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Abstract

The research in distributed algorithms is linked with the developments of statistical inference
in wireless sensor networks (WSNs) applications. Typically, distributed approaches process
the collected signals from networked sensor nodes. That is to say, the sensors receive local
observations and transmit information between each other. Each sensor is capable of combining
the collected information with its own observations to improve performance. In this thesis, we
propose novel distributed methods for the inference applications using wireless sensor networks.
In particular, the efficient algorithms which are not computationally intensive are investigated.
Moreover, we present a number of novel algorithms for processing asynchronous network events

and robust state estimation.

In the first part of the thesis, a distributed adaptive algorithm based on the component-wise
EM method for decentralized sensor networks is investigated. The distributed component-wise
Expectation-Maximization (EM) algorithm has been designed for application in a Gaussian
density estimation. The proposed algorithm operates a component-wise EM procedure for local
parameter estimation and exploit an incremental strategy for network updating, which can provide
an improved convergence rate. Numerical simulation results have illustrated the advantages of
the proposed distributed component-wise EM algorithm for both well-separated and overlapped
mixture densities. The distributed component-wise EM algorithm can outperform other EM-based

distributed algorithms in estimating overlapping Gaussian mixtures.

In the second part of the thesis, a diffusion based EM gradient algorithm for density estimation
in asynchronous wireless sensor networks has been proposed. Specifically, based on the
asynchronous adapt-then-combine diffusion strategy, a distributed EM gradient algorithm that
can deal with asynchronous network events has been considered. The Bernoulli model has been
exploited to approximate the asynchronous behaviour of the network. Compared with existing
distributed EM based estimation methods using a consensus strategy, the proposed algorithm
can provide more accurate estimates in the presence of asynchronous networks uncertainties,
such as random link failures, random data arrival times, and turning on or off sensor nodes

for energy conservation. Simulation experiments have been demonstrated that the proposed



algorithm significantly outperforms the consensus based strategies in terms of Mean-Square-

Deviation (MSD) performance in an asynchronous network setting.

Finally, the challenge of distributed state estimation in power systems which requires low
complexity and high stability in the presence of bad data for a large scale network is addressed.
A gossip based quasi-Newton algorithm has been proposed for solving the power system state
estimation problem. In particular, we have applied the quasi-Newton method for distributed
state estimation under the gossip protocol. The proposed algorithm exploits the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula to approximate the Hessian matrix, thus avoiding the
computation of inverse Hessian matrices for each control area. The simulation results for IEEE
14 bus system and a large scale 4200 bus system have shown that the distributed quasi-Newton
scheme outperforms existing algorithms in terms of Mean-Square-Error (MSE) performance with

bad data.
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Chapter 1

Introduction

1.1 Overview

State-of-the-art statistical inference methods in wireless sensor networks (WSNs) and power
system networks are driven by distributed approaches [5—7]. Given that the distributed signal
processing algorithms process the gathered information from distributed sensor nodes, each sensor
generates local observation and transmits the information within the network, and thus estimation
can be improved by combining all collected signals. It is well known that centralized solutions
require a central processor to process all collected data and then give feedbacks to other nodes.
Therefore, the processors have to be robust enough to support the whole system. Distributed
solutions release the computational burdens by processing the data locally. The computation is

thus significantly reduced, and lower communication bandwidth can be applied.

The major strategies for distributed adaptive processing include the incremental, diffusion, and
consensus strategies, within which the diffusion one had been shown to have the best efficiency [4].
We will present the details of the strategies in Chapter 2. There are still a number of challenges
for state-of-the-art distributed diffusion processing. For example, the coefficients for combing
the signals from the neighbours need to be computed after the network starts to work properly,
and this process will be affected by poor connections. Furthermore, one local node would need
a wide enough communication bandwidth to support large number of neighbours. Also it is not
easy to transmit the estimations if the unknown parameters associated with latent data sets. This
issue occurs for the applications considering large scale data sets as the convergence rate would be
limited by the data dimension. It is worth mentioning that the unknowns can be sparse in particular

scenarios. If we still feed in all the data in the processing, it would be challenging to deal with the
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increased computational burden, the slower convergence and the corrupted mean square deviation

(MSD) performance.

1.2 Motivation

Energy efficiency, reliability, high estimation accuracy, and fast convergence are significant factors
to evaluate the performance of estimation algorithm for WSNs. However, most exist algorithms are
used in a centralized way for WSNs, which require the central process unit has the strong ability
to process all the data. On the other hand, some parameters of interest can be estimated upon the
network using the distributed estimation to leverage the local estimations and the links between
nodes. The Expectation-Maximization (EM) algorithm are widely used in WSNs for solving
the mixture model estimation problem [1]. However, the most documented problem associated
with EM is its possibility of slow convergence. All existing algorithms [8] in WSNs require to
update parameters simultaneously during the iteration procedure. They are only effective when the
mixtures are well-separated. If the mixtures become complex or overlapping, they suffer from a
slow convergence. Therefore, decomposition of the mixture parameter into component parameter
and updating only one component at one iteration could be a better solution for this scenario. As
a result, the decoupling of parameter updates implies the use of the smallest admissible missing

data space and leads to faster convergence.

It is a common practice that the estimation in WSNs are interfered by asynchronous network
behaviors . The conventional estimation algorithms like the EM, which are based on consensus
and incremental strategies, can not continuous evolve in presence of asynchronous network events.
But in the literature few adaptive algorithms have been reported based on asynchronous network
[9-11]. Thus, there is a need to develop distributed version of EM estimation algorithm which

will provide improved performance to deal with asynchronous network behaviours.

Distributed state estimation is important for power system and smart grid [6]. But it is not
practicable in presence of bad data, which results in large residual in power system and impacts on
the accuracy of state estimation. The conventional methods are to test the large residual in power

system and remove it before estimating the state of system. The second processing is to suppress
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the effects of bad data on state estimation in stead of removing it [12]. In addition, existing works
for distributed state estimation are effective for small scale power system networks, which are
difficult to apply into large scale networks for the reason of high computation complexity and
slow convergence. To reduce the requirement of computation and speed up convergence, second

order optimization are considered in this research.

1.3 Contribution

The contributions presented in this thesis are summarised as follows:

e Based on the fact that the component-wise EM algorithm has a faster convergence rate [8]
than the standard EM algorithms, a component-wise EM for Gaussian mixture model
based on distributed incremental solution is reported. In detail, we develop a distributed
component-wise EM algorithm (DCEM) and analyse the convergence properties in both
local processing and network updating. This algorithm can be used for defence, such as

battlefield intelligence, movement estimation and detection, and distributed target tracking.

e The diffusion-based EM gradient method for asynchronous network problems is proposed
and studied. Specifically, we develop an EM gradient algorithm that can exploit the
asynchronous adapt-then-combine diffusion strategy among the sensor nodes. The proposed
algorithm applies the Bernoulli model to describe the asynchronous behaviour of wireless
sensor network. The proposed algorithm results in improved estimation performance in
terms of the mean square deviation (MSD) associated with the estimates. In contrast to
previously reported techniques, a key feature of the proposed algorithms is that they involve

only EM procedure associated with the perfect synchronous network condition.

e The design of an approach, namely distributed quasi-Newton (DQN) scheme, that exploits
Broyden-Flethcher-Goldfarb-Shanno (BFGS) formula [13] to update the estimates under a
gossip protocol, improves the mean square error (MSE) performance in the presence of bad
data and large scale network setting is proposed. We also present a design procedure and
develop an algorithm to optimize the line search method, which can find a suitable step

size to coordinate the whole network. In addition, we have demonstrated its convergence
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properties under the network gossiping strategy.

1.4 Thesis Outline

This thesis is organized as follows:

e Chapter 2 presents an overview of the theory relevant to this thesis and introduces the system
models that are used to present the work in this thesis. The topics of distributed signal
processing, incremental and diffusion strategies, optimization methods and power system
state estimation are covered with an outline of previous work in these fields and important

applications .

e Chapter 3 presents the design of distributed algorithm for Gaussian mixture model in
a wireless sensor networks based on component-wise EM procedure. The incremental
version is proposed, alongside a convergence analysis and the application to mixture density

estimation.

e In Chapter 4, EM gradient algorithm for density estimation and its application to
asynchronous WSNs is proposed. The derivation of the proposed algorithm is presented

in terms of adapt-then-combine diffusion strategy and asynchronous network behaviour.

e Chapter 5 presents a novel distributed quasi-Newton scheme for distributed state estimation
in power system network. A distributed BFGS algorithm joint synchronous gossip protocol

is developed and compared with existing techniques.

e Chapter 6 presents the conclusions of this thesis, and suggests directions in which further

research could be carried out.



Chapter 2

Background

In this chapter, an introduction of fundamental algorithms and techniques related to the research
carried out during the preparation of this thesis, including the properties of wireless sensor
networks, strategies for cooperation, optimization algorithms, state estimation in power system

are presented.

2.1 Wireless Sensor Networks

A sensor network is a group of sensor nodes which have communication and sensing capabilities.
The sensors function together as a cooperative network for the purpose of monitoring the
environment. Practically, sensor nodes are often formed in different modalities, such as radar,
acoustic and thermal, based on specific sensing applications. Common features for these
sensors include low-power, memory-constrained and communications. The development of
WSNs [14-16] was driven by the battlefield applications such as area monitoring and military
reconnaissance. WSNs appears to be developed into a powerful tool to observe and understand
the regional phenomena. The sensors in a typical WSN share local observations via wireless
links, and cooperatively pass the data to a main site to analyse and understand the state of
the environment. The sensing systems are often integrated with signal processing techniques,
such as the environmental parameter estimation and target classification, to extract the high-level
information for further applications. In particular, the estimation of environmental parameters
offers us further insight into describing the environment, and the classification of moving targets
is necessary for general battlefield monitoring. State-of-the-art wireless sensor networks have been
widely used in a variety of fields, e.g. battlefield surveillance, environmental monitoring, health

care. The followings are the main characteristics of WSNs [17]:
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Low expenditure: Numerous sensor nodes are distributed in the environment to set up the

WSN. The cost of sensors have to be low to support such a large network.

Energy consumption: The computation, communication and storage are the main sources of
consuming the energy. Since in general there is not route to charge the sensors, we should

take account of the energy consumption factors in the algorithms.

Computational load: All the sensor nodes are constrained by their computational power and

energy need to be considered.

Communication abilities: The wireless communications in WSNs are usually limited by the
short range and narrow bandwidth. Also it is hard for the WSNs to work properly within

unattended areas. The reliability, security and resiliency need to be considered in design.

Security and privacy: In a number of scenarios, the sensors are required to be able to
prevent from unauthorised access and intentional attacks. Privacy policies also need to be

considered.

Distributed sampling and processing: WSNs often consist of thousands of deployed sensors
and each of them is designed to observe, communicate and process information. Such a

system can benefit from the distributed processing.

Dynamic topology: Typical WSNs are not static. Sensors can be eliminated and added
which result in the changes on the topology. Consider this context, the nodes should be

equipped with the reconfiguration, self-adjustment capabilities.

Self-organization: Especially in hostile environments, the sensors are required to organize
them selves to set up the network. They should be able to cooperatively adjust themselves

and work automatically.

Robustness: Since the sensors should be able to work in tough environments, they need to

be error tolerant. Ideal nodes should be equipped with the self-calibrate ability.

Tiny outlook: Most sensor nodes are required to be small in the physical sizes. Also the

energy consumption and communication power will be limited due to the small sizes.
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2.1.1 Centralized and Decentralized approaches in Sensor Networks

Collaborative parameter estimation in a sensor network can be carried out in two ways - centralized
or decentralized [18-20], as shown in Figure 2.1. In the centralized approaches, the sensor nodes
transmit their data or local statistics to a centralized unit, named a fusion center, which has the
ability of processing the data centrally. The fusion center then sends the results back to the
each nodes [20, 21]. In this scheme, centralized unit has a powerful processing capacity and
the local sensor does not need the computational capability. However there exist some limitations
in this kind of scheme. In real-time scenarios where each nodes collect data continuously, the
exchange of information between the sensor nodes and the centralized fusion center require a
large communication bandwidth. In addition, when the central processor fails to process the data,

it will render the whole network impossible to use.

With the decentralized methods, the sensor nodes exchange summary statistics among neighbors
to evaluate the global objective functions under a distributed manner. The continuous diffusion
of summary statistics across the network enables nodes to adapt their performance in terms
of network conditions. Distributed methods are of interest in scenarios in which a centralized
unit is either unavailable or prohibitively costly; such examples include military or agriculture
monitoring applications in which the nodes are deployed over a wide region and also energy

constrained [20, 22].

In the distributed networks, any node can connect to other nodes directly, which increase reliability
[23-25]. Different from central network, there are some advantages in distributed sensor networks.
First, if the center crashes, the whole network is still working, as there is no a central processor.
Second, nodes are connected to each other in a distributed network so that multiple paths can
be selected for data transmission in the network. Also, influenced by the network topology,
each node collects the information of the target, and shares this information with other nodes,
to give estimations on the parameters of interest. A number of methods have been developed for
distributed wireless networks, e.g. the EM algorithm, EM variant algorithms, and Least-Mean-

Square method.
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(a) A centralized network

(b) A decentralized network

Figure 2.1: Network Topology

2.2 Cooperation Strategies for Exchange of Information

As introduced previously, there are three cooperation strategies: incremental, diffusion and
consensus [26]. In this section, each cooperation strategy is analysed for information exchange
between sensor nodes. For simplicity, we illustrate these strategies based on linear regression
model [27]. Considering a network with M nodes over a spatial domain for the incremental
strategy, each node takes a scalar measurement d’, at each time scale ¢, according to linear
regression model:

d =axt wo+ el (2.1)

m ~ Um

where ! represents the 1 x N input data, N denotes the length of data and e!, is the zero mean

2

noise sample at each node with the variance o;,. In order to approximate wy in a distributed

manner, each nodes is required to minimize the local cost function [26]

Jo(w!) = E|d —axt wyl|* (2.2)
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where F is the expectation and w/, stands for the estimated vector at node m with time scale .

Then, the global cost function for the entire network can be described as:

M
Jo(w) =Y Eld, — al,w|? (2.3)
m=1

In the following, this global cost function can be minimized by the least mean square method

(LMS) in different cooperation strategies.

2.2.1 Incremental Strategy

The simplest cooperation is incremental strategy [5, 28], following a Hamiltonian cycle. These
nodes receive the information from adjacent node, and re-transmit the information to next node in
a pre-determined direction. In the incremental scheme, the scalar measurement dfn at node m, the
input signal vector !, and the local estimate 1!, | from adjacent nodes are used to construct
the local estimate 1!, of the network through a distributed estimation strategy [5]. Then, the local
estimate of ! is passed to the next node m+ 1 in one direction. The final node’s estimate is equal
to the final estimation of the network. Based on the traditional LMS algorithm, the incremental

LMS algorithm updates the estimate at node m as [5]:

Yh, =P,y + am(@h,) [d), — ) abh, ] (2.4)

where a,, is a constant of step size. The incremental strategy is briefly illustrated in Figure 2.2.

2.2.2 Diffusion Strategy

Different from incremental strategy which obtains information from neighbor nodes, each node
in the diffusion network has some linked neighbors. Two diffusion estimation strategies are
presented: Adapt-then-Combine (ATC) strategy and Combine-then-Adapt (CTA) strategy [29].

In the ATC strategy, optimization algorithms are used in each node to obtain a local estimate of



Background

Node m-1
gt ot Node m
m—1r“*“m—1 in—l dz;n’xin
- >

t t
t dm+17xm+1

Node m+1
: m—+1

Node M
dﬁw,xﬁw

Figure 2.2: Incremental Strategy

! . Then, each nodes collect the estimates from neighbor nodes and then combine them through
wit = " bttt 2.5)
nEN

where by, ,, is the combination coefficients and calculated through the Metropolis rules, the
Laplacian or the nearest neighbor rules [30], n is the neighbour node n linked to node m and

Ny, is the set of neighbors node m. The Metropolis rule can be implemented as [31]

1/(max{|Npnl|, INal}), n €Ny and n#m

brn =Y 1= Tkeniugm) brms m =n (2:0)
0, otherwise.
where| N, | is the cardinality of N,,. The weight matrix by Laplacian rule is given by [30]
B =1, — AL 2.7)

10
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where I; denotes a M x M identity matrix and B is the M x M matrix of combining coefficient,

with entries {b;, », } and 8 = 1/|Nyaz|. The Laplacian matrix is defined as
L=D-A (2.8)

with D = diag(A1js) denoting the degree matrix, and A being the M x M network adjacent

matrix as

I, {m,n}e€e
Ann= 2.9

0, otherwise

where € is the edge of network. The combining coefficients b,,, ,, satisfies
Z by = 1 (2.10)
TLENm

The ATC diffusion strategy is described in Figure 2.3(a). Based on the LMS algorithm, the

diffusion LMS ATC strategy is performed as follows:

Yot = Wl + am(), ) [d, — @h,wh,], 2.11)
Wt =" by mdpht, (2.12)
nGNm

The CTA strategy can operate in a reverse way. By collecting the estimates of their neighbors in

previous time slot, and combining them together through

Yo=Y bpmwh, (2.13)
nENm

t+1

After ! is generated, 1!, is employed at node m together with d’, and (z!,), to generate w’ .

Based on the LMS algorithm, the diffusion LMS CTA strategy is given by:

Y= Y bymw, (2.14)
nE/\fm
Wit =l + am(xh, ) [d), — @bt (2.15)

The CTA process is described in Figure 2.3(b).
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2.2.3 Consensus strategy

As shown in Figure 2.4, each node in the consensus strategy collects the previous estimate from its
neighbours, and combines them together through the Metropolis rules and the Laplacian matrix to
generate 1! . Each node can update the local estimate of w’}! through adaptive algorithms with

the estimate of 1%, and its local estimate of w/,, .

According to the traditional LMS algorithm, the LMS consensus strategy [32] is given as:

Yo=Y bpmwh, (2.16)
nENm
wit = Y, + am(a,)*[d, — 2w, 2.17)

Gossip algorithm has been well investigated for network processing as a solution to consensus
strategies [33-35]. A consistent agreement can be achieved among sensor nodes by exchanging
information locally. Gossip algorithms can be classified as synchronous and asynchronous. In
synchronous gossip algorithms [31], node m collects information from all of its neighbours, and
combines with its own information to update the estimates at each iteration. In a randomized
network setting, asynchronous gossip algorithms are assumed as the Poisson random process in

[35,36]. In this model, each node has its own Poisson clock. When node ms clock ticks, it activates

13



Background

and randomly selects one neighbour node to pair with, and then performs an averaging between
the pairwised nodes [34]. Gossip algorithms for consensus problem have also been extended to the
power systems [12], we will discuss an application of synchronous gossip algorithms for electric

power system in Chapter 5.

2.2.4 Comparison of Diffusion and Consensus Strategies

To simplify the comparison of consensus, ATC diffusion, and CTA diffusion strategies, the

recursions for each strategies can be rewritten as [4]:

Consensus:
wf;‘l = Z bn,mwz + am(azin)*[din — :cfnwfn], (2.18)
'I”LGNm
ATC Diffusion:
W= 3 b (W + an (@) [, — wheot]), (2.19)
nGNm
CTA Diffusion:
W= 3 bl + am(@t) b = 2h (Y bamet )] (2.20)
nENm neNm

The weight-error vectors in consensus and diffusion networks are affected by the different orders
of computations. Also, extra information can be included into the processing chain by the diffusion
strategies introducing no extra computational complexity, compared to the consensus strategy.
As proven in [4, 26], the diffusion strategy can provide a better performance than the consensus
strategy, with the same computational load and data throughput, as shown in Table 2.1. The
diffusion strategies introduce one intermediate variable used in subsequent computations. As
shown in [4, 26], the computing orders have impact on the steady state performance of different

strategies.
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Table 2.1: [4] For the node m, the numbers of the complex multiplications, additions, and
exchanged N x 1 vectors within each iteration are compared. n,, is the degree of node k& which
indicates the size of its neighborhood N,,,.

’ ‘ ATC diffusion ‘ CTA diffusion ‘ Consensus ‘

Multiplications (nm + 2)M (nm +2)M (nm +2)M
Additions (nm +1)M (N +1)M (nm + 1)M
Vectorexchanges N, Nom, Nm

2.2.5 Asynchronous Diffusion Strategy

A perfect synchronous manner is assumed in the discussion of all the strategies in the WSNs.
However, this is not always practical, as the measurement data might not arrive timely. Also,
sensor nodes might randomly turn on and off to save energy. Since there may be failure of
communication links between nodes, distributed solutions are not allowed to work properly.

Therefore, the diffusion strategy is considered under the imperfections.

There have been a number of investigations on the consensus and gossip strategies under the
asynchronous scheme [34,35,37]. Some methods focus on changing topologies [38—41]. However,
only few studies exist for diffusion strategies [9—11,42,43]. Compared with diffusion scheme, the
early studies focused on the averaging algorithms which did not deal with streaming data. These
can lead to issues when data is flowing in as the noise always exists and the adaptation will be shut
down by the use of diminish step-size. In this thesis, we only investigate the asynchronous ATC
strategy [9-11]. To present the ATC procedure in an asynchronous network, the asynchronous

ATC strategy can be modified as follows:

R L LA € 0 i [7 A Ly (2.21)
t+1 Z bt+1 wt-{-l (222)
neNG !

where the alf! bitl are random step-sizes and combination coefficients with time, and N/

m U n,m

stands for the random neighbours of node m at time ¢ + 1. The alf! and bt+1 are non-negative

and random to control the step-size and combination coefficients respectively. In particular, blffnl1
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needs to follow:

>0, neEN,
bt = (2.23)

0, otherwise.

The asynchronous strategy (2.21) and (2.22) is capable of dealing with most scenarios in practice.

2.3 Optimization Algorithms

So far, a number of optimization methods have been developed for distributed networks. In this

section, a few of related optimization algorithms are introduced.

2.3.1 Expectation-Maximization Algorithm

The expectation-maximization (EM) algorithm was introduced in 1977 by Dempster in [44],
and is a well-developed method to provide the solution to problems of maximum likelihood
(ML) estimation. An important aspect of the EM algorithm is the cost function with optimized
likelihood, comprising of observed y data and unobserved z data. The unobserved data can
be included, as missing data might be in the practical application or they are required for the
likelihood computation. There a number of two steps for The EM procedure: Expectation (E-)
and Maximization (M-) step. In the E-step, the likelihood estimation is calculated by using the
observed data and the ML estimates, while the likelihood function data is maximized to refine
the estimate of parameters in the M-step. In this thesis, we assume that each sensor in a WSN
senses an environment that can be described as a mixture of components, these measurements of
each sensor can be modeled with a mixture of Gaussian components, thus, we can present the

procedure of EM algorithm for Gaussian mixture model as follows.

Let P(y|p,) denote the evaluation of a Gaussian density with at the data sample y =

{y1, -+ ,yn}, y is a N-dimensional continuous-valued data vector. The measurements are
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assumed to obey a Gaussian mixture distribution with .J components

_ 1 1 Tv—1
Plylp,X) = WGXP{ - i(y —p)' S (y—p)} (2.24)
and
J
yi~ Y 0P, %), i=1,--- N (2.25)
j=1

where «; is mixing probability and P(u,3) denotes the Gaussian density function with mean
o and covariance matrix 3. The formulation of the mixture problem in the EM framework is
achieved by augmenting the observed data vector y with the associated component-label vectors
z = {zz}f\;l Each z; takes on a value from the set {1,...,J}, where z; = j indicates that y; is

generated by the jth mixture component

yi ~ P, ). (2.26)

The complete data log-likelihood L.(8) is then given by

L.(0) log p(y, 2|0) (227

N J
— ZZzi,j(logaj—i—logP(yi\uj,Ej))

i=1 j=1

where p(y, z|0) denotes the joint density of y and z with parameter €. Starting from an initial
estimate 8", the standard EM algorithm alternates iteratively between the E- and M- step. In the E-
step, given the current estimate 6", the conditional expectation of the complete data log-likelihood

is computed as follows

Q(6;0")= E[L.(0)]y,0']

N J
=> > wiit(logaj +1log P(yilkj, ), (2.28)
i=1j=1
where
t+1 aE-P(yim;, 2;)

1 (2.29)
T ol P(yilpt, )

is the posterior probability that the ¢th sample belongs to the jth component given the observed

value y;.
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In the M-step, the parameters are computed by maximizing the complete data log-likelihood

function (2.27)
0" = argmax Q(6; 0), (2.30)
0
leading to the following update formula for j =1, -+, J.
1 N
ol = ~ > witt, (2.31)
i=1
N t+1,
pitl = i1 Wiy Yi (2.32)
’ Z’fil wf}L !
N 1ty T
2§+1 _ >ic W ; (yi r; )(yi K ) (2.33)

N t+1
Dic W; 5

The E-step and M-step repeat iteratively until converge to a local maximum likelihood.

2.3.2 Component-Wise EM Algorithm for Mixtures

Component-wise EM for Mixtures (CEMM) is one of EM-variant algorithms [8]. The mixture
problem arises, when the sum of mixing proportions is equal to one. By defining an appropriate
log-likelihood function, the Lagrangian dualization approach can change the initial problem into
an unconstrained maximization. The CEMM algorithm is a natural coordinate-wise variant of EM
algorithm. Considering mild regularity conditions, the EM algorithm can converge to a fixed point
of the likelihood. The standard EM procedure updates all parameters simultaneously, which results
in slow convergence in the presence of overlapping mixture densities. However, the parameters can
be decoupled and updated by component-wise EM algorithm, achieving a faster convergence. For
a Gaussian mixture model with J components, each iteration of CEMM consists of J cycles and
the conditional expectation is computed and the parameter vector associated with jth component

is updated at each cycle. The procedure of CEMM in a single iteration is presented as follow:

In the E-step, the conditional expectation is computed as:

t+1 _ 0‘;7)(?%’#;7 2;)
i+l " _
Y et Pl ST 00 ol P (il g, )

(2.34)
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The M-step is then

N
1
t+1 t+1
Q= NZ% ) (2.35)
i=1
t+1
a’
t+1 _ 7
K = ﬁa (2.36)
J
bt
t+1 _ j t+1,, t+1/
Ej = wt+1_l’bj By (2.37)

J

As pointed out in [8], the decoupling of parameter updates means the use of the smallest admissible
missing data space and provides a higher convergence rate than the standard EM algorithm. In

Chapter 3, the application of CEMM will be introduced for a distributed WSN.

2.3.3 EM Gradient Algorithm

For a number of maximum likelihood based methods, it is impossible to perform the M-step within
the EM algorithm . Solving the the M-step in the EM algorithm is realised with one iteration of
Newton’s method in the EM gradient algorithm. Thus, the EM gradient algorithm share some
common local features with the EM algorithm. Similar with EM algorithm, the conditional
expectation log-likelihood function with respect to complete data is calculated using (2.28) in
the E-step of EM gradient algorithm. The current parameter column vector 8% can be updated

using a single iteration of Newton’s method in the M-step as

9t+1 — gt o V2OQ(0t, 0t>71v10Q<0t7 et)’ (238)

— Ot _ v?OQ(et’ 0t)—1VL(0t)

where V2Q(0,6") and V'°Q(0,6") denote the Hessian matrix and gradient vector of the
conditional log-likelihood function Q(@',8"), respectively. When L(8) — Q(0,6") has the
minimum at @ = @', there is the equality as V1°Q(6¢,0") = VL(0"). The EM and EM gradient
algorithms at the same convergence rate are attracted when using strict local maximum point of
the observed likelihood. In Chapter 4, we will introduce an EM gradient based diffusion algorithm

and its application to an asynchronous network.
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2.3.4 Least Mean Square Method

Least-Mean-Square algorithm is a class of adaptive algorithm, developed from the MSE cost
function [27,45]:
J(w) = B|d' — xtw!|? (2.39)

where d* denotes the desired signal, 2! is the input signal and w’ denotes the weight vector. Then,

the gradient vector of the cost function is given as

= (W) Ry — by (2.40)

where b, is the cross-correlation between the desired signal and the input signal and R, is the
input signals correlation matrix. The optimum solution to the cost function (2.39) is the Wiener
solution, given by

o' =R, 'b, (2.41)

R, and b,, as the statistics of the received signal, are not known in advance for the adaptive
algorithms. Thus, these quantities need to be estimated. Instantaneous estimates for R, and

b, [27,45] is used in LMS algorithm, expressed as
R, = (z")*x! (2.42)

b, = (d")*z' (2.43)

Consisting of (2.42) and (2.43) into (2.40) leads to

— (wt)*(a}t)*:l}t _ (dt)*a}t (2.44)

The filter coefficient vector is updated by

a2

Owt

= W'+ a(z)d - '] (2.45)

where « is the step-size controlling the convergence speed.
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2.4 Application in Power System State Estimation

In this section, the application of distributed estimation in power system are presented.Power
system state estimation (PSSE) stands for acquiring the voltage phasors of all system buses at
a fixed instant. This is realised by obtaining redundant measurements of power flows upon the
network, and then implementing inferences to retrieve the values of the phasors. Previously, a
centralized data processing center was used in PSSE to collect all the received data and retrieve
a global solution [46,47]. The decentralized estimation method can be developed to have higher
estimation rate and better sensing ability. Large scale problems can be tackled by separating the
observations and buses in distributed state estimation methods for power systems. Each separated

control area senses and processes local data by itself, and communicate with other areas.

Distributed adaptive processing is now a powerful tool to perform the distributed state estimation
for power systems. We consider an IEEE 14-bus system [48] which has 14 substations to
demonstrate the use of distributed processing in power systems. The measurement model of the

multi-agent state estimation can be expressed as:
z; = h; (X) +e; (2.46)

where x represents the state of the interconnected system, h;(x) stands for nonlinear functions
of admittance matrix, ¢ is the bus number, e; denotes the measurement error with zero means.
Vector x denotes the state variable of the entire interconnected power system, including voltage
magnitudes and voltage phase angles of all buses, which can be identified as the phase angle vector

x; for all buses. We can now approximate the measurement equation (2.47) with
z;, = H;x; +e; 2.47)

where H; denotes the measurement Jacobian vector for bus ¢. The goal of distributed estimation

method is to calculate an estimate of x;, which can minimize the cost function as

I

X = mi ;— Hix |2 2.4

X xmelgz;llzz | (2.48)
1=
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To minimise the cost function (2.49), a number of distributed state estimation approaches have
been proposed, such as M-CSE algorithm [6] and the alternating direction method of multipliers

(ADMM) method [49], gossip based Gauss Newton (GGN) algorithm [12].

2.5 Chapter Summary

In this chapter, the characteristics and typical network topology of WSNs are introduced. By
contrast with centralized processing, distributed version can reduce wireless bandwidth and energy
consumption, as well as improve the robustness of network connections. Three main cooperation
strategies on distributed estimation of parameters in WSNs are briefly presented. Meanwhile,
the optimization algorithms aforementioned and the distributed methods for power system state
estimation are presented in this chapter. In the following chapters, we will introduce these relevant

optimization algorithms and their applications to distributed networks.
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Chapter 3

Distributed Component-Wise EM Algorithm for

Mixture Models in Sensor Networks

This chapter considers mixtures model estimation for sensor networks in a distributed manner.
Based on the statistical literature, the maximum likelihood (ML) estimate of mixture distributions
can be computed via a straightforward implementation of the expectation and maximization (EM)
algorithm. In the sensor networks without centralized processing units, data are collected and
processed locally. Modifications on standard EM-type algorithms are necessary to accommodate
the characteristics of sensor networks. Existing works on the distributed EM algorithm mainly
focus on the estimation performance and implementation aspects. In this chapter, we address the
convergence issue by proposing a distributed EM-like algorithm that updates mixture parameters
sequentially. Simulation results show that the proposed method leads to significant gain in

convergence speed and considerable saving in computational overhead.

3.1 Introduction

Sensor networks are composed of enormous small devices with limited measuring, processing, and
communication abilities. There has been a variety of environmental monitoring applications, e.g.
the temperature sensing, automobile tracking, and cooperative information processing [50, 51].
As a powerful probabilistic modeling tool, the Gaussian Mixture Model (GMM) can be used
for modeling density functions, for example, machine learning, pattern recognition and so on.
The density estimation is essential especially in exploratory data analysis. For this purpose, the

expectation-maximization (EM) methods are widely used [1].
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The EM approach is well known to give ML approximations [52]. An expectation step (E-step) is
performed in the EM method, and the likelihood expectation is calculated based on the observed
latent variables. While the maximization step (M-step) is to maximize the expected likelihood to
obtain the estimates of ML parameters. To start another E-step, the parameters on the M-step are
required. The process is repeated a number of times until the convergence at a local maximum
is reached. In the context of mixture models, it provides closed form solutions for estimating the

means and covariance matrices of Gaussian components [53].

However, most EM algorithms are used in a centralized way for WSNs, which require the central
process unit has the strong ability to process all the data. On the other hand, some parameters of
interest can be estimated upon the network using the distributed estimation to leverage the local
estimations and the links between nodes. Unlike the centralized strategy which processes all the
information with a central node, the distributed estimation behaves differently and thus mitigates
the computational load. Furthermore, the distributed estimation method is more robust against link
failure [54,55]. There have been a variety of distributed estimation approaches, such as diffusion
Least mean squares (LMS) Strategies [56], distributed recursive least squares (RLS) method [57],
distributed target source location [58], distributed power allocation and management approach
[59], distributed sparse estimation [60, 61], distributed adaptive learning [62] and distributed

Gaussian mixture density estimation [63].

The cooperation strategies among nodes have significant impact on WSNs within a distributed
processing framework. The incremental and consensus strategies are widely used for distributed
processing. The consensus strategy is discussed in [64,65] which employs a slow time scale for
sampling and a fast time scale for iterative operations. This strategy aims to derive the consistent
estimates for all nodes. A distributed EM method for Gaussian mixtures using the consensus
strategy is presented in [2], in which a consensus filter is introduced between the E- and M-
steps. As the resources are constrained for WSNs communications [5], the application is limited
for consensus-based methods with two time scales. Especially for a large scale WSN, massive

computational burden will be brought in to achieve the consistency among the network nodes.

For the incremental strategy, the data flows in a pre-specific direction from one node to another

node, which leads to the loop-type cooperations between nodes with minimum power and
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communications. In this chapter, we first assume that individual observations over the environment
can be modeled as the mixture of Gaussian distributions. In [1], this model was successfully
applied to describe the data measured by sensor networks in a heterogeneous environment, such
as temperature, air pressure, humidity, or light. Therein, a distributed (EM)-type algorithm was
derived to identify Gaussian components common to the whole network and mixing probabilities
associated with each node. Methods for improving the performance of distributed EM algorithms

were suggested in [2, 66, 67].

In addition, increasing convergence speed is one of motivations for the DCEM method. The
most documented problem associated with EM is its possibility of slow convergence. To speed
up the convergence, various approaches have been proposed in the statistical literature [68, 69].
In [8], a component-wise EM algorithm was applied to mixture models. Instead of computing
all parameters simultaneously in the M-step, the component-wise EM updates the component
parameters sequentially. As the numerical results shown in [8], a better convergence rate can be
achieved with this flexible approach. Another advantage of the component-wise EM is that despite
the relaxation of the constraint on mixing probabilities, the sum of mixing probabilities equals to

one when the algorithm converges.

To facilitate the application of the component-wise EM to sensor networks, we adopt the idea of
incremental EM [53, 70] to enable local processing at sensor nodes. Note that such incremental
strategies may not be suitable for large scale networks. Therefore, we assume a small enough
network, typically less than 100 sensor nodes. As illustrated in the following sections, given
sufficient statistics from the previous node, the E- and M-step at the current node involve only
local observations. Simulation results showed that the proposed algorithm achieved a higher
convergence rate than the distributed EM [1], leading to significant saving of overall computational

time.

This chapter is organized as follows. The problem and data models is described in Section
3.2. Section 3.3 includes a brief description of the standard EM and distributed EM algorithms.
The distributed component-wise EM algorithm for sensor networks is developed in Section 3.4.
Section 3.5 presents an analysis of the convergence rate of the DCEM algorithm, Section 3.6

discusses simulation results and presents the performance of the proposed algorithm. Concluding
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remarks is given in Section 3.7.

3.2 Problem Formulation

Consider a sensor network consisting of M sensor nodes. The mth node records NV,,, independent
and identically distributed data ¥, = {Ym.1, -, Ym,N,, ;- The measurements are assumed to

obey a Gaussian mixture distribution

J
Ymi~ Y om Py, B), i =1, , Ny, (3.1)

where P (., 3) denotes the Gaussian density function with mean g and covariance matrix 3. The
mixing parameters o; = {ay, ]}m ; are likely to be unique at each node, while the J mixing
components P (g;, %) are common to all nodes. Let 6; = {c;, pt;, £;}7_;. Then the unknown

parameter set is given as 8 = {6 } _,. Based on the measurements y = {y,, }}_,, the task is to

m=1>

compute the maximum likelihood (ML) estimate for 6 in a distributed manner.

Let P(ym |, X) denote the evaluation of a Gaussian density and the data sample y,,, is given by

1 1 _

It is well known that maximization of the log-likelihood for the mixture model in (3.1) [1]

M Npm

Z Zlog Zam] ymz|ﬂjv ) 3.3)

m=1 =1

is greatly simplified by the EM-type algorithms [53] which are described in the following section.
This data model is assumed to be statistically independent for each node. However, if the
data are (spatially or temporally) correlated, this model is still valid by interpreting it as a

pseudolikelthood [71].
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3.3 Standard EM and Distributed EM Algorithms (DEM)

The formulation of the mixture problem in the EM framework is achieved by augmenting the
observed data vector y = {y,, }}_, with the associated component-label vectors z = {z,,, }}_,
where z,, = {zml}fi’ﬁ Each z,,; takes on a value from the set {1,...,J}, where z,,; = j

indicates that y,, ; is generated by the jth mixture component

Ymi ~ P, 2j). (3.4)

The complete data log-likelihood L.(0) is then given by

L.(0) = logp(y,z|0) (3.5)
M N, J

= Z Zsz’m(log Q5 +10g73(ym,1;’#j»2j))

m=1i=1 j=1

where p(y, z|@) denotes the joint density of y and z with parameter 6. Starting from an initial
estimate 0°, the standard EM algorithm iterates between the E (expectation) and M (maximization)
steps. In the E-step, given the current estimate 6", the conditional expectation of the complete data

log-likelihood is computed as follows

Q(6;60")= E[L.(0)]y, 0']

M Np J
=> 3N wh (log o, +10g P(ym.il s, 5)), (3.6)
m=1i=1j=1
where
t+1 afn,JP(ymﬂmz,E;) (3.7)

? '7 ] J
e 23:1 afn,jp(ym,i‘u;azé')
is the posterior probability that the ith sample at node m belongs to the jth component given the

observed value Yy, ;.

In the M-step, the parameters are computed by maximizing the complete data log-likelihood
function (3.6)

0" = argmax Q(6; 6Y), (3.8)
(7
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which lead to the following update formula forj =1,.-- , J.
1
t+1 t+1 _
Wi = N Zwmm, m=1,-- M
i=1
M N ) 241 )
bttt = D om=122i=1 Wi i jYmi
J - M Np o t+1 0
D om=12_i1 Win,ij
ZM ZNm wit! ( o tﬂrl)( o ﬁ+1)T
s+l m=12_i=1 W5 ;j\Ym,i = HK; Ym,i — K
J

M N
D om=12imt w::,il,j

The update formula in (3.9)-(3.11) can further be written as:

M t+1

t+1 Zm:l a’m,j

H; - ZM witl’

m=1 "'m,j

M t+1

21‘1‘#1 — Zm:l bmJ
J

M t+1
Zm:l wm,j

in which the local summary quantities are denoted as

Nim
t+1 t+1
W = D Wiy
=1
N,
t+1 t4+1 ,
amvj - Z wmvivjym’l,
=1
Nm,
t+1 t+1 T
bm7j - Z wm7i7jym’1’ym)i'
=1

Thus, the global summary quantities are

M Npn,
t+1 t+1
j = ZZwm,m
m=1 i=1
M Npm
t+1 t+1
a; = ZZwm,mym,i»
m=1 i=1
M Nm

— E E t+1 T
- wmﬂ‘d‘ym,zym,i‘

m=1 i=1

w

t+1
bj

Notice that with these summaries defined as previous, the estimated parameters are

t+1
1 9
/“LJ - th+17
J
bt+1
t+1 J_ Lt INT
2]‘ - wt-H ”j (p‘j )7
J
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The E- and M-steps are alternated repeatedly until the difference between likelihoods of

consecutive iterates L(0"T') — L(6?") is less than a pre-specified small number ¢. Note that, given

t+1 at-i-l bt+l

the current parameter 8° and local data set Ym,i» the local summary quantities {w, 9@ i by

can be locally computed. Thus, several distributed methods [1, 2] are valid to apply the standard

EM algorithm to such a WSN.

3.3.1 Distributed EM Algorithm based on Incremental Strategy

A distributed EM algorithm based on the incremental strategy for sensor network (DEM) was
studied in [1]. With such a network setting, the communication path is cyclic and pre-set. Only
one node update the parameter set @' using its own N,,, observations at each iteration, given the
current parameter set @°. In details, node m can update the global summary quantities by using its

new local summary quantities to replace the old quantities based on

Wit = uflt -l 622)
ai' = aj+alli-al,;, (3.23)
bt = Bi4bt b, (3.24)

and updates the parameter set 7! according to (3.20) and (3.21). During this procedure,
other nodes are fixed. Then, node m passes the message of updated global summary quantities
{wi*!, al* b} and the estimated parameter 8'*! to the next adjacent (m + 1) node, and this

process is repeatedly.

Note that each node only executes a single and local E- and M- step in the DEM algorithm, thus
this algorithm does not require the updated means and covariances {p,z*l, E?Fl} to reach a fixed
point at each local E-step process. In order to speed up the overall convergence, DEMM algorithm
refers to DEM with multiple steps at each node which was studied in [1]. Specifically, the local

E- and M- steps can be repeated several times in succession until the maximization of the local

log-likelihood function is found, then the updated message can be passed to next node.
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3.3.2 Consensus based EM Algorithm

In [2], another distributed EM algorithm based on consensus strategy is proposed. The main idea
behind this technique is the application of average consensus filter between E- step and M- step.
For consensus strategies, the nodes communicate with their neighbours until network agreement
is achieved. The local summary quantities of individual nodes are updated using the local V,,
observations at E- step, and then the local statistics are exchanged via consensus filters. The node

can access to the global summary quantities until the final consensus:

M Np,
1 1

afft = MZZ i =1 M (325)

m=1 i=1

t+1

t+1 MZm la

SIS o

M t+1
s+l M (3.27)

t+1
M Zm 1 W

All these algorithms require to execute the standard E- and M- step to update parameters
simultaneously. They are often effective when the mixtures are well-separated. They suffered
from a slow convergence when the mixtures become complex or overlapping. To speed up the
convergence of the standard EM algorithm, a component-wise EM method for mixture models
(CEMM) was presented in [8]. Rather than computing all parameters simultaneously, the CEMM
algorithm considers the decomposition of the parameter vector 6 into component parameter
vectors {a;,0;}, j = 1,---,J and updates only one component at a time. Specifically,
each iteration consists of J cycles in which the conditional expectation (3.6) and the parameter
vector associated with jth component are updated. As pointed out in [8], the decoupling of
parameter updates implies the use of the smallest admissible missing data space and leads to

faster convergence than the standard EM algorithm.

3.4 Distributed Component-wise EM Algorithm

Motivated by the superior convergence behavior of the component-wise EM algorithm, we propose

a distributed component-wise EM algorithm for mixtures in sensor networks. In some sensor
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Figure 3.1: Communication/iteration cycle in a sensor network

network models, a high-performance centralized unit is involved to solve the estimation problems.
But relying on the centralized unit is undesirable in scenarios in which communications between
sensor nodes are much more costly than the computational cost at sensor nodes. In the following,
we consider the message passage model for sensor networks as depicted in Figure 3.1 Similar
to the distributed EM algorithm, our algorithm also exploits the idea of incremental EM [70]
to facilitate local processing. The idea behind incremental EM is to divide the observed data
into several blocks and implement the E-step for only a block of observations at a time before
performing a M-step [53]. Here, the observed data at each node is considered as one data block.
By applying the incremental EM, the component-wise EM can be implemented so that at node m,
given the summary quantities (3.17), (3.18) and (3.19) from the previous node (m — 1), only local

data y,, is involved.

Let a?, b§, w§- be the received summary statistics of the m—th node from the previous one, and the

local estimates after the {—th iteration be

6, = {6}, 1, .05, ;}, (3.28)
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t

where Bfn’ ; include the estimate for the jth component {cv,,

o B s X1, ). At the beginning of
the (¢ + 1)th iteration, the initial estimates for the mean and covariance matrix are obtained from

the summary statistics as follows:

al bt )
Wi = =5, Sy =5 — i, j=1,---,J. (3.29)
w; ’
Let 0&#1,0] = @', The parameters associated with the jth components Oﬁn,j are updated

sequentially in the proposed algorithm as follows.

Forj=1,---,J, the E-step is computed as:
t
1 _ g P Wil i Fim ) (3.30)
mi, j—1 _t+1 1 1 J ’ :
L A P Wil o ) 2 o Pyl s k)
The M-step is then
1 N7n,
t+1 t+1
Ay = mezwmw, (33D
i=1
t+1
t+1 m,J
de = t+1 (332)
m?j
t+1
»ni+l bmvj gttt (3.33)
m,j witt Fon,jFrm,j ’
m?]
where the local summary statistics Wy, j, @, j, br, ; are
1
Uiy =y 2 (334)
m =1
N
g = D WY (3.35)
i=1
Nm
1 1
bl = D Wi Yl - (3.36)
i=1
The estimate at the jth cycle is given by
1,5 t+1 t+1
97[%+ Jl — {gntl,... >0ni_,j70£n7j+17“' ’0;:7%11}' (3.37)
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After J cycles, the output of the (¢ + 1)th iteration is given by:
or! = gltt17], (3.38)

Then the local summary statistics are computed with the new estimate 8°*! according to (3.22)-

(3.24).

Note that the old values of summary statistics are replaced by the updated values at node m. In
addition, the computations of the posterior probabilities (??) and the estimates (3.31), (3.32) and

(3.33) involve only the data at node m.

The major difference of the proposed component-wise approach from the distributed EM
algorithm is as follows. In the distributed EM algorithm (DEM) [1], the parameters associated with
all components are updated simultaneously. The E-step is evaluated only once at the beginning
of the iteration. In the proposed algorithm, every component parameter set 6; is computed
sequentially and the posterior probability wy, ; j (??) is evaluated at each cycle. The computational
time is only slightly increased by the multiple E-steps in compared to the distributed EM algorithm.
Simulation results in the following sections will show that our approach leads to a much faster

convergence of the log-likelihood than the distributed EM algorithm.

3.5 Convergence Analysis

In [72] and [73], the authors gave in-depth analysis on the convergence of standard EM algorithms.
It is shown in [70] and [74] et al. that under standard regularity conditions, the incremental EM
will give the estimates which converge with respect to the likelihood function, and the likelihood
is iteratively ascending. The standard EM algorithm usually follows the linear convergence. The
results in [72] and [75] help us to analyse the convergence behaviour of distributed component-

wise EM in a Gaussian mixture model.

In [1], it is assumed that the {#"} converges to 8* to maximize the log-likelihood L(8). It can be

shown that the estimate @' near 8* with iterations has the following approximate relationship for

33



Distributed Component-Wise EM Algorithm for Mixture Models in Sensor Networks

sufficiently large ¢

o't — 0* = M(8' — 0") (3.39)

where 8" is described as a certain average of the past {H(t’m)}%zl and M is defined as the rate
matrix of the algorithm. The convergence rate is determined by the spectral radius p(IM) of the

rate matrix [76]. Based on the results [69], a larger p(M) leads to a slower convergence speed.

Before analyzing the convergence of DCEM, we consider another analytical approach for the
convergence of the DEM in [75]. In this method, we define an augmented vector including all

nodes’ as:

e! (3.40)

O

During each iteration of the DEM algorithm, only one node updates its parameters while other
nodes’ parameters are fixed: all parameters of 8° can be updated after a full cycle of the procedure.
In addition, assuming that data sets are statistically independent at different nodes, the local

objective function is calculated as:

Ny, J
Lin(0m) = > 1080~ 0t i P (Yum il tnjs ;) (3.41)
i=1 j=1

where 0., is the parameter vector for the m—th node. We model the conditional expectation of

complete data using log-likelihood as:

Qm(0:6),)= E[Lc(6)|ym, 0},,] (3.42)
N’"L J
=35 w10 A + 108 P (Yl s Z5)
m,i,) m,j m,t|F'myjy <)
i=1j=1

The total conditional () function can be reformatted as [1]:

Q(6;6")=Q(0;0',...,6%) (3.43)

M
=> Qm(6:6.,)
m=1
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Finally, the updated equation of the DEM algorithm for a WSN can be represented as:
0! = argmax Q(6;6%,...,0%,), (3.44)
0

Although each iteration of the standard EM satisfies the property of L(8'™!) > L(6"), this
monotonicity property is not guaranteed in the DEM scheme. However, each step of the DEM

method satisfies the monotonicity condition
Qe 04, ...,0%,) > Q(0%6!,...,04)) (3.45)

This shows that the total conditional function () is improved at each step. Using the Taylor
expansion in the local () function, it was verified in [75] that the local estimates Ofn can achieve
a local maximum at a fixed point 8], and satisfy the following approximate relationship for
sufficiently large ¢

6, — 605, =My (6), - 6;,) (3.46)

where MPFM g the local rate matrix at node m and its expression is given by

MOFM = V1Q,, (05, 0:) V0 Qm (05, 65,)]) (3.47)

= 1-[V*D(6;,0;,) + V2L(6;,)] " V2L(6},)

where V% denotes the ith order partial derivatives with respect to the first argument and jth order
partial derivatives with respect to the second argument. D(,,; 6" ) = E[log p(y, z|y, 0)|y, 8'] is
the distance between ,,, and 6. It can be also shown that VZL(0%,) and D(8,,; 6, are negative
definite [52] and the eigenvalues of MPEM all lie in [0, 1). With the definition of (3.40), if ©*
is a fixed point of the DEM algorithm , the convergence rate of the full DEM procedure in sensor

network setting can be formulated as:

et —e* = M""M(e' - e (3.48)
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where MPEM s a block diagonal matrix defined as
MPEM 0
MPEM — - (3.49)
0 MDbDEM

Based on the definition of the spectrum radius:
p(M) = max |3 (3.50)

where 3 are the eigenvalues of M, the convergence rate is the largest eigenvalue of M. Therefore,

DEM
m

if the maximum eigenvalue of MPEM s denoted by 3 , the convergence rate of all estimated

parameters in the DEM algorithm after a full cycle will be equal to
p(MPEMY — max |3PEM| < 1 (3.51)
m

Now we consider the DCEM algorithm in a sensor network situation. In a DEM algorithm, the
linear constraint for Gaussian mixtures at each node operation Zj:1 Qi = 1 1is automatically
satisfied during every E- and M- steps. This is obviously not satisfactory in the context of
component-wise methods [8]. In [8], a Lagrangian approach is introduced to fulfill this constraint
by reconstructing a modified likelihood function based on Lagrangian duality. Since the data
collected at each sensor are independent of the data at other sensors, the local modified likelihood
function is given by:

J
Lon(Om, A) = Lin(0m) = A( Dt — 1) (3.52)
j=1

From [8], we can get A\ = N, by solving this Lagrangian function, thus, (3.52) becomes
J
Ln(0m) = Lin(0m) = Non (Dt j — 1) (3.53)
j=1

The convergence of the standard algorithm with Gaussian mixtures is investigated in [72] by
linking the EM algorithm to gradient ascent methods. Motivated by this idea, we demonstrate

that the E- and M- steps of the DCEM algorithm at each node can be realized by jointly using the
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gradient and the projection matrices.

Theorem 1 At the jth cycle, the local updates formulas (3.31)-(3.33) in DCEM at node m can be

described as:

O~ Omg = Pal ;750 | 4, —alt+ra-10s (3.54)
0L (0)
t+1 t _ m\Um
I Pu;,jm\umﬂj:u;ﬂ’j, (3.55)
0L (0r)
t+1 t _ m\Ym
vec[zmd-] - vec[zm,j] = Pzgnyjm’zm’j:zgn,j, (3.56)

where vec|C'| denotes the vector obtained by stacking the column vectors of matrix C, A,, denotes

the vector of mixing probabilities [cum 1, -+ , . g]T at node m,
t41,j—1 t+1 t+1 t t T
A£n+ 5] ] — [a’rr—:—,17 e 7047;:3'717 am7j7 e 7am,J] , (357)
and
Ly
Pat,, = 3O (3.58)
t .
m)
Puty, = S T (3.59)
’ Zi—l i,m.j
Py = S (3.60)
. ) N
m,j foini wf:",r_nl,] m,j m,j

where R is the Kronecker product.

Proof: See Appendix A

Using the notation 6., ; = {m,j, t, vec[E,, ;] }T we define the local projection matrix as
follow: _ :
Pafn g 0
Py = P (3.61)
o
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Then, the updates can be integrated into:

t+1 0L (01)
0 = O + B0 00, lon=oli (3.62)
Consider the tth iteration at node m and let 8,, = {0,,; 6,,,}7 where 0,,, are the other

parameters of 6, when [ # j. We apply the Taylor formula with remainder [77] to expand

this gradient at a fixed point 6}, . Since 8%7577&9;"“ 0,.—6: = 0, we can obtain
0L (0r,)
t+1 * _ t * m(Om " .
Om,j -0, = 0,,—60,;+ Pe;ﬁjm‘em:m’l (amj - Hmj) (3.63)
0L (0r) . .
" H:n,j aem:jagm,l ’9m:0:‘n( ml m7l)

Define the local Hessian of modified function at the fixed point €}, as

0?Ln(0m)
Hp = ——— "™ . 3.64
0r, 90,00, lo..=67, (3.64)
and the following submatrices of Hessian
0L (01)
P e L el LV 3.65
0:, 96,00, l6,,=67, (3.65)
0L (0,)
* = —-— __p*
Ho;,, aem,jaom,l"’m—"m

where Hy_ . is the curvature of the modified log-likelihood function £,,(0,,) with respect to

m,j
0 j, and Hg, | is the coupling between 0, ; and 0, ;. Let Rg,, ; denote the J x J permutation
matrix that reorders the elements of {6, ;,6,,,} into {1,---,J}, and Rg,, jRgm L= I. Then,

we define the J x J composite local rate matrix at j cycle for DCEM algorithm

I-Pyp- Hyp —Pg+ Hp-
DCEM O™ Om.; 65,700 T
vaj* = R9m j Rgm,j (366)
0 I
The components of Oﬁml are just copied, so after permuting Ry, , .
6l — 6;, = MBSV (61191 07, (3.67)
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A full cycle consists of one update over each of the J index sets, therefore, after J cycle, we can
obtain:

6l 1) — 67, = MDGM < . MG (617~ 67,) (.68

Theorem 2 There exists a < 1 such that for any

where |M||n = |NY/2MN~Y2|| denotes the generalized matrix spectral norm with respect to a

positive definite matrix N.
Proof: See Appendix B

After J cycles, the output of the (¢ + 1)th iteration at node m is defined as:
oL = gli+1] (3.70)

By applying the same analytical approach of DEM algorithm to the DCEM algorithm, it is easy to

obtain the similar result of convergence properties as

el — @ = MPCEM (@t _ @) (3.71)
where MPCEM 5 a block diagonal matrix given by
MPCEM 0
MPCEM _ (3.72)

0 M]\Q[CEM

Given the analysis above, since €, is a fixed point of node m, the eigenvalues corresponding to
the m-th diagonal block of MP“FM should be in the interval [0, 1). For a specific sensor node,
the largest eigenvalue of the submatrix corresponds to the convergence rate of the parameters. The
largest eigenvalue of the rate matrix MPC¢FM js related to the convergence rate of all the network

parameters after a full DCEM cycle. Denote the largest eigenvalue of MTZ?LCEM as ,BQCEM , the
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Figure 3.2: Data distribution for well-separated mixture case

convergence rate of DCEM for the whole network can be obtained as follow:

p(MPCEMY — pax |BPCEM| < 1, (3.73)

3.6 Simulation Results

In this section, we demonstrate the feasibility of the proposed algorithm with two different
simulated data sets, i.e. the well-separated mixture and overlapping mixture cases. In the
simulations, we consider a sensor network with A/ = 100 nodes. This sensor network fulfils

the communication requirements specified in [78].
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3.6.1 Well-separated Mixtures Model

First, we consider a well-separated components with the observations generated from J = 5
Gaussian components distributed as in Figure 3.2. Each component is a 20 Gaussian density,
the number of data samples at each node is IV, = 1000, which can represent environment
data clusters. In the first 40 nodes, 60% observations come from the first Gaussian component
and the other 40% observations evenly come from the other four Gaussian components, i.e.
am1 = 60%,am2 = am3 = ma = Qms = 10% for m = 1,---,40. In the next 30
nodes, 70% observations come from the second and third Gaussian components and the other
30% observations evenly come from the other three components, i.e. form =41, --- , 70, a1 =
ama = Qmps = 10%, ama2 = 40%, a3 = 30%. For m = T71,---,100, 70% observations
come from the last two Gaussian component and other 30% observations evenly from the other
three Gaussian components a1 = Qm2 = Q3 = 10%,ama = 40%, a5 = 30%. The
component parameters (true values) are given by p; = [0.2,0.7], py = [0.7,0.2], u5 = [0.3,0.3],
py =1[0.5,0.5], us = [0.8,0.8].

For comparison, we apply the proposed DCEM algorithm, the DEM algorithm [1] with a single
EM at each node, and DEMM [1] (multiple EM steps at each node) to the same batch of data.
These algorithms were randomly initialized with a guess of Gaussian mixture components. As
shown in Figure 3.3, the estimates for the z- and y-components of means are close to the reference

values.

In Figure 3.4, the log-likelihood values are plotted versus iterations. Convergence is reached
when the norm of the difference between successive parameter estimates is less than a specified
number, ¢ = 107°. The proposed algorithm and DEMM algorithm require on average only 10
iterations and 11 iterations respectively to attain the maximal value of log-likelihood, while the
DEM algorithm requires 16 iterations to converge. As the complexity of each iteration required
using these algorithms is almost the same, this implies at least 37% saving in overall computation

comparing DEM algorithm to the proposed algorithm.
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Figure 3.3: Estimates for mean values by the DCEM algorithm for well-separated mixture case.

3.6.2 Overlapping Mixtures Model

Secondly, we consider the overlapping 2D Gaussian density with the same network setting as
used in the previous well-sperate mixture model. Each sensor node still takes 1000 observation
samples. The observations are generated from the 2D Gaussian mixtures with 5 overlapping
components distributed in Figure 3.5. The observations for each sensor node are collected
as follows. In the first 30 nodes, 80% observations come from the first Gaussian component
and the other 20% observations evenly come from the other four Gaussian components, i.e.
am1 = 80%,um2 = m3 = ama = aps = 5% for m = 1,---,30. In the next 40
nodes, 70% observations come from the second and third Gaussian components and the other
30% observations evenly come from the other three components, i.e. for m = 41, -- - , 80, Qm,1 =
ama = Qs = 10%, a2 = 40%, 3 = 30%. For m = 71,---,100, 70% observations

come from the last two Gaussian component and other 30% observations evenly from the other
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Figure 3.4: Comparison of log-likelihood versus iterations for the DCEM, DEM with single EM
step at each node [1] and DEM with multiple EM steps at each node (DEMM) in the well-separated
mixture case.

three Gaussian components o, 1 = Qm2 = Q3 = 10%, ama = 40%, a5 = 30%. The
component parameters (true values) are given by p; = [0.2,0.6], uy = [0.6,0.2], u5 = [0.3,0.3],
py = [0.5,0.5], s = [0.7,0.7).

It can be seen from Figure 3.6 that the estimated mean values in all nodes calculated by the
DCEM algorithm approximate their true values when overlapping data exist. Figure 3.7 displays
the normalized log-likelihood versus the cycle of DCEM, DEM and DEMM in presence of
overlapping mixture. All three algorithms suffer from slow convergence compared to the well-
separated data sets, though they converge to the same solution. More specifically, the DEM
algorithm with a single EM loop at each node appears to converge slowly in 33 iterations so
that the DEMM algorithm and especially DCEM algorithm show a significant improvement of
convergence speed in around 16 iterations. Moreover, it appears that the implemented version of

the DEMM algorithm is less beneficial than the DCEM algorithm for situations where the DEM
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Figure 3.5: Data distribution for overlapping mixture case

algorithm converges slowly. One likely cause of this behavior is that the local procedure of DEMM
at each node is still the standard EM update, which still updates the parameters simultaneously,

while the local DCEM algorithm finds the estimates sequentially.

3.7 Chapter Summary

In this chapter, we proposed a distributed component-wise EM algorithm for mixture models
in sensor networks. The proposed algorithm is characterized by local processing capabilities
and sequential computations of component parameters. The ability to process data locally is of
particular interest to sensor networks with computationally powerful nodes, and it avoids costly

node-to-node communications.
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Figure 3.6: Estimates for mean values by the DCEM algorithm for overlapping mixture case.

More importantly, the component-wise update of the mixture parameters leads to significant
improvement in convergence rate compared to the DEM algorithm [1]. Simulation results show
that the number of iterations required by the proposed algorithm is about 37% less than that
required by the distributed EM algorithm. Given the advantages of computational efficiency and
simple implementation, we believe that the proposed distributed component-wise EM algorithm is
a powerful tool for estimating mixture models in sensor networks. In the following, another kind

of distributed EM algorithm based on diffusion strategy will be introduced in Chapter 4
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Figure 3.7: Comparison of log-likelihood versus iterations for the DCEM, DEM with single EM
step at each node [1] and DEM with multiple EM steps at each node (DEMM) in the overlapping
mixture case.
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Chapter 4

Diffusion-Based EM Gradient Algorithm for

Density Estimation in Sensor Networks

In this chapter, we focus on the mixture density estimation for an asynchronous sensor network
in the distributed manner. A random sensor network requires the data samples to be collected and
processed at local decentralized processing units. Reformulations of standard EM-type algorithm
are necessary to accommodate the characteristics of sensor networks. Existing works on the
distributed EM implementation focus mainly on synchronous networks. In this chapter, we address
the issue for asynchronous networks by proposing a diffusion-based EM gradient algorithm that
updates estimates by using an adapt-then-combine (ATC) diffusion strategy. Simulation results
show the robustness and scalability of the proposed approach in the presence of asynchronous

events.

4.1 Introduction

The mixture density estimation is used in a number of unsupervised algorithms for environmental
monitoring, pattern recognition and clustering. We present the EM algorithm in Chapter 2 to
retrieve the maximum likelihood (ML) using latent variables. Based on proper initialisations, the
algorithm alternates between two steps, i.e. the expectation (E) step to process the expected log-
likelihood function of the measurements and the maximization (M) step to update the estimates
based on the conditional log-likelihood function from the E-step. The distributed EM method for

a WSN thus requires an adaption to be used for the sensor nodes.

Distributed EM implementations were proposed for calculating the global sufficient statistics
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under the consensus-based schemes [2], incremental schemes [1,79] and diffusion strategies
[3, 80, 81]. In [82], it is shown that searching for the global track to link all sensors using
incremental strategies is a Hamiltonian circuit problem. The applications in WSNs using
consensus-based approaches are hampered by the limited resources of these methods, due to their

double time scales [5].

Compared to other strategies, diffusion ones are particularly of interest to us, because the
parameters can be estimated locally for each node and different sensors do not have to share the
same global statistics. In the literature, a number of diffusion adaptation strategies were proposed
for the distributed estimation, detection and filtering, e.g. the diffusion least mean squares
estimation algorithms [56, 83, 84], the diffusion recursive least-squares estimation algorithm [85],
diffusion adaption for distributed detection [56], and diffusion Kalman filtering and smoothing
algorithms for dynamic systems [86]. Unlike the consensus strategy, the diffusion strategy can
update the estimate for each node using single time scale, which significantly helps to reduce the
communication burden. Given these good features, a distributed EM with diffusion strategies was
introduced in [3] to approximate the centralized EM approach using the Robbins-Monro stochastic
procedures. Also a diffusion adaption algorithm was discussed in [80] in which the process was
implemented in a number of steps for general mixture models. Furthermore, in [81], the authors
proposed a novel diffusion-based method to integrate the information propagation into the updates

of the parameters.

These algorithms are limited to the synchronous network model, where a coordinated time update
is required throughout the network. The asynchronous imperfections are challenging issues for
real implementations, e.g. random link failures, random data arrival times, noisy links, random
topology changes, agents turning on and off randomly, and even drifting objectives. In this chapter,
we present a diffusion-Based EM gradient algorithm for Gaussian mixture models in WSNs. The
method is based on an EM gradient method [87] derived for Gaussian mixtures. We develop
this method with an asynchronous adaptive diffusion scheme, and address here the general case
of density estimation. The main idea behind the proposed algorithm is that the diffusion of the
information across the network is embedded in the Expectation step to update parameters. In the
Maximization step, gradient based optimization is utilized under the asynchronous ATC diffusion

rule [9-11]. The advantage of the proposed method compared to the synchronous diffusion
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algorithm in which individual nodes in the network may stop updating the solutions or may stop
the normal communications with other nodes. This flexibility can be leveraged to save the power,
which is challenging especially for large-scale networks. Although asynchronous events degrade
performance as expected, numerical examples provided here still show that the performance of
the proposed algorithm is robust and it outperforms the consensus based EM method [2] and

diffusion-based distributed EM scheme [3].

This chapter is organized as follows. In Section 4.2 we describe the observation model and Section
4.3 derive the expressions for the centralized EM Gradient algorithm. We derive the distributed
optimization of Gaussian mixtures via the synchronous diffusion strategy in Section 4.4. Section
4.5 presents the diffusion-based EM gradient method for density estimation in asynchronous
WSNs under the assumption of GMM. Simulation results and summary are presented in Sections

4.6 and 4.7 respectively.

4.2 Problem Formulation

We first assume a sensor network with M nodes, and N, i.i.d. samples for the mth node are

denoted as ¥, = {Ym.1, -, Ym,Nm }. The data samples follow the Gaussian distribution:
J
Ymi~ > 0Py, B), i =1, , Ny, (4.1)
j=1
where P(u, ) is the Gaussian density function. «; = {ay,;}M_| represent the mixing

parameters which can be distinct for different nodes, while component number .J is a common

parameter. Here we let 8; = {a;,p;,3;} and the unknown parameter set is denoted as

M

h—1, W€ aim to estimate the maximum

0 = {0]}3]:1. Based on the measurements y = {ym,}

likelihood (ML) of 0 in a distributed manner.
Let the evaluation of the Gaussian density for y be P(y|u, X), the log-likelihood for the mixture
model (4.1) can be written as:

M Nm J

L(6)=> ) log P Ymil i, ;) (4.2)
1

m=1 i=1 j=
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The maximization of 4.2 can be significantly simplified by the EM-type algorithms [53]. We will

discuss about these approaches in the following section.

4.3 EM Gradient Algorithms

The formulation of the mixture problem in the EM framework is the same as that in the previous
chapter, which is achieved by augmenting the observed data vector y = {ym}ﬂ]‘f’:1 with the
associated component-label vectors z = {z,,}M_, where z,, = {zmz}N’". Each z,,; takes
on a value from the set {1,...,J}, where z,,; = j indicates that y,, ; was generated by the jth

mixture component

Ym,i ~ P, ;). 4.3)

Since we assume that the data samples in this model are statistically independent for each node,
the EM algorithm can be applied by each node m individually to its own data. The local data

log-likelihood L,, (@) of is then given by
N J
= ZZ'ZT’”] logamj +logp(ymz|uja )) 4.4)
=1 j=1

The EM procedure can be implemented at a centralized fusion center, which is assumed to collect

all data from the whole network, the global complete data log-likelihood L () becomes
M
> Lu(0) (4.5)
m=1

Let 6! be the parameter set at the tth iteration, the conditional expectation of the complete data

log-likelihood can be approximated by

Q6,0") = (0,6° ) (4.6)

>
»

J
Z logam] +10g7)(ymz|uja ))
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where

1 P Wmal e, 25)
m7i7 T J ’
’ Zj:l O‘fn,jp(ym,im} 2;)

is the posterior probability that the ith sample at node m belongs to the jth component given the

“.7)

observed value Y, ;. and Q,,,(8, 67,) is the local conditional expectation at node m.

In the standard M-step, the parameters are computed by maximizing the complete data log-
likelihood in equation (4.6)
't = argmax Q(0, 6"). (4.8)
0

If the M-step cannot be computed in the closed form, there exists several methods which can
be utilized to improve the performance of the EM algorithm in the M-step. The most common
algorithm for iteratively solving the M-step is the Newton-type method, which can have the
quadratic convergence compared with the linear convergence experienced by the EM algorithm.

Based on this knowledge, the EM gradient algorithm was proposed in [87], to update the 8" by

Bt—i-l — et o V2OQ(0t, 015)—lvl062(0t7 015)7

r M -4 —1 M
= 0 - Z vonm(eﬁm Ogn) Z vlon(efm afn)v
Lm=1 | m=1
Y 4 —1 M
= 0'— | > VOQu(6,.05)| > VL6, (4.9)
Lm=1 | m=1

where the operators V2°Q,,, (0", 6! ) and V'°Q,, (6", 6" ) are the Hessian matrix and gradient
vector of the local conditional log-likelihood function Q,,,(6", 6!,) respectively. In addition, the
equality V1°Q,,(6%,,0%) = VL,,(0",) holds, when L,,(8) — Q,,(6,8%,) has its minimum at
0 = 0. After the new estimate 8'*! is calculated, it is sent back to all nodes, i.e., 857! = g'+1,
In addition, although the convergence of the EM and EM gradient algorithms are assured, the result
is sensitive to the initialization. Thus, a proper initialization is crucial for the performance of the
algorithm. Note that equation (4.9)is not distributed, the computation of the posteriori probabilities
at the M-step require the local information only, whereas the estimates in equation (4.7) requires
the global information. Thus, a distributed implementation of the EM algorithm entails local data
processing and sharing of information. In the next section, we introduce a adaptive diffusion

strategy [88, 89] to process the network communication issue.
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Figure 4.1: A network of integrator nodes in which node m receives the state 6,, of its neighbor,
node n

4.4 Distributed Optimization via Adaptive Diffusion Strategy

We present the details of the distributed optimization for Gaussian mixtures using synchronous
ATC strategies [88, 89] in the section. The sensor nodes are assumed be interacted locally with
the neighbours, and the communications are illustrated via an undirected graph G ={N, £}, where
N denotes the node sets, £ represents the edges in which the pair {m,n} € & stands for the
edge between node m and n. Take Figure 4.1 as an example, the neighbourhood of the node
m is denoted as NV,,, = {n | {m,n} € £}. Thus, the conditional expectation function can be

reformatted as [56]:

Q(6,6") = Qin(6,6),) + > Qn(0,6),) (4.10)

n#m
where Q,,(0,6")) is second order differentiable term, and thus Q,,(8, 6,) is optimized at a fixed

point @ = 6*. Now Q,,(8, 6")) can be approximated via the second order Taylor expansion:

Qn(0,06,) Qn(65,6) + V'°Q,(6;,,6%) 4.11)

Q

b0 0,)7Q.(6;.0,)(0 — 6;)

= |6-6lF, +c
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where c is a small constant and

L'y

20 * ot
_ V7 n(0,,6,) Q”éen’gn) (4.12)

Since @7 is the fixed point of Q,,(0,86")), we have V'°Q,,(0%,6!) = 0. We can assume that
Qn (0%, 6!) is a constant as it is independent of 8. Therefore, the conditional expectation function

in equation (4.6) can be reformatted as:

Q(0,6") = Qm(6,6,)+ > _ 6657, 4.13)

n#m

However, the optimization over these conditional expectation functions for each node requires that
the global information, i.e. the estimate 6, and the matrices I';, for other nodes, are available for
all sensors. The equation (4.13) here leads to a viable distributed implementation. In particular, we
approximate the equation (4.13) by deriving a local cost functions for each node. Firstly, we bound
the sum in equation (4.13) to the neighbourhood of node m, i.e., n € N,,/{m}. Secondly, we
introduce an intermediate variable 6,, for the 8. Therefore, the minimization can be performed

upon the modified conditional expectation function for the mth node:

QU(0,05,) = Qum(6,0L,) + > (60— 6513, (4.14)
nEN/{m}

A Newton-type method is applied here to minimize (4.14) in the similar way of optimising
(4.9). To deal with scenarios that unknown parameter € is a matrix, we will present a quadratic

approximation argument [90].

Given the intermediate estimate 8¢, for the mth node and a small perturbation § on 6%, we employ

the second-order Taylor expansion of Q%**(8! + 4, 0! ) and derive:

QU (0, +6.6,) & Qu(6h,.0%) + V0Qu(8,,6L,)0 (4.15)

1
+ S0IVQm(6),.0,)0+ > |05, +0-6iIF,
nENy /{m}

dist(g! +5,0"%) can be approximated via a quadratic function around @', and § is selected to

optimize this approximation (e.g. the gradient with respect to ¢ is zero). Consider the gradient of
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(4.15) along 4, we have:

VsQdst(!, +6,60',) ~ V'°Q,,(6.,,0.,)+VXQ,. (6., 6) (4.16)

+ 2 > Tu(,+5-6;)
neEN, /{m}

By searching for the J to give zero gradient, the optimum update strategy is

§ ~ _H—l[vm@m(efn,ain)m 3 rn(efﬁa—e;;)} 4.17)
neEN, /{m}
= —HTVQu (04, 05) 42 Y VQu(0;,04)(6), + 0 - 6]
nENm /{m}
where
H = VQu(6,,.6,)+2 > T, (4.18)
nEN, /{m}
= VOQum(05,,0,)+2 Y V*Qn(6;,6!)
neNm /{m}

Suppose that for different n, the Hessian matrices V2°Q,,(8, 6%,) do not distinguish from each
other significantly. This approximation is likely to be robust as the samples for different nodes

follow the same distribution. Then we have

v*Q,(0:,0!) ~ cpnH (4.19)
v®Q,.(0.,,60!) ~ cpmH (4.20)
Compared to (4.18), we have that
H~ Z cmnH (4.21)
n€ENm
and Z tmn =1
TLGN'm

where ¢, ,, denotes the nonnegative scalar which scales the neighborhood Hessian. Thus, equation
(4.17) can be simplified as
—1
§ ~ emm|VO0Qm(6:,,0L ) VYQ,. (0! ,6%) (4.22)

m>Ym m’ 7 m
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- Z Cm,n(efn —-06;)

neEN, /{m}

and the recursive update equation can be written as

-1
0, = 0L — i |V Qu(65,,65,)] V'Qu(6,,6,) (4.23)
— Up Z Cm,n(ggn_aj;)

where v, is the step-size which corresponds to the Newton step. The equation (4.23) can be

realized through two stages by first introducing an intermediate estimate 1%

-1
B = Ol Ve [VQn(81,60)] V°Qu (0}, 60L)  (424)
o = i = > cmn(0l, - 6;) 425

neEN, /{m}

Then 67 in (4.34) can be replaced by the intermediate estimate !, for node n at time . Similarly,

0! in equation (4.25) can be replaced by 1)!,. Based on equation (4.25), we have

R R ST s 426)
nEN, /{m}
= (1 —VUm + Vmcm7m)¢$n + Um Z Cm,nlb;t@
neNm /{m}

According to the ATC diffusion strategy [88, 89], we use the coefficients

bm =1 = Vm + UmCmm 4.27)

b = VmCmn (4.28)

Let B be the M x M combination matrix which consists of the entries b, ,,, then B is a left-

stochastic matrix which obeys

b =0 if 1 # N (4.29)

BT1,, =1y

where 1, is the M x 1 all-one vector. We now express the Newton descent of the local conditional
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expectation function as
-1
di, = = [V Qu (05, 6,)|  V°Qu(6%,.6.,) (4.30)

Therefore, the equations (4.25) and (4.26) can be rewritten as:

= 0 +a,d, 4.31)
O = > bt (4.32)
’ﬂENm

where a,, is a step-size value, and b,,,, are the nonnegative coefficients for combining the

estimates.

4.5 Diffusion EM Gradient Algorithm

Based on the gradient EM version algorithm, we propose a distributed EM algorithm scheme
where the summations among all observations in equation (4.7) are computed by the asynchronous
diffusion strategy [9—11]. In the following , we consider an asynchronous Bernoulli model in a
WSN. The WSN is composed of M nodes, where each node adopts a random “on-off” policy to
save the power. Furthermore, we employ the EM gradient method at each node, and assume that
observations of different nodes are statistically independent. In the E-step, we use an intermediate

estimate 6 of the unknown @ at node m. The local conditional log-likelihood function is defined

as
Ny J
0 0t Zzw;ﬁ:llj log Q5 + log P(ym 1|Nm,ja Em,j)) (4.33)
i=17=1
where
t+1 at j (ymi“j';nj’z]t 7j)

L . (4.34)
) Z‘}] 1am] (ym Z‘l‘l’mj72t 7‘7)

The main difference between wf;“’ij in equations (4.7) and (4.34) is that equation (4.7) is
computed using the global estimates ué, 3%, whereas computing equation (4.34) only requires

local estimates pf o »t ; at each node m. With local periodic data exchanges, the local
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information in equation (4.34) is appropriately diffused over the network. In order to reduce the
computational complexity, the projection matrix [72] is utilised to replace the inverse of Hessian

matrix. Then local EM procedure can be expressed as follows:

0L, (6
At = AL+ P M\Am:m, (4.35)
™ OAn, m
0L (0mm)
t+1 t m\Ym
Py = um,j+Pu;7ij\“m,j:% b (4.36)
0L, (0,,)
t+1 _ t m\Ym
vec[X ] = vee[¥) 5]+ Pzﬁn,jm‘zmdzsz’ (4.37)

where vec[C] denotes the vector obtained by stacking the column vectors of matrix C, A,,, denotes

the vector of mixing proportions [y, 1, - , am’,]]T and

{diag[afnyl, T 7O‘fn,J] — A (A"}

Py = N , (4.38)
m
>t
P, = ——" (4.39)
My, Np, 1
" > i ZFU
2
Py = Nilsz@zm,jt, (4.40)
" Zi:qw;:—,i,j

where ® denotes the Kronecker product. Using the notation

0 = [Agm “';Z;L,la e 7/*”;17J7 VeC[Em,l]T, to avec[zm,J]T}T (441)
and
P(om) = dlag{PAm’ P/"'m,l’ T PHm,J’ sz,l’ T sz,.]} (442)
we can obtain
0,7t = 0!, + P(0m') VL, (6Y) (4.43)

In the M-step, the ATC diffusion-oriented optimization method is used to find the estimates, whose

updates are given by

Bl — gt +attldl (4.44)
ot = D b (4.45)
neNE! 7
where
d\ = P, (0! )VL,,(6°) (4.46)
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is the local gradient descent to the estimate using a Newton-like method in WSN and NV}, denotes
the random neighbourhood of node m at time ¢ 4+ 1. Similar to the synchronous version, this
scheme includes two operations as described in the previous section, the first step involves the
local adaptation, in which node m update its local estimates from 6’ to an intermediate value

“+1. The second step is a combination step, in which the combination of intermediate estimates
{apt+1} from the neighbourhood of node m is used to calculate the new estimates %11, In the
adaptation step, node m enters an active mode with probability 0 < ¢,,, < 1 and evaluates equation
(4.44), and it enters a sleep mode with probability 1 — ¢, to save energy. The random step-sizes

alt! used in equation (4.44) depend on the probability g, and satisfy

am, Wwith probability g,
altl — (4.47)

m

0, with probability 1 — gy,

where a,, is a constant step-size. The underlying topology of network is assumed to be fixed.
In the combination step, each node m is allowed to randomly select its neighborhood n with
probability 0 < p,, < 1 and evaluates equation (4.45) for saving communication costs. The
combination coefficients {bfjnll} are nonnegative parameters and they are required to satisfy the

following constraints

bm,n > 0, with probability p,,
bt = (4.48)

0, with probability 1 — p,,

For all n € N, \ {m}, and node m is required to adjust its own weight b1

‘m at each update via

t+1 t+1
B, =1— > bt (4.49)
t+1 _ t+1 t+1 .
to guarantee ), s by, = 1. Note that @, and {b},;,} are mutually independent, and the use
of these distributed control parameters enables the diffusion strategies which can process various
type of asynchronous network events. The independence between {a.,,, } and the constant step-size
used in synchronous diffusion networks enables us to set up a random “on-off” behavior at the mth

agent to save power. Furthermore, the coefficient {bﬁ,ﬂz} can be used to structure a random “on-
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off” status for the connection from agent m to agent n at time £ + 1 to save the communication
cost. If the agents select the links randomly. i.e. there is only one other neighbouring agent
being communicated with at each time, then we are able to mimic the random gossip strategies
failures [7,91-94]. It is worth mentioning that the sources for the randomness of the combination
coefficients are three facets. Firstly, it can come from the randomness in the topology which is
often used to simulate the network dynamics. Secondly, the connections between agents can drop
randomly. This can happen when we have interferences or other power saving strategies. Thirdly,
some agents may hold random combination coefficients, given that ) - bff{}l = 1 is satisfied.
We will demonstrate the convergence and reliability through numerical simulation results in the

next section.

4.6 Simulation Results

In this section, we demonstrate the feasibility of the proposed algorithm through MATLAB
simulations. In the simulation, we consider a sensor network with A/ = 100 nodes in a 10 x 10
meter squares, and the number of data samples at each node is IN,,, = 100. It can be extended
to other scenarios without loss of generality. This sensor network fulfills the communication
requirement specified in [9-11] with connectivity radio range r. Figure 4.2 shows the cases
of different communication radio range with r = 0,r = 1.5, and » = 2.5. the proposed
algorithms use asynchronous diffusion combination matrix B under Metropolis rule [9-11] with

entries defined as

1/ (max{| N[, [Nu[}), n € Np

L= hennfm) Oy m=n (4.50)

0, otherwise.

where | - | denotes the cardinality. For comparison, we apply the proposed asynchronous diffusion-
based EM gradient algorithm, the diffusion-based distributed EM algorithm (DDEM) [3], the

consensus based EM algorithm and the standard EM algorithm to the same batch of data.
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Figure 4.2: 100 randomly distributed sensors with different radio ranges
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4.6.1 1-Dimensional Data

First, we consider the 1-dimensional data case, and the observations are generated from J = 2
distributed Gaussian components. Each component is a 1-dimensional Gaussian mixture density,
which can represent environment data clusters. In the first 50 nodes, 60% of the observations
come from the first Gaussian component and the other 40% observations evenly come from the
second Gaussian component, i.e. &y, 1 = 0.6, 2 = 0.4 form = 1,---,50. In the last 50
nodes, 30% observations come from the first Gaussian component and the other 70% observations
evenly come from the second component, i.e. for m = 51,--- ,100, a1 = 0.3, iy 2 = 0.7. The
component means and variances are given by py = 5, e = 10, 0'% =1, a% = 4. The radio range
for communication is set to 1.5 meters. The step-size a,,, = 0.05 is uniform across the network.
As shown in Figure 4.3, the EM gradient algorithm with asynchronous diffusion setting and the
local standard EM without cooperation are tested. The probabilities for the Bernoulli model are
set as ¢, = pm,m = 0.8. It can been seen from Figure 4.3, the mean and variance estimates are
noisy for each sensor node with the standard EM algorithm using only the local information, while
the estimates with the proposed algorithm are much smoother for each sensor node, even under
the imperfect communication condition. In Figure 4.4, the mean-square-deviation (MSD) is used

and evaluated for performance of different algorithms, which is defined as
MSDy = E [|\é—0||§] 4.51)

where || - ||2 is the Euclidean norm. We compare our algorithm with the consensus based EM and
DDEM. We select 100 consensus iterations in order to satisfy the condition of the convergence
of discrete consensus filter, and set » = 1/M to satisfy the condition for the convergence of
consensus filter in [2] is that 7 = 1/da0, Where dypq, is the maximum degree. In addition,
we include a single round of averaging in the D-step and M-step for the DDEM algorithm [3],
respectively. Both consensus based EM and DDEM algorithm are operated in a synchronous
network setting, for a fair comparison, we select the value of probability p,, = ¢n = 1
(corresponds to traditional synchronous diffusion). It can be seen from Figure 4.4(a), a diffusion
strategy provides improved mean-square-deviation in simulation compare to consensus based

EM and DDEM algorithms. To illustrate the performance of the proposed algorithm in an
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asynchronous network setting, we selected the value of probabilities with different cases, p,, =
qm = 0.3, pm = ¢ = 0.5, Py, = ¢, = 0.8 and p,,, = ¢, = 1. From Figure 4.4 (b), the proposed
asynchronous diffusion algorithm converges to almost as the same rate as the synchronous version.
However, due to the additional randomness in the adaption process, EM gradient method with

asynchronous diffusion suffers from a slight degradation in MSD performance.

The scalability of the proposed diffusion EM gradient approach is also explored, with M = 1000
sensor nodes randomly deployed in the same square. Observations for each sensor node and
asynchronous network setting are selected as the test of network size M = 100. The estimated
mean and variance for 1000 nodes are shown in Figure 4.5 for both the local and the diffusion
scheme. From Figure 4.6. we can see that the MSD performance of all these algorithms are
improved by the increased network size in comparison with M = 100 test, and the diffusion
strategy still outperforms consensus based EM and DDEM algorithms in MSD performance with

a large scale network.

4.6.2 2-Dimensional Data

In this subsection, we investigate the 2D Gaussian mixture density with M/ = 100 sensor nodes
randomly generated in the same square. The observations are generated from J = 2 2D Gaussian
components distributed as shown in Figure 4.7. Each component is a 2D Gaussian density, the
number of data samples at each node is N,, = 100. In the first 40 nodes, 60% observations
come from the first Gaussian component and the other 40% observations evenly come from the
other two Gaussian components, i.e. @, 1 = 60%, am2 = am3 = 20% form = 1,---,40.
In the next 30 nodes, 70% observations come from the second Gaussian component and the
other 30% observations evenly come from the other two components, i.e. for m = 41,---,70,
am1 = am3 = 15%, a2 = 70%. For m = 71,---,100, 60% observations come from the
last Gaussian component and the other 40% observations evenly come from the other Gaussian
components a1 = ma2 = 20%,am 3 = 60%. The component parameters are given by

p1 = [0.7,0.7], pa = [0.5,0.5], a3 = [0.3,0.3],
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We set the probabilities for Bernoulli model as g, = p,, = 0.8 and communication radio range
r = 1.5 meters, and randomly select 10 sensor nodes to demonstrate the evolution of the mean
of the first Gaussian component g1 = [0.7,0.7] during the iteration process in the Figure 4.8. As
shown in Figure 4.8, the estimated mean values almost converge to the same values based on the
asynchronous diffusion EM gradient method while the local standard EM converge to different
values. The impact of estimation performance with different communication radio ranges is also
considered here. As seen in Figure 4.9 , the performance of both estimated mean and variance
are significantly improved by increasing communication radio range. In Figure.1.10, we show
the performance of the estimated mean values of each nodes with different communication radio
ranges under the asynchronous network setting. When radio range » = 0 as shown in Figure 4.10
(a) the network becomes an unconnected network, each node only can perform local standard EM
without communication with other neighbour nodes, which leads to a noisy estimation result. It
can be seen from Figure 4.10 (b) and (c), the estimated mean values in all nodes are very close to

their true mean values (the true values are g1 = [0.7,0.7]', uo = [0.5,0.5), ug = [0.3,0.3]'). By
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Figure 4.8: Evolution of the first estimated mean value with different schemes for 10 sensor nodes
using 2D Gaussian mixture model
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Figure 4.9: Estimation performance versus radio range (in meters) with the diffusion EM gradient
algorithm (p,,, = ¢, = 0.8)

increasing communication radio ranges, the estimation performance is improved.

4.7 Chapter Summary

In this chapter, we proposed a diffusion based EM gradient algorithm for mixture models in
asynchronous sensor networks. The proposed algorithm is characterized by local EM gradient
based processing and computations of component parameters with asynchronous ATC diffusion
strategies. The ability to process data locally is of particular interest to the sensor networks
with computationally powerful node which require costly node-to-node communications. More
importantly, with asynchronous diffusion model, each node is allowed to obtain the flexibility
through their own assessment of local information without coordinated behavior over the network
in comparison with synchronous strategies. Simulation results show that the proposed algorithm

outperforms the local-standard EM without cooperation but as expected it degrades the MSD
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performance compared to synchronous diffusion scheme. Note that EM gradient method preserves
the procedure of E- step in EM algorithm and does not separate the space of components, thus
distributed EM gradient algorithm cannot provide a better performance under the overlapping

mixture model.
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Chapter 5

Distributed quasi-Newton Method for Power

System State Estimation

In this chapter, the system-wide power system state estimation (PSSE) is promising in deregulating
the energy market and improving the situational awareness. In practice, the use of centralised
estimator is not viable due to the high complexity, communication cost, and robustness issues.
Thus, with the systematic manner, we consider the distributed PSSE approaches which are
designed based on the quasi-Newton and backtracking line search. We demonstrate the
effectiveness of the proposed algorithms via the IEEE 14- and 4200- buses. It is shown in the
simulation results that the proposed method performs better than other algorithms when dealing

with bad data and large-scale problems.

5.1 Introduction

State estimation functions as an essential part in power systems. It significantly impacts the
capabilities in dispatching power, frequency management and error identifications. The system
administrator can monitor the state of the power grid via state estimation methods [95]. It
has become more and more important to estimate the system states with better accuracies.
Researchers have made great efforts in combining new sensing techniques with the state-of-the-
art state estimations. For example, in [96], the authors presented a Wide-Area Measurement
System (WAMS) aided by Phasor Measurement Units (PMUs). Since the computational load is
proportional to the amount of measurements, state-of-the-art systems would require the individual
buses to have their own processing abilities [97]. Compared to a centralized scheme, the

distributed methods have less amount of data for each estimator to process. Higher robustness
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is achieved since the information of the state is stored in a distributed way. Finally, the

communication overhead can be kept low by using advanced gossip based algorithms.

There have been a number of research efforts in investigating distributed state estimation
approaches for power systems. The hierarchical distributed approaches estimate system states
locally, exchange the information using a central processor, and combine the local estimations to
give the overall estimates [98—-100]. However, such methods are limited by the communication
burden. In general, the distributed state estimations require the local communications rather
than counting on a central processor. Recent developments in fully distributed methods include:
leveraging the matrix decompositions [101, 102]; employing the alternating direction method
of multipliers (ADMM) method [49]; and information filter-based techniques [103]. The
matrix decomposition methods in [101, 102] give no guarantee on the convergence of the
distributed state estimates. The ADMM approach in [49] guarantees the asymptotic convergence.
However, the Lagrange multipliers require extra memory and asynchronous configurations can
be troublesome, which limit the use of ADMM methods. The method proposed in [103]
guarantees the convergence, but the required iterations scale linearly with the scale of the network.
Asymptotically convergent approaches can be particularly useful to deal with large-scale networks

especially when the convergence rate is independent of the scale of the network.

In [6, 7, 12], the authors proposed the gossip-based algorithms for complete distributed state
estimations. In particular, the method presented in [6] is a first order approach driven by the
diffusion strategy in [7]. Although the first order approaches are simple, their developments
are hampered by the slow convergence rate. However, the Newton-type methods usually have
quadratic convergence. A gossip-based Gauss-Newton method was developed in [12] to solve the
general nonlinear least squares problem and applied to the power system state estimation. The
Gauss-Newton method only exploits the presence of first-order information of Hessian, and thus
requires the cost function to be zero or a small residual. However, the presence of bad data will
result in a large residual in power system, which cannot be neglected during the estimation process.
Such situation can no longer be handled by Gauss-Newton methods efficiently. By contrast, quasi-
Newton methods are more efficient under these conditions, approximated Hessian can preserve
second order information, which allows our method to reduce the impact of bad data on the state

estimates.
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N J J

—— Flow Measurement Qo— Injection Measurement

Figure 5.1: IEEE 14 bus system partitioned into I = 4 control areas

With this context, we reformulate the state estimation problem and propose a distributed quasi-
Newton method (DQN) for wide-area PSSE. Similar with [12],and employ the multi-agent gossip-
based scheme to describe the network communications. Under this scheme, the state of each agent
(control area) can be estimated by using the local information and a limited information exchange
with neighbour areas, for which the fusion center is not necessary. The agents can only preserve
their own states. This has advantages in both communication efficiency and storages, address the

large residual or bad data problem [104, 105].

In Section 5.2, we formulate the power system state estimation into a (non)linear least square (LS)
problem. The details of the proposed distributed quasi-Newton method are presented in Section
5.4. In Section 5.5, we provide the convergence analysis and finally in Section 5.6, the numerical

simulations are conducted to show the performance of our approach.
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5.2 Problem Formulation

A multi-area power network can be conveniently expressed as an undirected graph (N, &),
where the set of the vertices NV = {1,---, B} denotes buses and the edge set £ represents
the transmission lines that connect the buses. The power system state is normally defined as
the collection of the voltages (containing both phase and magnitude information) at all buses,
x = [@T, VT]T with @ £ [f;,--- ,0p]" being the phase vector and V £ [V;,---,Vp]" the
magnitude vector. The whole network can be divided into I non-overlapping areas, each governed
by a control cite, which gathers the local measurements taken at the corresponding area and is
allowed to communicate with its neighboring areas. Fig. ?? shows a concrete example where the
network is partitioned into I = 4 regions. Apparently, the local measurements available to one
control cite is insufficient for it to estimate the total system state. Therefore, in this work we study
how to design the cooperation process between the multiple areas so that a distributed estimation

of the global state can be efficiently implemented.

We consider the traditional measurement system, SCADA (supervisory control and data
acquisition), which provides measurements on both power injections at some of the buses and
on power flows along some of the transmission lines. Since in SCADA system, the measurements
update rate is around once 2-6 seconds, which is relatively a long period of time compared with
the communication delay between different cites, a static setting is considered in this chapter, i.e.
measurement set is separated into different snapshots and each run of state estimation process is

based upon the most recent one. The measurement model can therefore be represented as:

t;, = hi(X) +e; 5.1)

where e; denotes measurement noise at the i*" sensor as well as some other uncertainties, such
as the modeling inaccuracy, and Z = {1,---,I} where [ is the number of control sites. We
further define M = 2B as the dimension of the system state. In general, the observation
function {hi(x)i]:l} should be nonlinear. It is only in some special cases, such as when PMU
measurements are considered, that the observation function can be linear. In this chapter, the

general case is studied. By stacking the local measurements together, the global expression is

75



Distributed quasi-Newton Method for Power System State Estimation

shown as

t = h(x) +e, (5.2)
where h(x) = [hT ... ' h¥1T e = [el,.-- ,el]T. A weighted least squares problem related to
this global representation can be written as

X = )r(rg}r(l J(x) = (t —h(x))TR7'(t — h(x)) (5.3)

where R = cov([er, - ,en]?) and X = {0, € [Omaz;Omaz)s Vo € [0, Vinaz),m € N},
with 6. and Vipax being the phase angle and voltage limit. According to [12], problem
(5.3) is equivalent to the maximum likelihood estimation for (5.2), under the assumption that
the measurement errors at different regions are gaussian and uncorrelated with each other, i.e.
R = diag(Ry,--- , Ry) with R; being the covariance matrix for the measurement error at the
ith region. Since R is block diagonal matrix, problem (5.3) can be reformulated to facilitate a
distributed implementation,
! _ _

% = min J(x) = ;Hti —hi(x)|?, (5.4)
with t; = R; %ti and h; = R; %hi. Both problem (5.3) and its distributed version (5.4) are
essentially non-linear least squares problems. For centralized processing structure, Newton type
algorithms are typically used to search for the stationary point because of their faster convergence
rate than the first-order methods such as gradient-descent method and ADMM. In the next section,

we introduce the centralized approach for solving problem (5.4), using a particular type of quasi-

Newton algorithm.

5.3 Centralized quasi-Newton Algorithm

A multi-agent network previously illustrated through Fig. 5.1 is considered, where there are [
distributed agents, and the i agent only knows a subset function f;(x) = z; — h;(x) : RM —
RN €7,

fi(x) = [fix)", - fn,x)T] . (5.5)
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Given the Jacobian J; = Of;(x)/0x, the gradient of function ||f;||? at x is denoted as Fj(x) =

J;(x)7f;(x). Since the global objective function can be rewritten as

1
L . )12
X = argmin ;1 IIf; (x)]] (5.6)

where individual agent only gets access to the partial information of the global cost function, the

gradient of the global function can be computed as

F(x) = Z Fi(x) = Z Ji(x) T (x). (5.7)

In this chapter, we are interested in the BFGS (broyden-fletcher-goldfarb-shanno) quasi-Newton
algorithm [106] due to its wide applications and robust performance. According to BFGS
algorithm, with a properly chosen initial point x° as well as a positive-definite matrix HY, the
searching for the stationary point of problem (5.6) can be established by iteratively computing the
following terms,

xFH = xk — oHFF(x0), (5.8)
Hk‘ — (I _ pk‘zkykT)Hk—l(I _ pk’yk‘sz) + kakaT’ k > 0’ (59)

where y* = F(xF) — F(xF 1),z = x¥ — xF1 p¥ = 1/(y*T2*) and « is a fixed value that
controls the length of the searching step. The stopping criterion for convergence is typically set by
checking the difference between the objective function values in the present and the last iterations

or by simply assuming a maximum limit on the iteration number.

5.4 Distributed quasi-Newton Process

Motivated by the superior convergence behavior of the quasi-Newton method for large-scale
optimization, we propose a distributed quasi-Newton method that combines quasi-Newton

iterations with a network consensus process in this section.

Solving the minimization problem (5.6) in a distributed manner is challenging. The information on

the global objective function is required for the computation of the searching step, as discussed in
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the previous section. However, in our setting, each agent can only access a part of the global
information. To obviate this problem, we augment the quasi-Newton searching with gossip
process, which would disseminate local information across the network. We hope that by doing

so the distributed process would behave similarly as its centralized version.

5.4.1 Network Exchange Model

Gossip process is used to disseminate local information. Essentially, an agreement among
all agents is reached, to a certain degree of accuracy, via proper local information exchanges
prescribed in the gossip algorithm. In this section, we first brief the data exchange model before

introducing some assumptions that the gossip algorithm used in this chapter is built upon.

Since we assume that the data exchanges are synchronized among the agents, we can denote the
epoch for the data exchanges between the k' and the k -+ 1** local iteration as [, T 1). During
the epoch, each agent is allowed to only communicate with its neighboring nodes. The network
topology can be modeled as a time-varying graph Gy, ; = (Z, & +), where t is the counter for the
data exchanges of the gossip process. The network topology is therefore assumed to be stationary
only within a single exchange stage in the gossip process. The node set corresponds to the area
set and is denoted also as Z = {1,--- ,I}. The edges {i,j} € & correspond to the available
communication links used for data exchanges. The adjacency matrix related to the graph is denoted

as AF(t) = [A%D],,

Z?]

L {ijreet
A _ (5.10)
0, otherwise

A connected graph Gy, o, = {Z, U;),O: té’ Zi} for all t > 0 within the k" update is defined such that

there exists an integer L > 1 which, for each pair of {i, j}, satisfies
L—1
{i.iye | J &, (5.11)
t' =0

Define the weight matrix ®*(t) = [(IDf ;(O)]1xr for network, where [fbf ;(t)] is non-zero entry of

matrix ®%(t) if and only if {i, j} € EF. To ensure that the exchanges happen between adjacent
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agents, we require that ®”(¢) is symmetric and doubly stochastic for any k and ¢. Furthermore,

with the ¢, 7 € Z, we assume there exists a0 < n < 1 such that
1) @ﬁj(t) >nforallk > 0andt > 0

2) @) ;(t) > nforallk > 0and ¢ > 0if {i,j} € &

3) @) (t) = nforallk > 0and ¢ > 0if {i,j} € &F

Gather the local information in one single vector W¥(t) & DWE(#),--- [ WE(t)], so that we can

write the network exchange explicitly as
WFE(t) = [®%(t) @ I, IWF(t —1),1 <t < ty, (5.12)

where Iy, is the identity matrix and )y equals to the length of the local information exchanged at
agent 7, )/VZ"C (t) (in our case, Iy = M for both the exchanges of state variables and local gradients)

and tj, is the number of exchanges during |7, Tk 1)

In general, the weight matrix ®”(¢) is time-varying. However, we only consider the special case
of the general model, i.e. Coordinated Static Exchange [107, 108] in which each agent collects
the messages from the neighbourhood, and updates parameters based on a static weight matrix ®.

This network can satisfy the fully connected condition with
A=1;-1,17 (5.13)

where 1 is an /-dimensional all-one vector. In most CSE protocol based gossip network, the

weight matrix is constructed by Laplacian matrix

L=D-A (5.14)
where D = diag(A1;) is the degree matrix and

e =1; - 5L (5.15)

where 8 = 1/max(Aly).
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Lemma 1 [Proposition 1, [109]] Let connectivity and stochastic weights assumptions hold. The
entries of the matrix product Hi/:o ®F (1) converge to 1/1 with a geometric rate uniformly with

respecttoi,j € L, and k

[ITse], - H=eE e oo

where Ly = (1 — I)L and L bound the intercommunication interval ensuring graph connectivity.

The limit of the weight matrix product exists

t

Jlim = [[2" ) =15175/1 (5.17)
t'=0
and thus
I
1
. k _ k _

Jlim W, (t)—IZlWZ- 0),k=1,2,---. (5.18)

5.4.2 Local Update Process

To start with, an initial state variable x? and an initial approximation for the inverse of Hessian
matrix HY, need to be set at each agent. For reasons that will be clear later, before any local

iteration k, a gossip process is implemented to compute the average state, denoted as

1
% (k) ~ =Y xF, (5.19)

where [, is the number of gossip exchange. We assume that all the agents are synchronized so that
the data exchange happens in an synchronous way. The deviation of x;¥(l},) from the real average
is related to both the states Xf and [;, and will be discussed with more details in the next section.

Now F;(%X;*(I})) can be computed at each agent and the average of the gradients,

~

I

. , 1

F(x, 1) ~ § Fi(x%) (5.20)
=1

can be similarly obtained by another gossip process, where l;€ is the gossip exchange number. As

we later show, the values of [;, and l;g have varied degrees of influence on the distributed algorithm’s
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convergence property.

After updating (except for the first iteration, i.e. k& = 0) the approximation for the inverse of

Hessian matrix according to
HY = (I pizlyyH; (I = plyi2l") + oz (5.21)

where y¥ = F(5,%) - F(5*1), 28 = 5% — x5, pf = 1/(y¥T'2"), the following local iteration

is then implemented at each agent,
XM =gk — o HY P (x7),i € T, (5.22)

where «; is used to control the size of the searching step. To simplify the analysis, we fix «; to be

1 at all agents.

From the above description, it can be seen that only state variables and first-order information
are required to be exchanged between the nodes, while the second-order information is locally
estimated. More importantly, no matrix inverse is required, which reduce the computational

burden significantly compared with the Gossip-based Gauss Newton method in [12].

The whole procedure of DQN method is summarized in the Algorithm 1. In the next section, we

will provide its convergence analysis.

Algorithm 1 Distributed BFGS Algorithms

1: given initial variables xY, H? at all agents ¢ € Z, as well as proper weight matrix ® that
satisfies Assumption 1 and 2.

2: set k= 0.

3: repeat

4:  network exchanges: Agents exchange their local state variables according to (5.12) with
ty = l. After F;(X;*(l})) is computed at each agent, these local graients are exchanged
according to (5.12) with t;, = Z;C and the estimate of the global gradient 2 (x;") is obtained at
each node.

5:  local update: If k£ > 1, update the approximated inverse Hessian matrix as (5.21). For each
1 € Z. agent ¢ updates its local variables as (5.22).

: osetk=k+1
7: until | x"! — x| <ecork = K.
8: set the local estimate as x; = Xf.
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5.5 Convergence Analysis

In this section, we analyze the convergence of the DQN algorithm (summarized in Algorithm
1). Local convergence instead of global convergence property is studied here since the objective
function in our problem formulation is not guaranteed to be convex and for non-convex functions, a
global convergence proof is not found even for the centralized version of quasi-Newton algorithm
in existing literature. We mainly develop the local convergence analysis first used in [106] and

study the impact of the distributed implementations on the DQN’s convergence property.

5.5.1 Gossip Errors Analysis

One of the noticeable differences of DQN from its centralized version is that the values of state
variables and gradients utilized at the iteration equations (5.21),(5.22) are deviated from the real
values since the gossip exchange number is finite. We denote such deviations as gossip errors. To
facilitate our later analysis of the local convergence, we bound the gossip errors by making some

reasonable assumptions on the objective functions.

Lemma?2 [106] Assume the gradient of the global objective function, F : RM — RM jg

differentiable in the open set D C X, and for some minima x* in D, p > 0 and K > (),

HF/(:E) ~F(a")

‘ < K|z — z*|P. (5.23)
The following inequality is satisfied for every u,v in D,

HF(U) — F(u) — F (z%)(v — u)H (5.24)

< Kmax{||v — z*||P, ||u — 2™ ||P}|u — v]|. (5.25)

If F'(z*) is further invertible, there exist € > 0 and p > 0 such that max{||u — z*||, |[v — z*||} < €

leads to u,v € D and

(1/p)llv = ull < |F(v) = Fu)]| < pllv—ull. (5.26)
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Denote the gossip errors for the local state and the gradient exchanges respectively as p; (Ix), qi(l;g)
at agent 4 and the k*" iteration. To ease the expression, we use FF(t) in place of FI(X;*,t)
hereafter. Define WE (t) = [Ff(t), . ,F’f(t)} JWE®) = [k (), = b @] WE = 11T
I, JWE(0)/I and WF = [1,17 ® I;,,)WE(0)/1. Note that WE(0) = [xF, - ,x5] , WE(0) =

[Fi(x1"), -+, F1(x/")]. By the above definitions, we would have
q1(t) p1(t)
Wi =We=1| + | Wi -Wi=| : |. (5.27)
qr(t) pr(t)

Lemma 3 Let the assumptions made in Lemma 2 hold and the gradients of the local functions are

upper bounded in D. The following inequalities are then satisfied for i € 1,

I
Ipi(t)]| = )= Y x| < Ci(tr),0 < t1 < Uy, (5.28)
J=1
F(t) - F(fi'“)H < 201 (I) + Ca(t2),0 < to < I, (5.29)

where C1 and Cy are both positive reals that decrease exponentially with the number of the gossip

exchanges.

Proof: See Appendix C

5.5.2 Local convergence analysis

One prominent feature of quasi-Newton algorithm that differentiate it from other unconstrained
optimization algorithms is that its second-order information is updated recursively. To analyze
the local convergence property, we first characterize this recursive process by establishing the

following lemma.

Lemma 4 Let the gradient of the global function, F, satisfy the assumptions made in lemma 3 and

83



Distributed quasi-Newton Method for Power System State Estimation

further let the hessian matrix at the minima, F’ (x*), be symmetric and positive definite. Then there
exists an neighborhoold N' = Ny x Ny of (x*, F' (x*)~1) such that for each (X~ H*"1) e N,

the updated Hessian inverse HF, as defined in (5.21), satisfies

HHk —F )| < [1 Y max{”ik — x|, %R — x*||PH
HH’H _F(x ‘M + max{”:)_(k — x|, (IR - x*||p} : (5.30)
where A1, A2 are non-negative constants, and || - ||pr is certain Matrix norm. Note that we omit i

in X;* and Hf for ease of expression.
Proof: See Appendix D

Now that the inverse of the hessian matrix is bounded through inequality (5.30), the local

convergence result can be well established. We conclude the main result in the following theorem.

Theorem 2 Let the assumptions made in Lemma 4 be satisfied by the gradient function, F. Then
there exists a neighborhood N' = N x Na of (x*, F' (x*)™1), such that for each r € (0,1), if the

initial states satisfy the following condition
e[| < e(r) /2, [|FEY — F'(x")l|ar < 6(r), (5.31)

where €(r), §(r) are positive constants, then the sequences of X;*, HF | k > 0 are well defined in

N and X;* converges to the local minimum x* in the following manner
= k+1 "<k
I = x| <t - X7 (5.32)

where v’ € (0,1).

Proof: See Appendix E
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5.6 Simulation Results

In this section, we conduct experiments to compare the existing distributed quasi-Newton
algorithm performance to those of the GGN algorithm [12] and ADMM algorithm [49]. The
distributed estimate in each are {an N {éfn N_ at each local update, the Mean Squared Error

n=1

(MSE) with respect to the voltage magnitude and the phase at the ¢-th site are

N
MSEf; = > (V) = Vo)? (5.33)
n=1
N ~ —_
MSEj; = > ((6},) — 0n)° (5.34)
n=1

In addition, the metric used in our comparisons are the cost function in (7),
I
k2
Val, =) |z; — Hx}|| (5.35)

=1

which is evaluated using the decentralized estimates at each updates, and the global MSE is given

by
1 I
k __ k
MSE}, = - z_; MSEY, (5.36)
1 I
MSE} = 7 > MSEj, (5.37)
i=1

In the simulations we used the MATPOWER 5.1 [110] test case IEEE-14 (IN=14) system, and took
the load form from Power Systems Test Case Archive, University of Washington [111], and scale
the base load from MATPOWER upon load buses, and selected the work program as Optimal
Power Flow to give the generation dispatch for that instant. The initialization for the voltage

magnitudes and phases are 1 and 0, respectively.

Sensor observations are generated by introducing independent Gaussian errors {e} ~ A(0,02)
where 02 = 107°. The IEEE 14-bus grid is partitioned into 4 areas as depicted in Figure 5.1. The

control areas contain Iy = 3, I = 4, I3 = 4 and I, = 4 buses, respectively.
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Table 5.1: Execution Time and Iterations in Case A

IEEE 14-bus GGN DQN Centralized Estimation

Computation times (s) | 0.0287 | 0.0236 | 0.0228

Iterations 48 122 Undefined

5.6.1 Case A: Comparison with GGN without Bad Data

Here we present how the distributed quasi-Newton scheme performs against the Gossip based
Gauss Newton algorithm for PSSE in [12]. These distributed network algorithms proceed at
each fth gossip exchange, and run the with ¢ = 10 gossip exchanges for each update. The
comparison is made on the same time scale based on the number of exchanges. By using the
t = 10 gossip exchanges between every two descent updates k = 1,--- , 50, thus we have the
total number of 500 exchanges per snapshot. We assume that all sensors are connected, which
leads to the adjacency matrix A = Iy — 1 [1IT, and the weight matrix is constructed with the
Laplacian L = diag(Al;) — A and ® = I; — wL with w = §/ max (A1) where 5 = 0.5.
We choose the step-size for Gossip based Gauss Newton algorithm as aggy = 0.5. It can be
seen from Figure 5.2(a)to(c), GGN algorithms converge faster than the proposed DQN method,
because that GGN algorithm can achieve the convergence rate of centralized Gauss-Newton
Algorithm, which converge quadratically when the system error or residual is very small. On
the other hand, distributed quasi-Newton is a Newton-like algorithm that converges superlinearly.
However, based on the comparison in Table 5.1, GGN method require to compute the inversion of
Hessian matrix with complexity order of O(N?3), where N is the matrix size. This results in high
computation complexity and requirements of the local processor to have capability to maintain
such computations on time for exchange. In contrast, the proposed method requires an O(N?)
computation cost. It uses an iterative solution of approximation for the Hessian matrix and avoids

calculating matrix inverse , which makes it more effective and realistic in a power system.

5.6.2 Case B: Comparison with GGN in presence of Bad Data

We compare our proposed method with the GGN algorithm when bad data is present. We add

T

T) = 10002%. We examine the MSE performance of

random Gaussian system errors e; with E(ese
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Figure 5.2: Comparison with GGN and distributed quasi-Newton using ¢ = 10 exchange for each
update
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Figure 5.3: Comparison distributed quasi-Newton against GGN with bad data

the distributed quasi-Newton method where, in each snapshot ¢, each agent exchange to neighbour
agents 10 times on average during the interval[ry, 744+1) forall k = 1,--- ,50. Clearly, as shown
in Figure 5.3(a) and (b), when large residual is present, caused by bad data, estimation with the
GGN method fail to improve the cost function after iteration £ = 11 in each snapshot. On the
other hand this distributed quasi-Newton method degrades more gracefully. The GGN method
only considers the first order term of Hessian matrix, however, for the large residual problem,
second order terms cannot be neglected. By contrast, the distributed quasi-Newton method can
build up the second-order derivative term for approximated Hessian with iterative process. That is

the reason our method outperforms the GGN algorithm in the presence of bad data.
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5.6.3 Case C: Comparison with ADMM Method in a Large-scale Power Network

We finally compare our method to ADMM [49] using a larger power network: a 4200-bus power
grid constructed using the IEEE 14- and 300-bus power grid. By assuming that 300 buses are
different regions, a copy of the IEEE 14-bus grid can be used as the substitute for each of them.
Moreover, we randomly choose the the terminal buses among the incident to the line areas for
the IEEE 300-bus grid. Measurements and bad data are selected as the tests for IEEE 14-bus
grid. The step-size for ADMM is aapyrar = 0.5. Figure 5.3(a) and (b) demonstrate the MSE
plot which are averaged upon 300 areas. Observing that the distributed quasi-Newton method
converges substantially faster than ADMM methods, achieving a Mean-square error of 107 less
than 25 iteration, while ADMM just reaches MSE of 1073 by iteration 40. Note that the IEEE
300-bus is used as the substitute of the agents in the IEEE 14-bus grid. This reserved topology of
the 14 agents is also tested. It can be seen from the Figure 5.4(c) that the algorithm converged a

slightly faster (around 5%) due to the looser areas coupling.

5.7 Conclusion

In this chapter, we proposed a distributed quasi-Newton method for hybrid power system state
estimation integrating the seamlessly WAMS and SCADA measurement system, which adaptively
estimated the global state vector along with a large residual. The proposed algorithm reduced the
complexity of computation and maintained the property of fast convergence. In particular, only
gradient information is required to disseminated over the network, which significantly lowers the
communication overhead compared with other gossip-based algorithms. The numerical results
proved that the proposed approach was capable of delivering accurate estimates of the entire state
vector at each distributed area, even in the presence of bad data. Meanwhile, its effectiveness was

demonstrated by applying this method to a large-scale power system network.
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Chapter 6

Conclusions and Future Work

6.1 Summary of the Work

In this thesis, a number of innovative distributed cooperative strategies for dealing with exchange
of information, asynchronous network settings and state estimation have been considered for
wireless sensor and power system networks. The efficiency and convergence rate of the proposed
algorithms are often the main specifications in these types of applications. The presented
distributed approaches had been proven to be efficient when dealing with the statistical inference
problems for multiple applications. It was also shown that the proposed algorithm can outperform

existing algorithms in a variety of circumstances.

In Chapter 3, a distributed adaptive algorithm based on the component-wise EM method for
Gaussian mixture model in wireless sensor networks has been presented. The distributed
component-wise EM algorithm has been designed and applied into a Gaussian density estimation.
In particular, the proposed algorithm operates component-wise EM procedure for local parameter
estimation and exploits the incremental strategy in network updating, which can provide an
improved performance in terms of convergence rate. Numerical simulation results have proved
the advantages of the proposed DCEM algorithms in both well-separated and overlapped Gaussian
mixture densities. The distributed DCEM algorithm is able to outperform the existing DEM and
DEMM algorithms in the presence of overlap Gaussian mixtures. Note that due to the limitation
of the incremental strategy, the proposed algorithm only can be implemented on a small size (less

than 100 nodes) wireless sensor network.

In Chapter 4, a diffusion based EM gradient algorithm for density estimation in asynchronous

wireless sensor networks has been investigated. Specifically, based on the asynchronous adapt-
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then-combine diffusion strategy, a distributed EM gradient algorithm that can be applied to
asynchronous wireless sensor networks has been considered. We have derived the procedure
of diffusion optimization and exploited the Bernoulli model to approximate the asynchronous
behaviour of the network. In comparison with existing distributed EM based estimation
methods, more accurate estimates can be obtained for the proposed algorithm in the presence
of asynchronous uncertainties, such as random link failures, random data arrival times and turning
on or off sensor nodes for energy conservation. Simulation experiments have been conducted to
illustrate that the proposed algorithms significantly outperform the consensus based strategies in

terms of MSD performance under network uncertainties and imperfections.

In Chapter 5, the challenge of distributed state estimation in power system that requires low
complexity and high stability in the presence of bad data and in a large scale network is addressed.
A gossip based distributed quasi-Newton algorithm has been proposed for power system state
estimation. In particular, we have applied the quasi-Newton method in distributed state estimation
under the gossip protocol. The proposed algorithm exploits the BEGS formula to approximate the
Hessian matrix to avoid calculating the inverse Hessian matrix in each control area. A distributed
back track line search method has also been presented to coordinate the whole network with a
suitable step-size. The simulation results for the IEEE 14 bus system and a large scale 4200 bus
system have shown that the distributed quasi-Newton scheme outperforms existing algorithms
in terms of MSE performance with bad data. Researchers could also implement the distributed

quasi-Newton method efficiently in hardware design for a large scale power system.

6.2 Future Work

The proposed schemes in this thesis provide further potential to be implemented outside of our
considered scope. Further work and in-depth analysis can be done to extend our contribution to

other fields in the future.

The proposed distributed component-wise EM algorithm can be extended to a consensus based
strategy. More specifically, the component-wise EM algorithm can be carried out at local sensor

nodes to update estimates, and the local statistical summary can be exchanged based on a
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consensus protocol among the neighbour nodes in a wireless sensor network. In addition, the

important issue on stability of the DCEM method under quantization should be addressed in future.

The diffusion based EM algorithm proposed in Chapter 4 does not have analytical results in terms
of steady state performance and mean square convergence. In order to demonstrate the excellent
performance of the proposed algorithm, related mathematical performance analysis should be

performed in the future work.

The distributed quasi-Newton method in power system state estimation only employs the
consensus protocol for information exchange. However, diffusion strategies are more effective
than the consensus scheme. Further research on state estimation under diffusion protocols can be

carried out in the future work.
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Appendix A

Proof of Theorem 1

1. Consider the EM update for the mixing proportions «, ;, from Equations (3.1), (3.3) and

(3.53), it can be obtained
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aCthA |fbn:fdn i1
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The M-step formula for A in equation (3.31) can be rewritten as
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2. Consider update formula for the mean p; which follows from (3.1) and (3.3) that
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Proof of Theorem 1

Premultiplying by P,,: , yields
m,J

0L (0,) . t
Pl‘l’ﬁn N T |/J'7n N l"'m J Nm t+1 Z ’L m,j ym 7 I’l’m,j (A6)
Z zm,] =1
= Hin — Ponj

Based on equation (3.31), it can be derived that ZZ 1 wffnl ; >0, and Et ; 18 positive definite

with 1-probability under the assumption of a large enough NV,,, (the matrix has full rank). Similarly,

based on (3.32), P,,: is positive definite with 1-probability. 3. The third piece of the theorem is
J

based on the equation (3.1) and (3.3) that

acm(em)| Z b, P(Ymilpd, 5 20, 5)
oy IZy =St T T,
azm,j »J m,j k lat+lp(ym l|“t+1 EH_I) +Zi:j a%,klp(ym,ﬂu’};a 21];)
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= =5 D Wi i (Sng) T B — Wi — i )i — #5110 5) 7
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Based on the discussion above, the EM update formula for E ; can be restructured as
1 I
DIARED VMRS W > wih (ymi — pthy ) Ymi — ph ;)T — S (A.8)
i=1 Wim,j i=1
t 22t t
= Em,j + Non t+1 VEt Em,j’
Zi:l %,M,J
where
szmj =5 Z f;}g t 1{2 [ym,i - an,j][ym,i - an,j]T}(zfn,j)_l (A9)
82 =%
which yields
230 o 0L (0,)
t+1 t m,) m\YUm
2m,j - Em,j + ZNm wit! agj |2j:23n,j (A.10)

i=1 Wim,j

95



Proof of Theorem 1

Facilitating the definition of vec operator, vec| ABC] = (CT @ A)vec|B], it can be derived

2 0L (0m)
vec[3; 1] = vee[X, 5] + W(Em @) e e, (A.11)
i=1 Yim,j J
Thus, Psy _ equal to mﬁlfn ; © X, . Furthermore, with an arbitrary matrix U, it can be
derived that
vec[U]" (2, ; @ Xt j)vec[U] = (L, ;USL, ;UT) (A.12)
= (%, ;US!, UT)

= vec[X}, ; U]Tvec[ZﬁwU}

which is valid only when EZWU = 0 for all U satisfies. Given that Efw- is positive definite
with 1-probability and a large IV, this condition can not be achieved. Therefore it follows from

equation 3.33) and vaz"ll witl > 0.

l7m7j
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Proof of Theorem 2

With (3.66), it can be obtained:

T DCEM 1—Py; Ho: , —Pg; Ho:
Rem,ijvj R m,j = (Bl)
0 I
I
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T \[PCEM I-Py, He; .  —Po; He;
Hon, Mg o = (B.2)
0 I
I
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0
I
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0
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Therefore,

MECEM —1 Ry, . Po: [ OJRj Ho; (B.3)

¥

0

1 _1
Multiplying both sides with Hy. and H,.?, (B.3) becomes

I
1 1 1 1
1 o _1 1 1
Hj, M)GPMH,2 =T—HZ. Ry, | Py I O]Rg; Hj. (B.4)
0
1 Po:, j 0 T 1
7T _ 2 . ’ 2
=1-Hg. Re; | Ry, ,He:,
0 0O
3 ngDCEMyy~3 3 P, O T 13
Hg. M, 77" H,.? =1 —-Hg. Ro: Ry, Hg. (B.5)
0o 0
If parameter sets are chosen cyclically in a natural order, i.e., {1,---,J}, it follows from (B.5)
that
MPGEM x . MDGEM =1 — Pg. He, (B.6)
where
Pg. = Dp + Lp (B.7)
where -~ ~
Po: | 0
Dp = (B.8)
0 Po: |

is the block diagonal of Pg: , and Lp is the corresponding strictly lower block triangular matrix

of Pg: . Then, we decompose the local Hessian matrix Hgx by

Hy: = Dg +Lg + Lh (B.9)
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where Dy, Ly represent the block diagonal, strictly lower triangular block parts of Hg: . From

[68, Theorem 2 ], it can be verified that Dp = DI_{I, we rewrite the (B.7) as follow:

Pp: = (Du +Lu)~! (B.10)
Thus, by letting
J
MPCEM = TTMPGFM (B.11)
j=1

the local rate matrix of DCEM at node m is given by
MBCEM =1 — (Dyg + Ly) 'He;, (B.12)

Let |[M|s = +/p(MHM) denotes the matrix spectral norm of M and define M =

1 _1
HZ MDCEME 2 according to (B.12),
MM = MTM (B.13)
1 lesd \T 1 _—
= (I-Hj. (Dg+Lu) 'Hy. )" (I-Hy, (Dg+Lu) 'Hy. )

1 1
=1-Hj. (Du+Lu) " (Du + Lu + D + Li; — Hey, )(Du + Lu) 'Hy.

<I

By defining
IMRCEM |, = p(MTM) (B.14)

The inequality p(M) < || M]||n leads to

DCEM DCEM
p(MG= ) < [IMG ™ ([ 1 (B.15)
=/ p(MH)
<+vpd)=1
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Appendix C

Proof of Lemma 3

According to Lemma 1, we can obtain

WE(t) — Wy (C.1)
! 1,1
1y
= || [T ®:t) - =7 | @1, | W (0), (C2)
t,
the norm of which is bounded as
‘ 1,1
[wie - < |[TT @) =) koo €3)
t'=0
d 1,1
< | TTett) =] i) (€4
t'=0 F
14y to ]
< [21 (1_71%) AL HWf(O) , (C.5)
where )\, = (1—n%0)Y/Eo and (C.4)isdueto||-|| < ||- || . Since z; lies in D, there exists positive
real Cp > 0 such that HWQ’?(O)H2 = S°F | |l2%¥|> < C? and we can further obtain that
Il < ||weew - W < i), (6)

where C(t) =

l—n_LO

[2—7 (HniLO) )\%} Cp. It can be seen that the norm of p;(t) decreases

exponentially with ¢. Since the gradients of F; are upper bounded in D, there exists positive

real C > 0 such that
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Proof of Lemma 3

Therefore, similarly to the derivation of (C.6), we can obtain

las)ll < [ W@ - Wh| < e, (C3)

where Cs(t) = {2[ (11”’,23 ) X,;] Cg. Tt can be then obtained that

~

FE) - P =

7

I
> Fi5h) = Fih)] + ) 9
j_

Z % — %i* | + [l (1), (C.10)

where (C.10) is from Lemma 2. From (C.6), it can be derived that

%% — %" < |1ps (L) || + llps (L) || < 2C4 (k). (C.11)

Finally, from (C.8),(C.10) and(C.11), we have (5.29).
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Proof of Lemma 4

In the following analysis, we let €, p be the corresponding parameters in Lemma 2, i.e. max{|ju —

z*||, |lv — 2*||} < e would lead to u,v € D and inequality (5.26). Define N> as

Ny = {H e LERM||F (IH - F ()Y < 1/2} ®.1)

To start with, we prove that the norm of yf is upper bounded by a constant. For any H € N,

we have that H is non-singular and there exists a positive real ¢, s.t. |H| < c. If X*~! € D is

satisfied and further define ||s¥|| = ||x¥ — x;*7!||, then
Isfl < IR A (D.2)
= E [ Feet ) - P+ B PR (D3)
<c[plt ! = x| + | A - P (D4)

where (D.4) is due to Lemma 2. Then we can bound the state (after state averaging) of the k"

iteration by

I%F — x| = ‘ pilly) +xF — Pyl —x* (D.5)
< lpa(b) I+ [l + 1" — x| (D.6)
< (ep+ DIRE = x|+ Ipalte) | + ¢ | B = P (D.7)
Now we define N as
k-1 ~ k—1 * . € €
VXZ- GNl,HXi —X || Smln{w72}, (D.8)
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where p2(2pe)P < 1/3. According to Lemma 3, by choosing [;,_1, l;g,l such that
¢ (201(lk_1) + 02(1;,1)) O (leer) < €/2, (D.9)

it can derived that ||x;* — x*|| < € or X;¥ € D. Now that both x;*, x;*~1 € D, by Lemma 2, we
can derive that

1/pllzf|| < IF(x*) — F(* 1) < pllzf], (D.10)

)

which is related to the term that we are trying to bound as

yE = ||F(&F) - F(gF1) + (D.11)

(Ff — F(x") — (FF " = Fx)). (D.12)

Again, using Lemma 3, we can bound the last two terms in (D.11) by choosing appropriate

U, li—q, l;~C and l;g_l such that

1/@2p)lzi |l < [lyF] < 20|z (D.13)

Next, we prove that ||y¥|| is also lower bounded as

Mz} — M~y

k
)

for some constants p > 0, s > 0 and symmetric, non-singular M. To see this, first since F (x*)
is symmetric and positive definite, there exists a positive symmetric M s.t. F/(x*) = M?. We
could then write

M~ lyF — MzF = M~y — F' (x*)z}], (D.15)

i
which by Lemma 2, is equivalent to

Mz — My}
Mty ?]

< o max{”iik —x*||P, ||>Eik*1 —x"[|P}. (D.16)

Since H*~! is in a neighborhood of F (x)~1, i.e. Na, by the Banach Perturbation Lemma we can
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bound the operator norm of H*~1 as
S| < 20| F () -
By Lemma 2, it can then be derived that
L/plx® —x*|| < [BM 2],
which combined with (D.17) indicates that there exists A > 0 s.t.

max{[Jx;" —x*|7, |51 — x*|P} < Az P

D.17)

(D.18)

(D.19)

It is easy to see that due to Lemma 2, (D.16) combined with (D.19) is equivalent to (D.14). From

(D.14) and (D.13), we can finally derive that

Mz} — M~ !yF|

k
HM_lyk” < N2||yi Hp < ,u2(,0€)p < 1/3,
i

which enables us to use Lemma 5.2 in [106] to derive the following inequality

/

B )Y < LAy )] [t )
M M

oyl = F )
S

where A1, Ay are positive constants. Rewrite that

!

l2f — F(x*) "'yl = 1F () HIE (x)z — vyl

Since x;*, %;* € D and according to Lemma 2, it can be derived that

I ()ak — v = 1 () — (Pt — Pt
(B - )+ (B Pt D) |
< Kmax{”iik —x*||, ||%F T - X*H} [l

)

a

FF = P(xi")|

|

Fik—l _ F(}Eikfl) H

< (K + Kq)max {55 = x|, 115" = x| } |12
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where (D.25) is derived by choosing sufficiently large iteration number so that the last two terms
on the right hand side of (D.24) are bounded according to Lemma 3. Moreover, by using (D.13),

it can be obtained that
£l < 20 < 2pmax {5+ — x|, %5 = %71} I (D.26)

Finally, by combining (D.13), (D.21), (D.25) and (D.26), we can finally prove that inequality

(5.30) is satisfied under the aforementioned assumptions.
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Proof of Theorem 2

We set the neighborhood A as the one that satisfies the requirements in Lemma 4, i.e. for each
(xF1, HF1) € NV, inequality (5.30) is satisfied. Then we choose ¢(r), §(r) such that ||x — x*||

and |[H — F'(x*)~"||as < 8 would imply that (x, H) € N.

First, according to Lemma 3, by choosing sufficiently large [y such that ||p;(lp)|| < e, it can be

derived that

15:” — x*[| = |1 + pi(lo) — x"[| < /2 + [Ipi(lo)|| < e, (E.D

which leads to that (x;°, H?) € \V. Since
=x,0 - HYE? (E.2)

7

we can write that

1 (2

x; —x* = -H? |F(x%) — F(x*) — F' (x*)(%,° — x*)
0

+EO — F(x; )} T - H?F/(x*)} . (E3)
Since N7 C D (as shown in the proof of Lemma 4), according to Lemma 3, it can be derived that

HF@.U) _F(x*) — F (x*)(%° — x*)

< K% = x"|P%° - x| < K[| %;° —x"]|. (E4)

By the equivalence of all norms that deal with a finite-dimensional space, there exists a constant

a, s.t. ||A|| < al|A|| . Therefore, from |[HY — F'(x*)||as < 6, we derive that

HH? . F’(x*)—1H < ad. (E.5)
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Further we assume o > ||F' (x*)||,y > F'(x*)~'. Then we can write

HI CHOF (x| = HF’(X*)—l ~HO HF'(X*) < 2ad0. (E.6)
Combining (E.3), (E.4) and (E.6), it can be derived that
i —x*|| < [|HY|| K€ + 2ad0] |%;° — x"||
H0) || £ - PO E7)
Further we bound the vector norm of H? by
IHD)| < |HD — F' ()71 < 200 + . (E.8)
Let €, 0 be sufficiently small, such that
(200 + 7)KeP + 2000 < 7. (E.9)
Then we can have
It = °I| < Pl =" + (208 + ) | 2 - P& (E.10)
Choose lg, I, such that
|70~ Fed)|| < o =T~ x> 1. E11)
! ~ n(2a0 + )
We can derive that
i = x| < 5" — %7l (E.12)

where 7 = (r + (1 —r)/n) € (0,1). Using Lemma 3, with sufficiently large /;, we can further

have the following bound
|t — x| <7 ||x:° — x*||,r € (0,1), (E.13)

which indicates that X;! € V.
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Next, we start an induction argument. First, for k = 0,--- ,m — 1, we assume that
ot - <
I — x| <R — X

Since (x¥, HY) € NV, by (5.30), it can be derived that

N P
M M

! !
< 20l FP 4 \oePr PP,

By summing the two sides of inequality (E.16) for k = 0,--- ,m — 1, we obtain
m o (o*\—1 0 ' ro*y—1 e’
[rr = Py || < |mr - Fee) | e

By choosing sufficiently small €, we can have

eP
(2A16 + )\2)1_7, <9,

rbp

which further leads to

HH;“ - F/(x*)’lH < 20,

Similarly to the case when m = 1, with the help of Lemma 2, it can be derived that

[t — x| <

(1| K€ + 208a] + |[HP || — F(™)])-

Noticing that

/

B < [[H = F (x*) 7 < 206 + 7,

we can rewrite (E.21) as

I = x| < ™ = X+ (200 + IET ~ F™)]l-

(E.14)

(E.15)

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

(E21)

(E.22)

(E.23)

Again, by Lemma 3, by choosing [, llm sufficiently large, we can conclude the induction argument
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Proof of Theorem 2

by showing that

5™ — x| < ™ — x| (E.24)
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Appendix F

List of Publications

This Appendix contains a list of published and submitted papers.

F1

Conference Papers

e Jia Yu and Pei-Jung Chung. *’Distributed componentwise EM algorithm for mixture models

F.2

in sensor networks.” 2013 IEEE Global Communications Conference (GLOBECOM).

IEEE, 2013.

Jia Yu and John Thompson. "Diffusion-based EM gradient algorithm for density estimation
in sensor networks.” Signal Processing Advances in Wireless Communications (SPAWC),

2016 IEEE 17th International Workshop on. IEEE, 2016.

Journal Papers

Jia Yu and John Thompson, “Distributed componentwise EM algorithm for density
estimation in wireless sensor networks,”’, IET Signal Processing, submitted on November,

2016

Jia Yu and John Thompson, “Distributed qausi-Newton method for state estimation in

power systems,”, IEEE Trans. on Smart Grid, to be submitted.
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Abstract—This work considers mixture model estimation in
sensor networks in a distributed manner. In the statistical
literature, the maximum likelihood (ML) estimate of mixture
distributions can be computed via a straightforward application
of the expectation and maximization (EM) algorithm. In sensor
networks without centralized processing units, data are collected
and processed locally. Modifications of standard EM-type algo-
rithms are necessary to accommodate the characteristics of sensor
networks. Existing works on the distributed EM algorithm focus
mainly on estimation performance and implementation aspects.
Here, we address the convergence issue by proposing a distributed
EM-like algorithm that updates mixture parameters sequentially.
Simulation results show that the proposed approach leads to
significant gain in convergence speed and considerable saving in
computational time.

Index Terms—sensor networks, expectation and maximization
(EM) algorithm, componentwise EM algorithm, distributed pro-
cessing, mixture models

[. INTRODUCTION

Sensor networks consist of massively distributed, small
devices with limited sensing, processing, and communication
capabilities. They have a broad range of environmental
sensing applications, including temperature monitoring,
vehicle tracking, collaborative processing of information and
data collection from spatially distributed sources [1], [2], [3],

[6].

In this work, it is assumed that each node in the sensor
networks senses an environment that can be modeled as
a mixture of normal distributions. In [14], this model
was successfully applied to describe data measured by
sensor networks in an inhomogeneous environment. Therein,
a distributed expectation and maximization (EM)-type
algorithm was derived to identify Gaussian components
common to the whole network and mixing probabilities
associated with each node. Methods for improving the
performance of distributed EM algorithm were suggested in

[10], [8], [15].

The EM algorithm is a well known numerical method
for finding maximum likelihood (ML) estimates [5]. In the
context of mixture models, it provides closed form solutions
for estimating the means and covariance matrices of Gaussian
components [11]. However, the most documented problem
associated with EM is its possible slow convergence. To speed
up its convergence, various approaches have been proposed

978-1-4799-1353-4/13/$31.00 ©2013 Crown

in the statistical literature [7], [12]. In [4], a componentwise
EM algorithm was applied to mixture models. In stead of
computing all parameters simultaneously in the M-step,
the componentwise EM updates the component parameters
sequentially. As the numerical results shown in [4], a better
convergence rate can be achieved by this flexible approach.
Another advantage of the componentwise EM is that despite
relaxation of the constraint on mixing probabilities, it can be
shown that when the algorithm converges, the sum of mixing
probabilities equals one.

To facilitate the application of the componentwise EM to
sensor networks, we adopt the idea of incremental EM [11],
[13] to enable local processing at sensor nodes. As will be
illustrated in the following sections, given sufficient statistics
from the previous node, the E- and M-step at the current node
involve only local observations. Simulation results show that
the proposed algorithm achieves a higher convergence rate
than the distributed EM [14], leading to significant saving in
overall computational time.

This paper is organized as follows. The problem and data
models will be defined in Section II. Section III includes a
brief description of the standard EM and componentwise EM
algorithms. The distributed componentwise EM algorithm for
sensor networks is developed in Section I'V. Section V presents
and discusses simulation results. Concluding remarks are given
in Section VI.

II. PROBLEM FORMULATION

Consider a sensor network consisting of M sensor nodes. The
mth node records N, independent and identically distributed
data y,, = {Ym,1,""* sYm,n,, }- The measurements are as-
sumed to obey Gaussian mixture distributions

J
Ymi~ D 0mN (1, 25), i=1,-+- ,Npw (1)
j:l

where M (u,X) denotes the Gaussian density function with
mean g and covariance matrix 3. The mixing parameters
aj = {am;}M_, are potentially unique at each node, but
the J mixing components are common to all nodes. Define
6, = {aj,p,j,Ej}JJ:l. Then the unknown parameter set
is given by & = {6;};_,. Based on the measurements
y = {y., }M_,, the problem of central interest is to compute
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the maximum likelihood (ML) estimate for 0 in a distributed
manner.

Let NV (y|p, X) denote the evaluation of a Gaussian density
at the data sample y. It is well known that maximization of
the log-likelihood for the mixture model (1)

M Nm

I ) Y

m=1 i=1

ym,il”jazj)) (2)

is greatly simplified by the EM-type algorithms [11] which
will be described in the following section. This data model
is assumed to be statistically independent in each node, but if
the data are (spatially or temporally) correlated, this model can
still be employed by interpreting it as pseudolikelihood[16].

III. STANDARD EM AND COMPONENTWISE EM
ALGORITHMS

The formulation of the mixture problem in the EM frame-

work is achieved by augmenting the observed data vector
= {y,, }M_, with the associated component-label vectors
_ M _ Nm

z = {Zm}m—1 Where zm, = {2m,i};="7. Each z,, ; takes on a

value from the set {1,...,J}, where z,,; = j indicates that

Ym,; Was generated by the jth mixture component

Ym,i NN(”’]"EJ')' (3)

The complete data log-likelihood L. (@) is then given by

M Npm J

)= zmi;(0gam; + 108N (WUl Z;))-

m=1 i=1 j=1
4

Starting from an initial estimate 6°, the standard EM
algorithm iterates between the E (expectation) and M (maxi-
mization) step. In the E-step, given the current estimate 6°, the
conditional expectation of the complete data log-likelihood is
computed as follows

6))

Q(6,6") = E[Lc(0)]y, 6']
M Np, J
_Zzzw;’_iy logamd +10gN(ym zll"’ga ))a
m=1i=1j5=1
where o ' <t
t+}'_ m]N(ym'Lly']’E ) (6)
I Zg 10! N(ymzlut Et)

is the posterior probability that the ith sample at node m
belongs to the jth component given the observed value y,,, ;.

In the M-step, the parameters are computed by maximizing
the complete data log-likelihood (5)

0! = argmax Q(0, 0), (7
6

leading to the following update formulae for j =1,---,J.
1 &
t+1 t+1
L = L m=1.---.M (8)
m,J m,:,5? ) )
Nem i=1 ’
t+1
“§+1 — :+17 ©)
J
bt+1
t+1 J t+1, t+1
o= e (10)
J

where the summary quantities are defined as follows

M Np,

witt = DY whil (1
m;lz:i

ait = DY wi Y (12)
m;lz:i

b = DO wlt Y Y (13)

m=1 i=1

The E- and M-steps are alternated repeatedly until the
difference between likelihoods of consecutive iterates
L(OF') — L(8") is less than a pre-specified small number e.

To improve the convergence rate of the standard EM al-
gorithm, a componentwise EM algorithm for mixture models
(CEMM) was proposed in [4]. Rather than computing all
parameters simultaneously, the CEMM algorithm considers
the decomposition of the parameter vector € into component
parameter vectors {a;,0;}, j = 1,---,J and updates only
one component at a time. More specifically, each iteration
consists of J cycles and the conditional expectation (5) is
computed each time the parameter vector associated with jth
component is updated. As pointed out in [4], the decoupling of
parameter updates implies the use of the smallest admissible
missing data space and leads to faster convergence than the
standard EM.

IV. DISTRIBUTED COMPONENTWISE EM ALGORITHM

Motivated by the superior convergence behavior of the
componentwise EM algorithm, we propose a distributed
componentwise EM algorithm for mixtures in sensor
networks. In some sensor network models, a high-performance
centralized unit is involved to solve the estimation problems.
But relying on the centralized unit is undesirable in scenarios
in which communications between sensor nodes are much
more costly than the computational cost at sensor nodes.
In the following, we consider the message passage model
for sensor networks proposed in [14] (see Fig.1). Similar
to the distributed EM, our algorithm also exploits the idea
of incremental EM [13] to facilitate local processing. The
idea behind incremental EM is to divide the observed data
into several blocks and implement the E-step for only one
block of observations at a time before performing a M-step
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S

Fig. 1. Communication/iteration cycle in a sensor network

[11]. Here, the observed data at each node is considered
as one data block. By applying the incremental EM, the
componentwise EM can be implemented so that at node m,
given the summary quantities (11), (12) and (13) from the
previous node (m — 1), only local data y,, is involved.

Assume that at time (¢ + 1), node m receives summary
statistics ag-, b;-, wg- from the previous node. Define the esti-
mate after the tth iteration as

o' ={6,---,0%}, (14)

where 0;- include the estimate for the jth component
{az.,/,'agi,E';}.. At the beginning of the (¢ + 1)th iter_ation,
the initial estimates for the mean and covariance matrix are
obtained from the summary statistics as follows:

¢ 9 Et_bz‘ tyt i1 J 15
W= 0 Zi=r Mk, =100 (15)
J J

Set Ol1+1.0] — @t The parameters associated with the jth
components 0; are updated sequentially in the proposed
algorithm as follows.

Forj=1,---,J

E-step

w,

m,i,J

by iN (Ym,ilut, 55)

= (16

M-step
1 &
1 1
Ui = N—wa:m ; a7
™ =1
i+1
a’
1 y
uitt = Oma (18)
Wi, j
t+1
t+1 m,j t+1, t+1
zm,j - wt+1 _I'l‘mﬂl'l‘m’] 9 (19)
m?]
where the local summary statistics Wm, j, @m,;, bm,; are
1 &
t+1 t+1
Wmj = N Zwm,z’,j ) (20)
=1
Nm
t+1 t+1
ani = DU Ym s @1
i=1
Nm
+1 i+1
b,; = Zwm,i,jym,iy;n,i . (22)
=1
The estimate at the jth cycle is given by
1, 1 1
olt+ ,J]:{gfr ’...,9§+ ,0§+1,--~,05}. (23)
End; %j

After J cycles, the output of the (¢+ 1)th iteration is given
by:
ot = git+hIl, (24)

Then the local summary statistics are computed with the new
estimate 0::1 as follows:

t+1 _ t t+1 t

w; = Wi+ Wy i~ W, (25)
t+1 . t t+1 t

a;" = 8+ A~ (26)
t+1 _ t t+1 t

bi™ = b b = b @7)

Note that the old values of summary statistics are replaced
by updated values at node m. In addition, the computations
of the posterior probabilities (16) and the estimates (17), (18)
and (19) involve only data at node m.

The major difference of the proposed componentwise
approach from the distributed EM algorithm is as follows.
In the distributed EM algorithm (DEM) [14], the parameters
associated with all components are updated simultaneously.
The E-step is evaluated only once at the beginning of
the iteration. In the proposed algorithm, each component
parameter set 8; is computed sequentially and the posterior
probability w,,;; (16) is evaluated at each cycle. The
)computational time is only slightly increased by the multiple
E-steps in comparison to the distributed EM algorithm.
Simulation results in the next section will show that our

Zi;llaf:’}c N (Ym,i|utt, LY +Zi=j aly N (Y, il “2722)'approach leads to a much faster convergence rate of log-

likelihood than the distributed EM algorithm.
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Fig. 2. Data distribution

V. SIMULATION RESULTS

In this section, we demonstrate the feasibility of the proposed
algorithm by simulated data. In the simulation, we consider
a sensor network with M = 100 nodes. This sensor network
fulfills the communication requirement specified in [9].
The number of data samples at each node is N,, = 100.
The observations are generated from J = 5 Gaussian
components distributed as in Fig. 2. Each component is a
2D Gaussian density, which can represent environment data
clusters. In the first 40 nodes, 60% observations come from
the first Gaussian component and other 40% observations
evenly from the other four Gaussian components, i.e.
Um,1 = 60%aam,2 = Qm,3 = Q4 = Qns = 10%
fo- m = 1,---,40. In the next 30 nodes, 70%
observations come from the second and third Gaussian
components and other 30% observations evenly from
the other three components, ie. for m = 41,-.-,70,
Om,1 = Qma = Ams = 10%, am2 = 40%, am3s = 30%.
For m = 71,---,100, 70% observations come from the last
two Gaussian component and other 30% observations
evenly from the other three Gaussian components
Om1 = Qm2 = 0m3 = 10%,ama = 40%, m 5 = 30%.

The component parameters are given by pu, = [0.2,0.7],
pe = [0.7,0.2), pg = [0.3,0.3], u, = [0.5,0.5],
ps =10.8,0.8].

For comparison, we apply both the proposed distributed
componentwise EM algorithm and the distributed EM algo-
rithm [14] to the same batch of data. As shown in Fig. 3,
the estimates for the z- and y-components of means are close
to the reference values. In Fig. 4, the log-likelihood values
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Fig. 3.
algorithm.

Estimates for mean values by the distributed componentwise EM
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Fig. 4. Comparison of log-likelihood versus iterations for the distributed
componentwise EM algorithm and the distributed EM algorithm.

are plotted versus iterations. The proposed algorithm requires
on average only 10 iterations to attain the maximal value of
log-likelihood, while the distributed EM algorithm requires
16 iterations to converge. As the complexity of each iteration
required by both algorithms is almost the same, this implies
37% saving in overall computational time by the proposed
algorithm.
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VI. CONCLUSION

In this work, we proposed a distributed componentwise EM al-
gorithm for mixture models in sensor networks. The proposed
algorithm is characterized by local processing capabilities
and sequential computations of component parameters. The
ability to process data locally is of particular interest to sensor
networks with computationally powerful nodes and require
costly node-to-node communications. More importantly, the
componentwise update of the mixture parameters leads to
significant improvement in convergence rate compared to the
distributed EM algorithm [14]. Simulation results show that
the number of iterations required by the proposed algorithm
is about 40% less than that required by the distributed EM
algorithm. Given the advantages of computational efficiency
and simple implementation, we believe that the proposed
distributed componentwise EM algorithm is a powerful tool for
estimating mixture models in sensor networks. The important
issue on convergence of the proposed algorithm and other
finite mixture model based on non-Gaussian distributions [11]
will be addressed in future publications.
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Abstract—This paper considers mixture density estima-
tion in an asynchronous sensor networks in a distributed
manner. In the statistical literature, the maximum likeli-
hood (ML) estimate of mixture distributions can be com-
puted via a straightforward application of the expectation
and maximization (EM) algorithm. In a random sensor
networks, data are required to collected and processed
at local decentralized processing units. Reformulations of
standard EM-type algorithms are necessary to accom-
modate the characteristics of sensor networks. Existing
works on the distributed EM implementation focus mainly
on synchronous network. Here, we address the issue of
asynchronous behaviors by proposing a diffusion-based
EM gradient algorithm that updates estimates under ATC
diffusion strategy. Simulation results show the robustness
and scalability of the proposed approach in the presence
of additional randomness of asynchronous events.

Index Terms—sensor networks, expectation and maxi-
mization (EM) algorithm, asynchronous network, distribut-
ed processing, Gaussian mixtures

I. INTRODUCTION

Mixture density estimation belongs to the general class
of unsupervised learning problems and has a broad range
of applications, including environmental monitoring,
pattern classification and recognition for image analysis,
and also for clustering. In presence of latent variable,
the EM algorithm is a well known numerical method
for finding maximum likelihood (ML) estimates [1].
It starts from an initial guess, the method alternates
between an expectation (E) step, where the expected
log-likelihood function of the observations is evaluated
based on the current estimates, and a maximization
(M) step, where the maximization is performed using
conditional log-likelihood function of the E-step to find
the new estimates. A distributed implementation of EM
algorithm in a wireless sensor network (WSN) entails
therefore a modification of the operations such that such
that they can be executed at each local node.

Related contributions in the literature propose
distributed EM implementations where the global
sufficient statistics are computed using for incremental
schemes [2], [3], a consensus-based scheme [4], and
diffusion strategies [5], [6], [7]. Among these schemes,

diffusion strategies are attractive because they do
not require different nodes to converge to the same
global statistics, and individual nodes are allowed
update parameters through their own local information.
Based on these merits, a diffusion-based distributed
EM is proposed in [5] where the authors use the
Robbins-Monro stochastic procedure to approximate
the centralized EM approach, and a ditfusion adaption
algorithm is proposed for general mixture models in
[6], where the adaptive diffusion process is executed in
M-step rather than solving a closed form optimization.
In [7], another diffusion-type estimator is developed,
where the propagation of information across the network
is embedded in the iterative updates of the parameters,
where a faster term for information is combined with a
slower term for information averaging.

The referred algorithms are limited to the synchronous
network model, where a coordinated behavior is required
throughout the network. In this paper we present a
diffusion-Based EM gradient algorithm for Gaussian
mixture models in WSNs. The method is based on a
EM gradient method [8] derived for Gaussian mixtures.
We develop this method with asynchronous adaptive
diffusion scheme, and address here the general case of
density estimation. The main idea behind the proposed
algorithm is that the diffusion of the information
across the network is embedded in the Expectation
step to update parameters. In the Maximization step,
gradient based optimization is utilized under the
asynchronous ATC (adapt-then-combine) diffusion rule
[9]. The advantage of the proposed with respect to
the synchronous diffusion algorithm is more flexible,
individual nodes in the network may stop updating their
solutions or may stop sending or receiving information
in a random manner and without coordination with
other nodes. This flexibility can be translated into
energy savings, a critical issue specially in large-scale
deployments. Although asynchrony events degrade
performance as expected, numerical examples provided
here still show that performance of the proposed
algorithm are robustness and outperforms diffusion-
based distributed EM scheme [5].

978-1-5090-1749-2/16/$31.00 ©2016 IEEE



The paper is organized as follows. In section II we
describe the observation model and Section III derive the
expressions for the centralized EM algorithm and EM
Gradient algorithm. Section IV presents the Diffusion-
based EM gradient method for density estimation in
asynchronous WSNs under the assumption of GMMs.
Simulations results and conclusions are presented in
sections V and VI respectively.

II. PROBLEM FORMULATION

Consider a sensor network consisting of M sensor nodes.
The mth node records N, independent and identically
distributed data sample Y = {Ym.1," "+, Ym,N,, }- The
measurements are assumed to obey a Gaussian mixture
distribution

J
Ym,i ™~ Z am,jp(“jv b))

j=1

i)y i=1,--,Np (1)
where P(p,3) denotes the Gaussian density function.
The mixing parameters o; = {au, ; }2_; are potentially
unique at each node, but the number of mixing
components .J are common to all nodes. Define
0, = {oj,p5,%; }J - Then the unknown parameter
setis given by 0 = {0}/ 5—1- Based on the measurements

= {ym}M_,, the problem of central interest is to
compute the maximum likelihood (ML) estimate for @
in a distributed manner.

Let P(y|p,X) denote the evaluation of a Gaussian
density with at the data sample y. It is well known that
maximization of the log-likelihood for the mixture model
in (1)

M N,

S log Zam?’(ymzmz) @

m=1i=1

L(9) =

is greatly simplified by the EM-type algorithms [11]
which will be described in the following section. The
data sample in this model are assumed to be statistically
independent in each node, but if the data are (spatially or
temporally) correlated, this model can still be employed
by interpreting it as a pseudolikelihood [11].

III. STANDARD EM AND EM GRADIENT
ALGORITHMS

The formulation of the mixture problem in the EM
framework is achieved by augmenting the observed data
vector y = {y, }M_, with the associated component-
label vectors z = {zm};‘,f:l where 2, = {zmi}.
Each z,,; takes on a value from the set {1,...,.J},
where z,,; = j indicates that y,,, was generated by

the jth mixture component

myi ™ P(MWEJ) (3)

The global complete data log-likelihood L(€) is then
given by

M J
Z szz] log a5 +lOgP(ymz‘N]7 ))

m=11i=1 j=1
4)

where L,,(0) is the local log-likelihood function at each
node m. Starting from an initial estimate 0°, the standard
EM algorithm iterates between the E (expectation) and
M (maximization) step. In the E-step, given the current
estimate 0, the conditional expectation of the complete
data log-likelihood is computed as follows

M
Q(avet) = Z Qm(evot)7

M N, J

ZZZ 1L (108 O 5 + 108 P (Ym il 117, 35)).
)
where

t+1 m] (ym,l|/~1’]72t)
Winij = =7 ¢y’ ©)
ijl O"m,] (ym,i“"ja 2]‘)
is the posterior probability that the ith sample at node
m belongs to the jth component given the observed
value Y, ;.

In the M-step, the parameters are computed by maxi-
mizing the complete data log-likelihood in equation (5)

0! = argmax Q(6, 6%). (7)
0

The E- and M-steps are alternated repeatedly until the
difference between likelihoods of consecutive iteration
L(0*+1) — L(0?) is less than a pre-defined small number
€.

Several methods can be used to improve the perfor-
mance of the EM algorithm in the M-step, if the M-step
cannot be computed in closed form. The most common
algorithm for iteratively solving the M-step would be
Newton-type method, which have quadratic convergence
compared with the linear convergence experienced by the
EM algorithm. Based on this knowledge, EM gradient
algorithm was proposed in [8], which updates the 6¢ by

M

Z VQOQm(Gt, et)}

m=1

M
x Y V10Q,(6',6"), (®)
m=1

0t+1 — ot _




where the operators V2°Q),,, (0", 6*) and V'°Q,, (¢, 6*)
are the Hessian matrix and gradient vector of the local
conditional log-likelihood function @, (6%, 6%). In
addition, the equality V'°Q,,(0%,0') = VL,,(0")
holds, when L,,(0") — Q,,,(0,0%) has its minimum
at @ = 6'. In [10], Xu and Jordan use the projection
matrix P(0%) to take place of the inverse of Hessian
matrix as follows

M M
OL,,(0)
At+1:At Pt el UA NP 9
M
My = [Z b Z D 10
m=1 m=1
Vec[2§+1] = vec[Zh] + ZPE]m
M oL,(0)
AT lm =3 (11
— Ovec[X;] i

where vec[C|] denotes the vector obtained by stacking
the column vectors of matrix C, A denotes the vector

of mixing proportions [a, - - ,Oz,J]T and
. _ {diaglat -0 ,] — An'(An)T}
‘P.A. = > - ) (12)
m No,
Et
pto— (13)
i, o 1 k)
! Zz 1 wnjz,]
2
¢ t t
=3 X (14)
Zj,m N J 70
' i3 Wi g

where ©@ denotes the Kronecker product. Using the
notation

0= [ATﬂlJ’,{a e 7N§7V6C[21]T7 e
P(e) :diag[PAv'Pﬂlt"'

we can obtain

,vec[Z,]T]7,(15)

HJ7P217-. :PE_,-L (]6)

0t =0" +

M M
> Pm(et)} > VLn(6") (17

Hence, iterative EM algorithm can be considered as a
variant of quasi-Newton Methods. In addition, although
the EM and EM gradient algorithm are guaranteed
to converge to a local maximum of the likelihood
function, the result is sensitive to the initialization of
the parameters. Therefore, in order to start, a suitable
initializer is needed. Notice that computation of the
posteriori probabilities at M-step require knowledge of
local information only, whereas the estimates in (6)
require knowledge of global information. Therefore, a
distributed implementation of the EM algorithm entails
local data processing and sharing of information.
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Fig. 1. A network of integrator nodes in which node m receives the
state @, of its neighbor, node n

IV. DIFFUSION EM GRADIENT ALGORITHM

Based on the gradient EM version algorithm, we propose
a distributed EM algorithm scheme where the summa-
tions among all observations in (6) are computed by
the asynchronous diffusion strategy [9]. In the follow-
ing , we consider an asynchronous Bernoulli model in
wireless sensor network, the WSN composed of node
N, where each node adopt a random “on-oft” policy
to reduce energy consumption. The communications for
each node are restricted to a closed neighborhood, and
the information flow among the nodes is described by
means of an undirected graph G ={N,E}, where N
is the sets of the nodes and &£ is the set of edges.
The unordered pair {m,n} € £ if there exists an edge
between node m and n. The neighborhood of node m
is defined as NV,, = {n | {m,n} € &} shown in
Fig 1. Further, we employ the EM gradient method at
each node, and assume observations of different nodes
are statistically independent. In the E-step, we use an
intermediate estimate 6, of the unknown € at node
m, and the local conditional log-likelihood function is
defined as

(9 Ot )
Zzwzjzlj IOg am] + logp(ym 7,|I-I'm]7 m,]))
i=1j=1
(18)
where
t+1 O‘%z,jN(ym,i\ﬂfn,j, Efn,j) (19)

m,i,j = J .
” Zj:l até‘n,j'/\/’(ym’i“Lf”’j7 Efn’j)
t+1

The main difference between Wy i in (6) and (19) is
that (6) is computed using the global estimates g1’ o 25,
whereas computing (19) only requires local estimates
ufnd, st ; at each node m. By means of local periodic
data exchanges, the local information in (19) is appropri-
ately diffused over the network. In the M-step, the ATC



diffusion-oriented optimization method is introduce to
find the estimates, whose updates are given by

Yt =6l +alt'd,, (20)
Ot = D bt @n
neN,,
where
d}, = Pn(6),)VLn(6},) (22)

is the local exact descent to the estimate using a Newton-
like method in WSN. There are two operations in this
scheme, the first step involves local adaption, where node
m update its local estimates from 6%, to an intermediate
value il The second step is a combination step,
where the combination of intermediate estimates {51}
from neighborhood of node m is used to calculate the
new estimates 6.1, In the adaption step, node m enters
an active mode with probability 0 < ¢, < 1 and
performs (20), and it enters a sleep mode with probability
1 — g, to save energy. The random step-sizes al! that
are used in (20) depend on the probability ¢,, and are
required to satisfy

with probability g,

with probability 1 — g, &

t+1 _ A,
ottt = { "

where a,, is a constant step-size. The underlying topolo-
gy of network is assumed to be fixed. In the combination
step, each node m is allowed to randomly select its
neighborhood 7 with probability 0 < p,, < 1 and
performs (21) for saving communication costs. The com-
bination coefficients {b%,f,}} are nonnegative parameters
and are required to satisfy the following constraints

24

pitl — b,,m >0, with probability p,
W 0, with probability 1 — p,,

for all n € Ny, \ {m}, and node m is required to adjust
its own weight b.F1 at each update via

m,m

nEN,n,\{m}

b =1- bl (25)

to guarantee ) o, bitl = 1. Let B denote the N x N
combination matrix whose {m,n} entry is b, ,,, and
B is left-stochastic matrix which satisfy BTly = 1p,
where 1 is the N x 1 all-one vector. Notice that
alt! and {b%}!} are mutually independent, and the use
of these distributed control parameters enable diffusion
strategies process various type of asynchronous network
events. In the following, numerical results will verify its

convergence and robustness.

V. SIMULATION RESULTS

In this section, we demonstrate the feasibility of the
proposed algorithm by simulated data. In the simulation,
we consider a sensor network with M = 100 nodes. This
sensor network fulfills the communication requirement
specified in [9] with connectivity radius 7 = 0.5. The
number of data samples at each node is N,,, = 100. The
observations are generated from J = 2 distributed Gaus-
sian components. Each component is a 1-dimensional
Gaussian mixtures density, which can represent environ-
ment data clusters. In the first 50 nodes, 60% of the
observations come from the first Gaussian component
and other 40% observations evenly from the second
Gaussian component, i.e. Q1 = 0.6, 2 = 0.4 for
m = 1,---,50. In the last 50 nodes, 30% observations
come from the first Gaussian component and other 70%
observations evenly from the second component, i.e. for
m = 51,---,100, a1 = 0.3, a2 = 0.7. The compo-
nent means and variances are given by g1 = 5, po = 10,
o0? =1, 02 = 4. The step-size a,, = 0.05 are uniform
across the network, and the proposed algorithm is run
a diffusion combination matrix B under Metropolis rule
[9] with entries defined as

1/ (max{|Nn |, [Na[}), 1€ N

by = 1= 2ken,\fm} Onm, m=n (26)
0, otherwise.
where | - | denotes the cardinality. For comparison, we

apply both the proposed asynchronous diffusion-based
EM gradient algorithm, the diffusion-based distributed
EM algorithm (DDEM) [5] and standard EM algorithm
to the same batch of data. As shown in Fig. 2, the
EM gradient algorithm with asynchronous diffusion
setting and local standard EM without cooperation are
tested. The probabilities for Bernoulli model are set
as ¢ = pm = 0.8. The estimates of both mean and
variance are very noisy in Fig 2(a) for each sensor node
with standard EM algorithm only based on the local
data, while the estimation of both mean and variance
with the proposed algorithm are much smooth for each
sensor node, even under the imperfect communication
condition.

In Fig. 3, the mean-square-deviation (MSD) is used
and evaluated for performance of different algorithms,
which is defined as:

MSD, = E [ 16 - 03] @7
where || |2 is the Euclidean norm. We selected the value
of probabilities with two different cases, p,, = ¢ = 0.8
and p,, = ¢n = 1 (corresponds to traditional syn-
chronous diffusion). Both adaptive diffusion algorithms
provide improved mean-square-deviation in simulation
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compare to DDEM. The proposed asynchronous diffu-
sion algorithm converge to almost as the same rate as the
synchronous version. However, due to the additional ran-
domness over the adaption process, EM gradient method
with asynchronous diffusion suffer a slight degradation
in MSD performance.

VI. CONCLUSION

In this work, we proposed a diffusion based EM gradient
algorithm for mixture models in sensor networks. The
proposed algorithm is characterized by local gradient
based processing and computations of component pa-
rameters with asynchronous diffusion strategies . The
ability to process data locally is of particular interest
to sensor networks with computationally powerful nodes
and requires costly node-to-node communications. More
importantly, with asynchronous diffusion model, each n-
ode are allowed flexibility through their own assessment

— & — Diffusion EM Gradient p,_=q, =1
—  — Diffusion EM Gradient p, =q_=0.8
—%— Distributed Diffusion EM i

0 20 40 60 80 100
Iterations

Fig. 3. Comparison of network MSD vs iteration index for asyn-
chronous diffusion, synchronous diffusion and DDEM [5]

of local information without coordinated behavior over
the network in comparison with synchronous strategies.
Simulation results show the proposed algorithm outper-
forms local-standard EM without cooperation and de-
grades the MSD performance in compare to synchronous
diffusion scheme. Theoretical analysis of convergence
of the proposed algorithm will be addressed in future
publications.
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Abstract: This paper considers mixtures model estimation for sensor networks in a distributed
manner. In the statistical literature, the maximum likelihood (ML) estimate of mixture distributions
can be computed via a straightforward implementation of the expectation and maximization (EM)
algorithm. In the sensor networks without centralized processing units, data are collected and
processed locally. Modifications of standard EM-type algorithm are necessary to accommodate the
characteristics of sensor networks. Existing works on the distributed EM algorithm mainly focus
on estimation performance and implementation aspects. In this paper, we address the convergence
issue by proposing a distributed EM-like algorithm that updates mixture parameters sequentially.
Simulation results show that the proposed method leads to significant gain in convergence speed
and considerable saving in computational time.

1. Introduction

Sensor networks are composed of enormous small devices with limited measuring, processing, and
communication abilities. There have been a variety of environmental monitoring applications, e.g.
the temperature sensing, automobile tracking, and cooperative information processing [1, 2]. As a
powerful probabilistic modeling tool, Gaussian Mixture Model (GMM) can be used for modeling
density function in multiple applications, such as machine learning, pattern recognition and so
on. It is an important step to estimate density in exploratory data analysis. For this purpose, the
expectation-maximization (EM) method has been widely used [3].

The EM approach is well known to give ML approximations [4]. An expectation step (E-step)
is performed in the EM method, and the likelihood expectation is calculated with observed latent
variables included. While the maximization step (M-step) is to maximize the expected likelihood
to obtain the estimates of ML parameters, this process is repeated a number of times until con-
vergence at a local maximum. However, most EM algorithms are designed in a centralized way
for sensor networks. Unlike the centralized strategy which processes all the information with a
central node, the distributed estimation behaves differently and thus mitigates the computational
load. Furthermore,the distributed estimation method is more robust against link failure [5].

The strategies of cooperation among nodes have significant impact on sensor networks within
a distributed processing framework. The incremental and consensus strategies are widely used
for distributed processing. The consensus strategy is discussed in [6, 8] which employs a slow
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time scale for sampling and a fast time scale for iterative operations. This strategy aims to derive
the consistent estimates for all nodes. A distributed EM method for Gaussian mixtures using the
consensus strategy is presented in [10], in which a consensus filter is introduced between the E-
and M- steps. As the resources are constrained for sensor networkss communications [7], the
application is limited for consensus-based methods with two time scales. Especially for a large
scale sensor networks, massive computational burden will be brought in to achieve the consensus
among the network nodes.

For the incremental strategy, the data flows in a pre-specific direction from one node to another
node, which leads to the loop-type cooperations between nodes with minimum power and com-
munications. In [3], this model was successfully applied to describe the data measured by sensor
networks in an inhomogeneous environment. Therein, a distributed (EM)-type algorithm was de-
rived to identify Gaussian components common to the whole network and mixing probabilities
associated with each node. Methods for improving the performance of distributed EM algorithm
were suggested in [12, 10, 17].

In addition, the most documented problem associated with EM is its possibility of slow con-
vergence. To speed up its convergence, various approaches have been proposed in the statistical
literature [9, 15]. In [13], a component-wise EM algorithm was applied to mixture models. Instead
of computing all parameters simultaneously in the M-step, the component-wise EM updates the
component parameters sequentially. As the numerical results shown in [13], a better convergence
rate can be achieved by this flexible approach. Another advantage of the component-wise EM is
that despite relaxation of the constraint on mixing probabilities, it can be shown that when the
algorithm converges, the sum of mixing probabilities equals to one.

To facilitate the application of the component-wise EM to sensor networks, we adopt the idea
of incremental EM [14, 16] to present a distributed component-wise EM algorithm (DCEM) for
sensor networks. Note that such incremental strategies may not be suitable for large scale networks.
Therefore, we assume a small enough network, typically less than 100 sensor nodes. As illustrated
in the following sections, given sufficient statistics from the previous node, the E- and M-step at the
current node involve only local observations. Simulation results show that the proposed algorithm
achieves a higher convergence rate than the distributed EM [3], leading to significant saving of
overall computational time.

This paper is organized as follows. The problem and data models is defined in Section 2.
Section 3 includes a brief description of the standard EM and distributed EM algorithms. The
distributed component-wise EM algorithm for sensor networks is developed in Section 4. Section
5 presents an analysis of the convergence rate of the DCEM algorithm, Section 6 discusses simu-
lation results and shows the performance of the proposed algorithm. Concluding remarks is given
in Section 7.

2. Problem Formulation

Consider a sensor network consisting of M sensor nodes. The mth node records NV,,, independent
and identically distributed data y,,, = {,,, 1, - - , Y, n,, } The measurements are assumed to obey
a Gaussian mixture distribution

J
Ui~ > PRy E5), i =1, Ny (1)
j=1
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where P(u, X)) denotes the Gaussian density function with mean g and covariance matrix X.
The mixing parameters c; = {a, ;}2_, are potentially unique at each node, but the J mixing
components P (uj, Ej) are common to all nodes. Set 8; = {c;, 1, %; i+ 51, then the unknown
parameter set is given by @ = {6;}7_,. Based on the measurements y = {y,, },_,, the task is to
compute the maximum likelihood (ML) estimate for € in a distributed manner.

It is well known that maximization of the log-likelihood for the mixture model (1)

M Np

Zzlog<2@m YT > <)> )

m=1 i=1

is greatly simplified by the EM-type algorithms [14] which will be described in the following
section. This data model is assumed to be statistically independent for each node. However, if
the data are (spatially or temporally) correlated, this model is still valid by interpreting it as a
pseudolikelthood [18].

3. Standard EM and Distributed EM Algorithms (DEM)

The formulation of the mixture problem in the EM framework is achieved by augmenting the
observed data vector y = {y,,}_, with the associated component-label vectors z = {z,,}*_,

where z,, = {zmz}f\[;ﬁ Each z,,; takes on a value from the set {1,...,J}, where z,,;, = j

indicates that y,, ; is generated by the jth mixture component
Ym,i ™~ P(”’ju 2]) (3)
The complete data log-likelihood L.(8) is then given by

L.(8) = logp(y, ZIO) 4)

M Np,

= ZZZZWMJ IOgOém;‘f’lOgP(ysz]a ))

m=1 =1 j=1

where p(y, z|0) denotes the joint density of y and z with parameter . Starting from an initial
estimate °, the standard EM algorithm iterates between the E (expectation) and M (maximization)
steps. In the E-step, given the current estimate 6°, the conditional expectation of the complete data
log-likelihood is computed as follows

Q(6;6")=E[L.(0)ly, 6']

M Npy J

= > Y whi (log am ; + log P(y,, .11, ), 5)

m=11i=1 j=1

where L wr
1 3P (Yol 25)

i = 7
m,i,j Zj:l Oém7jp<ym,2“’l’j7 ;)

is the posterior probability that the ith sample at node m belongs to the jth component given the
observed value y,,, ;.

(6)

3
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In the M-step, the parameters are computed by maximizing the complete data log-likelihood
function (5)

0"t = argmax Q(6; 6", @)
6
leading to the following update formula for j = 1,--- | J.
Oéf,;;; = _Z f’r—z‘rzl,]? 17 7M (8)
Z Z t+1 y
t+1 m=1 m,z,j m,i
Ky = 1 ®)

Zm:12‘ Wi 5

ZM N t+1 t+1 t+1>

Et-—H — m=1 1= lwm,z,j<ymz /J’] )(ymz Hj
J

(10)
t+1
Zm:1 Zi:1 Wi i 5
Thus, the global summary quantities are
M Npm
1 _ t+1
wit = ) ) wiis (1)
m=1 i=1
M Np
t+1 t+1
a;” = ZZ“’JZ,JZ‘/W (12)
m=1 i=1
M  Np
1 t+1
b; - Zzwm,z,jymzymz‘ (13)
m=1 i=1
in which the local summary quantities are denoted as
N
t+1 t+1
Wi = Z Win,i g (14)
i=1
tH1 t+1
a’m,j - Zwmz,]ymw (15)
+1 t+1
bmaj o ZmeJymzymz (16)
Notice that with these summaries defined as previous, the estimated parameters are
t+1
a’
+1 J (17)
K Wl
bt+1
1 _ J t+10, t+1\T

]

The E- and M-steps are alternated repeatedly until the difference between likelihoods of consecu-
tive iterates L(0't") — L(6") is less than a pre-specified small number e.
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A distributed EM algorithm based on the incremental strategy for sensor network (DEM) was
studied in [3]. With such a network setting, the communication path is cyclic and pre-set. Only
one node updates the parameter set 8" using its own NN,,, observations at each iteration, given the
current parameter set 8°. In details, node m can update the global summary quantities by using its
new local summary quantities to replace the old quantities based on

t+1 ¢ t+1 t

w; Wi+ Wy, 5 — Wy i s (19)
t+1 t t+1 t

a; Qj+ Q= Oy, (20)
S 1 ¢

bj = bj + bm’j — bm,j . 21

and update the parameter set """ according to (17) and (18). During this procedure, other nodes
are fixed. Then, node mn passes the message of updated global summary quantities {w/*', a’*!, b
and the estimated parameter 8" to next adjacent (m 4 1) node, and this process is repeatedly im-
plemented.

Note that each node only executes a single and local E- and M- step in DEM algorithm, thus this
algorithm do not require the updated means and covariances {,LL§+1, 2;“} to reach a fixed point at
each local E-step process. In order to speed up the overall convergence, DEMM algorithm refers
to DEM with multiple steps at each node was also studied in [3]. Specifically, the local E- and M-
steps can be repeated several times in succession until the maximization of the local log-likelihood
function is found, then the updated message can be passed to the next node.

All these algorithms require to execute the standard E- and M- step to update parameters si-
multaneously. They are often effective when the mixtures are well-separated, but suffered a slow
convergence when the mixtures become complex or overlapping. To speed up the convergence
of the standard EM algorithm, a component-wise EM method for mixture models (CEMM) was
presented in [13]. Rather than computing all parameters simultaneously, the CEMM algorithm
considers the decomposition of the parameter vector 6 into component parameter vectors {c;, 0},
j =1,---,J and updates only one component at a time. Specifically, each iteration consists of
J cycles and the conditional expectation (5) is computed and the parameter vector associated with
Jth component is updated at each cycle. As pointed out in [13], the decoupling of parameter up-
dates implies the use of the smallest admissible missing data space and leads to faster convergence
than the standard EM algorithm.

4. Distributed Component-wise EM Algorithm

Motivated by the superior convergence behavior of the component-wise EM algorithm, we propose
a distributed component-wise EM algorithm for mixtures in sensor networks. In the following, we
consider the incremental strategy for information exchange between sensor networks as depicted in
Fig. 1, which exploits the idea of incremental EM [16] to facilitate local processing. By applying
the incremental EM, the component-wise EM can be implemented so that at node m, given the
summary quantities (11), (12) and (13) from the previous node (m — 1), only local data y,, is
involved.

Let a§, b;, w;é be the received summary statistics of the mth node from the previous one, and
the local estimates after the tth iteration be

0, ={6,., .0, ;} (22)

m,1’

5
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e Wireless Sensor Network I

= {wh,at, bt} j={1,---, J}
- /

Fig. 1. Communication/iteration cycle in a sensor network

where 6! ; include the estimate for the jth component {af, o pk j» ;- At the beginning of the
(t + 1)th 1terat10n the initial estimates for the mean and covariance matr1x are obtained from the
summary statistics as follows:

t
J

ut =% SU= ot =1 (23)
i ot T i T

let 0[t+1 0 — = 6’ , the parameters associated with the jth components Gfm ; are updated sequentially
in the proposed algorithm as follows.
Forj =1,---,J, the E-step is computed as:

t+1 t j (ymi‘u’gaxt)
. Zk 1af7:filp(ym,i|”§:llc’zt+l)+2k = mkp(ym,i

. 24
S &9
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The M-step is then

Nm

1

t+1 t+1

Omj = N_E:wm,i,jv (25)
m .

=1

t+1

t+1 m,j

u‘m,j - t+1 (26)
Win,j
t+1

t+1 m,j t+1, t+1'

Yo = T M 27)
m?j

where the local summary statistics wy, ;, @n, j, by, ; are

Nm

1

GRS D DR (28)
™ =1

Nm,
@y = D WY 29)

i=1

Nm
bl = Z Wit 1 Ym,i Y - (30)

i=1

The estimate at the jth cycle is given by

ngl’j] = {9:;;,}7 I 0::,}7 0?71,]#17 T an,J}' (31)

After J cycles, the output of the (¢ + 1)th iteration is given by:
0t+1 _ 0[t+1’ﬂ. (32)

Then the local summary statistics are computed with the new estimate 8" according to (19)-(21).
Note that the old values of summary statistics are replaced by updated values at node m. In
addition, the computations of the posterior probabilities (24) and the estimates (25), (26) and (27)
involve only the data at node m.

The major difference of the proposed component-wise approach from the distributed EM algo-
rithm is as follows. In the distributed EM algorithm (DEM) [3], the parameters associated with
all components are updated simultaneously. The E-step is evaluated only once at the beginning of
the iteration. In the proposed algorithm, each component parameter set 8; is computed sequen-
tially and the posterior probability w,, ; ; (24) is evaluated at each cycle. The computational time
is only slightly increased by the multiple E-steps in comparison to the distributed EM algorithm.
Simulation results in the following sections will show that our approach leads to a much faster
convergence of the log-likelihood than the distributed EM algorithm.

5. Convergence Analysis

In [19] and [20], the authors gave in-depth analysis on the convergence of standard EM algorithms
and . It is shown in [16] that under standard regularity conditions, the incremental EM will give the
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estimates which converge with respect to the likelihood function, and the likelihood is iteratively
ascending. In [3], it is assumed that the {6'} converges to 6* to maximize the log-likelihood
L(0). It can be shown that the estimate 8" near 8" with iterations has the following approximate
relationship for sufficiently large ¢

o' — 6" =M(8' — 6%) (33)

where 8" is described as a certain average of the past {O(t*m)}%zl and M is defined as the rate
matrix of the algorithm. The convergence rate is determined by the spectral radius p(M) of the
rate matrix [22]. Based on the results of [15], a larger p(M) leads to a slower convergence speed.
Before analyzing the convergence of DCEM, we consider another analytical approach for the
convergence of the DEM in [21]. In this method, we define an augmented vector including all
nodes’ parameters as:
et
1
e = : (34)
O
During each iteration of the DEM algorithm, only one node updates its parameters while other
nodes’ parameters are fixed, all parameters of ® can be updated after a full cycle of the proce-
dure. In addition, assuming that data sets are statistically independent at different nodes, the local
objective function is calculated as:

Np, J
L, (0)= Z log(z W i P(Ypmil 8, 2j)) 35)
i=1 j=1

where 6,,, is the parameter vector for the mth node. We model the conditional expectation of
complete data using log-likelihood as:

Qn(6:6,,)=E[L.(0)ly,,.0,,] (36)
Ny J

= > wht (log anj + 10g Py, 25))

i=1j=1

The total conditional () function can be reformatted as [3]:
Q(6;0)=0Q(8;61,...,0)) (37)

M
=> Qn(6:6.,)
m=1

Finally, the updated equation of the DEM algorithm for a sensor networks can be represented as:

0" = argmax Q(6;6.,...,0%,), (38)
]

Using the Taylor expansion in the local () function, it was verified in [21] that the local estimates
0 can achieve a local maximum at a fixed point 87, and satisfy the following approximate rela-
tionship for sufficiently large ¢

6. —0;, =M., -6 (39)
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where MPEM ig the local rate matrix at node m and its expression is given by

M = VHQu(07,:05) [V Qu (87, 0,,)] (40)
I—[V*D(6;,:6,) + V’L(6;,)] "V>L(6;,)

where V¥ denotes the ith order partial derivatives with respect to the first argument and jth order
partial derivatives with respect to the second argument. D(8,,; 0" ) = E[logp(y, z|y, 8)]y, 8] is
the distance between 6,, and 0’ . It can be shown that V2L(6*)) and D(@,,; ") are negative
definite [4] and the eigenvalues of MPEM all lie in [0, 1). With the definition (34), if ©" is a fixed
point of the DEM algorithm , the convergence rate of the full DEM procedure in sensor network
setting can be formulated as:

@H-l . @* — MDEM(@t . @*) (41)
where MPFM ig a block diagonal matrix defined as
MPEM 0
0 MEPEM

Based on the definition of the spectrum radius:
p(M) = max 3| (43)

where 3 are the eigenvalues of M, the convergence rate is the largest eigenvalue of M. Therefore,
if the maximum eigenvalue of M2PEM is denoted by ,BﬁE M the convergence rate of all estimated
parameters in the DEM algorithm after a full cycle will be equal to

p(MPPM) = max |BL"M| < 1 (44)

Now we consider the DCEM algorithm in a sensor network situation. In a DEM algorithm, the
linear constraint for Gaussian mixtures at each node operation ijl Qv ; = 11is automatically sat-
isfied during every E- and M- step. This is obviously not satisfactory in the context of component-
wise methods [13]. In [13], a Lagrangian approach is introduced to fulfill this constraint by recon-
structing a modified likelihood function based on Lagrangian duality. Since the data collected at
each sensor are independent of the data at other sensors, the local modified likelihood function is
given by:

J
Ln(0,0) = Ln(0) = A D amy — 1) (45)
j=1

From [13], we can get A = NN,,, by solving this Lagrangian function, thus, (45) becomes
J
L(60) = Lyn(0) = Non( D atmy — 1) (46)
j=1

The convergence of the standard algorithm with Gaussian mixtures is investigated in [19] by link-
ing the EM algorithm to gradient ascent methods. Motivated by this idea, we demonstrate that the
E- and M- steps of the DCEM algorithm at each node can be realized by jointly using the gradient
and the projection matrices.

9
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Theorem 1. At the jth cycle, the local updates formulas (25)-(27) in DCEM at node m can be
described as:

0L (8)
t+1 t m
Qpj = Oy = Pat Dot Am= AlbFLI=1 (47)
DL (6)
t+1 t m
I'l’m I‘l’m,' =P zn | = :n_’ (48)
J J Hm aMmJ Hom,j=Hm,;
0L,,(0)
vec[ZH] —vec[X! ] = Pyt ———P|s st (49)
5J 5] 2m,] aveC[EmJ} zmv] Em,]

where vec|C/] denotes the vector obtained by stacking the column vectors of matrix C, A,,, denotes

the vector of mixing probabilities [, 1, - , @ 7|7 at node m,
1,j-1 1 1 T
./47[?_ I = [ ::17"' vaf{jflﬁaﬁn,j?"' vafn,J] ) (50)
and
Ly
Pafn’j = N_mam7j (51)
>t
P =™ (52)
u’m,' Nm t+1 ’
! Zz lwi,m,j
2 t ¢
Pxﬁn] - Nm  t+1 Em ® Em]? (53)
Zz’ 1 %i,m,j

where & is the Kronecker product.
Proof: See Appendix 8.1

Using the notation 6, ; = {Qm.j, My, j, vec[Er, ;]" }*, we define the local projection matrix as
follow:

Po 0
0 Pzt

Then, the updates can be integrated into:

(t+1) _ pt . 0L,,(0)
0m7j - emJ + Pom’jae—mlomZQgﬂ—l’j]

(55)
Consider the tth iteration at node m and let 8,,, = {6, ; 0m7l}T where 8,,,; are the other parameters
of 8,, when [ # 7. We apply the Taylor formula with remainder [23] to expand this gradient at a
fixed point 6. Since 9Lm(6) \gm_g* = (), we can obtain

00,
0 =0, = 0,,—0,,+P m]#geij’em—e*( - 07) (56)
b P g gl -0 (0 = O3
10
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Define the local Hessian of modified function at the fixed point 8, by

OLn(0)

Ho,. = ~50 90, [ (57)
and the following submatrices of Hessian
0L,,(0)
Hyo =——7—"7""+-"— 58
0x. aemjaemj\em_o (38)
0L, (0)

i aem ]aem l |07n79

where Hg,, . is the curvature of the modified log-likelihood function L,,(0,,) with respect to 6, ;,
and Hy_, 1s the coupling between 8,,, ; and 0,,,;. Let Rg ; denote the J x J permutation matrix
that reorders the elements of {0, ;,0,,,} into {1,---, J}, "and Ro, ;Rp, . = I Then, we define
the J x J composite local rate matrix at j cycle for DCEM algorithm ’

MQSEM — RBmJ 60 em J OmIJ em,l R’gm’j (59)

The components of Ofﬂ’l are just copied, so after permuting Ry,

m

0t+1 J] 0* MggEM<0[t+1,jfl} . 9;) (60)

A full cycle consists of one update over each of the J index sets, therefore, after .J cycle, we can
obtain:
0, — 67, = MG - MpSEY (07 — 67, (61)

Theorem 2. There exists a < 1 such that for any
p(MTJzOEM) — ||M£€EM % ...MﬁgEM“H% <a (62)

where |M||x = |[N'2MN~'/2|| denotes the generalized matrix spectral norm with respect to a
positive definite matrix IN.
Proof: See Appendix 8.2

After J cycles, the output of the (¢ + 1)th iteration at node m is defined as:
ol = glt+1J] (63)

By applying the same analytical approach of DEM algorithm to the DCEM algorithm, it is easy to
obtain the similar result of convergence properties as

®t+1 — O = MDCEM(@)f o @*) (64)
where MPYFM s a block diagonal matrix given by
M?CEM 0
MDCEM — . (65)
0 MﬁCEM
11
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Fig. 2. Data distribution for well-separated mixture case

Given the analysis above, since @), is a fixed point of node m, the eigenvalues corresponding to
the mth diagonal block of MP“EM ghould be in the interval [0, 1). For a specific sensor node, the
largest eigenvalue of the submatrix corresponds to the convergence rate of the parameters. The

largest eigenvalue of the rate matrix MPCEM is related to the convergence rate of all the network
DCEM

parameters after a full DCEM cycle. Denote the largest eigenvalue of MPCEM a5 3UCHM | ihe
convergence rate of DCEM for the whole network can be obtained as follow:
p(MPCEMY — max |BROFM| < 1. (66)

6. Simulation Results

In this section, we demonstrate the feasibility of the proposed algorithm with two different simu-
lated data sets,i.e, the well-separated mixture and overlapping mixture cases. In the simulations,
we consider a sensor network with A/ = 100 nodes which fulfils the communication requirements
specified in [11].

6.1. Well-separated Mixtures Model

First, we consider a well-separated components with the observations are generated from J = 5
Gaussian components distributed as in Fig. 2. Each component is a 2D Gaussian density, the

12
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number of data samples at each node is NV,,, = 1000, which can represent environment data clusters.
In the first 40 nodes, 60% observations come from the first Gaussian component and other 40%
observations evenly from the other four Gaussian components, i.e. @1 = 60%, Qo = Qs =
Qma = Qs = 10% for m = 1,--- ,40. In the next 30 nodes, 70% observations come from the
second and third Gaussian components and other 30% observations evenly from the other three
components, i.e. form = 41,--- 70, m1 = Oma = Qs = 10%, Ao = 40%, au s = 30%.
For m = 71,---,100, 70% observations come from the last two Gaussian component and other
30% observations evenly from the other three Gaussian components o, ; = Q2 = Q3 =
10%, g = 40%, a5 = 30%. The component parameters (true values) are given by p, =
[0.2,0.9), py = [0.9,0.2], pus = [0.3,0.3]', p, = [0.5,0.5)', s = [0.8,0.8]'.

For comparison, we apply the proposed DCEM algorithm, the DEM algorithm [3] with a single
EM at each node, and DEMM [3] (multiple EM steps at each node) to the same batch of data.
These algorithms were randomly initialized with a guess of Gaussian mixture components. As
shown in Fig. 3, the estimates for the x- and y-components of means are close to the reference
values.

In Fig. 4, the log-likelihood values are plotted versus iterations. Convergence is declared when
the norm of the difference between successive parameter estimates is less than a specified number
€ = 107°. The proposed algorithm and DEMM algorithm require on average only 10 iterations and
11 iterations, respectively, to attain the maximal value of log-likelihood, while the DEM algorithm
requires 16 iterations to converge. As the complexity of each iteration required by these algorithms
is almost the same, this implies at least 37% saving in overall computation over DEM algorithm
time for the proposed algorithm.

6.2. Overlapping Mixtures Model

Secondly, we consider the overlapping 2D Gaussian density with the same network setting used
in previous well-sperate mixture model. Each sensor node still takes 1000 observation samples.
The observations are generated from the 2D Gaussian mixtures with 5 overlapping components
distributed in Fig. 5. The observations for each sensor node are collected as follows. In the first 30
nodes, 80% observations come from the first Gaussian component and the other 20% observations
evenly from the other four Gaussian components, i.e. @, 1 = 80%, A2 = Q3 = Qg = Q5 =
5% form = 1,---,30. In the next 40 nodes, 70% observations come from the second and third
Gaussian components and other 30% observations evenly from the other three components, i.e. for
m=41,--+ .80, a1 = Qma = Qs = 10%, amo = 40%, a3 = 30%. Form = 71,--- 100,
70% observations come from the last two Gaussian component and other 30% observations evenly
from the other three Gaussian components &, 1 = Qo = Qs = 10%, ama = 40%, s =
30%. The component parameters (true values) are given by p, = [0.2,0.9]", p, = [0.9,0.2],
ps =1[0.3,0.3]", p, = [0.5,0.5]', s = [0.9,0.9].

It can be seen from Fig. 6 that the estimated mean values in all nodes calculated by the DCEM
algorithm approximate their true value when overlapping data exits. Fig. 7 displays the normalized
log-likelihood versus the cycle of DCEM, DEM and DEMM in presence of overlapping mixtures.

13
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Fig. 3. Estimates for mean values by the DCEM algorithm for well-separated mixture case.

All three algorithms suffer from slow convergence compared to the well-separated data set, al-
though they converge to the same solution. More specifically, the DEM algorithm with a single
EM loop at each node appears to converge slowly in 33 iterations so that the DEMM algorithm
and especially DCEM algorithm show a significant improvement of convergence speed around 16
iterations. Moreover, it appears that the implemented version of the DEMM algorithm is less ben-
eficial than the DCEM algorithm for situations where the DEM algorithm converges slowly. One
likely cause of this behavior is that the local procedure of DEMM at each node is still the standard
EM update, which still updates the parameters simultaneously, while local DCEM algorithm find
the estimates sequentially.

7. Conclusion

In this paper, we proposed a distributed componentwise EM algorithm for mixture models in sensor
networks. The proposed algorithm is characterized by local processing capabilities and sequential
computations of component parameters. The ability to process data locally is of particular inter-
est to sensor networks with computationally powerful nodes, and it avoids costly node-to-node
communications.
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1.2

Normalized Log-likelihood

1 2 3 45 6 7 8 9 1011 121314 15 16 17 18 19
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Fig. 4. Comparison of log-likelihood versus iterations for the DCEM, DEM with single EM step
at each node [3] and DEM with multiple EM steps at each node (DEMM) in the well-separated
mixture case.

More importantly, the component-wise update of the mixture parameters leads to significant im-
provement in convergence rate compared to the DEM algorithm [3]. Simulation results show that
the number of iterations required by the proposed algorithm is about 40% less than that required
by the distributed EM algorithm. Given the advantages of computational efficiency and simple
implementations, the proposed distributed component-wise EM algorithm is a powerful tool for
estimating mixture models in sensor networks.

8. Appendices

8.1. Proof of Theorem 1

1. Consider the EM update for the mixing proportions a,, ;, from Equations (1), (2) and (46), it
can be obtained

oL, (0

T o = 7
m,j

Nm t t

Z P(ym,i K Ej) _N

im1 Ei;iaiﬁip(ym,imxilw Eir—fllc) +Zi:j af’n,kp<ym,i‘l“’l'fn,k7 Efnk)

15
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Fig. 5. Data distribution for overlapping mixture case

Premultiplying by P, o yields

oL, (0
Pa, aam(])|“4 = At (68)
N,
LZ PGl ) —al; (69)
Zk 1O‘t+1p(ym z|#g11€72t+1) +Zk—] m.k (?Jm,i“ifn,mxfn,k) !
The M-step formula for A in equation (25) can be rewritten as
1 o
O = Oy + 3 D Wiy = O (70)
moi=1
2. Consider update formula for the mean g; which follows from (1) and (2) that
a“m,j “’m,ny’m,J =1 Zk 1at+1p(ym z“’l’i—@‘_i? EH_I) +Zk’—] m,k (ym,i““l’:n,k’ Efm,k)

X(Zt ) WY — 1]

Z wftnl,] Et [ym,z - l’l‘in,j]
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Fig. 6. Estimates for mean values by the DCEM algorithm for overlapping mixture case.

Premultiplying by P, o yields

Nm
Ko 5 au ) [2Z0% Nm] - ZNm t+1 Z va]yml va]
m,j i=1 Wim,j i=1
t+1 t
- l’l’m,j l’l’m,j

t+1
i,m,jJ

Based on equation (25), it can be derived that Zl | w;

(72)

> 0, and X is positive definite with

1-probability under the assumption of a large enough N,, (the matrix has full rank). Similarly,

based on (26), P,
on the equation (1) and (2) that

OLm (6) P (Y1, 25)

St S
azj |2] D2 2; ?C 11at+1p<ymz|“'t+l EH—I) +Zk:j :n’k’P(me’,u,’;g,EZ)

X (2?)’1{?- — [Yms — B [Ys — 2] HE) T

=—= Z wih (3 THE = (Y — 1Y — p HE)
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Fig. 7. Comparison of log-likelihood versus iterations for the DCEM, DEM with single EM step at
each node [3] and DEM with multiple EM steps at each node (DEMM) in the overlapping mixture

case.

Based on the discussion above, the EM update formula for 2§ can be restructured as

where

which yields

Nm

1
W Z Wit s — 1Yy — ] — 2 (74)
i=1 "i,m,j i=1

t
T R
J ZNm t+1 2
i=1 izmzj

t+1 _ 5t
A it

1 . )
Ve = ==Y wif (8 7HS = [y,,, — w[y,,, — w) HEH ™ (75)

2% OL,(0)
ZNm witt 0%

i=1 Wim,j

S =5ty |5,—xt (76)
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Facilitating the definition of vec operator, vec[ABC] = (C” ® A)vec[Bl, it can be derived

0L, (6)
t+17 _ ¢ t t m
VCC[Ej ] = VGC[E]-] + m(ﬁ)] ® E]) 82] ’2].:2; (77)
8.2. Proof of Theorem 2
With (59), it can be obtained:
I_P*H* —P*H*
Ry MPGPVR,, = { GB,J Ormi Hni,g 0 (78)
=1- [ (I) } Py [I OR; Hoy: Ry, |
Therefore,
MTIZEEM =1-Ry,,, [ (I) ] PQ;],[I O]ReTm‘jH% (79)
1 _1
Multiplying both sides with Hgfn and He;f , (79) becomes
Y NADCEMyy—3 3 Po- 0 T 113
He%Mm,j H% =1-— H%RH:W g 0 RQW_ H% (80)
If parameter sets are chosen cyclically in a natural order, i.e., {1,--- , J}, it follows from (80) that
MPGPM - MDGPM =T — Py. Hys (81)
where
Py. = Dp + Lp (82)
where
Pg;nﬁl 0
Dp = (83)
0 Py- s

is the block diagonal of Py , and Lyp is the corresponding strictly lower block triangular matrix of
Py: . Then, we decompose the local Hessian matrix Hy- by

Hy. =Dy + Lg + L (84)

where Dy, Ly represent the block diagonal, strictly lower triangular block parts of Hy- . From [9,
Theorem 2 ], it can be verified that Dp = DI_{l, we rewrite the (82) as follow:

Py, = (Dg+Lu)"! (85)
Thus, by letting ;
MPCEM _ H MngM (86)
j=1
19
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the local rate matrix of DCEM at node m is given by

MPBPCEM =1 — (Dy + Lu) 'Hy;:, (87)

Let [|[M]l; = /p(M# M) denotes the matrix spectral norm of M and define M = Hy. MPD"VH, .2,
according to (87),

M M = MM (88)
1 1
=1- ngn (Dg + LH)_T(DH + Ly + DIIjI + Lg — HG;;L)<DH + LH)_IHQQ:H
<I
By defining o
IMECEMZ = o) (89)
The inequality p(M) < ||M]||x leads to
p(MEEH) < M . (90)
=/ p(MH)
<+/pd)=1
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Distributed quasi-Newton Method for Power System
State Estimation

Jia Yu, and John Thompson, Fellow, IEEE,

Abstract—In this paper, the system-wide power system state
estimation (PSSE) is promising in loosing the energy market
and improving the situational awareness. In practice, the use of
centralised estimator is not viable due to the high complexity,
communication cost, and robustness issues. Thus, with the
systematic manner, we consider the distributed PSSE approaches
which are designed based on the quasi-Newton and backtracking
line search. We demonstrate the effectiveness of the proposed
algorithms via the IEEE 14- and 4200- buses. It is shown in
the simulation results that the proposed method performs better
than other algorithms when dealing with bad data and large-scale
problems.

Index Terms—power system state estimation, quasi-Newton, av-
erage consensus.

I. INTRODUCTION

TATE estimation functions as an essential part in pow-

er systems. It significantly impacts the capabilities in
dispatching power, frequency management and error iden-
tifications. The system administrator can monitor the state
of the power grid via state estimation methods [?]. It has
become more and more important to estimate the system states
with better accuracies. Researchers have made great efforts
in combing new sensing techniques with the state-of-the-art
state estimations. For example, in [?], the authors presented
a Wide-Area Measurement System (WAMS) aided by Phasor
Measurement Units (PMUs). Since the computational load is
proportional to the amount of measurements, state-of-the-art
systems would require the individual buses to have their own
processing abilities [3]. The distributed methods have benefits
in reliabilities, computational efficiency, communication load,
and memory storage.

There have been a number of research efforts on investigating
distributed state estimation approaches for power systems. The
hierarchical distributed approaches estimate system states lo-
cally, exchange the information using a central processor, and
combine the local estimations to give the overall estimates [4]—
[6]. However, such methods are limited by the communication
burden. In general, the distributed state estimations require the
local communications rather than counting on a central proces-
sor. Recent developments in fully distributed methods include:
leveraging the matrix decompositions [7], [8]; employing the
alternating direction method of multipliers (ADMM) method
[9]; and information filter-based techniques [10]. The matrix

J. Yu was with the Institute for Digital Communications, The University of
Edinburgh, UK e-mail: j.yu@ed.ac.uk.
Manuscript submmited Feb 5, 2017.

decomposition methods in [7], [8] give no guarantee on the
convergence of the distributed state estimates. The ADM-
M approach in [9] guarantees the asymptotic convergence.
However, the use of ADMM methods is limited, since the
Lagrange multipliers require extra memory and asynchronous
configurations can be troublesome. The method proposed in
[10] guarantees the convergence, but the required iterations
scale linearly with the scale of the network. Asymptotically
convergent approaches can be particularly useful to deal with
large-scale networks especially when the convergence rate is
independent of the scale of the network.

In [11]-[13], the authors proposed the gossip-based algorithms
for complete distributed state estimations. In particular, the
method presented in [11] is a first order approach driven
by the diffusion strategy in [12]. Although the first order
approaches are simple, their developments are hampered by
the slow convergence rate. However, the Newton-type methods
usually have quadratic convergence. A gossip-based Gauss-
Newton method was developed in [13] to solve the general
nonlinear least squares problem and applied to the power sys-
tem state estimation. The Gauss-Newton method only exploits
the presence of first-order information of Hessian, and thus
requires the cost function to be zero or a small residual.
However, the presence of bad data will result in a large
residual in power system, which cannot be neglected during
the estimation process. Such situation can no longer be han-
dled by Gauss-Newton methods efficiently. By contrast, quasi-
Newton methods are more efficient under these conditions,
approximated Hessian can preserve second order information,
which allows our method to reduce the impact of bad data on
the state estimates.

With this context, we reformulate the state estimation problem
and propose a distributed quasi-Newton method (DQN) for
wide-area PSSE. Similar with [13],and employ the multi-agent
gossip-based scheme to describe the network communications.
Under this scheme, the state of each agent (control area) can
be estimated by using the local information and a limited
information exchange with neighbor areas, for which the
fusion center is not necessary. The agents can only preserve
their own states. This has advantages in both communication
efficiency and storages, address the large residual or bad data
problem [18], [19].

Moreover, we introduce a distributed line search method to
accelerate the convergence of the presented approach in [20].
Our investigation aims to extend the commonly used Armijo
rule in backtracking line searches [20]. We form a local Armijo
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Fig. 1: IEEE 14 bus system partitioned into / = 4 control
areas

rule for each agent by taking only the valid terms at that
agent, using the exchange information from neighbours. These
features make the proposed approach a viable distributed
alternate to the central line search methods.

In Section II, we formulate the power system state estimation
into a (non)linear least square (LS) problem. In Section III,
we introduce centralized BFGS with line search for the LS
problem. Furthermore, the details of the proposed distributed
quasi-Newton method are presented in Section IV. Finally, in
Section VI the numerical simulations are conducted to show
the performance of our approach.

II. PROBLEM FORMULATION

A multi-area power network can be conveniently expressed
as an undirected graph (N, ), where the set of the vertices
N £ {1,--- B} denotes buses and the edge set £ represents
the transmission lines that connect the buses. The power
system state is normally defined as the collection of the
voltages (containing both phase and magnitude information) at
all buses, x = [@T, VT|T with ©® = [0,--- ,0p]T being the
phase vector and V £ [V;,--- ,Vg]" the magnitude vector.
The whole network can be divided into I non-overlapping
areas, each governed by a control cite, which gathers the local
measurements taken at the corresponding area and is allowed
to communicate with its neighboring areas. Fig. 1 shows a
concrete example where the network is partitioned into [ = 4
regions. Apparently, the local measurements available to one
control cite is insufficient for it to estimate the total system
state. Therefore, in this work we study how to design the
cooperation process between the multiple areas so that a
distributed estimation of the global state can be efficiently
implemented.

We consider the traditional measurement system, SCADA
(supervisory control and data acquisition), which provides

measurements on both power injections at some of the buses
and on power flows along some of the transmission lines.
Since in SCADA system, the measurements update rate is
around once 2-6 seconds, which is relatively a long period
of time compared with the communication delay between
different cites, a static setting is considered in this paper, i.e.
measurement set is separated into different snapshots and each
run of state estimation process is based upon the most recent
one. The measurement model can therefore be represented as:

t; =h;(x) + e (D

where e; denotes measurement noise at the i*" sensor as well
as some other uncertainties, such as the modeling inaccuracy,
and Z = {1,---,I} where I is the number of control
sites. We further define M = 2B as the dimension of the
system state. In general, the observation function {h;(x)!_;}
should be nonlinear. It is only in some special cases, such as
when PMU measurements are considered, that the observation
function can be linear. In this paper, the general case is
studied. By stacking the local measurements together, the
global expression is shown as

t =h(x)+e, 2)

where h(x) = [h?,--- ' h¥]T e=[el ... Jel]T. A weight-
ed least squares problem related to this global representation
can be written as

% =minJ(x) = (¢ ~h(x)TR'(t~h(x) O
where R = cov(fer, --,en]T) and X = {0, €
[—0mazs Omaz), Vo € [0, Vimaz],n € N}, with 0.y and
Vmax being the phase angle and voltage limit. According to
[14], problem (3) is equivalent to the maximum likelihood
estimation for (2), under the assumption that the measurement
errors at different regions are gaussian and uncorrelated with
each other, i.e. R = diag(Ry,---,Ry) with R; being the
covariance matrix for the measurement error at the i*" region.
Since R is block diagonal matrix, problem (3) can be refor-
mulated to facilitate a distributed implementation,

I
~ . T ™ 2
X = min J(x) = Zzzl It; — h;(x)]%, 4
with € = R, *t; and h; = R, *h;. Both problem (3) and its
distributed version (4) are essentially non-linear least squares
problems. For centralized processing structure, Newton type
algorithms are typically used to search for the stationary point
because of their faster convergence rate than the first-order
methods such as gradient-descent method and ADMM. In
the next section, we introduce the centralized approach for
solving problem (4), using a particular type of quasi-Newton
algorithm.

III. CENTRALIZED QUASI-NEWTON ALGORITHM

A multi-agent network previously illustrated through Fig. 1
is considered, where there are I distributed agents, and the
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it" agent only knows a subset function f;(x) = z; — h;(x) :

RM S RN e 7T,
T
fi(x) = [(x)7, - fw.(x)T] . (5)
Given the Jacobian J; = 0f;(x)/0x, the gradient of function
|I£;||? at x is denoted as F;(x) = J;(x)Tf;(x). Since the global
objective function can be rewritten as

I
N . ) 2
= arguniy ) 6 ©)

where individual agent only gets access to the partial infor-
mation of the global cost function, the gradient of the global
function can be computed as

F(x) = Z Fi(x) = > Ji(x)"fi(x). (7)

i=1

In this paper, we are interested in the BFGS (broydenCfletcher-
CgoldfarbCshanno) quasi-Newton algorithm [29] due to its
wide applications and robust performance. According to BEFGS
algorithm, with a properly chosen initial point x° as well as
a positive-definite matrix HO, the searching for the stationary
point of problem (6) can be established by iteratively comput-
ing the following terms,

xM =xk — oHFF(x0), (8)

H* = (I — g2y ") H (1 = pFy*2"T) + pF 2427k > 0,
)

where y¥ = F(xF) — F(xF71), 28 = xF — xF=1 ok =

1/(y*"2"*) and « is a fixed value that controls the length of
the searching step. The stopping criterion for convergence is
typically set by checking the difference between the objective
function values in the present and the last iterations or by
simply assuming a maximum limit on the iteration number.

IV. DISTRIBUTED QUASI-NEWTON PROCESS

Motivated by the superior convergence behavior of the quasi-
Newton method for large-scale optimization, we propose a
distributed quasi-Newton method that combines quasi-Newton
iterations with a network consensus process in this section.

Solving the minimization problem (6) in a distributed manner
is challenging. The information on the global objective func-
tion is required for the computation of the searching step, as
discussed in the previous section. However, in our setting, each
agent can only access a part of the global information. To obvi-
ate this problem, we augment the quasi-Newton searching with
gossip process, which would disseminate local information
across the network. We hope that by doing so the distributed
process would behave similarly as its centralized version.

A. Network Exchange Model

Gossip process is used to disseminate local information. Essen-
tially, an agreement among all agents is reached, to a certain
degree of accuracy, via proper local information exchanges

prescribed in the gossip algorithm. In this section, we first brief
the data exchange model before introducing some assumptions
that the gossip algorithm used in this paper is built upon.

Since we assume that the data exchanges are synchronized
among the agents, we can denote the epoch for the data
exchanges between the k' and the k + 1** local iteration
as [Ty, Tk+1). During the epoch, each agent is allowed to only
communicate with its neighboring nodes. The network topol-
ogy can be modeled as a time-varying graph Gy, , = (Z, k1),
where t is the counter for the data exchanges of the gossip
process. The network topology is therefore assumed to be
stationary only within a single exchange stage in the gossip
process. The node set corresponds to the area set and is
denoted also as Z = {1,---,I}. The edges {i,j} € &k
correspond to the available communication links used for
data exchanges. The adjacency matrix related to the graph is
denoted as A*(t) = [Ag?t)]lxl

k) _ | 1,
Ao b

A connected graph Gy, o = {Z, U tS tk,} for all ¢ > 0 within
the k" update is defined such that there exists an integer L >
1 which, for each pair of {4, j}, satisfies

{i,j} e er

otherwise (10)

L-1
{i.5y e |J €.

t'=0
Define the weight matrix ®*(¢) = [@f’j (t)]rx1 for network,
where [®F(t)] is non-zero entry of matrix ®*(¢) if and
only if {i,j} € &F. To ensure that the exchanges happen
between adjacent agents, we require that ®%(¢) is symmetric
and doubly stochastic for any k and t. Furthermore, with the

1,7 € Z, we assume there exists a 0 < 7 < 1 such that

Y

k
1) @7,(t) >nforal k>0andt>0
2) ®F ;(t) > forall k>0 and t > 0 if {i,j} € &F

3) ®F(t) =mnforall k >0 and ¢t > 0 if {i,j} € &f

Gather the local information in one single vector W¥(t) =

[WE(t), -+ ,WE(t)], so that we can write the network ex-
change explicitly as

WE@) = [@F () @ I, IWF(t — 1), 1<t <t,,  (12)

where Iy, is the identity matrix and [,y equals to the length
of the local information exchanged at agent i, W¥(¢) (in our
case, Iy = M for both the exchanges of state variables and
local gradients) and ¢j is the number of exchanges during
[Ths Thot1)-

In general, the weight matrix ®* () is time-varying. However,
we only consider the special case of the general model, i.e.
Coordinated Static Exchange [27], [28] in which each agent
collects the messages from the neighbourhood, and updates
parameters based on a static weight matrix ®. This network
can satisfy the fully connected condition with

A=1;-1,17 (13)
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where 1; is an I-dimensional all-one vector. In most CSE pro-
tocol based gossip network, the weight matrix is constructed
by Laplacian matrix

L=D-A (14)
where D = diag(A1;) is the degree matrix and
®=1,- /5L 15)

where 8 = 1/max(Aly).
Lemma 1. [26, Proposition 1] Let connectivity and stochastic
weights assumptions hold. The entries of the matrix product

Hi’:o ®F (') converge to 1/1 with a geometric rate uniformly
with respect to i,j € Z, and k
14+nto
HH e 0] gl 2T )a et as)

where Ly = (1 — I)L and L bound the intercommunication
interval ensuring graph connectivity.

The limit of the weight matrix product exists

t
c kg _ T
tl_lglo—t/l I B (t") =1n1y/1 (17)
and thus
1z
k -
tlggow =7 i =1,2, . (18)

B. Local Update Process

To start with, an initial state variable x) and an initial
approximation for the inverse of Hessian matrix HY, need
to be set at each agent. For reasons that will be clear later,
before any local iteration k, a gossip process is implemented

to compute the average state, denoted as

I
_ 1
xik(lk) ~ b E xf,
i=1

where [; is the number of gossip exchange. We assume that
all the agents are synchronized so that the data exchange
happens in an synchronous way. The deviation of %;*(I3) from
the real average is related to both the states x¥ and I, and
will be discussed with more details in the next section. Now
F;(%;*(I})) can be computed at each agent and the average
of the gradients,

12
Fxl ,lk %TZ

can be similarly obtained by another gossip process, where l;C
is the gossip exchange number. As we later show, the values
of [, and l;C have varied degrees of influence on the distributed
algorithm’s convergence property.

19)

(20)

After updating (except for the first iteration, i.e. k¥ = 0) the
approximation for the inverse of Hessian matrix according to

Y (1 phabyEORE (L lybal?) + bl

where y¥ = F(x%) — F(x,*1), 28 = 5,8 — 5,51 pF =
1/(y*Tz), the following local iteration is then implemented
at each agent,

<k — ¢

: 5 — o HFF(5,5),i € T, (22)

where «; is used to control the size of the searching step. To
simplify the analysis, we fix a; to be 1 at all agents.

From the above description, it can be seen that only state vari-
ables and first-order information are required to be exchanged
between the nodes, while the second-order information is
locally estimated. More importantly, no matrix inverse is
required, which reduce the computational burden significantly
compared with the Gossip-based Gauss Newton method in
[13].

The whole procedure of DQN method is summarized in
the Algorithm 1. In the next section, we will provide its
convergence analysis.

Algorithm 1 Distributed BFGS Algorithms

1: given initial variables x?, HY at all agents i € Z, as well
as proper weight matrix <I> that satisfies Assumption 1 and
2.
2: set k =0.
3: repeat
: network exchanges: Agents exchange their local state
variables according to (12) with t3, = I3. After F;(%;*(I%))
is computed at each agent, these local graients are ex-
changed according to (12) with ¢, = l; and the estimate
of the global gradient F'(x;*) is obtained at each node.
5:  local update: If £ > 1, update the approximated inverse
Hessian matrix as (21). For each ¢ € Z. agent 7 updates
its local variables as (22).
o osetk=k+1
7: until |x’ —xF|| <eor k=K.
8: set the local estimate as %; = x¥.

V. CONVERGENCE ANALYSIS

In this section, we analyze the convergence of the DQN
algorithm (summarized in Algorithm 1). Local convergence
instead of global convergence property is studied here since
the objective function in our problem formulation is not
guaranteed to be convex and for non-convex functions, a global
convergence proof is not found even for the centralized version
of quasi-Newton algorithm in existing literature. We mainly
develop the local convergence analysis first used in [29] and
study the impact of the distributed implementations on the
DQN’s convergence property.

A. Gossip Errors Analysis

One of the noticeable differences of DQN from its centralized
version is that the values of state variables and gradients
utilized at the iteration equations (21),(22) are deviated from
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the real values since the gossip exchange number is finite. We
denote such deviations as gossip errors. To facilitate our later
analysis of the local convergence, we bound the gossip errors
by making some reasonable assumptions on the objective
functions.

Lemma 2. [29] Assume the gradient of the global objective
function, F : RM — RM s differentiable in the open set
D C X, and for some minima x* in D, p > 0 and K > 0,

|F@-Fa)|<kle-ar. @3

The following inequality is satisfied for every w,v in D,
|F@) - F) - F @) - 24)
< Kmax|lv — " ||”, [lu — 2"[|P}Hlu — ol (25)

If F'(z*) is further invertible, there exist € > 0 and p > 0
such that max{||u—z*||,||v—2*||} < € leads to u,v € D and

(1/p)llo = ull < [[F(v) = F(u)|| < pllo—ul. (26)

Denote the gossip errors for the local state and the gradient
exchanges respectively as p;(lx),¢i(l;) at agent i and the
kth iteration. To ease the expression, we use F"’( ) in place

of F(xX;*,t) hereafter. Define Wk (t) = k[Flk( )y ,F,k(t)},
Walﬁc() = [Xlkgt)v"'axf ()]7WF = [111,{ ®
I;,]WE(0)/T and WE = [171F @ 1;,,]WE(0)/1. Note that

WE©0) = [xF,-- ,x§] WE0) = [Fi(x5), -, Fi (%))
By the above definitions, we would have
ai(t) pi(t)
WE@) = Wg=1| + [ W) -WE=1|
ar(t) pr(t)
(27

Lemma 3. Let the assumptions made in Lemma 2 hold and
the gradients of the local functions are upper bounded in D.
The following inequalities are then satisfied for v € 1,

I
)= 2 x| =C

2Cl(lk) + CQ(tQ),O <ty < l;w

llp: ()]l = ),0 <ty <lp, (28)

(29)

where Cy and Csy are both positive reals that decrease
exponentially with the number of the gossip exchanges.

}wa@HHS

Proof. Please see Appendix A. O

B. Local convergence analysis

One prominent feature of quasi-Newton algorithm that differ-
entiate it from other unconstrained optimization algorithms is
that its second-order information is updated recursively. To
analyze the local convergence property, we first characterize
this recursive process by establishing the following lemma.

Lemma 4. Let the gradient of the global function, F, satisfy
the assumptions made in lemma 3 and further let the hessian

matrix at the minima, F’ (x*), be symmetric and positive

definite. Then there exists an neighborhoold N' = N7 x N3
of (x*, F (x*)~1) such that for each (x*=1, HF=1) € N, the
updated Hessian inverse HF, as defined in (21), satisfies

x|

H* — F'(x* <
H (X)M_

[1 + A1 max {H)‘ck

HH‘“*1 ~F(x%)

|+ 2o max (=5 — x|, %4
M

where A1, Ao are non-negative constants, and || - ||y is certain
Matrix norm. Note that we omit i in X;* and Hf for ease of
expression.

Proof. Please see Appendix B O

Now that the inverse of the hessian matrix is bounded through
inequality (30), the local convergence result can be well
established. We conclude the main result in the following
theorem.

Theorem 1. Let the assumptions made in Lemma 4 be satisfied
by the gradient function, F. Then there exists a neighborhood
N = Nix Ny of (x*, F' (x*)~1), such that for each r € (0, 1),
if the initial states satisfy the following condition

I < e(r) /2. |H? = F'(x*)l|ar < (r),

where €(r),6(r) are positive constants, then the sequences of
x;* HY k > 0 are well defined in N and X;* converges to
the local minimum x* in the following manner

€1y

=) <l = (32)
where v € (0,1).
Proof. Please see Appendix C. O

VI. SIMULATION RESULTS

In this section, we conduct experiments to compare the exist-
ing distributed quasi-Newton algorithm performance to those
of the GGN algorithm [13] and ADMM algorithm [9]. The
distributed estimate in each are { lkn}n L{oF W }h_, at each
local update, the Mean Squared Error (MSE) with respect to
the voltage magnitude and the phase at the ¢-th site are

N
MSEY,; = > ((VE,) - Va)? (33)
n=1
N ~
MSEj;, = Y ((0F,) — 0.)° (34)
n=1

In addition, the metric used in our comparisons are the cost
function in (7),

I
Val;, = Z |z — W,x¥|?

i=1

(35)

evaluated using the decentralized estimates at each updates,
and the global MSE is given by

I
1
MSE} = : > MSEj, (36)
i=1

-1 _ X*”p}]
1 X*||p}(,30)
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TABLE I: Execution Time and Iterations in Case A

IEEE 14-bus GGN DQN Centralized Estim: 10°
Computation times (s) | 0.0287 | 0.0236 | 0.0228 — ¥ — Gossip based Gauss—Newton Algorithom
Tterations 48 122 Undefined 5 —*— Distributed quasi-Newton Algorithm

1 d

MSE; = ; ; MSEy , 37)
In the simulations we used MATPOWER 5.1 [22] test case
IEEE-14 (N=14) system, and the load form is taken from
Power Systems Test Case Archive, University of Washington
[21], and scale the base load from MATPOWER upon load
buses, and select the work program as Optimal Power Flow
to give the generation dispatch for that instant. The initial-
ization for the voltage magnitudes and phases are 1 and 0,
respectively.

Sensor observations are generated by introducing independent
Gaussian errors {e} ~ N(0, %) where 02 = 1076. The IEEE
14-bus grid is partitioned into 4 areas depicted in Fig. 1. The
control areas contain [y = 3, Iy = 4, I3 = 4 and Iy = 4
buses, respectively.

A. Case A: Comparison with GGN without Bad Data

Here we present how the distributed quasi-Newton scheme
performs against the existing Gossip based Gauss Newton
algorithm for PSSE in [13]. These distributed network al-
gorithms proceed at each tth gossip exchange, and run the
them with ¢ = 10 gossip exchanges for each update. The
comparison is made on the same time scale based on the
number of exchanges. By using the £ = 10 gossip exchanges
between every two descent updates £k = 1,--- 50, thus we
have the total number of 500 exchanges per snapshot. We
assume that all sensors are connected, which leads to the
adjacency matrix A = I; — 1;17, and the weight matrix
is constructed with the Laplacian L = diag(Al;) — A and
® = Iy — wL with w = §/max(Al;) where 5 = 0.5.
We choose the step-size for Gossip based Gauss Newton
algorithm as aggy = 0.5. It can be seen from Fig. 2(a-
¢), GGN algorithms converge faster than the proposed DQN
method, because GGN algorithm can achieve the convergence
rate of centralized Gauss-Newton Algorithm, which converge
quadratically when the system error or residual is very small.
On the other hand, distributed quasi-Newton is Newton-like
algorithm that converges superlinearly. However, from the
comparison in Table 1, GGN method require to compute the
inversion of Hessian matrix with complexity order of O(N?),
where N is the matrix size. This results in high computa-
tion complexity and requirements of the local processor to
have capability to maintain such computations on time for
exchange. In contrast, the proposed method requires an O(N?)
computation cost. It uses an iterative solution of approximation
for the Hessian matrix and avoids calculating matrix inverse ,
which makes it more effective and realistic in a power system.

SRR N R S X X R XX R R A

| . .
0 50 100 150 200 250
Information Exchange Index

(a) Cost Function Valy
10 ;

— ¥ — Gossip based Gauss-Newton Alogorithm
—*— Distributed quasi-Newton Algorithm

SRR N N R X N R R XX R A

107 L L L L
0 50 100 150 200 250
Information Exchange Index

(b) MSEY,

— ¥ — Gossip based Gauss—Newton Algorithm
—— Distributed quasi—-Newton Algorithm

MSEe

SRR X 0 0 XN X X XS
I I

|
0 50 100 150 200 250
Information Exchange Index

(c) MSE}

Fig. 2: Comparison with GGN and distributed quasi-Newton
using ¢ = 10 exchange for each update
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B. Case B: Comparison with GGN in presence of Bad Data

We compare our proposed method with GGN algorithm when
bad data is present. We added random Gaussian system errors
e, with E(e,el) = 10002 We examine the MSE perfor-
mance of the distributed quasi-Newton method where, in each
snapshot ¢, each agent exchange to neighbour agents 10 times
on average during the interval[ry, Tg41) for all k = 1,--- | 50.
Clearly, as shown in Fig. 2(a) and (b), when large residual
is present, caused by bad data, estimation with the GGN
method fail to improve the cost function after iteration k£ = 11
in each snapshot. On the other hand this distributed quasi-
Newton method degrades more gracefully. The GGN method
only considers the first order term of Hessian matrix, however,
for the large residual problem, second order terms cannot be
neglected. By contrast, the distributed quasi-Newton method
can build up the second-order derivative term for approximated
Hessian with iterative process. That is the reason for our
method which outperforms significantly the GGN algorithm
in the presence of bad data.

C. Case C: Comparison with ADMM Method in a Large-scale
Power Network

We finally compare our method to ADMM [9] using a larger
power network: a 4200-bus power grid constructed using the
IEEE 14- and 300-bus power grid. By assuming that 300
buses are different regions, a copy of the IEEE 14-bus grid
can be used as the substitute for each of them. Moreover, we
randomly choose the the terminal buses among the incident
to the line areas for the IEEE 300-bus grid. Measurements
and bad data are selected as the tests for IEEE 14-bus grid.
The step-size for ADMM is aaparyr = 0.5. Fig. 3(a) and (b)
demonstrate the MSE plot which are averaged upon 300 areas.
Observing that distributed quasi-Newton method converges
substantially faster than ADMM methods, achieving a Mean-
square error of 107° less than 25 iteration, while ADMM just
reaches MSE of 10~2 by iteration 40. Note that the IEEE 300-
bus is used as the substitute of the agents in the IEEE 14-bus
grid. This reserved topology of the 14 agents is also tested. It
can be seen from the Fig. 3(c) that the algorithm converged a
slightly faster (around 5%) due to the looser areas coupling.

VII. CONCLUSION

In this paper, we proposed a distributed quasi-Newton for
hybrid power system state estimation integrating seamlessly
WAMS and SCADA measurement system, which adaptively
estimated the global state vector along with a large residual.
The proposed algorithm reduced the complexity of compu-
tation and maintained the property of fast convergence. The
numerical results proved that the proposed approach was capa-
ble of delivering accurate estimates of the entire state vector
at each distributed area, even in the presence of bad data.
Meanwhile, its effectiveness was demonstrated by applying
this method to a large-scale power system network.
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Fig. 3: Comparison distributed quasi-Newton against ADMM
in a large-scale power network
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APPENDIX A
PROOF OF LEMMA 3

According to Lemma 1, we can obtain

WE(t) — W (A1)
/ 1 1
- H‘I’k L) o1, | WhO),  (A2)
the norm of which is bounded as
! 1,1
- ' 117
W@ = wE| < | TT @x) = =7 || Wi )] a3)
t'=0
! 1,1
' 29 k
< H u(t) — | [PV Ofas
t =0 F
< for (2N x| ko) (as
< [or (32 ) oo ans
where ), = (1 —nr0)!/Lo and (A4)isdueto || - || < | - | r.

Since z; hes in D there exists positive real C'p > 0 such that
[WE(0) || _, ||z¥||? < C% and we can further obtain
that

P < Wi () = Wi || < Ci(t),

2 (%) ¥

n} Cp. It can be seen that

(A.6)

where C(t) =
the norm of p;(t) decreases exponentially with ¢. Since the
gradients of F; are upper bounded in D, there exists positive
real Cg > 0 such that

|[WE(0) * < Ce. (A7)

ZHF

Therefore, similarly to the derivation of (A.6), we can obtain

g ()] < [WE(t) = WE|| < Ca(t), (A.8)

where Cs(t) = {2] (Hn o ) )\f?} C¢. It can be then obtained
that

FE(t) — F()Zi’“)H

2

I
3 F ) — F(57)] + a(ello)
1

pll%F — =% + las(®)]l, (A.10)
1

J

I
<>

Jj=
where (A.10) is from Lemma 2. From (A.6), it can be derived

that

156" = %i* 1 < {lps (W) + llpy T || < 2Ch ()
Finally, from (A.8),(A.10) and(A.11), we have (29).

(A.11)

APPENDIX B
PROOF OF LEMMA 4

In the following analysis, we let €, p be the corresponding
parameters in Lemma 2, i.e. max{|lu — a*||, ||[v — 2*||} < €

would lead to u,v € D and inequality (26). Define N3 as

Nz = {H € L®")||F ()| H - F' (<)) < 1/2}
(B.12)

To start with, we prove that the norm of y¥ is upper bounded
by a constant. For any H € N3, we have that H is non-singular
and there exists a positive real ¢, s.t. |H|| < c. If x*~1 € D
is satisfied and further define ||s¥|| = ||x¥ — x;*~!||, then

Is¥[| < [[E||* EE (B.13)
— |||*- 1HF (%F1) — F(x*)+f7ik_1—F(iik_l()ﬂ.M)
Sc{p”xi ~x H+’ k= —F(iik_l)m, (B.15)

where (B.15) is due to Lemma 2. Then we can bound the state
(after state averaging) of the k*" iteration by

*

(B.16)
(B.17)

F(xBIP)

||)Eik — X*H = le(lk) + Xf — )Eik_l + )Eik_l — X
< Ip@ll + skl + %571 = x|
< (ep+ I = x| + Ips(te) | + ¢ |7

Now we define N as

K2

Wbl e N, A x| < min{ } (8.19)

€
21 +cp)’ 2

where p2(2pe)P < 1/3. According to Lemma 3, by choosing
lk—1,1;,_; such that

c (QCl(zk,l) + cz(z;H)) +Ch(leet) < €/2,

it can derived that ||x;* —x*|| < € or x;* € D. Now that both
x;*,%;*=1 € D, by Lemma 2, we can derive that

1/plzf|| < |F(x:*) — F(x* )| < pllzf,

(B.20)

(B.21)

which is related to the term that we are trying to bound as
yE = IF&") - Pea* )+ (B.22)
(Ff = F(&M) = (B = FE1)) B.23)

Again, using Lemma 3, we can bound the last two terms in
(B.22) by choosing appropriate I, 1,1, and [, _; such that

1/@2p)llzf || < [ly?ll < 22} | (B.24)
Next, we prove that ||y¥|| is also lower bounded as
Mz — M~y || K
- — < pe2llyi |, (B.25)
M-ty '

for some constants p > 0, u2 > 0 and symmetric, non-singular
M. To see this, first since F' (x*) is symmetric and positive
definite, there exists a positive symmetric M s.t. F'(x*) =
M?2. We could then write

M ly* — MzF = M~y — F'(x*)z}], (B.26)
which by Lemma 2, is equivalent to
Mz} — Mty k -
: = < po max{[|;” — x| [|3 " — xT(|P)
M=ty
(B.27)

Since H*~! is in a neighborhood of F' (x)~!, i.e. N3, by the



JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

Banach Perturbation Lemma we can bound the operator norm
of H¥~! as

] < 20 F (). (B.28)
By Lemma 2, it can then be derived that
Upl® == < [H*H 7 lz7), (B.29)

which combined with (B.28) indicates that there exists A > 0
S.t.

max{[[%;" —x"[7, " — <[P} < Al|2f [P, (B.30)

It is easy to see that due to Lemma 2, (B.27) combined with
(B.30) is equivalent to (B.25). From (B.25) and (B.24), we
can finally derive that
Mz} — M~ 'y
M-y
which enables us to use Lemma 5.2 in [29] to derive the
following inequality

< ||y |IP < pa(pe)? < 1/3,  (B31)

[ - ¢ H < [t nly P ] B - F o)
M
lak — F o)y
N Wil , (B.32)
2 M 1yi [
where )1, Ay are positive constants. Rewrite that
|lzf — F (<) 'yi | = |1F (<) THIIF (x7)2f — yfB.33)

Since X", %x;*
derived that

€ D and according to Lemma 2, it can be

17 (el = yb | = 1F )k — (F(F) = Pt )
— (B =M + (B = PeEY) | (B.34)
< Kmaas (I — " [ 1} k]

_F(fik)( B _F(iik_l)H (B.35)

< (K + Kg) max {[[x;" — x|, [~ — x| } ||z |(B.36)

where (B.36) is derived by choosing sufficiently large iteration
number so that the last two terms on the right hand side of
(B.35) are bounded according to Lemma 3. Moreover, by using
(B.24), it can be obtained that

<1} 1]

(B.37)
Finally, by combining (B.24), (B.32), (B.36) and (B.37), we
can finally prove that inequality (30) is satisfied under the
aforementioned assumptions.

Iy¥1l < 2p < 2pmax {[x* —x*, %"

APPENDIX C
PROOF OF THEOREM 1

We set the neighborhood A as the one that satisfies the
requirements in Lemma 4, i.e. for each (x*~1, H*1) € N/,
inequality (30) is satisfied. Then we choose e(r),d(r) such
that ||x — x*| and |[H — F'(x*)~'||as < 6 would imply that
(x,H) e V.

First, according to Lemma 3, by choosing sufficiently large [,
such that ||p;({p)|| < e, it can be derived that

1%:° =x*[| = [[x§+pilo) —x*|| < e/2+pi(lo)]| <€, (C.38)
which leads to that (x;°, H?) € \V. Since
x} =%, —HYE?, (C.39)

we can write that

’

x! —x* = —H? {F(xlo) F(x*) — F (x*)(%° - x¥)

FEY — F(%,°) } [IfHOF( )} (C.40)

Since A7 C D (as shown in the proof of Lemma 4), according
to Lemma 3, it can be derived that

HF()E 0y _ F(x*) — F (x*)(x°

<K% = x*[P[I%° — x*|| < KeP||%,° — x*[.(C.41)

—X*)

By the equivalence of all norms that deal with a finite-
dimensional space, there exists a constant «, s.t. [|A] <
a||A||as. Therefore, from ||[H? — F'(x*)||ar < 8, we derive
that

(C.42)

HH? . F’(x*)*H < af.

*)~1. Then we

Further we assume o > ||F (x*)||,y > F'(x

can write

HIfHOF -1 g

) = e

x*) ‘ < 2ado.

(C.43)
Combining (C.40), (C.41) and (C.43), it can be derived that

i —x*|| < [IIHP[ K + 20d0] [|%° — x|

B || 50 - Pz (C.44)
Further we bound the vector norm of HY by
IHO) < B — F/(x") ' <206 44, (C43)
Let €, be sufficiently small, such that
(200 + v)KeP + 206a < 7. (C.46)

Then we can have

It —x"|| < Pl ="+ (206+7)

jad F()ZZ-O)H. (CA7)
Choose Iy, [ such that

- H < 177 g0 o xr 1. (C.48
H 3 - 2a6+fy)Hx X || n> ( )
We can derive that

Ixj — x| < %% — %7, (C.49)

where # = (r+ (1 —r)/n) € (0,1). Using Lemma 3, with
sufficiently large [;, we can further have the following bound

%" = x*|| < 7 [|x:° — x*||,r € (0,1), (C.50)
which indicates that x;! € M.
Next, we start an induction argument. First, for £ =
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0,---,m— 1, we assume that
HH? ~F(x*)! ’ < 25, (C.51)
M
5 — x| < |IxF — x| (C.52)

Since (x¥, HF) € NV, by (30), it can be derived that
-, - e
M M
< 20 0€Pr P 4 \oePr FP, (C.54)

By summing the two sides of inequality (C.53) for k

[7]

[8]

[9]

[10]

0,---,m — 1, we obtain 1]
D
S W RN o
[ —Flee) || <||BD - e Henee)
(C55) 1z
By choosing sufficiently small €, we can have
P
(2M\10 + Ag)——— < &, (C.56)
1—1rP [13]
which further leads to
HH —F(x")! H < 204, (C.57)

Similarly to the case when m = 1, with the help of Lemma
2, it can be derived that

[l — x| <
[IE || K €” + 206a] + | H ||| E" — F(x,™)]. (C.58)

Noticing that

B < H - F(x") 7Y < 200+, (C.59)

we can rewrite (C.58) as
X — x| < ™ = x|+ (200 + )| F = F&™)]).
(C.60)

Again, by Lemma 3, by choosing /,,, l;n sufficiently large, we
can conclude the induction argument by showing that

e = x| <l — x|

(C.61)
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