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Abstract

This thesis is concerned with two different problems in harmonic analysis: the
multilinear Kakeya theorem, and Wolff-type inequalities for paraboloids.

gives an overview of both of these problems.

In we investigate an important special case of the multilinear Kakeya
theorem, the so-called “bush example”. While the endpoint case of the multilinear
Kakeya theorem was recently proved by Guth, the proof is highly abstract; our aim
is to provide a more elementary proof in this special case. This is achieved for a

significant part of the three-dimensional case in the main result of the chapter.

is a study of the endpoint case of a mixed-norm Wolff-type inequality
for the paraboloid. The main result adapts an example of Bourgain to show that
the endpoint inequality cannot hold with an absolute constant; there must be a
dependence on the thickening of the paraboloid. The remainder of the chapter is a
series of case studies, through which we establish positive endpoint results for certain
classes of function, as well as indicating specific examples which need to be better

understood in order to obtain the full endpoint result.



Lay summary

This thesis looks at two different problems in the area of harmonic analysis.

The first is the multilinear Kakeya problem, which involves taking a collection of
tubes and measuring the space inside them in two different ways — the problem
is to show that no matter what collections of tubes are used, one measurement is
always smaller than the other. This result was proved only very recently; originally
by Guth in 2010, with improvements by Bourgain and Guth in 2011, and Carbery
and Valdimarsson in 2012. These proofs are very abstract, involving sophisticated
geometric ideas, so our aim is to give a simpler proof. To make this possible, we only
consider certain collections of tubes — ones where all the tubes go through the same
point, so we have a sort of “bush” of tubes. Imposing this extra condition does make
the problem simpler, but knowing how to deal with the bush example is a good first
step to understanding the whole problem. The main result in[Chapter 2]is that if we
take the bush example in three-dimensional space and measure the tubes in a certain
way (not quite the same as in the original question) then it is indeed always less than

the other measurement.

The second problem we consider is a Wolff-type inequality, which has a similar goal
of showing that one way of measuring an object always gives a smaller answer than
another. The problem involves working in a region which has a certain “thickness”;
the main result in[Chapter 3]is that the statement “one measurement is less than the
other” can only be true if we include some dependence on this thickness. Showing
that the statement holds for all possible objects is very difficult, so we consider some

important examples and show that the result holds for these.

Vi
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CHAPTER

1

Introduction

1.1 The Kakeya problem

We begin with an introduction to the problem which is studied in

Definition 1.1. A Kakeya set is a compact set in IR containing a unit line segment in

every direction w € S" 1. O

Clearly By ,,(0) = {x eR" : |x]| < %} is a Kakeya set, but this example does not
have the smallest possible volume. For instance, in R? the circle of area Z can be

replaced with an equilateral triangle of area %, or even a deltoid of area 3.

In fact, Besicovitch showed that a Kakeya set can have Lebesgue measure zero [Bes28].
This leads naturally to the question of how large such sets must be in other senses;

for instance, in terms of their Hausdorff dimension.

Definition 1.2. For each « > 0, let

e—0 =1

my(E) = liminf{Zr(Bi)“ : ECUZ Bjand r(B;) < s} ,



1.1. The Kakeya problem

where each B; C R" is a ball of radius 7(B), and the infimum is over all possible

choices of the B;.

Then the Hausdorff dimension of E is

dimy (E) = inf{a : m,(E) = 0}. O

It is thought that Kakeya sets must have full Hausdorff dimension:

Conjecture 1.3 (Kakeya conjecture). For any Kakeya set E C R", dimy (E) = n.

This has been established for n = 2 [Dav71]], but remains unproven for n > 3.

1.1.1 Maximal function formulation

Definition 1.4. Given a locally integrable function f defined on IR", the Kakeya maxi-

mal function My f is defined by

1
(M) () = sup 1 J 1@,

where the supremum is over 1 x - -- X 1 X N tubes T in the direction wj i.e. cylinders
in R" with diameter 1 and long dimension N, with the long dimension parallel to

w e s O

Conjecture 1.5 (Kakeya maximal function conjecture).

_ n-1
IMN £l (sn-1) < CNTH1og N) o || £l pn(wony- (1.1)

It can be shown that implies (e.g. in [Tao99, Lecture 5,

Proposition 2.3]).

Note that (1.1) can be restated in the dual form

TeT

n—1 n
/ (Z CTXT(X)> dx < C,NlogN } ¢! (1.2)
R* \ reT

where the Tisasetof 1 x - - - x 1 x N tubes whose directions ¢(T) are %—separated on

§"~1 (i.e. for distinct tubes T, T € T, we have |e(T) — e(T')|gi-1 > ), and c7 > 0.

Establishing is a difficult open problem, except when n = 2. There is partial
progress for n > 3; see for instance [Bou91], [Wol95], [TVV98], [KT02].




1.1. The Kakeya problem

1.1.2 The bush example

A key first step — and a central idea introduced in [Bou91] — is to consider the bush

example, where all the tubes pass through a common point.
Observation 1.6 (Bush example). If we impose the additional condition that all the tubes

pass through the origin, then (1.2)) is true.

Proof. Using polar coordinates, we can write the left-hand side of (1.2) as

_n_

/ri[o /Sn—] <TEZT CTXT(”)) - " Vdo(u)dr

_n_

log N n—1
<) / Pt dr/ (2 cT)(T(Zku)> do(u)
k=1 Jr~2¢ ues" \ rer
log N T
S ) 2k"/ (Z CTXT(ZkM)> do(u)
k=1 ues"™ 1 \ rer

Now for fixed k, we take a set of 2~ ¥-separated points w; € "~ and form a finitely

overlapping covering of " ! by the “caps”
cap, «(wy) = {u €9 lu—wylgi1 < 27k}-

Thus our bound on the left-hand side of becomes

_n_

log N n—1
y 2y Y erxr@u) | dow), 13)
k=1 7 Juccap, i (wy) TETiy

where 7} ¢ is the set of tubes which give a nonzero contribution. How large is 7y ¢?

* To have x7(2fu) # 0, we must have w = e(T) within 27 of u, which itself is

within 27F of wy, 50 |w — wy|gi1 <2 x 27K, ie. w € capy, .,k (wy).

* The tube directions are %-separated on §"~1, so within cap,, -« (w) the num-

ber of different tube directions is

< |cap; o+ (W) N (21 k)n-1 — Nn-1p(1=k)(n-1)
|capy /| (1/N)r—1 .

Thus #7; , < N*— 1200 (1),




1.1. The Kakeya problem

Now applying Holder’s inequality to (1.3), we obtain the bound

n 1 _n_n—1
log N nfn o\
Y 2y | L ()" Lot ot
=1 7 |u—wy|<27k = T<Ti
log N 1 _n_
S Y 2 Y feap, i (wi)|(#Te) T [ Y of !
k=1 7 T€Tke
ng 1 n
Z zknz yn-1 (N” 1o (1—k)(n— 1)) Yo et
T€Tk,
ng
Z N Z Y o
L T€Tiy

=NlogN ) ) cf%

TeT st Ty >T

The result then follows, since the covering of $"~! indexed by / is finitely overlapping,
so there are O(1) s for each T. [ |

1.1.3 The multilinear Kakeya problem

Note that in the dual form of the Kakeya maximal function conjecture, , we can

write the left-hand side as

[ (genetn) oo f 1 (E oo )*dx.

TeT TeT

A contribution to this is
n—1
n
/n IT1 X erxr(x) dx,
R™j=1 \ TeT;
where the T; C T are certain families of tubes.

Definition 1.7 (Transverse families). The families T; are transverse if each T € T; has

e(T) in a small, fixed neighbourhood of the basis vector e;. O

The following conjecture arose in [BCT06|, Conjecture 1.8 and Remark 1.11].

Conjecture 1.8 (Multilinear Kakeya conjecture). If the families T; are transverse, then

there is a constant C,, independent of the families of tubes so that for any choice of nonnegative




1.1. The Kakeya problem

coefficients cr,

‘ﬁ

1
n—1
n n

LI Zer) | ax<aI| Ler] - (1.4)

n - .
j=1 \ T€T; j=1 \ T€T;

|
|

This can be used to deal with the contribution in (1.2) due to transverse intersections
of tubes, since applying Holder’s inequality followed by the inequality of arithmetic

and geometric means gives

ﬁ Y oer| < ] <(#Tj)”ll ZC#)

j=1 \T€T; j=1 TeT
1 L 1 AET
<a LET)TT Y ep

j=1 TET

and since the Tj C T have 1/ N-separated directions,

4 1
PC DERISS

j=1 j

(N H)m1 < N.

M-

1

Thus we obtain the right-hand side of (1.2), without needing the factor of log N which

appears there.

Remark 1.9. While we have used (1.4) to deal with a certain part of the linear problem
(1.2), it is worth noting that (1.4) enjoys some gains over what is true in the linear case.
For instance, it is known that (1.4) holds even if the tubes in each T; can have the same

direction (i.e. removing the assumption that the directions e(T) are 1/ N-separated).

We also have ¢! norms in the right-hand side of (T4), which are stronger than the
¢/ ("=1) norms appearing in (T.2). And perhaps most strikingly, there is no depen-
dence on the parameter N in (1.4). O

arose in [BCT06] as (1.4) is the endpoint case of the multilinear Kakeya

theorem — which was proved up to, but not including, the endpoint. The endpoint

result was first proved in [Gut10], using algebraic topology.

Theorem 1.10 (Transverse tubes). If the families T; are transverse, we have

n

/]Rn ( Y oenxn(x)-- ), CTnXTn(x)>n dx < Y er : (1.5)

T €Ty Th€Ty j=1 \T€T;




1.2. Wolff-type inequalities

In fact, Guth proved a more general statement, involving the quantity wi A - - - A wy,.

Definition 1.11 (wq A - - - A wy). Given wy, ..., w, € $"1, we define wq A - - - A wy,
to be the volume of the parallelepiped in R"” with edges w;. This is also given by

|det W|, where W is the n X n matrix with columns w;. O

Theorem 1.12 (Quantitatively transverse tubes). If the families T; are quantitatively

transverse, i.e. e(Ty) A -+ Ae(Ty) > a forall T; € Tj, then

1

/]R” ( Yooxn(x)--- ) ;(Tn(x)> 7 dxgzx_ﬁ(#Tl...#Tn)ﬁ. (1.6)

T,€Tq TheTy

A further generalisation of this was established in [BG11) §7] (although the result

there is for curved tubes, which we shall not consider here).

Theorem 1.13 (Arbitrary tubes). For arbitrary families T;, we have

'/]Rn ( Yo xn(x)- ) xr(x)e(Ty) A /\e(Tn)> - dx

Ty €Ty T,€Ty,

< (BT, .. #T,)71. (17)

This was reproved in [CV12], using the Borsuk-Ulam theorem in place of the more

sophisticated algebraic topology employed by Bourgain and Guth.

Remark 1.14. Note that (T.7) = = (L5). O

In we investigate the bush example in the multilinear setting and easily

establish analogues of and (L.6). The main result of [Chapter 2]addresses the
bush example in the “arbitrary tubes” case (1.7), and establishes the bound for the

n = 3 case (at least for what is considered to be the main term).

1.2 Wolff-type inequalities

We now introduce the setting of the problem considered in

In [Wol00], Wolff introduced a certain inequality involving L? norms and a decompo-
sition of the light cone {C e Rl . &5 = \/6% + C%}, and established it for p > 74.
This was extended to higher dimensions in [LW02], and the cone was replaced with

more general surfaces in [LP06].




1.2. Wolff-type inequalities

The conjectured Wolff inequality for paraboloids states that for all ¢ > 0 there is a
constant C, > 0 such that

1/
|Z5], < coometns (2mn5> B 18)
] ]

where a(p) = 51 — % is the standard Bochner-Riesz exponent (e.g. in [Car92]) and
the f; have supp f] C §; for some “slabs” ;. Specifically, we take a 6-neighbourhood

of the truncated paraboloid,

2 = {(¢,¢n) e R xR:

&n—3EP <618 < 1}
and decompose it into “slabs” having all other dimensions §'/2. To do this, take a

61/2-separated sequence {y;} C R"~! and form the slabs

s ={(@ e ex?: | -y < o2}

Typically, we use y; = 6'/2j with j € Z" 1.

This setup is illustrated for the n = 2 case in the following diagram:

&)

Remark 1.15. The conjectured range of p for which can hold is

4 n+1
>24 —— =2 .
p= +n— n—1

To see this, we use the n-dimensional Rademacher functions r;(t) defined on [0, 1]

(see [Ste70] p104] for details). These have the key property that, with Q = [0, 1]" the

, 1/p 1/2
Q7 j

unit cube in R”,




1.2. Wolff-type inequalities

for every p < oo (Whenever the right-hand side is finite), with the implied constant
depending on p [Ste70, (44) on p104].
Now let l?](C) =¢ (%) with ¢ € C* supported in |&| < {, and w; = (v}, 5yj|*),
and put

hj(x) = hj(x)r;(t)

for t € [0,1]. Since the h;; are of the form required of the f; in Wolff’s inequality,
would imply

1/p

1/p
i ~a(p)- / P
</QH;h],thdt> < Colr s< Q;Hhﬁnpdt

Applying Fubini’s theorem and to the expression on the left-hand side,

Ll a1,/

p/2
(x)]? X
~ [, (}2@( >|> x,

P
dx dt

Zh](x)r](t)
]

while on the right-hand side we have

./Q ;”hﬁfugdt = /QZ]:/]R [j(x)rj(£)[F dx dt
= ]Z/Q\rj(t)\”dt/wyhj(x)y'ﬂdx
Sy A
]

hi(0)|" dox = Y |1 18,
]

since |r;(t)| < 1.

Thus (1.8) implies

1/2 1V
(T ml)”| s <2|h,-|;3) .
] ]

p

Now using |hj(x)| = 6"|¢(éx)| we find

’<Z|h;‘|2)1/2

j

= " (#75) 2307,

p p

(Z|$(5'>|2)1/2
J
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so overall implies

For this to hold for all § > 0, we require

n—1 n-—1
— <
4 2P —“(p)/

from which we arrive at p > 2%. O

Remark 1.16. The ¢ exponent on the right-hand side (i.e. —a(p) — ¢) is the best
possible, except possibly the € [GS10, p. 1]. O

1.2.1 The mixed-norm Wolff inequality

As in [GS10], we are interested in the closely related mixed-norm variant of (1.8),

1/2
HZJ‘]H < Ces P (ZIJ‘]Hp) , (1.10)

where B(p) = " — ”2—;1

Remark 1.17. The mixed-norm inequality (1.10) for a certain p implies Wolff’s in-
equality for the same p, since by Holder’s inequality,

(;nmi)m ((;(“ff“) )W (;JW)

<717 (an]w)w

and we have B(p) + 21 (1 — %) = a(p).

1/2

Combining this observation with [Remark 1.15/and [Remark 1.16], we see that the

conjectured range p > 2% and exponent —B(p) — ¢ are the best possible in (I.10).
O

Currently, the best known result for paraboloids is:




1.2. Wolff-type inequalities

Theorem 1.18 (Garrigés-Seeger, [GS10]). The inequality (1.10) holds for all € > 0, when

nZZandeZ—l—%—ﬁ.

This is illustrated for the n = 3 case in the following diagram:

6 exponent
31
164 1,1
1 ‘ ‘ p
conjecture
1 [GS10] result

We note that at the endpoint p = ZZ—H there should be almost no J-dependence;

N
As = C67%, or perhaps even A; = O <<log %) > for some N. It may even be the
case that there is no 6-dependence at all, i.e. As = O(1).

In |Chapter 3} we investigate (1.10) at the endpoint p = 2%, specifically when
n = 2,3. Our main result is that the inequality cannot hold with ¢ = 0 in these cases,
i.e. A; must have some J-dependence (see[§3.2). We then proceed to establish some

positive results in a series of case studies (§3.4H§3.6).

10



CHAPTER

2

Multilinear Kakeya Question

Our aim in this chapter is to address an important special case of the multilinear
Kakeya conjecture — the bush example, which we have already seen is important
for the linear problem. We begin these calculations in but in order to tackle
the case of arbitrary tubes (i.e. below), we move to a continuous variant of the
question in[§2.2} There, we show that the argument used for the linear problem will
not suffice, and give a proof for the n = 2 case with a view to generalising it. Our
main result is then established in[§2.3; this deals with a particular part of the arbitrary

tubes problem, which is considered to be the main term, when n = 3.

We are now concerned with doubly infinite 1-tubes, i.e. 1-neighbourhoods of lines.

As before, the direction of the tube T is denoted e(T) € S" 1.

Let Tq,..., T, be families of 1-tubes. We recall the known results stated in for

simplicity, we take any constants c7 = 1.

o If the families T are transverse, we have

1

/Rn < Y oan) - ¥ XTn(x)>n dx < (#Ty . #T)RT. (1)

T1 c Tl T,.€T,

o If the families T; are quantitatively transverse, i.e. e(T1) A - - - Ae(T,) > a for all

T, €T, then

1

/]Rn ( Yooxn(x)--- ), XT,,(X)> 7 dx < w1 (#Tq .. #4T,)7 1. (2.2)

T,€T, T, €Ty

11



2.1. The bush example

e For arbitrary families T;, we have

1
n—1

/W ( Y oxn(x)- Y xTn(x)e(Tl)/\---/\e(Tn)> dx

Tl € Tl Tn € Tn

< (BTy.. #T,)71. (2.3)

2.1 The bush example

In analogy with the linear problem, we expect that requiring every tube to pass
through the origin (in fact, to be a 1-neighbourhood of a line through the origin) will
make these questions easier to answer and, as in the linear case, be a key point in
the development of the theory. Indeed, a central observation of [BCT06] is that in the
multilinear transverse case, one may expect the bush example to be the “worst” case

(as discussed in [BCT06), Question 1.14]).

The current proof of (2.3) (e.g. in [CV12]) is highly abstract, so the main aim of our
approach is to give a hands-on, constructive proof in this case. A secondary aim
is to obtain each estimate with a good idea of the constant involved — it has been

conjectured (J. Bennett, personal communication) that with suitable normalisation

the constant in (2.3) may be 1, as can be obtained in the n = 2 case (see[§2.2.3).

We will examine this question for each of the inequalities (2.1)), (2.2) and (2.3) in the

following sub-sections.

Anoteon wy A+ Awy

The following lemma will be useful when dealing with the wedge quantity appearing

in and (2.3).

Lemma 2.1. Ifeach w; € S"~! makes an angle of at most R with some fixed u € S, then
Wi A Awy <2IRTL

Proof. Justas wy A - - - A wy, is the volume of the parallelepiped with edges w;, we can
let wq A - - - A wy be the k-volume of the parallelotope in R"” with edges wy, ..., wy. In
this way, w1 A - - - A wy can be computed inductively; for instance, with w, wy, w3 €
52, we have

w1 Awy Aws = wi Awy X |w3 — Py 0, (W3)

7

where Py, «, is the orthogonal projection onto the span of w; and wy.

12



2.1. The bush example

* Given wy,wy € S"7!, wy A wy is the area of a parallelogram. If the angle
between w; and w» is 8, this area is sin@ < 6. By hypothesis we have § < 2R,
thus wq A wy < 2R.

o Now suppose wi A --- Awi_1 < (2R)F~D=1, We then have

WA ANwp=w1 AN ANwg_1 X ]wk — Puy,.oop 4 (wk)‘

< (2R)=1D=1 2R
since

‘wk - Pwlw-r“-’k—l (wk)’ < |‘Uk - w1|1Rn < |wk - w1|5n—1 < 2R.
Thus by induction, we obtain the result. n

2.1.1 Transverse tubes through the origin

As remarked in [BCTO06], if we impose the condition that all the tubes are centred at
the origin, the quantities in (2.1) are “trivially comparable” — from the transversality
condition, a given x € R" cannot simultaneously lie in tubes Ty, ..., T, if |x| > 2

(say), so the left-hand side is clearly

1
n—1
< vol(|x| £ 2) <H#T> < RHS.

2.1.2 Quantitatively transverse tubes through the origin

Rewriting the integral using polar coordinates, with dyadic ranges of radii,

1
n—1
LHS @2) < 2 / - 1dr/ T an@u ¥ oan @) do(u).
1’ 2k ues” T1€T1 Th€Ty
k
~2kn

Now to have 2fu € Ty,..., T,, we must have e(T]-) € cap, «(u), so it follows from
thate(T;) A« -+ Ae(Ty) S (27%)"~1. From the transversality condition, we
see that there can be no such tubes if 27 ¥("=1) < ¢, ie. if k > logz(c’ofnlj) =:1g A.

So the sum in k is finite.

Furthermore, we can break up the u integral using a finitely overlapping covering of

13



2.1. The bush example

§"~1 by caps of radius 27¥ indexed by u,, obtaining

1
lgA n—1
LHS @) 5 )2} / (Zm @) Y xm, zk) do(u)
uecap, (1)

Tl S Tl T,€T,

1
IgA w1
< L2 Do (capsa(u)_max >(H ¥ () )
Uy

k=0 L uecap, j=1T;€T;
Ig A 1
S Y2 (@ (0) - an(0)i (2.4)
k=0 l
where we have defined 4;(¢) =  max Z )(T (2ku)

u€cap, (1) TieT;

We now need the following two facts:

Lemma 2.2. For any a]-(é) >0,

1 n—1
Y (a1(0) - an (€))7 T < <Zﬂ1(5)~ Zﬂn(@) (2.5)
14 14 l
Proof. Applying Holder's inequality,
1 1
Z“l 0T gy (0)T < (Zm@&) . (Zan(g)n’il>
l l
Now note that
1 ool Lo
(Zﬂj(f)"nl> = <Zaj(€)"”1> = llajll nl <l ]II,gl ,
L 4
since ||-||,» < ||| n for p > 1 and we have 25 > 1. [ |

Remark 2.3. Equality can only be attained in when both the inequalities applied
in the proof are in fact equalities. Thus, due to the application of Holder’s inequality,
this requires a; = - - - = a,, and from the £1-¢"/("~1) embedding we require a; i(6) #0

for just one 4.

Given how restrictive these conditions are, we see that (2.5) is not very efficient. ¢

Lemma24. ) a;({) S #T;
0

Proof. We get a contribution to 4;(¢) from a particular tube T; if there is a 2k €

2kcap,_« (1) which also lies in T; (where 2kcap,_« (uy) is a subset of 2F6"~1 with

14



2.1. The bush example

aperture 27, i.e. radius 1). Thus
aj(¢) < number of T; € T; which intersect 2kcap2,k(ug).

Note that this cap can also be viewed as a cap of radius 1 on 2¢§"~1. Since T; has
radius 1 and (crucially) passes through the origin, it can overlap O(1) such caps,

hence the sum will overcount each tube at most O(1) times. |

Using these facts, we get

IgA
LHS @2) < Y 25 (#T; - - #T,) 71 S oot (#Ty - - #T,) 71

~

Thus,

Theorem 2.5. Ifall T € T are neighbourhoods of lines through the origin, then holds.

2.1.3 Arbitrary tubes through the origin

This case is not as easy to deal with as those already considered, but we begin in a

similar way:.
We define the subset W; of Ty x - -+ X Ty, as
W; = {(Tl,...,Tn) e(T) A Ae(Ty) ~ 2—1‘("-1)}.

For concreteness, we suppose e(T;) A - - - Ae(T,) ~ 27/"~1) means

e(TI)N---Ne(T,) < 92(n—1)p—j(n-1)

and e(Ty) A---Ae(T,) > 20r=D=in=1), (2.6)

Then

1

=i

ws@=[ (L % 09 (T Ao neT) |
] O Tl/ ,Tn)

and repeating the first steps in the previous section, this is bounded by

1
w1
2 okn 2 |cap, «(uy)]  max (2 2 XT, (Zku) Xt (Zku)Zf("l)) .

k=0 ¢ uecap, (1) \ j=0(1y,...T,)ew,

15



2.1. The bush example

Note that xr, (2u) - - - x1, (2*u) can only be nonzero if the directions of the T; all lie

within 2% of u on 8”1, so by [Lemma 2.1jwe know e(Ty) A - - - Ae(T,,) < 27~ 12-k(n=1),
Thus, due to our choice of constants in (2.6), the only nonzero contributions come

from j > k. Now writing
T/Vv](g) = {(Tl,.. .,Tn) € W] : €<Tl’) S caszsz(ug)}

we have

1
o) ) n—1
LHS < kz 26y ( k#m(ﬁ)z]“”) .
—0 =

14
¢ Note that because for each k the u, are chosen to index a finitely overlapping
covering of §"~! by 2~ *-caps, we have

;#Wj(é) S#W; foreach jand k,

with the implied constant independent of j and k.

* But note that we do not necessarily get all of W; from U,W;(¢).

This is because only goes one way — so there may be (Ty,...,T;) €
Wi with e(Ty) A -+ Ae(Ty) ~ 2-/("=1) but not because all the ¢(T;) lie in the

same 27/ -cap, or indeed even the same 2 X 2_k—cap.

The n =2 case We can move the sums around to get
Y 27 Y oY #Wi(0) S Y 27U2HW; SHTy L HT,.
j=0 k<j ¢ j=0

Forn > 2 We need to show:

Conjecture 2.6.

© =1 o ot
Yy 2ky (Z #Wj(é)Z‘f("‘1)> < <2 #wj> .
¢ \j=k j=0

k=0

In order to make progess, we move on to consider another version of the problem.

16



2.2. Continuous Multilinear Kakeya Problem

2.2 Continuous Multilinear Kakeya Problem
As noted in a footnote of [CV12| p2], the continuous analogue of is

1
n—1

/ / /ng Wj, T X)W1 A -+ A wp do(wy) -+ - do(wn) dx
(sn-1)

n

1
-1
< anl:{ (/lexwl gj(w, nwx)> , 27)
where 71, is the projection onto the plane perpendicular to w passing through the

origin, and we suppose the g; are nonnegative.

This is in fact equivalent to the following more general form of

/]R” ( L, anxn () ) ”TnXTn<x)€(T1)/\---Ae(Tn>>n dx

Tl €T1 Tn ETH
1

5(2 ﬂTl"' Z aTn> . , (2.8)

T,€Tq Ty €Ty

with the ay > 0, and also to

ol /Hm Vfi(w))wor A+~ Ao do(wr) - do(wy) | dx

S" l)n =

where the f; are nonnegative.

Proof of equivalence.

= Putting gj(wj, e, x) = XTw]_(x)fj(wj), we have

LHS @9) = LHS @7) < C,, ]‘[ (/5 Xij(x)fj(wj)) %1

n—1yRn—1

Thus we obtain the right-hand side of (2.9), with

n

K, = (cross—sectional area of tubes) " C,.

17



2.2. Continuous Multilinear Kakeya Problem

29 = @3 Let
filwj) =} ardyr)(w)),

T]‘GT
where J,(7) is the Dirac delta function at e(T;) on g1,
j
Putting these into (2.9) gives (2.8).

(2.8) = (2.7) It suffices to show (2.7) for step-functions g;(wj, na,].x), and then take a limit as

the maximum length of each step (which we denote t) tends to 0.

We approximate the integral over S"~! by a sum over representative w from
each step. Then for each fixed w, observe that ¢(w, 7,x) is a function of

x € R""! and, since it is a step-function, it can be written as

ZS XT"‘

where the Tj ; are t-tubes in the direction w (i.e. tubes of width t), with as-
sociated constants ¢*(w). Thus the left-hand side of (2.7) is approximated
by

w1 K Wy &p

1
=t
/n <228 (wy XT"1 228"‘” X, (x) wi A-- /\wn> dx,

and after dilating (x — ), we obtain the left-hand side of with T; =
{Tfjj 1 }, multiplied by #". So, by (2.8), this is bounded by

1
n B o n—1 n n—1
H (Z =1 Zgj!(wj)> = (Z /112“*1 gi(wj, nw].x) dx)
=r\w g =1 \wj
and this, in the limit, is the right-hand side of (2.7). ]

Now (2.7) is known to be true by [CV12], so the special case where all the tubes are
centred at the origin is also true. However, we seek to prove this special case more

directly.

2.2.1 Some reductions
Characteristic functions

We can simplify the problem slightly by supposing the functions g; are given by

characteristic functions of sets, i.e. gj(wj, 7tw;x) = XE; (wj))(ij (x), where E; C 8" 1.

18



2.2. Continuous Multilinear Kakeya Problem

PutE=E; x--- x E;, and for x € R" let
Tl (x) ={wes": T, >x},

with the T, being tubes through the origin (thus T~!(x) C cap, s (X7 [x1))-
In this special case, inequality becomes:

1
n—1

/]Rn // Wi A Awy do(wr) -+ -do(wy) deCn|E|nlf1. (2.10)
EN(T~1(x))"

Away from the origin

Note that in (2.9), the contribution to the x integral from {x € R" : |x| < R} is
bounded by

1
n—1

/‘x‘<R /"'/ﬁfj(a)j) do(wr) - - do(wy) gx
- ~1yn J=

(s
SRTT( [, fi@)"

=1

since X, (x)-- “ X, (X)wi A Awy < 1.

Flattening out
It remains to consider the contribution to (2.9) away from the origin, i.e. with |x| > R.

We first note that it suffices to consider a small set of tube directions in S"~!. Sup-
pose aq,...,a; € S""Lindex a Jy-overlapping covering of 5" ! by caps of the form
capy s, (#;). Then each f; < ¥, ijcapl/z(a)/ so we can bound the contribution to the
left-hand side of by

1
n—1

Z;/|x\>R // ﬁXT“’j(x)jrj(wf)wl/\"'/\w" do(wy) - - - do(wn) dx.

(capy /p(a))" =1

19



2.2. Continuous Multilinear Kakeya Problem

Now if we have the desired result for each term in the a sum, this gives the bound

1
n—1

< K, (z [, ft@e@ [ da(w))

1

< K, ( [ A dew)- [ fn(w)da(w))nl,

from an application of Holder’s inequality.

Thus we restrict attention to a subset U C $"~! which can be flattened out to give

[0,1]*~1, via (for instance) a suitable stereographic projection P : U — [0,1]" 1.

7~ N\

Upon changing variables, we see that would follow from

-

. . .
/‘ >R / XTw](x)f](wj)wl/\/\wn dwl...dwn dx
Jlx .- -

(foyr=1y 1

1
<Gk ]] (/ i) dw> e
=1 \Jioapr
where Cp is a constant due to the change of variables, depending on the choice of
projection P. Note that we now have wy, ... w, € [0,1]"~! (i.e. no longer on S"1), so
w1 A -+ - A wy should be interpreted as the volume of the parallelepiped with edges
(wj, 1) € R", and T, as the tube in the direction (wj, 1).

Constant at scale M

With a view to a proof by induction on scales, we observe that it suffices to consider a

special class of functions.

20



2.2. Continuous Multilinear Kakeya Problem

Definition 2.7 (Constant at scale M). We shall say a function is constant at scale M if

there is a partition of its domain into sets of diameter ~ 2~ with f constant on each

of these sets. O

Lemma 2.8. It suffices to prove 2.9) for f1, ..., fu constant at scale M, for M arbitrarily
large, and constant independent of M.

Proof. Let Fr(f1, ..., fu) denote the left-hand side of (2.9), but with the x-integral over

|x| < R. Our aim is to show that, for arbitrary fi: §"-1 — Rs(, we have

FR(fl""’f”) < CR(Hlel Hf””l)%

with the constant Cg bounded as R — oo.

Fix ¢ > 0. Given R, choose a sulfficiently large integer M = M(R), and functions

fj(M) : 6"l — Ry such that
(1) each fj(M) is constant at scale M, and

n—1
@ 15" il < () Wl where G = Ry dx

Note that[(2) gives
n—1
e ,
LA < 1A = Fll+ £l < (1+ (CR) ) Il @

Now Fr(f1,..., fn) can be written as

F (= A"+ A7 = ) + 1)

-

n—1
/ /HXTw ( f»(M))-i-f-(M)) Wi A Awy do(wy) -+ - do(wy) dx
|x|<R ] )
Sn l)n =
<Fe (A" fu= M)+ B (A M), (2.12)
after multiplying out the n brackets and using (}_ x;) < <yt This leaves 2"
(M)

terms to consider, according to whether each factor is (f; — f - ) or f

21



2.2. Continuous Multilinear Kakeya Problem

e For Iy ( fl(M), s, f,SM)>, each function is constant at scale M, so by assumption
holds with K, = Cp; ,. Thus

_1_
1

Fe (A, ) < Can (1AM 1AM ) ™
e\ 1" 1
<o (14 () ) WAl Ul

from (2)).

* There are n terms where only one of the factors is of the form (f; — f (M) ); for

instance

e (fi =AM 5" )

-

—/x|<R [ (=) A i o) do(wn) | dx

Snl

since ATy = Xy @1 A+ A W < 1. Now this is bounded by

1
CaR" (111 = A IA - 1AM 1)

n—1\ n—1 .
<e(1+(a%) ) Wb,

by|[2)]and @)).

* All the remaining terms have k > 1 factors of the form (f; — f]-(M) ), so repeating

the argument above will yield

C.R" (CjRn)k <1+ (C;n)"1>n_k<|f1||l D fally T

which has constant O(R~"(*=1)), which is certainly O(R~").

Putting all of these estimates into (2.12),

Fr(f1,---, fn)

n—1\" n—1\ "1 1
< (cM,n <1+<chn) ) e (”(C,}n) ) +O(R”))(Iflll---IIfnlll)“-
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2.2. Continuous Multilinear Kakeya Problem

Since we assume Cyy,, = Cj, (i.e. there is no dependence on M, and hence R), we can

let R — oo in the above estimate and obtain

Fr(fi,- oo fu) < (Ch+ne) (Ifully - [ full )7 -

Since € > 0 is arbitrary, we have

Ex(fiy o fa) < Co (Uil I fall) ™ -

Remark 2.9. This shows that the same constant we get for f; “constant at scale M”

will work for arbitrary f;. O

2.2.2 Quantitatively transverse tubes

As with the discrete case, we can consider a simpler inequality than (2.10), by only

allowing tubes which are somewhat transverse (this is the analogue of (2.2)).

Proposition 2.10. If we assume that, for some fixed (small) & > 0,
wi€Ei=wi N - Nwy, >«

then

1
n—1
/ / / do(wy) - do(wy) | dx < CuamT|E|FT. (2.13)
IR?”
1(X

Proof. Note that the usual decomposition can be carried out, e.g. as in[§2.1.2} to show
that

1
|151 AT 12ku)|- - |E, N T-l(zku)|) T do(u).

LHS €13 < ) 2’“2/

u€cap,

Repeating the argument used in (2.4) for the discrete case, this becomes
lga T ﬁ
LHS 213) < Z 2"2 H max |[E;NTH(2)))
7 \i=1u€cap,(ug)

which, by 2.5), is bounded by

_L
-1

lga
Z 2k|E|n1<a ;11|E|111 [ ]
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2.2. Continuous Multilinear Kakeya Problem

2.2.3 Trivial n = 2 case

When n = 2 we have ﬁ = 1. This means that in (2.9), for instance, we can

interchange integrals to obtain

Lo Lo L frlen) fa(es) xr, (0, (5) @1 A @ dofen)da(ws) dx

= /31 . fi(wr) fa(wz) wi Aws /]Rz X1, (X)X, (%) dx do(w))do(ws)
A

B

Now consider a fixed wy, w, € S! with angle 6 between them. Observe that

e A=|sinf|, and

® B = |Tw, N Tw,|, and this intersection is a parallelogram.

Some basic trigonometry allows us to compute B = 555 X a.
1

So choosing a = 1, we have B = ———.
| sin 6]

Thus A and B cancel and we are left with

L Artenfa(n) dot@ndotes) = 1 x Il 12l

2.2.4 Using the linear argument

The following argument tries to replicate as far as possible the argument used in the

proof of
Using polar coordinates on the left-hand side of (2.10), with the radii broken into

dyadic ranges and the spherical integration expressed as a sum of integrals over
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2.2. Continuous Multilinear Kakeya Problem

finitely overlapping caps,

LHS @T0) < 22"”2/

u€cap,

// WA Awy do(wy) -+ - do(wy)

EN(cap,— (u))"

For u € cap, «(uy),

E 0 (capy-(u))" € E N (capy, -« (ur))"

therefore

LHS 2.10) < ZZk"Z|cap2,k(ug)| // Wi A Awy do(wy) -+ - do(wy)
Eﬁ(capzxsz(uf))n

which simplifies to give
1
n—T1
LHS 2.10 <22k2 // Wi A Awy do(wy) -+ - do(wy)

l
Eﬂ(caPZXsz(uf))n

(2.14)

The following result, which arose from a discussion with Jim Wright, shows that the

decomposition in (2.14) needs to go further.

Proposition 2.11. Using|Lemma 2.1on (2.14) directly shows

> 1
LHS @10) < Y ) (IE1 Ncapyy o« (ug)| X - -+ X |[Ex Ncap, o (1)) "1 = L
k=1 ¢
and we can establish
L<|E|#1log(1/|E|) and L= |E|#1log(1/|E|) for some E,

i.e. that using[Lemma 2.7|on @2.14) leads to a logarithmic loss.

Proof. We break the sum L into two parts,

-
._.

: L1+ Lo.

L= Y Xeoms Y Xeem

k k 1
ks.t 2 2‘ \1/”(" ) kst 2 <|E|1/”<”*1)

25
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2.2. Continuous Multilinear Kakeya Problem

For L1, we use the fact that |E; N cap,, -« (u/)] S 2-k(n=1) 'which gives

1
n

1 1
|Ej Ncapy, ok (1) |1 = |E]- N capy, .,k (1)1 |Ej N capy,.,«(1y)]

==

< 277 Ej N capy i (ug) 7.

We then have
1
Ly < ) 2%y (E1 Ncapy, ok (1g)| X -+ X |Ex N Cap2X2_k(ug)|)
kst 2k>— 1 ¢
‘E‘l/n(nfl)

1
n n

< 2 1 2~k <;|E1 ﬂcaszzk(w)]>

k
ks.t. 28> /D)

X oo X <Z|En ﬂcap2x2k(ug)>
7

by Holder’s inequality. Now since £ is indexing a finitely overlapping covering of

§"1, this gives

1
Lz )y 27 (|Ea| - |En])"

k 1
k s.t. 28> /A6

_1 1 1
S |E|”(”_1) |E|ﬁ = |E|n—1‘

For L, we make use of (2.5) to get

1
n—1
L < Y <Z|El Ncapy, ok (ue)| x -+ x ) |En ﬂcapzxzk(ug)>
l l

k 1
ks.t. 2f< TG

< Y =

k 1
kst 2f< T/ GT)

< |E[71 log (1/]E]).

Combining these gives the upper bound on L.

For the lower bound on L, simply take all E; = cap,, ,-x, (#+) for some fixed ko and
¢*. This gives |E| ~ 2k0("=1)" and

ko 1 1 1
Ly > ) (|E1| x -+ x |Eq|)™T = kol E|*T Z |E|[7T log (1/E|),
k=1

which establishes the lower bound on L. [ |

26



2.2. Continuous Multilinear Kakeya Problem

2.2.5 Whitney decomposition forn = 2

We saw in that the n = 2 case is trivial, but we shall now consider an alternative

proof which may be more readily adapted to n > 3.

Proposition 2.11|suggests that we need a decomposition which gives us more detailed
information about the size of wj A - - - A wy,. For the n = 2 case, the “flattened-out”

version of the problem, 2.11), with f; = xg,, f = Xk, (E1, E2 C [0, 1]) becomes

/1122 </El B, XTw, (X)XTwz (x)wq A wo dwldw2> dx < |E|. (2.15)

Now by the same steps which led to (2.14), the left-hand side can be bounded by

Z 2k // w1 N\ wy dwidwy
En(capz 2— k(uf))

Since wy A wy ~ |wy — ws|, we consider a Whitney decomposition [Ste70, p16] of each

(cap,-«(14))? into squares of sidelength 27/ (j > k) whose distance to the diagonal is

~ 27]:

||

ﬁ ~ 271

—

Let us denote the union of all the 27/-squares in this covering by A jk(ug). Using the

fact that on A; (1) we have w1 Awy < 27,

E [y riinz ).

>k

LHS @15) < Y 2¢)" (
k=1

Now because there is no power on this bracket (ﬁ = 1) we can move the ¢ sum
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2.3. Main result

inside, giving

LHS S Y Y 2T Y IENAjk(ug)l.

k=1 >k 0

Now if A; is the set of (w1, w;) which are ~ 277 from the diagonal, we have that
Y IEN Aji(ug)| ~ [EN Aj
14
independently of k. Thus

LHS @15) < 22 TY MENAj S2° 12]Z|EOA|< |E|.
j=1 k<j

2.3 Main result

We now aim to adapt the idea of the Whitney decomposition to address the more

general inequality forn > 2.

Proceeding as in (2.14) before flattening out as in (2.11), we reduce the question to

showing that

1
n—1

22"2 / /fl W)+ fu(wn)wy A Awpdawy -+ - dwy,

k=2 14

1

<H</[011n1 )dw)l, (2.16)

where, for each k, the sum in ¢ is over the lattice of 2 x Z’k-separated points in
[0,1]"~1, and D, denotes the cube of sidelength 4 x 2~ centred at £ in [0,1]" 1. Note
that the D, take the role of the “caps” (cf. (2.14)). We also break up the ¢ sum into
2"~1 groups, so that the Dy are disjoint in each group. For instance, when n = 3 we

separate the ¢’s into four groups, one of which is illustrated.

12 x 2k

Selected ¢’s Resulting Dy’s
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2.3. Main result

We now seek to make a further decomposition of the integral over (Dy)", in terms of

wi N - N\ wy. Let
Wi = {(wl,...,wn) Ty A Awy NZ_j(”_l)}

and put W;(£) = W; N (D,)", so that

| =
i

LHS 2.16) < sz Y X / /f1 w1) - fulwy) dwy - - - dw,2 771
k=2 W,

>k

This can be broken up as

‘H

(o)

LHSSZZ/ / 1(w1) -+ fu(wn) dwy - - - dwy
k= We(0)

1
n—1

+ izk 2 / /fl C()l fn wn)dwl dwnzfj(nfl)
k=2 .

>k

We are not yet able to deal with the second sum, but for the first we can make some
progress when n = 3 by decomposing W (¢) even further. We give the details of this
decomposition in§2.3.1} then use it in[§2.3.2|to establish our main result:

Theorem 2.12. For the n = 3 case,

N—

Y 2| ] Atwnfrtwn) fotws) dordendes

=20 Wi

3 2
51‘[( [0,1]2f]( )dw) . (217)

Remark 2.13 (Sharpness of the exponent). We consider replacing the exponents %

appearing in (2.17) with exponents p — let (2.17)’ stand for this modified inequality.

Observe that taking each f; = 1, the right-hand side of (2.17)' is simply 1. For the
left-hand side,

p

[e9)

Z // f1 w1 f2 CUQ)f3(aJ3) dwldwzdwg, = Z Z(|Wk(€) )P

k=2 ¢ k=2 ¢
Wi (£)
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and we have

o #0 ~ 2% since the ¢’s are ~ 2 ¥-separated lattice points in [0,1]?,

o |[Wi(¢)] = 27 since taking the w; in 2 *-squares at different corners of D

gives a subset of Wi (¢).

So withfj =1,

[e0] [ee]
k=2 k=2
which is finite only if p > %
However, the following example shows that p > % is in fact necessary in order to

obtain (2.17).

The idea is to put f; = XE; for some sets E; so that E = Eq X Ep x Ej is made up of
“small” boxes which are chosen in order to obtain a contribution for “many” different

k. We will now make this precise.

Given (small) § > 0, note that 275k > s whenk < lg %. Put

Ds= |J [@Ax27%-44x27%
2<k<lg §

and set E; = [0,6]?, E; = [0,8] x D, E3 = Dj; x [0,6], so that E is composed of
2
(lg %) d-boxes. An example of E;, Ey, Ej is illustrated in the diagram.

[T

Ep

o[ [ [] [ [
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Now, the right-hand side of 2.17)' is

L1 (o 080) = (8 215 (1) = (1) o

while on the left-hand side we see that, for each k, only the bottom-left D, (call this
Dj) can give a contribution, since it is is the only one to overlap the support of
f1- Moreover, in Dj only one § x 4 square in the support of each of f, and f3 will
contribute — the ones furthest from the support of fi, since otherwise the value
of wi A wy A ws is too small to be possible in Wi(¢). An example of D; with the

contributing pieces of the E; is shown in the diagram.

Ex[ ]
Dy
[ 1 [ ]
Eq E3

Hence we obtain one contribution for each k < Ig %, meaning the left-hand side is

Yo 8% 2 1g %,
2<k<lg }

Thus to obtain a result of the form in we require

which is only possible for all § > 0 if p

%

1
2 0
Our argument will rely heavily on the following simple observation.

Lemma 2.14. For x,a,a’,b,b’,c,c’ >0,

Vet Jxta)e < \J(xtata)b+¥)cted).  (218)

Proof. Since \/x +a,v/x +a’ < /x+a+d, it suffices to show

Ve + V' < ([ (b+ V) (c+ ),
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but this is clearly true by applying Cauchy-Schwarz. n

Remark 2.15. The exponent % in (2.18) is sharp, since taking @ = @’ = 0 we would
have

xP ((be)? + (V' )P) < xF ((b+ V) (c+ )",

but taking b = b' = ¢ = ¢/ = N this gives
2NP < 4PNP,
from which we see p > 1 is required. O

2.3.1 Decomposing the main term

Taking the idea of the Whitney decomposition, our aim is to produce a covering of
W;(£) by cubes in [0, 1]*~1 of a certain size, so that we know the wedge does not vary
too much on each cube. We have only been able to achieve this successfully for the
n = 3 case and with j = k; in this case, we will show that cubes of sidelength ~ 277

can be found so that wq A wy A w3 ~ 2~% on each cube.

Remark 2.16. For the n = 3 case with general j, it seems that we would need to
use cubes of sidelength 2€=2/ to ensure the wedge stays ~ 272, as illustrated by the

following example.

D,
14
2x 27k
w3
ai I
w1 wy

Since b ~ 27K then wy A wy Awsg ~ 2% gives
ab ~ 2% < g~ 2K,

So if the w; can vary by more than ~ 2¢=%, then we could move w; and w3 together

and make w1 A wy A ws arbitrarily small. O
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2.3. Main result

We shall produce a covering of
W (¢) = {(a)l,wz,wg,) fwi Awy Aws ~2 K and w; € Dg} ,
where for concreteness we suppose ~ means
w1 ANwy Aws <16 x 272k and w1 Nwy ANwz >4 % 272k,

Remark 2.17. The constants are chosen here so that, as k varies, the intervals [4 X

22k 16 x 2-2] will cover [0, 1]. O

In what follows, if D C [0, 1]? is a square then we shall refer to its quadrants, meaning

the four sub-squares Q1, Q2, Q3, Q4 as indicated in the following diagram.

Q2 Q4

Q1 Qs

Our covering begins with the observation that if all w; lie in the same quadrant of
Dy, then we have w; A wy A ws < 2 x 272 50 this triple does not arise in W(¥).
Thus to cover Wi (¢), we need to account for all triples (w1, wy, w3) where each w;
lies in a different quadrant of Dy, as well as those where exactly two wj lie in the

same quadrant of D,. These will be dealt with by “large patterns” and “fine patterns’

respectively.

Large patterns
Consider the square [0, 1]? broken up into a 4 x 4 grid of sub-squares.

Definition 2.18 (Large patterns). A large pattern is a choice of three squares from the
4 x 4 grid, each in a different quadrant of [0, 1]2, and with wy A wy A w3 > % for some

points w; in the interiors of the respective squares.

We write P|, for the set of large patterns, and note that each P € Py is given by three
maps P; which, given [0, 1]2, return the ith square of the pattern (i.e. the square in

which w; lies).
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2.3. Main result

We extend the definition of the P; to accept any square D C [0,1]? as an input; the
corresponding output is the subsquare of D which is obtained by scaling D up to

[0,1]?, applying the original P, then scaling back down to D. O

An example of a large pattern is shown in the diagram; the regions P;(D) indicate the

outputs of the maps P; given the input D.

P> (D)

P1(D)

Now, for any (w1, wy, w3) € Wi(¢) with each w; in a different quadrant of D,, we
have w; A wy A wz > 4 x 272k from the definition of W;(¢). Noting that the area of
Dy is 16 x 272k, we see that this means there is a P € P}, so that each w; € P;(Dy)
(provided none of the w; lie on a boundary of one of the sub-squares of Dy). Thus, up

to a set of measure zero,

U Pi(Dy) x Po(Dy) x P3(Dy)
PePy

covers the set of (w1, wy, w3) € Wi(¢) with each w; in a different quadrant of D,.

Fine patterns

We now break up [0,1]? into an 8 x 8 grid of squares.

Definition 2.19 (Fine patterns). A fine pattern is a choice of three squares from the
8 x 8 grid such that exactly two are in the same quadrant, and with w; A wy A w3 > 411

for some points w; in the interiors of the respective squares.

We write P for the set of fine patterns. Just as with the large patterns, each P € Pr
defines three maps P; which, given a square D € [0, 1]?, return a particular sub-square

of D. O

The following diagram shows an example of a fine pattern, acting on the square D.
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2.3. Main result

P (D)

Remark 2.20. If the quadrant with exactly two squares is Q1, then we can suppose

the third square lies in Q4, since if the third were in Q> or Q3, we would have
1
w1 Awy Aws < 5(2 x 2R (4 x27F) =4 x27%,

as can be seen from the diagram.

w3

Q
2 b7

< 4x27k —

Q1 B

N
N
N

R R TR Y ey

Just as with the large patterns we see that, up to a set of measure zero,

U Pi(Dy) x Py(Dy) x P3(Dy)
PePr

covers the set of (w1, wy, w3) € Wi(£) with exactly two w; in the same quadrant of

Dy.

This completes our covering of Wy (¢); up to a set of measure zero, we have

Wi(6) c  |J  Pi(Dy) x Po(Dy) x P3(Dy).
PePUPE

35



2.3. Main result

From this we have

/// fi(wr) fo(w2) f5(w3) dwidwrdws

Wi (£)

< ¥ /Pl(D[)fl(w)dw/Pz(D()fz(w)dw o (@)

PePLUPE
thus our main term is
1
2
Z // fi(wr) fa(w2) f3(w3) dwdw,daws
=20 \w
%
< / dw w) dw w dcu) , (2.19)
pg%pﬂ%?( Py( D/ (@) Pz(De)f2( ) P3(Dé)f3( )

using the fact that ||-||,2 < ||-||x to bring out the sum over P.

Remark 2.21. It is clear that there are O(1) patterns of each kind, but we can be more

precise.

For the large patterns, note that it suffices to consider those with P;(D,) C Q; for each

i =1,2,3, since the 24 permutations of these quadrants then produce all possible large

patterns. A Maple calculation (Appendix A.1.1) shows that among the 64 possibilities

in this reduced class, there are 39 which satisfy the wedge condition in the definition
of large patterns. Thus
#P = 24 x 39 = 936.

For the fine patterns, note that by [Remark 2.20}it suffices to consider the case where

two squares lie in Q1 and the third in Q4; by rotation there are four times as many

fine patterns in total. Another Maple calculation (Appendix A.1.2) shows that 154 of

the 4096 possiblities have the required condition on the wedge, so

#Pr = 4 x 154 = 616. O

2.3.2 Obtaining a bound for the main term

Now suppose fi, f2, f3 are constant at scale M, in the sense that f; is constant on
each square in the lattice of 2=M x 2=M squares covering [0, 1]? Bym itis

sufficient to consider such functions.

Thus we can suppose f; takes the value a;; > 0 on the square in position (i,]) as
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2.3. Main result

shown in the following diagram, and similarly f», f; take values b;;, c;;.

2M
]' aij 127M
3
2
: [0,1)?

123 " i oM

We consider the contributions from P; and Pr in (2.19) as two different cases.

Large patterns

We may suppose (without loss of generality) that the P;(D,) are in quadrants Q1, Q>

and Qs of Dy as indicated in the diagram.

e.g. P> (Dy)
Q> Q4 D, D,

P3(Dy)

Q1 Q3 2 x 2k
P1(Dy)

Lemma 2.22. For P € Py and f; constant on 2~ M-squares,

1

)3 ; ( /Pl o 1@V [, fol@)dw | fo(e) dw)

k=2

< ([ hwde [ o | i)’ @20

Proof (by induction on M). When M = 0, the functions are constant on [0, 1]2 ; suppose
fi=a, fo=0b, f3 =c. Then

o0

LHS @20) = Y Y \/IP(D0)|[P2(Dy) || P3(Dy) labe
k=2 ¢
=) 22_3"\/abc.
k=2 /¢
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1
4x2-k

2
For a given k, there are ( ) = 22k—4 torms in the ¢ sum, so we have

22*" 4V abc = 32
k=2

while the right-hand side is simply v abc, so we have the result in this case.

For the induction, let us assume (2.20) holds for functions constant on 2~ (M-1).
squares, with constant Cp;_1 < 1 on the right-hand side. We now suppose the f; are
constant on 2~ M-squares. Separating out the first term of the sum in k and grouping

the remaining terms, the left-hand side of (2.20) is

i;(/m( fi(w)dew fo(w)dw f3(w) dw)

=2 Dy) Py(Dy) P3(Dy)
%
3 2 [e¢] 3
:H(/ ﬁ(w)dw) +YY Y T1 /fi(w)dw . (2.21)
i=1 \/P([01]?) Qk=3 [ _ i=1
st. DyCQ Pi(Dy)

where the sum in Q is over the four quadrants of [0, 1]2. Note that this grouping is
possible since the D, always lie entirely in one of the four quadrants of [0, 1]? (thanks

to the separation of the sum in ¢ introduced after (2.16)).

Now for each Q we can rescale and obtain

- vy (1) @ () deo
YL | [ Awde) =R YIT{ () [ £%@de]

s.t. DgCQ Pi(Dy) Pi(Dy)

where £(@ — i0Sp and Sp : [0,1]2 — Q simply scales [0,1]> down onto the
i Q Q ply

quadrant Q (so the fi(Q) are the same as f;| , but scaled up to have domain [0, 1]?). In

o
particular, the fi(Q) are constant on 2~ (M~1)_squares, so we can apply our inductive
hypothesis (that (2.20) holds for such functions, with constant Cp;_1 on the right-hand

side). For each quadrant Q, this gives
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Thus we find that (2.21) is bounded by

1
. 2
d d d
</Pl([o,112>f ) “’/pz<[o,ﬂ2>f2(“’) “’/pgqo,nz)ﬁ(w) w)

1
2
+Cya Y] (/ Filw) dcu/ Folw) dw/ F3(w) dw) .22
5 \Jo Q Q
Now, for each Q, no more than one of the P;([0,1]?) overlaps it (since a large pattern
has at most one square in each quadrant). So in (2.22)), each term of the sum in Q

can in turn be combined with the first term, using (2.18); for instance, since we can

assume P;([0,1]%) C Qq,

1
2

</Pl<[o,u2> @) [ toam 2% oo ) dw)
e ([ Ailw)do [ fw)do | o)’

- </Q1 file) dw) % ('/1;2([01”2)UQ1 falw) dw) % (/1;3([0,1]2)UQ1 fw) dw) % ’

where we have used

max ('/1;1([0,”2) Fi(w) dew, Catr /Q i) dw) < max(1, Cpy_1) /él fi(w) dew

= Jo, fi(w) dw.

The remaining quadrants’ contributions can be combined in the same way, according

to the following process (where Step 1 is the calculation above):

k = 2 term Q1 term Q> term Q3 term Q4 term

—
Step 1 ﬁ
Step 2 ﬂ

Step 3 ﬁ

Step 4

The end result of this gives (2.20), which completes the proof by induction. |
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Remark 2.23. Returning to the matter of the sharpness of the exponent 3, as discussed

in|Remark 2.13| we note that the preceding proof relies on p = % when combining
the terms in (2.22).

To see this, note that we must bound (2.22)) by the right-hand side of (2.20) exactly

— i.e. with constant 1. Now using the example from [Remark 2.13) with § = 2N for
some large N € N, we find that (2.22) with p in place of § is

(272N272N272N>p X (Z*ZN(N 127NN — 1)272N)” )

since only the first term and the Q = Q; term are nonzero. Since the required bound
is
(2—2NN2—2NN2—2N> P N2po—6Np

we require

1+ (N-1)% < N%,

ie.

N% — (N -1)% > 1.

Now by the mean value theorem applied to g(x) = x%/, the left-hand side of this
inequality is ¢’(x¢) for some xy € (N — 1, N). Thus to have the inequality hold for

arbitrarily large N we must have
g (x) =2px® 1 >1

for all large x, which is possible only if 2p —1 > 0,i.e. p > % O

Remark 2.24. We also note that in (2.20), the constant 1 on the right-hand side is the

best possible. This can be seen by considering the example

filw) = xpoap)(w), i=1,23;

since only the k = 2 term is nonzero on the left-hand side, we find that (2.20) is an
equality. O
Fine patterns

We have seen that it suffices to consider P € P for which P;([0,1]2), P,([0,1]?) € Qy
and P5([0,1]?) € Qs.
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We would like to proceed as in the inductive proof for the large patterns, but since P;
and P, now both map to the same quadrant we will not be able to combine terms as

in (2.22). Instead, we break the sum into two parts at k = M + 1, and deal with each
part separately.

The tail, k > M + 1. In this case, the D, are subsets of the Z’M—squares on which

the f; are constant, so each contribution is of the form

\/\Pl(Dz)HPz(De)l|P3(De)\ﬂijbijcij =230 oy,

Foreach1 <i,j < 2M there are (Zk’z’M )2 different D,’s for each k.

typical Dy ~

4x27k]

This gives

RN </1°1 (o 114 /Pz(D/) falw) deo /Ps(Dz) fol@) dw) j

2M
Z( 2 (2k2M)223(k+1)> /aijbijcij

ij=1 \k>M+1

2M
_ 1.,-3M o
= 2562 Y \/aijbijcii
i=1

1 3
=% ( o 19 fop Bl [ (@) dw) ’ 229

where was applied in the last step.

Thehead, k < M+1. These terms can be dealt with in a similar way to the inductive

proof for large patterns, but the argument is slightly more complicated and requires

strong induction.
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Lemma 2.25. For P € Pp and f; constant on 2~ M-squares,

M+1

Eu(F) = kgﬁ ;</1’1(Dz)fl(w) e Pz(Dk)fZ(w) e Pa(Dﬁ)fS(w) dLU>
( i) [ ) do /[Orl]zfs(w)dw> N

Proof (by induction). This is clearly true when M = 1, since in that case the left-hand

side has only one term.

Now we suppose that (2.24) holds for L, ..., Ly—1, and note that

ﬁ (/ 01]2 )dw)i +% %LM_l (F(Q))

i=1

k=2 term

where F(Q) (Q) f2 B(Q) (cf. (2.21)).
Since the f, i(Q are constant on 2~ (M~1)_squares, we can apply the inductive hypothesis

for each Q € {Q2,Q3,Q4} to get

%LM 1 F(Q (/ filw dw/fz dw/f.% dw) ’

and these can each be combined with the k = 2 term using (2.18), since at most one
of the P;(]0,1]?) will lie in any Q € {Q>, Q3, Q4}. The result of this combination is a

term bounded by Gy_1(F), where for any m

} '
Cut-n(F) = i d .
o) ’11 </([O'l]2\[0'2"’]Z)Upi([O,ZXZ’”]Z)f(W) (U)

The regions of integration in the definition of Gp;_,, are illustrated below, for the f;

term (and a specific choice of pattern).
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Thus we have

Lm(F) < $Ly-a (F(Q1)> +Gm-1(F).
We now repeat this decomposition process on Lj;_1 (F (Ql)), obtaining

La1 (F(Ql)) - %%LM ) <1:(Q1 Q)) _|_H (/P f(Ql)(w) dw>;,

(0112)

SO

Ly (F) < gzLM ) (p(Q1)(Q1)>

+ ¥ gluo (FQI@ )+ﬁ</ o

dw) ’ + GM_l(P). (2.25)
Q£ Qi i )

Now the inductive assumption (2.24) for Ly;_ can be used on the terms in the sum

over Q # Qj, and we see that the last three terms in (2.25) can all be combined using

(213), giving
Lu(F) < $Luz (FO)) + Gua(F).

Continuing in this way, we arrive at

Ly (F) < 8[\}71 L (F(Q1)"'(Q1)) + G1(F),

where there are M — 1 exponents Q1. Now

3 2
grLy (£(20(@0), glan-(@0) gl@n-@) _ H( / Q@) ) dw)
=1

li</ [0,2x2-M]2 )fi(w)dwy'

which can be combined with Gy (F) since at most one P;([0,2 x 2~M]2) can overlap

([0,1]2)

the corresponding region of integration in Gy.

This completes the inductive proof of (2.24). [ ]
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Combining (2.20), (2.23) and (2.24), we obtain

( Z i Z > Z"Z’(/H(D/) w) de /Pz(Df)fz(w)dw pS(Dé)f3(w) dw)é

PeP;  PePr 2 /0
1 . :
< (et (14 )wme) ([ Ao [ ple)do [ plw)de),
which, in light of 2.19), gives (2.17).

2.4 Aside: Whitney decomposition question

We now establish that the exponent 1 is the correct one, in the n = 2 case.
Theorem 2.26 (Sharp exponent for n = 2 problem). Let E = Ey x Ey C [0,1]?, and let

Q be the set of Whitney cubes for [0,1)*\{(x,x) : x € [0,1]}.

(a) Forall p > 1 we have

Y [ENQJP < CylE|P. (2.26)
QeQ

(b) For% < p < 1we have

ZQ|EmQyP < Gy (log ) [EI".
Qe

(c) For % < p < 1thereis no Cp which guarantees that (2.26)) holds; some extra depen-

dence on |E| is required.

Remark 2.27. Taking E = [0, 1]?, the left-hand side of (2.26) becomes

Z|Q‘p<222kpxzk 221 2p)k

QeQ

which is finite only if 1 — 2p < 0; this shows that p >  is necessary. O

Proof of [Theorem 2.26

(a) For p = 1 this is an equality with C; = 1, as the Q are disjoint. Then for p > 1,
we use the fact that £ C ¢7 to obtain

P
Y, [EnQlF < (Z IEﬁQ> = CJIE|".

QeQ QeQ
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(b) Let A(k) = ) |ENQ|P. Then, for each fixed k,
QeQ
Q~27*

AK)= Y |EinQWP|E, n QPP

|Q[~2-k
1/2 1/2

Hold
<Y [EnQWpR Y |Ean Q@)

|Q[~2-k |Q|~2-k
acer 14 14
< Y. |EinQW] Y |E2nQ®@

|Q[~2-k |Q[~2-k
< |E?, (2.27)

where our use of £2 C /2P makes this valid for p> %

Fork > 1lg %,we have 2% < |E|,i.e. |Q| < |E|. Then

Y, A= ) )} [EnQz [EnQlF2

1o L 1o L ~2—k
k>31g k>31g [E] |QI~2 use |[EN Q| < |Q| here

< L X [EnQpaed

k>3 1g gy |QI~27F

1
<|E|2 by Holder

Now for k < % Ig ﬁ we simply use (2.27), giving

Y IEnQIP= ) A(k)+ A(k)
QeQ

k<%1g‘lﬂ k> lg%

Nl—=

1
SG%WQ%W“CMP

1

(c) Given a large integer N, put E; = [0,27N] and take E, to be a union of 2~ N-
intervals, one in each interval [2~(*+1), 2] with k < N. Thus E is a union of N
boxes, each with area 272V. Note that each Whitney cube contains at most one

of these small boxes.
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Now (2.26) becomes
—2N —2N\?
N272V < ¢, (N272V)

which means we need

1—

for every N. This cannot be achieved with an absolute constant C, if p < 1,

showing that the right-hand side must include some extra dependence on |E|.

Remark 2.28. The result in[(B)]is close to being sharp, as can be seen from the example
considered in the proof of [(c)] which shows that the right-hand side must be larger
than N7 where N272N = |E|. Using the fact that N is a large integer, we have

272N < N272N _ |E|,
soN>1llg ﬁ Thus the example requires the right-hand side to be at least
LR
(2 i |E|> ’
which is close to the result in[(D)] O

2.4.1 Dealing with the small k

For the set of “good k”,i.e. G = {k < %lg ﬁ s Ak)<C

lgm

EP 1015 p

Y A(k) < #G, C-—— < ;CIE|".
keG T 1g 177

17, L |E[P
Y A(k) where B=<{k<j3lg— : A(k)>C (-
keB 1E]

We would be done if #8 = O(1), for then

Y A(k) < #B|E|P < C|E|
keB

just by applying to each A(k).

But the following example shows that we do not have #B = O(1).
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Example 2.29. For any K € N put E = [% +27K, 1} X H —¢ %} , for a sufficiently

small € (to be determined later).

Then B = {1,2,...,K}.

Proof. An example of E is illustrated in the following diagram — note that for each

k < K there is only one 2~ ¥-cube which intersects E.

We have |E| = ex YK ,27F = (3 —27K). Thus to ensure K is bad (i.e. K € B), we
must have

EP _ G2
4 1 !
MRS

AK)=(ex27Kr > C

thus we require

9—C(2K1-1)P

el ———7—
1_ 9K
57—2

Now note that, for k < K, the condition for k to be “bad” becomes

_ gp(l _Z*K)P
@ >c it

which can be similarly rearranged to give

2—czkﬂ(%—2*1<)v
<
J-2%
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Since for k < K this condition is less restrictive than the “bad K” condition, we have

thatall k < Karebad, i.e. B={1,2,...,K}. [ ]

Still, this example is not a counterexample to (2.26); we have

LHS = Y A(k) = Y A(k) = Y (27FP =t (2P —27K7),
keB k<K k<K
while the desired right-hand side is Ce” (% —27K)?, This means (2.26) reduces to

277 27K < c(i -2y,

which is true as 277 lies between the two sides.

48



CHAPTER

3

Wolff-type inequalities

In this chapter we look at the endpoint case of the mixed-norm Wolff-type inequality,
and in a series of case studies (§3.4H§3.6) we obtain positive results when certain
classes of function are used in the inequalities — as well as a result in which

shows these endpoint inequalities are sharp.

3.1 The Question

Recall from that we are interested in determining the dependence of A; on
6 in the mixed-norm Wolff-type inequality

1/2
2
|25 = (zmnp) : (3.1)
] ]
where the f; have supp f] C §; for some “51/2_slabs” S;, given by
S = {((;’,gn) el g —yj < c51/2},
where

e ¥ is the truncated paraboloid in R",

- {(g’,gn) ER" ! xR:

& - 4EP <o lel <1},

* they; € R"~ are §'/2-separated; typically yi= jo1/2 with j € Z"1.
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Note that with n = 2 and n = 3 the endpoints are p = 6 and p = 4 respectively. Since
these are even integers, it is possible to “multiply out” the norm, as in [C6r77| p14].
These are the only dimensions for which the endpoint p is an even integer; for this

reason, we will focus attention on n = 2, 3.

The aim for both of these cases is to establish whether or not holds, and to
determine how A; should depend on §; as we saw in|Chapter 1} the conjecture is that
As = Ce07¢ or perhaps As = O ((log %) N) for some N — we may even hope for
As =0(1).

In fact in we establish that cannot hold with A5 = O(1).

In light of this, our aim is to establish with As; = C.0~%; an interpolation argu-
ment should then give the result of [GS10] for the full conjectured range of p.

Since this is a difficult problem, our approach has been to investigate it in the context
of a series of case studies; the idea is to probe the inequality systematically for

weaknesses, using functions with various special properties.

We investigate the following cases:

Some fine detail on each slab — we establish a sharp result in this case (see
Theorem 3.16)), but this relies on an overall structure across the slabs; when the

fine details are positioned arbitrarily on each slab, we are unable to obtain the

result (see(§3.4.2).

Constant on each slab — we establish the result in the n = 3 case.
Every slab with identical fine detail — we again establish a sharp result.
In the remainder of this section, we clarify the notion of “fine detail”, and use this to

rewrite the inequality (3.1). There is then a detour in[§3.3]to establish some number-

theoretic results which are used in the case studies.

3.1.1 Assembling test cases using “blobs”

The idea is to further decompose the slabs S; into “blobs” of radius ¢, and specify the

value of f on each blob. The blobs will be created using a smooth bump function,

¢ € Cy°, with ¢ =1 on B(0,1) and ¢ = 0 outside B(0,2).
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3.1. The Question

For the centres of the blobs, we use a set of J-separated points {wj; };x lying on the
paraboloid, with wj; lying in the slab §;. In fact, we take these points to lie on a lattice;

they are given explicitly by the formula
Wik = (sjk, 3|5jk*),  where sy = a + B15/%j + Book (3.2)

with « € R?, j ke 7% and lj| < ﬁl—]é_l/z,|k| < [31—25_1/2 (for the n = 3 case; forn = 2
we take &« € R, j, k € Z). One can think of Sik like an address; j is the slab ‘number’

and k is the blob ‘number’, while « is used to translate the lattice.

Note that $16'/2, 26 > 0 are real numbers giving the smallest possible distance
between the centres of any two slabs and blobs respectively. We also observe that

there is a finite range of j and k (there are ~ §~("~1)/2 of each).

The following diagram illustrates the positioning of slabs and blobs for the n = 3

case, with f1 =2,8, = 1:

)

P
ODL)

LN NN

For some choice of constants a;, we define

_ £ we
fj:;f]’k where fjk(g):“]'kqj< (5]k>5 '

From this, we have

fjk(x) = /”jk<P <C _(SZU]'k) 51 p2mix-g e
_ ajkezmxw]-k/(P(u)EZm‘(éx)-u du

— ajkezmijk(l‘s(&x)‘
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3.1. The Question

Considering the left-hand side of (8.1), for n = 3 we have

4
dx

I = [p e sa
:/(Z (L (L ) dx

Jik jak2 Jarks Jarka
_ g a—a— | (& 4 271X (Wj kg +Wjyky ~Wiaky ~Wjyky )
= 2 Bj1ky By ks ks /(¢(5x)) e Jiky T %haka T %isks T Vigky) .
J1:]24]3/]4
k1 k2.k3 ks

Thus by Fourier inversion,

4 Wik T Wik, — Wigky — W;

_ 53 —— 4 [ Yk joka jaks Jaky

IZA),=67 L thutptiemiag < 5 , (33)
] J1,]2/]3/]4
kllkZ/k3lk4

where ¢p* = ¢ * ¢ * ¢ * ¢.

Now considering the right-hand side of (3.1), we can repeat this argument to obtain

4
4 ' e Y
1518 = [ |E ape™ip(x)
k
- . Wik, + Wik, — Wik, — Wik
= (5 3 2 ajk]ajkzajk3ajk4¢4 ( JK1 K2 5 J1K3 ]4) , (34)
k1,k2 k3 kg

from which we find
2
RHS" = (znmﬁ)
]

Wik, +W w w 172\ 2

— 53 g T b jk1 jko T Wiks T Wiky

=0 Z( D aJkla]kzaJk3a]k4¢( 3 :
jo \kiko,kz ks

Thus for our test case, (3.1) becomes

Question 3.1 (n = 3 test case).

Wi g, + Wisky — Wisky — Wi
4 ik Joka Jaks Jaky
. Z Ay ky Aoy Ay Uk P ( 5
J1/]24]3:]4
k1,kp,k3,kq
Wik, + W w w 12\ *
4 — 4 [ Yk Jko — @iks T Wiky
< A; Z( Y T kg d ( 5 . (35)
J \k1kg,kzky
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3.1. The Question

The same argument can be carried out for the n = 2 case, giving

Question 3.2 (n = 2 test case).

w: + cee — W
6 ( Yk Jeke
. Z Bjky ** TjgkeP ( 5 )
Kok
3

w]«]k] A wj6k6 1/3
SlL Z A, Wi’ ; . (36)
j

The following result shows why B is included in — if B1 > 1 then the slabs are

separated, but with the following result we see that this does not lose any generality.

Proposition 3.3 (Separating the slabs). It is enough to prove the inequality in the

case where the slabs are B6'/2-separated, for some B independent of é.

Proof. Suppose we have

/2
HZ/’;H < As (ZIIf;I,;) 3.7)

j€li
for each i € A where the J; are a disjoint partition of the js. Then

1/2
=51, < 5l sl, 2 acg (Hm)

ieA jej; j€i

cs 1/2
g 2
< AglAlM? (Z ZHfj”p)
iENjE];
so (3.I) holds with the same ¢ dependence in the constant, provided |A| does not

depend on J. For the slabs to be B51/2-separated, we require only that |A| depends
on B and n. |
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3.1. The Question

3.1.2 Simplified test cases: using positive coefficients

If we also assume that the aj; > 0, we can replace the ¢ terms appearing in (3.5) and
(3.6) with conditions on the choice of j; and k;, as follows.
Using the fact that ¢* < XB(0,8), and that the aj > 0, we find that (3.3) gives
4 -3
LHS" <6 Z Ajrky Aok Tjzks Vjaky- (3-8)
J1j2:J3,74

ky ko k3 ks
st Wi gy TWjoky —Winky —Wjyky |<86

Similarly, using ¢* > xp(0,1) in leads to

1/2\ 2
4 -3
RHS* > 677 | ) )3 Bjiy Ay By ey
j kq,k2.k3,ka
s.t. |w]'k1 +w]'k2 —ZU]'k3 —ij4 |§5
Thus (3.1) will be true if

) Z ) Ajy ey Ajoky Vjsks Ajsky

J1:]24]3/]4
k1,k2,k3,k4

s.t. Izu/lkl +wj2k2 7w]‘3k3 7w]‘4k4 ‘SZ()
1/2\ 2
4
S A(S Z Z ajklujkzajk3ajk4 . (39)

ky ko k3 ky
s.t. \w/kl +wjk2 7w]‘k3 7w]‘k4 ‘ S(S

By swapping xp(o,1) and Xp(o2) in this argument, we get reversed bounds for the left-
and right-hand sides, and hence is true only if

r 81k Wk Bjsks Tjgky
J1:]24]3/]4
kKo k3,ka i
St [Wj kg FWjyky ~Wjgky ~Wjyky [0
1/2\ 2
4
SA(S Z Z ajklll]'k2€ljk311jk4 . (310)

ki1,ka,k3 k4
s.t. |wjk1 +‘w]'k2 77/()]'](3 *ij4 |§2(5
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3.1. The Question

Using separation

To make progress, we will need to have better understanding of when conditions like
[Wj k) + Wipky, — Wigk, — Wik, | < & are satisfied. We shall soon see that it is helpful to

use 35, the blob separation, and the following result justifies doing so.

Proposition 3.4 (Separating the blobs). Ifall aj > 0 then to establish the endpoint cases
of (n=2,3) we may suppose the blobs are Bé-separated, for some B > 8 independent of J.

Proof. Divide all possible ks into disjoint sets K;, i € A, so that all the points in K; are

B-separated. Now suppose we have the inequality for each Kj, i.e. foralli € A

1/2
= £ i, = 2 (2] 5 40)

Then following the same steps as the proof of we arrive at
tppol IEPRALET puisl} T
j i€eAkeK ieA j kekK

which will imply if for each j we have

2
2 il < 15 5 sl = v @1
i€NkeK;
Now we restrict attention to the endpoint case; we shall proceed withthen = 3,p = 4
case, but the n = 2, p = 6 case works in exactly the same way. We use the same

argument that gave (3.8) to obtain

1/2
-3
LHS@ID <) | ¢ ) ik, ik k3
ieA k1,ko k3 ks €K;
s.t. |w]-k1 +w]'k2 7wjk3 7w]'k4 |§80
1/2
C-S
1/2 -3
< AME[6 Y Ajk, Ajiy Ay Ay

ieA k1 ko, k3, ky€K;
s.t. ‘wjkl F Wik, ~Wjky — jk4‘<85

Also, using the lower bound for the right-hand side, we see that (3.11) follows if
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3.1. The Question

we have

)y X ks Ak k3t
[ISAN kl,kz,k3,k4€Ki
s.t. ‘w/‘kl +wjk2 710]'}(3 7w]'k4 |§8(5

S )y Bjiy Ajiy Ajkey ey (3-12)
kllkZ/k3lk4
s.t. ‘w/‘kl +ij2 7w]-k3 7w]'k4 |§5
Now using (3.2) with B> = p to replace the wj, the condition on the left-hand side

becomes

Boa - (ki + ko — k3 — kg)
Bo(ki+ky —ks —ky), +B1B8%2j - (k1 +ky — k3 — ky4) < 85. (3.13)
+3B262([ky |2 + |ko|? — |k3|?® — |ka]?)

From the first coordinate, we must have |k +ky — k3 — kq| < %. Since § > §, this is
equivalent to k1 4 ky = k3 + k4. Plugging this back into (3.13), we get an inequality
which is always satisfied since |k;| < %(5 ~1/2_ Using an identical argument for the

right-hand side, we see that (3.12) is equivalent to

iy Ay Ay Ay, S Y Ay Ajky Ak ks
i€EA Ky kpk3k4€K; kq,k2,k3 kg
s.t. k1+k2:k3+k4 s.t. k1+k2=k3+k4

which is clearly true if all aj; > 0, since the right-hand side has all the terms of the

left-hand side as well as other nonnegative terms. |

Since we can assume the slabs and blobs are suitably separated, we return to (3.9)

and (3.10), and rewrite the right-hand side of each assuming f, > 8.
Thus when all 2, > 0, is true if

1/2\ ?
gt g g 4 g o s
A1y Tjky sk Ujsky < Ag Z( a]kla]kza/ksa]k4>

]

kl +k2:k3+k4

|w1'1k1 FWjpky ~Wizky ~Wigky |<80
and only if
1/2\ 2
A g i i, < A ) Y g,
jik1%jakajaks P iaky = 36 | L k1 Ajko ks Ajky .
[0jy ky FT0jpky —Wiaky = Wiyky <6 j o \kit+ka=ks+ky

Note that the only difference between these is the ¢ versus 85 appearing in the
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3.1. The Question

condition on the left-hand side sum. Thus in this simplified setting, (3.1) becomes:

Question 3.5 (1 = 3 test case (positive coefficients)). Assuming that all aj > 0, do we

have

Ay ky Ak Ajsks Ajgky

‘wflkl FWjpky ~Winks ~Wigky [<cé

172\ 2
< Aj, E( ) ajklajkzﬂjkaﬂjk4> (3.14)

j kq+ko=ks+kq4

with As . = Ced™¢? (In particular, when ¢ = 1,8.)

Again, the same arguments can be carried out for n = 2, resulting in

Question 3.6 (n = 2 test case (positive coefficients)). Assuming that all aj > 0, do we

have

2 Ay ky Ajoky Vjsks Ajgky Ajsks Ak
[ ky FWjpky FWjgky ~TWjyky ~Wisks ~Wigks <0

<A Y

1/3\ 3
< Ajky Ajkey Ajks Ak Ajks ﬂjk6> (3.15)
j k1-+ko+k3=ks+ks+ke

with As . = Ced™¢? (In particular, when ¢ = 1,12.)

Rewriting the condition on the LHS sum (n = 3)

On the left-hand side of (3.14), the condition is |wj &, + W)k, — Wisk, — Wigk,| < €6

which can be written as

B16Y 2w - (j1 +ja — j3 — ja)
+B20a - (k1 + ko — k3 — kq)
o +3B8( P + |l = 1l = sl < cd. (3.16)
+B1B26> 2 (1 -k + o ko — j3 ks — ja - Ka)
+3B36% (k1 |* + [ka|? — [k3|* — [ka|?)

B2 (j1 +j2 — ja — ja)
+B20(k1 + ko — k3 — k)

Observe that, in particular, the first coordinate must have size < cé; let us denote this
as |J + K| < cé. Now since |K| = |Bad(ky + - -+ — kq)| < 461/2, the other term cannot

be too large; more precisely, if |J| > 55'/2 then

1451/2
[T+ K| = []] = K| > 3677,
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3.1. The Question

and 161/2 < 6 fails for sufficiently small 5. So we must have B1j1 +j2 — j3 — ja| < 3.

Choosing 1 > 5 gives j1 + jo = j3 + ja-

The first coordinate now shows that we require |ky + ky — k3 — kyq| < ﬁ, but since we

assume By > 8 and ¢ = 1, 8 this is simply k1 + kp = k3 + k.

The condition (3.16) now reduces to looking at the second coordinate, giving a

condition of the form

|1B30A+ B120%/2B + 136°C| < e

i.e.
‘.B%A +2B1B26"/?B + ,B%(SC‘ < 2c
where
S22 a2 a2 1_1/22 2 4
A= |jl"+1pl” = jsl" — |l Al <2 =46 =55
p1 B3
B=ji-ki+j2-ka—j3-ks—ja-ka, |B| < 4max(Jjil|ki]) < 556"
C = k1| + [k |* — [ks|* — |ka/?, IChgé&f

To simplify the presentation, we now fix f; = B2 = 10 so that the condition (3.16)
becomes
W +i2=]3+]s
TR A+28"2B+4C| < &. (3.17)
ki +ky = ks + ky

Using p = j1 +jo, m = |j11> + [j2|% q = k1 + k2 we can reindex the sum and write the
left-hand side of (3.14) as

Y X X XX ik A i) (k) isks B (o) (aks) (3.18)

p m leRp,m v jSGRp,nt+'y q kl k3

s¢¢A+25U2B+Jc|g§6

where
Ry = {j /P +1p—j2 =m}, (3.19)
which is the set of integer points on the circle with centre %p and radius %\ /2m — |p|?.

Note that m and -y are integers; we certainly have 3 |p|? < m < %5 ~1, while the range

of the ¥ will be determined later on when necessary.
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3.2. The constant must depend on &

Remark 3.7 (Maple experiment — see Appendix A.3). In the case § = (122) ! with
B1 = B2 = 5 there are 4381 choices of j; satisfying j; + j» = j3 + js, and also of k;
satisfying k1 + ko = k3 + ky.

Of these 43812 ~ 19 million choices of j; and k;,

* 1669521 (~ 8.70%) satisfy )A +261/2B + 5(:] < 55, with A = 0;

* 14656 (= 0.08%) satisfy ‘A +2612B + 5(:‘ < 5, with A # 0.
This suggests that A = 0 is very much the main term. O

n = 2 version

The argument in this case is very similar. Note that in the first coordinate, we
now have |K| = |B2(ky + - - — k)| < 66'/? so the meaning of “too large” is now
]| > $61/2. Thus if B; > 7 we obtain j; + jo + j3 = ja + j5 + je, and as before 5 > 8
ensures ki + ky + k3 = kg + ks + kg.

Thus if we fix f1 = B2 = 10, the condition on the left-hand side of (3.15) becomes

1+j2+j3=ja+j5+Je
NTRTRZRTETS  na A+2612B 4 5C| < &,
ki +ky +ks =ky+ks+ kg

where A, B and C are defined similarly to the n = 3 case. Now defining
rpm = {(f2) : R+ B+ (== =m}, (3.20)

we can write the left-hand side of (3.15) as

ZZ Z Z Z Z Z Z Ajiky Aok A (p—j1 —j2) (a—k1 —ka) Fjaks jsks  (p—ja—js) (g—ka—Fks)*

pom (fl/jZ)Erp,nl r (j4/j5)€rp,rn+7 g kykz kyks

s.t|A+261/2B+4C|< 55

3.2 The constant must depend on ¢

We shall now construct examples showing that the endpoint inequalities and
cannot hold with A; = C.

We suppose that aj; = a; is nonzero only if k = k¥, so there is at most one nonzero

blob in each slab, and it is in the same position on each slab. Then for the n = 3 case,
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3.2. The constant must depend on &

(3.5) becomes
2
—— 4 1 4 2
' Z ' ajlujzaj3a]-4¢> S(whk* + w]'zk* — szk* — w]»4k*) S A5 Z |a]| . (321)
J14J24]3/]4 ]

This is closely related to an example of Bourgain [Bou93, p118] which, when adapted
to our context, shows that some dependence on J (e.g. a 6 ¢ factor) is necessary for

both the n = 2 and n = 3 versions of the inequality.

We will now record the details of this argument for the n = 3 case.

Theorem 3.8. The inequality (3.21) (and hence (3.5)) does not hold with A5 = C.

Proof. We consider the example with

. 1 ifj= (jler) with j1,j2 € {1,...,N}
j:

0 otherwise.

The right-hand side of (321 is then A}N*. Note that since |j| < %(5’1/ 2, we can take
N~ 5712

Since all the terms are positive, a lower bound for the left-hand side of (3.21) is given
by the subset of terms with j; + jo = j3 + jy and |j1|*> + [j2|2 = [j3]> + |ja]?, i-e.

4 4

LHS 3.21) > Y aj,a;,5,j, ¢~ (0) = || f[4
Jiti2=j3t]a 7

i1 P +1j2[>=17a |2+ jal? -

where f : [0,1]3 — Rx is given by

e2m’(n1x1 +n2x2+(n%+n%)X3)

1
M=
1M1=

2

oy
Il
—_
S

)

f(x1,x2,x3)

=

N
e27rz(n1x1 +n2x3) 2 ean(n2x2+n%x3)l

1’l2:1

|
M=

2
K
Il

—_

and the norm ||-|| is |-/ .4 (jg13)- Following the argument outlined for the n = 2 case

in [Bou93| p118], we shall show that
If5 2 N*log N (3.22)

which means (3.21) cannot hold for large N with A5 = C.
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3.2. The constant must depend on &

To establish (3.22), let N be fixed; we then consider integers g, a, b; and b, such that
g < NY2isodd,1<a < g with ged(a,q) =1,and 0 < by, by < 4.

Defining the rectangles

M(q,a,by,by) = { (x1,%2,x3) : N, (323)

1

we see that they all have size ~ 7 and do not overlap as g, 4, by, by vary:

* Suppose x € M(q,a,by,by) and x € M(q',a’,b},b}). Note that

aq' —a'q
qq'

!/

> %Iaq’ —a'q].

q q

_a,
a7

If ag" # a'q then we have a contradiction as this gives |7 ]

cannot simultaneously be within < # of both fractions.

!
e If ag’ = a’q then we have a = ”q—,q. Now since ged(a’,q") = 1, we must have
! o1 A1

q' | 9, hence g = q'q". But thena =~ Z,q =da'q" so gcd(a,q) = q” which must

be 1, givinga =a’ and g = ¢'.
e It remains to see that we must have b; = b} and b, = b}. But, for instance,

b _ b
9 q

1 1
= —|b; —by| > —
q|1 12 5

unless by = bj.

Since these are disjoint regions,

./|f|4dxz ) Y ) 2/ |f|* dx. (3.24)

3<qeNV/2 1<a<q 0<bj<q0<by<q”M@abib2)
godd ged(aq)=1

The key is then to estimate | f| in the region M (g, 4, b1, b;), and in fact we have

N
Z eZni(nxi+nZX3)

n=1

P fori=1,2 (3.25)

Sz

hence )
N

Ifl 2 —-
q
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3.2. The constant must depend on &

We will obtain (3.25) from the result

i(nbin2a
Zm(nq-&-n 7

= g'/? (3.26)

which comes initially for g a prime power (e.g. in [Car06, Proposition 1]). This is
easily extended to all odd g by multiplicativity — denoting the sum G(a,b, q) we
have that when ged(c,d) =1,

G(a,b,cd) = G(ac,b,d)G(ad, b, c).

Furthermore, (3.26) holds with the sum running over any block of g4 consecutive
integers; indeed, each such block sums to exactly the same complex number. This is

because we are only concerned with the value of an® 4+ bn mod q.

We now split the sum in (3.25) into ~ & blocks of length ¢q. The (j + 1)th block is then

G+1)q 9 o 4
2 eZm(nernzt) Z 627rz((m+]q)x+(m+q])2t)

e 1 ) ) )
_ ean(]qx+]2q2t) Z 827rzm(x+2]qt)62mm2t

m=1

s : 1 im b . . ) .
— p2mi(jap+jq*e) y 27T g 2mim(B+2jqa) L27Cim G 2rima

m=1

where we have used x = g +B,t= g + «. Note that in light of (3.23), we have

Bl < § and Ja| S 5
The difference between the jth block and the known sum (3.26) is then

(j4+1)g

Z ean(nx+n t) Z eZm nb4n? )

n=jq+1 n=jg+1

2 : b 2rtin 8 2 9. ori(mbam2a
mi(jaB+7*q Z mm e2rim(B+2jga) , mim? p2mim?a Z e mi(mg+m?g)

m=1 m=1

1 q .
2m ]qﬁﬂ (Z mm me ﬁ+2]qa) 2mim? 4 me x Z 62”1(’”Z+m22)>

m:l

=I+1IL
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3.2. The constant must depend on &

We now estimate each term, making use of the fact that [e?* — 1| < |x|. Firstly,

111 5 (17aBl+ el ) 472 < '/

by (3.26) and the properties of « and B. Similarly, for I we use

Z( Xm __ eym

m

<Z‘EXm_eym|<Z|xm ym

which gives

9
115 Y |m(B+2iqu) +ma
m=1

S 1B+ 2jqal + 47|
<1

So overall, the jth block differs from the known sum by < Cgq'/2. Note that the
constants in (3.23) should be taken sufficiently small, so that C < 1.

Consider taking the sum of k blocks. This will accumulate an error of k<Cq'/? from
the known sums, which together have size kq'/2. Thus the sum of k blocks has size

> kq'/?(1 — C). Returning to (3.25), which has a sum of ~ % blocks, we see

> S (1-0) 2

N
Z p2rmi(nx-+n’t)
n=1 q

N
q

Note that after splitting into blocks, there may be a ‘remainder” with as many as g — 1

terms, but this does not affect the estimate since \[ Zq—1

Now applying this in (3.24), we have

[iffarz L ol

3<g<N/2
g odd

=N* ¥ "’() (3.27)

3<q<N1/2 q
q odd

where ¢ is Euler’s totient function. It now remains to estimate this sum.
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3.3. A number-theoretic lemma

First observe that by Mobius inversion [HWO08, Theorem 266],

=L "(d)

dln

where y is the Mobius function; this takes values in {—1,0,1}. From this formula we

find

n n n n/d|
9(K) u(d) u(d) "L
Z 2 = Z Z kd Z 2 Z I
k=1 k=1 d'k d=1 d'=1
kOdd k*dd, d dd d/ Odd
Now we have
[n/d]
) d,Nlog{dJ 12> logn —logd+1
d'=1
d’ odd
so that
k n n
Zﬁz)zlognz% Zyd—lflogd).
e foda Ao

Both of these sums are bounded away from zero; the first term in each is 1, and even
if all the remaining terms are negative, they are so small that the sum will remain

positive. Hence

n
¢ (k)
Z >~ 2 logn
k=1
k odd
Using this in (3.27)), we obtain (3.22). |

An almost identical argument for n = 2 gives

Theorem 3.9. The inequality does not hold with As = C

3.3 A number-theoretic lemma

In order to proceed we need to know more about the size of the sets Ry, and 7
defined in (3.19) and (B.20) respectively. The following results are sketched in [Bou93|
Prop 3.6 & Prop 2.36]; we shall now prove them in detail.

3.3.1 The size of R},

Lemma 3.10. Given ¢ > 0, there is a constant C, so that

|Rp,m| < Cem®
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3.3. A number-theoretic lemma

Proof. If j € Ry then [j|? + |p — j|* = m, which can be rewritten as
(21 = p1)? + (22 = p2)* = 2m — |p|*.
So X1 = 2j; — p1 and Xp = 2j, — py are integers such that

X%+X%:2m— |p|2

e, (Xi+iXp)(Xy —iXa) =2m — [p|-

Thus j € Ry, gives rise to divisors Xy & iX, of 2m — |p|? in the integral domain Z[i],
known as the Gaussian integers. We see from |Proposition 3.11|that the number of such
divisors is

< (2m—|p[?)F S mf,
which establishes the result. [ |

Proposition 3.11. For A € Z,

o log A
< 0 ) <Al
#{divisors of A} < exp (Clog logA> S1A|

where the divisors are in Z.]i].

In order to prove this result, we first look more closely at the properties of Z[i].

We have a norm on Z[i] given in terms of the norm on C,
N(a + bi) = |a+ib|* = a® + b?
and this norm is multiplicative. So if z € Z[i] divides A, we have
zzZ27=A = N(z)N(Z')=N(A) = N(z)|N(A).

Hence to count the number of divisors of A, we can take each divisor n of N(A) = A?
in turn and count all the elements of Z[i] with norm #; indeed this will overcount,

since not all such elements are necessarily divisors.

This can be summarised as

{divisorsof A} € |J {z€Z[i] : N(z) =n}. (3.28)
nIN(A)
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3.3. A number-theoretic lemma

Now the union has d(N(A)) = d(A?) terms, where d is the familiar “number of

divisors” function on IN. The behaviour of this is well-known:

Proposition 3.12. Given e > 0, 3ng(¢) s.t. for all n > ny(e),

d(n) < exp ((1 +¢) log210gn> :

loglogn
Proof. See [HWO08| p345]. |
So in (3.28) the number of terms in the union is < exp (ﬁo?l%)' It remains to

estimate the size of each set in the union; this is again done using d(n).

Proposition 3.13.
#{z € Z]i] : N(z) =n} Sd(n).

~

Proof. We are counting z = a + ib so that N(z) = a® + b*> = n, hence

n=(a+ib)(a+ib) = (a+ib)(a — ib). (3.29)
Note that we can also factorise n € IN as

n=2" J] ¢ I «&
p=lmod4 g=3mod4

where the p, g € N are prime, and the 7, s vary in the products. Breaking down these

terms into primes of Z[i] (see [HWO08|, Theorem 252]) we obtain

n=(1+1-i)" J] ((up—l-ivp)(up—ivp))r 11 7

p=1mod 4 =3 mod 4
Now from (3.29) we must decide how to split these powers of primes between the

factors a £ ib. If we have

a+ib = it(l + i)“l(l _ Z-)az H (”p + ivp)”(up _ ivp)rz H qs1
p=1mod 4 9=3 mod 4

then conjugating throughout gives

a—ib=it(1-)MA+)e [T (p—iog) (wptivy)? I 4
p=1mod 4 g=3 mod 4

Note that there is no choice in the splitting of the gs; these must be split evenly (s +

s1 = s) and this is possible since each exponent s must be even if  can be expressed
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3.3. A number-theoretic lemma

as a sum of squares. We also see that changing &1, > just produces associates, so we
can ignore these choices and multiply the remaining number of choices by 4 (for the

units £1, &i).

Lastly, there are r + 1 choices of r1, 7 so that r{ + r, = r, and we make these for each

= 1 mod 4 in the prime factorisation. Overall this gives

4 ] (r+l):4d( 11 p’>§4d(n)

p=1mod 4 p=1mod 4

choices of z = a + ib with N(z) = n. [ |

Proof of [Proposition 3.11) We have

{divisorsof A} € | J {z € Z[w] : N(z) =n}
nN(A)

hence

#{divisors of A} < d(A?) x n%?i) d(n) < exp (Ck)lgoligz‘l) i

It remains to see that this log term can be replaced with A®. Now

logn log g(n) c
< <
g(n) Sexp (Cloglogn> = logn  ~ loglogn — 0asn — oo.

So given e > 0, 3N € N s.t. % <¢ ¥n>N.

logg(n)

But g(n) =n &" ,so we have g(n) < n® forn > N, ie. g(n) = O(n®). [ ]

3.3.2 Thesize of 7},

Lemma 3.14. Given € > 0, there is a constant C so that |rp,m < Cemé.

Proof. If (j1,j2) € rpm then j2 + j3 + (p — j1 — j2)* = m, which can be rewritten as

(31 + o) — 2p)* +3(j1 — j2)? = 6m — 2p%.

67



3.3. A number-theoretic lemma

So X1 =3(j1 +j2) —2p and X, = j; — j» are integers such that

X2 4+ 3X3 = 6m — 2p*

ie. (X;+wXy)(X) —wXp) = 6m—2p?,

where w = 3. Thus J € rpm gives rise to divisors X1 + wX; of 6m — 2p? in the

Eisenstein integers, Z|w)] (see [IR82, Chapter 9, §1]). Here we use the norm

N(a+ wb) = (a+ wb)(a — wb) = a* — ab + b*

and the rest of the argument runs as before, except with [Proposition 3.15 used in

place of [Proposition 3.13 n

Proposition 3.15.

Proof. We use the fact that
n=a*—ab+b*=(a+bw)(a+bw).

The idea is now to take the (unique) decomposition of # into primes of Z[w], then

count the possible ways to split these up between the two factors (a + bw) and

(a + bw). We note the following classification [IR82] Prop 9.1.4] of the primes of Z[w]

in terms of primes p € IN.

® 3= (—1-2w)(1+ 2w) and these two factors are primes in Z[w].
e If p =2mod 3 then p € Z[w] is prime.

e If p = 1 mod 3 then p = g7 with g € Z[w] prime.

Using this, we can write the prime decomposition of # in Z|w] as

n=(-1-20)1+20)"x ] rx [I @

p=2mod 3 p=1mod 3

where the p € IN are prime, and the r and s vary in the products.

Now choosing s1, 57 so that s; + s, = s and similarly for a1, a3, we put

a+bw = (—1 — 260)“1(1 —|—2w)“2 X H pr X H qslqsz
p=2 mod 3 p=1mod 3
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3.4. Test case: one blob per slab

and consequently have

a+bw=(14+2w)(-1-2w)2x ] p'x J[ 779>
p=2mod 3 p=1mod 3

The problem now reduces to counting the choices of s1,s, and a1, ay, since these
determine the a and b. Note that varying a1 and a, will only produce associates
of a certain a + bw, so we can ignore this contribution by taking 6 x the remaining
contribution (since there are 6 units). What remains are the s + 1 possible choices of

51, 52; overall this gives

6 JI (s+l):6d<

p=1mod 3

p5> < 6d(n)

p=1mod 3

different a + bw with norm #. [ |

3.4 Test case: one blob per slab

3.4.1 Same position on each slab

We suppose that aj; = a; is nonzero only if k = k*, so there is at most one nonzero

blob in each slab, and it is in the same position on each slab. Then for the n = 3 case,

becomes

2
(1
Y. aapa,9° <5(whk* + Wik — Wi — wj4k*)> < Aj (Z |ajz> . (3.30)
]

jl/j21j3rj4
Now we can express the argument of ¢* (as in (3.16)) as

. B8 2 (j1+j2—j3 — ja)
3 B8V 2(j1 + j2 — j3 — ja), +3B25 ([ |* + |jol® = 173> = ljal?)
+B1B28% 2k - (1 + j2 — j3 — Ja)

Since we can suppose ¢ is radial, we can write ¢*(x) = ¢(|x|) for some ¢ € S(R).

Thus

LHS B30) = )_ G, A (\/,3%5‘”]'1 + jo — j3 — ja|> + other terms>

j11j21j3r]4

We now use the triangle inequality and break the sum into two parts, according to
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3.4. Test case: one blob per slab

whether or not j; + j» = j3 + ja.

e When ji + jo # j3 + js, the argument of  is always larger than 6~1/2

(since the
“other terms” are certainly positive), so
Z aj,apaa (.. )| < ¢(o 2) Z |}, 4,0,
htp# s+ htp# st
-1/2
=y )E|a11|2|a12|2|afs| ) 1]
il 2 JE] JaFntiz=is

4
<677 <Z|‘1j|> :
j
Now, ¥; |4;| < (#/'s) max|a;| ~ 671 max |a;|, so the above is bounded by
P(0~2) (67 1)* (max [aj])*.

Note that as ¢ € S(R) we have (671/2)(671)* < C, and since

2
2
(Z |aj|2> = ((max \a]-\)z + other terms) = (max |aj|)4 + other terms
j

we get the desired bound for this part.

When j; + j» = j3 + js, we have

Y apemay (383 (1P + 121 - lisP ~ 1sl?) )

Jiti=j3+ja

=Y 33 Y Y apa @, 5 (361), (331

Y p om j]eRp,m jSGRp,WI+'Y

using the same notation as in (3.18). Now for each fixed -y,

LY X 4 )

Aj3p—j3
p m leRp,m jseRp,m+/y
1/2 1/2
c-s
1/2 2 1/2 2

S LY Rl L (a8 Rpmiy 2| X lapay]

pom J1€Rp,m J3ERpm+

1/2 1/2

c-s

_ 2 2
S DI DI DER R Y X lmap gl . 332

P m jjERpm P M j3€Rpmty
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3.4. Test case: one blob per slab

since, by [Lemma 3.10, |R,,u| S m® for any ¢ > 0, and we have m < 6~ 1. Now if

we reorder the sums, e.g. Zp Zjl Y., we see that m is already determined so we

end up with

e (mmmenr)  (EEmr) "= (2]

P h P J3

Using this on (3.31), we find

2
y g6 (zw) T o)
]

Jiti2=jz+ja v

but again using ¥ € S(R), we know ¥(38%7) < #, so the above sum in 7

converges.

Putting these two parts together, we obtain (3.30) with A; = C:d~¢. From this, we

have

Theorem 3.16 (n = 3 Fixed Finite Blobs). When ajy is zero for all but a fixed finite set of
k, the inequality is true for all € > 0 with As. = C0™°.

Proof. Putting each k which has nonzero aj; into its own set K;, we appeal to the

argument used in the proof of — since for each i € A the “separated”
inequality is of the form (3.30), and |A| = #{ks} is a constant independent of J, that

argument gives (3.5) with A;. = Ced7¢. [ |

Remark 3.17. Note that the above argument works with ajx € C; we did not need to

assume at any point that a; > 0.

Observe, however, that the right-hand side of (3.30) is all in terms of |a]~k|, so the
worst case is in fact when aj; > 0 as this precludes any cancellation on the left-hand

side. O

For the n = 2 case, the inequality is

1
g a bl [ Z (. . e m o
) aj, a;,0;,0;, 05 0 ((5(w]1k* + Wyke + Wigper — Wiy e — Wigks w]()k*)>

J1:]2/]3:]4/]5:]6

3
< A <Z|uf|2> :
]
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3.4. Test case: one blob per slab

The argument given above is easily adapted to this case (for instance, using sets 7,
in place of R, and making use of[Lemma 3.14), giving

Theorem 3.18 (n = 2 Fixed Finite Blobs). When aj is zero for all but a fixed finite set of
k, the inequality is true for all e > 0 with As . = Ced~ %

3.4.2 Arbitrary position on each slab

With aj; = a; nonzero only for one k = kj, the argument of ¢* is not as easy to handle

as in the “same position” case.

Indeed, the question becomes (in the n = 3 case)

2
1
—_— 4 4 2
Y. 4,0, ¢ <(5(whkh + Wiy, — Wigky, — wj4kj4)> < A5 (Z |41 > ,

Juj2,j3j4 j

and if we repeat the argument used on (3.30) we can write the left-hand side of this as

2
5720 (ji+ja = j3 = ja)
571/2'+'7'7' +l‘2+‘27‘27'2
L ATy I

itjagas iy =iy = ki) 62Ky oKy = 3Ky — ja - Kgy)
+%5(‘k11|2 + |k]2|2 - |k]3‘2 - ‘k]4‘2)

As before, the terms with j; + j, # j3 + ja are easily dealt with. This is because the

argument of ¢ is at least [6~1/2(ji + jo — js — ja) + (kj, +kj, — kj; —k;,)[?, and if we

use slab separation we can ensure that the j; term dominates, so this is always > 1.

Now the main term, with j; + j» = j3 + js, can be rewritten as

Y20 Y X 4y @ty (X i) (333)

TP mjleRp,nljseRp,;n+'y

where

_ 2
X piris = ‘kj +oee - kj4|

2
+% 7+251/2(]1 'kh + - —]4'k]‘4) +(5(|k]‘1|2—|—--' - |kj4|2) .
This is where the difficulty arises — unlike in (3.31)), the argument of ¢ depends on

p, j1, and j3 (as well as the specific choice of k), so the Cauchy-Schwarz argument

cannot be used. However, we can apply Schur’s Inequality:

Lemma 3.19 (Schur’s Inequality). Given the numbers cjx, xj and yy for 1 < j, k < m, we
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3.4. Test case: one blob per slab

have
m n m 1/2 n 1/2
Yo Y cixjyk| < VRC (2 |Xj’2> (Z |]/k2>
j=1k=1 j=1 k=1
where
n m
R=max) [cj| and C=max} [cyl.
I k=1 ki3

Proof. This is Exercise 1.10 in [Ste04]. The result is obtained by applying Cauchy-

Schwarz to

< L leil 21 ejel 2yl

Y cikXjyk
i i

which gives
1/2 1/2
LHS < <Z|Cjk||xj|2> (Zlcjkllyk2>
ik ik

(B (B ) -

-4
<R <C

Applying this to (3.33), we obtain

1/2 1/2
;;;VRC Y. lajap | Y, lapa, sl

J1ERpm JBERpmty

where

R = max Z W(X'y,p,jl,j3)|f C = max Z |¢(X7,P,j1,j3)|'

hHERpm - i3€R .
JLERpm J3ERp,m+ J3ERpm+y J1€Rp,m

Pulling v/ RC out of the sums in p and m gives

1/2 1/2
@ < TapRCEE (T i) (ool
o

p m \j1€Rym JBERpm+vy
2
<5 Zr?z;lnx VRC < ) a]-|2>
v j

after the usual Cauchy-Schwarz and rearrangement argument. Thus we are left with
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3.4. Test case: one blob per slab

Question 3.20.

v N ERp " JBERp m+y ]SGRWWFY 1 ERp,m

1/2
212%1)( ( max ), (X p,jujs) |, max )3 |IP(X%PJ'1J3)|) S
Remark 3.21. When all k; = k*, we have X, ,, ;; i = 192, so the left-hand side is

Zwi \max<|Rpm+'y||Rpm|)”2<5 mi 2 S

The problem for arbitrary k; lies in finding a good way to bound X, , ; i.. O

Positive coefficients case

Even if we assume aj; > 0, the conditions on the left-hand side given by (3.17) do not
simplify neatly. Indeed, we get

2
Y ) Z"h p-i Bty < Aj <Z|‘1]|2> (3.34)

p m ]leRp m I3
where the sum in j3 is not simply over Ry, ,, — the difficulty lies in identifying the
correct set of j3s to sum over.

In fact, putting jo = p —j1, ja = p — js and kj, = k;, +k,—j, — kj; we see that j; must
satisfy

A+25?B+6C| < & with A =2(|ji]* — |j1*) +2p- (3 — 1),
B=ji-(kj —kp—j,) +p- (ki —kj)
+j3 - (kjy +kp—jy — 2kj,),
= [kj, I* + [kp—j, [* = [k |?

= lkjy +kpj, — ki, % (3.35)

The condition (3.35) can be manipulated into the form

+k , 2 .
‘P 1 g2k R ‘] 2 4 g2k 2p 1| < g8
N
14 W
which shows that once p and j; are fixed (thus determining k; and k;,_;,, and hence

V and W), j3 must be chosen so that j; + o1/ 2k]'3 lies in the annulus Ay yy, centred at

V, with radii between |/|W|? — 15 and /|W|? 4 155.
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3.4. Test case: one blob per slab

Now consider a certain choice of p and j;, so that Ay is fixed. Since we choose kj,
at the outset satisfying |k;,| < %(5 ~1/2 we may find suitable j3 anywhere in Ay 1y +
B(0, %) This is because an appropriate choice of k;; would then put j3 + st/ ij3 in

AV,W'

Ay w
Ayw +B(0, 1)

@/

j3 + 61/%kj, lies here

Since the thickened annulus Ay + B(0, 11—0) has area ~ |W/|, it can contain < 6~1/2
points of Z2, and there will be examples where this upper bound is attained. This
shows that for certain choices of the arbitrary blob locations k;, the sum in j3 appearing
in may have > §° terms. This is in contrast to the situation in (3.31), and means

that the Cauchy-Schwarz-based argument used to deal with that case will not work.

However, the process of fixing the values of k;; to produce these large j3 sets can
only be carried out a certain number of times before all the choices of k; are decided.
Intuitively, it seems that while certain choices of k; will give “bad” terms in (8.34),
there cannot be too many of these bad terms. This leads us to expect that the worst

case is the one already considered, and experiments carried out in Maple support this

— see[Appendix A

Question 3.22 (One blob per slab — arbitrary vs same position). Is it the case that
locating the single blob on each slab in the same location gives the largest possible left-hand

side? That is, do we have

MDY D @y BBy <)) Y a8,
Pom ji€Rpm J3 Pom j1,j3€Rpm
S.t.j3+(51/2kj3 GAV,W

for any choice of k;?

Looking back at where the sums in question came from, namely in (3.3), we see that
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3.5. Test case: constant on slabs

the question would be answered if we could show

-4 jik(j1) jak(ja) jak(j3) jak(ja)
)y %%%%¢( 5 )

J1J2403.]4

(whk* + wjzk* — Wik — w]-4k* >

— 4
< ) a9 5

J1j2/j3/j4
where ¢ € S(RR) is such that ¢ < xp(y2) and ¢ =1 on B(0,1), and on the left-hand
side, k : Z2 — 72 is the function which selects the blob location on each slab. Now if

we consider extending k to be a smooth function R?> — R?, we see that

S[k] = | Z | ”h”jzm4’4 ( k() J2k(j2) - j3k(ja) ]4k(]4)>
J14]2/]3/]4

is a continuous functional in k, and |[Question 3.22| amounts to showing that S is

maximised by constant functions.

3.5 Test case: constant on slabs

Putting a;. = A; for all k into (3.5), we see that the right-hand side is

1/2\ 2
Wik, + Wik, — Wiky — Wik
A% Z<|A|4 Z 4)4( Jk1 Jk2 3 4
]
j ky ko, k3, kg 6

so, in particular, it does not depend on the sign of the A;. Thus the worst case to
consider is that of all /\]- > 0, since this will preclude any cancellation on the left-hand

side, so we consider this example in (3.14).

Theorem 3.23. When aj = A, for all k, the inequality (3.14) (and hence (3.5)) is true for
all e > O with As . = Ced~ 5.

Proof. The right-hand side of (3.14) is
1/2\ 2 2
sl £ wr) ) zate (D)
i \ki+ky=kz+ky j

since there are ~ 6! choices of each of ky, k», k3, from which k; is determined.

Thus from the alternative form (3.18)) of the left-hand side, the question requires us to
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3.5. Test case: constant on slabs

show

FY T T ¥ LX< AL (zw)

p m jleRp,m v j3ER;1,rn+7 q kl k3 ]

s.t| A+261/2B+6C|< 55

Now we can write the left-hand side as

I B I N e T
(3.36)

In order to count the number of (g, kq, k3) tuples, first suppose k3 is the only variable
which is not fixed. In that case, the condition ’A +261/2B 4+ 6C ’ < 5% can be viewed

as defining the set of possible k3. Since this can be rewritten in the form

2 a2 <« C 51 '
|Z|7=1Z+Y k3|’,1005 (3.37)

where Z = @ + (5_1/2j2%h and Y = k1 + (5_1/2(]'1 — j3), we see that k3 must be

chosen from the annulus with

e centre Z+Y = 1g4 1571/2 ia — j3), and
24T 3 Ja—]

¢ radii in the range Z12— 5671, /| Z]%2 + 561,
g 100 100

Also, from the size restrictions |k3| < £671/2 and |kq| = |k3 — (k1 + ka)| < ;07172
we see that k3 must lie in a lens-shaped region, with dimensions given by expressions

involving |kj + ks|.

\/(é‘s_l/z)2 = |k1 + ko |?

—

£6712 — [ky + ko

Note that we only get a contribution if the k3 annulus overlaps the k3 lens. We shall

suppose that g and k; are not yet fixed, in order to determine the largest range of ¥
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3.5. Test case: constant on slabs

for which this overlap could occur.

Looking back at the description of the k3 annulus, we see that with g and k; free, there

is some freedom in:

1. the position of the centre, which relies on %q,

2. the “central” radius of the annulus, coming from |Z|, which relies on %(kz —

k]) = %(q — 2k1), and

3. the amount of fattening of the annulus, since the range of radii also depends

on |Z|.

However, in each case the amount of freedom is < %(5 -1/2

, so the k3 annulus is
contained in a larger annulus; namely the circle with centre %5 ~1/2(jy — j3) and

radius 3671/2|j, — j| fattened by 25-1/2.

(571/2y

A 571/2x
N

N

|k3| < 11*0‘571/2

There can only be a contribution if k3 lies in both this large annulus and the disc of
radius 11—05 ~1/2 about the origin; thus the two regions must overlap, and we see that

this can happen only when
lja —jsl € [l — | + [_§/§]~ (3.38)
Let us first deal with those contributions with |j, — ji| < 2. From j; € R, we find

1l + o] = m

so 3 (Il + 1~ o) = m,
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3.5. Test case: constant on slabs

so once p is chosen we have m € [%\p|2, Llp? +2}. Now from (3.38) we have

lj3 = ja| < 3,80

sl + ljal* = m+

ie. v=3(lh-il-lh-il),

which shows —2 < ¢ < 3. Using the crude bound of 63 for the number of (g, k1, k3)
tuples, we can bound (3.36) by

1
X 3lpP+2 4
67 X L X MM X MM
p m:%mz T==2j1ERpm J3ERpm+y

Now since the sum in y has O(1) terms, we can repeat the Cauchy-Schwarz argument

from (3.32) and obtain the desired bound.

We now treat the main case, assuming |j» — j1| > 2, by addressing two points:

® The range of the sum in 7.

Noting that j; € Ry, implies |j; — jo| = /2m — |p|?, from (B.38) we obtain

Vam = 1pP —4 < \/2(m ) — [pl2 < \J2m — |p2 + 4

from which we find

¢ |~4y/zm=1pE+ & 4y - IpP + 5| = T,

i.e. there are ~ \/2m — |p|? different 7’s.

e Thesize of {(q,ki,k3) : || < &)

Once g is fixed, the worst case is if all k1 lead to a contribution. Since k1 must be
chosen from the lens defined by g, we estimate their number by the area of the

lens; this gives

#ia ~ (3172 = 1) o/ (35-72) — e

Now to count the number of k3, note that in the worst case the k3 annulus will
overlap the k3 lens along its long dimension. So we can bound the number of

k3 in terms of the area of a box which contains this overlap:
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3.5. Test case: constant on slabs

2
~ longest lens dimension = \/G(S—l/z) — g2

~ thickness of annulus = \/|Z|2 + 5071 — \/|Z|2 — &5671

We have (from “a®> — b*> = (a+b)(a —b)”)

2P+ &0 — (12— %67

VIZP+ G561+ /122 — o1
-1

s

=1z

VIZE+ &1 = /122 - o1 =

Now since |jz — ji| > 2, we have that the j, — j; part of Z is dominant, hence
|Z| > 6=1/2|j, — j1| and so the expression for the thickness of the annulus can

be controlled by
5 1/2 5—1/2

2=l 2m—[p]?

Thus we get the worst-case contribution

2 571/2
#ks) ~/ (1672)" ~ P

Hence
@ kuks) |- <6} < Y62 — g (o — )t
# q,kl,kg e <6 S 20 — g P gl*) ———
T » V2m —|pP

< 573/2571/227
7/ 2m— Ip|?

< 573 1

T V2m—|pf?

since there are ~ 6! terms in the g sum.
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3.5. Test case: constant on slabs

Putting this information into (3.36), we now have a bound of

ZZ Z A, Z Z AjsAp—js-

2 .
|p| ]] eRp,m 'yel"m,p 73 ERp,m+ry

Applying Cauchy-Schwarz to both the j; and 7/j3 sums gives the bound

W' P

%( )y wp-ﬁ) <#j3>5( Y o <Aj3Ap-j3>2) -

LY =R

p m "= J1€ERpm "/erm,p J3ERpm+y

Now using|Lemma 3.10} |R,,| < 6~¢ for any p, m in the range of summation. Simi-
. . 1/2

larly, | Ry mi~| < 67¢, s0 the contribution of (#j3)'/2is 6 ¢|Tpm| /2 < 67¢\/2m — [p|? /

Putting this in, we have

N|—

p m ]1€Rp m 'Yerm/p JSERp,m+7

6% 822( Z Ap— ]1)2) (\/Zmlimz Z ' 2 (A]'s/\lﬂ—]'s)z) :

A final application of Cauchy-Schwarz shows that this is bounded by

1 1
2 2
2 1
LY Y M) ) (Ll mmr & X )t
( P ji€Rpm ] ) ( pom VA vl? Y€ mp J3ERp m+y |
Now in the first bracket note that, once p and j; are chosen, the value of m =

lj1|> + |p — j1|? is determined. So that term can be written simply as

1
2
(Z Z(Mw)2> :
P
For the other bracket, we have

(/\]3)‘17 ]3) (A /\P ]3)

sy oy op Wbt ppe o Ouh?
P M y€lup j3ERp miq V2m —[p|? kT Jam —pE
~——
st [j3—jal€ 2m—\p|2+[,%,%}

With p and j3 fixed, we can see that there are < |jz — ja| values of m which satisfy the

condition. We also know that \/2m — |p|? ~ |jz — ja|, so this gives the bound

ZZ|]3—J4| ]3 Ao ]3 SYY (M)

P 3 Pojs
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3.6. Test case: same distribution on each slab

Thus we have

1

LHS <6°°¢ (ZZAAP _ )2 (;;(A]Ap ])2>%
<22Mp1

2
]
showing that (3.14) does indeed hold. ]

We have not been able to obtain the same result for the n = 2 case, primarily because
the sets of points involved seem more complicated. Specifically, if we view the
condition ‘A +261/2B 4 5C ‘ 55 as defining the set of possible (k4,k5) once all the
ji and k1, ky, k3 are fixed, we obtain a thickened ellipse (rather than the annulus we
obtained in (3.37)). We have not been able to fully determine how the values of j; and
k1, ko, k3 affect this ellipse, and in any case, it seems that the analysis leading to (3.38)
would be much more complicated for a thickened ellipse rather than a thickened

circle.

3.6 Test case: same distribution on each slab

We suppose that aj; = by, i.e. the values attached to each blob are independent of the
slab. We also suppose that the by > 0.

For the n = 3 case, the right-hand side of (3.14) is then
1/2\ 2
Ai;l,c Z ( Z bkl bkzbk3bk4> ~ A§,C5_2 Z bkl bkzbk3bk4
j k1+ko=ks+ky k1+ky=k3+ky

as there are ~ 5! different j's.

Starting with the equivalent form (3.18) of the left-hand side, we get

Y1 X X X YY) bibygbiby,

p m leRp,nz Y jSERp,rn+7 g ki k3

st|A+261/2B+4C|< 55

— LYY #{(pjuis) + [A+2612B46C| < &} biyby i, bryby k.,
q ki k3

We now establish (3.14) in this case by proving
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3.6. Test case: same distribution on each slab

Theorem 3.24.
#{(P,h,js) : ‘A +2512B + (5c) < %} < g2
for every choice of q, k1, k3.

Proof. Fixq=¢q,k; = k~1 ks = k~3, and consider the example with bk~1 = bq—lﬂ = bk~3 =
bﬁf 5= 1 and all other b, = 0. Since this is an example with at most four nonzero
blobs per slab, we know from [Theorem 3.16|that the inequality holds in this case with
As. = C67¢ Thus

Zkzkz #{(pjujs) + |[A+20"2B+0C| < 1 S 67 (3.39)
q 3
where kie{la,qifk? ka—ks}

Notice that expanding out the left-hand side, we have a finite sum of the #{-- - }
expressions, each with a different choice of g, kq, k3. If any term had #{-- - } 2 52
then could not hold, so they must all be < §727¢. In particular, the term with
q=4, ki = ki, ks = ks has

#{(P/h,]'s) : ‘A+251/2B+(5c’ < 5%} <2

and since the choice of 7, k~1, k~3 was arbitrary, this must hold for any such choice. W

For the n = 2 case, we find that (3.15) becomes

;kzkl ka; #{(P,j1,j2,j4/j5) : ‘A +261/2B +(5C’ < %} bk, by bg—ky —ky Uiy ks by —ky—ks
142 k4,85

6 s—3/2
S A(S,c‘S Z bkl bkz bks bk4 bk5 bke ’
k1+ko+ks=ky+ks+kg

but the argument above is easily adapted to this case; we can establish
#{(p,jl,jz,j4,j5) : ’A 25128 + «SC’ < %} < 532

as in the proof of [lTheorem 3.24} by making use of the n = 2 result for fixed finite
blobs, [Theorem 3.18
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3.6. Test case: same distribution on each slab
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APPENDIX

A

Maple calculations

A1 Counting the number of patterns

A.1.1 Large patterns

The following code checks each of the 64 possible triples with wy € Qq, wy € Q2
and w3 € Q3, and selects only those where wq A wy A w3 can be large enough.

Sq:=(i,j)->[ [i-1,j-11,[i-1,31,[4,31,[i,5-11 1:
Atri:=proc(x,y,z)
abs(1/2xLinearAlgebra[Determinant] (Matrix([[x[]1,11,[y[],11,[z[]1,111)));
end proc:
wedgerange:= proc(bl,b2,b3)
local ws,sl:=Sq(bl1[]),s2:=Sq(b2[]1),s3:=Sq(b3[]);
ws:=[seq(seq(seq( Atri(wl,w2,w3), wl in sl ), w2 in s2), w3 in s3)];
return [min(ws),max(ws)];
end proc:
Q[1]:={seq(seq([i,j],i=1..2),j=1..2)}:
Q[2]:={seq(seq([i,]j],i=1..2),j=3..4)}:
Q[3]:={seq(seq([i,j],1i=3..4),j=1..2)}:
triples:={seq(seq(seq([wl,w2,w3],w3 in Q[3]),w2 in Q[2]), wl in Q[1])}:
goodtriples:=select(w->is(max(wedgerange(w[]))>4),triples):
nops(goodtriples);

This shows that there are 39 large patterns among the 64 candidates.

A.1.2 Fine patterns
Here we consider the 4096 possible triples of squares with w; € Qq, wy € Q1 and
w3 € Q3, and selects only those where w; A wy A w3 can be large enough.

1Sq:=(i,j)->[ [i-1,3-11,0i-1,31,14,31,14,5-11 1/2:
‘Atri:=proc(x,y,z)
‘ abs(1l/2xLinearAlgebra[Determinant] (Matrix([[x[]1,11,[y[],11,[z[1,111)));
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A.2. Counting combinations satisfying the ABC condition

end proc:
wedgerange:= proc(bl,b2,b3)
local ws,sl:=Sq(b1[]),s2:=Sq(b2[]),s3:=Sq(b3[1]);
ws:=[seq(seq(seq( Atri(wl,w2,w3), wl in sl ), w2 in s2), w3 in s3)1];
return [min(ws),max(ws)];
end proc:
Q[1]:={seq(seq([i,j],i=1..4),j=1..4)}:
Q[4]:={seq(seq([i,j],i=5..8),]=5..8)}:
triples:={seq(seq(seq([wl,w2,w3],w3 in Q[4]),w2 in Q[1]), wl in Q[1])}:
goodtriples:=select(w->is(max(wedgerange(w[]))>4),triples):
nops(goodtriples);

We find that there are 154 fine patterns among these candidates.

A.2 Counting combinations satisfying the ABC condition

with(plots):with(plottools):with(LinearAlgebra):
N:=12"2;

delta:=N"(-1);

sqrtN:=sqrt(N);

beta[l]:=5;
beta[2]:=5;
injdisc := proc(j)

option remember;
return is(j[1]17°2+j[2]172 <= ((1/beta[l])*delta”(-1/2))"2 ):
end proc:
wi=(j,Kk)-> <s(j,k)[1],s(j,k)[2],s(j,k).s(],k)/2>;
s:=(j,k)-> beta[l]l*sqrt(delta)=*j+beta[2]*deltaxk;
testvals:=proc(A,B,C):
return evalf(abs((beta[1l]"2)*A+(2xbeta[l]*beta[2]*delta”~(1/2))*B
+(beta[2]72xdelta)*C));
end proc:

js:=select(injdisc,{seq(seq(<jl,j2>,jl=-sqrtN..sqrtN),j2=-sqrtN..sqrtN)}):
nops(js); # possible choices of j to check
jcombos:=select( j->is(injdisc(j[4])),

{seq(seq(seq([jl,j2,j3,j1+j2-331,j1 in js),j2 in js),j3 in js)}):
nops(jcombos); # combinations jl+j2=j3+j4

This shows that

e there are 21 possible choices of j to check;
e using these, there are 4381 combinations j; + jo = j3 + jua;

* since the set of possible k’s is the same, there are also 4381 combinations k; +

ko = k3 + ky.

We now sort the combinations j; + j» = j3 + js according to the value of A:
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A.2. Counting combinations satisfying the ABC condition

jcomboswithA:=table():
jcombos:=table():
count:=0:
for j1 in js do:
for j2 in js do:
for j3 in js do:
j4:=j1+j2-33;
if(injdisc(j4)) then:
count:=count+1;
jcombos[count]:=[j1,j2,j3,j4];
A:=j1.j1+j2.j2-33.j3-j4.]4;
if(jcomboswithA[A]::table) then:
jcomboswithA[A] [count]:=count;
else:
jcomboswithA[A] :=table([ count=count ]);
end if:
end if:
end do:
end do:
end do:
AvsCount:=sort(map( p->[op(1l,p),nops([entries(op(2,p))])],
[entries(jcomboswithA,pairs)]));

This returns the following data:

'[[-10, 8], [-8, 108], [-6, 208], [-4, 540], [-2, 572], [0, 1509],
\ [2, 5721, [4, 540], [6, 208], [8, 108], [10, 8]]

Finally, we check each choice of j; and k; satisfying the two equations in (3.17) to see
if the condition |A + 261/2B + 6C ’ < % is satisfied:

hits:=table()
counter:=0:

for Aval in sort({indices(jcomboswithA,nolist)}) do:
print(Aval);
for jc in [entries(jcomboswithA[Aval],nolist)] do:
j1,j2,33,j4:=jcombos[jc][]:
for kcombo in [entries(jcombos,nolist)] do:
kl,k2,k3,k4:=kcombo[];
B:=j1.k1+j2.k2-j3.k3-j4.k4;
C:=k1l.k1l+k2.k2-k3.k3-k4.k4;
if((Aval=0 and B=0) or testvals(Aval,B,C)<=4) then:
# when A=0, B=0, C is always small enough to satisfy the condition
counter:=counter+1l;
hits[counter]:=[Aval,B,C, jcombos[jc],kcombo];
end if:
end do:
end do:
end do:

nops(select(A->is(A=0),map(h->op(1l,h), [entries(hits,nolist)])));
nops(select(A->is(A<>0),map(h->op(1l,h), [entries(hits,nolist)])));
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A.3. Counting combinations satisfying the ABC condition

This took around 9 hours to run, and reported that of the 4381% ~ 19 million choices

of j; and k;,

* 1669521 (~ 8.70%) satisfy ABC condition, with A = 0;

* 14656 (= 0.08%) satisfy ABC condition, with A # 0.

A.3 Counting combinations satisfying the ABC condition

The following code sets up the problem with § = 1/(30?), B1 = B> = 10.

with(LinearAlgebra):
injdisc := proc(j):

return is(j[1]172+j[2]172 <= ((1/beta[l])*delta”(-1/2))"2 ):
end proc:

inkdisc := proc(k):

return is(k[1]7°2+k[2]"2 <= ((1/beta[2])*delta”(-1/2))"2 ):
end proc:
N:=30"2;

delta:=N"(-1);
sqrtN:=sqrt(N);
beta[1l]:=10;
beta[2]:=10;
wi=(j,Kk)-> <s(j,k)[1],s(j,k)[2],s(j,Kk).s(],k)/2>;
s:=(j,k)-> beta[l]l*sqrt(delta)x*j+beta[2]*deltaxk;
makeABC:=proc(jcombo, kcombo)
option remember;
j1,j2,33,j4:=jcombo[]:
k1l,k2,k3,k4:=kcombo[]:
A:=j1.j1+j2.j2-j3.j3-j4.j4;
B:=j1.k1+j2.k2-j3.k3-j4.k4;
C:=k1.k1l+k2.k2-k3.k3-k4.k4;
return(A,B,C);
end proc:
testvals:=proc(A,B,C)
option remember;
return evalf(abs((beta[1]72)*A+(2xbeta[l]*beta[2]*delta”(1/2))x*B
+(beta[2]"2xdelta)*C));
end proc:

js:=Array():
js:={<0,0>}:
for j1 from -sqrtN to sqrtN do:
for j2 from -sqrtN to sqrtN do:
if(injdisc([j1,j2]1) ) then:
js = {jsll,<jl,j2>};
end if:
end do:
end do:
nops(js),"possible_choices_of_j _to _check";
ks:=Array():
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A.3. Counting combinations satisfying the ABC condition

ks:={<0,0>}:
for k1 from -sqrtN to sqrtN do:
for k2 from -sqrtN to sqrtN do:
if(inkdisc([k1l,k2]) ) then:
ks := {ks[],<kl,6 k2>};
end if:
end do:
end do:
nops(ks), "possible_choices_of_k_to_check";
tjs:=table():
tjsi:=table()
counter:=1:
for j1 from -sqrtN to sqrtN do:
for j2 from -sqrtN to sqrtN do:
if(injdisc([j1,j2]) ) then:
tjs[counter] := <jl1,j2>;
tjsi[[j1,j2]] := counter;
counter:=counter+1;
end if:
end do:
end do:
numtjs:=nops([entries(tjs,nolist)]);
# since the set of js and ks is the same, just cheat in making the tks...
tks:=eval(tjs);
tksi:=eval(tjsi);
numtks:=nops([entries(tks,nolist)]);

Our goal is to compare the value of the sum under the two regimes: “k; = k* for each
j”,and “each k; arbitrary”. One can easily check that if there are any equalities holding
between the j;, then the contribution is the same in either regime; so to establish if
taking k; = k* gives the maximum value, it suffices to check the contributions when
all j; are distinct. We now find those:

# find combos such that jl+j2=j3+j4, in enumerated form
djcombos:=table():
djcombos[1]:=[0,0,0,0]:
combocount:=0:
for j1 from 1 to numtjs do:
for j2 from 1 to numtjs do:
for j3 from 1 to numtjs do:
jav:=tjs[jl]+tjs[j2]-tjs[j3]
if(injdisc(j4v)) then:
j4:=tjsil[[j4v[1],j4v(2]]1];
if(is([j1,j2,j4,3j31 in {entries(djcombos,nolist)}
or [j2,j1,j3,j4] in {entries(djcombos,nolist)}
or [j2,j1,j4,j3] in {entries(djcombos,nolist)}
or [j3,j4,j1,j2] in {entries(djcombos,nolist)}
or [j4,33,j1,j2] in {entries(djcombos,nolist)}
or [j4,33,32,j1] in {entries(djcombos,nolist)}
or [j3,j4,j1,j2] in {entries(djcombos,nolist)} )) then: next:
end if:
combocount:=combocount+1;
djcombos[combocount] := [j1,j2,]j3,j4];
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A.3. Counting combinations satisfying the ABC condition

end if:
end do:
end do:
end do:
combs:=[entries(djcombos,nolist)]:
nops (combs) ;
dcombs:=select(c->is(nops({c[]1})=4),combs):
nops (dcombs) ;

The following code lets us vary the positions of the blobs; Q(0) gives the value of the
sum when k; = k* for all j, while Q(numtjs) gives the value when the k; are randomly
positioned. The procedure trial() is used to randomly select the blob positions, and
the values to attach to each blob, before computing the sum in the two regimes.

heatk:= (tj,t) -> ‘if‘(t<tj,1,tkjltjl);
Q:=proc(t):
hits:=0:
sumval:=0:
for tjcombo in dcombs do:
tj1,tj2,tj3,tj4:=tjcombo[]:
jcombo:=[tjs[tjl],tjs[tj2],tjs[tj3],tjs[tj4ll:
j:=jcombo:
kcombo:=[tks[heatk(tjl,t)],tks[heatk(tj2,t)],
tks[heatk(tj3,t)],tks[heatk(tj4,t)]1]:
k:=kcombo:
if ((Norm(kcombo[1l]+kcombo[2]-kcombo[3]-kcombo[4]))=0) then:
A,B, C:=makeABC(jcombo, kcombo) :
if(testvals(A,B,C)<=4) then:
hits:=hits+1;
sumval:=sumval+a[jcombo[1l]]*a[jcombo[2]]*a[jcombo[3]]*a[jcombo[4]];
end if:
end if:
end do:
return [hits,sumval];
end proc:
trial := proc()
global tkj,a;
TKJ:=[seq(rand(1..numtks) (),i=1..numtjs)];
vals:=[seq(rand(0..1)(),i=1..numtjs)];
tkj:=table():
for t from 1 to nops(TKJ) do:
tkj[t] := TKI[t];
end do:
a:=table():
for t from 1 to numtjs do:
a[tjs[t]] := vals[t];
end do:
endresult:=Q(numtjs);
if(endresult=[0,0]) then:
return [TKJ,vals,"n/a",[0,0]1];
else
return [TKJ,vals,Q(0),endresult];
end if:
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A.3. Counting combinations satisfying the ABC condition

‘end proc:

We now run this experiment 100 times:

numtrials:=100;
numconfirmations:=0:
for i from 1 to numtrials do:
res:=trial();
if(res[4]=[0,0] or (res[3,2]>=res[4,2] and res[3,1]>=res[4,1])) then:
numconfirmations:=numconfirmations+1;
end if:
print(trial());
end do:
numconfirmations;

We found that the conjecture was verified in every case. When Q(numtjs) was nonzero,
it generally had 2 or 4 terms, while the k; = k* case would usually have 342 terms —

significantly more.
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