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SYNOPSIS 

Gas lubricated journal bearings are prone to a destructive 

self-excited whirl, which imposes an upper boundary to the safe 

operational speed of the bearing. 	The objective of the research 

reported in this thesis has been to study,both theoretically 

and experimentally, the effects of the introduction of a flexible 

damped bearing support as a means of inhibiting self-excited 

whirl. 

The early part of the research, reported in Appendix II, 

relates to an analytical study of the stability problem with a 

hydrodynamic bearing. The analysis employs Ausman's "Linearized 

ph" solution to the time dependent Reynolds Equation in order 

to evaluate the frequency dependant gas film dynamic stiffness and 

dampingccoefficients. 	The coefficients are used in the equations 

of motion of the system to obtain the characteristic equation which is 

then solved on a digital computer to investigate the stability. 

The major part of the thesis is concerned with the study of 

the stability problem with an externally pressurized bearing of 

finite length. 	The gas film dynamic coefficients are evaltiated 

numerically on the computer using Lund's "Linearised ph" solution. 

The determination of stability is restricted to the threshold 

condition. An experimental test rig, with rubber 0-rings to 

provide a flexible damped bearing support, has been designed and 

tested in order to check the theoretical predictions of threshold 

speed. 

From the results of both analyses it is found that with a 

sufficiently high ratio of support damping/stiffness a gas bearing 

system can be achieved which is stable at all speeds. 



Experimental confirmation of the results of the externally pressurised 

bearing has been achieved and the threshold speed of self-excited 

whirl is predicted to within 10 percent. 
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1. 
CHAPTER 1 

1 .0 INTRODUCTION 

Gas lubricated bearings offer the advantages of low friction 

and silent operation and allow operating speeds considerably higher 

than those attainable with rolling element or oil lubricated 

bearings. 	In recent years they have been used for a wide variety 

of applications which includes gyroscopes, dental drills, grinding 

wheel spindles, precision instruments and cryogenic systems. 

The journal bearing is however prone to a self-excited whirl, 

in which the rotating journal shaft centre performs an orbital 

motion in the vicinity of its steady state operating position. 

This occurs when the effective damping capacity of the gas film 

vanishes. Once this whirl is initiated any further increase in 

speed will usually cause contact of the bearing surfaces, thus 

imposing an upper limit of safe operation. 	In the self-acting 

or hydrodynamic type of bearing, in which the pressure (load 

carrying capacity) is generated by the relative motion between the 

bearing surfaces, the frequency of whirl is approximately half that 

of the journal rotation. 	The conditions affecting the onset, or 

threshold of this so-called half-speed whirl have been widely studied 

theoretically [1 to 8]. 	The various stability analyses are 

primarily concerned with obtaining solutions of the classical 

Reynolds' Equation in order to estimate the dynamic stiffness and 

damping coefficients of the gas film. 	These solutions are discussed 

in a later chapter. Several experimental investigations have also 

been made [9 to 12] and there is close agreement with theory[13]. 

The load carrying capacity and stability of the hydrodynamic 

bearing can be improved by supplying the film with pressurized gas 

through small feeder holes. 

Numbers in brackets designate references. 
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With external pressurization alone the bearing is termed "hydrostatic" 

and if rotation is also present it is referred to as a hybrid 

bearing. 	The tendency to self-excited whirl, in this case called 

hybrid instability, still exists, and as a general rule it occurs at 

about twice the rigid body critical speed based on the hydrostatic 

bearing stiffness [14, 15, 16]. 	The threshold speed can thus be 

simply raised by increasing the supply pressure, though this may 

not always be feasible. 	Lund [ii], employing the "linearized ph" 

method of solution to the Reynolds Equation due to Ng [4],  has 

developed an analysis for the threshold of hybrid instability. 

As the radial clearances in the above types of bearing are 

extremely small, there is a practical advantage in having the 

stationary part of the bearing on a flexible support, to facilitate 

ease of alignment. 	If, in addition, the support contains sufficient 

damping, then it is theoretically possible to alter the stability 

boundaries and obtain a higher threshold speed [18, 19, 20]. 

Powell [21] has successfully stabilized a hybrid air bearing using 

rubber 0-rings and Kerr [22], in some experiments with a hydrodynamic 

air bearing also using rubber 0-rings, showed that it was possible 

to operate in a stable region above the initial threshold speed. 

In 1967 the firm of Joseph Lucas Ltd. were proposing to use 

air lubricated journal bearings in their high speed exhaust gas 

turbo-chargers. The system which they had in mind employed bearings 

of the hybrid type, flexibly supported in rubber 0-rings. At that 

time there was no authoritative information upon which to design such 

a bearing system to be dynamically stable. 	This resulted in the 

undertaking of the present research programme, which has been supported 

by a grant from the Science Research Council. 	The objectives of the 

research have been twofold5 
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firstly, to make a theoretical study of the effect on the threshold 

of hybrid instability of a flexible damped bearing support and 

secondly, to conduct a series of experiments to check the theoretical 

findings. As a preliminary step it was decided to make a theoretical 

study of the problem with a plain cylindrical hydrodynamic bearing.. 

The analysis employed Ausmans "linearized ph" solution [3] to the 

Reynolds' equation, and is perhaps interesting because bearing mass 

was included as a parameter. 	The results were encouraging, since 

it was shown to be possible, given the necessary values of damping 

and stiffness of the bearing support, to have a bearing system that 

was stable at all speeds. A reproduction of the publication 

containing the results is given as an appendix to the thesis. 

In the present analysis the gas film coefficients have been 

estimated using Lund's analysis [VT] and it is thus applicable to 

bearings of finite length. . Since the inception of the research 

programme there have been some further theoretical developments. 

Lund has produced some hybrid stability curves In which the bearing 

mass is set to zero [23] and Tondi [24] and Mon [25] have both 

made qualitative studies of the same problem. A comprehensive 

study employing numerical methods has recently been published by 

Elrod. and Glanfield [26]. 



CHAPTER 2 

2.0 THEORY OF GAS FILM LUBRICATION 

2.1 	The Reynolds Equations for an Isothermal, Compressible Film 

The governing equation for all bearing design is the Reynolds 

equation, which contains the simplified equations of momentum 

together with those of continuity and state. A comprehensive 

derivation of the Reynolds Equation is given by Di.Prima [27] and 

only an outline will be made here. 

In their application to most bearing problems, the Wavier-

Stokes equations of flow for a viscous fluid can be considerably 

simplified. 	For a fluid being drastically sheared between two 

closely spaced surfaces, the viscous shearing forces predominate, 

and the inertia and gravitational forces can be neglected. 	On 

the fixed Cartesian co-ordinate system of Fig. 2.1 .1 the momentum 

equations reduce to 

4. 

where v= à 	+ 
~ - a5 	az 

In one direction, namely y normal to the film, the flow is 

very small compared to the other two directions and p can be 

regarded as independent of Y. Also the variation of u andw in 

the x and z directions are small compared with their vaiiation$in 

the y direction. 

2.1 .1 
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Equations 2.1 .1 can thus be further reduced to 

2.1.2 

e= ~)Jt) 
?z_ 	Sj 	aI 

Integrating the first and third of equations 2.1.2 w.r.t. y, 

with the boundary conditions u = U0  at y = 0 and u = U  at y = h 

etc., gives the following velocity profile for u and w 

U)*-4- U0  
2.1.3 

In 

When gas is the lubricant the high thermal conductivity of 

the film boundaries relative to the film itself allows any heat 

generated to be readily dissipated, so that the fluid flow is assumed 

to be isothermal 

p= eQT 
	

2.1.4 

The viscosity of an isothermal gas is not significantly affected 

by the range of pressures usually/encountered in bearing design so 

that it is assumed to be constant. 

For continuity of flow, 

+ a 	è(eLr)+ 1  (eur) = 0  

From equation 2.1 .4 p may be substituted for p in the above equation. 



Substituting for u and w from equations 2.1.3 and integrating 

across the film from y = 0 to y = h, equation 2.1 .5 becomes: 

+ _Uipp) 
c) 7— 	2z. 	 aL 	 j 

which is the time dependant Reynolds' equations for isothermal 

compressible flow. On account of the terms FIE and 	the 

equation is nonlinear in p for a compressible gas. The first 

term on the right hand side of the equation is the so-called 

squeeze-film contribution to the film pressure; caused by the 

normal relative motion of the two bearing surfaces. 	It is 

essential to retain this time dependent term when analysing the 

dynamic behaviour of a gas bearing. The two remaining tens on 

the right are the hydrodynamic contributions to the film pressure. 

Equation 2.1.6 may be applied directly to a cylindrical 

Journal bearing, since the clearance ratio is very small and the 

curvature of the film may then be ignored. In dynamic studies it 

can be an advantage to use a system of polar co-ordinates, as 

shown in Fig. 2.1.2 referred to the instantaneous line of centres 

°b 0 1
. The local film thickness h can then be expressed by the 

relationship: 

= 

6. 

2.1.6 

2.1.7 

The independent variables can be made dimensionless by putting: 

-116  = Roc 

t T/v 

2.1.8 
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where C< = e -t-  01  (t.) 	 2.1.9 

Equation 2.1.9 is used to transform the Reynolds equation into a 

system of co—ordinates which rotate with the line of centres. 

The transformation is given by Marsh [i]. 	The dependent variables 

p and h can also be expressed in dimensionless form by writing: 

F=Pc 	 2.1.10 

For the case under consideration the surface velocities 11 , h o 

and U0  are all zero. 	Substitution of equations 2.1.7 to 2.1.10 

info equation 2.1 .6 gives the required dimensionless form of time 

dependent Reynolds' equation for a cylindrical journal bearing: 

= 
e 

-F T6 ___ 	 2.1 .11 

2- A 
where the non dimensional number/\ ,JttO f2. is usually called the 

compresssbility number and 
V = 

LA) 

2.2 Survey of Various Methods of Solution 4oc the Reynolds' Equation 

The general gas bearing problem can be stated as the determination 

of the gas film pressure profiles corresponding to 

Steady running conditions, for example when equilibrium 

design charts are required for a particular bearing. 

Small amplitude harmonic variations, which are externally 

imposed, to study instability in the small and the steady response 

to synchronous excitation. 	The determination of (a) is necessary as 

an input to (b). 



(c) Transient running conditions, when the bearing may be 

subject to shock and vibration and large amplitude excursions due 

to instability. 

The various methods of solution to the Reynolds equation, 

for the purpose of determining the gas film pressure profile, fall 

into three classes:(1) Analytical, (2) Direct-Numerical and (3) 

Analytical-Numerical. 	These classes will now be discussed in 

relation to the general gas bearing problem as stated above. 

2.2.1 Analytical 

These solutions must be regarded as approximate, since they 

necessitate the linearization of the Reynolds' equation and the use 

of a first-order ptm'turbation of the dependent variable in order to 

separate the constant and time dependent parts. Such methods are 

limited to eases (a) and (b) and are suited to parametric studies. 

The first successful solution was made by Ausnian [1], for a 

hydrodynamic bearing, by a linear expansion of pressure in terms of 

eccentricity ratio (known as the "linearized p"  solution). 	The 

bearing was assumed to be infinitely long, by neglecting axial flow 

( 	o), and the analysis is further restricted to the stability of 
- 

an unloaded bearing (G-ro). Ausman later used the product pin as 

the dependent variable and simplified the Reynolds' equation by 

replacing the variable coefficients by appropriate constants and 

neglecting altogether nonlinear combination of the derivatives of 

and J [3]. 	The "linearized ph" equilibrium solution partially 

retains the nonlinear influence of eccentricity ratio and is valid 

for the stability of a loaded bearing (e 4 0.4 say) over the entire 

range of A. Using the same approach Ng [4], by assuming a harmonic 

form for the pressure profiles in the e direction, has obtained a 

closed form solution for a bearing of finite length. 
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2.2.2 Direct--Numerical 

A review of various numerical methods is given by Castelli 

and Pirvics [28]. 	The advantage of these methods lies in their 

solution to the "exact" Reynolds equation and they therefore include 

case (c). 	Against this must be set the disadvantages of expensive 

computing time and the difficulty of ascertaining parametric trends. 

For the purposes of numerical, approximation of Reynolds' 

equation, the dependant variable distribution is represented at a 

finite number of points N located at intersections of a grid mesh. 

Castelli and Elrod [6] using ph as the dependent variable express 

the derivatives in finite difference form for each point on the 

space-time grid. 	They employ the explicit method of integration, 

which reduces the finite difference problem to a set of N linear 

algebraic equations. 	By assuming the required initial conditions 

the finite difference form of the equations of motion and Reynolds 

equation can be repeatedly updated in order to trace out the orbit 

of the journal centre. 	Shapiro [29] has extended this method to 

the dynamic analysis of a hybrid journal bearing. 

2.2.3 Analytical-Numerical 

In this class some approximations are made in order to 

partially solve the problem/by axa1ytical means. Numerical techniques, 

which are less demanding in computer time, are then used, thus 

combining the advantages of classes (i) and (2). 

Marsh [7] and Castelli and Elrod [6] have used first order 

perturbation methods to reduce the "exact" Reynolds equation to 

finite difference form. 	The perturbation amounts to a local 

linearization of the dynamic pressure profiles. Both solutions are 

confined to the case of a hydrodynamic journal bearing. 
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Cheng and Pan [5] have applied the method of Galerkin to 

the stability of a hydrodynamic journal bearing. 	The basis of 

the method is to express the dependent variable ph in the 0 and 

directions by sets of tri4wmetric functions. 	The Reynolds' 

equation is thereby reduced from its partial differential form to a 

set of ordinary differential equations. 	The equilibrium part 

reduces to a set of nonlinear algebraic equations and the stability 

is examined by a small perturbed displacement. 

In the " Step—Jump"  stability analysis of Elrod et al [8] a 

transient solution is used to/very accurately generate the force 

responses of the bearing to stimulations of the dynamic degrees of 

freedom. 	The responses are stored in the computer in the form of 

La_.Guerrepolyflouhials. 	The orbit of the journal centre is 

computed numerically from the equations of motion which contain 

linearized force responses of the bearing. After the initial 

investment of computer time "linearized orbits" can be run relatively 

cheaply for different inertial conditions. 

Based on the analytical solution due to Ng [4], Lund [17) has 

extended the "linearized ph" method to include external pressurization. 

Although it is an approximate method, the numerical calculation of 

the gas film coefficients is considerably simplified. 	This makes 

it suitable for the present parametric study, particularly when the 

	

problem is complicated by additional elements of flexibility. 	An 

outline of this analysis is given in the next section. 

2.3 The "Linearized ph" Method of Solution toFthe Time Dependent 

Reynolds' Equation for a Hybrid Journal Bearing 1171 

2.3.1 Analysis 

Assuming the axes of the bearing and journal to remain parallel, 

equation 2.1.11 can be rewritten 



112 

z 	~ 

J ~ L 
2.3.1 

	

~t 	 at 

where 	1,1 = I-j- GCo-S& 	 2.3.2 

V' c 

— 

Perturb equation 2.3.1 by: 

	

P+  6 	 2.3.3 
O 

neglecting higher orders of e other than the first to get: 

0, implying a line feed source if is independant of e. 2.3.4 

	

± a2e) 
- 	

___ 

—zYAac0) 	6Co5&f?
1 	

2.3.5 

aT 

Assume,a harmonic journal centre motion relative to the 

bearing centre such that: 

S c 61 	 2.3.6 

.vFt- - 
= 	 2.3.7 

Cftf', GO 3O +6,e g,±C,ce Sa 	 2.3.8 

Restrict the motion to the condition of neutral stability i.e.-7  

purely imaginary. Set: 

j
r 	 2.3.9 
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Assume the steady state and dynamic pressure profiles to be 

harmonic with respect to e and rewrite equation 2.3.8: 

= 	F 6 	+ 	 2.3.10 

where 	5 	
= ge-. Lq0 c)e2'J 

It,  

(tJeatjJ 	 2.3.11 

9  2
= 

Substituting equations 2.3.9 to 2.3.11, and collecting terms 

according to 4,, 6, and60 Ø7 ,equation 2.3.5 reduces to: 

= - 	 2.3.12 

dtch.... (142A# j2A)Q, = 	
2.3.13 

CW- 	 15 P. 

c1z— Ci 	A..4-J2A) c2 	 2.3.14 
P0 

2.3.2 Boundary Conditions 

The geometry of the bearing is indicated in Pig. 2.3.1. 

At = L_/0=  k, the pressure is ambient i.e. ji = 1 such that 

1n = It6Ccsp. Hence from equations 2.3.3, 2.3.10 and 2.3.11 

Qo(%) = Cf 1 	 2.3.15 

At = 0, for continuity of flow, equate the mass flow rates 

of the bearing and the orifices, assuming the discrete feedihg holes 

to be replaced by a line source, to give: 

- 	
2.3.16 
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where 	 (orifice compensated) 

f a C3  

Expand the dimensionless orifice flow m(p/p 5 ) in a Taylor series: 

141 	(P - 
PS- à(/) 

where the subscript "c" refers to downstream .  of the orifice. 

Perturbing the pressure c according to equation 2.3.3, with the 

aid of equation 2.3.10 yields: 

2.3.17 

(-P0Jc =_L[GoLg0_Pocos)+5,_C oCo5) 

PD' 

	
—z 

	

+ 	 2.3.18 

For convenience write: 

= Avii0 
Introduce equations 2.3.2, 2.3.3, 2.3.17 and 2.3.18 into equation 

2.3.16. 	Collecting the constant, E0  , C nd60 51, terms gives 
Job- 

the boundary conditions at = 0. Note, for example, that C 

( 
can be written as Re, 1 e & ) when equating real quantities, 

since q is real 

• 	2.3.19 

0tc 0 = Y 	 Ct 	 2.3.20 

2- 

2.3.21 
2. 

sq2 	 2.3.22 
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From equations 2.3.4, 2.3.15 and 2.3.19 

-2 
- 	 q(- ) 	 2.3.23 

I 

0 	= 	 2.3.24 ICC. 

Equation 2.3.24 can be solved by trial and error and hence 

q determined. 	The three remaining unknowns G0 , G1  and G2  are 

solved by numerical integration as discussed later in section 

2.3.5. 

2.3.3 Line Feed Correction 

The replacement of the discrete feeding holes by a continuous 

line feed has the effect of smoothing out the pressure p 00 . 	By 

the method of sources and sinks, Lund obtains a correction factor 

which should be applied to equation 2.3.24 such that: 

PCIC = 	 2.3.25 

where A 	;Jr
~
-j.,-i 1 

I - 

In the same connection -,)" should be replaced byin equations 

2.3.20 to 2.3.22 where: 

2.3.4 Evaluation of Gas Film Dynamic Coefficients 

The dimensionless radial and tangential force components due 

to the gas film pressure, shown in Fig. 2.3.2 are given by: 
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zir 

= 	
.pCos& dscLt 	 2.3.25 

00 

= 2.3.26 

2- 	
do d1t

where fr 
 

The forces may be separated into steady state and time dependant 

parts: 

f ro  +f 

ffr 	s- c-tv 

 1r and ft 
 along the fixed axes x and y, assuming $4 to 

be small, gives for steady state: 

h-0 	-+ 	 00 	 2.3.27 

{-, st-- y - fcosç 	0 	 2.3.28 

where VI = vi 	- 

From which the attitude angle 	= tan1 fto'''ro 

The remaining time dependant parts can be written in terms of the 

dimensionless dynamic coefficients and displacements by: 

Jtt - 	 vt. 	r 
C 	(LC.X+JrOcJR)6Q~, 	ft+fj,t 	2.3.29 

jQt 	 jvt 
(i 	JV)c +c 	~3v;)e0c 	hFro 57LC 2.3.30 

where 	= cic, e-tc ; co 	= 
pLD 
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The integration of equations 2.3.25 and 2.3.26 with respect to 0 

are carried out in Appendix I. 	The coefficients become; 

t 

ft'o 	E 	f 5 2's— [icr cL)J 	 2.3.31 

170+ 17) 
0 

£. [ C, 0,i oLgj 	 2.3.32 

+JVLi)CZ% :IF 	2-  1pJ. -(-17x(~2j,)1d.-! 	1q,42 .3.33 L 
 

77 (14--)7)- 	 p0 	j 
2 

I 

 

Fc oi  S + I 	19t7 	2.3.34 

j 

2.3.35 

= rr 	 ' ('iidtJ 	2.3.36 

where 47 

Go = 0vor iG0j  and similarly for G ,  and 

2.3.5 Numerical Integration of C Functions 

Equations 2.3.12 to 2.3.14 are of the form: 

Eq 	P 

where: 	E for C- 0  

/ 
/i/k ±j2(/\ for C1  and C2  

P0 

F 	( - for C 	and C 

for C 

2.3.37 
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From the boundary conditions given by equations 2.3.15 and 2.3.20 to 

2.3.22: 

C-1  () 	I 	 for G and Gi 2.3.38 

for G2 

c, 1(e) 
= a ± a, c 	 2.3.39 

where  

a P 	 for G0  and G1  

/ C 	 for G2  

a' = "1' 	 for a0 , G and a2  

Integrating Equation 2.3.37 gives: 

d C1 = 	 1 	 2.3.40 

d- ~ 	f 
From the boundary condition of equation 2.3.39 

const = a + a 1  G 

Set H = EG + F and subdivide the bearing length into in increments 

of length 4=/1fl. Equation 2.3.40 can be given a finite difference 

form and using the trapezoidal rule for numerical integration 

becomes: 

= c 	2.3.41 
(7 ~ b1kn—J 



Since G is initially unknown it is necessary to express the 

G function in the general form: 

= 	 +j r""-) + 

Equation 2.3.41 may be evaluated step by step keeping G 

as unknown. At n--m-1 the boundary condition given by equation 

	

2.3.38 can be used to determine G 0 . 	G  may then be evaluated by 

the back-substitution of 

A computer programme has been written for the evaluation of 

the C. functions and their integrals in equations 2.3.31 to 2.3.36 

This is discussed later in section 3.3. 

18. 
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CHAPTER 3 

3.0 THEORETICAL INVESTIGATION OF PARAMETERS AFFECTING BEARING 

STABILITY 

3.1 The Rotor-Bearing System 

The rotor-bearing system to be analysed is shown diagrammatically 

in Fig. 3.1.1(a). 	It comprises a rigid, perfectly symmetrical 

rotor, of mass m   per bearing, supported horizontally in two bearings 

each of mass mb. 	The bearing film is represented by the coefficients 

K xx xx 
, C etc., while the bearings themselves are mounted on 

isoelastic springs K whose damping C is assumed to be viscous. 

3.2 Equations of Motion for Translatorv Whirl 

For the system described, two modes of whirl can occur if 

the bearings are rigidly supported. 	The rotor axis can translate 

uniformly along its length with all points in-phase. For a 

circular motion of the journal centre the rotor axis will then 

generate a cylinder about its steady state operating position. 

Alternatively, if the opposite ends of the rotor move in anti-phase 

with circular motions, the rotor axis will generate two cones having 

a common apex at the middle of the rotor. With flexible bearing 

supports the whirl modes are more complex, but the system will 

possess two translatory modes, analogous to the in-phase and anti- 

phase motions of the masses m  and mb. 

It is convenient to adopt a fixed set of axes which pass through 

the equilibrium position of the bearing centre Oband are rotated 

through the attitude angle 00 , as indicated in Fig. 3.1.1(b). Let 

the displacement vectors of the instantaneous bearing centre .0 and 

journal centre O have components x 1  y1  and x2  y2  respectively 

along the X and Y axes where, neglecting any phase difference: 
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Li(re. ). 

	

jib 	 Jot 	 3.2.1 

x-Re(X1ci ) 	 I2 	IPA (12 e ). 

The equations of motion for translatory whirl are: 

vn+ C 6-*) * c.(z2 —x,)  

h4r iz + Cr 	') + 1c9, (x-x,) + 	@2 - 4- K9  Qic &) - 0 
M1 xi -t- C1, X,  I  + 	-. 	 (x2—oc,) 

- C 	23!) - K 3  
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To make equations 3.2.2 dimensionless set: 
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Then introducing equations 3.2.1 and dividing through by C 

gives: 
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where (K + jyw c) etc., are given by equations 2.3.33 to 2.3.36.
xx  

Equations 3.2.3 can be arranged in matrix form as follows: 

72- 	 7z 
o -d A2  Kc*J1ttoCjx) 	jYwC—SiIA )  

-) 	 72 	X =0 

___ 	 o - 	 jvt45 
72 	12. 

hJS7tt&X 	
3.2.4 

	

1 	
FW±I 

7 

- 	To test the stability of the prescribed motion set the 

determinant of the coefficients of equations 3.2.4 to zero. 	This 

results in a deteninantal equation containing both real and 

imaginary (j) tens. 	The frequency (y) solution is first obtained 

numerically from the imaginary terms, since the coefficients 	-- 
xx 

C etc., are frequency dependtt. For a threshold condition the
Xx 

real part of the deterininantal equation must be simultaneously 

zero. 

3.3 Computer Prograxnes 

The programs have been written so as to investigate the 

stability of the system with G 0  and /\as input variables. Values 

of 6 0 
and A corresponding to a fixed rotor mass (Load) and set of 

bearing conditions are first obtained by solving equations 2.3.27 

and 2.3.28. This involves setting a range of6 0  and Avalues 

to obtain values of dimensionless load, which can be plotted to 

obtain the desired relationships between E 0  and/I. 

	

Initially the parameters p5 , ,/\.? Q, m, 	and IC, are 

set. 	The frequency ratio y is then set to some value below the 

expected solution, say 0.4. 



For a given point on the journal centre locus (e,A,) the 0 

functions are evaluated numerically, as outlined in section 2.3.5, 

and the dynamic coefficients determined from equations 2.3.33 to 

2.3.36. 	The imaginary part of the deterjminantal equation is 

evaluated and for a non-zero value y is increased by a small 

increment. 	The process is repeated until the value of the 

determinant just changes sign, indicating a solution for y. At 

this stage the real part of the determinant is evaluated. 	For a 

small increase in A new values of 6 0 
and A are fed in and the 

procedure is repeated until the real part of the determinant 

simultaneously changes sign, indicating a threshold condition. A 

change in one of the parameters, typically IC,, is then made. A 

sample print out of the results run on the IBM 360/50 computer is 

shown in Fig. 3.3.1. 

From the results of many experiments it is known that if the 

journal speed (Ain this case) is sufficiently low, then the system 

will always be stable, so that a stable or unstable region can be 

identified. 

In order to economize on computer time, the programme has 

been designed to "Lock-on" to a stability boundary, rather than 

perform a series of sweeps. 

Some rims were made with the programmes to check a sample of 

results directly against those given by Lund in reference [ii]. 

Fig. 3.3.2 compares the dimensionless load versus compress&bility 

number for the case L/D = 1 and/\t = 1.0, with FS
= 2 ate = 0.1, 

Tr  = 2 at  = 0.5 and 	= 5 at F_ = 0.1. 	The load is seen to be 

consistently about 10 per cent below Lund's values. A careful 

scrutiny of the analysis and programme was made, but the discrepancy 

could not he accounted for. The division of bearing length in the 

numerical computation was increased from 10 to 100 with no 

significant. effect. 
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Stability checks were made for the same conditions and Fig. 3.3.3 

- 	 MCw2  
compares the instability threshold parameters 	 against 

(P3 - P)LD 

compressibility number. 	The curves for 	=. 2 and 5 at 6 = 0.1 are 

generally in satisfactory agreement, whereas the curves for 	= 2 

at 6, = 0.5 differ considerably at lower compressability numbers. 

3.4 Results of the Analysis 

In view of the large number of variables involved in the problem, 

it was decided to fix the bearing dimensions, feeding geometry and 

load and examine the effects of support stiffness and damping on the 

threshold speeds for various supply pressures. 	Sample results 

have been obtained for a bearing having the following details:— 

Length 1.0 in 

Diameter 1.0 in 

Radial clearance 0.001 in 

Rotor weight per bearing 2.96 lbf 

Bearing weight 0.296 lbf 

Feeding parameter (At) 1.0 

Calculated from the above 

Load parameter (7) = 0.2 

Dimensionless rotor mass (Q) = 524 

Mass ratio () = 0.1 

In all the numerical results a line feed correction factor 

A = 1.5 and an orifice discharge coefficient CD = 1.0 have been 
used. The bearing axial length was divided into 10 increments. 
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3.4.1 Steady State Locus of Journal Centre 

In Fig. 3.4.1 the steady state eccentricity ratio CO and 

attitude angle Ø are shown plotted against compressability number 

Afor various supply pressure ratios F.  up to 10 and the hydrodynamic 

case (At  = o). At  = 0, the hydrostatic stiffness is found to be 

fairly linear with j5 above a value of about 5, but below this the 

stiffness falls progressively faster as Ts is reduced. As A 	ic 

the hydrodynamic effects begin to assert themselves, which is 

apparent from the closing together of the e curves. 

3.4.2 Gas Film Dynamic Coefficients 

Before attempting a general theoretical survey a further check 

was made to see if the computer programme would correctly generate 

the gas film dynamic coefficients. 	Comparisons were made against 

some curves in the 1969 NTI Gas Bearing Design Manual, which were 

for the synchronous whirl case (y = 1.0) of a plain cylindrical 

hydrodynamic journal bearing. It is believed that these curves are 

also based on a linearized ph analysis and that the coefficients are 

referred to axes along and perpendicular to the load line. 	For 

values of 6 0  = 0.1 and LID = 1.0, agreement between the direct 

stiffness and damping coefficients was generally to within 10 percent 

over the range of A from 0 to 5. However, major discrepancies were 

found to exist between the cross stiffness and damping coefficients, 

which could not be accounted for, even when allowing for a transformation 

through the angle 3Z 9 between the two pairs of axes. An exhaustive 

series of checks were then made on the present computer programme 

without revealing the source of the discrepancy. As the result 

of a private communication with Drs. Pan and Lund, who kindly made 

some spot checks using reference [30],  the validity of the present 

results was confined. 



Curves of these coefficients are shown in Fig. 3.4.2 and in Figs. 

3.4.3 and 3.4.4. Similar curves are given for pressure ratios of 2 

and 5, which may provide useful checks in the future. 

The frequency dependence of the dynamic coefficients is 

demonstrated in Fig. 3.4.5 for the case F. = 2 and G o = 0.2 at 

5 and 10. 

3.4.3 Stability Naps 

Figs. 3.4.6 to 3.4.9 show the effects of support stiffness 

5 and damping 	on the threshold speeds for the hydrodynamic 
case and for supply pressure ratios of 2, 5 and 10. 	The overall 

effect of a flexible support is seen to introduce a lower and upper 

threshold boundary for a given value of C i,. 	In Fig. 3.4.8 for 

example, taking C = 1.0, for values of 5 below about 0.35 the 
speed of the rotor is limited by the upper threshold boundary i.e. 

A4. Above 5 = 0.35 the speed is limited by the lower threshold 
boundary and as 	cC (fixed bearing) the value becomes asymptotic 

at about A = 1.0. 	The threshold is thus increased by a factor of 

about 4. However, to achieve this order of improvement the bearing 

support must be sufficiently"forgiving" and it may be unacceptable 

to have/value which is below the hydrostatic film stiffness. In 

the example cited this corresponds to 5 = 1.43. This can be 
overcome by increasing F

to 10 say, which has the effect of 

folding back the threshold boundaries to give a stable system at 

all speeds below 5 = 1.4. 	There are however practical limitations 
on the amount of damping that can be readily incorporated in the 

support and this is discussed later in chapter 4. 

Plots of threshold frequency ratio corresponding to the curves 

of Figs. 3.4.6 to 3.4.9 are shown in Figs. 3.4.11 to 3.4.14. 
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C] 	 It is well known that for an ordinary hybrid journal bearing 

the threshold speed for a rigid rotor occurs at about twice the 

synchronous whirl speed based upon the hydrostatic film stiffness. 

A comparison of the stability maps in Figs. 3.4.7 to 3.4.9 with 

the rigid body synchronous whirl speeds in Fig. 3.4.15 for the 

same system, shows a similar correlation. 	Generally the lower 

and upper stability boundaries all branch out from, and lie above, 

the respective synchronous whirls scaledup by a factor of two. 

The correlation is further emphasised by a comparison of the 

stability map of Fig. 3.4.10, which shows the effect of bearing mass, 

and the synchronous whirl curves in Fig. 3.4.16. 



CHAPTER 4 

4.0 EXPERIMENTAL BEARING TEST RIG 

4.1 The Design of the Experiment 

The large number of design variables associated with the 

stability problem has been previously referred to in the theoretical 

discussion. 	It was considered to be impracticable to attempt 

an experimental investigation of the effects of all of these on a 

single test rig. 	Accordingly, it was decided to restrict the 

parametric investigation by fixing the bearing and feeder hole 

geometries to fairly typical values and to arrange for variations 

in support stiffness and damping, supply pressure and rotational 

speed over as wide a range as possible. 

A number of alternative design schemes were considered for the 

rotor/bearing system. Emphasis has already been laid on the need 

for accurate alignment in a two bearing machine. Marsh [7] 

advocated the use of a single, long bearing, free from external 

loading devices, as the ideal laboratory arrangement for testing 

bearing stability theory. An early test rig was also built along 

these lines by the present author, in connection with the 

theoretical investigation reported in Appendix II. Some difficulty 

was experienced in grinding the internal bearing diameter (2 in) 

to the required accuracy over the bearing length (6 in). 	In 	order 

to vary the support stiffness the bearing was held isoelastically 

at each end, firstly, by sets of tension springs and later by 

taut piano wires. 	It was, however, difficult to achieve a 

satisfactory range of stiffness as the springs tended to be very 

flexible and the wires, for adequate strength, very stiff compared 

to the film stiffness. 
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An attempt was also made to introduce external damping to the 

bearing using miniature 1Xinetrol" torsional dampers, but as the 

motion of the bearing itself was Of the order of 0.001 in, the 

linkage was required to have virtually no backlash or deflection 

in order to be effective. However, for the usual hybrid bearing 

length/diameter ratios, it was not thought to be feasible to 

support a shaft of sufficient length to incorporate a drive 

turbine and the necessary instrumentation in a single bearing. 

Another proposal was to have a single test bearing supported 

on a shaft rotating in two slave bearings, on the general lines of 

the stability test rig used by Whitley and Betts [31]. While 

such a scheme appears to be suitable for steady state performance 

measurements, it was felt that, because of the interaction of the 

rotor with the slave bearings, it would be unsuitable for dynamic 

tests. In any case the restraint of the shaft by the slave 

bearings would limit the results to threshold of bearing whirl. 

A symmetrical two bearing arrangement, with a central air 

turbine to drive the rotor, was used by Larson and Richardson [ 1 4], 

Gross [15] and Taniguchi et al [16]. Larson and Richardson employed 

rubber 0-rings for self alignment of the bearings, whereas Gross 

fitted the bearing sleeves into an outer casing, with slight 

interference, prior to the final grinding of the bores. 

It was finally decided to design the test rig along the 

conventional lines just described, taking great care during the 

course of manufacture to ensure accurate alignment of the bearing 

centres. 

Ideally it was required to vary support stiffness and damping 

independently which, in practice, implied having .a separate 

variable damping device. 
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This tended to conflict with previously unsuccessful attempts 

with the springs, wires and dampers, from which it seemed 

imperative to incorporate both variables within the same element. 

In their experiments into flexibly supported bearings, Kerr [22] 

used rubber 0-rings of various hardness and Non [25] employed 

externally pressurized air lubricated sub-bearings. 

From a mechanical design point of view rubber 0-rings have 

the advantages of simplicity and of acting as seals in the 

pressurization of the bearings. 	Rubbers of various compositions 

also offer a fairly wide range of stiffness and damping ratios. 

For laboratory use they have the disadvantage of frequency dependent, 

and to a lesser extent, amplitude dependent properties [32]. 	The 

results of the stability survey cbntained in Figs. 3.4.6 to 3.4.9 

showed that substantial increases in threshold speed could be 

obtained with sufficiently high ratios of C p/ p t For example, 

taking Cp  = 10, 7 p  /K = 25, 7 and 4 at Ts =2,  5 and 10 respectively. 

Translated into actual coefficients these represent ratios of 5.6, 

1.6 and 0.9 x 10 sec respectively. 	Based on the rotor mass 

and Kp  = 1.0, Cp  = 10 corresponds to a damping rate of about 15 

per cent of the critical rate. 	Kerr measured the "equivalent" 

viscous damping rates of some rubber 0-rings by the decay method. 

The results indicated rates between 3.6 per cent (300 shore hardness) 

and 12.8 per cent (70 ° ) of critical. 	The actual damping/stiffness 

,40S 
raWz varied between 1.07 - 1.7 x 10 see, which were within the 

range required. 

Pressurized sub-bearings require additional accuracy in •  

manuafacture and there is no independent control over stiffness and 
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Increasing supply pressure increases stiffness and reduces 

it 
damping. Provided the dimensionless squeeze number L2—"'O  

Pa  C 

is made sufficiently low, sayc 1.0, the dynamic radial coefficients 

are independant of frequency (4), see Figs. 5.8.1 and 5.8.5 of 

reference [33]. 	Estimates of dimensionless damping/stiffness 

from these curves gave values of approximately 10 and 4 for supply 

pressure 5T of 2 and 3 respectively, which were comparable with 

the values for the rubber 0-rings. 

It was decided to adopt the 0-rings for the support system, 

primarily on the grounds of simplicity. 

4.2 Mechanical Details 

4.2.1 The Rotor and Bearings 

A photograph of the test rig and air supply system is shown 

in Fig. 4.2.1. A drawing of the test rig, showing a section 

through one of the two identical bearing supports, is given in 

Fig. 4.2.2. 	The two steel pedestal blocks are bolted to a 

1 in thick steel base plate and the rotor is located axially by a 

small carbon brush in the centre drilled in the end of the rotor. 

The base plate is slightly tilted so that the brush exerts a light 

pressure against the ground face of an adjustable bolt located 

in a fixed bracket. The carbon brush also acts as an earthing 

device when observing the displacements of the rotor by means of 

capacitance probes. 	This system is preferable to one employing 

air jets which can give poor axial stability. 

The nominal bearing length and diameter is 1 in. Pressurized 

air is supplied to the side of each pedestal block and into the 

annular chamber between the two 0-rings. 
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The restrictors comprise 8 equi-spaced holes of 0.0135 in dia. in 

the central plane ofthe bearing. 	The rotor and bush assembly 

is inserted axially into the pedestals which do not therefore have 

to be disturbed when once aligned. 	To allow the 0-rings to be 

compressed without damage, the entrances to the pedestal bores 

are flared on one side. 

To avoid possible seizure due to the fillets at the steps in 

the rotor running into the bearings, the shaft is slightly 

undercut at these sections. Also, the corners of the ends of the 

rotor and bushes are chamfered to avoid damaging the bearing 

surfaces during assembly. 

Full details of the rotor and bearings are given in Table I. 

4.2.2 Drive Turbine 

The rotor is driven by means of an impulsive type air 

turbine located at its centre. 	Three nozzles, mutually inclined 

at 120 degrees, direct jets of air tangentially into the twelve 

pairs of buckets of the turbine, which are milled in the surface 

of the rotor. 	The convergent-divergent nozzles, from the earlier 

test rig, had been designed for the maximum airflow from a 

portable compressor of 6.8 cu ft of free air per minute and a 

pressure ratio of 6.1. 	The nozzles were made of brass in two 

halves which were hard soldered together. 

An estimate of the maximum speed of the rotor can be made by 

equating the power loss in the bearings and the power developed 

by the drive turbine. Assuming Petroffs formula for concentric 

cylinders i.e. a lightly loaded bearing, the power dissipation in 

a bearing due to friction is given by: 

—3 3 	2- 
E =/'I!D1N 

C 
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The power developed by an impulse turbine having 180 deg 

buckets is given by: 

17, 

where 	m = mass flow rate through nozzle 

u = peripheral speed of turbine buckets 

Vj  = jet velocity 

= turbine efficiency 

Estimates for the test rig showed that the bearing power loss 

was very small and that the turbine speed was close to the 

' 1nway 't  speed i.e. u—'v, indicating a probable maximum speed 

in excess of 100,000 r.p.m. 

4.2.3 Rubber 0-rings 

The following standard rubber type materials were obtained 

in ES size No. 225 

Material 	 Shore Hardness 

Nitrile 	 60°  75°  90°  

Viton 	 60°  75°  

Silicon 	 75°  

The groove and pedestal bore dimensions were made in accordance 

with the manufacturers instructions to give a minimum cross-section 

squeeze of 0.01 in. 

4.2.4 Manufacturing and InspeOtion Procedures 

The rotor and bearing sleeves were machined from free-cutting 

stainless steel, which was selected for its good machining and non- 

corrosive properties. 
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The anti—galling properties of stainless steel/stainless steel 

were not regarded as so important as it was intended to stop and 

start the test rig with adequate air always supplied to the 

bearings. 

The rotor and internal bearing surfaces were precision ground 

and finished to the required accuracy using lead laps impregnated 

with oil and carborundum paste. Between the grinding and various 

lapping operations the rotor and bush dimensions were measured on 

a Society Genevoise Universal Measuring Apparatus, Type MU 214B, 

in a temperature controlled room at 70 °F. With a little 

experience it is possible to measure to within * 0.00902 in. 

The rotor was held horizontally between centre supports at each end. 

A feeler microscope was used which could be traversed in three 

directions relative to the workpiece. 	It was first necessary to 

traverse the feeler vertically against the side of the rotor in 

order to determine the diametral plane in the horizontal direction. 

At the correct height the diameter was then measured by taking the 

difference between the reading on each side of the rotor, less 

the calibrated width of the feeler. 	The ovality of the rotor, 

as indicated by the difference in two diameters perpendicular to 

one another, was found to average about 0.0001 in. As a check on 

the straightness of the rotor the ordinate of the centre was 

estimated at each axial location, for both angular positions, by 

adding half the local diameter to the corresponding reading on the 

side of the rotor. The maximum deviation from the average ordinate 

or "true" geometrical centre was found to be 0.0001 in and in 

general was less than half this value. These results were considered 

to be reasonably good having regard to the facilities of the 

Departmental Workshop and the infrequent demand for such precision. 
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The bearing bushes were clamped flat on the instrument 

table and the internal diameter1measured with the feeler 

microscope in two perpendicular directions at three different 

heights. The mean radial clearance of each bearing, given by 

half the difference between the rotor and bush sizes, was found 

to be 0.00056 in
( 2 ) ,  which was close to the nominal design 

value of 0.0006 in. 	 - 

For the machining of the pedestals the procedure was as 

follows. A cylindrical plug to fit the box size was first made. 

One of the pedestal faces to contain the bore was machined flat 

and then clamped to the magnetic chuck of the lathe for boring 

out, thus ensuring the bore axis to be perpendicular to the 

pedestal face. The bore was machined until the special plug 

could be fitted with slight interference. 	The same procedure 

was carried out for the other pedestal and the grinding of 

their bases was performed in a single operation with both, 

pedestals fitted to the plug. 	The top surface of the main base 

plate was also finished on the surface grinding machine. 

4.3 AIR SUPPLIES 

For pressurized air bearings it is necessary to have a supply 

of clean and reasonably dry compressed air. The quality of air 

supplied by the usual type of small industrial compressor is not 

sufficiently good for direct use in air bearings and requires to 

be carefully filtered. 

The compressed air supply is obtained from a Broomwade •  

compressor with a maximum delivery pressure of 150 psig and 

maximum flow rate of about 26.0 cu ft of free air per minute. 
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As the air has to pass along about 50 feet of pipe to reach the 

test rig, no special cooling arrangements are provided. 

From the common delivery pipe the filtering and control of the 

bearing and turbine air supplies is separate. On the bearing 

supply line the air first enters a Norgren 25 micron filter which 

removes any water droplets and larger contaminants. It then passes 

through a pressure regulating valve which can maintain a steady 

downstream pressure when there are pressure fluctuations upstream. 

A pressure gauge is incorporated with the valve so that the desired 

bearing supply pressure can be set. After the valve the air is 

passed through a fine filter to remove any further moisture and sub-

micron particles and then toablock with multiple tappings. 	The 

connections to the pedestals are made with flexible plastic tubing. 

The air to the drive turbine passes through a single filter and is 

then regulated by a precision controller, to enable the turbine 

speed to be set as accurately as possible. 	The three nozzles are 

fed independently through plastic tubing from a common block. 

4.4 INSTRUMENTATION 

4.4.1 Vibration and Displacement Measurements 

For a complete study of the whirl behaviour of the system it 

is necessary to monitor continuously the motions of thejournal and 

bearing, relative to a fixed point in space. 	This is experimentally 

more convenient than attempting to measure the motion of the 

journal relative to the bearing, which involves mounting probes 

and leads (with damping) on the small bushes. 
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The motions at the threshold of a whirl are necessarily 
el 

very small and require extre7my sensitive measuring instruments 

to detect them. 	The position of the rotor or bearing is 

measured by capacitance probes which are mounted, with a small 

air gap, close to the smooth surface of the metallic object. 	In 

the single channel Wayne-Kerr System used, the standard probes give 

direct readings of the distance and peak to peak vibration amplitude 

across the gap, which are indicated on 'separate meters. 	The two 

readings are not interdependent i.e. the accuracy of the measurement 

of distance is unaffected by variations in vibration amplitude, 

and vice-versa. Although the instrument is designed for use with 

flat surfaces, the makers supply correction curves for cylindrical 

surfaces. 

The probes which were used have a peak to peak amplitude 

range of 0.005 in and a stated accuracy of loop  in (about 8 

per cent of the bearing radial clearance). They are clamped in 

brackets attached to each pedestal block in the vertical and 

horizontal directions. 	By this means it is possible to discriminate 

between cylindrical and conical whirl, by comparing the phase of 

the signals at each end of the rotor, and study the orbital motion 

in a given plane on an oscilloscope, using a second instrument 

in parallel. A junction box is also used.which enables any one 

of up to six probes to be switched into the measuring circuit. 

4.4.2 Rotor Speed 

The speed of the rotor is measured by using the buckets of the 

turbine to produce a change in the capacitance between the probe of 

a fixed transducer and the shaft. 
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The frequency of the 'signal generated is thus proportional to the 

speed of the rotor. 	The probe, comprising a short length of brass 

strip of rectangular section and clamped to the transducer, is 

mounted with a gap between 0.01 and 0.02in. 	The transducer is 

supplied by Racal Instruments and is encapsulated in a block about 

1 in cube which is bolted to the nozzle support bracket. 	Batteries 

are used to provide the necessary 12 volts.d.c. power supply. With 

the help of Mr. C.H.C. Mathews, of Electrical Engineering Department, 

a transistorized electrical circuit was built in order to improve 

the size and shape of the output pulse and remove the carrier frequency 

of 1.6 Mc/s. 	The output leads are also screened. 	These precautions 

were found to be necessary to ensure reliable triggering of the 

counter/timer used for accurate frequency measurement. 
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5.0 EXPERIMENTAL PROCEDURE AR]) RESULTS 

5.1 Dynamic Test on 0-rings. 

5.1.1 Method of Analysis 

The stiffness and damping of a single degree of freedom mass/ 

spring system with viscous damping can be conveniently obtained by 

subjecting the system to a forced resonance test. 	Provided the 

magnitude of the applied force (p0 ) is kept constant, it can be 

shown [34] that the damping rate (c) is given by: 

c' M4w 	 5.1.1 

where N = mass 

= circular frequency bandwidth between the amplitudes 

of the response which have a value of 1/1 2  of their 

peak. 

The damping rate may also be estimated by considering the energy 

of the system. At the resonant frequency (%) the work done by the 

applied force is wholly dissipated by the damper. Equating energies 

gives 

P 

c =  0  10%  5.1.2 

where 10 
= amplitude of response at 

For practical purpose z 0 
may be taken as the peak amplitude, since the 

natural frequency and frequency of maximum amplitude are very close 

for damping rates up to 0.2 of critical. 

The stiffness (k) can be calculated from the equation 

'an =j* 	
5.1.3 

Rubber—like materials are not perfectly elastic - they exhibit 

hysteresis damping and their stiffness tends to increase as the 

frequency of loading is increased. 



However, as an approximation, the 0-rings are regarded as being 

perfectly elastic and the damping as having an "equivalent" viscous 

value. This can be justified on the grounds of the assumptions 

made in the analysis with respect to the support conditions. The 

frequency dependence of the material properties are taken into 

account by performing a series of resonance tests at different• 

natural frequencies. 

5.1 .2 Apparatus for Measurement of 0-ring Properties 

The apparatus used for the dynamic tests on the various. 0-ring 

materials is shown in Fig. 5.1 .1 . 	 Basically this consists of a 

rigid beam, hinged at one end with a mass Nat the other end, as 

shown below. . 
At distance a from the hinge the 0-ring is represented 

by a spring of stiffness k and a viscous damper of rate c. 

I 	- 

_____ 	 b a. 	
1k 	___ 

c ° fP=sint 
'I) 

I, 

This system is equivalent to: 

k $+ o  
M&v~Wi 
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The moment of inertia of the beam and the drive system is allowed 

for by adding an appropriate mass to N. 

The apparatus is designed so that the bending stiffness of 

the bean is relatively high compared with the maximum radial 

stiffness of the 0-rings, thus avoiding any undesirable resonances 

over the test frequency range. 	In order to keep the external 

damping as low as possible the beam pivots on ball bearings. For 

a given 0-ring the resonant test frequency can be altered by 

varying the loading weights and also by moving the pedestal 

nearer to the pivot, giving a resonant frequency range capability 

of more than 10:1. 

The applied force is obtained from a moving coil vibration 

generator, fed from a variable frequency oscillator through a 

power amplifier. 	The output from the oscillator is also fed into 

a digital counter for accurate frequency measurement. A Briiel and 

Kjaer Type 8001 Impedance Head is incorporated in the drive from 

the vibration generator, so that a known force can be maintained 

constant by feeding the output signal into a calibrated oscilloscope. 

The makers supply a force gauge sensitivity for the impedance head. 

5.1 .3 Dynamic Properties 

Resonance tests on the 60 
0, 
 75 

6 and 90 
0 Nitrite rubber 0-rings 

were carried out with weights of 10, 4 and 21bf with the pedestal 

positioned as in Fig. 5.1 .1 . 	The amplitude of the applied force 

in the drive rod was maintained constant at 0.915 lbf. For the 

750 Silicon rubber 0-rings weights of 3, 2 and I lbf were attached 

with a constant force of 0.152 lbf. Only one test.was performed 

on each of the 60 °  and 750 Viton 0-rings, with a weight of 10 lbf 

and a constant force of 0.457 lbf. 
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Samples of the resonance curves for each type of material 

are shown in Fig. 5.1.2. 	For example, taking the curve ror tne 

60°  Nitrile rubber and using the notation of the previous sections: 

Po  = 0.915 lbf 

N 	= 10 + 1.55 = 11.55 lb 

a 	= 6.0 in 

b =1.8in 

C =10.6 in 

f=21.5c/s 

= 8.1 x 10 	in 	p 

f. = 	= 80 c/s 

From equation 5.1.1 

= 1i.55± (H)2 x 2t x 21.5/386 = 6.8 lbTh/in. 

From equation 5.1.2 

2 x 0.915 x 10 - 4.25 lbfs/in 
= 	 - 8.1 x 2n x 80  

From equation 5.1 .3 

It = (2n 180)2 x 11.55 x(H)2/386 = 12,800 mr/in 

The estimate of the damping rate by the latter method is found to 

give results which are less consistent and always below those of 

the former. 	Since the bandwidth method is an averaging process 

and does not rely upon the absolute accuracy of the force and 

displacement measurements, it is regarded as the more reliable. 

The response of the Viton rings do not conform to the behaviour 

of the other materials. 
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The response continues to increase down to 15 c/s, with no peak, 

and the force and displacement are found to have a phase difference 

of 900 at 250 c/s for the 60 0  shore. 	A static stiffness test 

was also carried out and the material was found to be quite 

anelastic. 	Between each loading the material was allowed to 

"recover" and the displacement reading was taken as soon as each 

load was applied. 	The stiffness of the 60 
0  and 75 

0 0-rings on this 

basis are estimated to be about 3 and 6 x 10 lbf/in respectively. 

Using equation 5.1.2 the damping rate works out at about 11.5 lbfs/in 

for the 600  shore. 

Fig. 5.1.3 shows the estimated stiffness and damping rates 

(from equation s.i.i) plotted against frequency for the Nitrile 

and Silicon 0-rings. 	These results show the characteristic 

increase in stiffness and decrease in damping as the frequency of 

loading is increased. 

5.2 Balance of Rotor 

During a preliminary run on the test rig a bearing stszure 

was experienced when attempting to run through the lowest 

synchronous whirl speed. 	This was at first attributed to excessive 

dynamic unbalance in the turbine buckets milled into the surface of 

the rotor. The rotor and bearing surfaces had to be re-ground 

and lapped, and measured as previously described in Section 4.2.1. 

The final mean radial clearances for the two bearings are estimated 

to be 0.00128(1) and 0.0013 2 (0) in. 

The rotor was then sent to an industrial firm for balancing. 

On a trial run in the rig afterwards the amplitude of vibration on 

approaching the synchronous whirl speed was found to be much larger 

than it had previously been 

42. 



The writer attributes this fault to a coupler which had to be locked 

onto the rotor to drive it during the balancing operation. 	Both 

shoulders of the rotor had to be machined back by + in to remove 

the offending balance holes. A check was wade on the rotor in the 

/ Genevoise Measuring Instrument and by rotating it slowly between 

centres against the feeler microscope, it was discovered that the 

axis of the main body of the rotor was 0.0006 in eccentric relative 

to  the axis through the centre of the journals. 	This was 	- 

rectified by re-grinding the surface of the main body 

A small E.M.I. balancing machine in the laboratory was then 

used to further improve the balance of the rotor. With this 

machine the rotor under test is cradled in floating ball bearings 

and driven at about 2500 r.p.m. by a light belt from an electric 

motor. Bearing movement is detected by transducers which produce 

an oscillating signal, the phaand amplitude of which are measures 

of angular position and amount of unbalance. The oscillations 

produced by the lateral bearing movements are amplified and used to 

flash a strobe lamp which "freezes" the rotor at the angular position 

of the unbalance. For this purpose a band of numbered sellotape 

is fixed circumferentially round the work piece. 	One of the cradles 

is locked and small pieces of plasticine are placed at the opposite 

end of the work piece, in the angular position indicated, until 

the meter reading is a minimum. 	The other cradle is then locked 

instead and the same procedure followed. By alternating between 

the two bearings the meter reading can be made substantially zero, 

indicating the optimum balance obtainable with the machine. The 

pieces of plasticine are carefully weighed and located and the 

appropriate balance holes drilled diametrically opposite. This 

procedure was followed and it was then found to be possible to run 

the rotor safely through the translational and conical synchronous 

whirls, with amplitudes of less than half the radial clearance. 
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5.3 Steady State Performance of Bearings 

Tests were conducted in order to determine the hydrostatic 

stiffness of the gas film without rotation. A loading beam, 

with a central pivot, was supported horizontally with one end 

underneath the centre of the rotor. Weights could be suspended 

from the other end of the bean thus giving an upward thrust to the 

rotor. 	Initially, sufficient weight was added just to counter 

balance the weight of the rotor, so that with pressurized air 

supplied to the bearings the journals were assumed to be concentric 

with the bearings i.e. S = 0. 	The meter readings indicated by 

the two vertical displacement probes, one at each end of the rotor, 

were recorded. For a given supply pressure the upward thrust on 

the rotor was increased by steps of 2 lbf up to 10 lbf and the 

meter. readings noted. 	The tests were carried out for various supply 

pressures over the range 30 to 80 psig. 

The above displacement readings include the small deflections 

of the 0-rings (900 Nitrfle), and hence indicates the in-series 

stiffness of the gas film and 0-rings from the slopes of the load 

versus displacement plots. 

With the air supply to the bearings cut off the stiffness of 

the 0-rings was obtained separately, as previously described, thus 

enabling the film stiffness to be estimated from two sets of 

results. 

The load versus displacement plots for the gas film at the 

various values of supply pressure are quite linear up to  = 0.5. 

Pig. 5.3.1 shows the variation of hydrostatic film stiffnesswith 

supply pressure for each bearing obtained from these plots. 
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5.4 Dynamic Performance of Bearings 

A preliminary test was conducted to determine how constant 

the rotor speed could be maintained for a given setting of the 

precision pressure regulator on the air line to the turbine. 	The 

regulator was set and the rig allowed to run for several minutes 

to stabilize andthe digital speed counter was then recorded over a 

period of 20 minutes. 	It was found that the speed "hunted" 

cyclically over periods of roughly 6 minutes, the range of speed 

variation being 46 r.p.m. at the nominal speed of 8350 r.p.m. Over 

the three cycles observed there was also a slight increase in the 

mean speed by 32 r.p.m. 

With a given type of 0—ring fitted the bearing supply pressure 

was turned on and off a number of times and the change in the 

Vertical displacement of the rotor observed to tnsure that the 

alignment of the two bushes was satisfactory. At various values 

of bearing supply pressure the rotor was run up through the first 

synchronous whirl speed (translational mode) and then allowed to run 

back freely through resonance and the speed of maximum amplitude 

determined. 	The same procedure was carried out for the second 

synchronous whirl speed (conical mode). 	The speeds of the latter 

are always found to be in the range 1 .75 - 1 .80 times the former, 

for a given pressure. 

At the same values of supply pressure the rotor speed was 

increased very slowly above the conical whirl speed until a 

threshold of instability was encountered. A synchronous whirl 

component of amplitude a = 0.15 existed over this part of the speed 

range, tending to mask the lower frequency signal of the instability 

on the oscilloscope, which was intermittent at a very low level, 

sometimes over a range of several thousand r.p.m. before showing a 

positive growth. 
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On other tests, notably at the lower supply pressures and with 

those 0-ring materials which gave least improvement in threshold 

speed, the growth of the instability was quite explosive in 

character and caused metal/metal contact, fortunately with only 

local damage to the bearing surfaces. The bearing surfaces had 

been rubbed with Molybdenum Disulphide powder to •reduce friction. 

It is suggested that the variation in the growth rate of the 

instability is related to the direction in which the boundary is 

traversed i.e. an oblique approach is characterised by a slower 

rate of increase of amplitude. 	This makes an experimental 

definition of threshold speed somewhat difficult. 	It was decided, 

where possible, to adopt the speed at which the amplitude of the 

instability was half that of the synchronous component. 

In a final series of tests both bushes were "fixed" to the pedestals 

with Araldite to enable a direct comparison of the effectiveness of 

the various 0-ring materials to be made. 

Fig. 5.4.1 shows the synchronous whirl and threshold speeds, 

in the translational mode, plotted against bearing supply pressure. 

The figures adjacent to each point denote the ratio of the threshold 

speed/synchronous speed, or whirl ratio, as used by Larson and 

Richardson(14). 	Those points marked with small vertical arrows 

indicate the bearing to be stable at the maximum speed of the 

test run and the corresponding figure denotes the maximum speed/ 

synchronous speed. Larson and Richardson performed a number of 

tests with various radial clearances and comparing their curve 

for C = 0.0014 in with the "fixed" whirl ratio values in Fig. 5.4.1 

the present results generally agree well. The effect of the 0-

rings is clearly seen to bring about some substantial increases in 

threshold speed. 



The effect of increasing supply pressure is to increase the whirl 

ratio, which is compatible with the theoretical predictions of 

Figs. 3.4.7 to 3.4.9. 	For the 600 Viton material in particular 

the bearing is stable over the entire speed range of the test rig, 

up to a whirl ratio of 5.2. 

In general no attempt was made to measure the frequency of the 

instability on the oscilloscope, due to the risk of a rub. 	The 

frequency was well below half—speed and at the lower point on the 

750 Silicon curve the frequency ratio was observed to be close to 

0.25. 

The maximum speed obtained on the test rig was 42,500 r.p.m., 

which was well below the estimated design speed of 100,000 r.p.m. 

The Petroff Equation has previously been found to give reliable 

estimates of bearing power loss, which implies a much lower turbine 

efficiency than that assumed in the design. The maximum speeds 

obtained also varied, due to either excessive water in the rig 

supply line or fluctuations in the compressor output pressure, 

as indicated by pressure variations on the gauge downstream of the 

pressure regulator. 
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CHAPTER 6 

6.0 COMPARISON OF THEORY AND EXPERIMENT 

6.1 Test Rig Parameters 

In order to compute the steady state performance of the test 

bearings it is required to estimate the feeding parameter (IV), 

dimensionless load (1) and line feed correction factor CX). From 

the data of Table I, the "curtain area" ,t.2a.h<< 	the orifice 

area, so that the flow to the bearing film is controlled by the 

former area and the restrictor is of the inherently compensated type. 

The feeding parameter becomes: 

At 	 Nd 4/&T -  
= 6js a c2 - 0.82 

based on the average radial clearance of 0.0013 in. 

= 0.195 PaLD 

= 1.46 

The additional dimensionless parameters of rotor mass (Q) and bearing 

/rotor mass () are required in the stability analysis. 	Estimated 

from the data in Table I these are: 

mp 
Q = = 1920 

1sL() 

mb = 	•= 0.385 

It has been established in the results of the analytical section, 

and generally supported by experimental observation, that the effect 

of increasing support damping is to increase threshold speed and at 

the same time reduce the frequency ratio (y)  at threshold, for example 

see Figs. 3.4.8 and 3.4.13. 
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For low damping the threshold frequency ratio is usually in the 

range 0.45 -0.50, and the whirl ratio in the range 2.0- 2.5. 

As an approximation therefore the frequency of the unstable motions 

of the system near threshold can be taken as similar to the synchronous 

whirl speed and to be independant of the actual threshold speed. 

This enables the support paramters K and C to be estimated 

relatively easily from the frequency dependant properties of the 0- 

rings. 

From the experimental results of Fig. 5.4-1, the synchronous 

whirl speeds were estimated for each 0-ring material at a representative 

bearing supply pressure of 65 lbf/in2 . The frequencies obtained 

were then used to read off the dynamic stiffness and damping rates 

of the different 0-rings, from the curves in Fig. 5.1.3, as tabulated 

below. 

• 0-ring Synchronous 

Material frequency 

750 Silicon 128 

600 Nitrile 158 

750 155 

900  167 

Stiffness Damping K 
-p 

C 
—p 

lbf/in lbf s/in 

5,400 	, 0.83 0.95 11.1 

17,300 5.40 3.06 72.4 

15,800 6.20 2,80 83.3 

29,000 ' 	6.40 5.13 86.0 

6.2 Gas Film Stiffness 

The hydrostatic stiffness was obtained theoretically for various 

values of supply pressure, with discharge coefficients (%) of 1.0 , 

0.8 and 0.6, and the results fors -rO are compared with the 

experimental values in Fig. 6.2.1. 	The theoretical curve for 

= 0.6 agrees sufficiently well with the experimental curves to 

justify the use of this value of discharge coefficient in the subsequent 

estimates of threshold speed. 
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6.3 Threshold Speeds 

The procedure for determining the theoretical values of threshold 

speed was similar to that outlined in section 3.3. 

A comparison of the theoretical and experimental curves of 

threshold speed against bearing supply pressure is made in Fig. 6.3.1. 

The experimental results are seen to confirm the theoretical predictions 

of threshold speed, generally to within 10 percent which is regarded 

as satisfactory for design purposes. With the exception of the 

curves for the "rigid" bearing, the theory tends to overestimate the 

threshold speed. 	For the "rigid" bearing the two experimental 

points at p =50 and 45 lbf/4-n2  in Fig. 5.4.1 probably indicates 

some erratic behaviour in the Araldite "fixing", since the theoretical 

results do not show a corresponding trend. 	It is possible that 

the Araldite could possess sufficient damping/stiffness to account 

for the relative increase in the experimental threshold speeds in 

this case. 

The theoretical curves for the 750 Silicon and 75°  Nitrile 

rubbers are less steep than their experimental counterparts, which 

may be due to the use of fixed "mean" values for K and C In the 

computed results. Allowance for the variations in the values 

of K and 	on the basis of the earlier discussion, would tend 

to increase the slope of the theoretical curves, particularly over 

a part of the stability boundary such as this, which is relatively 

sensitive to changes in damping/stiffness. 

At p5  = 45 lbf/in2  the predicted threshold frequency ratio of 

0.21 for the 750 Silicon 0-rings compares with the observed value 

of 0.25. 
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The dynamic stiffness of the 60 °  Viton 0-rings at frequencies 

in the range 150 - 200 CIS is clearly comparable with that of the 

750 Nitrile 0-rings, as can be seen from the experimental plots 

of the synchronous whirl speeds in Fig. 5.4.1. 	From the 0-ring 

tests the damping rate was estimated to be 11.6 lbf s/in at 250 CIS 

With these support conditions 	= 2.80 and F = 156) the computed 

threshold speeds at p5  = 45 and 55 lbf/in2 , are 40,000 and 50,000 

r.p.m. respectively, which are in reasonable agreement with the 

experimental evidence. 

6.4 The Possible Extension of Flexibly Mounted Systems 

The success of using a flexible damped bearing support to 

postpone, or inhibit, the onset of self-excited whirl has been 

demonstrated theoretically and confirmed experimentally. 	This 

can be achieved with values of support stiffness which are 

substantially higher than the gas film stiffness, thus overcoming 

a possible design objection to ti fl::. I-''5 i,'0,Li s*m 

Gas bearings are also prone to another form of instability 

known as pneumatic hammer. The instability usually occurs in 

both hydrostatic journal and thrust bearings which have a pocket 

after the orifice restrictor. 	It is suggested that an investigation 

could be undertaken to study the behaviour of such a system with 

external damping and stiffness. 
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CHAPTER 7 

7.0 CONCLUSIONS 

Employing Lund's "linearised ph" solution to the time dependent 

Reynolds Equation, in order to evaluate the gas film dynamic 

coefficients, an analysis has been developed which can predict the 

threshold speed of self—excited whirl of a rigid rotor in an 

externally pressurised journal bearing having a flexible damped 

support. 	The principal results of the analysis show that: 

(i) There are two threshold speeds in translational whirl, which 

are related to the corresponding rigid body synchronous whirl speeds 

of the system. 

On a plot of threshold speed against support stiffness, with 

zero support damping, the threshold speeds occur at approximately 

twice the synchronous whirl speeds. Both threshold speeds then 

increase with increase in support damping. 

If the support contains sufficient damping/stiffness then 

the stability boundaries can be folded back in such a way as to 

achieve a system which is stable at all speeds. 

The effect of an increase in bearing supply pressure is to 

increase both threshold speeds. 	The threshold speed associated 

with bearing whirl (in this case the upper one)is increased if the 

mass of the bearing is reduced. 

An experimental gas journal bearing test rig has been designed 

and operated in which a flexible support is provided by rubber 0—rings. 

Variations in support damping/stiffness are obtained by using different 

0—ring materials. Separate tests were conducted on the 0—rings to 

determine their dynamic properties. 



Owing to the large number of design variables the experimental 

programme was restricted to the study of threshold speed at values 

of bearing supply pressure for the different 0-rings. The results 

of the experiments show that substantial increases in threshold 

speed can be achieved with certain 0-ring materials. 	For one 

material in particular, called Viton, the bearing is stable up to 

the maximum speed of the test rig (42,500 r.p.m.) at the lowest 

supply pressure (45 lbf/in2 ), which is 5.2 times the corresponding 

synchronous whirl speed. 

A comparison of the theoretical and experimental results shows 

that the threshold speed is predicted to within 10 percent, which 

is considered to be satisfactory for design purposes. 
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NOMENCLATURE 

a 	 = orifice radius 

C = 	radial clearance 

CD = 	restrictor discharge coefficient 

= 	support damping coefficient 

C =dimensionless support damping coefficient 
p 3 	

, 
pL() 

C, C 	7 = 	damping coefficients of the gas film (1st 

C index force direction; 2nd index displacement direction) 
yy  

CwCxx  
etc. = 	 dimensionless damping coefficients of gas film 

= 	bearing diameter 

d = 	feed hole diameter 

F r p Ft 
= 	radial and tangential bearing force components 

= 	
dimensionless bearing force components 

1'r' 1' t PaLD 

'ro' f  to 

rt' 

Ii 

h 

I 

a 

k 

K 
p 

K 
p .  

Kxx,K
XY  

K, 
Kyy 

Kxx etc. 

= steady state components of f and 

= time depend&nt. components off and 

= C(1-+-EcosO), film thickness 

= CO 
dimensionless film thickness 

= 4/-1, denotes a spatial rotation through 900 

= —i, denotes a phase change through 90
0  

= adiabatic gas exponent 

= support stiffness coefficient 

CK 
P dimensionless support stiffness 

= stiffness coefficients of gas film (1st index 

force direction, 2nd index displacement direction) 

CK 

= 'a 	

dimensionless stiffness coefficients of gas film 
LD 
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L 	 = bearing length 

MT 	 = total steady state mass flow 

M 	 = dimensionless orifice flow 

1 

=  %J (-A_.) 

	

	for super-critical flow 

	

I 	• 	k+1 

PC 

 k-i 

	

12k 	 /1 - = CD,1  k-i 	p8 	q 	p 
k  for sub-critical flow 

= dimensionless orifice flow, concentric journal 
0 

M 	= bearing mass 

rn 	 = rotor mass 
r 

mb 

N 	 = number of feed holes 

P 	 = gas film pressure 

= L_ , dimensionless gas film pressure 
Pa 

Pa = ambient pressure 

PC 
= 	dimensionless film pressure downstream of orifice 

PO 
= 	dimensionless film pressure for concentric journal 

PS 
	 = bearing supply pressure 

PS  
= 	, dimensionless bearing supply pressure 

8 	 Pa  

q 	 = 

= bearing radius 

tILT 	 = gas constant x absolute temperature 

t 	 = time 

W 	 = bearing load 

V 	 = pLD dimensionless bearing load 

X, Y 	 = co-ordinate system parallel and perpendicular to 

steady state line of centres 
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X19  Y1 	= bearing centre amplitudes 

X2 , Y2 	= journal centre of amplitudes 

Xi  
etc 	= 	dimensionless amplitude 

= bearing displacements 

x2, 2 	
= journal displacements 

=' /w, frequency ratio 

C 	 = eccentricity ratio 

4eo
= steady state eccentricity ratio 

oØ, 
= 	dynamic journal centre amplitudes 

' 

= 	axial distance divided by bearing radius 

77 
e = 	angular co-ordinate relative to instantaneous line 

of centres 

A =  6uw (i)2 	compress&bility number, dimensionless 

A t 3 	
feeding parameter, dimensionless 

A = line feed correction factor 

= 	gas viscosity 

= 	frequency 

• 	 S =L/D 

P = 	density of gas 

IT = 	jvt, dimensionless time 

0 	• = 	attitude angle, relative to fixed load line 

= 	steady state attitude angle 

= 	orifice flow factor 	 -• 
1• mp 
Q = 	 , 	dimensionless rotor mass 

Lu' 	 = angular velocity 
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TABLE I 

Details of Test Rotor and Bearings 

Bearing details: 

diameter 	1.0 in. 

length 	1.0 in. 

radial clearance - thrust end (1) 0.00128 in. 

free end (0) 	0.00132 in. 

type of feed - inherent compensation 8 equi-spaced 

holes in central plane. 

feed hole diameter 0.0135 in. 

distance between bearing centres 8.0 in. 

mass 	1.1 lb. 

material free cutting stainless steel 

Rotor details: 

overall length 	10.0 in. 

maximum diameter 	2.0 in. 

mass 	 5.7 lb 

transverse moment of inertia 27.8 lb in 
2  

drive turbine 	2 rows of 12 buckets, cut to a depth 

of 0.01 in. 

material 	 free cutting stainless steel. 
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PRESSURE= 5.0 
L/D= 	1.0 
FEED P.ARAM= 1.0 
LOAD PARAM= 0.20 
MASS RATIO= 0.10 
MASS PARAM 524.9000 

STIFFNESS DAMPING 
10.000 10.000 

COMP NO 	ECC RATIO 
0.60 0.136 

0.65 0.136 

0.70 0.136 

0.75 0.136 

0.80 	. 0.135 

0.85 0.135 

0.90 0.135 

0.95. 0.135 

1.00 0.135 

STIFFNESS DAMPING 
4.000 10.000 

COMP NO 	FCC RATIO 
0.90 0.135 

0.95 0.135 

1.00 0.135 

1.10 0.134 

1.20 0.134 

GAMMA ERRCR 
0.692 -6.5947 -1 

0.638 -5.8463w -1 

0.593 -5.1388 -1 

0.553 -4.2857-1 

0.518 -3.3576a -1 

0.488 -2.5177@ -1 

0.461 -1.5737a -1 

0.436 -3.8804 -2 
- THRESHOLD 

0.414 7.5264 -2 

G A MMA ERROR 
0.422 -6.8901 -2 

0.400 -5.7492w -2 

0.380 -4.5514a -2 

0.345 -1.8937 -2 
THRESHOLD 

0.317 7.1954aJ 

FIG.3.3.1. SAMPLE OF COMPUTER PRINTOUT IN 
TAB ILITY ANALYSIS. 
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FIG.4.2.1. VIEW OF GAS BEARING TEST RIG. 
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APPENDIX I 

From equation 2.3.3 

= 	e1 

H-  ec0se 
j-t>b 
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The various integrals of 6 over the range 0 to 2t are given by: 
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UNIVERSITY OF SOUTRAIIPTON 

Department of Mechanical Engineering 

GAS BEARING SYMPOSIUM-

April 1969 Paper No, 12 

!'qflE STABILITY OF A RIGID ROTOR IN A 

FLEXIBLY SUPPORTED SELF—ACTING GAS 

ourta BEARING" 

by 

D.A. Boffey 

University of Edinburgh, U.K. 

INTRODUCTION 

Extensive theoretical and experimental work has been carried 

out on the investigation of the stability of self—acting gas 

lubricated journal bearings in which the bearings are rigidly 

supported, for example References 1, 2, 3, 4, 5, 6. 	The onset - 

of the characteristic instability, known as half speed whirl, can 

now be fairly accurately predicted. As the radial clearances in 

this type of bearing are extremely small, there is a practical 

advantage in having the bearings flexibly supported, to facilitate 

ease of alignment. 	An application of such a system, in the textile 

field, was demonstrated recently at the National Engineering 

Laboratory. 

The work of Marsh, Ref. 7, and Kerr, Ref. 8, has shown that the 

stability characteristics of this system are affected by both the 

stiffness and damping of the bearing support. Marsh, in his 

theoretical treatment, finally used a numerical method to obtain the 

dynamic pressure field of the bearing in solving the equations of 

motion for the system. 
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The purpose of the present paper is to examine the stability 

characteristics of a bearing on a flexible damped support using 

• purely analytical approach. 	It is suggested that this may give 

• further insight into the behaviour of the system. The analysis 

which is developed is based on the "linearized ph" solution to the 

time dependent Reynolds Equation, neglecting axial flow, due to 

Ausman, Ref. 2. 	The advantage of this solution is that the steady 

state fluid film forces partially retain the important nonlinear 

influences of the eccentricity ratio, for the entire range of 

compressibility numbers, which previous solutions had not achieved. 

EQUATIONS OF MOTION 

The axially symmetric system to be analysed, shown diagrammatically 

in Figure 1, comprises a rigid rotor in a non—rotating flexibly 

supported bearing. 	To simplify the analysis, the damping in the 

support is assumed to be viscous, and the stiffness to be isoelastic. 

Employing the system of co—ordinates given in figure 2, where 0 is 

the static equilibrium position of the bearing centre, the reference 

lines OZ and O'Z' are parallel while O"Z" is parallel to the bearing 

axis, for the self—loading condition the equations of motion for 

translatory whirl are: 

mR(xl + 	- Mx = m.g 	
(i) 

mR(yl -i-y2) —=O 	 (2) 

m 1  +ck1  +kx1  +W=m.g 	 (3) 

MA +c 1  +ky1  +wy=O 	 (4) 

For conical whirl of the system the equation of motion are: 
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0 	 (5) 

-1- j~ kj— 	= 0 	 (6) 

H 

rJ ~ 77 -1- TP  + M
rn 0 	 (s) 

Ausman expresses the equations for the fluid film force 

components, W and neglecting the transient portions, as 

follows: 

A -i- Ec t 	BC'—  EJc1 
ff DL L E(l+E) E(i+6)c2J 

= - 
I6, + 	A. (i—E)c + 	.ELft--_Ea,fl 	(io) 

7rDLpa. L E- 	E) E(JtE)e2 

where E 	4/0 e) 	and the eccentricity ratio components 6 X  and & 

are related to the time dependent functions of eccentricity 

ratio A and B through 

	

v-IA - i-is 	 (ii) F. .37 

	

- B - 2J-I6 -# J-4A 	 (12) 
LA-) 

Substituting equations (9) and (io) into equations (i) to (4) and 

putting X. = Cs, andV2. gives 

+ 	+ 	+ S __ 

7iDLfa, 	7TbLpm, 	604E) 	EC'+E)e2 	
(13) 

= 1flcS 	- 

DL. 

. 	+ 65 	A(I_E)6,c,+se'~ Ee = 0(14) 

7Tbtp. 	RbLpa Eü+E) 	 E(I+E)et 
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hip 	 c 	k x, _____ - A• c+ Es 	-  

¶DLp.. 	7IDLPk 	¶bLp.. E(ii-E) 
 

7TDLPa  

+ 	+ 
 - A,(is)ct_& .eH2+Ee,  

7iD/-p 	lFbL-fa. 	7TDfa. EC(+) 0 

To investigate the stability of the equilibrium positions of 

the journal and bearing for the nonlinear set of equations (13) to 

(16), the time varying quantities can be expressed interns of 

constant and time varying 

ext;- 

portions thus 

 
 

=6 
Y
,  + (is) 

A 	A 0  t Air  (ig) 

B (20) 

From equations (ii) and (12) and (17) to (20) 

= -A 0 -- HB,, 	 (21) 

= 
- 	

+ 14A0 	 (22) 

e;te = - A 4;  — 2/-1A —  H8 	 (23) 
IA) 

= 8b 	 HAL- 	 (24) 
to 

Substituting equations (21) to (24) into (13) and (14) and separating 

out the constant terms 

2 

0 4-E0 6 	& 	h1de.t7 	 (25)
~
12- 

E0 0-rE0) E0 (i-i-  E0,)eJ 	E0~ 

f)2 	71D'-p6.. 

	

E o o 	(26) 

0 



Equations (25) and (26) are used to obtain the steady state 

locus of the journal centre, which is shown plotted in figure 3 

for various values of the loading parameter F,. 

The remaining time varying terms resulting from the substitution 

of equations (21) to (24) into (13) to (16), neglecting second and 

higher order terms in At and B and writing x1 =t  and y1 = CDt, 

yield the following equations: 

ZH 	a A ± Ae +  	Be + 
it 	 (27) 

± 	 = 0 

5Z.2HP 	Si- S + E 8b + 	- HtA. ~ 	 (28) 
- 	 A) 

= o 
IA) 

c,A43 A t, + qá +  

where 52.'hi,Cto 5.p Y8 ) 	 C- 	) 	k) 	Ck. 

7TDL&. big 	/27TLy.4 (12/4 	 L- 

and the constant coefficients, given by Ausman, are: 

=  r  .+zEOuO6dO  

C. [ I ± 	
- Eo eco J 

H 	[ ('+E0) 	+E- 
E(I±E 	L Et (s+ E)(I+ H 

H 	r /(!-&EO6_EEb2_(I*2a,)1f Jeoaioj 
E0(i±E)L 

C15 = 7 	
[ 

kF:(—e0'&:)+ 

E0 0-l-a0) L E, 	(i+ç)( 1-i-H I) 
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= N 	5-  1E:_( 1+2 E)21c:_k(r + ao)26oalo 

E(i-,'-E0 ) L 

CY7 = 4 5- 
L 	 J 

The stability of the system can now be investigated by examining 

the solutions to the set of linear equations (27) to (30). 	Let 

these solutions have the form 

At
>..t 

= Ax el 	 (31) 

B. = 	 (32) 

C 
 

Ac 
 

Substituting equations (31) to (34) Into equations (27) to (30) 

gives 

E27-143 (a?~ zw 2cf 	 -fr Ezukj+ cJ~çc.J8, - JH ( )JS ( 3 5  

A + ZH3(54zHh(c)24%z(!) ~ 	 - JwJ7i' (36) 

= 0 

A, 4-k? C ( 37) 

- 9 7 JA,' --Cqfr) 4-  (1.J 8, + 	f( ~ cJI&-i-kJ7 D,' (38) 

00 

where o'A and is generally complex. 
'4, 
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For non—trivial solutions the determinant of the coefficients 

of A., B., C. and D. in equations (35) to (38) must be zero. 	The 

resulting characteristic equation is a tenth order polynomial in Cr  

It is now necessary to obtain the roots of this equation, looking 

for those roots having positive real parts, which indicates a growth 

of amplitude or instability. 

Consider now the conical mode of whirl given by the equations 

of motion (5) to (8). For the small linear time dependent 

displacements, the corresponding angular displacements may be 

written as: 

0 = 2Ccs- 	 (39) 

-2 C (40) 

1- 

(41) 

ft 	__ 	 (42) 

L 	 - 

If it is assumed, as an approximation, that the dynamic fluid 

film forcecomponents Wxt  
and W vary linearly with eccentricity,

Yt  

then the restoring couples N X 
and My  are given by 

	

tvl& = 	 (43) 

	

= 	kJc. L- 	 () 

Rewriting equations (5) to (8) in terms of the linear time 

dependent displacements, using equations (39) to (42), and the 

dynamic fluid force components from equations (43) and  (44),  the 

set of linear equations for conical whirl becomes: 
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ZHrA+r 	+ 
-. 1.02 	Lw 	10 	 La) 

0 

IZLL.. 	 J 

2HYB±Y8 
- ff121' A._Vh_ [2H A& ~ LAfr + WY8

WL 

* I 	
(46) 

TrCb ±HCb  +7'C 	I 	
= 

0 

rb' 	~ T'b+ rAt_c7  At- +sk~ c4BtJ 	(48) 

where ? 	ç 1...tC 	aL 4  
1TDL 6p4. 

I 

7ibL 6 p 	 IZ77Lp(P/C) 3  

Substitution of equations (31) to (34) into (45) to (48) again leads 

to a tenth order polynomial in C  for the characteristic equation. 

RESULTS 

A computer programme has been written which enables the stability 

of the bearing system to be examined for a wide variety of design 

parameters. For the purposes of this investigation the effects of 

bearing support stiffness and damping and the mass and inertia ratios 

of the bearing/rotor have been considered. The gyroscopic tens 

have been neglected, except in the particular case (rig. 8) where it 

was desired to study the effect of these terms. 

For a selected set of bearing parameters the loading parameter 

F0  is first used to obtain the steady state locus of the journal 

centre. 



From a point on the locus, the corresponding values of eccentricity 

ratio, attitude angle and compressibility number are read off and 

used to compile the coefficients G to G7 . 	The coefficients of 

B, C1  and Di  in equations (35) to (38) are then formed, for given 

values of stiffness, damping and mass ratios, and their determinant 

expanded to give the characteristic equation in 0, which is solved 

by Bairstow's method. 	For a positive real part in a root of 0  the 

system is unstable and the imaginary part gives the ratio of the 

orbital speed of the motion to the rotor speed. 

Computer solutions have been obtained for a single bearing, 

having bearing parameters as follows, while varying H (speed only), 

I 	I 	I 
k,c-,t and ?Z 1. 

• 	= O2 

Si/H2 = 0.454 

YIN2 = 

Wi1 	= 0.1 

7:' 	= 0.1 

Additional solutions have been obtained for the following ranges 

I 	I 
ofni, 	and Q. 

= O.°Z—o.50 

= 0.02 —o•5o 

a = 

DISCUSSION OF RESULTS 

Figure 4 shows typical stability curves for the bearing system, 

in conical whirl, in which the torsional stiffness ratio and 

compressibility number are varied and the torsional damping ratio 
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held constant. 



This shows the existence of two quite distinct whirl zones which 

partly overlap in this example. 	Suppose, for example, that the 

stiffness ratio is 	The first onset of whirl occurs at H = 

0.53 and cessation from the lower zone would occur at H = 6.0. A 

second whirl onset is shown to occur at H = 3.7, thus the system is 

actually unstable until whirl cessation takes place from the upper 

whirl zone at just above H = 10.0. 	This compares with a single onset 

speed at approximately H = 0.6, beyond which the bearing is always 

unstable, when the support is rigid. 

An important difference exists here with Marsh's theoretical 

treatment, which does not appear to predict a cessation to the 

upper whirl zone. 

At onset to both lower and upper zones, the whirl or orbital 

speed is generally found to be just less than half the rotor speed, 

as indicated by the last plot of 0, in the Argand diagram of Figure 

5. Where the zones of instability overlap, they are clearly 

identified by this means. Cessation from the lower zone is not 

very clearly defined, as indicated by the slope of the curve aè it 

crosses over the imaginary axis. Here the orbital speed reduces to 

about one tenth of the rotor speed, the pattern of behaviour being 

the same as that found experimentally by Kerr. 

A general stability map, for conical whirl, covering a wide 

range of damping and stiffness ratios is shown in Figure 6. The 
I 

lower portions of the dashed lines for small value of 17 are very 

close to the dashed 171 = 0. 	The interesting feature of these 

results is that they show it is theoretically possible, given the 

necessary values of stiffness and damping ratio, to have a bearing 

system which is stable at all speeds. 
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The effect of varying the inertia ratio is given in Figure 7. 

The boundary of the lower whirl zone is not significantly affected, 

whereas the whirl onset speed of the upper zone shows a marked 

increase with decrease in inertia ratio. 	The conclusion is, 

therefore, drawn that the lower zone is mainly associated with an 

instability of the rotor and the upper zone with the bearing. 

The effect of the gyroscopic forces is a destabilising one as 

shown by the changes in the lower whirl boundary in Figure 8. 

The general pattern of behaviour of the system in the cylindrical 

mode of whirl, given in Figures 9 and 10, Is similar to that of the 

conical mode. 

In Figure 11, a comparison is made between the theory and some 

of Marsh's experimental results. The whirl onset speeds are shown 

to be theoretically predictable to within quite close limits but 

there is some discrepancy between the cessation speeds of the lower 

whirl zone. It was previously mentioned that this cessation is 

rather ill—defined and it is interesting that some difficulty was 

found in ascertaining it in the above experiments, due to the presence 

of a small synchronous whirl amplitude. 

A purely analytical theory, based on the work of Ausman, has 

been developed, which will predict the instabilities of a long 

bearing, having a flexible damped support, for a wide variety of 

design parameters. 

The theory shows the presence of two quite distinct whirl zones, 

a lower one associated mainly with an instability of the rotor and 

an upper one with the bearing. 
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It is shown to be theoretically possible, given the necessary 

values of damping and stiffness of the bearing support, to have 

a bearing system which is stable at all speeds. 

The prediction of whirl onset compares well with the theory 

and experimental work of Marsh. However, an important difference 

exists between the present theory and that due to Marsh, in that the 

former shows there to be a definite cessation to the upper whirl 

zone. 
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• NOMENCLATURE 

A, B 	 time dependent functions of journal eccentricity 

ratio components 

A1 , B1  initial values of At  and kt 

A0 , B0  constant portion of A and B 

At Bt time varying portions of A and B 

C average radial clearance in bearing 

C damping coefficient for bearing support 

c damping ratio = 	C 
•iziTip(/c) 

C, 1)1 initial values of C 	and D  

C., Dt non-dimensional form of time varying bearing 

displacements = x1  /C and y1  Ic 

1) diameter of journal bearing 
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B 

B0  

P 	 loading parameter 	 $ 

tDLp 

• constant coefficients of the linear time 

dependent terms in the equations of motion 

g gravitational constant 

H non-dimensional bearing compressibility number 
2 

-  2 
PaC 

'B 
transverse moment of inertia of bearing sleeve 

transverse moment of inertia of rotor 

I I  inertia ratio = IR/IR 

polar moment of inertia of rotor 

k stiffness coefficient of bearing support 

I 
k 

C  
stiffness ratio = D L n 	p 

L 	 bearing length 

Mx, My 	 fluid film restoring couples 

M 	 mass of bearing sleeve 

mass of rotor 

In 	• 	 mass ratio = m B/mR 

ambient preSure 

R 	 radius of journal bearing 

t 	 time 

Wx, Wy 	 fluid film restoring force components 

x1 , y1 	• 	 time varying displacements of bearing centre 

x2 ,• y2 	 time dependent displacements of journal centre 

relative to bearing centre 

Z 	 non-dimensional bearing parameter = Q/E2  

OCIA 	 time varying angular displacements of the bearing 
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Y 	 non-dimensional conical stability parameter 

IRW2C 

rrDL3p 

eccentricity ratio and its components 

constant portions of 	and 6 u  

time varying portions of 6. and 

V angular damping coefficient 

	

.17 / 	 angular damping ratio = - 
I27TpL-/Cj 3  

A exponential constant coefficient of time 

	

p. 	 absolute viscosity of fluid 

0• 	 A/b) 

	

T 	 angular stiffness coefficient of bearing support 

angular stiffness ratio =  

time varying angular displacements of the rotor 

axis relative to the bearing axis 

	

0 	 non-dimensional cylindrical stability parameter 

,rDLo 

	

w 	 angular velocity of rotor about its axis 
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