.
b,, is calculated in boosted perturbation theory. This constant is only needed to
calculate improved quark mass. It does not appear in the form factor calculation

and is the least important coefficient for this work.

A nonperturbative calculation of an improvement coefficient has a discretisa-
tion error. Comparing different calculations of the same improvement coefficient
gives some indication of the discretisation error. Most of the coefficients are found
to vary slightly between calculations. However ¢y depends rather strongly on the

method used to calculate it, especially for g = 6.0.

5.4 QOverview of the fits

The approximate time dependence of the three-point correlator for the back of
the lattice is
v Zp2Zv

— E — -5 v L
o = me EvT oBr ts o—tEp—Ev) an (V,—k,n.|J*(0)|P,—p) . (5.14)

r

This was derived in section 3.10 and is the starting point for the fit. Consider
Clpp with a specific p, k and J. The correlator is calculated for all 16 possible
combinations of Lorentz indices. The form factor decomposition is applied to
(5.14) for these 16 cases. In some cases the correlator is zero and is discarded
from the fit. The remaining correlators may include symmetry-related correlators,
which have equal magnitude. The symmetry-related correlators are averaged,

some multiplied by —1 if necessary. This leaves V,,. averaged correlators which
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all have different form factor decompositions. The other p, k combinations from
the channel have the same N,,. distinct correlators. All correlators from a channel
that can be averaged, are averaged. These are then fitted with the form factors

as free parameters.

The value of N,,. for the different channels and currents is in table 5.3. For
the vector current and channel 0 — 0, Ny, = 0 so the form factor V' cannot
be determined. For the axial current and channel 0 — 0, Ny, = 1, so only one
linear combination of form factors can be determined. It turns out that only A,
can be determined for this channel. For all the other channels used all the form

factors can be obtained.

Channel | Ngye(A) | Nowe(V)
0—=0 1 0
0—1 5 1
0—2 6 2
1 -0 3 2
I — 1w 4 2

1—-11 10 3
1—=1n ) 1

1—=2L 10 3
1—=2un 10 not used

Table 5.3: The number of correlators to fit after averaging and throwing away

stochastic estimators of zero.

To fit the three-point function the time-dependent factor multiplying the ma-
trix element in (5.14) is needed. Two ways were considered for estimating this
factor. One method uses the values for Ep, Ev, Zy, Zp obtained in chapter 4

to construct the time-dependent factor. The alternative method uses the result

Capr(P,tE, k, 1) | Zize S u P AIHO)V, k) < 28
CP,2PT(|t - tEI-, E) CV,QPT(t;ﬁ) ZVZE; Er 77;1(\/7 —k7 77T|Ju(0)|P7 _ﬁ> t>28
(5.15)

which assumes that the ground state dominates the two-point functions.
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The two methods can be compared by plotting the three-point correlator
with the time dependence divided off. These plots are referred to as plateau
plots because there should be a plateau where the approximations are valid. A
plateau plot for each method is shown in figure 5.2. The plateau plot using
fitted energies has a plateau for 33 < ¢ < 47 and possibly a very noisy plateau
for 12 < t < 20. The plateau plot using meson correlators has a much shorter
plateau 34 < t < 40 because outside this region the groundstate dominance
approximation is not valid for the two-point correlators. Even at time slice 38
there is a difference of about 10% between the two types of plots because the
groundstate dominance approximation is violated. It was decided that using

fitted energies is the better method.

‘ i l
-05 T T 1 =05+ I
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Figure 5.2: Example plateau plots for the two different methods. The same three-
point correlator is used in both plots. Time dependence is removed in the left
plot using fitted energies, in the right plot using meson correlators. The plot is

for single correlator (no averaging) from the 0 — 1 case, 8 = 6.2.

The coefficients appearing in the form factor decomposition were needed for
the fit. These were calculated using the momenta and the fitted masses. Corre-
lated chi-square fits were used, but with correlations between different averaged
correlators set to zero. This is thought to be the best procedure because different

correlators have different systematic errors not taken account of by the correlation
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matrix. The error analysis used the bootstrap method and includes the errors on
the fitted two-point parameters. Exactly the same bootstrap subensembles were
used for the two-point fits and three-point fits. This may reduce the errors on
the fitted form factors because of correlations between two-point and three-point

correlators.

5.5 Choosing fit ranges

There are a large number of correlators to fit. For each g there are 9 channels in
the axial case and 7 channels in the vector case. Each channel has N,,. averaged,
improved correlators and 24 k combinations. Fit ranges were chosen separately
for each channel, current, 8, and averaged correlator. The same fit ranges were
used for the 24 x combinations. The fit ranges were chosen by studying plateau
plots. All the plateau plots were looked at for two different x combinations. The
sliding window analysis, which is very useful for choosing fit ranges for the two-
point functions, is too complicated to apply to the three-point functions. A lot
of correlators are being fitted and both the start and end of the fit needs to be
varied. For example, in the axial 1 — 1 L case, Ny = 10 so the full sliding

window analysis is in a 20 dimensional space.

Some example plateau plots are shown in figure 5.3. The correlators in figure
5.3 are much noisier at the front than at the back of the lattice. This was found
to always be the case, so all fit ranges were chosen at the back of the lattice.
The 0 — 1 correlator shown in figure 5.3 has a very long, definite plateau for
33 <t < 47. There is no definite plateau at the front, but time slices 8§ < ¢ < 10
are possibly a noisy plateau and agree with the plateau at the back of the lattice.
The 1 — 0 correlator shown does not have such a good plateau at the back of the
lattice. It was decided to fit time slices 36 <t < 39 as these are midway between
the pseudoscalar and vector meson operators and are consistent with the noisy
plateau on the front of the lattice. The 8 = 6.2 plateau plots typically have a
plateau which is more definite than the 1 — 0 case, but less definite than the

0 — 1 case shown in figure 5.3
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39

Figure 5.3: Two plateau plots used for picking fit ranges. The left graph is the
same correlator as figure 5.2 (0 — 1, 8 = 6.2), averaged with the other symmetry

related correlators and improved. The right hand graph is from channel 1 — 0,
B =6.2.

In the B = 6.2 case all the channels listed in table 5.3 were used. In the
B = 6.0 case plateau plots for some of the channels did not have a well-defined
plateau. An example of this is figure 5.4. Many of the f = 6.0 channels were not
fitted because the plateau plots suggest that the form factors would be unreliable.
Channels 0 — 0, 0 — 1 and 1 — 0 were fitted in the axial case, channels 0 — 1,
1 —0and 1 —» 1 L were fitted in the vector case.

The form factors are eventually extrapolated in light quark mass. It is im-
portant to check that the extrapolation is not strongly affected by the fit ranges
used. To do this the plateau plots for the 6 light x combinations with a particular
kg were superimposed. An example is shown in figure 5.5. The six plateaus are
approximately a constant distance apart for the entire fit range. In this case the
light-quark extrapolation would give similar results irrespective of the fit range

used. The plateaus in figure 5.5 are highly correlated.
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-1 L

Figure 5.4: An example of a plateau plot from a rejected # = 6.0 channel. The
plot is for channel 1 — 1 1, kp = 0.13417, x4 = 0.13417, ky = 0.12230.
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-0.55 [ | Kp Ka
0.13460, 0.13460
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. 0.13460, 0.13530
-0,
0.13510, 0.13460
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Figure 5.5: Comparison of plateau plots with different light quark mass. The
plateau plots all have 8 = 6.2, kg = 0.12000, but different x4, xp. For clarity

error bars are not shown. The correlator is the same as the left side of figure 5.3.

5.6 Results

The fitted form factors A, A;, A; and V for all channels and k combinations

are in tables in appendix B. In all cases the fits gave an acceptable Q). Fits
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were checked visually by comparing the fit with plateau plots. An example visual

comparison is shown in figure 5.6.

0.5

soremy 02 eeees

-1

Figure 5.6: A comparison of the channel 0 — 1 correlators, with time dependence
divided off, and the fit. The sections of plateau used in the fit are shown with error
bars and the best fit is superimposed. The plateaus have been shifted in time so
that they do not lie on top of each other. The correlator is kp = 0.13460, k4 =
0.13460, xy = 0.12000, S = 6.2.

The four = 6.2 form factors are plotted as a function of ¢? in figure 5.7,
for a particular £ combination. The form factors are expected to be smooth
functions of ¢2, but the results in figure 5.7 are definitely not smooth functions
of g*>. However the 8 = 6.2 form factor results are smooth functions of ¢? if the
channels with |E | = v/2 and channel 1 — 1 1 are excluded. The excluded channels

are referred to as unreliable.

The strange results for the |l_5| = /2 form factors were very surprising. The
same gauge configurations, fuzzing radius and techniques were used to obtain the
form factors for the transition heavy-light pseudoscalar to light-light pseudoscalar
in [35]. For these decay channels where the light pseudoscalar has momentum /2
agree with lower momentum channels. A possible explanation why the |l;| =2

results are unreliable for P — V is given below. The argument is heuristic and
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Figure 5.7: The four form factors, for all channels and xp = 0.13460, x4 =
0.13460, xz = 0.12000, B = 6.2. The unreliable channels are open circles.

needs to be investigated further.

There is evidence from the two-point correlation functions that the fuzzed

vector meson operator suffers from large violations of rotational symmetry. This

was discussed in section 4.6.4. The form factor decomposition of the three point

correlator used the result (3.35)

ZV"?r = <O| ‘Q’c(o)l\/' l"_:7 T]"))

(5.16)
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which relies on rotational symmetry. On the lattice, additional terms such as
(n#)? need to be included, although these terms are suppressed by powers of the
lattice spacing. If the operator €2, is fuzzed using a distance similar to the wave-
length of E, then maybe the additional terms forbidden by rotational symmetry
are important. The form factor decomposition of the three-point correlator for
pseudoscalar to pseudoscalar transitions can be derived in a very similar way.

This uses the result

which does not rely on rotational symmetry. Therefore the large fuzzing length

is not a problem for pseudoscalar to pseudoscalar transitions.

The plateau plot for the vector current, channel 1 — 1 1 is shown in figure 5.8.
There is a well defined plateau on the back of the lattice, but with a completely
different value from the indistinct plateau at the front of the lattice. This is
evidence that the result for V from channel 1 — 1 u 1s unreliable. Channel
1 — 1 u was rejected in the axial case because the correlators do not behave
well as a function of light quark mass. This was determined by looking at a plot
of the same type as figure 5.5. The unreliable form factors are not used in the

phenomenological calculations of the next two chapters.

-1

Figure 5.8: The plateau plot for channel 1 — 1 n, with the vector current and
kp = 0.13460, k4 = 0.13460, xy = 0.12000, 8 = 6.2.
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In section 4.6.3 it was shown that there is a systematic error on the overlap
factor for a vector meson, Zy. The two different fit methods used to obtain Zv
give results which differ slightly more than the statistical error. The method 1
determination of Zy was used to determine the form factors presented in appendix
B. The method 2 determination of Zy is typically 4% lower (see tables 4.3 and
A.5). Fortunately the quark mass dependence of Zy is almost the same for both
methods; extrapolating the form factors in quark mass does not increase this 4%
difference. Using the method 2 determination of Zy gives form factors which are
4% higher. In most cases this systematic error is small compared to the statistical
error and can be ignored. The exceptions are A, V for channel 0 — 1 and A,,

V for channel 1 — 1 L. In these cases the statistical errors are about 4%.

5.7 1Issues for a future study

This section gives some suggestions for how a future study could improve the
determination of the form factors. The three-point functions are fitted to an
ansatz which assumes that the three operators are well separated in time. For
some channels the fit range is only a few time slices. With such a small range
it is difficult to be sure that the operators really are well separated in time and,
for example, there is no contamination from excited states. This could be solved
by using lattices with a slightly longer time dimension. This has already been
successfully implemented in [36], which used 24 x 62, 8 = 6.2 lattices to study
the semileptonic decay of a heavy-light pseudoscalar meson to a light-light pseu-

doscalar meson.

The calculation could be improved by using more gauge configurations. This
would make it easier to distinguish systematic and statistical fluctuations in the
plateau plots. A very high statistics study would reveal the systematic devia-
tion of the three-point functions from the continuum form factor decomposition.
However it turns out in the next two chapters that the statistical error is not the

dominant source of error for comparison between lattice and experiment.

In this study the pseudoscalar meson operator was fixed at time slice 28. If
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this operator is put at the midpoint of the lattice then the three-point correlator
at the front and back of the lattice can be averaged. This would reduce the

statistical error.

In chapter 4 some surprising results for the two-point correlator of fuzzed
vector-meson operators were presented. A possible explanation of these results
is that fuzzing enhances violations of rotational symmetry. This effect should be

investigated further and its implication for the three-point functions assessed.



Chapter 6

Semileptonic decays of charmed

mesoins

Chapter 5 described how form factors were obtained from the lattice simulation.
The form factors were calculated for many quark mass combinations and values
of ¢2. To make contact with experimental results the form factors need to be
extrapolated and interpolated to physical quark masses. This chapter describes
how the lattice results were applied to semileptonic decays where the heavy quark
is the charm quark. Three decays were considered; Df — ¢€*v , D¥ — K*°¢*y |
DY — p*v . The decay to a ¢ meson was treated in the same way as the other
two decays, although in reality it is more complicated. The ¢ was assumed to be

pure s3, and the OZI rule suppressed disconnected diagrams were ignored.

6.1 Extrapolation in light quark mass

The form factors are functions of g% and three quark masses. That is
F = F(mp, mqa,mp,q°) , (6.1)

where F' is a generic form factor, and mp, m,, m, are the heavy, active and
passive quark masses respectively. The quark masses have a lower case subscript

to avoid confusion with meson masses. The quark masses are the improved masses

70
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calculated from k as described in section 4.7.

The form factors were first extrapolated to physical values of the light quark
masses Mg, my. This was done separately for each heavy quark mass and mo-
mentum channel. The heavy quark mass is not changed by the extrapolation.
However ¢? is a function of meson mass and implicitly a function of light quark

mass, so it is changed by the extrapolation.

The function used to extrapolate the form factors in light quark mass is mo-
tivated by the following discussion. The ¢* dependence of the form factors can
be modelled by a simple pole,

__ F(O
C1- My,

pole

F(q®) (6.2)
or the sum of a few simple poles. This is discussed further and shown to give
a good fit to the data in section 6.5. My, is the mass of a heavy-light meson
composed of the heavy and active quarks. Therefore the variation in M, during

the light-quark extrapolation is approximately
Myote = ay + azmy, . (6.3)

It is reasonable to assume that the quark mass dependence of F'(0) can be Taylor

expanded. To first order
F(0) = by + bymg + bymy, . (6.4)

The form factors are extrapolated at constant channel, i.e. constant |52, |k|2, |q]%.
The exact dependence of ¢*> on meson mass is known, and the meson masses are
implicitly functions of light quark mass. Substituting (6.3), (6.4) and the ex-
act dependence of ¢* on the meson masses into (6.2) and Taylor expanding to

first-order gives
F |constant channel = C1 + G2y + cam, + csmp + csmy . (65)

The ¢; have different values for different channels. The m, dependence of F(g?)
due to variation in M. and F'(0) has been combined. This expansion is a good

approximation provided that the change in both meson masses is small compared
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to (Mgo,e — ¢*)Y2. In chapter 4 it was shown that my and mp are linear in light

quark mass. Therefore the expansion (6.5) is equivalent to the ansatz
F = z1 + zamy + 23m, , (6.6)

which was used to extrapolate the form factors. Note that z; is the value of F
with chiral light quarks. All the form factors were fitted with (6.6) and in all
cases () indicated a good fit. The lattice values of the strange quark mass and

up/down quark mass was determined by the method described in section 4.8.

The form factors for the semileptonic decay heavy-light pseudoscalar — light-
light pseudoscalar have been calculated in several lattice studies. These can be
extrapolated in light quark mass using the expansion (6.5), with my exchanged
for the mass of the light pseudoscalar. The mass of a light pseudoscalar is not

linear in quark mass, so an extra term needs to be included in (6.6).

An example light-quark extrapolation is shown in figure 6.1. The example
extrapolation was done using both a correlated fit and an uncorrelated fit. The
uncorrelated fit gives @@ = 0.998, the correlated fit gives () = 0.402. To test good-
ness of fit the correlated fit must be used. However the uncorrelated fit was used
for the extrapolation. The fit function is only an estimate of the mass dependence
of the form factors. In fact the form factors are expected to deviate systematically
from the function due to higher-order terms in the Taylor expansion. Correlated
and uncorrelated fits both assume that there are no systematic errors. However
the uncorrelated fit is thought to be more robust to small systematic errors. In

the example shown in figure 6.1 the uncorrelated fit looks the more reasonable.

6.2 Interpolation in heavy quark mass

The four heavy quark masses used in the simulation are around the charm quark
mass. After the light-quark extrapolation the form factors were interpolated in
heavy quark mass to the charm quark mass. The interpolation was done in terms

of the heavy-meson mass, which is implicitly a function of heavy quark mass.

The value of the interpolated form factor depends very weakly on the inter-
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Figure 6.1: An example light quark mass extrapolation. The left graph used a
correlated fit, the right graph used an uncorrelated fit. In each of these cases the
form factor is plotted against m, on two separate graphs, one for each kp. The

form factor shown is Ay, § =6.2,0 — 1, kg = 0.1200.

polation function used if the function is reasonably smooth and fits the data well.

The ansatz used was

T T

where the z; are free parametersand N = % ifFis Ay, N = —% if Flis Ag, Ayor V.
Heavy quark effective theory suggests that this is a good interpolation function
(this is discussed in more detail in section 7.1). In all cases this interpolation

function gives a good fit to the data and is smooth. Two example fits are shown in
N

figure 6.2. The graphs have horizontal axis 1/(amp) and vertical axis I (amp)”,

so that the fitted curves are quadratic.

The point in the interpolation which corresponds to the charm quark was
determined using experimental meson masses. The results were interpolated to
the D meson mass if the passive quark is the up/down quark, and interpolated
to the D, meson mass if the passive quark is the strange quark. Converting the
experimental meson mass to lattice units requires a determination of the lattice
spacing, and introduces a slight scale dependence. The ¢* of a momentum channel

was calculated using the dispersion relation, experimental meson masses and a
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Figure 6.2: Two examples of interpolating to the D, mass. Both graphs are for

channel 0 — 1, 8 = 6.2, m, and m, interpolated to the strange quark mass.

determination of the lattice spacing. g? is also a scale dependent quantity. The

form factors obtained are in tables in appendix C.

6.3 Comparison of f =6.0 and § =6.2

After the extrapolation to a physical decay the 8 = 6.2 and f = 6.0 form factors
are obtained at the same quark masses. The results for the two lattice spacings
can be directly compared to test for discretisation effects. The comparison is most
stringent for the decay D} — ¢ftv where the data have the smallest errors. To
put form factors at both S on the same graph the ratio of the lattice spacings
is required. The ratio of the f§ = 6.2 and f = 6.0 lattice spacings is almost
independent of the physical quantity used to set the scale. The D — ¢ B = 6.0
and 6.2 form factors are compared in figure 6.3. The 8 = 6.2 and g = 6.0 |
results in figure 6.3 all agree within errors. The same conclusion is reached for
the D — K* and D — p decays, although in these cases the data have larger

errors.

In many modern lattice calculations results are extrapolated to the continuum
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Figure 6.3: Comparison of # = 6.0 and f = 6.2 form factors for the decay
Df — ¢ttv .

limit. However this cannot be done reliably with just two § values. Also, the
B = 6.0 results have such large errors it is unlikely that a meaningful continuum
extrapolation would be possible even with 8 = 6.4 results. To compare lattice
with experiment the 8 = 6.2 data were treated as continuum results. The 8 = 6.0

data were only used as a consistency check.
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6.4 Differential decay rate

The differential decay rate for the decay P — V is [37]

ar_ GhlVaal?

a7 = Toammd N ) (PP + HH AP+ H(@)F ) (68)

where V, is the appropriate CKM matrix element,

HO( 2) 1 477L%|E|2 A ( 2) ( 2 2l 2)( + )A ( 2)
= —{mp —my — ™m ™m
q Sy ,—q2 mp + my 2\q P v 4 P v)A1lg )
. (6.9)
y 277"1,p|k|2
+7 2 — 2 (2
H*(¢*) = (mp + mv) A:1(¢") £ ——mP n mv‘ (¢%) (6.10)
and
Mq?) = (mp +m§ — ¢*)* — dmpmi, . (6.11)

In the above k is the spatial part of k£ in the P rest frame. In explicitly Lorentz

invariant form,
k| =

o (6.12)

This differential decay rate formula assumes that the lepton is massless, a good
approximation for electrons and muons. It is integrated over the angles describing
the orientations of the neutrino and lepton as these are not relevant here (although
they are very relevant to experimental studies). The three polarisations of the V
are summed over. The term in (6.8) proportional to |H%|? is due to longitudinally
polarised V’s, the term proportional to |H*|> + |H™|* is due to transversely
polarised V’s. The kinematically allowed range of ¢* is 0 < ¢*> < ¢, where

Gt oe = (mp — my ).

6.5 Pole fits

The most accurate experimental results for semileptonic decays are total decay
rates. To calculate the total decay rate from the lattice results the form factors
need to be parametrised by some model over the kinematically allowed range

of ¢%. For the form factor A; this is an interpolation in ¢? because its value is
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calculated at ¢2,,, with the 0 — 0 channel. The form factors A, and V are not
known at ¢, , so a small extrapolation is needed to parametrise them up to
q2... - However A; and V are kinematically suppressed by factors of |k|? at high

q* so this extrapolation does not make the prediction for decay rate unreliable.

The nearest-pole-dominance approximation [38, 39] predicts the following ¢?
dependence of the form factors:

F(0)
F(¢*) = ——+— , 6.13
@)= Tz (019
where F'is Ag, A1, A2 or V. The pole mass, mp, is predicted to be the mass of a
meson composed of the heavy and active quarks with definite spin J and parity
P. Using the notation J¥, mp is the mass of the 1¥ meson for A;, Ay, the 0~
meson for Ag and the 1~ meson for V. The values of the form factors at ¢ = 0

are not predicted by nearest-pole dominance.

To compare lattice with experiment the form factors should be fitted with
enough free parameters to avoid strong model dependence and give a good fit to
the data. Approximations, such as nearest-pole dominance, can then be tested
from first principles. The form factors were fitted to the single pole ansatz (6.13),
with F'(0) and mp as free parameters. The constraint on the axial form factors
at ¢ = 0 (equation 5.6) was enforced in the fits, reducing the number of free
parameters by 1. The data for A, is very noisy at high ¢?, so the pole mass
associated with A, is poorly constrained. The same pole mass was used for A;
and A, in the fits. This does not introduce much model dependence into the
prediction for the decay rate because, as stated earlier, the contribution from A,

is kinematically suppressed at high ¢*.

In all cases the fit ansatze described above gave a good fit to the data. The
fit parameters are listed in table C.5 with the lattice spacing determined from
ro. To test for scale dependence the fit parameters were recalculated using m,
to set the scale. These results are listed in table C.6. In all cases the error on
F(0) due to scale dependence is smaller than the statistical error. This is not
surprising because F'(0) is dimensionless. The fitted pole masses in physical units
are listed in table C.7. The typical scale dependence of a generic quantity with

mass dimension is that its value in physical units varies as much as the difference
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determinations of the lattice spacing. The scale dependence of mp is less than
this. However the scale dependence of mp is generally bigger than the statistical

€rror.

The lattice pole masses are compared with the nearest-pole-dominance pre-
diction in table C.7. For all the decays considered the lattice results agree within
errors with the nearest-pole-dominance predictions for my and my4,. The lattice

result for my, is lower than expected for D — ¢ and D — K*.

6.6 Comparison with experiment

In the following subsections the lattice data are compared with experimental
results. Total decay rates are obtained by numerically integrating differential
decay rates, which are calculated using the fit parameters in tables C.5 and C.6.

The experimental results in the following subsections are all from the Particle

Data Group (PDG) [4].

6.6.1 DF — ¢ty

The ¢ is a flavour singlet. It was assumed to be pure s5 for the light-quark
extrapolation. Experiments show that this is a good approximation [4]. Discon-
nected diagrams where the s and 3 annihilate and are created from the vacuum
contribute to the decay D} — ¢¢*v . The connected diagram and the simplest
disconnected diagram for D} — ¢¢*v are shown in figure 6.4. The OZI rule pre-
dicts that the connected diagram dominates the decay rate D}f — ¢f+v . This
is a phenomenological rule based on observing a large number of decay modes,
and has not been derived from QCD. Disconnected diagrams were ignored for the

calculation of decay rate here.

Using the PDG value |V | = 0.974 & 0.001 the lattice prediction for total
decay rate is 5.0 & 0.3 x 1019 s71. The errors are statistical only. The scale
dependence of the result gives a systematic error which is much smaller than

the statistical error. There is also a systematic error due to the two types of fit
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Figure 6.4: The connected (left) and a disconnected (right) diagram which con-
tribute to the decay D} — ¢ftv .

to the vector two-point correlators giving slightly different results for Zy. The
result shown used the method 1 fit to obtain Zy. Using the method 2 fit gives
form factors which are 4% higher, and a total decay rate which is 8% higher, i.e.
5.4 £ 0.3 x 10'% 571, The lattice decay rate is in reasonable agreement with the
experimental world average of 4.0 & 0.5 x 10'° s™!. The agreement between the
lattice and experimental decay rate can be thought of as an example of the OZI

rule holding.

Form factor ratios at ¢° = 0 have been measured for this decay and for
Dt — K*°¢*ty . These ratios are determined without making assumptions about
the total decay rate and |V.;| [40]. Experimental determinations of the abso-
lute values of the form factors are strongly model dependent. The lattice and

experimental form factor ratios are

V(0)/A;(0) = 1.9240.32 (experiment) 1.36%: (this work)
Ay(0)/A;(0) = 1.604+0.24 (experiment) 0.99%2 (this work)

The lattice determination of V'(0), A2(0) and A;(0) are correlated. As aresult the
fractional errors on the form factors ratios are quite small. The scale dependence
of the ratios is insignificant. The meson overlap factor, Zy, cancels in the form
factor ratio, so its uncertainty is not a source of systematic error. There is

significant disagreement between the lattice form factor ratios and experiment.
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6.6.2 Dt — K*0¢ty,

The experimental results for this decay are the most accurate of all the decays
considered in this work. The K™* is a flavour nonsinglet so the lattice prediction
does not rely on the OZI rule. The lattice prediction for decay rate is 5.5 £0.5 x
10'% 571, which is in reasonable agreement with the experimental world average
4.5+ 0.4 x 101° s71. As for D} — ¢ftv | the decay rate obtained is 8% higher if
method 2 fits are used for the two-point correlators. The lattice and experimental

form factor ratios are

V(0)/A;(0) = 1.824£0.09 (experiment) 1.23¥7 (this work)
Ay(0)/A1(0) = 0.78 £0.07 (experiment) 1.03%] (this work)

There is significant disagreement between the lattice and experimental form factor

ratios, especially for V(0)/A;(0).

The experimentally measured ratio A»(0)/A1(0) is very different for Dt —
K*%¢*v and D — ¢f+v . This is surprising because the two decays are related
by SU(3) flavour symmetry. The lattice results do not predict strong breaking
of SU(3) flavour symmetry for this ratio.

6.6.3 DT — plty

The form factors for D — p can be applied to the decays Dt — p%*v and
D° — p~¢+y. However only D* — p%*y has been observed experimentally.
In the standard quark model its wave function is (u@ — dd)/+/2. Unlike the ¢
disconnected diagrams do not contribute to the decay D — ¢€tv because any
disconnected diagram involving a d quark is exactly cancelled by a disconnected
diagram involving a u quark. The decay rate formula (6.8) is for the decay

D° — p=¢*tv. Isospin symmetry gives

D(D* = p20F) = —;-[‘(DO S oty (6.14)

The lattice prediction for total decay rate is ['(Dt — p%tv) = 0.19 +

0.02 x 10'® s~!. This is in good agreement with the experimental result I'( D* —
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pPetr,) = 0.21 +£0.08 x 10'° s7'. As mentioned in the previous two sections, the
lattice decay rate is 8% higher if method 2 fits are used for the two-point correla-
tors. The total decay rate has also been measured for the case where the lepton
is a muon. The experimental result is I'(D* — p°u*v,) = 0.26 £0.07 x 10*° s~1.
The two measured decays cannot be directly compared because the phase space
available for the final state is smaller in the muon case. The phase space effect
has been estimated for the decay D* — K*°¢*v in [41]. In terms of decay rates

the phase space effect is estimated to give

DD+ = But,)
— =09 . 1
D(DF = Kcts,) (6.15)

This result uses a model for the ¢*> dependence of the form factors. Although
the two decay rates in (6.15) are strongly model dependent, much of the model
dependence cancels in the ratio. SU (3) flavour symmetry suggests that the phase
space factor will be similar for the decay Dt — p%*v . Therefore the decay rates

for DT — p°etv, and Dt — p°utv, disagree at about one standard deviation.

The form factors for Dt — p°¢*v have not been measured.

6.7 Comparison with other theoretical work

The form factors presented in this chapter have been calculated in several other
works. The UKQCD collaboration calculated the form factors using quenched,
B = 6.2 improved QCD in [42]. This work uses fully nonperturbative O(a) im-
provement, whereas the earlier UKQCD calculation used perturbative improve-
ment. The leading discretisation errors of the earlier UKQCD calculation are
O(a;a), the leading errors for this work are O(a?®). The results in [42] are com-
pared with results from this work in table 6.1. The axial form factors from both
calculations are in good agreement, although those calculated in this work are all

slightly lower. There is some disagreement in the value of V(0).

The form factors for P — V decays have also been calculated using quark
models and sum rules. Theoretical results for A;(0), A»(0) and V(0) for the
decays D — p and D — K* are listed in [43]. The axial form factors calculated
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D — K* D — p*
UKQCD [42] | This work || UKQCD [42] | This work
Ao(0) 0.75%3, 0.64+3 0.63%§ 0.59+3
A1(0) 0.70%, 0.65%2 0.63*5 0.60+3
A,(0) 0.66+12 0.67*1 0.51+19 0.61%8
V(0) 1.01139 0.80%2 0.95%3% 0.71%5
r 6.0+93 5.5%3 0.43 £0.11 | 0.40 + 0.04

Table 6.1: Comparison of some parameters related to the semileptonic decays

1

D — K* and D — p. The decay rates are in units of 10'° s=!. Errors for this

work are statistical only.

in this work are within the spread of other theoretical results. The value of V(0)

calculated in this work is lower than all the other calculations in [43].



Chapter 7
The semileptonic decay B — p

This chapter describes how the lattice form factors were extrapolated from sim-
ulation heavy quark masses of around charm to the mass of the b quark. The
reliability of the extrapolation is tested. The form factors are compared with the

experimental results of the CLEO collaboration and with other theoretical work.

7.1 Heavy quark scaling of the form factors

Heavy quark effective theory (HQET) is an approximation to QCD which can be
applied to processes involving a heavy quark. The approximation requires that
light quark degrees of freedom have four-momenta which are negligible compared

with the mass of the heavy quark, my.

For the semileptonic decay considered in this work, HQET predicts how the
form factors depend on mpy. The prediction is exact in the limit of infinite my.
For finite my there are corrections suppressed by powers of Agep/mpu. In the

infinite mg limit, the form factor F' obeys the scaling law [44]
F as(mH)z/ﬁ0 mfy = constant , (7.1)

where N = -—% for F =V, Ag, Ay and N = % for FF = A;. The strong coupling

o, appears because of the anomalous scaling of the flavour-changing current. Sy

83
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is the first coefficient of the QCD S function. For a general number of flavours
(ns)

2
Po=11— 3" (7.2)

In the quenched approximation there are no sea quarks so fy = 11.

In HQET my is taken to infinity with the heavy quark four-velocity held

fixed. Therefore the scaling laws (7.1) are at fixed w where

2 2 _ 2
W=y = PRIV E (7.3)

2mpmy

Here v and v’ are the four-velocities of the heavy-light pseudoscalar and the light
vector respectively. The scaling laws (7.1) are derived by assuming that all the
light quarks have energy which is negligible in the rest frame of the heavy quark.
The light quark in the heavy-light meson always satisfies this. However the light
quarks in the light vector meson violate this condition when ¢* is small. Therefore
the scaling laws (7.1) are most reliable when ¢ is close to ¢2,,,, or equivalently

w 1s close to 1.

7.2 Extrapolation of the form factors to m,

The form factors were first extrapolated in light quark mass as described in
section 6.1. Then the heavy quark mass dependence was extrapolated from the
simulation masses to m;. The function used for the extrapolation is motivated

by the heavy quark scaling laws described in the previous section.

It is convenient to extrapolate in terms of the pseudoscalar meson mass, which

is a function of heavy quark mass. HQET predicts that [45]
mp =mpg + A, (7.4)

where A is independent of my. At finite my (7.4) is modified by terms suppressed

by powers of Agcp/mu.
The ansatz used to extrapolate the form factors was

F O(mp) mY = 2o+ - + =2, (7.5)
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where the z; are free parameters and the value of IV is given below (7.1). The

function O is ,

_ (log(mp/Agcp) \ T
©= (108(??23//\060)) ’

which is chosen to be 1 at the B meson mass (mpg) for convenience. In the leading

(7.6)

logarithm approximation for o,

2

O(mp) = (as(mp)> o (7.7)

as(mp)

In the heavy-quark limit the ansatz (7.5) reduces to the correct scaling law. This
is shown by rewriting it in terms of heavy quark mass. Substituting the my
dependence of mp (7.4) into (7.5) and expanding gives
/ /
F a,(mp)*Po miy = af + i M R suppressed terms . (7.8)

my m%

This includes finite mpy corrections to mp. The suppressed terms are mainly
O(1/m3%). There are also suppressed terms from expanding © which are not

inverse powers of my. The most significant of these is

211:0/_\
11mg log(mu/Agep)

(7.9)

Ignoring the suppressed terms, z; and @, in (7.5) allow for the leading and sub-

leading corrections to the HQET scaling law.

7.2.1 Extrapolation of |p] = 0 channels

The heavy quark scaling laws are for form factors at constant w. Therefore the
extrapolation ansatz (7.5) must be applied to form factors at constant w for it to
have the correct heavy-quark limit. For channels with |p] = 0, w is independent
of mp, so the results of these channels can be extrapolated immediately after the
light-quark extrapolation. The function © depends on the QCD parameter Agep.
This was set to be Agcp = 0.2 GeV [4]. The result of the extrapolation is very
weakly dependent on the value of Agcp used, so the uncertainty in this value is
an insignificant source of error. Two example extrapolations are shown in figure

7.1. The results are extrapolated to the point where the pseudoscalar mass is
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Figure 7.1: Examples of the extrapolation in heavy quark mass for channel 0 — 1.
Quadratic (solid line) and linear (dashed line) extrapolations are shown. The open

square is the result of the quadratic extrapolation to mp.

equal to the experimental B meson mass. The lattice spacing is used to convert

the B meson mass to lattice units, which introduces some scale dependence.

Extrapolations using (7.5) are referred to as quadratic, because the right-
hand side is quadratic in 1/mp. To test for systematic errors the heavy-quark
extrapolation was also done using a linear extrapolation, i.e. (7.5) with x fixed
to 0. In general the linear extrapolation gives a bad fit to the four data points
(see figure 7.1), so the linear extrapolation was done using only the three heaviest
mass points. The linear and quadratic extrapolations are compared in figure 7.1.
Both types of extrapolation have the correct HQET limit and agree with the
data. Therefore the difference between the two extrapolations gives an indication

of systematic errors.

7.2.2 Extrapolation of || # 0 channels

Channels with |p] # 0 are more difficult to extrapolate because w is a function of

heavy quark mass. The four different values of w and ¢ for an example |p] # 0
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channel are listed in table 7.1. The final column of the table is explained later in
this section.
KK w a’q? Aa?q?
0.1200 | 1.48 | 0.08204 | -0.0196
0.1233 | 1.50 | -0.00021 | -0.0086
0.1266 | 1.54 | -0.0662 | 0.0048
0.1299 | 1.62 | -0.1140 | 0.0233

Table 7.1: Dependence of w on heavy quark mass for channel 1 — 1 L, light

quarks extrapolated to up/down.

The form factors for |p] # 0 channels can be extrapolated using (7.5), ignoring
the variation in w. However such an extrapolation does not satisfy the HQET
scaling law and will have additional systematic errors. Instead the form factors
with different kg were interpolated in ¢? to constant w, then extrapolated. A
possible interpolation procedure is to use the pole fits described in section 6.5.
However this procedure does not take advantage of the correlations in the data.
Form factors from the same channel but with different x5 are highly correlated.
Therefore when the extrapolation ansatz (7.5) is fitted to the |p] = 0 channels the
parameters z; and z, have small statistical errors. Form factors from different
channels are only slightly correlated. Therefore form factors with different kg
interpolated with a basic pole fit are only slightly correlated, and the resulting

extrapolated form factor has large statistical errors.

The interpolation procedure used was designed to retain as much as possible
of the correlations in the data. For each channel & was chosen, where @ lies
within the range of the four different w. The form factors can be obtained at @
with a small shift in ¢2. The form factors were shifted in ¢* using a simple pole
ansatz. The fit was constrained to pass through the channel being shifted, i.e. a
one parameter fit. This fit was used to obtain the form factor at constant @ for
each of the |p] # 0 channels. & was chosen to minimise the shifts in ¢ in a least
squares sense. That is, the function

Z (AG* (&, mp))? (7.10)

all 4 mp
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was minimised with respect to @. Here Ag? is the shift in ¢2. The Ag? for the
example channel, with @ obtained in this way are listed in table 7.1. The Aq¢? are
generally small, so that most of the correlations between data at constant channel
is retained. The lowest ¢?> determination of the form factors is for channel 1 — 1;;.
Then a negative shift in ¢® is a small extrapolation of the data. For this channel
only, & was chosen to be w(ky = 0.1200), so that all the Ag? are positive. Two

example |p] # 0 extrapolations are shown in figure 7.2.
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Figure 7.2: Examples of the extrapolation in heavy quark mass for |p] # 0 chan-
nels. Quadratic (solid line) and linear (dashed line) extrapolations are shown.
The right graph is channel 1 — 1)1 the leftis 1 — 1 L. The open square is the

result of the quadratic extrapolation to mp.

7.2.3 Results

The extrapolation starts with form factors in the range negative ¢* to ¢2,,,. After
the extrapolation the form factors are all at high ¢°. For HQET to be reliable
¢* should be close to ¢?,,. This is violated by some channels at the simulation
mpy but is satisfied after the extrapolation. The B — p form factors obtained are
shown in figure 7.3. The difference between the linear and quadratic extrapolation

is always less than the statistical error and, in many cases, is small in comparison



CHAPTER 7. THE SEMILEPTONIC DECAY B — p 39

2r N | "‘ “‘
Ao T A1
® 06
0
15 h
T [
| 1L 05 |
%"
1F J
04
05 1 1 1 0‘3 1 ] 1 i)
1.5 1.7 |19 ?1 213 25 1.5 1.7 1.9 211 2.3 25
6 r i
A, oL Vv
0
4 -
1.5 -
2| - T
1 |
» ) I
0 N 1 1 1 1 ] 0.5 2 i 1 L 1
1.5 1.7 1.9 2.1 23 25 1.5 1.7 1.9 21 2.3 25
a2q2

Figure 7.3: B — p form factors. The results from the quadratic extrapolation
(filled circles) and linear extrapolation (open squares) are both shown. The lin-

early extrapolated data is slightly offset in ¢%.

with the statistical error.

The form factors shown in figure 7.3 were calculated using 7o to set the scale.
To test for scale dependence the calculation was repeated using m, to set the
scale. The results change in two ways; the value of a form factor from a partic-

ular channel changes, and also the ¢* associated with a channel changes. As an
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example figure 7.4 shows A; with the scale set by the two different quantities.
The scale dependence is smaller than the statistical errors, but not small enough

to be ignored.

05

0.4 i’ 1 1 il
12 14 16 18 20 22

q° (GeV?)

Figure 7.4: The form factor A; calculated using ¢ to set the scale (closed circles)

and m, to set the scale (open squares).

7.3 Comparison of 5 =6.0 and 8 =6.2

The 8 = 6.0 form factors were calculated for only a few channels and have large
errors, so they cannot be interpolated to constant w. Therefore only the 0 — 0
and 0 — 1 channels were extrapolated to m;,. The comparison between the two
B is most interesting for 0 — 0, because then ¢*> = ¢2,_. and is independent of
B. The two heavy-quark extrapolations at different 8 can be directly compared.
Note that to compare the two extrapolations in lattice units the ratio of the

lattice spacings is needed. Only A, can be determined from the 0 — 0 channel.

The two extrapolations of A; from the 0 — 0 channel are compared in figure
7.5. The form factors have been interpolated in light quark mass to strange for the
comparison, because then the statistical errors are smallest. The fitted parame-

ters used in the extrapolation are listed in table 7.2. The agreement between the
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two extrapolations is quite spectacular. There are several instances in this work
where correlations between data points mean that spectacular agreement is not
surprising. However, the 8 = 6.0 and f = 6.2 form factors are calculated using
different gauge configurations and are completely uncorrelated. Therefore, given

the size of the statistical errors on the z;, the spectacular agreement between the

two extrapolations is surprising.

0.7

A1@Mp-|/2 (Gev-vz)

] 0.2

0.4 0.6 0.8
1Mp (GeV™)

Figure 7.5: Comparison of the heavy-quark extrapolations for channel 0 — 0 at
B = 6.2 (filled circles) and 8 = 6.0 (open squares).

I Zo 03] T2
=62 1111 —0.43* 0.084113
g =6.0]105%, -04277 0.082

Table 7.2: The parameters used in the extrapolations shown in figure 7.5. The
ansatz is (7.5). All the parameters are made dimensionless by multiplying by the

appropriate power of the f = 6.2 lattice spacing.

The form factors at different 8 have different discretisation errors. The dis-
cretisation errors in this simulation are expected to be small at the charm scale.
However there is a risk that the heavy-quark extrapolation amplifies the discreti-

sation errors, giving a large systematic error on the B — p form factors. The
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comparison in figure 7.5 is good evidence that discretisation errors are under

control after the extrapolation.

For channel 0 — 1 ¢? is a function of B, so a direct comparison cannot
be made between extrapolations at different §. The extrapolated 8 = 6.0 form
factors for channel 0 — 1 were compared with the f = 6.2 form factors and found
to be in agreement. However the extrapolated f = 6.0 results have very large

errors and do not give much information.

7.4 Comparison with other theoretical work

There have been several other theoretical calculations of the B — p form factors.
They have been calculated with light cone sum rules (LCSR [14}), quark models
([46] and [15]) and with lattice QCD (UKQCD95 (47, 48]). The previous lattice
calculation of the form factors is very similar to this work. The calculation used
B = 6.2, quenched improved lattice QCD. However the calculation was improved
perturbatively, and the passive quark mass was not extrapolated from strange to

up/down.

In figure 7.6 the results of UKQCD95, LCSR and this work are compared.
The LCSR approach can be applied in the range 0 < ¢ < 17GeV?2. The three
calculations are in reasonable agreement for Ag and V. For A; and A, the results

of this work are significantly higher than UKQCD95 and LCSR.

The UKQCD95 calculation is very similar to this work, so it is surprising that
the two calculations give different results for A; and A2. The UKQCD95 calcula-
tion assumed that the form factors are independent of passive quark mass. The
simulation used a passive quark mass of about strange and did not extrapolate;
the form factors were actually extrapolated to the decay Bs; — K™, although
q?® was calculated as if extrapolated to B — p. To test if this assumption of
UKQCDY95 is reliable, it was used to calculate A; in this work. Figure (7.7)
compares the A, for B — p calculated with, and without, the assumption of
UKQCD95. Figure (7.7) shows that the assumption has a small effect on the
form factor and does not ekplain the disagreement between UKQCD95 and this
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Figure 7.6: Comparison of three theoretical calculations of the B — p form
factors; this work (closed circles) UKQCD95 (open squares) and LCSR (lines).

work.

The UKQCD95 calculation implemented improvement perturbatively. This
reduced the leading discretisation error to O(asa). This calculation uses non-
perturbative improvement, and has leading discretisation errors of O(a?). The
different results of the two calculations is probably due to the different discreti-

sation errors.
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Figure 7.7: The form factor A; for B — p, using the full extrapolation (closed
circles) and omitting the passive quark extrapolation (open squares). The open

squares are slightly offset in ¢2.

7.5 Comparison with experiment

The CLEO collaboration are the only experimental group to observe the decay
B° — p~ ¢ty . They measured the total decay rate and also the partial rate (AT)
in three bins of ¢ [13]. The partial rate is dI'/dq® integrated over part of the
kinematically allowed range of ¢®>. The AT’ measured by the CLEO collaboration

are shown in figure 7.8.

The measurement of total decay rate is [' = 1713 x 107 s™!. This has smaller

errors than the measurements of A so, in principle, this is the best measurement
to compare with theory. However the lattice results give the form factors for
g*> > 14 GeV®. To compare the lattice results with I' the form factors need
to be extrapolated in ¢? to cover the whole kinematically allowed range. This
extrapolation is strongly model dependent and, as a result, the lattice prediction
for ' has a large systematic error. A safer procedure, used here, is to compare

the lattice results with AT at high ¢*.

The lattice results were used to calculate dI'/dq® for each channel, using (6.8).
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Figure 7.8: The partial decay rates for B® — p~¢*v , measured by the CLEO
collaboration. The errors are statistical, systematic and theoretical, combined in

quadrature.

This was then interpolated in ¢ and integrated to obtain AI'. The interpolation
used the method of [47] and is motivated by the following discussion. The ¢*
dependence of dI'/dq? can be factored into the product of two functions; the g?
dependence of the volume of phase space and the ¢* dependence of the matrix
element. The phase space factor is ¢2[A(¢2)]?, which changes rapidly at high ¢?
and is 0 at ¢° = ¢2,,.. The rest of the ¢> dependence of dI'/dq? is due to

IM)?> = |H°*+ |HY)> + |H|?, (7.11)

which depends on the form factors A;, As and V. The lattice determination of
|M|? is shown in figure 7.9. In the range of ¢* for which the form factors have
been determined the largest contribution to |M|? is from the form factor A;. The
contribution from A; becomes increasingly dominant as ¢* tends to ¢Z,.. At
q%.. |M|? is proportional to (A;)%. This is fortunate, because A; is the best

determined of the three form factors.

Figure 7.9 shows that |M|? varies slowly with ¢* over the range for which it
has been measured. This is because the form factors vary slowly over this range.

The ¢? dependence of | M|? can be accurately approximated by a first-order Taylor
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Figure 7.9: The ¢* dependence of the B® — p~¢*v matrix element, calculated
using the lattice form factors. The extrapolation was quadratic and o was used

to set the scale.

expansion, 1.e.

|‘]‘4|2 =0p + 01(q2 - q'l?nax) : (712)
This ansatz was used to fit the lattice results, with the o; as free parameters. This
ansatz is not expected to be reliable over the whole kinematically allowed range
of ¢2, but the numerical results show that it is accurate in the range 14 GeV? <
q® < 2., In terms of the o; the differential decay rate is

dr’ _ |Vub|2G§«“q2[/\(q2)]% 2 2
E(B - ng") - 1927‘_37,’13é (UO + 0'1((] - qma:c)) : (713)

The highest ¢? bin in which the CLEO collaboration measured Al is 14 <
¢ < 21 GeV? (this is called Al's14 from here on). The lattice o; were com-
pared with this measurement. The differential decay rate (7.13) was numerically

integrated in the range 14 < ¢* < ¢2,,,. This gives a result of the form
Al 14 = [Vi|? x [Lattice factor] . (7.14)

The comparison between lattice and experiment was made in two equivalent ways.
AT'5 4 was calculated using the PDG’s best value of |V,| = 3.5 x 1072, The error
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on |Vy| was not included in the lattice prediction for AT's 4, so that it is clear
whether or not the lattice result and the CLEO measurement favour |V,,;| = 3.5 x
10~3. For the alternative comparison the lattice factor of (7.14) was used to obtain
|Vip| from the CLEO measurement. The results for the o;, and the comparison
with AT's14 are shown in table 7.3. For comparison, results of UKQCD95, the
CLEO measurement and the PDG |V,;| are also shown. To investigate systematic
errors the form factors were obtained in four slightly different ways. Two different
extrapolations were used (linear, quadratic) and two different quantities were used

to set the scale (m,, ro).

oo (GeV?) oy ATs14 (107 s71) | [Vip| x 103
Quadratic, 7o 3818 ~0.3%13 8.7t 3.2+ 0.6
Linear, ro 3347 —0.5114 7.6%13 3.4+0.7
Quadratic, m, 3675 —0.6122 8.1+18 3.3+£0.7
Linear, m, 3018 —0.911¢ 6.9707% 3.6+0.7
UKQCD95 2113 —1.7198 6.1798 3.840.7
CLEO - - 71+24 :

PDG - - - 3.5+1.5

Table 7.3: The high ¢? behavior of dI'/dq?(B® — p~¢*v ). The lattice results of
this study and of UKQCD95 are listed. For comparison the experimental result
of the CLEO collaboration and the PDG value for |V,,;| are also shown. Lattice
errors are statistical only. The error on the PDG result is a 90% confidence

interval, the other errors are 68% confidence intervals.

The lattice results and |Vi3| = 3.5 x 1073 agree within errors with the CLEO
measurement. This comparison uses only the lattice statistical errors. The sys-
tematic errors on the lattice results are much harder to estimate. The dominant
sources of systematic error are discretisation effects, errors due to the heavy-
quark extrapolation and quenching effects. Comparing the # = 6.0 and 8 = 6.2
lattice results for charm meson decays and for the 0 — 0 extrapolation suggest
that discretisation errors are small, probably about 10% for the form factors. The
heavy-quark extrapolation truncates the finite my corrections to the heavy-quark

scaling laws. The effect of this truncation is tested by comparing the linear and
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quadratic extrapolations. A conservative assessment of this comparison suggests
an error of 15% on the form factors. The scale dependence is small enough to
ignore. The error due to using the quenched approximation cannot be assessed
from the lattice results alone. The decay rates for charm mesons are in good
agreement with experiment. Quenched calculations of the heavy-light semilep-
tonic decays B — D, D* [49] and D — K [36] are also in good agreement with
experiment. This suggests that quenching effects are not too large. Precision
calculations of the quenched light hadron spectrum find a disagreement of 10%
between the lattice results and experiment [19, 20]. Therefore the quenching er-
ror for the form factors is estimated to be 10%. This error estimate should be

regarded as an educated guess.

The four determinations of AI'sy4 in table 7.3 are all equally valid, so the best

estimate of Al's 4 is their average. This gives
Als14 = 78017 £32x 10" 571, (7.15)

where the errors are lattice statistical and systematic. The statistical error is
taken to be the largest statistical error of the results in table 7.3. The systematic
error is the three estimated systematic errors combined in quadrature. Note that
a 10% error on the form factors gives a 10% error on |V,|, bit a 20% error on

AT'. Averaging the four determinations of |V,;| gives
34704 4+ 0.74£0.6 x 1072, (7.16)

where the errors are statistical, systematic and experimental. Adding the three
sources of error in quadrature gives |V,s| = 3.44£1.0 x 1073, which is in agreement

with the PDG.



Chapter 8

Conclusions

This thesis describes the results of a lattice QCD calculation of the form factors
for the semileptonic decay of a heavy-light pseudoscalar meson to a light-light
vector meson. The calculation used two values of the coupling to investigate dis-
cretisation errors. The results obtained using the finer of the two lattice spacings

(B = 6.2) were compared with experimental results.

Form factors were calculated for the decays of charmed mesons. The decay
rates for these decays depend on |V,,| and |V.|, which have been accurately
determined by other methods. Therefore charmed meson decays are a good test of
the reliability of the lattice results. The relevant decays are D; — ¢, D — K* and
D — p. The decay Ds — ¢ receives a contribution from disconnected diagrams,
which was ignored. The lattice predictions for decay rate are compared with the
experimental results in table 8.1. There is reasonable agreement between the

lattice and experimental results.

Ds—¢ | D— K~ D —p
Experiment I' (10'° s7') || 4.0 £ 0.5 | 4.5+ 0.4 | 0.21 £+ 0.08
Lattice ' (10" s71) 504+03[55+0.5]0.19+0.02

Table 8.1: Comparison of lattice and experimental total decay rates. Lattice

errors are statistical only.

99
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Two form factor ratios have been measured for the decays D, — ¢ and D —
K*, rather accurately in the latter case. The lattice and experimental ratios

are compared in table 8.2. There is significant disagreement between lattice and

experiment.
Dy — ¢ D — K~
A2(0)/A1(0) | V(0)/A1(0) | A2(0)/A1(0) | V(0)/A1(0)
Experiment || 1.60£0.24 | 1.924-0.32 | 1.82 £ 0.09 | 0.78 £ 0.07
Lattice 0.991% 1.3612 1.03%] 1.23%7

Table 8.2: Comparison of lattice and experimental form factor ratios. Lattice

errors are statistical only.

Form factors for the decay B — p were calculated. These were obtained by
extrapolating simulation results in heavy quark mass. The lattice results were

interpolated in ¢* to obtain a prediction for

differential decay rate/|V,;|? (8.1)

in the range 14 GeV? < ¢* < ¢%,,- The partial decay rate in this range has
been measured experimentally by the CLEO collaboration. Using the lattice and

experimental results gives

[Vio| = 34333 £ 0.7 £0.6 x 1072, (8.2)

where the errors are statistical, systematic and experimental. This is competitive
with the Particle Data Group which quote |Vi3| = 3.5 £ 1.5 x 1072, Note that

the PDG error is a 90% confidence interval, (8.2) is a 68% confidence interval.

This study used two values of f. The form factors at the different lattice
spacings are in agreement, which gives confidence that discretisation errors are
small. To reduce discretisation errors to the level where they are insignificant a

continuum extrapolation should be used.

The heavy-quark extrapolation used to obtain B — p form factors causes a

large systematic error. The form factors can, in principle, be calculated with a
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static heavy quark. If this is implemented then the heavy-quark extrapolation

would become an interpolation which is a much more stable procedure.

The most difficult source of systematic error to eliminate is the quenched
approximation. Ultimately the form factors should be calculated in full QCD,
without the quenched approximation. The next generation of high performance
computers will be powerful enough to do this calculation. However, initial un-
quenched calculations are likely to be on coarse lattices with low statistics. There-
fore precision quenched form factor calculations are likely to be important in the

short term.



Appendix A

Results for mesons

This appendix contains the results of fits to two-point correlation functions. Most

fits used the single exponential ansatz,
C = A(e—aEi + 6—aE(T—t)) )

In many cases the |p] # 0 fits were done with ¢ determined by the dispersion
relation, i.e. a one parameter fit. For fits using the dispersion relation the pa-
rameter A is given the superscrip P®. Table A.12 contains the results of two
exponential fits. The two exponential ansatz and the notation are explained in

section 4.5.
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Table A.1: Heavy-light pseudoscalar mesons |p]? = 0, 8 = 6.2.

Kheavy

Rlight

A

am

0.12000

0.13460
0.13510
0.13530

54.013°
50.911]
50.0712

0.8405713
0.8231+17
0.8165+19

0.12330

0.13460
0.13510
0.13530

58.8+10
55.5+11
54.5712

0.73871352
0.720511%
0.7136%18

0.12660

0.13460
0.13510
0.13530

64.3711
61.0112
60.0+13

0.6284F11
0.6091+14
0.6017+16

0.12990

0.13460
0.13510
0.13530

70.4+11
67.3112
66.513

0.5051+1°
0.4840%13
0.4758%11

Table A.2: Heavy-light pseudoscalar mesons |p|®> =1, 8 = 6.2.

Kheavy

Klight

A

al

ADR

0.12000

0.13460
0.13510
0.13530

39.57%
36.7+10
35.8%18

0.8789+18
0.863+2
0.85612

40.277
37.318
36.3+8

0.12330

0.13460
0.13510
0.13530

43.3%3
40.3119
39.3+1

0.7831115
0.7663+2
0.760%2

43.67
40.413
39.3%8,

0.12660

0.13460
0.13510
0.13530

47.3119
4411}
43.0112

0.6808+17
0.663512¢
0.657+2

47.3%35
43.817,
42,678

0.12990

0.13460
0.13510
0.13530

51.0+H
47.6115
46.5113

0.5697+13
0.5516+22
0.54512

50.5+8,
46.913,
45.6%8,
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Table A.3: Heavy-light pseudoscalar mesons |p]* = 2, B = 6.2.

K heavy Klight A aks APR
0.12000 | 0.13460 || 29.7%]5 | 0.921%3 || 28.8*3
0.13510 || 27.8%15 | 0.908%; || 26.1%¢
0.13530 || 27.4%14 | 0.903%4 || 25.2+¢
0.12330 | 0.13460 | 33.0%12 [ 0.831%3 || 31.3%S
0.13510 || 31.1%12 | 0.818%4 || 28.3%¢
0.13530 || 31%2 |0.814%; || 27.3%S
0.12660 | 0.13460 || 36.7+1% | 0.73673 || 34.0%S
0.13510 || 35%2 |0.724%% || 30.7%¢
0.13530 || 35%2 |0.720%3 || 29.5%§
0.12990 | 0.13460 || 402 | 0.63674 || 36.2*7
0.13510 || 40%3 |0.625%% || 32.7%]
0.13530 || 40%3 | 0.622%7 | 31.5*7,

104

Table A.4: Light-light vector mesons |p]> = 0, B = 6.2. The results of single

exponential fits are shown and also, for comparison, the same parameters deter-

mined from double exponential fits. The results from double exponential fits have

the superscript 2%

KR KL A am A%E am?®
0.13460 | 0.13460 || 0.0088%3 | 0.380%35 | 0.0090%% | 0.382%+4
0.13510 || 0.0084%% | 0.361%3 || 0.0086%% | 0.3647S
0.13530 || 0.0083*% | 0.354%7 || 0.0084%¢ | 0.357+7
0.13510 | 0.13460 || 0.0083%2 | 0.359*5 || 0.0085%3 | 0.362*%
0.13510 || 0.0079%% | 0.341%% || 0.0082*7 | 0.34418
0.13530 || 0.0078*2 | 0.334*2 |l 0.00803, | 0.338*%,
0.13530 | 0.13460 || 0.0081*¢ | 0.351%5 || 0.0083%% | 0.354%7
0.13510 || 0.0076%5 | 0.331%2 || 0.0078*2, | 0.335*19
0.13530 || 0.007471° | 0.324+12 || 0.0076+1} | 0.328+12
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Table A.5: Light-light vector mesons |p|? = 1, 8 = 6.2.

KF KL method 1: AP | method 2: APE
0.13460 | 0.13460 0.0053%2 0.0049+2
0.13510 0.00497*3 0.004613
0.13530 0.0047%3 0.0044%4
0.13510 | 0.13460 0.005073 0.0046+3
0.13510 0.0047+3 0.0043*4
0.13530 0.0046*3 0.00427*5
0.13530 | 0.13460 0.0049+2 0.0045+3
0.13510 0.0045%4 0.00417*5
0.13530 0.00447+6 0.0041%¢

Table A.6: Light-light vector mesons |p]*> = 2, 8 = 6.2.

KF KL method 1: AP | method 2: APE
0.13460 | 0.13460 0.0033+2 0.0030+2
0.13510 0.0030*2 0.0027+2
0.13530 0.0030%3 0.00262
0.13510 | 0.13460 0.0032+2 0.0028+2
0.13510 0.003013 0.002512
0.13530 0.0030%3 0.002413
0.13530 | 0.13460 0.0032*3 0.0027+2
0.13510 0.0029+3 0.0024+3
0.13530 0.0029+4 0.0023+3
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Table A.7: Heavy-light pseudoscalar mesons |p|? = 0, 8 = 6.0.

Kheavy KRlight A am
0.11230 | 0.13344 || 22.7+1 | 1.145%2
0.13417 || 21.8%2 | 1.120%2
0.13455 || 21.777 | 1.109%3
0.11730 | 0.13344 || 26.4*3 | 1.0058*13
0.13417 | 25.475 | 0.980%2
0.13455 || 25.4%5 | 0.968*3
0.12230 | 0.13344 | 30.3*% | 0.8506*}3
0.13417 || 29.27S | 0.824+2
0.13455 || 29.277 | 0.81172
0.12730 | 0.13344 || 35.3*3 | 0.6748%13
0.13417 | 34.5%5 | 0.6450F15
0.13455 || 34.6*5 | 0.630%2

Table A.8: Heavy-light pseudoscalar mesons |p]> = 1, 8 = 6.0.

Kheavy Klight A aks
0.11230 | 0.13344 || 14.4%3 | 1.199%3
0.13417 || 13.7%8 | 1.176*4
0.13455 | 13.8%2 | 1.167%¢
0.11730 | 0.13344 || 16.7+% | 1.069%3
0.13417 || 15.8%S | 1.04674
0.13455 || 15.8%9 | 1.035%3
0.12230 | 0.13344 | 19.5%3 | 0.929%3
0.13417 || 18.5*7 | 0.905%3
0.13455 || 18.5711 | 0.894%3
0.12730 | 0.13344 || 22.7*1 | 0.776%3
0.13417 || 21.9%13 | 0.752%3
0.13455 || 22.0%15 | 0.740*¢
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Table A.9: Heavy-light pseudoscalar mesons |p]2 = 2, 8 = 6.0.

K heavy Klight A aE
0.11230 | 0.13344 || 9.0 | 1.253%S
0.13417 || 8.6%2 | 1.235%2
0.13455 || 9.1+13 | 1.2321}2
0.11730 | 0.13344 || 10.5*% | 1.130*7
0.13417 (| 10.2%3% | 1.113%3°
0.13455 || 11.0718 | 1.111*}3
0.12230 | 0.13344 | 12.4t12 | 1.001%2
0.13417 || 12.5718 [ 0.986+13
0.13455 | 14*3 | 0.986+12
0.12730 | 0.13344 || 15%2 | 0.865%12
0.13417 || 16%1 | 0.86%2
0.13455 || 19%% | 0.86%3

Table A.10: Light-light vector mesons |p]? = 0, 8 = 6.0.

K Kr, A am
0.13344 | 0.13344 | 0.0329+13 | 0.538+3
0.13417 || 0.0319F4 1 0.511+S
0.13455 || 0.032%2 | 0.499*7
0.13417 | 0.13344 || 0.0319%15 | 0.510*¢
0.13417 || 0.0307+18 | 0.4827+3
0.13455 || 0.030%2 | 0.470%2
0.13455 | 0.13344 || 0.0321] | 0.496*]
0.13417 || 0.030%2 | 0.467%2
0.13455 | 0.030%2 | 0.455+1}

107



APPENDIX A. RESULTS FOR MESONS

Table A.11: Light-light vector mesons |p]? = 1, 8 = 6.0.

KF KL method 1: APE | method 2: APE
0.13344 | 0.13344 0.0169+¢ 0.0161%]
0.13417 0.0166*5 0.0150*7
0.13455 0.0166%3 0.014618
0.13417 | 0.13344 0.0157+7 0.0155%%
0.13417 0.015413 0.0143*%
0.13455 0.0155%9, 0.0140*%°
0.13455 | 0.13344 0.0153*% 0.015212
0.13417 0.0152%9, 0.01407F1°
0.13455 0.0154+19 0.0138+12
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Table A.12: Double exponential fits to light light vector mesons |5]? = 0, 8 = 6.2.

KF KL A z? amg Zh VA amy
0.13460 | 0.13460 || 0.083%3 | 0.042%2 | 0.382F; | 0.062%]5 | 0.11%5 | 0.71%]
0.13510 | 0.079%3 | 0.03972 | 0.364%S | 0.07%2 | 0.11F4 | 0.71%S
0.13530 || 0.078+3 | 0.038*3 | 0.357F7 | 0.07F2 | 0.11%§ | 0.71F1!
0.13510 | 0.13460 (| 0.0793 | 0.039% | 0.362%¢ | 0.07%2 | 0.11%5 | 0.7013
0.13510 || 0.075%2 | 0.037+3 | 0.344%3 | 0.08%3 | 0.11%7 | 0.70+%3
0.13530 || 0.074%3 | 0.03673 | 0.33879, | 0.0873 | 0.11%5 | 0.70+18
0.13530 | 0.13460 || 0.077+4 | 0.037%3 | 0.354%7 | 0.0772 | 0.10%3 | 0.681°
0.13510 || 0.072+3 | 0.035%% | 0.335715 | 0.08%5 | 0.10%3 | 0.67+°
0.13530 || 0.071%8 | 0.034%% | 0.328%12 | 0.08*3 | 0.10%1° | 0.66%12




Appendix B
Results for form factors

This appendix lists the form factors obtained from fits to the lattice three-point
correlation functions. Every channel that was fitted is listed, including channels

regarded as unreliable.
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APPENDIX B. RESULTS FOR FORM FACTORS

Table B.1: Form factors, channel 0 — 0, § = 6.2.

KH Kp Ka q*a’? Ay Ay |A |V
2000 | 3460 | 3460 || 0.212*¥3 |0.77%2| - | - | -
3510 || 0.232*%% |0.74%3 | - | - | -

3530 || 0.240%% 0.73%3| - | - | -

3510 | 3460 || 0.213%5 |0.7743 | - | - | -
3510 || 0.233*S |o0.74t3 | - | - | -

3530 || 0.242*7 |o0.72td| - | - | -

2330 | 3460 | 3460 || 0.129%2 |0.7782 | - | - | -
3510 || 0.144%2 07473 | - | - | -

3530 || 0.151%F [0.73%3 | - | - | -

3510 | 3460 || 0.129%3 |0.77%3 | - | - | -
3510 || 0.144%% [ 0.74%5 | - | - | -

3530 || 0.152%¢ |o0.72%3 | - | - | -

2660 | 3460 | 3460 | 0.06272 | 07742 | - | - | -
3510 || 0.072¥2 (o074t | - | - | -

3530 || 0.077F3 [0.73%3 | - | - | -

3510 | 3460 || 0.062%2 |0.7783 ) - | - | -
3510 || 0.072%3 |0.74%3 | - | - | -

3530 | 0.077+2 |0.73%3 | - | - | -

2990 | 3460 | 3460 || 0.0158%2 [0.78%2 | - | - | -
3510 || 0.0213*F12 | 0.75%2 | - | - | -

3530 || 0.024%2 |0.74%3 | - | - | -

3510 | 3460 | 0.0151%12 1 0.78¥3 | - | - | -

3510 || 0.021*%2 |0.75%3 | - | - | -

3530 || 0.023%2 07473 | - | - | -
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APPENDIX B. RESULTS FOR FORM FACTORS

Table B.2: Form factors, channel 0 — 1, 8 = 6.2.
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kg | kP KA q*a’? Ay A A 1%
2000 | 3460 | 3460 || 0.075%3 | 0.63%2 | 0.75%3 | 0.12%2 | 0.87*3
3510 || 0.088*3 | 0.60%3]0.71%3, | 0.14%2 |0.8514

3530 || 0.094%% | 0.60%3 | 0.71%0 | 0.15%2 | 0.84%4

3510 | 3460 | 0.074%3 | 0.65%5|0.80%3, | 0.12¥2 |0.86%4

3510 || 0.086%% |0.63%3|0.78%12 | 0.16%2 |0.83%3

3530 || 0.092%3 |0.63%;|0.79%12 | 0.17F3 | o0.82%¢

2330 | 3460 | 3460 | 0.008*2 | 0.63*2 | 0.70%7 | 0.014*3 | 0.85%3
3510 || 0.018%2 | 0.60%3 | 0.6677 | 0.031%S | 0.82%3

3530 || 0.022%2 | 0.60%3 | 0.6577 | 0.040%; |o0.81F%

3510 | 3460 || 0.007*2 | 0.65%3 | 0.747%, | 0.013*% | 0.83+4
3510 | 0.016%3 | 0.63%3 | 0.72%%, | 0.032%3 | 0.80F1

3530 || 0.021%% | 0.63%F | 0.73*11 | 0.043%19 | 0.79*2

2660 | 3460 | 3460 || —0.0406719 | 0.63%7 | 0.6475 | —0.079*1! | 0.83*3
3510 || —0.0348%13 | 0.6072 | 0.60%5 | —0.070+%° | 0.80%3

3530 || —0.03272 | 0.60%3 | 0.60%% | —0.066%3, | 0.79+

3510 | 3460 || —0.0419%]3 | 0.65%3 | 0.68F% | —0.089711 | 0.81F%

3510 || —0.03612 | 0.63%3 | 0.66%5 | —0.082%}3 | 0.77%3

3530 | —0.033F2 | 0.63%% | 0.667%, | —0.079F12 | 0.76%3

2990 | 3460 | 3460 || —0.066673 | 0.63¥2 | 0.58F3 | —0.16%2 | 0.83*3
3510 || —0.06497% | 0.6172 | 0.54% | —0.16%2 | 0.79%3

3530 || —0.0640%S | 0.60*3 | 0.53*S | —0.16%% | 0.77+3

3510 | 3460 || —0.0671%5 | 0.65%3 | 0.62%5 | —0.18%3 | 0.80+4

3510 || —0.065673 | 0.64F3 | 0.59%S | —0.18%3 | 0.76%]

3530 || —0.0647F | 0.63%3 | 0.59%7 | —0.19%3 | 0.73+4




APPENDIX B. RESULTS FOR FORM FACTORS
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Table B.3: Form factors, channel 0 — 2, 8 = 6.2.
KH Kp KA q*a’? A As A Vv
2000 | 3460 | 3460 || —0.041%2 | 0.36%3 | 0.25% | —0.01674 | 0.87*3
3510 || —0.032%2 | 0.34%3 | 0.23%3 | —0.013%3 | 0.85*1
3530 || —0.028%3 | 0.33%3 | 0.23%§ | —0.012%3 | 0.8474
3510 | 3460 || —0.043%2 | 0.36%3 | 0.25%7 | —0.019%5 | 0.86+%
3510 || —0.035%3 | 0.33%3 | 0.23%7 | —0.016%5 | 0.8315
3530 | —0.030%3 [ 0.32%3 | 0.23%3 | —0.015%¢ | 0.82*¢
2330 | 3460 | 3460 | —0.09371}1 | 0.36%5 | 0.25%% | —0.043%5 | 0.85%3
3510 || —0.0875%]5 | 0.34%; | 0.23%% | —0.042%}] | 0.82%3
3530 || —0.085%5 | 0.33%3 | 0.23*% | —0.043%}; | 0.817+%
3510 | 3460 || —0.0957+14 | 0.36%3 | 0.25%5 | —0.047*11 | 0.83F4
3510 | —0.090%2 | 0.33%3 | 0.22%7 | —0.047+1% | 0.80+4
3530 || —0.087%5 |0.33%3|0.22%7 | —0.05%3 | 0.79%3
2660 | 3460 | 3460 || —0.1275%% | 0.3713 | 0.2613 | —0.070%;3 | 0.83%3
3510 || —0.1244%7 | 0.35%3 | 0.23%; | —0.07*2 | 0.80%3
3530 || —0.1230%%, | 0.34%5 | 0.23%2 | —0.0872 | 0.79%]
3510 | 3460 || —0.1286%¢ | 0.3673 | 0.25% | —0.072 | 0.81+
3510 || —0.1258%7, | 0.34%3 [ 0.22%5 | —0.08%2 | 0.77%%
3530 | —0.1244%71 | 0.33%3 [ 0.22%¢ | —0.08%2 | 0.7615
2990 | 3460 | 3460 || —0.13645*]3 | 0.37%3 | 0.28%5 | —0.10%2 | 0.8313
3510 || —0.13696%g | 0.35%; | 0.25%3 | —0.11%% | 0.79%3
3530 | —0.13706%5 | 0.35%5 [ 0.24%3 | —0.11%2 | 0.77%3
3510 | 3460 || —0.1360%3 | 0.37¥3 | 0.27+5 | —0.10*2 | 0.80*4
3510 || —0.13671%%3 | 0.35%5 | 0.24%5 | —0.11%3 | 0.7673
3530 || —0.13692%15 | 0.34%5 [ 0.23%2 | —0.12%3 | 0.73%]




APPENDIX B. RESULTS FOR FORM FACTORS

Table B.4: Form factors, channel 1 — 0, 8 = 6.2.

KH Kp KA q’a? A, A, A |%
2000 | 3460 | 3460 || 0.182+% [ 0.72+3 | 1.2*% | o0.6%2 |0.8713
3510 | 0.203*2 | 0.70%3 | 1.4 | 0.8*3 |0.85%

3530 || 0.212%% | 0.69%3 | 1.677 | 1.0f7 |0.84%:

3510 | 3460 || 0.184%: | 0.7273 | 1.2%7 0.6%7 |0.86%3

3510 || 0.205%F | 0.70%3 | 1.5%3 1.0*% | 0.83%3

3530 || 0.215%3 | 0.6975 | 1.8%° | 1.2*¢ | 0.82F¢

2330 | 3460 | 3460 || 0.095%3 | 0.71%3 | 0.9%3 | 0.271] | 0.8513
3510 || 0.112%; | 0.69%3 | 1.0f; | 0.4%2 |0.82%5

3530 || 0.119%% |0.68%3 | 1.1*7% | 0.5%2 |0.81*4

3510 | 3460 || 0.096%3 |0.72¥3| 0.8%2 | 0.3*2 |0.83*%

3510 | 0.113%% | 0.69%5 | 1.0%S 0.4%2 | 0.80%

3530 | 0.121%% | o0.68%5 | 1.2%5 | 0.6%3 |0.79%%

2660 | 3460 | 3460 || 0.022%%2 | 0.71*3 | 0.6*2 | 0.0672 | 0.83%3
3510 {| 0.035%5 |o0.68%3 | 0.7t | 0.11%; | 0.80%3

3530 || 0.040%2 | 0.67F3 | 0.7%3 | 0.1575 | 0.79%4

3510 | 3460 || 0.023*3 | 0.71%3 | 0.6%3 | 0.06%3 |0.81*!

3510 || 0.035%% |0.68%; | 0.7ty | 0.12%5 |0.77%%

3530 || 0.042%% | 0.67F5| 0.8%; | 0.17%5 | 0.7675

2990 | 3460 | 3460 || —0.0327713 1 0.69%3 | 0.43*1% | —0.09%2 | 0.83*3
3510 || —0.025%3 | 0.67*3 | 0.43*13 | —0.08%3 | 0.7973

3530 | —0.021*3 | 0.6673 | 0.5%% | —0.07%2 | 0.77+3

3510 | 3460 | —0.033%% | 0.69%3 | 0.39%1% | —0.09%3 | 0.80*%

3510 || —0.025%35 | 0.671 | 0.4%5 | —0.08%3 | 0.76%]

3530 | —0.020*3 | 0.66%5 | 0.4%2 | —0.07%3 | 0.73%;

113



APPENDIX B. RESULTS FOR FORM FACTORS

Table B.5: Form factors, channel 1 — 1 1, 8 = 6.2.

KH Kp KA q*a’? A As A |%
2000 | 3460 | 3460 || 0.17672 | 0.70%7 | 1.8*11 | 0.8%S | 0.87%3
3510 || 0.190%3 | 0.65%% | 1.3*%]3 | 0.7%% | 0.85*4

3530 || 0.196%% | 0.62%3 | 1.1%17 | 0.6%% | 0.84%3

3510 | 3460 || 0.1743 |o0.68%;5 1 1.6%5 | 0.8%3 |0.86%%

3510 || 0.188%% | 0.62%1} | 1.01153 | 0.6 | 0.83%3

3530 || 0.195*3 | 0.59%13 | 0.7535 | 0.4%3° | 0.82*¢

2330 | 3460 | 3460 || 0.104%3 | 0.71*7 | 1.7%12 | 0.6%2 | 0.8513
3510 || 0.115%3 | 0.65%5 | 1.2%17 | 0.5%% | 0.8273

3530 || 0.120%3 | 0.63%3 | 1.0%;3 | 0.4%% | 0.81%+]

3510 | 3460 || 0.103*2 | 0.68%13 | 1.4%1% | 0.5%7 | 0.83*+2

3510 f| 0.114%3 | 0.61712 1 0.8%15 | 0.3*7 | 0.80*4

3530 || 0.119%% | 0.5913 | 0.5515 1 0.2%3 | 0.79%3

2660 | 3460 | 3460 | 0.0482113 | 0.71%7 | 1.7515 | 0.3%% | 0.83%3
3510 || 0.056%2 | 0.6673 | 1.1713 ] 0.3%5 | 0.8013

3530 || 0.059%2 | 0.63%3 | 0.8%15 | 0.25 | 0.79%%

3510 | 3460 || 0.047%2 |0.68t15 | 1.72 | 0.2%¢ |o0.81%

3510 || 0.054%2 | 0.62%13 | 0.X3 | 0.1%¢ | 0.77%;

3530 || 0.058%3 |0.59%13 1 0.X3 | 0.0t | 0.7615

2990 | 3460 { 3460 || 0.0116%5 | 0.72*3 | 2.¥3 | 0.1 | 0.83%3
3510 || 0.0155%3, | 0.67%3 | 1.X3 | 0.1%; | 0.79%3

3530 || 0.0173%13 | 0.64%3° [ 1.¥2 | 0.1%] | 0.77%3

3510 | 3460 || 0.0109%5 | 0.68*11 | 1.¥3 | 0.0%% | 0.80*

3510 || 0.0146112 | 0.62+13 | 0.73 | —0.173 | 0.76%¢

3530 || 0.0165%13 | 0.59%15 | 0.73 | —0.1%2 | 0.73%}
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APPENDIX B. RESULTS FOR FORM FACTORS

Table B.6: Form factors, channel 1 -1 L, 8 = 6.2.
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KH Kp Ka q*a’® Ay A, A %
2000 | 3460 | 3460 || 0.039*2 | 0.60%3 | 0.60%7 | 0.046%1 | 0.87*3
3510 | 0.053*3 | 0.58*2 | 0.577 | 0.064*19 |0.85%¢

3530 || 0.059%% | 0.57%2 | 0.56735 | 0.073F11 | 0.84%+4

3510 | 3460 | 0.037X3 | 0.61%3 | 0.63%5 | 0.048%° | 0.8674
3510 || 0.0517% | 0.59%3 | 0.59%3, | 0.067F15 | 0.83%5

3530 | 0.058%3 | 0.583|0.58%10 | 0.08%2 | 0.82%8

2330 | 3460 | 3460 | —0.033%2 | 0.58%2 | 0.557¢ | —0.042*2 | 0.85%3
3510 || —0.022*2 | 0.56%2 | 0.52%§ | ~0.029%% | 0.82+2

3530 || —0.01773 | 0.56*2 | 0.51%% | —0.023%} | 0.81+

3510 | 3460 || —0.034%2 | 0.603 | 0.56*7 | —0.047*% | 0.83%

3510 | —0.024*3 | 0.58%3 | 0.53%5 | —0.033*7 | 0.801%

3530 || —0.018%% | 0.57%3 | 0.52%5 | —0.026%S | 0.79%2

2660 | 3460 | 3460 || —0.0889%13 | 0.57%2 | 0.48F3 | —0.125%13 | 0.83+3
3510 || —0.081%2 | 0.5572 | 0.467% | —0.118%13 | 0.80%3

3530 || —0.078%2 | 0.55%% | 0.45%% | —0.116113 | 0.79+4

3510 | 3460 || —0.090%2 | 0.59%5 | 0.49%¢ | —0.13*2 | 0.81*%

3510 || —0.083%3 | 0.57%3 | 0.46%2 | —0.13%2 | 0.77%]

3530 || —0.079%3 | 0.57%3 | 0.46%7 | —0.12%2 | 0.76%3

2990 | 3460 | 3460 | —0.1255%3 | 0.5572 | 0.41%) | —0.20%2 | 0.83%3
3510 || —0.12167, | 0.54%2 | 0.39%% | —0.20%2 | 0.79%3

3530 || —0.1198%13 | 0.53%7 | 0.38*; | —0.20%2 | 0.77%3

3510 | 3460 || —0.126275 | 0.58%5 | 0.41*: | —0.22%2 | 0.80*

3510 || —0.1225132 | 0.56%3 | 0.39%% | —0.22%3 | 0.76%%

3530 || —0.1206%}3 | 0.5673 | 0.39%% | —0.22%3 | 0.73%
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Table B.7: Form factors, channel 1 — 11, 8 = 6.2.

KH Kp KA q*a? Ay A A Vv
2000 | 3460 | 3460 || —0.098%2 | 0.54*3 | 0.54%¢ | —0.102%11 | 0.87*3
3510 || —0.084%3 | 0.52F3 | 0.52%5 | —0.090+10 | 0.85+4

3530 || —0.078%; | 0.51%35 ] 0.51%5 | —0.084%3° | 0.84F4

3510 | 3460 || —0.100%3 | 0.58%% | 0.58%7 | —0.115715 | 0.8674
3510 || —0.086F% | 0.55%% | 0.56%5 | —0.100%14 | 0.83+3

3530 || —0.079%3 | 0.547% | 0.55%3 | —0.094+13 | 0.82+8

2330 | 3460 | 3460 | —0.170%2 | 0.52%3 | 0.46%% | —0.18%2 | 0.85*3
3510 || —0.159%2 | 0.5013 | 0.45%% | —0.17%2 | 0.82%%

3530 || —0.154%3 | 0.4973 | 0.44%2 | —0.17%2 | 0.81+

3510 | 3460 | —0.171%3 | 0.56%3 | 0.50%% | —0.20%% | 0.83*+1

3510 | —0.16173 | 0.53*3 | 0.485 | —0.19%2 | 0.80*3

3530 || —0.155%% | 0.52%5 1 0.47%5 | —0.18*2 |0.79%2

2660 | 3460 | 3460 || —0.2259*13 | 0.502 | 0.39%5 | —0.24%2 | 0.83%3
3510 | —0.218%2 | 0.48%2 | 0.38%F | —0.2472 | 0.80%3

3530 || —0.215%2 | 0.48%3 | 03715 | —0.24%% | 0.79%%

3510 | 3460 || —0.227*2 | 0.55%% | 0.41%2 | —0.27% | 0.817]

3510 || —0.220%2 | 0.52%310.407 | —0.26%3 |0.77+

3530 | —0.21673 | 0.517% | 0.39%3 | —0.26%3 | 0.76%3

2990 | 3460 | 3460 || —0.26257% | 0.49%2 | 0.31%5 | —0.29%3 | 0.83%3
3510 || —0.258717, | 0.4713 | 0.3115 | —0.30%5 |0.79%3

3530 || —0.2569%13 | 0.4613 | 0.30%3 | —0.30%3 | 0.77+3

3510 | 3460 || —0.2633*3 | 0.53%3 | 0.33%3 | —0.33%3 | 0.80+4

3510 || —0.2596%12 | 0.51%3 | 0.32F5 | —0.33%5 | 0.76%]

3530 || —0.2577+13 | 05175 | 0.32%% | —0.33%; | 0.73*4
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Table B.8: Form factors, channel 1 -+ 2 L, f =6.2.
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KH Kp KA q%a® Ay A, A Vv
2000 | 3460 | 3460 || —0.083*2 | 0.29%3 | 0.14*5 | —0.012+3 | 0.87%3
3510 || —0.073%2 | 0.27%3 | 0.12%§ | —0.012F3 | 0.85%1

3530 || —0.06873 |0.27%3 | 0.1177 | —0.013*2 | 0.84*4

3510 | 3460 || —0.086%2 | 0.28%5 | 0.1175 | —0.008*1% | 0.867%
3510 | —0.07633 | 0.27*2 | 0.10%3 | —0.010%] | 0.83*5

3530 || —0.071*4 | 0.26%2 | 0.10*10 | —0.012+14 | 0.82%6

2330 | 3460 | 3460 || —0.1414F13 | 0.29%3 | 0.15%2 | —0.03*2 | 0.8513
3510 || —0.13472 | 0.27%3 | 0.12%2 | —0.03*2 | 0.82*4

3530 || —0.13172 | 0.26%3 | 0.12%8 | —0.03*2 | 0.81%4

3510 | 3460 || —0.143%3 | 0.28%3 | 0.12%7 | —0.02*3 | 0.83*}
3510 || —0.13672 | 0.26%3 | 0.10*7 | —0.02*2 | 0.80*%

3530 || —0.133%3 | 0.26%3 | 01173 | —0.0373 | 0.7972

2660 | 3460 | 3460 || —0.1830%5 | 0.28%3 | 0.1575 | —0.05%2 | 0.83*3
3510 || —0.1785%19 | 0.27%3 | 0.13*% | —0.0572 | 0.80%3

3530 || —0.1764%12 1 0.26%3 | 0.13*2 | —0.05%2 | 0.79*!

3510 | 3460 || —0.18447%10 | 0.28%% | 0.13%§ | —0.04F3 | 0.81*%

3510 || —0.1801%}5 | 0.26%3 | 0.11%5 | —0.04%3 | 0.77%]

3530 || —0.178%3 | 0.26%5 | 0.11%7 | —0.05%% | 0.76%5

2990 | 3460 | 3460 || —0.2041%7 | 0.2715 | 0.1675 | —0.07*2 | 0.83%3
3510 || —0.2028%3 | 0.26%3 | 0.14%% | —0.083 | 0.79%3

3530 || —0.2021%¢ | 0.263 | 0.13+1 | —0.09%3 | 0.77+3

3510 | 3460 || —0.2045%2 | 0.27+1 | 0.14*3 | —0.067% | 0.80*4

3510 || —0.2034%% | 0.26%% | 0.12%% | —0.07%; | 0.767

3530 || —0.2027%3 | 0.26%5 | 0.12%S | —0.085 |0.73+
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Table B.9: Form factors, channel 1 — 2, 8 = 6.2.

kg | Kp KA q%a® Ay A, A
2000 | 3460 | 3460 || 0.054%2 | 0.45%3 | 0.35%{} | 0.036%}2
3510 || 0.064%2 | 0.43%% | 0.30%12 | 0.05*2

3530 || 0.069%3 | 0.42+1 | 0.29%12 | 0.05%2

3510 | 3460 | 0.052%% | 0.44%S | 0.3%2 | 0.04%2
3510 | 0.061*3 | 0.41*S | 0.3*2 | 0.053

3530 || 0.066%% | 0.40*¢ | 0.2¥2 | 0.06%3
2330 | 3460 | 3460 | —0.0043713 | 0.46+1 | 0.35+19 | —0.003+2
3510 || 0.003*2 | 0.44%% | 0.30%1L | 0.003*2

3530 | 0.006%2 | 0.43*%]0.29%12 | 0.005%3
3510 | 3460 || —0.006%2 | 0.45%% | 0.311% | —0.005*3
3510 || 0.001%2 | 0.42%S | 0.3%2 | 0.001+2

3530 | 0.004%3 | 0.41%S | 0.2¥2 | 0.004F:
2660 | 3460 | 3460 || —0.04597% | 0.47%3 | 0.361]5 | —0.04*2
3510 || —0.0414%19 | 0.45%% | 0.30+1L | —0.0412
3530 || —0.0393+12 | 0.44%5 | 0.2971L | —0.0472
3510 | 3460 || —0.0473713 | 0.46%2 | 0.31%13 | —0.05+2
3510 || —0.0430714 | 0.43%8 | 0.24%1 | —0.04*2
3530 || —0.041%3 | 04275 | 0.2%2 | —0.04*2
2990 | 3460 | 3460 || —0.0670%2 | 0.47%3 | 0.3615, | —0.0873
3510 || —0.0657%3 | 0.45%% | 0.29719 | —0.08+3
3530 || —0.0650*% | 0.44%1 | 0.28+11 | —0.0913
3510 | 3460 || —0.067412 | 0.46%% | 0.31+1%2 | —0.08*
3510 || —0.0663F¢ | 0.443 | 0.23¥13 | —0.08*4
3530 || —0.065673 | 0.43*¢ | 0.22F14 | —0.09*3
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Table B.10: Form factors, channel 0 — 0, § = 6.0.
KH Kp KA q*a? Ay Ay | AV
1230 | 3344 | 3344 || 0.368*2 [0.78*3 | - | - | -
3417 || 0.403*5 [0.75%3 | - | - | -

3455 || 0.421%7 07473 | - | - | -

3417 | 3344 || 0.371%5 07743 | - | - | -
3417 || 0.408%7 |0.74%1 | - | - | -

3455 || 0.427+19 10734 - | - | -

1730 | 3344 | 3344 || 0.219%3 [o0.78%2| - | - | -
3417 || 0.246%3 | 0.76%3 | - | - | -

3455 | 0.260%¢ 0753 - | - | -

3417 | 3344 || 0.220%% | 0.78¥3 | - | - | -
3417 || 0.249%S o075t | - | - | -

3455 || 0.264%8 o074t | - | - | -

2230 | 3344 | 3344 | 0.098*2 |0.78%2 | - | - | -
3417 || 0.116%3 |o0.75%2 | - | - | -

3455 || 0.126% | 0.75%3 | - | - | -

3417 | 3344 || 0.098%2 | 0.78%3 | - | - | -
3417 || 01178 {07513 | - | - | -

3455 || 0.127%3 |o75td | - | - | -

2730 | 3344 | 3344 | 0.0187%3, 1 0.78¥2 | - | - | -
3417 || 0.0271712 (07672 | - | - | -

3455 || 0.032%2 07633 | - | - | -

3417 | 3344 || 0.0180%} | 0.7973 | - | - | -
3417 || 0.027F2 |0.77E3 | - | - | -

3455 || 0.032%3 0773 | - | - | -

119



APPENDIX B. RESULTS FOR FORM FACTORS 120
Table B.11: Form factors, channel 0 — 1, 8 = 6.0.

KH Kp | Ka q*a® A, A, A 1%
1230 | 3344 | 3344 || 0.075%3 | 0.59*3 | 0.50%13 | 0.036719 | 0.78%4
3417 || 0.09772 ] 0.56%3 [ 0.45713 | 0.046%15 | 0.75*4

3455 || 0.108%5 | 0.55%3 | 0.42113 | 0.05%2 | 0.74%%

3417 | 3344 || 0.072%2 | 0.5973 | 0.47F13 | 0.04%2 | 0.76%%
3417 || 0.095%3 | 0.55%2 | 0.4%] 0.05%2 | 0.74%3

3455 || 0.106%75 | 0.53%3 | 0.4%] 0.05%3 | 0.72%8

1730 | 3344 | 3344 || —0.039%2 | 0.5913 | 0.50%7, | —0.024*%7 | 0.77+3
3417 || —0.023%2 | 0.57%5 | 0.46%19 | —0.014%] | 0.74F3

3455 | —0.015%3 | 0.55%3 | 0.42%}) | —0.009%; | 0.72%3

3417 | 3344 || —0.041*% | 0.60%3 | 0.50%1% | —0.028+10 | 0.74+4

3417 || —0.025%% | 0.57%3 | 0.44%13 | —0.01717 | 0.72%3

3455 || —0.017%: | 0.5572 | 0.4%3 | —0.011%F | 0.70*3

2230 | 3344 | 3344 || —0.1202%%, | 0.59%2 | 0.48*7 | —0.09%% | 0.74%3
3417 | —0.111513 | 0.563 | 0.4315 | —0.0972 | 0.72%3

3455 || —0.107%2 | 0.55%3 | 0.40%3 | —0.08%2 | 0.70%3

3417 | 3344 || —0.1221*712 | 0.60%3 | 0.49%}% | —0.11%3 | 0.72+

3417 || —0.113%2 | 0.57%; | 0.43%}5 | —0.1073 | 0.69*2

3455 || —0.109%2 | 0.55%5 | 0.38*13 | —0.09%3 | 0.67*2

2730 | 3344 | 3344 || —0.15414%2 | 0.60%2 | 0.45%% | —0.17%3 | 0.7573
3417 || —0.1533*2 | 0.5715 | 0.401% | —0.17%3 | 0.72%3

3455 | —0.1524%] | 0.55%3 | 0.36%7 | —0.17*3 | 0.70%3

3417 | 3344 | —0.154212 | 0.62F3 | 0.45%5 | —0.20%4 | 0.72%3
3417 || —0.1537%2 | 0.59%3 | 0.397) | —0.20%5 | 0.68*3

3455 | —0.1530%% | 0.5673 | 0.33719 | —0.20*% | 0.66%3
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Table B.12: Form factors, channel 1 — 0, 8 = 6.0.

KH Kp KA q*a? A, Aq A |4
1230 | 3344 | 3344 | 0.297%3 |0.80%5 | 0.6%¢ | 0.2+3 |o0.78*
3417 || 0.336%5 | 0.79%2 | 0.7%% | 0.3%1 |o0.75%

3455 || 0.356%5, | 0.78%5 | 0.9%9, | 0.4%> |0.74%

3417 | 3344 || 0.303*5 | 0.81%5 | 0.7715 | 0.2+ |0.76%2
3417 || 03438, | 0.79%8 | 0.8%12 | 0.3%S | 0.74%3

3455 || 0.365%1% | 0.7973 | 0.8%}5 | 0.47% | 0.72%S

1730 | 3344 | 3344 || 0.139%3 |0.78%4 | 0.6%5 | 0.11%19 | 0.77+3
3417 || 0.170%% | 0.77%3 | 0.8%3 | 0.19%13 | 0.74%3

3455 || 0.187X5 | 0.7775 | 0.9%5 0.3t2 | o0.72+4

3417 | 3344 || 0.143*% | 0.79%S | 0.7%% | o0.172 |o0.74%
3417 || 0.176*5 | 0.777% | 0.8%5 0.2%% | o0.72%3

3455 || 0.193%%, 10.78%3 | 0.9%3, | 0.3%3 |o0.70%2

2230 | 3344 | 3344 || 0.0057% |0.74%4 | 0.673 | 0.005%3 | 0.74+3
3417 || 0.028%% [ 0.73%2 | 0.773 | 0.04%7 | 0.727%3

3455 || 0.040%% | 0.73%5 | 0.77% | 0.0673 |0.70%3

3417 | 3344 || 0.007%3 | 0.75%5 | 0.7%3 | 0.008*5 | 0.72%4

3417 || 0.031%% | 0.73*7 | 0.7 | 0.05%3 | 0.69%1

3455 || 0.045%7 | 0.74%3 | 0.8 | 0.08%3 |0.674

2730 | 3344 | 3344 || —0.095%% | 0.697% | 0.46%13 | —0.11%4 | 0.75%3
3417 || —0.081%3 | 0.68%Z | 0.5%2 | —0.12%% | 0.7213

3455 || —0.073%3 1 0.6975 | 0.5%2 | —0.13*¢ | 0.70%3

3417 | 3344 || —0.095%2 | 0.70%S | 0.572 | —0.13%7 | 0.72%3

3417 || —0.080%3 | 0.68%7 | 0.5%3 | —0.14%7 | 0.68*3

3455 || —0.071%2 | 0.6975 | 0.5*2 | —0.15%3 | 0.66%3
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Table B.13: Form factors, channel 1 -+ 1 L, 8 =6.0.

KH Kp KA q*a’? Al A | A V
1230 | 3344 | 3344 || —0.013%% | - | - | - | 0.78%4
3417 || 0.012¥% | - | - | - | 0.751

3455 || 0.025%% | - | - | - |0.74%]

3417 | 3344 || —0.014%% | - | - | - | 0.76%2
3417 || 0.012%3 - |- | - | 0745

3455 || 0.025%] - | - |- ]0.72%8

1730 | 3344 | 3344 || —0.137+2 | - | - | - | 0.773
3417 || —0.118%5 | - | - | - | 0.74%3

3455 || —0.108%% | - | - | - |0.72F]

3417 | 3344 || —0.139%3 | - | - | - | 0.74%}
3417 || —0.120%% | - | - | - |0.72%8

3455 | —0.109% | - | - | - | 0.70%2

2230 | 3344 | 3344 || —0.2352+3 | - | - | - | 0.74%3
3417 || —0.223%3 | - | - | - |0.72%3

3455 || —0.21673 | - | - | - | 0.70%3

3417 | 3344 || —0.237%3 | - | - | - | 0.72%}
3417 || —0.224%3 | - | - | - | 0.69%%

3455 || —0.217F3 | - | - | - | 0.67]

2730 | 3344 | 3344 || —0.2953*8 | - | - | - | 0.75%3
3417 || —0.2897%%, | - | - | - |0.72%3

3455 || —0.2864%12 | - | - | - | 0.70%3

3417 | 3344 || —0.2962+7, | - | - | - | 0.72%3

3417 || —0.2906111 | - | - | - | 0.68%3

3455 | —0.287%2 | - | - | - | 0.6613




Appendix C

Phenomenological results

Table C.1: Form factors for the decay D} — ¢¢*v . ¢* is in lattice units.

Channel q* Ao Aq As Vv
0—0 | 0.106 - ot - -
0—1 | —0.012 || 0.58%2 | 0.63%3 | 0.6915 | 0.80%]
1—0 | 0.072 | 0.88%7 |0.70%; | 0.8%] |1.23%3

1—1L|-0.054 | 0.53%5 | 0.58%3 | 0.51%2 | 0.70%]
1 — Lir | —0.191 || 0.34%2 | 0.53%3 | 0.44*F | 0.58*3

Table C.2: Form factors for the decay DY — K*°¢*v . ¢? is in lattice units.

Channel q* Ap Ay A, |%
0—0 | 0.112 - 0.75% - -
0—1 |[—0.012 || 0.59%3 |0.68%2 | 0.78¥}3 | 0.761¢
1—0 | 0.081 | 09012 |0.70%2 | 0.9%5 | 1.2+2

1 —>11]|-0.053]| 056+ |0.61%3 | 0.53*]5 | 0.63*5
1 — Lyt | —0.190 || 0.38%3 | 0.59%2 | 0.48%7 | 0.63%3
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Table C.3: Form factors for the decay D* — p°%*v . ¢? is in lattice units.

Table C.4: Form factors for the decay B® — p~{*tv .

Channel q* Ag Ay Ag \%
00 | 0.142 - 0.70%2 - -
0—1 | 0.004 | 0.58%3 | 0.64%2 | 0.74%}% | 0.71%]
1—0 | 0.115 |[0.90%5 | 0.66%% | 1115 | 1.2F2

1—11L|—0.034 || 0.56%5 |0.58%5 | 0.48%]} | 0.59%¢

1 — Ly | —0.171 || 0.36%3 | 0.55%5 | 0.4675 | 0.59%15

quadratic heavy quark extrapolation was used.

Channel | ¢? Ag Ay A, 1%
00 |2.39 - 0.61%5 | - -
0—1 |[2.006 | 1.36%5" | 0.57+¢ | 1.4%5 | 1.131}$
1 =0 |2314 ] 178 06173 | 62 | 1.973

1— 1L [1.891 || 1.24%]$ | 0.52%¢ | 1.072 | 1.0%2
1 — 1y | 1.624 || 0.9%2 |0.54%5 | 1115 | 1.1%3

¢? is in lattice units, the

Table C.5: Results from fitting the lattice form factors to the ansatze described

in section 6.5. Pole masses are in lattice units. ro was used to set the scale, which
gives a~! = 2.913 GeV.

decay V(0) | Ao(0) | A:(0) | A2(0) M2 M3, M3
Dt — ¢ty 0.85%3 | 0.6312 | 0.63%3 | 0.62*% | 0.53%5 | 0.2472 | 0.69F13
Dt — K¢ty | 0.80%2 | 0.64F3 | 0.6572 | 0.67F1 | 0.5871 | 0.28%5 | 0.9+
Dt — polty 0.71%3 1 0.5973 | 0.60%3 | 0.61*¢ [ 0.57F1* | 0.31%5 | 1.0%8
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Table C.6: Results from fitting the lattice form factors to the ansatze described

in section 6.5. Pole masses are in lattice units. m, was used to set the scale,

which gives ¢! = 2.54 GeV.

decay V(0) | Ao(0) | A1(0) | A2(0) M M3 M3
Df — ¢ttv 0.83%3 | 0.61%7 | 0.62%3 | 0.63*2 | 0.5715 | 0.30%3 | 0.74F1!
Dt — K*°*y | 0.7972 | 0.6415 | 0.6615 | 0.70%7 | 0.63'% | 0.37+% | 1.117
D+ — polty 0.6778 | 0.59%2 | 0.60%3 | 0.61%5 | 0.60%16 | 0.38+7 | 1.4%12

Table C.7: The pole masses obtained from fitting the lattice data compared with
the nearest-pole-dominance prediction of [38]. All masses are in GeV. Lattice pole
masses are calculated with both ro and m, used to set the scale. The nearest-
pole-dominance predictions are meson masses; in all cases the experimental error

on the meson mass is smaller than the accuracy quoted.

decay mass || Lattice (ro) | Lattice (m,) | Pole dominance

my 2.13%3° 1.92%% 2.11

Df — ¢ltv ma, 2.4%2 2.19113 2.54

ma, 1.447%7 1.40%8 1.97

my 2.2%3 2.0%3 211

Dt — K00ty | my, 2.81¢ 2.7%7 2.54
mu, 1.55%13 1.53%]2 1.97

my 2.2%3 1.971%% 2.01

DY — p%ty | my, 2.913 3.0t 2.42

ma, | 1.62F13 1.56+14 1.87
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