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Abstract

Within the framework of categorical logic or categorical type theory, predicate lo-
gics and type theories are understood as fibrations with structure. Fibrations, or
fibred categories, provide an abstract account of the notions of indexing and sub-
stitution. These notions are central to the interpretations of predicate logics and
type theories with dependent types or polymorphism. In these systems, predic-
ates/dependent types are indexed by the contexts which declare the types of their

free variables, and there is an operation of substitution of terms for free variables.

With this setting, it is natural to give a category-theoretic account of certain
logical issues in terms of fibrations. In this thesis we explore logical predicates
for simply typed theories, induction principles for inductive data types, and inde-

terminate elements for fibrations in relation to polymorphic A-calculi.

The notion of logical predicate is a useful tool in the study of type theories
like simply typed A-calculus. For a categorical account of this concept, we are led
to study certain structure of fibred categories. In particular, the kind of struc-
ture involved in the interpretation of simply typed A-calculus, namely cartesian
closure, is expressed in terms of adjunctions. Hence we are led to consider adjunc-
tions between fibred categories. We give a characterisation of these adjunctions
which allows us to provide categorical structure, given by adjunctions, to a fibred

category using similar structure on its base and its fibres.

By expressing the abovementioned categorical construction logically, in the
internal language of a fibration, we can then account for the notion of logical
predicate for a cartesian closed category. With a similar argument, we provide a
categorical interpretation of the induction principle for inductive data types, given

by initial algebras for endofunctors on a distributive category.



We also consider the problem of adjoining indeterminate elements to fibrations.
The category-theoretic concept of indeterminate or generic element captures the
notion of parameter. Lambek applied this concept to characterise a gfunctional
completeness property of simply typed A-calculus or, equivalently, of cartesian
closed categories. He showed that cartesian categories with indeterminate elements
correspond to Kleisli categories for suitable comonads. Here we generalise this
result to account for indeterminates for cartesian objects in a 2-category with
suitable structure. On specialising this 2-categorical formulation of objects with
indeterminates via Kleisli objects to the 2-category Fib of fibrations over arbitrary
bases, we are led to show the existence of Kleisli objects for fibred comonads.These
results provide us with the appropriate machinery to study functional completeness
for polymorphic A-calculi by means of fibrations with indeterminates. These are
also applied to give a semantics to ML module features: signatures, structures
and functors, and to strengthen the induction principle so as to make it suitable

to strong, or parameterised, inductive data types.
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Introduction

Categorical logic or categorical type theory, as presented in [Jac91a] for instance,
is the application of category theory to the understanding (semantics, relative
interpretations, independence results, etc.) of logics and type theory. Type theory
subsumes logic via the propositions-as-types paradigm, also known as the Curry-
Howard isomorphism [How80], which identifies a proposition with the type of its
proofs. This is the point of view adopted in categorical logic; if we only care
about entailment between propositions (a proof-irrelevant approach) propositions

become types with at most one element.

Category theory is convenient to study non-conventional logics like several
kinds of lambda calculi. This has been a major application of category theory in
computer science. Following the categorical logic approach, category theory gives
abstract denotational semantics for programming languages and their associated
logics []§W90,AL91,KN93]. The paradigmatic example of such application is the
semantics of the simply typed A-calculus, which can be regarded as a primitive
typed functional programming language, as explained for instance in [Mit90]. The
idea is that data types of the programming language correspond to types of A-
calculus, while programs correspond to terms. The simply typed A-calculus can be
described in terms of cartesian closed categories, as in [LS86]. The interpretation
regards types as objects and terms, or ‘programs’, as morphisms. The various type
and term constructors are described by the product and exponential adjunctions.
Such an interpretation yields insight into the essential features of the language, by

providing an abstract, syntax-free presentation of these.

In predicate logics and type theories, where predicates, types and terms may

involve free variables, contexts are used to provide types for such variables. Hence,
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contexts have a structural role: every entity with free variables is given relative to
a typing context. We view such entities as indexed by the contexts. The operation
of substitution of a term for a variable in a predicate/type/term is characteristic
of these systems. The categorical study of such systems must therefore account for
the notions of indexing and substitution. The appropriate categorical structure to
understand these concepts is that of fibration or fibred category [Gro71]. It consists
of a functor p : E — B satisfying a certain ‘cartesian lifting’ property. Within the
framework of fibrations, the usual logical connectives a.nd quantifiers are modelled

by fibred adjunctions, a notion which has a central role in this thesis.

In this setting, is natural to interpret logical issues categorically by looking at
properties and constructions in the 2-category Fib, the ‘universe of fibrations’. In
this thesis we consider logical predicates for simply typed A-calculus, the induction
principle for inductive data types, and indeterminates for fibrations. We comment

on these topics below.

The notion of logical predicate, as in [Mit90], is an important tool in the study
of metatheoretic prbperties of type theories like the simply typed A-calculus, e.g.
strong normalisation. It has several applications in programming language se-
mantics. [Abr90] uses logical relations to relate concrete and abstract interpreta-
tions of a simple programming language and thus establish correctness of certain
analyses of program properties, like strictness and termination analysis. [OT93]
use a relational semantics based on logical relations to obtain models for local vari-
ables which validate desirable operational equivalences between programs. [Rey83]
proposed the use of logical relations to characterise parametric polymorphism, by
requiring the identity relation to be logical, in a sense adequate for system F. A lo-
gical predicate over a model of the simply typed A-calculus consists of a collection
of predicates, one for each type in the system, satisfying certain conditions. Logical
predicates could be used to provide a ‘relational semantics’ (types-as-relations) for

A-calculi, as explained in {[MS92].

The original definition of logical predicates is couched in set-theoretic terms,
for Henkin-type models, as given in [Mit90]. It is convenient for a better under-

standing of the meaning of logical predicates, in particular with a view to their
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generalisation to other systems, to give an abstract account of them. An intended
categorical account of logical predicates appears in [MR91]. The authors intro-
duce a ‘category of relations’ Rel over a base category B, with a forgetful functor
U : Rel — B, intended as a direct generalisation of the category Sub(Set) consist-
ing of sets equipped with a distinguished subset/predicate and functions which
respect such subsets, with the forgetful functor ¢ : Sub(Set) — Set. Their category
of relations Rel is based on the notion of subobject. The point is that, under
certain assumptions, the category of relations has the appropriate structure to in-
terpret the typé theory under consideration, e.g. cartesian closure for simply typed

A-calculus. A similar approach is taken in [MS92].

Here we take a more abstract approach, based on the observation that the
abovementioned categories of relations are fibred over their base categories:
U : Rel — B is a fibration. The relevant structure, e.g. cartesian closure of Rel, re-
quired for the interpretation of logical predicates in such categories arises precisely

because they are fibred.

This latter aspect of ‘categories of relations’ is therefore central to our ap-
proach: not only does it allow us to give a precise connection between logical
predicates and categorical structure, via the internal language of the fibration,
but it also allows us to formulate suitably abstract results which show the concep-
tual unity of the various constructions involved. Specifically, the cartesian closed
structure of a category is given in terms of adjunctions. This leads us to consider
adjunctions between fibrations, over pbssibly different bases. A main technical
result characterises these adjunctions in terms of adjunctions between the base
categories and vertical fibred adjunctions, involving the change-of-base construc-
tion (Theorem 3.2.3). This gives as a simple consequence the ‘lifting’ of cartesian
closed structure from B to Rel. This lifting of cartesian closure could be proved
directly, but the existence of the abovementioned characterisation puts the result

in its appropriate context.

Exploiting the above mentioned relationship between logical concepts and cat-
egorical structure in a fibred category, we give a categorical formulation of the

induction principle for inductive data types. We adopt the simple approach in
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[Jac93,CS91] and present inductively defined data types as initial algebras for an
endofunctor in a distributive category. The formulation is in the same spirit as
Reynold’s identity extension lemma [MR91]. It asserts the validity of the induction
principle in a fibration by requiring a functor to preserve some structure, namely

initial algebras.

We then consider the problem of adjoining indeterminate elements to fibra-
tions. The aim is to generalise to the fibred setting the following situation: given
a category C, with a terminal object 1, and an object I, we can construct the
so-called polynomial category C[z : I], obtained by adding a morphism z:1 — I
to C. Such construction captures the notion of parameterisation: regarding C as a
theory (objects = types, morphisms = terms), the terms of the theory of C[z : I}
have an extra parameter z of type I. This is used in [LS86] to characterise a
functional completeness property of cartesian closed categories, meaning that in
such categories every term with an extra parameter of type I, i.e. a morphism in
Clz : I], can be represented by a term in C which does not involve z. By gener-
alising this to the fibred setting, we can then characterise semantically functional
completeness for polymorphic A-calculi, where there are two sorts of paramenters

to consider: type variables and term variables.

In [LS86], it is shown that for cartesian (closed) categories C[z : I] can be
presented as the Kleisli category of a certain comonad on C. Categories with
finite products, also called cartesian categories, constitute the basic categorical
structure for the interpretation of algebraic theories: terms are given relative to
a typing context (for the free variables). Thus, given that types = objects, finite
products provide an appropriate structure to interpret contexts. On top of this
basic structure, we may require additional features, e.g. exponentials to interpret

—-types.

In generalising the abovementioned result about Kleisli categories to fibrations,
we are led to reformulate the problem in 2-categorical terms. Then, we can prove it
for cartesian objects in a suitable structured 2-category. In order to instantiate this
result to the 2-category of fibrations, we prove another important technical result:

the existence of Kleisli fibrations for comonads in this 2-category. The construction
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of these Kleisli fibrations is based on the abovementioned characterisation of fibred
adjunctions. It yields as an easy corollary the existence of polynomial fibrations
for fibrations with finite products and is shown to be also appropriate for fibrations
bearing the structure required to interpret polymorphic A-calculi. We can then
show adequate versions of functional completeness for the calculi A— and lw.
Among the immediate applications in programming language semantics, we outline

an interpretation of some aspects of ML-style module features, following [FP92].

The structure of the thesis is as follows: ‘§n’ refers to Chapter ‘n’; ‘§n.m’ refers

to section ‘m’ in Chapter ‘n’, and similarly for subsections and items therein.

81 reviews the basic material on fibred categories. 2-categories play an organ-
isational role in this thesis and thus a few basic concepts of this theory are included
right at the start. We continue with the basic notions about fibrations, organising
them into 2-categories Fib(B), for fibrations with base B, and Fub for fibrations
over arbitrary bases. We review the correspondence between fibrations and in-
dexed categories, as well as with internal categories. We also describe some fibred
structure necessary to interpret certain type theories, as given in the following

chapter.

In §2 we review the categorical interpretation of intuitionistic propositional
and first-order predicate calculus, and of polymorphic A-calculi. We also recall
the definition of logical predicates for the simply typed A-calculus. The chapter
concludes with some auxiliary results about reflective and coreflective categories,

used to analyse some of the examples in §4.3.

83 contains the main technical results about fibred adjunctions. In §3.1 we
analyse some 2-categorical aspects of the change-of-base construction, which result
in a series of algebraic laws concerning fibred-2-cells presehted in §3.1.1. In §3.2
we prove the fundamental property relating fibred adjunctions and change-of-base,
Theorem 3.2.3. It yields two important corollaries: 3.3.6 and 3.3.10. The first of
these gives a new and simple proof of a well-known characterisation of fibred limits,
as given in [Gra66,BGT91]. The second gives the categorical counterpart of logical
predicates for simply typed A-calculus.
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§4 makes explicit the connection between the lifting of cartesian closed struc-
ture through a fibration, with appropriate structure, with logical predicates via
a suitable internal language. The so-called ‘Basic Lemma’ for logical predicates,
which is their essential property, is shown in this context to be a consequence of
the soundness of typing for the interpretation of simply typed A-calculus in a ccc,
again by recourse to the internal language of the fibration involved. We present
a few examples of fibrations with structure, which admit the interpretation of
logical predicates, like admissible subsets for wCpo and Kripke logical predicates,
among other examples of fibred categories whose cartesian closed structure can be
inferred from the abovementioned Corollary 3.3.10. We then make a few compar-
ative remarks between our approach to logical predicates and that of [MR91]. We
conclude the chapter with a categorical characterisation of the induction principle
for inductively defined data types in a distributive category. The latter are the
basis of the Charity programming system [CS91]. The formulation of the above-
mentioned induction principle exploits the view of a fibred category as a category

of predicates, as in the case logical predicates.

85 develops the technical results required to carry out the abovementioned
presentation of polynomial fibrations as Kleisli fibrations for comonads. In §5.3,
we review the notion of comonad and Kleisli object in a 2-category. After recalling
the appropriate notion of finite products in a 2-category in §5.3.1, we introduce
cartesian objects in a 2-category in §5.3.2, and make explicit some of their in-
trinsic structure. These objects are a direct generalisation of categories with finite
products. Under suitable assumptions on the 2-category, we prove that cartesian
objects with an indeterminate can be presented as Kleisli objects for a comonad,
thereby generalising the abovementioned result of Lambek to the 2-categorical
level. §5.4.1 presents the construction of Kleisli objects for comonads in Fib(B),
which is a simple generalisation of that for categories. It also shows how the so-
called simple fibration of [Jac91a] can be presented as a Kleisli fibration. In §5.4.2
we present the construction of Kleisli objects for comonads in Fzb, Theorem 5.4.11,
based on the results of the previous section and a factorisation for oplax cocones

in b, using the algebraic properties of fibred 2-cells developed in §3.1.1.
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§6 applies the results of the previous chapter to build polynomial fibrations,
which interpret the two-level parameterisation of polymorphic A-calculi. Thus
we can characterise so-called contextual and functional completeness properties of
these calculi. In §6.3.1 we show how these constructions can be applied to interpret

some features of the ML module system: signatures, structures and functors.

§7 contains concluding remarks and considerations for further work.



Chapter 1

Preliminaries on fibrations

This chapter introduces the basic concepts of fibrations or fibred categories. Fibred
categories capture the notion of a category varying (continuously) over another.
As such, they form the structure reqﬁired to interpret predicate logics, where
predicates correspond to variable propositions, indexed by the type contexts of
their free variables. Similarly, fibrations provide a setting to interpret polymorphic
calculi, where the termsA, or functions, are indexed by the type variables occurring
in them. Hence, such terms can be interpreted as morphisms of a fibred category,
over a category of contexts, where a context declares the types of the variables

which may occur free in an expression.

Our presentation of this preliminary material follows mostly [Jac9la]. We in-
clude the material relevant to the applications in this thesis. We consider fibrations
from a logical viewpoint, with our application to the interpretation of languages
as primary. The categorical interpretation of certain logics will be reviewed in
§2.1, once the appropriate technical notions have been introduced in the present
chapter. Of course, fibred category theory goes beyond this logical/type theoretic
application; see [Bén85] for the foundational relevance of fibrations for category

theory.

We assume the reader is familiar with the basic concepts of category theory, as
in [Mac71]. We require some basic concepts of 2-categories, which we review in the
next section. In §1.2 we recall some basic definitions concerning fibrations. In §1.3,

we review an alternative formulation of variable categories, in terms of indezed cat-

15
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egories; we recall the equivalence between fibrations and indexed categories given
by the Grothendieck construction. §1.4 presents structure for fibrations relevant
to the interpretation of languages like polymorphic A-calculi and first-order logic.
§1.5 presents elementary notions of internal categories and their relationship with

fibrations.

1.0.1. NOTATIONAL CONVENTION.
e Categories will generally be written A, B, etc.

e Set denotes the category of sets and functions, relative to a given universe,
as in [MacT71, p.21]. Cat denotes the 2-category of small categories, functors

and natural transformations.

e Composition of morphisms, functors, etc. is expressed by o or juxtaposition,

so that fo g and fg denote the composite of f: B — C and g: A — B.

e Given a category C, we denote the product of two objects A and B by A x B,
with associated projections 745 : A x B — A and w;’B :Ax B — B. Sim-
ilarly, A+ B denotes the sum of the two objects, with associated injections
tap:A— A+ B and LfA,B : A — A+ B. We sometimes omit subscripts for

brevity. As for pullbacks, given f : A — C and g : B — C, their pullback is

written N
f.g J
f(9) g
A C
f
We sometimes write f*(B) for A x B. Givenaspan (s: D — A,t: D — B)
fia
such that fos = got, we write (s,t) : D — A Xx B for the unique mediating
f.9

morphism. Also, we may write ¢ for (s,t) whenever convenient.

o For categories C and D, the category of functors from € to D and natural

transformations between them will be written B or [c,D].
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e C°? denotes the dual category of C, obtained by reversing the morphisms.
e For a category C, |C| denotes its class (or set) of objects.
e We write o : F=G :C — D (or briefly a: F- G or even a: F = Q) for a

natural transformation between the functors F,G : C — D.

1.1. 2-categorical preliminaries

We present basic definitions concerning 2-categories to the extent we need them
when dealing with fibred adjunctions in §3. This material is from [KS74], where

further references can be found.

1.1.1. DEFINITION (2-category). A 2-category K consists of:
e objects or O-cells A,B,...
e morphisms or 1-cells f: A — B,...
e 2cellsa: f=g,...

e The objects and morphisms form a category K,, called the underlying cat-

egory of K.

e For objects A and B, the morphisms A — B and the 2-cells between them

form a category K(A, B) under vertical composition, denoted o« or simply
Bo. The identity 2-cell on f : A — B is denoted by 1;. K(A, B) is referred

to as a hom-category.

e There is an operation of horizontal composition of 2-cells, whereby from

2-cells
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we get
uf
A _Yy*a C
vg

Under this operation the 2-cells form a category with identities

14
A | 1, A
14
e In the situation
f u
a—Ve p_ V1 o
Y yé
h w

we have the following interchange law

(6xB)o(y*xa)=(6o7)*x(Boa)
and for any pair of composable 1-cells f and ¢

19*11‘ =1y

We usually write fag for 1; % ax1,. By the interchange law, this is the only
kind of horizontal composition we need. Observe that a 2-cell in a 2-category
has wvertical domain and codomain given by 1-cells and horizontal domain and
codomain given by the 0-cells which constitute the usual domain and codomain
for the 1-cells involved. We will display such information as a: f = ¢g: A — B,
or more simply « : f = g, to indicate that « is a 2-cell from f to g, where f and
g are 1-cells (the vertical domain and codomain respectively) from A to B (the

horizontal domain and codomain respectively).

The paradigmatic 2-category is Cat, whose objects are small categories, 1-cells
are functors and 2-cells are natural transformations. The reason for introducing
2-categories is that we need to consider not only Cat but also other 2-categories.
In particular, for any small category A, the slice category Cat/A is again a 2-
category, with 2-cells those natural transformations a : H - K : F — G, where F'

and G are functors into A, such that Ga = 1p. Similarly, Cat ", the category of
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functors and commuting squares is a 2-category with 2-cells being pairs of natural

transformations (o, @) as displayed below

KI

F G
H

AT |a
K

i.e. Ga' = aF. When considering fibrations, we will need sub-2-categories of Cat/A
and Cat™".

1.1.2. DEFINITION. For a 2-category K, K°” is the 2-category obtained from it
by reversing the direction of the morphisms but not the 2-cells, and K is the
2-category obtained from K by reversing the direction of the 2-cells but not the

1-cells. In terms of hom-categories:

K(A,B) = K(B,A)
K“(A,B) = (K(B,A))”

Note that (K?)% = (K®)*.

The extra structure present in a 2-category, the 2-cells, makes it possible to
define categorical concepts involving equations between natural transformations.

A typical case is that of an adjunction.

s

1.1.3. DEFINITION (Adju’iiction in a 2;category). An adjunction f1g: B — Ain
KC consists of 1-cells f: A — B and g : B — A together with 2-cells n:1, = gf
and e: fg = 1p satisfying (ef) o (fn) = 1; and (ge) o (ng) = 1,. We write the
data for such an adjunction as f 1g: A — B via n,e. 7 is called the unit and €

the counit of the adjunction.
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The equations between 2-cells are expressible as

A 14 A
fre i = 1
g f J
B B
. 1p
1
B B B
4n te N = 1
f g
A A
14

1.1.4. REMARK. An adjunction f 1g: A — Bvian,ein K becomesg 1 f: B — A
viae,ninK® and f 41g: B — Avian,ein K.

The case when both 7 and € are isomorphisms is the 2-categorical notion of
equivalence. Clearly, in Cat, this definition is the standard notion of adjunction
between categories. Similarly, we may define a map between adjunctions in a

2-category, as in Cat in [Mac71, p.97]

1.1.5. DEFINITION (Map of adjunctions). Given adjunctions f4g¢:B — A and
fldg' :B — A" a map from f - g to f' - ¢ consists of a pair of l-cells
(k:A— A')l: B— B') such that log=g'ok, kof = f ol and either of the

following two equivalent conditions hold:

In = 7'l (1.0
ke = €k (1.1)

To see that the equations above are equivalent, we use a simple ‘pasting’ ar-

gument. We show (1.0) implies (1.1): (1.0) amounts to
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B B B’
4
f g f
A A
k
B ! B Ly B
= Uy 9
f f
A A

Then adjoining € on the LHS and ¢ on the RHS of both diagrams above and using

the adjunction laws we get

B B’
g g, Ue’ fl
A A A
k 1
B ls B l B’
= 9/ e U oyl N
f g g
A A A A
]‘A k 1A’
B l B lp . B
. 9/ Je N N b e N
f g
A A A A
1, k 1.
B ! B’
- / Ue\ \
A A A’
1, k
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and thus (1.1) holds. The other direction of the equivalence is obtained by duality.

Finally, we introduce morphisms between 2-categories, namely 2-functors, and

2-natural transformations between them.

1.1.6. DEFINITION (2-functor, 2-natural transformation). A 2-functor F': K — L
between 2-categories K and L sends objects of K to objects of £, 1-cells of K
to 1-cells of £ and 2-cells of K to 2-cells of L, preserving domains, codomains,

compositions and identities.

A 2-natural transformation 1 : F = F' between 2-functors F,F': K — £ as-

signs to each object A of K a morphism n, : FA — F'Ain L, such that for every
f:A— Bin Kk
npo Ff=Ffony,

and for every 2-cell a: f = gin K

Ff F'f
FA FB—1 _F'B=FA—"A . FA y 7., F'B
| Fa I Fa
Fyg F'yg

The functors cod, dom : Cat~ — Cat taking F': A — B to B and A respectively,
with a similar action on morphisms and 2-cells, are examples of 2-functors. The
natural transformation « : dom — cod whose component at F' : A — B is F is then

a 2-natural transformation, by definition of 2-cells in Cat ™.

Just like a functor between categories preserves commutative diagrams, a 2-
functor preserves commutative diagrams of 1-cells and 2-cells, since it preserves
all kinds of composition and identities. In particular, a 2-functor F' : K — £ maps

adjunctions and equivalences in K to L.

With the above definitions we have the 2-category 2-Cat of 2-categories, 2-
functors and 2-natural transformations. So, it is clear what a 2-adjunction between

2-categories means.

We say a 2-category K' is a sub-2-category of K if its underlying category IC;
is a subcategory of K, and for every pair of objects A, B of K, the hom-category
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K'(A, B ) is a subcategory K(A, B). Of course, horizontal and vertical composition

- ;e . ¥4 .
and identities in K are as in K.

Universal constructions in 2-categories have a 2-dimensional aspect. For in-

stance, consider the following pullback in Cat

G*(F)
B x €——C
FG _|
F*(G) G
B A

F

Given objects I € |B| and J € |C| such that FI = GJ, there is a unique object,

written (I,J) of B x C such that F*(G)(I,J) = I and G*(F){I.J) = J. The
F.G

2-dimensional aspect is that for morphisms f: I — I'in B and g:J — J' in C
with Ff = Gg, there is a unique morphism (f,g): (I,J) — (I',J') such that
F*(G){f,g9) = f and G*(F){f,g) = g. This is formulated 2-categorically as follows:
for any span of functors B &L DL csuchthat Fol=GolJ , there is a unique

functor (I,J):D — B x C such that F*(G)o([,J) =1 and G*(F)o (I.J) = J.
F.G

And for 2-cells a: I = I' and B:J = J' with Fa = Gf, there is a unique 2-cell

(o, B) : (I, Iy = (J, J') such that F*(G){«a,B) = a and G*(F){c.f) = B. We will -

this pairing notation throughout.

1.2. Basic fibred concepts

This section reviews basic notions about fibrations. Only a few illustrative ex-
amples will be given. Others will appear in the applications and more can be
found in [Jac9la), from where we borrow most of the material in the remaining of

the chapter.

The notion of fibration or fibred category, introduced in [Gro71], captures the
concept of a category varying over, or indexed by, another category. Before giving
the definition, we recall the analogous situation for sets. A family {X;};c; of

sets indexed by a set [ is a function X : I — Set. We may regard this as a ‘set’ X
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varying over I. It can be equivalently presented as a function p : X — I, since such
a function gives rise to the family {X; = p~'(¢)};c; and conversely, given a family
{X:}ier weget p : [lier X; — I, where [[;¢; X; is the disjoint union of the X;’s and
p maps an element in X; to . These constructions between morphisms into I and
I-indexed families are mutually inverse. to each other. We can summarise this

situation by the following isomorphism:
Set/I = Set

where Set/I denotes the usual slice category of morphisms into I and commutat-
ive triangles, and Set’ is the category of functors from I, regarded as a discrete
category, to Set. These equivalent views of indexed families of sets have their
categorical counterparts: a function X : I — Set is generalised to an indexed cat-
egory, cf. Definition 1.3.1, while a function p : X — I is generalised to a fibration,
cf. Definition 1.2.1. The isomorphism becomes an equivalence between fibred and
indexed categories, c¢f. Proposition 1.3.6 below. Despite this equivalence, the no-

tion of fibration is technically more convenient, as forcibly argued in [Bén85].

1.2.1. DEFINITION (Fibrations and cofibrations). Consider a functor p : E — B.

(i) A morphism f: X — Y in E is (p-)cartesian (over a morphism u =
pf: A — B in B) if for every f': X' — Y with pf' =uowv in B, there exists a
unique morphism ¢ : X " - X such that pps = v and f=fo ¢;. Diagrammat-
ically,

o
; . 7
A B
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Thus, a cartesian morphism f is a ‘terminal lifting’ of u. We call such f a cartesian
lifting of u. In general, when pf = u we say f is above or over wu.

(i) Dually, a morphism g : X — Y is (p-)cocartesian (over a morphism u =
pg: A — B in B) if for every ¢’ : X —» Y’ with p¢' = wowu in B, there exists a
unique morphism ¥, : ¥ — Y’ such that P, = w and g = Yy 0g.

(iii) Thefunctor p: E — Bis called a fibrationif forevery X € [E|andu: A — p X
in B, there is a cartesian morphism with codomain X, such that its image along p
is u. B is then called the base of the fibration and E its total category. Dually, p is
a cofibration if p® : E®® — B is a fibration, i.e. for every X € |E| and u: pX — B
in B, there is a cocartesian morphism with domain X above u. If p is both a
fibration and a cofibration, it is called a bifibration.

(iv) For A € |B|, E4, the fibre over A, denotes the subcategory of E whose objects

are above A and its morphisms, called (p-)vertical, are above 1.

1.2.2. EXAMPLES. We now introduce Three important examples of fibrations. The
first motivates terminology concerning fibrations. These examples will be used

throughout to illustrate various concepts.

Family fibration The following standard construction of a fibration over Set is
described in [Bén85]. It provides a simple understanding of some fibred con-
cepts. Every category C gives rise to a family fibration f(C) : Fam(C) — Set.
Objects of Fam(C) are families {X};c; of C-objects, I a set, ¢.e. a mapping
X : I — |C|; morphisms (u, {f;}icr) : {Xi}ier = {Y;};es are pairs consist-
ing of a function u: I — J (in Set) and a family of morphisms such that
fi 1 Xi = Y, in €. f(C) takes a family of objects to its indexing set and
a morphism to its first component. (u, {f;}icr) is cartesian when every f; is
an isomorphism. f(C) is then a fibration since given u : I — J and {Y;},¢,

(u, {1yu('.)}) :{Y.u) Yier = {Y;} ey is cartesian above u.

Codomain fibration For any category C, consider the functor cod: €™~ — C,
where C™ is the category of morphisms of C, i.e. C is the functor cat-
egory [0 — 1,C] and 0 — 1 denotes the category with two objects and one
morphism between them. The functor cod takes f : A — B to B and (h,k)
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to k. A cartesian morphism for cod is a pullback square. Thus, whenever C
has pullbacks, cod is a fibration. Note that for A € |C|, the fibre over A is
simply the slice category C/A. When there is more than one category under

. . . —_
consideration, we write codc : C = — C.

Subobject fibration A related example of fibration is the following. Given a
category C, let Sub(C) be the full subcategory of € whose objects are
subobjects in C, i.e. equivalence classes of monos. Let 2z : Sub(C) — C be the
restriction of cod to Sub(C). Cartesian morphisms are as for cod. When €
has pullbacks of monos along arbitrary morphisms, : is a fibration. The fibre

over A is the preorder category of subobjects of A.

This fibration plays a fundamental role in categorical logic, since it is the
one that determines what the internal logic of the category C is. That is,
the logical connectives, quantifiers and so on which we can interpret in C
taking the view of predicates-as-subobjects depends on the structure of the
subobject or internal logic fibration. This remark will become clear when we
review some basics of categorical logic in §2.1. Some concrete examples will

be analysed later in §4.3.

As immediate consequence of the definition of cartesian morphisms, we have

the following proposition:

1.2.3. PROPOSITION. Let p:E — B be a fibration. Let f : X - Y andg:Y — Z

be morphisms in E. Then,
o If f and g are cartesian, so isgo f.

o Ifgand gf are cartesian, so is f.

For p = cod: €~ — C, the above proposition yields the following standard
result about pullbacks.
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1.2.4. COROLLARY. Consider the following commutative diagram in C, where P

and Q) name the corresponding squares

f

X

o If P and @) are pullbacks, so is the outer rectangle.

o If Q and the outer rectangle are pullbacks, so is P.

1.2.5. REMARK. Proposition 1.2.3 allows to give an alternative definition of fibra-

tion: consider a functor p:E — B

e a morphism f :Y — X is v-cartesian if for any h: Z — X with ph = pf,
there exists a unique vertical ¢ : Z'— Y such that fod=rh

e pisa fibration if for every X € |E| and u : A — pX, there exists a v-cartesian
morphism f : Y — X, and the composite of two v-cartesian morphisms is v-

cartesian.

If p is a fibration, a morphism is v-cartesian iff it is cartesian. Thus both definitions

of fibration agree.

If a functor p: E — B is a fibration, we display it as Ep. A choice of a
cartesian morphism for every appropriate morphism in B is called a cleavage for p
which is then a cloven fibration, and denoted by (_), so that for u : I — pX in B,
u(X) : u"(X) — X denotes the chosen cartesian morphism above u. We occasion-

ally need to add the fibration p as extra superscript to the cleavage, when there

is more than one fibration under consideration.

Assuming the Axiom of Choice, it is always possible to give a cleavage for a
fibration. We thus implicitly assume that the fibrations we deal with are cloven.

As we seein §3, this assumption allows elegant algebraic formulations and proofs of
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properties of fibrations. Most properties we consider admit an intrinsic formulation
using cartesian morphisms, independent of a choice of cleavage. It is clear in the

proofs that the property at hand is independent of the chosen cleavage.

1.2.6. DEFINITION. Let (_) be a cleavage for Ep.

e Foru: I — Jin B, (_) determines a reindezing functor u* : E; — E; as fol-

lows:

— on objects X — u*(X), where ©*(X) denotes the domain of the cartesian

lifting of u with codomain X (given by (_))

— on morphisms, for f : X — Y in E;, u*(f) is determined as the unique

vertical map making the following diagram commute

u"(X) E_(X)_. X
u*(f) f
u (Y) =8 Y

using the fact that @(Y) is cartesian. It is easy to verify that this
assignment of morphisms is functorial indeed, by the universal property

of cartesian morphisms.

e For every I € |B|, there is an isomorphism ~;: 1; = 1;1 determined by the
universal property of the morphisms 1;(X). For every pair of composable
maps u:J — K and v:I—J in B, there is an isomorphism

8y 0u" = (uowv)" determined by the cartesian morphisms wov(X).

The above natural isomorphisms satisfy coherence conditions, induced by the
cartesian morphisms. Such conditions occur explicitly in the definition of an in-
dexed category, Definition1.3.1 and so we do not repeat them here. When such
isomorphisms are actual identities, the fibration is called split and the correspond-
ing cleavage is a splitting. When the 7’s are identities, the cleavage is normalised.

Without loss of generality, we may assume that cleavages are normalised. For
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the dual notion of cocleavage for a cofibration we denote by u(Y): Y — u,(Y) the
chosen cocartesian lifting of v : pY — B, which determines a coreindexing functor
uy : E,y — Eg. Different cleavages for the same fibration give rise to different, but

naturally isomorphic, reindexing functors.

For a functor p: E — B, given a morphism v: A — B in B, X € |E4| and
Y € IEBl, let
E.X,Y)={f: X =Y inE|pf =u)

1.2.7. PROPOSITION. Let p:E — B be a functor, u: A— B a morphism in B,
X € |E4|l and Y € [Ep]|.
(i) If p is a fibration then E,(X,Y) = E4(X,u"(Y)) (raturally in X and Y).
(ii) If p is a cofibration then E,(X,Y) Z Ep(u(X),Y) (naturally in X andY).
(iii) If p is a fibration then

p is a cofibration iff for everyu: A — B in B, u" : Eg — E, has a left adjoint

Proof. (i) and (i1) are straightforward consequences of the definition of cartesian

and cocartesian morphisms respectively. For (iii),
Ea(X,u’(Y)) 2 E,(X,Y) 2 Ep(u(X),Y)
which means that the coreindexing functors are left adjoints to the correspond-

ing reindexing functors, i.e. v, 4 u” : Eg — E,, where u, : E, — Eg is determined

dually to u”. 0

We now characterise the property of a functor being a fibration in terms of the
existence of a cleavage for it. This is taken from [Gra66], where it is called the

Chevalley criterion.

1.2.8. PROPOSITION. Given a functor p : E — B, consider the pullback square

— cod’(p) -

E x B
p,cod
p*(cod) cod
E B
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Let I, = (codg,p ) :E —E X B be the unique mediating functor into the
p,cod

pullback induced by the square

E——> b !B—)
codg ~ |codg
E B
p

p s a fibration iff I, has a right-adjoint right-inverse, i.e. the counit of the ad-

Junction is the identity.

Proof. I, maps f: X — Y in E to (Y,pf). We simply record that a right-adjoint
right-inverse Cl to I, amounts precisely to a cleavage for p; it assigns to every pair

(X,u: I — pX) a cartesian morphism Cl(Y,u) above u. O

1.2.9. REMARK. The above formulation of fibration can be used to give a 2-
categorical notion of fibration, ¢.e. when a morphism p in a 2-category is a fibration,
generalising the situation in Cat. Of course, the above formulation makes sense in

2-categories with appropriate structure. See [Str73] for details.

1.2.1. The 2-categories of fibrations

We now define morphisms between fibrations and 2-cells between them. These
notions organise fibrations into 2-categories Fib( B) for fibrations over a given base
B, and F2b for fibrations over arbitrary bases. These 2-categories give a framework

in which we can define structure for fibrations, specially in terms of adjunctions.

1.2.10. DEFINITION (Fibred 1-cells and 2-cells). Given Ep and gq , a morphism

(K,K):p— qis given by a commutative square

K
E D
p q
B A
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where K preserves cartesian morphisms, meaning that if f is p-cartesian, H f is ¢-
cartesian. (K, K) is called a fibred 1-cell and K a fibred functor over K; it determ-
ines a collection { K |4: E4 — Dg4}. Any pair of cleavages (L), (L)’ determines, for

every u:A— B, a natural isomorphism

byt K|y 0u*® S (Ku)*? o K |, satisfying: for u: A — B,v: B — C

¢1A o KlA Ya = 7KAklA
¢uou o K |A 6:1, = 6}1{u KUR'C' O(Ku)*q¢v 0 ¢uv*P
Given fibred 1-cells (f{, K), (f,, L):p— q,a fibred 2-cell from (f(, K) to (E, L)
is a pair of natural transformations (& : K-Lo:K= L) with & above o, mean-

ing that ¢ox = o,x for every X € E. We display such a fibred 2-cell as follows

K
E |5 D
L
p q
K
B |o A
L

and we will write it as (5,0) : (K, K) = (L, L).

In this way we have a 2-category Fib, with fibrations as objects, fibred 1-cells
and fibred 2-cells, with the evident compositions inherited from Cat. Dually, we
have a 2-category CoFb of cofibrations, cofibred functors and cofibred 2-cells.

1.2.11. EXAMPLES.

o A functor F': C — D induces a Set-fibred functor Fam(F') : Fam(C) — Fam(D)
by {X;}ier = {FXi}icr- Analogously, a natural transformation o : F = G
induces a Set-fibred 2-cell Fam(a): Fam(F) = Fam(G), Fam(a)(x,; =
{ox, }ier- We thus have a 2-functor Fam : Cat — Fib(Set).

e Consider a functor F': C — D such that both C and D have and F pre-

serves pullbacks. The induced functor between the categories of morphisms
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F7:C~ =D is afibred functor over F' between the respective codomain

fibrations of C and D. Thus,
(F7,F):(cod:C~ =€) — (cod' :D — D)

is a fibred 1-cell. Given another pullback-preserving functor G : C — D, any
natural  transformation y:F =G  induces a  fibred @ 2-cell

(@ ,a): (F,F)= (G,G), wherefor h: X - Y e |c|, a;l_) is

Fx —2X . ax

Fh Gh

FY GY

Qy

Instantiating the notion of adjunction in a 2-category (Definition 1.1.3) in F2b,

we obtain the following notion of fibred adjunction.

1.2.12. DEFINITION. Given Ep and gq, a fibred adjunction between them

is given by pair of fibred 1-cells (I:_‘,F) :p—gq and (G,G):qg—p to-
gether with a pair of fibred 2-cells (7,7):(1g,1g) = (GoF,GoF) and
(¢,€): (FoG,Fo Q)= (1p,14) such that

(i) F4G :D — E via 7}, € (in Cat)
(i) F 4G :A — B via n,e (in Cat)
(iii) p and q constitute a map of adjunctions between the two above, i.e. pij = np

(or equivalently gé = eq)

Such a fibred adjunction is displayed by

F

E 1 D
G

p q
F

(==}
[
B
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When the components of 7 and & are cartesian and the square (fibred 1-cell)
(F, F):p— qis a pullback, we call it a cartesian fibred adjunction. This termin-
ology is justified by Theorem 3.2.3.

1.2.13. REMARK. For a cartesian fibred adjunction, the adjoint transpose of a
cartesian morphism f : FX — Y in D, which is fv = Gf ox, is again cartesian.

This is equivalent to the cartesianness of the components of 7.

Although the notion of subfibration does not play a major role in this thesis,

we include its definition to make sense of a few statements below and in §3.

1.2.14. DEFINITION.

(1) Given a fibration Ep and a subcategory E/, J:E' - E,poJ:E —»Bisa

subfibration of p if, for every object X € |E|, if f : Y — JX is cartesian in E, then

fisin E.

(i) More generally, given fibrations Ep and Eq , where A is a subcategory of
B, J: A — B, we say q is a subfibration of p if ¢ is a subfibration of J*(p) in the

sense of (1).

K :B — A, consider a pullback diagram

K*(D) (K D
_

K*(q) q

B 7 A

K*(q) is a fibration, with a morphism f in K*(D) being K*(q)-cartesian iff
q“(K)(f) is g-cartesian. The above diagram is therefore a morphism of fibrations.

Proof. An elegant proof is in [Gra66], using the characterisation of fibrations given
in Proposition 1.2.8. In elementary terms, given an object of K*(D), determined
by a pair of compatible objects (I € B, X € D), and a morphism v:J — I in
B, its cartesian lifting (_qu‘(q)

(Kuw)'(X) : Ku*(X) — X. O

(1,X) is determined by u and the cartesian lifting
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We say that K™(g) is obtained from ¢ by change of base along K. We assume
that the cleavage for K*(q) is obtained from that of ¢ as in the above proof. So
q"(K) preserves cleavages If ¢ has a splitting, so does K*(q).

The fibre of cod: Fib — Cat over a category A is the 2-category Fib(A), consist-
ing of fibrations with base A. Morphisms F': p — ¢ are functors between the total
categories of p and ¢ which commute with the fibrations (¢F = p) and preserve
cartesian morphisms. Such an F is called a (A)-fibred functor, in preference to
the usual terminology of ‘cartesian functor’. 2-cells are natural transformations
a: F- G:p— qsuch that ga = p. Such an « is called a vertical natural trans-
formation or A-fibred 2-cell. We use the prefix A- to denote 2-categorical concepts
in Fib(A) to distinguish them from the corresponding ones in Fib. We may thus
speak of an A-fibred adjunction. Usually we drop the prefix when the context
makes it clear which 2-category is meant. We will also refer A-fibred concepts as

vertical.
Considering only split fibrations and splitting-preserving morphisms, we have

sub-2-categories Fib,, and Fib(A),,.

1.2.15. REMARK. In view of Proposition 1.2.14, we may regard a fibred 1-cell
(K,K):p— ¢, with K : A — B, as an A-fibred 1-cell K= (p,K):p— K*(q).

Using Proposition 1.2.8, we have the following characterisation of morphisms

in Fib(RA)

1.2.16. PROPOSITION. The data Ep, Eq and F : p — q in Cat/A induces the fol-

lowing commutative square

F—)
E D
IP Iq
E x A D x A

p,cod COd*(F) g,cod
where cod (F) : cod (p) — cod (q) is uniquely determined by F and the pullbacks

E x A andD x A . Given right adjoint right-inverses Gp and -(T)q for
p,cod q,cod
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I, and I, (with units 1, and 1,) respectively, the square above induces a canonical
natural transformation v: F— o (J)F = ()" o cod’(F), v = an_)Gp. Then, F

preserves cartestan morphisms iff v is an isomorphism.

Proof. For an object (Y,u:1I— pY) of E x A,

p,cod
Yvur—py) i F(u(Y)) = u*?FY is the canonical vertical morphism determined

by (u)'(FY). Hence F preserves cartesian morphisms iff every such vertical -

morphism is an isomorphism. O

When « in the above proposition is the identity, F' preserves cleavages.

1.3. Indexed categories and the Grothendieck construction

We continue our review with indexed categories, which are sometimes more intu-
itive than fibrations and help in understanding topics such as fibred adjunctions

and fibred comonads, as developed in §3 and §5.

Indexed categories are equivalent to fibrations but technically often less con-
venient. For instance, it is prove that the composition of two fibrations is again a
fibration, but this cannot be expressed directly for indexed categories. See [Bén85)
for further relevant discussion. More importantly, the notion of fibration makes

sense in any 2-category [Joh92].

Recalling the analogy between fibrations and families of sets in §1.2, the iso-
morphism

Set/I = Set!

leads us to consider another version of a varying category, i.e. a category varying
continuously over another, as a generalisation of Set’ as the category of I-indexed
families of sets. Now, the indexing object is not a mere set I but a category and

similarly, the indexed objects X; are not just sets but categories.

1.3.1. DEFINITION (Indexed category). Given a category B, a B-indered category

is a pseudo-functor F : B” — Cat; it is given by the following data



Chapter 1. Preliminaries on fibrations 36

e For every object A € |B|, a category FA.

¢ For every morphism f: A — B in B, a functor f*: FB — FA, together
with natural isomorphisms v4 : 1z, = 17, and 6;, : (f"0g") = (go f)
satisfying the following coherence conditions: for u: A — B, v : B — C and

w:D—>AinB

*
6u,lB ou '7B = 1ut
) *
61A,u 0 YU = ]-u‘
*
Ouion OW Oy = 80y 06, ,0" 1w 0w 00" = (vouow)”

1.3.2. REMARK. The coherence conditions above express associativity and iden-
tity laws. Their role is clear in Proposition 1.3.6.(iii). Often these isomorphisms

are identities, in which case we have a strict indexed category, i.e. a functor

F :B°? = Cat.

1.3.3. EXAMPLES. The following examples of strict indexed categories are taken

from [BGT91]. They are basic to the area of algebraic specifications.

(i) (Many-sorted sets) Consider the following functor SS : Set” — Cat

SS(I) = Set!
SS(f:I1—-J) = (X:J->8t)— (Xof:I— Set)

The objects of a fibre SS(I) are families of sets. The functor SS(f: I — J)
performs reindexing along f. The coherent isomorphisms are identities.

(i) (Many-sorted algebraic signatures) Consider the functor ()* : Set — Set,
which assigns to a set S the free semigroup it generates, i.e. the set S* of all finite
non-empty sequences of elements of S. The functor AS = SSo ((_)*)?: Seto” — Cat
is an indexed category; its fibres AS(S) are S-sorted algebraic signatures, i.e. they
consist of, for every non-empty sequence s,,...,s, € S* regarded as arity or rank
$15-++38n-1 — Sn, a set of operation symbols of that rank. A reindexing func-
tor AS(f:S — S') transforms S'-sorted signatures into S-sorted signatures by

renaming sorts according to f.
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1.3.4. DEFINITION. Let F : B — Cat and G : B’ — Cat be indexed categories.

® An indezed functor H : F — G consists of:

(i) For every A € |B|, a functor H(A) : F(A) — G(A)

(i) For every u:A— B, a natural isomorphism
éy :G(u) o H(B) > H(A) o F(u), satisfying coherence conditions with the
~’s and &’s of Definition 1.3.1; ¢f. Definition 1.2.10 where these conditions

are given for the equivalent concept of fibred 1-cells.

o An indezed natural transformation a : H = H' : F — G, consists of a natural
transformation a, : H(A)= H'(A) for every object A € |B|, such that for
every u: A — B, G(u)ag = a4 F(u), modulo the ¢,’s.

Indexed categories over a given category B, indexed functors and indexed nat-
ural transformations form a 2-category ZCat(B), with the evident fibrewise notions

of composition and identities, inherited from Cat.

1.3.5. REMARK. Having defined indexed functors and indexed natural transforma-
tions, the notion of indexed adjunction is then analogous to the standard notion of
adjunction between categories. We can give the following description, which the
reader might find intuitive: given indexed functors H : F — G and H: G- F
over B, H is an indexed left adjoint to M’ iff:

e For every A € |B|, H, 1 H 4.

o Forevery u : A — B, the pair (F(u),G(u)) preserves the adjunctions, i.e. it
is a (pseudo-)map of adjunctions from Hg 4 H'g to H,4 1 H'4. The latter
means a map of adjunctions, where the relevant squares commute only up

to a given isomorphism.

We now show the correspondence between cloven fibrations and indexed cat-
egories, due to Grothendieck, which amounts to an equivalence between the 2-

categories Fib(B) and ZCat(B).
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1.3.6. PROPOSITION.

(i) Every cloven fibration Ep gives rise to an indezed category F, : B — Cat.
(i1) Every indezed category F : B” — Cat gives rise to a fibration pr : GF — B.

(iii) The above correspondences set up an equivalence of 2-categories
ICat(B) ~ Fib(B)

so that 7, . = F and pr, = p.

Proof.

(i) Given a cloven fibration p:E — B, we obtain an indexed category

F,: B°? — Cat as follows:

o For every A € |B|, F,A = E,.

e For everyu : A — B, a cleavage (-) induces a reindexing functor u* : Eg — E4
as given in Definition 1.2.6. As we mentioned then, the universal property of
cartesian morphisms uniquely determines natural isomorphisms
8y v 0u" S (uov) and y4: 14 5 1;A, which satisfy the coherence con-

ditions in Definition 1.3.1.

(ii) Given an indexed category F : B’ — (Cat we define the total category GF,

consisting of:

Objects: (A,a) € |GF| iff A € |B| and a € |FA|. That is (using a hopefully

self-explanatory dependent sum notation)
|GF|=XA:B.FA

Morphisms: (f,g): (A,a) - (B,b)iff f: A— BinBand g:a— f(b) in FA.
That is
GF((A,a),(B,b)) = Lf : B(A, B).F A(a, (b))
Identity: (14,7v,4): (A4,a) = (4,q)

Composition: Given (f,g): (A,a) — (B,b) and (h,j) : (B,b) — (C,c), let

(hy3) o (f,9) =(ho f,8;4(c)o f'(j)0g)
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The coherence conditions of Deﬁnition 1.3.1 are required in order to show associ-
ativity of composition and the identity laws. The projection functor pr : GF — B
which takes (A, a) to A (for objects and morphisms) is then a fibration: for an
morphism u : A — B in B and an object X in F B, we can choose as cartesian
lifting @(X) = (u, 1y« x)-

(iii) Observe that the fibres of pr are GF g = 7B and the action of the rein-
dexing functors is the same in both fibrations and indexed categories respectively.
Any pair of cleavages for a given fibration give rise to naturally isomorphic indexed

categories.

1.3.7. REMARKS.

e The construction of py from F in the above proof is known as the Grothen-

dieck construction.

e Dualising the above proposition, we get an analogous result relating cofibra-

tions p : E — B and pseudo-functors G : B — (at.

e The equivalence in the above proposition clearly restricts to one between
split fibrations Ep and functors F : B — Cat (strict indexed categories).
Splitting-preserving functors between split fibrations correspond under this

equivalence to natural transformations.

1.3.8. REMARK. The 2-categorical aspect of the equivalence in Proposition 1.3.6.(iii)
implies a correspondence between indexed and fibred adjunctions. Thus, a fibred
adjunction F' 4G : p — ¢q (between Ep and |Eq) amounts to a family of adjunc-
tions {F |p1 G|p: Ep — Dp}pem such that for every u: B — B', (u",u™?) is a
(pseudo-)map of adjunctions from F'|g,4 G|g/ to F|g1 G|p.

For an indexed category F : B’ — Cat and a functor H : A — B, change-of-
base of F along H is given by composition H*(F) =F o H”. Similarly, for a
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natural transformation o : H-= H' : A — B, we have an indexed natural trans-
formation Fa® : F o (H')? = F o H”, where o’ : H® = (H')*” : A’ — B has

components (a”) 4 = .

1.3.9. DEFINITION. The 2-category ZCat has indexed categories F : B* — Cat (over
arbitrary categories) as objects. A morphism from F : A”” — Catto G : B” — Cat is
given by a functor H : A — B and an indexed functor H : 7 — G o H®; we write
(H, H) for this morphism. A 2-cell (&,a): (H,H) = (H',H'): F = G consists
of a natural transformation o : H = H' and an indexed natural transformation
alpha : G o H” = (Ga™) o (G o (H')”. Compositions and identities are defined
using those in Cat and ZCat(.).

There is a forgetful 2-functor base : ZCat — Cat, which takes an indexed cat-
egory to its base and morphisms and 2-cells to their second components. base is
a split fibration, whit splitting given by composition, as noted above. This ob-
servation and Proposition 1.3.6.(iii) yield as immediate consequence the following

equivalence.

1.3.10. COROLLARY. There is a Cat-fibred 2-equivalence
ZCat= Fib

bas& /cod
Cat

We regard indexed categories as a convenient means of presenting cloven fibra-
tions. We are not interested in the indexed category itself but in (the total category

of) the fibration it yields via the Grothendieck construction.

1.3.11. EXAMPLE. The family fibration f(C) : Fam(C) — Set results from applying
the Grothendieck construction to the (strict) Set-indexed category given by

I — Set!

u:l=>J — _ou:Set! — Set!
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We close this section defining the groupoid and the opposite of an indexed

category.

1.3.12. DEFINITION. Given F :B” — Cat, its groupoid indezed category
|F]| : B — Cat is defined by

A +— the groupoid subcategory of F A,
consisting only of all the isomorphisms

u:A — B +— the restriction of Fu to the groupoid subcategories
and its opposite indezed category F 7 : B°? — Cat by

A — (FA”
u:A— B — (Fu)?:(FB)? — (FA)*?

1.4. Fibred structure, products and sums

Given a fibration p : E — B, its groupoid fibration, written |p| : Cart(E) — B, res-
ults from applying the Grothendieck construction to the groupoid indexed category
of the B-indexed category it induces. It can also be described as the restriction of p
to Cart(E), the subcategory of E consisting of the cartesian morphisms only. Sim-
ilarly, the opposite fibration, written p“”* : (E/B)"” — B, is obtained by applying
the Grothendieck construction to the opposite of its associated indexed category.

p”? also admits an intrinsic formulation; see [Jac91a, §1.1.11] for details.

Now we can describe fibred structure for Ep in terms of B-fibred adjunctions,
as we do in Cat for ordinary categories [Mac71, §V]. The following definitions are
from [Jac92].

1.4.1. DEFINITION. A fibration Ep has



Chapter 1. Preliminaries on fibrations 42

o a fibred terminal object iff p: p — 1g in

E P B

p Ip
B
has a fibred right adjoint 1, : B — E, which we call terminal object functor,

usually written as 1.

o fibred binary products iff the diagonal fibred functor A, : p — p x p (where
p X p is the product of p with itself in Fib(B)) has a fibred right adjoint

X:pXp—p.

o fibred exponents (assuming fibred binary products) iff the fibred functor
(n’,x) : p x |p| = |p|”® x p (products considered in Fib(B)) obtained by pair-
ing px |p| = pxp—pand px |p| . Ip| = |p|™, has a fibred right ad-
joint exp: |p|” x p — p X |p.

A fibration with fibred finite products will be called a fibred-cc and one which

additionally has fibred exponents a fibred-ccc.

1.4.2. REMARKS.

e 13:B — B is a terminal object in Fib(B). The above definition of fibred
terminal object is entirely analogous then to that of a terminal object for
an ordinary category. A similar consideration applies to fibred products and

exponents.

e The above definitions admit an elementary description in terms of fibrewise
structure, preserved by reindexing functors. A fibration has a fibred terminal
object iff every fibre has a terminal object and reindexing functors preserve
these. Similarly for fibred products and exponents. This correspondence is
a consequence of the equivalence between fibrations and indexed categories,

Proposition 1.3.6.111.
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e The above notions admit elementary intrinsic definitions, without reference
to a cleavage. For instance, Ep has a fibred terminal object if every fibre E;
has a terminal object 1(I) and for any cartesian morphism f : X — 1(I), X

is terminal in E, .

1.4.3. EXAMPLES.

(i) For a category C, f(C) : Fam(C) — Set has fibred finite products (respect-
ively exponents) iff C has finite products (respectively exponents). In one direc-
tion, the fibred products/exponents are defined pointwise, e.g. {X;};cr X {Y:}ier =
{X; x Y;}ic;- Conversely, C is the fibre over the one-element set and hence has

products (respectively exponents).

(i1) For € with pullbacks, cod : €~ — C has fibred finite products. For A € C,
1,4 is a terminal object in C/A and the product of f: B— Aand g:C — A is
given by the diagonal of their pullback, with projections given by the pullback
projections. This is why the pullback is sometimes referred to as ‘fibred product’.
Preservation of such structure under reindexing is immediate. cod is a fibred-ccc
when every slice C/A is a ccc, that is, when C is a so-called locally cartesian closed

category (lccc for short).

(iii) ¢ : Sub(C) — C is a sub-fibred-cc of cod, i.e. the fibred finite products are as
given in cod. If C is an elementary topos, then : is a fibred-ccc, since in this case

every fibre Sub(C), is a complete Heyting algebra and hence is cartesian closed

(as a poset). See [LS86, Part I1,§5, Exercise 3]

Next, we introduce some indexed products and sums for a fibration. Such
structure is necessary for the interpretation of first-order quantifiers in predicate
logic, see §2.1.2. The terminology is taken from [Jac9la, §1.5.1,84.2.1], where a
more general form of quantification relative to an arbitrary so-called comprehen-

sion category is given. For A a category with binary products and Eq, we have
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the following change-of-base situation for any object I:

I
xI_?D) IexD)
qr q
A A
-x I

where we have written ¢; for (- x I)*(q).

1.4.4. DEFINITION. Given Ep, B with binary products and I € |B|, p has Cons;-

products (respectively sums) if both

(i) for every J € |B|, the reindexing functor 7r}71 :E; — Ejy; induced by
7yr:J X I — J has aright adjoint II; (respectively a left adjoint ¥;) and
(ii) (Beck-Chevalley condition) for every u : J — J' in B, the canonical natural

transformation
U*HI — HI(U X 11)*
(respectively ;(u x 1;)* = u*%;) is an isomorphism.

p has Consg-products/sums if it has Cons;-products/sums for every I € |B|.

Instantiating the general definition of quantification in [Jac9la], we get the

following formulation of Cons;-products/sums in terms of fibred adjunctions:

1.4.5. PROPOSITION. Given Ep, let 6;:p — pr in Fib(B) be defined as follows:

fOTY € |IEJ|;
oY = 7rJIY

Then, p has Consy-products (respectively sums) iff § has a fibred right (respectively

left) adjoint.

1.4.6. EXAMPLES.

(1) For C a category with small products/coproducts, the family fibration f(C)
has Consg,s-products/sums. They are given by I ({X(y}lyiesxr) =
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{ITie1 X()} jes, with an analogous expression for sums. Conversely, if f(C) has
Consg,;-products/ suﬁs, C has small products/sums: for a set A, the product/sum
of an A-indexed family {X,},c4 is obtained by applying the right/left adjoint to
reindexing along the projection !4 : A — 1.

(ii) cod: € — Chas Consg-sums, given by composition: £;(f: A — J x I) =
mo f. In case C is a lccc, it also has Consg-products, since in this situation it has
right adjoints for every reindexing functor. See [BW90, Theorem 12.4.3].

(iii) Consider 2 : Sub(Set) — Set, where we may identify subobjects with subsets.
Thus reindexing corresponds to taking inverse images: u*(S C B) = u™'(S) C 4
(for u : A — B). This fibration has Consgy-products and sums. They correspond

to universal and existential quantification:

N(SCIxI) = {jeJ|Viel.(j,i) e S}
SH(SCIxI) = {jeJ|Tiel.(ji)eS)}

The Beck-Chevalley condition expresses the interaction between quantification and

substitution of terms for free variables. Namely, for u:J — J and S C J x I,

HILS) = uwMj eJ|Viel (i) e S)
= {j'eJ'|Vie I (uj,i)e S}
= {jeJ|Viel.(§,9)e(uxI)'S}
= I;((ux I)7(5))

The following proposition shows how Cons_-products are preserved by change-

of-base along a finite product preserving functor.

1.4.7. PROPOSITION. Consider the following change-of-base situation:

FE P (F) E
F*(p) p
A B
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Let A and B be categories with finite products and F a finite-product preserving
functor. If p admits Consg-products, F*(p) admits Consp-products, and the above
fibred 1-cell (p*(F), F) preserves them.

*F*(p) A o *P

s

Proof. Observe that for a cartesian projection7xy : X xY — X, 7y, X FY

and therefore w;(l;(p ) IIzy. The Beck-Chevalley condition holds trivially, since

F preserves the relevant pullback squares. o

The notion of generic object is a key one in the interpretation of impredicative
A-calculi, as in §2.1.3. For instance, it allows to interpret higher-order impredic-
ative quantification in terms of first-order quantification. The notion of generic

object is related to that of representability, as given below.

1.4.8. DEFINITION.

(i) For a category B, an object I determines a fibration, written dom; : B/I — B,
with action J % T +— J on objects, being the identity on morphisms. Cartesian
liftings are obtained by composition.

(i1) A fibration Ep is representable if it is equivalent in F2b(B) to a fibration of
the form dom;: B/I — B.

1.4.9. REMARK. When a fibration is such that every fibre is discrete (i.e. a set),
we call it a discrete fibration, like dom; in the definition above. Note that the fibre
(B/I); =8(J,I). In view of the correspondence between fibrations and indexed
categories, a discrete fibration Ep corresponds to a presheaf F, :B” — Set. In
particular, dom; corresponds to the representable presheaf B(_, I), which explains

the term ‘representable’ for such fibrations.

Recall that a functor F : A — B is essentially surjective if for every object Y
of B, there is an object X in A such that FX 2 Y. In particular, an equivalence

between categories is essentially surjective.

1.4.10. DEFINITION.
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1) A fibration '?p has a generic object if there is a representable fibration
B g J

domg : B/Q? — B and an essentially surjective fibred functor ezt : domg — p.

ii) A fibration 5 has a strong generic object if the groupoid fibration
b g

|p| : Cart(E) — B is representable.

1.4.11. REMARKS.

¢ In elementary terms, Ep has a generic object if there is an object G € |E|

such that for every X € |E| there is a cartesian morphism f : X — G. Given
ext : domg — p, we can take G to be ezt(lg) and given any X € [E;|, we
have an object z : I — Q such that X = ezt(z) and hence there is cartesian
morphism f : X = ext(z) es:i(:c) G, since z : ¢ — 1g is domg-cartesian and

ext 1s a fibred functor.

We refer to G itself as the generic object and write xx : I — §) for the
underlying morphism pf, so that X = x (G) in the above situation. Notice
that x x with this property need not be unique.

A representable fibration domg : B/) — B has 1g : @ — 2 as a strong generic

object, as does any small fibration, as defined in §1.5 below.

If Ep has a strong generic object, then it has a generic object: the inclusion
J : |p| — p is essentially surjective. Thus, in elementary terms, having a
strong generic object G means that for any object X of E; there is a unique

Xx : I — Q such that X = x7(G) in E;.

1.4.12. EXAMPLES.

o Let B be an elementary topos. The subobject fibration 2 : Sub(B) — B has a

strong generic object, namely the subobject classifier true: 1 — §2: for any
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subobject m : X' < X there is a pullback

X' 1
|
m true
X Q

Xx

e For a category C, the family fibration f(C) has a generic object precisely

when C has a small set of objects. In this case, the strong generic object is

{:C }zE|C|'
The following result is standard.

1.4.13. PROPOSITION. Let Ep be a discrete fibration. Let F, : B — Set its asso-

ciated presheaf. The following are equivalent

(i) Ep has a strong generic object.
(it) F, is representable.

(7ii) E has a terminal object.

Proof. (i) < (ii) is immediate.

(ii) <= (iii) Since the fibres of E are discrete, every morphism in E is cartesian.
Let G be the terminal object of E. pG is a representing object for F,, since for
any object X in Ej, there is a unique cartesian morphism f : X — G, and hence a
unique xx = pf : I — pG such that X = x}(G) = (F,xx)(G). Conversely, if F,
is representable, v : F, = B(_, 2), 77'(1g) is a terminal object in E. O

1.5. Internal categories

We end our preliminaries on fibrations by introducing the basic notions of internal
categories, which give yet another way of dealing with variable categories. Al-
though internal categories make sense independently of fibrations, the description
of some internal concepts is more conveniently expressed in the fibred setting. Be-

sides, 1t 1s possible to ‘externalise’ internal categories to obtain a fibration, and
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every fibration can be internalised (under certain size conditions) within a presheaf
topos, as we show below. Internal categories will not be used in this thesis, but

they provide further insight into the way fibrations may arise.

Throughout this subsection B is assumed to be a category with pullbacks.

1.5.1. DEFINITION (Internal category, functor, natural transformation).

(1) An internal category Cin B is given by the following data:

e an object of objects C, € |B|;

an object of arrows C; € |B|;

domain and codomatn morphisms 8y, 48, : C; — C, respectively;

an identity morphism ¢ : Cy — C such that

poi=1g, =6 0i

e a composition morphism ¢ : C, — (] satisfying

dpoc = éby0m, : Cy — Gy
510C = 51071'1 :CZ—‘}C’O
CO(i X 101) = ™ :CO X Cl_')Cl
, 1,60 1,60
CcoO (101 X Z) = Ty : Cl X CO -— Cl
61,1 51,1
co(c x 1g) = co(lg, x ¢ :03—0C
611,60 811,80
where
m s
Cy G, G Gy
_ _
To b T oo
C C C C
1 5, 0 2 g o 0

(i1) An internal functor F between two internal categories C'and C' consists of

a pair of morphisms Fy: Cy — C’:) and Fy: C; — C’{ in B satisfying

Fyoéby = 6"3017'1
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Foo(Sl = 610F1
Fioi = i{oF,

Fioc = cdo(F, x F)
’ 51160

(iii) An internal natural transformation o : F' - G between internal functors is

a morphism o : Cy — C{ such that

(U o 601 Gl)

Co o c

Fy o Go (Fi,006;) c

c’ o c c __.c
0 6(/) 1 6:/1 0 2 ¢ 1

The definitions above give the defining data for the 2-category Cat(B) of internal
categories in B. Note that Cat(Set) = Cat, that is, an internal category in Set is
simply a small category, the correspondence extending to internal functors and
internal natural transformations. Next, we consider some structure pertinent to

internal categories.

Let B be cartesian closed. For C € Cat(B) and A € |B| we have an internal
category C* = (C’A Cf, 531, 6;1, i, ¢*), since (U)* : € — C is a right adjoint, it pre-
serves the relevant pullbacks in the definition of an internal category; it maps in-
ternal categories to internal categories. There is an obvious internal diagonal func-

tor A: C — C4, given by the adjoint transposes of the projections 7 : C; x A — C;
(z = 0,1). The following definition is taken from [Jac9la, §1.5, 1.5.4]

1.5.2. DEFINITION. C admits internal Consy-products (respectively sums) if
A:C — C* has an internal right (respectively left) adjoint. Internal Consg-

products/sums are given by internal Cons,-products/sums for every A € |B|.

Further structure, such as an internal category having finite products and
exponents, an internal ccc, are expressed by rephrasing the definitions for ordinary

categories; we just couch them in terms of the 2-category Cat(B) instead of Cat.

Now we show how to obtain a fibration from an internal category by a process

of externalisation. A fibration obtained in this way is called small.
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1.5.3. DEFINITION (Externalisation).

Given an internal category C € Cat(B), let £(C) be the category with objects
(A, X), where Ae€|B] and X:A- C,, and  morphisms
(u,f): (A, X) = (B,Y) where u: A— B in B and f: A — C, satisfying
dpof=X and 60 f =Y ou. Composition and identities in X(C) are
defined from those of B and the internal ones of C. The first projection
[C]: £(C) — B is a split fibration, with cleavage given by composition.

e For F': C — D in Cat(B), [F]: ¥(C) — X(D) is given by

(A, X)— (A, FyoX) and (u,f) — (u, Fy o f).
¢ Foro: F- G inCat(B), [0] : [F]= [G] has components [0] 4 x) = (14,0 0 X).

With the above definitions we get a 2-full and faithful 2-cells) externalisation
2-functor [] : Cat(B) — Fib(B). Such a functor gives a correspondence between
internal and fibred 2-categorical concepts, such as those of adjunction and comonad

for instance.

Finally, we quote another standard result, [Jac91la, Proposition 1.4.8], which

shows that a fibration can be turned into an internal category.

1.5.4. PROPOSITION (Internalisation). Let Ep be a split fibration, where B is loc-

ally small and all fibres are small. Then there is an internal category p in Set i

and a change-of-base situation

H
E

7 %(p)

P (7]

B

% Set

where Y is the Yoneda embedding. H is full and faithful. Furthermore, p is a split

fibred ccc iff p s an internal ccc.




Chapter 2

Preliminaries on categorical logic

This chapter continues the review of preliminary material. In this chapter we
review the categorical interpretation of some type theories which we consider in
subsequent chapters. Specifically, we review the interpretation of simply typed
A-calculus and first-order intuitionistic logic in §2.1.1 and §2.1.2 respectively, since
we will require them for the categorical account of logical predicates in §4. We
also recall the interpretation of polymorphic A-calculi, used in §6, where we will

consider indeterminate elements for the corresponding fibrations.

In §2.2 we recall the definition of logical predicates for applicative structures.

The latter are used to give a set-theoretic semantics simply typed A-calculus.

In §2.3 we show two simple properties about reflective and coreflective categor-
ies, concerning cartesian closure. These are applied in §4.3 to analyse cartesian

closed structure in some examples.

2.1. Review of propositional and first-order categorical logic

Categorical logic interprets logics in categories, providing a syntax-free descrip-
tion. We recall the basic facts. We review the interpretation of intuitionistic
propositional calculus, whose proof-language is the simply typed A-calculus, and
of first-order intuitionistic predicate logic. [LS86] is the basic reference for the

former, while for the latter we follow Lawvere’s approach [Law70,See83]. With

52
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regard to their categorical interpretation, the intuition is that propositions cor-
respond to objects, proofs ,or rather proof terms, to morphisms, and the logical
connectives conjunction and implication to products and exponentials respectively.
As for predicate logic, predicates are indexed propositions and hence objects of a
fibred category. In this context, quantifiers are interpreted as adjoints to appro-
priate reindexing functors. Summing up, for the propositional calculus we need
cartesian closed categories while for the predicate calculus we need fibrations with

structure, called first-order hyperdoctrines as in [Pit91].

We use a type theoretic formulation of these logics, according to the proposition-
as-types paradigm. We present them as type systems, giving the inference rules for
the derivation of the corresponding judgements. In both systems, the disjunctive
part, {V, L}, is left out for simplicity. It can be handled dually to {A, T}, using

binary coproducts + and an initial object 0.

We also recall the categorical interpretation of polymorphic lambda calculi,
following [Jac9la]. These calculi extend the simply typed one by allowing type
variables. These variables index the types and terms in which they occur. A

categorical setting to interpret these calculi is a fibration with structure.

2.1.1. Intuitionistic propositional calculus - Simply typed A-calculus

Within the proposition-as-types approach, propositions correspond to types. Proofs
of a given proposition from a given set of hypotheses correspond to terms of the

respective type, relative to a context corresponding to the hypotheses.

The calculus has three kinds of judgements:
PProp TFt:P THt=t:P

which respectively assert that P is a proposition, ¢ is a proof-term of proposition
P in context T' and that ¢ and ¢’ are equal terms of the same proposition, in
the same context. A context is a finite assignment of propositions to variables
[z : Py,...,z, : P,], where all the z;’s are different. I" in the judgements above

provides types for the free variables occurring in the terms ¢ and ¢. We regard F
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as entailment: the P,’s are the assumptions and P is the conclusion of the sequent.

The empty context is omitted from the lhs of |-.

There are three groups of inference rules, corresponding to the three kinds of
judgements above. The first group deals with the formation of propositions; it
ensures that the set of propositions contains a ‘true’ proposition (unit type) and
is closed under conjunction (binary product type constructor) and implication

(arrow type constructor):

P Prop @ Prop P Prop @ Prop
T Prop P x @ Prop P — Q Prop

The second group deals with the formation of terms for structured propositions

Fl_'I'-T
Trt:P THt:Q THt:PxQ F'Ft:PxQ
T'H{(t,t) : PxQ I'knxt: P TFx't:Q
Fz:PH1:Q 'Ft:P— Q TFHt:P
F'FXz:Pt:P— Q THtt':Q

The third group deals with equality of terms of structured propositions

'=t: T
THt=lx:T
T'Ft:PxQ 'kt:P THE:Q FHt:P THY:Q
Tkt=(rt,mt) : PxQ Tk () =t: P Tha'(t,t) =t:Q
Fz:PFHt:Q 'Ft:P— @

Fz:PF(Az:Pt)r=t:Q TH(Mz:Pitz)=t:P— Q

A judgement which can be obtained using the inference rules is called derivable.

The interpretation of this system in a cartesian closed category C goes as follows:
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Derivable judgement | Interpretation in C

P Prop [P]e]c]
CH¢: P [t]:IT]—=1[P]
Fkt=t:P [t]1=1¢]

and I' = [z, : P,,...,z, : P,] is interpreted as [[] =[P ]x...x[P,]. We

outline the interpretation of several inference rules:

e The formation rules for propositions:

T Prop +— 1( terminal object )
PxQ — [P]x[Q]
P—Q ~ [P]=]Q]

o The formation rules for terms are interpreted using the hom-set isomorph-

isms of the relevant adjunctions, e.g.

T,z:PFt:Q [rix (P14 Q]

where A : €(A x B,C) 5 €(A, B = () is the isomorphism of the exponen-

tial adjunction.

o The equalities between terms are seen to hold for their interpretations, us-
ing the pertinent adjunction laws. This means that the interpretation in a
cartesian closed category C is sound with respect to the equational theory of

the calculus.

A few examples of cartesian closed categories occur in §4.3.
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2.1.2. First-order intuitionistic predicate calculus

In the previous calculus there were two main kinds of entities involved: proposi-
tions (or types) and terms. The language of the predicate calculus has three kinds
of entities: types, predicates and terms. More specifically, we have the following
kinds of judgements: the first three correspond to a many-sorted algebraic theory
T

T Type OFt: T OFt=t:T

where Type is closed under finite products, just like Prop in intuitionistic pro-
positional calculus. In addition, we have the following judgements, corresponding
to an intuitionistic predicate logic over the given algebraic theory (predicates =

indexed propositions = propositions relative to a context)

OFPProp O|TFp:P O|T+p=yp:P

I’ in the judgements above is a context of propositions [z, : Py,...,z, : P,],
each one relative to context ©, i.e. ©F P, Prop. Thus for a type A, if
[z : A]F P Prop then P is simply a predicate with a (potentially) free variable
of type A. Sometimes we write P(z) to emphasise the dependence of P on z.
Pz := t], sometimes written P(t), denotes the substitution of the term ¢ by z in

P.

The inference rules come in three groups. The first group deals with the al-
gebraic theory 77; the rules assert that the class of types is closed under finite
products and provide the corresponding pairing and projection operations with
their associated equations, as done for simply typed A-calculus. Thus, a function
symbol f with arity Ty,...,T,,,T is a term [z, : Ty, ...,z, : T,, F f : T]. We may
write f(zy,...,z,) for f to emphasise the dependence on the free variables. The
second group of rules deals with predicates and proofs relative to a context. They
form an intuitionistic propositional calculus and thus we have the same rules as
in §2.1.1 with a type context © | prefixed everywhere, e.g.

O|z:PtFp:Q
O|TFXz:Pp: P—Q
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O|TFp: P — @Q O|TFp:P
O|T+pp:Q

The third group accounts for the interaction between the theory 7 and the pre-

dicates. This involves substitution and quantification. For substitution we have

OFt:T [z:T)+ P Prop
O F Plz :=t] Prop

plus rules which express the fact that substitution preserves the propositional
connectives and proofs. The formation rules for quantified predicates are

O,2: T+ P Prop ©,z:TF P Prop
OFVYz:T.P Prop OF3z:T.P Prop

The rules handling proofs of such quantified predicates are easily given in ‘adjoint’
style: we have the following bidirectional rules
O,z:T|T+p:P
O|TFAz:T.p:Vz:T.P

0,z:T|0,h:Ptp:Q
©|0,h :3z:T.P+ p[(z,h) :=h]:Q

The rule for 3 uses a pseudo-substitution notation for the elimination which should
not be confused with the usual one for substitution of terms for variables. The
associated equations between proof-terms of quantified formulae are such that the

above rules yield bijections between the corresponding sets of proof-terms.

| For the categorical interpretation of this calculus we need a category B with
finite products to interpret 7 (types = objects, terms = morphisms), in the same
way as with simply typed A-calculus in a cartesian closed category. As for predic-
ates, for each context ©, which corresponds to an object A of B, we need a cartesian
closed category H, to interpret predicates (© - P Prop) and proofs (O |T'+ p: P)
in such context as objects and morphisms respectively, as in §2.1.1. Further-
more, we need for every term in 7, corresponding to a morphism ¢ : C — D in
B, a substitution functor ¢t* : Hp — Hg which preserves the cartesian closed struc-
ture. Finally, the ‘adjoint’ style formulation of the rules for V and 3 suggest that
quantifiers must be interpreted by functors adjoint to substitution along projec-

tions. If ©,z : T + P Prop, © - Vz : T. P is interpreted as II;([ P]). Here
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WZ,I[T] A1y : Hyypry — Ha- Dually © F dz : T P is interpreted as Xr(P), with
Y W;,I[T]I' As we mentioned in Example 1.4.6.(iii), the interaction between sub-
stitution and quantification imply that such right and left adjoints have to satisfy
Beck-Chevalley conditions. Hence, universal and existential quantifiers corespond

to Consg-products and sums respectively.

The substitution functors give rise then to a B-indexed category, which we can
turn into a fibration over B as shown in §1.3. To sum up, the structure needed to
interpret first-order intuitionistic predicate calculus, or rather, the fragment of it

we have presented, is the following

2.1.1. DEFINITION. A first-order hyperdoctrine is a fibred-ccc p : H — B, where B

has finite products, which has Consg-products and sums.

This definition is a fibred reformulation of Lawvere’s hyperdoctrines [Law70],

tailored to model first-order rather than higher-order predicate calculus.

2.1.2. EXAMPLE (Classical set-theoretic models). We have seen in Examples
,1.4.3.(ii1) and 1.4.6.(iii) that the fibration 2 : Sub(Set) — Set is a first-order hyper-
doctrine. The interpretation of first-order intuitionistic logic in it is the classical
one: types are sets, terms are functions, predicates are subsets, and connectives

and quantifiers have their usual set-theoretic meaning.

Further examples occur in §4.3.

A thorough account of higher-order constructive predicate logic in terms of

fibrations is in [Pav90].

2.1.3. Polymorphic lambda calculi

We review the categorical interpretation of impredicative polymorphic lambda
calculi. These calculi generalise the simply typed one by allowing type variables. In
addition, type variables may be quantified. They provide a basis for polymorphic
programming languages, like ML [MTH90]. We recall three systems: A—, A2 and
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Aw. In these calculi there three sorts of entities: kinds &, types 7 and terms
t. There is a distinguished kind 2 which classifies types. Types in turn classify
terms, as in simply typed A-calculus. There are two levels of contexts: © = [X] :

Kiy-.., X, : k] for kind variables and I = [z, : 7y, ..., 2, : 7,,] for term variables.

The judgements are

£ Kind OFr:k O|TFt:r
Okbr=7":x O|T+t=¢t:7

In ©|T F ..., the types in I must be defined with respect to O, i.e. if z; : 7; is
in I', then © F 7; : Q. Instead of giving the whole set of rules for the calculi, we
mention their salient features and illustrate them with representative instances of

the rules. A detailed presentation is in [PDM89,Jac91a].

A—: Q is the only kind. The judgements @ - 7: Q and © - 7 = 7' : Q, which
introduce types and equate them respectively, correspond to a single-sorted
algebraic theory. (1 is closed under finite products and exponentials, like

Prop in 2.1.1. F 7 : ) are (given) closed types. For instance, we have the

following derivable judgement

X:QY: QX —Y:Q
for type variables X and Y.

For every kind context O, judgements © [T F¢:7and © |[TFt=¢:7
correspond to a simply typed A-calculus, with the type variables declared in

© among the types, in addition to the closed types, e.g.

X:Qly: X,z: XFz: X
X:Qly: XFXxx: Xz:X

There is a substitution of types for type variables in both types and term,

i.e.

OF7:0 X:Qlz:XkFt:7
Olz:7Ht[X:=7]:7[X :=1]

Aterm X : Q|T & t: 7 is polymorphic, since it can instantiated at every

type F 7 : Q.
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A2: Also known as system F [Gir86]. It extends A— by allowing quantification on

types:
0,X:OF7:0Q

OFIIX:Q.7:Q

where it is implicit that X does not occur free in the types of I'. At the term
level, there is type abstraction:
0,X:Q|Tkt:7
OITFAX:Q.t:IIX: Q.7

The term AX : Q.t is explicitly polymorphic: it can be applied to (instanti-
ated at) different types, e.g.

OITFAX:Q.¢:IIX: Q0. X — X OF7:Q
O|ITHFAX :Q.t(r —7))AX : Q.t(7)): 7 — 7

There are 8 and 7 rules for type abstraction and application.

Aw: Extends A2 by closing Kind under finite products and exponentials. So, kinds
and kind terms © F 7 : k (which include the types) form a simply typed X-

calculus, e.g.

O,.X:kbT1:k
OFAX :k.7:k — K

Now, €2 is closed under quantification over all kinds:
0,X:kk7:Q
OFIX :k.7:0

and there is kind abstraction and application for terms, with 3,7 rules.

See [PDM89] for programming examples in the above calculi. These calculi
are also logical systems: just as simply typed A-calculus is the proof language
of intuitionistic propositional logic, A2 and Aw are the proof languages of second
and higher-order intuitionistic propositional logic [Gir86]. 2 is then the kind of

propositions, closed under impredicative quantification.

Categorically, the above calculi are interpreted in fibrations with structure.
We follow [Jac91a, §3.3.2]. The idea is that kinds & correspond to objects [«]
in the base category of a fibration Ep. B has a distinguished object €, which

interprets the kind €2, and has finite products. Types and terms in context © =
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[X: : &1,...,X, : &,] correspond to objects and morphisms respectively of a
cartesian closed category Ejgj- This ccc is the fibre of p over the object [O] =
[#1] x...x[%,]. The type X : Q F X : Q is generic, in the sense that every type
O F 7 : Q is obtained from it by substitution. Hence X : Q F X :  must be an
object G in Eg, which is a generic object for p, as in Definition 1.4.10. Thus, every
type © I 7 : Q determines a ‘classifying’ morphism [T] : [© ] — € in B such that
[T]~[T1(G) in Efe}. The reindexing functor [ T']" : Eq — Eje} performs type
substitution in the types X : @ F 7 : Q and terms X : Q | F'I- t : 7, which have a
type variable X. So, reindexing functors preserve cartesian closed structure. Type
quantification O, X : k F 7: Q@ — O F IIX : k.7 : Q is interpreted by a functor
II : Efoyxi«) — Efej such that WEO]M[K]I F II. Type abstraction and application are
then interpreted using the hom-set isomorphisms of this adjunction, analogously to
exponentials in simply typed A-calculus. For a proper interaction of quantification

and substitution, the functors IT must satisfy the Beck-Chevalley condition.

2.1.3. DEFINITION.

(i) A A—-fibration is a fibred-ccc Ep with a generic object G’ and B has finite
products.
(ii) A A2-fibration is a A—-fibration with Consg-products, where £ = pG.
(iii) A lw-fibration is a A—-fibration, with B cartesian closed and which has

Consg-products.

2.1.4. EXAMPLE. Let C be a small cartesian closed category.

o f(C): Fam(C) — Set is a A—-fibration. The cartesian closed structure in

every fibre is given pointwise. Closed types correspond to objects of

(Fam(C))(sy EC and Q = [C| and T = {X} x¢(c-

o If Cis complete, f(C) is a Aw-fibration, see Example 1.4.6.(i). By an argu-
ment of Freyd [Mac71, §V.2, Proposition 3] C must be a preorder. Hence
every ‘type’ has at most one element. Remarkably, there are internal cat-

egories in realisability toposes which are not preorders [Hyl89,Pho92].
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2.2. Logical predicates over applicative structures

The material in this section is from [Mit90]. Applicative structures — satisfying
some conditions — provide a general notion of set-theoretic model for a simply
typed A-calculus. Let ¥ be an algebraic signature providing basic types and terms

for simply typed A-calculus.

2.2.1. DEFINITION. A typed applicative structure A for signature X is a tuple

({A,},{App, .}, Const)

of families of sets and functions indexed by type expressions o, 7 over the type:

constants from X, such that
o A, is a set.
o App,, is a set-theoretic map App, . : A,_,, — (4, = A;).

e Const is a mapping from term constants of ¥ to elements of the appropriate

A,’s, ie. Const(c) € A, for every c: o in X.

If we want to consider x-types, we may add an explicit interpretation for them,
or simply assume they are interpreted as the cartesian product of the carriers of
the corresponding types. An applicative structure is eztensional if it satisfies the

condition

Vf,9 € Ag_,,.(Vd € A,. App, ., fd = App,,9d) = f =g

An environment model is an extensional applicative structure which can inter-
pret all the terms of A-calculus over ¥ according to the obvious meaning function
defined by structural induction on terms. Specifically, given a context I', an en-
vironment 7 for it assigns to every z : ¢ in I' an element of A,. Let p be an
A-environment — a mapping of variables to elements of the A,’s — and I" a typing

context I' - a finite mapping of variables to type expressions over ¥. Define

plzré\m:aer.p(x)EA,
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If p T, A[TF t:o]p denotes the A-value, in A,, of the term ¢ of type o in

environment p. The interpretation of a lambda abstraction
[THFX:0.t:0 —T]p
is the unique f € A,_,, such that
Vae€ A, App, . fa=[T,z:0t t:71]pla/z]

where pla/z] is the environment 7 extended by the assignment z +— a. The
environment model condition requires the existence of such f, whose uniqueness
is guaranteed by extensionality. When A,__,, = A, = A, we refer to the model

as a full type hierarchy; the environment model condition is satisfied in this case.

2.2.2. REMARK. There is a relation between environment models for simply typed
A-calculus and cartesian closed categories. For simplicity of presentation, we

identify a type o with the object which interprets it in a ccc, as in §2.1.1

e A ccc C gives rise to an applicative structure A: A, = €(1,0), App,, =
c(1,ev,,0(--)) : €(1,0 = 1) x €(1,0) — €(1,7), with the interpretations
of constants as given for C, e.g. a constant ¢ : ¢ is interpreted in C as a morph-
ismc:1— o € A,. This structure is extensional when C(1,_) : C — Set is
faithful. The environment model condition is satisfied because, given an en-
vironment p, the interpretation A[T'F ¢:0]p is obtained from that in € as
[Trt:0]opr. Here,for T =[z;:7,...,2,: 7], pr € C(1, 7y X ...7,) is

obtained by tupling the p(z;).

e An environment model A, which interprets x-types, generates a cartesian

closed category C as follows: its objects are the types o and
Clo,ry={f:A, > A, €S8et|Ft.z:ott:7and fla)=[z:0Ft:7][a/z]}

That is, we consider only those functions definable by terms of the calculus.
The cartesian closed structure is easily obtained using the operations of the
calculus on the terms defining the morphisms. The restriction to definable

functions is not necessary for full type hierarchies, which are sub-ccc’s of Set.
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Full details of the above relationship between the two notions of models for simply
typed A-calculus and generalisations to weaker calculi are given in [Mar92]. See

also [Jac91b], where this relationship is extended to second-order A-calculus.

We now recall the definition of a logical predicate over an applicative structure,

as given in [Mit90].

2.2.3. DEFINITION. Let A = ({A,}, {App, .}, Const) be an applicative structure
for signature . A logical predicate P = {P,} over A is a family of predicates

indexed by type expressions over ¥ such that
« P,CA,
o P,_..(f)ifl Vo € A,. P,(c) = P,(App,, f )

e P,(Const(c)) for every constant c¢: o in X.

If we consider x-types, we should add the following condition:
V2 € Agr . o o(2) iff Py(mpr(2)) AP, () (2)

— A, m. A, — A, denote the corresponding projections

where 7, : A o Tor

oOXT

for the x-type.

The notion of n-ary logical relation over n applicative structures corresponds
then to a logical predicate over the product of the structures, which is again an ap-
plicative structure with the evident componentwise operations and interpretations

of constants.

For an A-environment p and a logical predicate P over A, we define
N
P(p) 2 Va : o € dom(p). P,(p(=))

On the presence of x-types, if dom(p) = z, : 1y,...,2, : 7,, P(p) amounts to

PT] X...XTn (P(-’El), ey p(.’l:.n).
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2.2.4. LEMMA (Basic Lemma, for models). Let A be an environment model for &
and P be a logical predicate over A. For all A-environments p and L-typing

contexts T

P(p) = F,(A[Ttt:c]p)

for everyterm 't : 0.

For a closed term | ¢ : o, the above lemma implies that P,(¢) holds. The Basic
Lemma is the fundamental property of logical predicates, which makes them a
useful technical tool in proving properties about terms of simply typed A-calculus.
Given a property Q on terms, e.g. Q(t) =t is strongly normalising, if we want to
prove that it holds for every term, we just have to find suitable logical predicate

P which entails Q; the desired result follows then from the Basic Lemma.

This situation is similar to the usual method of proving properties about the
natural numbers by induction, where we must find a suitable inductive property
which entails the desired one. For a precise analogy between logical predicates

and induction, see §4.2 and §4.5.

Several applications of logical predicates are in [Mit90], including the following

ones:

o extensional collapse of an applicative structure by a logical partial equival-
ence relation, i.e; symmetric and transitive on every type, which yields an

extensional applicative structure.
e proofs of normalisation and confluence properties for A-calculus,

e representation independence results for simply typed programming languages,
stating that programs do not depend on the way data types are represen-
ted but only on the behaviour of data types with respect to the operations
provided. This is formulated by requiring that if two interpretations A and B
of the language are related in a ‘certain way’, then the meanings A[Fp: o]
and B[l p : o] of a program, i.e. a closed term, - p : o are also related in

the same ‘certain way’. The precise way in which the interpretations must



Chapter 2. Preliminaries on categorical logic 66

be related is via logical relations, which guarantee the desired property by

the Basic Lemma.

2.3. Reflective and coreflective cartesian closed categories

We conclude our prelimary material with two propositions which allow to infer
cartesian closed structure for reflective and coreflective categories. We will apply
these propositions in §4.3 to infer the cartesian closure of some categories in the

context of logical predicates.

2.3.1. PROPOSITION. Given a coreflection of categories with finite products
G
C T D
J

where J is a full and faithful finite-product preserving functor, if D is cartesian

closed, so is C.

Proof. For X,Y € |c]|, let

C

1>

x=%y & qux=Puy)

where we use superscripts to differentiate between exponentials in € and D. Then,

c(2,Xx=CY) = czG6Ux=Piy)
>~ p(Jz,JX =P JY)

(

(

IR

p(JZ xP JX,JY)
p(J(Z x© X),JY)

1%

since J preserves products
c(z x¢ x,Y)
since J is full and faithful.

12

2.3.2. PROPOSITION. Let

< |-
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be a reflection, i.e. J is full and faithful, with 77(:>D oJ x J°%) a natural isomorph-

ism. If D is cartesian closed, so is C.

Proof. Let X =°Y = L(JX =P JY). For a brief argument, observe

J(X=PY) = JLIX =P JY)
~ JX =3P Jy

where the isomorphism is obtained using n(=" oJ x J? )(x,v)- This is the hy-
pothesis of Lemma 4 of [Ehr89], which yields the desired conclusion. A direct

calculation is just as simple and we leave it to the reader. ]

2.3.3. REMARK. The hypothesis of Proposition 3.3.10 means that the reflection
does not affect exponential objects of the form _ =P JY. Indeed we could extend
the above proposition to show that C is an exponential ideal of D, meaning that
for objects X,Y € |D|if Y isin C, so is X =P Y. This applies to categories of

sets with structure, where the structure on exponentials is given pointwise.



Chapter 3

Fibred adjunctions and change of

base

In this chapter we examine the relationship between change-of-base and fibred
adjunctions. The main result, Theorem 3.2.3, shows that by performing change-of-
base along a left adjoint functor we can factorise a fibred adjunction into a standard
adjunction in Cat and a vertical fibred adjunction. Such a factorisation has two
immediate important corollaries: Corollary 3.3.6, which characterises fibred limits
for a fibration in terms of limits for its total and base categories and Corollary
3.3.10, which proves the cartesian closed property of the total category of a fibred-
ccc with products. This second corollary will be applied in §4.2 to give a category-
theoretic account of logical predicates for the simply typed A-calculus. A further
important application of Theorem 3.2.3 occurs in §5, in the construction of the

Kleisli fibration of a comonad in Fib.

In order to prove the abovementioned result we present in the first section
several properties of change-of-base, which essentially rephrase the elementary
formulation of cartesian morphisms in terms of 2-cells. These properties allow
us to deal with adjunctions in an algebraic way, using the 2-categorical definition
1.1.3. Not only does this give an elegant proof but it also shows that the argument
can be carried over to fibred 2-categories. See §7 for further considerations on this

topic.

68
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3.1. Change-of-base and 2-categorical structure

In this section we collect together some 2-categorical aspects of the change-of-
base construction. First, there is a change-of-base 2-functor induced by a [Jac91a,

Lemma 1.1.7].

3.1.1. LEMMA. Fvery functor K :B — A induces a change-of-base 2-functor
K™ : 7ib(R) — Fib(B), which preserves finite products.

K*(F)
K'E)  yK'(0)  K'(®)
K*(G)
K*(p) A@
B
K
A
/ \
’ F
E ‘.Uo' D
G

This 2-functor restricts to K™ : Fibg,(R) — Fib,,(B).

The following lemma expresses the cartesian-lifting property of fibrations in
terms of 2-cells (i.e. natural transformations). The first item is [Jac91la, Lemma

1.1.8].

3.1.2. LEMMA.
(i) Given gq and a natural transformation (0 : K- L) :B — A. There is B-

fibred 1-cell (o

~

. L"(¢) = K*(q) and a 2-cell a; :¢" (K)o (o), = ¢"(L),
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L*(D (L) D
(o) L 7 (K)
L(q) (D q
K*(q)
L 4
B o A
K

such that (a;,a) :(¢"(K)o(o),K)= (¢"(L),L): L*(q) — q is a fibred 2-cell and
a; has cartesian components.

(ii) Given Ep and Eq , a natural transformation 0 : K- L:B — A and two
1-cells (K,K),(L,L):p — q in Cat™, change-of-base induces a one-to-one cor-
respondence between vertical 2-cells (that is, 2-cells in Cat/B)

&: K= (o),0L:p— K*(q)

and 2-cells (5,0): (K,K) = (L,L):p— q.
K*(q)

=

¢ (K)

p U8 (o) Yo, ¢

~

7 (L)
L*(q)
Proof. During the proof we omit the subscripts , to simplify notation.

(i) For X € |L7(D)|, o%

@x (¢ (L)X) and (o), X is the unique object Y of K™(D) such that ¢"(K)Y =

is the unique morphism f such that ¢*(L)f =

0™ L+ (gx(¢7(L)X); the morphism part of (7), is similarly determined by the uni-
versal property of cartesian morphisms. (o), preserves cartesian morphisms by

Proposition 1.2.3.
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(ii) By (i), we get o' : ¢*(K) 0 (o) = ¢*(L). So, given & : K = (o) o L, we get
5:K = Lovero by composition:
§=0Log" (K)o

Conversely, given &: K = L, we get 6: K = (o) o L as follows: ¢’ is cartesian

over o and therefore, for X € |E| we have

¢ (K)KX

KpX

apX v
1KpX

KpX LpX

apX

&x : KX — (0)LX is the unique morphism in K*(D) such that

q*(K)&X = ¢&x

K (q)éx = L

obtained using the 2-dimensional property of pullbacks in Cat, see §1.1. Naturality
of & follows readily from the universality of cartesian liftings. The constructions

of 6 and & are mutually inverse. ]

We say that & above is obtained by factoring & through o. We call the 2-cell
(¢',0) in (i) a cartesian fibred 2-cell. The notation &, (c), and a; will be used in

the remaining of the thesis.

3.1.3. REMARK. Statement (i) above asserts the existence of a cartesian lifting for

natural transformations. (ii) asserts its universal property.
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Using Lemma 3.1.2 we obtain the following condition for a functor F': p — ¢
in Cat/B,p,q fibrations over B, to be a B-fibred 1-cell. First we need an auxiliary

definition.

3.1.4. DEFINITION. Given fibrationsp: E —- Band ¢: D — B, F : p — ¢q and a nat-
ural transformation o:K-H:A—B, let (o),:H (p)— K'(p) and
a; :p'(K)o(o), = p"(H) be the fibred 1-cell and 2-cell obtained by applying
Lemma 3.1.2.(1) to o and p. Similarly, let (o),: H"(q) —» K*(¢) and
or; :q" (K)o (o), = ¢"(H) be the corresponding ones for o with q. Then, con-
sidering

Fo :q"(K)o K"(F)o({o), = Fop"(H)(= ¢ (H)o H'(F))
, we have a 2-cell
(Fo,,0): (q°(K) o K*(F) o {0),K) = (¢"(H) o H*(F), H)
in Cat™", which induces by Lemma 3.1.2.(ii) a vertical 1-cell
¢, : K*(F)o (), = (o), 0 H*(F)

F . . .
é, is the canonical comparison 2-cell.

From the proof of Lemma 3.1.2.(ii), the component at an object (I,X) €

|A x E| of the canonical comparison 2-cell ¢f is the canonical morphism

Hp
(I, Fo* (X)) — (I,0"%(FX)) in A I? E, induced by the cartesian morphism
,q

(c) (FX): 6" (FX)— FX. Hence, F preserves cartesian morphisms precisely
when every component of d)f is an isomorphism, as stated in the following pro-

position.

3.1.5. PROPOSITION. Given Ep, Eq JF :p— qinCat/B, F is a B-fibred 1-cell (i.e.
preserves cartesian morphisms) iff for every mnatural transformation
oc: K- H:A— B (for arbitrary A), the canonical comparison 2-cell ¢5 is an

isomorphism. Further, F' preserves cleavages (strictly) iff ¢f is the identity.
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3.1.1. Algebra of fibred 2-cells

In this section we state some equational laws for fibred 2-cells. They follow from
the universal property of cartesian 2-cells, as stated in Lemma 3.1.2. These laws
will be used in §3.2 to prove properties about adjunctions in Fib and in §5.4.2,

where we present Kleisli fibrations for comonads in Fzb.

Given functors K : A — B and H : B — C, we have by Lemma 3.1.1 2-functors
K™ o H* : ib(C) — Fib(R) and (HK)* : Fib(C) — Fib(R), given by pullbacks. Since
the composite of two pullbacks squares is again a pullback, by Corollary 1.2.4, there
is a 2-natural isomorphism dg y : K" o H* = (HK)". Further, we assume that
In=1g bA)" We thus have a normalised cleavage for the fibration cod : Fib — Cat.

These 9’s satisfy coherence conditions as for the §’s in Definition 1.3.1.

The following two propositions summarise the algebraic laws concerning fibred
2-cells. They essentially give an ‘external’ formulation of the elementary prop-
erties of cartesian and vertical morphisms of a fibred category. They reflect a
2-dimensional aspect of the fibration cod: Fib — Cat. They can be verified using
the elementary definition of the natural transformations involved and universal-
ity of cartesian morphisms. An equivalent and simpler way to prove them is by
‘pasting’ of 2-cells and Lemma 3.1.2.(ii). We prove one of them, Lemma 3.1.10,

for illustration.

3.1.6. LEMMA. Consider the following data

. H  _F
A" J&a ‘B &5 C
J G

q p p

H
A Ja B
J
ie.7:F = G:p—p in FibB) and (&,a): (H,H) = (J,J): ¢ — p in Fib.

(i) Fa= ¢ Jo H"(F)a
(i5) (@) 0 J*(3) 0 6% = 42 o H*(%) o (a),
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3.1.7. LEMMA. Consider the following data

~ ~ ﬁ ~
e—L RS o=y M g
s
T q K P S
H
C ad o

I tg B3 P
14

i.e. fibrations r,q,p,s, fibred 1-cells .(I:,L) v —gq, (HH),(J,J),(K,K):q—p
and (M,M):p—s and fibred 2-cells (&, o) :(H,H)=(J,J) and
(8,8): (J,J) = (K, K).

(i) (Boa),= B0 (B),op (H)(, ;)™
(i) B =6,50(c)Boa
(iii) L*(8) = &q*(L)
(w) &L = L*(@)L

(v) Ma=¢,J o H(M)a

' H
3.1.8. LEMMA. Given Ep, Eq and D—L+-A7y o B-E.C

(i) (Ka), = 9 k(p)(@) k()97 5 (P)
(i) (Ka), = p"(K)(@) k()97 5 (P)
(iii) (aL); = 91x(g)L"({a)g) 07 ()
(iv) (aL), = (a),(J"(¢)"(L)97}5(q)

Since the objects of Fib are fibrations, their cartesian lifting property determ-

ines vertical comparison 2-cells, as given by Lemma 3.1.2.(ii) . In detail, for E}) ,

e givena functor F': A — B, p induces a 2-cell v} : 15.(;) = (1F),, whose com-
ponent at an object (I,X) € |A x E|is (17,77 : X — 13(X)), induced by
Fp
1,(X);

H
e given 2-cells Aﬁg; B, p induces a 2-cell &, ; : (a), o (#), = (B o a),, whose

component at (I, X) € [A x E|is (11,6,,4, : a;(B7(X)) = (Bro ar)* (X)),
Kp

induced by f; o a;(X).
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~’s and §é’s are uniquely characterised by the following properties:
° (1F);, o p" (F)g = lpe(m)
o (Boa),op™(H)&, ;= B, 0c,(B),

These 2-cells satisfy the coherence conditions of Definition 1.3.1. When the 7’s are
identities, we have a normalised cleavage for p. If additionally the é’s are identities,
we a have a splitting. The comparison 2-cells are preserved by change-of-base, as
stated in the following lemma.

H
3.1.9. LEMMA. Given Ep and C-L Ai{ 2. B,

o 19K,F(If’)L*(’an}) = 'Y;{LﬂL,H(p)
i ﬂL,H(p)L*(‘SZ,ﬁ) = 5ZL,ﬁL19L,K(P)

The comparison 2-cells are also preserved by fibred functors, as follows:

3.1.10. LEMMA. Given a B-fibred 1-cell F : p — q and 2-cells Ag g B,
() —LE) g (o) — ) g
lH‘ (») ’é <1H>p = J<1H>q = 1H"(p) 1H“(q) ’g <1H>
*(P)—*U}T—’H*(Q) H*(P)W’ “(q)
i.e. d)l o H*(F)yY, =~ H*(F)
k) —E ) | g K(p) — 5 k()
(B)| 5 () % (B)
= (B oa) ' - =
e Boa) = T(0)—E L Ho)l@on)
ga
(a) () e (a) |
(o) —2 ) () i) —LE )
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A2 ¢§oa 0 H*(F)5§,p = 5Z,ﬁK*(F) ° (a)q¢§ ° ¢f<ﬂ>q

Proof. We prove the second statement. We show both 2-cells are equal when

composed with (5o a);:

(B0 a).K*(F)oq"(H)(¢p,, o H(F). )
= (Boa), oq (H)H (F)S ,
= ﬂ,,, © 0‘;(,3)p
= BK"(F)oq (J)g; oo J*(F)(B),0 ¢ (H)$,(B),
= BK"(F)oa (8),K"(F)oq"(H)((a)s o 4, (B))
= (Boa), o q"(H)(8% sK"(F) o (a)y$p 0 6,(B)y)
using the defining properties of the § and ¢ isomorphisms. The result follows by

Lemma 3.1.2.(3i). O

3.2. Lifting and factorisation of adjunctions

We now have enough machinery to study the interaction between change-of-base
and fibred adjunctions. The following lemma establishes one important aspect of
the change-of-base 2-functors with respect to adjunctions between the base cat-
egories. We present two proofs for it to illustrate the difference between an intrinsic
yet elementary reasoning, ‘looking inside the categories’ and a 2-categorical one,
using the algebraic laws for fibred 2-cells in §3.1.1. The latter is more involved, but
shows the argument in its natural context. In the proofs we will assume without

lost of generality that the chosen cleavages are normalised.

3.2.1. LEMMA. Given Ep and an adjunction F 4G :B — A via 7,¢, change-of-

base along F' yields a cartesian fibred adjunction

¢ (F)
F*(E) 1 E
G
F*(q) q
F
A 1 B

G



Chapter 3. Fibred adjunctions and change of base 7

First Proof. Let X be an object of E; We must show there is a cofree object for
(I, X) with respect to F', i.e. terminal in the comma category F' | (I,X). It
is G(I,X) = (GI,€;(X)) € |F*(E)gy| with counit component €7(X) : }(X) — X
in F*(E). Here €; is any cartesian morphism over ¢; with codomain X. As for
universality, let (J,Y) € |F*)(E)| and f : Y — X in E. By universality of ¢; there
exists a unique f':J — GI such that ¢; 0o Ff' = ¢qf. €(X) is cartesian and
hence there is a unique & :Y — €(X) with €(X) ok = f and thus a unique
(f', ) : (J,Y) = (GI, €;(X)) with the required property, as shown in the diagram

below =X
ax g TR x
*
(f k) Fe ok
. f
(LY) Y
over
GI FGI—L .7
f e Ff
. qf
J FJ

The construction given above is such that the counit of ¢*(F) - G is cartesian
over that of F - G, as required for a cartesian fibred adjunction. We could
verify directly that the resulting functor G preserves cartesian morphisms, but

this follows from Lemma 3.3.3.(ii) below. 0

Second Proof. We use the following abbreviations

¢ =q¢"(F), F=q(F), G=()G)

91,
(€) ﬂe\q
q y

(FG)"(¢¥ (FG)

We have

The right adjoint G is G"oﬂc_;,lp(q)o(e)q:q—>F*(q), with counit & =

6; : F'G = 1,,since F'oG" o 1951F(q) = ¢"(FQ), by universality of pullbacks. The
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-1
GEF

6;.11),617 and codomain (q')*(G'F)ﬂ;},’F(q)(eF)q = GF' using Lemma 3.1.8.(iii) and

unit is 7 = (77;,19 (q)(eF)q)6;71’ .- The unit has the appropriate domain, that of

coherence conditions on ¥’s. The triangular laws are obtained as follows:
e eF' o F'f = 15 because eF' = (eF); : ¢ (FGF)(eF), = 1 by Lemma
3.1.8.(iv) and F'fj = (Fn);(eF)q o F'&;}) . by Lemma 3.1.8.(ii). The res-
ult follows by Lemma 3.1.7.(i) and the adjunction laws for F' 4 G.

o To show GeonG = 15 it suffices to show F'(GeonG) = 1.5 and ¢'(GeoliG) =
Lg(Fay*(q)> by the universal property of pullbacks. The latter is trivial. For

the former

¢Ge = (FGe).(€)yq" (FGFG)(6pg, . © bera,e)
using Lemmas 3.1.6.(i) and 3.1.8.(iv), and coherence for ¥’s,

¢MG = (FnG)(eFG)o{e)g 0 4" (FG)(F1G)o(8 56, © 8FGec) © Gpng roe)(€)a

using Lemmas 3.1.8.(iv), 3.1.6.(ii) and 3.1.2.(ii). The result follows using
the interchange law, cancelling opposite isomorphisms, and applying Lemma

3.1.7.(i) and the adjunction laws for F 4 G.

Theorem 3.2.3 below characterises fibred left adjoints in terms of vertical fibred
ones or, more precisely, adjunctions in Fib in terms of adjunctions in Fib(.) and

Cat. For a concise statement, we introduce the following auxiliary definition

3.2.2. DEFINITION. For a 2-category K, let K,4; be the sub-2-category of K, with
the same objects and 2-cells but with only those 1-cells f : A — B which have a
right adjoint f -1 g. Since the composite of two such 1-cells has a right adjoint,
namely the composite of the given right adjoints, K4 is indeed a sub-2-category.

Similarly, we have K, ,4; with morphisms those 1-cells which have a left adjoint.

3.2.3. THEOREM. cod: Fib,4 — Catyg; is a subfibration of cod: Fib — Cat. In
more detail, given Ep , Eq ,FA4G:A —Bvian,e€and aAﬁbred 1-cell(F,F):p—gq
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as shown below

F
E D -
p q
F
B 1 A
G

Then, the following are equivalent

(i) 3G :D - E.F 4G (in Cat) s.t. (F,F)-(G,G): q— p(in Fib).

(ii) 3G : F*(q) — p.F 4 G (in Fib(B)).

79

Proof. (i) = (i)- This implication means that it is possible to define a ‘global’

fibred right adjoint G given a vertical one G and a base one G. This is achieved

by composition of adjoints.

By Lemma 3.2.1, we get a fibred right adjoint to F', F' 4G : ¢ — F*(q) via

7, €, and therefore G = (o G is a right adjoint to F'. It only remains to verify that

the unit 7 = GiFF o # of this adjunction, where # is the unit for ¥ 4 G, is over 7:

pii = pGiF o pij = F*(q)7F = nF*(¢)F = np

(i) = (ii) We first give the intrinsic argument, and then outline the 2-categorical

one, as in the proof of Lemma 3.2.1.
Given (I, X) € |F*(D)|, i.e. ¢X = FI, let

G(1,X) = 0" (GX)
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It is the domain of an arbitrary cartesian lifting of 5; : I — GFI at GX. The
instance of the counit & x) : FG(I,X) — (I, X) is given by

Eax) = éx o F((n) (GX))

as shown in the following diagram

F(n;P(GX)) F(eu)), Fax &% x

FI FGFI FI '

NI €FI
To verify its couniversality, for Y € [E;| a vertical morphism f : F'Y) — (I, X)
induces a unique morphism f’':Y — GX by the adjunction F' 4 G, such that
€Ex O F(f') = f and pf’ = n;, because the adjoint transpose of f across F' 4 G
is over the adjoint transpose of 1p; across F 4 G by the definition of fibred

adjunction. So, f’ factors through (n7)’ (GX), giving a unique vertical morphism

f:Y = nP(GX) with
ex o F((n)"(GX)) o F(f) =éx o F(f') = f
as required.

The 2-categorical argument goes as follows: 7n:1g = GF induces
(M), : (GF)*(p) — p by Lemma 3.1.2.(i). Consider the following diagram

F(p ¢ (F)
e 4 G
(GF) (P)W G (p) e p

where G’ = (q,G). Then G = (n), 0 F*(G') is the desired right adjoint. The unit
n:l, = GF is obtained applying Lemma 3.1.2.(i1) to the fibred 2-cell (7, 7). The
counit 7 : G = 1. (») 15 obtained applying Lemma 3.1.2.(ii) to the fibred 2-cell

(2q"(F) o FnF*(G'),eF o Fn): (FG,F) = (¢"(F), F)
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The triangular laws are verified using the algebraic laws for 2-cells of §3.1.1, as in

the proof of Lemma 3.2.1. O

3.2.4. REMARKS.

e (ii) = (i) above does not require that p be a fibration. Similarly, (i) =

(i1) does not require that ¢ be a fibration.

o Cartesian fibred adjunctions are precisely the cartesian morphisms for the
fibration cod : Fibj,4; — Caty,g;, which justifies the terminology. Lemma 3.2.1

asserts that pullbacks in Cat provide a cleavage for this fibration.

By mere duality, we get the following results concerning lifting and factorisation
of cofibred adjunctions for cofibrations. Recall that _* : Cat — Cat turns right

adjoints into left adjoints and vice versa.

3.2.5. COROLLARY. Given a cofibration q : D — B and an adjunction F1G:A — B

via 1, €, change-of-base along G yields a cartesian cofibred adjunction

7 (G)
F*E) T E
F
F*(q) q
G
A T B
F

Proof. Apply Lemma 3.2.1 to the fibration ¢°” and the adjunction G 4 F°?. O

3.2.6. COROLLARY. cod: CoF'ib,,4; — Cat, g is a subfibration of
cod : CoFib — Cat.

Proof. From Theorem 3.2.3, by a duality argument as in Corollary 3.2.5. See
Remark 1.1.4. ]

In the following section we show two important consequences of Theorem 3.2.3

dealing with (co)limits and cartesian closure for fibred categories.
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3.3. Fibred limits and cartesian closure

We will apply Theorem 3.2.3 to give a characterisation of the completeness of
the total category of a fibration in terms of that of the fibres and of the base
category. In order to do so, we shall make use of the following simple property
of the exponential 2-functor (_)II (for 1 a small category) in Cat, i.e. the 2-functor

such that A! is the functor category.

3.3.1. PROPOSITION. Given a fibration p : E — B and a small category |, pII g - g

is a fibration.

Proof. A natural transformation a: F-—> G :1 —E 1is p"—cartesian iff every com-
ponent is p-cartesian. Thus a p-cartesian lifting is obtained from p-cartesian

liftings, pointwise. 0

3.3.2. REMARK. The above proposition actually shows that Fib has cotensors, as
in Cat, in the sense of [Kel89]. This means that we have the following isomorphism

of categories

Fib(g,p') = Cat(1, Fib(q, p))

The above definition of fibred I-limits is then a direct generalisation of that of

limits in Cat.

We shall also use the following property of right adjoints in Cat/A and Cat™.

It turns out that such right adjoints preserve cartesian morphisms.

3.83.83. LEMMA.

(i) ([Win90, Lemma 4.5]) Given Ep , Eq , a I-cell G: q — p in Cat/B, if there
is F : p— q such that F 4G in Cat/B then G is a B-fibred 1-cell.

(ii) Given Ep, Eq, a I-cell (G,GQ):q— p in Cat™, if there is (F,F):p— ¢
such that (F', F) 4 (G, Q) in Cat™ then (G,Q) is a fibred 2-cell.

Proof.
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(i) We simply have to show that G preserves cartesian morphisms. Using

Proposition 1.2.16, this amounts to
G o GAQ = (___)Ap o cod (G)
which holds because they have a common left adjoint:
G~ OGAQ FLoF = cod (F)o I, 46Apocod*(G)

(i) Similar argument in Cat ™ instead of Cat/B.

The following definition of fibred I-limits is due to Bénabou.

3.3.4. DEFINITION. For any small category I, a fibration p : E — B has fibred (-
limits (respectively colimits) iff the fibred functor Aj:p — Ai‘(p"), uniquely de-
termined in the diagram below, has a fibred right (respectively left) adjoint
Ay A Lim

() (A)
) P

B

where Aj:B — B! and Aj:E — E! are the diagonal functors taking dbjec‘ts A to

constant functors (I — A).
Dually, we speak of fibred I-colimits, and of cofibred I-limits/colimits for a

cofibration.

3.3.5. REMARKS.

Similarly to Remark 3.3.2, the fibration A} (p") is a cotensor in Fib(B), as we
have

Fib(8)(q, A} (p') = Cat(1, Fib(B)(q, p))
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Hence, the above definition of fibred I-limits for a fibration is analogous to
the definition of I-limits for an ordinary category. Remember that a category

C has I-limits if the diagonal Ay :C — c' has a right adjoint.

e Using the indexed view of fibred adjunctions, a fibration Ep has fibred I-
limits if every fibre has I-limits, in their usual sense in Cat, and the reindexing

functors are I-continuous, i.e. preserve I-limits.
Now we can characterise fibred limits as follows:

3.3.6. COROLLARY. Letl be a small category and Ep be a fibration such that B has

I-limits. Then p has fibred V-limits iff E has and p strictly preserves I-limits.

Proof. Apply Theorem 3.2.3 to the following data (where pll :E' — B is a fibration

by Proposition 3.3.1)

E Ay £l
p P
Ay
B N B'
Limj

E has and p preserves I-limits means precisely that the above diagram can be
completed to an adjunction (Aj,A;) 4 (Limy, Limy) in Cat ", which by Lemma

3.3.3.(ii) is an adjunction in Fzb. 0

3.3.7. COROLLARY. Letr : D — A be a cofibration such that A has 1-colimits. Then

r has cofibred 1-colimits iff D has and r strictly preserves I-colimits.

3.3.8. REMARKS.
e Corollary 3.3.6 yields a stronger version of [BGT91, Theorem 1].

¢ Recall that a fibration is a bifibration (i.e. its dual is a fibration as well) iff
every reindexing functor has a left adjoint, cf. Proposition 1.2.7.(iii). Thus

Theorem 2 in 4bid. is a consequence of Corollary 3.3.7.
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e 1bid. applies these results about fibred limits and colimits to prove (co)com-
pleteness of several categories of relevance in the area of algebraic specifica-

tions, such as those in Examples 1.3.3.

We make explicit the expressions for finite products in E obtained by lifting
(‘only if’ direction of Corollary 3.3.6) in the following definition. We shall make
use of this description in Corollary 3.3.10 below and in §4, which will justify the

terminology to be introduced.

3.3.9. DEFINITION. Given Epa, fibred-cc, where B has finite products. Then, by
Corollary 3.3.6 E has

(i) logical terminal object 1 = 1(1) (the terminal object of E;). For X in E,,

~

'x 2T,(1(1))o!(1)x : X — 1(1), where ! ; is the unique morphism A — 1 in B and
'(1)x is the unique morphism X — 1(A4) = (1,)*(1(1)).

(i1) logical binary products: for X € |[E4|, Y € |Eg|,
XXY = (WA,B)*(X) X AxB (W;,B)*(Y)
, where X4, p is the product in the fibre E4, . -Projections:
Txy =7Ta,8(X) 0Ty yy: X XY = X
(where the second projection is taken in the fibre E4, 5), and a similar expression

for n'x y.

Another useful consequence of Theorem 3.2.3 is the following sufficient con-
dition to lift cartesian closed structure. This result can be seen as a categorical

version of logical predicates. This will be explained in detail in §4.2.

3.3.10. COROLLARY. Gliven Ep such that p is a fibred-ccc with Consg-products, if

B is a ccc then E is a ccc and p preserves the cartesian closed structure.
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Proof. From Corollary 3.3.6 we know E has finite products. Then, for every X €
E 4, we must supply X= such that the following is a fibred adjunction:

XX

E L E
X

p P
_x A

B L B
A= _

By Theorem 3.2.3, it is sufficient to define a fibred right adjoint G to _x X, as

displayed below
xX
E L Ee A E
G _
Pa p
p

(==}

_xX A

If we examine the action of _x X on a particular fibre E¢ (cf. Definition 3.3.9),

we see that it can be factored in the following way:

-xX|¢
Ec Ecxa

T A _ xOxA () x

Ecxa
Then, wehave (_ x“** (7')* X) 4 ((z')* X =4 )and7* ¢, 4 4. So, we have
a family of right adjoints Gg = I, o ((7')* X =>CXA); since p is a fibred ccc and
I1, is a Cons,-product, such a family underlies a fibred right adjoint _x X - G
as desired (using [Jac9la, Lemma 1.2.2] and Proposition 1.4.5). ]

We spell out the expression for exponentials and evaluation morphisms in the

following definition. The terminology will be justified in §4.

3.3.11. DEFINITION. Given Ep satisfying the hypothesis of Corollary 3.3.10, E has
logical exzponents: for X € |[E|4, Y € |E|3,

X=~>Y = HA((W‘IA:B’A)*(X) :>A=>B><A eV;,B(Y))
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where =, p,4 is the exponential functor in the fibre Ey. g4 and
evyp: A= Bx A— B isthe B-component of the counit of (1) x A 4 A= (.).

The logical evaluation morphism is

e~VX1y = m(Y) o} eV((ﬂ,l)t(X):evt(Y)’(ﬂ.l)t(X)) 0o e(ﬂ.l)t(x)ﬁevt(y) . X$Y§<X — Y
where ¢ is the counit of (7, 5 ,) 4 11,.

We end this chapter with a concrete simple example of Corollary 3.3.10. The
concrete description of the ‘logical’ cartesian closed structure in this example has

a suggestive shape, which hints at the connection with logical predicates which we

will make explicit in §4.

3.3.12. EXAMPLE. Consider 2 : Sub(Set) — Set. Set is cartesian closed and @ is a
fibred-ccc as mentioned in Ex. 1.4.3.(iii): products in a fibre Sub(Set)x = pX are

given by intersections, while exponentials are given by
SCX)=cX)2{zeX|zeS=z€S'}

It also has Consges-products, c¢f. Example 1.4.6.(iii).

Products and exponentials in Sub(Set) can be described as follows. Given

5S4 C A and Sg C B, we have

SA;&SB = {(.’E,y)EAXBl.'EeSA/\yGSB}

S,;=>5p =2 {f:A—-B|Vze€eAzeS,= fze Sz}

because

R

(Th 5.a)" (Sa) {(f,z) € (A= B)x Az € 54}
ev,5(S) = {(f,x)e(A=> B)x A| fze Sp}



Chapter 4

Logical predicates for the simply
typed A-calculus

The material about fibrations of §3, notably Corollary 3.3.10, is a basis for a
category-theoretic account of logical predicates for simply typed A-calculus, based

on the correspondence between A-calculus and cartesian closed categories as in

§2.1.1.

In §4.1 we introduce the internal language of a fibration Ep satisfying the hy-
pothesis of Corollary 3.3.10. By expressing the ‘logical’ cartesian closed structure
of E, as detailed in Definitions 3.3.9 and 3.3.11, in this language, we obtain the
formulas corresponding to logical predicates for simply typed A-calculus. We also
show how the essential property of logical predicates, namely the Basic Lemma
2.2.4, results from expressing in the internal language the soundness of typing for

the interpretation of A-calculus in E.

In §4.3 we present several examples of fibred-ccc’s with products. First, we
consider the injective scone of a category as given in [MS92], which captures logical
predicates for applicative structures as in §2.2. In a similar way, we get admissible
logical predicates for wCpo. A further example of logical predicates is that of Kripke
logical predicates, as in [MM91]. A different kind of example is provided by the
category of first-order deliverables, introduced in [BM91] to structure program
development in type theory; its cartesian closed structure follows from Corollary

3.3.10. As a final example, we show how to infer the cartesian closed structure

88
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of w-Set and PER from the above Corollary and the properties of reflective and

coreflective categories in §2.3.

In §4.4, we comment on the relationship between our approach to logical pre-

dicates and that in [MRY1].

In §4.5, we give a categorical formulation of the induction principle for induct-
ive data types in a distributive category. The approach follows that of logical
predicates, namely exploiting the logical meaning of the structure of the total

category of a fibration via its internal language.

4.1. Internal language for a fibred-ccc with products

Let Ep be a fibred-ccc with Consg-products and B a ccc. For instance, every
first-order hyperdoctrine, c¢f. Definition 2.1.1, is such. We will define its internal
language in the usual categorical-logic style, as in [LS86, Part I, §10.6]. For in-
stance, the internal language of a ccc C is the simply typed A-calculus whose types
are objects of C, terms are morphisms of C and equations between them reflect

the equality of morphisms in C.

The internal language of Igp is the {V,=, A, T }-fragment of first-order intu-
itionistic predicate calculus as outlined in §2.1.2, whose types, propositions, terms
and equations are determined by Elp . In more detail, the theory 7 has a type,

F A Type, for every object A of B and a term

z:Aru:B

for every morphism u : A — B in B, with the appropriate equations between terms
corresponding to the equality of morphisms in B. Since B is a ccc, such equations
include those of the simply typed A-calculus. We have the following correspondence
between substitution of terms for variables in the language and composition of

morphisms in B:
z:BFu:A I'v:B

F'Fulz:=v]=uov:A
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Propositions in context, or predicates, correspond to objects of H; for every

P € |H,| there is a judgement

z:AlF P(z) Prop

That is, objects of H4 correspond to propositions in context z : A in the internal
language. So, in every context I' we have the simply typed A-calculus of pro-
positions and proofs in such context, corresponding to the internal language of
Hr, which is a ccc. Thus, there are rules relating the logical connectives with
operations on the fibres:
z:AF P Prop z:AFQ Prop
[z:AlF14 T z:AFPXx,Q o PAQ
z:AF P Prop z:AF Q Prop
z2:AFrP=2,Qe P=Q

where the subscript ()4 indicates that the operations are those of the fibre Hy.

Additionally, since we are dealing with a fibration, there are rules for changing
contexts. There are two operations we can perform: reindexing, which corres-
ponds to substitution of terms for variables in predicates and proofs, and the
Consg-products, which correspond to universal quantification. For u: A — B,
u” : Hg — H4 corresponds to substitution in the internal language:

z:Atu:B y: B+ P(y) Prop
z:AFu(P) & P(u)

where, in general, I' F P « () indicates that there is a canonical isomorphism
between P and @ in context I, which we leave implicit to avoid notational clutter.
Likewise, the correspondence between the Consg-products and universal quanti-

fication is expressed by

I'yz: AF P Prop
'FI4,P - Vz: A P

A morphism f: P — @ in H, with pf = u: A — B, can be identified with its
vertical factor f : P — u"(Q) in Hy. Hence, in the internal language f corresponds

to

a::A]h:Pi—f:'Q(u)
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This corresponds to considering the equivalent fibration resulting from the Grothen-
dieck construction applied to the indexed category induced by the chosen cleavage

for p, whereby we identify f with ( f, u), cf. Proposition 1.3.6.

4.2. Logical predicates for cartesian closed categories

In §2.2, we presented logical predicates for set-theoretic models of simply typed
A-calculus. We now present them for categorical models, :.e. cartesian closed cat-
egories. We first show precisely how logical predicates for simply typed A-calculus
arise by interpreting the logical finite products and exponentials of Definitions
3.3.9 and 3.3.11 respectively, in the internal language of a fibration with suitable

structure, as presented in §4.1.

Let B be a ccc, regarded as a model of a simply typed A-calculus. A fibration

Elp , which is a fibred-ccc and has Consg-products, can be regarded, via its internal
language, as a first order logic over B, with {V,==,A, T} as logical symbols, as
outlined in the previous section. The cartesian closed structure of H is expressed

in this language as follows:

Terminal object in H:

i2 z:1F T Prop

Binéry product in H: For P € Hy and @ € Hg,
PXQ=2 z: Ax BF P(7z) A Q(7'z) Prop

!

and the projections P & PXQ = @, which are over A & Ax B 5L B

correspond to proofs
z:Ax B|p: P(rz) AQ(7'2) F 7 : P(nz)

and

z:Ax Blp: P(rz) AQ(n'2) 7' : Q(n'2)

respectively.
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Exponentials in H: For P € Hy and @ € Hp,
P=> Q%2 f:A=> BFVz: A(P(z) = Q(evas(f,z)))
because, for a predicate f: A = B,z: A+ Q Prop

f:A= BF{I4Q)(f) « Vz: A.Q(f,2)

and

ftA=>B,z: A F
(Tas 3,4)" (X)) =4z Bxaevy g(Y))(f,2) & P(z) = Q(eva,p(f,2))

The evaluation morphismev : P5Q X P — Q,overevyg: A= Bx A— B,
corresponds to a proof (given by its vertical factor, as explained at the end

of the previous section)

f:A= B,y: Alp:Vz: A(P(z) = Q(ev(f,z))) A P(y) k- év: Q(ev(f,y))

Just for illustration, let us show how logical predicates for +-types can be
obtained in this setting. Assume that B has binary coproducts. In the internal

language of B, they correspond to +-types, with rules
A Type B Type

A+ B Type
and term forming operators
F'+t: A 'tt:B l,z:ArFt:C T,y:BFt:C
F'Fuygt: A+ B Fl-L:LBt:A-I—B F,z:A+Bl~[t,tl]:C

Assume gp has fibred coproducts and cocartesian liftings for the coproduct injec-

tions A % A+ B & B. By Corollary 3.3.7, H has coproducts. To spell them out

neatly in the internal language of p, we will assume some further conditions on p.

Recall from Proposition 1.2.7.(iii), that the cocartesian liftings for the injections
amount to the existence of left adjoints, ¢ H ¢ :Hyp —Hy and
¢, 1 (V)" :Hyup — Hp. Following [Law70], we express this left adjoints in the

internal language of p, assuming an equality predicate at type A + B, written
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=4+ or simply =, and Consg-sums, which correspond to existential quantifiers,
cf. §2.1.2. We then have
z:AFP
z:A+ BF uw(P) e~ 3z : A.(tz =z A P(z))

. . /
with an analogous expression for ¢,.

Coproducts in H are given as follows: for P € Hy and @ € Hg,

P1Q = u(P) +a45 4(Q)

which expressed in the internal language of lgp becomes
PIQ2:2:A+BF(@z:A(w=2)AP(z))V 3y : B.(/y = 2) AQ(y)) Prop

This is just the expected definition by cases of a logical predicate for a +-type.

4.2.1. REMARK. The abovementioned equality predicate for lglp at a type A €
|B| amounts, in categorical terms, to the existence of cocartesian liftings for the
diagonal 6, : A — A x A, satisfying appropriate stability conditions. See [Law70]

for details.

The above considerations show how certain categorical structure in H, cartesian
closure for instance, can be expressed by logical formulas which correspond to
logical predicates for the relevant type constructor, i.e. products and exponentials.
The neat connection between the logical expression, i.e. in the internal language,
of categorical structure in H and logical predicates is due to the fact that H is fibred
and thus we can regard its objects as predicates, and its morphisms and terms and

proofs, as we did above.

We recall from [LS86, Part 1,§11] that a simply typed A-calculus £, specified by
its types, terms and equations, generates a cartesian closed category C(£). It is a
term-model construction. Then, an interpretation [.] of £ in a ccc B corresponds

to a functor [_] : €(£) — B which preserves cartesian closed structure.

Given E'p, with H a ccc and p strictly preserving the cartesian closed struc-
ture, for instance when p satisfies the hypothesis of Corollary 3.3.10, an inter-

pretation [_]: C(L) — H of £ in H yields an interpretation [-] inB, [-] =
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po [[:]] : €(L£) — B. Regarding H as a ‘category of predicates’ over B, the inter-
pretation [[:]] assigns to a type 7 a predicate [[;]] over [7], i.e. in the internal
language

z:7F P, (x) Prop

Then, the type-indexed collection {P,} is a logical predicate over {[7]}. This

leads us to the following definition:

4.2.2. DEFINITION. Let Ep be a fibration with H and B in Ccc, and p strictly
preserving the cartesian closed structure. Given an interpretation A : C(L) — B,
a logical predicate P on A w.r.t. p is a functor P :C(L) — H which preserves

cartesian closed structure and poP = A

We refer to logical predicates as in the above definition as categorical logical

predicates.

4.2.3. REMARKS.

o The above definition is the categorical version of Definition 2.2.3; we used A
for interpretations and P for logical predicates to make the correspondence
more evident. Note that the fibration p, which is the logic under consider-
ation is a parameter in the above definition. Indeed, it is possible to have

several logics over the same base category, see §4.3.2 for instance.

o Although the set-theoretic definition considers only the object part of
P :¢(L) — H as a logical predicate, the considerations in §4.2.1 below will
show that the morphism part of such a functor should be part of the logical

predicate as well.’

4.2.1. Basic lemma for categorical logical predicates

The essential property of a (set-theoretic) logical predicate is the so-called Ba-

sic Lemma 2.2.4. We will show that for logical predicates for cartesian closed
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categories, as in Definition 4.2.2, this is an immediate consequence of the sound-
ness of typing for the interpretation of simply typed A-calculus in cartesian closed
categories. By soundness of typing we mean that for a term z : o F ¢ : 7, its

interpretation in a ccc is a morphism with appropriate domain anc codomain, i.e.
[¢]:[e]—107]

Thus, given a logical predicate P : C(£) > Hover A: C(L) > Hatermz:0o b
t : 7 corresponds under P to a morphism P(t) : P, — @, over A(t) : A, — A,. As
we mentioned at the end of §4.1, we may identify P(t) with its vertical factor. We

then have as an immediate consequence of Definition 4.2.2

4.2.4. COROLLARY (Basic Lemma for categorical logical predicates). Given a lo-
gical predicate P : C(L) — H over A:C(L) —» H, for any term z : o k1 : 7, there

is a proof p
z:o|h:P(z)Fp: P(A}))

where p is given by the vertical factor of P(t).

This shows the role of the morphism part of a (categorical) logical predicate:

it amounts to a proof of the Basic Lemma for the predicate.

Finally, let us remark that the approach to logical predicates we presented
above can deal with n-ary relations as well, by considering fibrations over an n-ary
product of categories p: E — B; X ... X B,,; in the internal language of p, the ob-
jects of E correspond to n-ary relations z, : A;,...,z, : A, F R(z,,...,z,) Prop.
In particular, to consider n-ary relations over a given category B with finite

products, given Ep, we consider the fibration p’ obtained by change-of-base

E

where x,:B" — B is the n-ary product functor. Thus, objects of E' correspond

to predicates on n variables, or equivalently, n-ary relations on B.
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4.3. Some examples

We present examples of fibrations in which Corollary 3.3.10 can be applied. These
examples have appeared in the literature, although not explicitly recognised as
instances of the abovementioned corollary. They show how diverse categories have
cartesian closed structure for the same abstract reason and shows the applicability
of our constructions. Further examples of this kind of fibrations are in [Jac92,

Jac9la).

4.3.1. Sconing

The fibration 2 : Sub(Set) — Set has the appropriate structure to interpret first-
order predicate calculus, ¢f. Example 2.1.2. Given a category C with a terminal
object, we obtain a fibration over it by change-of-base along the global sections

functor C(1,.) : C — Set:

C Sub(Set)
4 z
C———
c(l
C is called the injective scone of C in [MS92].

We thus interpret logical formulas in cod classically. cod is a fibred-ccc, since
C(1,.)" : € — Set is a 2-functor which preserves finite products, by Lemma 3.1.1,
and hence preserves the relevant adjunctions. It also has Consc products by

Proposition 1.4.7. Thus, when C is a ccc, so is € and cod preserves such structure,

by Corollary 3.3.10.

The expression of the logical cartesian closed structure in such a fibration
then corresponds to classical logical predicates on C, as in [MS92], or rather, to
logical predicates on the applicative structure generated by C, cf. Remark 2.2.2.
Specifically, given objects A, B € |C| and subsets R C €(1,A) and S C (1, B),
their exponential in C is: for f:1 — A= B

fER=>S)&Vr:1 - Aze R=evup(f,z)€S
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In certain cases we may transfer structure from the injective scone of a category to
its category of subobjects (or rather, from the classical logic over it to its internal

logic). This is the case with wCpo which we analyse below.

4.3.2. Logical predicates for complete partial orders

Let wCpo be the category of w-complete posets (not necessarily with a bottom
element) and continuous functions between them. It is a standard tool in denota-
tional semantics, see e.g. [LS81]. Consider the fibration 2 : Sub’(wCpo) — wCpo ,
where an object in Sub'(wCpo)¢ is a subset of C closed under sups of w-chains, a
so-called admissible subset, and morphisms are commutative squares. Thus, every
fibre (Sub'(wCpo))¢ is small complete, with limits given by intersection. But the

fibres are not cartesian closed. For a counterexample, consider the cpo

T

oO— . .

Consider the admissible subset {0,a, T} and the family of admissible subsets
{0,...,:},for : € w. Then

0.6 TIN(V (0., = (0,T}# (0} = V (0,0, T} {0,...3})

This shows that {0,a, T} N_ does not preserve colimits and therefore cannot have

a right adjoint.

So, we cannot apply Corollary 3.3.10 directly to this fibration in order to get
logical predicates for this logic over wCpo. However, we can use sconing to get

around them.
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Consider the following change-of-base diagram

kCpo Z—(Ug Sub(Set)

wCpo TD Set

where U is the forgetful or global sections functor wCpo(1,_). As we have seen in

§4.3.1, ¢ is a fibred-ccc with Cons

wcpo-Products. So we can make sense of logical

predicates for wCpo using classical logic, ¢.e. the internal logic of Set.

There is a reflection R 4 J : Sub(wCpo) — £Cpo (via 1,1,¢,,), where J is the
inclusion and R simply closes a subset S C C (C a cpo) under sups of w-chains.

More precisely
R(S) = ({S' admissible subset of C | S C S’}

. Note that the existence of a reflection at every fibre is guaranteed by Freyd’s
adjoint functor theorem [Mac71, p.116]; the existence of R then follows from The-
orem 3 in [BGTI1]. It is easy to verify that 5 satisfies the hypothesis of Proposition
2.3.2 since the cpo structure on exponentials is given pointwise. Thus Sub'(wCpo)

is a ccc and we can interpret logical predicates in it.
The expression for exponents is then the same as for Set:
(SCO)=(SCD)=2{f:C—-DinwCpo|Vz:C.zeS = fzec S}

which is a subset of C = D.
4.3.1. REMARKS.

o There are other ways of showing that Sub’(wCpo) is a ccc, as in [MRII,
MS92]. The method used here reflects better the logical nature of the con-
structions involved: since the logic of admissible subsets over wCpo is not
rich enough to interpret the fragment of predicate logic required to express
logical exponents, we interpret them classically (that is, in Set) and reflect
them back into the above logic. So we are using the logic/fibration relation

in an essential way.
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e For the category wCpo, , consisting of w-complete posets with a bottom ele-
ment and continuous functions, consider the functor 2 : Sub’(wCpo, ) — wCpo, ,
~ whiere the objects of Sub'(wCpo, ) dre admissible subsets, i.e. subsets closed
under suprema of w-chains and bottom element. The functor z admits
cartesian liftings along strict functions, via inverse images as before. We
can thus infer the cartesian closed structure of Sub’(wCpo, ) because the base
morphisms involved in the construction of exponentials, namely projections
and evaluation, are strict. So, the above construction can then be carried
out in this setting. Anyway, logics for categories like Sub’(wCpo, ) should be
studied in the context of fibrations for categories of partial maps. See [KN93]

for some preliminary considerations on this topic, using indexed categories.

e Note that the internal logics of wCpo and wCpo, allow any subset, with the
discrete or flat ordering respectively, as a predicate. The restriction to ad-
missible subsets is necessary if we want Scott’s induction principle to reason

about least fixed points.

4.3.3. Kripke logical predicates

Kripke lambda models were introduced in [MMB87] to give Kripke-style semantics
for the simply typed A-calculus. Kripke models are complete for the usual proof
system of simply typed A-calculus, unlike Henkin models. By a Kripke lambda
model here we mean a model of simply typed A-calculus in the presheaf topos
Set”, with W the poset of ‘possible worlds’ regarded as a category in the usual

way. Thus a Kripke lambda model is simply a sub-ccc of Set”.

Consequently, Kripke logical predicates, as given in [Mit90,MM87] arise by

carrying out the constructions of logical products and exponentials in the internal
Sub(Set™)
17 .

Set”
logic of any topos, is a fibred-ccc with C’onssetw—products For a description of

logic of Setw, t.e. in the fibration This fibration, like the internal

the internal logic of toposes, and presheaf toposes in particular, see [LS86,Bel88,

Gol79]. We only review those aspects relevant to the present application. Kripke
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logical predicates are used to show completeness results for a special kind of Kripke

models in [MM87].

An object A in Set” consists of a W-indexed family of sets A” and transition
functions A,, ,» for w < w' € W, satisfying the evident composition and identity
laws. The translation functors of the fibration perform substitution (regarding
an object in the fibre Sub(Setw) 4 as a W-indexed family of subsets/predicates
PY C A"

((f: B— A) (P = A))" = {z € B | P*(f"z)}
The cartesian closed structure of the fibre Sub(Set””), can be described as follows:
Terminal object: 1Y = A”

Binary products:
(Px4Q)" = {zeA"|P(z) AQ"(z)}

Exponentials:

(P=4Q)" = {z€A” Vo >wP"(A,,2) = Q" (Aywc))

The corresponding transition functions are induced by those of A, e.g.

(P :>A Q)w,w’ = Aw,w"

Consg, ,w-products Il , : Sub(Set™ ) g4 — Sub(Set") , are given by
(I(P))* = {z€B"|Vw >w.Vac AY. P* (B, ,z,a)}
with transition functions induced by those of B.

The cartesian closed structure of Sub(Set") is given as follows:
Terminal object: 1¥(z) =T
Binary products: for P — A, Q — B

(Px@)" = {(z,y) € A" x B | P*(z) A Q" (y)}



Chapter 4. Logical predicates for the simply typed A-calculus 101

Exponentials: for P — A, Q — B

(P> Q)" = {fe(A= B)"|Vw >w.Vac A”.
(Yo" > w'.
P (A ) = Q" (e 5((A = B)yurf, Aur o @)))}
= {fe(A= B)”|Vu >w.Yac A.

PWI(G) = le(eUX,IB ( (A = B)w,w' f, a> )}

This is precisely the definition of Kripke logical predicates in [MM87]. The
fact that they are obtained in this way is also mentioned in ibid. We spelled them

out as an example of reasoning in the internal logic of a presheaf topos.

4.3.4. Deliverables

The examples presented so far have dealt with internal logics. Recalling the in-
terpretation of first-order predicate calculus in a first-order hyperdoctrine, we see
that for internal logics (i.e. subobject fibrations) there is at most one proof for
a sequent. This aspect is called proof-irrelevance, since any two proofs of a de-
rivable sequent are identified. However, in a ‘term’ hyperdoctrine, the fibres will
not be preorders. The category of deliverables which we analyse next uses such
a syntactic hyperdoctrine built from Coquand-Huet’s Calculus of Constructions
[CH88]. Actually, first-order intuitionistic predicate calculus over a simply typed

A-calculus as object language will suffice for the present example.

The category Del of first-order deliverables has

Objects A type s, together with a predicate S over s, S : s — Prop; a predicate

over s is simply an s-indexed proposition.

Morphisms Pairs (f,p) : (s,S) — (¢,T), such that f:s > ¢ and z : s F p(z) :
Sz => T(fz). Such a pair is called a deliverable.

Identity (1,,(Az :s.Ar:Sz.7)):(s,S5) — (s,5)
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Composition For (f,7) : (s,5) = (t,T), (9,0) : (6 T) = (u,U),

(g,9) o (f,p) = (g0 f,(Ar:Sz.q(fz)(pr)))

This category was introduced in [BM91], as the basis of an approach to pro-
gram development within the Calculus of Constructions. This approach integrates
the classical ‘Hoare-triples’ assertions of partial correctness with the synthetic ap-
proach to programming which extracts a program from a constructive proof of its
specification. The idea is that a morphism ( f, p) corresponds to a ‘program’ f and
a ‘proof of correctness’ p w.r.t. to the input-output specification S-T'. In ¢bid., the
authors show that the category of deliverables is cartesian closed, a fact which is
exploited to structure program development. This assumes mild variations to the
Calculus of Constructions, namely, the existence of unit types and 5-conversion.
Here, we show that cartesian closure is an immediate consequence of Corollary

3.3.10.

Let B be the (cartesian closed) category of types and terms of Calculus of
Constructions, underlying the category of deliverables. Define the B-indexed cat-
egory Del : B°® — Cat as follows: for a type s, Del(s) has predicates S : s — Prop
as objects; a morphism p:S — T is a proof z : s F p(z) : Sz => Tz. For a
morphism (term) f : s — ¢, the reindexing functor f : Del(t) — Del(s) performs

substitution:
ff(T:t— Prop) = Az:s.T(fz)
ff(p:S—=T) = z:stp(fz):S(fz) = T(fz)
The category Del is the fibred category over B obtained from Del via the

Grothendieck construction. It is a fibred-ccc, with the evident ‘pointwise’ struc-

ture, e.g.
(S:s— Prop)=, (S :s— Prop) = Ar:s.5c= Sz
and it has Consg-products, constructed with II-types:

I,(S:txs— Prop) = Ay:t.Iz:s.5(z,y)
O(p: S = S) = Az:s.p(z,y)
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By Corollary 3.3.10, Del is cartesian closed, with cartesian closed structure
given by logical predicates, essentially as in [BM91]. Note that a cartesian lift-
ing for a ‘program’ p:s — t and a predicate T : ¢t — Prop yields a weakest pre-
condition for p and T. Therefore, the notion of fibration is at the basis of the
original work on the axiomatic approach to sequential program verification using
Hoare-triples. The expression of such triples in a type-theoretic setting leads to
the abovementioned deliverables. In a later version [BM92], the authors refined
the structure of the category of deliverables to reflect more closely the Calcu-
lus of Constructions, which does not have n-conversion, in terms of semi-cartesian
closed categories. Further, they introduced a category of second-order deliverables
to allow the input and output of a program to be related in an specification. Such
construction amounts to a polynomial fibration over Del. The general construction

of such polynomial fibrations is given in §6.

4.3.5. Categories derived from realisability

As a final example of a fibred-ccc with products, we take a brief look at categor-
ies defined in terms of Kleene’s realisability interpretation of intuitionistic logic.
Specifically, we show how the cartesian closed structure of w-Set and PER can be
inferred from Corollary 3.3.10 and Propositions 2.3.1 and 2.3.2. The fact that
these categories are cartesian closed, follows from topos-theoretic considerations.
However, we include this material as an illustration; there is no claim of originality.
The basic material concerning the above categories and their applications in the

interpretation of polymorphic A-calculi can be found in [Pho92].

Let w denote the set of natural numbers and pw its powerset. For any set X,

we define the following preorder on X = pw:
pSqéﬂrEw.VxeX,nEw.nEp(:c)=>r-nl Ar-n € q(z)

where r - n denotes Kleene’s application and _ | is the ‘definedness’ predicate. Let

R : Set’” — Cat be the following Set-indexed category:

R(X) = (X = pw,<)
R(f:X->Y) = _of
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This indexed category is a so-called tripos. See [HJP80], where it is called the
recursive realisability tripos. Consequently every R(X) is a Heyting (pre-)algebra,

with operations:
Top element: Ty : X — pw = (z € X w)
Binary meet: Let (_,_) : w X w — w be a recursive pairing function. Then,

PXxq=(z€ X~ {(n,m)|nep(a) A me qg(z)})

Heyting implication: Let A, B C w and
A—>Bé{n€w|Vm€w.m€A=>n-ml An-m € B}

Then,
p=>xq=(z€Xm plz) — q(z))

Let 871{17 be the Grothendieck fibration associated to R. From the above, we already
et

know that p is a fibred-ccc. It also has Consg,;-indexed products: for z, ' € X,
let

, w ifz=12
6)(('7373;):{

@ otherwise

Then,

Hx(p:Y x X »w)(y) = {n|V(y,2) €Y x X.n € (6(y,4") — p(v/,2))}

By Corollary 3.3.10, R is a ccc. Denoting the objects of R as A = (|A|,p,),

the cartesian closed structure is given by

Terminal object: ({*}, T(.;)

Binary products:
A x B = (|A| x |B|,paxs)

where

Paxg(a,b) = {(n,m) |n € py(a) A m € pp(b)}
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Exponentials:
A= B=(|A|= |B|,pa=p)

where

pasp(f)={n| Vae AVmew.n-m| A

(Vrew.repyla)=>n-m-r| An-m-r € pp(f(a)))}

There are interesting subcategories of R with rich structure. One well-known

example is the category of w-sets [Pho92], which we now describe.

Given an object A = (|A|,p4) of R, an element a € |A| is said to be realisable
iff pa(a) # 0. w-Set is isomorphic to the full subcategory of R with objects
A = (|A],p4) such that every a € |A| is realisable. Here is the more conventional

description of w-Set:

Objects: pairs (|A|,F,), where |A| is a set and F4C w x |A] such that
Vae|Al.In€ew.ntk a
The pair (|A],F,) is an w-set.
Morphisms: f: (|A|,F4) — (|B|,Fp) is a function f : |A] — | B| in Set such that

JrewVae|Al.Vnew.nbtpa=r-n| Ar-nkg f(a)

As mentioned before w-Set is cartesian closed:

Terminal object: ({x}, {(n,*) | n € w})

Binary products:
(|Al,F4) x (|B|,Fg) = (Al x |B|,F 4x5)

where

(n,m)F g (a,b) &ntkya Ambgh
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Exponentials:

(|Al,Fa) = (|B|,FB) = (w-Set({|Al,F 4),{|Bl,FB)), F 4= B)
where

nhsup feVae|AllVmew. mbya=n-m| An-mkbpg f(a)

The finite products are as in R, modulo the obvious change of notation n 4
a < n € py(a) that construes relations in w x |A| as functions |A| —» pw and
vice versa. But exponentials in w-Set do not agree with those in R. However,
if we consider the realisable elements of the exponential of two w-sets in R they
correspond to the elements of the exponential in w-Set. This follows from Propos-

ition 2.3.1 and the proposition below which sets up a suitable coreflection between

w-Set and R.

We can obtain an w-set from any object of R by discarding the non-realisable

elements of the underlying set. This leads to the following

4.3.2. PROPOSITION. There is a coreflection

Re
w-Set T R
J

where J : w-Set — R is the full and faithful, finite-product preserving functor

J(lALFa) = (lAl,(a€ A= {new]|nt,a}))
J(f) = f

Proof. Let Re: R — w-Set be the functor defined by

Re({|Al;pa)) = ({a|pa(a) #0},{(n,a) | n € pa(a)})
Re(f) = f

The corresponding hom-set isomorphism

04, : R(J((IAl,F4)), (IBl, pp)) = w-Set({|Al, F 4), Re({| B, p5)))
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is given by

045(f - J({|Al,Fa)) = (1Bl,ps)) = f : 1Al = {b € |B| | p5(b) # 0}

where f(a) = f(a) with the same realiser as f; f must take values in

{b € |B| | pg(b) # 0} since otherwise it will not be realisable. Conversely,

0, 35(9 : (|Al,F4) — Re((|Bl,ps))) = tog

with the same realiser as g and ¢ : {b € |B| | pg(b) # 0} — |B] is the inclusion. It
is clear that the non-realisable objects of |B| have no effect in the realisability of

functions with codomain |B|. Naturality of 8, p is immediate.

Note that applying Corollary 2.3.1, exponentials in w-Set are given by

(1Al Fa) =, et (I1BliFB) = Re(J({|Al,F4)) == J(|B,Fg)))
which agree with the previously given description.

Another interesting category arising from realisability is PER [Pho92]. Its
objects are the symmetric and transitive relations on w. For R,S two such
relations, a morphism f: R — S in PER is a function f:Q(R) — Q(S), where
Q(R) = {[n]r | n € dom(R)} is the set of equivalence classes of R, such that there

is a realiser n € w satisfying

Vm € dom(R). f[m]g = [n-m]g

PER is equivalent to the category Mod of so-called “modest w-sets”, ibid. This
is the full subcategory of w-Set with objects (|A|,F ) satisfying

Va,d' € |[A|.Vnew.(nFyaAnt, ad)=a=d

We say that n realises f. The equivalence with PER is given by

Mod PER
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with
®(|A,F4) = {(n,m)|Ja€|Al.ntyaAmb,a}
Y(R) = (Q(R),€)
PER is cartesian closed. Exponentials are given as follows: for R, S in PER
R=pgr S = {(n, n')|3f: R — S.n realises f A n’ realises f}

We can infer this from the fact that Mod is a reflective subcategory of w-Set,
applying Proposition 2.3.2. The reflection © : w-Set — Mod is given as follows:
for an w-set (|Al|,F4), define a relation — on |A| by

ava'éﬂnEw.n}-Aa/\nl—Aa'
Let ~ denote the transitive closure of . Then ©A = (JA|/.,Fe4), With
A [ /
nteoslal. =3a €la]o.ntya

To verify that this reflection satisfies the hypothesis of Proposition 2.3.2, observe
that its unit is 4 = []. : (JA],F4) — (JA|/~,Fe4), realised by [ 1], a code for the
identity function. Any modest set is isomorphic to ¥ R for some R € |PER| because
of the abovementioned equivalence. Therefore the exponential of two modest sets

in w-Set is
(Q(R),€) = (Q(S),€) = ({f : Q(R) = Q(5) | f in w-Set},Fyrus)

In the modest set O((Q(R), €) = (Q(S), €)) , we must identify the f’s in (the

transitive closure of) the relation
f~— f =3r € w.r realises f A r realises f'
But then the definition of ‘r realises f’ implies that
f~f=r=r

Therefore, the function part of the unit 7y ge g is f+— {f}, which is an iso-

morphism. It is easy to verify that

R =pgRr § = ®O(¥Y(R) = gt ¥(S5))
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We have thus shown how Corollary 3.3.10 and the fairly general properties of
reflections and coreflections given in Propositions 2.3.1 and 2.3.2 allows us to infer

the cartesian closed structure of R, w-Set and PER.

4.4. A related categorical approach to logical predicates

A categorical approach to logical predicates has been proposed in [MR91]. It seems
appropriate to make a few comparisons between this approach and the one we have
presented in §4.2. In ¢bid. a category of relations is defined to study parametricity
issues arising in first and second order lambda calculus. For this purpose, the
authors define for given categories K and B and a functor F' : K — B, the category

of relations over K, Rel(K,B, F'), as follows:

Objects:

(K,B,m) € |Rel(K,B, F)| iff K € |K|,B € |B| and m : B — F K monic

Morphisms:
{f,g): (K,B,m) — (K',B',m') iff
f:K—-K,g:B— B
and
B—Y .p
m m'
F
Fr 2 pg

commutes 1n B.

Composition and identities are defined componentwise. There is a forgetful functor

U : Rel(K,B, F) — K such that

U(K,B,m)=K  U(f,g)=f

This category, which is intended as a direct generalisation of the category

of set-theoretic predicates Rel(Set, Set,1g.;), can easily be expressed in terms of
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fibrations. From the subobject fibration : Sub(B) — B we obtain by change of
base along F' Rel(K,B, F') = F*(Sub(B)), and the functor U is the projection from
the pullback to K. This definition makes sense regardless of whether 1 is a fibration;

in case it is, Rel(K, B, F') is fibred over K, via U.

In [MRI1], Ma and Reynolds go on to analyse some properties of Rel(K, B, F').
They show that if K is a ccc, B is a ccc with finite limits and F preserves finite
products then Rel(K,B, F') is a ccc and the projection functor into K preserves
this structure. Such proposition is in the same spirit as our Corollary 3.3.10,
although the hypotheses are different. However ibid. does not provide an explicit
connection between such property of Rel(K,B, F') and logical predicates, although
in some particular cases such a relationship exists,e.g. when B is Set, or any topos,
the expression of the construction in ibid. in the internal language of U yields

logical predicates.

[MR91] continues with the statement of the ‘Identity Extension Lemma’. For
this purpose, the authors define the functor J : K — Rel(K, B, F) as follows:

J(K) = (K,FK,lpg)
J(f:K—K') = (f,Ff)

That is, J takes an object to the identity relation over it, via F. The Identity
Extension Lemma asserts that, under certain hypotheses, J is a cc-functor, i.e.

preserves the cartesian closed structure.

The unary case of this lemma is immediate in our framework, since in this case
J amounts to the fibred terminal object functor. This functor yields then a full cc-
embedding of the base category in the ‘category of predicates’. The case of binary

Rel(K,B,F
KB.A)

relations requires the existence of equality predicates in the fibration
define J. Equality predicates for fibrations have been characterised in anm].
For a fibration Ep, regarded as a logic over B, the equality predicate on a type
A € |B| is given by the coreindexing, or direct image, §,(1,), where § : A — A x A
is the diagonal morphism and 1, is the terminal object over A, c¢f. Remark 4.2.1.

This means that the equality predicate on A is characterised as the least reflexive

relation on A. A similar approach applies to n-ary relations. Thus, we can express
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the Identity Extension Lemma for p. When formulated in the internal language
of p, it amounts to the requirement that the equality predicate on an exponential

type A = B be given pointwise:

f,g:A—) BI‘f:A_,Bg<—>Vx,y:A.m=Ayﬁev(f,:z:) =B ev(g,y)

Ma and Reynolds extend their analysis of categories of relations to deal with
logical relations for system F in terms of PL-categories [See87|, although they
make no explicit connection between the categorical constructions they present
and second-order logical relations. To give an abstract account of these further

research is required. We comment on a possible direction to follow in §7.

4.5. Induction principle for data types in a fibration

We have seen in §4.2 that for Ep, the expression of certain structure of E in
the internal language of p allows us to obtain certain logical concepts, namely
logical predicates, from categorical ones, namely cartesian closure. We have also
seen in §4.4 how this ‘logical structure’ of E can be used to assert the validity of
certain logical principles, like pointwise equality for —-types, by requiring certain
functors to preserve such structure. In this section we give another instance of this,

providing a categorical interpretation of structural induction for data types.

Following [CS91,Jac93], we will consider inductive data types in a distributive
category B. We only review the concepts required to formulate the abovementioned
induction principles for such types. The material on distributive categories and

inductive datatypes in them is taken from [Jac93].

4.5.1. DEFINITION.

o A category B with finite products and finite coproducts is distributive if, for

every I € |B|, the functor I x _: B — B preserves finite coproducts.

e A functor F': B — C between distributive categories B and C is distributive

if it preserves finite products and coproducts.
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4.5.2. EXAMPLE. Any cartesian closed category C with finite coproducts is dis-
tributive: for any I € |C|, I X _ preserves coproducts because it has a right

adjoint. Thus, Set, wCpo and PER are distributive categories.

Inductive data types in a distributive category are specified by means of endo-
functors, which give the signature of the type. To formulate a precise definition
of models for such specifications, we consider the category of algebras for an en-

dofunctor:

4.5.3. DEFINITION. Given a functor T : B — B, the category T-Alg has:
Objects: pairs (X,z : TX — X), called T-algebras.

Morphisms: f:(X,z) — (Y,y) is a morphism f : X — Y in B, such that foz =
yoTf.

Composition and identities are inherited from B.

4.5.4. DEFINITION. Let B be a distributive category, S a finite set and M : S — B

be a functor, regarding S as a discrete category.

(i) Let 75y C |Cat(B,B)| be the least class of endofunctors on B such that
e The identity functor is in 7.

e For any I € S, the constant functor X — I isin 7.

o If T\ and T, are in 7, so are T, 0 T}, T} x T, and T} + T,,.

(i1) An inductive data type specification in B, idts for short, is given by a functor
M : S — B and a functor (T': B — B) € 7). We write Tjs for such idts.

(il1) An model for an idts Ty is a T-algebra.

(iv) The initial model for an idts T, is the initial T-algebra (if it exists).

The set S in the above definition is called a parameter set. Its role is to specify,
via the functor M : S — B, those objects of B which are parameters for the data

type specified. The examples below will make this clear. See [Jac93] for a more
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general and elegant formulation of data types in distributive categories. The initial
T-algebra of a functor 7' : B — B need not exist. But it is possible to guarantee
the existence of initial T-algebras under suitable cocompleteness conditions on B
and T. As shown in [LS81], an initial T-algebra can be obtained as the colimit
of an w-chain, when T preserves such colimits. An w-chain is a functor w — B,
where w is the poset category of natural numbers with their usual ordering. The

initial T-algebra is the colimit of the following w-chain:

0 ‘L po—T Ly

where ¢ : 0 — T0 is the unique morphism from the initial object. For B = Set, and
T € T_ preserves colimits of w-chains and therefore any idts in Set has an initial

model.

An important observation, due to Lambek [LS81], is that for an initial T-
algebra (D, constr : TD — D), constr is an isomorphism. Thus, we can regard D
as the ‘least fixed point’ of T', as illustrated by the above w-chain. The isomorph-
ism constr provides the ‘constructors’ of the data type, as the following familiar

examples illustrate.

4.5.5. EXAMPLES. Let B be a distributive category.

(i) Natural numbers object: Consider the idts TX = 14+ X, with parameter
set 0. A T-algebra (A,[c, f]: TA — A) is given by an object A, the ‘carrier’ of the
type, and morphismsc:1 — A and f: A — A. An initial model for T is precisely
a natural numbers object (IV, [z, s]) in Lawvere’s sense, see [LS86, Part 1,§9]. In
Set, it is the set of natural numbers w, with the usual 0 and successor operations.
Initiality means that there is an ‘iterator’, which given ¢ and f as above produces
a morphism k : N — A such that hoz = cand hos = foh. In Set, h corresponds
to the function defined from ¢ and f by primitive recursion. We write if(c, f) for
h above.

(ii) Lists: For an object A € |B|, consider the idts TyX = 1+ A x X, for
a singleton parameter set, i.e. A:{*} — B. A T-algebra is given by an object
B and morphisms ¢: 1 — B and t: A x B — B. An initial model in Set is pre-
cisely the set List(A) of finite lists of elements of A, with the usual operations
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nil : 1 — List(A), the empty list, and cons: A x List(A) — List(A), which given
a € A and a list [, returns this list with the element a appended to its head.

The example of lists above shows the role of the parameter S and the functor
M : S — B in the specification of a data type; the type of lists List(A) is paramet-
erised by the type A of the elements of the list.

Consider now Ep , with B a distributive category. We will use Corollaries 3.3.6
and 3.3.7 to impose sufficient conditions on p to make E a distributive category.
We will then consider the idts on E induced by a given idts on B to assert an
induction principle for the latter. We will need the following Frobenius condition

[Law70] on coreindexing functors for p:

4.5.6. DEFINITION. Let Ep be a fibration with fibred binary products, and let
u : I — J be a morphism in B for which a coreindexing functor, giveh by cocartesian
liftings, u, : E; — E; exists. u, satisfies Frobenius if, for every X € |E;| and every

Y € |E;|, the canonical morphism
(ex owym,uym’) 1 uy(u*(X) x Y) — X x uy(Y)

is an isomorphism, where €: uu” = 1g, is the counit of u, 4 u*, ¢f. Proposition

1.2.7.

4.5.7. REMARK. When pis a fibred-ccc, coreindexing functors for p satisfy Frobenius
[Pit91].

4.5.8. PROPOSITION. Given Ep with
e B a distributive category,

e p a fibred distributive category, i.e. every fibre is a distributive category and

reindexing functors are distributive,

e p has coreindering functors along coproduct injections, I = I + J & J,
for every I,J € |B|. Such coreindezing functors satisfy Frobenius and Beck-

Chevalley condition.
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Then, E is a distributive category and p strictly preserves finite products and cop-

roducts.

Proof. By Corollaries 3.3.6 and 3.3.7, E has finite products, X and I, and finite
coproducts, ¥ and 0, and p strictly preserves them. It only remains to verify that
for any X € |E|, XX_: E — E preserves finite coproducts: given Y € |E;| and
Z € |Ekl,let pX =T and (: (I x J)+ (I x K) = I x (J + K) be the canonical
isomorphism. Also, let

1

JSJ+KEK

and

I><Ji>(I><J)+(IxK)<‘—'-IxK
be the corresponding coproduct diagrams. Note that
Ixi=(ok Ixd=Cox
by distributivity of B. Then,

Xx(Y+2)

?T;,J.FZ(X) XIx(J+K) (7"},]+Z)*(L!(Y) +i+k ":(Z))

(W;,J+Z(X) X Ix(J+K) (W},J+Z)*L!(Y))
+I><(J+K)(7r;,J+Z(X) XIx(J+K) (W},J+z)*¢;(z)),
by fibred distributivity

(77 742(X) Xexary (I x (77 ))(Y))
F1x+K) (7] 74 2(X) X 1x@ery (I X (7] 1) (2)),
by Beck-Chevalley condition

({mr,0 mrr) (X)) X1us K!(W;,J)*(Y))
+(IxJ)+(IxK)([7f1,J,WI,K]*(X) XIxK &;(W'I,K)*(Z)),
by reindexing along (

n!(ﬂ-;,J(X) XIxJ (WII,J)*(Y)) F(IxI)+(IxK) ’ig(”;,_](X) XIxK (W;,K)*(Z)),
by Frobenius

(XXY)+(Xx2Z)

IR

1R

1%

1R

IR

1R
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4.5.9. REMARK. The Beck-Chevalley condition required for coreindexing functors

in the above proposition implies that for a coproduct injection ¢ : J — J + K and
objects I € |[B| and X € [Ey|, (W’I’J+K)*(L§(X)) = (I x L)!((W;’J)*(X)). This is an

instance of the Beck-Chevalley condition over the pullback square

’
™

IxJ J

I x. L

Ix(J+K)—J+K
s
See [Law70,Pav90] for further details.

4.5.10. EXAMPLE. The internal logic fibration Sub(fet) satisfies the hypotheses of

Set
Proposition 4.5.8. Hence Sub(Set) is a distributive category.

For Ep satisfying the hypotheses of Proposition 4.5.8, given a set of parameters
S and functors M : S — B and M : S — E such that pM = M, anidts Ty, : B — B
induces an idts TM : E — E fibred over T, using the distributive structure of E.
The formal definition of TM proceeds by induction on the construction of T' € 7.
For instance, given H € |E,|, TaX =1+ A x X induces TY = If HXY. We can

then consider T-algebras and initial models in E.

4.5.11. LEMMA. Given Ep and a fibred 1-cell (T,T): p — p, T-Alg is fibred over
T-Alg via the functor p-Alg : T-Alg — T-Alg, with action (X,z) — (pX, pz).

Proof. Given (X,z) in T-Alg and u : (J,7) — pX, pz, a cartesian lifting for u is
given as indicated by the following diagram
. Tu(X) -
Fur(x) 22X, fx
u(z):
v

where the dashed morphism above is the unique morphism making the diagram

8

commute with pu(z) = j. 0
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In the spirit of Definition 4.2.2, given Ep satisfying the hypotheses of Propos-
ition 4.5.8, we could consider ‘logical predicates’ for a T-algebra (A, a) to be those
T-algebras (A, &) over (A, a). Note that when T involves constant functors, given
by an object I € |B| say, a choice of an object H over I for the corresponding
T-algebra corresponds logically, via the internal language of p, to a predicate over

I.

When a fibration Ep has a fibred terminal object 1 : B — E, it induces a func-
tor 1-Alg : T-Alg — T-Alg, for (T',T) : p — p, by (4, a) — (1(A),a(1(A4))ol#(4))s
using the fact that a*(1(A)) is terminal in Eg4, and therefore there is a unique
morphism !z, 4 : T1(A) — a*(1(A)). We will use the functor 1-.Alg to relate ini-
tial models in E and B in the following proposition, and to formulate the induction

principle in Definition 4.5.13.

4.5.12. PROPOSITION. Let Ep have a fibred terminal object 1:B — E and let
(T,T):p— p be a fibred 1-cell. If (ﬁ,a?) is an initial T-algebra, (pD,pd) is an
initial T'-algebra.

Proof. Let (D,d) = (pD,pd). Given a T-algebra (A,a), we get a T-algebra
1-Alg(A,a) = (1(A),a(1(A))o!31(4)), as noted above. Hence, there is a unique
morphism .

h:(D,d) — 1-Alg(A,a), which induces a morphism ph : (D,d) — (A,a) of T-
algebras. Given any other morphism u : (D,d) — (A, a), it induces a morphism
1(u)o!s : (D,d) — 1-Alg(A,a). Thus 1(u)o!s = h by initiality of (D,d) and so
u = ph, which shows (D, d) is initial. 0

Thus, given the data in the above proposition and an initial T-algebra (D, d)
we may look for an initial T-algebra over it. For Ep as in Proposition 4.5.8,
given a parameter set S, a functor M : S — B induces a functor 1M : S — E, with
plM = M, via the terminal object functor 1 : B — E. Hence an idts Tj,: B — B
induces an idts T = Typ;: E — E. We can now express what it means for Ep,

regarded as a logic over B, to satisfy an induction principle for an idts T}, in terms

of the induced idts T..
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4.5.13. DEFINITION. Let Ep satisfy the hypotheses of Proposition 4.5.8, and let
Ty : B — Bbe an idts, for a parameter set S and a functor M : S — B. Ep satisfies
the induction principle w.r.t. T if 1-Alg : T-Alg — T-Alg preserves initial models,
i.e. whenever (D, constr) is an initial T-model, 1- Alg(D, constr) is an initial T-

model.

This definition means that for an object H in E, to give a global element
p:1(D) —» H amounts to giving a T-algebra on H, (H,h: TH — H). We illus-
trate the logical import of the above definition with the idts of natural numbers
and lists below. The internal language of p in this case includes the logical con-
. nectives {A, T,V, L} and the coreindexing functors along coproduct injections.
To simplify the presentation, we consider only the entailment relation  in the
internal language, disregarding the proof terms. Note that for ¢: I — I+ J in
B, given predicates @ o 1F Q(z) Prop and P 2 y:I1+JF P(z)Prop a
morphism f : 4@ — P corresponds under the adjunction ¢  ¢* to a morphism

fA : @ — (P), which amounts to an entailment z : I | Q(z) + P(ix).

4.5.14. EXAMPLES. Let Ep be as in Proposition 4.5.8.

(i) For the idts TX = 1+ X in B, the corresponding T idts in Eis TH = 11 H.
Let P € |E;| and let (IV,[z,s]) be the initial T-model in B. To give a global
element of P, we must give a T-algebra (P, f : TP — P). This amounts to giving
a T-algebra (I,[a,m]: TI — I) — which induces a morphism it(a,m): N — [—
and a vertical morphism f : TP — ¢"(P). Let us examine this vertical morphism

in the internal language of p: it amounts to a sequent
g:14+ N|u(T)Vy(P)F P(it(a,m)z)
which can be decomposed into two sequents
z:1+1|u(T)F P(itla,m)z)  z:1+1|(P)+ P(it(a,m)z)
which in turn correspond to sequents

' :1| T+ P(a) y:1|P(y)F P(my)
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which corresponds to the usual induction principle on the natural numbers: to
prove P(z) for the elements z : I generated by a and m, we must prove P(a) and
P(y) = P(my).

(i) For the idts T4yX = 1+ A x X, for some A € |B|, we get the idts TY =
1F1(A)XY. Let (L, [nil, cons]) be the initial T-model and let P € |E;|. Note that
modulo the isomorphism [nil, cons| : 1 + A x L — L, the predicate P corresponds
to a predicate P’ on 1 + A x L, i.e. z : 1 + Ax L + P'(z). P'is therefore
given by two predicates S and @, with 2’ : 1+ S « P'(nil) and a : A,l: L +
Q(a,l) « P'(cons(a,l)). To give a vertical global element & : 1(L) — P, a proof
of the property P for all lists, amounts to giving a morphism k : TP — P over

[nil, cons]: 1 + A x L — L. It corresponds to a sequent
1:1+Ax L|o(T)V(T%P)F P'([nil, cons]l)
which can be decomposed into two sequents
z:1|TFHS
and
a: Al :L|P({)F Q(a,l)

where we have simplified the antecedent of the second sequent by TAP(I') = P(I').

We thus get the usual structural induction principle for finite lists.

We have thus given the categorical counterpart of the logical principle of struc-
tural induction by requiring the functor 1 : B — E to preserve a suitable categorical
property, i.e. initiality of algebras. Note that this is only possible if we consider
the ‘global’ structure of the fibred category E rather than its fibred structure. This

illustrates the value of working with fibrations rather than indexed categories.

It follows from [LS81, §5.2,Theorem 1] that when Ep is the internal logic

fibration Su’iSB) logic fibration Suling) it satisfies the induction principle for any
B B

idts. We illustrate the argument for the case of natural numbers object.

4.5.15. PROPOSITION. Given a category B with pullbacks and a natural numbers
Sub(B)

object (N,[z,8]), = 11 ’ satisfies the induction principle for natural numbers.
B
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Proof. Recall that the idts for natural numbersis TX = 14+ X. For s, an T-algebra

¢ p_ T .p

P and hence a unique morphism

induces a T-algebra 1 ¢ P
it(é, f ): N — P. Further

2=
2
S —"

it(c, f)
commutes, by initiality of (N, [z,s]). This shows (1n,([2,s],[2,8]): 1y — 1y is
the initial T-algebra. O

In [Jac93,CS91] models of idts are required to satisfy a parameterisation prop-
erty. A consequent requirement of parameterisation on the induction principle
must be imposed. This requirement can be captured using the fibrations with

indeterminates in §6.3. Details will appear elsewhere.



Chapter 5

Comonads and Kleish fibrations

5.1. Introduction

Categories with an indeterminate or generic element, also called polynomial cat-
egories, play an important role in the categorical interpretation of simply typed
A-calculus, as in [LS86]. Among other applications, they are used to express func-
tional completeness properties of cartesian closed categories, cf. tbid. We set about
doing a similar analysis for certain polymorphic A-calculi in §6. In this chapter
we develop the basic technical background necessary for this analysis. Specifically,
we need a definition of cartesian objects with an indeterminate element in a 2-
category, generalising the formulation for ordinary categories with finite products,
or cartesian categories, in [LS86]. We thus seek to instantiate such formulation
in the 2-categories Fib(B) and Fib, the ‘universes’ of models for polymorphic cal-
“culi. As we will show below, Kleisli objects for comonads play an important role
in the construction of cartesian objects with an indeterminate. Thus, we are led
to consider fibred comonads and Kleisli fibrations for them. These will be used
in §6 to study so-called conteztual and functional completeness of A—- and Aw-
fibrations, the categorical versions of the polymorphic calculi A— and Mw, along

other applications of polynomial fibrations.

The structure of the chapter is as follows: in §5.2 we recall the definition
of cartesian category with an indeterminate element and its presentation as a

Kleisli category for a suitable comonad, primarily as a motivation for the technical

121
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developments in the rest of the chapter. §5.3 gives the 2-categorical version of
Lambek’s presentation of cartesian categories with an indeterminate element as
Kleisli categories [LS86, Part I, Proposition 7.1]. This involves the reformulation,
within a 2-category, of the usual operations on a cartesian category, §5.3.2. In
§5.3.3 and §5.3.4 we carry out the reformulation in this general setting of the
abovementioned result about objects with an indeterminate and Kleisli objects,
Proposition 5.3.12. The more involved result is Lemma 5.3.11, which shows that
the Kleisli object for a comonad on a cartesian object is again cartesian; although
trivial in Cat, the 2-categorical version requires a special property ‘PCK’ of Cat,

introduced in Definition 5.3.9, which holds in the 2-categories of fibrations as well.

In the remaining of the chapter, we deal with the existence of Kleisli objects
for fibred comonads. In §5.4 we specialise the notion of comonad and resolution
to the fibred case. In §5.4.1 we present Kleisli fibrations comonads in Fib(B),
which agree, both globally and fibrewise, with those in Cat. In §5.4.2 we consider
resolutions for comonads in Fib, which are not as simple as those for Fib: we
present a construction which ‘factors’ a fibred comonad through a resolution for
its base comonad, based on the factorisation of fibred adjunctions of Theorem
3.2.3; this construction combined with the above constructions in Fib(B) yields
the required Kleisli fibrations. We make heavy use of the algebraic laws of fibred
2-cells, presented in §3.1.1.

The basic material on comonads in Cat is taken from [Mac71, §VI] and [LS86,
Part 0].

5.2. Categories with an indeterminate element

In this section we recall what it means for a category to have a generic global
element or indeterminate elemenent. More precisely, given a category B (with
a terminal object 1) and an object I € B, we describe the so-called polynomial
category B[z : I] obtained by freely adjoining a morphism z:1 — I to B and

characterise it in terms of a universal property. We follow [LS86, Part 1,§5]. In
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§5.3.4 we will reformulate this universal property in an elementary 2-categorical

way in order to apply the same formulation to fibrations in §6.2 and §6.3.

Assume B is a category with finite products and let 7 € |B]. We want a
category with finite products B[z : I], with the objects and morphisms of B and an
additional morphism z : 1 — I, 1 the terminal object. We can construct B[z : I]

as follows:

(i) Add an edge z:1 — I to the underlying graph G(B) of B, where z is
supposed to be a new symbol, obtaining a graph G(B)[z : I].
(ii) Form the free category with finite products F(G(B)[z : I]) on this graph.
(iii) Make a suitable quotient, identifying morphisms, of F(G(B)[z : I]) so that
the inclusion G(B) — G(B)[z : I] becomes a finite product preserving functor

n:B— B[z: I].

We think of the new morphism = : 1 — I above as a ‘parameter of type I’. This
means that z can be ‘instantiated’ by actual global elements. This is expressed
categorically by the following universal property of B[z : I]: for each category with
finite products C and each ﬁnite product preserving functor F':B — C together

with a morphism F1 = FI there is a unique finite product preserving functor

(Fya):B[z: I] - C with (F,a)p = F and (F,a)r = a in

Bz : I] (_Ii',_az - C
" F
B

The functor (F,a) can be understood as performing ‘substitution’ of = by a. We
will sometimes write n; for  above, to make explicit the dependence on /. In
[LS86, Part 1,86] this polynomial category is used to express a so-called functional
completeness property of cartesian and cartesian closed categories, or simply typed
A-calculus. We will refine this notion and the corresponding generalisation to

polymorphic A-calculus in §6.1.

For a category B with finite products, an object I induces a comonad

-x1:B— B, with counit at J given by 7;;:J x I — J and comultiplication
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given by (1"”\’7,1> :J xI—(JxI)xI. As shown in [LS86, Part I, Proposition
7.1], B[z : I] is the Kleisli category B_, ; induced by this comonad. Furthermore,
the functor  : B — B[z : I] corresponds to U_,; : B — B_,, the right adjoint of the
Kleisli resolution of _ x I, and hence has a left adjoint. Also, when B is cartesian
closed, we find in ibid. that B[z : I]| & B;.,_, for the monad [ = _: B — B with
unit at J given by A(7;;) : J — [ = J (the adjoint transpose of the projection
7,r) and multiplication A(A(7;;0evy;)): I = J— I= (I = J). In this case,
n:B — B[z : I] corresponds to Fy_,_: B — By, _, the left adjoint of the Kleisli resol-
ution of I = _, and hence has a right adjoint. The existence of a left (respectively
right) adjoint to 7 corresponds to so-called contextual (respectively functional)
completeness of B, as explained in §6.1 We have the following result underlying

the ones above; it is a variation of [BW85, §3.7, Theorem 5].

5.2.1. PROPOSITION. Given a comonad G:C — C, consider its associated Kleisli

resolution Fg 1 Ug:C — Cq. The following are equivalent:

(i) G has a right adjoint G AT :C — C

(ii) Ug has a right adjoint U3 1 R:Cq — C

Under either of the above equivalent hypotheses, T (= RUg) is the functor part of

a monad and the corresponding Kleisli category Cr is isomorphic to Cg.

Proof. The equivalence is easily established, in view of the fact that T is part of a
monad and hence induces a right adjoint R via its Kleisli resolution. The monad
structure on T is induced as follows: let € and é be the counit and comultiplication
respectively of the comonad G and let 7’ and € be the unit and counit of G - T.
The unit of the monad is Teon’ and the multiplication is T'(¢' o G¢'T 0 6T?) o'T>.

The isomorphism between the Kleisli categories Cq and Cr follows readily from

Ce(X,Y) 2 ¢(GX,Y) 2 c(X,TY) = cp(X,Y)
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5.3. Comonads and Kleisli objects in a 2-category

In this section we recall the concepts of comonad and its associated Kleisli ob-
ject in a 2-category, following [Str72]. The purpose is to reformulate Lambek’s
presentation of the polynomial category B[z : I] — when B has finite products — as
the Kleisli category of the comonad _x [ : B — B, cf. §5.2, in a 2-category with

suitable structure.

5.3.1. DEFINITION. Given a 2-category K, a comonad in it is a triple
(9: A— A ¢ é)

where €: g = 1, and 6 : g = g o g are called the counit and the comultiplication

respectively. The data must satisfy

geob=1,=¢€goé bgob=gboé

When K = Cat, we get the usual notion of comonad. An adjunction f Hu: A — B
via n,¢ in K generates a comonad (fu: A — A, ¢, fnu). In this case, f 1 u is a

resolution for the comonad so generated, according to the following definition.

5.3.2. DEFINITION. Given a comonad (g : A — A,¢,8) in K, a resolution for it is

an adjunction f 4 u via ,¢ such that
9= fu €=c¢€ §= fn'u

In [LS86, Part 0], resolutions for a comonad in Cat are organised into a category; a
morphism between f Hu: A — Band f 4u': A — B'is a morphism h: B — B’
such that (h,1,) is a map of adjunctions, as in Definition 1.1.5. Every comonad in
Cat has an initial resolution with respect to that category. This resolution is given
by the Kleisli category of the comonad, as in ibid. The corresponding notion of
Kleisli object for a comonad in a 2-category is formulated in [Str72]. It amounts
to an oplax colimit [Kel89]. We only give the definition of oplax colimit for a

comonad, since this is the only instance we need.
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5.3.3. DEFINITION. Let (¢9: A — A,¢,6) be a comonad in K.

(i) An oplaz cocone (l,0) consists of a morphism /: A — B and a 2-cell
o :l = lg, satisfying

leoo =1, ogoo=16oc

B is called the vertez of the cocone.

(ii) Given oplax cocones (I,0) and (I',0’) with the same vertex, I,I': A — B,
a morphism from (I, o) to (I',0") is 2-cell v : I = I’ satisfying ygo o = o’ 0 y. We
write v : (I,0) = (I, o) for such a morphism.

(iii) The above notion of morphism sets up a category UpLaz(g, B) of oplax

cocones with vertex B. A morphism h:B — C induces a functor

ho_: Oplaz(g, B) — OpLaz(g,C). A 2-cell o: h = k' induces a natural trans-
formation ao _: ho _= h'o_: OpLaz(g, B) — OpLaz(g,C).
(iv) An oplaz colimit is an oplax cocone (u: A — A,, A) with the following uni-

versal property: there is an isomorphism
K(A,, B) = OpLaz(g, B)

2-natural in B.

The oplax colimit of a comonad is called its Kleisli object. When such objects

exist for every comonad, we say that K admits Kleisli objects for comonads.
We refer to the object A, itself as the Kleisli object.

5.3.4. REMARKS.

o The above isomorphism means in elementary terms that, given an oplax

cocone (I : A — B, 0), there is a unique morphism (I,0) : A, — B such that

(l,0)ou=1and (I,06)A = 0. The 2-dimensional aspect means that given a

morphism 7 : (I,0) = (I, "), there is a unique 2-cell 7 : (I,0) = (¥, 0") such

that yu = .

e Any resolution f Hu: A — B for the comonad ¢ induces an oplax cocone

(u,nu). As a partial converse, the oplax colimit (u,)) is such that u has a
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left adjoint f and the adjunction f - u generates the comonad. See [Str72)

for details.

Recall that in Cat, the Kleisli category Ag for a comonad G on A has the same
objects as A and has hom-sets Ag(X,Y) = A(GX,Y). Identities are given by
instances of . For f:GX — Y and ¢g:GY — Z, their composite is g 0o Gf o
dx. There is an adjunction, written Fg 41Uy : A — Ag (via 7n,6) which gener-
ates G. The induced oplax cocone (Ug,nUg) is an oplax colimit: given an

oplax cocone (L:A —B,0), (L,0):Ag — B is given by (L,o)(f:GX = Y) =
Lfooyx:LX — LY, and a morphism ~:(L,0)= (L,0'), induces Fx =

¥x : (Lyo)X — (L', 0")X.

5.3.1. Products in a 2-category

In order to state that a category has binary products and terminal object in terms
of adjunctions, we use the fact that the 2-category Cat itself has finite products.

Their definition in an arbitrary 2-category, from [Kel89], is as follows

5.3.5. DEFINITION.

o A 2-category K has a terminal object if there is an object 1 such that for

every object A, there is an isomorphism
K(A,1) = {x}, the one-object one-morphism category

2-natural in A.

e K has binary products if for any two objects A and B, there is an object

A X B such that, for any object C there is an isomorphism
K(C,Ax B)y=K(C,A) x K(C,B)

2-natural in C.

We say that K has finite products if it has binary ones and a terminal object.

The above isomorphisms mean that the underlying category Xy has finite products
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as an ordinary category, and that they have a 2-dimensional universal property.
Specifically, 1 is such that for every object A, there is a unique 1-cell !, : A — 1
and a unique 2-cell a :!4 =>!4, whence a = 1,,. Similarly, for objects A and B,
the projections A & A x B ™, B are such that for any span A <£ C 2 B there
is a unique (f,g9) : C — A x B with-m o (f,g) = f and 7' o (f,g) = ¢g. And for
any two 2-cellsa : f = f' C — Aand f:g= g :C — B thereis a unique 2-cell
(o, B) : (£,9) = (') with m{a, B) = @ and '(a, ) = .

The non-elementary definition of products in K is given in terms of 2-adjoints:
K has a terminal object if I : K — {*} has a right 2-adjoint; it has binary products
if the diagonal 2-functor A : K — K x K has a right 2-adjoint.

5.3.2. Cartesian objects in a 2-category with products

Rephrasing the definition of a category with finite products in Cat in terms of
adjoints, we get the following definition of cartesian objects in a 2-category with

finite products [CKW90)].

5.3.6. DEFINITION. Let K be a 2-category with finite products. An object A is

cartesian if both
o the unique morphism !4 : A — 1 has a right adjoint 1:1 — A, and

o the diagonal morphism é, : A — A X A has a right adjoint ®: A x A — A.

Note that the counit of !, 4 1 must be the identity. If 7:1, = 1o!, is the

unit, the adjunction laws reduce to 71 = 1;.

A cartesian object in Cat is a category with assigned finite products. A cartesian
object in Fib(B) is a fibration with assigned fibred finite products, while a cartesian
object in Fib is a fibration Ep such that both E and B have assigned finite products

and p preserves them strictly.

For the developments in §5.3.3 and §5.3.4, we need to spell out how the usual
operations of pairing and projection in a category with finite products, as in [LS86,

Part I], are obtained in this abstract setting.
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In Cat, the projections associated to the binary product functor x :Ax A — A
are natural transformations 7__: Xx=7:A XA — A and 7ri_ : X = 7', Then, for

objects X,Y of A, 7xy : X XY — X is the first projection. The projections are

the components of the counit € : g x = 1g.A.

Let A with §4 1®: A x A — A via 7', ¢ be a cartesian object in K. The asso-

ciated projections are p = 7€' :Q=> 7 and ¢ = '€ :Q= 7.

As for pairing, recall that objects of a category A correspond to functors 1 — A,
where 1 is the terminal category, and morphisms of A correspond to natural trans-
formations between the respective functors. Given morphisms f: Z=71:1— A
and g : Z = J:1 — A, their pairing (f,g) = (f x g) 0 6;. The diagonal morphism

87 is the component at Z of the unit 5’ : 15 =+ x8p.

Generalising to K, given ‘objects’ f,g: B — A of A, their product is
® (f,g9): B— A. For ‘morphisms’ a: f=>g:B— A and f:f=h:B— A,
their pairing is {o,8) = ®(e,B)on'B:f=® (g,h). Let p,, =
p(g, k) :® (g, h) = g and ¢, = ¢(g, k) :® (g, h) = h. Then,

Pgrofa,B)=a  grola,B) =8  {(Pgh>9n) = Lo,h-

Given cartesian objects A and B, with products ® and & respectively, a morph-
ism f:A— B induces a 2-cell ¢; = {(fp, fq) : f ®=>®' (f x f) (the pairing is
that of B). Then, f preserves finite products if ¢ is an isomorphism. This agrees

in Cat with the usual definition.

5.3.3. Comonad induced by a global element of a cartesian object

As we have seen, an object I of a category A with finite products induces a comonad

- x I on it. This generalises 2-categorically as follows:

5.3.7. DEFINITION. Let A be a cartesian object in K, with §, 1® via 5, €. A

global element 7z : 1 — A induces a comonad (g; : A — A, ¢, §), where

o g; =® (14,2!,)
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o e=p,a,(=m(1l4) 0= 14
o §={1,,q(140))Ng14(=0 (1, 7'} 14,10 00’ @ (14,214)) : g; = 9,-2

The verification of the comonad laws proceeds by 2-categorical pasting; we

omit the details.

5.3.4. Objects with an indeterminate

Given a category B with a terminal object 1, and any object I of B, we recalled in
§5.2 the universal property of B[z : I], the category with an indeterminate element
of ‘type’ I. We also mentioned that, when B has finite products, B[z : I] could
be presented as a Kleisli category. We give now the 2-categorical version of this

result.

First, we must reformulate the ‘category with an indeterminate’ concept in a
2-category. Since we are interested in cartesian objects, we give a formulation of

‘cartesian objects with an indeterminate’.

5.3.8. DEFINITION. Let K be a 2-category with finite products. Let B be a
cartesian object of K and let : : 1 — B be a global element. The cartesian ob-
ject with an i-indeterminate Bz : t] is a cartesian object together with a morphism
j:B— B[r:i which preserves finite products and a  2-cell
z:j1 = ji:1— Blz:1] with the following universal property: given a cartesian
object C, a finite product preserving morphism f : B — C and a2-cella: f1 = fi,

there is a unique finite product preserving morphism (f, &) : B[z : ¢] — C such that

(f,a)j = f and (f, @)z = o. Further, given any other such pair (f', @) and a 2-cell

v : f = f, there is a unique 2-cell 7 : (f, @) = (f, ) such that 7j = 1.

Now, we want to show that if £ admits Kleisli objects for comonads, i.e. if
the appropriate oplax colimits exist, the Kleisli object B_g; for the comonad - ® ¢

given in §5.3.3 has the universal property of B[z : i].

We must show, among other facts, that B g, is cartesian. In Cat, this follows

from the fact that the Kleisli category Bg, for a comonad G on B with finite
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products, has finite products. Consider objects X and Y in B¢, then
Bo(Z,X xY)=B(GZ,X xY)=B(GZ,X) xB(GZ,Y) = Bg(Z,X) xBg(Z,Y)

so products in Bg are obtained from those in B. To generalise this to K, we must

assume the following property.

5.3.9. DEFINITION. Let K be a category with finite products, which admits Kleisli
objects for comonads. A comonad (g: A — A,¢6) induces a comonad
(gxg:AxA— AxAjexedxb). Let (u: A— A, X) be the Kleisli object
of g. K satisfies PCK if the oplax cocone (U x U :AXx A — A, x A;,,A x A)is an

oplax colimit.

5.3.10. REMARK. The above definition means that the Kleisli object of the product

comonad g X g is given by the product of those for g. In Cat, we have

(A x A)axa((X, X'),(Y,Y")) =AxA((GX,GX'),(Y,Y"))
~ A(GX,Y) x A(GX',Y")
> nag(X,Y) x Ag(X',Y)

5.3.11. LEMMA. Let K satisfy PCK. Given a comonad (g: A — A,¢,8), if A is

cartesian, so is A,.

Proof. Let (u: A — A,, ) be the oplax colimit for g, and !y 41:1 — A via 7,
1 and 64, 1®: A x A — A via 5, € be the adjunctions for the cartesian object A.
The corresponding adjoints for A, are written !, - 1" via 7’ and 6 A, 4®’ via 7/,

7 .
€, as given below.

o Let1' =uol. ¢ : 14, = ull,, is the unique such 2-cell induced by universal-
ity of (u, A) as follows: 14 is the unique mediating morphism from (u, A) to it-
self, ull, is the unique mediating morphism from (u, A) to (ul! u,ully A).
Hence 7’ is determined by the oplax-cocone morphism ur : u = ul! a,u- The
adjunction law n'ul = 1, follows by universality of the oplax cocone (11,1, 1)
(for the identity comonad on 1), since n'ul is uniquely determined by the

oplax-cocone morphism url = 1, : ul = ully ul.
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e To define Q" A, x A, — A, we wuse the wuniversal property of
(uxu:AxA— A, X A, A X A), guaranteed by PCK. Thus, we define an
oplax cocone (u ®: A x A — A,, o), where 0 = u¢, 0\ ® as displayed below

AxA—® A

u

gxg U 4, g U2 A,

|

and £ = ,9q)) 1s the ‘comparison’ 2-cell. This cocone induces the required
gp

AxA

®

®'. To obtain the unit and counit of the adjunction, we use the 2-dimensional

property of the oplax colimits.

— The counit € : § Ag =1 4, 1s uniquely determined by the oplax-cocone
morphism  (u x u)e: (u X u)d ®= u X u, from ((u x u)é ®=)

bu®@: Ax A— A, x Ay, 60) to (u xu, A xA).

— The unit 5" : 1 A, =R 6 4, 18 uniquely determined by the oplax-cocone
morphism up:u=>u®§ =@ bu, from (u,A) to (® éu:A— A,
®' 6))

-® € on Q= 1lg because: @ ¢ is uniquely determined by
ue:u®é®=>u® and 75'® is uniquely determined by
un' ®: v ®= u ® § ® Thus, their composite is uniquely determined
by the composite of these oplax-cocone morphisms, which is the iden-

tity by the adjunction laws for §, Q.

- €6 4, 06 Agn' = 1 Ay because: €6 4, is uniquely determined by
(uxu)eby:(64,u® b4,08) = (ub,A6) and 5Ag77' is uniquely determ-
ined by (6un =)(u x u)én : (84,u,64,2) = (84, Q' 64,u,64, Q' 64,7)-
Thus, their composite is uniquely determined by the composite of these

oplax-cocone morphisms, which is the identity by the adjunction laws

for 64 1.
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Note that the construction of 1’ and ®’ in the above proof is such that u strictly

preserves the assigned finite products 1 and ®.

5.3.12. PROPOSITION. Let K be a 2-category with finite products, satisfying PCK.
Let B be a cartesian object, with a global element i : 1 — B. B,, has the universal

property of Blz : I|

Proof. By Proposition 5.3.11, we have a finite product preserving morphism

u: B — B, with a 2-cell z : ul = u: given by the composite

B

) U

B

1/Uq1' g,.ux\‘ s
\I‘BU/

Given another cartesian object C, with product &, a finite product preserving
morphism f: B — C and a 2-cell a: f1 = fi, we have an oplax cocone on g;

(f, o), where o is the composite 2-cell in the diagram below

/ ®\
0_/ qgl

A > OxC

Ax A

A

where (qﬁ_] =)¢;1, the inverse of ¢;, exists because f preserves finite products, and

o' = {(1;,al 40 fr)). Hence, by universality there exists a unique (f, ) : B, — C,

such that (f, o)\ = 0. This implies (f, o)z = o as follows:

(fio)z = fqi001
-1 .
= fai0¢; (L,i)o(lp,a)
= ¢s1,5:° {141, )), because d);l is coherent w.r.t. projections

= «
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Finally, we must show (f, o) preserves finite products. This holds because f pre-

serves them: the comparison 2-cell TR (f,0) ®'= &((f,0) x (f,0)) is uniquely
determined by the morphism ¢; : (f ®, f¢, 0 0 ®) = (®(f x f),®(c x 7). Then,

% is an isomorphism, since ¢; is. ]

5.4. Fibred comonads and resolutions.

Instantiating Definition 5.3.1 in the 2-categories Fib and Fib(B), we get the appro-
priate notions of fibred monad and B-fibred monad, respectively. We spell out the
details only for F2b; those for Fib(B) are obtained by considering the appropriate

vertical instances.

5.4.1. DEFINITION. A fibred comonad is given by the following data:
e a fibration Ep

e a fibred 1-cell

G
E E
p p
B B
G
o fibred 2-cells (¢, ¢) and (8, 6)
15 GoG
E fe E E § E
G G
p p p p
]'B God
B fe B B {6 B
G G
satisfying
Géod = la Geobé = lg
éGobd = 1g €Gobd = lg

Géob = 6Goé G6o0é = 6Goé



Chapter 5. Comonads and Kleisli fibrations 135

As we can see from the above definition, a fibred comonad consists of a pair of
comonads: the total one, (G : E — E, ¢,6), and the base one (G :B — B,¢,6) such
that the fibration Ep is a morphism of monads, i.e. commutes with the counits and
comultiplications, and G is fibred over G. We will write ((G, G) : p — p, (, €), (4, §))
for such a fibred monad, or briefly (G, G).

A comonad in F2b(B) is a vertical fibred monad, i.e. one where the base co-
monad is the identity such. It is therefore a B-fibred monad, but we drop the

prefix when there is no ambiguity.

Similarly, instantiating Definition 5.3.1 in Fib we get:

5.4.2. DEFINITION. A fibred resolution for ((G,G) : p — p, (¢, (8, 8)) is a fibred

adjunction
F
E L D
U
p q
F
B L A
U
such that
Eﬁ‘—lﬁ = z FU .
FiF%7 = § FEVY = 6

where we have superscripted the units and counits with the corresponding adjunc-

tions.

Thus, a fibred resolution for (G, G) is a pair of resolutions for the corresponding
comonads G and @, with the resolution for G fibred over the one for G, such
that (p,q) is a map of adjunctions between these resolutions. Considering the
appropriate vertical instance of the above definition, we get the notion of B-fibred

resolution.

The corresponding notions of fibred oplax cocone and fibred oplax colimit for

the 2-categories Fib(B) and Fib are obtained similarly to those of comonad and
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resolution above. In the following section, we will show the existence of Kleisli
comonads in F2b(B), which are in turn used to build the corresponding ones in F2b

in §5.4.2.

5.4.1. Kleisli fibration for a vertical fibred comonad

In this section we show how, generalising the situation in Cat, every comonad
in Fib(B) has a Kleisli object, which we call its Kleisli fibration. If we consider
fibrations as indexed categories or pseudo-functors, the usual construction in Cat
can be transferred to the present situation fibrewise. However it is simpler to

present the construction globally, as we will show next.

5.4.53. PROPOSITION. Given a fibred comonad (G :p — p,€,8) for Ep , let
pc : Eg — B be the following functor:
pcX = pX
pe(f:GX =Y) = pf
pe s the Kleisli fibration for G via the oplaz colimit induced by the (standard)

resolution associated with the Kleisli category Eg;.

Proof.

o We first show pg is a fibration. Given u: I — pX in B, let (_u)pG(X) =
(w)"(X) o €urr(x) - G(u'P(X)) — X. Given a morphism f:GY — X with
pf =wuov, for some v : pY — I, there is a unique ¢; : GY — u*?(X) over v

such that (u)"(X) o ¢; = f. But then, the composite of ¢; and (u) °(X) is
()" (X) 0 €urx) 0 Ggs 0 6y = (1) (X) 0 ¢; 0 Geyerxy 0 8y = f

by naturality of € and the comonad laws. Therefore (u) - (X) is cartesian in

Eg and pg is a fibration.

o The resolution Fg - Uy : E — E is given by

UsX = X Us(XLY) = foey
FeX = GX Fe(GX LY) = Gfosy
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5.4.4.

We then have a B-fibred resolution Fg F Ug : p — pg, since Fg and Ug pre-
serve cartesian morphisms. The induced fibred oplax cocone (Ug,nUy) is a
fibred oplax colimit: given a fibred oplax cocone (L :p — ¢,0: L = LG),

with gq, the unique mediating functor (L,0):Eg — D in Cat preserves

cartesian morphisms:

(Z,0) (@) (X) 0 eurrixy) = L((w) (X)) 0 Lewrr(x)) © Guen(x) = L((w) (X))

by the fibred oplax cocone laws.

REMARKS.

The construction of Kleisli fibrations can also be presented fibrewise: for a
fibred comonad G, the fibre (Eg); is (Ej)q;,, for G|;: Ef — Ej the ordinary
comonad obtained by restriction. See Example 5.4.6. This fact is useful
when dealing with (vertical) fibred structure, since then results for Cat can be

transferred to the fibred case in an straightforward fashion, e.g. Proposition

6.2.5.

Similarly to the proof of the above proposition, we could show the existence of
Kleisli fibrations for fibred monads, and Eilenberg-Moore objects, or objects
of algebras [Str72], for fibred (co)monads. Again they agree globally and
fibrewise with those in Cat.

Since Kleisli objects in Fib(B) are constructed as in Cat, we have as immediate

consequence

5.4.5. COROLLARY. Fib(B) satisfies PCK.

5.4.6. EXAMPLE. Let (G :C — C,¢,6) be a comonad. It induces a Set-fibred co-
monad (Fam(G) : f(C) — f(C), Fam(e), Fam(§)) for the family fibration
f(C) : Fam(C) — Set in an obvious fashion: the comonad on €’ (I a set) has

action G'. The Kleisli fibration for this ‘family’ comonad is simply Fam(Cy) This
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means that the 2-functor Fam : Cat — Fib(Set) preserves Kleisli objects for co-
monads. Similar considerations apply to monads and Kleisli and Eilenberg-Moore

objects for them.

5.4.2. Kleisli fibration for a comonad in Fb

In this subsection we construct Kleisli objects for comonads in Fib. We call these
objects Kleisli fibrations. The construction is based on the factorisation of fibred

adjunctions given by Theorem 3.2.3; Kleisli objects in Fzb are built from those in

Cat and Fib(.).

Consider a fibred comonad ((G,G) : p — p, (), (8,8)) for p : E — B in Fib,

and a resolution for it, given by the following fibred adjunction

F

D 1 E
U

q P
F

A L B
U

This fibred adjunction can be factored, by Theorem 3.2.3, yielding an A-fibred ad-
junction F 4T : F*(p) — p/, and thus an A-fibred comonad FU : F*(p) — F*(p).
As we will show in Proposition 5.4.9 below, this A-fibred comonad is determined
by F' 41U and the comonad (é’, G). Then we can obtain the Kleisli fibration of
(G,G) as the Kleisli object for the Bg-fibred comonad determined by (&, G) and
the Kleisli resolution for G, Fg 4 Uy : Bg — B; see Theorem 5.4.11.

To simplify the presentation, we consider the isomorphisms ¥’s between pull-
backs, introduced in §3.1.1 are identities. This causes no lost of generality, by
the Cat-fibred 2-equivalence Fib = ZCat of Corollary 1.3.10, since ZCat is split. So
we work with Fib as if we were working with ZCat; the property of having Kleisli

objects is preserved under 2-equivalence.

5.4.7. WARNING. Fzb does not have Kleisli objects in the sense of Definition 5.3.3,

but only in a weaker, ‘bicategorical’ sense. This means that the oplax cocone (u, o)
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we will construct below satisfies the universal property of the oplax colimit ‘up
to isomorphism’. See [Kel89] for a precise definition of bicategorical limits. This
means that Fib admits the construction of fibrations with indeterminates in a
similar weaker sense. This is a valid notion and is acceptable for the applications in
§6. If we restrict attention to the 2-category Fib,, of split fibrations and splitting-
preserving morphisms, we do have Kleisli objects in the sense of Definition 5.3.3.
We will give the definitions of the relevant constructions in F2b, which involve
coherent isomorphisms §, ¢ given in §3.1.1, but in sketching the proof of the
respective universal properties we ignore these isomorphisms, as if working in

Fib,, to simplify calculations.
sp

Given a comonad (G, G) : p — p in Fibfor Ep , and a resolution FF HU :B — A
for the base comonad G : B — B, we define an A-fibred comonad Gp.y on F*(p)
with the following property: given any fibred resolution for (C:‘, G) such that is base
resolution is F' - U, then the fibred comonad it induces on F*(p) is (isomorphic

to) Gry.

5.4.8. DEFINITION. Given a fibration p:E — B, a fibred comonad on it
(G,G) :p— p (with counit (£ €) and comultiplication (6,6)) and a resolution
FAU:B— A (via n,) for G:B— B, its associated A-fibred comonad

Grav : F'(p) — F~(p) with counit € and comultiplication § is given as follows:

o Gry = (Fn),F*(G). Recall that G': p— G*(p) is obtained by factoring
G : E — E through the pullback of 7' and p, and (Fn), : (UF)*(p) — pis the
A-fibred 1-cell induced by Fp as in Lemma 3.1.2.(i).

o €=0p, o (Fn),F*(¢), where é: G = (€), is the B-fibred 2-cell obtained by

factoring € : G = 1g through € : T = 15 as in Lemma 3.1.2.(ii).

o 3 = (¢2)7'F*(G) o (Fn),F*(8), where §: G = (§),0G"(G) oG is the B-
fibred 2-cell obtained by factoring é: G = G through 6: G = G* as in
Lemma 3.1.2.(ii).
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We must verify that the data in the definition above yields an A-fibred comonad.
The comonad laws for G follow from those of (G, G), using the lemmas in §3.1.1
and Lemma 3.1.2. We show Géo 6 = 15 for illustration. First,

(#9)™" = (Fn)p(85.)7" 0 (8%, ) ™ 0 82 ) F(GT(B))

by Lemma 3.1.2.(i1), with the same kind of ‘pasting’ argument as explained for
step (#) below. Then, omitting some subscripts and superscripts for brevity,
Geoé
= (Fn)F"(Q)bpy.r o (Fn)F'(GNFn)F*(8) 0 (67) 7 F(G) o (F)F*(9)
= (Fn)F"(C)8pper o (F)(d5,) 7 (eF)o
(85 grg) " © O s) P (G (G)F(G) 0 (F)F((8)G"(G)Ge 0 ),
using the above expression for (¢f)—1 and the interchange law for 2-cells
= (Fn)ipurarF (G) o (SF)$5 o (Fn)F"((8)G™(G)Ge o §),

(#); see explanation below

A A

= (Fn)F*(8puc) F"(G) 0 F*((6))F(¢) o (Fn) F*((6)G"(G)Ge 0 §),
using Lemmas 3.1.9, 3.1.8.(iii) and 3.1.2.(ii)

= (Pn)F*(Sppu 0 (8)(45 0 G"(G)GeE) o )

= (Fn)F*(8puc. 0 (6)(G?) 0 9),
by Lemma 3.1.7.(v)

= (Fn)F"((Geo$é)),
by Lemma 3.1.7.(ii)
LEnre(8)

Step (#) above uses
(Fn)8paurarF (G) o (Fn)(6F) Ly © =
(Fn)(F™ ()8 pner o (857 ) HeF)) © (8 pyy © Spnar) F(G7(C)(eF)

which is proved equating both sides by ‘pasting’ with (Fn);(ﬁF)(eF) op*(GF)(eFo
6F); and applying Lemma 3.1.2.(ii).

5.4.9. PROPOSITION. Let p:E — B be a fibration, (G,G):p — p be a comonad
in Fib, with counit (¢,€) and comultiplication (6,6), and (F,F) 4 (U,U):p — g,
with Eq , be a resolution for it. Let FAT: F*(p) — q be the A-fibred adjunction
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induced by this resolution, as in Theorem 8.2.3. Then, the comonad induced by

F 4T on F*(p) is isomorphic to Gpy.

Proof. We show the argument for Fib,, to simplify the presentation. Recall from
the proof of Theorem 3.2.3 that FATU: F*(p) — q is given by:

e U=(n),oF *U, where U is obtained by factoring U thorugh the pullback of
U and p.

o The unit 7:1= (), F *UF is the vertical factor of the unit
(@,m): 1= (0, U)o (F, F).

e The counit €:1=> F (n)qF *(U7) is the vertical factor of the fibred 2-cell
(&p*(F) o Fn F*(U), ¢F o Fn) : (F(n),F*(0), F) = (p"(F), F').

The comonad induced by F' 4 U : F*(p) — q on F*(p) is then given by the follow-
ing data:

e The comonad functor is
Fol = Foln),o P = (Fn), 0 F'(U"(F)) o F"(U) = {Fn), o F"(T)

where the second step results from Lemma 3.1.5 and the last step from a

routine diagram chase.

e The counit is

E = (Fn>pF*(é) o l(n)Ft(p)OF'(T) = (F,r]>pF*(é)

applying Lemma 3.1.7.(ii) to the definition of € given above and taking into

account that Fn'F*(U) is a cartesian 2-cell and hence its vertical factor is

(isomorphic to) 1., (myoF*(1)*
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e The comultiplication is

§ = ﬁoﬁqo(n)qu*(ﬁ)

= ﬁ'ﬁF.(p) o (n),0 F*(U) by Lemma 3.1.6.(i)
= ﬁﬁp o (n), © F*(0) by change-of-base

= (Fn),o (UF)*(ij) o F*(U) by Lemma 3.1.6.(ii)
= (Fa)yo W' (Fiy) 0 0)

= (Fn),0 F*(FjU) by Lemma 3.1.7.(iv)
= (Fn),o F*(§)
This argument provides an alternative proof that (G,€,8) is a comonad. O

We now show how to construct the Kleisli fibration for a comonad in Fub,
following the steps outlined at the beginning of this subsection. To structure the

proof, we prove the following lemma about ‘reindexing’ of oplax cocones.

5.4.10. LEMMA. Given
o a fibred comonad (G, Q) : p — p, (§,¢), (6, 6)) for Ep,
o a fibred oplaz cocone (L, L) : p — q,(5,0)), with Eq,
e an oplaz cocone (K :B — A,v: K = KG) for G, and

e a functor J : A — C such that JK = L and Jv = 0. There is a unique oplazx
cocone (L' : E — J"‘(D),aJr : L' = L'G) such that (L', K),(v,0)) is a fibred
oplaz cocone for (G, @), ¢"(J)L' = L and q"‘(.])a‘t =d.

Proof. Let L' = (Kp, L) : E — J*(D) be the unique functor into the pullback J*(D).
Then ¢*(J)L' = L holds. Also, (KGp,LG) = L'G : E — J*(D) is the unique such
functor. Hence the 2-cells 5 : L = LG and op: Kp = KGp determine a 2-cell
0']L<5',0'p) : L' = L'G. Then, q"‘(J)aJr = & holds. It only remains to verify that

(L, UT) is an oplax cocone for G; the rest is immediate.

L'€o U]L = 1;, by the universal property of the pullback:
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o J*(q)(L'éo af) = Kepoop = 1;.(,s, because (K, o) is an oplax cocone, and
o ¢"(J)(L'éo aT) =Léos = Lgs(s)L'» because (L, &) is an oplax cocone.

A similar argument shows L'é o ol =olGoot. 0

5.4.11. THEOREM. Given a fibred comonad ((G,G): p — p,(E¢),(8,8)) for Ep,
let (G = Gryqv, : Fu(p) = Fu(p),&0) be the associated Bg-fibred comonad in-
duced by the Kleisli resolution Fg-1Ug:B— Bg, via n,6, for G. Then,
F(p)g : F;(E)g — Bg is the fibration of the Kleisli object for (G, Q) in Fib.

Proof. In the proof, we omit 5 subscripts from F and U above and write p’ for

FZ(p)

e By Lemma 3.2.1, we have a fibred adjunction

q (F)
L

U
/
p p

F*(E) E

A 1 B
U

with U = (p')"(U){eF), counit (¢'), and unit ((n);,(eF)q) o (8%, 7). Let
(U':p' — pz,A: U’ = U'G) be the Kleisli object of G in Fib(Bg). We then
have an oplax cocone ((U'U,U): p — pg, (A, qU) for (G, G) in Fib, where
A=(U ’((n);,(eF ),G) 0 A)U, unfolding the definition of the 2-cells involved.

o To verify (U'U,U),(X,nU)) s a fibred oplax colimit, let (L, L) : p — g, (¢,0)),

with Eq be another fibred oplax cocone.

— Since (U,nU) is an oplax colimit, there is a unique morphism H =
W :Bg — € with HU = L and HnU = o. By Lemma 5.4.10, there
is a fibred oplax cocone ((L',U) : p — H*(q), (JT, nU)). We write ¢’ for
U*(q)-
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—Let 6: L' = (nU)q,G*(f/')f/ be the vertical factor of o1 obtained by
Lemma 3.1.2.(ii), so that ol = (nU);,G*(I:’)f,' o (¢')"(U)é. Then,
((n)q,F*(f/) : F*(p) — ¢',(n)yF"(c)) is an oplax cocone. Note that the

codomain of (), F*(0) is

(m)g F((nU)g) F*(G*(L")) F*(G)
= (m)g(UFn)y o (GF)(L')F"(G),

by Lemma 3.1.8.(iii) and naturality of ¢
= (77>q'F*(I:’)<F77>pF*(é)a

by Proposition 3.1.5

and so the above oplax cocone is well-defined. The oplax cocone laws

follow from those of (L, O'T). We show one for illustration:

() F"(L')E 0 () F*(5)
= (g (F*(L"){Fn),F"(€) 0 F*(5))
= (Mg (F* (L) Fn)u(qn(GF) (L) F" (&) 0 F(5)),
by Proposition 3.1.5
= (Mg ((WUF)u(GF) (L) F*(8) 0 F*(5)),
by Lemma 3.1.8.(iii) and naturality of 7
= (n)q’F*«nU)q’G*(I:I)é 0 &),
by Lemma 3.1.8.(iii) and the interchange law
= (P (Lzoal)),
by Lemma 3.1.7.(ii)
= Lpgr@)

because (L, aT) is an oplax cocone

— By the universal property of (U':p — p'a,/\ :U' = U'G) we have a
unique ;)plax—cocone morphism H': px — ¢ with H'U' = () F*(L)
and H'\A = (1), F*(c)), which is also a fibred oplax-cocone morphism
from ((U'U,U),(A\,qU)) to (L’,O'T). To see this, with of =
(nU).,G* (L)L o (¢')*(U)é, we must show H'X = at, which follows

!
q
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from

H'U' (), (eF),GU
= (n)gF*(H)(n),(eF),GU
= (UYL (UFUY () XIG U (@)U (Fr)orey) (€ amuin G (N E
by Proposition 3.1.5
= (qU). (UFU)(UFU€)(UFnU),(UFUe),G*(H)H
using Lemma 3.1.8
— e
by the adjunction laws
and
H'\XU
= () F ()T
= () (WU ((me)U(F(5))(e)y
by diagram chase with pullbacks U*(-)
= (&)U ((n)g ) Eur(g)F
using Lemma 3.1.6.(ii)
= (¢)(U)nU)g(Ue)g
= (¢)(U)s

by the adjunction laws

— We thus get a unique fibred 1-cell (¢"(H)H', H) : pg — ¢ which makes
((U'T,U), (X, nU)) a fibred oplax colimit.

5.4.12. REMARK. The above process to build the Kleisli fibration can be applied
to obtain the Eilenberg-Moore one as well, starting with the Eilenberg-Moore
resolution for the base comonad. In this case, this rather involved construction
admits a simpler presentation: the Eilenberg-Moore fibration for a fibred comonad
(G, G):p—p,(§e),(8,8)) for Ep is the fibration pé’G o g B®, where £ and

B® are the Eilenberg-Moore categories for G and G respectively, and

p7E(X 5 GX) = (p(X) B Gp(X))
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The construction of Kleisli objects in Fib from those in Cat and Fib(_) yield at

once the following corollary:

9.4.18. COROLLARY. Fib satisfies PCK.



Chapter 6

Indeterminates in polymorphic

A-calculi

In this chapter we apply the constructions of Kleisli fibrations in Fib(B), Propos-
ition 5.4.3, and Fib, Theorem 5.4.11, to obtain fibrations with an indeterminate
element, according to Proposition 5.3.12. We will show that this construction is
adequate for A—- and Aw-fibrations. This will allow us to show contextual and
functional completeness for these calculi, as explained below. Another application
of these fibrations with indeterminates is to give a semantics for ML-style module
features: signatures, structures and functors [HMMS6], following the approach in
[FP92]. The contents of this chapter is borrowed from [HJ93], although here we
are concerned with a structural presentation on how the polynomial categories ob-
tained as Kleisli fibrations inherit the relevant structure to interpret polymorphic

calculi.

The structure of the chapter is as follows: in §6.1 we refine Lambek’s analysis
[LS86, Part 1,86] of representability of terms with a parameter, i.e. morphisms
in a polynomial category, introducing conteztual completeness, characterised by
the existence of a certain left-adjoint and understand functional completeness in
a dual fashion. This is extended from simply typed to polymorphic A-calculi.
§6.2 deals with indeterminates for fibrations over B, establishing contextual and
functional completeness for the several polymorphic calculi in Fib(B). It also
presents the simple fibration of [Jac9la, §1.2.7) as a Kleisli fibration. §6.3 deals

with indeterminates for fibrations in Fib and establishes functional completeness

147
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for Aw in this context. Finally, §6.3.1 shows how polynomial fibrations can be
used to give semantics to ML-style module-features: signatures, structures and

functors.

6.1. Contextual and functional completeness for \-calculi

The categorical concept of ‘category with an indeterminate element’ or polyno-
mial category, as in §5.2, which captures the notion of parameterisation. It can
be formulated type-theoretically as follows: given a simply typed A-calculus L,
consider the simply typed A-calculus £(c) obtained from £ by freely adjoining a
new constant ¢ : o; its typing relation k, extends that of £, F, by k. ¢ : . Thus,

the terms of £(c) have a parameter c: o.

We can then formulate certain ‘representability’ properties of £. Specifically,
we can consider contextual and functional completeness, which express the two

ways a term I' I, ¢ : 7 of £(¢) can be represented by a term of L:

(i) By a unique term I,z : o | ¢, : 7 (same type, extended context) such that
F'EM=¢lz:=(:T.
(ii) By a unique term I' - % : ¢ — 7 (same context, different type) such that

rEM="%c:r.

So, contextual completeness, (i) above, means that the parameter ¢ : o can be
internalised in £ by an extra variable z : o in every context. The parameter ¢ : ¢
can be ‘instantiated’ to actual constants of type o, cf. the ‘substitution’ functors

of §5.2, and thus we can think of a term I' K, ¢ : 7 in £(c) as a function
(Fa:0)w (T Ftla/c]:T)

where t[a/c] denotes the term with occurrences of ¢ replaced by a. Functional
completeness, (ii) above, means that such function can be internalised in £ by a
term ' 7 : 0 — 7. Thus, terms of type ¢ — 7 internalise terms of type
7 with a parameter of type o. The categorical expression of these completeness

properties is given in terms of categories B[z : I] with an indeterminate, as in §5.2.
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Note that the formulation there makes sense for a category B with a terminal
object 1, the universal property holding for other such categories C and terminal
object preserving functors F' : B — C with a morphism a : F1 — FI. This version

is used in the following definition:

6.1.1. DEFINITION. Let B be a category with a terminal object. We call B

(i) conteztually complete if for every I € B, the functor 7:B — B[c: I] has a
left adjoint;

(ii) functionally complete if every such n has a right adjoint.

This definition gives a finer formulation of the structure required in B to in-
terpret a simply typed theory: the terminal object 1 interprets the empty context
and thus closed terms of type 7 correspond to global elements B(1, 7), identifying
types with their interpretation in B. Terms with a free variable z : ¢ correspond
to closed terms in B[z : o]. To interpret these terms in B, we require contextual
completeness. Note that the left adjoint L 47, : B — B[z : o] determines a co-
monad on B, which can be understood type-theoretically as performing ‘context
comprehension’, as in [Jac92]:

I'sT,z:0

Note that contexts are inductively formed by context comprehension starting from
the empty context. This is the reason to require finite products in B; the above
‘context comprehension’ comonad is - X ¢ : B — B. A category with finite products
is then contextually complete. Proposition 5.3.12 generalises this observation to
cartesian objects in a 2-category. Thus, when the 2-category considered satisfies

PCK, its cartesian objects are contextually complete.

By Proposition 5.2.1, B is functionally complete precisely when, for every o,
- X 0 has a right adjoint, and thus B is cartesian closed. This is required for B to

internalise the functions induced by terms with a parameter, as explained above.

The above analysis extends to polymorphic A-calculi, \— and Mw. Recall, from

§2.1.3 that terms for these calculi are written as

O|Tkt:r
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where O is a context of type variables X : & in a kind A, I is a context of term

variables z : o in a type o.

Let P be A— or Aw. The presence of two levels of contexts, and thus two sorts
of variables, leads us to consider contextual and functional completeness for types
and for kinds. For types, we consider the polymorphic calculus P(c) with a new
constant ¢ : o, where o is a closed type i.e. & o : Type. Its typing relation F

extends I as before. Contextual completeness for types means that for each term

O |T K t:7 in P(c), there is a unique term © [T,z : o F ¢,: 7 with
O|T t="TFc/z]:T

. Functional completeness for types means that for any such ¢ there is a unique
O|T +F*:0 — 7 with
OITHt=%c:1

To describe contextual and functional completeness for kinds, we consider a
polymorphic calculus P(C, ¢) with a new constant C : &, for a kind «, and a new
term constant ¢ : o[ X := C], for a type X : £ F o : Q in P. Its typing relation
extends F in the obvious way. Although one might expect completeness properties
for kinds to be expressible in terms of the parameter C alone, the fact that types
may involve occurrences of C' prompts the consideration of a parameter ¢. If we
consider a calculus P(C) with only a a new constant C, terms © |T k, ¢ : 7
in P(C) are such that the types of the term variables declared in I' may involve
occurrences of C, e.g. z : C € I'. Using finite products for types, we can assume
there is only one such type in T', namely X : & F o : Q. Then, to internalise
occurrences of C' in ¢ we must also internalise those variables whose types involve

C. This is the role of the parameter c: o[X := C].

So, completeness properties for kinds express the representability of terms
O|T k. t: 7 of P(C,c)in P, where the declarations z; : 7; of term vari-
ables in I' are such that © F 7; : k; in P. That is the types occurring in T' do not
involve occurrences of C; the only type depending on C is o. This is not relev-
ant for contextual completeness, but is essential for the formulation of functional

completeness.
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Contextual completeness for kinds means that for each term © | T' teet:Tin
P(C,c) as above, there are unique ©,X :x F7:Qand ©,X : k|T,z:0 F t: 7,
such that © by, 7= 7[X :=C]: Qand O |T ;. t = t[X :=Cl[z:=¢]: 7.

Functional completeness for kinds means that for each term © |+, ¢ : 7

there are unique @ F'7: A — Qand O |T F7: 11X : k. (0 — 7TX) with
Ok, .7=7C:Q

and

O|T  t=TCc: 7

Of course, functional completeness for kinds only makes sense for Aw.

Categorically, contextual and functional completeness for types are expressed in
terms of fibrations with an indeterminate in F25(B), while completeness properties
for kinds involves fibrations with an indeterminate in 72b. These are considered

in §6.2 and §6.3 respectively.

6.2. Indeterminates for fibrations over a given base

We consider fibrations with an indeterminate element in 7:b(B). First, we examine
global elements and 2-cells in F2b(B). A global element s : 1g — p of Ep in Fib(B)
corresponds to a family of objects {s(I) € E;};cp stable under reindexing. This
means that for each u: I — J in B, u*(s(J)) = s(I). In case the base category has
a terminal object 1, the global element s is determined by the object s(1) in the
fibre over 1. Given such an object X in the fibre over 1, we write sy : 1g — p for

the corresponding global element, given by I — !7(X).

Let Ep be a fibration, with a terminal object 1 and a global element s. A 2-

cell a: 1= sis a family of vertical morphisms {a; : 1(I) — s(I) in E;},.g stable
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under reindexing: for each u: I — J in B the following diagram is a pullback:

1) 2y
ar ay

s(1) s(J)

s(u)
When the base category B has a terminal object 1, the 2-cell o : 1 = s is determ-

ined by ;.

Type-theoretically, when p is a A—- or Aw-fibration, a global element s corres-
ponds to a closed type F s(1) : ©, and a global 2-cell a: 1 = s corresponds to a

closed term + a : s(1).

6.2.1. REMARK. The equivalence 7:b(B)(1g, p) ~ E,, when B has a terminal object,
as outlined above is an instance of Benabou’s ‘fibred Yoneda lemma’. See [Jac91a,

Lemma 1.1.9]

A fibration Ep is a cartesian object in Fib(B) when it has fibred finite products,
cf. Definition 1.4.1. For a given global element s: 1g — p, we write p[c : s] for
the fibration with an indeterminate 2-cell ¢c: 1 = s, equipped with a fibred func-
tor n : p — p[c: s] which preserves fibred finite products and a 2-cell ¢ : 51 = 7s,
universal among such, as specified in Definition 5.3.8. We can now formulate

contextual and functional completeness for types as follows:

6.2.2. DEFINITION. Let Ep be a fibration, with fibred finite products and B with

a terminal object. Ep 1s

(1) contextually complete for types if for every global element sy : 1g — p,
n:p — plc: sx] has a B-fibred left adjoint, and
(ii) functionally complete for types if every such 5 has a B-fibred right adjoint.

By Propositions 5.3.12 and 5.4.3 and Corollary 5.4.5, every fibration with
fibred finite products is contextually complete for types. A concrete description

of plc: s]:E_, — B for a global element s:1g — p induced by X € E, is the
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following: E_,, has the same objects as E, while its hom-sets are (E_,);(Y, Z) =
IEI(YXI!;(X ), Z). This agrees with the expected type-theoretic interpretation:
‘contexts’ in p[c: s| have an extra variable of type X, ‘weakened’ to the appropri-

ate kind context I.

We apply the above construction of p[c : s] as a Kleisli fibration to show
contextual and functional completeness for types A—- and Aw-fibrations. These are
organised into 2-categories A—-F2b(B) and Aw-Fib(B) respectively, with structure
preserving functors. We first show that Kleisli fibrations for fibred comonads

inherit generic objects, as follows:

6.2.3. PROPOSITION. Let Ep have a (strong) generic object T and let
(G :p—pe€b) be a B-fibred comonad. Then, the Kleisli fibration pg : Eg — B
has a (strong) generic object and Ug : p — pg (the right adjoint of the resolution)

preserves generic objects.

Proof. It is routine to verify that T is also a (strong) generic object for pg: for
X € [E|, let xx : X — T be a p-cartesian morphism in E. Then xyoex : X = T

1s pg-cartesian in Eg. Preservation is immediate. O
The following lemma shows that p[c : s] inherits Cons_-products from p.

6.2.4. LEMMA. Consider a B-fibred comonad G:p — p on Ep. If p has Consg-
products then so does the Kleisli fibration Eﬁaa and the fibred right adjoint Uy : p —
B

pe preserves them.

Proof. The products II for p; are obtained from those of p, II. Given I, J objects
of B, let 7: I x J — J be the projection. For any two objects X € |E;| and
Y € |Ezyy, let TL;(Y) £ T,(Y) we have

12

(Eg)ixa(m"(X),Y) Erxs(G(r"(X)),Y)
EIxJ(W*(GX)v Y)
E;(GX,11,(Y))

(Ec)s (X, T5(Y))

12

12

1R
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The Beck-Chevalley condition for TI follows from that of II. Preservation by

U :p — pg is immediate. O
Now we can show

6.2.5. PROPOSITION. Let ‘[sz be a A—-/Mw-fibration and let s : 1g — p be a global
element. Thenn:p —>,p[c :Bs] with ¢: nl = ns as given in Proposition 5.3.12 ez-
hibit plc : s] as the fibration with an indeterminate 2-cell ¢c:1 = s in A—-/Aw-
Fub(B).

Proof. We must show that p/s is a A—-/Aw-fibration if p is, and 7 preserves
the relevant structure. Proposition 6.2.3 accounts for generic objects. Using the
fibrewise presentation of p[c : s|, ¢f. Remarks 5.4.4, we conclude that the its
fibres are cartesian closed by [LS86, Part I, Proposition 7.1]; the structure is as
given in E. The reindexing functors for p[c : s], which are those of p, preserve
such structure. Consg-products are similarly transferred, and preserved by n, by
Lemma 6.2.4. It is easy to verify that the unique morphism induced into any other
A—-/Aw-fibration given with the appropriate morphism into it and a global 2-cell,

is a morphism in A—-/Aw-Fib(B). o
6.2.6. COROLLARY. FEvery A\—-/Aw-fibration Ep is functionally complete for types.

Proof. Given a global element s : 1g — p, we must provide a B-fibred right adjoint

R, : plc:s] - p ton. It is given, fibrewise, as follows:
e on objects: X € |E;| — s(I) =X
e on morphisms: given f: X x s(I) — Y in E;, we have
s(I)= X xs(I) U x xs() L v

and we get the desired morphism transposing the above one across the ex-

ponential adjunction, A(f o (ev, 7)) : s(I) = X — s(I) = Y.
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As expected, functional completeness involves A-abstraction of term variables.

This is reflected in the above proof in the definition of the morphism part of R,.

6.2.7. THE SIMPLE FIBRATION. For B a category with finite products, the as-
signment [ — B[z : I] from objects of B to categories extends to a pseudo-functor
B[-: ] : B” — Cat as follows: given a morphism f : ] — J in B, the reindexing func-
tor u” : Bly : J] — B[z : I] is determined by the functor 7;: B — B[z : I] and the
morphism n;uoz:1 — n;J. Applying the Grothendieck construction to B[.: ],
we obtain the so-called simple fibration S(P); see [HJ93]. This fibration is a partic-
ular instance of a more general construct‘?on, presented in [Jac9la, §1.2.7], which

we describe next. Given Ep with fibred finite products, the fibration s, :s(E) — E,

called simple of p, is defined as follows:

e The category s(E) has

Objects [s(E)| = {(X, X") | X, X" € [E|,pX = pX}.

Morphisms
sENXX),Y)={(f.f)f: X =Y, f: XxX' >Y pf=pf)

Composition is given by (f, f) o (9,9) = (fog, f o {gom,g¢')) and identity
by (1,7)

® s, acts on objects and morphisms as (X,X')+— X. A morphism
(f,f): (X, X") = (Y,Y') is sp-cartesian iff there is a vertical isomorphism
v: X x X' — X x(pf)(Y') such that f' =pf(Y')o W;(’(pf,),(y,) ov.

We show how the fibration s, arises as the Kleisli fibration of a suitable fibred

comonad in Fib(E). Consider the following pullback diagram

!

7Tpp
E x E————E
p,p
X
T Plp
E B
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This is both a change-of-base diagram, of p along p, and a binary product diagram
in 7:b(B) of p with itself. Recall that thereis a fibred product functor x : p x p — p
€06):

We define the following E-fibred comonad (G : m,, — =,

o G = (m,,, x) (pairing in Fib(B)). Concretely, G(X,X’) = (X, X x X') and

similarly for morphisms. 7, ,0G = 7, , and G preserves cartesian morphisms.
e c: G 1,  given by ¢x xy = (IX,’R';{,X,) (XX x X)) — (X, X))

¢ §: G- G? given by

doxxy = (Lxs (mx,x0 1xxx)) + (X, X x X') = (X, (X x X') x X"

It is easy to verify that the above data yields an E-fibred comonad and s, = pg-
This is implicit in the description of the fibres s(E)x as polynomial categories
E, x[z : X] given in ibid., since such categories correspond to (E, x)x_ as we have

s(B)
|

already seen. Note also that the simple fibration is simple of I?, the trivial

fibration of B over 1.

There is a full and faithful fibred 1-cell (H,1):p — s, as given in [Jac91a,
§1.2.7].

It is worth spelling out the universal property of simple of p. Let FPFib(B) be
the 2-category of fibrations with fibred finite products over B, fibred functors which
preserve such products and the usual fibred 2-cells. Given Ep € FPFib(B), con-
sider the two fibred functors A,,1,: p — p x p, where A, is the diagonal functor
and 1, is given by X — (X, 1(pX)) (recall 1(pX) is the terminal object in the fibre
E,x); ¢f. Definition 1.4.1. Then 5,(=Ug):px p — s, together with o : 1, = A,
given by ax = (1x,7x,1px)) : (X,1(pX)) — (X, X) in (Eg),x have the following
universal property in FPFib(B): for any gq and any H : p X p — q together with
a 2-cell v: H1, = HA,, there is a unique (up-to-isomorphism) fibred functor
(H,7) : s, — ¢ such that m_)np = H and (—H,_'y)npa = v (modulo the given iso-
morphism between the functors), and similarly for 2-cells o : H = H' between two

such functors, which determine a correspondent 7 : (H,v) = (H',v') : p X p — q.
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These simple fibrations play a central role in the semantics of type theories, as

shown in [Jac91a).

6.2.8. REMARK. Using Corollary 3.3.10 we can infer that, if p is a Aw-fibration so is
s, and the 1-cell (H,1) : p — s, above preserves the relevant structure, extending
[Jac91a, Theorem 3.3.3], which proves a similar result for A—- and \2-fibrations.
As mentioned in [Jac91a, §3.3], such full and faithful structure preserving embed-
ding of p into s, for A2-fibrations constitutes the first step in Pitts’ internalisation
of a A2-fibration Ep in the topos SetEop, obtaining a completeness results for topos-
theoretic models of A2, [Pit87]. This is meant to proof that polymorphism is ‘set-
theoretic’, provided we replace Set for the topos SetE” . The abovementioned fact
about Aw-fibrations therefore allow us to extend Pitts’ result to topos-theoretic

models of \w.

6.3. Indeterminates for fibrations in Fib

We consider fibrations with an indeterminate element in 7zb. These will be used
to show functional completeness for kinds for Aw-fibrations below, and to give

semantics to ML-module features in §6.3.1. We first examine global elements and

global 2-cells in Fib.

1
The 2-category Fib has finite products. The fibration i, written as 1, is
terminal in b, and the product of Il;:-p and ﬂl)q is ETRQ.
B A BxA

A global element (X,X):1 — p of Ep in 7zb amounts to an object X €
E above X € B. We thus write X : 1 — p for the global element (X,pX). In
particular, the terminal object 1 € E forms such a global element 1 : 1 — p, when

it exists. Type-theoretically, a global element corresponds to a type X with a free

variable of kind pX.

A 2-cell (f,9) :1 = X between 1,X :1 — p consists of a morphism f:1 — X
in the total category of p over g : 1 — pX. It can therefore be identified with a
morphismu : 1 — pX in the base category together with one f : 1 — u*(X) in the



Chapter 6. Indeterminates in polymorphic A-calculi 158

fibre over 1. Therefore, such a 2-cell is written as (u, f )} : X. Type-theoretically,
u is a constant of kind pX and f a term constant of type X (u).

By Definition 3.3.4, a fibration Ep has finite products, i.e. it is a cartesian
object in Fib, if both E and B have finite products and p strictly preserves them.
Equivalently, by Corollary 3.3.6, Ep has finite products if the base category B
has finite products and p has fibred finite products, i.e. it is a cartesian object in
Fab(B). A morphism (H,H) : p — q in JFib preserves finite products if both H and

H preserve them in the ordinary sense.

For a fibration Ep with finite products and a global element X € |E|, we can
describe the fibration with an indeterminate p[(C,¢) : X] in Fib, instantiating
Definition 5.3.8. This is used to express contextual and functional completeness

for kinds, as follows:

6.3.1. DEFINITION. Let Ep be a fibration with finite products. p is

(i) contextually complete for kinds if, for every X € [E|, n:p — p[(C,¢) : X]
has a left adjoint in F2b, and

(i1) functionally complete for kinds if every such n has a right adjoint in Fzb.

This categorical expression of completeness for kinds properly reflects the type-

theoretic version for polymorphic A-calculi in §6.1.

By Proposition 5.3.12, Theorem 5.4.11 and Corollary 5.4.13, a fibration with
finite products is contextually complete. We want to extend this result for A\—-
and Aw-fibrations and show that Aw-fibrations are functionally complete for kinds.
We must first show that p[(C,c) : X] is a A—-/Aw-fibration when p is. To do so

we need the following auxiliary results:

6.3.2. PROPOSITION. Given Ep, with a (strong) generic object G (over Q) and
an adjunction F HU:B — A (via n,e), let (U,U):p — F*(p) be the fibred right
adjoint to (p"(F), F) induced by change-of-base, as in Lemma 8.2.1. Then, F*(p)

has a (strong) generic object and (U,U) preserves generic objects.
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Proof. We must simply verify that UG (= (e, (G), GRQ)) over G is a (strong) gen-
eric object for F*(p). Let X be an object of F*(E). We obtain a cartesian morph-
ism xx:X — UG as the adjoint transpose of a cartesian morphism
Xpr(F)x 20 (F)X - G, ¢f Remark 1.2.13. The hom-set isomorphism
A(F™(p)(X),U(Q)) = B(F(F*(p)(X)), ) implies that if G is strong, so is UG.

O

6.3.3. COROLLARY. Let gq be a fibration with a fibred terminal object 1 : 1g — q.
Given another fibration Ep, if p has a (strong) generic object, so does q"(p) and
the fibred 1-cell (1,1) : p — q"(p) preserves generic objects.

6.3.4. PROPOSITION. Consider Ep , where B has finite products. Let I be an object
of B. Consider the comonad _ x I : B — B and its Kleisli resolution F 41U :B —
B_xr- If p has Consg-products then F*(p) has Consg__,-products and the fibred
1-cell (U,U):p — F*(p) preserves Cons_-products.

Proof. Given K, J objects of B, the image of the projection7: K x J — JinB_,;

along F is isomorphic to the projection 7 : (I x K) x J — I x J, hence

Y i IxK
T 2 ’E7r*p-1HJ

A simple calculation shows that such right adjoints satisfy the Beck-Chevalley
condition for F*(p) because they satisfy it for p. The Beck-Chevalley condition

for p is used once more to show that (U,U) : p — F*(p) preserves Cons_-products.

O

Let A—-Fib and Aw-Fib be the 2-categories of A—- and Aw-fibrations respect-
ively, with structure preserving fibred 1-cells. Given the description of p[(C, c) : X ]

as a Kleisli fibration for a comonad in Fib, we have:

6.3.5. COROLLARY. Given a fibration Ep and a global element X € |E|, if Ep isa
A—-/Aw-fibration, so is p[(C,c) : X] and n: p — p[(C,c) : X] preserves the relev-

ant structure. Furthermore, the universal property of n holds in A-—)-/)\w-fibl.
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Proof. We first show that F*(p) has the relevant structure. The fibred-ccc struc-
ture of p[(C,c) : X] is obtained from that of p because F* : Fib(B) — Fib(B ;)
preserves finite products and groupoid fibrations and hence it preserves the relev-
ant fibred adjunctions. The presence of a generic object follows form Proposition
6.3.2. Consg_, ,-products are obtained by Proposition 6.3.4. Knowing that F*(p)
has the relevant structure, we prove that p[(c, z) : X] has it as well, using Pro-
position 6.2.3 and Lemma 6.2.4. The rest of the corollary is proved with similar

arguments. O

A concrete description of p[(C, ¢) : X] goes as follows: its total category, written

E//(X), has:
Objects: (I,Y) with I €B, Y €E and pY = I x pX.

Morphisms: (u, f): (I,Y) — (J, 2) with u:lxpX —J and
f:Yx ('n"[pX)*(X) — Z over (u,w}px) I xpX — J x pX.

p[(C,c): X] : Ef(X) — B//pX — where B//pX denotes the Kleisli category of _ x
pX — takes objects and morphisms to their first components. n =
(U'U,U) :p — p[(C,c) : X] acts as follows: for I € [B|, UI = I, and for Y € g,
UrY = (I, 71 ,x(¥))-

Note that a morphism in (u, f) : 9(Y) — (J,Z) in EJ/(X) corresponds to a
term pY | W;YPX(Y) tee f: Z(u,c), with C : pX and ¢ : X(C), where the ‘context
for type varibles’ W;YPX(Y) does not depend on C. This reflects precisely the

restriction on contexts required in the formulation of functional completeness for

kinds in §6.1

A—- and Aw-fibrations are contextually complete for kinds, in view of the
presentation of the corresponding fibrations with indeterminates as Kleisli fibra-

tions above. We now show that Aw-fibrations are also functionally complete for

kinds.

6.3.6. PROPOSITION. Every Aw-fibration is functionally complete for kinds.
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Proof. Let Ep be a Aw-fibration. We must construct a fibred right adjoint (R, R)
to (U'U,VU) : p— p[{C,c) : X]. The base right adjoint R:B_,,x — B is given by
I - pX = 1. R: E/(X) — E is obtained as the composite RRR/, applying
Theorem 3.2.3 where:

o R :E//(X) — F*(E)is theright adjoint to U’ : F*(E) — E, given by (I,Y) ~
(L, (77 ,x)"(X) S 1xpx ¥)-

e R:F*(E) - U F*(E) is given by Lemma 3.2.1:
(1Y) = (evox 1, (7",,,)(:[,,,)())*(1/)

o R:U"F*(E) — E is the right adjoint to U:E— U*F*(E) —whose action is

Y =y x(Y)— given by (1,Y) = T (Y).

Hence R has action

(Ia Y) = HK((W;X=>[,px)*(X) = pX=>IxpX <eVpX,Ia (W;X=>1,pX})*(Y))

]

Note that functional completeness of a Aw-fibration Ep is due to the fact that

both B and E are cartesian closed, the latter by Corollary 3.3.10.

6.3.1. A semantics for ML-style modules using polynomial fibrations

In [FP92], a topos theoretic semantics for Pure ML is presented. The approach
advocates synthetic domain theory to interpret recursive functions and data types,
and the theory of classifying toposes via the notion of generic structure to inter-
pret signatures, structures and functors. Here we adapt the latter idea and show
how fibrations with indeterminates can interpret ML-style signatures, structures
and functors. For simplicity, we consider the purely functional fragment of SML
without recursion, i.e. a simply typed A-calculus with type variables as embodied
in the notion of a A—-fibration; this is the minimal setting required to illustrate

the above application.

Consider the following ML-signature:
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signature Order =
sig
type t;
val le: t *x t — bool

end;

Thus, a signature declares types (t above) and values (1e above) whose type
may involve the declared types besides the ‘pervasive’ types (bool above). They

may also contain structures, but we will consider them later.

Consider Ep a A—-fibration, which interprets a A—-calculus with the ba-
sic types of ML. Recall that the generic object T lies over the kind § of all
types, e.g. bool : 1 — Q names the (closed) type B = bool"(T') corresponding
to bool above. Similarly, t: 1 — © names t above. The value le corresponds
to a morphism le: 1 — T x T =>!¢ (B), which we identify with its vertical factor
le:1 —t"(T x T =!5(B)). Therefore we interpret the above signature Order by
adjoining ¢ : Q and le : t*((T x T =!5,(B)) to p:

[order] = p[(t,le) : T x T =!5(B)] : Ef(T x T =!5(B)) — BJ/Q
Now consider the following structure which matches the signature Order:

structure IntOrder:0Order =
struct
type int;
fun le(m,n) = (m =< n)

end;

Thus a structure amounts to a choice of the components declared in the signa-
ture. Hence we can interpret the structure IntOrder as the morphism [ IntOrder]
of A—-fibrations in the diagram below, determined by the universal property of

[ Order]
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[Order] [ IntOrder | »
n 1 with

int,le):1 — T x T = (B)
p

where the le being substituted is that defined in the structure IntOrder.

With respect to ML-functors, consider

functor Dual(structure 01:0rder):0rder =
struct
type t = 01.t;
fun le(x,y) = 01.le(y,x)

end;

The above ML-functor takes a structure matching Order as argument and
produces another such structure, namely one with the same type but with the

dual ordering relation. Note that the mapping
01.t +— dual(01).t 01.le+— dual(01).1le
determines a 2-cell
(lg,8= B) : (Q,t"(T xT) = B) = (¢ (T xT) = B)

where s : t*(T x T) — ¢t"(T x T) is the canonical ‘swap’ (or symmetry) isomorph-
ism s = t"(r',m). By the universal property of [Order], such a 2-cell induces
a A—-morphism [dual]: [Order] — [Order], which is the interpretation of the

ML-functor dual. The action of dual on structures is given by precomposition

with [dual].

Signatures containing structures are interpreted by iterating the process of

forming fibrations with indeterminates. Consider for instance the signature

signature Sig =
sig
type t;

structure str:Sig’
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val v: ... str.t’ ...

end;

The interpretation of Sig is built upon the interpretation of Sig’ as follows:
the fibration [Sig’ ] has a generic structure matching Sig’. Thus we can interpret

Sig over this fibration by [Sig] = [Sig’ J[{t,v):...(¢)*(T)...].

Regrettably, the 2-category A—-Fib does not seem to have enough structure to

interpret features like sharing.



Chapter 7

Conclusions and further work

The aim of this thesis was to give a category-theoretic account of certain logical
phenomena, i.e. logical predicates, induction and indeterminates. These topics
are important in the semantics of type theories and programming languages and
therefore a proper abstract account of them is convenient, and even necessary, for

their application as well as their generalisation to other systems.

Our approach has been to investigate the above topics using the correspondence
category of predicates = fibred category. This identification is at the right level of
abstraction to unveil some of the abstract results which underlie the above logical

phenomena.

Thus, we have shown how certain properties of a fibred category, i.e. cartesian
closure, can be interpreted logically, via the internal language of the fibration,
to obtain logical predicates for simply typed A-calculus, ¢f. Corollary 3.3.10 and
Definition 4.2.2. The main property of logical predicates, namely the Basic Lemma,
has a clear expression in this context as the soundness of typing for interpretations

of simply typed A-calculus in a cartesian closed category, c¢f. Corollary 4.2.4.

An analogous argument allows us to explain the induction principle for in-
ductive data types categorically, in terms of preservation of initial algebras for an
endofunctor on a distributive category, cf. Definition 4.5.13. Here again, we re-
cover the logical view of induction via the internal language of the fibration. This

shows the adequacy of our treatment.

165
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An abstract account of a concept should stand on its own: if we have captured
the essential features of a problem, we should be able to prove the right results
with the right hypotheses. In particular, an abstract account cannot be justified
solely in terms of examples, although it is important to recover these as particular
instances. A mere rephrasing of concrete examples using categorical language is
quite often misleading if irrelevant features are taken into account. A significative
example is the identification predicate = subobject, justified for higher-order logic
and Set-like settings, like a topos. However, when analysing logical predicates
for simply typed A-calculus, which are expressed in first-order logic, we should
not avail ourselves of the comprehension principle implicit in the consideration of
a predicate as a morphism in the category. In particular, we should not prove
the cartesian closed property of a category of predicates using the domain of a
subobject, which corresponds to the extent of a predicate, as in [MR91], if we

want to achieve the right level of generality.

Thus, our account succeeds in proving the relevant results using suitable hypo-
theses, namely the logical connectives and quantifiers supported by the structure
of a fibred category. We have examined a few illustrative examples in this setting.
In particular, we have seen in §4.3.2 that certain desirable logics do not have all
the structure necessary to make sense of logical predicates, as far as the individual
connectives and quantifiers in the relevant formulas are concerned. However, these
logics may be able to interpret the relevant formulas all the same, because of their
capability of internalising the structure of a richer, external logic over the same
category. In the case of wCpo, we have exploited the fact that exponentials in it are
obtained from those in Set, with a pointwise cpo structure, a standard property of
categories of sets with structure. Of course, much remains to be done in the way

of applications.

In the case of the induction principle, the categorical conditions on a ‘logic’ over
a distributive category in Proposition 4.5.8 give the appropriate logical expressivity
to make sense of induction, cf. Examples 4.5.14. Note that for this abstract notion

of logic over a distributive category, the induction principle is a property we must
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impose on it. It cannot be taken for granted, although it holds when we restrict

ourselves to internal logics, by the presence of comprehension c¢f. Corollary 4.5.15.

We would like to emphasise the importance of a 2-categorical perspective in
studying these issues. One of the main results of the thesis, Theorem 3.2.3,
which underlies the categorical account of logical predicates and induction out-
lined above, is a property of fibrations qua objects in the 2-category Fzb. This is

the framework in which we have developed our results about fibrations.

We have also dealt with indeterminate elements for fibrations with some struc-
ture, as relevant for the interpretation of polymorphic A-calculi. We have thus
been able to capture some aspects of parameterisation in these calculi, as embod-
ied in the notions of contextual and functional completeness for kinds and types,
cf. Definitions 6.3.1 and 6.2.2. To do so, we reformulated cartesian categories with
indeterminates elements 2-categorically in §5.3. We proved in this general context
Lambek’s characterisation of these categories with indeterminates as Kleisli ob-
jects for certain comonads in Proposition 5.3.12. This result relies essentially on
Street’s presentation of Kleisli objects for comonads as oplax colimits, ¢f. Defini-
tion 5.3.3, and the observation that Cat, as well as F2b(B) and Fib, satisfy a special
property, called PCK in Definition 5.3.9, which asserts that finite products in these
2-categories preserve certain oplax colimits. To apply this result in F2b(B) and Fzb,
we have shown the existence of Kleisli objects for comonads in these 2-categories.
Theorem 5.4.11, which presents the construction of such Kleisli objects in Fib,

constitutes another of the main technical results of this thesis.

Both of these main results, Theorems 3.2.3 and 5.4.11, have been proved by
2-categorical diagram chasing, using the algebraic laws of fibred 2-cells in §3.1.1.
These arguments rely thus on the fact that Fib is fibred as a 2-category over Cat:
there is a cartesian-vertical factorisation of 1-cells, given by pullbacks, as well as for
2-cells, as given in Lemma 3.1.2.(ii). Thus the abovementioned theorems hold in
any such fibred 2-category. We regard this as the appropriate level of abstraction
to study 2-dimensional aspects of categorical logic, as pointed out by Bénabou. For
instance, fibred 2-categories are the common framework underlying our semantics

of ML module features in §6.3.1 and the one in [FP92], on which our approach
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was based. The latter is set in the following fibred 2-category: the base is the
2-category of toposes and geometric morphisms and the fibre over a topos £ is the
2-category of internal full subcategories in it. This is a sub-fibred-2-category of Fib
over Cat. This set-up is not mentioned in ¢bid. though. In both cases, signatures,
modules and functors are understood in terms of indeterminates for the objects
of the corresponding fibred 2-category. In the second case, due to the presence of
additional structure in the objects considered, objects with indeterminates are not
given by a Kleisli construction as in the simpler setting we considered in §6.3.1.
Of course, the presence of considerably additional structure in the framework of

1bid. allows for a fuller account of ML features than ours.

A glimpse at the proofs in §5.4.2 prompts a study of coherence problems for

fibred bicategories. [Pow93] presents a vivid account of such coherence problems.

A natural continuation of the work in this thesis, is to give a general account
of logical predicates for general type systems, in the sense of [Jac91a], including
polymorphic A-calculi and the Calculus of Constructions. To do so, we need to
consider fibrations in 2-categories such as Fib(B), Cat(B) and Fzb. Fibrations in
F2b(B) have been studied by Bénabou and applied to type theory in [Jac91a,Pav90].
Fibrations in the above 2-categories give the setting to study logic for type systems,
e.g. A2, which are themselves understood as fibrations. For instance, Theorem
3.2.3 can be applied to adjunctions between fibrations in F:b(B) and gives as direct
consequences some results about ‘lifting’ of products and sums for such fibrations
proved in [Pav90, Prop. I1.3.73]. Such results are relevant to the characterisation
of logical predicates for type systems; the latter reflect categorical properties of
the logics for a type system. Of course, the relevant technical machinery is more

involved than that for the simple' type systems we have considered in the thesis.

It also remains to investigate notions of logical predicates for calculi such as
linear logic, where some connectives, like ®, do not have a universal property,
unlike X for instance, and thus cannot be handled in terms of adjoints. [Amb92]

has some relevant results in this direction.

Another important direction of research is the study of logics via fibrations

for type systems with partial terms. A starting point is to consider fibrations
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over categories of partial maps. We have some preliminary results about such
fibrations, e.g. suitable conditions to extend a fibration Ep from B to a category
of partial maps of B speéiﬁed by a dominion [RR88]. A salient feature of these
categories of partial maps is that their hom-sets are partially ordered, and so they
are 2-categories. Thus, in a logic for such categories, the primary relation between
‘terms’ t,t' : A — B is not that of equality ¢ = ¢’ as in algebraic theories, but
the order relation ¢t < t'. In the internal logic, the predicate z : A F tz < t'z
is given by the identifier of ¢ and t', i.e. the universal 1-cell e : A" — A such that
< e = 1,,; see [Kel89] for a precise definition. This seems the appropriate 2-
dimensional analogue of the fact that the equality predicate z : A F tz = 'z is

given by the equaliser of ¢ and ¢'.

In the framework of 2-categories, we can use the notion of fibration in a 2-
category, as given in [Str73,Joh92], as the categorical formulation of the notion of
family, which in the 1-dimensional case are usually presented as display maps
[Jac90]. This 2-categorical aspect of fibrations is of advantage over indexed-
categories. It should be of relevance to understanding dependent types in cat-

egories of partial maps.

The above considerations on logics over 2-categories, as arising from categories
of partial maps for instance, is a starting point to study the categorical-logical
aspects of reduction properties in type systems, considering the interpretation of

term-rewriting in a 2-category as in [RS87].

We should investigate further applications of the construction of categories
and fibrations with indeterminate elements. For instance, we know that functional
completeness for a cartesian closed category C, as expressed in §5.2, can be used to
derive combinators for simply typed A-calculus, by regarding the category C[z : I]
with an I-indeterminate as a category enriched over € [Kel82]. It remains to study
indeter.mina,tes for type theories with dependent types, as embodied in the notion

of comprehension category of [Jac92].

Finally, we must also consider (co)induction principles for coinductive and
recursive data types, involving exponentials, extending the approach in §4.5. This

should shed light in the formulation of such principles. Of course, the incorporation
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of these concepts in logics for partial maps and dependent types would be quite

challenging.
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