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Abstract

The work in this thesis concerns the estimation of the electromagnetic, elastody-
namic and piezoelectric properties of homogenized composite materials (HCMs).
A composite may be considered homogeneous if wavelengths are sufficiently large
in comparison to the size of the particles of each component material. This thesis
examines HCMs constructed from two component materials and several methods
of estimating the HCMs constitutive properties. Firstly, the Maxwell Garnett es-
timates and Bergman—Milton bounds on the electromagnetic properties of HCMs
are examined. While both are widely used, we re—examine them, for isotropic
dielectric HCMs, in light of recent advancements in material manufacture. Sec-
ondly, we examine the strong—property—fluctuation theory (SPFT). The SPFT
estimate is calculated using iterations upon an initial ansatz, these iterations be-
ing dependent on statistical cumulants of the spatial distribution of the particles
of the component materials. The zeroth-order SPFT estimate is identical to the
first—order and both are taken to be identical to a comparison material. For the
second—order estimate a two—point correlation function along with its associated
correlation length are used to characterize the component materials’ particle dis-
tribution. The general framework for the elastodynamic SPFT was established
in 1999 by Zhuck and Lakhtakia. Here we further develop the elastodynamic
SPFT for orthotropic HCMs, in order to undertake numerical studies. We sim-
plify certain integrals in order to make them amenable to numerical computation.
Also, we establish the piezoelectric SPEF'T for orthorhombic mm?2 materials. The
general theory is developed first in a manner analogous to the elastodynamic
SPFT. We then implement a two—point covariance function, perform similar in-

tegral simplifications to those done in the elastodynamic SPFT and carry out
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numerical experiments. From the numerical studies it is clear that, for both the
elastodynamic and piezoelectric HCMs, the lowest—order SPFT estimate is sim-
ilar to that provided by the corresponding Mori—Tanaka formalism. It is also
apparent that the second—order SPFT estimate provides a significant correction

to the lowest—order estimate, which reflects dissipative losses due to scattering.
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Glossary

of terms and notation

Symbol Term
i V-1
D, D; electric displacement vector and its components
E, E; electric field vector and its components
H magnetic field vector
B magnetic induction vector
€im, € permittivity tensor and matrix
€0 permittivity of free-space
€ relative permittivity
1% permeability matrix
MG, MGg | Maxwell Garnett estimates
HS,, HSs | Hashin-Shtrikman bounds
1 3 x 3 identity matrix
0. . n x n null matrix
Cl(i)pq, g(é) stiffness tensor, matrix of component material ¢
9, E(E) density tensor, matrix of component material ¢

stress, displacement and applied force tensors

w angular frequency
Spg, S strain tensor, vector
Eimpg> € renormalization tensor, matrix
Wistu, E renormalization tensor, matrix
(...) ensemble average
r spatial variable
I characteristic function
Bi%;f, B | covariance functions
r correlation function

continued on next page




continued from previous page

Symbol Term
G, Gy 3 x 3 matrix Green function and its entries
N, A Numerator and denominator of G
Omp Kronecker delta
w;j, W renormalization tensor, vector
U 3 x 3 shape matrix
Timrsy T identity tensor and its matrix representation
@ volume fraction of component material ¢
O 0 Lamé constants of material ¢
kO & bulk modulus and Poisson ratio of material ¢
Sfje,jlh ), Slesh) Eshelby tensor, matrix
€ijk Levi-Civita permutation tensor
k wavenumber
k average wavenumber

SPFT estimate of the stiffness matrix

SPFT estimate of the density matrix

electric potential and charge

piezoelectric tensor and matrix

extended stiffness and density

extended stress and strain and their matrices

ur, Fy extended displacement and force
Q(Z), é@) extended stiffness and density matrices
g, Gpur piezoelectric 4 x 4 matrix Green function
and its entries
ﬁ, A Numerator and denominator of g
5, MPqgs g piezoelectric extension of &, and 3
WRstUa W piezoelectric extension of Wi, and w
TIMRss T piezoelectric extension of Ty,.s, T
wrj, W piezoelectric extension of w;;, @

continued on next page
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continued from previous page

Symbol Term
E extended compliance matrix
2 piezoelectric average wavenumber
c (spft) v (spft) = (ocm) .
C =C -C SPFT estimate of the extended
stiffness matrix
E(Spft) = /_‘i(‘”’f O _ é(ocm) SPFT estimate of the extended

density matrix

Piezoelectric extension of Sl.(;zlh), §(63h)

Within this thesis, matrices are denoted by double underlining and bold font
A, while vectors are in bold font with no underlining a. Tensors are represented in
normal font with their components indicated by subscripts (for nth—order tensors,
with n < 4) or subscripts and superscripts (for eighth—order tensors). All tensor

indexes range from 1 to 3. The pgth component of a matrix A is written as [ A }pq,

while the pth component of a vector b is written as [b] . A repeated index implies

summation. Thus, we have the matrix component [ A- E]pr = [ A }pq[g]qr’

vector component [A - b}p = [A}pq [b}q, and scalar a - b = [a] [b] . The

adjoint, determinant and trace of a matrix A are denoted by ad] (A ), det (A)

and tr (A), respectively. The prefixes Re and Im are used to signify real and

imaginary parts, respectively, while ¢ = y/—1.

xii



Glossary of abbreviations and acronyms

Symbol Description

HCM Homogeneous composite material

OCM Orthotropic/Orthorhombic comparison material

SPFT Strong—property—fluctuation theory

HS Hashin—Shtrikman

MG Maxwell Garnett

BM Bergman-Milton

MT Mori-Tanaka

ECOs Effective constitutive operators

EPOs Effective perturbative operators
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Chapter 1

Introduction

For over 150 years scientists have been trying to predict the constitutive proper-
ties of composite materials [1]. These composites can be considered homogeneous
if the wavelengths are sufficiently large in comparison to the size of the particles of
each component material. The work contained in this thesis describes the estima-
tion of the constitutive properties of homogenized composite materials (HCMs) in
electromagnetics, elastodynamics and piezoelectrics. Many different methods of
estimation have been discussed [1, 2]. Some were derived for composites of a spe-
cific structure, whilst others apply to all composites. This thesis examines HCMs
constructed from two component materials and several methods of estimating
the HCMs’ constitutive properties. Firstly, the Maxwell Garnett estimates and
Bergman—Milton bounds on the electromagnetic properties of HCMs are exam-
ined. Secondly, the strong—property—fluctuation theory (SPFT) is examined for
both elastodynamic and piezoelectric HCMs.

In Chapter 2 we examine the Maxwell Garnett estimates [1, 3] and the Bergman—
Milton bounds [2, 4, 5, 6, 7, 8] on the relative permittivity of electromagnetic
HCMs. Both are well known and depend only on the volume fraction of each
component material and their respective permittivities. Although they have been
widely used, we re-examine them for isotropic dielectric HCMs, in light of recent
advancements in material manufacture. In particular, we consider HCMs arising
from two component materials, with the real parts of their permittivities hav-

ing different signs. Certain HCMs of this type are of interest because they may



support negative phase velocity, which is closely related to negative refraction [9].

The SPFT estimate has been developed for electromagnetic [10, 11, 12], acous-
tic [13] and elastodynamic [14] HCMs. In this case we consider the HCM to be
a particulate composite with one component material randomly distributed as
identically oriented ellipsoidal particles in a matrix composed of the second com-
ponent material. The SPF'T estimate is calculated using iterations upon an initial
ansatz, these iterations being dependent on statistical cumulants of the spatial
distribution of the particles of the component materials. The zeroth—order SPFT
estimate is identical to the first—order and both are taken to be identical to a com-
parison material. For the second—order estimate a two—point correlation function
along with its associated correlation length are used to characterize the compo-
nent materials’ particle distribution. Unlike conventional variational methods of
homogenization [15, 16, 17, 18, 19], the SPFT incorporates a renormalized formu-
lation which allows for relatively strong variations in the constitutive parameters
of the component materials.

The general framework for the elastodynamic SPFT was established in 1999
by Zhuck and Lakhtakia [14]. In Chapter 3, we further develop the elastodynamic
SPF'T for orthotropic HCMs, in order to undertake numerical studies. In doing so
we simplify certain integrals in order to make them amenable to numerical com-
putation and implement the two—point covariance function which characterizes
the distributions of the component materials. The results of the elastodynamic
SPEFT are compared to those from the mean—field Mori-Tanaka formalism [20]
for two types of orthotropic component materials. Firstly, isotropic component
materials with ellipsoidal inclusion particles and secondly, orthotropic component
materials with spherical inclusion particles.

The piezoelectric SPFT for orthorhombic materials is established in Chapters
4 and 5. In Chapter 4, general theory is developed in a manner analogous to the
elastodynamic SPFT. In Chapter 5, we implement a two—point covariance func-
tion, perform similar integral simplifications to those done in the elastodynamic
SPFT and carry out numerical experiments. The piezoelectric SPFT results are
also compared to the Mori—Tanaka formalism, in this case for orthorhombic mm?2

component materials with ellipsoidal inclusion particles.



Chapter 2

Re-examination of the Maxwell
Garnett estimates and the

Bergman—Milton bounds

2.1 Theory

2.1.1 Introduction

The starting point of the solution to almost any problem in electromagnetic ho-
mogenization are the James Clerk Maxwell equations. In the frequency domain

these equations are given by

iwD(r,w)+v x H(r,w) =0 (2.1)
v X E(r,w) —iwB(r,w) =0 (2.2)
v -D(r,w)=0 (2.3)
v - B(r,w) =0, (2.4)

where D(r,w), E(r,w), H(r,w) and B(r,w) are the electric displacement, electric
field, magnetic field and magnetic induction vectors respectively [21], with w the

angular frequency and i = v/—1. A further set of vector equations are necessary



for an explicit solution:

(2.5)

I
[1en

H
B = p-H, (2.6)

aY

where p and € are the permeability and permittivity matrices respectively, with
§ and gthe magnetoelectric matrices. These equations are known as the consti-
t_utive ;elations and depend on the form that the component materials take [22].
Those presented above are for the most general linear medium, a bianisotropic
medium. It is these constitutive relations that dictate the solution to Maxwell’s
equations and therefore the way in which any electromagnetic process behaves
[22].

In this chapter we examine the Maxwell Garnett estimates and the Bergman—
Milton bounds on the relative permittivity, €, of a HCM . Both are well established

[1, 2] but we re-examine them in light of recent advances in material manufacture.

2.1.2 Component materials

The materials presented in this chapter are isotropic dielectrics where € = egel,
p = popland £ = ¢ =0 43 Hlerein € and p are the relative permittivity and
;ermeabﬂity of_the r_naterial, €p and po the permittivity and permeability of free
space, I the 3 x 3 identity matrix and 0 33 the 3 x 3 null matrix.

We consider the homogenization of two homogeneous isotropic dielectric com-
ponent materials with relative permittivities e() and ¢®, to produce a composite
with relative permittivity ¢©. Both nondissipative €2 € R and dissipative
¢:2) € C component materials are considered. For the materials to be homoge-
neous, their constitutive properties must be independent of any spatial coordi-
nate. Furthermore, the HCM is considered to occupy all space and be divisible

into disjoint regions, containing only material ‘1’ or material ‘2’. The volume frac-

tions of each region are given by f) and f® respectively, with f() 4+ 2 = 1.



2.1.3 Maxwell Garnett estimates and Bergman—Milton bounds

We examine the Maxwell Garnett estimates and Bergman—Milton bounds whilst

paying attention to the regime in which the parameter

Re (1))

0= Re (@)

(W, @ e C), (2.7)

is negative. Herein, we have Re (¢!?) and Im (¢%:?)) denoting the real and
imaginary parts of €('?) respectively. The reason for examining the region § < 0
is due to recent advancements in material manufacture. Materials are being con-
structed which exhibit properties not traditionally encountered in electromagnet-
ics [23, 24, 25]. The rise of such materials means that homogenization theories
need to be revisited. As an example of such a material, with § < 0, we can exam-
ine a metal-in-insulator HCM [3, 26]. In this case we only have one of ¢ and
2) € R and metal-in-insulator HCMs can be constructed to support planewave
propagation with negative phase velocity [9].
We examine the Maxwell Garnett estimates [1, 3] which may be regarded as
bounds that represent the extension of the Hashin-Shtrikman bounds [27] into

the complex—valued permittivity regime:

D) (@) (1) _ (2)
_ o 3f0e () — ) )
MG, = €%+ 0+ 260 — FO(eD — @Y’ (e, e9eC), (2.8)
3 F@ (D) (@) _ 1
MG = 6(1)+ f ( 6) ) (M, P eC). (29)

ey’

Concurrently, we investigate the set of bounds derived independently by Bergman
[4, 5, 6, 7] and Milton [2, 8], for component materials with complex permittivities.

The Bergman—Milton bounds are given by

BMo(7) = fOe0) 4 p2c@ _ (€D, ey,

(2.10)

-1
(e 2 f@ (1) — (@) W
BMs(v) = { ) + @ 3D [€@y + e (1 —7)] (¢ €0

(2.11)



For the bound BM, the parameter v takes the values (1 — f(l)) /3 <~y <1—
fM /3, whereas for the bound BMj the parameter 7 takes the values 2 (1 — f(l)) /3
<y <1-2f0/3,

The Bergman—Milton bounds are derived to give improved results on the
Maxwell Garnett estimates, but they coincide with them for nondissipative com-
ponent materials when the parameter v attains its minimum and maximum val-

ues; i.e.,

_ ) _ o) \
BMa<1 3f ) — BMj (%) = MG,

f® 21

In view of our particular interest in homogenization scenarios for which § < 0,

(2.12)

we note that

1— (D) 2 _9f) (2 _
‘BMQ< 3f )‘:‘BMB(—JC)‘:]MGQ\HOO as 5—>u

3 f@
(2.13)
and
o 2™ o
(2.14)

for nondissipative materials. Thus, there exist

(i) a volume fraction f € (0,1) at which MG, is unbounded for all values of

0 < =2, and

(ii) a volume fraction f) € (0,1) at which MGy is unbounded for all values of

d € (=1/2,0).

When plotted for dissipative component materials, the Maxwell Garnett estimates
and Bergman—Milton bounds sketch out an area in the complex plane. Numerical
results describing the comparison of these bounds for § < 0 are given in the next

section.
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Figure 2.1: The MG, (thick dashed line) and MGgz (thin dashed line) esti-
mates of €(© plotted against f( for ¢V = 6, @ = 2. The vertical solid
lines represent the variation of the Bergman-Milton bound BM, with ~ for f) e
{0.1(a),0.2(b), 0.3(c), 0.4(d),0.5(e), 0.6(f),0.7(g),0.8(h),0.9(¢) }; and these coincide with the
corresponding variation of BMg with ~.

2.2 Numerical illustrations

Let us now numerically explore the Bergman-Milton bounds, along with the
Maxwell Garnett estimates, for some illustrative examples of nondissipative and
dissipative HCMs. The parameter §, defined in (2.7), is used to classify the two
component materials of the chosen HCMs. We begin in §2.2.1 by considering
nondissipative HCMs. While these do not represent realistic materials, they
provide valuable insights into the limiting process in which weakly dissipative
materials become nondissipative. Furthermore, they provide a useful yardstick in

the evaluation of dissipative HCMs, which are considered in §2.2.2.

2.2.1 Nondissipative HCMs

We begin with the most straightforward situation: nondissipative, ¢? € R,
HCMs arising from component materials with § > 0.

In Figure 2.1, the Maxwell Garnett estimates MG,, and MGg (which in this case
are identical to the Hashin-Shtrikman bounds) are plotted against f) € (0,1)
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Figure 2.2: The MG, (thick dashed line) and MG (thin dashed line) estimates of ¢(®) plotted
against f(1) for ) = —6 and € = 2. The Bergman Milton bound BM,, is plotted as the
vertical broken lines for f(V) € {0.1(a),0.2(b),0.3(c), 0.4(d),0.5(e), 0.6(f),0.7(g), 0.8(h), 0.9(i)}.

for € = 6 and €® = 2. The Bergman Milton bound BM, is given for f()
€ {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. The corresponding plots of BMs overly
those of BM,. The Bergman—Milton bounds are entirely contained within the
envelope constructed by the Maxwell Garnett estimates.

Let us turn now to the nondissipative scenario wherein 4 < 0. In Figure
2.2, the Maxwell Garnett estimates MG, and MGg are presented as functions
of fM for €™ = —6 and ¢® = 2. The Bergman-Milton bound BM, is given
for fM € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. The corresponding Bergman-
Milton bound BMg is plotted in Figure 2.3. In consonance with (2.12) and (2.13),
we see that MG, becomes unbounded as f) — 0.25. It is clear that MGs <
BM, < MG, for f(l) < 0.25, whereas MG, < BMg < MGg for f(l) > (0.25. For
fM > 0.25, the Bergman-Milton bound BM,, lies outside both Maxwell Garnett
estimates MG, and MGg, and similarly BMg lies outside both Maxwell Garnett
estimates MG, and MG for f) < 0.25, although the relations (2.12) still hold.
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Figure 2.3: As Figure 2 but with BMg (vertical solid lines) in place of BM,.

2.2.2 Dissipative HCMs

We turn to homogenization scenarios based on dissipative component materials;
i.e., €12 € C. Let us begin with the 6 > 0 scenario. In Figure 2.4, the homoge-
nization of components characterized by the relative permittivities ') = 6 4 0.3
and €® = 240.2i is illustrated. In this figure, the Maxwell Garnett estimates on
complex-—valued €© are plotted as f(!) varies from 0 to 1. The Bergman-Milton
bounds, which are graphed for f® € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}, are
fully contained within the Maxwell Garnett envelope. That is, we have MGg <
BM, s < MG, for all values of f,

Now we consider dissipative component materials with 6 < 0. In Figure
2.5, the homogenization of component materials given by ) = —6 + 37 and
€ = 2 4 2 is represented. The Bergman-Milton bounds are given for f(1) e
{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}, whereas the Maxwell Garnett estimates are
plotted for f() € (0,1). As is the case in Figure 2.4, BMg lies entirely within the
envelope constructed by MG, and MGg. We see that BM, > MGg for all values
of f1; but, for mid-range values of f(, BM, slightly exceeds MG, for certain
values of the parameter 7.

As the degree of dissipation exhibited by the component materials is de-
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The bottom diagram shows the Bergman-Milton bounds in greater detail but for f(1) = 0.5(e)
and f1) =0.6(f).
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creased, the extent to which BM,, exceeds MG, is increased. This is illustrated
in Figure 2.6 wherein the homogenization is repeated with ¢ = —6 + 4 and
¢ = 2+ 2i/3. As in Figure 2.4, the Bergman-Milton bounds are given for
fM € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}, while the Maxwell Garnett esti-
mates are plotted for f(!) € (0,1). The Bergman-Milton bound BMjy lies within
the Maxwell Garnett envelope for all values of f(!), but substantial parts of BM,
lie well outside the envelope of the two Maxwell Garnett estimates.

The behaviour observed in Figures 2.5 and 2.6 is further exaggerated in Figure
2.7, where the homogenization of component materials with ) = —6 +0.3¢ and
€ = 24 0.2 is represented. The Maxwell Garnett estimates are plotted for
fM € (0,1); for reasons of clarity, the Bergman-Milton bounds are plotted only
for fM € {0.1,0.3,0.5}. The Maxwell Garnett estimates are exceedingly large
and the Bergman—Milton bounds are larger still.

Finally, let us focus on the scenario referred to earlier, namely the homogeniza-
tion of a conducting component material and a nonconducting component mate-
rial or metal-in—insulator, wherein § < 0. Suppose we consider components char-

acterized by the relative permittivities €) = —6 + 3i and € = 2. In Figure 2.8
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Figure 2.8: As Fig. 2.5 but for €V = —6 4 3i and ¢ = 2.

the Maxwell Garnett estimates are plotted for f) € (0, 1), whereas the Bergman-
Milton bounds are given for f() € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. As we
observed in Figure 2.6, the Maxwell Garnett envelope does not contain substantial
parts of the Bergman-Milton bound BM,, whereas the BMs bound lies entirely

within the envelope constructed from the two Maxwell Garnett estimates.

2.3 Discussion and conclusions

The Bergman—Milton bounds, as well as the Maxwell Garnett estimates, are
valuable for estimating the effective constitutive parameters of HCMs in many
commonly encountered circumstances. However, the advent of exotic new mate-
rials has led to the examination of such bounds within unconventional parameter
regimes. It has been demonstrated in this chapter, that the Bergman—Milton
bounds do not provide tight limits on the value of €(® when the relative permit-

tivities of the component materials ¢ and €® are such that [28]
(i) Re (6(1)) and Re (6(2)) have opposite signs; and

(ii) [Re (e | > |Im (e2)].
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We note that if the real parts of ) and €® have opposite signs, but are of
the same order of magnitude as their imaginary parts, then the Bergman—Milton
bounds are indeed useful, and they then lie within the envelope constructed by

the Maxwell Garnett estimates.
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Chapter 3

Implementation of

Elastodynamic SPFT

3.1 Theory

3.1.1 Introduction

In elastodynamic homogenization we begin with the equation of motion

i (1) + w?pOull) (r) = = F (r), (3.1)

m

where al(:;)(r), uq(f;)(r) and F,,(r) are the stress, displacement and applied force

tensors of material ‘¢” respectively. Here the constitutive relation is given by

o) = i) S (r) (3.2)

— Ylmpg~pq

where the elastic strain tensor is given by

1
Szgf])(r) =3 (8pu,(f)(r) + aquéf) (r)) (3.3)
and Cz(fqu represents the stiffness tensor, which describes the constitutive prop-

erties of material ‘¢ ’.

In this chapter we apply the elastodynamic SPFT, established by Zhuck and

(hem

Lakhtakia [14], to calculate numerically Clmpq) for HCMs constructed as oriented

15



ellipsoidal particles of one component material randomly distributed in a matrix
of the second component material. Prior to undertaking the numerical study, we

derive new theoretical results in two particular areas:

(i) in the implementation of a two—point covariance function which character-

izes the distributions of the component materials, and

(ii) in the simplification of certain integrals in order to make them amenable to

numerical computation.

The SPFT estimate is also compared analytically to the self-consistent ap-
proaches provided by the Hill and Budiansky estimates [29, 30, 31], whilst the
numerical examples are compared to the Mori-Tanaka mean—field formalism [20]

and the Hashin—Shtrikman bounds [2, 15].

3.1.2 Preliminaries

In applying the elastodynamic SPFT formalism, it is expedient to adopt both
matrix and tensor representations [32]. The correspondence between the two
representations is described in §3.1.3. Matrices are denoted by double underlining
and bold font, while vectors are in bold font with no underlining. Tensors are
represented in normal font with their components indicated by subscripts (for
nth—order tensors, with n < 4) or subscripts and superscripts (for eighth—order
tensors). All tensor indexes range from 1 to 3. The pgth component of a matrix
A is written as [é]pq, while the pth component of a vector b is written as [b | ”
A repeated index implies summation. Thus, we have the matrix component

[é . E} = [A}pq[g]qr, vector component [é-b]p = [A}pq [b]q, and scalar

pr == pum—

a-b = [a] [b],. The adjoint, determinant and trace of a matrix A are denoted
by adj ( A ), det ( A ) and tr ( A ), respectively. The prefixes Re and Im are used
to signify real and imaginary parts, respectively, while i = v/—1.

The SPFT is developed in the frequency domain wherein the stress, strain,
and displacement have an implicit exp (—iwt) dependency on time ¢, w being the

angular frequency. Thus, these are generally complex—valued quantities. The

possibility of viscoelastic behaviour is accommodated through complex—valued

16



constitutive parameters. Stiffness tensors are taken to exhibit the usual symme-
tries

Clmpq = lepq = Olmqp = Cpqlma (3-4)

whilst bearing in mind that the symmetry Im Cj,p, = Im Cpyp, has not been
proved generally [33]. On account of the symmetries (3.4), the matrix counterpart

of tensor Cipp, — namely, the 9x9 stiffness matrix C — is symmetric.

3.1.3 Matrix/tensor algebra

A fourth—order tensor A, (7,s,t,u € {1,2,3}) has 81 components. If it obeys
the symmetries A, = Agin = Arswt = Asurs, it can be represented by a 9x9
matrix A with components [é]RS (R,S € {1,...,9}) . Similarly, the nine
entries of a second-order tensor B,; (r,s € {1,2,3}) may be expressed as a
column 9-vector B with components [B], (R € {1,...,9}). The scheme for
converting between the tensor subscript pairs rs and tu and the matrix indexes

RS or vector index R is provided in Table 3.1.

’R,S\rs,tu H R,S\ rs,tu H R,S\ rs,tu ‘
1 11 4 23 or 32 7 23 or 32
2 22 5 13 or 31 8 | 13 or 31
3 33 6 12 or 21 9 12 or 21

Table 3.1: Conversion between tensor and matrix/vector subscripts.

The most general 9x9 matrix A considered in this chapter has the form

% 23><3 23><3
é - 23><3 g g ’ (3'5)
23><3 g g

where a is a general 3x3 matrix, 8 is a diagonal 3x3 matrix, and 0 sz 18 the
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3x3 null matrix. If we define a 9x9 matrix A" as [32]

-1

IR

23><3 23><3

A=, 167" 187 |, &0

1 g-1 14a-1
03><3 ZQ ZQ

then éT A=A éT = 1, where T is the 9x9 matrix counterpart of the identity

tensor

1
Trstu = 5 (6rt65u + 6ru(sst) . (37)

3.1.4 Component materials

We consider the homogenization of a two—component composite material. Both
component materials are homogeneous and we randomly distribute identically—
oriented, conformal, ellipsoidal particles of one component material in a matrix
of the second component material. For convenience, the principal axes of the
ellipsoidal particles are taken to be aligned with the Cartesian axes. Thus, the

surface of each ellipsoidal particle may be parameterized by the vector
r =nU - ¢, (3.8)

where 7 is a linear measure of size, r is the radial unit vector and the diagonal

shape matrix

a 0 0
U=+ 0b 0|, (a,b,c € RT). (3.9)
—  +/abe

0 0 ¢

The composite material is considered to occupy all space, denoted by V. It
is partitioned into parts V(M and V® containing the two component materials
labeled as ‘17 and ‘27, respectively. The distributional statistics of the component

material distributed as ellipsoidal particles are described in terms of moments of
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the characteristic functions

1, re Vo,
dO(r) = (=1,2). (3.10)
07 r ¢ V(E)J

The volume fraction of component material ‘¢, namely () | is given by the first

statistical moment of ®@ : ie.,
(@“(r)) = 1, (t=1,2). (3.11)

Notice that f() 4+ f® = 1. The second statistical moment of ® constitutes a

two—point covariance function. The physically-motivated form [34]

(@“(r) (2O (), g (r=1)|>L,

(2(r)), Ut (r—r)| <L,
(3.12)

is adopted, where L > 0 is the correlation length which is taken to be much smaller
than the elastodynamic wavelengths. In the context of the electromagnetic SPFT,
the specific form of the covariance function has only a secondary influence on
estimates of HCM constitutive parameters, for a range of physically—plausible
covariance functions [12].

The elastodynamic properties of the component materials ‘1’ and ‘2’ are char-

acterized by their stiffness tensors 01(7717,)pq and C?

Impq (0T, equivalently, their 9x9

stiffness matrices g“), ¢ € {1,2}), and their densities p* and p?). The stiffness
tensors exhibit the symmetries represented in (3.4). The component materials are
generally orthotropic [35] in the following developments; i.e., the stiffness matrix

for each component material may be expressed as

)
g =3x3 23><3
g(@): 0., 2(@) 2(/5) , (¢=1,2), (3.13)
DO pl
—3x3 f— e



where M ) and 2“) are symmetric and diagonal 3x3 matrices, respectively, and

0. .18 the 3x3 null matrix. For the degenerate case in which the component

material ‘¢’ is isotropic, we have

c® = c® - c® L= A0 4 2,®

c0] =[co] =[c®] =\® , (0=1,2), (3.14)
L— 112 L— J13 L— 123

co| =[co] =[c®] =.®

= laa — 155 I— Je66 J

where A\ and p®) are the Lamé constants [36].

3.2 Comparison material and the SPFT

3.2.1 Comparison material

A central concept in the SPFT is that of a homogeneous comparison material.
This provides the initial ansatz for the SPFT estimate of the constitutive prop-
erties of the HCM. As such, the comparison material represents the lowest—order
SPFT estimate of the HCM. Since we have taken the component materials to be
generally orthotropic and the inclusion particles to be ellipsoidal, the comparison
material is generally orthotropic!. The orthotroplc comparison material (OCM)

) and density p©e™ with C°™ ex-

is characterized by its stiffness tensor ' Impq

lmpq

hibiting the symmetries (3.4).
For the OCM the equation of motion is given by

Qo™ (1) + W pl e (1) = — F, (1), (3.15)
and the constitutive relation

0_(ocm ( ) C(ocm S(ocm ( ) (3]_6)

Im Impq

'Tn fact, the comparison material would also be orthotropic if (i) the components materials
were isotropic but distributed as aligned ellipsoidal particles; or (ii) the components materials
were orthotropic but distributed as spherical particles
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Substituting (3.16) and (3.3) into (3.15) gives us

CL™ 90,1y (r) + w?pOTuy, (r) = — Fy(x). (3.17)

Impq

The solution to this equation of motion is given by

ul*™ (r) = G (1) % F,,(r), (3.18)

p pm

™ (r)

where * represents a convolution integral and G is the Green function of

the OCM, which may be expressed in 3x3 spectral matrix form as [14]

-1

g(ocm) (k) _ [kQE:ia;) _ pr(ocm)l , (319)
with I being the 3x3 identity matrix and g(f{) the 3 x 3 matrix with entries

R ko, CLem g,
lak)], = % (3.20)

Herein, k = kk = (ky, ks, k3) with k = (sin 6 cos ¢, sin 0 sin ¢, cos 0). For use later

on in §3.2.4, we remark that g<°cm) (k) may be conveniently expressed as [14]

|2

G (k) = t)) (3.21)

b

with the 3x3 matrix function
N(k) = k'adj [g(f()] + w2ploem) 2 {g(f() ot [ga})} ;} + (w?p@m)’ T (3.22)
and the scalar function

A(k) = kbdet [a(f()] — w2ploem) pAgy {adj [g(f()} } +
(w?p (ocm ) E tr [ (k)] - (w2p("cm))3. (3.23)

A key step in the SPFT — one which facilitates the calculation of C\°™ and

Impq
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p°™ — is the imposition of the conditions [14, eqs. (2.72),(2.73)]

@M (r) e + o)l ) =0, (3.24)
(@D (x) [p = p™] + ) (r) [p® — pm]) =0, (3.25)

in order to remove all secular terms. In (3.24), the quantities

glmpq = ( Imst Cl;zcsT ) ngfz)aqa (6 = 17 2), (3.26)

()

where 7, is given implicitly via [14]

S0 (x) = N (1), (3.27)
4 l {4 ocm
=) (1) = S5 (1) + Wigim (Clig = Clrn) S41(x), (3.28)

and the renormalization tensor is given by [14]

ut- k)
U k)UK
{@—1 B[ U R, U R (e R

(3.29)

Wrstu = = dgb/ dfsin 0 x
8T

3.2.2 Stiffness matrix of the OCM

To solve for C

lmpq we must convert (3.26)—(3.28) to matrix notation as described

in §3.1.3, giving us

E(f) _ <g(€) _ Q(Ocm)) _n(z) (3.30)
SO(r) = ﬂ(@ - (r) (3.31)
w(f)(r) — S(f) (I‘) +£ . <g(€) _ g(ocm)) . S(Z)(r) (332)

for £ = 1, 2. We can now utilize the matrix operation f, also defined in §3.1.3, to

rearrange (3.30) as
ﬂ(f) = <C g ocm ) .§(f). (3.33)
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We can now substitute (3.31) and (3.33) into (3.32) to give

t
wO(r) = (gw)_ g(ocm)) €O O () ¢

This produces
T
(c-cmm) ~w| €0z .30

where Tis the 9x9 matrix representation of the identity tensor 7,4, as described

in §3.1.3. We can now find §(e) by multiplying through with

{(cw) _ g(ocm)* + ET (3.37)

giving
T
§(f) —_ [(g(f g ocm > +E:| ‘ (338)

Substituting (3.38) into the matrix representation of (3.24) provides an equation

that can be solved for g("cm)

5(1) — —f@)é@), (3'39)

o [(g(l gocm )T +E]T = —f@ [(g(? gogm )T +ET-(3‘40)

Multiplying through, in turn by, [(g( C(ocm) f —i—_} [ Cc® _ gloemyt 4 W]
(g(l) —g(ocm)) and (g@) —g(ocm)) in (3.40) leaves us with an equatlon for g(ocm)

of the form,
cleem) — rfo® 4 f@c® 4 (Q(2) — Q(Ocm)) ‘W - (Q(l) _ Q(ocm))' (3.41)

Finally, we can rearrange (3.41) to get

w o
B ©
[\
N—

(C(l) C Ocm)) + f ( _ C(l)) + (2(2) _ g(ocm)) E (g(l) _ g(ocm)>
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and remove a common factor, giving

E+ (g@ g oem)) E (W — g(ocm)) — f(2)(g(1) — g(2)). (3.43)

Using the matrix operation T we have

(g(l) _ g(ocm)) _ f(2) [£+ (C g ocm ) . W]T . (C(l) _ 2(2)) (3.44)
and we rearrange to get our new estimate for g(ocm) as

Cle) = G 4§ [ 24 (G® - g .E]T (e®-av). (34

By standard numerical procedures, such as the Jacobi method [37], the nonlinear

relation (3.45) is solved for C oem)  The iteration used in this case is given by

mh gl = g 4 f©) [;Jr (C®) — nglom) 'EF' (C@) —g“))

g ocm) g(ocm) +(n 1) C ocm ) ’ (346)

N | —

g ocm)  _ f(l (1) + f C

where ”g(ocm) is the n'* iteration of C'°*™ . The iteration was said to have
converged when the relative error of "* g(ocm) and " C (0em) was less than 1x 1073,
By combining (3.11) with (3.25), it follows immediately that the OCM density

is the volume average of the densities of the component materials ‘1’ and ‘2’; i.e.,

p(ocm) _ f(l)p(l) T f(2)P(2)~ (347)

3.2.3 Comparison of OCM with the Hill and Budiansky

estimates

If both component materials are isotropic, with their stiffness matrices given by
(3.14), then we can solve g("cm) for the Lamé constants A(°™ and p(°™. The
form of g("cm) given in (3.41) allows for easy calculation of the Lamé constants

of the composite.
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Lamé constants of the OCM

For an isotropic composite material, Zhuck and Lakhtakia [14] have found Win

tensor form as

(3)\(ocm) 4 8Iu(ocm) ) (57‘156511. + 57"u65t) . 2(}\(ocm) + M(ocm) )67"55tu
Sou(ocm)</\(ocm) + 2’u(ocm)) ’

(3.48)

rstu —

wherein 9,,, is the Kronecker delta function.
We can now create two equations for A(°™ and p(°™ by finding [g(ocm)}

and ||

12

in terms of the Lamé constants. From [g(ocm)} we have

44 12

1
% —9 (ocm))\(ocm) 1) 14 (oem)12,,(1)
|:15N (ocm ()\(ocm) + 2u(ocm)):| { H M [:u ] B+
15f(2) ocm )\(ocm) + 30f [ ocm)]2,u(1) . 15f(2)u(1)lu(2) i

30f(2)[ (ocm)] . 6)\ ocm) (l)u(2) + 6M(ocm))\(ocm)u(2) . 16u(ocm M(I)IU/( ) +

16[M(Ocm)]2ﬂ(2) + 9)\(ocm) [H(ocm)]Z + 14[Iu(ocm)]3} _ O7 (349)
which can be solved for A\ to give

)\(ocm)

1
X
{3 [=3ploem ) 4 5 f @ o) (pD) — p®)) — 2@ () — ploem)] }
_2M(ocm>{ _ 7y loem) u( +15/@ ploem) 0 _ )] _

8u(2) [M( ) #(ocm)] 47 [ ocm ]2 } (350)

Now we also have an equation for ;™ from [Q(Ocm)}
= 44

[15u<ﬂcm>(A<oc1m> + 2M<ocm>)} 8 {6”(Ocmwocm)“(l) A
ANem) (@) 30 f [l } A@ 44 [u@’cm)]?’ - 20 [M<Ocm>}2 AL

4 [chm)} MONEPINCED) [chm)]? F 15A(0em) loem) \(2) | g \(oem)  (oem) (2) 4
10 [uwcm)f A g chm)}? 1@ 15 @) \(oem)  (oem) \(1) _

15 WA 4 30 £@ wocm)f AD 15 p0eem \DAB) 1y leem) )\ (1)

10u<ocmm<1u<°cm)} —0 (3.51)
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and when we substitute in (3.50), we get the solution for ;(°™ as

(ocm)  _ ,U(l) 5f(2)ﬂ(1) 5f(2)#(2) M(Q)

. B g
K 2 6 6 3
é\/g ]2 + 1204 — 30£@ [0 — 20 @ [u@]? +
3070 FO O + 25 O ([ + [1OF) + 4 1O,
(3.52)
The Hill and Budiansky estimates
The Hill estimate is given by [29, 30]
(1) (2) 1
(hq;zzJ)t ) (hm])t 1)~ (hill) o 4, (hill)’ (3.53)
K — K K — K KA A 2 i
(1) (2) 9 (hill) g, (hill)
(hz‘lz{ @ T (hz‘uJ)C L - hill - 4M hill (3.54)
Pt — pi — 5(kMI 4 2 pu(hitl))
and the Budiansky estimate by [31]
1 1 ) f
o) () + (1 - n(2)> kOud) 4o (k(D) — Oud))’ (3.55)
1 1 (1) (1)
wa =t |1t ) e ! M — pbud))’ (3.56)
plbud) gy p2 ) plbud) 4 G(p) — pybud))
1+ V(bud) 2[4 _ 5V(bud)] (bud) /\(bud)
where o = m, = m and v = Q[A(bud) n Iu(bud)] . Both

of these estimates are written in terms of the bulk modulus £ = A + 2,0
(¢ =1, 2, bud, hill) so we can solve for the Lamé constants of the composite.

If we substitute (3.50) and (3.52) into the Hill and Budiansky estimates then
the equations are satisfied and we find that the Hill and Budiansky estimates
are identical to each other and also identical to the OCM estimate for isotropic
composites. It is of interest to note Zhuck and Lakhtakia [14] made reference to

this result but produced no results.
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3.2.4 Second-order SPFT

The expressions for the second-order? estimates of the HCM stiffness and density

tensors, as derived elsewhere [14, eqs. (2.77),(2.78)], are

2 (ocm) k
(spft) _ (ocm) wp t plmrs ocm
C’lmz;q - Clmpq - 9 /d3k ﬁ Btupq <k> [g( )(k>i|vu X
{ks [gl(f{)} Yk [gl(ﬁ)] } (3.57)
and
PRI — ploem)s 4 (2 / &k B(k) [gom(k)}mp, (3.58)

respectively. The eighth-order tensor B/™$(k) and scalar B(k) represent the

tupg

spectral covariance functions given as

2 1 2 1
<£l(m)7“s - gl(m)rs) (ézguz)oq o glgu;Q)

Imrs .
Btupq (k) = 87T3 /d3R F(R) exp (—Zk . R)
(0 — p0)? ’
B(k) = s /d3R ['(R) exp (—ik - R)
T

(3.59)

IR)=T(r-r) = (eWr)eD()) - (eW(r)) (eD(r))
(@ (r) 2P (")) — (@ (r)) (@ (r")).  (3.60)

(spft)

CPI0 and pbi® presented

We now proceed to simplify the expressions for C’lmpq
in (3.57) and (3.58), in order to make them numerically tractable. We begin
with the integral on the right sides of (3.59) which, upon implementing the step

function—shaped covariance function (3.12), may be expressed as

/ @R T'(R) exp (—ik - R) = fW /|R|<L @R exp [—i (U-k)-R]. (3.61)

2The first-order SPFT estimate is identical to the zeroth—order SPFT estimate which is
represented by the comparison material.
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Thus, we find that B!""¢(k) and B(k) are given by [38]

tupq

(2 (1) (2) (1)
FARNAR ( Imrs flmrs> (ftupq - gtum) [Sin (ko)

Bis(k) = ek T — Lcos (koL)
M) £2) (p@ _ M) [
B(k) fa f22 ((5;)2 pD) [smgcaaL) B Lcos(k;aL)]
(3.62)

wherein the scalar function

oc=0(6,9) = \/a2 sin? @ cos? ¢ + b2 sin? O sin® ¢ + 2 cos? 6.

(3.63)

Upon substituting (3.62) into (3.57) and (3.58), the integrals therein with

respect to k can be evaluated by means of calculus of residues: The roots of

A(k) = 0 give rise to six poles in the complex—k plane, located at k = +p;, £ps
and +ps, chosen such that Im p; >0 (i = 1,2,3). From (3.23), we find that.

wherein

Py

1 2'3pg Pe
3\ Podet [g(f{)] 21/3 det [g(f{)]

)

1 (1+iv3)Pg (1 -iV3)Pe
3 22/3 P, det [g(l})} 24/3 det [g(f{)}

1 (1-ivV3)Psg  (1+iV3)P
3 22/3P0det[g<f<)} 24/3det[g<f<)}

w?pleemty {adj [g(f{)} }

3det [g(f{)}
(wzp(ocm))2 (3 det [g(l})} tr [g(f{)] —tr {adj [g(f{

Pp + /4P + P2,

(w2p("cm))3 (2 tr {adj ezl(f()] }3 -

)

9det [g(f{)} tr {adj [g(f{)}} tr [g(f{)] + 27 det [g(f{)T)
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(3.65)

(3.66)
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)} }2)  (3.68)
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These six poles are all simple poles of A(k) and we must calculate the residue of

G™) at each of them. The situation is further complicated by the simple pole

introduced by the covariance functions (3.62). The function we wish to find the

residue of is

with

N(k) [eilok — emilok [ (gilok 4 cilak)
F(k) 2ick 9 : (3.71)
Flk) = (k= p)(k = p2)(k = po) (k- )k + p) (s +p3). (3.72)

We calculate the residue using contour integration. Splitting (3.71) into 4 separate

functions;

A - 2 (3.73)

! ]—“(k;) 2i0k '
 N(k) —Leilok

Folk) = ]—“_(k) 5 (3.74)

A - S (3.75)

s ]—‘(k;) 2i0k '
 N(k) —Le-iLoh

Fu(k) = 70 5 (3.76)

For the functions Fi(k) and F»(k) we use the a semi-circle in the upper half

plane as the contour, calculating the residue of F(k) at p1, p2, p3 and 0 but the

residue of F(k) only at py, pe, p3. The residues are given by

R ) = o =7 — 1) 370
iN(p,U - k)ettor
R0 = L7 - 03— 1) 319
_Zg(pgg . l})eiLo'pii
HeslFlrs)) = 4op3(pt — p3)(P3 — p3) (3.79)
Res(7(0)) = — O
s(71(0) = 20pipsp; (3.80)
_Lm(p H . f{)eiLUpl
Res(Fo(p))) = — == (3.81)

~ dopi(p? — p3)(p? — pd)
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LN(p;U - k)eiLor:
4op2(p} — p3)(p3 — p3)
—LN(psU - l%)eiL‘”"3
dops(p? — p3)(p5 — p3)

Res(Fa(p2)) =

(3.82)

Res(F2(ps)) =

(3.83)

Similarly, for the functions F3(k) and Fy(k) we use a semi—circle in the lower half
plane as the contour, calculating the residue of F3(k) at —py, —p2, —p3 and 0 but
the residue of Fy(k) only at —p1, —pa, —ps. These residues are given by

iN(pU - k)eitm

Res(F5(— = = = 3.84
Fsl=m)) = e - D =5 (3:84)
Res(Fy(—pa)) = — el Ketton (3.85)
€S — == — — .
S e — D) (0% — 1Y)
Res(Fo(py)) = — sl Ke (3.86)
es — === .
ST T Ao (07 — ) (0% — 1Y)
—iN(0)
Res(73(0) = 5= 55 g (3.87)
1723
Res(Fi(—p)) = — ol e (3.88)
€S — = — — .
P o (R — ) (% — )
Res(Fy(—p2)) ~IN(pU - Kjetton (3.89)
es —pa)) = == .
ST 4opa (03 — p3) (03— pd)
LN(psU - k)e' v
Res(Fy(—p3)) = — == (3.90)

dops(pt — p3)(P3 — p3)’
The values of the residues provided by the pole at zero, are halved as the pole
lies on both contours. We sum the residues in the following way because each

residue has to be evaluated by moving anti—clockwise around the contour.

Residue = Fi(p1)) + Res(Fi(p2)) + Res(Fi(ps)) + Res(fl(O))

Res(Fi( )
Res(F2(p1)) + Res(Fa(pz2)) + Res(Fa(ps)) —
(F5( (—
(Fa( (—

=]

ps)) — 5Res(F5(0)) -
ps)). (391)

es(F3(—p1)) — Res(F3(—pz)) — Res(F3

(
Res(Fy(—p1)) — Res(Fy(—p2)) — Res(Fy

Thus, by this application of the Cauchy residue theorem [39], the SPFT estimates
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are delivered as

ocm 2 1 2 1
2p( )f(l)f(2) <§l(m)rs - gl(m)rs> <€lgu1)3q - 615“2"1)
X

Cioi = Chog + T
/ / de df ktsm@{k [2 (k)}rﬁk’“ [gfl(f‘)}w} [2(12)] ,
9=0Jo=0 (ko)? det[g(k)] ou
(3.92)
and

2. 0(1) £(2) (,(2) _ ,(1))?
(spft) __ p(ocm)6 w f f (p P ) %

Fre 21
/_ /eodqbde detsmf)] [Q(R)]mp, (3.93)

where the residue is given by

R 1[ e N(p,U - k) ( )
) 2 Lp%(p% — p3)(p? —p3) !
eiLaP2H<pQQ . 1}) (1 - >
— —1Lop
ops(pt — p3)(P3 — p3) ’

7P N(ps U - k) (1 —iLop ) - —Em) } (3.94)
op3(p3 — p3)(pt — p3) °) oppana] '

=

The integrals in (3.92) and (3.93) are readily evaluated by standard numerical
methods [40].

Significantly, the SPFT estimates Clm’;j; and pl/ are complex—valued even
nd

9 (¢ = 1,2), are real-valued. This reflects the fact that the SPFT takes into

when the corresponding quantities for the component materials, i.e. C’l(fl)pq

account losses due to scattering. We note that for [33]

(i) the time-averaged strain energy density to be positive-valued, we require

Re g(g’;];t) to be positive—definite; and
(ii) the time-averaged dissipated energy density to be positive-valued, we re-
quire —Im g((ji’;t) to be positive—semi—definite,

where Q(g’;’;t) is the 6x6 matrix with components [Q(g%ﬂ] = [Q(Spft) } (s,t €
- - st - st
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{1,2,...,6}) and g(Spft) is the 9x 9 matrix equivalent to the SPFT stiffness tensor
C«(Spft)

Impq *

A complex—valued anisotropic density, as delivered by (3.93), is not without
precedent [41]; see Milton [42] for a discussion on this issue.

The regime of validity of (3.92) and (3.93) have also been derived by Zhuck
and Lakhtakia [14]. If we consider the average fluctuations in density and stiffness
tensor values between the component and composite materials to be given by x,

and ¢ respectively, then (3.92) and (3.93) hold if

oo (%)
ot (3)

where C' and p are the average stiffness tensor entries and average density values

A
—_

Qll=l Al
A

of the two component materials.

3.3 The Mori—Tanaka estimate and Hashin—Shtrikman

bounds

In order to provide a baseline for the SPFT estimate of the HCM stiffness tensor,
the corresponding results provided by the Mori-Tanaka mean—field formalism [20]
were also computed. The Mori—-Tanaka estimate of the 9x9 stiffness matrix of

the HCM may be written as [43]
M) [fu)gm 4 f@c® .BMT] Oz 4 paMTh (3.95)

where

EMT _ {T + é(esh) . (C(l))Jr . (C(2) _ Q(U) T : (3.96)

and 8" is the 9x9 Eshelby matrix [44].
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3.3.1 Eshelby tensor/matrix

If the component materials are orthotropic and the inclusion particles spherical

(i.e., a = b = ¢), then the tensor counterpart of the 9x9 Eshelby matrix is given

as [45]
eh 1 @ [T 2 (esh) 5 (esh) /5
Sijkl = gcmnkl dC3 dw [Em]n (19) + ijin (19)] ’ (397)
—1 0
wherein
_ E E N _ 1 )
F-(?Sh) _ kEVILV4j 3 _ L ' o (1) =
igkl (19) EmanlenQIClS’ M (19) 25Zkl5jmnlckmlclna K:zk C,ijlﬁ]ﬁz
Elzé, 52:9, 53:9
a b c
G =(1- C??)l/z cos(w), C=(1- C§)1/2 sin(w), G = (3

(3.9)8)
with €, being the Levi-Civita symbol. The integrals in (3.97) can be evaluated
using standard numerical methods [40].

If the component materials are isotropic and the ellipsoidal inclusion parti-
cles described by the shape matrix U, then the Eshelby matrix has the form
represented in (3.5) with distinct components given as [43]

302 [oe + (1= 20W) I,

S(esh) _ )
[= ]11 8 (1 —vM) ’ (3:99)

30215 — (1 —20M) 1,
[S(esh)} — B ( v ) ’ (3100)
= 12 8 (1 —v)
3210, — (1 —20W) I,
[S(esh)] — c Y ( v ) , (3101)
= 13 8 (1 —v)

3a2l,5 — (1 —=20W) T
21 8 (1 —v)

w2
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[S(esh)] _ 3b2[ﬂ5 + (1 — 21/(1)) Iﬁ
= 22 8 (1 — M) ’
[S(esh)] _ 3P+ (1L -2W) Iy
= 23 8 (1 —vM) ’
o] S (L2
= 51 8 (1 —vM) ’
|:S(68h)] _ 3b2[ﬂ’7 _ (1 — 2]/(1)) I’Y
= 32 8 (1 —vM) ’
|:S(esh)] 3L, + (1 20W) I,
= 33 8r (1 —vM) ’
[S(esh):| _ 3(b2 + Cz)lﬂ’Y + (1 - ZV(I)) (Iﬁ + I’Y)
= 44 167 (1 — v()

A

1) —
where v M(l))

2 (AM +

3(a® + Aoy + (1 —20W) (I + 1)

167 (1 — v()

3(a? + 0% I+ (1 —20W) (In + Ig)

167 (1 — v)

Y

?

’

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

is the Poisson ratio of component material ‘1’. For
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the case a > b > ¢ we have

4dmabe o o .
lo= (a? — b?)(a? — c2)1/2 [F™ (07, k™) — E~(07, k7))
_ 4dmabe b,y aup o
= (b2 — 2)(a? — c?)1/2 a_c(a —c*)/F—ET(07,k)
I, — I3
o e TR o ey . (311
Ioy = ozl _ A4
ary 3(02 — a2)7 By 3(02 — b2)
An 4
]oza = @ - ([aﬁ + ]a'y); I,@,@ = @ _ (]ocﬂ + I,@y),

I’Y’Y = 3% - (Icw + Iﬁ’Y)

with the elliptic integrals given by

.-
B0~ k) = /0 a6 (1 — [k~ sin® ¢) /2

o~ , (3.112)
PO ) = [ dofL— i) st )12
0
wherein
2 2\1/2 2 12\1/2
(@ =) ~ _ (a® =)

3.3.2 The Hashin—Shtrikman bounds

The well known Hashin-Shtrikman (HS) bounds [2, 15] are bounds on "™ and

phe™) - The upper HS bounds are given by

@ (u(” _ u(Q))Q

pHSupper) < p(1), () 4 p@),2) _ — (3.114)
FOuO) 4 O 4 OO 82)
H H [6(x+2u™)]
D) £@) (1) _ ()2
o (H S upper) < f(l)ﬁ.(l) +f(2)/€(2) o (K P ) (3.115)

T FOR® ¢ f@rD 1+ 4,03

with £ = X0 + 240 /3 for £ = (1, 2). With the lower HS bounds given by

FO O (u — M(?))Z

1 (9x() 81(1)
FOuD + fOu + Zr o

,u(HSlower) > f(l),u(l) + f(2)'u(2) _

(3.116)
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and

FOF (50 - ,42))2

(HS lower) (1) ,.(1) 2).(2) _
A 2 SR SR S 0 1 @R+ a3

(3.117)

As a further check on the validity of our results, for C (0em) wwith C (1.2) isotropic, we

compare pHAStower) and 1 (HSupper) with [C(Ocm)} along with comparing [Q(Ocm)}
m =

11
to {I{(HSlower) + %#(HSlower)} and {H(HSupper) + %M(HSupper)}.

3.4 Numerical results

hem
) , as

In this section, we present the 9x9 stiffness matrix of the HCM, namely g(
estimated by the lowest—order SPFT (i.e., hem = ocm), the second—order SPFT
(i.e., hem = spft) and the Mori-Tanaka mean—field formalism (i.e., hem = MT).
The matrix g(hcm) generally has the orthotropic form represented in (3.13) with
¢ = hem. We also present the second—order SPF'T density tensor p,(ﬁf,f t); numerical
results for the lowest—order SPFT density p(®™ need not be presented here as
that quantity is simply the volume average of the densities of the component
materials. For all second-order SPFT computations, we selected w = 27 x 10°

s~!. Throughout the results we construct the composite by randomly distributing

particles of component material ‘2’ in a matrix of component material ‘1’.

3.4.1 Isotropic component materials distributed as ori-
ented ellipsoidal particles

Let us begin by considering the scenario in which the component materials are

both isotropic. The component material ‘1’ is taken to be acetal (i.e., () = \(ace),

pM = pleee) and pM = plec)) and component material ‘2’ to be glass (i.e.,

A2 = \lgla) () = (9l9) and p?) = pll@)) The Lamé constants and densities

for these two materials are as follows [46, 47]:

A€l =268 GPa, pl*®) =1.15 GPa, pl*®) =1.43 x 103 kgm™>

A9l = 21,73 GPa, pl9'% =29.2 GPa, pW® =223 x 10 kgm™
(3.118)
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The eccentricities of the ellipsoidal inclusion particles are specified by the param-
eters {a, b, c}, per (3.8) and (3.9).

In Fig. 3.1 the components of the HCM stiffness matrix g(hcm), as computed
using the lowest—order SPFT and the Mori-Tanaka formalism, are plotted as

functions of volume fraction f for the case a = b = ¢. Since the HCM is isotropic

= )\(hcm) + 2M(hcm)’ [g(hcm)] =
11 - 12

Ahem) and [g(hcm)] = "™ are presented, per (3.14) with ¢ = hem. Notice
= 14

in this case, only the components [ g(hcm)}

that the following limits necessarily apply for both the SPFT and Mori-Tanaka

estimates:

lim Cthem) = ¢, lim CUem = Cc®. (3.119)
F@ 0= = F@1= =

It is apparent from Fig. 3.1 that, while the lowest—order SPFT and the Mori—
Tanaka estimates are qualitatively similar, the Mori—Tanaka estimates display a

+ f@ [0(2)] for
pq = pg

mid-range values of f®). For further comparison in this isotropic scenario, the

familiar variational bounds on [ Q(hcm)] and [C(hcm) } established by Hashin
= 11 = 44

greater deviation from the naive HCM estimate f®) [g(l)]

and Shtrikman, §3.3.2 [2, 15], are also presented in Fig. 3.1: the lower Hashin—
Shtrikman bound coincides with the Mori-Tanaka estimate and the lowest—order
SPFT estimate lies within the upper and lower Hashin—Shtrikman bounds for all
values of f2).

The corresponding lowest—order SPFT and Mori-Tanaka estimates for the
orthotropic HCM arising from the distribution of ellipsoidal inclusion particles
described by {a/c = 5, b/c = 1.5} are presented in Fig. 3.2. The degree of
orthotropy exhibited by the HCM can be gauged by relative differences in the
values of [C(hcm) Lq for pg € {11, 22, 33}; and similarly by relative differences

in [g(hcm) ]
- pq

pq € {12, 13, 23}. These relative differences are greatest for mid-range values of

for pg € {44, 55, 66} and by relative differences in [ Q(hcm)} for
= pa

the volume fraction f.

The orthotropic nature of the HCM is accentuated by using more eccentrically—
shaped inclusion particles. This is illustrated by Fig. 3.3, which shows results com-
puted for the same scenario as for Fig. 3.2 but with ellipsoidal particles described

by {a/c =10, b/c = 2}. A comparison of Figs. 3.1-3.3 reveals that differences be-
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tween the estimates of the lowest—order SPFT and the Mori—Tanaka mean—field
formalism increase as the orthotropic nature of the HCM is accentuated.
Now let us turn to the second—order SPFT estimates of the HCM constitutive

parameters. We considered these quantities as functions of kL, where

_ 1) 2) (2)
/ o / P P
k= 3.120
D+ 2u® \/M? ) + 242 \//A?) ( )

is an approximate wavenumber calculated as the average of the shear and longi-

tudinal wavenumbers in the component materials, and L is the correlation length
associated with the two-point covariance function (3.12). Fig. 3.4 shows the
real and imaginary parts of the components of C (sp1) g(Spf - g(ocm) plotted
against kL for £ = 0.5. The values of the shape parameters {a, b, ¢} correspond
to those used in the calculations for Figs. 3.1-3.3. Notice that

lim CP/D = ¢loem) (3.121)
L—0= =
and

‘ [g“”f“} (3.122)

|: C(ocm) }
- Pa

for all values of the indexes p and ¢. Furthermore, for the particular example
(Spft)}

considered here, the magnitude of [ C generally decreases as the inclusion

pq
particles become more eccentric in shape.

A very striking feature of the second-order SPFT estimates presented in
Fig. 3.4 is that
Im [gspft } £ 0, (3.123)

pq

whereas Im [ Q(l’z)} = Im [ Q(Ocm)} = 0. Furthermore, the magnitude
= Pq

P4
of Im [g(s”f t)} grows steadily as the correlation length increases. These ob-
servations may fe interpreted in terms of losses due to scattering as follows.
For all reported calculations, Re g(g?;’;t) is positive—definite and —Im g(gijgt) is
positive—semi—definite, which together imply that the associated time-averaged

strain energy and dissipated energy densities are positive-valued [33], as discussed
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in §3.2.4. Accordingly, the emergence of nonzero imaginary parts of [g(‘”’f t)}
indicates that the HCM has acquired a dissipative nature, despite the compgi
nent materials being nondissipative. The dissipation must be a scattering loss,
because the second-order SPFT accommodates interactions between spatially—
distinct scattering centres via the two—point covariance function (3.12). As the
correlation length increases, the number of scattering particles that can mutually
interact also increases, thereby increasing the scattering loss per unit volume.
Lastly in this subsection, the real and imaginary parts of the second—order
SPFET density tensor ﬁz(gfjp A = P;(osqpft) — ploem) are plotted as functions of kL in
Fig. 3.5. Only the p = g components are presented, as the p # ¢ components are

negligibly small. The density tensor exhibits characteristics similar to those of

the corresponding stiffness tensor insofar as

lim pioeft) = ploem) (3.124)
and
pLrin| <« ( p("cm>‘ (3.125)

for all values of the indexes p and ¢. Also, |ﬁ§,f]pf t)] generally decreases as the

shape of the inclusion particles deviates further from spherical.

3.4.2 Orthotropic component materials distributed as spheres

Let us now explore the scenario wherein the component materials are orthotropic
perturbations of the isotropic component materials considered in §3.4.1. In the

notation of (3.13), we choose

p(ace) (1 + C) )\(ace) (1 o §) )\(ace) (1 + 2§)
M” — \(ace) (1—¢) p(ace) (1 _ %g) \(ace) (1 + ig)
)\(ace) (1 + 2§) )\(ace) (1 4 leg) p(ace) (1 _ 2§)

(3.126)
(u(“ce)) (1-¢) 0 0
2(1) — 0 u(ace) (1 l§) 0
0 0 peee) (1 — )
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and

WD) (1 +2¢) AW (1 —2) Ala) (1 + %g)
./\:/1(2) = | )G (1—2) plgla) (1 + %g) \(gla) (1 _ %g)
AT (14 46) X (1= ) ) (1 )
. (3.127)
() (1=35) 0 0
2(2) — 0 Iu(gla) (1 o %§) 0
0 0 p (1 %) ||

where the real-valued scalar ¢ controls the degree of orthotropy and p*) = X\ 4
219 for £ = gla, ace. As in §3.4.1, the densities of the component materials are
taken to be pM) = pla®) and p? = pll9)  Component material ‘2’ is distributed
as spherical inclusion particles (i.e., a = b = c).

The lowest—order SPFT and Mori—Tanaka estimates for the HCM arising from
orthotropic component materials characterized by ¢ = 0.05 and ¢ = 0.1 are
presented in Fig. 3.6 and 3.7, respectively. The plots for ¢ = 0, for which case the
HCM is isotropic, are the ones displayed in Fig. 3.1. The degree of orthotropy
exhibited by the HCM clearly increases as the value of ¢ increases, as do differences
between the estimates of the lowest—order SPF'T and the Mori-Tanaka mean—field
formalism. In a manner resembling the scenario considered in §3.4.1, the lowest—
order SPFT and the Mori-Tanaka estimates are qualitatively similar, but the
Mori-Tanaka estimates display a greater deviation from the naive HCM estimate
f [g(l)} + @ [g@)} for mid-range values of ), at all values of .

The degprqee of orthotropp; exhibited by the HCM clearly increases as the value
of ¢ increases, and differences between the estimates of the lowest—order SPF'T
and the Mori—Tanaka mean—field formalism also vary as ¢ increases. To explore

this matter further, the associated ratios

o], 12,

[ A e

are plotted against f® for ¢ = 0.05 and 0.1, in Fig. 3.8. The three different pat-

o
o

(hem) :|

o

(hem) ]
44

(@
(@

(hem) }

(@

(hem) ]
66
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terns are portrayed in the three plots: for [ Cthem) ] / [ Clhem) } differences be-
= n' L= 33

tween the lowest—order SPFT and the Mori-Tanaka estimates are larger for when

the HCM is more orthotropic; the reverse is the case for [g(hcm) } 19 / [g(hcm) ] 23’
while for [g(hcm)]M/ [g(hcm)LG there is no noticeable difference between the
lowest—order SPFT and Mori—Tanaka estimates as the degree of HCM orthotropy
is increased.

Next we focus on the second—order SPFT estimate of the HCM stiffness ten-
sor. The real and imaginary parts of the components of Q(Spft) = g(Spf - g(ocm)
are graphed against kL in Fig. 3.9. The volume fraction is fixed at f®* = 0.5.
The values of the orthotropy parameter ¢ are 0, 0.05 and 0.1, in correspondence
with the calculations of Figs. 3.1, 3.6 and 3.7. As we observed in §3.4.1, the
magnitude of the components of Q(Spft) generally decrease as the HCM becomes
more orthotropic. Also, the second—order SPF'T estimate g(‘g”f Y has components
with nonzero imaginary parts, which implies that the HCM is dissipative even
though the component materials are nondissipative. Furthermore, the HCM be-
comes increasingly dissipative as the correlation length increases, this dissipation
being attributable to scattering losses.

Finally, the real and imaginary parts of the second-order SPF'T density tensor

ﬁ;(i;pft) _ Pz(%pft) _ p(ocm)

are plotted as functions of kL in Fig. 3.10. As previously,
§3.4.1, the components for p # ¢ are negligibly small so only the p = ¢ components
are provided here. The density plots resemble those of the corresponding stiffness

tensor; i.e., the components ﬁé,‘;,p 7% are much smaller than p°™ and they increase

t are smallest when the

rapidly from zero as L increases. The magnitudes of jir’
orthotropy parameter describing the component materials is greatest. Apparent
contradictions abound in homogenization theory [1], but for the SPFT as with
many other formalisms the ultimate test of their validity is against a battery of

experimental tests which, as far as we are aware, do not exist at present.

3.5 Closing remarks

The elastodynamic SPFT has been further developed, in order to undertake nu-

merical studies based on a specific choice of two—point covariance function. From
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our theoretical considerations in §3.2 and our representative numerical studies in

§3.4, the following conclusions were drawn:

e The lowest—order SPFT estimate of the HCM stiffness tensor is qualitatively

similar to that provided by the Mori-Tanaka mean—field formalism.

e Differences between the estimates of the lowest—order SPFT and the Mori—
Tanaka mean—field formalism are greatest for mid-range values of the vol-

ume fraction.

e Differences between the estimates of the lowest—order SPFT and the Mori—
Tanaka mean—field formalism vary as the HCM becomes more orthotropic.
The degree of orthotropy of the HCM may be increased by increasing either
the degree of orthotropy of component materials or the degree of eccentricity

(nonsphericity) of the inclusion particles.

e The second—order SPFT provides a correction to the quasi—static lowest—

order estimates of the HCM stiffness tensor and density.

e The correction provided by second—order SPFT, though relatively small in
magnitude, is highly significant as it indicates effective dissipation due to

scattering loss.

e Differences between the second—order and lowest—order SPF'T estimates of
the HCM constitutive parameters diminish as the HCM becomes more or-

thotropic.
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~ 15

[g(hcm}]

Figure 3.1: Plots of [Q(hcm)} , [Q(hcm)} and [Q(hcm)] (in GPa) as esti-
= = 12 = 44

11
mated using the lowest—order SPFT (i.e., hem = ocm) (red, solid curves) and
the Mori-Tanaka mean—field formalism (i.e., hem = MT) (black, dashed curves),
against the volume fraction of component material ‘2’. Also plotted are the upper

and lower Hashin—Shtrikman bounds (blue, long dashed curves) for [Q(hcm)}
= 11

and [C(hcm)] ; the lower Hashin—Shtrikman bounds coincide with the Mori—
44

Tanaka estimates. Component material ‘1’ is acetal and component material
‘2’ is glass, as specified in (3.118). The component materials are distributed as

spheres (i.e., a =b=c).
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Figure 3.2: Plots of [ghcm)} , with 7s € {11,12,13,22,23,33,44, 55,66} (in

GPa) as estimated using the lowest order SPFT (i.e., hem = ocm) (red, solid
curves) and the Mori-Tanaka mean—field formalism (i.e., hem = MT) (black,
dashed curves), against the volume fraction of component material ‘2’. Compo-
nent material ‘1’ is acetal and component material ‘2’ is glass, as specified in
(3.118). The component materials are distributed as ellipsoids with a/c =5 and
b/c=1.5.
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Figure 3.3: As Fig. 3.2 but for ellipsoidal component particles specified by a/c =
10 and b/c = 2.
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Re[gsp“\']zz

Re [gfspft)]33

Re [gspfl ) Iss

Figure 3.4: The real and imaginary parts of the components of Q(Spft) =
Clrft) _ gloem) (in GPa), plotted as functions of kL, for f®) = 0.5. Component
material ‘1’ is acetal and component material ‘2’ is glass, as specified in (3.118).
The component materials are distributed as (i) spheres (i.e., a = b = ¢) (red, solid
curves), or (ii) ellipsoids with shape parameters {a/c = 5, b/c = 1.5} (blue, short—

dashed curves), or (iii) ellipsoids with shape parameters {a/c = 10, b/c = 2}
(black, long—dashed curves).
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Figure 3.4: Continued.
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Im pSPtY

(spft
Im psPt

(spft)
I'm p33P

Figure 3.5: As Fig. 3.4 but the quantities plotted are the real and imaginary

parts of the excess of the second—order SPFT density tensor over the density of

the comparison material, i.c., /™ = plePft) _ p(oem), (r € {1,2,3}), in kgm™3.

48



Figure 3.6: Plots of [g’m)} , with 7s € {11,12,13,22,23,33,44, 55,66} (in
GPa) as estimated using the lowest-order SPFT (i.e., hem = ocm) (red, solid
curves) and the Mori-Tanaka mean—field formalism (i.e., hem = MT) (black,
dashed curves), against the volume fraction of component material ‘2’. The

component materials are distributed as spheres. Their constitutive parameters
are specified by (3.126) and (3.127), with the orthotropy parameter ¢ = 0.05.
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Figure 3.7: As Fig. 3.6 but with orthotropy parameter ¢ = 0.1.
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Figure 3.8: Plot of [Q(hcm)] /[Q’wm)} 7 [g(hcm)] /[Q(hcm)} and
= 11 33 12 23

[ Q(hcm)] / [ Q(hcm)} (in GPa) as estimated using the lowest—order SPFT
44 66

(i.e., hem = ocm) (red, solid curves), the Mori-Tanaka mean—field formalism
(i.e., hem = MT) (black, dashed curves) against the volume fraction of compo-
nent material ‘2. Component material ‘1’ is acetal and component material ‘2’ is
glass, as specified in (3.118). The component materials are distributed as spheres
with the orthotropy parameter ¢ = 0.05 (thin curves) and ¢ = 0.1 (thick curves).
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Figure 3.9: The real and imaginary parts of the components of Q(SPft) = g(SPf b_

C ™ (in GPa) plotted as functions of kL, for f® = 0.5. The component
materials are distributed as spheres. Their constitutive parameters are specified
by (3.126) and (3.127), with the orthotropy parameter ¢ = 0 (red, solid curves),
¢ = 0.05 (blue, short-dashed curves) and ¢ = 0.1 (black, long-dashed curves).
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Chapter 4

Derivation of Piezoelectric SPFT

4.1 Introduction

In this chapter we derive the piezoelectric SPFT estimate. The process followed
is to extend the elastodynamic SPFT, developed by Zhuck and Lakhtakia [14].
We begin by converting the two constitutive piezoelectric equations to a single
extended constitutive equation [48]. This allows the formulation of an equation
of motion analogous to the elastodynamic equation of motion and enables us to
use the methods of Zhuck and Lakhtakia [14].

We begin with the constitutive relations in piezoelectrics

/ 2 /

a(r) = O SOr) —el) BO(r), (4.1)
YA ? l

DPO(r) = el sOr)+ eV BO(r),

where o (r), 530 (r), Eéz)(r) and Dl(g)(r) are the stress, strain, electric field and

lm
IR0, )

. . . . YA
electric displacement tensors of material ‘¢’ respectively. impg> Cqum A0 el(q are

the elastic stiffness, piezoelectric and permittivity tensors with symmetries

o _ 0 _ A~ A0
Clmpq - lepq - Clmqp - Cpqlm
4 0
eézin = 61(17311 ‘ (4.2)
l ¢
6l(q) _ 6((11)

25



We can combine these tensors into the extended stiffness

(

0 :
Coy o M=m=1,23 P=p=123
0 o o
SO €qim M=m=1,23, P=4 (4.3)
R [ M=4P=p=123 '
elpq - 5 _p_ <y
(¢
\ e M,P=4

where the lowercase subscripts range from 1 to 3 and the uppercase subscripts

from 1 to 4. Similarly, we define the extended density as

O M=P=1,23

o(l P ) 4y

Prip = . , (4.4)
0 otherwise

where p® is the density of material . The extended stiffness and extended
density are not tensors but they allow us to rewrite the constitutive equations as

a single constitutive equation

o (£ (0 (0
G (X) = Clyyp,So) () (4.5)
where
%)
(e o (r) J=1,2,3
U’L(J) (r) (JK) (4.6)
DY) J=4
and

S =4 (4.7)

E(r) = ~0;0()® 1=4

% the displacement tensor

are the extended stress and strain respectively, with ug
and o the electric potential of material ‘¢’

To establish the piezoelectric SPFT we follow the methods of Zhuck and
Lakhtakia [14] by considering a composite made up of several component ma-
terials and introducing effective constitutive operators (ECOs) which eventually
become the SPFT estimates in the spatially-transformed Fourier domain. The

introduction of an orthorhombic comparison material (OCM) follows and this is

compared with the composite. We then renormalize the solutions to the synthe-
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sized equation of motion, which allows strong fluctuations in component materi-
als to be examined. Effective perturbation operators (EPOs) are then introduced
and we find the ECOs in terms of these EPOs through algebraic equations in the
spatially—transformed Fourier domain. A second—order approximation is then
used to find the EPOs and thus the ECOs. Finally, all secular terms are removed
to ensure convergence when strong fluctuations in the component materials are

present.

4.1.1 Notation

In this chapter matrices are denoted by double underlining and bold font, whereas
vectors are in bold font with no underlining. The extended symbols are repre-
sented in normal font with their components indicated by subscripts and/or su-
perscripts. All lowercase indexes range from 1 to 3 and the uppercase indexes
from 1 to 4. For use later on, we note that the pgth entry of a matrix A is written
as [é]pq, while the pth entry of a vector b is written as [b] - Accordingly, the
= [A] |:B:|qr’ the vector entry [é~b]p = [A}pq[b]q,

pr —dpgL—

matrix entry [ A- E}

and the scalar a-b = [a] [b],. The adjoint, determinant, inverse, trace and

[
p
transpose of a matrix A are denoted by ad] (A), det (A), A7l tr (A) and

éT, respectively. The n x n null matrix is written as Q X

4.2 Effective constitutive relations

Now we have the constitutive equation, (4.5), we can begin our analysis. We
follow the same method as Zhuck and Lakhtakia by considering a composite oc-
cupying all space with extended stiffness Ciur pq(r) and extended density ppp(r).
This composite is considered to be a random mixture of more than one compo-
nent material and its extended stiffness symbol can, for example, be expressed

as

Currg(r) =Y Oy, @O (1) (4.8)

=1
for composite consisting of n component materials with ®(r) the characteristic

function of material ‘/’. We consider the piezoelectric equation of motion, which
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is an extended version of the elastic equation of motion (3.1) [49]. Assuming an

e~ %! time dependence we have
8;&1M(r) + w2ﬁMp<I')ap(I') = —FM(I') (49)

Herein, iip(r) and Fy(r) are the extended displacement and extended force of

the composite respectively, given by

drr)y=4{ (4.10)
p(r) I=
and
} Fi(r) J=1,2,3
Fy(r) = : (4.11)
—q J=4

with u;(r), ¢(r), F;(r) and ¢ the elastic displacement tensor, electric potential,
body force tensor and the charge respectively.

Following Zhuck and Lakhtakia we define effective constitutive relations by

v

(Cuarpg(r)Spg(r)) = Cliiy(r)  (Spe(x)) + Birp (v) # (ip(r)),  (4.12)

(Prp()iip(r)) = eSiTnr) « (Spo(r)) + pyis (x) * (iip(r))  (4.13)

where é’l(iqu(r), (cc) (x), 5%5[0;21@) and {0 (r) are the effective constitutive oper-
ators (ECOs) and (. ..) defines the ensemble average, the average over all possible
particle positions within the composite. Now the mean field equations are pro-
duced by taking the ensemble average of (4.7) and (4.9), whilst using (4.2), (4.12)
and (4.13) gives

% %

(D i, (1) +w2e o) 1)+ (Spg(1)) + (W A5E (1) + 0Bl (1)) % (iip(r)) = —Fy(r)
(4.14)

and

(Spe(r)) = : (4.15)
—y((r)) P =4

Now we consider the composite to be a HCM and so él mpg and pyrp are statis-
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tically homogeneous and homogeneously interrelated, that is their ensemble av-
erages are independent of spatial coordinates and their two—point second—order
statistical moments depend on the difference of the two spatial coordinates [14].
As with Zhuck and Lakhtakia the ECOs are non-local due to the operations in
(4.12) and (4.13), this gives us

F(r)+T(r) = /d3T’F(r,r’)_l(r’) = /d3r’F(r —r')7(r'), (4.16)

where F (r) represents any of the ECOs and TI(r) is some test function. As the

ECOs are shift-invariant [14], we can write
F(r—1')=(2m)3 / BPkF (k)elk =) (4.17)
and so
F(r) e = F (k)e™™ (4.18)

where k = (k1, ko, k3) is an unspecified wave vector. Equation (4.18) gives us the
spectral counterpart F (k) of F (r), where F is shift-invariant [14].

From Zhuck and Lakhtakia, we have that if the extended force has the spectral
form

Fy(r) = Fy(k)e™ ™ (4.19)

then from the mean field equations we also have

(lipr(r)) = tiar(k)e’™, (4.20)
(Spe(r)) = Spy(k)e™. (4.21)

Now ECOs simplify such that for some function 7(r) = 7(k)e®™ we have

F(r)«T(r) = F(k)I(k)e™™ for F = é;;;;?q, 5};;33,5;7;21, plece) (4.22)
with
. = (eco) _ Alspft) . (eco) _ plspft)
fim e5ipg () = ifpy s Jim AR () = e
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as the long—wavelength limits.

4.3 Comparison material

As with the elastodynamic SPFT we introduce a homogeneous comparison ma-
terial. This homogeneous comparison material provides the initial ansatz for an
iterative procedure that delivers a succession of SPFT estimates of the HCM
constitutive parameters [14]. Accordingly, the comparison material represents

the lowest—order SPFT estimate of the HCM. We take our comparison material

to be orthorhombic with extended stiffness Oz MPq ) and extended density pS\ZC]T).

The comparison material has equation of motion
Civipg0i05ig™ (1) + WP\ i (r) = 7™ (x). (4.24)
and its solution is given by
™ (r) = Gl (r) « FS™ (x). (4.25)
In k—space we convert the Greens Function G'p,; into the 4 x 4 matrix form as
G (k) = [k?g(l&) —wrpleem | (4.26)
with p (™) heing the 4 x 4 matrix representation of pM ;1 and (lAc) is the 4 x 4

(k)

~ k v
with £ = vk -k and k = = As with the elastodynamic case we can rewrite G

matrix with entries )
ocm
MP k2 '

=

(4.27)

as

~ (ocm) N(k)
- A(k)
where the 4x4 matrix function
N(k) = adj [k:2 (k) — w2pleem (4.29)
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and the scalar function

Ak) =
B tr [adj(w?p ) - Ak
[g(l’;)} 41 |:§(f():| 14 [adj(wQEﬁ)} 11 B [é(k)} 42 é(f{)] 24 [adj(w?f:\iﬁ)] 22 -
5@, [50], [aep)], ). (4.30
with the 3x3 matrices éﬁ and /:‘iﬁ having entries
é(ﬁ)} 11 [g(f{)} 12 [é(f{)] 13
#09 = | [ado], [ado]  [sGo] ).
], [ado] , [ado] |
(4.31)
:g(ocm)] 11 [é(ocm)} 12 [2(0%)} 13
N A
el e e,

We now have the details for the OCM and for the composite considered in

§4.2 described by extended stiffness Ciu pq(r) and extended density pap(r). The
next step is to compare the two. As Zhuck and Lakhtakia do, we synthesize the

two equations of motion
Clrmdidyiip(r) + WP oy p up(r) = —Fy; ™ (r) — 6Fy(x), (4.32)
where
SFy(r) = 910Cnpe(r)Spe(r) + w?dppp(r)ip(r), (4.33)
0Cunipg(r) = Cuarpg(r) = Cliip, (4.34)
opmp(r) = pup(r) — ﬁS\ZCJT)- (4.35)
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This synthesized equation of motion can be solved exactly as with (4.24) to give

< (ocm

i(r) = ay"™ () + 2G5 (1) ¢ [0pap(r)ip(r)] +
HS () 5 [ 6Carpy()Spo(r)] (4.36)

Substituting into our equation for the extended strain (4.7) we get

v}

Si(r) = S (r) + W GYSY () * [6pup ()ip(r)] +

Honi (1) 5 [0Carpg(r)Spy(r) | - (4.37)
Herein we have
v P () = 965" (x) (4.38)
1 =(ocm) =(ocm)
ocm 2 a]CJZM (I‘) + azGM (I‘) ] - 17 27 3
G = {7 | ooy ) (4.39)
—ajG4M (I‘) I =4
Heml () = oG (x). (4.40)
Now we can recast g(ocm)(k) as
~ —1
a(k) 2 _
v (ocm) [g( ] w o L o
G k) = v k)| - plem . N(k). 4.41
&0 = g+ Ry 0] 2 N @

Substituting this into (4.38-4.40) allows us to find the spectral counterpart of
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Hifing (r) as

Do a0 fadi] |-
%;‘g(k) {( ) [;(R)]i;Jr(k)z [g(f{)]j;} <, I1=1,2,3
W B
(0,00 [a)]
P
\ kg(k) [(k»(k) @], 6], [@k)LM]v 12242)

Once again we follow Zhuck and Lakhtakia [14] to observe that for 1 < I < 4 the

first term of H%ﬁ) doesn’t vanish as k — oo. Thus, we can write
Hifing (¥) = H557 () = Wi (4.43)

where H}(jolc]\?)(r) is a singular integral operator associated with an infinitely small
exclusion region and W[jl 1S a constant tensor. Both these terms are dependent
on an exclusion region but their difference H%ﬁ)(r) is not [14]. However, the

spectral form of H/I(ﬁc]&n) (r) can be written as [14]

Hoem) (1) = M) (1) + Wi (4.44)

where Wlﬂ M 18 an extended version of the elastodynamic renormalization tensor
W,stw independent of k. We make this rearrangement because it removes any
importance of an exclusion region and the exact form of H/I(JOZCJ\ZL) (r) plays no further
role in the analysis [14].

Finally in this section we seek to renormalize (4.36) and (4.37). We introduce

v

@15(r) = S1(r) + WriinsdCiarpg (r)Spy(r) (4.45)

and 7jpgs: such that

Spq(r) = Tipgsisi(r). (4.46)
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This allows (4.37) to be rewritten as

15(x) = S () + WG () [0 (0)ip ()] + H (1) + [Gnrpg (1) pg ()|
(4.47)

where
glMPq(r) = 6Ciarsi(r)iistrq (4.48)

is considered to be an extension of a random perturbation tensor associated with
fluctuations of the component materials within the disordered composite [14].

Similarly we have

iy () = a7 (1) + 2GS (1) # [Spaep ()it ()] + HSE (1) [ &g (1) pg(r)]

(4.49)
These renormalized equations contain the extended stiffness and extended density
of both the disordered composite and the OCM. We now seek the optimal choice
of I/T/}jl M-

4.4 Effective perturbation operators

We can rewrite (4.47) and (4.49) as

p(r) = ™ (r) + T (0)II(r) * Y(r). (4.50)
where
. &(ocm)
T B I Y B (451)
UJ(I') vJocm (I‘)
T(ocm)(r): H/](]C}C]\Zn)(r> w2G§3‘3\T4n)(r) H(I’): glMPq(r) 0
HS () GG ) 0 Spup(r)
(4.52)

Now the solution to (4.50) is given by

ok qpleem () (4.53)
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and we recreate equations (2.47)—(2.50) from Zhuck and Lakhtakia [14] to show
that from

(W) = (1= T @) ")« e () (4.54)
(Mr)p(r) = () (1= T @)(r) )« ple(r) (4.55)

we have the deterministic operator

1) (r) = (T(r) (1 — YO (r)TI(r)) U (4.56)

satisfying
(L(r)y(r)) = T () * (U(r)). (4.57)

Equivalently we have

(Enrpg(D)Tp(r)) = afyp (¥) % (Fpy(r)) + bisro (x) * (@p(r))  (4.58)

Oprp(r)ip(r)) = vl (r) * (Dpy(r)) +wiie) (v) * (up(r)).  (4.59)

where al(gg}l)q(r), b (r), vj(\jp;;(r) and w'%(r) are the effective perturbation
operators (EPOs).

Our aim is to find the ECOs, to do this we suppose we have found the solution
to (4.56) and we know what the EPOs are. Combining (4.12), (4.13), (4.45),
(4.46) and (4.48) gives us equations we can compare with (4.58) and (4.59):

(@) = (S(r)) + Wi [éz(ze\f;)q(r) — Clripdl 5 (Spy(r)) +

Wit Bisie (x) * {iip(r), (4.60)
(Garpg(r)Epg(x)) = [Clin ) = CRim ]+ (Sy) + B2 « Gip (x),
(4.61)

Opup()ip(t) = eSiph() * (Spyle) + A7 ) — A7 | * (e (x).
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Following this we substitute (4.60) into (4.58) and (4.59) to produce

v

(Enipg(r)@pg(r)) = af (r) * [v“qurs@ﬁz%r)—0£§%>>*<§Tu<r>>+
(Spa(D)) + Wrars 82 () 5 <aT<r>>] T

bish) (x) * (tip(r)) (4.63)

orap@)in(®) = o) » [v"qurs<é*£§%"z<r>—C£§%>>*<§Tu<r>>+

(Spa(r)) + WpsSD(r) <aT<r>>} n

Wi () % (tip(r)). (4.64)
Rearranging gives us
(Gopae)py()) = [alfi, (r) + aff () « Waao (G5, (1) = G| «
q Pq 1M Pq IMRs RstU\™tU Pq tUPq
(Spg(r)) + [l () + alsin (r) *
Wisw 5 ()] + (ap(0)) (4.65)
Opnp()ip(r)) = [ofF0w) + o FRE) « Wi (CE70 (1) = CET | +
(Spa(r)) + [wiFP) (x) + vifl(r) +
Waw B35 (1) | + (i (x)). (4.66)

Comparing these with (4.61) and (4.62) gives us

Cliim(0) = Climy = affiD () + af§iod ()« W (C70 (0) = CI))
(4.67)
Biaip(r) = birp(r) + i, () * Waaw By (v) (4.68)
) = oI + o T ) + Wi (Clp ) — CO70)
(4.69)
phir (1) = P = wifp) (1) + o\TRl(r) * Waaw Birp) (x) (4.70)
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which reduce to algebraic relations in the k-domain

v v v

Cliina k) = ClmY = al§h, (00) + alfi, () W (Cli700) = Clo))

(4.71)

Biip (k) = bR (k) + aif o), () Whar B (k) (4.72)
i) = ol k) + ol ) Wi (CliE ) — i)

(4.73)

A (k) = o) = wide (k) + oS T () Waaw 857 (k). (4.74)

We now have the ECOs expressed in terms of the EPOs and the final step is to
find T1°)(r), giving us the EPOs explicitly.

4.5 Second—order approximation

Following Zhuck and Lakhtakia [14] we expand T as

1) (r) = i IT,,(r) (4.75)

where

Now the second-order approximation is given by [14, 50]

M) ~ IL(r)+ I (r) (4.78)
(T(r)) + (T(r) T (r) T(r)) + ((r)) T (r)(T1(x))
(4.79)

Q
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which can be expanded to give the EPOs as

af) (1) = (Garpg(r)) + H () BIMES (r — 1) (4.80)
W) = PG () BERS (r — ) (4.81)
UiTpy(x) = Biip'(r =) Hjoq" (x) (4.82)
@) = W Busup(r —r)GH (x) (4.83)

where

BME(r —1') = (Gurs(t)&upe(t)) — (Garns (D)) (Ewpe(r))  (4.84)
B —1) = (Gurs(t)0pup()) — (Enrs(x))(0pup(r))  (4.85)
Brsup(r —1') = (6prs(r)opup(r’)) — (0prs(r))(0pup(r')) (4.86)

are the correlation functions. Now let us solve for Cu*l(]f%?. An approximate

solution to (4.67) can be found by replacing the term in parenthesis by the entire

right—hand side, in the manner of a Born series, as per

%

CHA0) = CTF) = ol )+ a0 * Wi | a7y (6) +
(epo) W é(eco) ( _ C",(ocm)
g ap(T) * Wapin IMPq r) IMPq
R aiyrpg(T) + afin (v) « Wegoaglp,(r)  (4.87)

where only the leading order term in Whgew in the series has been retained. Now

HET (1) = HYG (8) + Waaw = 0,655 (v) + Wia (4.88)
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This allows us to write (4.87) as

Gl (x) = Clrm = (€napg(x)) + M (1) B (e — 1) +
(im0 + HE (BRI )]« (480)
Wigtr | (€wrpa(0)) + My (0BG (X — v
~ (Gupg(v)) + Hi (0B (r — 1) +
[@MRS(I“)) + Hgg:g(r)l?%gg(r — r’)] ¢ (4.90)

Wkt |:<§tUPq(I')> + Hg)dcg(r)BZgqu(r — r')] ,

again retaining only the leading order term in Wryy. Now using (4.88) we have

%

Clina(r) = CIEmY = (Gnrpa(r)) + HT (0)BIES (e = x') +
((Emale)) + 0,65 (BSE e —x)) + (491)
W st <<5tUPq(I')> + 8dG(C?£)(r)BZ%%Z(r - r’))

= (Garrg(r)) + Higut) (1) BLifpy (v — ') +
<<§IMRs(r)> * WRstU<§tUPq(r)>> + (4.92)
2 (%ngrg) (r) = <51MRS(I‘)>WRS,5UB%£Z(I~ — r’)> +
(0GB () # B — )W 0aG SR (1)
B (p — r')).

aBpq

Taking the spatial Fourier transform of (4.91) gives

v v

Cleee) (k) — Clom) 5(k) = (Einrpg(r))6(k) + Hiwer) (k) # Bis (k) +
((€aarre () W (€ (1)) ) 8(K) +
i [k], Gloon (k) x

T 20Enms (0)) Wi Bl (0 = 1) } +

F'T'{B%gg (r = 1) Whav QG (x) X

B (r — r’>}] , (4.93)
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where F.T. denotes the spatial Fourier transform. This yields

éz(zf%? ~ éz(fjg; + (Enrpq(r)) + (Enrrs (0)) Wt (Evrpg (1)) +

[ a0 B o) (4.94)

in the limit k — 0. Performing the same process with (4.68), (4.69) and (4.70)

gives
i~ W / K B () Gy (), (4.95)
eHY / PK BYP (K HCT™ (K, (4.96)

Pt B+ (P (n) + W / &K Busup (K)G5™ (). (4.97)

In the above we have Bi/Z(k), B (k) and Bysup(k) as the Fourier trans-

forms of B/ (r —r'), Bgp™(r —r') and Bysyp(r — r') given by, for example,
o 1 , ,
Bé(]y;?; — ﬁ / dSTBiJ[\]@%S(r . r/)e(—zk-(r—r )) (498)

Finally, we assume that B2ER (r —1') is even giving B4R (k) as an odd function

and so we follow Zhuck and Lakhtakia [14] and observe that, as g(ocm) is an

even function of k, the integrands of (4.95) and (4.96) are odd. This gives us

l(]s\%;t) =0 and 55\7 1{;) = 0 in the second-order approximation.

4.6 Strong—property—fluctuations

The expressions for Cv’l(]fﬁc,? and FPY(4.94) and (4.97), can be further simplified

if all secular terms are removed. This requires us to have [14, 51]

(Enrpq(r)) = (Opnp(r)) =0 (4.99)

which in turn means we must have
(Prp(v)) = pig7 (4.100)
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and we define VT/RStU to be the solution of

W [ @100 = [ersiizo Gk o, 5] -
R=r=1,2,3 (4.101)

r

s 0, [acl] ]

. } y (k) a
Wigwr / kB (k) = / d’kByp: (k) X W R=4.(4.102)

This gives us our final equations for é’l(]fﬂ—,? and (7Y as

(s = (ocm w? HIMrs k < iy] <]
claty =l - [ ersiao ot o0, [a] o, 5] ]«
«(ocm) e _
2] - lewl,, (4109
w? 37. plM4s (k>t N < (ocm) =
2 /d kBtUPq(k)?(k)s [g(k)] ax [g :|XY. [ga{)}YU’
ﬁg\ngt) ~ pvg&cgl) +W2/d3kBMSUP(k) |:§<k>i| @ (4104)

These results allow strong fluctuations, provided the size of the particles are
sufficiently small [14]. It is of interest to note that the conditions (4.99) and
(4.100) also set (II(r)) = 0 and therefore makes the first-order approximation

equal to the zeroth—order approximation, or OCM estimate.

4.7 Closing remarks

The theory for the piezoelectric SPFT has been developed following the same
methods as used by Zhuck and Lakhtakia [14] the elastodynamic SPFT. The
next step is to produce numerical results. This will be done in the next chapter

by simplifying (4.103) and (4.104) such that they can be evaluated numerically.
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Chapter 5

Implementation of the

Piezoelectric SPFT

5.1 Theory

5.1.1 Introduction

In this chapter we take the theory derived in Chapter 4 and establish the linear,
second-order SPFT appropriate to orthorhombic mm2 piezoelectric HCMs, aris-
ing from two homogenous component materials with randomly distributed but
identically oriented ellipsoidal particles of one in a matrix of the second. As with
the elastodynamic SPF'T we also derive the implementation of a two—point covari-
ance function which characterizes the distributions of the component materials
and simplify equations (4.103) and (4.104) in order to evaluate them numerically.
A representative numerical example is used to illustrate the developments and
results are compared to the well-established Mori—-Tanaka mean—field formalism

20, 48, 52].

5.1.2 Preliminaries

The constitutive relations for piezoelectric materials have been outlined in §4.1.
We develop the SPFT in the frequency domain. Accordingly the complex—valued

representations of the stress, strain and electromagnetic fields have an implicit
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exp (—iwt) dependency on time ¢, with w being the angular frequency and i =
v/—1. The possibility of dissipative behaviour is thereby accommodated via the
imaginary parts of complex—valued constitutive parameters.

In developing the piezoelectric SPFT, it is expedient to express the constitu-

tive relations (4.5) in matrix—vector form as
50 = ¢ .80, (5.1)

wherein & and S are column 12-vectors representing the extended stress and
extended strain symbols, respectively, and g is a 12x 12 matrix which represents
the extended stiffness symbol. The conversion from extended symbol notation
to matrix or vector notation is given in §5.1.3. Here, and hereafter, matrices
are denoted by double underlining and bold font, whereas vectors are in bold
font with no underlining. For use later on, we note that the pgth entry of a
matrix A is written as [ A }pq, while the pth entry of a vector b is written as

[b],. Accordingly, the matrix entry [é . E] = [A}pq [B}qT, the vector entry

pr = =

[A- b]p =[A }pq [b]q, and the scalar a-b = [a]  [b],. The adjoint, determinant,

p

inverse, trace and transpose of a matrix A are denoted by ad] (A), det (A),

éfl, tr (é) and éT, respectively. The n x n null matrix is written as (U
Our concern in this chapter is with orthorhombic mm?2 piezoelectric materials
[53, 54]. For this symmetry class, the extended stiffness matrix for material ‘¢’

has the block matrix form

cO _e®"

v (¢
¢ = , (5.2)
ORI

where the 9x9 stiffness matrix g(f) may be expressed as

€9
g =3x3 =3x3
g(f) =1 o,., 2(4) 2(5) , (5.3)
) €9
=3x3 2 2
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with the 3x3 symmetric matrix components

[ [ [ ‘
C{I) C£2) Cfs) Ciﬁl) 0 0
e G e e PR LI eI FCH)
‘ ¢ ¢ ¢
Cf:s) 053) 03(3) 0 0 Oéﬁ)

while the 9x 3 piezoelectric matrix g(‘z) may be expressed as

0o 0 0 0 €20 0 €90
=1 0 0 o0 €7 0 0é€l o0 o0 (5.5)
) e ) 0o 0 0 0 o0 o0
and the 3x3 dielectric matrix g(é) as
9 0 o0
=10 & o |. (5.6)
0 0 €

5.1.3 Tensor/extended symbol to matrix correspondence

The extended symbol AaMpq (a,q € {1,2,3}, M, P € {1,2,3,4}) may be conve-

niently represented by the 12 x 12 matrix with entries [A} (7,0 € [1,12]), upon
=%

replacing the index pair aM with v and the index pair Pg with o. For the most
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general 12x12 matrix encountered in this thesis, which has the form

Aig Az A 0 0 0 0 0 0 0 0 A
Azq Azs  Asz 0 0 0 0 0 0 0 0 Az 12
A1 Azz  Ass 0 0 0 0 0 0 0 0 Az
0 0 0 A O 0 4a O 0 0 4z O
0 0 0 0 45 O 0 45 0 A0 O 0
- 0 0 0 0 0 46 O 0 46 O 0 0
o 0 0 0 Ay O 0 4asa O 0 0 4z O
0 0 0 0 45 O 0 45 0 A0 O 0
0 0 0 0 0 46 O 0 46 O 0 0
0 0 0 0 Aws O 0 4ws 0 4w O 0
0 0 0 4ua O 0 Aus O 0 0 Auun O

Ai121 A1z Al23 0 0 0 0 0 0 0 0 A12,12

(5.7)
the correspondence between the extended symbol indexes and the matrix indexes
is provided in Table 5.1. The scheme presented in Table 5.1 also relates the

V)

extended symbol i,y to the corresponding column 12-vector entries [th.

]aMoqu\voroH aMoqu\voro‘

11 1 23 or 32 7
22 2 13 or 31 8
33 3 12 or 21 9
23 or 32 4 14 or 41 10
13 or 31 5 24 or 42 11
12 or 21 6 34 or 43 12

Table 5.1: Conversion between extended symbol and matrix notation.

We introduce the matrix éi which plays a role similar to the matrix inverse

insofar as

A

>
I
>
>
I
[19¢

(5.8)
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Herein,

(193¢
I

L

23><3

23><3

23><3

=3x3 =3
ol 5l
ol 3l
23><3 23

(5.9)

is the 12x12 matrix representation of the extended identity symbol, with I being

the 3x3 identity matrix, and we have

The matrix éi has the form
tin te hs O

fo1 fop I3 0

Isi I3 Isgs 0

14,
0 0 0 %

0 0 0 0

oy 0 0 0 0

A = :

- 4,4
0 0 0 =5

0 0 0 0

0 0 0 0

0 0 0 0
0 0 0 fi14

121 tiz2 ties 0

A

(19

4 et
Ow|§ (@) Ow|§ (@) (@) (@] (@]

f10,5

0

:i'é:
0 0
0 0
0 0

f4,4
0 5
0 0

{s,

O

{4,
0
0 0

{s,
O
0 0
0 fi1,4
0 0
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3>

“—+ 4
o M|vg ] (@] l\’>|§ (@] ) =) o

f10,5

0

0 0 0
0 0 0
0 0 0
0 0 a1
0 #. O
N
0 0  fn
0 1. O
e 00
0 fi010 O
0 0 fun
0 0 0

f1,12
2,12

3,12

o o o o o o o o

fi2,12

(5.10)

(5.11)



with entries

T

11,2

fi3

12,1

fo2

12,3

I3

13,2

13,3

faa
155
fo,6
110,10

i

-T-12,12

(—Ai23A20A312 + A120A23A312 + A1a 34212430 — A1212A42 3432 —
At A212A33 + A1g,12422A33) /A, (5.12)
(A12A123A312 — Ar22A41 34312 — A112A123A32 + A1212A1 3432 —
A12A1212433 + A1 12A122433) /A, (5.13)
(—A12A123A212 + A122A1 34210 + A1 12A123429 — A1a10A1 3420 +
A12A1212423 — A1 12A122423) /A, (5.14)
(—A123A4212A431 + A1212A423A431 + A123421 4312 — A121 4234312 —
Ang 12421 A3 3 + A1214212433) /A, (5.15)
(Ar12A4123A431 — A1 12A1 3431 — A1 A1 34310 + A121 4134312 —
Ap12A12,1 433 + A11A1212A433) /A, (5.16)
(—Ay 124123451 + A1212A41 3421 + A1 1 A193A9 10 — Aia1 A1 3A910 +
Ay 12A121A23 — A1 Arn10A23) /A, (5.17)
(Ar20A212A31 — Ao 19422431 — A129A21A310 + A1 4224310 +
Ang 12421 A3 — A1 A 12432) /A, (5.18)
(A12A1212431 — Ar12A122431 — A12A121 4312 + A1 1A122A312 +

Ay 12A121A30 — A1 A1 10A32) /A, (5.19)
(—A12A12,12401 + Ar12A122A51 + ArpA121 4210 — A1 1A A2 10 —

Aj 124121422 + A11A1212422) /A, (5.20)
Ann
’ ; 5.21
2(A11 11404 — As11A4114) (5.21)
Ato.10
- ) 5.22
2(A10,10455 — As.104105) (5.22)
1
, (5.23)
2A6,6
Ass
: ) 5.24
(A10,10455 — A10,54510) (5.24)
A
14 (5.25)

(A1 11Ass — A1 aAsnn)
(—A13A20A371 + A12As3A31 + A1 3A21A30 — A1 1 As3A30 —

Ay 9As1A33 + A11422A53) /A, (5.26)
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Tiie = (A13A22A4310 — A12A93A310 — A1 3A2190A39 + A1 10423439 +

A1 2A219A33 — A1,12A2,2A3,3)/A7

(5.27)

Ioi2 = (A1,3A2,12A3,1 — Ay 19A23A31 — A13A21 4310 + A1 Az 34310 +

Ay 19421 A33 — A1 1A212433) /A,

(5.28)

Iz = (—A124510A451 + Ay 12A29A31 + A1 2A21A310 — A11A22A5 10 —

Ay 12421430 + A1 1 A2 12A432) /A,
14 Agn
11 — 9
’ 2(A114A211 — A1111Asa)
As 10
Isi0 = )
2(As5104105 — A10,10455)

(5.29)
(5.30)

(5.31)

112,1 = <A12,3A2,2A3,1 - A12,2A2,3A3,1 - A12,3A2,1A3,2 + A12,1A2,3A3,2 =+

A12,2A2,1A3,3 - A12,1A2,2A3,3)/A7

(5.32)

Tige = (—Ai12A103A431 + A1o2A1 3431 + A11A123A390 — A121A13A50 +

A1,2A12,1A3,3 - A1,1A12,2A3,3)/A7

(5.33)

i12,3 = <A1,2A12,3A2,1 - A12,2A1,3A2,1 - A1,1A12,3A2,2 + A12,1A1,3A2,2 -

ArpA191 423 + A11A122423) /A,
; A1
A 2(A114As11 — A Asg)’
; Ao
95T (A sAsi0 — Aroi0dss)’

where the scalar

AN = A 19A13A29A31 — A1g12A1 3422451 — A1 A123A29A3 10 +
Ao A1 3A20A310 — Ar19A123A21 439 + A19190A13A21 A3 +
A1 A1 3A910A39 — Aig1 A1 3 A2 12439 + At 10A121 A2 3A30 —
A1 A1212A23A39 — Aj19A121 420433 + A1 1 A1212A22A33 +

(5.34)
(5.35)

(5.36)
(5.37)

(5.38)

Aig <A1,3A2,12A3,1 — Ay 190A23A31 — A1 34914310 + A11As3A310 +

Ay 12421 A3 — A1,1A2,12A3,3> + A1,2( — Ao 3As19A3 71 + Aig 10423431 +

Ao3A21A310 — A121A423A3 19 — A1212A21 433 + A12,1A2,12A3,3)~
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5.1.4 Component materials

We consider the homogenization of a composite comprising two component mate-
rials, labeled as component material ‘1’ and component material ‘2’. In general,
both components are homogeneous, orthorhombic mm2 piezoelectric materials,

characterized by the stiffness tensors o? bmn» Piezoelectric tensors el dielectric

tensors ey and densities p (¢ =1,2). In conformity with the notational prac-

nab ’

tices introduced in §4.1 and §5.1.2, the component materials are also described by
the extended stiffness symbols éﬁ@ n (and their 12x12 matrix equivalents é(e))
and extended density symbols ,552\4 (and their 4x4 matrix equivalents é“))

The inclusion particles are parameterized by (3.8) and (3.9) and the_d1str1bu—

tional statistics are described in §3.1.4. The composite has an extended stiffness

symbol of the form (4.8) with n = 2.

5.1.5 Comparison material

We now introduce a comparison material, which in consonance with the compo-
nent materials, is taken to be an orthorhombic mm2 piezoelectric material, in
general. The piezoelectric constitutive properties of this orthorhombic compari-
son material (OCM) are encapsulated by its extended stiffness symbol C\jl(](\)j?; (and
its 12x 12 matrix equivalent é(ocm)) and extended density symbol ,5;‘;0;@ (and its
4x4 matrix equivalent p(ocm ), as described in §4.3.

In this section we derive the equations for g(ocm) and p (°em) " We begin with

equations (4.99) and (4.100) which explicitly are

(Einrpq(r)) = (@D(r) € )p, + 2D (r) €3 p,) =0, (5.39)
(@pup(r)) = (@D(r) [pV — ﬁ@mﬂm + @ (r) [P — pleem] ) =0
(5.40)

and are necessary to remove all secular terms. In equation (5.39), the quantities

=l X (oem)\ (¥
gl(]\/)[Pq = (CZMSt ClMSt) St)qu (f = ]-7 2)7 (541)
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where ﬁé?pq is given implicitly through

104 o(l R4

Sl(r) = ifprs 5 (r), (5.42)
o (£ S0 ¥ = (0 < (ocm = (¢

() = S0(w) + Wt (Clilp, — Cliie)) Sipx), (5.43)

which have been reproduced from (4.45), (4.46) and (4.48). The extended renor-

malization symbol is given by

( 27 T .
1 i [ a0 : Asm@ X
87T 0 0 (g_ k (g_ k)
U R U R [a U R,
V U R,[aUT R, P=p=1.23
WPstU_ ’
1 21T T
— d¢/ df sin 0 x
87T 0 0
U ' k)UK, [aYU" k
(: )t(: _ ) |:: (:A )}pU’ P:4
(Ut k)-(U' k)

\ — pum—

(5.44)
which is an extended version of the elastodynamic case, (3.29), as indeed is all
the piezoelectric theory.

Upon substituting equations (5.41)—(5.43) into equation (5.39), exploiting
(®9(r)) = f®, and after algebraic manipulations identical to those in the elas-

todynamic SPFT, §3.2.2, we obtain
o [7am st w1 o [/a@  soemnt ]
(e ey e s | e | (€7 - ) | 0, 60)

wherein the 12x12 matrix equivalent of Wt (namely, i) has been introduced.
The OCM stiffness extended matrix may be extracted, in exactly the same manner

as the elastodynamic case, §3.2.2, from (5.45) as

(ocm)

~ v (ocm o 11 v o
C _ g( )) E] . <C(1) - g(2)> , (5.46)

where 7 is the 12 X 12 matrix representation of the extended identity 7,57, =

Trsty- By standard numerical procedures, such as the Jacobi method [37], the
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). The iteration method used in the

nonlinear relation (5.46) is solved for g(ocm
piezoelectric SPET is the equivalent of (3.46), with the elastic matrices replaced
by the appropriate piezoelectric extension.

Exactly as in the elastodynamic case, §3.2.2, and from (5.40) we have the

extended density of the OCM as the volume average of the extended densities of

the component materials ‘1" and ‘2’; i.e.,

g(ocm) _ f(l)g(l) 4 f(2)p’(2). (547)

5.1.6 Second-order SPFT

The second—order! estimates of the HCM extended stiffness and density symbols,

(4.103) and (4.104), may be expressed in terms of three-dimensional integrals as

(s = (ocm w2 kt PRIMrs w(ocm
Cz(z\ﬂ;? = CI(MPJ - _/alg]€ _Bég/lpq(k) [P( )]

2 k? = XY YU
{te 80| b [570] -
2
% /d?’k: %é’i%ﬁg(k) [é(ocm)]xy [g(ocm)(k)]YU {ks [éil(f{)]u{}

(5.48)

and

v (ocm)

g _ focm) +w2/d3k Bursup(k) [g (k)} , (5.49)

SU

The symbols éi%ﬁ;(k) and Byysup (k) represent the spectral covariance functions,

which from (4.84), (4.86), (4.98) and utilizing (4.99), (4.100), are given by

) Evtve — €t ) (Eiopy — Ep
Biifpg (k) = ( 8>Wg< h q> / @R T(R) exp (—ik - R)
o (2 S(1 (2 (1 ’
u (2= ) (4h =) |
Busvp(k) = 43 /d RT(R) exp(—ik-R)

(5.50)

IThe first-order SPFT estimate is identical to the zeroth—order SPFT estimate which is
represented by the comparison material, as shown in §4.6.
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with

IR)=T(r-r) = (eW(r)eD())—(eW(r)) (eD('))
(@ (r) 2P (")) — (@ (r)) (@ (r')).  (5.51)

In order to make the integrals in the expressions for C| J\%’Z and 71" pre-

sented in equations (5.48) and (5.49) numerically tractable, we simplify them as
follows. Let us begin with the integral on the right sides of equations (5.50). Upon
implementing the step function-shaped covariance function (3.12) and utilizing

(3.11), we find

/d3R I'(R) exp (—ik - R) = f( f<2>/ R exp[—i (U-k)-R]. (5.52)

[RI<L

Thereby, the expressions for éé{‘f]ﬁ?(k) and Byspp(k) reduce to [38]

BZMRS (k) f(l)f(2) (gl(]%/}Rs o 5[%4)}%5) <€t(§)Pq ngl?Pq) ]
— X
wra 2 (rko)’
i L
[sm;&) — L cos (/wL)]
o
, (5.53)
B 2 (850 — s ) (0% — %)
= X
MSUP > (nko)?
in (koL
{% — L cos (k:aL)} )
wherein the scalar function
o=0(0,9) = \/a2 sin? @ cos? ¢ + b2 sin? @ sin® ¢ + ¢ cos? 0 (5.54)

is introduced.
Now we turn to the integrals in (5.48) and (5.49). In analogy with the cor-

responding expression for the elastodynamic SPFT, the spectral Green function

ocm

G (k) may be conveniently expressed as, §4.3,

, (5.55)
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where the 4x4 matrix function

(5.56)

=

|

&
o
Ih~'S
8
2

(k) = adj | K*a(

12

and the scalar function

A(k) —  L3det [é(f{)] —tr {adj [kﬂé(f{)} “w 2(Ocm)} _
|

K [adj(w?p ) - a0 |+ (o] [aC0)] [84(K) - adi(w?)] | -
al)] [a0] [adip)] — [ad0] [a@)] [adiws)] -
a] [ad] [aiwp)] ). (557
with the 3x3 matrices & and §* having entries
k)] - lak)] o [ad]
B = | |ado] o [ad]  [ad] |-
al] - [aw)] o [ado]
(5.58)
L A
i 2], e, e
pl el el

Through exploiting equations (5.53) and (5.55), the integrals in equations
(5.48) and (5.49) with respect to k can be evaluated by means of calculus of
residues: The roots of A(k) = (0 give rise to seven poles in the complex—k plane,
located at k = 0, £py, £p2, £ps, which are chosen such that p, (n = 1,2,3) lie
in the upper half of the complex plane. From equation (5.57), we find that the
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nonzero poles satisfy

o 1 (2Y3Pg  Pc
p; = Pa-— 3 Pe 913 ) (5.59)
) 1 [((1+iV3)Ps  (1—1iV3)Pc
Py = Pa+t 3 ( 2BPp, 94/3 ’ (5.60)
} 1 ((1-iV3)Ps  (1+iV3)Pc
p% = PA -+ g ( 22/3730 - 94/3 ’ (561)
wherein
W2 {adj [é(f{)} _p’(Ocm)}
P, — — 1 = 7 (5.62)
3 det [g(k)]
Pg = —C3+3Cp, (5.63)
1/3
Pe = [Po+ (aPh+ PR (5.64)
Ppo = —2C349CaCp—27Cc, (5.65)
with

Ci = : (5.66)

: ; } (5.67)

Cc = = -2 (5.68)

We must calculate the residue of g(Ocm) at each of the poles of A(k) = 0. Fur-

thermore, a simple pole is introduced by the covariance function (5.53). The
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function we wish to find the residue of is

N(K) [ pilok _ ,—iLok I(eilok —iLok
S fee? = P L 4 e (5.69)
]f—(@ 2i0k 2
with
J%(k) = k*(k — 1) (k — p2)(k — p3) (k + p1) (k + pa) (k + D3). (5.70)

We calculate the residue using contour integration, exactly as in the elastody-

namic SPFT, §3.2.4. Splitting (5.69) into 4 separate functions;

Filk) = N ettt (5.71)
:,f-(k,) 2i0k

Folk) = %(k) _Lgm (5.72)
F(k)

Fa(k) = E,(k) e (5.73)
fu'(k‘) 20k

Fulk) = Efk) _Le;LUk (5.74)
F(k)

For the functions ﬁl(k) and ]-V"Q(k) we use a semi—circle in the upper half plane
as the contour, calculating the residue at p;, po, p3 and 0. The residues are given

by )
—iN(p U - k)ellon

RSP = - AR - 7
- iN(poU - k)eilor:
R = ot - @ - ) >:70)

: o —iN(psU - k)eilor
R D = 57 - DA - 7) 510

v 1 oo o ' a .
82 N \ \/ 7 ~ | g A
_ak2§<0)) — 2N(0) (pip; + pivs + paps) } (5.78)
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Res(F2(p1)) = —LN(pU - k)e'o (5.79)
2T 4o B (72— B (P — 12) '
Res(Fa(52)) = IN(j,U - k)e'tor (5.80)
2P = 4B (R — ) (R — 1) '
Res(Fa(ps)) = LN (U ket (5.81)
2T o (5 — 33) (93— 1) ‘
] iL (E(O)UL . i%ﬁ(ﬂ))
Res(F2(0)) = T : (5.82)
17213

Similarly, for the functions F3(k) and (k) we use a semi-circle in the lower
half plane as the contour, calculating the residue at —p;, —ps, —p3 and 0. These

residues are given by

Res(Fo(—p)) = — il - K)eton (5.83)

BT 4opl (8 - 13) (1R — 1) ‘
Res(Fs(—p2)) = —iN(p,U - k)e'or: (5.84)

BT 4opd(8} — 13) (1R — 73 '
Res(F5(—ps)) = Rl Ketr (5.85)

BT 4ok - 12) (1R — 73 '

Res(F3(0)) = 1« Prep? (| N(0)o?L? + zzﬁN(o)aL -
’ diopipaps ~ T2\ k=
0% o o o ol "

5E0))  2K(0) (54 + 3232 + ) } (580
Res(F4(—p1)) = LN(j U - k)e'on (5.87)

ST 10p (5 — 13) (17 — 7)) ‘
Res(F1 (i) = U - K)eltoP (5.88)

ST 40p (8 — 13) (1B — 73 ‘
Res(Fy(—ps3)) LU - et (5.89)

4\ = NEVAS, > > S .

VT dopi(3 — 22) (B — )

Res(F4(0)) " @(O)UL - z’%ﬁ(m) (5.90)

€S = RV RV . .

! 2P} P33
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The values of the residues provided by the pole at zero are halved as the pole lies
on both contours. We sum the residues in the following way because each residue

has to be evaluated by moving anti-clockwise around the contour.

Residue = Res(Fi(p1)) + Res(F1(p2)) + Res(Fi(ps)) + %Res(]—u"l(O)) +
Res(F5 () + Res(F3(75)) + Res(Fo (i) + 3Res(F5(0)) -

Res(Fi(~) — Res(F5(~72)) — Res(Fy(—ih)) — 5Res(F3(0)) —

Res(Fu(—p1)) — Res(Fu(—ps)) — Res(Fu(—ps)) — %Res(ﬁl(o)).

(5.91)

Thus, by this application of the Cauchy residue theorem [39], the SPFT estimates

are delivered in terms of two—dimensional integrals as

X

w2 £ £(2) i
= (spf ocm f f kt sin ¢ w(ocm
Ol(z\fPtq) - Cl(MPg T /¢ /0 odq5 v (ko)? [g( )}XY

dri det[g(f()]
(b)), (e - (e [arm0] +n [ard] }e

e - e (o [5®] ) (680 - &) (59

[T
[1¢

and

< (spft) (ocm) W f( )f(Q) <p§\/f)5 155\}1)5) (lbg})D ﬁgflgj)
Pup = 211 X
0 A
/ / dod —0 [h(k) } : (5.93)
¢=0J9=0 det[ (k)} =" lsu
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where the residue is given by the 4x4 matrix

o 1 6iL”ﬁlﬁ(ﬁlﬂ‘l}) ( )
b k = — — = ) 1 — ZLO'p/ -
b(k) % { opt(p} — p3)(p} — p3) '

eiLUﬁgﬁ(mH. k) (1 iLop ) (5.94)
A/ o o - 2 .
opy (0t — p3) (P35 — 13)

Lo N (5, U - k
Nl - k) ><1—z‘Lag§3) -

ops (3 — p3) (P — 73

1 g 1 1 1 o222\ 1%
ﬁm()(u_‘f‘v—‘i‘v—-i— >+——EO} )
oPIP3D3 {—( ) [ A T 2 28k2—( )

(Spf )

The expressions for the second-order SPFT estimates Cz ]f/%z and p,;

in equa-
tions (5.92) and (5.93) may be evaluated by standard numerical methods [40].
It is particularly noteworthy that C ]‘fﬂ;tq and p;; (sp f are complex-valued for
L > 0, even when the corresponding quantities for the component materials, i.e.,
C’l(]@ pg and p ,0 p (0 =1,2), are real-valued. This reflects the fact that the SPFT

accommodates losses due to scattering [10].

5.1.7 Energy considerations

Due to energy considerations, the imaginary part of the extended compliance
o t
matrix, M(Spf ) [54], is required to be positive definite for passive materials [55].

We begin with the constitutive equation for the extended stiffness matrix

5=C-S (5.95)
where
5 C —e’ o 9 S
c=| = = , O = and S = : (5.96)
o € D E

[lo

Herein, o, D, S and E are the vector forms of the stress, electric displacement,

strain and electric field respectively. Therefore, we can rewrite (5.95) as

oc=C-S—¢e"-E (5.97)
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and

D=e-S+e¢ E. (5.98)

Now, multiplying (5.97) by gT [54] gives us

gf-a:gT-g-S—gT-gT-E:S—gT-gT-E (5.99)
or rather
S=C'-o+Cl-e" E (5.100)
Substituting this into (5.98) produces
D = e (C'o+C'-e" E)+¢ E (5.101)
= e Clho+(e-C-e+¢ E (5.102)
which gives the extended compliance matrix as
. o} C'-e”
M = = = = (5.103)
— \eC e Clelte
Explicitly, for our SPFT results, we have
(spft) f (spft) f (spro\T
[ (€) COri) - (elr)
= elerft) . (g(szoft))T elspft) 1 glspit) . (Q(spm)T - (etrro)”
(5.104)

where T is the elastodynamic 9 x 9 dagger operation (3.6).

5.2 Numerical results

5.2.1 Mori—Tanaka estimate

In order to illustrate the theory presented in §5.1, let us now consider a repre-
sentative numerical example. A comparison for the SPFT estimate of the HCM
constitutive parameters is provided by the corresponding results computed using

the Mori-Tanaka formalism [20, 32, 43, 56]. In the case of orthorhombic mm2
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piezoelectric component materials, the Mori-Tanaka estimate of the extended

stiffness matrix for the HCM is given by [57]

Q(MT) _ g(l) 4 f(g) (g@) _g(U) 'E(MT) ‘ [f(l)i‘i‘ f(g)E(MT)} ’ (5.105)
where the 12x12 matrix
5 < (es NG /o y i
E(MT) _ {?rg( h <g<1>> ‘ (sz) —g(l))} | (5.106)

v (esh
with g( ) being the 12 x 12 matrix representation of the piezoelectric extension
of the Eshelby tensor [44, 45, 48|.
The piezoelectric extension of the Eshelby tensor, for orthorhombic component

materials distributed with either spherical or ellipsoidal inclusion particles, is

given by [48]
(1 esh) 5l (esh) q
8_ zJAb C3 m]zn 19) + Fn]lm(ﬁ) M = 17 27 3
S(esh
SJ(\/[nf)Xb =
1 A (esh) /=
zJAb/ / dw Fijiﬁ)(ﬁ) M=1
(5.107)
wherein
51 == é, 62 - C—;, 53 = 9 ) (5108)
a

c
(=1~ C:?)l/Q cos(w), G =(1- C§)1/2 sin(w), (3 =3

The integrals in (5.107) can be evaluated using standard numerical methods [40].
The piezoelectric extension of the Eshelby tensor is converted to a 12 x 12 matrix

as described in §5.1.3.

5.2.2 Preliminaries

In the following, we present the numerical evaluation of the 12x12 extended

v (hem
stiffness matrix of the HCM, namely g( ), as estimated by the lowest—order

90



SPFT (i.e., hem = ocm), the second-order SPFT (i.e., hem = spft) and the
Mori-Tanaka formalism (i.e., hem = MT). The matrix g(hcm) has the form
represented in equation (5.2). The second-order SPFT estimate of the extended
density tensor ﬁg\j”,f“ is also evaluated; the numerical evaluation of the lowest—
order SPF'T density ﬁg\(}?) need not be presented here as this quantity is simply the
volume average of the densities of the component materials. An angular frequency
of w = 21 x 10% s7! was selected for all second-order SPFT computations. As
before we consider the HCM to be constructed of particles of component material
‘27 distributed in a matrix of component material ‘1’.

The eccentricities of the ellipsoidal inclusion particles are specified by the
shape parameters {a, b, c}, per equations (3.8) and (3.9). To allow direct com-
parison with results from previous studies [57], component material ‘1’ was taken
to be the piezoelectric material polyvinylidene fluoride (PVDF) while compo-
nent material ‘2’ was taken to be the thermoplastic polyimide LaRC-SI, which
has no piezoelectric properties. The stiffness constitutive parameters of the com-
ponent materials are tabulated in Table 5.2. The nonzero piezoelectric consti-
tutive parameters of PVDF are: ej13 = e31 = 0.024, €993 = €35 = 0.001 and

2

e333 = e33 = —0.027 in units of C m™~.

of PVDF are: €11 = 7.4, €30 = 9.6 and €33 = 7.6, whereas those of LaRC-SI are:

The dielectric constitutive parameters

€11 = €39 = €33 = 2.8, all in units of ¢, = 8.854 x 1072 F m~! (the permittivity

of free space). Lastly, the densities of PVDF and LaRC-SI are 1750 and 1376,

respectively, in units of kg m=3.

Stiffness parameter | PVDF (GPa) | LaRC-SI (GPa)
Ciin =Cn 3.8 8.1
Cli99 = Cha 1.9 5.4
01133 = 013 1.0 5.4
02222 = 022 3.2 8.1
02233 = 023 0.9 5.4
Cings = Cis 1.2 8.1
Cago3 = Cyy 0.7 1.4
01313 = 055 0.9 14
01212 = 066 0.9 1.4

Table 5.2: The stiffness constitutive parameters of the component materials in
units of GPa (after [57]).
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5.2.3 Lowest—order SPFT

We begin by considering the lowest—order SPFT estimates of the HCM consti-
tutive parameters. In Figs. 5.1-5.3, components of the HCM extended stiffness

o (h
matrix g( o)

, as computed using the lowest—order SPFT and the Mori-Tanaka
formalism, are plotted as functions of volume fraction f® for the case where the
inclusion particles are spherical (i.e., @ = b = ¢). Only relatively minor differ-
ences between the lowest—order SPF'T estimates and the Mori-Tanaka estimates
are observed, with the differences between the two being greatest for mid-range

values of f®. Plots for both the SPFT and Mori- Tanaka estimates are necessar-

ily constrained by the limits
Yol (5.109)

The corresponding graphs for the cases where the inclusion particles are de-
scribed by the shape parameters {a/c =5, b/c = 1.5} and {a/c =10, b/c = 2}
are provided in Figs. 5.4-5.6 and 5.7-5.9, respectively. A comparison of Figs. 5.1
5.9 reveals that the differences between the lowest—order SPFT and Mori-Tanaka
estimates are accentuated as the inclusion particles become more eccentric in
shape, especially at mid-range values of f for the piezoelectric parameters and

the dielectric parameters.

5.2.4 Second—order SPFT estimate

Now let us turn to the second—order SPFT estimates of the HCM constitutive
parameters. We considered these quantities as functions of EL, where k is an
approximate upper bound on the wavenumbers supported by the HCM, similar

to that used in the elastodynamic SPF'T §3.4, as estimated by

%:%(vczz;+v€>, (5.110)
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wherein

(e |) ¢ (5.111)

(=1 J

and L is the correlation length associated with the two—point covariance function

o 5,10 2 (spr)
(3.12). The real and imaginary parts of the components of C =C -

€™ are plotted against kL for f@ = 0.5 in Figs. 5.10-5.12 and Figs. 5.13-5.15

respectively. The values of the shape parameters {a, b, ¢} correspond to those
used in the calculations for Figs. 5.1-5.9.

The second—order corrections to the lowest—order SPFT estimates are ob-
served in Fig. 5.10-5.15 to grow exponentially in magnitude as the correlation
length increases. Furthermore, the magnitudes of both the real and imaginary
parts of Q(Spft) generally grow faster with increasing correlation length when the
inclusion particles are more eccentric in shape. At L = 0, the second—order and
lowest—order SPFT estimates coincide. While the second—order corrections are
relatively small compared to the lowest-order SPFT estimates, a highly signif-
icant feature of the second—order corrections is that these are complex—valued

) )

o (1,2 o
with nonzero imaginary parts, even though g( (ocm)

and C

C are purely real—
valued. We note that for all computations the imaginary part of the extended
compliance matrix E(Spﬁ) was found to be positive definite, which corresponds
to positive loss [55]. Thus, the emergence of nonzero imaginary parts of g(spft)
indicates that the HCM has acquired a dissipative nature, despite the component
materials being nondissipative. The dissipation is attributed to scattering losses,
since the second-order SPFT takes into account interactions between spatially—
distinct scattering particles via the two—point covariance function (5.53). As the
correlation length increases, the number of scattering particles that can mutually

interact also increases, thereby increasing the scattering loss per unit volume.

Finally, we turn to the second-order SPFT estimate of the HCM density. The
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real and imaginary parts of the matrix entry [ E(Spft)} ,J=1,2 and 3 wherein
Jj

(ocm)

S (spft) o(s
p — p( pft)

—p , are plotted as functions of /?:L in Fig. 5.16. The second—

order SPFT estimates of the HCM density exhibit characteristics similar to those

of the corresponding HCM stiffness, piezoelectric and dielectric constitutive pa-

rameters. That is, %irr%) ﬁé;p 1t ,55.;’.”"’) and ,85?” M « ﬁg;cm)) for 7 = 1,2 and 3.
5 (spft) ocm)

Also, the differences between p and é( increase exponentially as the cor-
relation length increases, and alis effect is_ most accentuated when the component
particles are most eccentric in shape.

We remark that the second-order elastodynamic SPFT for orthotropic HCMs
also produced a complex—valued, anisotropic density, §3.4, as well as in other

homogenization scenarios [41, 42].

5.3 Closing remarks

We have now fully developed the piezoelectric SPFT for the case of orthorhombic
mm?2 piezoelectric HCMs. In doing this we have produced simplified versions of
(4.103) and (4.104) that can be evaluated numerically evaluated. From the theo-

retical results and the numerical examples we can draw the following conclusions:

e The lowest—order SPF'T estimate of the stiffness, piezoelectric and dielectric
properties of the HCM are qualitatively similar to those estimates provided

by the Mori-Tanaka formalism.

e Differences between the estimates of the lowest—order SPFT and the Mori—
Tanaka formalism are greatest at mid-range values of the volume fraction,

and accentuated when the inclusion particles are eccentric in shape.

e The second—order SPF'T provides a correction to the lowest—order estimate
of the HCM constitutive properties. The magnitude of this correction is

generally larger when the inclusion particles are more eccentric in shape.

e While the correction provided by the second—order SPFT is relatively small
in magnitude, it is highly significant as it indicates dissipation due to scat-

tering loss.
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Figure 5.1: Plots of [g( )} ,withr,s € {1,1; 1,2 1,3; 2,2; 2,3 3,3; 4,4; 5,5; 6,6} (in
GPa) as estimated using the lowestorder SPFT (i.e., hem = ocm) (red, solid curves) and
the Mori—Tanaka mean—field formalism (i.e., hem = MT) (black, dashed curves), against the
volume fraction of component material ‘2’. Component material ‘1’ is PVDF and component

material ‘2" is LaRC-SI. The component materials are distributed as spheres (i.e., a = b = ¢).
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Figure 5.2: Plots of [Q( ) ] ,withr, s € {1,12; 2,12; 3,12} (in C/m?), as estimated using
- .8

the lowest—order SPFT (i.e., hem = ocm) (red, solid curves) and the Mori-Tanaka mean—field

formalism (i.e., hem = MT) (black, dashed curves), against the volume fraction of component

material ‘2. Component material ‘1’ is PVDF and component material ‘2’ is LaRC-SI. The

component materials are distributed as spheres (i.e., a = b = ¢).

J10, 10

[C(hcm‘,

. v (hem
Figure 5.3: Plots of [C( )/eo} , with 7, s € {10,10; 11,11; 12,12} as estimated using

the lowest—order SPFT (i.e., hem = ocm) (red, solid curves) and the Mori-Tanaka mean—field
formalism (i.e., hem = MT) (black, dashed curves), against the volume fraction of component
material ‘2’. Component material ‘1’ is PVDF and component material ‘2’ is LaRC-SI. The
component materials are distributed as spheres (i.e., a = b = ¢).
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Figure 5.4: As Fig 5.1 but with the component materials distributed as ellipsoids with (a/c =
5and b/c =1.5).
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Figure 5.5: As Fig 5.2 but with the component materials distributed as ellipsoids with (a/c =
5 and b/c = 1.5).
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Figure 5.6: As Fig 5.3 but with the component materials distributed as ellipsoids with (a/c =
5 and b/c = 1.5).
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Figure 5.7: As Fig 5.1 but with the component materials distributed as ellipsoids with (a/c =
10 and b/c = 2).
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Figure 5.8: As Fig 5.2 but with the component materials distributed as ellipsoids with (a/c =
10 and b/c = 2).
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Figure 5.9: As Fig 5.3 but with the component materials distributed as ellipsoids with (a/c =
10 and b/c = 2).
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Figure 5.10: Plots of the real parts of |C ,  with rs €
,8

{1,1; 1,2; 1,3; 2,2; 2,3; 3,3; 4,4; 5,5; 6,6} (in GPa) plotted as functions of kL, with
f® = 0.5. The results from the spherical inclusion case (red, solid line) are plotted alongside
the cases with elliptical inclusions a = 5, b = 1.5, ¢ = 1 (blue, short-dashed line) and a = 10,
b = 2, ¢ = 1 (black, long-dashed line). Component material ‘1’ is PVDF and component
material ‘2’ is LaRC-SI.
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Figure 5.11: Plots of the real parts of {C ] , with m, s € {1,12; 2,12; 3,12}, the

piezoelectric parts. The results from the spherical inclusion case (red, solid line) are plotted
alongside the cases with elliptical inclusions a = 5, b = 1.5, ¢ = 1 (blue, short-dashed line)
and a = 10, b = 2, ¢ = 1 (black, long-dashed line). Component material ‘1’ is PVDF and
component material ‘2’ is LaRC-SI.
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Figure 5.12: Plots of the real parts of {C ] , with r,s € {10,10; 11,11; 12,12}, the

dielectric parts. The results from the spherical inclusion case (red, solid line) are plotted
alongside the cases with elliptical inclusions @ = 5, b = 1.5, ¢ = 1 (blue, short-dashed line)
and a = 10, b = 2, ¢ = 1 (black, long-dashed line). Component material ‘1’ is PVDF and
component material ‘2’ is LaRC-SI.
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Figure 5.13: As figure 5.10 but for the imaginary parts.
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Figure 5.16: Plots of the real and imaginary parts of p L 0Py, and P, plotted as

functions of leL, with f) = 0.5. The results from the spherical inclusion case (red, solid line)
are plotted alongside the cases with elliptical inclusions a = 5, b = 1.5, ¢ = 1 (blue, short-dashed
line) and a = 10, b = 2, ¢ = 1 (black, long-dashed line).
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Chapter 6

Conclusions and further work

Within this thesis we have explored the estimation of the electromagnetic, elas-
todynamic and piezoelectric properties of homogenized composite materials.

For electromagnetic HCMs we re-examined the Bergman—Milton bounds and
Maxwell Garnett estimates on €, in light of recent advances in material manu-
facture. It was shown that the Bergman—Milton bounds do not provide tight
limits on the relative permittivity of the HCM if the real parts of the composite
materials’ relative permittivities are of opposite sign and the magnitude of the
real parts are much larger than the magnitude of the imaginary parts.

In elastodynamics the SPFT was further developed for orthotropic HCMs
and numerical studies undertaken. The piezoelectric SPFT was developed for
orthorhombic HCMs as an extension of the elastodynamic SPFT and numerical
examples were produced. For both SPFT estimates, elastodynamic and piezoelec-
tric, it has been shown that the lowest—order estimates are qualitatively similar
to those produced by the respective estimates from the Mori—Tanaka formalism.
Furthermore, the second—order SPFT estimate provides a relatively small, but
highly significant, correction to the lowest—order estimate which indicates dissi-
pation due to scattering loss.

The work described in this thesis leads to several possibilities for further work.
Firstly, the path has how been cleared towards the development of the SPFT for
piezoelectric/piezomagnetic HCMs [58], with bianisotropic electromagnetic prop-

erties [10]. Secondly, as with the electromagnetic SPFT [59] it may be of interest

106



to investigate the 3rd-order approximation of both the elastodynamic and the
piezoelectric SPFT. Thirdly, a wavenumber study would allow comparison with
a greater number of multi-scattering homogenization theories [60]. Finally, it
would be interesting to use the piezoelectric SPFT to investigate the possibility

of negative phase velocity through the application of certain stress or strain [9].
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