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Preface.

Some of the work described here has been reported
in the four oublished papers, reprints of which will be
found in an envelope attached to the rear inside cover,
and a further paper dealing with the statistical work
is at present in preparation. Items not previously
reported include in the theoretical section the
treatment of non~stationary conditions and the
discussion of the effects of drift on the shape of a
layer, and on the experimental side the special
measurements taken at Slough.

The writer is deeply indebted to many colleagues
including the joint authors of the above papers and
to others, particularly Mr. W.R., Piggott of the Radio
Research Station, Slough for much invaluable aid, to
the Director of that station for permission to make
measurements there, to Mrs. Moorat who did much of the
reduction of records, and above all to Principal Sir
Edward Appleton, without whose encouragement,
inspiration, criticism, instruction and generous
assistance in many ways none of this work would have

been possible.
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Chapter 1.

Introduction.

The E-layer of the ionosphere, occupying the
region from about 100 to 120 km. above the earth's
surface, is usually considered to be the simplest,
the most stable and the best understood of all the
ionospheric layers. In particular, its temporal
variations and other characteristics, as revealed by
the conventional techniques of radio-sounding, show
a remarkable measure of agreement with those pre-
dicted many years ago by Chapman (1931), on the
assumption that atmospheric ionization is due chiefly
to the absorption of solar radiation.

In recent years, however, and particularly since
the end of World War II, over seventy ionospheric
stations have come into regular operation, and the
accuracy and religbility of their measurements have
steadily improved. As a consequence of these
developments it is now possible, even using routine
data alone, to study and assess the behaviour of the
E~layer with much greater precision and in much
greater detail than ever before.

Such a study has been in progress at Edinburgh
for a number of years and has revealed several
anomalous features in the behaviour of the E-layer,
which show that it is by no means as simple as might

at first appear. Briefly the principal anomalies
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are: (1) a pre-noon perturbation in the E-layer
critical frequency fE and in the minimum eguivalent
height h'E; (ii) a variation of fE with solar zenith
distance 7Q substantially more rapid than theory
predicts; and (iii) the complete absence in most
cases, of the increasing asymmetry in the diurnal
variation of fE which the known relaxation properties
of the layer would lead us to expect.

For the proper study of these anomalies two
things are required: first, an accurate knowledge
of precisely what variations theory does predict, and
of precisely how these are altered by various modi-
fications of simple theory, such as varying temperature
or recombination coefficient, or by such perturbing
factors as vertical drifts; and second, an adequate
supply of accurate values of fE and other E-region
parameters.,

The first of these problems is largely the
mathematical one of finding suitable approximate
solutions of the main differential equation, the so-
called "continuity equation", which governs the
variations of ionization density in the ionosphere,
Also involved: however is the collation and assessment
of any information regarding the properties and
processes of the high atmosphere - including rocket
data, astrophysical evidence etc. - which may bear

on the problem.,
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For the second requirement - accurate values of
fE - the great mass of routine data now available is
extremely useful, especially when random variations
are smoothed out by appropriate statistical procedures.
To supplement this information however two special
sequences of intensive E-region measurements were
taken at the Radio Research Station, Slough, one in
June 1954 and the other in September 1955. A stand-
ard ionospheric recorder was used but with a modified
technique designed to give more detailed and accurate
readings of E-layer characteristics than is normally
obtained in routine practice; and records were taken
at gquarter-hourly, instead of the usual hourly
intervals. These measurements have provided useful
checks and other additional information on the
behaviour of the E-~layer.

The anomalies under review will thus be con-
sidered along three separate but complementary lines
of approach: the theoretical approach aiming to
assess their magnitude precisely and to appraise
critically any suggested explanations; the
statistical approach extending the field of view as
widely as possible in space and time (i.e., to cover
all seasons, all phases of the solar cycle and all,
or most, parts of the globe); and the experimental
approach not only seeking more precise information

at one place and period but also allowing a critical
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examination of the methods by which the ionospheric
records are reduced - for it is by no means impossible
that the source of some at least of the apparent
anomalies lies not in the ionosphere at all, but rather

in incorrect analysis of the data.
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Chapter 2.
Theoretical Studies.

2.1 Chapman's Theory of Ionospheric Layer-Formation.,

The classical theory of ionospheric layer-
formation, as given by Chapman (1931), makes, in the
first instance, threé simplifying assumptions: first,
that the ionizing radiation is monochromatic, second,
that only one species of molecule is ionized, and
third, that the ionosphere may be supposed plane,
(i.e. that its sphericity may be neglected). In later
papers Chapman (1939, 1931b) discussed the removal of
respectively the first and third assumptions, but if
for the moment the three assumptions are admitted, it
is readily shown that g the number of ions produced

per unit volume per second is given by

Q=nAS8,_ exp{-nAHsec-;L} (1)
where §,= the number of photona/cmz/sec. incident

on the outer atmosphere,

the solar zenith distance,

5 R
1}

= the number of molecules of the absorbing

gas per unit volume,

b
!

its absorption cross-section, and
H = its "scale-height" at height h, as
defined by the equation

-]

In dh = n H (2).
£
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Provided that n, the density of the absorbing
constituent remains proportional to that of the
atmosphere as a whole then H as defined by (2) is

equal to Hy, the atmospheric scale-height given by

Hy = kT/mg (3)s
It is to be noted however that equations (1) and (2)
make no assumptions whatever about the variation of
n with height, which so far may be considered
arbitrary.
The condition defining the level of maximum

ion-production, is found from (1) to be

dn/dh = - n°A sec X (L)
or,-using £2)
n. cos‘X.(lAE dH/dh) (5).

These equations are again valid for any arbitrary
function n(h), but it is now useful to introduce the
assumption that the scale-height varies linearly with

height according to the equation
H=Hy, + ph (6)

where | is a constant. This of course includes the
simple case of constant scale-height, i.e. Po= 0, but
since recent evidence (e.g. Jackson, 1956) suggests a

substantial temperature gradient in the E-region,
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equation (6) is probably a more realistic assumption
to make, and the linear approximation is likely to be
sufficient over the relatively small height-range of
E-layer variations.
Introducing a new height parameter z defined by
the equation

dz = dh/H CT)s

we find that

-7
nH = n H, (8),

and if we further choose the level of n, so that
nDAHD=1+f‘- (9)

then (5) gives the height of maximum ion-production

z(qy) as
z(q,) =-1n sec X (10),
whilst (1) becomes

q:qoexp{(1+;«)(l—z-e_zsec7(,)} (11)

h = (1+J‘~)Su o -
where ag B exi(I T ) (12)

The parameter z 1s related to the height h by the

equation

ZE =

;% In(1 + Rh/H,) (13)

so that, in general, it measures height on a
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logarithmic scale; but for a constant scale-height
(or approximately if ph/H, is small) we have the

linear relation
z = h/H (13a).

As (8) shows, n in that case decreases exponentially
with height - the well-known result for an isothermal
atmosphere,

If we measure heights from the level of maximum
a, i.e.putting

z=1n sec X + ¥ (14)
then (11) becomes
g = gg(cos % )T *fexp i(l HRKL ~ F - e'y)} (15)
and hence the maximum value of q is

dm = qo(cos 7(_,)14'1“L (16).

From these equations the conclusions of Chapman's
theory as applied to a plane-stratified atmosphere
with a linear gradient of scale-height may be summar-
ized as follows:-

(i) that the level of maximum ion production for
Zero %., determined by (9), depends on Hg,  and the
absorption coefficient A but is independent of the
intensity of the radiation;

(ii) that the departure from this level of the

height of maximum g for other values of 7( depends
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only on X, being given by the simple relation (10);

(iii) that Qy, the maximum g for zero X , depends
on Hy and the intensity of the radiation S_, , and that
dpy for other values of 7¢ varies according to the simple
law expressed by (16); and

(iv) that the ratio g/q, at a given distance from

the gy level is independent of H,, S, and X, or in
other words, for given scale-height gradient s @
single curve will suffice to express the shape of the
height distribution curve for all times of day and

regardless of variations of the solar radiation.

2.1.1 The Chapman Function for low cos X .

We must now consider briefly the effects of
modifying the three assumptions on which the elementary
theory so far presented is based. First 1if we take
into account the spherical stratification of the iono-
sphere Chapman (1931b) showed that sec X must be
replaced by a new function, Ch(R,X), R being the
distance of the layer from the centre of the earth,
measured in scale-heights. For K £ 80° a useful

approximation for this function is

Ch(R, X) = see X (1 - tan- % (17)

For other values of X detailed tables of Ch(R, X)
published by Wilkes (1954) are available.
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2.1.2 Absorption over a band of freguencies.

If several separate monochromatic radiations are
absorbed, or if radiation is absorbed by different
constituents, then since the absorption coefficient
will be different in each case so will the height of
the corresponding layer-maximum, and in fact a series
of separate layers will be produced. These may be
quite separate as with the E and F layers; or
alternatively there may be merging of several layers
in one region.

A special case of this studied by Chapman (1939)
is where absorption takes place over a band of
frequencies within which there is a continuous varia-
tion of the absorption cross-section. He assumes

this variation to be of the form

Ay = Ap exp()‘_gl&)z,

and concludes that although the shape of the layer
and the height of the maximum will be altered g, will
still be proportional to cos X and the height of the
maximum relative to the zero-X maximum will still
vary as 1ln sec X .

We can easily prove that this is true in the
more general case where A, 1is an arbitrary function
of A, and the intensity at wavelength A over a
small range dX is S, dA. The total ion production

is then
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q = Iq,\d)

where

Q5 =D A, S, exp{-nﬁ)k Hsec?c} .

Thus each range of wavelength d A will produce a
small Chapman layer for which equations (11) and (15)
will be applicable, except that now we must measure
z from an arbitrary fixed level so that z in (11)

must be replaced by z - z, where z. 1is given by

no A)_ HD

l+p

Z5 = 1n 5
the noughts referring to the arbitrary reference-
level, Similarly in (15) y must be replaced by
y =23 ¢ ¥ then measures height from a point 1ln sec X
above the zero reference-level.

Hence the height-distribution of electron-

production is given by

a=(cosp) P w(y) (18)
where
-F( ) = f._‘s_)'é_f-_i‘m/’ {(“‘f“)[’" (:'f"'?r)) - ‘e:‘{?"%r)] ‘{)‘
f Hq ech (1+ 1) '
(18=)

If F(y) has a maximum F, at y = y, then
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i i
9y = By (oong yu* 1 (19)
and the height of this maximum level is

z(dy) = ¥ + 1n sec X (20).

In these equations F, and yp are independent of
?L, being determined by the functions S, and A, only.
Hence the cosX law for g, and the 1ln sec ¥ law for
the height of maximum are unaffected by absorption
covering an arbitrary range of frequencies. It is
important to establish this point because one currently
favoured theory is that E-layer ionization is due
mainly to absorption of X-rays covering a relatively
large band of frequencies - perhaps from 50A to 5004,
according to Rawer\and Argence (1954).

One further complication is that the E-layer is
formed near, and probably partly within the transition
region above which oxygen molecules are mainly monatomic.
Such a change in the composition of the atmosphere could
affect the mean absorption-coefficient, i.e. could make
A,y a function of height. The effect of this would be
to change the effective scale-height which would then

have to be defined by the equation

frlA dh = n A H', (21)
Kk

and in equation (5) p must then be replaced by
)J-' = dH'/dh.
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2.2 The Continuity Equation and Methods for its

Solution.
At any point in space the electron-density must
satisfy a continuity equation which in its most

general form may be written

(-4

N _ g(z,t)-d(N)-aiv(Nv), (22)

p

where d(N) is the rate of disappearance of electrons
by way of atomic or molecular reactions, and v is the
mean velocity of electron transport (possibly includ-
ing a component of neutral air movement, but excluding
thermal motions). If the quantities d(N), v and q are
known functions of z and t then, in principle at least,
equation (22) may be solved for N, and in particular
for its diurnal variations. For the simplest case we
assume
(1) that g is given by (11) with pro =0, i.e.
that it varies in accordance with simple
Chapman theory,
(i1) that electron loss occurs by a process at
least effectively recombination so that
a(N) = «N°,
where the rate coefficient « is assumed
constant, and
(11i) that drift is negligible, i.e. that we may
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The continuity equation then becomes

zZ

o/

aN Qp exp(1l - z - €7~ sec x) - (23)

o/

For any assigned value of z this has the form of a
Riccati equation and several methods of solution are
available., A numerical method may be necessary in
some cases, especially for the periods near sunrise
or sunset, but such methods are laborious, and
analytical solutions, even if only approximate, are

generally preferable,

2.2.1 Phe gquasi-stationary case: simple method.

If the recombination process (whose time-
constant is of order 1/« N) is fast compared to the
variation of q, then a quasi-stationary equilibrium

tends to be set up with
q ~ «N? (24).

Under these conditions guite accurate solutions may
be obtained by a simple iterative process. Thus
from (24), using primes to denote differentiation

with respect to i, we have

'
= q

'
N' =..._..9'.._
20 N 2(ncq2’

and substituting in (23) yields the next approximation

for N, Continuing this process as far as the third-
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order approximation, we find

1=

Y

N, = ()]0 = B jhgpil oo ERLEST
@ (oc 4(g0)* 4 32?} %
a s ?f&m—361¥$ﬂ+30¢3
{2?(?_“)5/,, ?_s

(25).

It should be noted that the iteration does not
yield a convergent series, and should be continued
only as far as the successive terms are decreasing.
When the terms in g" and higher derivatives are
negligible, as is usually the case, the calculation
of successive terms is simplified and gives, for

example

2

Ve - o N . o a%

|
where € = —d %‘ = aN/at d; (27)
2(q¢><:)E <N

The gquantity 1/2(qac)% ~ 1/2eN = T, say, has been
called by Appleton (1953) the "relaxation-time" of the
layer and occurs frequently in the theory of layer-
formation.

Equation (26) may be used to indicate how far
the iteration can profitably be carried for any

required degree of accuracy. Two or three terms of
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the sequence will easily give an accuracy better than
1% in the range [€| < 1/10, which under E-layer
conditions covers the greater part of the day.

One disadvantage of this method however is that
it does not permit the initial conditions to be taken
into account; it is simply assumed that any departure
from the quasi-stationary solution (25) has disappeared
before the first time for which this solution is used.
A somewhat more satisfactory method including the
initial conditions has been treated by Rydbeck and
Wilhelmsson (1954) and will be considered in detail

in the next section.

2.2.2 The gquasi-stationery case with given

initial conditions: the W.K.B. method.

If we write
N = u'/ecu, (28)
the continuity equation (23) becomes

41U .- xqu-=o0, (29)

i.e. it is transformed into a wave-equation, and solutions
applicable to the latter are therefore valuable in some
cases for solving the continuity equation. In

particular the so-called W.K.B. method may be used.

Thus writing

4o eNES
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we find from (29) that

Logv 4 8% 2q.

%
This is a similar equation to (23) and the iterative
process previously described yields two linearly

independent solutions, valid for guasi-stationary

conditions, namely,

s' = - 1 E" 1 .q..-“- q'_' 2
'JE{ h(qm)an*B'&?cl:q E(q)_ o
’ s q' 1 q" 5 q 2-” }
T'==/afl + —— = ¢ — |= - = (=— * s
"/_é L(gw)2 9 8gx|g L4 ¢ )J

Hence the general solution is

u. = A 6428 + B éﬁ;T
so that
yol as' &S, ppr =T
,¢§' A éJES + B edg?T

We shall suppose that the initial conditions are

given in the form

Then



R
< 1 - §e2W
where W=2Ax(s~-=T)
c- i
S LR e
= J(ﬂ,u) {H— nm[i A(i)] +
: )
(30)
and & = - B/A. Hence
-aw
q .+ 26 e | g/
B o (Z) {'+: St hlg)* ¢
(31)

At t =t; W=0 and (31) gives O in terms of

Ny and 9. Approximately (1£ S is small) we have

23-_- Nl - 1

—_—

(32).
(ql/oc)i

After an interval At

N =E (T = 25e—M/T) (33)

1
where, by (30), 1/T is the mean value of 2(goc)?

over the interval At. In other words if at t = t4

—
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N differs from the equilibrium value then it will
thereafter approach the equilibrium value in an
approximately exponential manner with a time-constant
equal to the relaxation-time of the layer.

It should be noted however that for the above
solution to be valid it is necessary that during the
whole range of time considered, from t{ to i, quasi-
stationary conditions should obtain, It is not
therefore valid if the initial conditions are given at

or near sunrise.

2.2.3 The non-stationary case: g increasing.

When the rate of change of q is too great to permit
the use of a quasi-stationary solution as, for example,
during the early morning just after sunrise, the
simplest analytical solution is obtained, as shown by
Rydbeck and Wilhelmsson (195L), by using a straight-

line approximation for q, say
g = b(t - t)) (3L)

where b is a constant. The wave-equation (29) then

becomes

2
gsa | -
E;Z ®<b(t tD) u =0,

a general solution of which is
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e («ﬁ—)"“ o £)" I% {%-.(,{b—)'fa- (t_ta)znf

(35)

I1 and I_4 being modified Bessel functions in the

standard notation. Now it is readily shown that

X I__),/s

FJJIQJ
L
]
=
()
o
~—r—
w|w
X
W~ g
]

and
a a p 4% i
E} l: X I-'/& 'ix %] = X I;fa

and hence (28) gives

1 1
2 -3 I; 4+ 8 I_:{
= (B (b= & < - 36
N = () = T & 8 Iy, (36)
where the argument of the Bessel functions is /@
given by
2 % +
A=)t o= g (37).
TfE N = Nl at. t-= tl

& Bk -t I-'/, { 5 («t) (¢ -h)m

S
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Lo (a) e T (B)
P "(/g, b 3 (38).
Iz%g(ﬁi) ¥ K-’Lyéqa)

Alternatively if N = N, at t = tg

N 1
d =2 (EE ’ (38a).
0.5/ *3b

Finally, if N =0 at t = t,, & = O and

1 . I
ne B - f e [Tap) o).

-%

The function R(/3), which gives the departure of N

from the equilibrium value, is plotted in Fig. 1.

2.2.4 The non-stationary case: q decreasing.

For the case when g is decreasing rapidly, as for

example near sunset, we may write
a=D>b(t, - t) (L4O)

91y%
and, N=N1=K(?) at t = ty

then, as before
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1

N = (g)é- 5 I_;,, — I‘/3
oL I

- = S Iy,

(L1)

and

—; KI—"S + I“/l (ula)
K I!;g + I-"!

the argument being /3 in the first case and /?1 in the
second.

For /J’l > 1 (which will certainly be true if tq
lies within the guasi-stationary period) S differs

negligibly from unity. In that case we shall write

¥ = (DT s(8) (42).

The function S(fa) is also shown in Fig. 1.

At t = to we have

]

N (ty) = 0.51(3b/oc2)? (43).

2.2.5 The Relation between the quasi-stationary

and non-stationary solutions.

We have now obtained two main solutions of the
continuity equation, one valid for quasi-stationary
conditions, that is, for dg/dt small, and the other valid
for linear variations of g and therefore particularly
useful when dqg/dt is large; in other words one
solution appropriate to the middle part of the day and

the other to the morning and evening. Naturally to
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obtain a complete solution valid for the whole day
we must find a connecting link between our two
solutions; and fortunately this is not difficult.

The morning and afternoon solutions may be written

fam. = D {1-21e) —3e2 - fe@Erp) ()
Mo, = (DF{1+ 216l —3e2 e DT s(8) W)

where the symbol = has been used to indicate the
merging of the two solutions. By definition, in the
one case

1 q'

m
[

and in the other case

e

and ¢ = b|t = ty] so that b = q' and the last equation

2 % 3
?(“b) |t - tol

may therefore be written

1
e (L6).

2 1a
= 3(ge)? 2 =
ﬂ 3 q'
This equation clearly gives us the reguired link.
In Fig. (1) the functions R(/3) and S(/3) have been
plotted from the Bessel-functlion tables given by

Jahnke-Emde (1945, p. 235) and are shown by full lines:
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the gquasi-stationary solution for € = 1/38 are
shown by dotted lines on the same graphs. The two
functions become coincident as 3 = oo (or € > 0):
and are very close at B =L (or € = 1/12) in the
morning and at /‘3 =3 (or € = 1/9) in the afternoon
but from these points to [ = 1 the error in the quasi-
stationary solution becomes increasingly large and for
/3 > 1 this solution is of course obviously invalid
because of the rapid divergence of the series.

So long as linear approximations (or series of
linear approximations) are valid for the non-stationary
periods, the two solutions can evidently be combined to

give a single complete solution covering the whole day.

2.3 The Height and Magnitude of Maximum Electron

Density.

We have seen that if the rate of electron-
production g is given as a function of time then two
main methods of solution of the continuity equation are
available. The first, expressed by equation (25), is
satisfactory when q is varying slowly (more precisely
when € <« 1); and the second, resulting in equations
(36) and (L1) is appropriate when g is varying quickly,
but is restricted to such a range of t that the
variation of q may be considered linear.

So far, however, we have taken no account of the

variation of q with height z. The above methods are
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of course valid for any constant height; and will yield
N as a function of time at any given height, but in the
normal practice of ionospheric radio-sounding it is not
practicable to measure N at a given height. The
guantity measured is the so-called critical frequency

of the layer fo which by way of the well-known result

Ny = a2l x 10" f02 (L7)

vields a value for the spatial maximum of electron
density, Ny, that is, the value of N at the level where
2N/ 2z = 0 at any particular time. We shall denote
the height of this level by hp when it is measured in
km above the ground, or by zy when it is measured in
scale-heights above the Chapman zero-level defined by
(9). by for the E-layer is not measured as a matter
of routine at the ionospheric stations, but it can be
computed from the ionospheric record when a suitable
E-layer trace is present and examples of such
determinations are given in Chapter L. The routine
measurement is of h'E the minimum recorded height of the
layer: and in practice this may to some extent depend
on fpin, the minimum frequency for which echoes are
observed, which in turn depends on the level of

absorption.

2.3.1 The Continuity Equation for Ng.

We must now examine whether it is possible to solve

our equations for the measurable guantities hy (or zp)
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and N,, and for this purpose we shall assume that q is

given by the expression for a simple Chapman layer,

namely,

q =g, exp (le=sg =vei® gee K ).

Now if we follow the Nm level

an,, (‘aN 3N dzm) '
zZ = 2

at 3t " vzt &
=(l.1\'.f)
dt/) z = zZy,

and so the continuity eguation becomes

aN

== = alzy) - <N (18)

where q(zm) is the value of g at the height z i.e.

m!
at the level where N is a maximum. In general this
will be different from q, the maximum value of g given
by

Ay = Qg cos K (16a)

which occurs at the level

z(qm) = 1n sec X (10).

Simple physical considerations suggest that there
will be a certain delay in the variation of N compared
with the corresponding variation in g, so that in the
morning when the g, level is coming down we should

expect that, at any given time, the Nm level will be
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higher than the 1 level; and conversely in the after-

noon, To clarify this the relative variations of N

and q@ with height at a given instant are sketched rough-

ly (and in exaggerated form) in Fig. 2.

<—p—>

Fige. 2

y (N)

y (3+)

The difference in height between the two levels, termed

by Appleton and Lyon (1953) the "height-lag", we shall

denote by a, that is

N
I

m = 2(Ng) = z(ap) - a,

1n secx - a

in the case under consideration.

If a is small then at the N, level,

2

= a
ezsecx"’-—'e =1+a+%+ooo

and

(L49)

(L9a)

(50)
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2
a(z ) =gy cos X exp (-%— --62 i)

=g, cosX (1~ %E swe ) (51)

so that the basic equation to be solved for Ny is

Once quasi-stationary conditions have become
established we may expect that the height-lag will

become negligible so that

aNg, 2

35 = %o cos K - &I (52a)

and the gzero-order approximation, valid near noon, is

Np = (%2)% (cos 7(_)% (53)

To obtain better approximations we must allow
both for the dNp/dt term and also for the height-lag a

and in particular we must determine the value of a.

2e3+2 The height-lag and the value of Ng:

guasi-stationary case.

At any given height, under gquasi-stationary

conditions, equation (25) gives, after some reduction,
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3N glaw & G dy 5 dy \*
3y z, J’:o‘(;) T ke e By at T 16 «L"q " (1;,...%_ v‘f‘)
= 0 (54)

neglecting terms of the third degree and higher in a
or tanX dx/dt. If we neglect also terms of the

second degree we obtain the first-order approximation

g = tanx dz&/dt oy (55)
2(qe)?

which confirms our expectation that as conditions
become more nearly statiomary the height-lag tends
to zero.

Inserting this value in second-degree terms

gives the second-order approximation

a=€—-§-€2 (56)

and by (51)

a(z,) = go cosX (1 - > +

Hence by (52) and (22)

1
dp COS z 2 ¢
Nm=(_°__o<_7")2{1-%e-§e -?53_...} (58).

L GEEjE negligible, as is usually the case, we have

the following useful results
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N, = % {Nm(+)() + Nm(—X)}
: (59)
_ {9 cosX\Z
i ( < )
and
ANp = Npm(+ X ) = Np(=-X )
(60).

tan X ax/dt
N, =
€. 2 e

"

The average ﬁ—m and the difference AN, of values of Ny
at the same X in the morning and afternoon are, as we
shall see, particularly useful guantities for the
experimental investigation of the behaviour of an

ionospheric layer.

2.3.3 N and the height-lag in the non-stationary

case.

An alternative expression for the height-lag, not
necessarily confined to quasi-stationary conditions,
has been given by Appleton and Lyon (1955) on the basis
of simple physical considerations. This states that,
to a first approximation, the height-lag is given by
the product of the relaxation time 7 and the speed of

descent of the layer, i.e.

a = c,}Nm%%(ln ch %) (61).

This result permits an estimate of the height-lag correction
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at times quité close to sunrise and sunset.
To use the functions R(B) and S(f3) to obtain
Npp in the sunrise and sunset periods we require a

linear approximation to q(z,) - the rate of ion-

m)
production at the layer maximum, As it turns out

the effects of the Chapman-function correction and the
height-lag correction tend to cancel one another out,
with the result that a linear approximation for the hour
or so after sunrise or before sunset is a remarkably
good one,and is readily deduced from a curve of 1/Ch X
against time for the place and time in question.

Given the curve just mentioned it is now a simple
matter to calculate the theoretical variation of N
throughout the day and night. The result of such a
procedure for June at latitude 50°N is shown in Fig.
e It will be observed that as we approach sunrise
or sunset the quantity ANm departs increasingly from
the simple expression (60) though it does continue to
increase as cos X decreases.

It has been mentioned that our results for non-
stationary conditions are based on the work of Rydbeck
and Wilhelmsson (1954) relating to variations of Ny
during an eclipse. These authors do not mention the
height-lag correction, but it will be clear from the
present investigation that they are correct to neglect
this factor in eclipse computations except in the

immediate vicinity of sunrise or sunset. Even at 05 h
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in the example we have chosen the correction in

question is only of order 1%.

2.4 The Effects of Drift on the Characteristics

of a Layer.

If the electrons in a layer are subject to a
vertical drift velocity v, which itself varies with

height z, the continuity eguation then becomes

W_goxm -y 2 (62)

and at the layer: maximum

g-lz-r-“:q- ocI\TmZ-NmE_; (63).

Assuming that dN /dt and the drift term are small

compared with the other two terms we obtain for Np

4/_{-%-'13_} (61s)

according to which we see that

the equation

(i) the relaxation and drift effects are independent,

(ii) the drift effect depends only on the gradient of
drift not on the drift velocity itself, and

(iii) for a given drift gradient the change, $Ny, say,

due to drift is proportional to the relaxation

time T : 1in fact
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'Tm=-q_i‘z' (65).

We have assumed in the above remarks that any
change, Sz:say, in the height of the layer-maximum
due to drift is a small gquantity of the first order
so that any effect of this on q, and hence on N, is
of the second order only. We must now consider in
detail the magnitude of this guantity 8 z. Since
relaxation and drift effects are, in the main,
independent, it will clarify the argument and lead to
no serious loss of generality, if we assume for the
moment that conditions are stationary, i.e. that

dN/3t = 0, at all levels. We therefore have

24 av anN
— - N At A ']
N o] T = (66)

Differentiating with respect to z and then putting dN/dz
= 0 we obtain for the height zg of maximum electron

density the condition

2
49 _yav , , 4N (67)

which can be solvéd for Zn by successive approximations.
The first approximation, which was given by

Appleton and Lyon (1954), is

§ 2 (68)

[}
<
1}
q
<
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and it is not difficult to deduce a second

approximation, namely,
dz = Tv(l + 2TV = 37Vv") (69).

Allowing for this small departure from the level of

maximum g we now have for Np the result

W = f% (1 - Tv' - % T%v2) {(70) .

To obtain an expression for N in the neighbourhood
of the layer-maximum we may use a Taylor expansion and

this yields the equation
!
N = Nm{l = txz(l = rrv') + ?I_ 33 e a-% (?1)

where 3 is the distance, in scale-heights, from the
layer maximum. It will be seen that a positive drift-
gradient increaseé slightly the apparent thickness of
the layer near its maximum.

This result, however, is valid only for small 3 >
and to calculate the effect of drift on the shape of
the layer as a whole a different procedure is required.
If we may still assume that the drift has continued long
enough for conditions to become stationary at all levels,
the problem reduces to solving the differential equation
(66) for N. Putting ¥ = N/N, the latter equation

becomes

av . g _ %Ny 2 _ v
5 e Y (72)

% v = DU [yx
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where the coefficients may all be functions of z.
It is evident that, in general, only numerical
solutions of such an equation are possible. For a
set of numerical valueé*which are consistent with the
experimental evidence at Slough the result of such a
numerical solution is drawn in Fig. L. This figure
shows the small decrease in N, and in zp due,
respectively, to the positive drift gradient and the
downward drift velocity, in accordance with eguations
(65) and (68), and also shows the considerable increase
in ionization-density in the lower part of the layer
resulting from the downward drift.

However it must be remembered that the lower down
we go in the layer the greater becomes the relaxation-
time T, and hence the longer will the ionization take
to reach the equilibrium condition denoted by the
full-line curve of Fig. L. If we assume, as a rough
indication, that this condition is approached in an
exponential manner with time-constant T, then the
dash-dot continuation would give the position after one
hour under average E-layer conditions; and for the
practical case of a tidal drift-velocity this may give
a more realistic picture than the equilibrium curve at

the bottom of the layer.

%In fact, o(Nr TvT= =23 e"z/5 -
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Chapter 3.
Statistical Investigation of the E-layer.

3s1 Previous statistical studies.

Most statistical investigations of the E-layer up
to now have concentrated attention on finding the best

value of n in the assumed relationship
n
fE = £ (cos X) (73)
or of n' in the alternative expression
n'l'
(fE)" = A cos X (74) .

Thus Allen (1948) examined this question in relation to
a study of sun-spot activity and its effects. Using
noon values and the mean of values at 09 h and 15 h
throughout the year he calculates n' for each of 1L
stations, and obtains an average value of n' = 3.72
(or n = 0.27). This however is a value primarily for
the annual variation rather than the diurnal variastion
of cos X , and as we shall see the two are in general
different.

Treméllen and Cox (1947) in a discussion of
ionospheric predictions state that the average value
of n for the diurnal variation at moderate latitudes is
0.31, with somewhat larger values in local summer and
at sunspot-maximum. They also note (i) an increase of
fE at given L as the equator is approached and (ii) a

seasonal effect causing a small reduction of fE in
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local summer.
Harnischmacher (1950) on the basis of an analysis
of data from 4 stations only, obtains the following
empirical formulae for f; and n

fo = 2.25 + 1.5 cos @ + (0.01 - 0.007 cos @)R (753
75

n = 0,21 + 0,12 cos @ + 0,002R
where g is the latitude and R the sunspot number. He
thus finds that n at sunspot minimum decreases with
latitude from 0.33 at the equator to 0.21 at the poles;
and he finds that n increases with sunspot number.
Harnischmacher also found a seasonal variation of n
at Washington with a minimum in winter and a maximum
in summer.

Scott (1952) finds for summer months an average
value n = 0.33 for moderate latitudes but notes a sharp
drop to between 0.10 and 0.20 in the north auroral zone
followed by a rise to 0.25 further north.

Saha (1953) computes values of n and f, for
Calcutta: and states that the two quantities tend to
vary together, having an apparent seasonal variation
with minima in summer and maxima in winter, and
further that afternoon values of n (which he computes
separately) tend to be smaller than morning values.

He finds a wide variation of n between 0,10 and 0.50.

Menzel and Wolbach (1954) give what is perhaps

the most elaborate analysis to date. To study annual
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variation they mass data for all available stations
for each month and they find (like Saha) that the
resulting monthly values of n and f, tend to vary
together and also (unlike Saha) that they show a
correlation with the monthly geo-magnetic index Kp»
having maxima at the equinoxes and minima at the
solstices. To study latitude variation they mass all
data throughout the year for each station and find
that both f; and n decrease with latitude. Thus n
(which in this case will include effects of both
seasonal diurnal variation) varies from around 0.315
at the equator to around 0.26 at 65°N. A third
method of analysis they use is to compare the value
of fE at a given A and a given station with the
averagelat this 7L for all stations. Averages of
this ratio were then computed for different ranges of
j.and the variation with latitude examined. The
results showed that around noon (0° < 7C < 27°) there
was a marked increase in the relative value of fE
towards the equator but this effect became increasingly

less marked for higher ranges of X.

3,2 The Edinburgh work on the E-layer.

A weakness of the work of Allen and also that of
Menzel and Wolbach is the failure to distinguish
carefully between the three ways in whdch cos X may
be varied, namely by varying time of day, season and

latitude. The cos;ﬁ relation, as expressed by
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equation (73), must be studied separately for each type
of variation, and this isolation of the various factors
at work has been one of the main objects of the statis-
tical work carried out at Edinburgh.

In one of several methods used for this purpose,
the months were grouped by secason: northern summer
(May to August), equinox (February to May and August to
November) and northern winter (November to February).
By making use of mass plots of fE against latitude at
individual hours (corrected to apparent time), mean
values of fE can be derived for a series of latitudes
(say at intervals of 10°) for every hour or the day;
and from these, smoothed diurnal curves for each season
and latitude can be drawn, and any required type of
variation studied. This method was used both at sunspot-
minimum and sunspot-maximum.

An alternative procedure, also used at Edinburgh,
is to average values of fE at each hour of the day, and
in each month of the year, over a large number of years
for individual stations (e.g. Slough, Washington,
Christchurch, Singapore etc.). This is particularly
useful for studying annual variations in detail.

We have seen in Section 2.3.2 that for a simple
ionospheric layer produced in the manner proposed by
Chapman it is possible to make certain theoretical
predictions which are readily expressed in terms of fE

as follows:=—
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(1) If we average fE for hours of the same X in
the morning and afternoon the result, E say, should

obey a law of the form

fE = £ (cos %)™ (76)
where n = (1 + p) and R is the fractional increase
of scale-height (or temperature) per scale-height, and
may be expected to be of the order of 0.1, so that the
exponent of cos )L should be around 0.27.

(ii) £, in (76) will vary with sunspot activity
but should not vary with latitude, and if corrected
for sunspot activity should not vary with season: or
in other words f& at the same )~ should be the same
at all seasons and latitudes.

(iii) If we take the difference A f between values
of fE at times of the same 7L in the morning and
afternoon we should find that /A fE increases steadily

with L according to the law

_ ag/at _ a
A B k2 - TRE R % (77)

in the quasi-stationary period. As Fig. L illustrates,
at large X fE will vary rather less rapidly with
than this would indicate, but should still increase
with X.

In fact however, as we shall see, none of these

predictions is fulfilled in practice.
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3.2.1 The E-layer diurnal cos® -law.

To obtain the diurnal value of n it is most
convenient to plot log a0 against log cos;b and two
typical examples of such plots are shown in Fig. 5.

In both cases n has values near 0.33. The curious
downward inflection of the first curve at high 0087(.
is typical of summer and equinox at mid-latitudes,

and a small upward inflection at low cos 7(. is also
common. If the central straight portion of the curve
is used to determine n in such cases the value of n

is found to depart little from 0.33 (remaining for the
most part between 0,30 and 0.36 regardless of season
or latitude. No very definite significant trends can
be observed in the variations of n that do occur,
though it does appear to be slightly higher at sunspot-
minimum than at sunspot-maximum and possibly tends to
rise slightly towards wintenr. If a best straight line
were used in the inflected cases (instead of the slope
of the straight portion) this might lead to a slight
decrease of n with latitude, as found by Harnischmacher
and Menzel and Wolbach. It will be noted that at
high cos?{. , in the example shown, the slope gives

n = 0.21.

3.2.2 fE at constant X : latitude and

seasonal variations.

When fE- for the same 7(. is plotted against latitude

a curve such as that in Fig, 6 is obtained, K showing a
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marked rise near the eguator: this agrees with the
results of Menzel and Wolbach (1954) and also with the
earlier observations of Tremellen and Cox (1947) already
guoted. What is essentially the same phenomenon can be
observed in a plot of log fE against log cos X , say
for noon, for various latitudes: as Fig. 6 shows the -
result is an upward inflection near the equator.

When in a similar way fE for some constant % is
plotted against month of the year, as in Fig. 7, it is
found that at mid-latitudes winter values are distinctly
higher than summer values, and sometimes there is a
secondary maximum in summer, This result is again in
agreement with the findings of Tremellen and Cox (1947).

This type of seasonal variation can also be
expressed in another way, by determining the cos X -
exponent for seasonal variation of fE at noon. For
Slough and Washington the seasonal n turns out to be
very close to the theoretical value of %, as compared
to the diurnal value of . This is in fact equivalent
to the statement that at the same X fE will be less
in summer, as the diagram of pig. 8 illustrates.

The same figure also shows that in keeping %
constant but varying season, time of day is also
necessarily varied: hence the apparent seasonal effect
could also be interpreted as implying that fE at the
same )( is greater at noon than in the morning or

evening. It is thus not possible to tell from the
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statistical analysis alone whether a true seasonal

variation is present or not.

noon

1

log fE

WINTER

log cos X

Fig. 8

If Beynon and Brown (1956) are correct the seasonal
variation and the value of n for the seasonal cos 7’. =
law are strongly affected by tidal variations.

It may be mentioned that no evidence whatever was
found for the type of seasonal variation observed by
Menzel and Wolbach (1954), with minima at the solstices:

indeed our results show the exact contrary of this.

3.2.3 Anomalies in the diurnal asymmetry AfE:

the Sq perturbations.

The diurnal asymmetry A fE rarely if ever shows
the theoretical variation indicated by equation (F) =
-that is, a steady increase for increasing 7( For

times not far from noon AfE is too large at high
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latitudes and at low latitudes it becomes negative:
a plot of AfE against latitude is shown in Fig. 9
for 09 h and 15 h, and a diurnal plot of AFfE typical
of summer conditions at mid-latitudes is also shown
in the same diagram. The latter curve illustrates a
second anomalous feature of the /AFfE variation,
namely that AfE tends to zero at low cos X instead
of continuing to increase as theory predicts. TP e
is determined from diurnal curves of fE in the manner
proposed by Appleton (1937), that is by using equation
(77), these low values of AfE mean that the apparent
value of o increases very rapidly with X at large
%, as indicated by the dashed line in the figure.
This phenomenon was noted by Grace (1951) who considered
that it represented a true increase of « with height.
However there seem to be insuperable objections to
such an explanation: in the first place such a rapid
increase of o« with height would be very difficult to
account for theoretically; and further since qw/a:
decreases only slightly with 7L it would mean that dg
also increased enormously at large 7¢, which is guite
unacceptable. We conclude then that there is some
extraneous perturbation in fE either in the early
morning or the late afternoon; but the nature or
cause of this effect is so far unknown.

As to the anomalous values of AfE in the midday

period however, the fact that the anomaly changes
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phase from high to low latitudes provides a clue
which enables us to give an explanation,in the manner
set out by Appleton, Lyon'and Pritchard (1955). As
Martyn (1953) has shown, whenever a current with an
east-west component flows in an ionospheric region
where the earth's field has a horizontal component, the
resulting mechanical force will cause vertical drift of
neutral ionization (electrons and positive ions) in

accordance with the equation

Jy H

= s
(mj ¥; + mg V)N

(78)

whére jy is the component of current towards
geo-magnetic east, H the horizontal component of the
earth's field, and mj, Vj and m,, Vg are the masses
and collision frequencies of ions and electrons
respectively.

Now it is well-known that the so-called Sq
current system, associated with the solar atmospheric
tide, flows eastwards in low latitudes and westwards
in high latitudes reaching maximum intensity around
10 h local time. There should therefore be an
upwards drift at this time in low latitudes and a
downwards drift at high latitudes. Further if this
drift has a velocity-gradient such that the magnitude

of the velocity is decreasing upwards, then the change

in Ny in accordance with equation (65) will cause a
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pre-noon dip in fE at high latitudes and a pre-noon
rise at low latitudes, which is exactly what we
require to explain the observed anomalies in AfE.

The correctness of this explanation can be

confirmed in several ways. In the first place there
should be, according to equation (68), corresponding
effects in h'E and in hmE, and these have in fact been
observed (see Chapter 4). In the second place the
increase in fE at low latitudes will, as the configura-
tion of the Sq current system shows, be continued over
the greater part of the midday period and therefore
exp lains the observed tendency already mentioned for
fE at given 70 to increase towards the equator.
Finally the same effect probably also explains why the
downward deflection of the diurnal log fE - log cos7¢
curves at high cos X (noted in Fig. 5) does not occur
at high latitudes.

From this consistency of several independent lines
of evidence it seems reasonable to conclude firstly
that the Sy currents do indeed flow in the E-region,
secondly that they do in fact give rise to vertical
drifts in the manner first suggested by Martyn (1947),
and finally that these drifts do account satisfactorily
for some at least of the observed anomalous features

in the behaviour of the E-layer.
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Chapter L.
Experimental Investigation of the E-region.

L.l Previous experimental studies.

We have seen that according to the statistical
evidence a number of anomalies exist in the behaviour
of the E-layer, some of them apparently ex lained in a
satisfactory manner by the influence of a tidal
perturbation others so far without explanation.
Various anomalous, or at least unexplained, features
have also been observed in experimental studies of the
E-layer.

One of the earliest detailed studies of the E-
layer and its diurnal variation was carried out by
Appleton and Naismith (1932), who give diurnal curves
for f,E for three individual days, one in summer, one
in winter and one at equinox. The main object at
that time was to establish (a) that the layer variation
was under solar control and (b) that it was produced
not by corpuscular streams but by absorption of solar
radiation in the manner described by Chapman. It is
however remarkable to note that on two of the days
analysed there is a marked pre-noon dip around 0930 h
identical in character with the dip which we have
already noted in the statistical resglts and ascribed
to tidal perturbation (Section 3.2.3).

A weakness of the earliest studies was however

the failure to deal appropriately with the conditions
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now usually described as Eg. The existence of these
conditions was noted by Appleton and Naismith (1935),
but for some years there was doubt amongst ionospheric
workers as to whether in an ionogram such as the one
sketched in Fig. 10 f E should be read at a where the
transition to the "abnormal" layer occurs or at b (now
usually called the blanketing freguency,) where F-
region echoes first appear. Appleton, Naismith and
Ingram (1936, 1939) eventually showed beyond doubt
that the former criterion was the consistent one, and

broadly speaking it is the one now in general use.

S i

A &

Fig. 10

Halliday (1936) used a differentiating circuit to
improve the accuracy of equivalent heights and studied
in detail a number of h'-f curves for region-E taken
during the autumn months (between June 13 and November
21). An interesting feature which he noted was a
discontinuity of height amounting on the average to

5 kxm and occurring between 1.7 and 2.3 Mc/s. Since
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it was usually accompanied by group-retardation,
Halliday ascribed the phenomenon to penetration of
a low ionized 1layer. The height of this low layer
varied between 90 and 99 km with an average of 95 km.

Another early study of region-E is that of Best,
Farmer and Ratcliffe (1938), but their results are
somewhat vitiated by their adoption of the b (or
blanketing frequency) criterion for the summer period.
Their curves do not show any pre-noon dip nor do they
appear to show any of the cos %, -law or AN anomalies
under discussion in the present investigation, but it
is interesting that they find the occurrence of two
critical frequencies (which they denote by f; and f5)
to be typical of winter conditions and find the diurnal
variations of the two to be closely parallel. It seems
likely however that fq corresponds to what we should
now treat as a '"ledge".

The fine structure of region-E was considered in
detail by Whale (1950) who noted a number of new and
characteristic features of the E-region ionogram.
Firstly following Appleton and Naismith (1940) he
considers the theoretical h'-f curves for the case when
a thin sharply reflecting layer is present at, slightly
above or slightly below the normal-E maximum, and he
interprets some experimental h'-f curves in terms of
such subsidiary layers. Where the apparent height of

the subsidiary layer is much greater than that of
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normal-E it is treated as a separate Eo-layer: and
cases of this kind are said to be common in the early
morning and late evening, but in the morning, it is
stated, normal-E generally increases faster than the
E2 and so eventually obscures it. Ledges and
subsidiary layers are generally supposed by Whale to
be transitory phenomena and examples are given of a
ledge apparently "dropping off" the F-region, gradually
losing height and finally appearing as a sort of E_-
layer, and also of a ledge moving downwards on the E-
trace with a guasi-period of about half an hour.

Whale also distinguishs between '"rough" echoes
showing considerable variation of echo-amplitude with
frequency and "smooth echoes having no such irregulari-
ties. TFollowing the work of Ratcliffe (1948) and of
Brigegs and Phillips (1950) on diffracting screens,
Whale ascribes the roughness to irregularities of
electron density in a horizontal plane, and describes
the reflecting layer as rough or smooth according as
these irregularities are present or not.

Bibl (1951) has studied the E-region with
particular reference to the precise definition of fOE
for the purposes of routine reduction. He argues
that £ E is to be distinguished from the penetration
freguencies of lower, subsidiary layers (a) by the
presence of the substantial group retardation to be

expected from a layer of the "normal" semi-thickness
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of the E-layer (of the order of 20 km) and (b) by a
substantial height-discontinuity ( ~ 15 km at least)
in the transition to the next layer; He thus defines
foE as "the highest critical freguency of a layer of
normal thickness, in the E-region, not greater than the
first discontinuity of apparent height". Examples of
ionograms given by Bibl, and the position of f_E
indicated according to his definition are shown in

Fig. 11.

Fig. 11

When extrapolation is necessary dve to the presence of
Eg Bibl recommends that the value be considered doubtful
if the uncertainty exceeds 0,1 Mc/s.

The Eo layer has been investigated by Becker and
Dieminger (1950) but with a somewhat different
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interpretation, indicated in Fig. 12, according to
which the name E, is given to a layer which would be
usually described as an ES layer - and certainly so
thin that it shows no group-retardation at the
transition to F.

FE fEx
Fig. 12

Becker and Dieminger differentiate this type of layer
from Eg by the very short range of freguencies over
which partial reflection occurs - this being, according
to Rawer (1939), the characteristic of a thin but
homogeneous layer. The term Eg is apparently reserved
by these authors for the case of reflections, partial
or total, extending far above the normal-E critical
frequency, and not showing any definite penetration
frequency.

A somewhat similar interpretation for fE, is
adopted by Rastogi (1954), but he then follows the

dubious convention of labelling as fyE what by Bibl's
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definition would be £ E, and of calling f E what would
normally be considered a subsidiary ledge below E, It
is of some interest, however, that he has observed
these three freguencies, fy, f, and fp, with considerable
regularity at Ahmedabad.’

According to Skinner, Brown and Wright (1954) E,
at the eguatorial station of Ibadan forms as a separate
layer in the early morning and rises to form a ridge in
F1; and in the late afternoon this ridge breaks away
from F; and descends towards the E-region., The
downward movement of E, from the F-region is also
reported by Saha and Ray (1955) for a station near
Calcutta.

Instead of the usual P'-f and P'-t records obtained
from the ionospheric recorder it is also possible to
obtain records of echo-amplitude against time or
frequency, and this method has been applied with some
ingenuity by Briggs (1951) to the investigation of Eg
or abnormal-E, and of subsidiary "ledges" in the E-
region. Regarding the abnormal-E phenomena he notes
that there have been two theories put forward: the
"scattering cloud" theory (e.g. Appleton, Naismith and
Ingram, 1939) and the "thin layer" theory (e.g. Rawer,
1939). - According to the first theory reflection from
the E-region at frequencies above the normal penetration
frequency is due to reflections from clouds or patches

of higher density embedded in the region, and there is
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an overlap between the minimum frequency which can
penetrate the main or interstitial electron density and
the maximum frequency which can be reflected by the
patches. The cases which Briggs finds to be well
explained by this theory show a considerable overlap
(of the order of 0.5 Mc/s or more), a gradual "trailing"
cut-off and the rapid fading to be expected from a
patchy or "rough" layer. The alternativeltheory
(Rawer, 1939 and Rydbeck, 1944) invokes the partial
reflections which occur,as a full wave treatment shows,
when the thickness of the layer becomes comparable
with the wavelength used. The cases mentioned above
cannot be explained satisfactorily on this basis since
the implied layer-thickness would be too small to be
maintained against diffusion. Briggs has however
observed cases of a small overlap (indicating a semi-
thickness of 2 to 3 km),associated with the slow fading
of a smooth layer: and these are more readily accounted
for in terms of the thin-layer theory.

Briggs also notes the presence of "ledges'" in
the E-region which show up markedly as absorption bands
on the amplitude-frequency records. He finds that the
penetration frequency associated with these ledges is

always decreasing in frequency at whatever time of the

day they may be observed, the average rate of decrease
being about 10 kc¢/s per minute (or 0.6 Mc/s per hour).

The presence of a distinct layer of Eg type below
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the normal E-layer has been observed by Naismith (1954)

and he calls it the meteoric-E or E_ layer. It occurs

m
at heights between 90 and 97 km, remains at a constant
height on any one day, and shows no group-retardation
effects. The echoes are intermittent in character
gither on P'-f or P'-t records and with sufficiently
high power, reflections have been obtained at frequencies
as high as 73 Mc/s. Ep echoes occur in about 85% of
records but the rate of occurrence does show a marked
minimum around 22 h and a minor maximum around O4 h;
otherwise its diurnal variation is relatively flat. In
most cases Em reflections occur at higher frequencies
than any other Eg reflections so that, it is stated,
the top Es frequency is really as a rule fE,.

A different type of study which may also be
relevant to our problem is that of Jones (1955) who
examines the results of a series of phase-height measure-
ments at 150 kec/s. The total height-variation
throughout the day of the 150 ke¢/s reflection level is,
he finds, much less than would be predicted from
Chapman theory, the curve being anomalously flat

across the greater part of the day.

L,2 Objects of the Slough measurements.

The primary aims of the measurements to be
described here are the confirmation and clarification

of the anomalies in fE described in Section 3. A
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these anomalies were found using smoothed curves
derived from a very large number of raw data, which
have of course the advantage of the generality gained
by using statistical averages; but it is not as a rule
possible to exhibit these anomalies using routine data
for single days, or even using the published monthly
medians, taking one month at a time. The reason for
this may lie partly in the inherent variability of
the ionosphere, but undoubtedly the main reason is
that the magnitude of the anomalies is near to, or
less than, the experimental error in the routine
measurements, which is at least 0.1 Mc/s in fE and 10
km in h'E.

It would therefore be of some interest to make
more accurate measurements of fE, seeking evidence of
the anomalies from data, if not of single days, at
least of small groups of days. Not only would this
be useful confirmation of the reality of the anomalies;
but it would also yield independent, and possibly better,
estimates of their magnitude. Moreover in using routine
data there is always the possibility that anomalies
arise from consistent errors in the reduction. It
would therefore be of great value to develop a more
accurate and consistent method of reduction which would
eliminate errors of this nature.

We have seen that anomalies have also been observed

in h'E, and it is therefore also desirable to examine
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the variation of this parameter with increased accuracy
on a few days; and what might be of still greater value
would be to obtain variations of hp, since this is the
quantity whose theoretical behaviour can be predicted
most precisely.

It has been customary, in F-layer measurements,
to record not only h, but also y, the apparent semi-
thickness of the layer assuming it to have a parabolic
shape in the first approximation, and indeed the
determination of h, is also dependent on this parabolic
approximation. The method has not however been
generally adopted for the E-layer partly because the
thickness of the E-layer is of less practical
importance and partly because the reguisite measure-
ments are more difficult, though some isolated
determinations of Ym have been made on a number of
occasions. Thus Appleton (1937) gives the value of
23 km for yp, but with no corrections made for the
effect of the earth's field; and Pfister (1950) finds
Ym = 18 km without correction, and 15 km with correction
for the earth's field.

No attempt has previously been made however to
study the diurnal variation of Ime This would be of
particular interest both in relation to the alleged
tidal movements (which may well effect the shape of
the layer) and also in relation to suggestions that

there is a considerable variation of the scale-height
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if established, could, it will be recalled, explain
the anomalously high exponent of cos7L in the fE-cosX
relation.

Since Eg and other forms of ledging can affect
the apparent value of fE, a further guestion to be
investigated is whether any of the anomalies in gquestion
can be explained in this way.

In addition to these gueries relating directly to
certain specific anomalies, sets of records in which
attention has been specially concentrated on the E-
region may give useful information regarding other
problems raised by previous experimental work connected
with this region. For example it may help to answer
the question whether there is a true E-layer and if so
how fE2 is to be measured. Also it should be possible
to consider in detsil what types of Eg are observed and
what regularities, if any, they exhibit.

To sum up then, the object of the measurements is
to obtain as accurate and detailed information as
possible on the diurnal variation of E-region character-
istiecs at the latitude of Slough, including in particular
the variation of the height of maximum electron density
hy and the effective semi-thickness yp, and with the
specific aim of seeking more informastion on, and
clearer understanding of the E-layer anomalies already
found in routine data. These aims entail a more

accurate technique both in the primary measurements and
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also in the subsequent analysis of these data. We
shall consider these two problems in the following

sections,

L.3 General description of the experiments.

The ionospheric measurements to be described in
this chapter were carried out at the Radio Research
Station, Slough, the first sequence lasting L days at
the end of June 1954, and the second lasting 8 days at
the end of September 1955.*- A standard Mark II D.S.I.R.
automatic ionospheric height-recorder was used, but with
the time-base sweep-velocity increased considerably
above normal so that the record covered only 300 to LOO
km of equivalent height instead of the usual 1000 km or
so covered in routine records. Examples of records
taken in this way are shown in Fig. 13 (from the paper
by Lyon and Moomt, 1956). This expansion of the
height-scale, which was possible only because the
measurements were confined to E-region characteristics,
permitted direct readings of apparent virtual height
to the nearest km. (The reason for the qualification
"gpparent" will be explained below.) The heights
were measured with the aid of a transparent scale

carefully ruled with parallel lines at 10 km intervals.

*Actually, 28th, 29th June and 1lst, 2nd July, 1954, and
23rd to 30th September (inclusive) 1955.
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Records were taken every quarter of an hour
during daylight, and considerable care was taken with
the timing. The clock time, which is photographed on
the record by a flash occurring just before the
beginning of the first (Band I) freguency sweep, can
be read to the nearest 10 sec., and the various
corrections were determined to the same order of
accuracy. The recorder clock was checked daily
against Greenwich Mean Time and the appropriate
correction noted. Since accurate comparison with
theory requires that the time used should be true

(or in astronomical usage "gpparent") solar time,
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corrections were also necessary for the "eguation of
time" and for the longitude of the station. Further,
since the time reguired is that at which the critical
frequency fE is recorded, the time elapsing between
the clock flash and the recording of the critical
frequency must also be allowed for. (This is readily
estimated from the fact that on this recorder each
freguency band is swept in exactly one minute.)

Although an accuracy of the order of 10 seconds
is not in fact required for the present measurements,
nevertheless the asymmetries being studied correspond
to time differences as small as 5 or 10 minutes, and
hence it is clearly essential that times should be
correct at least to the nearest minute, and somewhat

better if possible.

L. Calibration of the Recorder.

In the routine reduction of ionospheric records
it is customary to measure the equivalent-height for
any frequency at the lower edge of the trace, and this
is no doubt sufficient for the level of accuracy
usually required. When however greater accuracy is
sought allowance must be made for irregularities
introduced by random fading.

Whale (1951) considered this question, noting
that the bottom of the trace varied with echo-amplitude,

and decided that the best procedure was to use tke mid-
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point of the recorded trace to give at any rate the
relative variation of equivalent-height with
frequency. Lyon and Moorat (1956) have however re-
examined the matter and give a more accurate method
of correction which makes it possible to obtain not
only the relative variation but also the absolute
values of the virtual heights.

In -the ideal case of a perfectly square trans-
mitted pulse which remains perfectly square throughout
its whole journey to the ionosphere and back again,
and through the receiver circuits to the cathode-ray
tube of the recording apparatus, there would of course
be no variation of apparent height with echo-amplitude.
In practice however the pulse at the receiver output
(which may be studied by a monitor C.R.T.) has a shape
similar to that illustrated in Fig. 14.

Fig. 14
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Moreover in the actual design of an ionospheric
recorder there is necessarily a certain threshold
level of echo-amplitude (indicated by AB in the
figure) below which echoes are not visible on the
record. The lower edge of the recorded trace
corresponds to the point C, so that there is an
error of amount AC, equal to 3, say, in the recorded
height. This error consists of two parts, an
initial error AD, egual to 80, and a part DC
depending on the slope of the leading edge of the
pulse.

So far as distortion in the receiver is concerned
the elementary theory of pulse transmission in nearly
loss~free circuits shows that the rise-time and decay-
time -are constant, the former being given by 1/Af,
where ATf is the '"band-pass" of the circuit in cycles/
sec. If the condition of constant times of rise and
decay is satisfied, clearly when the echo-amplitude
falls the slope of the leading edge will become less
and the recorded height at the fixed threshold level
will be greater - for example at the point E in Fig. 14.
At the same time the recorded height of the upper edge
of the trace (corresponding to the trailing edge of
thé pulse) will fall: in other words the width of
the echo trace on the record decreases when the
amplitude of the echo decreases.

It is not difficult to confirm experimentally
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that when a pulse of constant width bat variable
amplitude 1is passed through the receiver of the
recorder then the width of the recorded trace varies
when the amplitude varies: nor is it difficult to
determine the magnitude of the variation. In fact
this provides us with a means of calibrating the
instrument.

The method, described by Lyon and Moorat (1956),
simply consists in the attenuation of the transmitter
pulse by using a dummy aerial in place of the normal
transmitter aerial, so that when picked up by the
receiver the pulse simulates an ionospheric echo.

The bottom of the trace produced by this pulse should
of course coincide with the zero height-marker (which
is triggered by the same pulse as sets off the trans-
mitter pulse). In fact hﬁwever, and as the above
argument predicts, the bottom of the trace is always
abové the zero level because of the combined action
of pulse distortion and the existence of a threshold
level for a visible echo.

The amplitude of the "dummy echo" can be varied
by altering the attenuator controls and again as pre-
dicted the magnitude of the error increases as the
amplitude decreases. From records obtained in this
way it is possible to plot the variation of the error
in the recorded height with trace-width,at any rate

in so far as this eyror arises from receiver pulse-
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distortion or any asynchronism in the triggering arrange-
ments. A typical calibration record is shown in Fig.

15, from the above-mentioned paper.

HEICHT IN KILOMETRES

ECHO 15 SIMULATED BY TRANSMITTER PULSE, OBSERVED HEIGHT VARIES WITH
WIDTH OF TRACE

Fig. 15

The results.show that the variation is very closely
linear - as it obviously should be from the geometry of
Fig. 14, if the rise-time and decay-time are constant,
or indeed provided that they maintain a constant ratio.
The relation between the error & (which represents a
correction to be deducted from the observed height) and

the pulse width w may thus be written

S =a=->bw, (79)
or in terms of Fig. 14
S = 8 + u (79&)

0 ﬁ+1
where /3 is the ratio of decay-time to rise-time and

the meaning of wy is indicated in the figure.
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For the D.S.I.R recorder used in the present
measurements g8 was found in the first calibration
(June 1954) to be of the order of 15 km and b about %,
so that /3 = 3; 1in other words, the slope of the
leading edge is three times that of the trailing edge.
For the widths usually encountered this means errors
varying between about 4 and 11 km. Such errors are
-clearly far from negligible in E-region measurements
if anything but the lowest level of accuracy is called
for.,

A slight change in the csalibration was found to be
necessary for the second set pf measurements (September
1955). In this case the curve shown in Fig. 16 gives
a better fit to the experimental points than the best-
fitting straight line, and accordingly this was used
as a calibration curve for the September results.

It remains now to check whether such corrections
measured on artificial echoes are applicable to tfue
ionospheric echoes. One method of doing this is to
measure the variation of the height of the lower edge
of the trace, and of its width, during random fading
whilst the true height remains constant (e.g. well
below the critical freguency, or on an Eg trace). T
these two quantities are plotted (heightlagainst width)
the slope of the best straight line between the points
should equal the slope b in eguation (79) - provided

that the above-mentioned assumption of constant true
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height is valid. A test of this kind has given a
value of b very close to that obtained in the
calibration measurements described above.

Another check employed by Lyon and Moorat was to
compare echo heights obtained with the more accurate
technique used in absorption measurements with
simultaneous measurements using the standard recorder,
but corrected in accordance with the calibration
described above. The values agreed in all cases
within the accuracy of the measurements, that is,
within about 2 km.

Still another test of the calibration makes use of
multiple echoes. When the time base is used at its
normal setting (to show some 1000 km or so of virtual
height) as many as 7 or 8 multiple echoes are sometimes
observed. If no corrections were required we should

have
hn' = n h.l'

where h,' is the measured virtual height of the nth
echo. If this equation is applied directly very
considerable errors are found, but if corrections are
made in accordance with the calibration, these errors

disappear, i.e. we have
hn' = (8 — an) = n hlt = (a = bwl)

W, being the width of the ntB echo. This equation may
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be written

nhy' - hy' nwy = W

1 n - 1 n

Ee e e (80)
] h !'

and hence it is possible by plotting Prl - =
]

against EE%_E_;E to determine the values of a and b
from multiple echo measurements slone,

Bach instrument must of course be calibrated
separately at a series of frequencies in the range to
be covered in the measurements. There is no need
however to use the above confirmatory tests in each
individual case. The point of these subsidiary tests
is rather to test the applicability of the method of
calibration in general, It may be noted that there is
one important case, or group of cases, when the
calibration is not valid, namely when the echo is
complex, i.e. a combination of echoes from different
but neighbouring heights, or of echoes of different
types (i.e. ordinary and extra-ordinary), or of one
main echo and of scattered echoes spread continuously
over some range of apparent height. In all these
cases increased width of the trace does not indicate
increased amplitude but the addition of echoes from
greater (or less) effective heights and obviously the
corrections considered here are irrelevant. With
experience in the interpretation of the records most

cases of this kind can be readily diagnosed, though
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there probably remains a small residue of cases where
it is impossible to tell from the trace that complex
echoes are present, and some error in such cases is
inevitable. The corrections we have described do
however undoubtedly remove the major source of error in

the equivalent-height measurements.

4.5 Inversion of the equivalent-height v. frequency

curve.

Having seen how we may derive from the records
reasonably accurate h'-f curves, we now require a
convenient and reliable method of analysing these
curves for information regarding the ionization-density
and its distribution within the 1layer,

According to the elementary theory of electro-
magnetic propagation in an electron plasma the
refractive index at any point in the ionosphere is

given by
po=(1- N/k2)Z (81)

*_
f being the frequency of the incident wave, N the

electron density at height z, and k being given by
‘--2
k = m/4TTe (81a)

where m and ¢ are the mass and charge of an electron.

The group velocity v is then

V=c].1.

S T — L A el
In rad./sec.
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where ¢ is velocity of light; and the virtual height
is
& 4
h'(f) = | 42 - dz (82)

B

N TR

where h is the maximum true height reached by the wave
of frequency f, being the value of z for which o= 0,
i.e. for which

N(z) = kf2.

The ionospheric record gives h' as a function of
f and hence of N. The problem therefore is to invert
the integral (82) so that it gives a solution for the
true height h of a given N, i.e. for the distribution
of electron-density with true height. The solution,
first given by Appleton (1930), is

t
_h_.'E_.‘. (83)

h, being the true height of the bottom of the layer and
p being used to denote frequency when it is an
integration parameter; or by a simple transformation

"

h=2 h'(f sin ©) de.
T

L+

As pointed out by Kelso (1952) this yields the very

simple numerical quadrature formula
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1 ' i
=2 ﬁ%: h'(f sin 6y) + hg (8L)

where 6y = §£§:;L
n

L.5.1 Inclusion of the magnetic field:

the Shinn-Kelso method.

The above equations however neglect the presence
of the earth's magnetic field. When the effect of
this field is included the equation for the refractive
index is given by the complete magneto-ionic formula
(Appleton, 1932) and a simple inversion of the
integral (82) is no longer possible. It has however
been shown by Shinn (1956) that at any given place one
can use a simple variant of the Kelso formula of the

form

h =%1' Z h'(ayf) -+ h, (85)

where the guantities aj; are functions of the angle of
dip and of the ratio of the freqguency f to the gyro-

*
frequency fy given by

fy = eH/2M me (86) .

o IO

s 0

q

The values of the constants aj;, computed by Shinn

S

for the magnetic latitude of Slough and for n = 10,

are reproduced in Table 1.

*1n cycles/sec.



Table 1

Coefficients for the Shinn-Kelso Method (aj x 10°)

(Ten-point rule)

Station: Slough. Assumed dip: 67°

Assumed field: 0.48 oersted.

f a1 ao a3z a, 8ag ag ay 8ag 4ag ajp

Weyh 072 209 338 L5L 560 658 750 836 915 983

l‘ﬂ?q;f;” 075 218 350 U468 574 672 762 8L4LL 919 983

z'ﬁa;éu 077 226 361 LB81 589 686 774 854 924 98l

h(£) = 1/10 {h'(alf) ¢ B'(8pf) + vaee + b'(arq0)}



11O

lo%

/0o

s

(60 —
4O —
I (@)
20 —
/o0 p—
| te ot b Faoe et e
lo L5 ; 2.0 2.4 2.0 Nr.[s
i l
/
/
i s
..--"'—‘..’ ~4
_ Nxira " fa7)
| | o | ] I
“ 6 g /0 12
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to a theoretical curve for yp = 1l4.

-h curve from the same data, derived by the
Shinn-Kelso method. The dashed lines are
continuations on the parabola indicated by the
Shinn-Ratcliffe method.
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This method, despite its simplicity and accuracy,
has nevertheless two disadvantages in relation to the
present experiment. Firstly the method breaks down
at the critical freqguency itself since the equivalent
height becomes, in theory, infinite. Tﬂis means that
it does not give the variation near the maximum and
hence to determine h, (and so an effective y,) a
somewhat precarious extrapolation is required. This
is illustrated in Fig. 17 where despite the ideal
trace the position of the maximum is doubtful to the
extent of a few kilometres. The difficulty becomes
all the more serious the more truncated the normal-E
trace i.e. the further from the critical freguency the
highest visible echo. This is particularly unfortunate
for the E~layer where a disappearance of echoes well
before the critical frequency is the general rule. The
second disadvantage of the method is that it requires
knowledge of eguivalent heights down to 100 kc/s or
less, and in the present measurements these are not of
course available, so that extrapolation to low
frequencies introduces still another element of

uncertainty in the final result.

L.5.2 Use of transparent sliders: the

Shinn-Ratecliffe method.

An alternative approach used by Appleton and
Beynon (1940), and also by Booker and Seaton (1940), is

to assume that as a first approximation the distribution
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of N with height obeys a parabolic law of the form

N:Nm{l-h_my___h}g (87).

m

It is then readily shown that

1+ £/f
h'(f) = hy + 2yp £ In ——-C
o 1 - £/f,
= by + .'Ym‘P(f/fc) (88)
where qb(x) =% x 1n %_i_ﬁ - 1.

By plotting h' against ¢(f/fc) Appleton and Beynon
obtained effective values of hp and yp.

A variation of the method suggested by Ratcliffe
(1951) is to prepare standard graphs of h' against £
on a transparent sheet for a series of values of yp.
If the frequency is on a logarithmic scale the same
standard graphs will be valid for any critical
frequency. Ym is determined by choosing the standard
curve which best fits the experimental curve, and a
fixed line on the transparent slider then gives hp
also.

Again of course this procedure neglects the
earth's magnetic field, but Shinn (1953) has shown how
it too may be suitably modified to allow for this field.

It is now impossible to tabulate equivalent height h!

against the ratio f/f; as in the simple case, for h' is



R or

4=20

g

e

4

I~

{o

0, :
4 L1k, 0.6 0.% /.o

Fig, 18 Theoretical h'=-f curves for parabolic layérs
at the magnetic latitude of Slough (from

data by Shinn).



74«
now also a function of the angle of dip S and of the
ratio fy/f, where fy is the gyro-magnetic frequency.
For the case of south-east England (sec 8 1520,
Py = i.1h9 at 300 km) Shinn tabulates (in his Table L)
values of (h' - hy)/y, against £/f; for various values
of f,. This means that the shape of a theoretical h'-f
curve varies with the critical frequency (because of its
varying ratio to fy the gyro-magnetic frequency).
However for the range of freguencies encountered in the
E-region (2.0 to 3.0 Mc/s in the experiments described
here) this variation is in practice small, and if over
this range we use one set of curves plotted from the
last column (i.e. for £, = 2.66 Mc/s), the resulting
errors will be entirely negligible. Accordingly such
curves (plotted for various values of the semi-thickness
Ym) provide a suitable basis of comparison with
experimental h'-f curves, provided the parabolic
approximation is allowable. A set of these theoretical

h'-f curves is shown in Fig. 18.

L.5.3 Comparison of parabolic and simple

Chapman layer.

Expansion of the Chapman fuﬁction gives

exp (1 -y -e7) = (1 - ﬁg N e

where y is measured in scale heights, so that near the

layer maximum the apparent y, is 2H. In consequence
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the value 7 ¥y is frequently used as giving an indication
of the scale-height of the region.

The validity of a parabolic approximation to a
simple Chapman layer as a whole has been considered
by Pierce (1940) and by Jaeger (1940). ©Pierce uses an
approximate method of calculating the h'-f curve for a
Chapman layer with no magnetic field, and from his
results concludes that if yp, is the apparent semi-
thickness assuming a parabolic distribution (and using
the Appleton-Beynon method) then the true scale-height
of the Chapman distribution is H = 0.6 y,, and the
true hy is 0.1h H below the apparent.

Jaeger gives a more exact solution for the
equivalent height for reflection in a simple Chapman
region, and notes the existence of "large differences"
between this and the parabolic case, but does not
attempt a numerical comparison. Fig. 19 shows a curve
of h' for a Chapman distribution with H = 10 km derived
from Jaeger's data, and the corresponding curve for a
parabolic distribution with Yy = 20 km. As we should
expect the curves are indistinguishable near the
maximum (for f£/f, greater than about 0.87) but for
lower frequencies they diverge substantially. In fact

thé greater ionization at low heights in the Chapman
distribution considerably increases the group
retardation of the lower frequencies and consequently

reduces the apparent semi-thickness and raises the
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apparent h,. In the present example comparison with
simple no-field curves shows that a parabolic h'-f
curve with y, = 18 km fits as exactly as the eye can
judge the whole range of the Chapman curve for which
f/fe > %. At the same time the apparent h  has been
raised by 3 km or 0.3 H - rather more than the amount
given by Pierce.

It follows from this ihat a parabolic technique
will yield an equivalent yp and hy, for a Chapman dis-
tribution - or, we may assume, for any broadly similar
variation - but the errors in these quantities may not
be negligible, In particular any substantial
variations in the amount of ionization in the "tail"
of the layer may produce variations in apparent h, and
Ym even when the actual height of the maximum and the
thickness of the main part of the layer remain

constant.

Lh.5.4 Discussion of methods of h'-f analysis.

Despite the disadvantage mentioned above, the
Shinn-Ratcliffe method - that is, fitting the layer
shape to a parabola with the aid of a transparent
slider - has a number of advantages.

In the first place it is guick and easy to use
and can therefore be applied to a large number of
experimental curves; and moreover it yields a set of
simple and definite numerical parameters (fE, hyp and ym).

By contrast the Shinn-Kelso method - which in effect
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solves the problem by numerical integration - is much
more laborious, and in the end yields another curve
which still requires further analysis if comparisons are
to be made.

In the second place the slider method provides a
means of extrapolation to the critical freguency in
those cases where extrapolation is necessary. Since
theoretically the layer shape should be nearly parabolic
at the maximum, the assumption of such a shape seems the
most reasonable basis of extrapolation, and permits the
reading of a much more accurate and reliable value
than a simple visual estimate: indeed the technique
increases considerably the number of cases where the
reading of a critical frequency is possible.

It may be objected that complex and non-parabolic
features are very common in the E-layer, and that
therefore the meaning of a forced parabolic fit may be
somewhat dubious; and there is perhaps some substance
in this objection. Nevertheless if one wishes a first-
approximation picture of the layer the parabolic method
seems the most reasonable to adopt, and even if
incorrect in detail should show up any major changes in
the position or thickness of the layer.

Detailed comparison of the two methods in
selected cases has confirmed the general correctness
of this contention. For example, Fig. 20 shows a case

where the h'-f curve has two quite marked "kinks".
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Using the Shinn-Kelso method gives the N-h curve shown
by the full line whereas fitting the best Shinn-
Ratcliffe curve gives the parabola shown by the dashed
line. It will be seen that the parabola gives guite
a reasonable picture of the position and general dis-
tribution of ionization in the layer even in a case

where irregularities are known to be present.

L.6 Experimental results.

We have seen that the most promising method for
the investigation both of critical frequencies and of
layer shape is the determination of the effective hpy
and ¥y of the best-fitting parabolic distribution using
the transparent-slider technigue. For this purpose
a set of theoretical h'-f curves for various values of
semi-thickness y, (6, 8, 10 ... 20) were plotted on a
transparent material (a sheet of "Koda-trace"), using
the calculations of Shinn (1953) already mentioned.
(The set of curves is shown in Fig. 18.) Since this
method requires the experimental h'-f curve to have a
logarithmic frequency-scale whereas the recorder used
has linear frequency-scales, and since moreover the
apparent height of the recorder trace requires
correction for echo amplitude (Section L.L), the first
step in the reduction of the records is the careful
plotting of h'-f curves on logarithmic graph paper

making the appropriate corrections at the same time.
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The next step is to select the best-fitting
theoretical curve with the aid of the transparent
slider and to read off the corresponding values of yyu,
h, and fE. It was found that a reasonable fit could

be obtained in a majority of cases.

L.6.,1 The summer measurements.

ﬂass plots of the three quantities determined in
this way are shown for the June 1954 measurements in
FPigs 21, The chief conclusions to be drawn from these
summer results are as follows:-

(1) There is a marked pre-noon dip in fE, in
agreement with the results obtained from massed routine
data. The dip lasts about L hours and has its maximum
-at about 1030 h. As far as can be judged by comparison
with afternoon values the maximum magnitude of the dip
is about 0.15 Mc/s i.e. some 5% of fE. This corresponds
to a 10% decrease in electron density.

(2) The apparent semi-thickness y, varies between
8 and 15 km having an average value of about 12 km -
which corresponds roughly to a scale-height of 6 km.
There is no indication of any increase in yp for low
cos X (and increased height): indeed if anything yp
tends to be slightly lower in the early morning and
late afternoon. These results therefore lend no
support to the view that the cos X exponent of about §
is due to a sharp increase of scale-height with height

in the E-region.
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There seems however to be a slight dip in ypy at
around 1030 h, coinciding with the dip in fE.

(3) The noon value of h, is about 104 km -
considerably lower than the figure of 120 km or so
sometimes quoted. This arises partly from the width
corrections and partly from the rather low semi-
thickness. Again there is a dip at around 1030 h -
of amount about 2 km.

(4) In Fig. 22 log fE is plotted against log cos %x,
and it will be seen that the curve shows an inflection
similar to that observed with routine data, and that
the straight portion givés an exponent n = 0,38, a
little higher that the values obtained from routine
data. It is interesting to note that the values for
the period 13 h to 16 h give a slope of about 0.27,
very close to the Chapman value.

(5) The second curve in Fig. 22 is a plot of hy
against 1n seC'%, and shows a marked decrease in
apparent H with sec)% . Assuming that hp increases
as H 1ln sec-%., the value of H between 09 and 12 h is
about 10 km, but between 06 and 09 h it is about L km.
In other words in the morning and evening the rise of
hp with sec'}.-is much less than Chapman theory would
require.

(6) At low cos X the diurnal curve of fE becomes
very closely symmetrical i.e. we have AfE -> 0 at low

cos7L , again in agreement with the statistical results.
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Fige 23 llass plots of fE, Yy, and hy, for eight days in

September, 1955, at Slough.
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L.6.2 The equinox measurements.

The results for September 1955 are shown in Fig.
23, and broadly they confirm the June findings:-

(1) There is again a pre-noon dip in fE though in
this case its maximum occurs about 09 h - that is,
about 1% hours earlier than in the June case and its
magnitude is about 0.07 Mc/s, i.e. about half that in
the June case. (This is in agreement with the reduced

S, current densities, and hence the reduced drifts to

d
be expected at equinox.)

(2) The range of variation of y, is somewhat
greater - from 6 to 18 km mainly - and the mean value
is 10.5 km. There is still no evidence of Im
increasing at low cos K but there again seems to be a
dip of 2-3 km between 08 and 09 h, corresponding to the
dip in fE. It may be noted that the best values of yp
(those giving a good fit over a wide range) are usually
between 12 and 16 km.

(3) The noon value of hy is about 108 km and there
is a dip of at least 2 km around 0830 h.

(4) The log fE - log cos X plot (Fig. 24) gives on
the straight part an exponent of 0.33, and again we find
that the points for the period 12 to 15 h lie on a
straight line giving n = 0.27, whereas after 15 h there
is a sharp change in thé slope.

(5) As before there is a decrease in the slope of the

hy-1n sec X curve after 15 h, though a smaller one than
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in the summer case - corresponding to a drop in H
from 7% km to about 6 km.

(6) An additional quantity scaled in the prelininary
reduction of the September data and relevant to the
present discussion is h'E, measured at 1.6 Mc/s. (This
frequency was chosen to allpw a maximum number of values
to be read,) The values are plotted in Fig. 25 and show
the surprising result that between 0830 and 1100 h h'E
at 1.6 Mc/s is consistently 2-3 km higher than at the
corresponding times in the afternoon.

With routine data from Slough averaged over a number
of years it has been shown (Appleton, Lyon and Turnbull,
1955) that there is a clear dip of about 1 km in h'E in
the ﬁrewnoon period at all seasons; and there is a
corresponding rise at the same time at Singapore. Our
present.result cannot therefore be typical. It may be
that we have low afternoon values associated with the
curious ledging phenomena discussed in Section L.6.5.

(7) At low cos X we again have AfE tending to zero,
or even becoming slightly negative.

In addition to the mass plots of Figs. 21 and 23
separate plots have been made of fE for each individual
day, and in these all "ledge" and E, frequencies
(whether cusps or discontinuities) have been included.
Typical examples from the.September sequence are shown
in Fig. 26. From these more detailed results certain

additional conclusions may be drawn:-—



: [ s | I | | | | |

of 0% 03 o noo2 3 e 45 16 1Y HKouss

Fig., 26 Varigtions ox 1k, fE5; and ledge frequencies
on two days of the September sequence, 1955.
¢ E X fEg
+ 1ledge freguency

T abnormal-E (as at b in Fig. 103}.



83..
(i) Stratification in one form or another appears
to be a typical feature of the E-region: and frequently
the series of ledges appears to be remarkably stable.
(ii) The pre-noon dip is visible on most days not only
in fE but also as a rule in all the attendant ledges.
(iii) Eo of the "dropping" or "sequential" type appears
to be very common in the midday period, but in the

morning and evening fEo tends on the contrary to be

very stable, running closely parallel to fE.

L.6.3 The pre-noon perturbation.

We have seen (in Section 3.2.3) that the pre-noon
perturbation of fE and h'E observed in routine results
can be satisfactorily accounted for in terms of vertical
drifts associated with the Sq current system. The
special measurements have contributed to this work by
confirming, as the foregoing sections have shown, that
the perturbations can be observed on individual days,
and also by showing that tﬁe predicted dip in by does
in fact occur. The curious dip in y, however would not
be predicted in theory, as Fig. 4 shows, and its
significance is not at present clear,

We can now make use of our theoretical results and
with the aid of equations (65) and (68) we can determine
the values of drift velocity and drift gradient reguired
to produce the observed changes in hp and Ny. Thus,
according to these equations, if Ohy is 2 km v is about
b m/sec.; and if 8 fE is 0.07 at 2.8 Me/s dv/Vvz is
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about 0.1 m/sec./km, o< being assumed 1078 in both
cases.

We can also make a quite independent estimate on
the basis of equation (78) using the magnetic data to
give us a value of jy,the eastward current density.
According to Chapman and Bartels (1940) the S, current
density at 50°N at equinox during sunspot minimum is

23,000 amp. per 10° of latitude, or 2 x 1072

e.m.u./cm,
If we assume the ions to be of molecular oxygen (and it
will make little difference if ions of molecular nitrogen
are also present) mj = 5.4 x 10-23 gm., The electron
collision frequency at the E-layer maximum is in some
doubt but following the calculations of Huxley (1955)

a value of 1.5 x 104 may not be far wrong. For the
ratio Yj/Ve we may follow Martyn (1953) who gives it
equal to 9.34/5275_. This therefore gives VY; =

5800 and by equation (78) we have

v = ;%9 m/seec.

where T is the effective thickness of the current sheet.
For agreement between the two estimates we should require

T = 30 km and this is by no means an unreasonable value.

L,6.4 The exponent of cos K .

We have seen that the value of n in the fE-cos X
relation has a value considerably higher than would be

expected on theoretical grounds; and several explanations
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of this might be proposed. For example if the E-layer
is produced by ionization of molecular oxygen (a view
supported by Rawer and Argence (1954) and others) then
the effect of the transition to mainly atomic oxygen,
which is known to occur near the E-region level, might
well produce a variation of the kind observed.

The present results suggest however an alternative
explanation which may be worthy of consideration. We
have seen that Eo tends to be much more stable in the
morning and evening than in the midday period; but may
this wot mean that we are labelling as Ep what are in
fact two quite different phenomena? If instead we
assume that what we call fEp in the morning and evening-
should in fact be called fE, then the variation of fE
with cos % would be significantly altered. A
comparison of these two interpretations is shown in
Fig. 27. Since Eo of the unstable or sequential type
has been disregarded fE is substantially unaltered in
thé vicinity of noon; and the resulting value of g‘*
according to this new interpretation is 0.28; a value
very close to what would be predicted in theory.

This hypothesis (and we place it no higher) would
also explain the curious change in slope of the log fE -
log cos;( curve at about 09 or 15 h; 1indeed it would
make the slope of the whole line agree with the slope at
midday. Moreover the anomalously low values of h, in

morning and evening would also fit in with this

’ *cr. Fig. 24.
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explanation since they would then refer not to the true

E-layer maximum but to a ledge below it.

L4.6.5 E5 and other subsidiary ledges.

We now turn finally to some curious ledging
phenomena observed in the September sequence which may
be relevant to some of our problems. Eg of the
"intense", totally reflecting type, extending to high
frequencies was observed only rarely in the September
records, and "rough" reflections of the patchy-layer
type were also uncommon; but "thin-layer" reflections
having a definite penetration frequency were extremely
common, These echoes show the characteristics predicted
by theory (Rawer, 1939) in that there is usually a small
overlap at the transition to the higher layer, but no
group-retardation; and they also have the characteris-
tics observed by Briggs (1951), that is to say they are
"smooth" echoes, with little sign of fading, and they
are strongly reflecting, often showing multiple
reflections., The "ledges" producing these echoes occur
at three different levels: first, near or slightly
above the normal-E maximum, at equivalent heights over
110 km; second, in an intermediste position, say
between 100 and 115 km; and third, near the bottom of
the E-layer, between 90 and 100 km. The first type
is the familiar "abnormal-E" wbiéh Becker and Dieminger

(1950) would describe as Ep; the second type corresponds
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to the ledges described by Briggs (1951), but does not
seem to have aroused comment so far as conventional-type
records are concerned; and the third type corresponds
to the low ledge noted by Halliday (1936). A typical
instance of the intermediate type is shown in the lower
record In Fige 135. These ledges are not mutually
exclusive, two ledges freguently occurring simultaneously
at different levels and occasionally three may be
present. Moreover thefe seems to be no sharp distinec-
tion between ledges which show group-retardation at the
transition and those which do not. To this extent the
classification of the upper type as Eo may be justified,
though sometimes a separate Eo at a higher level is
also present.

The heights of the intermediate and low ledges
of thin-layer type are shown in Fig. 28, which brings
out two points of interest. First both types of
ledge are significantly more frequent in the afternoon:
indeed the intermediate sharp ledge is almost %
exclusively an afternoon phenomenon. Second the low
ledge shows a small but significant and steady drop
in height as the day advances.

Wha tever their origin these curious phenomena
do establish one thing, at least for equinox conditions,
nemely that the detailed structure of the E-region is
not constant, nor is it symmetrical with respect to

noon, but rather it appears to undergo some regular



88.
process of stratification in the later part of the day.
If this process affects fE it might have some bearing
for example on the AfE anomaly at low cos % , and it
might also contribute to the high exponent of cos X ,
though for the present such suggestions must remain in

the realm of speculation.
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Chapnter 5.

Conclusions.

If in the course of our investigation some
problems have been ciarified it is evident from the
foregoing discussion that many characteristics of
the E-layer remain mysterious, either having several
equally plausible explanations or none at all; and
there is no dearth of theoretical problems awaiting
solution. Let us however summarize briefly the
salient features of the present position.

On the theoretical side we can now, with the
aid of the formulae developed in Chapter 2, readily
compute values of the maximum electron density Ny
throughout the day for any assigned variation of
electron production q with solar zenith distance X,
assuming a recombination law of electron loss. As a
result, particularly with the extension of the
calculation to the non-stationary conditions near
sunrise and sunset, we may be certain that neither
the anomalous variation of AfE nor the high exponent
of cosX can be put down to inaccuracies of the
theory. Hence we have been led to seek their origin
elsewhere.

Undoubtedly the main step forward in this respect
has been the identification of the pre-noon perturba-

tions in N, and in the height of the layer as effects
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of the vertical drift of neutral lonization associated
with the Sq current system. This not only accounts
for several previously unexplained anomalies, including
increased values of fE near the equator, but is also
perhaps of somewhat broader scientific interest; for
it provides independent evidence of the existence and
the location of these ilonospheric currents previously
only inferred from the data of the magnetic variations
at the ground.

This identification was first made on the basis
of a statistical investigation of routine data; but
the special measurements made at Slough have provided
useful confirmation and have shown that the predicted
dip in h, does in fact occur. Our theoretical
investigations of drift have also contributed by
clarifying the nature of the drift effects and by
enabling us to calculate the magnitudes of the drift
velocity and of its gradient.

As to the high exponent of cos % the September
results have suggested as a possible explanation that
stratification of the layer in the morning and evening
may lead to incorrect readings of fE. It seems that
if at such times the upper discontinuity is taken to
indicate fE instead of the lower one selected in normal
practice, then the anomalous variation with cos® would
disappear. A decision on this question must however

await further evidence.
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Finally we have the low values of AFfE at low
cos X leading to an apparent rapid increase of
recombination coefficient with height; but so far
no satisfactory explanation of this anomaly has been
forthcoming, and there is only the somewhat nebulous
suggestion that it may be related to the curious
"ledging" phenomena which develop in the afternoon
period.

Ledging may also be responsible for other
unexplained features such as the unexpected pre-noon
dip in yp, and the anomalous variation of h'E in the
September data. Indeed it is hardly possible to study
a large number of E-region records without becoming
convinced that stratification, including all the
phenomena variously described as "ES", is a major
problem for future investigation. It may be that,
following clarification of the Sg effects, little
progress will be made in understanding other
peculiarities of the region until the problem of
these various subsidiary layers, or "ledges", has been

solved.
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DISTORTION OF THE E LAYER OF
THE IONOSPHERE BY ELECTRICAL
- CURRENTS FLOWING IN IT

By Sir EDWARD APPLETON, G.B.E., K.C.B., F.R.S,,

A. J. LYON and Mrs. A. G. TURNBULL
University of Edinburgh

T has long been known that the E layer of the

ionosphere varies, both diurnally and seasonally,
in a fairly regular manner, in that its maximum
ionization density, N, is closely dependent on the
solar zenith distance, x. In the earliest study of this
region, for example, Appleton and Naismith! found
that, for the seasonal variation of noon maximum
ionization in south-east England, N, varied as
(cosy)*®. ~ Because of its substantially regular bo-
haviour, we have seclected the F layer as a subject
for more detailed study, to ascertain how far its
properties conform with those of an ideal ionized
layer, as classically expounded by Chapman® We
have used, for this purpose, ionospheric data obtained
by radio sounding from stations now operating all
over the world.
~ Chapman’s well-known theory of ionized layer
formation is based on two simple specified assump-
tions : the earth’s atmosphere is considered to be
isothermal, and the process by way of which electrons
disappear is taken to-be that of recombination. A
further tacit assumption is that there is no movement
of ionization, electrons appearing, and eventually
disappearing, at the same point in space.

‘We began our investigation by attempting to make
a careful comparison of the actual diurnal variation
of Ny, in the E layer with that predicted by Chap-
man’s theory. It can readily be seen physically, and
indeed is an essential result of the theory, that, due to
the effects of recombination, the temporal variation of
ionization density in a given layer lags slightly behind
the corresponding variation of the rate of electron
production. Thus the day-time maximum value of Ny,
is expected to occur after noon; while afternoon .
values of Ny, are expected to exceed their correspond-
ing forenoon wvalues. T'wo well-known theoretical
methods of finding the value of the recombination
coefficient « are, in fact, based respectively on these
two effects. For example, Appleton?® has shown that
the time delay At of the maximum of Ny, relative to
noon is given by (2aNp)-*; so that, if the delay is



measurable, & can be determined, since Ny, is known.
The other method of determining « is a little more
complicated, but depends essentially on the determ-
ination of ANy, the difference between afternoon and
forenoon wvalues, for local times equally spaced
relative to noon. Using the great wealth of iono-
spherie data available for the Slough station, we
have used both the A¢ and the AN, methods of
finding o, from the diurnal asymmetry of the % layer.
The results obtained are very remarkable in indicating
extremely large variations of the apparent values of
o. Our problem has therefore been that of deciding
whether, in fact, « really does vary in such a remark-
able fashion or whether the basic theory used is
inadequate. In the latter case, if there were some
additional perturbing factor operative, one might
hope that, as often happens in such cases, the
magnitude and nature of the discrepancy between
theory and experiment would lead to the identifica-
tion and measurement of the disturbing influence.
As we shall see, such a hope has been, to a consider-
able extent, realized. z

By extending our studies of the diurnal variation
of Ny, to a range of latitudes other than that of
Slough, we soon found evidence indicating that the
values of apparent « obtained by the methods used
could not possibly refer to the true recombination
coefficient and were in fact being influenced by a
perturbing factor. For example, while stations
in the higher latitudes behaved like Slough, in
that At and AN, were both found to be positive
there, stations situated in a belt centred on the
equator exhibited an inverse phenomenon, in that
At and ANy, were found to be negative. Evidently,
then, for stations in low latitudes, the influence of
the perturbing factor is so great that it can actually
reverse the sign of the diurnal asymmetry and cause
afternoon values of N, to be less than the corre-
sponding forenoon values.

We were therefore led to examine afresh the whole
basis of the theory of ionized layer formation, taking
into account the possible influence of a likely per-
turbing factor. Now Chapman’s theory is based on
the simple continuity equation

dN : :
Gz = To oSy — aN? (1)

- where N is the electron density, g, the rate of electron
production when the sun is vertical, and ¢ the time.
If, however, we wish to take account of the possibility
of electron transport phenomena, (1) must be written

dN
qi = Tocosy —alN* — div (Nv) (2)
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where the term div (Nv) expresses the electron trans-
port-rate out of the unit volume under consideration.
Now, as Martyn* has suggested, vertical drift of
neutral ionization is a type of electron transport
likely to occur in the ionosphere ; and Appleton and
Lyon® have developed the Chapman theory so as to
allow for the effects of such drift under conditions
applicable to the # layer. The theory of Appleton
and Lyon is, moreover, formulated directly in terms
of the value of N, for a given layer, which is the
quantity with which we are directly concerned in
practico. I'rom a practical point of view we are
concerned with two effects of any vertical drift which
may be operative, namely, the alterations it provokes
in both the atmospheric level of the layer maximum
electron density and in the magnitude of the maximum
ionization density itself. We shall refer to these two
departures from normality as 8L(N,) and 8Ny,
respectively. The appropriate expressions for these
quantities, given by Appleton and Lyon, are as
follows :
1

Sh(‘wm) = 20{_&"; [3)
Lo

SN, _ 0h L ( v N2 9
Ny~ %alNg . 4HA 2aN,,.) (

o . .
where » is the velocity of wvertical drift, 75 18 its

and

vertical gradient (both measured positive upwards)
and H is tho scale height of the atmospheric ionized
component responsible for the 1 layer. IEquations
(3) and (4) tell us, then, the corrections to the Chapman
theory which are necessary to take vertical drift into
aceount,

Now in looking for the possible intervention of
vertical drift effects as a perturbing factor, we are
naturally led to consider the S; overhead current
systern, which is responsible for the daily solar mag-
netic variations, as a likely origin, since there is
ample evidence that this current system flows at or
near the level of maximum ionization in the E layer.
We were additionally encouraged to do this since it
is known that the S; currents flow in opposite
directions in high and low pumerical latitudes, and,
ag described above, our study of E-layer diurnal
abnormalities suggests the intervention of some
perturbing agent which has opposite influences in
high and low latitudes. Now it is an important
characteristic of the §; systern that the overhead
currents constituting it attain their maximum value,
not: at noon, but at about 1000-1100 h. local time.
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Fig. 1. Showing (upper curve) diurnal variation of Slough ¥ layer
maximum ionization density, Nm; and (lower curve) diurnal
variation of Slough FE layer height, A'%. In both cases abnormal
variations (depressions) are to be noted in the forenoon when the
ionospheric Sg currents attain their maximum intensity

We were therefore led to look carefully for any
abnormalities in A(Ny) or Ny at that period of the
day, in view of equations (3) and (4). Unfortunately,
values of R(N,) were not available, so we were
obliged to use values of h’H, the height of the under-
boundary of the F layer, instead.

In Fig. 1 are shown the diurnal variations of h'E
and of N, for Slough over the summer months of
the year. On the same diagram is marked the
approximate local time when the overhead Sy current;
(and the corresponding value of the horizontal north-
seeking magnetic force, Xg) reach their maximum
value. It will be at once apparent that, at this
particular local time, the value of I’F is abnormally
decreased, while the value of N, is similarly reduced.
These results, we therefore submit, indicate that the
Sy current system can markedly influence £ layer
phenomena and encourage us to count such an agency
as likely to be one of the major perturbing factors
responsible for the divergences we have identified
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between B layer behaviour and the Chapman theory.

We may first note a very simple result of electro-
dynamical theory. Sinco, at Slough, the S, current
flows from east to west, athwart the northwards
horizontal component of the earth’s magnetic fiold,
we should expeet the velocity of drift to be down-
wards; and, as equation (4) indicates, we should
then expeet the height of the layer (as measured by
"MNw) or h'E) to fall in sympathy. We note that
the abnormal variation of 2'E, at the time of max-
imum overhead cast-to-west current, has just the
sign to be expected. Tt is, however, a novel result,
which could not have Leen predicted, that 8N, and
8(h'F) are of the same sense. Since only the first
term on the right-hand side of (4) is of numerical
significance here, we can deduce, from (3) and (4)
together, that » and g—;e are of opposite sign. In other
words, we find that, when the S; current flows from
cast to west, both the velocity of drift and the layer-
height variation are downwards ; while at the same
time the drift veloeity falls off with inereasing height,
leading to a reduction of the layer-ionization max-
imum N,. We have now only to assume that all
these ionospheric changes are reversed in sense in low
latitudes (where, as we know, the S; current flows
from west to east) to be able to explain the E layer
anomalies mentioned above. In low latitudes, for
example, due to the fact that the S; current system
is not situated symmetrically to the local noon
meridian, the B layer is subject to vertical drift
effects which are different in the forenoon and after-
noon. Such vertical drift causes a marked enhance-
ment of N, in the forenoon, which so far disturbs
the natural diurnal asymmetry of N, as to cause
both At and AN, to become negative, instead of
positive, as simple theory would require.

Now although the Sy system of overhead currents
is not situated quite symmetrically with respect to
the noon meridian, its influence is generally exerted
in the same sense over practically the whole of the
middle of the day. Our study of abnormal diurnal
asymmetry in Ny, as described above, shows that a
west-to-east Sy current tends to raise the value of
N, while an east-to-west S current tends to reduce
it. We can therefore see that the overall effect of
such an agency of vertical drift is to influence the
general level of N, in different ways in different
latitudes ; in low latitudes N, is increased, at the
latitude of the S; current focus Ny, is sensibly un-
altered, while in still higher latitudes N, is decreased.
We are therefore encouraged to consider whether

5



this simple general result, obtained from a study of
the abnormal diurnal behaviour of the I layer, also
explains any of the other abnormal features of the
I layer which have been described in recent years.
Now Appleton® has shown that, while the value of
Ny, in the E layer is closely dependent on the solar
zenith distance, it is not uniquely dependent on
cosy. There is, additionally, a tendency for the
value of N, to be high in low latitudes. For example,
at the equinoxes, the contours of the geographical
locations of constant N, are not circles, with the
sub-solar point as centre, as would be expected if
N, were uniquely dependent on cosy. They are,
instead, of elliptical shape, the major axis lying
along the equator. Again, in June and December at
noon, it has been found that N, does not attain its
maximum value at the sub-solar point but at a
latitude displaced therefrom by some 10° towards
the equator. It will readily be seen that both
these anomalies are also explicable in terms of a
perturbation which, ceteris paribus, causes Ny, to be
greater in low latitudes than in higher latitudes.
Moreover, a further study shows that these two
anomalous features of E-layer morphology, namely,
the abnormal diurnal asymmetry and the latitude
dependence of Ny, are quantitatively reconcilable.
Finally, it may not be out of place to indicate
what we consider to be the significance of these
results in the general development of ionospheric
studies. Many years ago it was boldly suggested by
Balfour Stewart? that the daily rhythmic variations
of the earth’s magnetic ficld might be due to cir-
culating electrical currents in the upper atmosphere.
The geomagneticians then indicated the intensity
and configuration of the upper-atmospheric current
system which would be required. The discovery of
the ionosphere and the elucidation of its properties
by radio sounding has shown that the upper atmo-
sphere is, in fact, sufficiently conducting to be the
location of such currents; and the work now
described has confirmed the presence of ionospheric
currents, of the type preseribed, by way of the
distortion they engender in the medium in which
they flow.
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Accurate height measurements using an ionospheric recorder
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Abstract—A method for the calibration of an ionospherie recovder is deseribed, which correets errors in
height measurement arising from the distortion of the echo- pulse in its passage fhmngil the receiver.
The amount of this error depends on the echo-amplitude, and is shown to vary in an approximately
linear manner with the width of the recorded echo-trace. Several methods of ehecking the ealibration
confirm that it is relinble to within -£2 km. Using a calibrated recorder and an expanded time-base,
it is possible to measure [f-region equivalent heights to this order of accuracy. The systematic error
due to pulse distortion will, in general, enuse the heights recorded in routine ionospherie measurements
to be from 5 to 15 km too high. Some consequences of this, e.g., for MUF predictions, are mentioned.

. INTRODUCTION

THE necessary conditions for accurate height measurement have been well known
for many years and are fully exploited in pulse navigational aids. Conventional
automatic ionospheric recorders, however, do not conform with these conditions,
and some errors are therefore to be expected in their measurements (Narsmirh,
1949). In this paper we discuss a technique for correcting the error in height
measurement due either to the distortion of the pulse during its passage through
the receiver, or to any slight asynchronism between the transmitted pulse and the
height-calibration markers.

An attempt has recently been made to provide more accurate '-f curves for
the F layer than are required in normal practice. The equipment used was a
D.S.I.R. automatic ionospheric height recorder (Crarkn and Suparman, 1953) of
the type widely used, but with the time-base sweep adjusted to record about
300 km of equivalent height instead of about 1000 km. Ixamples of records,
showing the considerable expansion of F-region traces compared with normal,
are given in Fig. 1. By this means the nominal reading accuracy for reflections
from layers below about 300 km can be improved from -5 km to -1 km,

Inspection of these and similar records shows, however, that the bottom of
the trace, corresponding to the leading edge of the echo-pulse, fluctuates as the
width of the trace varies. Thus, the lower edge of the trace cannot be used without
correction even for a relative measure of equivalent height, and it is essential
to determine the necessary corrections.

2. MEASUREMENT oF THE HuigHrT ERRORS OF AN
ToNospurrIC RECORDER
The D.S.I.LR. automatic ionospheric height recorder, in accordance with
internationally accepted practice, is so arranged that the pulse in the modulator
of the transmitter is synchronized to one of the height calibration markers. Hence,
* University of Edinburgh: Now at University College, Ibadan, Nigeria.
T Radio Research Station.
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under normal operating conditions, the start of the large ground-wave signal
coincides with this marker. which forms a natural origin from which to measure
the heights of reflection.

The total error in the observed height, measured to this origin, and its variation
with echo-amplitude, can be very simply determined by using the transmitted
pulse (or “ground-wave’) as an artificial echo. To do this, the receiver aerial
is replaced by a probe small enough to ensure that the r.f. stages of the receiver
are not overloaded. In this way the transmitter pulse input to the receiver is
reduced to the amplitude of a normal echo. and by varying the receiver attenuation
a sequence of signal amplitudes may be obtained. corresponding to the normal
range of echo-amplitudes.

An example of the photographic records obtained by this procedure is shown
in Fig. 2. The required total error (whether due to receiver or transmitter) is
the distance from the bottom of the zero height-marker to the bottom of the
signal trace. Clearly the error decreases steadily as the width of the trace increases
—from some 10 ki for a weak signal to 2 or 3 km for strong signals.

A series of records similar to the one in Fig. 2 were made for ten frequencies
angma from 0-8 Mc/s to 6-0 Mcfs. using the normal transmitter pulse-width of
150 microseconds. In each case the error A, measured as above, was plotted as

a function of the width of the trace w. For any single frequency, the error closely
follows a linear law of the form

= a — bw. (1)

With the equipment in use. it is convenient to divide the frequency band into
two parts. For the range 0-8 to 2 Mc/s the best straight line is

A =175 — 0-25w (1a)
and for the range 2-5 to 6-0 Mc/s
A =145 — 0-25w (1b)

The true equivalent height of an actual echo may now be obtained by sub-
tracting the error as given by these equations from the observed height. With
this instrument, as will be seen from Fig. 3, the observed heights will be too high
by amounts ranging mostly between 5 and 10 km.

3. Tae OricIN oF THE HEIGHT ERRORS AND
TaEIR VARIATION WITH ECHO-AMPLITUDE

As is usual with ionospheric pulse-transmitters, the delay betweenthe modulator
pulse and the r.f. pulse radiated from the aerials is found to be very small—
certainly less than 2 km (13 usec). It follows that the major part of the observed
errors must arise in the receiver circuits. The character of the distortion is shown
diagrammatically in Fig. 4, which gives the equivalent shapes of an originally
square pulse. after passage: through the receiver, for two particular amplitude
levels, assuming that the rise-time and decay-time remain constant. Now, in
practice there is a threshold level, OA. below which no signal appears on the
record: consequently, the width of the pulse recorded is that of a section across
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Fig. 2. A calibration record. The observed delay from the zero height-marker varies with
the width of the trace, and hence the amplitude of the signal.
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Fig. 6. Ground-wave and F echoes using local and remote transmitters seen on the display
of the absorption equipment. The frequency is 1:6 Mc/s, the height markers are at 25 km
intervals, and the reading accuracy is + 1 km.
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the pulse at height 04, i.e., for the smaller pulse the section BC. When the
amplitude of the pulse increases. the width of the section BC' increases, and the
error in the observed height decreases. To give b = 0:25, the slope of the leading
edge is three times that of the trailing edge. so that when the recorded trace-
width increases by 4 km. the bottom of the trace will fall by I km and the top
will rise by 3 km.
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Fig. 3. Recorder height error as a function of observed pulse-width, constructed from
calibration records of the type shown on IMig. 2,

Expressing delay-times in kilometres of equivalent height (so that 1km —
6:6 psec), the time of rise of the leading edge of the pulse, as measured from Fig. 4,
is 7-5 km, which would be the theoretical rise-time for an ideal rectangular band-
pass of 20 ke/s. Now, the actual band-pass of the receiver, measured to points
6 db below the peak, is 15 ke/s, and since of course the response curve is not ideal,
this may be considered very reasonable agreement. The delay-time measured
to the centre of the time of rise is 6 km (40 psec): but the observed delay may be
greater or less than this. depending on the pulse-amplitude.

The quantity @ is determined solely by the shape of the pulse after passage through the
receiver (it can be measured from the intersection of the lines KK and (/L in the figure); hence
it does not vary with the threshold level or with the position of the CLRUT. “hrightness™ eontrol.
It will vary. however, with the transmitter pulse-width used, being o little less if the pulse-width
is shorter; recalibration is therefore advisable when the pulse-width is changed. The small
variation of a with frequency in the instrument under test appears to indicate a slight dif-
ference in the receiver characteristies at low and high frequencies: this would not be unreasonable.

4. Cuecks oF THE CALIBRATION PROCEDURE
It is desirable to check first that the linear law for the variation of apparent
height with trace-width—and particularly the gradient of 0-25—are still true
for actual echoes. This can be tested by taking A" — 1 records at constant fre-
quency, and the echo trace-width can be varied by altering the receiver attenuation
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or by using natural fading. It will be seen from Fig. 5, plotted from such records,
that the gradient dA/dw is again very near to 0-25. This test verifies that our
correction equation (1) with b = 0-25 is satisfactory at least for relative heights.

We may test the accuracy of the correction equations for absolute heights
with the aid of multiple echoes. Let the true equivalent height of reflection be
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Fig. 5. Recorded relative height error as o function of observed pulse-width
constructed from b’ — ¢ records.

Iy, then by equation (1) the observed equivalent height of the rth order echo will be
W, =y + a— bw,

where w, is the width of the rth echo and b (=.0-25) is known. Hence the true

height and the constant @ may be expressed in terms of the apparent heights,

say of the Ist and rth echoes, by the equations

1 ? i
and
@ = - l_ ] {;-(!,-,’l + b)) — (M, + b-m,)] (3)

Using equation (3), we have determined « in ten cases where a second echo
was present (this being the highest multiple echo that can be recorded with our
expanded time base). For eight of these cases (mostly for frequencies greater
than 2 Me/s) the average value of @ was 15 km, in good agreement with (1b).
The two remaining cases gave much lower values (2 km and 7 km respectively);
these anomalous results are probably due to the presence of composite echoes
whose lower component is not visible in the second echo.

Overlapping echoes from different apparent heights are not uncommon in E-region reflee-
tions. Though not always visible in the records, such composite echoes may be clearly seen on
the monitor display. which, unlike the photographic record, shows the variation of signal-
amplitude with equivalent height. In such a ease, if the lower component is the weaker it may
not be visible after a second reflection, so that the observed 4% would be too small in relation
to the observed /%y, and by equation (3) the derived value of @ would then be too small.

Tt is worth noting that the ernde test of comparing the observed heights from ground-wave
to first echo and from first to second echo, without applying any width correction, usually
underestimates the real error. When, however, eight or nine multiple echoes are visible, the
presence of the error is unmistakable even without width corrections.
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A further method of checking the correction formula (1) is to compare the
corrected heights with heights measured simultaneously, using the type of manual
equipment employed for absorption measurements (Precorr, 1955). With this
instrument. the ground-pulse is attenuated at i.f. to a standard amplitude and a
height-marker is set to a point on its leading edge. The attenuation is then reduced
until the echo reaches the standard amplitude. and the equivalent height is read
to the corresponding point on the echo-pulse. Thus the ground-wave and echo
signals are distorted equally by the receiver, and no error in height measurement
is involved, provided overloading of the r.f. stages does not occur.

Normally the heights are read directly. but, for the present tests. photographs
of the tube face were taken. This technique made possible a reading accuracy
of about -L1 km. the same as with the expanded time-base method. In several
tests at various frequencies, the heights determined by the two methods agreed
to within 2 or 3 km in all cases.

To show that the very intense field from the adjacent transmitter did not
cause errors due to alteration of pulse-shape by overloading or leakage, the same
technique was used with a transmitter sufficiently remote from the receiver not
to overload it. The gain of the absorption receiver was adjusted so as to bring
to a standard amplitude in quick succession:

(a) the ground-wave from the local transmitter,

(b) the echo from the local transmitter,

(¢) the ground-wave from the distant transmitter, and
(d) the echo from the distant transmitter,

the output at each setting being photographed. A typical example, using a
frequency of 1-6 Mc/s, is reproduced in Fig. 6. In this case, the apparent height
measured between (a) and (b) is 105 km, and that between (c¢) and (d) is 106 km;
and simultaneous measurements on the D.S.I.R. automatic height recorder gave
105 km when corrected. Other results, using local and remote transmitters, also
agreed within the accuracy of the measurements.

These various checks confirm the general soundness of the primary method of
calibration deseribed in Section 2, and indicate that expansion of the time-base
enables one to achieve, for F-region equivalent heights, an accuracy of the order
of +-2km in cases where the echo observed is simple. The corrections are of
course equally applicable, and necessary, when a normal time-base sweep is in use.

Increasing the time-base-sweep velocity is not the only method of improving
the reading accuracy. We have found that optical magnification is almost equally
effective. though less convenient, even when the records are made on paper.

5. Herear CoRRECTIONS IN RoOuTINE MEASUREMENTS

It has been recommended internationally (C.C.I.R., 1948) that routine height
measurements should normally be made with an accuracy of 410 km. and most
stations attempt to reach this accuracy. For many purposes, irregular errors of
this magnitude are comparatively unimportant. Systematic deviations of the
type discussed above, however, introduce discrepancies which can prove significant
both in the prediction of maximum usable frequencies and in the study of the
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physics of the ionosphere. For example, a systematic error causing the observed
heights to be 10 km too high, which is probable using existing techniques, will
make the MUF factors for the & and # layers (respectively) about 69, and 39
too low at medium or long distances. This is an appreciable fraction of the dis-
crepancy known to oceur (CLC.1.R., 1953).

Our analysis shows that the correction needed with the type of recorder used
at all D.S.ILR. out-stations should vary between about 5 and 10 km. This is
confirmed by analysis of a few typical night-time records having a large number of
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Fig. 7. Heights of multiple echoes from a routine record faken with the prototypoe recorder
at Slough after small corrections (-5 lum) have been made for observed pulse-width,
The error of the first echo, in this ease 13 kin, is the intercept on the observed height axis,

multiple echoes, made by the D.S.I.R. recorders at Singapore and Khartoum.
These records give values of a, derived by equation (3), of about 13 km, and the
corresponding errors in the apparent heights of first-order echoes are between
6 and 8 km. (Since the pulse-width used is shorter than that used in our tests,
a smaller value of « is to be expected.) Records from the prototype recorder
(Naismirn and Bamey, 1951) used at Slough for routine measurements, give
an average value for the systematic error of between 10 and 15 km. For example,
Fig. 7 shows the heights of six successive multiple echoes from a routine record,
after small corrections have been made for pulse-width., In this case the error
in the apparent height of the first echo was 13 km; and the average error from
seven similar examples was about 12 km.

This result can be checked by comparing the monthly mean values of A'E,
measured using the same instrument, with the equivalent heights at 2-0 Mefs
obtained during routine absorption measurements at Slough. These two para-
meters are plotted in Fig. 8 for the years 1951-53. In winter a 2-Mc/s signal is
often reflected from heights considerably below the normal £ layer, but most
of these observations can be removed by omitting heights at or below 105 km in
winter months, as shown by the dashed curve. The mean difference between the
heights obtained on the two instruments, after allowing for the abnormal winter
reflections, is 13 km—in excellent agreement with the figure of 12 km quoted above.
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Since the band-widths used in other routine recorders cannot differ greatly
from those employed at Slough, and since a considerable part of the delay must
be ascribed to the time of rise of the signal, which is determined by the band-
width, similar errors are probably present at all stations. It is desirable that these
errors should be estimated elsewhere before commencing the intensive observa-
tional programme of the International Geophysical Year. For reasons of continuity,
however, it would be inadvisable to circulate corrected heights or corrected MUF
factors unless the magnitudes of the corrections applied are clearly stated.
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— — — — ABSORPTION EQUIPMENT OMITTING DAYS WITH 4°% 105km

IN WINTER

Fig. 8, Comparison of A’E from the prototype recorder records with 2’ measured at 2-0 Me/s
: o

(lrom routine data for Slough, T 1;,;[1:.11:'1) with the absorption apparatus, showing a mean
difference of 13 lan between the heights measured on the two equipments (omitting heights
<105 km in winter months).

6. CoNCLUSIONS

We conclude that it is possible to correct the apparent heights obtained from
a routine recorder, so that the equivalent height of E reflections can be measured
with an accuracy of 4-2 km or better; and, since such corrections are not made
in normal practice, that significant systematic errors are probably present in
height and MUF measurements from ionospheric stations all over the world. The
accuracy demanded by international standards, 410 km, may not in fact be
reached unless these corrections are applied.
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RESEARCH NOTE

The detection of the S, current system in ionospheric radio sounding

(Received 4 September 1955)

Usixa the results now available from the world’s ionospherie stations, a critical examination
of the behaviour of the E-layer of the ionosphere has been conducted with the object of
discovering how far such behaviour is explicable in terms of Chnarman’s classical theory
of ionized layer formation. It has been found that, although this theory certainly gives
a broad general explanation of £-layer phenomena, a number of anomalies have been
identified which indicate the operation of certain perturbing factors not envisaged in its
formulation. Some of these anomalies have alveady been reported (Arpriron, 1955).
The present note deals with the results of a further examination of one of them, namely
the effect of electron transport phenomena on diurnal variations of maximum electron
density.

We may first note that the theory of Cuwarmax is based on the simple continuity
equation

4 "

o N(h) = qlh, ) — [ N(h)]? (1)
where N(%) is the electron density at height A and time £: g(h, ) expresses the rate of
electron production per unit volume, and so is a function of both height and solar zenith
distance », while o is the recombination coefficient, assumed independent of hoth A and £.
In a recent paper (ArrLrron and Lyon, 1955), two of us have shown how, under guasi-
stationary conditions such as are believed to obtain in the K-layer, the layer maximum
electron density N, itself obeys an equation, similar to (1), as follows:—

aN,,

i
where @2 is a quantity which can be estimated, but which is usually negligible compared
with unity except when y is large,

An approximate solution of (2), with e’ neglected, suffices to express the theoretical
variation of N over the central part of the day. This solution shows, as we should expect,
that N, should generally be greater in the afternoon than in the forenoon. Also, the
maximum of N, should occur shortly after noon. Methads of determining «” the effective
value of the recombination coefficient, can be based on each of these two effects (ArpLiTON,
1937 and 1953). In the first method we compare the values of N, for similar values of ,
before and after noon. The value of &’ is then given by
dn,,
, dl

0 = ——— e 3
% AL N %)

g

=y 008 y(1 — @®) —alN,2 (2)

AN n

di
the amount by which the p.m. value of N, exceeds the corresponding a.m. value. In the
second method we use the theoretical relation expressing the delay (Af) of the N
maximum relative to noon. This is

where and N, are the numerical averages of the a.m. and p.an. values, and AN is

|
At =g v (4)
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We may note, then, that, if simple Chapman theory were applicable to the E-layer, we
should find 2, as determined by way of (3) or (4), to be constant under all conditions.

As a result of the examination of a great wealth of diurnal data in relation to equations
(3) and (4), we can report the most flagrant disagreements between experiment and theory,
if o' is assumed constant. Indeed, estimates of the values of &', using (3) and (4), reveal
relatively enormous variations of that quantity. Since it seems clear (APPLETON, 1955)
that the value of the natural recombination coefficient « could not possibly vary by the
amounts exhibited by &, we believe that the non-constancy of the latter is an expression
of the existence of some form of perturbation. An obvious type of perturbation to be
considered is the effect of electron transport.

Let us suppose, for example, that electron transport of some kind is present. Our
basic continuity equation must then be written

dd: — g(t) — aN? — div (No) (5)
where » is the velocity of electron transport. If electron transport occurs in the form of
vertical drift, as suggested by Marry~ (1947, 1948), it is possible to caleulate theoretically
(AppLEToN and Lyox, 1955) how the height of maximum ionization, and the value of
maximum ionization itself, are altered under E-layer conditions. It is also possible to
estimate the effect of vertical drift on the value of the effective recombination coefficient,
o', as determined by either (3) or (4).

For example, when o’ is obtained from the noon delay At via the simple relation (4),
it may be shown that
1 o(»'N)

LT oN e (®)

. v :
where v’ is o and the second term is to be evaluated at noon. If, then, the vertical drift

gradient is appreciable we should expect the value of o’ (and the corresponding value of At)
to vary with latitude and any other conditions which may affect electron transport.

in

3
~
2

NOON DELAY A

1 |
50° 40° 2o°\°\_2/f 20° a0°
; N S
Fig. 1. The full line shows the relation between At (noon delay of maximum N,,) and

geographical latitude for June (mean of values for the years 1953 and 1949). The broken
line shows the theoretical variation for o« = 10-8 em?[sec.

We now turn to a sample of our experimental results. In Fig. 1 the full line shows the
variation of Af (noon delay of N ) over a wide range of latitudes for the same period of
observation, and the broken line indicates the theoretical values of At for o/ = 10-8 em?3/sec.
It will be seen that although Af does not vary in the manner to be expected if " were
constant, it nevertheless has a definite pattern. We suggest that the pattern is related to
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the Rq overhead current system which, by way of the earth’s magnetic field, would be
expected to cause a vertical drift pattern having a configuration related to it.

Thus MARTYN (1953) has shown that “in a given region of the ionosphere the vertical
drift of ionization depends entirely on the east-west current in thal region.”” Now, near
the S, current focus the east-west component of current is always small, but at higher and
lower latitudes it becomes large near noon, and the directions of flow are opposite in the
two cases. Hence “it seems certain that, at the ionospheric levels where flow the currents
mainly responsible for the solar and lunar magnetic variations, the daily oscillations of
these regions at low latitudes must be in phase opposition to those at high latitudes”
(MarTYN, bid).

Now, if we examine the perturbation of A¢ shown in Fig. 1 (relative to its theoretical
value for a simple Chapman layer) we see at once that it shows precisely such a phase
opposition between low and high latitudes. Inereasing or decreasing o« will, of course,
lower or raise the broken curve in Fig. 1, but this statement will remain true for all values
of o greater than about 0-5 % 10-8 em3[sec. It might be objected that the transition
latitudes indicated by Fig. 1 do not agree very precisely with those obtained for the S,
current system from geomagnetic data. Thus Cuapmax and Barrers (1940, Fig. 16,
p. 229) show the main current focus in summer at 30° N, whereas the cross-over point in
Fig. 1 lies between 20° N and 25° N (depending on the value of « chosen). There are,
however, several reasons why a very close agreement in this respect is not to he expected.

First, as noted by Cuapman and Barrers (ibid.), there is very considerable
variability (of the order of 10% to 15°) in the latitude of the current focus as shown by
geomagnetic data, and the average appropriate to our data may differ appreciably
from the value quoted.

Secondly, the geomagnetic data refer totheintegrated valueof the currents throughout
the whole ionosphere, whereas our results refer to the maximum of the £-layer only.

Thirdly, the perturbation we have measured will depend not so much on » as on
ov/dh, and it is not to be expected that these will necessarily be zero at the same
latitude.

Fourthly, the angle between the plane of the earth’s field and that of the geographical
meridian is not in general negligible and may well affect the latitude of zero drift effect.

So far as the southern (winter) hemisphere is concerned, it is clear that there is agree-
ment at any rate to the extent that both the currents flowing and the pc]iu]ha.tmn*-;
observed are much smaller. On the other hand, since the focus in this hemisphere is near
50° 8, it is doubtful if the apparent change of phase at 20° S is significant. (As there are
fewer stations in operation in the southern hemisphere, our values of Al are less reliable
in this region.)

Further confirmation of the above interpretation has been obtained, using some
equinox results. As has already been reported, Slough equinox diurnal measurements of
fE indicate that o', as determined by (3), increases rapidly as y increases. Now, Slough
is situated north of the S, northern-current focus, and so the ionosphere there is subject
to an east-west overhead current. We have, however, found that, near the latitude of the
current focus itself (say between latitudes 25° and 40°), at which location the S, currents
do not run athwart the horizontal component of the earth's magnetic field in the daytime
period, the application of (3) leads to sensibly constant values of «" over a considerable
range of 7. In other words, the diurnal variation of Ji-layer ionization appears to he most
nearly (,hapman like near the S, current focus, just where we should expect vertical drift
to be at a minimum. On the nillm hand, corresponding results of the application of (3),
at both higher and lower latitudes, are subject to mar I{tri perturbations, but of np]mml{
sense in the two cases, expressed in the inconstancy of o', The average value of &', which
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we have obtained, as indicated above, from stations near the current focus, is 1-0 > 10-8
em?fsec: but it should be mentioned that a relatively small residual perturbation in this
region (from whatever cause) might well render this value considerably in error.

The above remarks refer to the latitude of the S, current focus. We have, however,
been able, by further studies of the diurnal asymmetry in £-layer ionization, to identify
the longitude of the current focus, (15° to 30° W), relative to that of the noon meridian.

In conclusion, however we may choose to interpret points of detail, it seems clear that
the S, current system exerts a small but readily detectable influence on the diurnal variation
of f-layer ionization, and most probably does so by way of some form of vertical drift
mechanism.

The above results relate, as stated, to the Z-layer. We find that the F;-layer exhibits
somewhat similar phenomena.

Aeknowledgement—This work has been supported by way of a grant from the Department
of Scientific and Industrial Research and has been carried out as part of the programme of
the Radio Research Board of that Department.
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Ionospheric Layer Formation under Quasi-Stationary Conditions

By Sik EDWARD APPLETON axp A. J. LYON
University of Edinburgh

Abstract. A modified theory of ionospheric layer formation is described in which
the value of the spatial maximum of electron density N, and its atmospheric
height 2(V,,) are given explicitly. The work owes much to Chapman’s classical
treatment of the theory of ionospheric layer formation, but yields results which
are more directly applicable to the type of problems encountered in practice.
It may be used, for example, in cases where the atmospheric properties, such as
temperature and recombination coefficient, vary with height, or where the layer
is distorted by atmospheric tides.

It has long been recognized that the theory of ionospheric layer formation
is chiefly complicated by the fact that, as the sun’s zenith distance y alters in the
course of the day, the level of maximum ionization N, lags behind the level of
maximum electron production ¢,,. It is shown that the distance a between these
two levels is equal to (tany dy/dt)/2«.N,,, where « is the recombination coefficient
and ¢ is the time.

An approximate solution of the continuity equation is used to investigate
detailed features of the N, or IV, curves near noon, and also to derive second-
order approximations for ¢ and for V,,. With the aid of these results, theoretical
curves of the diurnal variations of /N, and the height at which it occurs may
readily be computed for any latitude and time of year. The formulae are valid
for the greater part of the solar day and include ‘ Chapman function’ corrections
where necessary.

A number of examples illustrating the significance of the ‘time of relaxation’
of an ionized layer 1/2zN,, are quoted. The distorting influence of vertical
drift on both NNV,, and 2(V,) for an ionized stratum of E layer type is shown,
for example, to depend on two factors only, namely the vertical drift characteristics
and the time of relaxation of the ionized medium.

§1. INTRODUCTION

n i theoretical problems examined in this paper arose in the course of an
| attempt to discover how far the actual behaviour of the E layer of the
ionosphere could be interpreted in terms of the existing theory of ionized
layer formation, particularly as classically expounded by Chapman (1931 a, b).
For this purpose we used routine experimental determinations of N,,, the spatial
maximum of electron density, obtained by radio sounding, to compare the actual
variations of N, in the E layer with those predicted by theory. It was soon found
however that considerable discrepancies existed, suggesting that, possibly, some
of the simplifying assumptions of Chapman’s theory are not in fact justified at
E layer heights.
These assumptions are: first, that the ionizing radiation is effectively mono-
chromatic, being absorbed according to a mass-absorption law, by one atmospheric
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constituent only ; second, that the temperature and composition of the atmosphere
in the region of the layer are constant both in space and time; third, that electron
disappearance obeys a recombination law with a recombination coefficient =
independent of atmospheric pressure; and, fourth, that the effects of electron
drift whether due to atmospheric tides, diffusion or meteorological causes, are
negligible. Clearly the non-fulfilment of some of these conditions may well
account for the observed discrepancies.

A major difficulty impeding our investigation was, however, the prohibitive
labour involved in computing accurate theoretical diurnal curves of N,, by the
methods used by Chapman (and subsequently by Wilkes (1939)). Without
such curves the precise assessment of the discrepancies in question is impossible.
The difficulties are even greater when we desire to know exactly what perturbations
will result if one or other of the above assumptions breaks down-—if, for example,
variability of temperature or recombination coefficient or the effects of atmospheric
tides have to be allowed for.

Our primary aim is therefore to derive simple approximate formulae for N,
and the corresponding height =(V,,), valid at least for the greater part of the day,
sufliciently accurate for comparison with current experimental data, reasonably
convenient for computation, and yet flexible enough to permit modifications for
the various perturbing factors (such as tides, temperature variations, dependence
of » on pressure, etc.) which we anticipate will require investigation.

§2. THE EsseNTiaL FEATURES OoF CHAPMAN'S T'HEORY

As stated above, Chapman (1931 a, b) has considered the effect of ionizing
solar photons, impinging on a rotating atmosphere, in which the electron disap-
pearance rate is proportional to the square of the electron population density.
The basic relation of the theory, for any point in the atmosphere, is therefore the
continuity equation

dN|dt =q—aN?, 40 B )
where N is the electron density, ¢ is the rate of production of electrons per unit
volume per second and ¢ the time.
For a plane-stratified, isothermal atmosphere (in which the density of the
ionizable constituent falls off exponentially with height) Chapman (1931 a)

has shown that the relation between rate of electron production ¢, height z and
solar zenith distance y is given by

g=gpexp(l—z—efsecy), = useees (2)

where ¢, is the maximum rate of electron production, occurring at height A,
say, when the sun’s rays are vertical (y=0), and where

x=(h—hy)/H,

H being the scale height of the atmospheric component ionized.

The spatial maximum of ¢ at any time, and the height at which it occurs, are
given by

In=qoC0sx L L atein (4)
and 2(¢,,) =1n (sec x), e (5]
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whilst the particle density of the atmospheric component ionized, at the same
height, is
_cosy

ﬂ'm"" AH . T e R S R 10 (6)

where 4 is the absorption cross section of the component in question.

These equations are generally sufficient for low and medium values of y but,
for the higher range of values (e.g. exceeding 70°), in order to take into account
the sphericity of the earth and its atmosphere, the term sec x in (2) must be replaced
by the Chapman function, Ch(R + =, y), where R is defined by

j7 2P 7 - M S 7)

a being the radius of the earth and H, as before, the scale height. Putting
R+ z=x, Chapman (1931 b) has proved that

Ch(x, y)=xsin xJIz exp {x(1— siny/sin})} cosec®?AdA.  ...... (8)
o

Comprehensive tables of this function have recently been given by Wilkes
(1954). However when x is large—as it usually is in practical cases—two useful
approximations are available :

(@) for x=90°, Che, dm)esa ey — ~ 0 (9)
(b) for ¥ not too large (tan® y €x)
tan?y
Ch(x, y)=~secy( 1— a0 e SRR % (10)

Comparison with the accurate tables computed by Wilkes (1954) shows that
(9) is correct to within 19, for x>50, while (10) is within 19, (@) for x=600
(a representative value for the E layer) if x> 80° and (b) for x=150 (a possible
value for the F layer) if x> 70°. .

In practical cases, R> z, so that R and x are very nearly equal. We may there-
fore write equations (2), (4), (5) and (6) as

g=qpexp{l—2—e*Ch(R,x)}, = «oevrs (11)
gl CaRoaue . REEaES S e e (12)

2
=, COS x(l + ta; X) e T LN T sedhas (12 a)
) = ChER RS NS r R T (13)

2

zlnsecx—til;z—x, ...... (13 a)
and n =1 A Gh{Rama i T e S e e (14)

The approximations (12 @) and (13 a) are valid under the conditions mentioned
above.

Substituting for ¢ from (2) or (11) in the continuity equation (1), Chapman
showed that this equation can be solved numerically for particular values of #,
giving a family of (JV, #) curves at various heights. From these a second family
of (N, z) or ‘layer profile’ curves at various times may then be derived. Finally,
from these curves the values of IV, and 2(2V,,) at any time of the day can be read off.
Evidently however this is a lengthy and tedious process, and attempts have been
made by Millington (1932, 1935) to simplify the necessary procedure for practical
calculations of N,,. In his first paper Millington, noting that the (IV,, ) curve
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is in fact the envelope of all the (N, #) curves, pointed out that, approximately,
this ““envelope is given by the curve corresponding to the height at which the
rate of ionization is a maximum at noon”. In other words, if y, is the value of y
at noon, the envelope is considered to be identical with the (\V, 7) curve for the
height =, where

=l Ch Rl sl o Tiehe e (15)
so that g=qyexp |1 —=z,— exp(—z,) Ch(R, y)}
Go [ Ch(R, ) | :
Lo DGRBS (16
Ch(R, x) P "~ Ch(R, x,)/ o

Only one numerical solution of (1) is now required, using the values of ¢ given by
(16).
In his second paper, Millington (1935) used an even simpler expression in
lace of (16), namel i
P (26} y T T Ve [ S Sl (17)

Comparison with (12) shows that this in fact involves the assumption that the
maximum of electron density N, occurs at the level of the maximum electron
production rate g,,. Now this, as may be seen from Chapman’s curves, cannot
strictly be the case. In figure 3(b) below, for example, the crosses show values
of 5(N,), the height of maximum N, at various times throughout the day, derived
from a set of layer profiles given by Chapman (1931 a), whilst the dotted line
shows the corresponding curve of (g,,), the height of maximum ¢. It is clear
that, except near noon, the NV, level lags appreciably behind the ¢, level, being
higher in the forenoon and lower in the afternoon. One of the chief problems
examined in this paper is that of determining the magnitude of this height-lag,
and of improving Millington’s approximation (17) in such a way as to take such
height-lag into account.

§3. Tue Divr~aL VAriaTioN oF loNizaTioN IN A Laver aT Constant Hereur
Before proceeding to our main task of evaluating N, we have found it in-
structive to find first an approximate solution of (1) which will be valid provided
only that gand /N do not vary too rapidly. Recognizing that g and N are functions
of both z and 7, we must now write (1) as
E%j’t) = g(z,1)—a{N(z, 1)} sl ((L8)
We can, of course, reduce this to an equation in one independent variable ¢ by
restricting our attention, as Chapman did, to a particular height so that (18)
becomes
dNlit=g(B)=aN% o0 (19)
which has now the well-known form of a Riccati equation.
It is possible to achieve the same result by making = a suitable function of 7.
T'hus, in general, IN 8N 9N dx
dat ot oz ar
and if we put 2=2(V,), that is make = follow the N, level where dV/dz=0 we

find that
AN, _ (0N
e (5?) ANy

= glz(N,), 1 — 2,2 ks el(Eh)
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Since 3(NN,,) is a function of ¢ this equation is identical in form with (19). In
other words, N, the spatial maximum of N, obeys the continuity equation,
provided only that g is evaluated at the level of V. Hence all the results of this
section, while applying primarily to NV at a fixed height, will also be valid for N,,.

We are now in a position to obtain a solution of (19), or of its equivalent form
(20), by the method of successive approximations. As was pointed out by
Appleton (1937), it is true, at any rate in the case of the E layer, that the numerical
magnitude of dN dt in (19) is small compared with the numerical magnitudes of
the other two terms; and, of course, near noon this is notably the case. We may
therefore take as our zero-order approximate solution of (19)

N = (@)m. ...... 1)

o

Differentiating this equation with respect to / and inserting the resulting expression
for dN/dt in (19) yields the first-order approximation
: D\"2 1 ¢'(t
A.-_-(@) a0 eerse22)
& 4o. g(t)
and, similarly, we can calculate the second-order approximationt

..\-'z(‘z(’))llg Ly, 1 4@ 5 g

> —

= 23
1 35 ETE] YT T e i O
=0 " ETE O T I =
This equation enables us to demonstrate, inter alia, certain interesting and
important features of the variation of N (or /\) near noon.

3.1. Characteristics of the Diurnal Curves of N, or N, near Noon
At noon ¢'(t) is zero, and (23) becomes
No= (q“—(r))l gl v i(2A)
o 8a2{qy(2)}?
where the subscript indicates noon conditions. Since, in practice, g,"(¢) is
negative we note that N is less than the quasi-stationary value relating to noon,
namely [{g,(1)}/«]"2. et us now suppose that the value of the N maximum
occurs 7 seconds after noon, the time of ¢ maximum. At that time the value of
q(t) is given by

4=+ O +ig" @ .. (25)
However we know that ¢,() is zero, so that
q(1) = qo(1) + 340" (1) 7> vz (26)

Now, since at N maximum, dNN/d¢ is zero, we can substitute from (26) for ¢()

in (19) to find - g f}n(f) 12 ; 1 (fn”(-'-)TE 1,2 37
LMY T < 2‘ _—‘?u(z) ...... ( )

or, approximately, = )12 "(t)r*
rl a A'|n;|x = (&}(_) zE Lq';]L( ) 12 """(28)
% 4ot go(1) Y
Now it has already been shown by Appleton (1953) that % is equal to 1/4ug,(?) so
that, substituting in (28), we have
r qo(1)\ 12 %"(?)
JI‘\ i T e T L aarf_ Ffas3g@e 000 ewassa 29
max ( o Gi 1613__.1%I(t)}.‘]_2 ( }

+ The validity of this process and the magnitude of the residual errors are discussed
in the Appendix. The same kind of result can be obtained, as Rydbeck and Wilhelmsson
(1954) have shown, using the Jeflreys or W.K.B. solution of the wave equation, into
which equation (19) can be transformed,
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We therefore have, in (24) and (29), expressions giving us, respectively, the values
of Vat noon and at the time of the subsequent N maximum. We note that they
differ from the noon quasi-stationary value [ {g,(¢)}/2]/2 by simply related quantities.

These results are illustrated graphically in figure 1 where the continuous line
indicates the variation pf N, or V,,, near noon. The dotted line indicates the
time variation of the quasi-stationary quantity [{g(¢)}/«]'** which reaches its

maximum value [{g,(?)} #]** at noon. This corresponds to point C.

a.m MNeon pom.

Figure 1. Tllustrating variation of N with time near noon. 'The continuous curve
indicates the trend of N which is a maximum slightly after noon. 'T'he broken curve
indicates the variation of the quasi-stationary value [{g(¢)}/x]'*. The curves do not
relate to actual values, the noon delay of N being exaggerated to illustrate the
physical points discussed in the text.

The actual noon value of N is shown by A, while its subsequent maximum
value is shown at an intermediate level indicated by B.  Now from (24) and (29)
we can see at once that

! 0]
AC= I OTEE vovesi(30)
and 3 7' (2)
AP = T SRCD
so that AB=4(AC)=BC.

As already explained this result will be valid either for /V at any constant height or
for the spatial maximum N,,. If, therefore, we know the values of NV,, at noon
and at the time of maximum /N, we can calculate the quasi-stationary value at

noon and from this the value of the fundamental physical quantity {g,(¢)}/.

§4. Tue HeigHT AND MacNiTupe oF Maximum loNization Density N,

The condition for a spatial maximum of N at any particular time ¢ (which
we denote by N,,) is, of course,

ON(z,t)

dz

and if the form of N(z,t) were known this would determine the height of iV,

which we denote by =(V,,). Now differentiating the continuity equation (19)

with respect to & we have

0, cosssnl32)

9°N  0q , ON
az—at—a"—z_ff\ 32” ......(33)
so that, for maximum NN conditions
dg _&*N

- vt 3%)
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If circumstances are such that we can neglect the second differential on the
right-hand side of (34) we have d¢g 0z equal to zero, so that, in such a case, the
spatial maximum of ¢ occurs at the same level as that of N: that is, =(g,,) and
z(N,,) are identical.

Let us suppose, however, that the N maximum does lag appreciably behind
the ¢ maximum, in which case, assuming that ¢ is given by (2) and so 2(¢,,) by (5),
LA 2(N,,) =Insec y —a. SoknrolB5)
Then, if @ is small compared with unity we have, by (2),

g{2(Nn), t}=goexp {1 —Insec y +a—e"}
=gycos yexp(—ja?—...)
Hgeospl==44%), = sess (36)

In other words if the level 5(/V,,) differs from the quasi-stationary level (as
“we may term it), In sec x, by a small quantity of the first order, the value of g at
that level differs from its maximum value, ¢, cos y, by a quantity of the second
order only.

It follows from (20) and (36) that, approximately,

1N,
- n,;” =qpcosx(l—3a®)—alN,2  cieaes (37)

We can now state with more precision the condition under which the continuity
equation reduces to the convenient approximate form used by Millington (1935)
namely ANGJdl =gycosy—aNa®  eesns (38)
(cf. (17)—we here ignore the refinement of using the Chapman function). The
required condition, by (36), is simply that
a?2<1. R (1)

To make this condition still more precise and to enable us to determine the
necessary correction when it is not fulfilled, we must calculate the magnitude of
the height-lag a. We shall see, in §4.2, that this can be done, analytically, to
any required degree of accuracy, by the use of equation (34) and the approxi-
mations of §3. In the following section, however, we shall derive the first
approximation for @ by a more intuitive method which, we believe, brings out
very clearly the physical significance of the height-lag phenomenon.

4.1. A First Estimate of the Magnitude of the Helght-Lag a

Suppose first that at some arbitrary time /=0 the electron production rate
¢ is a maximum (i.e. dg/dz=0) at a height =5, say, and suppose further that
after Az seconds the electron density /N is a maximum (i.e. dV/dz = () at the same
height. The situation is illustrated, diagrammatically, in figure (2) drawn for
a case when both the V,, and ¢,, levels are descending, i.c. for some time before
noon.

If Az is a small interval then at 3=z, and 1 =A{, we have

aN oN" 9*N )
= =0=(F) @) e G
where the subscript denotes 3=z, and 1=0. Now by (1),
o*N = g
—_— _— 2 —c o L L TR T
(638.’ 0 ik (8:: )” Gt

and hence, by (40), Ap=12e: 0. o smess (42)
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Now (42), giving the delay between the occurrence of the spatial maxima of ¢
and NV at a fixed height but at any time of day, is a similar expression to that found
by Appleton (1953) for the delay between the zemporal maxima of the same
quantities near noon. Evidently both phenomena, and the height-lag, are
manifestations of the same physical characteristic, called by Appleton (1953)
the ‘sluggishness’ of the ionosphere, and they all result from the finite magnitude
of the recombination coeflicient . If « were infinite Az would be zero and there
would be no height-lag—the N,, and ¢, levels would be identical.

Q\
202(K) N1
z:2(g) 7
-="N
e
N
£
s
#ov?—-—

Figure 2. Illustrating the phenomenon of height lag for forenoon conditions. The
height of maximum production rate q,, is at ==(q,,), while the height of maximum
electron density N,, is at z==(N,). After 1/2aN,, seconds the N maximum has
dropped.through the vertical distance a=z(N,)—=(q,). The curves are dia-
grammatic only.

Equation (42) enables us to determine «, for the height-lag is simply, to a first
approximation, the delay-time Az multiplied by the speed of descent of the ¢,
level, that is

ALY d{z(qm)} ,
(I—'T._\r --...-(43)
d 1
= (Insecy) TN’
by (42), or __ tan xdy/dt
a T siaraaats (44)

Equation (44) shows that a is negative in the morning and positive in the
afternoon, (Itisconvenient to treat y as negative and dy/dt positive before noon.)
This means, by (35), that 5(/V,,) is, as we should expect, above the ¢,, level before
noon and below it after. Itis also evident from (44) that as y—+90° our expression
for a tends to infinity—and, of course, the conditions for its validity will no longer
be satisfied.

The first approximation for N, derived from (37), is

N, =N(cos x)1* waes(49)
where Ny =(go/e)"?, ceuaanlH0)
and hence dN,, 1 dy

Wz —sztaan, ......(47)

so that (44) may also be written
__dNyldt _, _ dN,/dt
alNy? Fa- q f

aq =

R T
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If further we restrict ourselves to the equator, at an equinox, so that
X= wf, A (4‘9)
where w=15°/h="7-27 x 10~ radsec,
then, using Chapman’s notation
op=wieNG . L e (50)
(44) becomes
= 5 g tan y

oo (RS (51)
The condition for Millington’s approximation to hold is now, from (39) and (48),
1 (dN,,/dt\? 4
2( D“'\.'"I ) < 1: ...... (32)
or, using (51),
w it el (P e I R (53)

8cosy

All these results are valid of course only for the isothermal conditions assumed
in (2). It will be proved later, however, that (44) is still true when there is a
linear temperature gradient provided « is measured on a suitable scale.

4.2. The Second-order Approximation for the Height-Lag a

To obtain a closer approximation for the quantity @ we begin with the funda-
mental condition (34) which defines the V,, level in relation to the ¢,, level, that is

dz  dzot”
To evaluate the right-hand side of this equation with the required degree of
accuracy it is sufficient to use (22), that is

e (I L
i\_(c::) C4x g

For the present we confine our considerations to an isothermal plane-stratified
atmosphere so that, as before,

g=goexp{l—z—e“secy},
and to the equator-equinox case defined by y=wt. Hence substituting in (22)
for g and ¢’ we have

12
V= (2’) L “sec y tan y

o 4.
so that
ON 1 /q\12 e w
E_Z(Q (=1+e secx)—ge sec y tan y
and
2N o (q\¥?
350t = 2 ;{) e “secytan y
12
- %(g) e *sec ytan y(—1+e*secy)
UJZ

St BEC (P tanty e Ber SRR s (54)
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We now define the quantity € as

_ tany dy
e= ST R S (55)
and, when y=uwt, this reduces to ¢, say, where
_ optany
(| W2 ...... (56)
by (36), (46) and (50).
Also, by (35) efsecp—=etZlta*da®; 0000 e (57)
so that (54) now becomes
o*N qoy*(1 +a)
PRy = geo(1+a) — 1gey(1 +a)a—2qe,*(1 +a) — «—:;_CF;» ...... (58)
i 0
while 3_*9' =g(—1+e*secy)=¢g(a+3a®+...). ... (59)
Thus our fundamental equation (34) becomes
a+3a@®+ ... =¢y(1+a)—Lea(l +a)—2¢*(1 + a) — op*(1 +a)/4 cos x.
If we neglect terms of the second order in @ and ¢, we obtain the first approximation
Ao R e S R s s (60)

in agreement with equation (51) of the previous section. Or if we put a=¢, in
second-order terms and neglect third-order terms in @ and ¢, we have, as our
second approximation,

a=ey—2ei—ogfdcosx. 000000 iaees (61)

4.3. A Second-order Approximate Equation for the Maximum Electron Density N,

By a similar process we may determine the second-order approximation to N,
using the approximate solution (23) of the basic continuity equation (1), given
in § 3 above, which we may rewrite in the form

e (N 1 9' 1 49¢"—5¢"
e () {1‘ MR g T2

We can evaluate ¢’ and ¢” from (2), or we can proceed directly from (36), and we
get, after some rearrangement

N, =Ny(cos x)V2{1 +Leg— Fep2 — 0p?/8cos x},  cevnns (62)

where, as before, ¢, and o, are given by (56) and (50) respectively. Also from
(5), (35) and (61)

3(Np)=Insecx—eg+2¢2 +0y?fdcosy. .oieene (63)

These two equations, (62) and (63), provide us with the formulae we set out
to find, at any rate for the simplest case, that is they enable us to compute, very
easily, diurnal curves of N,, and =z(N,,) over a substantial part of the solar day.
The actual range of validity depends on the value of ¢, and this matter is discussed
in some detail in the Appendix. The Cquations will perhaps be most useful
when the €* terms are negligible, say for |e|<g. For the E layer if a=~10-8,
00=20-04 and |e,| <{; when x<70°. A higher level of accuracy is possible
with a smaller range of x.

To illustrate the use of the equations (62) and (63) we have used them to
calculate NV, and = (N ) with the above value, o, =0-04. This value is one also
used by Chapman in his classical investigations and enables us to compare his
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results with ours. This is done in figure 3 where the smooth curves have been
plotted from our computed values and the crosses indicate the values we have
derived from Chapman’s curves in the manner already described in §2. It will
be seen that the agreement is excellent: any small discrepancies can be attributed
to the difficulty of using printed curves.

10—
1€
08 0= ;
i
o8- 08l
3:’; w06 -
Lo -
o4
06 |
[
1 | ! L 1 L 1 L !
~60 -+0 -2 a 20 40 B0 -60 -4 -20 (s} 20 40
Selar Zenith Distance 1 ldeg) Solar Zemith Distance L (dea)
(@) ®

Figure 3. (a) Day-time trend of N, as calculated from the approximate formula (62).
(b) Day-time trend of =(N,) as calculated from the approximate formula (63).
In each case the crosses indicate values of the same quantity derived from Chapman’s
curves. 'To illustrate the phenomenon of height-lag, the levels of maximum electron
production =(g,) are indicated by the broken line in (b).

Equation (62) also enables us to calculate the delay of maximum NV, after noon.
Differentiating (62) yields the result
A= 12uNes ~ - 0 shesus (64)
and so (NVin)max =Vo(1 —05%/16),
whilst the value of V,, at noon (i.e. y=0) is
(Nim)o=No(1—0,?8).

It follows that with the notation of figure 1

AB=BC€=a /16" = " L e (65)

in agreement with the more general results of §3.1.

4.4. Modifications for any Season or Latitude
To modify the above analysis for the general case, we must now write
cos y = sin¢sind + cosd cosd cos wit

whence dx s Sinwt
tany — = @ oS ¢p COS O T (66)

If we now repeat the analysis of §§4.2 and 4.3 using (66) we readily find that

Ny = Nocos x2{1+de— fe*— 14} e (67)
and #(Ny)=Insecy—e+2e2+ 4, wen 4 (68)
where € =240, cos ¢ cos & sin wit/cos®? y DI (12))
and A=}o,2cosdcosd coswifcos¥y. ... .(70)

If tables of cos y as a function of solar hour angle are available, or once these
have been computed, these equations enable us to calculate N,, and (V) for
any latitude at any time of the year with no more labour than is required for the
simple case y =wl.
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4.5. Modifications for Sphericity of Layer
As we have seen, it is necessary, for a spherically stratified atmosphere, to
replace sec y in the basic equation (2) by the appropriate Chapman function
Ch(R, x). For the normal range of validity of our results the approximate
formula (10) for Ch(R, x) will usually be adequate so that
G : [{ 3tan*y+2]
—{Ch(R,x)}=secytanysl— —==—>. ... 71
AR ) =secatany o 5 (71)

Equations (67) and (68) now become

tan?y 1 Jtan? y + 2
\111 J\t}((_.(.)"\x) {1+—2T€l + zc[]— _j‘)_jl

I
=g 24} ...... (67 a)
) t.m~ % 3 tan® X +2 B
(N),=Insecy— 1— ——=— [ +224+ 4. ...... (68 a)

Alternatively, the appmpnatc correction facmrs can be derived from accurate
tables of the Chapman function such as have been given by Wilkes (1954).

§5. SoME APPLICATIONS OF THE PRECEDING ANALYSIS

The formulae derived in the foregoing sections solve the first part of our
problem, that is, they make it possible to compute directly diurnal curves of
N, and =(N,,) according to Chapman’s classical theory of ionized layer formation.
Accurate comparison of the theoretical and observed variations of these quantities
becomes therefore a relatively simple matter. "T'he remaining part of our problem
is to find out how the theoretical curves of N, and =(N,,) would be altered if we
now disallow one or other of the underlying assumptions of the theory, listed in
§1. We shall consider three such cases: («) temperature varying with height,
(b) recombination coefficient o varying with height and (¢) the presence of vertical
electronic drift due to tidal motions of the atmosphere.

5.1. The Effects of Variation of Temperature with Height
Nicolet (1951), and others, have examined the modifications of Chapman’s
theory when the scale height (or temperature) varies linearly with height. It is
useful however to examine the matter somewhat more generally.  Let us suppose
that the scale height /7 of the absorbing gas, given in the usual notation by
H=RkT|mg,
varies quite arbitrarily with the height 2.~ Since / is variable we must now replace
z by the analogous height parameter { defined by
dl=dh/H. )
It readily follows from this that
2T A TR S i S (73)
where n is the particle density of the ionizable constituent and the subscript
refers to an arbitrary reference level.  Chapman’s analysis now yields the results
g=nAS=[mAH,S e *|H]exp {—mAH,secye*}, ......(74)
fa)=1n %1 nsecy ceomesl75)
and ~ S,(1+A)cosx

‘Tm_m)“ -.-.-.(76)
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where S is the photon flux and A the scale height gradient, i.e.

dH 1 dH _
~S=m@ e (77)

In the above results A is not assumed constant so that both H and A are effec-
tively functions of y. We shall now suppose however that for small enough values
of £, A may be regarded as constant and equal to A,, say. Then, by (77),

il Ep i, © it e (78)

Let us also suppose that {(g,,) is zero for x = x;, and equations (74), (75) and (76)
now take the simple forms

g=qexp{(14+2)(1—{—e*secx/sec x1)},  ...... (79)

{(gm)=Insec y —Insec x; T L A 1y (80)

and gn=gilcosfeos g+ i (81)
where G1=So(l+A)cos e /Hiexp(1+2;). <oiiis (82)

Provided that any variations of A are relatively slow, we can cover the whole range
of x by taking a series of reference levels (defined by corresponding values of y,)
near which X is sensibly constant. If A is constant throughout the region, then
we can take y; equal to zero and equations (78) to (82) become identical with
the results obtained by Nicolet. In that case we evidently have, from (78),

MN=lnfT-La8), = e (83)
so that { measures height in units of a constant scale height, H,, say, as = does, but
on a logarithmic scale defined by (83).

From equations (43) and (75) we can obtain a generalized expression for the
height-lag in units of {, namely,

= tan y dy/dt
A= AT A . (84)
If A is constant this becomes identical in form with (44). In that case, using (83),
the magnitude of the height-lag may be expressed in terms of the linear height
parameter = by the relation )= Gean)alt) (85)

Thus the presence of a temperature gradient may appreciably increase the
magnitude of the height-lag for high values of y.

The second-order approximations for V,, and 2(V,,) near the arbitrary reference
level associated with y; are now

N = Ny(cos x/cos xp)+42(1 + (1 +A,)[be — Je ~ 1 A,
{(Np)=Insecx—Insec y;—e+(2+3A)e2+4. ... (68 )

Thus while the expression for {(V,,) is virtually unaffected by the temperature
gradient, both the exponent of cos y and the correction terms in the formula for
N,, are increased by the factor (1+A,).

Corrections for a varying A, say for

A=A+

can be calculated from the general equations (74) to (77) if required.

5.2. The Effects of Variation of Recombination Coefficient with Height

If 2 is a function of height throughout the region of ion production the approxi-
mate solutions of the continuity equation at a constant height, equations (21),
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(22) and (23), will still be valid for an appropriate part of the solar day, but the
variation of « will cause changes in the height-distribution of N which may
completely dwarf the distortion due to height-lag. In such a case the difference
in height between the levels of N, and ¢, can no longer be treated as a small
quantity even around noon. The magnitude of the distortion can be estimated
from equation (21) which we write now as

N= [‘fﬂ"‘p“_:“" :S“X)]”z. v (8]
o)
For example, if « were directly proportional to atmospheric pressure, say
GO TS T B o] i el P = e (87)
then N=(go/ecy) Pexpi(l—e?secy). = civens (88)

In this case, for a given y, NV increases monotonically with s and has no true spatial
maximum. At a given height N has a temporal maximum at noon, but at the ¢,
level given by

3(¢,) =Insec y
we have N=(q,/z,)'/?, independent of y.

It is of some interest to consider whether if « is a function of height the method
given by Appleton (1937) for the experimental determination of  remains valid
or not. According to this method we can find both « and ¢, by comparing
conditions for the same y in the forenoon and afternoon, provided we assume that
g is symmetrical about noon. If we take the height-lag into account, clearly
the heights of the N, level in the two cases will now differ by 2. Naturally
if o changes appreciably within this distance, the above method is no longer
applicable.

If however « is substantially constant over the height range 24, equation (36)
shows that (neglecting the cube and higher powers of @) ¢ remains symmetrical
in x despite the asymmetry in height, and the continuity equation (37) again
yields Appleton’s formula for «, namely

B (dN,,/dt), — (dN,,/dt),
= ‘\'22 L "\"l.-’ . ssssss

5.3. The Effect of Vertical Drift on the Height and Density of the Layer Maximum

Martyn (1947 a, b, 1948) has suggested that ionospheric layers may be subject
to distortion due to the influence of what he terms vertical drift.  'The general
effect of this is to distort the layer in vertical section if the drift velocity varies
with height. In such a case our continuity equation (1) becomes

aN , O(Nw)
Cri e

where @ is the vertical drift velocity at height z. Expanding the drift velocity
term we have

e L)

oN ov N
= =1 —aN*— | Va—; —Vias
and thus
N 9y olN oN dv % duvadN 0*N

o s e Ve e n
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At the spatial maximum of N, we have 3N, dz equal to zero, and thus
Ezi\' o %f —N 0% _9@' ] (
Fegts @a CaamreoogEy - o T
which, of course, reduces to (34) if there is no vertical drift.

How we proceed now depends on the form of = assumed. Ior example,
in an attempt to explain the actual departure of E layer behaviour from the static
layer theory predictions of Chapman, Kirkpatrick (1948) has assumed

p=—gsin(2wt+pz) .. (92)
where, numerically, =625 x 104, B=0-07, «N,=1-5x 10" ? and

0= w/aNy=0-0485.
In such a case it can readily be shown that the second term on the right-hand
side of (91) may be neglected relative to the others and we therefore have, as our
condition for (V) 3g &N 2N

2 = oot 25 ‘U@ S0 e B FERMIRLE benGans (93)

We require therefore to determine the magnitude of the new term ©>N/ds®. We
can find 92)V,322 with sufficient accuracy from the quasi-stationary value

Ne=(go/a)2exp I(1 —3—eZsecy),
from which we find that
0*N 1/g\¥2 | 1/q\2
= =—é(§) e”sec,\»:—i(c—i) (ay, A0 (94)
Also, by (58) and (59)
1N 1 ng
qozor  ° = 2%(cos y)
while dq

3x =q(—1+4e 7sec y)=~qua.
1 1 g3 T o

Equation (93) now becomes g e ol ol

or d=e—n

where n=3v(1+ a)/(qe)"2=1v/(ga) 2~

v
o on R (96)

This result could clearly have been obtained directly by an argument similar to
that used in § 4.1.

Equations (95) and (96) apply to any drift function provided that, as in the
case considered by Kirkpatrick, [0%¢/02%]/aN is negligible compared with unity.
Now Kirkpatrick, by a series of somewhat lengthy calculations, found the alteration
in height of the N, level, 82(1V,,), due to vertical drift, and also the corresponding
change 8N, in the spatial maximum of electron density.

We see at once that our quantity % gives us 8z(NV,,). Taking Kirkpatrick’s
assumed expression for vertical drift this becomes

. 195 sinZ in 2
S2(Ny)=n=5 —> — X —_ (2] X
Na)=1= 5 N, Teos )" o (97)

This quantity is plotted over a solar day in figure 4 (@) the trend of # being shown

by the continuous line. * The crosses show points resulting from Kirkpatrick’s
computations,
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There remains, however, the estimation of the change of maximum electron
density 8V, due to the effect of vertical drift. Now our approximate value of
NN,, must be obtained from the equation

a ? —g—aN,2— mgfj S bt e PR (98)
If we assume the drift term and the dN/dt term to be small relative to the other
Emo v haye s q\v2 1 dN/dt  0v/ox
;\m:<;) {l— e W} ...... (99)
Now g = gocosx(1—3a*) =gqcosx(1-49%) ...... (100)

if, as is true in Kirkpatrick’s case, we may neglect €* and ey relative to %2; while,
as shown previousl ;
P Y 1 dN

g dt
x
[
X
ol - A A
)
(i {; o X
~ -
=0l = X Y
x
*®
-0 e
L L 1 I I 1 1 1 L I 1 I
60  -40 -20 o 2 40 60 60 40 -2 0 20 40 B0
~Solar Zenrh Disrance L (deg) Solar Zenih Disrance Y ldeq)
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Figure 4. (@) Day-time trend of the change 4 in the height of N, calculated from (97),
for the particular case of vertical drift considered by Kirkpatrick. (b) Day-time
trend of the corresponding fractional changes in N, (i.e. 8N /N, ) calculated from
(101). In each case the crosses indicate points resulting from Kirkpatrick’s
computations.

We therefore have from (99) and (100),
Nlllz(-> {1 ;€'— 7} ‘—f} co-.--(IOl)

where 2c dvfdz _ dv[ox
= 2(ga)™® = 2N,
The fractional correction S_f\’mf!\’,,, is therefore givcn by
ONp/Np=—€—1n Sierive (103)
where 7 and ¢ are given by (96) and (1(}2). It will be seen, from (96), (97), (102)
and (103), that vertical drift influences on both N, and 2(NV,,) are determined by
two factors only, (a) the drift characteristics and (b) the quantity 1/2z/N,, which
has previously been identified (Appleton 1953) as the “time of relaxation’ of the
layer.
Now, in actual magnitude, the appropriate values of 5 and £ for the case of
vertical drift considered by Kirkpatrick are given by (97) and
o _ Pvy  cos2y cos 2y
§~ 2, (cos )P — — 0 OIS(COb s RO

Svekes(102)
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In Figure 4 (b) the continuous line shows the trend of (—¢ —17?%) throughout
the day, using these numerical values. Individual points for 3Ny, /N, resulting
from Kirk ¢patrick’s computations are again shown by crosses in the same diagram.

It will be seen that equations (‘).f) and (101) enable us to estimate rapidly
the effect of any vertical drift on the height and density of the layer maximum
to a degree of accuracy which will usually be sufficient for practical purposes.
There is no inherent difficulty in calculating the second-order approximation
when required, but this is best done for a particular range of numerical values since
the latter affect the relative magnitudes of the various terms.
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APPENDIX

The Range of Validity of the Method of Successive Approximations
If the process described in § 3 is continued a step further we obtain the third-
order approximation
B R TR 1 49¢'"—5¢"
Yo () 1- w4 2 s
I ngqfff_3ﬁggf f!+3og!3
~ T8 ¢ oo a0
When the terms containing ¢” and higher derivatives are negligible (cf. equation
(114)) this simplifies and continuing the process yields

( )1!2{1 ea-i— 18563—%}&“+335}
12 5
,._.,(E) { +25—ge2+2e 9e4+50e5} vaws.»(105)
where, as before, i 1 q_
2(ga)"® g *

The additional terms introduced by continuing the process still further increase
by successive factors which are greater than 14¢/2, 17¢/2, 20¢/2 etc. and hence
the series will ultimately diverge no matter how small € is.
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Our problem is to find limits for the error at any given stage of the process or,
more precisely, given a maximum error 8, to determine for what range of ¢ (and
hence of y, or ) the error in some specified approximation N,y will remain less
than 8.  We do not attempt here a rigorous solution to this problem, but we can
obtain a semi-empirical rule, sufficient for most practical purposes, in the following
way.

The method of successive approximations begins by taking

th\r(m:=g. ......(106)
At this stage the error in the differential equation is
y dN, ANy s d."\"m} = 0
{t}) S di Y qE Ey, say. "“"(I 7)

In the next stagc we make the reasonable .nsumprmn that this error %, is mainly
an error in «/N,® and that the error in d/N,/dt is much smaller. If this is true
I, gives the order of magnitude of the error in the zero-order approximation (106).
We now test our assumption by writing

el =glgr 0 e .(108)
i.e. by placing the whole of the error on «N?, and then calculating the new error
dN
o N T“} ol T o U S S e (109)

If our original assumption was correct then N, will be a much better approxi-
mation than Ny, i.e. £, will be much less than £, and conversely.

In general we cantest whether the errorinz Vl,, isof order /£, by finding whether
or not E, ;<E, This rule may be stated in an alternative form by writing

Noy=Nog+Ci+Co+Cs+ ... +C,  vuies (110)
where ), C, ...are the successive corrections of which the first three are given
explicitly in equation (104). Each correction is related to the preceding error

b TR :
y the approximate equation ' Bii
...... (111)
":‘Nfi I}
Our rule now states that the error, ¢, say, in N, is of order ', provided that
(BT B rrmnsalldZ)

At this point we must distinguish between forenoon when ¢’ is positive and
afternoon when ¢’ is negative. In the former case the successive corrections are
all negative whereas in the latter case they alternate in sign. 'This means that in
the afternoon our rule implies that e, C, ., but in the forenoon it tells us only
thate, <2C, .

Numerical tests indicate that condition (112) is sufficiently satisfied if

Crua<3Cipy v (L1 2:a)
We can now use (105) to state the semi-empirical rules that, in the afternoon

5 1
the error in Ny is less than < e® provided ¢ < <jgi

8

: ; : 1
Ny, is less than 2¢* provided e < 55

1
Ny is less than 10e* provided e < 20

whilst in the forenoon the limits for the errors are double these amounts.
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To test these rules numerically we choose ¢=g,coswt and put »=N/N, so

that, following Chapman, the differential equation becomes
aydv/dy= cos xy —v*?

and we have solved this equation numerically for o,=0-04 (a suitable value for

the E layer if « is of the order 10-%). The table compares the results of this

computation with those obtained from equation (104), which now takes the form

i 124 1 1_§ 2B *0_02(1_3 114)
= (cos )12+ lo,tany z€t 7€ Bcoaz - 25) SEea |
with € = logtan y/(cos x)¥2.  (The last term in (114) contains the terms neglected
in (105).)

We can sum up the results of this test by saying that, if | e | <, the method of
successive approximations gives an accuracy to the order +19%;; but if we require
a much higher accuracy, say to +4%, then we must ensure that [e|[<&.  To
give the method a severer test we have made a similar computation with o, =0-1

and working to five decimal places. The results confirm the above conclusions.

Forenoon. (1) x=—70° e=0-093 v,=0-5517
r,=0-58356 2,=0-0339=6%, C,=—0-0274
v, =0-5582 e,=0-0065=1-2Y%, Cy,=—0-0035
v,=0-5547 e,=0-0030=0-5%, Cy,=—0-0011

(2) x=—673° e=0-076 v.=0-5965
v,=0-6240 e,=0-0275=4-6%, C,=—0-0237
v, =0-6003 e, =0-0038=0-69, C,=—0-0026
vo=0-5977 e,=0-0012=0-29, . =—0-0007
v,=0-5970 e;=0-0005=0-1%,

(3) x=-160° e=0-053 v,=0-6722
v,=0-6924 e,=0-0202=39, C,=—0-0183
v, =0-6741 e;=0-0019=0-39%, Cy=—0-0015
v, =0-6726 e,=0-0004=0-069%, Cy=—0-0003
v, =0-6721 e;=0-0001=0-019%,

Afternoon. 4) x=+75° e=0-147 v,=0-5400
vo=0-5078 ep=—0-0322=67%, Cy=+0-0375
v;=0-5453 ey =-+0-0053=19%, Cy=—0-0073
v,=0-5380 e;=—0-0020=0-4%, Cy=+40-0034
vy=0-5414 e;=-+0-0014=0-39%,

(5): x=+4707 e=0-093 v,=0-6108
vo=05862 ep=—0:0246 =49 C,=-0-0273
v =0-6135 e;=-+0-0027=0-49%, C,=—0-0035
v,=0-6100 es=—0-0008=0-19, C3;=+4-0-0011
vy=0-6111 e;=+0-0003=0-05%,

In this table vy, v;, v ... denote successive approximations, e, e; ... are the errors

compared with the computed value v, from the numerical solution and C,, C, . .
successive corrections derived from equation (104).

. are the

One further difficulty remains to be considered. So far we have made no
mention of the initial conditions and these will certainly affect the situation, at
any rate in the early forenoon. Now if we have a solution of (113), valid up to
some known value of ¢, we could certainly extrapolate it backwards to sunrise
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by a suitable numerical method. Let us then postulate a ‘quasi-stationary
solution’ v=v, valid for the whole day and to which v, vy v are successive
approximations within the limits stated above. If v differs from v, due to the
initial conditions or to some transient effect let us write

v=y,+p.

Then dj ,

A cru[?i':*?.pv,l—pz av e (115)
so that u necessarily tends to zero as y increases. If p? is negligible there is a
quasi-exponential decline with a variable time-constant oy/2v, which is simply
the familiar 1/22/V once again.

Numerical tests indicate that by the time the quasi-stationary approximations
are valid any remaining effects of the initial conditions will usually be negligible.



