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ABSTRACT

The Euclidean véfsion of field theory is defined on a d-
dimensional Euclidean space; the surfaces and interfaces are (d-n)-
dimensional extended objects given by imposing n constraints on the
d-dimensional Euclidean space. The effective action describing the
latter can be derived from the former, in the long-wavelength limit,
by a semiclassical method. One can then study the renormalisability,
and associated properties, of the effective action.

In Chapter I of this thésis, the connection between field
theory and classical statistical mechanics is discussed; 1ideas of
renormalisation grdup and differential geometry of manifolds are
also covered. In chapter‘II, the actual derivation of effective
action from scélar field theory is demonstrated by using the method
of collective coordinates, which is a semiclassical method. The
higher derivative geometrical interactions are also derived. from the
scalar field theory by using a generalised collective coordinate
method. In Chapter III, the differential geometric analysis, on the
(d-1)-dimensional submanifold embedded in a d-dimensional Euclidean
space, 1is set up in order to identify those geometrica11y>invariant
interactions from Chapter II. In Chapter IV, the renormalisation of
the simplest of those interactions, the contraction of the second
fundamental form with the metfic tensor (g.b), is studied and
carried out within the framework of an € expansion in 1+&

—
dimensions. In Chapter V, the technique developed in Chapter IV is

extended to consider a system with extra Goldstone modes.
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INTRODUCTION

CHAPTER I INTRODUCTION

Parallelism and analogy have been used as very powerful tools
to understand the mysteries of our universe since the time of Greek
physics. Recently, the connection between quantum field theory and
classical statistical mechanics has generated very fruitful results
both in particle physics and many-body  theories. In this
introduction, we shall first discuss important phenomena occuring
in statistical physics, i.e., phase transitions and critical
phenomena, then the connection between these phenomena and quantum
field theory will be'pointed out. The ideas of renormalisation group
will also be explained, especially their applications in both
fields. Some differential geometry concerning manifolds will be
introduced next as the tool to understand surfaces and interfaces.
Finally, the physical significance of these extended objects will be

discussed.

1.1. Many Scales of Length in Physics

Most of the problems in conventional physies have their own
scales of length, 1i.e., a certain scale of 1length is' usually
associated with a physical problem. Even in the same physical
system, the effects of different scales of 1length have 1little
influence on each other. But there is a class of problems whose many
scales of 1length make equal contributions in the same physical
system. A simple example is given by the critical point in a fluid
{(Wilson 1979]: The critical point of water is specified by that

temperature and pressure where the density difference between
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coexisting liquid and vapour goes to zero (at 217 atmospheres, 647
K). At 1its critical point, fluctuations in water density could be
seen from the mixture of liquid drops and gas bubbles; moreover,
these fluctuations 1in density happen at all possible scales from
single molecule up to the volume of the specimen. This phenoménon
can be observed directly in fluids: as the system approaches its
critical point, one of the 1length scales will be comparable to the
wavelength of 1light, the fluctuations begin to scatter 1light
strongly and the fluid turns milky. This opalescence persists even
when the system is extremely close to the critical point. Problems
with many scales of 1length often relate to phenomena near the
critical region, therefore, they are the probleﬁs of critical

phenomena.

In physics, the equal importance of multiple scales of length
is usually associated with scale invariance. We may use the notion
of the scale transformation to claésify physical systems into scale-
dependent and scale—invariant_systems; Ordinary physics relating to
some particular length scale is of course scale-dependent. Scale-
invariant physics 1is quite different from ordinary physics. If
scale-invariant physics 1is described by, for instanée, the
Hamiltonian of the system, then the effective Hamiltonian will not
change even when_ the length scales change. Examples are: the
critical point of a statisﬁical system undergoing a second order
phase transition (A discussion of the order of phase transitions
will appear in the next section); the limit of collision energy very

much "larger than the typical hadron masses in particle physics. In
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such cases, the effects of the degrees of freedom associated with
all scales of length are naturally very important; many scales of
length mean very many degrees of freedom in the physical system,
which 1is then usually not solvable in the conventional sense. A
mathematical method called the renormalisation group (RG), which
originates from particle physics, has been generalised to deal with
problems that have multiple scales of length. The essential ideas of
the .RG method are to incorporate the effects of the short
wavelengths into the effective Hamiltoﬁian at each step of scale
transformation, i.e., the old Hamiltonian H(s) for the old degrees
of freedom (s), will be transformed into H'(s') for the new degrees
of freedom (s'), the number of degrees of freedom being reduced as
the length scale increases. The change from H(s) to H'(s') is
called a renormalisation group transformation. The method of
renormalisation group 1is thus very closely related to the scaling

behaviour of the physical systems.

Close to, but not at critical point, there is a limit to the
range of all possible scales of length, called the correlation
1ength.‘ At separations greater than the correlation length, density
correlations decrease exponentially with distances; up to the
correlation length,. they decay only by a power 1law. Therefore,
regions separated by a distance greater than the correlation length
are essentially independent from each other. Phase transitions of
second order (now more commonly known as continuous phase
transition) correspond to the divergence of the correlation length.

When the method of renormalisation group is used to reduce the
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‘number of degrees of freedom in a physical system, correlation
length may also be regarded as the minimum size one cah reduce to
without qualitatively changing the properties of the system [Wilson
and Kogut 1974]. 1In the case of quantum field théory, which has
infinite number of deérees of freedom, the correlation 1length is
usually the Compton wavelength of the particle with the lowest mass.
This hints to us that quantum field theory corresponds to a critical

region and massless field theory to a critical point.

In the following sections, we expand on these ideas and

relationships.

1.2. Phase Transitions and Critical Phenomena

In equilibrium statistical mechanics, the study of phase
transitions is one of the most interesting and challenging problems.
Most substances in thermodynamical systems change from one distinct
form or phase to another, as the temperature, préssure, or other
conditions are varied. Simple examples of phase transitions are:
liquid-gas transition, order-disorder transition in the magnetic
system, etc. Mathematically, the task is to explain or derive the
existence of phase transitions and the behaviour of the transition
point from the statistical-mechanical ensembles. If we believe that
the partition function of a statistical system contains all the
essential information necessary for the study of phase transitions

[Onsager, 1944], a phase transition point would be a singular point
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of the partition function. Therefore, it is necessary to go to the
thermodynamic 1limit to have a phase transition in the mathematical
sense. Consider a statistical system specified by some thermodynamic
potential; the potential cannot be expanded by the Taylor's series
about the transition point because of the ;bove-mentioned non-
analiticity. Normally, the order of phase transitions corresponds
to one of the particular derivative of some thermodynamic potential,
which could be discontinuous or infinite. Thus following Landau
[Landau and Lifshitz, 1969], the liquid-gas transition is a first
order transition (but water-vapour tfansition at 647 degrees Kelvin
and pressure of 217 atmospheres is a second order transition) since
the state of the body, which may be characterised by the order
parameter, changes discontinuously. In general, it is sufficient to
use the value of the order parameter, if one exists, to specify the
order of the phase transition [Pfeuty and Toulouse, 1977]. But what
is the order parameter? We shall use a thermodynamical argument to
illustrate its physical meanings.l The order-disorder phase
transition is actually. quite a general property of many-body
systems. For a system restricted to a fixed volume, the state of
thermodynamic equilibrium at temperature T is that which minimises

the free energy
(1.1) F=U-TS.
At high temperature, the negative second term dominates, so that the

minimum value of F is related to the maximum value of entropy S;

therefore, it 1is a disordered phase at high temperature and the
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order parameter is typically zero. At low temperature, the internal
energy . U 1is the dominating factor, the state with the minimum
internal energy 1is the ordered state and the order parameter is
typically non-zero. Examples of order parameters are: the
homogeneous magnetisation in a ferromagnetic transition, fhe
magnitude of the alternating magnetisation in an antiferromagnetic
transition, and the difference in density between liquid and gas in

the liquid-gas transition.

Near a critical point, one observes that physical quantities
oﬁey some sort of power laws. Taking the spin system as an example,
the order parameter M, which is the magnetisation in this case, the -
specific heat C, the magnetic susceptibility :X: and the correlation

1ength S; behave respectlvely as
g
M~ |2
d |
e

[ £]%
a
(1.2) ’)C A —l';',?

|
E o~ 147

where all critical properties are proportional to the absolute value

of the reduced temperature t, t=(T-Tg)/Ts, raised to the power of
‘the critical exponent o, ﬁ , ¥, ¥, respectively. These critical
exponents are the physical quantities measured by the
experimentalists. One remarkable thing about critical exponents is
that they do not take any arbitrary values; they satisfy some sort

of simple relations 1like o + 2ﬁ+)’= 2, which are called
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scaling laws. The 1idea of scaling was first suggested by Widom
[Widom 1965], who conjectured that the equation of state near the

critical point should be written as the following form
§ t
(1.3) H = M ‘F (_-H%)

where H is the applied magnetic field. The equation of state (1.3)
depends only on a single variable, instead of the expected two
variables, M and T. We may then apply the following scale

transformation to Widom's equation of state,
t — *=
M— M
H— H

b

an
®

(1.4)

7&]1

it 1is very easy to see that it is invariant. Other similar scaling
functions may be written for the singular part of the free energy
and for the correlation function. Using the above equations plus the
equation of state, the relations among critical exponents, e.g. X +
2(3 + ')) = 2, can be derived. This is the reason why the relations

among the critical exponents are called the scaling laws.

There 1is another interesting property of critical behaviours,
namely, different physical systems can be assigned to a small number
of classes. Specifically, the critical exponents are quite
independent of the microscopic details such as the strength and the

precise range of the interaction (first and second neighbours etc.)
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or the structure of the lattices as in the Ising model. This is the
concept of universality. As we shall see in the later sections,
scaling and universality near the critical region may be explained
by the renormalisation group analysis. But what characteristics of a
physical system specify the class which the system belongs to?
Since the «critical exponents have shown a clear dependence on the
number of space dimgnsions d and on the number of dimensions and
symmetry of the order parameter n, therefore, at least d and n
are required to specify the universality classes (If the range Af
interactions decays as a power law, e.g. dipolar forces, this may
also be important). A table of universality classes is given 1in

Wilson [Wilson 1979].

1.3. Connections Between Field Theory and Statistical Mechanics

Quantuﬁ field"theory is one of the most obscure and complicated
subjects 1in the history of science. It has been studied since the
the time of the discovery of quantum mechanics, and it is still
being developed nowadays. There were times that the majority of
theoretical physicists believed that thé concepts of quantum field
theories should be abandoned altogether, but quantum field theories
still survive today and are even stronger than ever. When quantum
theory was discovered by Planck at fhe turn of the century, the
essential research interests were the behaviours of atoms and
radiation. Although the radiation is a '"field" itself, physicists

were more interested in the behaviour of the sources of the fields,
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the electrons in the atoms, instead of the fields. This lead to the
discovery of quantum mechanics, which deals mainly with material
particles, during 1925 to 1926, The classical electromagnetic field
theory was completed after the discovery of Einstein's special
theory of relativity in 1905. The quantisation of electrodynamics
was only partially completed by Dirac in his 1927 paper [Dirac 1927]
of the mathematical treatment of the spontaneous emission of
radiation from the atom. His ideas are based on the classical ideas
of treating fields as oscillators. This quantum mechanical treatment
of radiation provides a mechanism to explain how photons can be
freely created and destroyed. Thus, fundamentally speaking,
particles and fields are treated differently in quantum mechanics; a
physical system composed of material particles is described by
calculating the probabilities for finding each particle in any given
region of space or range of velocities, but the fields are quantised

into photons which can be created and destroyed.

The central new ingredient of quantum field theory is the idea
that the probability wave of a material particle should also be
quantised as the electromagnetic radiation has been done; this is
often referred to as second quantisation. The material particles can
be understood as the quanta of various fields, just as the photon is
the quantum of the electromagnetic field. Based on the principles of
relativity and quantum mechanics, quantum field theory adopts the
philosophy that the egsential reality is a set of fields. All else
is derived as a consequence of the quantum dynamics of these fields.

Of course, there were some immediate problems for quantum field
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theory. The first one is the existence of particles with negative
energy; this problem was first solved by Dirac in his '"hole'" theory.
There may exist some unfilled "holes' in the sea of the negative
energy particles, and these '"holes' would behave like particles of
positive energy with opposite electrical chargeé; they are the
"antiparticles' in contrast to the particles. Dirac's "hole'" theory
can even offer a mechanism for the creation and annihilation of
particles without using the ideas of quantum field theory. To the
mind of Dirac, the "hole" theory is the result of the marriage of
quantum mechanics and special relativity, therefore, it 1is not
necessary to accept the quantum field theory in order to describe
any- material particles except the photon. This negative energy
problem can also be solved in quantum field theory without using the
ideas of unobsefved particles of negative energy, and still Kkeeps
the mechanism of creation and annihilation of particles and
antibarticles. The second major problem is that of infinities. This
one can only be solved by the method of renormalisation, which will
be discussed in the next section. Quantum field theory gave the
concepts of particles new interpretations, and also changed the
concepts of interactions or forces. For example, the force between
two charged particles is no longer understood as the interéction of
the classical electromagnetic field with the charged particles.
Instead, the interaction happens as the results of the continual
exchange of the quanta of the -electromagnetic field, i.e. by
exchanging the photons. This picture of interactions should also
apply to other types of forces as the results of exchanging virtual

particles; They are called virtual particles because it would

10
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violate the conservation law of energy to create these exchanging
particles as real particles; the process 1is allowed by the

uncertainty principle of Heisenberg.

There are several equivalent formalisms of quantum field
theories. The path integral formulation of Feynman's [Nash 1978] is
the simplest and clearest 1in physical concepts among all the
different formalisms of quantum field theories. The advantages of
working in the path integral formulation are at 1least two fold:
first of all, it gives a very simple and physically intuitive
connectioni. between classical and quantum theories; secondly, it
also provides an extremely beautiful analogy with 'classical
statistical mechanics [Symanzik, 1958]. It is a well known fact that
a field theory defined on ald-dimensional Minkowski space will be
transformed into a field théory on a d-dimensional Euclidean space
by applying the Wick rotation to the original theory. This
Euclidean field theory is also one of the essential tools in the
rigorous approach to the construction of an interacting quantum
field theory [Simon, 1975]. The connections between quantum field
theory and classical statistical mechanics started to be noticed by
the majority of physicists after they had realised that some of the
long standing difficult problems in classical statistical mechanics
could be solved by borrowing techniques developed in quantum field
theories, for example, the problem of calculating the critical
exponents for the second order phase transitions is connected to the
control of infrared divergenc’'es in the massless field theory [Amit

1978]. The explicit connection - - - between the two subjects are

11
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given in the following table which is summarised from Parisi [Parisi

1980].

Quantum Field Theory

Classical Statistical Mechanics

Minkowskl space

Euclidean space

r

L

Feynman factor for amplitudes:

exp (il /1)

Boltzmann factor for probabilities

: exp (-@H)

Sum of all vacuum to vacuum

diagramg -:

JD[¢] exp (ioZ /%)

Partition function:

J‘D[‘}S 1 exp (-gH)

Vacuum energy

Free energy

Vacuum expectation value:

<ol a] oy

Statistical expectation value:

a7

Quantum fluctuations

Statistical fluctuations

Mass

12

(Correlation length)-‘
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Green functions: ' Correlation functions:
AR ISION R {PcoP@Dmerp - n | x|
~ exp im l t [
Change of vacuum Phase transition
Goldstone bosons Spin waves
Decrease to zero-mass Approach to 2 second order phase
transition
Hamiltonian (Logarithm of) Transfer matrix
. . -1
Cutoff _ e.g. (lattice spacing)

1.4. Ideas of Renormalisation Group Method

Historically, the methods of renormalisation group were based
on the ideas of renormalisation, which were devised in order to
solve the problems of infinities in the quantum electrodynamics
(QED) [Bjorken and Dfell 1965]. QED is the theory which describes
the interactions between electrically charged particles and the
electromagnetic field, and the problems of infinities are the

unphysical appearances of infinity in unobservable quantities in the

13
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theories which describe some real physical processes. Some of the
well known examples of problems of infinities in QED are: self-
energy of the electron, which is produced by the emission of virtual
photons an& their reabsorption by the same electron; the
polarisation of the vacuum by the applied electric field; and the
scattering of electrons by the electric fields of atoms. Take the
example of the self-energy of the electron. Since an electron would
change 1into a photon and an electron in the process which produces
the self-energy, these two particles can share the momentum of the
original electron in an infinite variety of ways and there is no
limit to how large the two momenta can be. Therefore, the sum over
all the ways that the momentum can be shared out can and does 1lead
‘to an infinite contribution to the self-energy of the electron. The
cure of this 'problem is based on the ideas that the physically
observed mass is not only just the "bare' mass, which appears in the
equations fof the electron, but also the infinite "self" mass; which
is produced by the interactions of the electron with its own virtual
photon cloud. The finiteness of the physically observed mass is the
result of the cancellation of the infinite part of the bare mass
with that of the self mass. Similar procedures would also apply to
other physical parameters such as the charge of the electrén. This
method of eliminating infinities by absorbing them into the

redefinitions of the physical parameters is called renormalisation.
The procedure of renormalisation also reveals a picture of the

structure of matters, which is more natural and consistent with the

field theory than with the mechanics. In the context of the quantum

14
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field theory, the renormalisation effects of the photon-electron-
positron cloud may be stripped away as one probes successively
shorter distances. The infinities, such as.bare mass, appearing in
our fundamental field equations leave no physical paradox, however,
since, for example, the virtual photon cloud of the electron can
never be completely switched off in order to measure the bare mass
of the electron. This picture of the renormalisation can hardly be

realised from the mechanical point of view.

As the procedure of the renormalisation can be pictured as
probing successively shorter distances (or incorporating their
effects in the effective Lagrangian), there is a freedom of the
choice of the initial distance to start probing. This arbitrariness
of. choice means that any initial value can be chosen without
changing the ultimate results of the physical quantities; this also
means that there is an infinite set of equivalent renormalisation
procedures. This infinite set of renormalisation procedures forms
what 1is called the renormalisation group. The 1idea of the
renormalisation group was first suggested by Stueckelberg and
Petermann [Stueckelberg and Petermann 1953], and was applied to the
actual physical processes of QED by Gell-Mann and Low [Gell-Mann and
Low 1954]. A group is a set of objects which satisfies certain rules
such as the product of ﬁny two‘objects must also be in the group
(the renormalisation group is, in some formulation, a semigroup
since the inverse of the group element may not be defined [Pfeuty
and Toulouse 1977]). The above renormalisation group procedure in

the context of particle physics may also be called the "older"

15
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version of the renormalisation group. In this original version, the
inverse of the 1initial distance may be treated as a ‘"cutoff"
parameter, which has to go to infinity at the end of the day in
order to preserve the locality, 1i.e. causality of the field theory.
The methods of renormalisation group guarantee tﬁe validity of the
. theory by ensuring that it is independent of the cutoff. In other
words, by allowing an arbitrary choice of the initial distance, we

can make the theory independent of the cutoff parameter.

A new version of the renormalisation group was suggested by
K.G.Wilson [Wilson and Kogut 1974]. His approach is a combination of
the block spin picture of Kadanoff [Kadanoff 1966] and the original
version of the renormalisation group of Gell-Mann and Low. In his
treatment of, for example, the ferromagnetic phase transition,
Kadanoff wused a model consisting of a lattice of interacting spins
with each spin sitting at a site. When the system approaches the
critical point, the correlation length becomes very much larger than
the lattice spacing; as was discussed in the previous sections, the
problem of extremely lafge number of degrees of freedom comes in and
this makes the problem too complicated and difficult to be solved by
conventional methods. The way to solve a large problem is to break
it into a sequence of smaller and more manageable pieces. Kadanoff,
firstly, divides the lattice into blocks of spins, the blocks being
square or triangular or whatever. Then, he considers the blocks to
be the new basic entities and the effective interactions between the
blocks are calculated. After finding the effective interactions of

the new entities, he rescales the dimensions of the ‘lattice down to

16
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the original séale such that the lattice spacings are kept constant.
Repeating this process would create a family of corresponding
effective Hamiltonians with coupling constants covering different
ranges of distance. In this manner, we may choose a very simple type
of interacting spins to start with, such as the Ising model of the
nearest neighbouring couplings. Clearly, the fundamental scale of
length gets longer after each iterative operation of the block-spin
transformation; and this would average out or include the short-
wavelength fluctuations whose scales are shorter than the block
sizes up to the correlation length. The resultant system would
reflect only the long-range properties of the original Ising modei,
the effects of the smaller scale fluctuations all being incorporated
into the effective couplings. Wilson used the block spin picture of
Kadanoff as a basis to illustrate his new versioﬂ of renormaliéation
group, where the block-spin transformation can be treated as an
example of a renormalisation group transformation. In particular, it
provides a very clear physical meaning for the renormalisation
procedure. (The fact that the renormalisation group may be a semi-
group 1is 1illustrated by the block-spin techniques, since the
original spin configuration before any block-spin (renormalisation
group) transformation could not be recovered as the essential
information has been lost during the averaging out procedures for
calculating the effective Hamiltonian for the new block spins.)
Another feature of the new version of the renormalisation group ig
that it usually allows more than one quantity to vary (there may be
many couplings constants), instead of only one (for example, the

charge of the electron in QED). The many longer-range coupling

17
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constants generated by the new version of the renormalisation group
transformations may form a multi-dimensional parameter space, while
the parameter in the original version can form a line only. The new
version of the renormalisation group is more general than the
original version; the crucial link between the two versions lies in
the cutoff parameter. In the original version, the cutoff has to be
eliminated at the end by letting it go to infinity (zero spacing);
the cutoff parameter is always kept as a constant in the block-spin
techniques, since the rescaling to the original lattice takes place
at each iteration. But ideas behind the two versions are still quiﬁe
similar: infinite cutoff (zero spacing) in the original version is,
in fact, equivalent to the large size of the correlation 1length
compared with the small, finite lattice spacing of the new versioﬁ.
In conclusion, Wilson's renormalisation group methods =~ offer new
physical ideas about reducing the degrees of freeﬁom in a2 systematic

way, and they can also be made to work in real space.

The principal structures in the generalised renormalisation
group formalism are the following. We start from the existence of

the transformation

/

(1.5) H :E(H)

giving the couplings of the new effective Hamiltonian in terms of
the old one. At criticality, this transformation can be iterated an
infinite number of times. The simplest property of such a sequence

is to tend to a limit which must be a fixed point:

18
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(1.6 H* — R (H*)

Universality will emerge naturally if there exists an H*'which is
stable to all critical perturbations (This is infrared stable since
the transformation 1leads to successively larger distances). The
fixed point must, however, be (infrared) unstable to deviations away
from criticality because the correlation in units of lattice spacing
(or inverse cutoff) is being decreased at each stage. Fo? a given
fixed point, it is natural to decompose interactions with respect to
a basis which are eigenperturbations of the fixed point. Associated
with each eigenperturbation is an eigenvalue or critical exponent.
These interactions can then be classified as relevant or irrelevant

according to the sign of this exponent.

1.5. Differential Geometry of Manifolds

In Chapter III, we shall use the tools of differential geometry
to ‘calculate the geometrical invariants of the (d-1)-dimensional
submanifold embedded 1in a d-dimensional Euclidean space.. It is
quite helpful, therefore, to introduce the concepts of
differentiable manifolds here [Auslander and MacKenzie 1977;

Klingenberg 1978],

DEF (i) A topological manifold M of dimension n is a Hausdorff

topological space with a countable basis such that there

19
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exists a family of homeomorphisms {“o{’ M ~> UcC r" }“ €A
from open sets My,CM to open sets U“CR‘"' and Ial‘ Mg= M. These
homeomorphisms will usually be denoted by ( uy,, Mg ), and
they are called coordinate systems or charts for M. The
collection (ua,My)yep is called a (topological) atlas for M.
(ii) An atlas ( uy,Mg LiGA is a differentiable atlas if,
for every (X, (3)6A x A, the homeomorphism Ug ° u;' :ou, ( My
q] M@ ) - up( Mpn M« ) is a diffeomorphisms.
(iii) Two atlases ( uy sMx Jxeq 2nd ( uy My ), /e A’ are
equivalent if the union of these atlases is a
differentiable atlas.
(iv) A differentiable manifold is a topological manifold
‘ together with an  equivalence class of differentiable

atlases.

The essential 1ideas of a manifold are that it 1is locally
homeomorphic to an Euclidean space and can be represented by more
than one coordinate system. Two sets are homeomorphic to each other
if there exists a homeomorphism uy, ; u, is a homeomorphism if uy is
bi jective (one-to-one and onto) and both u, and u;' are continuous.
Roughly speaking, two seés are homeomorphic if these two se£s can be
continuqusl& deformed into each other. A diffeomorphism 1is a
differentiable homeomorphism. If _more than one 1local coordinate
system were to 'be allowed on a manifold, then the change of
coordinate systems must satisfy condition (ii) of the above
definition such that the transformation of the two coordinate

systems must be smooth between the intersections of the two

20
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coordinate systems u,( Md(\Mg ) =» u( Ms(]Mq ), i.e., Uge u7) must

(4
be a qiffeomorphism. (The field theoretic treatment in this thesis
is open to criticism precisely because it does not allow for the
possibility of several coordinate patches.) In this definition of
the differentiable manifold, a manifold is also called a surface for
the case dimm = 2. But, what we are really interested is not only
in the differentiable manifold but also in the embedding of the

surface in Euclidean space, which is one of the core topics of

classical differential geometry [Eisenhart 1926; Sternberg 1964].

There are two pairs of concepts related to the descriptions of
surfaces: a 1local and global properties; intrinsic and extrinsic
aspects. The two pairs of concepts are, in fact,‘quite independent
from each other. The local behaviour of a surface should be able to
be specified by one local coordinate system, and may or may not
involve the total behaviour of the surface, which depends on the
type of the surface. The study of the surface from the local point
of view uses the differential and integrational techniques based on
a local coordinate system, while a "global' problem can be described
as one which, in general, could not be‘stated locally in'terms of
one single coordinate system on a surface, but must necessarily
involve the total behaviour of the surface. The most interesting and
important aspect of the total behaviour of a surface is related to
the topology of the surface. Another important object of interests
in the global geometry is the fibre space which is the extension of
the differentiable manifold; fibre space is, 1locally, a cartesian

product of a base manifold times a fibre, and.each fibre could carry

21



INTRODUCTION

some sort of algebraic structures such as vector space or a Lie
group etc. [Kobayashi 1963 and 1969]. When the fibre is a Lie group
locally, the fibre space becomes a fibre bundle which has enormous
interesting applications to the core of the current theoretical
physics, 1i.e., gauge theories [Chouquet-Bruhat, Y. et al, 1977;
Schutz 1980]. The study of global geometry on differentiable
manifolds and fibre space manifests one of the most striking and
beautiful achievements of modern mathematics, 1i.e., the unification

of the geometry, topology and analysis.

The studies of the intrinsic and extrinsic properties of the
surfaces are much older fields in differential geometry, although
there are some more modern studies on these fields [Chern 1967].
The intrinsic properties of the surfaces are those which could be
defined in terms of the tangent vectors to the surface and the first
fundamentél form and its derivatives. In contrast, those geometrical
broperties, which are related to the normal vector fields and the
second fundamental form, are called the extrinsic properties of the
surfaces. The extrinsic properties are usually related to the
details of how the surfaces embed in Eucliaean space and cannot? in
general, be reduced to expressions in terms of the first fundamental
form and its derivatives. We may use a model to illustrate the
intrinsic properties of surfaces. Imagine a '"flat" creature which
lives on a surface; those creatures cannot imagine what the surface,
which they live on, 1looks like from the 'extrinsic' point of view.
What the "flat" creatures could understand are those properties

which relate to the measurement of the distance between two points
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on the surface. These properties, such as the angle between two
lines and the areas on the surface etc., are collectively called the
intrinsic properties of‘the surface. The extrinsic properties are
usually related to how the surface is curved. It turns out that not
all the different curvatures defined on the surface are extrinsic:
the mean curvature is extrinsic, but the Gaussian curvature is
intrinsic, which is the result of the Gauss Theorema Egregium (The
Principal Theorem of Gauss). The difference between the intrinsic
and extrinsic properties may be illustrated by an example: take a
flat piece of paper, the extrinsic properties of the piece of paper
will change if the paper is rolled into a cylindrical shape, but the
intrinsic properties are not changed at all. The intrinsic
properties of the surface may determine the extrinsic properties of
the same surface if the surface is closed and convex. This is the

implication of the Cohn-Vossen theorem [Chern 1967].

1.6. Significance of Interfaces

In this last section, we introduce a mathematical formalism for
the description of an h-dimensional submanifold embedded' in n-
dimensional Euclidean space. Apart from the special parametrisation
for the description of the m-dimensional submanifold, which 1is
relevant to the field theories of interfaces and surfaces, most of
the geometrical properties of the m-dimensional submanifolds of n-
dimensional Euclidean space are well investigated by mathematicians.

This mathematical formalism of the m-dimensional submanifold of the
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n-dimensional Euclidean space, with n and m are treated as any
integer value, 1is very useful for its applications to field
theories, especially in classical statistical mechanics. Following
the conventional notations in field theory, we shall use d and n,
where n 1is the number of constraints imposed on the d-dimensional
Euclidean space in which the generalised (d-n)-dimensional
submanifold is embedded. The range of physical applications of the
(d-n)-dimensional manifolds are enormous [Zia 1983 a]; they include
the applications in both statistical mechanics and elementary
particle physics: the (d-n)-dimensional extended objects could be
interfaces between two coexisting phases, critical droplets,
topological excitations like strings; membranes or whatever. The
statistics and dynamics of interfaces also have vast applications in
the theory of metastable and unstable states [Gunton and Droz 1983].
Most of the theories related to the (d-n)-dimensional extended
objects postulate a special expreséion for the Lagrangian or

Hamiltonian of the form [Zia 1983 b]
(1.7) H o< (d-n)-dimensional volume,

This generalised '"volume" would include the surface area .fpr_ the
(d-n) = 2 case, and the constant of proportionality would have the
dimensionality of the energy per unit volume. The models of the
extended objects are usually treated as the phenomenological models
for the various physical phenomena. But, these Hamilténians may also
be treated as the effective Hamiltonian derived from the 1long-

wavelength (or low-temperature) limit of a field theory which is
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defined on the full d-dimensional space. In this approach, we shall
derive; in the next chapter, the effective interfacial Hamiltonian
from the Landau-Ginsburg-Wilson Hamiltonian in the long-wavelength
limit. The characteristic of our derivation, in the next chapter,
is based on a physical system which has two coexisting phases, and
the interface plays the role of dividing these two coexisting

phases. We now turn to this derivation.
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CHAPTER II FROM LGW MODEL TO INTERFACE MODEL

As we have mentioned in last chapter, near the critical region,
scaling behaviour and universality suggested that the microscopic
details of a system are not relevant, since, we are interested in
the long-range behaviour. The success of solving the problems of
critigal phenomena depends on a good and simple model to start with.
In the history of physics, the earlier attempts to propose models
for the critical phenomena were collectively called the mean field
theories. Examples of mean field theories are: the theory for the
phase changes 1in fluids by van der Waals in 1873, the theory of
magnetic phase transition by P. Weiss in 1907 and a general
formulation of the mean field theory by L.D. Landau in 1937 [Landau
1937]. The reason why the above theories are called the mean field
theories is because, in all of them, the state of any selected
particle or spin of the system is determined by the average
properties of all the material as a whole. One may view all the
particles or spins in the system as contributing équally to the
forces at every site of the system, in other words, we have assumed
that the interactions in the system have infinite range and all the
microscopic behaviours of the system are ignored. (In the
renormalisation group approaches, microscopic behaviours are
incorporated, 1instead of being ignored, into the renormalisation
group transformation.) We shall start to discuss Landau's mean
field theory and its applications to the critical phenomena. Then, a

simple field theoretical model, which is based on Landau's mean
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field theory, will be discussed. The derivations of the effectiye
Hamiltonian from the field theoretical model of Landau-Ginsburg-
Wilson, 1in the long-wavelength limit, will also be given via the
methods of collective coordinates [Gervais & Neveu 1976]. Finally,
possible generalisationé_ of the effective Hamiltonian of the

interface model will also be discussed.

2.1. Landau's theory of critical phenomena

We shall use a magnetic system to illustrate the ideas of
Landau's mean fieldA theory [Landau and Lifshitz, 1969]. The
thermodynamics of this system 1is determined by the Helmholtz
thermodynamic potential or free energy A( T, M). Landau assumed
that A( T, M) is an analytic function of T and M, where T is the
temperature and M is the magnetisation, even in the region near qf.

If we consider a system with symmetry

(2.0 M —» -MN,

as in the case of Ising model, analyticity implies that A(T, M) as
- W 4 6

(2.2) ACT, M) = AAT) + R(T) M+ &T) M+ o M°).

Guided by the phenomenology of the Ising spin systems, the

disordered state, T > Te, corresponds to zero magnetisation and the

ordered state, T < T¢, corresponds to the 'spontaneous non-zero

magnetisation”. We may thus assume that

27



INTERFACE MODEL

(2.3) Ay (T) ~ A(T - T
A, (M > o,

"where a is a positive constant. If T > Te then &,(T) >0, the
shape of the potential is trivial; if T < T4, the value of (1,(T)
changes. from poéitive to negative, the shape of the potential
develops into a double-well potential, then the system will have to
choose from either up or down values of the spontaneous
magnetisation. This spontaneous magnetisation corresponds to the
occurance of some sort of "ordering" phenomenon, that is to say,
some symmetry have been lost. This illustrates the analogy between
the second order phase transitions and spontaneous symmetry

breakings 1in the field theory.

Rewrite A( T, M) as

(2.4) ACT, M) = ag(T)+ 1/2(T-Tad)u® + 1/4n”

where a and a,(T) have been absorbed into the scales of ( T- Tp)
and M (or rescale them). The Equation of State is given by the

external magnetic field H,

(2.5) o - 280 o TeOM + M
o1
or H = M [ LI%%;Ei2+ 11

MeEC v / M)
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where the scaling form (1.3), from Section 1.2., has been used. We

may deduce that
(2.6) §=3,/5=1/2, £(x)= x+ L.

This is not bad compared with three dimensional experimental
results: S = 4.5, ﬁ 2 (0,35. The susceptibility x is given by
the change of the magnetisation in the presence of the applied

external magnetic field,

2 H
(2.7) or )(-'= —Q—H— = a’A(T,M)= (T-Tp) + 3&‘?
3M aMz | c :

\Y)

The magnetic susceptibility for Landau's mean field theory may be

written as

|
(T-T.) +3M1°

(2.8) X -

At T > '1'C with H = 0 and so M = 0, the susceptibility can be written

as

(2.9) 76 = (T- T, )'Y

with y = 1. The experimental values for }>, in three dimensional

space, range from 1.25 to 1.37 for different magnetic system.
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If we would 1like to calculate the correlation 1length of a
system in mean field theory, we need to know the correlation
function first. It 1s possible to generalise Landau's theory to
ihcorporate a treatment for the correlation function by allowing the
order parameter to be a function of posiﬁion in the systemn.
Therefore, the general free energy can be written as [Wallace and

Zia, 1977; Amit 1978]

o2 n n
2100 AT = dx ) L ag T)CP + b( D (VD) ]

n=i

where #)(x) is the magnetisation density. Assuming only small
spatial variations exist in gB(x) (i.e. (7?b is small) and the
system 1is symmetric under #) —_— —Sb , Wwe may again vrewrite the
free energy as '
(2.11) A ( T,C#) = | dfdx oo ap( T) + 1/2'§ (Vf?)’L

+ 1/2 ( T- Ty ) gbz(x) + 1/4 ¢4( x) ]

Effectively, the smooth spatial variations in the magnetisation give
rise to an extra term proportional to (Y7q) fl . The correlation
function G( x, y) 1is a sort of measurement of the cofrelation:
G(x, Yy) gives the change in dS(x) due to the change of the external
field H(y), since the external field at vy, H(y), may flip a spin
at vy, fof example, as in the Ising model.

S I (%)

(2.12) G (%, y) = .

5 H ()
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There are two ways to get the correlation 1length ;; from the
correlation function: The indirect way is to look at the behaviour
of the correlation function at large separation,

| X -4\ >0

(2.13) G (x,5) O exp ( - 1% -4

=

where the correlation 1length E; is the effective range of

)

correlation and 'xaﬁs the separation of the two points. The direct
way is to examine the location of the singularity of the correlation

function,

d
(2.14) ’Ez oL - WG%
J Gg_ %=0
2 A% 6o
Jd% G

where Gg =.jﬂexp (i q.x) -G(x) 1is the momentum representation of

or equivalently ;;

the correlation function which is presumed to be translational
invariant, i.e. G (x, y)= G (x - y), for a homogeneous external

field.

We shall start to calculate the correlation length EE now. The

applied external field H (y) is given by

SA
S P(%)

;Wfddx [ a, (T) + 1/2 {(ng(x))"

2 ¥
+ 1/2 (T—Tc)¢(x) + 1/4 ¢(x)]

H (y)
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2 3
(2.15) = - § V¢<y) + (T - Te ) <}5(y) + Qb(y)-

And since

s Hw . N d
(2.16) ———— = [ =S T +(1-T.) +3P¥]) & (x-4)
$Px) ¢ ‘ ? w

the correlation function is

G ( ) L ® H@ ].'
X, y) = —_—].
S Qx)

Taking qs(y) = qs as a constant, the Fourier transform for G (x) =

(2.17)

G( x, 0) can be written as

2 fddx exp (i q.x) G ( %)

(]
]

|
(2 H(T-Te) +3¢°

The correlation length is given by

;2(1‘,49) - j}—@g}_

|4
(T-Te) t3 CPL .

(2.18) =

%=0

(2.19) =

-2
For T > Tg, qb = 0 and from the definition of ;;cx(T - Tg ) we
identify 2= 1/2 in mean field theory ( ¥ 22 0.63 for the Ising model
in three dimensions). Many other properties are calculable in this

mean field approximation.
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2.2, Field Theoretic Model of Landau-Ginsburg-Wison

In 1last section, we found out that the predicted values of
Landau's theory of critical phenomena are not far from the
experimental values, despite its amazing simplicity. These factors

]
give some very strong arguments for treating Landau's theory as a
starting point for further investigations. Of course, there 1is
something wrong with Landau's theory, since this theory does not
agree with experiments exactly. But what are the reasons for the
discrepancies and can the theory be cured? From the assumptions of
Landau's mean field theory, it seems quite plausible that the main
origins of the inadequacies of Landau's theory may lie on the total
neglect of the microscopic behaviour of the system. The very
important phenomenon of statistical fluctuations should have been
considered, before any other microscopic characteristic, since it is
so universal. As was discussed in Section 1.3, there are - very
close connectioné between quantum field theory and classical
statistical mechanies. A field ?S(X) can be treated as a random
variable or order parameter, in the classical statistical ﬁechanical
system, and the statistical mechanics of 'gﬁ (x) will give the
average value which can then be identified as, for 1instance, the
mean magnetisation (mean order parameter). The facf, that the
statistical fluctuations are analogous to the quantum fluctuations
in the field theory, would imply that all the good old perturbation
theoretical techniques can be applied to statistical mechanics and

also to critical phenomena (as a massless field theory).
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The physics of a statistical system is determined by the

Hamiltonian of the system. The free energy in Landau's theory
. ¥

corresponds to the Hamiltonian of a 96-theory [Wallace and Zia,

19781, i.e.,
2
(2.20) H = Jddx [ 1/2 (V#))2 + 1/2 mz¢ + 1/4! g¢¥]

where the spatial dimension is taken to be d for the applications of

2 contains the temperature dependent factors and - . is

general cases, m
2

equivalent to ( T- Tg ) near Ta, and (V¢) ensures that the

short-wavelength fluctuations have higher energies. The partition

function or generating functional is given by

(2.21) 7 = fn[c#] exp ( - H)

where 1/kB T is absorbed into H in the Boltzmann factor. The
presence of an external field J( x) in the statistical syétem

corresponds to adding a term to the original Hamiltonian,
d
(2.22) - dx J (x).

The prescription for calculating the averages is given by the
correlation functions or n-point functions, which average the

Boltzmann factor over all the configurations of the field

b oo oy e Perpy
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JDfCIS] CP(x.)CP(m)-w-'gb(x,,)-exr(.H)

(2.23) = .
[D($) exp.(-H)

In the above, JlD EQb] denotes the functional integral which sums

over all the possible field configurations (D( x). This method used
to calculate the average of a single field would give rise to the
mean order parameter <¢> of a specific system. It 1is also
straightforward to set up a perturbation theory for the above
expressions; for example, the vertex is '- g/4" and the propagator
looks 1like " 1/ q®+ m ", without "i" comparéd with the ordinary
relativistic quantum field theory. Note also that, in our case, ¢
is a d-dimensional vector in the d-dimensional space. The complete
details of the full perturbation theory are given in Amit's book

(Amit 1978].

By the principle of correspondence, we would like to Trecover
Landau's theory of critical phenomenon, from the field theoretical
model, as a zeroth order approximation. It turns out that this
emerges naturally in the loop expansion, in which the functional
integral is presumed to be dominated by the maximum of the
integrand, as follows. We start from the partition funétion with

the external applied field included in the Boltzmann factor

(2.24) z{J}= D[¢] exp(—H+[J¢).

The Gibbs free energy or generating functional for connected graphs

can be defined as
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jD[L)S] exp(—H+‘/J¢)
| z {5}
or G{J} = —an{J}

(2.25) exp(—G{J} )

In the saddle-point method [Mathews and Walker, 1970; Migdal 1976],
the dominant contribution to 2 { J} comes from the extremumg

of H,

sH |
$P lg=p

For a homogeneous system, the solution CP (x) of this equation will
L

(2.26)

be independent of x. Expanding Sb(x) as,

(2.27) q5<x> =¢+’Y/(x>
o

and using the relation, exp ( -G ) = fD [(P] exp ( - H), we get
d 2 ¥
exp ( -G ) = exp{-jd‘x(l/znﬁ(t + 1/4! gqso - J¢)}‘

(2.28) ' JD [#3] exp [ - f/l/ S¢(x)5¢(v) ’\}/(x) ’\/’( )
+ 0 ("f’)

The zeroth order approximation givegsrise to

(2.29) exp -jddx g
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where g 1is the Gibbs free energy density:

(2.30) g = 1/2 maﬁz+ 1/4! gﬁ‘f— J?é.

- The mean order-parameter < ¢> equals the magnetisation M in the

spin system

Joep1 Pesi-H)
o4 25.(-H)

<Py =

=
i

(D04 (8109 anpl [ g onp - [ [ty 00 |

(Dry1 omp [ 1% 3] v [-[+[[Frsg V¥ +O (¥))}

5 . [praye o d-[3 ][zl 4t O]
o - zjyfs?%jﬁ«mw}

3
where those terms of order "7l’ in fD ['f’] are neglected. The

(2.31)

Legendre transform in the thermodynamics is usually written as

2A
oM

(2.32) A(M) - g(h) = hM with h =
where A(M) 1is the Helmholtz potential density (or Helmholtz free
energy), g(h) 1is Gibbs free energy density, h 1is the external

field and M 1is the magnetisation (order parameter). This Legendre

37



INTERFACE MODEL

transform in thermodynamics is analogous to the following in the

field theory [Taylor 1976]

(2.33) 1’ [43] — W[J1 = -th?SC

ST (4]
9,

where I? l:qD ] is the generating functional of the one particle
d

with

irreducible (1PI) diagram, and W [J] 1is the generating functional
for the connected diagrams as pointed out before. Using the
Legendre transform, we may obtain the free energy of Landau's theory

at the zeroth order in the Feynman graph expansion,

o>
n

g + hM

1/2m*M*+ 1/4' gM? - hM + nM

(2.34)

1/2 (T -Ta) M% + 174! g u?

with the equation of state

(2.35) h = (T-Te)M + 1/3153,

Comparing this equation with (2.5), we see that Landau's theory of
critical phenomenon may also be regarded as the zeroth order of the

full Landau-Ginsburg-Wilson field theoretical model, 1in a steepest

descent or saddle point approximation.
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2.3. Interfacial Hamiltonian

In this section, we shall discuss the interface model derived
from the Landau-Ginsburg-Wilson model. A simple and intuitive
derivation of the interfacial Hamiltonian [Wallace 1982; 1980] will
be given and some of the technical details of a formal treatment
[Diehl, Kroll and Wagner, 1980] will be discussed as well. As was
pointed out in Section 1.6 the subject of interfaces, surfaces and
strings is contained 1in the study of extended objects of (d-n)
dimensions embedded in a d—dimensional world. The simplest example
of this category is the (d-1)-dimensional interface, which can be
applied to many physical systems [Zia 1983]. The characteristic of
this type of system is the existence of two coexisting phases, the
interface dividing these two coexisting phases. Therefore, the model
which we are going to discuss is a rather general theory. We shall
start from the Landau-Ginsburg-Wilson (LGW) model with a general

potential V (4) )

(2.36) H & x [ 1/2 (VC;))Q + Vv (Sb) ]

where the scalar field qb(x) is the order parameter which ﬁay be the
magnetisation 1in the spin system or the density difference of the
liquid-gas system and the general potential V (qb) may, sometimes,
be given in the form of the familiar qb+-potentia1 for
demonstrations. If we wish to use the LGW model to describe
interfaces, we then have to impose some restrictions on the general

potential V (#7). Since the vacuum or the ground state 1in field
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theory is analogous to the equilibrium state of a statistical
system, if two coexisting phases in the system are desired then the
general potential V (qb) must have two degenerate minima; that is
to say, the potential V (¢)) will somehow look like a double well
potential, at least near the bottom of the potential. In the
steepest descent or saddle point approach, we look for a
configuration qé(z) to describe how the order parameter changes
from one phase to another in the z-direction, which is taken to be
perpendicular to the (d-1)-dimensional interface. This
configuration q% (z) is the solution of the classical field

equation (or Euler-Lagrange equation),

(2.37) L (z) = a_-‘Z._ .
2 ,
da* 'c 29,

subject to the boundary conditions q%.(z) -> ¢+ as z =->»too,
where qé'and ¢{ correspond to different phases, ;espectively. If

the potential V ((b) is of gﬁﬁitype then the solution looks 1like
(té(z) = [m*/2g tanh m/2 ( z - z,), where z, is a constant, and is
usually called the kink solution. There has been some extensive
studies of such classical solutions of field theories  and their
quantum meanings [Coleman 1975; Jackiw 1977]7 We 'follow a
development based on the method of collective coordinates in which
perturbation theory 1is employed around the coordinate dependent
classical configuration [Gervais and Sakita, 1975; Gervais, Jevicki
and Sakita, 1975]. The meaning of the method of collective

coordinates will be discussed later.
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For the interfacial configuration q)(z), we may expand the
. c

original field ¢(x) by

N
(2.38) C}.)(x) =C}%(z) +<i)(x)

where x = (z, y) represents the d-dimensional coordinate and y are
the remaining (d-1)-dimensional coordinates. The translational
invariance of the original system implies that the classical
solution ¢¢ is a function of (z - z,) where 2z, represents the
position of the interface, 1i.e., % (z - 24). By differentiating

the Euler-Lagrange Equation (2.37) with respect to 2z,, we obtain

(2.39) 6‘?)) az(}5<z> = 0
o le

where %2 is the Schrodinger operator in the perturbation theory and
Q0
2 oV .
. It is clear to see that 32 ¢ is the
c
-]

equals - v +
: o $=9,

zero mode of the differential operator%z. ‘This is the consequence

of the expansion, in the ( 2.38), about a classical solution with a
given position z,. In practice, this expansion spontaneously breaks
the translational invariance of the original model gnd aé«j)c is the
Goldstone mode. The field configuration corresponding to a

fluctuation 82943 with small amplitude "a" is given as
¢

(2.40) =~ (z-a);
this corresponds to an (infinitesimal) shift in the interface by the
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amount of a. If we denote q as the (d-1)-component wave vector

perpendicular to z, we find

(2.&1)77Zexp (iq.y )8242( z) = q*exp (i 9.3 )aé.,qé.( z ).

In the long-wavelength limit of q —>» 0, we obtain a continuous
spectrum of eigenfunctions of‘??Z with no mass gap. The field

configuration corresponding to a superposition of these modes is

(P ¢(z) Jf-‘)d_a(q)-exp(iq.y)a%(k:(z)

(2.42) z- f£f(Cy)
c

with f£(y), a function of the (d-1) coordinates, is defined as

d %
(21}

da-

(2.43) £ (y) a(q)exp(iq.})+0(a").

The configuration (F;( z - £(y) ) may be interpreted as a surface
which 1is translated locally by an amount f (y) from the planar
surface. Therefore, the Goldstone modes of the spontaneously broken
Euclidean geometry represent the collective displacemen? of the
general surface away from the planar surface, and the amount of

displacement £(y) is called the collective coordinate.

£ :

ft3)

42



INTERFACE MODEL

In the long-wavelength limit, we may substitute- f (y) 32 %(z)

o
into the expansion around the classical configuration (x) ~~
4) (z) + £ (y) 52(1)(2) and put it back into the expansion c¢f the

N
Hamiltonian, (write (P = £ (y) 9;3 ¢ (z) for convenience)

H (43)

5 (@) + 1/2Jd‘{x$(x>7lla>cx> + 0 (S

d 2
de [ 1/2 (VC,D),+ V(ﬁ)]
+ 1/2 J 4( Tt)"' a(q’)-exp(iq’.g.)

-a{,j;e( >7nf(2—m§— <q>-exp<1q}>a¢<z>

+ 0 ({1‘;3)_ Foeriennan

4 for 4 s
Jd (é-%—)zfd"'} C1/2 CPF* T+

d2

> d 2 d-l
fdz(cl )de[1+1/2({77c)°'+ ....... ]
- 00

b
where the identity Jlllz ( j% )zd z = JV (CEE) d z has been

(2.44)

i

used.

In (2.44), it 1is not really easy to see what the next order
terms would look like, besides, the methods are not systematic at
all. A systematic method to obtain the higher order terms in f in
(2.44) was given by H. W. Diehl et al., who used a version of the
method of collective coordinates. The original configuration in the

d-dimensional space can be written 1in terms of the collective
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coordinate f(y) and others [Diehl, Kroll and Wagner, 1980]

A
(2.45) ¢(y,z) =¢(z-f(y)) +(P(y,z—f(y))
(o

where the kink position (or the ipterface position) f(y¥) 1is
considered as the collective coordinate. The meaning of this
expansion can be understood as a sort of canonical transformation
from the original set of variables {q)} to a new set of variables
{f, a)} . Since some new variables have been introduced, we impose
a subsidiary condition with (2.45) so that (?) does not contain the

zero frequency modes:

i |42 fle $iv w9 =0,

"4/
where CPC (z) is the derivative of the classical solution and is the
eigenfunction of the zero mode. The Hamiltonian (2.36) can be

expanded by substituting (2.45) into the Hamiltonian

H(®) = H (e ~fa)
d »~ SH A
* gl O

(2.47)

$H

where the —
. Sq;

4) ?term is no longer zero agzin, due to the
introduction of the cgllective coordinate transformation. In
deriving the formula (2.44), $ in (2.45) is effectively ignored.
Diehl et al. examined the effects of the ignored (}/S 's by setting
up a systematic approximation scheme in the context of the methods

A
of collective coordinates. If we would like to sum over all the q> -
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N\
modes, the (P -tree diagrams are the most important and
significant terms in the expansion and they contribute to the same
order as H ((PC). Therefore, it is necessary to include the term,

which is 1linear in $ , in the expansion (2.47) and the source term
sH |
. From the formula (2.47),
we may write S ¢ ¢=‘P¢
— ks 0{“ 2
H = fdé((f%) fﬂl v [ | +:(0 4]
+ J A 2 H + N\ 2

where the H(q.)c) is the same as in (2.44). Letting u = z - £(y),

N\
for the (P is nothing but

(2.48)

N . .
the q) ~-source can be writtén as

sH _
=T
=(-v'u) § - (vu)' @+ 7;
= (-vu) R+ O =tvwl ¢
(2.49) '-'-'(Vz‘F)‘;% -(VF) ?Z

where the Euler-Lagrange equation (2.37) -have‘ been used. Using
(2.46) to ensure that the zero modes are excluded from $ s the
source term which consists of (sz) has to vanish and only (Vf)z
terms left as the sources. So the $-trees will contribute powers
of (¥ f)z to H. The resummation of these tree diagrams has been
done in different contexts. J-L Gervais et al. [Gervais, Jevicki
and Sakita, 1975] first developed a scheme of resummation of the
tree diagrams for the soliton; H.W. Diehl et al. [Diehl, Kroll and

Wagner 1980] have calculated the tree diagrams in this particular
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case to derive the effective Hamiltonian for interfaces

(2.50) io= o |y /\ﬁ + O£

s 2 . . .
where O = Jldz (4% )* is the surface tension and the integral is
just the surface area of the manifold. The first two terms in the

2 )
expansion in (V-)c) reduce to (2.44), of course.

2.4. Higher Order Corrections

The resummation of the tree diagrams in the calculation for the
effective interfacial Hamiltonian is indeed quite tedious and long.
The collective coordinate, in our treatment, is identified as £(y).
This field f could be either the interface or kink' position. The
collective coordinate transformationiis given by eipanding around
the field configuration as in equation (2.45) with the subsidiary
condition (2.46). Under this transformation, the variable set
describing the same system changes from {(P}' ——> '{ f, $}
Therefore, the partition functional, Hamiltonian (or Lagrangian) and
Euler-Lagrange Equation will all have to change accordingiy. After
the transformation, the whole systematic perturbation theory can
also be set up in terms of the fluctuating field or perturbation
'a; . But 1in the case of looking for the effective Hamiltonian of
the Goldstone modes or for the interface, we are actually interested

in the long wavelength (or low temperature) behaviour of the system

only. The surface tension model discussed in the previcus section

46



INTERFACE MODEL

is the effective interfacial Hamiltonian in the iong wavelength
limit; it depends only on the gapless modes f describing thermal
capillary waves, the average having been already performed over the
modes a\) which has a gap of order OCWL’“)'. As was discussed in the
previous section, the choice of the interface position f(y) as a
collective coordinéte has led us to the tedious resuﬁmation of tree
diagrams. Since the source term for the tree diagrams comes from

¢’

the tedious calculation of tree diagrams, there 1is a natural

in order to avoid

the first variation of the Hamiltonian —E;q;_

question to ask, '"Is there a better choice of the collective
coordinate such that the source term derived from -geg}f will
contain only the higher derivatives of £ 7". In this casg, the
surface tension term inside the effective Hamiltonian wiillappear
naturally within the effective Hamiltonian Iﬂﬁqi) such‘that we can
avoid the resummation of the tree diagrams entirely. A Dbetter

choice for the collective coordinate was suggested as [Wallace 1980,

1982; Lin and Lowe 1983]

g —f() /N
(2.5D) = CZZ (r/Tt;RE;E?”> + (F).

Geometrically, this choice of the collective coordinate means that
the classical configuration is not only translated but also rotated,
. ' 2 XK . .
since the added factor 1 / [1 + (V £)" ] is the directional
cosine for the z-y axis rotations. For f up to linear in vy, we are
expanding about an exact solution of the Euler-Lagrange equation.

With the-argument for ¢%ij1(2.51), therefore, the source term must

depend on second derivatives of f (or higher). Thus the source
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term is negligible in the long wavelength limit. Substituting
(2.51) into the LGW Hamiltonian, the first term in the expansion of

the LGW Hamiltonian, H(ﬁb ), can be written as

H($) = [d% [+ (0] + V)]
=3Wﬂ%vw@w+1uwj
_.iC 2
=l ()] (B AR )
+ V(%) }

where u = (2 - £(y) )_/ [1+ (V?f')3 ]% Using the identity |

again,

(2.53) jV(cPc)du =‘é“f(§bc/)zd7j

and changing the variables

(2.54) (’ﬁ 2)"‘_‘_9(44‘ ,”’()

~ ) ~

J

in the above expression, (2.52) can be rewritten as

H (%) -—-yo\d-'"; J 1+ (vf)*
{¢+—{HWHJvam)

(2.55)

+—%[1+(v¥)2]a[ v (v%)zjz})
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9
I

where J'—'” (%/)Zdu

po

(2.56) f-: U (Clb"/)z‘du
[ @) du,

The first term 1in the expression (2.55) is indeed the surface

NI
Il

Y
l

tension term as obtained from the tree diagram resummation 1in the

previous section.

The better choice for the collective coordinate in (2.51) 1is
fine, provided that we are not interested in the higher derivatives
of f at all. The difficulty for the effective Hamiltonian (2.55)
is that the higher order contributions are not significant since
comparable terms have been neglected in the source term; alsb they
are not geometrically invariant. We propose now an even better

choice of the collective coordinate:[Li*l QHA LOW& lq93]

(2.57) gb:(z)c(w) + $(44) _é__-_7[_[_§%>

with
- )’
P 2 (l+&@f))% %t 0 ¥

(2.58) U =

In this choice of collective coordinate, it would imply that the

transformation on the surface should include not only a translation
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and rotation from a plane surface collectively but also a small
distance "of shift due to the deviation of the surface from the

tangent plane as indicated in the following graph:

;
L.,

where 8 is a small deviation from the tangent plane. What we have
aéhieved in this method is the following: apart from the natural
appearance of the interface or surface model, we are also exposing
the higher order corrections such as the curvature R and other
terms which relate to the embedding details of the interface
contained in the coefficients of the metric tensor g;j aﬁd that of
the second fundamental forms b‘j .

Using .this formalism, we have calculated the effective
Hamiltonian with up to two more derivatives than the surface tension

term. This may be viewed as higher order contribution from the

higher derivative geometric invariants. As will be discussed in the

50



INTERFACE MODEL

next chapter, that these terms will be identified with geometric
. . 2 2 R
invariants such as curvature R, (g.b) , and b, In the expansion

of

H{$ (uts))
;. Sz; 7/
.59 ~ H ECPC (w) + % (Pc(u) T o7 C;)d(’a) ,

where

- U o a.:,“ 25
2.60) Y= é__f_[}_)' g:_?i(_ f 3’{ 3'-’:

2 3
JI+f) (1+@8))7",
we obtain the effective Hamiltonian up to two extra derivatives

H S (w)]
jif /7 _élj_

o H [ch('u)] + Jdd4% ,,/H(W)‘Jclu(éﬂlJr 2 c)
o [a% TR Jde 500 ZX) 5¢

(2.61)

By using the Euler-Lagrange equation and performing partial
differentiation plus integration by parts of various types (in order

to throw away the total derivatives), such as
/ V4 I\
(2.62) Z{3 95 b -—_:_3__ /uz )
o} ¢ 2 o

the final result for the effective Hamiltonian reads
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H (R (w)]
= 4% i+

2.63 .~ (6)°. 2 1 O f %1
o Jan(f) 11 Ci+ @7

uz[’ o3 F o5f %t f _ 2ea T2:F 951 4 f]}
C1+wf)]* [i+(wf)2°

We shall see in the next chapter how all of these extra terms can be

identified with differential geometric invariants.
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CHAPTER III GEOMETRY OF THE INTERFACE AND SURFACE

In this chapter, we are going to discuss some geomegrical
details of surfaces. The general geometrical properties of surfaces
have been discussed in Section 1.5. The origin of the 1interfacial
Hamiltonian in the context of field thedry has also been
demonstrated in the previous chapter, and the physical and
geometrical reasonings for the emergence of an interface model from
the LGW field theoretic model are given there. The further pursuit
of the higher order corrections to the simple interface model shows
that the understanding of the geometrical meaning of the terms which
we have played with are essential to our calculation in Section 2.4.
It will be essential to set up tensor calculus on the surface and
interface so that the higher derivative geometric invariants can be
derived. Then, sohe symmetries relating to the theories in Chapter
II will also be discussed, namely, the nonlinear realisation of the
group of transformations for a spontaneous broken global theory.
Finally, a discussion on the method of normal coordinates, which is
a geometric invariant extension for the collective coordinate, due

to R. Zia, will follow.

3.1. Tensor Calculus on the Surface and Interface

There are several ways to set up the geometrical analysis on a
geometrical object, some of which are covariant and some not. The

most natural and fashionable way to set up the analysis on the
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geometrical objects is to use differential forms on manifolds. But,
in order to be as close as possible to the notation used in field
theory, the conventional tensor calculus techniques will be wused
instead. The parametrisation of the surface or interface in a

Euclidean d-dimensional space can be chosen as
(3.1) 2 —‘:‘)C(jé))

where
K= (Y%, 2), i=1,2,3, " (d=D,

is a vector in Euclidean d-dimensional space and y, are the
remaining (d-1) dimensional coordinates. This is the geometry of
the (d-1) dimensional submanifold embedded in a Euclidean d-
dimensional space and the description of the submanifold (3.1) is
obtained by imposing a constraint on the d-dimensional coordinate
( b z) to be ( X z= fgz) ). Of course, by imposing more
constraints on the d-dimensional space, it would be possible to get
many submanifolds with lower dimensionality. In general, this type
of submanifold of a d-dimensional Euclidean (flat) space is curved.
Taking the example of a three~dimensional flat space, the

description of a two~dimensional embedded surface can be written as
(3.2) z = 7((1) '?).

The geometry of this surface is determined by the coefficients of
the first fundamental form (or the metric tensor) g&; and those of
the second fundamental form b, [Klingenberg 1978]. The first and

¢
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second fundamental forms are usually written in terms of their

coefficients, respectively,
T= % . dx* d«x?
~a

(3.3)

I = b;, d’x"dx*,

”r

The intrinsic properties of the embedded surface are specified by
g&é, and the extrinsic properties are specified by b*j . All the
geometrical invariant properties of the embedded surface are also

determined by gi}and b and the tensor calculus on the embedded

j’

surface can be set up by the same set of coefficients { 8

NEd

b e
¢ 7

The geometry of the two~dimensional embedded surface in the
Euclidean three-dimensional space is well understood, therefore, the
most obvious extension of this knowledée is the generalisation to a
higher dimension d. The nineteenth century geometers did 'much
research into this subject [Eisenhart 1926]. But, unfortunately,
most of their works were done in a parametrisation of thé surface
such that the direct application to the field theory can not be
established easily. Therefore, we have to develop our own tensor
calculus of the (d-l1)-dimensional embedded submanifold on the d-
dimensional Euclidean space. Our approach 1is to find out the

generalisation of the b;,) of the (dl)-dimensional embedded

7

submanifold, then, to use the coefficients ( g;j, b‘}) in order to-

( 842':
set up the tensor calculus of the (d-1)-dimensional submanifold.
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Let the first fundamental form in the d-dimensional flat space be

written as
I = dg*

(3.4) = S,Qm C{’X'Q d%m

L,m=1,2,3

in d dimensions. Since this is a flat space, the metric tensor of

the d-dimensional space, é&’ﬁ is a wunit matrix. Recall the

constraint Z = £f(y), the first fundamental form of the d-dimensional

T = A}*dg‘-+-(dé)‘

P2k i)
-faj a{)dy d 3¢

?::;* dy’ JA}?

I
T.I

Il

(3.5)

where — . a-F a»)c
%“3 g’“? + oY* ayé

are the coefficients of the first fundamental form (or the metric
tensor) on the (d-1)-dimensional. embedded submanifold. The metric

tensor with two contravariant indices can be obtained through
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rm m
(3.6) ?;} } = gﬁ; 3

therefore, the g*~@ can be written as

; 5 l >f of

3= 577 - ~
(3.7) | +2f 21 ox: 2Xj .
ox* ax*

We shall proceed to find out the generalised b;} of the (d-1)-
dimensional ° embedded submanifold. As was explained in Chapter I,
the extrinsic properties of the embedded surface are related to the
normal vector fields and the second fundamental form, and ghe
coefficients of the second fundamental form bﬂ}give the measure of
the embedding details. This measure of the embedding details is

related to the deviation of the surface from the tangent plane, and

is summarised in the following theorem [Goetz 1970].

Thm The signed distance of the point ( u'+ h', u*+ Hz) of a surface

from the tangent plane at ( u' , u® ) equals

(3.8) S = "':'lé‘ b~} k’; ké

“with an error of order higher than two relative to

J CnO¥+ ()t

This 1is a theorem in the case of two dimensions. The geometrical

interpretation will give us a useful guiding principle to derive the
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second fundamental form for the (d-1)-dimensional submanifold on
the d-dimensional Euclidean space. In the case of the two
dimensional embedded surface, the second fundamental form is given

as [do Carmo 1976],

|

b,;,g‘_ dx=d x?

(3.9)

I

where N is a unit normal and r = ( x, ¥, £(x,y) ). The unit normal
~~

g&is given, in the two dimensional case, as

l .
3.10 — % , T, :l ‘
( ’ﬁ +(@a ) +(2,F) ( ’C 1 ) '

The normalisation factor in the two dimensional case can be easily

generalised to

l
J |+ (0F)

where the gradient of f is taken in the (d-1) dimensions. The

(3.11)

geometric meaning of b&} gives the measure of the curyature of
surface relative to the Euclidean space and since we are interested
in the analytical surface only, this measure of embedding details
could be- given by the ordinary Taylor's expansion in (da-1)

dimensions

can (¥ dy) — £
=1, 2,3, e (dmD),

58



GEOMETRY

Since the first order contribution from the expansion would be
perpendicular to the normal at the (d-1)-dimensional coordinate

(ig ), therefore, we just have to examine the second order effect
d-1
(Z dd 2 ) (1)
_ 'y 2 o v 2 ) z .“““.J
_(dz;-a——,wl*at e EAC
2 . .
:—ﬂz__é___f_,.oly~d«é?

w5 9% 2Y?

(3.13)

where

L=, 2,3, e (de)

With our choice of normalisation, the second fundamental form can be

written as

(3.14) - b‘“? d'g—~ d'y—’”‘)

with b B [ - > F
v S vfr 3y eyt
i,g=1,2,3, e (doD),

where

The geometry of the (d-1)-dimensional embedded submanifold of a

Euclidean d-dimensional manifold can thus be completely determined

by

of of

5&9 t oYt 237
(3.15) 21 f
¥ >4, 2Y;

Ti=0"- |+ L)
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| 2" 1
and b“? — q[ oY A ?
|+ (vf)  o% 2%

given these fundamental expressions, we now turn to the tensor

calculus in this coordinate system.

The Riemann symbols of the second kind are usually defined in

terms of g&j's and their derivatives,

o
(3.16) Rfm»‘.jﬁ—- 2y? :[7‘5"! B, Ké'm +I:: I;ﬁ“- 1—’-: I;?“‘
where

| _ a2t EX @;é]
(3.17) r.ﬁ“‘ [ 5 o wd R
g Kl 2% 2%

are the Christoffel symbols of the first kind, and

(3.18) Ed = ?—dﬁ F'ék

?

are the Christoffel symbols of the second kind. The associated

- Riemann symbols of first kind are defined as

P qgue
ngu;j+g _—_ é}' 72i°<&;}4;'

The Riemann symbols of the second kind can also be defined in terms

of the coefficients of the second fundamental forms, b‘j’ as
3.19 L, 17 b _ b : b ,
319 Rwr& it Ugm ¥ TRm
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Although the Riemann symbols can be defined in terms of b’ié only,
'they are still related to tﬁe intrinsic properties of the (d-1)-
dimensional manifold since they are also expressible in terms of
the coefficients of the first fundvament:al form, 1i.e., the metric

tensors, and their derivatives. The symmetry properties of the

above geometrical quantities are also useful:

(1) g"-‘? and b&} are symmetrical with respect to ( i & j ),
i.e. g.. = g.. .

;i and bgg b,
¥ ¢

3 = a‘; .
(ii) I;&aré symmetrical w.r.t ( i €—> j), i.e. Iza-,; I:Ji

(iii) R,,:spare antisymmetric w.r.t. ( m &> 1) or ( j &>
misk

k ), i.e. . Rw‘jﬁ= - R,;mjﬁ or Rm‘?‘£= - Rm;‘ﬁ}'

Substituting the Christoffel symbols into (3.16), we obtain

(3.20) _ __l_)’_ 3?, [g& ?‘-ﬁfm + aﬁ ?&m — Om ?&*ﬁ]
_'f 3£[aa, }'}m"' %% tim ~ Om g*é] |

+ o f r I—) _ ?df 1’7 l 7
j' ,ia',g me ot < RA ’7"3:0( .
Write the Christoffel symbols in terms of the metric tensors, the

Riemann symbols of the second kind looks like
Rnise

(3.21) _ L . — 3. - . T ..
- 2 [a?a ?ﬁm aam g',{{ 9‘&& 3-9-?71 S’ﬂm 3«3]

+ —,AF ?M[a& 33-2 t 93‘ ?:iﬁ —aﬁ %3] [am %«+a’£ gm—ao( ?mg]
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_.7%? i}xk [-ak giﬂ '+'<945 ggg - a& gF{£ ]
- [ om ?’Q‘a"' %5 o — 2 ?fm?‘].

If we intend to simplify this expression to the " a&jf B"uf "

level, there will be
4x 4 + 18 x 4 = 88

terms to be calculated although most of them will cancel among each

other. A straightforward but tedious calculation yields
R’ma.?ﬁ

= [ahﬁ')c aam‘; - 94,?{ 2% m 'FJ

| + (\710)

(3.22)

Now we shall use Rm:;‘ﬁto derive the Ricci scalar (curvature),
R, using the standard procedure of deriving the curvature from the

Riemann symbols

_ gmt
(Fz:;1; R i} Ie?ﬂ‘é”ﬁ

Therefore, the curvature scalar is

R = Trrr (3af 25F - 2 257)

(3.24)

\
t [1+(@f) ] ( %ﬂc T a;g'f aﬂc -9;@“ Ot Ot a@f).
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By contracting two second fundamental forms, bz can also be
obtained 'ﬁ
2 ~
b = !9 batj
_ogfouf _ 4 duaf 2unl 20t 20F
— e — 2 2
(3.25) |+{V.F)°' E | + @‘F) _]
2
(a:f as5F 241 ]
1+ @8)°]°

The ( g.b ) is
g-b = §7° bsy
211 5 2t 24T aﬁA
ST T hvew O+l

2
so ( g.b ) 1is written as

b))
_( %;;f)ai-a-f o 2t ot 25T St
T Ti+wd’) [+ @8)*7°
+ a,:.'{"' 9.:3"F 93} aﬁ‘Faaﬁm'F a,m-?
Cl + (w§)')

The above geometrical quantities give us the identity

(3.28) E + (9'5)1 = b

(3.27)

2
P

which 1is very useful to simplify the geometrical
quantities or transform them to some more presentable forms. We
have found a great deal of applications to the calculation

involved with the method of collective coordinate.
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We turn now to the application of the above formalism to the

interpretation of the interfacial Hamiltonian of Chapter II.

3.2. Symmetry of the Interface Model

The discussion of the fensor calculus of surfaces in the
previous section gives us a geometrical description of surfaces and
interfaces. The study of symmetry properties of the interface are
also essential to our understanding of the geometrical properties of
the interface model. With the results of the previous section and

using integration bf parts such as . -
d-} 3-"f 9,:"F - 9..‘{: aij'F
d 3 4 T .

(3.29) J H—(v-P) (1 + &)

d- . 31 25T 24f of —eTaf 2 2
:Y”W“V“ f [ +Lv¥)§£ 3 #'

we can 1identify the appearance of (g.b) and R terms in the

effective Hamiltonian (2.63) [Lf'n and Lowe 13931

(3.30) l—leﬁ.:fd Yi L Hvd) ( +Cgb+dﬁ)

where

=(1+oe)* af oy f 91
fn+(vf)‘3"f T 0T — aud a”H

[ae [ (]

Jde %—é—)]

I

I

A A- 7@ Q‘D
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2 dffa(ﬁ‘)f

d:fdé 2 [dg .

There 1is a further symmetry aspect. As the effective Hamiltonian
can be derived from the Landau-Ginsburg-Wilson model in d-
dimensional Euclidean space, it is argued that, in the spirit of
Section 2.3., the classical solution breaks translational symmetry
in the z axis and rotational symmetry in the z-y plane in our case
[Wallace 1980 and 1982]. This is a special case of the property
that £f(y) carries a nonlinear realisation of the original {full .
symmetry group of the LGW model, namely the Euclidean group E(d) of
rotations and translations in d dimensions. That is to say, the
Goldstone field £(y) carries the'original large symmetry group with
the transformations corresponding to spontaneously broken symmetries
acting nonlinearly oﬂ'the field. This is analogous to the use of
the nonlinear sigma model' to describe the interaction of the
Goldstone modes of a global symmetry spontaneously broken, for
example, from O(n) to O0(n-1l). Mathematically, a realisation of a
'group G 1is an association (map) bétween any element g of G -and a
transformation T(g) of some space M in such a way that the group

properties are preserved:

€D) T(e) = I, the identity transformation.
. . - ~i
(1i1) T&™") = [T(e)]

(iii) T(g).T(h) = T(gh).
It 1is <clear that a realisation of a group is more general than a

representation of a group. In fact, when M is a vector space and

every T(g) is a linear transformation then the realisation is called
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a representation [Schutz 1980]. The corresponding nonlinear

transformations on f are given by [Wallace 1980 and 1982],

f = f+ a
cow | £ — f-0 (faf+¥)+0(6Y

for translation by "a" in the 2z axis and rotation by some
infinitesimal angle ﬁ? in the (z-y) plane. It is easy to check
that - terms appearing in the effective Hamiltonian are invariant
under the above transformations up to a total derivative. The first

derivative of the transformed field f/ reads

2:f = o, f -2.[0;(f3;f+ ¥;))
= 3&‘F-~“ 9}(3;{ 99“F + 'F9:§7C+ §:5>.

(3.32)

By the help of integration by parts, we arrive at the expected

result, for example,

. ~ -
(3.33) J‘dd“j. .\/l +(vf) = fd ¢ A1+ [Tf).

It should also be pointed out that there is only one singie field £
acting as a Goldstone field for the breaking of the symmetry from
E(d) to E(d-1) [Wallace 1980]. This is in contrast to the general
theory of nonlinear realisations in field thedry, which requires one
Goldstone field for each spontaneously broken generator of an
internal symmetry group. This happens in the case of the nonlinear

sigma model with a spontaneously broken global symmetry from 0(n)
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to 0(n-1). In our case, the original action of E(d) on the d-
dimensional coordinates (z, .X) is already a representation on the

coset space of the Euclidean group factored by rotations.

Apart from the nonlinear realisations of symmetry groups, there
are some other symmetry properties possessed by our system. For a
magnetic system as discussed in Section 2.3, we know that the

Hamiltonian of the LGW model H is symmetric with respect to

(3.34) CP > — ¢>

By imposing nonvanishing value to the field configuration %(é}in the
boundary value condition, the nontrivial solution of the Euler-

Lagrange equation in that system must be anodd function of z, i.e.

¢ (2) == Q-2

The consequence of the odd properfy of the field configuration qz is
that no odd number of £ fields contributions in the effective
Hamiltonian H(f). Terms with odd number of f fields, such as
(g.b), do not then appear in the effective Hamiltonién H(f).

In summary,

H(c = (- c)
(3.35) qD) " CP = H(’{:):H[-{)

P (w=-Q-39

<

However, the LGW model for fluids, for example, where ¢Z represents
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the fluid density has no such symmetry properties and a (g.b) term

must be allowed in the effective surface model.

3.3. Method of Normal Coordinates

In our method of generalised collective coordinate of . Section
2.4., the choice of collective coordinate represents some sort of
transforﬁation on a surface given by z=f(2). The transformation
includes a translation and rotation from a plane surface
collectively plus the distance due to the deviation of the surface
from the tangent plane. R.K.P. Zia rewrites our choice of collective
coordinate (2.62) as the first two terms in an expansion of u(‘z, z)

for small (z - f) [Zia 1984]

-Y% 2 '5/2
G2 U=(2-F) 34 & (5-f) 37 o a5t 351

where. | %: [l '1‘(V‘F)z].

He then argues that the second term would be the first correction to
a region of the surface where \72f ¥ 0, since the cémpetition
between (z - f) and the radius of curvature is responsible for the
correction. He suggests thaﬁ we may regard "u'" as a curvilinear
coordinate, which is associated with each f, where the 'u=constant"
surfaces are equally spaced along the whole surface as shown in the
figure. The curvilinear coordinate "u" is called a normal coordinate

[zia 1983].
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The d dimensional space (y, z) is covered by the coordinates (E, u)
and E is chosen to be y for the sake of simplicity. The original
z A

~

d dimensional coordinate can be written as

oo X =(%,%2) = F(E) +unlf)

~

where f is a d-dimensional vector instead of f which is a scalar
o d

function. The two d dimensional vectors 5 and ;1 are given by
) =(£, +(8)
(-vf, 1)
n(E) =
~ ¢

where both ’1:1 and u depend on f. The vector z(;) is a vector of the

(3. 38)

point "E" on the interface relative to the origin of the space. If

o~

we denote the components of,ﬁ and Eas
M
(3'39) f 5 H:[)z)s)\s\\\\\u d
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;0- a=’)2)3,\\.‘..\\)(d—,)

. & . : : .
derivatives with respect to ; will be written as a subscript with a

comma, e.g. f,a are the components of V f.

By using the above general formalism, we may start to look for
the effective Hamiltonian in this formalism. First the Jacobian of

the transformation is given by

(3. 40) | ‘MTI

> xX
2 g°

)" = = 2, 0 d"
,Ha +U N a a=A=1,2, (a4

where

I

TH

I

MnH oL=d .

The measure of the normal's changes can be expanded in terms of the

f,“,.'s

R b [#
(3. 41) /n_)a - = ka 'J:,a

where kzare the components of the extrinsic curvature H( The metric

for (E , u) space is given as
Gra(; = T7% Sp Tvg -
(55 -ukS) Foo (53 -ukS) wp=ab
o 1 s=f=d
o Gther wi 52
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where

(3. 43)» ?ab = ‘}:

is the metric on the original z= f(y) surface. Substituting (3.41)
o~

L )C,bz Sap T Toa T

into (3.40) and using (3.43), the Jacobian of the transformation

is given by

T =6 =dotl-uk)/g

We now expand (3.44) in power of u

(3. 44)

c.ow |dt T =dF [1-UTrk txuRe S

where

= (Tr H<)2“ (Tr H<2)

is the curvature scalar. If we write the Hamiltonian as

3. 46) H [(Pc (W) = fol £ du.}dez“ﬂ [4%’{11)]2

which can be expanded by the help of (3.45). Therefore, the

effective Hamiltonian is given by

s H [ Bw] = fdd-'? 2y
(1= 8 TkbwRe)

where 2
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A= o [duul §oy]”
= {0 fauw [y}

This gives the same result as our previous calculation. Although

i

the two method are equivalent in physical and geometrical pictures,
the beauty and power of the method of normal coordinates certainly

makes our treatment of the effective Hamiltonian rather ugly.
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CHAPTER IV Correction to Scaling

In the field theoretic model of surface tension, the higher
derivative interactions beyond the surface tension term take the
form of geometric invariants such as (g.b), curvature, (g.b)2 , etc,
.in the 1long wavelength 1limit, The forms of those geometric
invariant interactions are derived in the previous chapter by using
a generalised method of collective coordinates and the geometric
identifications are made by differential geometric techniques. The
next interesting question is how to renormalise those geometric
invariants and what the scaling properties of those invariants are.
Our approach to the renormalisation analysis is based on two other
calculations: the & -expansion for the interface model in d=1+ &
dimensions [Wallace and Zia 1979], which 1is analogous to the
renormalisation of the nonlinear sigma model in 2+ & dimensions
[Brezin and Zinn-Justin 1976a, b]; and the effective potential
techniques [Forster and Gabriunas 1981]. The renormalisation of the
higher derivative geometric invariants, such as the curvature term,
proves to be too complicated to be done; besides, they may be
phenomenologically irrelevant anyway. This leaves the-simplest of
the geometric invariants, the contraction of the coefficients of the

second fundamental form b, with those of the metric tensor g‘é ’
i.e., (g.b). The problem then is to perform a perturbative
analysis of the resulting effective Hamiltonian in d=1+ & bulk
dimensions, where the higher geometric invariant 1interactions

appearing within the resulting effective Hamiltonian are generally

treated as small perturbations to the surface tension term. Before

73



CORRECTION TO SCALING

we proceed to perform the perturbative calculation for (g.b), we
shall discuss the nonlinear sigma model in 2+ € dimensions and the
analogous analysis of the interface in 1+ €& dimensions. The
renormalisation and scaling properties of (g.b) in 1+ &€ dimensions
will be performed up to one loop level in the context of the
perturbation analysis. The result shows that this type of
interaction 1is 1indeed 1irrelevant to the 1leading 1long distance
behaviour in low dimensions; it is just a correction to scaling [Lin
and Lowe 1983]. In higher dimensions, it is possibiy a relevant
operator, but such a regime 1is beyond the control of the

perturbative one loop calculation described in this chapter.

4.1, Nonlinear Sigma Model

There is a 1long history of the study of the 1linear and
nonlinear sigma model in physics. The sigma model was proposed by
Gell-Mann and Lévy [Gell-Mann and Lévy 1960] in the context of
chiral symmetry breaking in elementary particle physics. They
suggested it as a field theoretic model which realises éhiral
symmetry and partial conservation of the axial current. The

Lagrangian is written as

1(4.1) VZ— - OZS -7\' C o)
w2 oLy = VIig +4(c+:T-T )

++-[(on)+(00)]- &L (% 7Y

z o
- X (o %+ ’l'i?z)1

/ ~ 7,
4! 74
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wﬁere “%’ is a fermionic isodoublet field of zero mass, IE is a
triplet of pseudoscalar pions, and O° is a scalar field. The
symmetric part of the Lagrangian, czls, is invariant wunder the
SU(2)xSU(2) chiral group. It is a well known fact that SU(Z)xSU(Z)
is isomorphic to the 0(4) group, and the (1/2, 1/2) representation
of SU(2)xSU(2) group, (Q7, 1; ), will transform as a vector under

0(4). 1If the fermion fields are omitted, the Lagrangian becomes

(4.3) OZ 72,!‘ t co
(4&) OZS:_— é-(af)z__% ?2__‘%7.(?2))2

|

where
T
(4.5) QP —:54 _
~ T

is the compact notation for a multiplet of four fields transforming
according to the vector representation of the symmetry group 0(4).
If the symmetry is broken from the larger group O0(4) to the little
group 0(3), 6 -3 =3 Goldstone bosons corresponding to the
spontaneous symmetry breaking will be generated. These three
Goldstone bosons are wusually identified as pions. In the
renormalisation of this spontaneous symmetry breaking scheme, it
seems reasonable to start with the renormalised symmetric theory
with ,L(z > 0 and then continue to the region of IL(:< 0. This’
procedure would generaté a transition through a singular point for c

=0 in (4.3). Therefore, it is necessary to keep ¢ ¥ 0 as a small
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breaking term in (4.3) to circumvent the singularity. In the limit
of vanishing ¢, the theory is spontaneous broken without any

renormalisation problem.

As was discussed in the previous chapter, a realisation of a group
is more general than a representation of a group. If one chooses a
space on which the group of transformation acts in such a way that
the space 1is not necessary a linear vector space, one obtains a
realisation of a group. We can choose a constraint condition to
specify a realisation of group 0(4), for example, the nonlinear

realisation of the chiral group on the manifold given by

2 2 o~ _— 2

wo OP= o0+ TR ="V,
(a4

where Vv is a constant value. The nonlinearly realised Lagrangian

for the 0(4) group is written as

(4.7) OZ—,VLO' = "i“ (ai})l

Writing @ in terms of EE , the Lagrangian becomes

From the above Lagrangian, it is straightforward to see that the

chiral symmetry is realised in the Goldstone mode. The composite

. 2 a . - . . . .
field O =,/ v* -TC" has a nonvanishing value, i.e. it is massive,

and the jz stand for three massless fields. In the long wavelength,
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low energy limit, the nonlinear sigma model is a good approximation.

In statistical mechanics, the Hamiltonian of the <classical
Heisenberg model with an 0(n) symmetric group is given as [Brézin

and Zinn-Justin 1976b]

(a'g) H : - k_ . S_ . ‘S‘.
%ZlfJ ~Aa’ ~ n—?
'\a)?
where the 5, are unit n-component vectors associated with the sites
i of a periodic d-dimensional lattice, k&é is a short range
positive translationally invariant interaction. The critical

properties of the classical Heisenberg model can also be described

by a continuous field theoretic model called the linear sigma model,
H = |d'% [ (09)+5m ¢ & ¢)]

4.10 - o

( ). 2 2 i 41\ L .

Brézin and Zinn-Justin showed that, in the long distance limit, the
classical Heisenberg model is equivalent to the nonlinear sigma
model [Brézin and Zinn-Justin 1976b]. The Euclidean action of the

nonlinear sigma model again looks like

ww J = [ax & (g + (0R)],

Renormalisation of this nonlinear sigma model in 2+ &
dimensions has been carried out by the same authors [Brézin and

Zinn-Justin 1976a; B, 2Z-J and Le Guillou 1976]. They use a
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generating functional for Green's functions in Euclidean space,

defined by:

2 =[dod"m [ s(07+T-1)

*enb, [--24;—2 Jddx 'f(VO‘)2 + %‘_ﬁ (Y77r‘)2

(4.12)

=

+ T T,

where T is a dimensionless coupling constant and a regularisation,
which preserves the 0(n) symmetry, must be introduced in  (4.12).
By integrating out the delta function within the generating
functional, the 2N-point interaction vertices are obtained by
expanding the [{7 a - 152 ;4 ]2 . It turns out that only field
strength and coupling constant renormalisation are needed, so that

the renormalised Lagrangian is

2
: d a 21413
w L= e 2(v T+ (V02 5T

where the parameter }l fixes the scale of the renormalised theory.
The 1lattice spacing or dimensional regularisation may be wused to
regularise the theory. The infrared divergence generated from the
pion propagator, 1 / pz, can also be controlled by introducing
an eXxXternal source term, h, coupled 1linearly to the Q™ field.
[Brézin, Zinn-Justin, and Le Guillou 1976]. The source term h
plays the role of the magnetic field. The essential role of this

term lies in the observation that the expansion of
\
. 2 2 A
(4.14) hfdx EI—TT(’X)J
7~
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in powers of T[ generates a mass for the pion. The generating
r~

functional of the Green's function, thus, reads as

(4.15) Z (Q') k) = JU-(%)T{ «Q/xf{ﬁ'-;[‘oz ‘f‘fg(x).lt(x)ﬁ]}

with

2 | 2 (Evg)z VA
wao (T 0 = [dx [0 +5 oy ~hol-EY

For the lattice regularisation, the vertex functions of the G~ and

jz fields satisfy the renormalisation group equation

i (T, w) = 27 (T A,

The ordinary differential form of the renormalisation group equation

is obtained by differentiation with respect to /\, at fixed IR and

H,
(4.18) { ———-{»V\}( ) : \g[T)}P(?))TJA)

. = O’
(4.19) < (T)

(4.20) | W (T)

Il

/\ajné

/\__,.
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The renormalisation group equation may also be written in terms of

(N

the renormalised vertex function I7

(4.21){}»’-———-1--\/\/(_]_1'2 BTR —/‘/ 'é(TR)} (7}2/,14)_0

If one deals with external (J~ lines, it is easier to calculate the
. o) ) )
connected Green's function, G ', instead of the vertex function, .

The equation reads’

W)
wa | N2+ WD) 2= +.2M g(—p} G (TnN=0,

The form of W(TR) at one loop in perturbation theory,

(4.23) W(TR) = €& TR - (:_11:) @ ( T;e )

is crucial to the physical interpretation of the theory since it
controls the flow of the effective coupling Tg(,bl) at momentum

scale }.,( according to

(4.24) }/( % - W(TR)

In two dimensions (€—» 0), the theory is asymptotically free, with
-
Tg (WI~(AnMPh ) —> 0 as Y —» 00 . In 2+ & dimensions, the
fixed point at TR= 0 is infrared stable. The new fixed point T:=
& 2 . . . .
2 Tt/ (n-2)€ + o0(€) is ultraviolet stable, i.e. infrared
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unstable. Thus deviations of TR from T;Zk are relevant in the sense
of Section 1.5, so that T:can be interpreted as a critical
temperature, in fact as the phase transition temperature
corresponding to the restoration of the O0(n) symmetry. The Kkey
concept 1is that the linear and nonlinear sigma models are 1in the
same [0(n)] universality class; the former is simple to renormalise
near four dimensions, the latter near two. In the next section, we
shall discuss an analogous interpretation of the renormalisation of

the surface tension term in 1+ €& dimensions in terms of the Ising

universality class.

4.2. Interface Model In 1+ & Dimensions

The observation, made 1in the previous chapter, that _ the
capillary waves transform as a nonlinear realisation of the
Euclidean group of d dimensions gives us an interpretation of the
capillary waves, as the Goldstone modes whose fluctuations lower to
zero the critical temperature as d —3» 1+. This is analogous
to the use of the nonlinear sigma model to desc;ibe the
interaction of the Goldstone modes (spin waves) arising from the
spontaneous symmetry breaking of a global symmetry, such as the
0(n) group, which was discussed in the previous section. The
difference between these two systems, interface model and nonlinear
sigma model, 1lies in the type of symmetry which they possess: the
Ising model has a discrete internal symmetry, gﬁ —_— -qb, which

supports an interface model; the(continuous)idternal symmetry of the
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nonlinear sigma model is 0(n).

The renormalisation group calculations of the interface
model in 1+ € dimensions follow very closely with the calculations
of the nonlinear sigma model in 2+ & dimensions. We start from

the effective Hamiltonian of the field f in the form
. A af?
wan HIE) = (4% [0+ 0F) ) inf

with
| N

(4.26) -T 7‘;3 T ,

where thé first term is the surface area of the interface, O is the
interfacial energy per unit area at zero temperature. The mass
term in H 1is introduced as an infrared regulator to control the
infrared problem. The generating functional of the Green's

function can be written as usual

~H()

(4.27) Z - jo@-ﬁ & .

In order to set up the perturbation theory, it 1s necessary to
expand the square root term inside the effective Hamiltonian. This

leads to an infinite number of interaction vertices:

H = = ™ o e - 4 i 42
= T [d* % (1 L (vh- F ()
t o (V4R t

8

(4.28)
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This gives the propagator

T
( %*+m*)

and the interaction vertices are

(4.29)

l
Four Points: - ..-——81_ (( V‘f‘)})z
[
(4.30) Six‘ Points: _—-—lé T ((v_f_):)S

Eight Points: -— ,—:% ((V‘f)z)4

etc. The correlation functions (generating functional for connected
diagrams) of the field f can also be written down. The ultraviolet
and- infrared properties for the interface model are controlled by
the dimension of T. The effective Hamiltonian H is dimensionless in

(1)

the power counting, T = K where K is an inverse 1length, or
momentum. Thus H is naively nonrenormalisable for d >1; the large
momentum behaviour of the system cannot be controlled in a
straightforward perturbative expansion in T. This problem can be
solved perturbatively in 1 +é dimensions by using the
renormalisation group techniques. Wallace and Zia have calculated
the two and four-point vertex functions to two loops 1in a
dimensional regularisation scheme. They found that the

—

renormalisation required 1is a coupling constant renormalisation
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1l

T K —(o(-n))t
(4.31) = K-(O(-l) {t + k 2( O(— ‘)_|
£ ([0 e+ O )

and a mass renormalisation

m _ _ma kY

(4.32) —_— =
x

where t is the dimensionless renormalised coupling constant. They
argued that it is not necessary to have a field strength (wave
function) renormalisation, to all orders in perturbation theory.
This is the consequence of the Ward identities and is alsé based on

the interpretation that f represents a length.

The renormalisation -group equation for all vertex functions

]:’Ris thus written as

o
“» (KSR B® T+, oM T 1, = 0
Vs

where the beta function and the anomalous dimension are given as

Br)y=(d-Nt-A-L P4 nen

¥ &)= -d-1) + -}/i

(4.34)

There are two fixed points related to the beta function: the

infrared stable fixed point, t = 0, which controls the low momentum
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behaviour of H, and the ultraviolet stable one,

(4.35) kc = (o(- )~ —2'- (0(— 1)21- @ [(0<-l)3J;

which is the effective coupling for the high momentum behaviour.

The essential differences between the interface model in 1+ &
dimensions and the nonlinear sigma model in 2+( dimensions are:
(1) The nonlinear sigma model requires field strength and
coupling constant lrenormalisation; the interface model requires
coupling constant and mass renormalisation.» (2) An external source
term (a magnetic field) coupling 1linearly to the sigma field is
used to control the infrared divergence in the nonlinear
sigma model; the interface model employs a mass regulator to
control the problem explicitly (It can be interpretéd in the fluid

case as the effect of gravity).

Forster and Gabriunas carried out the calculations of the
interface model in 1 + & dimensions up to four loops [Forster and
Gabriunas 1981]. They used a method of effective potentia1 instead
of calculating the n-point vertex functions directly. - The
generating functional for the vertex functions (Gibbs free energy

functional) is given as

L(3) = [dr hoo $on
_/K“JQ)C xxg?(-H +folx h(x){uﬂ),

(4.36)
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which generates the vertex functions as the derivatives with respect
to é(x) = < f(x)>. In order to cure the divergences of the

theory, they introduce a field redefinition

(4.37))C = m /7\(/ + ¢(7C)

where 21 is a constant vector. This enables one to study the
divergent parts of the n-point vertex functions. It follows that

the free energy functional can be rewritten as

d-1

(4.38) E{§}= o 7(["}}[: ilf EO(M)];

where

(4.39) —J o(OHX I?o (M> '_‘/L\ je@ ¢ ﬂ”(r (‘H/) )

with , o . '/; 242
. H (P;m, m)=—+-go(d l7< Q+(v¢+r;})z]+%m¢. .

The beauty of the effective potential method is that once the
effective potential 1is renormalised, the whole theory is also

renormalised.

4.,3. Renormalisation of (g.b)

By employing the techniques developed in the renormalisation of

the interface model in 1 +-é; dimensions, we may proceed to perform
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a perturbative analysis of the effective Hamiltonian which includes
the higher derivative interactions. In this section, we shall
demonstrate the renormalisation of the simplest of the higher
derivative interactions, i.e. (g.b), to one loop. The result shows
that this type of interaction remains in 1low dimensions is
irrelevant, in the sense of the renormalisation group flow, for the
leading critical behaviour; it is only a correction to scaling [Lin
and Lowe 1983]. However, 1in higher dimensions, it can still be
relevant. We extend the effective potential techniques, developed
by Forster and Gabriunas, to study the following effective
Hamiltonian: | ~y s
Hegt ()= jo( %{(H(m‘))’(?’fcg bJ*ﬁﬂf}

(4.41)

= Ho t HI
Ho=‘-{-‘fw+3ll&'gfz
Fﬁ | = (:‘j’:}' k>

where c¢ is a small parameter, and the mass term is introduced as a

with

infrared regulator to control the infrared problem as usual. The
contraction of the coefficients of the second fundamental form with

those of the metric tensor, g.b, is given as

oo §b=3h ot hlrwp)”

Since ¢ is treated as a small parameter, it implies that c¢ (g.b) is

treated as a small perturbation to the surface tension term. The

idea behind this treatment is that we intend to demonstrate that
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g.b [1 + (Y?f)z]gis multiplicatively renormalisable. This means that
we consider the diagrams with only one vertex. coming from the
expansion of g.b [1 + (¥ f)z]% in powers of f; they are the terrﬁs
which are linear in c. In their treatment of the method of effective
potential, Forster and Gabriunas demonstrated that, in order to
control the divergent parts of the vertex functions, it is only
necessary to renormalise the effective potential (free energy) for
certain field configurations. The divergent parts of the .n-point
vertex functions in our system involve one insertion from g.b
Ya : : LA
[T + (< ff] and any number of insertions from the [1 + (Vf)"]
(surface tension) part of the Hamiltonian. We introduce, in order
to cope with the extra derivative of f, a field configuration of £
involving terms 1linear and quadratic in y (i.e. with first and

second derivatives only),

(4.43) ‘f(zj): Ni’é;*‘ ‘/z Mi—(‘r Zj,z?:j,‘i' 7(?)

and work to first order in M and to any power of N. The above
argument and other conventional considerations give us a set of
criteria for the expansion of the generating functional( of the
vertex functions (Gibbs free energy functional) in powers of

(1+ N5

1
( 1) Throw away terms which are of orders higher than M.
( ii) Terms which are linear in 7( do not contribute to the one
particle irreducible diagrams.

(1iii) Total derivatives can be ignored.
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2
( iv) Terms which are of the orders higher than 0( )Z) do not

contribute to one loop diagrams.

We are now in a position to carry out the perturbation theory
for the higher derivative interactions. By substituting the
configuration of £, (4.43), into the effective potential, we first

arrive at

(‘*(V'})J A AltN? 'f/(H'N) m 2, 7(&3?(

(4.44)

-...(H'N )% M,ﬁ %— {/2 Nk Srs*NYNST NY

1+ (v))s, .55
e (™ 0 Mg 3t My 05,4 20 5, N5
B )-((ﬂ\l‘)"{m\/s s?gM ,\/& 3, t2Ne s TN N 9 )Z}
R éMia‘{m Au/ir?fi WWZ

The propagator for our perturbation theory can be derived from

aﬁs“/ } ;7657 !

and

(4.44) as follows:

l

5 ,;j,f/\[; 7 7(

BB
(4.46) (H‘A/))-}’ |
27)_‘ ' 7{?& Sjim/m[‘- ?gf},(’pz
SN o,
ET 7({%@24}7)
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where we have used the partial integration and plane waves as the

eigenfunctions. The propagator can be written as

A

(4.47) T <~l~2+ N’ i

4.48) A oyt NiN

[ 5 f'N/v ¥i

There are several types of vertlces of interaction involved for the

with ’%’ _

)%

contractions of diagrams which contribute up to one 1loop level.

The vertices from HI are:

(4.49)

2\
(i) _(H'Nz ) Mia‘rai 7?33'77

a2 ((+NDTN; 31-&733'7
G —4 (1t N )QN,( M, ; /Vs 857] 7

v =2 ((+ N3 N,CN?; e 35752537

v

v - 2\-2 7/ M. AL l
(H',N,) N4 M'LaN}{__&STNrNg 3/1_N2}.3Y}(%7

By connecting 7? legs together we form the one loop contributions.
Since we are working in the effective Hamiltonian to first power in
M and to any power of N , there are still two types of diagrams to

be done. If we denote the vertex from H,as "." and vertices from’
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HI_as "x'", the self contraction of a vertex from H, is

TOrNDT My, Zéa{%/v*‘%—lﬁﬁ
rs | VelVs

(\] "
[ ] .

(4.50)

+ N ' | .
‘ &st{Ns }ar}las 7 /

and the contractions from one ".'" and one "x" are:

w o 2%
(4.51) = (l+NH™ RE /
ND My %',i{a N srsf/\/(/vs.r
l
M G} o3

\X’ 2 ( '+L\’/2)-l/\/‘[a£mnam?z

amd

=2 (NN, ] Nom N O 7.

There are a few tricks to employ in order to calculate the
dimensionally regularised integrals. We need some identities in

order to do the dimensionally regularised integrals:

det [A = Jdt A

000& (iS;é,*'/V&_/w% ) = l*‘!ﬁ{z
l A

M(&ﬁN;Nf) TN

o
The calculations of the integrals present some interesting technical

(4.52)

aspects. The contributions from part (ii) and (iv) of (4.49)
vanish because they both involve integration of odd functions. For
the diagrams of (4.50) and (4.51), the vertices involved 1in the

calculation depend linearly on Y The integrals of these vertices
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can be performed in momentum space with Y; interpreted as a Fourier
transformation of a derivative of a momentum conservation delta

function

d-1
S dT P e
(4.53) %“.=,{Jm—)-a-_—'— 6 f? %é,;_'fz)

This trick shows that the integral calculated in (4.50) 1is, in
fact, a total derivative only. These techniques would also be
useful for future calculations which relate to the higher derivative
interactions. The contribuﬁion for (4.51) is also involved with
both coordinates and momenta. We' also need the momentum

representation of the Green function
G (x,3)=<qx)N{Y)>

! - (42 (X-%)
= (+a%[dF e 7

~

P:._*_Hz ,

(4.54)

and

( SLYfNiNY)(5Y5 +N“N5)-I= 515 ’

and using relations, such as

=y R B Rl P '
(4.55) — L imd s bt
" Jd T 53+ ( (F+1>)* 0.

in order to transform (by wusing integration by parts) the

contractions of (4.51) into shapes on which the technique of

dimensional regularisation can perform.
After a long and tedious calculation, we obtain the
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final contributions from the divergent parts of the dimensionally

regularised integrals

=UE
4)[ T N: Mign +4 £ Z T/\/(M,? Ny
(4.56
+ Ali,'7‘ N ri‘éA[? -3 aété-[4/VV& /ﬁ&4 /N/

[+ N® SNEYNE
—_— MET Ne Mo Y3
& [+ 47

We obtain the divergent part of the effective functional (free

energy functional) as

b N Mgl A5 s N
.51 J2(N, M)’ j__’j—/;—.'.c I\/H/:'LN ; aéé(-TCbN;-:\Z;:/V,

As discussed in the previous section, Wallace and Zia have
demonstrated that the surface tension term of the Hamiltonian is
perturbatively renormalisable in an epsilon expansion context for

&= (d-1) with a coupling constant (T) renormalisation.

4.58) | = Z

where t 1is introduced as a dimensionless renormalised coupling
constant and }( is a renormalisation mass scale. Now we require an
additional renormalisation to make the system finite. A simple
multiplicative renormalisation of the coefficient ¢ can be written

down as in the coupling constant renormalisation.

(4.59) CR= 2: Cb
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where

(4.60) ZC'—'- (/- —2‘*—-))

and c® is a renormalised coefficient. The renormalisation group

flow of the renormalised cR , for temperatures close to the

critical value, is thus obtained as

(4.61)

R I-é+ 0 (&*
CR K (€*)

Here the ft' arises from the extra derivative in (g.b) and the
correction of order € from the one loop renormalisation above. The
long distance behaviour is obtained in the limit /t;f> 0. When the
power of)( is positive, the insertion is therefore irrelevant. This
is indeed the case fpr small € but there is clearly a. warning here
that for larger & this term may be relevant. If this is the case,

the 1+ & expansion is inappropriate for 38"\@)"’;& Critical behayiour.

The picture of a long distance behaviour of the effective
Hamiltonian (4.41) governed by the fixed point of the surface
tension term in the Hamiltonian modified by corrections due to the
higher derivative geometric invariants is, thefefore, confirmed to

be stable under renormalisation group flows for small €.
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CHAPTER V ONE-LOOP CALCULATION. IN SYSTEMS WITH ADDITIONAL

GOLDSTONE MODES

The renormalisation calculations of (g.b), concerned with the
(d-1)-dimensional fluctuating interface and surface, have been
completed in the last chapter. In this chapter, we shall start to
investigate the effective Hamiltonian for (d-n)-dimensional
generalised '"interfaces" or "strings". This effective Hamiltonian
governs the interactions of the Goldstone modes, in the long
wavelength 1limit, due to the spontaneous breaking of the spatial
(Euclidean) symmetries by. a solution of tﬁe Euler-Lagrange
equations. The difference  between the (d-1)- and (d-n)-
dimensional models -lies in the dimension of the Euler-Lagrange
equation: the dimension of the solution for the (d-1)-dimensional
case 1is one; the solution describing a' flat (d-n)-dimensional
surface depends on n of the d coordinates of the system. In fact,
the (d-1)-dimensional interface model can be regarded as a special
case of the (d-n)-dimensional model [Lowe and Wallace 1980]. This
flat (d-n)-dimensional -interface obtained from the 'classical
solution will fluctuate into the remaining n dimensions in d bulk
dimensions. The effective Hamiltonian of the (d-n)-dimensional
interface or'"string" usually takes a form which is proportional to
the hypersurface area of the '"string'" (or the generalised (d-n)-

dimensional volume)

(5.1 He—ﬁ- =< Jo(dh%f«/*_
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where gi{ is thé metric of the generalised interface or string. In
Section 5.1, we shall derive this effective Hamiltonian [Lowe 1982]
by using a semiclassical method similar to the generalised
collective coordinate method of Chapter II. We shall also éonsider
the possibility of a (d-n)—dimensional surface with an extra 0(2)
Goldstone mode which arises in addition to the breaking of the
spatial symmetry. In the 1long distance 1limit, the effective
Hamiltonian, which represents the nonlinear sigma model for the
0(2) Goldstone mode, is defined on a curved surface given by the
interface's position. The renormalisation calculations for the
effective Hamiltonian of a (d-1)-dimensidnal interface carrying an
extra O0(2) Goldstone mode have been carried out, in the same spirit
as in Chapter IV, up to ane loop.: the one-loop

calculations will be discussed in Section '5.2.

5.1. Effective Hamiltonians for Strings

The string solution to the Euler-Lagrange equation of a system
is a n;dimensional solution with n 2> 1. We shall start to
investigate the possibility of constructing a string solution for
the scalar field theory, such as the LGW model in Chapter II. For
the classical solution of a scalar field system, c;%(x), the energy

will be given by the Hamiltonian

Fs.z) H = —2’-$o(“x, (v ¢C<>o)2+Jo(“x U (fe0).
H ot Ha

11
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Under a scale transformation

5.3 X —> axX,

the Hamiltonian is transformed into

¢ H @) = Qz'nH,‘i' a—nHz.

This Hamiltonian must be stable under variations of the would-be

classical solution,

S Hw@ =0

(5.5) —
: <b x : 6K='l )

i.e., the variations of the Hamiltonian with respect to the scale

change must be zero. This leads to the equation

5.6) (n-2) H,-{-’n H, = 0.

The only possible solution for positive integer n to this equation
is n = 1. Therefore, 1it is impossible to construct a string
solution (n > 2) for the scalar field theory. This result 1is

called Derrick's theorem [Coleman 1975].
One possibility for a scalar field theory to possess a higher

dimensional solution 1is by coupling with some vector field. A

specific example is the vortex solution of the abelian Higgs model
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H =jo(°(x ['4%' Fay Fuzt = Do
rFA(gr-22) ]

(5.7)

with

F,uv = SMA'V - Jw A.u.
(D,asb =(9,u -x:cAu>¢}

. (5.8)

(this 1is the Euclidean version with complex scalar field 96 (x)).

The field equations (Euler-Lagrange equations) are

aVF«uV = ej’a
DuDe® =-A (191~ 2) &,

(5.9)

Fu= i (PP - & (Dub) ¥
(5.10) =4 (¢*3«¢‘¢6a¢*)
-2e Au?ﬁ*sﬁ,‘

The above equations are gauge invariant under the U(l) group of
phase transformations. The vortex solutions are constructed as

[Nielsen and Olesen 1973]

P (L) = B (0 eix®

(5.11)

Au (%)= 2eﬁ¢|‘(c}sv(ﬁ*" %8

with
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Xa
1 A= SR RT, tam 0= R

By substituting 9b Qﬁ) into Ay(x), we may rewrite the (d-2)-

dimensional "string" solution in a d bulk dimensional system as

P (x)= P, (v)e*®

(5.13) ' A
Au ()= Ac (Y) 6
where
- X2
VAN X |
=129

Following the notation introduced by 'D.J. Wallace [Wallace

1980], the above solutions have the general form

(5.14) ¢C (Za)

where a =1, 2, ....,n and all 1indices which specify the
components of the field are suppressed. These stable classical
solutions would give a description of a planar (d—n)-dimensional
reference hyperplane, at say 2z = 0. The fluctuations of the

surface from this reference hyperplane are given by

(5.15) '20&: )Ca (ﬁ)
where Z(; — (Yé* ’ZA)
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with
A=1,2, = M
A figure is given in the following for a (d-n)-dim‘ensional "string"

fluctuating into the remaining n dimensions.

Z,
5 Q7T

4

@)
~
Z,
The description; of "strings'" in this way transforms this problem
into a similar -situation to our (d-1)-dimensional interface model.
We are interested in looking for the effective Hamiltonian, 1in the
long distance limit, of the modified field configuration which must

be related to the original solution by the symmetry carried by the

system. Again, f(y) carry nonlinear realisations of the original
— .
full Euclidean symmetry group. The modified field configuration is

given as (Lowe 19 22])

(5.16) ¢C/ (ga/);

where Z&/ B 2&— ‘f’b (E) |
v M ob :

Moab = o0t 272 24
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The 1leading order contribution from the effective Hamiltonian for
’
. . . / .
the modified field conflguratlon,sé:(za), involves a change of

variables only

(5.17) (z') Zb) __)(2', Zo:).

This would give rise to a Jacobian which relates to the change of

variables
.y p
d 2, = (2=b 5
(5.18) b (“M“) 0( 2
=‘JM3LJ, 0(20./,
with
(5.19) o oFa
Qi = 80 ¥ 3y 5%,

We, thus, obtain a surface tension type model again
(5.20) H | (_?).. g 0(0(-)126(/0((/1- .
ff - did.

It 1is argued that it is possible for strings to possess other
types of Goldstone modes than those which arise from the breaking.of
the spatial symmetry [Lowe 1982]. In the n ='1 case, there is a
system which may allow.a one-dimensional solution with an extra
0(2) symmetry [Lajzerowicz and Neiz 1979; Lawrie and Lowe 1981]'

H=[d% (2 (vl vy & [y

t 7 (P4 19 L)
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whereib is a real scalar field and }D is a complex field. For r 22h

there is a stable generalised interface-type solution

< ¢, (%)
Y & % (2)6“""

where C( is an arbitrary phase factor. This field configuration

(5.22)

breaks not only the Euclidean spatial symmetry but also the 0(2)
symmetry. In the n = 2 case, a string with an associated 0(2)

Goldstone mode occurs for the following modified Abelian Higgs model

A= [ d% (% Far Fuo t = (Dudb 1 S(mia-1 1)

o wxlouety 2ot dod p (R )10,

where g 1is an additional complex scalar field. For small h and

1arge‘4(, there is a stable string solution
¢ (x)=d e "
- A
.28 A (X) = AC(Y) 9 ‘
o (x) =0u(r) e

which  still represents a (d-2)-dimensional string in a d-

dimensional system but with an associated 0(2) Goldstone mode.

In the general case, the effective Hamiltonian takes the

following form [Lowe 1982]

(5.25) Heﬁ = O'fdo(-nywé G [C)/- 6 (g)%i;aé 0 (,ZQUJ;
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where G is a complicated function which depends on the details of
the potential and the modified field configurations. In this model,
we see the expected form for a "free" 0(2) Goldstone mode (fe) in

a curved surface of metric The arbitrariness of the function

8;&-
G 1leads us to consider a simplified model in which the reference
hyperplane is held flat and fixed and the fluctuations from the
2
reference plane are described by e(y). The unknown (Y/Q )
o~

dependence 1inside the G function 1is written in the form, in the

o b - Ay T B Ay 01

which is anyway the natural form which emerges from (5.25)J|Mhera o

is half-odd integor.

The remaining section in this chapter s concerned
with a study of the renormalisation of the operator 1insertions of

[1+ (VO )z}a-’ suéh as appear in (5.26).

5.2. One Loop Calculations

We shall start to set up the calculations for the effective

Hamiltonian of the (d-1)-dimensional generalised 1interface or

"string" with extra 0(2) symmetry. The technique involved in this
EX S . sectionf® is a simplified version of the method  of

effective potential developed 1in 1last chapter. The one 1loop
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calculation for our effective Hamiltonian will be done in this
section, and the techniques developed in the one loop calculations
are also applicable to the higher loop calculations.

The Hamiltonian of interest reads

- - 214 | 2

(5.27) H= %‘de lﬁ»JH(ve)'z_'_ Cjo(d g[H' (Ve)] +'5)’le9

where “¢" is treated as a small parameter and “a”is some rational
number, that 1is, the higher order contribution in the effective
Hamiltonian, L 1 + (Ve)2 ]Ol , 1is also treated as a small
perturbation 1in the sense of Section 4.3 (in the hope that it will
be multiplicatively renormalisable). The mass term 1is also
introduced as a infrared regulator to control the infrared >prob1em
as was done in Chapter IV. Since the renormalisability of _the
effective potential would also ensure the renormalisability of the
whole theory, once again, we are interested in the generating

functional of the vertex functions (Gibbs free energy functional)

ISR
(5.28) = S jdd-‘%, O(OH%:""” 0(0(-' n
X P(mi%b‘%}. Zjh)Q(’%)G(:@l) ..... (9(7,471).

Since (5.27) 1involves with first derivative of the field e (y)
only, it 1is only necessary to introduce a linear term in the field

configuration redefinition

(5.29) 9 (%) = N& %/k—f 1 Q?:)
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- (5.30)

0P =N+ 2.1
The 1idea 1is, of course, to transform the original generating
functional for the n-point vertex functions into a new one such that
interacting vertices from the surface tension part of the

Hamiltonian are already included. The transformation looks like

(5.31)]_7[6(?)} —> F[N, 77(%”-

There are two ways to expand the above Hamiltonian (5.27) with
respect to the field configuration redefinition (5.30). The first
one is similar to the method in Chapter IV, the field configuration
(5.30) is substituted into the effective Hamiltonian (5.27) which is
then expanded in'powers of (1 +-2i2 ) with one particle reducible
diagrams discarded. It is also possible to expand the effective
Hamiltonian around N; directly; the expansion would be'simplified
g%eatly since there is no higher derivatives in the Hamiltonian and
the contribution from field configurationa‘-}((z) can be easily
separated from H(‘ﬁf). Of course, these two schemes are equivalent
to each other and they have been checked to be valid up to fourth

order of the expansion.

We therefore write the effective Hamiltonian as

H (5 0(®) = H [N; to,N(3)]

=H N+ [dy 070 2o

/fddxd 431 ®947(%) 5" H

(5.32)

|
a‘i (g 3£9=N‘
$(2:0) §(3;0) ,‘33'9=N;;
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where the functional differentiation of H = H,+ HI should be done
separately for the free and perturbative parts. For the free part,

we have

S Ho
O Ni

$ 2, |+ N

S ——
—

> Na"SNi T ($,€€‘ TN /Va-,) .

___/ 2-'/2_
= — (1+N7) "N

(5.33)

The propagator is obtained with the help of the mass regulator,

J)I/z

G T N

?2_‘-/&(2

The perturbation from the interacting vertex, up to one loop level,

with T 3 (S +Mirg S8

2 | R /\/
(5.35) ! _5__‘_“_;/_‘=CO\({+N)0‘{S 1-2(0&"0/1“/\/‘}

In our formalism of effective potential, there is only one diagram,

up to one loop and to first order in c. The resulﬁ reads
I
D~ =Jfg= +¢ (1+ND)°
€ 3 a\a&H
+C¢ T J-é’-‘- 2a(a—t)[(‘+ﬂ )= (ENY) J

(5.36)

where a dimensional regularisation has been introduced as in the
calculations of Section 4.3.

We observe that the dimensional regularisation of the power "a"
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term in the original effective Hamiltonian has gene;ated a term with
power "a+l". In order to renormalise the system with a power '"a"
perturbation term 1in a multiplicative way, we must introduce two
other perturbative terms with powers of f'a-1" and "a+lr,
respectively, since "a-1" term would generate terms with power "a-1"
and "a'" and "a+l" term would give '"a+l" and "a+2". 0f course, the
"a-1" term would then need "a-2", etc. In theory then, an infinite
number of terms with rational number power varying from "a-n" to
"a+n'" are needed in order to make the system finite. For the sake
of simplicity, we shall restrict ourselves to three terms only to
illustrate how the idea of multiplicative renormalisation works. We

write the three term effective Hamiltonian as

|
Hetf == (v
+CQJ[«+(VG)‘J“

re, (e (vey)®
teaf e (wO)

The generating functional of vertex functions is also modified

(5.37)

accordingly,

(5.38)I7¢~ :FLW'fN(]_*lG.H_GA)G:B

where A , 1l are matrices and &/, € are row and column vectors. They

are given by the following:

IN =L, NS () ()% ]

C’= | e
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gl

(5.39) ' y

A A0
-A, A, ‘ with

A=2a(a-1)

O -Al A:. t
"A,_ A =2(0.+/M ,
R . ¢ M - * . \ ] ' .
S N Py
We introduce a simple multiplicative renormalisation scheme in order

i

- . L) 1

RN
Ao= 2(a-1)(a-2)

-,
~
- s
-—

H

.

to make the system finite
¢f=x2. cf
(5.40) — c

where the generalised coupling constant renormalisation is described

by a matrix equation. The quantities in the equation are given as

~

r [ - "
(5.41) C g:’: 'ZC = :H.-? A
oy

with f. ?
| = —;EZ * .
The finiteness, up to one loop level, of the system after the

renormalisation 1is thus very easy to verify.

An extended attempt has been made to extend these calculations
to two 1loops, to confirm this picture of matrix-multiplicative
renormalisation. The technique is similar to the one loop but much

more demanding technically: fourth order in 77 must be retained in

108



ONE-LOOP

H, there are four generic types of diagrams and each involves
complicated tensorial algebra. This calculation has been carried
through to the point where 1 /& divergent terms have been isolated
and 1identified. As one might anticipate, it is clear that the
mafrix-multiplicative renormalisation must be extended to 1include
mixing between (1+‘Ez)“ and (1+,y‘fu2. What we have been unable
to verify in the time available is whether the coefficients of the
divergences are consistent with the one loop renormalisation. The
structure of the renormalisation at higher order remains therefore

an open question.
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