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SUMMARY

The main purpese of this thesis is to introduce a new class
of resolvable block designs (called o-designs), These designs
are intended particularly for variety trials where v, the
number of varieties, is often large (say v = 60) but r, the
number of replications of each variety, is small (r < 4).

Given a suitable k x r array o, a simple algorithm is
available for constructing an c_r_-duign for any v that is a
multiple of k, the number of units in each block, Much of
the thesis is concerned with the problem of choosing o to
give designs with high efficiency factors,

Two separate subclasses of g=-designs are considered in
detail, 1In one subclass no two varieties concur more than
once; in the other some pairs of varieties concur twice but
no pair concurs more often., Existence conditions are
established for the two subclasses and criteria developed
for the choice of o,

When the number of varieties does not factorize
conveniently in the form v = ks, resolvable designs with
block sizes differing by not more than one unit can be
derived from g-duianl.

The class of g—dnim and the derived designs with

unequal block sigzes together meet virtually any requirement
for variety trials with equal replication of each variety.



Tables are provided giving generating arrays for parameter
combinations in the ranges v< 100, 2<r <4 and L<kZ 20,
together with average, minimum and pairwise efficiency factors.
Guidance is also given on the allocation of control varieties,
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NOTATION

unit vector of appropriate dimension.

v x v identity matrix,

v x v matrix of ones.

v x v matrix whose (1,8)*" element is (=1)*®,
(1,m = 0,1, 000, v=1)e

transpose of Te

trace of A.

integer part of % .

direct product of A and B.

complex conjugate of Y.
addition and subtraction, modulo s .
Hence s + h=h,

and <h=s=h,
(h = 0,1,000,8=1) &



INTRODUCTION

The main aim of this thesis is to produce incomplete bloek
designs for statutory variety trials on agricultural crops. In
this situation, the experimenter usually has a relatively large
number of varieties (say v = 60) to be compared, but is limited
by the amount of material or land available to say 2, 3 or &
replications of each variety.

In practice, resolvable designs have to be used, i.e.
designs with blocks grouped into complete replicates, When
there is a large number of varieties, it may sometimes be
necessary to sow or harvest replicates on different occasions.
Again in some four replicate veriety trials, one may want te
confound two levels of nitrogem with replicates, Further,
some measurements are expensive and have to be restricted to
just one or two replicates,

There are at present four main sources of incomplete
block designs for unstructured treatments:

(1) Balanced incomplete bloock (BIB) designs (Fisher and
Yates, 1963).

(34) Squere and rectangular lattice designs (Cochran and
Cox, 1957, Chapter 10).

(1i1) Two-associate class partially balanced incomplete
block (PBIB(2)) designs (Beose, Clatworthy and
Shrikhande, 1954 and cnt-u-m. 1973).

(iv) Cyelie incomplete block (CIB) designs (John, Wolock
and David, 1972).



Many BIB and PBIB(2) designs have too many replications
to be of much use for variety trials; CIB designs are very
useful in other applications but relatively few are resolvable.
Only the lattice designs are automatically resolvable, They
were originally intended for veriety trial work and still have
an important part to play. But they are available only for
limi ted combinations of parameters, Thus v must be of the
form w= 38" for square lattices and v = (s=1)s for
rectangular lattices,

Possibly because suitable incomplete block designs are
not readily available, experimenters in the United Kingdom
have tended to use simple randomiged block designs with one
replication per block, where in fact incomplete block designs
(with block sisze say around 612 units) could be used to
advantage.

The construction of resolvable designs with two replicates
has been considered by Bose and Nair (1962) but their method does
not generalize to larger replication numbers, David (1967)
iovestigated the conditionsunder which CIB designs are resolvable.

The thesis sets out to extend basic principles of standard
lattice designs to produce tables of useful resolvable designs
for parameters in the ranges v < 100 and 2 <7r < 4.

Chapter 1 deals with some general properties of block
designs, We define a modified matrix of reduced normal
equations which provides the basis for a classification of
block designs, described in Chapter 2, This classification is
more gensral than that given by Pearce (1963), and includes a
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new class of resolvable designs which are defined in Chapter 3,

The new designs (called g-duian), are for ks varieties,
r replications and block size k units; they are constructed
from a k x r array @, In Chapter 3 we alsc discuss some of
the properties of g-duipl.

Kany g-dnlim exist for each combination of parameters,
In choosing between them, we would intuitively prefer designs
with a narrow range of numbers of concurrences, All g-duiw
must include some zero concurrences, Therefore the most
acceptable designs are those with only seros and ones off-diagonal
in the concurrence matrix, We call these 2(0,1 )=designs, In
Chapter 4 we show that a necessary condition for the existence
of 5(0,1)-«.1@ is k< s,

In practice we also require designs with k> s, For
this we introduce g(o,1,2)—du1m in Chapter 5. We show that
o(0,1,2)-designs with r> 2 osn enly exist for k< 8% |

When the number of varieties does not factorize
conveniently in the form v = ks, we must relax either the
condition of resolvability er that of equal block size, Ve
feel that resolvability is essential for variety trials;
unequal block sizes can be tolerated so long as they do not
differ by more than ome unit, Chapter 6 deals with the
construction of almost equiblock-sized resolvable designs
from g-dnipl.



CHAPTER 1

BLOCK DESIGNS IN ERAL

1.1 Sumsary

This chapter gives a general introduction to block designs
and some of their properties. In section 1.2 several types of
block designs are defined including BIB and PBIB(m) designs.

The intrablock snalysis is given in section 1.5 via the
modified matrix of reduced normal egquations, A whose non-gero
latent roots are knmown to be the canonical efficiency factors

for the design.

In section 1.4, a comparison is made of A with other
matrices that have previously been suggested, The harmonic
mean canonical efficiency factor is defined and compared

with other definitions of average efficiency.

The dual of a block design is defined in section 1.5.
It is shown that the non-unit canonical efficiency factors
of a design and its dual are the same, A relationship is
given between -A_’ , the Moore-Penrose generalized inverse of
A, and 5%, the Moore-Penrose generalized inverse of the
modified matrix of reduced normal equations, B for the dual
design.

Finally, in section 1.6, a model and full analysis
combining all intrablock and imterblock information is given.
It is shown how this section contains the theory of section

1.3 as a special case,



1.2  Block Desigms
1.2.4. Basio Definitions
Definition 1.2,1, A block design is an arrangement of v
varieties in b blocks, where the 1“ variety is replicated
r; times and the J'" blook contains k, units,/
Hence if T is the v x 1 vector of numbers of replications
and .k' is the b x 1 wvector of block siges then

re Fy (1:241)

A block design is said to be

(1) equiblockesigzed if

E = kl. (1.202)

(i11) equireplicated if

s = r11. (10203)

Definition 1,2,2. The incidence matrix, N isa vx b
matrix whose (1,3)%® element is the number of times the 1i°

variety appears in the J'° block of the design./

Definition 1,2.3. The concwrrence matrix, IN' isa vxv

matrix whose (i,3)*® element is the number of times the

1th

variety appears in the same block as the Jth variety
of the design (Pearce, 1963)./
A block design is said to be binary if all the elements of !
are either zero or omne.

If the b blocks of a design can be subdivided into
r groups such that each variety appears once in each group,
then the design is said to be resolvable. Hemce a resolvable
design must be equireplicated, and each group is called a

replicate,



Example 1,2,1, The design given in Table 16241 for v=29,
b =12 is an equiblock=sized (k=3), equireplicated (r=4),
binary resolvsble design.’/

Zable 1,21
b ble des
Replicate 1 2 3 4
Block . N &A% L 5 6 7 8 .9 10 11 12
0 6 o 9 2 o 1 2 o 1 2
gl ¥ 4 5 e 3 . NS BN
2 8 8 8 6 7 7 8 6

This thesis will be concerned only with binary block
designs so that
k.<v, (1e244)
(3 = 1,2,00050)e

A binary block design for which

ky = v, (1.2.5)
(3 = 1,2,000pD)5

is simply a randomized block design; otherwise the design is

said to be an incomplete block design. In other words a

randomized block design is a resolvable complete block design.

Yates (1936b) first proposed the use of balanced

arrangements as experimental designs.
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Definition 1,2.4s A BIB design is an equiblock-sized,
equireplicated binary design such that each pair of varieties

appears together within blocks the same number, A of times,/

Example 1,2,2. The design given in Table 1,2.1 for v =9,
b =12 is a BIB design with A =1,/

1.2.3. Partially Balanced Incomplete Blook (PBIB) Designs

These designs were first used by Yates (1936a) as lattice
designs, and were formally defined by Bose and Nair (1939).
The following definitions are given by Raghavarao (1971).

Definition 1.2.,5. Given v symbols O, 1, s, =i, &
relation satisfying the following conditions is said to be an
association scheme with m classes:
(1) Any two symbols are either 1°%, 2, ... or n®®
associates, the relation being symmetrical.
(1) Bsoh symbol o has n, i"® associates, the mumber
n, being independent of o,
(111) If any two symbols o and P are 4°" associates,
then the number of symbols that are Jth associates
of o, and kth associates of 7 is pﬁk and is
independent of the pair of 1°" asscolates o and B,
The numbers <, By (4 = 1,2,000,m) and Py (435K = 1,240000m)

are called the parameters of the association scheme./

Definition 1,2,6, If we have an association scheme with m
olasses, then we get a PBIB design with m associate classes

if the v symbols can bo arranged as an equiblock-sized,
equireplicated binary design such that the number of

conowrrences of any pair of 1" associates is A 1 (i=1,2,000,m)/
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Example 1,2,3, By taking the last 3 replicates of the design
given in Table 1.2,1, we obtain a PBIB(2) design for v=b = 9,
r=k=3 A =0, ), =1, The association scheme is given in
Table 142424/

Table 1.,2,2

atio 1.2

O ~N OO WM O Wwow
W\
- W

~N O O §F WV W =& N0 N

1.3 Intreblock Analysis
For the intrablock analysis, we assume a model of the form

y=ul + Xo + 28 +¢, (1.341)

where y is an n x 1 vector of observations, |! is the
general mean, o and B8 are vectors of variety and block effects
respectively, X and Z are corresponding design matrioces,
fee. the (4,5) clement of X s 1 if the 3™ varlety

is applied to the ithunitoftheduim. l.nd: is a veotor
of random effects with E(:) =0 and E(::‘)- a’IJ. The

reduced normal equations for estimation of variety effects
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are well known (Raghavareo, 1971, page 48) to be of the form

s = g, (14342)
where

c=( -nx"n"), (14343)

g=(x -8z, (138)

and N =X'Z is the incidence matrix of the design (Definition
1.2.2), r® s r written as a diagonal matrix and k® 1
the inverse of X’ . The v x v matrix C s called the
matrix of the reduced normal eguations,

It follows that N'i =k and N1=r, hence

ci = 0. (14345)

Throughout this thesis we will assume all block designs are
connected, hence C will be politin semidefinite with rank
v = 1 (Raghavareo, 1971, page 49).

Let p be a veotor whose 1*® element is fri, and
define

A= (1346)

The matrix A is very important in investigating the properties
of a design, and in sections 1.4 and 2,2, A is compared with
other matrices that have previously been suggested,
Premltiplying (1.3.3) by 0™ gives
A@%3) = (07%), (14347)

Ag =Q.
The matrix A may be written in the spectral form

A=T e T T', (1.3.8)
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1
where @) =0 and 7 =9=p . The o (4 = 1,2,000,v=1)
are called the canonical efficiency factors of the design and
play a fundamental role in the structure of the design (James
and Wilkinson, 1971),

The Moore=Penrose generalized inverse of A is given by

> -1
N :-1 % Tuly'® (1:3.9)

Thus the solution of the reduced normal equations becomes

o= 7 AT, (143410)
- 14

where
Vo= 2-6 ﬁ* 2.6 . (143411)

Then
V r = 0. (1."12)

and

Var(é) =7 o* . (143413)

Te4 Efficiency Factors
The importance of the canonical efficiency factors has
been realiged by Jones (1959) and Calinski (1971)s Jones
defines the matrix
k=gt @), (1e41)
which has latent roots 1 - e, (41 =20, 1, ceey ¥1) 4
Calinski considers the related matrix

K = 5--‘-'.-1 r, (1e4e2)

with latent roots 0, and 1l-e, (1 =1,2,000,w1), as pointed
out by Pearce, Calinski and Marshall (1974). These matrices



- 185

are less convenient then 4. Unlike A, they are in general not
symmetric when the design is umequally replicated,

We now define an average canonical efficiency factor,
Definition 1,4e1s The harmonic mean canocnical efficiency factor
(hemeceeefs), l of a design is defined as the harmonic mean of
the canonical efficiency factors, i.e.

E - "-"'FLT o/ (14e3)

-

For equireplicated designs, E is identical to (i) the average
efficiency factor, E given by Bose, Clatworthy and Shrikhende
(1954), John, Wolock and David (1972) and (ii) the hermonic mean
of the pairwise efficiemcy factors, /' given by Pearce (1970).
In general, however, in unequally replicated designs E o ¢*

but is a function of # defined by Fearce (1970) as

o e, (14kats)

w2 )
where
.Q = z#%gvo (10405)
Hence from (1.3.11),
; = tl‘(f‘.) + Jn' tr (gg') - (101006)

But tr(A*) 1s equal to the sum of the latent roots of 4,

which by (143.9) and (1.4e3) is equal %o X1 . Hence

: .2 4 "
3 !u (1elie?)



Theorem 1,441, The smallest canonical efficiency factor (CIP
4s the minimum efficiency that any varietal contrast 1. (1.'1 =0)
can attain,

Proof, We compare the variance of a contrast 1 with the

rendomized block situation, i.e.
-l wh

FE-L g
N Yl N (14448)
is the efficiency factor for the contrast 1.
Put
g =271, (144e9)
i.e. 3. g =0, (‘QM‘O)
Then from (1.4.8), we want to minimize
L
Tre ! (1e4e11)

i.e, we want the inverse of the maximum latent root of at

widoh is e, (Rao, 1973, page 62)s/

1.5 Dual Designs
Definition 1.,5,1, The dusl design of & block design with
incidence matrix !.htllbloakduipwith incidence matrix
N/
Thus, the dual is obtained by interchanging the block and variety
symbols in the original design.

Let k be a veotor whose J°" element is /k,, and

analagous %o (1.3.6), let the b x b matrix B for the dual
design be given by



= I, =-D'D, (14541)
where

D= o w2, (1.5.2)
Note that (1,3.6) could be written as

A = I -DD', (14543)
Theorem 1,5.1s A block design and its dual design have the same
non=unit canonical efficiency factors,
Proof, Since D'D and DD' have the same none-gero latent roots
then from (1.5.1) and (1.5.3), A and B have the same non-unit
latent roots, But the latent roots of A and B are the
canonical efficiency factors of the design and its dual
respectively,./

In later chapters we will be particularly concerned with
designs for variety trials; in this situation v is usually
larger than b, Hence Theorem 1,5.1 is very important since to
£ind the canonical efficiency factors and E for the design,
it is only necessary to find the latent roots of the smaller
matrix 3. The following result is also particularly useful

when v> b as it ensbles ¥V to be obtained from 3°,

Theorem 1,5,2, The Moore-Penrose generalized inverse of A

may be written in the form

A =1 +DB"D'-§ p

b v v . (1 -5.1;)

o

Proof, Provided the design is connected, we may form the non-

singular matrix
- Gredoen ()

Aeg o'

= I' -G, 8ay. (14546)



- 18 =

asdoon)” = @ -0, (14547)
From (1.,3.8), G may be written in the spectral form

v=1
E e n}.:‘ (1 - .u) :ﬂ :\l' . (10508)

Thus provided the design is connected, all the latent roots
of G are striotly less than 1, so we may expand the right
hand side of (1.,5.7) in a power series, i.e.
(E."E)d» = I+ G+ 6%+ aee
= I +DD' 4+ (DD')" + eeep (mod pp')
= I +'D", (mod ppt)e (14549)

Since the left hand side of (1.5.7) is eqal to 4" (med pp*),

we have
At

Then (1.5.4) may be obtained simce from (143.9), A'p = 0/
Hence it may be more convenient to substitute (1.5.4) into

= I' -+ m’D. (“ pp'). (1.5.10)

(1.3.11) if B* is easier to obtain than 4A',

1.6 Recovery of Interblock Information
Instead of (1.3.1), we assume the modsl

’-u1+xz¢£. (14641)

where now ¢ is an =n x1 vector of random effects with
E(e) =0 and

Blee') = o°(1, + @2 K2 (14642)
Since we will be concerned with designs for variety trials,
we assume a withineblock correlation inversely proportional to
block size as suggested by Patterson and Thompson (1571). The

constants to be estimated in this model are |, o, 0° and #,
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if ¢ is known, then the vector :3 which minimi zes

(-2, + F26°2) (3= 2), (1.6.3)
estimates o efficiently. By differentiation, the equations

for 4 are of the form

g”: e S. » (’ 0605)
where

C‘ = (’6 - + E E-B!') » (1.6.5)

g* = (X' = v k™20, (14646)

-~ ~ r ’1 ~ o~
Define

A* = p"Ogwp™d | (1.6.7)
Premultiplying (1.6.4) by P~ gives

a*(0%) = (p7%") . (146.8)
From (1 .5.6)

' 1

e B S el T (1:6.9)

thus from (1.3.8), A* may be written in the spectral form
vl
A*s T e%*q o', (146410)

where
£
ot e g f;};-, Y,
Hence A‘ is nonesingular unleas ﬂ" = 0, when (1.,6.8)
reduces to (1.3.7)s However for the inversion of A,
since e.* may be very small, it iz better to use en effective

0
inverse, _L'.. of 5‘ given by

A'-';‘ (e ‘)'11 T ! (146411)
- ¥ . s ¢ eDe



An effective inverse does not necessarily satisfy the condition
A*A%A* = A" for a generalized inverse of A*, but it allows the

-~ o o~

solution of a set of equations with redundant specification,
Note that when d"’ =0, A° = 4%, Thus the solution of (1.6.8)

becomes
g = (%), (146412)
i !"Q::
where
Ve mpoa%™ (146413)
Then
V=0, (1.6414)
and
] VAr(é) = V¥ , (1.6415)

Example 1,61, For a BIB design
a=E@ -13), (146.16)

i,e. all the cenonical efficiency factors are equal té K.
Hence from (1.6,9), |

-~ f-’-‘g v + 1) iv “‘6'17)

1
€ 1
Sl ey, oaw
and from (1.6415), the variance for the comparison of two
estimated variety means is

3 1 1
- (f_ﬁ-!-) : (146419)

This is equivalent to the expression obtained by Cochran and
Cox (1957, page 4i5)/



(1)

(i1)

Finally, the following points should be noted:

In this section we have assumed that @ 4is kmown, In
practice @ must be estimated either by equating sums
of squares in the analysis of variance table, to
expectation (Cochran and Cox, 1957), or by some other
method, (e.g. Patterson and Thompson, 1971). Errors
in the estimation of @ will have an effect on Z“ 5
usually small (Cochren and Cox, 1957, page 399).

The quantities e * given by (1.,6,10) may be thought
of as modified canonical efficiency factors, Vhen
gl =0, o =0, (u=1,20..w1), and the combined
analysis reduces to the intreblock analysis, When

g =0, e =1 (u=1,2,000,v1) and the combined
analysis reduces to a rendomized blocks anslysis

(Cochran and Cox, 1957, page 384).
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2,1 Susmary
This chapter is concerned with defining a system of

classification of block designs, much more general than that
given by Pearce (1963), and including several structures which
will be used extensively in later chapters,

A brief history of block designs is given in section 2,2,
and the effect of increased computing power on the development
of block designs is discussed,

In section 2.3, the theory in Appendix A on matrix structures
is applied to the é matrices of equiblock-sized equireplicated
designs. A system of classification of block designs is given
muﬂhgto the structure in 5 and it is shown that many of
the common designs can be fitted into the classification.

Some designs, for example the square and rectangular
lattices, may be defined according to the structure they exhibit
in the dual matrix B and these designs are investigated in
section 2.4,

2.2 Development of Blook Designs
After Yatea (1936b) introduced BIB designs, it soon

became apparent that they existed for only a limited number of
parameter combinations, Hence PBIB(m) designs were formally
defined by Bose and Nair (1939), which greatly inocreased the
number of available designs.



At that time, desk machines were used for statistical
analysis and hence the emphasis was on constructing designs
allowing simple analysis, and in partiocular, with readily
obtainable variance matrices, The conditions for an association
scheme with m classes (Definition 1.2.5) guarantee that the
variance matrix will have the same element down the lead
diagonal and m distinct elements off-diagenal (Shah, 1959).
Hence after BIB designs (which may be thought of as PBIB(1)
designs), the main designs of interest were PBIB(2) designs.

Since then PBIB(2) designs have been studied in great
detail and many interesting combinatorial problems have developed
(Raghavarao, 1971). Extensive tables of PBIB(2) designs have
been produced (Bose, Clatworthy and Shrikhande, 1954 and
Clatworthy, 1973). However, due to the complex natume of
higher-order association schemes, not much detailed work has
been done on PBIB designs for m> 2,

Even with the addition of PBIB designs, there were still
many parameter combinations for which there was no design
tabulated, However, with the advent of powerful computers,
there was not the same need for the variance matrix to have a
simple structure, as the actual analysis of experiments became
much easier., Thus attention was directed more to the {_1.1
matrix defined by Tocher (1952) as

I ST (24209)

‘Pearce (1963) defined a classification of designs based on
the structure of n-1. John (1966) and John, Wolock and David
(1972) produced extremely useful tables of cyclic incomplete



blook (CIB) designs by concentrating on the offediagonal elements
of the concurrence matrix,
In the next sections the ideas of Pearce (1963) are extended

by classifying a large range of designs according to the structure
possessed by the matrix A,

2,5 Matrix Structures
Instead of basing the classification of block designs on the

pattern of 0-1. as done by Pearce (1963), we will use the matrix
t which was shown in section 1.4 to have an important intere
pretation in terms of the canonical efficiency factors, From
(1.3.6) and (2,2,1)

A= o e dop, (24341)

so that for equireplicated designs, the pattern of Q"

and
A will be the same., If in addition the design is equiblock=
siged then

1

A= I aNK, (243.2)

Hence the pattern of A depends on the concurrence matrix,

N N' (Definition 1.2.3)s For the rest of this section we will
be ooncerned only with equiblock-sized, equireplicated designs.
Thus (1.3.11) becomes

v = 24, (24343)

Appendix A contains the definitions and préperties of
several matrix structures based mainly on the cireculant matrix
(Definition Ae2.2 )e We shall now describe how these structures
can be applied to the : matrices of various block designs, and

show that Appendix A imeludes many of the structures given by
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Pearce (1963). If the A matrix of a design has & certain
structure then we will say that the design also has that structure.
However in adopting this convention it is important to note that

a permutation of the variety symbols may alter the structure
possessed by the A matrix and hence by the design,

2.3.1s C Structure (Definition A.2.2).

This structure is exhibited by CIB designs (John, 1966),
These designs are obtained by eyclically developing some number of
initial blocks, module V.

Example 2,3.,1s For v=Db =6, r = k = 3 consider the CIB design
obtained from the initial block (0,1,2) and given in Table 2.3.1(1).

Here
1
A= I-gaN,
where :
'3 2 % o 1 17
2 .9 ¥R 9 9
1 . o B
NN =
bl o 1 2-"3-8 5
1 9.1 2 3 2
§ e SR U L O

Honoe A 1s of the form (A.2.1) with 6, -%, 0y = 0, --% -
o, = o~---1§. 05 = 0s/
From (2.3.3) and Theorem A+2.3, it follows that if A has
C struocture then v will also have C structure, Pearce (1963)
has called designs with C structure, Type C designs (see

Table 2.3.2) .
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2.342, m (Doﬁniti.ca Ao}o")
This structure will be used extensively in resolvable

designs for variety trials (Chapters 3-5).

Example 2,32, For v=12, r =3, b =9, k = 4 consider the
resolvable design given in Table 2,3.,1(ii), Here A is of the
form (A1) witht = 4, s = 3 and 2

[ 9 =2 =2 1] [0 0 0 -2]
- 9 =1 =1 -1 0 =1 =1
% = 75 RS ’
~ 2 = 9 o - 2 D L

[0 -1 -1 0]
(¥ (¢] - -1

r2 - - °< . /
From (2.3.3) and Theorem A.3.4 it follows that if A has BC
structure then V will also have BC structure, The Type E

designs defined by Pearce (1963) are special cases of BC struoture
with 8, =0, = s00 = 0, (see Table 2.3.2).

2.3¢3. GC(n) Structure (Definition A.4.1) and BGC(n)
m (Doﬂ.lithn ‘0501)
These structures are generalisations of C structure and BC

structure respectively, They are very useful for confounded
factorial experiments, For example, John and Smith (1972)
consider BGC(2) structure, John (1973) considers GC(n) structure
and Cotter, John and Smith (1973) comsider BGC(n) structure.



Example 2,3.3s For v=9, r=2, b=6, k =3 oonsider the
resolvable design given in Table 2.3.1(iii). Here

1
A = Ig-gNN*,

where
KBy 8% . .. v 8
8- K-8 e A . S
0 0 2 "' 8 3 ity
, 5a el 2 0 © g <N
EE" .8 o 2 9 e B

WL TRet e 1 1 0 2 0

(0 1 4 v .0 .Y B . Xl a

Hence A is of the form (As4e!) with n = 2, i.e, GC(2) structure,

and sy =8, =3, o= 849 =0, = 0y 20,7,

B0t = Oqq = g2 = 9pp = 0a/
From (2.3.3) and TheoremsA.k.3 and A.5.4, it follows that if A
has GC(n) structure or BGC(n) structure, then V will also have

respectively GC(n) structure or BGC(n) structure,

2.3.4e DC Structure (Definition A.6.2)

Designs with this strudture provide a useful extension te
CIB designs, Given an initial block, suppose we cyclically add
1 to each even element of the initial block (as is done with CIB
designs) but cyclically subtract 1 from each odd element of the
initial block, then we obtain a design with DC structure,



Example 2,3.4s For v=b =6, r =k =3 and with the initial
block (0, 1, 5) we get the design given in Table 2,3.1(iv).

Here
A= Ig-gNN,
where
[ T 58 98]
2.3 o 1% 2
1 9 5 2 % 2
NN'=
A 0 1 2 3 2 9
1 g2 .1 ' Bt
F P e et SR e §

1
Hence f is of the form (A.6.2) with 900 --g 5 902 = 9% = - -

9.
2
B0t = %3 = %05 =0 B4y = Oy5 = =§s 04g = 0y = 0,y = 0y, = 0./

Note that designs of this type are binary only if v dis even,
When (A.6.3) is satisfied, then from (2.3.3) and Theorem A.6.3
it follows that if A has DC structure then V will also have

DC structure.

2.3.5. BDC Structure (Definition A.7.1)
This structure will be used in Chapters 5= 5 as a supplement

for BC structure, in cases where the latter is noil suitable,

Example 2,3,5, For v=1b =12, r =k = 3 oonsider the resolvable
design given in Table 2,3,1(v). Here A is of the form (Ae71)
with ¢t = 3, 8 = 4 and

6 «1 =i 0 0 =1
1 1
gm-9 - 6 =1 .202-~§ 0 0 -1}, 301 -20}-9’
-1 =i 6 -1 =1 0



0 -1 0 0 =1 =i

1
e Ss 2P 4™ 9 0 % "0 W/

0 -1 0 -1 0 (4]
When (A.7.2) i3 satisfied, then from (2.3.3) and Theorem A.7.3
4t follows that if A has BDC structure then V will also have

BDC structure,

2,3.6. BF(n) Structure (Definition A.8.1)

Example 2,3s6s For v=9, r=2, b =6, k=3 oconsider the
resolvable design given in Table 2,3.1(vi). Here
4 &
A =1I,-288,

where
(2.9, 9 TPy SIDR o 1 N

N8 RN 9 2 0 0
el .0 .8 Q- & ©

| 428" § A o 0 R

By Definition A.8.1, A has BF(2) struoture with s, =8, =3
1

and °oo"2' 001 = %10 =00 g = =7 o/

BF(n) structure is exhibited by n factor balanced factorial

experiments (Raghavarao, 1971, page 257) as well as by many of
the structures defined by Pearce (1963) and given in Table 2.3.2.
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Note that the examples in this section have been chosen to
illustrate the various structures as best as possible for small
v, and in this situation particularly, it is likely that a
permutation of the variety symbols in one structure will produce
another structure, For example, by applying the permutation

S e TR MR R LR M ENE )
(0 '8 B 5 . T .98
we may convert the design with GC(2) structure given in
Table 2,3.1(iii), into the design with BF(2) structure given
in Table 2,3.1(vi), However this will not be possible in
general,

2.3¢7. OF(n) Structure (Definition A.9.1)

This structure occurs when a complete set of latent vectors
for .A' can be identified as a complete set of contrasts for a
factorial design with n factors.

Example 2,3,7, Consider the design with BF(2) struoture given
in Table 2,3.1(vi). A complete set of latent vectors for f
is given by the normalized columns of the matrix

F 9 1= 1 -1 1 =1 =1 1]
1 0 =2 1 -1 0 0 2 =2

1 -1 1 1 -1 o YL

1 T 9 0 2 0O 2 0 -2
1 0 =2 0 2 0 0 0 &
1 -1 1 0 2 0 =2 0 =2




But with the mapping

(0123#5678)
0 o ©02 10 1 12 220 2 22/,

the columns of the above matrix can be recognized as a complete
set of contrasts for a 3 x 3 factorial design, hence the
design has 0F(2) structure. Alternatively the result is given
directly by Theorem A.5.2./

243484 Emm (D'fmtm Ao1001)
This structure corresponds to that given by Pearce (1963)
for Type P designs (see Table 2,3.2), the only difference being

that we define the structure on A rather than on o~ , All

the examples oconsidered in this section have P structure except
the design with BC struoture given in Table 2,3.1(ii).

It does not necessarily follow that if A has P structure
then V will also have P structure., For example, for most 'o!'
the designs which will be constewsted in Chapters J-4, V will
not have P structure., However it follows from Definition 1.2.6

that for all PBIB designs, A and V both have P stPucture.



Tab

-2

1

(1) A design with C strusture

Block 1 2 5 L 5 6
0 1 2 & 5
1 2 L 5 0
2 3 b (4] 1

(41) A resolvable design with BC structure

Replicate 1 2 3
Block f- 29 & 5 6 7 8 9
o 1 12 ¢ 1 8 0 1 2
3 & 5 3 4 5 - S S
6 7 8 8 6 7 6 7 8
9 10 M 0 11 9 0 1 9
(111) olvable des 6c(2) struc
Replicate 1 2
Block , JEE S b 5 6
8 ¥ .8 o 1
3 & 5 3 &
8 ‘7.8 &
(iv) atruct :
Block 1 2 3 4 5 6
0 1 2 b 5
5 N 3 2
5 L 3 1 0



Table 2,3.1 (continued)
(v) Aresolvable design with BDC structure

Replicate 1
Block  ERSS R SR N 5

9

3
10 11 12

Lty A

& 5 6 7 é6 7
8 9 10 1 1 10

(vi) resolvable design with BF 8

Replicate i 2
Block R B & 'S
N B 0.5
S -5 P s 2
8 6 7 7 8

\D

3 0 1

6 5 &
8 11 10



t clas

C structure

BC structure with 0, =0_=,,.,=0
o 4 ~g=1

BF(1) structure with 0_=1 bl =

0 v 1
BF(1) structure
BF(2) structure with 910 = %4
BF(2) structure

P structure

1

——
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244 Dual Matrix Struotures
Sometimes & block design will possess a simpler structure

in its dual matrix B (given by (1.5.1)) than in A,

Example 2.4,1, For the design given in Teble 2,3,1(ii) we oan
show thst B has BF(2) structure with s, = 8, = 3 and 0, =15 ,
%1 =0 Og ==, 0, = -,

Thus although A does not even have P structure, B is highly
structured, /

Some well=known designs may be defined according to the
structure they exhibit in B. For example, we consider the
square and rectangular lattice designs (Cochran and Cox, 1957,
chapter 10),
2ekele ttice

These are equireplicated equiblock=sized resolvable designs
with parameters

ves®, bsgrs, k=s, (2e4e1)
More common cases are the simple square lattice (r = 2),
triple square lattice (r = 3) and balanced square lattice
(r=8s4+1).
Definition 2,4.1+ If for a resolvable design with parameters
(2.441), B can be written in a form with BF(2) structure,
where s, =T, 8, =8 and aoo-1 -%. 001 = Os
040 " 0q =1~ i!E' then the design is a square lattice design./

For example, the design given in Table 2,3,1(iii) is the 3*®
simple square lattice design.



2.ke24 Lattice Des
These are equireplicated, equiblock-sized resolvable designs

with parameters
ve=(s=1)s, b=1rs, k=381, (2e4e2)

These designs were first introduced by Harshbarger (1947) to
provide useful designs for variety numbers between the allowable
values for square lattices, Common cases are simple (r = 2)
and triple (r = 3) rectangular lattices,
Definition 2,4,2, If for a resolvable design with paremeters
(24442), B ocan be written in a form with BF(2) structure
Where s, =T, 8,=5 and 0 =1a-%, 0, =0, =0,
649 =1 =<, then the design is a rectangular lattice design/
For example, we can show that the design given in Table 2,3.1(v)
is the J x 4 triple rectangular lattice design.

Note that we ocould have written (2.4.1) and (2.442) in the

form
v = h. b=1rs, (2040,)

for k=8, 8 =1 prespectively,

The study of resélvable designs with parameters (2.4.3)
but for other values of k> r (i.es v> b) will be the subject
of Chapters 3= 5 of this thesis,



RESOLV. K _DESIGN

3.1 Introduction and Summary

For the remainder of this thesis, we will be concerned
mainly with the construction of resolvable block designs for use
as variety trial designs, The number of varieties is usually
large, but the number of replications of each variety is small,
We will mainly be concerned with the ranges b < v< 100 and
2€r<he

The square and rectangular lattice designs are well known
resolvable designs which may conveniently be used as variety
trial designs, and by writing their parameters in the form
(2+4e3), we may obtain a possible extension for v b, i.e.

v=ks,
b=rs, (341.1)
k>r.

In this chapter, a new class of resolvable designs with
parameters satisfying (3.1.1) is defined, These designs are
obtained by cyclic development (mod s8) of the colums of a
k x r array; in section 3.2 g-duiyn are defined and it is
shown that these designs have BC structure., The construction
of g—duigu is modified in section 3,3 to produce resolvable
designs (called g-a-um) with BDC structure,

A method for the speedy caloulation of the h.m.c.e.f,
of g-duipu from the elements of ghd.minmt:lon
3ely and in section 3.5, the reduced form for an array o
is defined,
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In seotion 3.6, & useful computational form is givemn for
the variance metrix, and a procedure for conveniently representing
the pairwise variances of o-designs is outlined,

Finally, in seotion 3.7, the problem of allocation of
control varieties to the symbols of g-duigm is considered.

3.2 Generation of g-Desigms

Let o be & kx r array whose (1,2)*" element 15 o, ,
where 0% a, <8 for some positive integer s,
(1 =20, 1, eoep k=1} m =0, 1, seey =1)s Ve construct a
resolvable block design from o in the following way.
Gonstruction 3.2.1, (i) From each column of » we produce
8 = 1 additional columns by oyclically adding 1 to each element
of the column and reducing modulo s, This will produce a
k x rs array, say 2".

(1) To the elements in the 1°" row

of o* we add the integer 1s (1L =0, 1, eoey k=1)s/ By
interpreting the columns of the resulting array as blocks, we
obtain a block design for ks varieties, rs blocks and block
sige k. Furthermore the design is resolvable since each of
the r ocolums of o has generated a complete replicate of the
design,.

Exsmple 3,21y Porr=3, k=14 8 =3 let o be given by

L] (’0201)

© © O ©O

0
0
2
1

- © N ©O



then
Y 2 o 1 2 2 -9 2
o 1 2 o 1 2 2 0 9
o = B
3 o 1 2 R 99 0 2
o 1 2 1 - [ 1 2 €

The resulting block design for v=12, r = 3, b= 9, k= 4 is
dm in Table 2.3.1 fﬂ)./

Definition 3.2,1. A resolvable equiblock-sized design
obtained from an array o using Construction 3.2,1 is called

an o-design./
We now obtain the concurrence matrix of an o=design.

For particular 1,1' (1 £1'; 1,1' =0, 1, «us, k=1), let

th

u be the vector whose h  element (h = 0, 1, ses, 85=1)

11’
is the number of times h appears among the r differences of
the form
Bem = 800 (3+242)
(- = o. 1. Saey "’1).
Suppose we let (’-:-"11') represent the s x 8 circulant matrix

with first row g'n, s then we may show the following result.

ZIheorem 5,2.1. The concwrrence matrix of an o=-design is

given by
B Wo) see W)

(5.10) ’..I.l
!!' = o . ’ (’Ozok)

! (E'k-‘lo) r.I'.

and hence an o=design has BC structure, /



Example 3,2,2, For r=3, k=4 8 =3 let o be given
by (302.1). Then Eo‘ = Lloa = (2.0.1)'. 203 = (1.2'0)'. and

Uyg = lyg =Uog = (1,1,1)'s  Hence for the o=-design obtained
from (3.2.1),

[ 31, (201) (201) (120)]
(210) 31 (111) (111)

: ~3

-l L TR L E R R w11 */
_(102) 111) (111) 333 J

We define the dual array of o as follows:

Definition 3.2,2, Let o' bean rx k array whose (my1)™

element, a' . =‘a (1 =20, 15000p k=1 m =0, 1, sas, r=1),
then o' is called the dual array of 2"/

For example for the array o given by (3.241),

o'= 0 0 1 2 (34245)

Theorem 3.2.,2, The dual design of an o-design is the
o'=design obtained from the dual array o'.

Proofs The element 1s + h in the g—dnip yields the

15 + 2'® Dblook of the dual design (1 = O, 1, ses, ¥*1}

h =0, 1, sesp 8=1), Honce the elements of the 1s + h°"
block of the dual design are ms + (h = &) (0= Oply0eeyr=1),
which by Construction 3.,2.,1 are the elements of the design
obtained from o's/ Thus 4f T, 4s the veotor whose nR
element (h = 0, 1, +ee, 8=1) 48 the number of times h
appears among the k differences of the form



oM &

".01 s ‘.Ill (""1- s ‘1-0)0 (3+246)
(1 =0, 1, easy k1),

we have the following corollary,.

E' (n'm) e & (ﬂ OI‘"
(“'10) kI.

Ny e | ) b e
(l"p‘lc) “E.

and hence the dual design of an o=design has BC structure, /

3.3 Generation of p-Designs

In this section we give a modified form of Construction
3¢2+1 which for certain parameter values, generates more
desirable resolvable designs than o=-designs.

Let 8 be & k x r array whose (1,-)m element is b, ,
where 0 < bl-< s for some positive integer s,
(L =20, 1, eeep k=1; m =0, 1, seey 1),
We construct a resolvable block design from 8 in the following

way,
Construotion 3,3,1, (i) From each column of f we produce s=1
additional columns by cyclically adding 1 to each even element
of the column and gyclically subtracting 1 from each odd
element of the column, all operations being carried out
modulo s, This will produce a k x rs array, say 3".
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(i4) To all the elements in the 1°°

row of :‘

we add the integer 18 (1 = 0,1, eeepk=1)s/

By interpreting the columns of the resulting array as blocks we
obtain a resolvable block design for ks wvarieties, rs blocks

and block size k.
Exanple 3,31 For r=3, k=3, s =4,1et 3 be given by

0 1 2
B = 0O 2 3 (343.1)
0 3 ¥ L
then
8% B3 S TR ey 23 9 %
' ryrey 5.8 -3 2 3y H:- 1 3 2 % @
o % K -3 3 &% @ Y. 9 ¥ B

i.e. we gyclically subtract 1 from the odd elements 1 and 3 in
(3¢341)s The resulting block design for v =12, r = 3, b = 12,
k=3 is given in Table 2,3.1(v)./
Definition 3.3.1s A resolvable equiblockesized design obtained
from an array £ wusing Construction J.3.1 is called a P-design./
Analagous to Theorem 3.,2.,1, we may prove the following result,
Theorem 3.3.1s 4 P=design has BDC structure,/
We define the dual array of B as follows:
Definition 3,3.2, lLet 2' be an rx k array whose (m,1)*"
element, b ., =b, , if b, 1s 0dd, and

= &b, 0 if by, is even,

(1 = 0’1...0.b1 y A= 0.1’000’F’) ’

then 7' is called the dual array of f./
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Example 3.3,2s For r=3, k=7, s =8 let 2 be given by

® © © ® © © ©
~N NV O W -
- O w NN W

0 0 o

MO\-O
- - O

0 0

pr = % ¥ NP
K. 3 67T 5 o/

Analagous to Theorem 3.,2.2, we may prove the following result.

Theorem 3+3.2. The dual design of a g-dali.p is the g'-duin

obtained from the dual array B8 o/ '

Corollary 3.3.3. The dual design of a fe-design has BDC structure./

We will not comsider B-designs in detail in this thesis, but

they will be used in certain cases to supplement the o-designs.

3.4 Efficiency Pactors of o-Designs

In constructing their tables of CIB designs, John, Wolock

and David (1972) chose, for each set of parameters v, k and r,
the CIB design with the highest B, We will also use this
eriterion for choosing 3-«.1@-. This will involve a comparison
of E for a large number of o-designs, so that an efficient
way of caloulating T is needed. In this section we show that
E can be obtained directly from the elements of the awrey o«

We assume v> b, and hence by virtue of Theorem 1.5.1, it
is easier to obtain the canonical efficiency factors of the



o'~design, which by Corellary 3.2.3, has BC structure. Hence,
let B be given by (A.3.1) with ¢ = r. By TheoremA.3.d,

the latent roots of 3 are given by the solution of the
determinantal equations

det (0% =-£€I) = 0, (3eket)

(u=0, 1, we, 8=1),
where from (302-7)9
@)™ = 1-1, 1r 1.4,

(3eke2)

B (n b
--E hﬁ)mu (._1.) » otherwise ,

Hence when u = 0, (3.4.1) may be solved directly since

0" = I -2 (30a3)

~0 -~ ~r ?

which has latent roots
= 0,
and (3alkels)

(f = 1. seey l"") o
Now from (1.4¢3), (3e4e4) and Theorem 1.5.,1 we have

- -1
£ = (h)ﬁ — (3eke5)

where
r-1 g=1 1

b A Selreb
g - ¢ )

and if we let E' be the h.m.c.e.f, of the o'~design, then

- ;f-'-:—‘E A (3ehe?)



Define .
!u. & Sy (3e4e8)
L
=0
(u=1, 2, .., 8<1),
then
s=1 1
I =23 — e (3e449)
u=1 gIlo
But

AR - 008 ient of hthuth ot t

gu. " constant term in the u“? characteristic equation 1

(3e4410)
(u=1, 2, ceep 8=1) &

Thus E can be caloulated directly from the characteristic
equations (3.4.1) without having to caleculate the latent roots
of B. In Appendix B, the equations (3.4.1) are simplified
for the cases r = 2, 3, 4 and explicit expressions are obtained
for (3.4.10) in terms of functions of the elements of o+ They
provide an effective procedure for computing E for g:r.-duim
when r = 2, 3, ke

3.5 A Reduced Form for :

Definition 3.0.1. Two arrays, say o, and o,, with the same
parameters k, r and s are said to be eguivalent (2'1'32) ir
the g-dnim produced by each array have the same set of
canonical efficiency factors.,/ Hence equivalent arrays produce
o=designs with the same E. The following theorem simplifies
the problem of trying to find the o=-design with the highest E.



Theorem 3.,5.,1, Every array o is equivalent to a special array,
called the reduced array for o , with all elements in (1) the

first row and (ii) the first column egqual to zero,

Proof. (i) It follows from Construction 3.2.1 that we may
substitute each colum of o with a colum starting with O, the
result simply being a rearrangement of the blocks of the o-design.

(11) PFollows by applying argument (i) to the dun1~um ots /
Note that for equivalence operation (i), the latent vectors of A
remain the same, but this is not true in general for oquivnlsm:
operation (ii), This is important if OF(2) structure is
considered for o=designs.

Clearly Theorem 3.5.1 also applies for any dual array o',

Example 3,5.1, For r =3, k=4, 8 =3 let o' be given by

1 2 2 1
o' = 0 1 2 2 (34541)

2 1 0 1

0 0 0 0

-h

- 2 2 0 (3.5.2)

1 2 1 0
(add (2,1,1,2), med 3 to each row of (3.5.1)),
0 ) 0 0
O 2 (34543)
) 1 0 2
(add (0,1,2)*, mod 3 to each column of (3.5.2)),
and now (3,5.3) is in reduced form, /



346 Variance Matrix of o=Designs

In general for variety trial designs, b will be much
smaller than v and hence to obtain V, it is better to use

(1.5.‘..). i.e, from (20’05).

Voes@+gns' ), @ag). (34641)

From Theorem A.3s4, it follows that for o-designs, V has

BC structure; however in general ! does not have P structure.
Hence V may contain many distinet elements on and off the lead
diagonal, However from the proof of Theorem 1.5.2 we see that

! can be expressed as the power series

Ve 2@+ (NN s (ENND 40, (md 3), (3.6.2)
which could be approximated by the first two terms, i.e,

Vo p@, NN (mai) (3:6:3)
It follows that pairwise variances can be grouped according te
the number of distinet off-diagonal elements in E E' ;] a
convenient summary of the main features of V is provided by
the arithmetic mean and range of the pairwise variances for
each group, This idea has been used by Cochran and Cox (1957,
page 422) for the rectangular lattice designs,

3.7 The Incorporation of Comtrol Varieties into gonnim

Commonly in veriety trial experiments, several (say, t)
control or standard varieties are included, The main contrasts
of interest are then the comparisons of the mean of the control
varieties with each new variety, It is clearly desirable that

the control varieties be spread as evenly as possible over the
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b blocks of the design, For some methods of construction a
satisfactory allocation of control varieties to the symbols of
the design for ¢ > 1, may be hard to find, Construction 3.2.1
for g—duim allows a suitable set of controls to be readily
identified, Suppose for example, the symbols O, 1, ..s, t=1
are taken to represent the ¢ control varieties, Then it
follows that (i) when ¢ < s, each block will contain either
zero or cone control variety,
(i1) when ¢ = s, each block will contain exactly
one control variety,
(4i4) when s < t < 28, each block will contain
either one or two control varieties, ete.

Generally, the number of control varieties will be less than s,
hence any choice of t symbols from ms, ms+1, ...,(me1)s=1
for a particular m (m =0, 1, <ee, k=1), could be used for the
control varieties., We try to choose the set of ¢t symbols
which gives the highest harmonic mean of the efficiencies for
the comparison of the mean of the control varieties with, in
turn, all other varieties, This problem can be simplified for
some types of o=-designs (see section 5.6).
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CONSTRUCTION OF 3(0,1)-1)331@1«3

4! Introduotion and Summary

It has been shown by John (1966) that a meaningful
procedure for improving the h.m.c.e.f. of an equireplicated,
equiblock-sized design  is to minimige the range of the off-
diagonal elements of the concurrence matrix, This procedure
is also intuitively appealing, as it represents an approach
towards balance, in which case all the off-diagonal elements
of the concurrence matrix are equal.

In this chapter, z—duiyn for which the concurrence
matrix has only ones and geros off-diagonal, are considered,
Such designs are called g(O,*t)-duignn, and in section 4,2
it is shom that for o(0,1)-designs, k < s. The conditions
under which square lattice and rectangular lattice designs
can be written as 3(0,1)-«-1@., are discussed, and for
some parameter values, alternatives to the rectangular lattice
designs are given,

In section 4,3, the comstruction and use of tables of
o(0,1)=designs given in Table A, is discussed, The use of
CIB designs in constructing two-replicate g(O,i)-duignl is
noted in section 4e3.1.

The dual design of an g(O,‘l)-duign for r =2, is a
resolvable paired comparison design, In section 4.4, a
comparison is made between the h.m.c.e.f. of paired
comparison designs constructed in this thesis, and
corresponding designs given by other authors,



ke2 Restriotions on o

Definition 4e2,1, An g-duigu for which the NN' matrix has
only zeros and ones off-diagonal is called an o(0,1)~design./
Theorem 4e2,1s An arrey o produces an (0,1)-design iff

b T - & # & & S (he2.1)
QAL mfgm'; 1,1 = 0yl eee k=t 3mym® = 0,1, 000,0=1),

Proof. Suppose for some 1 £1', m#£n',

Sm ’ 8m = e * Qaopr * Er B8R (4e242)

Let f=2a, and f' =2a, Then (4e2.2) implies

that in the g-duign, symbols O and g appear together in

blocks ms + £ and m's + f', which is a contradiction,
The reverse argument completes the proof,/
Using Definition 3.2,2, we have the following corollary,
Corellary 4s2,2, A dual array o', produces an 3(0,1)-
design iff
O B Fat g Bt (Ae23)
(mFgAm'; 1£1; mm' = 0, ,000,r=131,1" = 0,1,000,k=1)s/

For example, the design in Table 2,3,1(iii) is an «~(0,1)-
design for r =2, k=3, s =3 with

0 0 o

o' = :
4 0 1 2 -

By writing o' in reduced form and using (4e2.3), we can
deduce the following theorem,
Theorem 42,3, For an o(0,1)-design y

k<s o/ (he2ek)



o

In fact (4e2.4) is necessary for the existence of any resolvable
design with v = ks, block size k and having only zeros and
ones off-diagonal in the concurrence matrix,

ke2.0s  @(0,1)Designs for k = s

It was pointed out in section 2,4 that when k = 8, we have
the parameters of the square lattice designs., We now study the
relation between these designs and 2(0,1)-(1“1513.

We first define an orthogonal array (Raghavarao, 1971,
page 10),

Definition 4e2,2¢ 4n r x q array Q with entries from a
set of s (>2) elements is called an orthogonal array of size
Qs r constraints, s levels, strength t and index )\ if
any € x q sub-array of 3 contains all possible t x 1

column vectors with the same frequency )\ o Such an array is
denoted by (q, ry, 8, t)./

Iheorem he2eks If k=8, and o' satisfies (4e2.3), then
(i) the array o'* obtained from o' using Construction
3.2,1(i), is the orthogonal array (s°, r, s, 2).
(i1) the (0,1)-design obtained from o' 4s the r
replicate square lattice design for v = 8%,
Proofs (i) This is a special case (A = 1) of Theorem 3 given
by Bose and Bush (1952).
(11) It follows from (i) that for the (0,1)=design,
N'N has BF(2) structure with °oo =8, 0, =0,

) -8"-1.

10
Thus from (1.5.1), B has the form required by Definition

2.441 for a square lattice design./




Example 42,1, For r=3, k=s=5, let g' be given by
e 0 0 0o O
o s 0" 9% 2 3 &, (4e2.5)
ey ¥ N
which satisfies (4.2.3). Hence
01234 01234 01234 01234 01234
g"‘- 01234 12340 23401 34012 KLO123,
01234 40123 34012 23401 12340

is the orthogonal array (25, 3, 5, 2), and the g(0.1)-d“1¢ll
obtained from (42.5) is the triple square lattice for v = 25,/
We now consider for k = s, the existence of an array E{'
satisfying (4e2:3) for r = 2, 3 or A4
Theorem 4e2,0s For r =2, k=8 an array 9," satisfying
(4e2.3) exists for all s> 2, e.g.
o 0 e e s O

o' = (4e246)
;. 0 1 e s o B=1 o/

Iheorem 42,6, For r =3, k=8 an array o' satisfying
(4e2.3) exists iff s is odd, and then an example would be
0 0 0 . o 0o
o' = 0 1 2 * s e s=1 (4e247)
0 8=1 8=2 4 ¢ 1 -
Broof, For r =3, k=8 oonditions (4.2.3) on an array o'
in reduced form become,

'y 1 F ey, 21 40 (k28)
(LA£1; 1,1 = 1,2, 000,8-1),
where 5'21, .'22. oo up "2(.-1) is a permutation of
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“. 2. ssey .-1. Hence from (k.2.8).

1 1
';':(.lal).'i 1488, (4e249)
1=1 1=1
(s an integer),
R8s s=1
A 3 a L(Fl = 2's, (4e2410)
1=1

(2* an integer).
Thus =' .221 is an integer iff s is odd./
Theorem L4.2.6 can be thought of as a special case of Theorem
3.3 given by Hedayat and Federer (1969).

Theorem 4e2,7s For r=4, k=8 anarray o' satisfying
(4e2.3) for 8 # 0 (mod 3) end odd, is given by

(4] 0 (¢] 0 QO see O 0 0
0 1 2 3 L eee 8=3 ge2 sl
o' = s (Le2411)
- 0 8=1 8«2 8=3 8=L oe0o 3 2
s+l s+ B= 8=1
AP kP e By

It has not been possible to find arrays o', satisfying
(4e2.3), other than those given by Theorems 4.2.,5=7; hence
only for these cases can the square lattice designs be
constructed as o(0,1)-designs,

However, we can obtain some additional constructions by
using A-designs, i.e. there is an analagous theory to the
results of this section for arrays 2 o« For example, we may
define g (0,1)=designs and then it is possible to show that for
k = 8, the following examples of dual arrays g' produce
8 (0,1)=designs which are square lattice designs:



(1) Forr=3, k=5 and s =0 (mod 4), let 7' be given by

QO <8¢ O QO eee O 0
2 o0 % %’1 eses B=2 s=1 (‘0.2.12)

0
1
0 ‘% %“1 eee B=1 %‘1 ess 2 1 %

(44) Por r =4, k=8 =4 let A' be given by

O 6 .0  »®
&3 2 3
' = (‘&0201 3)
= 0 2 3 1
0 3 1 s

b4eZ2e2e 3(0,1)-0051@- for k=s=1

When k = s=1, we have the parameters of the rectangular
lattice designs, Ve now study the relation between these
designs and g(0,1 )=designs.

he2.241. «(0,1)=Designs which are Rectangular Lattices

Let 2‘1 be an r x 8 array in reduced form satisfying
(4e243), and write

@', = 00t (he2.14)

i.e. o' isan rx (s=1) array obtained by deleting the first
column of a'ye

We then have the following result.
Theorem 42,8, The o(0,1)-design obtained from the array o'
given by (4e2.14) is the r replicate rectanguler lattice

design for v = (s-1)s,
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Proofs, It follows from Theorem 4e2,4(ii) that for the «(0,1)-
design, B has the form required by Definition 2.4.2 for a
rectangular lattice design./

Hence from Theorems4.2.,5«7, rectangular lattice designs
may be constructed as 2(0,1)-«-1@. for

(1) r=2, k=38,

() r=3, k=8=1, 8 odd, (4e2.15)

(441) r=4, k=81, 8 #0 (mod 3) and odd,
For example, by deleting the first column of (4.2,5), the
resulting g(o,‘l)-dui@ is the triple rectangular lattice
design for v = 20,

Similarly, it can be shown that by deleting the first

column of (4e2,12) and (4.2.13), the resulting £(0,1)-design
is a rectangular lattice design.

he242424 2(0.1)-!)—1;» which are not Rectangular Lattices

Rectangular lattice designs are desirable because their
BF(2) struocture in the dual matrix B, leads to a high value
for E. On the other hand o(0,1)=designs and §(0,1)-designs
are desirable because they are easy to construct.

In section 4e2.2,1 , we obtained the parameters for which
rectangular lattice designs could be constructed as «(0,1)-
designs or 3(0,1 )=designs, For the following pam:tm,
z(o,1)-auuu can be constructed which are not rectangular
lattice designs,

Theorem 42,9, For r =3, k=s8-1 anarray o' satisfying
(4e2.3) for 8 even, is given by
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0 0 0 0 eee O 0
o'= 0 2 3 b ese 8=3 B8=2 (he2.16)

0
1
o & 1 2 2,082 B

The minimum canonical efficiency factor for the o(0,1)=design
constructed from (he2.16) is -§ (8=%), compared with %)
for the rectangular lattice design with the same parameters,

In expression (3eke5) for E,
T -)(1-1){%45-'_10-5-0@3 =T, , 88y,

for the 2(0,1)-110.1“ whereas for the rectangular lattice
design,

2w 3(et) (BE0) 2205 o 5, ey,

The difference,
L =T, Rt

will be smell compared with the demominator of (3.4+5)s Thus,
E for the o(0,1)=design will be very close to that for the
rectangular lattice design,

For r=14, k=s=1 the following examples of arrays
@' satisfy (4.2.3) and produwe o(0,1)-designs which are
not rectangular lattice designs:

(1) Por s =6,

0 0 0 0 0

C 2 3 L
o' = (he2e1 7)
. 0 3 1 N 2

0 2 5 1 3



(11) Por s =8,

(0] 0 (4] 0 0 0 0
0 1 2 3 L 5 6
o' = (lo-.2.18)
- 0 I} 1 5 2 6 3
0 L [ 1 3 L
(144) Por s = 10,
PN S SR B N e B B
_hall M TR Rk Sl SRR Vs el
ot = (‘h2.19)
. o R R 6 & ) & 2
e S B R et GF e ey Bl T

Construction of the analagous rectangular lattice designs
depends on the existence of a pair of s x s mutually orthogonal
latin squares, Thus example (i) above for s = 6 4is of special
interest since the rectangular lattice design with the same
parameters cannot be constructed,

43 Construction of Tables of «(0,1)=Designs

In sections 4.2.1« 2, we have shown that analytical
results are available to help in the comstruction of 2(0,1)-
designs for k=8,8 -1, However, for r< k< s-1, there
are many inequivalent arrays o' satisfying (4e2.3), from
which we must choose the one which produces the 5(0,1)-&.!.@
with the highest E for a particular set of parameters,

A computer program has been written for systematic
construction and testing of arrays 2’. Given a particular
array, the following operations are carried out:



(1) Check that (4s2.3) is satisfied,
(ii) Caleulate E using the method described in section 3.l
The parameters are restricted to the ranges,

2 <r< 4y

(he341)

resc 5.
By Theorem 3.5.1, it is only necessary to consider arrays ?’,'
in reduced form, however for certain values of r, 8 and k
there are too many different arrays o' for an exhaustive

search to be carried out,

In Table A, a list of recommended o(0,1)-designs is given
for parameters in the above ranges, For each combination of r,
s and k, Table A contains an array o' in reduced form.
Hense it is only necessary to tabulate the last re1 rows of
‘.’.’" For example, for Tv=3, 8=10, ka6 we obtain from

Table A2 B
0 0 9] 0

0 0
e 89 CHORE NN Sea (4e3.2)
9 -7 B el P

The «(0,1)=design may then be obtained from o'.

Since we have tabulated o' 4m Table A, we also 1ist B',
the hemec.e,.f, for the g'-dulp, itself a useful resclvable

design for situations where v < b, For example, for the array
30
(ke3+2), the o'~design is a resclvable design for 18 verieties,

6 replicates and bloock size 3 with E' = ,6605.,

The properties of the o(0,1)-designs are $ebulated in
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detail in Table B¢ At the moment we are interested only in

the cases where v =ks, For example, for the array (4e342),
the E(U,ﬂ-duunhsuulnbh design for r=3, v=ks = 60,
8 =10, k = 6+ Thus from Table B.2 we find that,

(1) the smllest canonical efficlency fastor, 6, = 5212,
(n) the hemec.e.fs, E= #7983,

(i4i) the harmonic mean of the pairwise efficiencies for
varieties that do not appesr together within blocks,
B(0) = 47829 and the range of these pairwise efficiencies
is 2%,

(iv) the harmonic mean of the pairwise efficiencies for
varieties that appear together once within blocks,
B(1) = 8475 end the range of these pairwise efficiencies
is 1%,

The final column of the tables will be explained in Chapter
6o

In Table A we use the 8(0,1)-designs described in
sections 4e3e1 =2 in the few cases when we have shown them
to be more appropriate, The arrays, !'. are identified in
the tables by means of an asterisk, for example, for r = J,
8 =8, k=7 we obtain from Table A.2,

0
o g WRE B MR CLER By 1O | (4e303)
2



be3s1s A Relation with CIB Designs

For r =2, let o' be written in the reduced form

0 0 P 0
o' = (‘H}tk)

n'" vee "1(h-1) *

Suppose we interpret the second row of (4.3.4) as the initial
block of a CIB design for s varieties, » blocks, block size
k and let E._ . be the h.m.e.e.f. for this design, We then
have the following theorem,

Theorem 4e3s1s For the 5(0,1 )=design obtained from (4e3.4),

r = Afs=1) | : (e 3e5)

'GIB

and hence from (3.4.5), E oan be expressed as a funotion of

i

Eroof, From (B.2.5), we see that v', 1s in fact the first
row of the concwrrence mwatrix for the CIB design, which has
C structure, Hence it follows from (Be2.8) and (A.2,2) that
the canonical efficiency factors, L for the CIB design are
given by
o, = 1e A.vz“’ - (4e3.6)
(u=1,2,000,8°1),

Then, from (B.2.12),

GRS _
s X (ke3.7)

(ﬂ = 1.2.00...-‘) -

Hence by (3e4e9),

s=1
B et A ik
M'u

his=1) o/
Be1s
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It follows from Theorem Le3.1 that the CIB design with the
highest B ., may be substituted inte (4e3ek) o produce the
3(0,1)-49.1@ with the highest E, Thus the tables of CIB
designs produced by John, Wolock and David (1972) have proved
useful in constructing some of the designs in Table A.1.

Example 4o3.1, For 8 varieties, 8 blocks and block size 4,
John, Wolock and David (1972) 1ist the initial block (0,1,2,4)
with B, = 8498, 5o in Table A1 for s =8, k=4 we
give the array,

0 0 0

ot =

e 0 1 2 L

For the resulting 3(0,1)-6001@ ;

t--f&d--)z.”.

Hence from (3.4.14),

t e s

= .6“.
which agrees with the value given in Table B,1 for v = 32,
s =8 and k-l.../

ek Paired Comparison Designs

Cyclic paired comparison designs were studied by David
(1963), and extensive tables have been produced by John, Wolock
and David (1972)s, Resolvable paired comparison designs are
particularly useful for round robin townaments, and tables of
resolvable cyclic paired comparison designs have been given by
David (1%67)s For r =2, the o'-designs oblained from the
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arrays o' 4n Table A.,1 are resolvable paired comparison designs
for 28 varieties, k replicstes and with hemewc.e.fe, ¥,

In Table Lekel, We compare the h.m.c.e.fs for,
(1) o'-designs from Table A1,
(41) resolvable ocyclic paired comparison designs given by
David (1967),
(111) oyclic paired comparison designs given by John, Wolook
and David (1972).

We see that the ?_'-duigu generally give higher values
for the h.m.c.e.f. than the resolvable cyclic designs given by
David (1967)s In fact, the o'-designs compare favoursbly
with the cyclic designs given by John, Wolock and David (1972),
which in general do not have the restriction of resolvability,

Table 4elkel! has been restriocted to s < 7. [However,
many other direct comparisons for s > 7, can be made between
Table A.,1 and the tables of cyolic paired comparison designs
given by John, Wolock and David (1972).



No. of Nos of David  John et al.
varieties replicates ‘=design design design

6 3 «5556 «556 +5556

8 3 4828 487 «LB76

8 b «5385 «507 «5385
10 3 04361 o436 4361
10 & 4982 o472 «5000
10 5 «529 529 5294
12 3 4151 +395 « 3945
12 N <4705 o479 4793
12 5 «5038 o4 «5018
12 6 «5238 Ny «5238
1% 3 « 4081 «360 «3599
1% 4 4573 olilib «4588
1% 5 4853 o485 U874
1 6 «5061 +506 «5061
1% 7 «5200 «520 #5200
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SHAPTER 2

CONSTRUCTION OF e(0,1,2)=DESIGNS

5.1 ZInatroduction and Summary
It was shown in Chapter 4 that for o(0,1)=designs, k < s.

Thus, to ooutrucig-ded.pl for k> s, we must relax the
conditions on the range of the off=-diagonal elements of the
concurrence watrix, In Chapter 5, g-duign- for which the
concurrence matrix has only zeros, ones and twos off-diagonal,
are considered, Such designs are called 3(0,1,2)-«;1@-.

Whereas 2(0,1)-6001@. always have P structure, an extra
restriction is needed for 3(0,1.2)4“11;::- to have P struoture,
The conditions that @ must satisfy to produce

(1) . o(0,1,2)-designs,
(1) 2(0,1,2)-11001@5'“11 P structure,
are considered in section 5.2,

In seotion 5.3, minimal 2(0,1,2)-«.1@; are defined;
these designs are preferable to others in terms of maximiging
l. ol

Section 5.4 deals with the construction of tables of
3(0,1,2)-11“1@- with P structure and section 5.5 with minimal
3(0,1,2)-“-1@-.

Finally, in section 5.6, we consider the incorporation of
control varieties into 2(0,1,2)-«.1@-.
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5.2 Restrictions on 9:

5e2.1, 2’(0:10 2)'“’-@'

Definition 5.2.1, 4An a=design for which the IN* matrix has
only geros, ones and twos off-diagconal or only zeros and twos,
is called an 3(0.1,2)-4.-1@./

Hence from Theorem 3.2.1, we have the following result,
dheovew De2.1s 4An array o produces en o(0,1,2)=design iff
the veotors y9¢+ defined in section 3.2 consist of the elements
Op 1and 2 (1 £1'; 2,1' = 0,1,000,k=1)s/

The vectors 449v ©an never contain elements greater than r;
hence it follows that for r = 2, any array @ will produce
either an o(0,1)~design or an 2(0,1,2)=design, For 1> 2,
we have the following result,

Iheorem 5,2.2: For an @(0,1,2)=design with r> 2,
k<s®, (5.241)

Proof, We prove this theorem by showing that no @(0,1,2)=
design exists when k> s®, Let o be in reduced form and
suppose that in the second column of @ , the element h
appears more than s +times, Hence, in the third column of

@ » there must be at least one element, say h', which appears
in the same row as h at least twice, i.,e. there are at least
two rows in o, say rows 1 end 1', with first three
elements O, h, h', But this means that the first element of
#y9¢ must be at least 3, i.e. some pairs of varieties concur
more than twice,/



ir produces an o (0,1,2)=design, we define a count

R

vecior for o in the fellowing way.

Definition 5,2,2, Let y be the vestor whoss 1 element
is the total number of twos which appear as elements of the
k=1 vectors u.,., for 1'#1 (1 = 0yl 500apk=1)e/

Example 5.2.1s For r=3, k=4 s8=3 let o' be

given by
0 0 o 0

o' = 0 2 1 0 (5e242)
0 1 2 i =
Then U4 =U,o =l = (1,1,1)%,
oz =13 = (20,1)' s U 5= (1,2,0)' .
Hence the o-design obtained from (5¢242) 18 an (0,1,2)=
design and
y = (1,4,1,3)" o/ (54243)
Define
o = Yy', (5e2e4)
Since NN' is given by (3.2.4), and is symmetric, we have the
following result.

Theorem 5.2,3, (1) The total number of twos which appear as
off-diagonal elements in the concurrence matrix of an «(0,1,2)-
design is eos .,

(41) o is an even number./

Theorem 5,2.4s Suppese o produces an @(0,1,2)=design, Then

=1 ()"
&. h’:ﬂ ( -? ). (50205)
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where (]]_,)h is the K™

element of the vector _'ﬂ_u,

(m £ m'; mm® = 0,1,400,r=1) defined in section 3.2,

Proof, From (3.2.6), (1_,)" is the number of times the
difference &, < a, , is equal to h, Hence it follows from
Corollary 4s2,2 that when (1_,)" 1s equal to zero or ome,
there is a corresponding element in one of the vectors Biqee
taking the same value (1 # 1' ;1,1 = 0,1, e0e,k=1)s Thus
Suppose (llm, )hz 2, Since the elements of 190 ocannot

be greater than two, each element (Tlm. )h must produce

(nu')h "
( 2 ) twos among the elements of Byq0 (1 #1;

1,1' = 0,1,40e,k=1), Hence the result (5.2.5) is obtained, /

5¢2¢2, (0,1,2)=Designs with P Structure

Since MNV'1 = rk1, it follows that for an o(0,1)=design,
each row of NN' has pr(ke1) ones off-diagonal and hence all
@(0,1)=designs must have P structure (Definition A410.1),
However, some o(0,1,2)-designs, for example, the @(0,1,2)=
design obtained from (5.2.2), do not have P structure, We
now give a condition for an arrey o %o produce an «(0,1,2)-
design with P structure,

Iheorem 5,2,5, 4n o(0,1,2)-design has P structure iff
Y= 2 T (5+246)

where z is the number of twos per row in &'.

Proof, Suppose o produces an «(0,1,2)-design with P
structure, i.e. each row of NN' has the same number of zeres,
ones and twos, Hence from Definition 5.2.2, all the elements
of ! must be equal to 2z, The reverse argument completes
the proof./
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Example 54242, For r =3, k=4, s =3 let o' Dbe given by
o' = O 9] 1 1 (5¢247)

Then 1101 - u°2 -22} - (200"). 2
oy * Y42 * (1,1,1)%, L} Sh (1,0,2)" «

Hence the o-design obtained from (5¢247) is an o(0,1,2)=~
design, and

Y = (2,2,2,2)*, (54248)
i.e, the 3(0.1,2)-6...1@ has P structure with 2 twos in each
row of the concurrence matrix./

For an o(0,1,2)=design with P structure, (5.2.4) becomes

0 = k z, (50209)
Hence by Theorem 5.2+3(ii), we have the following result,
Theorem 5,2,6s For an ¢(0,1,2)=design with P structure, k

and 2z ocannot both be odd numbers./

5.3 Minimal »(0,1,2)=Designs
—

By virtue of Theorem 1,5.,1, it is convenient when v> b,
to caloulate the canonical efficiency factors, and hence E,
from B. Thus from (14541), for equireplicated, equiblock=-
siged designs, the matrix N'N is of interest for the
oaleulation of &,

In section 4e1, we discussed the desirability of
minimizing the range of off-diagonal elements of @‘. By

considering the o'=design, we may argue that to improve E,
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it is also meaningful to minimige the range of the offediagonal
elements of N'N,

For 2(0,1)-4.:19-, it follows from (4«2.3) that not only
E' but also ii’g has only zereos and ones ofﬂ-dhgonn_. By
contrast, no analagous result exists for 2(0,1,2)-“;19:-.
Hence it is necessary to consider the form of N '.l'l for
o (0,1,2)=designs,

From (3.2.7), minimizing the range of the off-diagonal
elements of E'E can be done by minimiging the range of the
elements in the vectors 1, (m fm®smm' = 0,1,0007=1)s
Since -!.Bm' =k, it follows that if the elements of each
vector amt  OF®

x = [%] s Wwith multiplicity (x+1)s=k

e3a1
and x+1, with multiplicity kexs, (54301)

then the range of the off-diagonal elements of N'N is

-~ o~

minimd zed,

Definition 5.3.1s Suppose o produces en «(0,1,2)~design.
If the veotors 1 ., (mgm; o' = 0,1,...:1-1) s 8ll have
elements of the form (5.3.1), then o is said to produce a
minimal o(0,1,2)-design./

For exauple, for the array given by (5.2.2), Ty = (2,1,1)*,
Moz = Nqp = (1,2,1)' + Henoe the y-design obtained from
(504242) 48 & minimal o(0,1,2)=design, [liowever for the array
glven by (8.2.7), Ty = (2,2,0)', Ty, = (2,1,1)",

Nyp = (1,2,1)" . Hence the o-design obtained from (5+247)
is not a minimal o(0,1,2)=-design.



By substituting the values (5.3.1) into (5.2.5), we can
show the following result,
Iheorem 5.3.1, If o produces a minimal «(0,1,2)-design,
then
o = (3) xl(2x = (x+1)8]4/ (56302)

In fact (5.2,5) is minimiszed when o produces a minimal §(0,1,2)-
design. Thus from Theorem 5.2.3(1), we have the following result.
Theorem 5,3.2, Over the class of (0,1,2)-designs for a
particular set of parameters, a minimal «(0,1,2)-design has

the smallest number of twos in the concwrrence matrix,/

Thus, minimal o(0,1,2)-designs are intuitively desirable since,
because NN'{1 = rki1, they minimize the number of zero
conocurrences of pairs of varieties within blooks,

S5¢4 Construction of 3(0,1,2)-9-1@- with P Structure

It is desirable that an g-duign has P structure when the
assigment of varieties to the symbols of the design is arbitrary,
since the permutability property of the rows and columns of the
goncurrence matrix reflects this arbitrariness, From Theorem
5.3.1 and (5.2.9), it follows that for an «(0,1,2)-design with

P structure,

r
s () x[2k = (x+1)a]

X = Yy, 8ay. (5eket)

Hence the number of twos per row in the concurrence matrix of
an o(0,1,2)-design with P struoture must be an integer greater
than or equal to y. Further, by Theorem 5.2,6, if k is odd

then 2z must be an even integer greater than or equal to y.



Since E deoreases as z (and hence o) increases, these
lower bounds on 3 are useful, as we would prefer to construct
3(0,1,2)-1051@- with P structure for 2 as small as possible,

Example S.hels For r=4, 8=3 k=4 from (S.4e1), y = 3.
Consider the following two arrays 9," which both produce
2(0,1,2)-designs with P structure:

(1)

M © ©
-
© N ©

(5eke2)

© © © ©
-
n
-
B

(41)

0

o
(5eke3)

2

1

0
2
0o 1
2

© O O ©O

N

For (1) s =3 and E = ,7891, whereas for (i1) z =4 and
i-.'fam./

Selels. Construotion of Minimal :rk(o,‘l,z)-nuim with P Structure

A necessary oondition for the existence of a minimal
@(0,1,2)=design with P structure is that y be an integer.
We only consider the special case when k = xs, i,e, from
(Setiel),

y = (3)(x=1). (5ekets)

If o produces & minimal 3(0,1,2)-“-1@ for k=xs,
then from (5.3.1),
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n - x1 , (5e445)

~mm* -

(mFm; mm' =0,1,e00,01)s
mi we can make use of the results of sections 4.2.1-2,
Suppose o' 1s an r x 8 array satisfying (4e2e3)s Ve
may use this array as a building block to produce an r x Xxs
array, g' in the following way.
Gonstruction Selel, (i) Obtain o' frem o' by adding
h to the elements of each of the last r-2 rows of go'.
and reducing module 8, (h = 1,2,e0e,%=1),

(i1) Porm the »r x xs array

o' = (?n. g." P eee b 2’11)0/ (505.6)
Then we may show the following result,
Theorem 5,41, The wo=-design obtained from (5.4.6) is a
minimal @(0,1,2)=design with P structure and & = y./

The constructions given by Theorems 4,2,5«7 may be used

to produce (S5.4+6) for 2< x < s=l,

Example Solie2, For r=3, s=5 x=3 from (h2?),
0 Y] Y] 0 0

s s W T (5elte7)
§: b 3FH XN s

%o

and hence using Construction 5.4.1,

o D ® o @ 0O 0 0 O 0O 0 ©
=0 1 2 3 & o ¢ .2 3 & o 4 2
Y N IR DR A e A o N

(54408)
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The o=design obtained from (5e448) is a minimal 3(0,1,2)-
design with P structure for v=75, r=3 and k = 15,/
Similarly, we may use (442,12) and (4e2.13) as building
blocks to give an r x xs array :', producing a minimal
8(0,1,2)=design with P structure,
From Theorem 4.2.9, we have the following result.
JTheorem Jeke2s For r =3, k=28 and » even, let o'

be given by

O 0 0 460 O (4] 0 0 [¢] esse O 0
@' ®0 1 200 (8=2) (8=1) 0 1 2 400 (8=2) (8=1) (5.449)
0 3 1 ees ) (8-1) 2 0 (B41) uua (1) ().

The o=-design obtained from this array is & minimal «(0,1,2)-
design with P structure and z = y,/

Examples of arrays o' producing minimal 3(0,1,2)-
designs with P structure for k = xs are included in Table
Seliele Arrays A' have been used in the cases when no array
o' could be constructed, e.ge for r=4, 8 =4, k=12,
Sele2s Comstruction of (0,1,2)-Designs with P Structure

when k ¥ xs
Seke2.1. [The case r = 2
Iheorem S.ieds For r =2, if o produces an «(0,1,2)=design
with P structure then,

(1) 'Ehmintom (= g say),
(1i) there exists a g x 2 array @, satisfying (he241)
such that

o B RS A %5') « (544410)



Broofy (1) If for & in reduced form, Y satisfies (5.2.6),
then each distinot #ow of o must have multiplicity =,
i.e, % is an integer,

(11) Let o, be comstructed from the g distinct
rows of o, 1.0s o, satisfies (4.2.1), and from (1), (5.4410)
follows after possible permutation of the colums of o's/
Hence Table A,1 can be used to provide arrays go’ for values
of g such that k = gz, since if go' produces the g(0.1)—
design with the highest h.m.c.e.f,, then for a particular value
of g, the 2(0,1,2)«!“1@ with P structure obtained from
(544410) will have the highest £,

For r =2, arrays g' obtained using Theorem 5.4.3 are
included in Table S¢4.1, together with E for the resulting
@(0,1,2)=design with P structure, When there is a choice of
go' available from Table A,1, the 9'.0. with the largest value
of g (i,e. smallest value of =) is used for the construction
of o' in Table 5.4s1s

Sele2:2, IThe ocases r=3. 4
When k£ xs and r> 2, it is more difficult to obtain

@(0,1,2)-designs with P structure. One method is to permute the
symbols of a resolvable CIB design., David (1967) has shown
that if an initial block generates a resolvable CIB design for
v =ks varieties and r = k replicates, it must be of the fom
(dgk, kel auey &k + (k=1)), (5eket1)

(o= d: <83 J=0,1,0005k=1),

Let o be given by



TR A R 4 ¥ 1
d1 ‘o LR J da ‘ 1
dz C.1 see d’ 1
A & " d (501&12)
et 42 sos 4% .

The z—duip obtained from this array is equivalent to the
resolvable CIB design generated by (5.4.11), and hence must
have P structure, Further, if the CIB design has only seros,
ones and twos off-diagonal in the concurremce matrix, then an
2(0,1,2)-«-1@ with P structure is obtained,

Example 5.4.3, For v =12, r =k =4, David (1967) lists
the initial block (0,1,3,6). Bomin(s.l...11),d°-d1-d’-o,
12-1 and thus o is given by

o 3 2 A 0 0 0 o

e 0 ¢ 2 CRW D SR

- »
1. 0 o0 19 - % e
o 1 0 o 8 6u%Y 8

No other general constructions have been obtained for 3(0,1 s2)=
designs with P structure when k ¥ xs.

A computer program has been written for systematic
construction and testing of arrays 2'° Given a particular
array, the following operations are carried out:

(1) Use Theorem 5.2.1 to oheck that o' produces an
g(0,1,2)-du1;n.

(i4) Use Theorem 5.,2.5 to determine whether the design has
P structure,



(1i4) Celoulate E wusing the method described in section 3ukbe

Arrays o' producing o-designs with the lowest value of &,
and highest E are inocluded in Table 5.4.,1. VWhen k # xs,

the tabulated arrays in gemeral do not produce minimal o(0,1,2)-
designs, and hence when 2> y, we pay a price in terms of a
smaller value of E when we require the design to have P structure.
Mere importantly, for many parameter combinations, it was net
possible to obtain any solutions, and hence Table 5.4.1 does not
provide the ranrge of designs that would be desirable from a
practical peint of view,

The study of systematic methods for the construction of
3(0,1,2)-m1m with P structure is a topic for further research.
However, in this thesis, we now relax the condition of P
structure and consider the construction of minimal 3(0.1.2)-
designs,
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means a minimal design is produced,

is tabulated ,

means an array o'



5.5 Censtruction of Tables of Minimal o(0,1,2)=Designs
P,

5¢5¢1s Ihe case x =2
Let x-[-f]. f=kexs and suppose o, dsa 2xf
array satisfying (4e2.3).
Define
0 0 see 0
@' = (54541)

o 1 s e ’1 ?

then from (5.3.1), we have the following result.

Theorem 5.5.1s The 2x k amay 2' given by

z. = (z B 35 e i ‘:1' : zo.) 3 (5‘5'2)
x terms
produces a minimal o(0,1,2)=design./

Table A,1 has been used to provide arrays %' which, when
substituted into (5.5.2) produce minimal «(0,1,2)-designs
with the highest E,

For r = 2, arrays o' obtained using Theorem 54541
are given in Table C.1, and the properties of the resulting
minimel «(0,1,2)=designs are given in Table D¢i, The
format of Tebles C and D is the same as that of Tables A and
B respectively (see seotion L.3)s The only difference is
that for «(0,1,2)-designs, there is an extra colum for the
harmonic mean of the pairwise efficiencies for varieties that
appear together twice within blocks, When pr = 2, the pairwise
comparison of verieties that appear together twice within blocks
will be made with full efficiency, hence in Table D.1, the
harmonic mean of the pairwise efficiencies is one, with range



5¢5¢2s The cases x = 3.k
When possible, the arrays o' oconstructed in section 5.4

are substituted into Table C, These arrays produce minimal
@(0,1,2)=designs with P structure.

A computer program has been written for systematic
construction and testing of arrays 2" Given a particular
array, the following operations are carried out:

(1) Use Theorem 5.2,1 to check that o' produces an
@(0,1,2)~design,

(11) Check that o' produces a minimal o(0,1,2)=design,

(111) Caloulate E using the method described in section 3.lL.

For parameters in the ranges ks < 100, 8 < k < 8* arrays

o' producing minimal o(0,1,2)=designs with the highest E

are glven in Table C,

For =4, 8=3, k=7 it can be shown by enumeration
of all pessible arrays o', that no minimal g(o,1.2)-du1¢n
can be constructed, but for completeness, an array producing
a non-minimal 2(0,1,2)-60101 is given in Table C.J,

The properties of the minimal 3(0,1.2)-«11@0 obtained
from Table C ere given in Table D for p =0,

5.6 The Incorporation of Control Varietiss into g(0,1 2 2)=

Designa
In section 3.7, we discussed the desirability of choosing

the t oontrol varieties so that they were spread evenly over
the b blocks, Further, it is desirable that each contrel

vapiety should appear in blocks with as many other verieties
as possible, as this will have the effect of increasing the



B -

harmonic mean of the efficiencies for the comparison of the
mean of the control varieties with all other varieties,

From Definition 5.2,2 and (3.2.4), we have that rows
ms, me+l, ..oy (m+l1)se1 of NN' each contain (Y')'l twos
(m = Oyl aunpki=t)s If ()™ 45 the smallest element of Y,
then since NN'1 = rki, it follows that varieties m's,
m's+1, .ee, (m'+1)s=1 each appear in blocks with more different
varieties than for any larger (‘v')-s hence the control varieties
should be chosen from this set, By interchanging say, rows 0
and m* of o , We may always arrangs for (¥)° to e the
smallest element of Y » and hence when % < s, the control
varieties can be allocated to the symbols 0, 1, .ee, t=1
of the design. This has been done for all the arrays in
Table C,
Example 5,61y For r =3, k=5, 8 =4 let o' be given
by

0 0 0 0 (4]
o MU i S, TMER S (54641)
‘ .ol 8N o

hence

Yy = (2,2,1,1,0)" .
In other words, the last 4 rows of MV' do not contain any
twos, and thus each of the symbols 16, 17, 18, 19 appear
in blooks with the maximum number of r(ke1) = 12, other
symbols, By interchanging the first and last colum of

(54641), we obtain,



Y] 0 ¢] 0 0
L s DR SO TERE (54642)
0 1 2 3 3 H
and now Y = (0,2,1,1,2)', henoe the control verieties should
be allocated to one or more of the symbols 0,1,2,3 for the
@(0,1,2)=design obtained from (5.6.2)./

56.1, o(0,1,2)=Designs with P Structure
F

When the design has P structure then from (5,2.,6), we may
simply allocate control varieties to symbols O, 1, ..., t=1
of the design,
5060101, g(o,1,2)-nu1p with Supplemented P Structure

The partition of the varieties into control and new
varieties, allows us to introduce the idea of supplemented P
structure,

Definition 5.6.1. If for an (0,1,2)-design,

Y = 3(0,1,1,000,1)", (546.3)
then the design is said to have supplemented P structure./
Hence, if we have s control varieties, we may allocate them
%o the synbols O, 1, ses, 8=1 of an (0,1,2)~design with
supplemented P struoture, Note that by removing the control
varieties from the design, we obtain an 3(0,1,2)-4001@ with

P structure for v = (k-1)s,
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Example 54642¢ For r=3, k=7, s =5 let o' be given

(5e644)

R
-
n
o
-
-
n
n
W
N &~ ©

then YV = 2(0,1,1,1,1,1,1)', and hence the «(0,1,2)=design
obtained from (5.6.4) has supplemented P structure with =z = 2,/
Designs with supplemented P structure are only likely to be useful

when exactly s oontrol varieties are required,



CHAPTER 6

ALMOST EQUIBLOCK=-SIZED o=-DESIGNS

6.1 Introduction and Summary

In the previous chapters we have considered the construction
of resolvable block designs for ks wvarieties with block sige
ke However in many practical cases, the number of varieties
cannot be conveniently factorized in the form v = ks and hence
to construct suitable block designs, we must either relax the
condition of resolvability or that of equal block sizes. We
feel that from the practical point of view, resolvability is
more important than equal block sizes, so long as the block
siges differ by not more than one unit,

In this chapter, almost equiblock-siged (AE) o-designs
are defined for ks - p wvarieties (p = 1,2,...,5=1) with
block sizes k, k-1,

The construction of AE, g-duim from z—duignl is
considered in seotion 6.2 and the compilation of tables in
section 6.3.

Finally, in section 6.4, & method is given for the
effective allocation of control varieties to the symbols of
AE g-duum.

6.2 Generation of Akj-bnim

We first define an AE design.

Definition 6.2,1, An unequal block-sized design whose block
siges differ by at most one unit is called an almost equiblock=-

sized (AE) design./



In previous chapters we have constructed o-designs from a
kxr array o , and a knowledge of the value of s, We now
introduce a further parameter, p (0 < p < 8) and construct an

AE design in the following way,
Construction 6.2.1, (i) Obtain the ¥ =design from o using

Construction 3.2.1,

(11) Delete the p symbols vep=1,
V= Pyesey v=1 from this o=-design./
We thus obtain a resolvable block design for ksep varieties,
with r(s=p) blocks of size k and rp blocks of size kel,
It is for convenience that we choose to delete symbols from the
highest downwards. 1In section 6.3.2 we will see that this may
necessitate a rearrangement of the rows of >

For some experimental designs it is difficult to delete
more than one or two symbols and still maintain an AE design,
However, for o-designs Comstruction 6,2.1 automatically copes
with this problem, Note that if p = 0, we obtain an o-design
with block size k, whereas setting p =8 1is equivalent to
removing the last row of the array o %o give an o-design with
block size k-1,

Definition 6.2,2, The resolvable AE design obtained from o
using Construotion 6.2.1 is called an AE o=design./

AE o=-designs provide resolvable designs for situations
When v does not conveniently factorize in the form v = ks,
Thus the construction of AE o-designs considerably inoreases
the number of available designs,



6.3 Construction of Tables of AE o=Designs

The theory developed in the previous chapters cannot be
directly used for AE o=-designs, however the following intuitive
ideas seem to work well in general:

(1) 1r @ produces an o-design with a high hem.c.e.f.,
then the AE g—dnum obtained from o for
P=1,2,000y8=1 will each have a high h.m,c.e.f, .
Hence the arrays given in Tables A and C may be used to
produce a wide range of AR g-aum. The technique of
deleting symbols from standard designs has been used by
Hunter (1974).

(11) From (1.5.3), for an AR o=-design,

Ael -gENtE, (6:3.1)
and hence the concurrence matrix, ;u_!f' does not enter
explicitly into the ansalysis, however since the elements
of 5 differ by not more than one, the elements of

N K™°N' may be approximately related to the elements
of NN', Then, analagous to (3.6.3), we may write

. 1 -5
! “~ T (_I_' it N § !')o (mod gv) ; (6e342)
it follows that pairwise variances may still be grouped
according to the number of distinet offe-diagonal

elements of NN', as has been done for o-designs,

6.3s1s AE o-Designs obtained from o(0,1)-Designs

The 2(0,1)-“0191- produced by the arrays o' given in
Table A have been used in Comstruction 6.2,1 to provide AE
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a=designs for ks = p varieties (p = 1,2,00epk=1)s For
example, for r=3, 8 =7, k=4 the array o' given in
Table A.,2 is used to produce ) replicate resolvable designs
for

(1) 28 varieties, block size 4 (p =0),

(i) 27 varieties, bdlock sizes 3,4 (p=1),

(141) 26 varieties, block sizes 3,4 (p = 2),

(iv) 25 varieties, bdlock sizes 3,4 (p=3).

The properties of all AE g-duipu derived in this way
are given in Table B.

6e3.2. AE g—Dniw obtained from 3 (O, 1 N 2)'0..1“.

The minimal 2(0,1,2)-«.1@- produced by the arrays o'
given in Table C have also been used in Construction 6.2.1
to provide AE z—duip. for ks - p vardeties (p = 1,2,4040,8+1).
Since these minimal o(0,1,2)-designs in general do not have
P structure, we would like to remove the symbols which ocour
twice in blocks with other symbols, the greatest number of
times, i.,e. we try to keep the number of twos in the
concurrence matrix of an AE g—duign.tcdnhu. as this
has the effect of increasing the h.m.,c.e.f., For this reason
we have arranged the columns of 9’,' in Table C so that the
largest element of y 48 the last element, (v)*'.

Exaumple 6.3,1s For r=3, k=4, 8=3 let o' be given

by REA L S
o' = 0 2 1 0 (6 oJe ’)



so that
Y o= (1,1,1,3) .
Let p=1; then for the AE o-design obtained from (64343),
E=,7585.
Now interchange, say the first and last columns of (6.3.3),
i.e. let o' be given by

0 0 ¢] Q

$ e 8 0
= 0 o 2 1 (6e3eh)
o o 1 ar

then
! - (’o1a1o1)' .

Let p=1; then for the AE o-design obtained from (6.3.4),
E = 7378,

Thus B depends on the number of twos in the comcurrence
matrix of the AE o-design./

6.4 The Incorporation of Control Varieties into AE g:l"“inl

For g—dui;na. we have adopted the convention of
allocating the control varieties to t of the first s symbols
of the design, where because NN' has BC structure, it does
not matter much which combination of t symbols are chosen,
However for AE o-designs, some particular combinations of ¢
symbols from the first 2 may be preferred for allocation of
control varieties,



To illustrate this, let us consider an AE c:-dui.p with
p =1, obtained from the array @ o The concurrence matrix
of the AE o=design may be obtained by removing the last row
and column from the consurrence matrix of the g—duign. Ifr
the h'® element of this last column is O, end the WD
element is, say 1 (h,h' = 0,1,44e,8=1), then in the AE o=design,
symbol h would occur in blocks with more of the other symbols
than symbol h', and so would be preferred for allocation of
a control variety,

Hence from (3.2.4), it follows that the row sums of the
last p columns of the circulant matrix (Q'Oh-‘l) determine
the order in which the first s symbols of the AE o=-design
are to be allocated the t ocontrol varieties, i.e. symbols
corresponding to rows with the smallest row sums are most
desirable for allocation of contrel varieties,

Example 6o4e1y For r=3, k=4, 8=3 let o' be given
by (6.3.3), then %03 = (2,0,1)' and hence

g SR
(2'05) ok Bl SN (6eket)

® 1 2 .
(1) When p =1, the row sums of the last column of (6.he1)
are (1,0,2)' and hence the control varieties should be
allocated to symbols in the order 1,0,2, i.,es when ¢ =1,
the control variety should be allocated to symbol 1 ; when
t = 2, the control verieties should be allocated to symbols
1 and 0, ete.



(11) When p = 2, the row sums of the last two columns of
(6eket) are (1,2,3)* and hence the order for control varieties
should be 0,1,2./

In Tables B and D, the order for control varieties for
t < min(s,5) is given, which should be sufficient to cover
most experimental situations,
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At Summary

In this appendix several struotures are defined for a square
matrix A with real elements, In sections A.2 and A.J,
eiroulant matrices and block cireulant matrices are defined and
some properties are derived,

T4 is shown in sections A.4 end A.5 how the theory of sections
A.2 and A.3 may be generaliged to n factors, and generaliged
eireulsnt matrices and block genmeralized ecirculant matrices
are defined, Several theorems are stated without proof, they
being straightforward generalizations of earlier results.

A generalizetion of sections A.2 and A3 in a different

direction is given in sections A.6 and A.7 by defining double
eirculant matrices and block double circulant matrices.
Under certain conditions, seme properties of double circulant
matrices are proved in section A.6, and in section A.7 similar
results for block double circulant matrices are simply stated,
their proofs not involving any new ideas.

Balanced factorial strusture is defined in section A.8
and it is shown that this structure is a special case of
generalized circulant structure, Some mroperties of this
structure are compared with previous results for the same
structure,

In section A.9, orthogonal factorial structure is defined
and several theorems are stated. A comparison is made with



recent work by other authors.
Finally in section A,10, a definition of permutatiocn
structure is given,

4.2 Ciroulant Matrices

Definition Ae2.1, 4n 8 x5 matrix T, (h = 0,1,..0,8+1),

whose (1,m)® element, (5)1‘ =1, if n21eh,
= 0, otherwise,

(L,m = 0,1, 000,81) ,
is called a basic eirculant,/

Definition A.2,2, 4An & x & matrix A 1is said to be a
cireulant matrix if it can be written as & linear combination

of basic eirculants, i.e.

s=1
A =T 6T, (4c21)

A is said to have C structure./
The latent roots and latent vectors of a eirculant matrix

involve the nth roots of unity (Bellman, 1970, page 242).

Iheorem 4,2,1, Let A have C structure and be given by
(Ae2.1)s The latent roots of A are given by

s=1
e ¥ hEo ® nc : (402.2)

with corresponding latent vectors

!‘. = 7‘.' (wuo. G‘:. svey U“..1) ’ (10203)

where L is the uth, lth root of unity, i.e.

(\l = 0,1, ooo."‘) B
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Proof, Following Davis and Hall (1969), define mutually

orthogonal idempotent matrices
s=1

1 -h
$ =2 = T w® g (&2.‘)
(\l = 0.1'000’.-1)0
Then (As2.1) may be written as
s=1
A = qu LR L (Ae2.7)

The [ * have rank 1, with the (1,m)"" slement squal te

J.'.u(-l) (1,. = 0.1.000..-1)o Hence
AR % S (Ae2.8)

(u = 0,1,000,8=1),

and thus A may be written in the spectral form

s=1

RN S ARG (44249)

Zheorem A,2,2, Let A have C structure and be given by
(Ae241)s If 4 is symmetric then: i

(1) O, = 0 » (Ae2410)
(h = 0.1,000..-1) B
(1) ar =0 =T 0, o BT, (u2m)

(ﬁ = 0.1.....'.1) ™Y
(144) We can find a complete set of real latent
vectors for the real latent roots Ou" .
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)th

Proof, (1) If A is symmetric then the (1,m)" element of

Ay Oy s Will Do equal to the (m,1)*™® element of 4,
9(1:-) » 1... ﬂh = q:h.

(1) From (A.2,5) and (4.2.10),

ez 8, cos (2oul) (Ae2.12)

h
Op Py * 2y wy

(u.h = 0.1......‘1) .

Substitution in (A.2,2) gives (A.2,10) .

(114) This is a fundamental property of real symmetrie
matrices (Bellman, 1970, page 54). For example we may obtain
a complets set of real latent vectors from the ?.u given by
(Ae2.3) as follows:

i

Def'ine

. (4e2,13)

(u = 1,2,000,[551]) ,

where U 4is the unitary matrix

1 1
U = ﬁ; [ ] (Ao 2.1 b)

-i i

Then 6\: and _s_&u are two real orthogonal vectors for the

latent root Qu‘ (\l = 1,2, ooo.[%]). i.e.
2" 'ff {19 ”' (h;“)u seey COB m'(:ﬂ!)}
_ (4e2415)
8a,' = /2 {0, sin (BI%), ..., sin (Ele=tly; |
Further, let

20' L ‘Y-o' = }. (1.1..0..1) B (A.2.16)
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and when s is even, let

g.' - !.. - ;; (10'1.19“0."1)0 (&2.17)

2 2
Hence the Bu are a complete set of real latent vectors for
.‘.. i.e,

b e =10 28 nawt,

(4.2.18)
= 0, otherwise,

(uu' = 0,1,000,8+1) o/

Zheorem A.2,3, If A has C structure, then the Moore-Penrose
generalized inverse, A' also has C structure,

Eroof, Let A be given by (A.2.1) and dofine

g = 0, ir 0. = 0,

8 (4e2419)
= (0:) » otherwise,
(‘ = 0.1'......‘) .
Then g ol
A' = ufo p‘o LY. (Ae2.20)
Now define
s=1
R TR (et
But from (A.2.6),
a=1 A
o tEo “u ru. ’ (A.2,22)
(h = 0.1.000...1).
Hence y gt
A' = qu # s (Ae2423)

which by Definition A.2.2, has C structure./
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A.3 Block Cireulant Matrices
Definition A.0.1s A ©8 x t8 matrix A 4is said to be a block
circulant matrix if it can be written in the form

=1

A w E 8. 0 F

” ~h -h » (Ao’01)

where the 3!: are now % x t matrices,

A is said to have BC structure,/
Analagous to (A.2.2), define
s=1 B
S L N (4e3.2)
(u = 0y1,000,8=1),

and let the 2“' be weitten in the spectral form

el
LA PR RS PR (4:3.3)
Iheorem A.2.1s Let A have BC structure and be given by
(4¢341)s The latent roots of A are £ . with corresponding

latent vectors

Tar @Yy (F =0 lh0a,t=l ju=0,1,000,8-1),

Proofs Using (Ae2.6), (Ae3e1) may be written as

g1
B e ? (Ae3ed)
P e
o (T fur Tur Tur’ 0T L% (M305)

(uh¢ (‘o’o’) and (&208))0
Hence A may be written in the spectral form
=1 =1

Aol bar Cue® L)y 0L o/ (4e346)
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Theorem A.3s2, Let A have BC structure and be given by
(Ae341)s If A is symetrio then:

B e w8 (443.7)

(h - o"’l!ig.-‘) .
(11) The gu. are hermitian matrices and
3“ - 3-?-‘.. » (ACSOB)
(u = 0,1,000,8=1) &
Proof, (i) Writing 1=1's +1'' ;m=nm's + n'',
(1',m" = 0,1,00ept=1 ; 1" ,m"* = 0p1,000,8=1),
then the (1,0)*® eclement of 4 18 (9500t &

Thus if A is symmetric, then

(2(.0 et ))1'-' = (2(1. Cp— )) s (4e3.9)

1... a = 0 * P

(31) From (Ae3.2), the (1,m)*" olement of © ¢ is
.}.21

im
muh (3‘) L]

e

e Dol  (w(a3),

Sl
= h§° w."' (,‘3,,,,)"1 . (by (Ae2.4)),

8=
-h 1m
T o (O ) é
h=0 ° ~Su

3 * = 3..' = é." = E‘u‘ R ‘ (&’.10)

(u=0,1,000,8=1),



i.e., the gu‘ are hermitian and 9.."9:.,"0 thus g“
and 3‘." will have the same real latent roots, If u=0,
(or when & 4s evem, u=3), the § * will be real symmetric

matrices since moh =1 and D.h - ("1)h (h - 0.1.000.3“)0/
2

Theorem A.3.3, Let A have BC structure and be given by
(Ae3.1)s If A is symmetric and the rows and columns of 8
add to the same number, Z, (h = 0,7,000y8-1), then the 0 *
will each have & latent vector, say 7 ., equal to ;"tl’
with corresponding latent root

s=1 2muh
.Eo z, cos (S5—) . (Ae3.11)

Broof, Simce 8, 1 = 32, , then by (A.3.2)

s=1
81 .( T ow zh)1 . (4e3412)

Hence 7% 1 1s a latent vector of 0 ¢, Now
Z, = 8,1 =91, (eiven)
= 0, 1,  (by (A3.7))
e
(n = Oy 1y0n0y8=1) o
Henoe (A.3.11) follows in & similar mamner to (As2411)s/

Theorem AcJeke If A has BE structure, then the Moore=
Penrose generalized inverse, 5" also has BC structure,
Proof, Let A be given by (A.3.1) and from (443.3), define

'“‘ = o. ng“ = 0,

-1
= ;“ s Otherwise,

(f = 0.1.o..,i-‘| ] us 0’1.000,‘-1).

(Ae3413)



Then define
=1
! * o= frw 9“ Tt ﬂ' - (h’o“l-)
Then < st
AN A § A (4e3415)
Analagous to (A.2,21), define
1 S <h
£ * 3 - & (4.3416)
Hence using (A.2.22),
* =
t = & .Ih ’ (Ae3.17)

which by Definition A,3.1, has BC structure,/

Ads  Generalized Ciroulant Metrices
Definition A.k.1s Let & be factorized into some nvmber, n

of factors, i.e. s = 8, By eve B0 An 5 x 8 matrix A is said
to be a generaligzed circulant matrix with n factors if it
can be written in the form

-1-1 52-1 s‘-i
K-8 B T 9 rn er. e
A hiﬂ hzﬂ cee ‘nw h"hz...hn"h" ..hz

OC.‘P (‘.k")
where the 01‘1“2'"". are real numbers and the Bhd are

8, x 8, basiec cireculants,

J 3
A 1is sald to have ¢¢(n) structure,/

Hence C structure can be thought of as GC(1) structure,



Theorem Asksls Let A have GC(m) structure and be given by
(Aekel)s The latent roots of A are given by
:1-1 az-i s -1 ‘1 ‘2 W

o » (Aeka2)
%‘2000 h1'° hzm hnﬂ h‘ .2 "hn h'h oooh
with corresponding latent vectors
Yu, ® 1,2 8 ...e!u‘ ’ o (Aeke3)
where o is the uJ“‘, -:“ root of unity, and
J

' 0o 1 .3-1 .
Y-“J Iﬁ; ('“J » .‘j '.....IIJ ) 3 (th‘&)

(nJ - 0:“0“”""3 3 =1,2,0005n)s/

Theorem Aske2e Let A4 have GC(n) struoture and be given by
(Asket)e If A is symmetric them:

(i) eh“hzooohn » a‘h“hzcoo‘%‘ (A.k.s)

(hj - 0010"'0'4"1 3 3 =1,2,000,m)

(n) Q“u ooo\ln . ';n,‘lzoooh.

.‘-1 .2-1 ..1 e
n,-o h:-o‘"a-o *nyh --.h,"‘(ﬁﬁo, )“"(""&.2 Joes  (Aekeb)
Q“(M) s
*n

""1 33 =1,2,000m)e/

(“J = 0.1....’.



Theorem Asks3s If A has GC(n) structure, then the Noore-
Penrose generalized inverse, 5’ also has GC(n) structure,/

As5 Block Generalized Circulant Matrices
Definition A.5.1s Let s be factorized into some number, n
of factors, 1.0, 8 = 88,0008 o A ts x t8 matrix A is said

to be a block generalized circulant matrix with n+1 factors
if it can be written in the form

8,1 5 ~1 8«1
1 2
A = Roie X r

o I @ T, 8,000 AdH ol
h1-0h-0 noo “hyhyesch? h,® “hy Iy v (adel)

where the © h are now ¢ x ¢t matrices,

h1h cse

A 4is said to have BGC(n+1) structure./

Hence BC structure can be thought of as BGC(2) structure., Also
if all the °h1h vo h  2re circulant matrices, then BGC(n+1)

structure becomes GC(n+1) structure,

Analagous to (A.4e2), define

1-1 32-1 . -1 u u,

“a
~n1u sasll h1'0 hz.o "o hn.o 151 52"‘”% ~hyheeeh * (Ae542)

(“J - 0'1'".'.3-1 3= 1020"003) B

and let the g;'u be written in the spectral form

=i

a* = T g T .
~ﬂ1u2000nn £=0 “2...“ f-ll1 2o.ounf ~u1u2000unf

(Ae5.3)
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Theorem Ac5.1s Let A have BGC(n+1) structure and be given

by (As5.1)« The latent roots of A are § with

“qu"'“n'f
gorresponding latent vectors

1“1“2..'“ f “ .Yuz 8 see 'I
(= Cylyeneyt=t; “J - 0910000033'1 3d = 1020"'03)1/

Theorem A.5.,2 Let A have BGC(n+1) structure and be given by
(Ae5e1)s If A is symmetric then:

(1) ghhzoo.h g;b,"hzo.o‘hn » (‘050‘&)
(ha = o.1....,-3-1 3 3 =1,2,0000)0
(i1) The o are hermitian matrices and
~u1u2...un
gu‘uzo..nn ” 3&1-'-112...%‘ # (A.§.5)

(‘: bl oﬂoﬂ’o':“ ) d= 1,2,0009n) 0/

Iheorem As5.3s Let A have B6C(ne1) structure and be given
by (Ae5.1)e If A is symmetric and the rows and colums of

2"1"2“"‘;; add to the same number zhhz"‘hn (h‘1 = 0,1,..,0’-13

3 = 1,2,000yn) then the ©° will each have a latent
~u‘ll ...“B

1
vector, say 1“1“2"'“30 equal to 7-; 1 s With corresponding

latent root

.1-1 s ~1 8 - an h, 2T
4 .’Z-o”‘h-ozw ik »«-(—51--,1 m-(—-ﬁ,2 A
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Iheorem AeSeke If A has BGC(n+1) structure, then the Moore-
Penrose generalized inverse, 5" also has BGC(n+1) structure./

A6 Double Circulant Matrices
We modify the notation of section A.2 by representing the
basic circulants of Definition A.2.1 by

L'Oh r':h » (44641)
(h = 0,1,400y8=1),
and calling them forward basic eirculants,
Definition A.6.1y 4n & x s matrix T, (h = 0,1,00098=1),

whose (1,3)"‘ element, (r'"l):"l =1, if m+1=h,
= 0, otherwise,

(1m = Oplyeseys=i),
is called a backward basic circulant,/

Definition A6.2, 4An & x 8 matrix 4 is said to be a
double circulant matrix if it can be written as a linear

combination of forward and backward basic circulants , i.e,
1 8=

A'w'E T

A 8 i S‘h :sh. (Ao602)

A is said to have DC structure.,/

We only consider DC structure for which

°¢h » e".-h ’ (&603)

(‘ = 0’1 ‘ h = 0.1.000.’-1) .
Analagous to (4.2,2) and (Ae2.6) define
g o=

® - | =h
ES‘ =3 hzwmu E‘. (Ae6ok)



® h
Gp -&n‘ Q‘h.

(‘ =0,13 u = o.‘.ooo.."")o
Hence (A,6,2) may be written as

1
A = } .E B ok
- g=0 u=Q &vY ~gu

We would like to convert the 2s matrices 5‘
éo
Define

L
de * SQle -

where the § are given by (Ae2415=17) ,

(‘ = 0,1, oco...")- °

(446.5)

(As646)

into a basis for

(Ad647)

Thus by (A.2.18), the A, @re mutuslly orthogonal idempotent

matyices,

Theorem Aefel.
(A) 8= Loo" = [1g" =5 2,
(i4) VWhen & is even,
A -'r‘-!“--}l 5

i DRy e

1
(11) 8, = 3 (Tou® * Tosa® * Dow” * Deaw) o

(u = 1,2, 000, [5520),

Proof, (i) and (ii) follow from (A.2,16=17)

(446.8)

(&06 09)

(446410)

and (Ae6elk)e

(141) From (A.2.13), the (1,m)"" element of 2 1s
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)" = (8, 8, =3 @ ¢ 0y Do 40",

.12. (o me=1 1-m lem -(1*!)) b

a '}Q“ fmu a
1 % £ ‘h
=% Cou” * Tom” * Ipa” * Laza®) s

(‘ = 1.2..00.[51'] 3} la = 0.1.000.5-1) N
and the second part of (A.6,10) may be proved in a similar manner./

Define
(Ad6411)

™ =0" 4 0, $ (As6412)

(Ad6e13)

* . %
ﬂ‘“IOW 91“ »

(\l B 1.2..-0. [221])0

Zheorem As6.2, Let A have DC structure and be given by
(Ae642)s If A satisfies (A.6.3), then the latent roots of
A are T  with corresponding latent vectors ¢, (u = 0y1,00098=1).

Proof, Condition (A.6.3) implies that A is symmetric and

that
e * = 0.°*, (A6 414)

gu g=u
(g =0,1; u=0,1,000981) 4
Hence, using (4.6.8=10) and (A.6.11=13), we see that (A.6.6)
may be written in the spectral form
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s=1

A = wEO "“ ..5.“ .5.; o/ (446415)

ZIheorem A.6.3, If A has DC structure and satisfies (A.6.3)

then the Moore-Penrose generalized inverse, 5’ also has DO

structure,
Proof. Define e =0, if w =0,

u
-
=T e otherwise ,

(‘ = o.".ooo..").

Then
+ g=1
A 'u)-:o.“ Ay * (As6416)
Define
@) g% = #% = 0, (446417)

(ii) when s 4is even,
gr = ’1‘ = 0, (Ae6418)

%

(112) Bg = 3 (e, +ea) s
s 1 (Ae6419)
ﬁﬁ = (e, ~e ),

(g = 0,13 u=1,2,,.., [%1])0

(iv) _Af‘-*"-eo%-c‘é‘;,u- is even,
2

2 (Ae6e20)
B é - ‘o éo ? “ s il m .
Then from (A.6.8«10), it follows that
1 8-
A" @« T ¢ gor*, (Aebe21)

Hence using (A.6e4), g‘ may be written in the form
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(Aeba22)

(‘ - 001 ’ h= 0’1.0.0...1).

Thus by Definition A.6.2, (A.6.22) has DC structure, and hence
from (A,648), (As6.9) and (A.6,20), it follows that A" also
has DC structure./

A.7  Block Double Ciroulant Matrices
Definition A.7els A ©8 x t8 matrix A is said o be a block
double oirculant matrix if it can be written in the form

1 8=l ® (
A = ¥ r a T AsT el
~ g mo~ w’ ;
'h.nthtgsh are now t x t matrices,
A 1s said to have BDC struoture,/
We only consider BDC structure for which
P,sh = 8 2h ? (Ae742)
(8 =0,1; h =0,1,000y8=1),
Analagous to (A.645), define
Sel h
8% = T w ' 0 (24743)

~88 g U ~gh’
(8 =015 u=0,1,000p8-1)s

ZTheorem A.7.1s Let A have BDC structure and be given by
(A.T.‘)o Iir é satisfies (‘.0702) then the g‘.u are real

symmetric matrices and



-4 =

o * Sotn’ (Ae704)

(6 =0,15 u=0,1,00008=1) s/

Define
(1) my = o8 + 88, (Ae745)
(1) when s 4is even,
1.7‘ = 2&* 21" s (A.?C‘)
2 2 2
(111) e Sou * 2 ¢
(A07o7)
Tau ™ 20w = 2% »

(u - 1.2.000’[%']) “

By Theorem A.7.1, the m, are real symnetric matrices, Let

the . be written in the spectral form
=i
w = 20 4 (Ao-'oa)

L]
~u £=0 uf ~uf ~uf F
(“ = o.‘.ooo...‘)o

Theorem AsJs2, Let A have BDC structure and be given by
(4e741)s If A satisfies (Ae7+2), then the latént roots
of 5 are guf with corresponding latent vectors Iut'.a.u
(f = 0,1 00et=1 3 U =0,1,000p8=1)s/

Theoren As7.3: If A has BDC structure and satisfies (A.7.2),

then the Moore-Penrose gemeraliged inverse, A’ also has BDC

structure,/

A.8 Balanced Factorial Structure
Definition A.8,1, Let A have GC(n) structure and be given
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by (Aolluo1)o If all oh‘he...hn ('m. if h‘ f O, then

h‘ = "2,000.33'1). are equal, say to 0‘1'2”"‘ s .0,
eh|h2"°hn - 9'1'2..." » (30801)
where
'4 = Q, ir hJ =0,

= 1, otherwise,
(3 =1,2,000pn)
then A is said to have balanced factorial structure for n
factors, i.,e. BF(n) structure./

Iheorem A.8+1s Let A have BF(n) structure. The latent
roots of 5 are given by
1 1 1 x x x
* 1 2 n
011‘20.01‘ -81% Z . " e °l1l oooln’ (‘.8.2)

%
2&... .nﬂ .1 '2 .n

with multiplicity

n xJ '
n (-:-1) ’ (248.3)
3=
x
where the o, J are given by the table
J
x
0 1 1
(AeBed)
1 ‘3.1 - »

(330'3 =0,1; 3 =1,2,000yn)0

Proef, From (A.2.4),



g~1 . s+ Zriu .J
.:t‘ Q‘J‘ .h:tﬂ {ﬂ (-.;J)} » (Ae845)
= (8, if u,=0,
La 3 gl
(‘ = 'pzio-c’ﬂ)a
Since .‘: = 1 (“ .0.19000..f').
s -1
J h’ = g1, if u =0,

= =1 , otherwise,
(J = 1.2.000..).

Hence, using (A.8.1), it follows that (A.4e2) reduces to
(4e842) o/

Expression (4.8.2) is identical to expression 4.28 given by
Kshirsager (1966) end expression 4,10 given by Hinkelmann (1964),

A9 Qrthogonal Faotorisl Structure
Definition A.9,1s let » be factorised into some number, n
of factors, i.e, 8 =8,8,0008 ¢ If A isan sx8
symmetric matrix with real latent vectors of the form

31.320 ...0_6,', (4eSe1)

1

where .6_‘ is an a:xi vector, and either 34-7;;1 or
-J” =0, then A is said to have orthogonal factordal structure

for n factors, i.e. OF(n) strusture,/
With this definition, the following results are immediate:



Theorem As9.1s The matrix A of Theorem As3.3 has OF(2)
Itmmo/

This hes been shown by John and Smith (1972),

Theorem A.9.2, If A has GC(n) structure, then A also has
0F(n) struwtuwe,/

This has been shown by Johm (1973).

Theorem A.,9s3s The matrix A of Theorem A.5.3 has OF(n+l)
structure,/
This has been shown by Cotter, John and Smith (1973).

4.10 Fermutation Struoture
Definition A.10,1, Let A be an s x 5 matrix, If (i)

all the diagonal elements of A have the same value, and
(i1) the elements of any row or column can be obtalned by a
permutaticn of the elements of any other row or column,
then A is sgaid to have permutation structure, i.e.

P structurs./
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AETRDIX B
COMPUTATION OF THE H.M.C.E.F. OF owDESIGNS

B, Summary. In section 3.4, 1t was shown that I for

an o=design may be obtained from the characteristic equations
(3ele1)s In this appendix, these equations are simplified
for the cases r = 2, 3, 4s

We first define a difference set on o
Definition Be2els Let
D = (myqoy govosslyq, IMpqempgeecalipy JeveiBygslpnscestiyy )y

(Be241)

g
where T 4 =d, denote the set of k® aifferences of the

form

(.112‘|1= '111‘11”(.’15'12‘ ‘112"!2)‘ s ‘(‘111"511: ‘114"‘141)
o Mo Mgy gt Bapingy gy my )

: 2 )3( 2 )Eaeed( -'- )s
“‘:2’:1 g’ lgg  lele2 1y Vel Hsd:ui‘
obtained from the array @ s

(-1J = 0.1.....1‘1 ‘ 11: = 0.1.....h—1 '

J= 10200"0“3 i= 10290“08) o/

For example, the difference set D = (m,m') will involve
differences of the form



(ﬁl- .ll) + (‘h' ‘1!-.) » (Be2,2)
(1,1 = 0y1,0u05k=1) &
Suppose the element h appears Ah times in the difference

set D (h = Oyt ,eee,8=1), and let

t(D) . 000 A1l teop k._‘). . (30203)

1'&(3) = kd e (Be244)

Definition Bo2,2¢ (1) Tor r = 2,define
22 -&(091) . (30205)
(11) For r = j,define
Vo .5(0,1) + 5(0,2) ¢3(1,2) »
- %(00102) -

(Be246)
)
(iii) For r = 4, define

vo =1 (0,1) +1(0,2) +1(0,3) + 1(1,2) + A (1,3) + A (2,3),

vy = 2@_(0.1.2) + 5(0.1.’) *5(0.203) "’3("2.3))0

(Be2.7)
v, = 200(0,1,2,3) +1(0,1,3,2) + 1(0,2,1,3))

- (}‘(0013205) “‘}(002!10’) “3(0’3'102)) o/
Let the elements of v, be v, (h = 0,1, 000y8=1);
d= 2, ssey r). and define

Vet '(;;;r o o (BID )y, (Ba248)

(“ = 0‘1..00.."1 3 A= 2,000, T = 2.3.‘0-) .
Then the characteristioc equations (3.4.1) may be written in

terms of the "m‘ s in particular,



-1&-

(1) forr = 2,

!‘ -\02“' = 0. (30209)

(11) for r = 3.

13 - \’a.x- V,u‘ = 0 ’ (3.2.10)
(441) for r = 4,
x“-vzu‘x’-v',u‘z- Vgt = 0, (Bo2411)

(\I = 0,1.....0-1) ’

where .
x-1-;-g.

Hence for r = 2,3,4 we may express (3,4.10) in terms of the
\’d.n.. 1...

(1) forr=2, _
1
E:: = 3‘;—:1:!;:- » (B.2,12)

(1) forr =3,
— - — > (Ba2413)
Ue 7 A vzu' - Vey

(444) for r = 4,

o Tigi e
"'1-' = - ‘I‘vk » (302.‘“5)
Sue “TZ Ve - 4 vh. = vlﬁl‘

(u=1,2,000p8%1) ¢
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SUIDE 70 THE TABLES

Zebles 4 and C

For each combination of r, 8, k, Tables A and C contain
the last r - 1 rows of an array o' in reduced form, from
which 2(0,1)-4051@- and 3(0,1,2)-«-1@. respectively may be
obtained, In a few cases, arrays f' have been used and these
are denoted by an asterisk, Also included is the h.me.c.e.f.
(E*) for the dual design (or o'~design).

Zables B and D
These tables contain properties of most of the designs

obtained from Tables A and C respectively, including almest
equiblock=siged g-duim. For each design we give the
minimum canonical efficiency factor (E(MIN)); the hem.c.e.f.
(E); the harmonic mean of the pairwise efficiency factors
(E(1)) for varieties that appear together i times within
blocks, together with the range (as a percentage) of these
peirwise efficiencies; and the recommended order in which the
symbols of the design are to be allocated control varieties
(up to min(s,5) symbols).
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TABLE A.1

«x(0y1)-DESIGNS 4, R=2 , 3<S5<15 , 3<K<10

e ———— - e — e — -

§F N £ ARRAY o¢*
3 3 .5556 6 1. 2

L il PR gr1 "2

4 4 .5385 01 2

5 3 .4361 g1 22

5 4 .4982 0 1-@2%3

5 5 .5294 0 15200 &

6 3 .4151 0 1 3

6 4 .4705 0 1 2 3

6 5 .5038 B3, a0k

6 6 .5238 R Tk LR

7 3 .4081 c 1 3

7 4 .4573 9 12

7 5 .4853 Ry e Ty

1 6 .5061 Poml 203 A%

7 1 .5200 0 1 2 3 4 5 6

8 3 .3896 c 1 3

8 4 .4418 8. 1 2 4

8 5 4135 0.-1 2 23is

8 6 .4928 01 2 3 ‘&5

8 17 .5C70 3% )i 2 3NRS 8

8 & .51172 Qi3 231 4%S 621
9 3 .3753 c 1 3

9 4 .4318 g 1 3 4

9 5 .4631 g% 2 878

9 6 4832 Ol 2 BN E e

9 1 .4969 Qo3 2 Tl % 5

9 8 .5013 U0 02 308 5 G}
9 9 .5152 B 102 -3 .Y B
1 3 .3623 c 1 3

10 4 .4247 g2 '8

10 5 .4562 8.1 2 "aue

10 6 .4755 c 1 2 3 5 6

10 7 .4892 iy 2. AVRERCE Y

10 8 .4594 Gad. ¢ SEALS K. 3
10 9 .5C73 81 2 -3a0% 5 s B B
10 10 .5135 Gri1iie rAnsins . 6 5 g
11 3 .3491 6.3

11 4 .4201 Crlime s

11 5 .4521 gk 3kl y

11 6 .4705 SN & %A

11 1 .4832 Oy 2 3 % &7

11 & .4931 .12 -3 .4 5 &8



- 123 -

S K E? ARRAY o'

11 9 .5C09 O W 2 A B 8

11 10 .5072 g 142 "8 B sEEs P Te 9
12 3 .3463 s i T '

12 4 . .41715 0.1 37

12 5 4458 0.1 "% & 2

12 6 .4646 832V 3V 8

12 7 41782 et - SRl T S B

12 8 .4882 o -2 3% 6B

12 9 .4957 B  X.2..3 &8 6. 8 .8

12 10 .5019 g 1 2 3 &% 5 6 7T.8.9
13 3 .3425 Sl %

13 4 .4161 8L 3 9

13 5 .4408 e Tl WL

13 6 .4601 8 1.2 3. 820

13 7 4737 % 1.2 3.8 69

13 8 .4838 8 1- 2.3 % & 1%

13 S  .4917 0.1, 29 3§58 - 510

13 10 .4975 B 1" 2. 3-4. 5 8" "990
14 3 3347 Ow. i .4

14 4 .4106 0 1 4 6

14 5 .4368 -1 2 &, 9

14 6 .4568 8.0 .2 20600

14 7 .4699 0 1 2 3 5 6 9

14 8 .4802 0 1 2 3 4 61011

14 9 .4878 BEF 2 3 & SauT v.10

14 10 .494C 07" % 2 ¥ & SN0 30 1]
15 3 .3241 ok 1. 4

15 4 .4062 0,337

15 5 .4339 0 3. "2 a4 38

15 6 .4543 Q 3 r2"3 "& 1€

15 1 .4679 0:: ¥ 2 & 'S5 B0

15 8 41715 @Y 2 3 At

15 9 .4848 8- T 3087911702 '

15 16 .49017 R - T T ST AR e kB T
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TABLE A.2

——— . ———

3<K<9

R=3 5 3<S«<15 ,

»1)-DESIGNS

«<(0

‘50

ARRAY

0N

O - O O™ -

-0 "N o N®nnm

3 - &5 N NOmMmEeTm Ne=ONMOTM~

0N - - MmN Toamn N SN~ NN O M OO T~MN0

MANNONMT-SNOONNME~SNAON~NONONOD O~ NN OO NMSNISIMNNS -
Nt M et et NN NN A FNOD rd F o N ood N md N o NN = O T NN =M ONM ™ e O

lejejelieleelsele oo olofolslojefofefoofeolefoleololoNololeleNoRoleNo oo NoNoNo)

™M - e e, 3 (= ™M n it o 0 - ~ ooy Q ~ 3 Q 3 0 «©
g o o o~ (= o ~N o o 5 Lo ) — oy 0 = (=] ~ (] 0 n
~N @ | < @D Q ~N 0 o« ~ 0" O <« @© (=) ~ 0 g @ ® o)
o 0 e 0 0 P~ o 0 0 0 O 0 0 0 0 O 0 0 0 0 ‘s
. . . . . . . . . ° . . v . . . . . . - .
o ™ - M 3 n a2} 35 " ~ 5 n 0 - ™ <5 0 0 = @ ™M
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?.‘l

ARRAY

——————————— —— — —— ———— T —— ———— ———— —————— . —— ———— - —

DO -

- ™~N
VNM~NOM

~ O N0 MmN T
TAONOITH~NTITNn

VWM NOTEF~MnNngeanmo

@© ¥

~ o~

O~ OM™~OmMm

OO on ™~

DNV NOTNTOTN

-

ITHEITNMNMOOMOMOMO

n o

NSO NAMONSD MO APNDN N O =MD

O wd GO NN ~d et OONTS o=l QU O U et (N rd T omd I o () el 1) el N N0 O e (N

CO0000O0QO0O0O0O00O0LOVCLOOCOLOLOLOOO

«6399
<6536
<6662
<6731
«6794
<6842

4
5
6
7
8
9

3 .5869

10

4 .,6324

10

5 6485

10

6 6605

10

T 6676

10

8 .6728

10

9 .61783

10

3 .5824

11

4 6261

11

™~

n

0 Or~

PN O

NYVOVITFNIPT O

NS roamomo

—

—_

NONONWN N~

—

- O DN~

CO0O0QOO00O

5 «6431

11

6 .6558

11

1 6629

11

8 .6698

11

o N
M~ 0
QO ~
n @
< 0

Mm o
—

N =~y

- NN~

COQLOQCQ

9 6138

11

3 5762

12

<6207

4

5 .6393

12

6 .6513

12

1 6582

12
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ARRAY

?."

*A - o

N T O

QO » M~ O

r~0 0™~

O~ N

0N e ) -
- -

VN NM
—

o

-l
P

—t

—_
—
@©®

NI NN OTTINNNM~N

[
-
P
4
M AN
-
® ™M

9 10

6
1

D e D e ) e ) et O e ) e

Lo I |

4

7 10 11

=]
-
N
-
~”

CO0O00OOO0OO0OO00OQOQ

« 6650
« 6695

8
9

12
12

3 .5716

13

<6160

4

13

5 .6369

13

6 .6476

13

1 <6551

13

3112

2

DM e D e N e O ) OO
-

CO00 QOO OOoO0OOCOO

8 .6617

13

3 .5682

14

4 L6117

14

5 .6330

14

6 6431

14

o n
W)™ -
-

- NN
—
QIO
-

M O N~

1 6525

14

~ 30 0N

-

3 .5649

15

12

4 L6093

15

5 .6295

15

€& 6414

15

T <6488

15
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TABLE A.3

4<K<9

*

s 4<£S«15

R=4

o<(05 1)-DESIGNS

ot

ARRAY

——— - —

O W ~3 0
O WD Mo NN~ mMm

N =~ n Mg OV F DT T~ O~ ANT N~
M NS NMNEFN~NOTFOTDN SO MNMAO~MONMONMMNNDOSMM-SNNNMOMN~NOOM~
2.313\1434.2/«.23,215243263.2.4626.66142.’.3261‘2147.14

AN ONT A MM Ert DTN Ot NT =Nt NN o e (N =W e DN D QO

efeN= oo oo ool ReleNoRole s o oo e o olls oo jlejejejofelejleojeoNo oo RoRS o]

n 0 @« ™M 0 ~N ot n = o =] 0 O >
v ] @ o a3} wn (a2 o n - T @ P ™ 0
@® O @ n o) ~ n 0 M~ Ll ) n 0 o~
(g M ~ r~ r~ r~ ™~ ™~ ™~ ~ ~ r~ ~ ~
. . - - . L . . . . . . L .
< g T 3 7 K n 0 ~ < o 0 e N
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ARRAY

o !

P~ 0 0 NO w
-~

0Dy~ QoMmMmownNO
- -
@ ™~ N Lol bl o o I SRV K SN NTOM -
O O ™™~ ~O DO~ WEYM O NN -y O MN-MN~OnNgm
-4
MO OO N0 - PO~V TOS~m DN ~M VW=t~ DT el F O~ L=

-
834586567983451531679432327801528321364362312911512
. - —~4
641248358745293463461386235718216268241247295415268
527173283628146256392178159170152136127178158147126

4

OOOOOOOOOOOOOGOC00000000000000000000000000000000000

[ Q ~—~ (=) ~N d N Q P -4 n ~N n & o o
-~ ~N o) v L] 0 ™ w — @ N ~ =] 5 @ ~N - 4]
e n n o~N (a2} e n '3 0 - ™M < 3 "3 wn - ~N
~ ™~ ™~ ™~ ™~ ™~ ™~ ™~ ~ ™~ ™~ ~ ~ r~ ~ ~ ~
. . . . . . . . - . . . L] . . . .
n 0 M~ = n O > 4] o 4 '3 0 ™~ @ (o)) < 0
o) o] o (= Q o o o Q i - e — —~— — ~N ~N
Ll o4 — —4 i et - .- i i — — - —
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ARRAY !

-~

M~ O~
OM~T ON T
o
N O = MO
NN D Mo
Ne™~ONOM™M

~FN~- T

N~ 1"\
—

OCWMmOownm
— -

ON =~~~
NN

I~ NO W
o=t

M TODOON-INNDM -
—

N M
—

O~ O W
i -

= ONMO ~T

—

VX~ ONMITMND RN -

-

P Ned O NN T~

NN

T NN ~N

—

P~
-~

POVl Pt DN ONDO = OO d OO et I (N
-

NNOWVOTN N ON~NNMONOTFOND T ON O NM NNt F o NN T
—

SN T O NSNS N O N DN DN =T ot OO O O el I ol U o
-t

CCOQO00CUO0O00O00O0CVOLOLOOCLLOLODLLDODOLOODODLOOLLODLOL

« 7395
« 1452

6
17

12
12

«7511
« 1547

8
9

12
12

4 .71C00C

13

5 7250

13

6 .7363

13

« 7427
. 7481

7
8

13
13

4 .7C43

14

5 .7236

14

6 .733C

14

T 7394

14

4 L7045

15

5 <7206

15

TN o,
—

NTNOWO
oy

NSO~
L —~

Mt~
NO =M ™MmO
— -

-~ N O~

OO0 Q0O

.731C
71386

&
1

15
15
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TABLE B.l

PROPERTIES OF «(C,1)-DESIGNS , R=2 , 12<V<100

—— . ——— — ————— ————— —— — ——— — —— ———— —— — ——— ——— - ———— ———

V S K P E{MIN) E E(C) E(1) CONTRCLS
13 4 4 3 .3333 ,6306 .5738(12) 74961 4) 0312
14 4 4 2 .32333 .€628 .6C8B1(17) .7684( T) 0132
15 4 4 1 .3750 .6908 .63S6( 9) .7851( 3) c123
16 4 4 0 .50C0 .7143 .6€67( 0) .8CCCl 0) 0123
17 5 4 3 .2572 .609C .5620(17) .7491( 8) 01342
18 5 4 2 .2996 .6353 .5899(13) .7638( 6) 01234
19 5 4 1 2977 6566 6127(11) .7774( 4) 01324
20 5 4 0 .375C .€77C .6352( 5) .7895( 0) 01234
21 6 4 3 .2205 .5B98 .5493(17) .7495( 8) 01234
21 5 5 4 .375C .6942 .6529( 9) .7999( 2) 04123
22 6 4 2 .2202 .6109 .5713(15) .7615( &) 03124
22 5 5 3 .3750 .7101 .66€98(11) .80C93( 4) 01423
23 6 .4 1 2310 €306 5923(15) .77124( &) 01342
23 5 5 2 .3750 .7247 .6858(11) .8179( 4) 01243
24 6 4 0 .2835 .€501 .6134( 8) .7826( 1) 01234
24 5 5 1 .40C0 .7380 .7C07( 6) .8259( 2) 01234
25 T 4 3 .2209 .5863 .5526(14) .7486( 7) 01234
25 5 5 0 5000 .7500 .7143( 0) .8333( 0) 01224
26 T 4 2 .2240 .6038 .57C6(13) .7591( 5) 01423
26 6 5 4 .2943 .6803 .6447(11) .7997( 5) 01452
27 7T 41 .25CC 6207 .5€83(12) .7690( 4) 01245
27 6 5 3 .3161 .6940 .6592(12) .8072( 5) 01245
28 7 4 0 .32322 .€6364 .6C5C( 5) 77781 0) 01234
28 6 5 2 .3346 7062 .6724( 9) .8l44l 4) 01234
29 8 4 3 .1785 5719 .5414(17) .7490( 7) 04123
29 6 5 1 .3382 .7174 .6E844( 8) .8213( 2) 01243
30 8 4 2 .1842 .5887 .5589(16) .7579( 5) 01452
30 6 5 C .4CC0 .728C .6562( 4) .8276( 0) 01234 .
31 8 41 .2128 .6054 .5764(15) .7665( 5) 01245
31 7 5 4 2474 .6683 .6367(14) .7996( 6) 01245
31 & 65 4000 7376 7C62( 6) .8333( 1) 05123
32 8 4 0 .250C .6206 .5924( 8) .7742( 1) 01234
32 7 5 3 .2686 .68BC6 .6497(11) .8061( 5} 01234
32 6 6 4 .4C00 .7467 .7158( 8) .8386( 3) 01523
33 9 4 3 .2116 5715 .5449(16) .7499( 7) 04512
33 7 5 2 .2670 .6912 .6€10(10) .8123( 4) 01423
33 6 6 3 .4C00 .7552 .7251( B) .8436( 3) 01253
34 9 4 2 .,2127 .5846 .5583(16) .7576( 7) 01456
34 7 51 -2796 .7015 .6721(10) .8l81( 3) 01245
34 6 6 2 .4CC0 .7632 .73391 B) .8484( 3) 01235
35 9 4 1 2087 5973 .5715415) .76461 S) C1245
35 7 5 0 .3198 .7115 .6829( 5) .8235( 1) 01234
35 6 61 4167 7707 74221 4) .8528( 1) 01234
36 9 4 0 .25C0 .6101 .5€48( 7) 77141 1) 01234
36 8- 5 4 .,2388B .6612 .6333(14) .7992( 5) 01235
36 6 6 C .5000 .7778 .7500( 0) .8571( 0O) 01234
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«1560
«2471
« 3249
«1686
«2536
« 3349
-1562
«27163
«3519
«2314
«3268
«3597
« 1347
<2238
« 3652
«2254
<4167
<1793
«2389
« 2743
<4167
« 2295
« 2652
«2944
<4167
2207
«3C00
«30CC
<4167
«2196
<1981
«3015
<4167
<2193
« 2024
+ L3239
<4167
«25C0
e 2167
« 3460
<4286
<1901
« 2420
.2503
«5CC0
«2851
«2718
«3487
«2121
«24C9
«2120
«3539

<5618
<6722
. 1285
«576C
«682C
« 1364
« 58896
<6915
« 1438
<6024
« 1004
. 1508
«9555
« 6555
« 1574
«57C2
«6653
« 7637
<5846
<6741
«12C5
« 1696
« 3913
<6827
- 12178
- 1752
«5672
« 6906
« 1345
« 71806
«5764
«6501
« 1408
+ 1858
<5854
«6590
« 1468
«1908
«5942
<6677
« 1521
« 1955
« 5649
<6761
« 1144
. ECCCO
«5743
«.6839
«1213
« 1633
«5835
<6525
e 1215
« 7683

«5375(18)
«6450(11)
«7C07( 8)
«5522(18)
«6553(10)
«7CS1( 9)
«5€¢66(16)
«6654( 9)
« 71710 9)
«5756( 8)
«6750( 5)
« 72461 7)
«5332(20)
«63C6(14)
« 73170 6)
«5485(19)
«6408(11)
.7386( 3)
«5€34(17)
«6501(10)
«6555(10)
«71448( 5)
«5766( 8)
«6561(10)
«7C33(10)
«7509( 6)
«5478(14)
«6€6761( 5)
«71C4( 8)
«1567( 6)
«5572(15)
«6275(12)
« 71710 7)
«7623( 6)
«5€64(15)
«63268(12)
« 7236 T7)
«TETT( 6)
«5754( 8)
«6459(11)
«730C( &)
«7728( 3)
«5470(11)
«6547(10)
«6918(11)
«1778( 0)
«55€6(11)
«6€30( 5)
«6591( 8)
«7411( 6)
«5660(10)
«6324(10)
«7C57( 8)
«T464( 7)

«T491 1
«8049(
.83321
« 15631
.8104(
«8376(
« 716301
«B157(
84191
«71692(
«82C51(
. 84601
« 7491 (
« 79911
«8499(
15571
.8042(
«8537(
«76171
.80921
«8331(
«85711
« 16741
«8139¢
.8370(
«8604(
« 14951
.81821(
«8407(
<8636 (
«1554/(
« 79911
«84431(
<8666 (
«7608(
.8038(
«8478(
«86951(
«7660(
.8082(
«8511(
«8723(
« 14961
«8124(
«8329(
«8750(
«1549(
«81631
«8363(
+ 85714
«71599(
« 7994 (
«83971(
«8599(

01235
01235
01235
01234
01234
01234
01567
01234
01235
01256
01234
01234
01235
01236
01256
06123
01234
01234
01235
01623
01237
01234
01234
01263
012324
01234
01253
01236
01234
01263
01235
01234
01234
01236
01234
01234
01234
01234
01236
01234
01234
01234
01234
01672
01234
01234
01234
01267
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V S KPEIMIN) E Eto) E(1) : CONTROLS
52 13 4 0 .2835 .5925 .5753( 3) .7647( 0) 01234
52 11 5 3 .2438 .6596 .6397( 9) .8035( 3) 01237
52 9 6 2 .2799 .7334 .71190 7) .8430( 2) 01236
52 8 14 .3620 .7731 .7515( 7) .8626( 2) 01236
53 14 4 3 .1855 .5604 .5437(13) .7498( 6) 01267
53 11 5 2 .2563 .6665 .6469( 9) .8075( 3) 01234
53 9 6 1 .2998 .7391 .7180( 7) .8461( 2) 01234
53 8 7 3 .376C 7777 «7565( 7) .8653( 2) 01234
54 14 4 2 .1B44 .5695 .5530(11) .7545( 5) 01236
54 11 5 1 .2697 .6732 .6539( 9) .8113( 3) 01234
54 9 6 0 .3359 .7445 .7239( 4) .8491( 0) 01234
54 8 72 .3783 .7821 .7€12( 5) .8679( 2) 01234
55 14 4 1 .1999 .5782 .5€18(11) .7592( 3) 01234
55 11 5 0 .3268 .6796 .66C6( 4) .8148( 0) 01234
55 10 6 5 42805 .7126 .6924(10) .8331( 4) 01234
55 8 7 1 .3844 .7863 .7658( 4) .8704( 1) 01234
56 14 4 0 .2500 .5866 .57C4( 4) .7636( 0) 01234
56 12 54 .219C .6490 .6205(11) .7995( 4) 01273
56 10 6 4 .2685 .7181 .6582( 8) .8361( 3) 01234
56 8 10 .4286 .7904 .7702( 2) .8727( 0) 01234
57 15 4 3 .1647 .5574 .5417(12) .7497( 5) 01237
57 12 53 .2245 .6554 .6371(10) .8032( 3) 01237
57 10 6 3 .2896 .7233 .7C36( 8) .8392( 3) 01263
57 9 176 .2981 .7578 .7376( 8) .8571( 3) 01267
57 8 8 7 .4286 .7943 .7743( 4) .8750( 1) 07123
58 15 4 2 .1771 .5658 .5503(11) .7542( 5) 01234
58 12 52 .2391 .6617 .6436( 9) .8C6S( 3) 01234
58 10 6 2 .2983 .7283 .7C88( 7) .8421( 3) 01236
58 9 75 .3103 .7624 .7425( 7) .8595( 3) 01236
58 8 B 6 .42B6 .7981 .7783( 5) .8772( 2) 01723
59 15 4 1 .1952 .5740 .5586(11) .7586( 3) 01234
59 12 5 1 42591 6677 .6499( 9) .8103( 3) 01234
59 10 6 1 .3067 .7331 .7139( 7) .8448( 2) 01234
59 9 7 4 .3267 .7668 .7472( 7) .8620( 3) 01234
59 8 85 .4286 .8017 .7€22( 5) .8793( 2) 01273
60 15 4 C .25C0 .581& .5667( 4) .7627( 0) 01234
60 12 5 C .3000 .6735 .6555( 5) .8136( 1) 01234
60 10 60 .3209 .7379 .719C( 4) .8475( 0) 01234
60 9 7 3 .3247 .771C .7516( 6) .8643( 2) 01234
60 8 84 .4286 .8052 .7€60( 5) .88l4( 2) 01237
6L 13 5 4 .1962 .6445 .6272(12) .7996( 5) 01278
61 11 65 .2880 .7102 .6919( 9) .8330( 3) 01234
61 9 7 2 .3276 .775C .7559( 5) .8666( 2) 01236
61 8 83 .4286 .2086 .7€97( 5) .8834( 2) 01234
62 13 53 .2C24 .6508 .6337(11) .8030( 3) 01237
62 11 6 4 .2940 .7151 .6969( 8) .8358( 3) 01234
62 9 711 .3392 .778Y .7601( 5) .8689( 1) 01234
62 8 82 .4286 .8119 .7533( 5) .8853( 2) 01234
63 13 52 .2174 .6570 .6401(11) .8063( 3) 01234
63 11 63 .2925 .7198 .7C18( 7) .8385( 3) 01237
63 9 70 .3658 .7827 .7642( 3) .8710( 0) 01234
63 8 81 .4375 .8151 .7968( 3) .8872( 1) 01234
64 13 51 .2366 6630 .6463(10) .8C95( 3) 01234
64 11 6 2 .2948 .7244 .7C67( 6) .8412( 2) 01234
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«7346( 8)
-8CCO( 0)
«6523( 6)
«7114( 6)
«7393( 8)
«1716( 5)
«6270(11)
«7160( 3)
« 74370 7)
» 21527 53
«6228(11)
«6E84(10)
«74791( 6)
s 11871 5)
«6385(11)
«6934( 8)
«7519( 5)
«7€21( 5)
«644C(10)
«6582( 8)
«7559( 5)
< T854( 5)
<6493 6)
«7C30( 8)
« 75971 3)
< TEB6( 4)
«6250(12)
«1C76( 7}
«7344( 8)
«7917( 4)
«6308(12)
«7121( 4)
«7384( 8)
«7947( 2)
«6365(11)
<6EB2(10)
« 714221 6)
« 76921 6)
» 1951 3}
«6420(11)
«6527( 8)
« 1458( 6)
« 772501 6)
«8C03( 4)
«6473( 6)
+6569( 8)
« 74931 6)
«71757( 6)
«8C31( 4)
«71C11( 7)
«71528( 5)
- 71788( 6)
«8057( 4)
«7C52( 7)

«8569(
-8889(
«8125(
«8438(
.8592(
<8750¢
« 79396 (
.8462(
«8614(
<8769 (
.8028(
«B8329(
«8635(
«8788(
«8059(
«8355(
«B656(
<8806(
.80¢88(
.8380(
86771
-88231(
«8116(
-8405(
« 86961
«8840{
«8429(
+8570(
«885T7(
<8026
«8451(
«8590¢
<8873 (
«8055(
«8331(
«8610(
«8750(
«EE89(
-.80821(
«8354/{
«8630(
<8767
- 8904 (
-8108(
«8377(
-8649(
«8783¢
«8919(
«8400(
«8667(
«8800(
-83933(
.84211(
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« 1719
« 19717
«8242
« 1241
« 1490
.8004
- 8266
«7022
« 1524
.8C31
-8289
« 7062
« 71556
«8057
+8311
« 7101
. 7588
.71823
«8333
« (138
- 7618
- 7853
.81C7
« 7175
« 1649
.7882
.8131
«7211
< 161E
« 1909
«8154
«7C03
« 1464
+ 1936
+BL T
« 1042
« 1456
« 1962
«8199
« 7079
« 1526
- 79817
.8221
« 7116
« 1556
.8C12
.8242
«7152
« 1585
. 718C9
« 8263
.71817
« 1614
« 7835

« 75621
«T1E818(
-8C84l
«7CS1(
« 73361
« 18471(
«8109(

4)

«6E75(10)

«713711(
« 71876
«8134(
«6517(
« 7405(
« 1G04 (
.8158(
<6557 (
« 1437(
« 1670(
.8182(
«6596(
« 714701
« 7701 (
« 18561
«7C34(
« 75021
« 17321
«7581{
«7CT71LI(
« 7533 (
« 1761 ¢
.8CC6I
«6E6T(
«7321(
«7789(
«8C30(
«6907(
« 73541
«7TEL16H
«8C541(
«6846(
«7386(
< 18431
«8CTT7(
<6984
«1417(
«7870(
.81CC I
«7C22(
e 1448(
« TE69(
«8122(
«7C58(
« 74781
« 16961

7)
4)
4)
8)
6)
2)
2)
g)
6)
6)
0)
8)
5)
6)
4)
7)
5)
6)
4)
4)
3)
5)
4)
9)
7)
5)
4)
8)
1)
4)
4)
8)
6)
4)
4)
8)
6)
2)
3)
7)
6)
6)
3)
4)
5)
6)

<8685
.88161(
«89471(
«8442(
«85701(
.8831(
«8G61(
«8330(
.85881(
.8847(
«8974(
.8352(
<8607
«8861(
«8987(
«8374(
«8624(
«8749(
«90C0(
«83951(
«8642(
<8764
-8889(
«8415(
« 86591
-8780¢
«83903(
«8434(
«8676(
«8734(
.89161
-8330(
«85691(
.8809(
«89291(
«8351(
«8586(
.8824(
«8941({
<8371
«86031(
<8E38(
«8954/(
-8391(
«8620(
«8E51 (
-8566(
«8409(
«86361
«8750(
«8978(
«8427(
«86521(
«87641(
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V S K P E(MIN) £ E(0) E(1) CCONTROLS
90 10 9 O .4444 .8283 .Bl44( 2) .8989( 0) 01234
91 13 7 0 .3355 .7642 .7507( 3) .8667( 0) 01234
91 12 8 5 .3247 7860 .7723( 6) .871717( 2) 01234
91 11 9 8 .3359 .8077 .7939( 5) .8889( 1) 01289
91 10 10 9 .4444 .8303 .8165( 2) .9C01( 1) 09123
92 14 1 6 .2518 .7437 .7304( 7) .8569( 3) 01234
92 12 8 4 .3299 .7884 .7748( 6) .8791( 2) 01234
92 11 9 7 .3409 .2100 .7%62( 5) .8901( 2) 01238
92 10 10 8 .4444 .8322 .8185( 3) .9012¢( 1) 01923
93 14 1 5 .2523 7461 .7336( 7) .8585( 2) 01234
93 12 8 3 .3405 .7908 .7774( 5) .8804( 2) 01234
93 11 9 6 3475 .8121 .7986( 5) .8913( 1) 01234
93 10 10 7 .4444 .8341 .8205( 3) .9023( 1) 01293
94 14 T 4 .2545 7497 73661 6) .8601( 2) 01234
94 12 8 2 .3498 .7931 .7798( 5) .8817( 2) 01234
94 11 9 5 .3565 .8142 .8CC8( 5) .8925( 1) 01234
94 10 10 6 4444 .8359 .8225( 3) .9033( 1) 01239
95 14 7 3 .2601 .7526 .7397( 6) .8616( 2) 01234
95 12 8 1 .3535 .7954 .7822( 4) .8830( 1) 01234
95 11 9 4 .3602 .8163 .8C30( 4) .8936( 1) 01234
95 10 10 5 .4444 .8377 .8244( 3) .9044( 1) 01234
96 14 17 2 .2698 .7555 .7427( 6) .8632( 2) 01234
96 12 8 0 .3750 .7976 .7€46( 2) .8843( 0) 01234
96 11 9 3 .36C1 .B8183 .8052( 4) .8948( 1) 01234
96 10 10 4 .4444 .B395 .8263( 3) .9054( 1) 01234
97 14 7T 1 .2847 .7583 .7457( 6) .8646( 2) 01234
97 13 8 7 .2961 7785 .7656( 6) .8749( 2) 01234
97 11 9 2 .3638 .8203 .8C72( 3) .8959( 1) 01234
97 10 10 3 .4444 .8412 .8282( 3) .9063( 1) 01234
98 14 7 0 .3077 .761C .7486( 4) .B660( 1) 01234
98 13 8 6 .3074 .7809 .7682( 6) .8762( 2) 01234
98 11 9 1 .3738 .8222 .BC93( 3) .8S70( 1) 01234
98 10 10 2 .4444 .8429 .8300( 3) .9073( 1) 01234
99 15 7 6 .2928 .744C .7318( 7) .8570( 3) 01234
99 13 8 5 .3111 .7833 .7707( 5) .8775( 2) 01234
99 11 9 0 .3934 .8241 .8113( 2) .8981( 0) 01234
99 10 1C 1 .45C0 .8445 .8318( 2) .9083( 1) 01234

10C 15 7 5 2982 .7467 .7346( 7) .8585( 2) 01234
100 13 8 & .3121 .785€& .77131( 5) .8788( 2) 01234
100 12 9 8 .32B4 .BO56 .7930( 5) .8889( 2) 01239
100 10 10 O .5C00 .8462 .8333( 0) .9C91( 0) 01234
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TABLE B.Z2

—————— ———

PROPERTIES OF =(0,1)-DESIGNS 4, R=3 , 13<Vg100

V S K P EIMIN) E E(0) E(1) CONTROLS
13 4 4 3 .5556 7072 .6566( 6) .7498( 4) 0132
14 4 4 2 .5556 .731C .6824( 7) .76861( &) 0123
15 4 4 1 .5833 .7515 .7C63( 4) .7851( &) 1023
16 4 4 0 .6667 7692 .7273( 0) .8C00( 0) 0123
17 5 4 3 .4630 .6934 .6509(10) .7501( 8) 01243
18 5 4 2 .47159 7125 .6720( 9) .7645( 7) 10234
19 5 4 1 .5145 .7296 .6S13( 5) .7774( 5) 12034
20 5 4 0 .5833 .7447 .7C85( 1) .7895( 2) 01234
21 6 4 3 .4C15 .6820 .6453(12) .74991( 8) 01524
21 5 5 4 .5823 .7578 .7219( 4) .8BCCO( 4) 01423
22 6 4 2 4174 6985 .E633( 8) .7617( 8) 01253
22 5 5 3 .5833 .7698 .7249( 5) .8C93( 6) 01243
23 6 4 1 4213 7129 .6793( 7) .7724( 6) 01234
23 5 5 2 .5833 7808 .7472( 5) .8179( 6) 10234
24 6 4 0 .4625 .7265 .6545( 2) .7826( 3) 01234
24 5 5 1 .6000 .7908 .7587( 2) .8259( 3) 12034
25 7 4 3 .4314 .6830 .6543( 9) .7499( 8) 01562
25 5 5 0 6667 .8C00 .7692( 0) .8333( 0) 01234
26 T 4 2 4446 6960 J6680( 9) .7598( 6) 01245
26 6 5 4 4693 .7488 .7174( 7) .7999( 5) 05142
27T 7 41 .4128 .7079 .6809( 6) .7691( 5) 01253
27T 6 5 3 4913 .7587 .7282( 7) .BO75( 6) 01524
28 7 40 5174 7190 .6%928( 1) .7778( 1) 01234
28 6 5 2 4932 7679 .1382( 6) .8145( 5) 01253
29 B8 4 3 .4213 6776 .6523110) .7498( 7) 34125
29 6 S 1 .5003 .7764 .7476( 5) .8213( 4) 01234
30 8 4 2 .4261 .689C 66431 9) .7583( 7) 34501
30 6 5 0 .52332 ,7843 .7565( 3) .8276( 1) 01234
31 B8 4 1 .43C8 .695€ 67561 7) .7665( 5) 13456
31 7 5 4 .4525 .7429 .7157( 8) .7998( 5) 05612
32 8 4 0 .431C .7095 .6861( 3) .7742{ 2) 01234
32 7 5 3 4662 7516 .7252( 1) .8062( 6) 01562
33 9 4 3 .4006 6761 .6541(1C) .7494( 6) 01234
33 7 5 2 .4717 7598 .7340( 7) .8123( 4) 01245
34 9 4 2 .4253 6864 .6649( 8) .7572( 4) 03612
34 7 S5 1 4894 7675 .7425( 5) .€181( 4) 01253
35 9 4 1 .4403 .696C .6751( 6) .7646( 2) 01346
35 7 50 .5333 .7747 .7504( 2) .8235( 1) 01234
36 9 4 0 5000 7052 .6849( 2) .7714( 1) 01234
36 8 5 4 4133 7386 .7147( 8) .7997( 6) 01234
37 10 4 3 .3559 .6713 .651C(12) .7499( 6) 01234
37 8 5 3 .4293 .7465 .7232( 7) .8052( 6) 10234
37 7 65 .5333 .7875 .7€39( 5) .8333( 3) 01263
38 10 4 2 .3736 .6809 .6€11(11) .7566{( S) 01472
38 8 5 2 .4449 .7539 .7312( 7) .8106( 5) 12503
38 7 6 4 .5405 .7934 .7702( 5) .8378( &) 10236
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<4591
« 5459
«4310
«4BE6
« 5467
«3538
«4537
«56173
+» 3719
<4591
<6111
«3840
<4684
<4877
«6111
«4CC7
<4710
«50CC0
«6111
«3634
«481l6
«5CC0
<6111
« 3695
<4083
«5122
<6111
«3824
<4196
«5307
«6111
«3970
«4313
«5556
«6190
.3138
«4525
« 4660
<6667
3293
<4849
«41759
s 5555
+4513
«3879
«4839
«5555
«3744
<3509
«4925
«5555
«3132
«4C30

.6858
« 1608
« 7991
«6982
« 1673
- 8044
<6680
« 1315
-8095
«6T7€E€
- 1440
«8143
<6841
«75C1
« 7841
.8188
«6923
« 1900
- 7893
.8231
<6651
« 7615
« 7943
«8273
«6128
«7339
-8312
<6802
« 1402
-.8036
.835C
<6873
« 7461
.8C79
.8386
«6619
- 1514
- 1814
<8421
«€692
«1572
«786C
«8151
6761
. 7306
«19C5
-8189
.6828
<1364
« 1947
«8225
«6586
«142C

67061 7)
« 13871 6)
« 17641 5)
«6794( 2)
« 7458( 3)
« 1823( 4)
«6454(12)
« 71691 7)
« TE79( 3)
«6584(11)
« 12370 7)
«7533( 1)
«66691 T)
«7302( 7)
«1€341( 6)
«7581( 2)
«6749( 3)
«1364( 5)
« 765901 6)
«8C27( 3)
«6478(12)
«7423( 3)
«1744( 6)
+8C72( 3)
«6559(10)
« 71510 7)
«7755( 6)
« 82151 3)
«6637( 7)
a2t 1)
«1845( 4)
« 82511 "3)
«6710( 3}
«728C( 7)
«T892( 2)
«8197( 1)
«6458(11)
+ 13404 5)
«7€629( 6)
«8235( 0)
«€534( 9)
«71398%1 2)
«1€79( 6)
«7965( 4)
«6€06( 8)
«7131( 9)
«1726( 5)
«8CC6( 4)
«6ET6( 4)
+7192( 9)
«1772( 4)
«8C461( 4)
«6437(11)
«1252( 8)

« 76311
<8157
«84211(
« 16921
«8205(
<8461 (
«7500¢(
« 7996 (
«8499(
« 71560
«8046(
«8537(
«7618(
«8094(
«8333(
<8572 (
1674 (
.8139(
<8371 (
<8605
- 715001
.81821(
«8408(
«8636(
« 1555
« 71998
<8444 (
«8666(
«7608(
«8042¢(
«8478(
«8695(
« 16601
«808B4(
«8511(
«8723(
« 1497 (
.8124(
«8335(
«8750(
«7550(
«8163(
.8368(
«85721{
«7599(
« 7999 (
-8401(
«B6C0Y
« 1647 (
«8039(
«8431 (
« 86271
« 1501 (
80761

12034
10236
01236
01235
12304
12034
01234
01234
12346
12304
01234
01253
01234
123240
01267
€1235
12034
01234
01236
01234
12304
01236
01234
06157
12340
02134
01234
01672
12345
01234
01234
01267



CONTROLS

——— ——— — o —— . i, " ——
——— ——— —— — — ————— ————— ———— —— ——— ———— ——— . ———— ————— —— — —

ONOCVMOENOVONOONVNIENOUVONOOUVESNOOTVDOOLOVME2STNT NLEOONO VMDA MAEdOWMEyOW SO

NV OOONMFOCUWNNFEFIWOUNVDAWOOOUVDE = mMOUINNNALOWWUWOOD2D2OFUIORNCG M N W

. 1988
«8261
«6659
« 1474
- 80217
« 8294
« 0125
21525
- 1788
«83217
«6788
« 1296
«783C
.8358
«6585
« 1348
.1870
«.813C
-.8388
« 66417
. 1398
« 7909
«8162
«.8417
«61707
e 1441
« 1947
«8194
+6765
e 1493
« 1983
« 8224
«84172
s 1295
A 3 s
« 8252
«849E
«a1341
o 1812
« 8280
<8523
<7386
« 1847
.8308
.8548
« 1429
« 7882
.8093
«+8571
« 7915
«8125

« 78161
-8C84(

4)
4)

«6510(10)

«73111
- 7858(
«81211(
«6579(
« 73661
« 76211
<8156
6644 (
« 71371
« 1666
«81911(
« 6445 (
«7192{
« 1SE6(
.8222(
«6509(
« 72451
« 71150¢
.8CCOI(
«8253(
«65711(
«1297(
« 17901
«8C33(
«8284(
«66311(
« 73451
« 71829
«8065(
«8313(
« 7151 ¢
« 1624 (
« 803861
«8342(
« 7199(
« T1€63(
«8125(
«8369(
«72461(
«77C0O(
«8155(
«8396(
«12592(
« 77361
« 71935 (
«8421(
«73361(
« 7771 (
« 1574
.8212(

6)
2)
3)
8)
3)
6)
2)
4)
8)
6)
1)
9)
8)
5)
4)
2)
8)
8)
4)
4)
3)
6)
6)
4)
3)
3)
3)
3)
2)
31
3)
7)
5)
3)
2)
7)
5)
3)
2)
7)
5)
2)
1)
5)
4)
5)
C)
3)
4)
5)
3)

«8653(
« 15471
«8113(
<8491 (
«8679(
« 75921
«81481(
.83321(
«870C4(
« 1636 (
s 19994
«8363(
.87281(
« 74991
-8035(
.8392(
«8571(
«8750(
« 75431
.8070(
- 8421 (
.85961(
87721
« 71586
.81C3(
«8448(
«86201
<8793 (
«1627(
.81361(
<8475 (
«B643(
-8814(
«7999(
«8334(
«8667(
.8833(
.8032(
«8689(
.€853(
«8064(
.83871(
«8710(
.8872(
8095 (
«84131(
«8571(
<8889 (
«8125(
«8438(
« 85594 (
«8751¢



E(MIN)

E
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E(0)

CONTROLS

———————————————— o — —————— —— ——— — ——————————— — ——— ——————— ———————————— i ———— - ——_—

«7138(10)

DNV OONC NN VOUDLYIOO VOO NOVUIENO VOO N OoONO N NN NN UNNm-d oW

NOOHDWORMEA=NOUNWONOWR2ONA2UNOUWOWMREOFINONOWMMWHANDIILONVLWLWULIWE DO D

« TECS(
«8C0T(
«8239(
« 71831
«8039(
«826€6(
« 12271
« 76451
«8C70(
«8292(
« 712691
« 1680(
.8318(
«7310(
17141
«8130(
«8343(
«7128(
« 17481
« 71945(
.836T7!
«7170(
«7780(
« 7158731
«8390(
« 72101
«7€C2(
-8C02(
«82C1L(
«B84121
e 712491
« 716351
«8C29(
« 8225
«8434(
« 72871
« 1668 (
- 8C56(
«8249(
«8455(
« 16591
-8C83(
-8272(
<8476 (
« 1730(
- 81CE(
«8294(
« 8496 (
« 17601
« 1944 (
.8316(

2)
4)
3)
9)
6)
4)
3)
7)
6)
4)
3)
6)
6)
3)
3)
3)
5)
2)
3)
8)
4)
5)
2)
8)
2)
5)
1)
7)
7)
5)
2
2)
6)
6)
4)
3)
2)
3)
5)
4)
4)
2)
5)
3)
3)
2)
4)
2)
3)
2)
2)
4)
3)

.8C00¢(
84621
«86151(
«87701(
«8030¢
«83351
.8636!1
.8788(
« 80601
«8360(
«8657(
.8806(
-2088(
.83831(
«B6TTI(
.8824(
«.8116(
-8406(
«869T7¢
«B88411
-8001(
«8429(
«85721(
.8858(
80291
«8451(
85921
«8874(
<8056
.8334(
.8612(
«87501
«8890¢
.8082(
«83571
«8631(
«8767¢
«8305(
«81091
«83791(
<8649
«8784(
«8919(
-8400(
<8667
«E800(
«8934(
.84211(
«8685(
-8816(
«83948(
<8442 (
« 8571 (
-8832(

4)
1)
3)
2)
4)
4)
3)
2)
3)
4)
2)
2)
3)
4)
2)
2)
1)
4)
1)
2)
5)
3)
3)
1)
4)
1)
3)
1)
4)
4)
3)
2)
1)
3)
4)
3)
2)
2)
1)

4)

3)
2)
2)
3)
2)
2)
2)
3)
1)
2)
2)
1)
3)
2)

01234
012910
12345
01234
01234
01239
01234
01234
01234
01234
20134
01823
01234
01234
01234
02314
01283
01234
01234
01234
01234
10238
01234
01234
20134
12034
01234
01234
23014
12304
01234
012310
23470



CONTRCLS

———————— —— —— ———— —————————— —————— —————————————— ———————————— ———————— - ———
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« 6250
« 3966
<4873
«5 151
«€25C
«4028
<4873
«5294
« 6296
«+4029
<4878
«5022
« 6667
«4042
<4884
«5C90
«5549
«3997
«4879
.5183
«557C
<4017
<4870
«520C0
«5611
3828
«453C
.5238
«5674
e 3925
«4554
«5303
«D122
«3973
«4556
« 5405
9 121
«4C23
<4572
«5549
«5729
<4138
« 4609
«4462
<5772
«4286
<4698
«4512
« 5926
«4834
<4554
«5562
<4529

« 8644
« 1705
« 8094
«84€6
- 8661
> Tl
<8111
«B48S
« 8679
« 1765
.8139
«8329
« 8696
s 2793
.8161
« 8350
«8528
« 7821
.8183
«837C
- 8546
« 1849
«8204
-839C
-85€3
-« 16SS
.8055
-8409
.8581
«1728
«8C177
«8428
.8598
s TIDD
. 80569
« 8447
<8614
.1782
.812C
« 8465
«8€3C
« 71809
.8141
«83C5
<8646
«1835
.81l€1
.8325
<8661
.8181
- 8344
.8515
8046
«8363

.85161
« 75811
«7968(
«83371(
«85361(
«T€12(
«75892(
.8358(
«8555(
«7€43(
.8C16(
- 82061
«8571(
« 16731
«8C39(
«8228(
« 84041
«1703(
«8C61 !
«8249(
«8424(
« 17311
-8083(
«8270(
« 84421
« 75831
« 79371
« 8291 (
«8461{
«7613(
« 19601
«8311(
«8479(
« 1€43(
« 75831
«8331(
«B49T7(
«76TL(
«8CCS5{
«8350(
«8514(
« 1€99(
«8C27(
.8189¢(
- 8531 (
17261
«80C48(
«8210¢(
-« 8548{
.8C69(
«8231(
«8403(
« 75371
«8251(

2)
1)
4)
2)
2)
6)
5)
2)
1)
6)
5)
3)
C)
6)
4)
4)
2)
4)
4)
3)
3)
3)
2)
3)
3)
1)
4)
3)
3)
6)
4)
3)
3)
6)
4)
2)
2)
6)
4)
1)
2)
4)
4)
4)
2)
3)
3)
4)
1)
2)
4)
2)
4)
4)

.89611
«8333(
«85901
.884T(
.8974(
83541
.8608(
.88621(
«8987(
.83751(
«8625(
«87511
.9CCO0(
.8396(
.8642(
<8766 (
«8890(
«8659(
.8781(
«89C3(
«8435 (
<8676
<8796 (
-89161(
«8334(
«8571(
-8810¢
«8929(
«8354(
-8588(
.88241
« 8942 (
«83731(
«8605(
.8838(
«8954(
«8391(
«86211(
-8852(
<8966 (
«8410¢(
«86371
«8751(
«8978(
«8428(
«86521(
«8765(
«8990(
«8€66T(
«8778(
- 88901
«8571(
«87921{

12345
015610
01234
78012
01234
01256
01234
07891
01458
01235
01234
01578
01245
01234
01234
01256
01234
01234
01234
01723
01248
01234
40123
01278
01234
01234
45012
01235
04123
01234
04561
01224
01452
01234
01456
01423
01245
01234
01245
01245
01234
01234
01234
20134
01256
40123
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.8106
«8417
«8578
.8125
«8435
-8593
«8144
« 8296
« 8607
«8163
«8314
«8017
«8331
«8€35
«8038
.8348
«8495

«842C(
« 71659(
«82711
«8437(
« 79791
«8290(
«8453(
«8C00¢
«8309¢
« 84691
«8C20C1(
«8327(
« 8485 (
«8C39(
.81891(
«85C0 1
«8C59(
.8208(
85161
« 75121
.82261
« 85301
« 79341
«8244(
«8290C(

.8902(
.85861(
«8805(
«8913(
.86021(
.8818(
«8925(
-8617(
.8831(
89371
«8632(
.8843(
«8948(
<8647
«8751(
«8959(
« 8661 (
«8764(
«89701
«85721(
87761
«8981(
«8587(
«87891(
-8890¢(

015910
01245
23014
01256
01234
23401
01235
01234
23458
01234
01234
02345
01234
01234
01234
01234
01234
01234
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TABLE B.3

PROPERTIES OF «(041)-DESIGNS , R=4 , 12<V<100

————— — ——— — —— ——— —— —— — ——— " . . —— . ————————— —— ——— —

V S K P E(MIN) £ E(0) E(1) CONTROLS
13 4 4 3 6667 1342 .6863( 0) .7499( 4) 0123
14 4 4 2 6667 .7553 .7C89( 4) .7686( 3) 0123
15 & & 3. 6875 7836 4T310(¢ .2) .7851¢./2) 0123
16 4 4 0 .75C0 .7895 .75C0( 0) .8CCC( 0O) 0123
17 5 4 3 .5833 .7229 .6833( 8) .7498( &) 12304
18 5 4 2 .5945 .7359 .7C23( 5) .7643( 5) 23014
19 5 4 1 .6292 .7551 .7197( 3) .7774( 3) 30124
20 S5 4 0 .6875 7686 .7352( 0) .7895( Q) 01234
21 6 4 3 4826 .1144 .6806( 9) .7494( 7) 01245
21 S 5 4 .6875 .7804 .7468( 3) .8000( 3) 01234
22 6 4 2 5061 7286 65631 7) .7613( 5) 01253
22 5 5 3 .6875 .7911 .7583( 4) .8093( 3) 12304
23 6 4 1 .5389 JT41€ 7107 4) 77241 &) 02134
23 5 5 2 .6875 .B01C .7695( 3) .8L79{ 3) 23014
24 6 4 0 .5732 .7533 .7238( 1) .7826( 1) 01234
24 5 51 .7000 .8099 .77S9( 1) .8253( 2) 30124
25 T 4 3 .5059 .710C .6817( 7) .7496( 7) 01623
25 5 50 .7500 .8182 .7895( 0) .8333( 0) 01234
26 7 4 2 <5199 7220 .6946( 6) .7596( 6) 0izse
26 6 5 4 .5472 .7721 .7416( 6) .80CC{ 4) 04513
27 T 4 1 .5301 7330 .7C65( 4) .7690( 4) 01324
27 6 S5 3 .5588 .781l1 .7515( 5) .8076( &) 05142
28 7 4 0 .5754 .7432 .7176( 1) .7778( 1) 01234
28 6 5 2 .5663 .7895 .76C9( 5) .8146( 4) 01523
29 8 4 3 .4561 .7041 .6781( 9) .7502( 7) 01273
29 6 51 .5780 7973 7697( 4) .B213( 3) 01234
30 8 4 2 4649 7148 .68G8( 7) .7585( 6) 01237
30 6 5 0 .6C0C .B04€¢ .7780( 2) .8276( 1) 01234
31 B8 4 1 .4857 .7248 .7C07( 4) .7665( 4) 01234
31 7 5 4 .5660 7688 .7439( 5) .8C00( S) 06152
32 8 4 0 5173 7340 71C7( 2) .7742( 1) 01234
32 T 5 3 .5762 7765 .7521( 5) .8063( 5) 01625
33 9 4 3 .3942 .6994 J6758( 9) .7501( 7) 01238
33 7 5 2 .5790 .7836 .7598( 4) .8124( 4) 01263
34 9 4 2 .,4029 .7092 .6865( 8) .7574tl 6) 01234
34 7 S 1 .5939 .7903 .7672( 3) .8181( 3) 01234
35 9 4 1 .4224 7184 .6S65( 5) .7646( 5) 01234
35 7 50 .6198 .7966 .7741( 1) .8235( 1) 01234
36 9 4 0 4500 7269 7CST( 3) 77140 2) 01234
36 8 S5 4 .5279 7640 .7412( €6) .799¢( 5) 01726
37 10 4 3 .4412 .7C0C .68C2( 9) .74981( 6) 34012
37 8 5 3 .5386 .7709 .7488( 6) .8054( 4) 01273
37 7 65 .6500C .8082 .7863( 4) .8333( 3) 05614
38 10 4 2 .4549 .7085 .6892( 7) .7565( 5) 03451
38 8 5 2 .5521 7775 .7560( 5) .8107( 4) 01234
38 7 6 4 .6500 8135 .7920{( 4) .8377( 3) 06152



CONTRCLS

——— ————————————— . ——————— ——— . ——— — ———————————— —— ——— —— .~ ——— . ———— —————

v

—

- —

p—
~NOONNOONNTIO R dO OO U C-od

Pt et

b
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o P ol Pt ot — P
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NWENWOUVWSL-OLPONOUVWHHONONRUWMHMWLNEAENDWCWOVDFHOOUNMMOWNEDWNOO W

«69TT7(
«7628(
« 1975(
«7C571(
« 1€93(
.8028(
«6776(
« 14021(
«8C791(
«6858(
« 14671
«8127(
«65351(
«71530(
- 78411
«8170¢
-7008(
« 1590(
» 18931
.82121

3)

«6736(10)

« 1647 (
« 15421
-8252(
«6814(
«7417(
« 1990(
«8291(
+H6EBTI(
« 74751
«8036(
«83291(
«6955(
«7531(
.8Ce80(
« 8366 (

2)
4)
3)
7)
6)
3)
2)
6)
6)
3)
2)
i)
5)
1)
1)

«6748(10)

« 1584(
«84C0(
«6E18({
. 78861
«81621
«6E85(
«7398(
«71930(
«8197(
«6548(
«7448(
«7572(
«82311
«67111(
« 714971

4)
5)
0)
[,
2)
5)
3)
6)
5)
4)
3)
3)
5)
3)
3)
8)
5)

« 76311
«B157(
«84201(
« 76921
.82051
«75C0(
.8001(
«84991
« 1560
8048 (
«8537(
.7618(
«8095(
.8333(
<8571 (
<1674 (
.81391(
«8371(
«8605 (
«7502¢(
.81821
.8408(
«8636(
« 15551
.8CC1¢(
<8444 (
«B666(
«1608(
«8C43(
«8478(
86951
.8085(
«8511(
«8723(
- 7500
81251
.8334(
«8750(
- 15501
-8l6e3(
.8368(
85721
« 15691
« 79981
«8600¢
« 76471
-8038(
«8431(
.8628(
« 71499 (
- 80761

178910
12380



V S K P E(MIN) ‘ E(0) E(1) CONTROLS
$3 9 6 1 .5703 .8176 .8C13( 3) .8461( 2) 01234
53 8 7 3 .6270 .8429 .8265( 3) .8654( 2) 01273
54 14 4 2 3896 6928 . 6774( 7) .7547( 6) 12789
S4 11 5 1 .4929 7704 .7545( 4) .81131( 3) 12346
54 9 6 0 .5907 .8211 .8052( 1) .8491( 1) 01234
54 B8 1 2 6274 8459 .8297( 2) .8679( 2) 01234
55 14 4 1 .4006 .6986 .6835( 5) .7592( 5) 12357
55 11 5 0 +5025 7747 «7591( 2) .8148( 2) 01234
55 10 6 5 <5131 .7993 .7831( 5) .8334( &) 01293
§S 8 7 1 .6301 .B8487 .8328( 2) .8704( 1) 01243
56 14 4 0 .4207 .7043 .6895( 3) .7636( 2) 01234
56 12 5 4 .4516 7541 .7286( 6) .7999( 5) 12034
56 10 6 4 .5194 .8031 7872( 5) .8364( 4) 01239
56 8 70 .6428 .8515 .8358( 1) .8728( 1) 01234
57 15 4 3 .3891 .6882 .6742( 8) .7499( 6) 12678
57 12 5 3 .4560 .7586 .7433( 5) .8035( 4) 12304
2% - 310 6 3 5278 .8C67 7511( 4) .8393( 4) 01234
57 9 76 .6108 .8309 .8155( 4) .8572( 3) 01782
58 15 4 2 4C07 .6938 .6800( 7) .7543( 8) 123617
58 12 5 2 4621 7630 .7479( 6) .8070( &) 12347
58 10 6 2 .5384 .8102 .7949( 4) .8421( 3) 01234
S8 9 715 .6134 .B339 .B8187( 4) .8597( 3) 01827
59 15 4 1 .4071 .6992 .6856( 6) .7586( 5) 12346
59 12 5 1 .4633 .7672 .7524( 4) .81C3( 3) 12345
59 10 6 1 .5526 .8136 .7986( 3) .B448( 2) 01234
59 9 7 4 .6193 .836& .8218( 3) .8621( 2) 01283
60 15 4 O .4298 .7045 .6S11( 3) .7627( 3) 01234
60 12 5 0 4674 7712 .7567( 3) .8136( 2) 01234
60 10 6 0 .5636 .8l6& .8021( 2) .8475( 1) 01234
60 9 7 3 .€217 .8396 .8248( 3) .8645{( 2) 01238
61 13 5 4 4277 7515 «7369( 6) .7999( S) 18023
61 11 6 5 .5262 .7982 .7838( 4) .8332( 4) 01342
6159 - T 2 6267 .,8423 82171 '2) B66TI 2} 01234
62 13 5 3 4300 79558 1414t 6) 80321 15} 12890
&2 11 6 4 5314 .B01€¢ .T7E€74( 4) .8360( 4) 01234
62 9 T 1 .6298 .8449 .83C5( 2) .8689( 2) 01235
€3 13 5 2 «443C .76CC .7458( 5) .8064l 2) 12389
63 It 6 3 .5381 .8048 .7908( 4) .8387( 3) 30124
63 9 70 .6335 .8474 .8333( 1) .8711( 1) 01234
64 13 5 1 .4453 .764C .7501( S5) .8095( 3) 12346
64 11 6 2 .5455 .8079 .7941( 3) .B413( 3) 03471
64 10 T 6 .5725 .8287 .8145( 4) .8573( 3) 01928
65 13 5 0 4548 7679 .7542( 3) .8125( 2) 01234
65 11 6 1 .5554 8110 .7974( 3) .8438( 2) 01345
65 10 7 5 .5770 .8314 .8174( 4) .B595( 3) 01293
€6 14 S5 4 .4320 .751S .7387( 6) .8000( 5) 12903
66 11 6 0 .5716 .8139 .8CCS( 1) .8462( 1) 01234
66 10 7 4 .5817 .8340 .8202( 3) .8617( 3) 01239
67 14 5 3 4401 71557 742701 5) .8030( 5) 123910
67 12 6 5 .5C15 .7959 .7824( 5) .8333( &) 014102
67 10 7 3 .5873 .8366 .8230( 3) .8637( 3) 01234
68 14 5 2 4440 .7594 .7466( 5) .8060( &) 12349
68 12 6 4 .5093 .7991 .7858( 5) .8358( 4) 01245
68 10 7 2 .5891 .839C .8256( 3) .8657( 3) 01234
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« 1251 (
«7€16(
.8182(
« 72991
«71342(
< 77801
«7382(
« T859(
« 74441
« 71933 (
« 715011
«8C00(
« 75561

5)
9)
5)
9]
5)
7)
4)
8)
4)
3)
1)
2)
6)
7)
0)
6)
5)
6)
5)
6)
5)
7)
2)
8)
0)
8)

«7000(
« 12731
« 16921
«8CCO(
« 16491
«71778(
« 71895(
«8041(
<8166
.8276(
-8387(
«BC78(
«8484(
«8149(
«8571(
«8215(
.86281{
«8276(
«8679(
«83461
87271
«8411(
«8780(
«84701(
-8829(
«8525(
«B873(
-85811
«89191(
«8379(
<8633 (
«8961(
<8422 1(
«B86821
«SCCO(
«8462(
87271
«8500(
«87721(
<8537 (
«8813(
«85771(
-8852(
«8615(
.8889(
«8650(

1.0C00(
1.0C0(
1.000¢(
1.C00¢
1.000¢
1.000¢
1.000¢
1.C00(¢(
1.C00(
1.000(
1.000¢(
1.000¢
1.CCO¢
1.000¢
1.CC0(
1.000¢
1.C00(
1.000(
1.000(
1.C00¢
1.000¢(
1.000¢
1.0C00¢(
1.000¢(
1.0C0¢(
1.C00¢(
1.CC0(
1.000(
1.CC0(
1.0C0O(
1.0C0(
1.600C(
1.000¢
1.000I
1.CC0¢(
1.000(
1.C00(
1.0C0(
1.CCO(
1.CC0t(
1.0C0¢
1.C00(
1.000¢(
1.000¢(
1.0C00(
1.000¢(



«4067 .8B8317 .8C1l2( 5) .8918( 1) 1.C00( 0} 01423

V S K P E(MIN) E E(C) E(1) E(2) CONTRCLS
33 9 «4583 .B415 .8C39( 2) .8916( 1) 1.C00( O0) 0312
34 7 «3781 .7954 .7€C8( 7) .8683( 1) 1.C00( O) 01234
34 9 «4444 .B448 .8BC75(1 3) .8941( 1) 1.C00( 0) C132
35 1 «3844 7997 .7655( 5) .8716( 0) 1.000( 0) 01234
33 9 «4444 .8478 .B109( 3) .8966( 0) 1.000( 0) 0123
36 8 «3755 .805C .7712( 6) .8749( 1) 1.000( 0) 04123
36 9 «4444 .8505 .8139( 3) .8989( 0) 1.000( 0) 0123
¥ | 7 <4405 .7816 .7538( 2) .8600{( 1) 1.000( 0) 05123
3L 8 «3814 .81CC .7767( 6) .8780( 2) 1.0C0( 0) 01423
37 10 <4302 .8542 .E181( 4) .S013( 1) 1.C00( 0O) 0312
38 1 «4286 .7852 .7575( 5) .8628( 2) 1.C00( O) 01523
38 8 «3857 .8146 .7€19( 6) .8810( 1) 1.0C0( 0) 01243
38 10 «4347 .8576 .8219( 4) .9037( 1) 1.000( 0) 0132
39 i «4286 .78B6 .7€09( 5) .8654( 2) 1.000( 0) 01253
39 8 «3829 .B189 .7€68( 6) .8838( 1) 1.0C0( 0) 01234
39 1C «4225 8607 .8256( 4) .9C59( 0) 1.CCO( 0) 0123
40 1 «4286 7917 .T7€41( 5) .8679( 2} 1.CCO( 0) 01235
40 8 «3989 .8230C .7914( 4) .8865( 0) 1.000( 0) 01234
40 10 «4293 .8635 .829C( 3) .9080( 0) 1.00C( 0) 0123
41 7 «4286 7947 T7€71( 5) .8704{ 1) 1.C00( C) Cl234
41 9 «3963 .8275 .7964( 5) .8893( 1) 1.000( 0) 04123
41 11 «4252 .8669 .8330( 3) ,9102{( 2) 1.CC0( 0) 0312
42 1 4286 7974 L77C0( 5) .8727( 0) 1.000( 0) 01234
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1
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42 1 «44017 8701 .8368( 3) .9122( 1) 1.000( 0) 0132
43 «4058 .8012 .7739( 6) .8753( 1) 1.C0C( 0) 05123
.8357 .8C57( 5) .8943( 1) 1.C00( 0O) 01243
43 1 «4373 .873C .8403( 3) .9142( 0) 1.0C0( 0) 0123
44 «4061 .8C47 7776( 6) .8777( 1) 1.000( 0) 01523
44 <4183 .8394 .81CC( 5) .8966( 1) 1.000( 0) 01234
44 1 «4545 .875€ .8437( 2) .9160( O) 1.C00( 0) 0123
45 -4023 .808C .7812( 7) .88CC( 1) 1.C00( 0) 01253
45 c4444 8429 .81l41( 3) +8989( 0) 1.0C0( Q) 01234
45 1 «4545 .8788 .8473( 2) .9179( 0) 1.00C( 0) 0312
46 g «3935 .8112 .7T€46( 6) .8822( 1) 1.C00( 0) 01235
46 10 <4444 .B466 .8183( 3) .9011( 1) 1.C00( C) 04123
46 12 «4545 €816 .8508( 2) .9198( 1) 1.000( 0) 0132
47 8 «3884 .8143 J7879( 5) .8843( 1) 1.000( 0) 01234
47 10 <4444 LE502 .8223( 3) .9033( 1) 1.C00( 0) 01423
47 12 4659 .£843 .8541( 1) .9215( 0) 1.CCO( O) 0123
48 8 3917 .8171 .7910( 4) .B8864( 0) 1.CCO( 0) 01224
48 10 24444 8535 .82€62( 3) .9053( 1) 1.0C0( 0) 01243
48 12 «5CCC .B868 .8571( 0) .9231( 0O) 1.C00( 0) 0123
49 9 -3859 .8205 .7947( 5) .8885( 1) 1.C00( Q) 05123
49 10 «+4556 €567 .8298( 2) .9073( 0) 1.C00( 0) 01234
49 13 <4712 .8E8B7 .8593( 1) .9245( 0) 1.C000( 0O) 0312
50 8 «4464 .8027 .T7EQ5( 2) .8770( 1) 1.CCO( O) 06123
50 9 «3956 .8238 .7982( 6) .8905{ 1) 1.C00( 0) 01523
50 10 +5CC0 .8596 .8233( 0) .9C91( 0) 1.C00( ©) 01234
50 13 «4615 .8904 .86€14( 2) .9258( 1) 1.C00( 0) 0132
51 g «4375 .8052 .7831( 4) .8788( 1) 1.000( 0) 01623
51 9 «4C27 .8B26S .8Cl6( 5) .8925( 1) 1.CC0( 0) 01253
51 11 <4636 .B61E .8357( 1) .91C6( 0) 1.000( 0) 04123
51 13 «4615 .8921 .8€33( 2) .9271( 0) 1.000( 0) 0123
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«4375
«4C3C
<4545
«4615
<4375
.40CC
« 4545
<4510
«4375
<4038
«4545
<4543
«4375
« 3845
« 4545
« 4450
«4375
<3816
<4401
«4495
«4155
«4C01
«4416
e 4463
«4143
«3968
«4355
«4573
<4133
«3990
4295
«4546
«4055
<4134
«4326
s 4667
«4009
oal2]
« 4264
<4667
-3980
~4168
«4296
<4667
«39S9
«4250
«4311
«4750
«3G61
<4311
«429C
.5CCC
<4514
«3917C

8076
«8268
« 8637
«8936
+ 809G
«8326
+ 8656
«8955
«8121
«8352
«.8674
«8912
<8142
«8380
8691
« 89865
«8163
« 8409
+8711
« 9004
.818BE
« 8436
«8731
«9022
«8212
<8462
« 8749
9039
«8236
<8486
.8761
« 9054
«8258
+8510
«8784
«9C69
»828C
«8535
+88C3
«9086
«8301
«856C
.£821
«+910C1
2B321
«8583
8838
<9116
« 8344
«8605
«8855
«9130C
«-£201
<8367

- 78561
- 8048(
.8378(
«86511(
- 18801
«8C791(
«8359(
«8€73(
« 71963 (
.8108(
«8419(
- 8€941(
« 79251
«8139(
«8438(
<8714
« 71946 (
- 8170(
«8461(
«8733(
«TIT3
-82011
«8483(
«8755(
« 1598(
- 8230(
«8504(
« 87751
. 80231
«82571(
-8524(
«8795(
<8C4TI(
-B8284(
«8543(
«8E14(
«8C70¢{
»8312(
« 8565 (
<8834
«8CS3(
«83239(
«8586(
«8854/(
-8115(
«83661(
- BECH(
- 2873 (
«€139(
«8391(
«8625(
«BEBI(
.8GCG21 (
.8l64(

-8806(
«8944(
«9120(
«92821(
.8824(
« 8962 (
«9134(
«9295(
<8841 (
- 89580 (
«9148(
«9307(
«B885T(
«8998(
«9160(
«9318(
.88731(
«90151
« 9174 (
«9329(
«8890(
<9031 ¢(
«9188(
«9341 (
«89CT7(
<9047 (
«920C0(
23352 ¢
.8923(
<9063 (
«9212(
«9363(
<8938
«9078(
«9224(
« 22 A
«8953(
«9C93(
+ D236
«93841
-8968(
«9107¢(
«9247(
«9394(
«8982(
«9121¢(
«9258(
«9404(
« 8596 (
«9135(
«9270(
9412 (
«83903(
90101

Ot st O b bt st O o
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1.000¢(
1.C00¢(
1.000¢(
1.Co0l
1.C000¢
1.C00¢(
1.0C0¢(
1.C00¢(
l.000¢(
1.000¢(
1.C00(
1.000¢
1.000¢
1.000(
1.000(
1.C00¢(
1.000(
1.000¢(
1.C00(
1.C00¢(
1.000(
1.0C0¢(
1.CC0O(
1.000(
1.C00(
1.000(
1.000¢
1.000¢
1.000(
1.000¢(
1.C00(
1.C00(
1.CCO0(
1.C00¢
1.C00¢
1.0C0¢(
1.C00¢
1.C00(
1.CCO(
1.CCO(
1.C0C0(
1.C00(
1.CC0(
1.000¢
1.000(
1.000f(
1.C00¢
1.000¢
1.C00(
1.CC00(
1.0C0(
1.CC0(
1.C00(
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8467
.8729
«8951
« 8304
<8481
-8747
.8967
«8319
«85C7
« 8765
.8982
<8337
<8526
<8779
« 8997
«8354
«8545
«8792
<9011
«83172
-8563
-B804
<9024
.B38¢8
-8580
<E81l€
«5035
«B4C4
- 8597
.8827
«5045
«842C
<8614
-8838
«59055

«8415(
«BE44l
- 80401
.8187(
«8439(
«BE64(
80581
«8210(
« 8463
«8684(
«8CT76(
.8232(
«8486!(
«8702¢(
«8C94(
«8253(
«8509(
« 87201
«8111(
«8273(
«8531(
-87381(
«81271(
« 82941
« 85521
<8756
«8143(
.8316(
<8571 (
« 87741
.81621
«83237(
«8587(
«8791(
«8180(
.8358(
«BECO(
.8808(
.8198(
«8377(
«BE1l4(
«8824(
«8216(
«8397(
«B8627(
- 88361
«82331(
«8415(
«B€4C(
<8848(
«8250(
«8434{
«BES3(
«B8E591(

3)
2)
3)
4)
2)
2)
3)
4)
2)
2)
3)
4)
2)
2)
3)
4)
2)
2)
3)
3)
2)
2)
3)
4)
1)
2)
3)
4)
0)
2)
4)
4)
1)
2)
4)
4)
2)
L)
5)
3)
2)
0)
5)
3)
2)
1)
5)
2)
2)
1)
4)
3)
2)
1)

«9148(
«9281 (
.8916(
<9024 (
«9160(
«92911(
«8929(
«9037(
«91731(
«9301{
839421
«9050(
«9186(
«93111(
«89541(
<5063 (
<9197
«93211(
« 89606 (
«9C74(
«9209(
<9330
.8978(
«9087(
.9220¢(
«9340(
«8G89(
«3099(
«9231(
«9349(
«90021
<9111 (
«9241(
«93581(
«9013(
<9122 (
«92501(
« 93674
«9024(
<9133 (
«9258(
«9375¢
90351
<9144 (
<9261
«9383(
«9046(
<9154 1
92751
«9390(
<9057
<9165
.92821(
.9398(

0)
0)
1)
i)
0)
o)
1)
1)
0)
1)
1)
1)
1)
0)
1)
1)
1)
0)
1)
0)
1)
0)
0)
1)
0)
0)
0)
1)
0)
0)
1)
1)
0)
0)

1.000¢
1.C00(
1.C00¢(
1.C00¢(
1.000(
1.C00(
1.000¢(
1.C000¢(
1.000¢(
1.C000(
1.C00¢
1.C00(
1.000¢(
1.0C0O(
1.000¢
1.000(
1.000¢
1.CCO(
1.000{(
1.C00(
1.000¢(
1.600¢
1.000¢(
1.000¢(
l1.C00¢(
1.C000¢
1.000(
1.000(
1.000(
1.000¢
1.0C0¢
1.C00¢
1.C00C(
1.6C0¢(
1.C00(
1.000¢
1.C00(
1.000(
1.CCO(
1.000¢(
1.00C(
1.C000¢(
1.000(
1.000¢(
1.C000(
1.000(
1.000¢(
1.000(
l1.co0¢
1.CCO(
1.000(
1.0CO(
1.CCO(
1.0Cc0¢(

01234
01623
01234
01423
07123
01263
05123
01243
1723
01236
01523
01234
01273
01234
01253
0i234
01237
01234
01235
04123
01234
01234
01234
01423
01234
06123
01234
01243
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<4065
«38972
<4476
<4687
<4076
«4047
<4476
<4687
«4028
«4102
<4448
«4582
« 4556
«4C1l9
«4089
«4396
«4593
«45C0
«4038
«4126
«4365
«4547
«45C0
«4C74
«4381
«45C0
<4081
4242
<4369
«4524
«45C0
<4074
<4267
«4399
44117
«45CC
<4119
« 4306
«4430
<4499
«45C0
<4213
«4373
4424
<4507
«45C0
«3885
«4398
«4403
« 4491
«45C0
<3897

-« 8435
- 8631
«£851
<9065
« 8450
«B64E
- €863
<9074
<8466
« 8665
«E875
<9084
« 8348
« 8483
«8681
«88817
.9094
.8362
«B49E
<8696
.8898
«S5104
«8375
«8514
«8711
«89C9
T E13
.8389
.8529
L8726
«9122
<8402
«8543
«8742
«8932
dg15e
«B414
<8557
«8756
« 8944
«9141
« 8427
«8571
<8771
-8954
.9151
<8439
« 8585
«81785
«8965
«916C
.845C
.860C

- 82661
«8453(
- 8€66(
- 8870(
.8282(
«84721(
- 86801
88811
«83CC(
«8490(
«8€93(
«EE93(
«.8197(
«8317(
«8507(
«87C6(
«8905(
.8212(
«8334(
«8524(
«8719(¢(
- 859161
82261
«8350(
«8541(
«87311(
«8G627(
«82401(
.83661(
8558
« 8744 (
«8637(
«B254(
« 83821
« 85751
«B757(
«8G549(
« 8267
«8397(
«8591(
«8770(
«8560(
- 8280C(
«8607(
.87821(
«8371(
«8292(
«8427(
«8€23(
«8794(
« 8981 (
«8304(
«8443(

9067
<9176t
«9291(
« 9404 (
«9077(
«9185(
«9299(
«9410(
.9088(
«9195(
<9306
«94171(
«9010(
«90388(
«32C51(
.9314(
«9424 (
«9020¢
«91071(
«9214(
«9321(
«9431 (
«3030(
«91T 74
«92231(
«9329(
«93437(
«9C39(
«9127(
«92321
<9336/
«9443(
«9048(
«91361
«92411(
«9449(
«9C57(
«9145(
«92501
«93511(
«9455(
<9066 (
«9154(
«9258(
«9358(
«94601
«90751{
«9163(
«92661(
«9365(
«9467(
«9083(
<9171 ¢

0)
1)
0}
0)
0)
1)
0)
0)
0)
1)
0)
0)
0)
1)
1)
0)
0)
1)
1)
0)
0)
0)
1)
1)
0)
0)
0)
1)
1)
0)
0)
0)
1)
1)
1)
0)
0)
1)
0)
1)
0)
Q)
1)
0)
1)
0)
0)
0)
0)
1)
0)
0)
0)
1)

1.C00(
1.C00(
1.C00(
1.000¢(
l1.0C0(
1.000¢
1.000¢
1.000(
1.C00(
1.C00(
1.000¢(
1.C00(
1.000¢(
1.CCO0t(
1.000¢
1.CC0(
1.C00(
1.00G(
1.CO0¢(
1.C00(
1.000¢
1.000(
1.0C0(
1.CCO(
1.000¢(
1.000¢(
1.C00(
1.000¢(
1.CCO(
1.C00¢
1.C00(
1.C00¢
1.0C0¢(
1.000¢
1.CC0(
1.CCO(
1.€C0¢(
1.000¢(
1.C00¢
1.000¢
1.000¢(
1.000(
1.000(
1.C00(
1.000¢(
1.C00(
1.C00¢(
1.GCof
1.CCO(
1.000¢
1.000¢(
1.0C0(
1.0C0¢

01236
01253
04123
08123
01723
01234
01235
01423
01823
01273
01234
Cl234
01243
01283
01237
01234
01224
Cl234
C1238
01234
06123
05123
01234
01234
01234
01623
01523
04123
01234
01234
012¢3
01253
01423
01234
01234
01236
01235
01243
01234
07123
01234
01234
01234
01234
01723
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- 8€38(
- 8806(
«8592(
«8319(
« 84581
« 86531
~E818(
«9CC21(
«8332(
«8474(
«8668(
-8E30(
«9C1310(
« 83461
- 8488(
«8682(
.8842(
«9C23(
«8359(
«8502(
«8697(
«8E54(
«9C33(
«8373 ¢
«8516(
<8711 (
«8865(
«9C43(
«9386(
«8530(
« 8724 (
+8876(
«9C54(
«8399¢
«87137(
.BEEB(
«5C64(
«E8411(
«8558(
- 87501
- 8899 (
«9C731{
«8423(
«8572(
-8761(
«8S10(
«9C82(
«E436(
«8586(
«87711
.8921(
«9C91(

1)
2)
3)
1)
2)
0)
3)
3)
1)
2)
0)

«3275(
<9371 (
«94721(
«9092 (
«91801(
.92821(
«9378(
9478 (
«9101¢(
«9188(
«9384(
« 9484 (
«9109(
«9196(
<9299 ¢(
«9390(
«+9489(
«91171
«9204(
«9306(
<9396
<9494 (
«9125¢
«9212(
293131
«94031(
« 9499 (
<9133 ¢
«9220¢(
«9320(
«9408(
«9504 (
<9141 (
«92281(
293271
«9415(
«9510(
«9149(
92351
93331
«9421 (
«93515(
<3156
«9243 (
«9340(
« 94271
«9520(
<9164 (
«92501
<9346 (
«9433(
<9524 (

0)
0)
0)
1)
C)
0)
C)
1)
1)
0)
Q)
0)
1)
1)
1)
0)
0)
1)
1)
1)
0)
0)
1)
0}
1)
0)
c)
1)
C)
1)
0)
0}
1)
0)
0)
)
0)
0)
1)
Q)
C)
0)
0}
1)
Q)
0)
0)
o)
1)
0)
0)
0)

1.CCOl
1.000(
1.000(
1.000¢(
1.000¢(
1.C0C(
1.0c0t
1.0C0¢
1.000(
1.0CO¢(
1.CC0(
1.0C0(
1.C00¢(
1.C00(
1.000¢
1.0C0¢
1.000(
1.000¢
1.CCOt(
1.C00¢(
1.000(
1.000(
1.0C0¢(
1.000(
1.C00(
1.C00(
1.C00(
1.000¢(
1.000¢(
1.C00(
1.000¢(
1.000¢(
1.000(
1.000¢(
1.000¢
1L.C00¢(
1.000¢(
1.0C0¢(
1.000¢
1.000¢(
1.C00¢
1.0CO0(
1.C00(
1.000¢
1.CC0t
1.000(
1.000¢
1.CCO(
1.C00(
1.000¢(
1.C00(
1.CC0(
1.C00¢

01238
01234
01263
01235
01234
01234
01234
01236
01234
01234
01234
01234
01234
01234
04123
01234
07123
01234
05123
01423
01234
01723
01234
01523
01234
01234
01273
06123
01253
01234
08123
01237
1623
01235
01234
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TABLE D.2

PROPERTIES CF <(0;142)-DESIGNS ,

R=3

» 5¢V<100

E(2)

CONTROLS

———————————— —————— —— ——— ————— —— -~ ———————— —— ———— . — . ——_— - - ————————

VALV DA VNP VWSIVLAVWI2LWAWIWDWAWIWDIDWIAWIDULUWWLWHRWNNNN

NOENONDODOCOONO LN N O N OO NNV OO NN DD S WW

NOU'—&NOWP‘ONOFWHN‘&NUJOO!—'P-‘NNOUJ'-'QN'-‘ONNWNOHNO'—‘NOHOM

«61717
« 1435
- 7938
+8235
« 7457
o 1385
« 16174
« 71874
.8032
«8155
«825C
« 16717
« 8404
«180C
«85C0
« 7903
-85¢63
« 1594
«8615
«8081
«-B865¢E
«8158
«8722
«8226
8176
«8286
8824
« 8359
«8871
« 7923
<8424
«8924
-8CC7
. 8483
. 8966
«8084
«8536
<8155
«8592
«8221
<8643
.8238
- 8689
«829¢€
«8732
«835C

«5448(
«6345(
«6822(
« 72731
<6797
«6895(
«6561 {
«7204(
«7410(
- 75721
«717281(
« 71204 (
«TE74(
«7342(
«8CCO(
« 71460(
« 7564 (
«8121(
« 76561
.81681(
« 17421
«82491(
«TEL9(
.83211(
- 7€88(
«8384(
« 7971 ¢
«8452(
«7572¢
«8C49(
- 8514 (
«1€66(
«812C(
«8571(
« 7753 (
«81851
« T834(
«8250(
«79111(
«8311(
- 19251
.8368(
« 1591 (
«8421(
«8C531(

«6458(
«11431(
1674
«8CCO(
« 16431
« 1770¢
« 71883 (
«8028(
«8154(
«8265(
«8382(
«8007(
«84821(
«8103(
«8571(
«8191¢(
-862T!1
«8272(
«B677I(
«e8342(
B 1231
«84061(
«B8776(
+B466(
«8825(
«8521(
« 8869 (
-8578(
«8917(
<8301 (
«83860(
«8365(
B86T79(
«9CCO0 ¢
«8425(
«87251
<8482 (
«8770(
«8535(
.88121
«8550(
-8852(
« 8594 (
8889 (
«B636(

6)
0)
3)
0)
3)
6)
5)
4)
4)
2)
3)
5)
2)
6)
0)
5)
1)
3)
2)
4)
<)
4)
2)
4)
2)
2)
1)
23
1)
5)
3)
1)
6)
2)
0)
5)
1)
4)
2)
2)
2)
3)
1)
4)
0)
3)

«8178¢(
«E5)1(
«8713(
« £889(
« 87151
<ET783(
«£E852(
«£8939{
«S011¢(
« 50761
« €944 (
«5183(
- £984(
«52311
«5033(
«5266(
«S074(
« 52971
«S117(
e$53261
«S153(
« G356
«S184({
«S$383(
«S214(
«5408(
e 5246 (
eS431(
« 5106
« G275
«9453(
«G140¢(
«53C21
« 94 T4(
«5168(
«S6327(
«5193(
«S$350(
«S5220(
«93721
«5239(
«9392(
« 52621
«G54121(
«S283(
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E(MIN)

E
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E(0)

E(1)

E(2)

CONTRCLS

——————————————————————————— ————— —— ——— — ———— - ——————— —— — v —— —— —— ————, ———

B S Al e B A S e N B Ao I SRS Lo RS e R S (e R s - I R ) e S R T e R R I SN e R SIS e N NRE s O NS e S R BN ST

— — — — —

s
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W= OOoWOOLDoWOLYNODENONDO
S DWUNODIDOWFEUVMONOMIWSNINWECWOMIINUNWOWIMOONMEIWNNDIWLWUO D ON =~W

.8729
.8769
<8446
. 8806
<8487
L6841
<8230
.8525
.887C
.82171
.8561
. 8898
.831C
.8595
.8923
.8347
.8626
.8947
.8381
.8661
.8973
<8414
8694
8997
8421
.8725
.9020
8754
G042
«849C
.8781
.9065
+8522
.8810
.3087
.8552
.8836
.9107
.8581
L8862
.5126
.8589
.8886
.9136
<8444
86168
.€9C9
.9153
8466
«B64LE
.8527
.9168

«8403(
«8110(
« 84521
«B1651(
«8498(
«82C9(
«85411(
« 1984(
«B8252(
«8576(
«8C291(
«8252(
.8€608|
«8C71(
-8331 ¢
«8€39(
«8111(
«8367(
. 86681
«€149(
«84C7(
«8699(
-8185(
«8444(
«8729(
-8190¢
«8480(
«87571(
.82281
«8514(
«8784(
«8266(
«8547(
«8813(
«8301(
«E€579(
.8840(
«82351
«8610(
- EE65(
.8368(
86401
.8889(
« 83741
«BE69(
«8899(
«8260(
«84CT{
« 8696
«8S19(
.8282(
«8440(
«8715(
.89381(

«8893(
«86761
«89261(
«8714(
-858581{
«87471(
.8988(
«857T7(
87781
.90121(
.86091(
.8808(
«9035(
«8640(
«8836(
«9057(
«8670(
.8864(
«9078(
«8699¢
«8891{
«9100(
87271
«B917(
«9121(
87361
«8942(
<9141 (
87631
838651
«316CH(
«8790(
.8988(
9179
.8815(
<9011 ¢
«91971(
.8839(
.3032(
«9215(
88631
«9053¢{
«9231(
.8873(
«3C731(
92411
<8769
«88S61(
«9CI11(
«9255(
.8788(
.8918(
«9106(
«9269(

2)
3)
3)
1)
2)
2)
1)
3)
2)
1)
3)
2)
1)
3)
2)
1)
3)
1)
1)
2)
2)
1)
1)
2)
1)
2)
2)
1)
3)
1)
1)
3)
1)
1)

w

PO b et N O et O bt N e e
B Nl N " " " " " "t " " '

«54221(
« 5304 (
«5439(
«G324(
« 9455 (
«53421
«5470¢(
«5253(
«9360(
e 5484 (
52721
«93761(
«S497(
«5284(
« 5390 (
«S509(
«S5301 (
« 5405 (
95211
«S314(
«5420(
s S%321
e$32TH
« 5434
<5543 (
«5338(
«S447(
« 5554 (
«93521
«S459(
« 55631
«eS5365(
«9471(
« 55731
«S3791(
«94821(
« 55831
«53921(
« 5493 (
« 5591 (
« 54041
« 5504 (
«S600(
e5413¢(
« G514 (
« G607
« G370
«5425(
« 5524
<5614
«9370(
« 54361
« 5533 (
« 56221

12304
0123
01253
01234
0123
01234
04123
0312
01234
01432
0132
01234
01243
0123
12034
01234
0123
21304
01234
0123
23140
04123
0123
23401
01432
0123
01234
01243
0123
05123
01234
0123
05612
01523
01234
1023
06152
Cl253
03412
1203



YV S K P E(MIN) E E(0) E(1) E(2) CONTROLS

«5697( 0) 0123
«5423( 0) 06712
«5485( 1) 01263

«6667T 9333 .9143( 0) .9412(
«5833 .B8569 .8416( 2) .8893(
«5715 .8735 .8571( 3) .9010(

52 7 & 4 .5823 .848E .8304( 2) .8806( 2) .S374( 0) 01625
52 6 9 2 .5640 8675 .8471( 2) .8939( 2) .S447( 1) 01235
52 5 11 3 .6061 .8943 .8734( 1) .9121( 1) .5541( 0) 04132
52 4 13 0 .6154 .5183 .86G56( 1) .9282( 1) .S629( 0) 0123
53 7 8 3 .5833 .8508 .8325( 2) .8824( 2) .S3831 0) 01263
53 6 9 1 .5688 .8702 .B8501( 2) .8960( 2) .S457( 0) 01234
53 5 11 2 .6061 .8959 .8751( 1) .9134( 1) .S549( 0) 01423
53 4 14 3 .6149 .9197 .8974( 1) .9294( 1) .S635( 0) 0312
54 7 8 2 .58323 .8527 .8346( 2) .8841( 2) .S$392( 0) 01236
54 6 9 0 .592€6 .8727 .8530( 1) .8979( 1) .S468(1 0) 01234
54 5 11 1 .€061 .8974 .8768( 1) .9148( 1) .S556( 0) 01234
54 4 14 2 .6117 .9211 .8S91( 1) .9306( 1) .%642( 0) 0132
55 7 8 1 .5833 .8546 .B8B365( 2) .8857( 2) .S401( 0) 01234
55 6 10 5 .5687 8746 .8550( 3) .8997( 1) .9478( 0) 05123
55 5 11 0 .€061 .8988 .8784( 1) .9161( 1) .S563( 0) 01234
55 4 14 1 .6133 .9224 .SCC7( 1) .9318( 1) .S648( 0) 0123
56 7 8 0 .5822 .8563 .8284( 2) .8874( 1) .S4C7( Q) 01234
56 6 10 4 .5699 .8768 .8575( 3) .9014( 2) .S487( 1) 01523
56 5 12 4 .5873 .899E8 .8795( 2) .9169( 1) .S570( 0) 01423
56 4 14 0 6190 .9237 .9C22( 1) .9329( 0) .S654( 0) 0123
57T 7 9 6 .5639 .8585 .8407( 3) .889C( 2) .%419( 0) 01523
57 6 10 3 .5726 .879C .8599( 3) .9031( 2) .%496( 1) 01253
57 5 12 3 .5944 .901€ .88l6( 2) .9183( 2) .S577( 0) 01243
57 4 15 3 .619C .9250 .SC39( 1) .9341( 1) .9660( 0) 0312
58 7 9 5 .5620 .8605 .8429( 3) .8906( 2) .%430( 1) 10256
58 6 10 2 .5780 .881C .8622( 3) .9047( 2) .S9504( 1) 01235
58 5 12 2 .6032 .S5033 .8835( 2) .9197( 1) .G585( 0) 10234
58 4 15 2 .6245 .9263 .9C55( 1) .9352( 1) .s666( 0) 0132
59 T 9 4 .5646 .8625 .84501 4) .8922( 2) .S439( 1) 01235
59 6 101 .5842 .£83C .8645( 2) .9062( 1) .S512( 0) 01234
59 5 12 1 .6056 .9049 .8E55( 2) .9211( 1) .5592( 0) 12034
59 4 151 .6328 .9275 .9C70( 1) .9362( 1) .%671( 0) 0123
60 T 9 3 5537 8644 .8470( 3) .8938( 2) .S447( 1) 10234
60 6 10 0 .60CC .8849 .8€€6( 1) .9C78( 1) .S520( 0) 01234
60 5 12 0 6217 .9C64 EE73( 1) .9223( 1) .S598( 0) 01234
60 4 15 0 .6444 .9287 .9C85( 0) .9372( C) .9677( C) C123
€l T 9 2 .5454 .8€62 .8490( 3) .89521( 2) .S455( 1) 12034
61 6 11 5 .60C0 .8868 .86€88( 2) .9093( 1) .%528( 0) 05123
61 5 13 4 .6098 .9079 .8890( 2) .9235( 1) .9605( 0) 04123
61 4 16 3 .6444 .9299 .9101( 1) .9383( 0) .S682( 0) 0312
62 T 91 .5439 .E68C .8509( 3) .8967( 2) .S461( 0) 12350
62 6 11 4 .6CC0 .EBB8B7 .8709( 2) .9107( 1) .$536( 0) 01523
62 5 13 3 .€047 .9093 .8S06( 2) .9247( 1) .S611( 0) 01432
62 4 16 2 .6444 .9311 .9116( 1) .9393( 1) .S687( 0) 0132
€3 7 S 0 .5464 .8697 .8528( 2) .8981( 1) .S468( 0) 01234
63 6 11 3 .60C0 .8904 .8729( 2) .9121( 1) .S543( 0) 01253
63 5 13 2 .6052 .9107 .8922( 2) .9258( 1) .9617( 0O) 01243
63 4 16 1 .6500 .9323 .9130( 0) .9403( 0) .$692( 0) 0123
64 T 10 6 .5695 .8718 .8552( 2) .8996( 1) .S477( 0O) 01623
64 6 11 2 .6064 .8922 .B14S( 2) .9135( 1) .S550( 0) 01235
64 5 13 1 6078 .912C .8937( 1) .9269( 1) .S622( 0) 01234

4 0] 0)

8 T 1)

" § 5 1)
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£(2)

CCNTRCLS

VO NOVONOVO NV NV Neo VO NOVONNOUVONOVMOOoVIONEUVIONOVCaoUVIOyo WO

NOONWHOWAMNNDIOWNUFIWONUDIDCAWOLMODDIROONCNMEWEWNAINDWUMWWLS

« 6364
«6154
«5833
« 5667
<6364
«6154
«6014
«5617
«€364
6207
«5969
«5671
« 6364
.6288
«5926
«5733
«6364
«6429
«5926
<6414
«6429
«5926
«5561
w6667
<6429
D 129
«5619
6239
«6429
«5730
« 5648
+6154
<6416
w9721
«5665
<6154
<6667
.57C9
« 6154
«€333
<5772
<5184
«6154
«€6250
«5816
<5847
<6154
« €250

<8938
«9132
«B5EE
«8753
«8954%
«9146
- 86017
<E7689
-8971
<9159
- 8625
«8785
-8987
<9171
<8642
.8801
«9C02
<9183
<8659
.8816
.5017
<9195
«8615
.8830
«9031
«9206
+ 8691
« 8846
«9045
w218
« 8692
.8861
«905¢
«9225
.8709
-8876
«924C
«8725
- 8891
«9C76
«5250
<8741
«8905
<9086
+9259
«87517
.8G18
<9056
« G267
<8712
«8931
«S5105

«87681
«8652(
«8437(
«8590(
87871
«8S€8(
<8457
.8e08(
«8805(
«8583¢(
84761
.8626(
«88231(
- 8598(
« 8455
«8€43(
<8841 (
«9C12(
«8513(
«86591(
<EES5E(
«9C26(
«8530(
- 86741
«8E874(
«9C4C(
« 85471
«8€92(
- EEEII
«3C53¢(
«8547(
«87C9(
«86C3(
«85€5(
87261
<8514 (
» 90191
.8583(
«8742(
«8525(
«9C91(
«BECO(
«8757(
.8%36(
«9103(
< BELTI(
«8773¢(
«9112(
«8€34(
- 8786 (
«88571(
«91211

«9280(
-.8908(
«9023(
«9161(
«9291 (
.8922(
«9C36(
<9174l
«93C1(
«8936(
«9049(
«9186(
«93111(
8650 (
<9062 (
«91981
<9321 (
«8563(
«9C074(
«9209(
«93311(
89771
«9087(
«9221(
«9341 1
«8990(
«9099(
«92311{
«9350(
«8994 (
«9110(
<9241 (
«9358(
-9006(
.91221(
«3250(
«936T71
<9019
«9133¢(
92591
«93751(
«9031(
<9144 (
«92671(
«9384(
«9043(
<9154 (
« 92751
e 93911
«2054(
«91651(
«9283(
«9397(

N O e NN e O N O gt et (O P et (O e b N e b e
N N " S " —" " ' -t il ' ' Nt it Nl ot Nl ' it

P et et N = b e N O N O
N N —— " N b ' "t v S

«54331(
«S493(
« 5564 (
»5634(
e 5440
«S5C0(
«S570(
« 56391
e 5446 (
«S506(
«SHTTI(
« 9644 (
« 5453 (
«S995131
«5583(
« 5649 (
«S460(
«S5519(
« 5589 (
« 5654 (
e 5465
« 55251
« 5594 (
« 56591
eS4T1(
«S532(
« S600(
« 6641
e 8476
« 55381
«S605{
e G669(
« 5484 (
« 9544 (
«5610(
e S6T3{
« 5490 (
«S5550(
«S6151
«S6TT(
«S496(
« 55561
«S620{
«5682(
«5503(
e 5561 (
e G624 (
«S685(
«55091(
« 95671
«S629(
«S689(

01253
01234
01234
01234
Q1235
01234
01234
01523
01234
04123
01234
10256
01234
01432
01723
0i235
04512
01243
01272
10234
05142
01234
102317
12034
01524
01234
12034
12350
01253
03412
12304
01234
Cl234
04132
12340
06123
01234
01423



«6726( 0) C1234
«5521( 0) 01234
«9571( 0) 01273

«€228 .9358 .9218( 1) .9467(
«60C0 .8795 .8677( 2) .9083(
«5728 .892C .8795( 2) .9171(

—

V § K P E(MIN) E E(O) E(1) E(2) CCNTRCLS
79 8 10 1 .5825 .8787 .8650( 2) .9066( 2) .S514( 0) 12345
79 7 12 5 .5847 .8944 .B8ECL( 2) .9175( 1) .SS73( 0) 01623
79 6 14 5 .5960 9111 .8S63( 2) .9288( 1) .$633( 0) 04512
79 5 16 1 .6250 .9283 .9130( 1) .9404( 0) .S693( 0) 01234
80 8 10 0 .60C0 .E€801 .8666( 1) .9C77( 1) .$520( Q) 01234
80 7 12 4 .5849 .E8958 .€€16( 2) .9185( 1) .S578( 0) 01263
80 6 14 4 .5982 .9122 .8975( 2) .9297( 1) .S637( 0) 05142
80 5 16 0 .€250 .9290 .9139( 1) .9411( 0) .S696( 0) 01234
Bl 8 11 7 .5666 .8813 .8679( 3) .9087( 1) .$526( 0) 01324
81 7 12 3 .5862 .897C .8€30( 2) .9195( 1) .S583( 0) 01236
81 6 14 3 .6042 .9132 .8G87( 2) .9305( 1) .S641( 0) 01524
Bl 5 17 4 6121 .92S96 .9145( 1) .9416( 1) .S700( O) 04123
82 9 10 8 .6074 .8708 .8586( 1) .9011( 1) .$498( 0) 01723
82 8 11 6 .5667 .8826 86931 3) .9C97( 1) .$532( 0) 10234
82 7 12 2 .5910 .8983 .BE44( 2) .9205( 1) .S588( 0) 01234
B2 6 14 2 .6071 .9143 .8999( 1) .9313( 1) .S646( 0) 01253
82 5 17 3 .6168 .9305 .9155( 1) .9423( 1) .S703( 0) 01432
83 9 10 7 .€CCO .872C .8598( 1) .9020( 1) .%506( 0) 10278
83 8 11 5 .56€85 .E€839 .87C7( 3) .9107( 1) .$538( 0) 12304
83 7 12 1 .599C .8995 .8858( 1) .9214( 1) .S$593( ©) 01234
83 6 14 1 .6079 .9153 .9C11({ 1) .9321( 1) .S650( Q) 01234
83 5 17 2 .6227 .9313 .9165( 1) .9429( 1) .S707{ 0) 01243
84 9 10 6 .60C0 .B8731 .8610( 2) .9030( 1) .9508( 0) 01237
84 B8 11 4 .5721 .8852 .8720( 3) .9117( 2) .S$543( 0) 31240
84 7 12 0 .6111 .9C07 .8ET7L( 1) .9223( 1) .S597( 0) 01234
84 6 14 0 6190 .9162 .9C22( 1) .9329( 0) .S654( 0) 01234
B4 5 17 1 6242 .9321 9175( 1) .9436( 1) .$710( 0) 01234
85 9 1C 5 .€00C .8743 .86€22( 2) .9039( 1) .$510( 0) 10234
85 8 1l 3 .5728 .E864 .B734( 3) .9126( 2) .$548( 0) 34125
85 7 13 € 6111 9019 <EEE5( 1) .9232( 1) .S603( 0) 06123
85 6 155 .612C .9172 .9C32( 1) .9336( 1) .S658( 0) C1234
85 5 17 0 .6349 .9329 .9184( 1) .9443( 0) .S714( 0) 01234
B6 9 10 4 .60CC .8754 .8€33( 2) .9048( 1) .S512( 0) 12034
86 8 11 2 .5741 .8875 .8746( 3) .9136( 1) .S5553( 0) 34501
86 7 135 .6111 .5030 .68S8( 1) .9241( 1) .S607( 0) 01623
86 6 15 4 €137 .9181 9C43( 1) .9344( 1) .S662( 0) 10234
86 5 18 4 6169 .933€6 .9193( 1) .9449( 0) .S717( 0O) 04123
87 9 10 3 .60C0 .8765 .B645( 2) .9057( 1) .S515( 0O) 12304
87 8 11 1 .5785 .8887 .8759( 2) .9145( 1) .S557( 0) 13456
87 7 13 4 .6111 .9041 .8S1C( 1) .9250( 1) .S612( 0) 01263
87 6 15 3 .6C99 .9189 .9C52( 1) .9351( 1) .S666( 0) 12034
87 5 18 3 .6192 .9343 .5201( 1) .9455{ 1) .S720( 0O) 01432
B8 9 10 2 .6CCO .8775 .8€56( 2) .9066( 1) .SS517( 0) 12340
€8 8 11 0 .5848 .E89E .8771( 2) .9154( 1) .S562( 0) 01234
88 7 13 3 ,6111 .9052 .8923( 1) .9258( 1) .S616( 0) 01236
88 6 15 2 .6102 .9198 .9C62( 1) .9358( 1) .S669( C) 12304
€8 5 18 2 .6220 .9351 .9210( 1) .9461{ 1) .S723( 0) 01243
89 9 10 1 .€CCO 8785 .8€67( 2) .9075( 1) .S518( 0O) 12345
89 8 12 7 .5753 .8909 .8783( 2) .9163( 1) .S566( 0) 01723
89 7 13 2 .6159 .9063 .8935( 1) .9267( 1) .%621( G) C1234
89 6 15 1 .6109 .9206 9C72( 1) .9365( 1) .%673( 0) 12340

5 1 0)
9 0 1
8 6 1

—
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« 85461
«9C81I
«9227(
.8678(
- 8ECT(
«8558(
«9C31 U
«9235(
«8691(
«8819(
«8970¢
«91C0¢
«9243(
«8703(
«8E31(
.8G81(
«9109(
«92511(
«-8716/(
88421
«8692(
«9118¢(
«92591(
«8728(
«8E853(
«9C03¢(
«91271(
«9266(
«8740(
- 8864 (
«90131(
«9136(
«9275(
- 87521
~8876(
«9C231(
«9145(
«9282(
« 8764
~EEBTI
«9C321(
«91531(
<5289l
«8775(
«.8E98(
«9C41 ¢
.91621(
«92961
-B87861(
«8508(
«9C49(
«9170(
«9302(

«9275(
«93711
«94731(
«93087(
«9180(
«9282(
«9378(
« 9479 (
<9096 (
«9188(
«9290¢
«3384(
«9484 (
«9105(
«9196(
«92981(
«9391 (
«9490¢(
«9114(
«9306(
«9397
«9495(
«91 231
«92121(
«9313(
«9403(
<9500
«9131¢(
«9321(
.9‘009(
«95061{
«9140(
9228 (
«9328(
«9415(
«9511 (
«91481(
«9235(
«9333(
«94211
«95151
«9156¢
<9243 (
«9341(
« 94271
«9519{
<9164 (
«9250(
<9346 (
<9433 (
«9524(

1)
0)
0)
1)
1)
0)
1)
0)
2)
1)
1)
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1)
1)
0)
1)

«S5625(
96761
«ST7291
«S55261
« 95751
« 56291
«S680¢{
«57321(
«+ 55311
-« 9580 (
«S633(
«56831(
«S735(
«S537¢
6584 (
« 56371
«S68T(
«S738I(
« 55421
«5588(
<5641 1
«5690(
«S741(
« 5546 (
«5593(
« 56931
« 5743 (
« 9550 (
«S59T7¢
«S648(
« 5696
e S5T46(
«S254(
«S602(
« 9652 (
«S659(
«eS149(
«5558(
« 56061
+ 055 ¢
« 57021
e 57521
« 55621
«S610(
<5659
«ST05(
+ 5754 (
«S56T1
«S614(
«S662(
+ 57081
«ST56(
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TABLE D.3

PROPERTIES OF <<(0y41,2)-DESIGNS ,

R=4

s 5<V=100

E(2)

CCNTROLS
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<6319
« 6920
<6667
« 7187
« 6667
« 1187
«€5C0
«6732
« 1292
« 6250
<6896
« 7500
«6250
« 7143
«625C
<1143
« 6250
<7143
<6163
«7232
«6184
«715C0
<6271

«7107
« 1692
.8132
«84CC
«74CC
« 7673
« 7891
.8052
.8209
<8336
« 8457
- 18917
« 8558
-8008
<8644
-8103
« 8657
-8186
« 8724
«8236
-8782
+8318
-8843
.8391
«8896
« 8456
«8943
8521
«8G69C
«8232
.8580C
«9U32
.8278
- 8633
«9017C
«8319
8682
«B357
<8731
- 8392
<8777
«8439
«8482
-E8857
«8523

«5833(
<GEET(
«7C83(
« 75C0(
«67131(
«7C036(
«7313(
« 1447 1(
- 1641 (
« TEO5(
«7536(
« 1462(
«8C67(
«7589(
.8182(
« 1656(
- 81651
«1788(
«8253(
«7819(
«83301(
« 1520 (
«8407(
«8010(
<8478(
«8C8BI(
«8542(
«81591
«8€C2(
« 15431
.8232(
«86581(
- 7986
«8299(
«87101
-8C261
«8359(
<8061
«8416(
«8C92(
«84721
«8146(
«8523(
«8197(
«8571(
«82431(

1)
4)
0)
4)

« 72571
« 1523 (
« 77481
« 7970 ¢
«81271
«8262(
.8380(
. 17988(
-8482(
.8088(
.85711(
«8178¢
«8578(
.B2641{
-86451(
«8318¢(
-87081(
.8388(
«8766{
«8453(
«8820(
«8516(
.8870(
-8580(
«8917(
.83781
«86311
« 8560 (
<8421 (
.86801
«90CCH
<8463 (
«8726!(
<8504 (
<8771 (
«8544{
.88121
.85811{
-88521(
«8617(
-8889(
«86521(

5
4
0
3
2
0
2
2
1
3
0
3
2
2
2
3
i
3
1
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« 15171
-« EOCO(
«E338(
<ESTLI
«E373(
«€5301(
«E6ETI(
«E607(
«ET04(
o E7914
«E8691{
«E691(
«€938(
«ET7221
«SC001
«ET71LH
«50201(
«EB13(
«S0671(
< E836(
« <1091
« €891 (
«S5150¢
« EG939(
«S51871(
-« £380(
«52211(
«S009(
«5253(
«EBT9(
« 50481
«5283(
«E8951(
<5084 (
«53101¢
«€9111(
«Sll6l
« €927 1(
«S5148(
« £944(
.S11781
« €987
«5205(
«S0211
«52311
«SC50(

01423
0123
01243
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V S K P E(MIN) E E(Q) E(1) E(2) CCONTRCLS

«€805 .91CC .8ES55( 1) .9120( 1) .S399( 1) 0132
«6192 .8585 .8369( 3) .8746( 2) .9123( 1) 01523
-8853 .8€28( 2) .B942( 2) .S271( 1) 01243
<6731 .9121 .8881( 1) .9140( 1) .S412( 1) 0123

[

Pt

33 9 .6875 .8886 .8€02( 1) .8915( 1) .S251( 1) 0123
34 1 «6355 .856C .8286( 3) .8686( 2) .S075( 1) 01234
34 9 <6667 8912 .8€30( 2) .8941( 1) .S269( 1) 0123
35 1 «6429 .8594 .8325( 3) .8718( 1) .sS098( 0) 01234
25 <) <6667 .893€ .BES56( 2) 89671 1) .$285( 1) 0123
36 € «6429 .8625 .8364( 3) 8737( 2) .S134( 1) 01234
36 3 <6667 .8G58 .8679( 2) .8991( 1) .$300( 1) 0123
37 7 «6667 8400 .8171( 3) .8578( 2) .S004( 1) 01352
37 8 «6464 .8663 .8409( 3) .8770( 2) .S158( 1) 10234
317 10 «6631 .8980 .B707( 2) .9009( 2) .S318( 1) 3021
38 1 +£667 8438 .8212( 3) .86101 2) .S030{ 1) Cl234
38 8 «6501 .8699 .8451( 2) .88B02( 2) .S181( 1) 12034
38 10 «6726 .90C7 .8740( 2) .9034( 2) .6335( 1) 0312
39 1 <6667 .8474 .8251( 3) .B642( 2) .S047( 1) 10235
39 8 «6618 .8733 .8490( 2) .8832( 2) .S203( 1) 12304
39 10 .6686 .5032 .8770( 1) 90571 1) .$352( 1) 0132
40 1 «652C .8507 .8288( 3) .8672( 2) .S066( 1) 01234
40 8 «6875 8765 .8528( 1) .8862( 1) .$223( 0) 01234
40 1C <6793 9055 .8799( 1) .9C73( 1) .S368( 0) 0123
41 7 «6429 .8539 .8322( 3) .8702! 2) .5081( 1) 13024
41 9 «EBT5 .B796 .8561( 2) 8E92( 1) .S233( 1) 04123
41 11 «€723 .9078 .8828( 1) .9099( 1) .9384( 1) 0231
42 [ «6428 .8569 .8355( 2) .8730( 1) .S095( C) 01234
42 S «6875 .£825 .8595( 2) .8918( 2) .$253( 1) 01423
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44 «6235 .8615 84021 3) .8771( 2) .9142( 1) 01253
44 « 7023 .8879 .BE660( 2) .8S66( 1) .S287( 1) 01234
44 1 <6818 .914C .89C5( 1) .9159( 1) .S425( 0) 0123
45 <6217 .8643 .8433( 3) .8796( 2) .S160( 1) 10235
45 «7222 .8904 .8€89( 1) .8989( 0) .S303( 0) 01234
45 1 «7273 .9161 .8S31( 1) .9179( 1) .S438{( 0) 0123
46 g «6215 .8617C .8463( 3) .8820( 2) .9177( 1) 12034
46 10 e 7222 .8529 .8718( 1) .9C11( 1) .S319( 1) 04123
46 | « 1273 .918C .8955( 1) .91S7( 0) .S450( 1) 0123
47 8 6193 .8695 .8492( 3) .8843( 2) .S5193( 1) 12204
47 10 « 1222 .8953 .8746( 1) .9032( 1) .$334( 1) 01423
41 12 «7330 .9199 .8978( 1) .9214( 0) .S462( 0) 0123
48 8 «6250 8719 .8519( 2) .8865( 1) .S208( 0) 01234
48 10 « 7222 .B976 .8773( 1) .9C53( 1) .S348( 1) 01243
48 12 « 1500 .921€ .9CCC( 0) «9231( 0) .S474( 0) 0123
49 9 <6277 B744 .8547( 2) .8886( 2) .5226( 1) 02341
49 10 <1278 .8998 .8799( 1) .9C72( 1) .S$362( 0) 01234
49 13 «7C67 .923C .9Clée( 0) .9244( 0) .S483( 0) 0123
50 8 «6696 .E593 .B423( 1) .8770( 1) .S162( 0) Q1243
50 L «633C .8768 .8574( 3) .89C6( 2) .9242( 1) 34012
50 10 «15C0 .9018 .€€24( 0) .9091( 0) .9375( 0) 01234
50 33 «6523 .9243 .9C32( 1) .9257( 0) .S492( 0) 0123
51 8 «6562 .£614 .B444( 2) .8788( 1) .9172( 0) 12034
51 9 «64CT .8791 .8599( 2) .8925( 2) .S256( 1) 40235
51 11 «6955 .9035 .8E€41( 1) .9106( 0) .S386( 0) 01224
o 13 «6923 .9255 .9C46( 1) .9270( 0) .S501( 0) 0123



V § K P E(MIN) E E(C) E(L) E(2) CCNTROLS
52 7 8 4 .6562 .B8634 .B465( 2) .88C6( 1) .S179( 0) 21340
52 6 9 2 6467 .E813 .8624( 2) .8944( 2) .S270( 1) 03451
52 5 11 3 .6818 .S05C .8858( 1) .9121( 1) .S396( 1) 12304
52 4 13 0 .6923 .S26171 .9C6C( 1) .9283( 0) .S509( 0) 0123
53 7 B8 3 .6562 .8653 .8484( 2) .8824( 1) .S185( 0) 23401
53 6 9 1 .6549 .8833 .8648( 2) .8963( 1) .S283( 1) 04123
53 5 11 2 .6818 .9064 .8875( 1) .9135( 1) .S406( 1) 23014
23 & 14°'3 .6938 .92719 907141 1) 92931 1) .S518¢ 1) 0312
54 7 8 2 .€562 .B671 .85C3( 2) .8841( 1) .S192( 0) 41235
54 6 9 0 .€667 .8853 .8670( 1) .8981( 1) .S295( 0) 01234
54 5 11 1 .6818 .9078 .8E90( 1) .9149( 1) .S415( 1) 30124
54 4 14 2 .6978 .9292 .9C91( 1) .9306( 1) .S526( 1) 0132
55 7 81 .6562 .8688 .8521( 2) .B8859( 1) .9198( 0) 24501
55 6 10 5 .6667 .8874 .8694( 2) .8998( 1) .S308( 0) 02341
55 5 11 0 .6818 .S0S2 .89C4( 1) .9162( 0) .S423( 0) 01234
55 4 14 1 .7C27 .9304 .9106( 1) .9318( 1) .S535( 0) 0123
56 7 8 0 .6562 .8705 .8538( 2) .8875( 1) .S205( 0) 01234
56 6 10 4 .€667 .E894 .8716( 2) .9015( 1) .S320( 1) 34012
56 5 12 4 .6745 9101 .8B8S16( 1) .9168( 1) .S434( 1) 01234
56 4 14 0 .7143 .931€¢ .9121( 1) .9329( 0) .S543( 0) 0123
57T 7 9 6 .6416 .8725 .8559( 3) .8892( 1) .S222( 1) 01243
57 6 10 3 .€694 .8913 .8738( 2) .9032( 2) .S331( 1) 40235
57 5 12 3 .6738 .S117 .8934( 1) .9182( 1) .S444( 1) 12304
57T 4 15 3 .7143 .9328 .9137( 1) .9341l 1) .9551( 0O) 0312
58 7 9 5 .€6398 .8744 .8580( 3) .8908( 2) .S236( 1) 12034
58 6 1C 2 .6767 8931 .8759( 2) .9048( 1) .S9342( 1) 03451
58 5 12 2 .675€6 .9132 .8952( 1) .9196( 1) .S454( 1) 23014
58 4 15 2 .7168 .9340 .9151( 1) .9352( 1) .9558( 0) 0132
59 7 9 4 .642]1 .B762 .8€CC( 3) .8924( 2) .S249( 1) 21340
59 6 10 1 .6839 .8949 .81779( 2) .9064( 1) .S353( 1) 04123
59 5 12 1 .6803 ,.,9146 .8S969( 1) .9209( 1) .S5462( 1) 30124
59 4 151 .7233 .9351 .9165( 1) .9363( 0) .S566( 0) 0123
60 7 9 3 .6430 .8779 .8619( 3) .8939( 2) .S260( 1) 23401
60 6 10 0 ,7CC0O .E8966 8799( 1) .9079( 1) .S363( C) 01234
60 5 12 0 .€6875 .916C .8986( 1) .9223( 0) .S471( 0) 01234
60 4 15 0 .7333 .9362 .9179( 0) .9373( 0) .S573( 0) 0123
61 T 9 2 .6452 .879€¢ .8637( 3) .8954( 2) .S270( 1) 41235
61 6 115 .70C0 .8983 .8818( 2) .9094( 1) .S374{( 1) 01234
61 5 13 4 .6875 .9174 .9C01( 1) .9235( 1) .S479( 0) 01234
61 4 16 3 .7333 .9373 .9193( 0) .9383( 0) .$580( 0) 0312
62 7 9 1 6504 .B81l2 .8655( 2) .8969( 2) .S280( 1) 24501
62 6 11 4 .70C0 .9C0C .8838( 2) .9108( 1) .S385( 1) 10234
62 5 13 3 .6913 .9187 .SCL7( 1) .9246( 1) .S487( 1) 12304
62 4 16 2 .7333 .9383 .9206( 1) .9394( 0) .S58T7( 0) 0132
€3 7 9 0 .6552 .8B28 .8672( 2) .B984( 1) .S289( 0) 01234
63 6 11 3 .7CCO .9016 .8856( 2) .9122( 1) .S395( 1) 12034
63 5 13 2 .6958 .9199 .SC31( 1) .9258( 1) .9495( 1) 23014
63 4 16 1 .7375 .9393 .9219( 0) .94C3( 0) .S594( 0) 0123
64 T 1C 6 .6552 .8845 .86S91( 2) .8997( 2) .S305( 1) 01243
64 6 11 2 7021 .S032 .8B74( 1) .9136( 1) .S405( 1) 12304
64 5 131 .7C13 .9211 .9C45( 1) .9269( 1) .S502( 0) 30124
64 4 16 0 .75C0 .94C3 .9231( 0) .9412( 0) .s6C0( 0) 0123
65 8 9 7 .6875 .8710C .8569( 2) .B894( 1) .G6225( 1) 0S671
65 -4l 5

«€554 .8862 .8710( 3) .9011( 2) .S317( 1) 12034



V § KP E(MIN) E E(0) E(L1) E(2) CONYROLS
65 6 111 .7107 .9047 .8892( 1) .9149( 1) .%415( 1) 12340
65 5 13 0 .7115 .9222 .9C59( 1) .9280( 0) .S509( 0) 01234
€66 B 9 6 .6854 .8727 .8588( 2) .8908( 2) .S239( 1) 06715
66 7 10 4 .6588 .8878& 872T( 3) .9C24( 2) .S$327( 1) 21340
€6 6 11 0 .7273 .9061 .8S08( 1) .9161( 0) .S424( 0) 01234
66 5 14 4 .7115 .9234 .9C73( 1) .9291( 1) .$516( 0) 04123
67 8 9 5 .€854 .B744 .B€C6( 2) .8923( 2) .S250( 1) 07162
67 7 10 3 .6622 .8893 .8745( 3) .9037( 2) .S336( 1) 23401
67 6 12 5 .7273 .9C76 .8S25( 1) 91741 1) .S433( 0) 01234
67 5 14 3 7115 .9246 9CE7( 1) .9302( 1) .$523( 1) 01423
68 8 9 4 .6854 .81761 .8624( 2) .B937( 2) .$258( 1) 01726
68 7 10 2 .6671 8908 .8761( 2) .9050( 2) .S346( 1) 41235
68 6 12 4 .7273 .9C9C .8%41( 1) .9186( 1) .S442( 1) 10234
68 5 14 2 .7136 .9257 91C0( 1) .9312( 1) .S530( 1) 01243
69 8 9 3 .6721 .871717 .8641( 2) .8951( 1) .S269( 1) 01273
69 7 101 .6729 .8922 .8177( 2) .9063( 1) .S354( 1) 24501
69 6 12 3 .7273 .91C3 .8957( 1) .9198( 1) .S450( 1) 12034
69 5 141 .72C3 .9268 .9113( 1) .9322( 0) .S537( 0) 01234
70 8 9 2 €667 8792 .8658( 2) .8964( 1) .S278( 1) 01237
W0 7 10 0 .6802 .893¢ .8793( 1) .9075( 1) .S362( 0) 01234
10 6 12 2 .7273 .S117 .8S72( 1) .9210( 1) .9458( 1) 12304
70 5 14 0 .7321 .9278 .9125( 0) .9331( 0) .S544( 0) 01234
71 B8 91 .6667 .88C7 .8674( 1) .8978( 1) .9286( 1) 01234
71 7 11 6 .€580 .895C .88C7( 2) .9088( 1) .S369( 1) 01243
71 6 12 1 7311 .9129 .8SET( 1) .9221( 0) .S466( 0) 12340
771 5 15 4 .7321 .9289 .9138( 1) .9341( 0) .S550( 0) 04123
72 8 9 0 .6667 .8821 .8690( 1) .8991( 1) .S293( 0) 01234
72 7 11 5 .6591 .8964 .8823( 2) .91C0( 1) .S379( 1) 12034
72 6 12 0 7500 .S9142 .9CCOL 0) .9231( 0) .S474( 0) 01234
T2 5 15 3 .7321 .9299 .9150( 1) .9350( 0) .9557( 0) 01423
73 8 1C 7 .6562 .8835 .87C4( 2) .9002( 1) .S305( 1) 03451
T3 7 11 4 .6620 .B97E .8839( 2) .9112( 1) .S3B7( 1) 21340
73 6 13 5 .7C19 9152 .9C12( C) .924Lt 0) .S480( 0) 01234
73 5 15 2 .7321 .9309 .9162( 1) .9359( 0) .$563( 0) 01243
74 8 10 6 .6538 .8848 .87191 2) .9014( 1) .S316( 1) 45013
74 7 11 3 .6630 .8991 .8854( 2) .9123( 1) .9396( 1) 23401
74 6 13 4 .6923 .5161 .9023( 1) .9250( 1) .%486( 0) 12304
74 5 15 1 7357 .9318 .9173( C) .9368( 0) .S569( 0) 01234
75 8 10 5 .6558 8861 .8733( 2) .9025( 2) .$325( 1) 54601
15 T 11 2 6673 .9C04 €€68B( 2) 91341 1) .S4C4( 1) 41235
15 6 13 3 .6923 9171 .9C33( 1) .9259( 1) .9492( 0) 23140
75 5 15 0 .75C0 .9328 .9184( 0) .9375( 0) .S574( Q) 01234
76 B 1C 4 .6516 .EB74 .8746( 2) .9036( 1) .S$333( 1) 56034
6 7 111 .6727 .SC17 .888B2( 1) .9145( 1) .S411( 0) 24501
16 6 13 2 .6923 .9180 .9C43( 1) .9267( 1) .9498( 0) 32401
6 5 16 4 .7125 .9336 .9194( 0) .9383( 0) .$580( 0) 01234
17 8 10 3 .6508 .8886 87591 2) .9047( 1) .$341( 1) 04567
7 7 11 0 .6818 .5029 .8896( 1) .9156( 1) .S419( 0) 01234
77 6 13 1 .6923 .9189 .9C53( 1) .9275( 0) .S503( 0) 34012
77 5 1€ 3 .7C31 .9343 .92C3( 1) .9391{ 0) .S585( Q) 12304
78 8 1C 2 .6495 .8898 .8772( 2) .9058( 1) .S348( 1) 05146
78 7 12 6 .6818 .9041 .8S09( 1) .9165( 1) .9428( C) 01243
78 6 13 0 .6923 .9197 .9C62( 1) .9283( 0) .S508( Q) 01234
78 5 16 2 7031 .935C ,9211( 1) .9398( 0) .S589( 0) 23014
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