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Abstract

Strong fields generated by big electric currents are examined within the framework of the Yang-Mills nonli-
near generalization of the Maxwell electrodynamics proposed in our earlier papers. First we consider the
case of stationary currents and find a new exact solution to the Yang-Mills equations. Then we study a
Yang-Mills field inside a thin circular cylinder with nonstationary plasma and find expressions for field
strengths in it. Obtained results are applied to interpret several puzzling natural phenomena.

Keywords: Yang-Mills Equations, Su(2) Symmetry, Source Currents, Field Strengths, Lightning, Exploding

Wires

1. Introduction

As is well known, the Yang-Mills field theory proposed
in 1954 is one of the greatest achievements of the XX
century, which plays a leading role in modern quantum
physics [1-3]. At the same time, the whole area of its
applications can concern not only quantum physics but
also classical physics [4-7]. To explain this point of view,
let us examine powerful fields generated by sources with
very big electric charges and currents. Then the follow-
ing question should be raised. Are the classical Maxwell
equations always applicable to such fields?

It is beyond doubt that the Maxwell equations ade-
quately describe a great diversity of electromagnetic
fields for which photons are their carriers. At the same
time, powerful sources with very big charges and cur-

rents may generate not only photons but also Z° and

W* bosons. In such cases, the Maxwell equations may
be incorrect since they are applicable to fields for which
only photons are the carriers. On the other hand, there
are the well-known Yang-Mills equations with SU(2)
symmetry which are a nonlinear generalization of the
linear Maxwell equations playing a leading role in vari-
ous models of electroweak interactions caused by pho-

tons and Z° and W* bosons. For this reason, in [4-7]
the classical Yang-Mills equations with SU(2) symmetry
are applied in the case of powerful field sources with
very big electric charges and currents when Z° and W*
bosons may be generated, along with photons. These

Copyright © 2010 SciRes.

equations can be represented in the form [1-3]
D,F“ =0, ,F“ +g&, F"“ Al =(4z/c)j*", (1)

Fos = oM A -0 A — gg A A™ )

where u#,v=0,1, 2, 3; kI,m=1 2, 3, A and F**

are potentials and strengths of a Yang-Mills field, re-
spectively, j*” are three 4-vectors of source current
densities, &um is the antisymmetric tensor, s =1,
D, is the Yang-Mills covariant derivative, g is the
constant of electroweak interaction, and 0,=0/ox",

where x* are orthogonal space-time coordinates of the
Minkowski geometry.

It is worth noting that Equations (1),(2) have the fol-
lowing well-known consequences [1-3]:

D,D,F** =0, ®)

vak,vEavjk,v_i_ggklmjl,vA/m:0. (4)

Further we will consider the field sources jk’V of
the form

jl,v — jv, j2,v — j3,v :0, (5)

where " isa classical 4-vector of current densities.

Then when the potentials A> = A*" =0, the Yang-
Mills Equations (1),(2) become coinciding with the

Maxwell equations for the potentials A™ . Moreover,
from (4) with k=1 and from (5) we obtain the differ-

AM



2 A.S. RABINOWITCH

ential charge conservation equation
9, =0. (6)

That is why Equations (1),(2) with field sources of
Formula (5) can be regarded as a reasonable nonlinear
generalization of the classical Maxwell equations. This
nonlinear generalization was studied in [4-7], where new
classes of spherically symmetric and wave solutions to
the considered Yang-Mills equations were obtained.
These solutions were applied to interpret puzzling prop-
erties of atmospheric electricity, the phenomenon of ball
lightning, and some other natural phenomena unex-
plained within the framework of the linear Maxwell the-
ory [4-7].

It should be noted that from (1)-(6) we come to the
identity

DV[DﬂFk*”V—(4;z/c)jk'V]zo for k=1 (7
This identity shows that there is a differential relation
for the Yang-Mills Equation (1) with the classical

sources of Formula (5).
Consider now the classical Yang-Mills Equations (1),

(2) with cylindrical sources j** of the following form:
=@ e P =iEp)
jl,l — j1,2 — O j2,v — j3,v — 0

1

8)
where

r=x° p=X+y’, x=x, y=x*, z=x>. (9)

Then let us seek the potentials A*" in the form
Ak,O — ﬂ,k (T,p, Z), Ak,l
=xy*(r, p,7), A*?
=y p2), A
=6"(z,p,2)
where A%, 7,6 are some functions.
Substituting expressions (10) into Formula (2) for the

strengths F** and taking into account the antisymmetry
of &y » we find

, (10)

FO=xu, F*?=yu*, F“®=pk,
F2 =0, F*? =xh", F“® =yh*, (11)
u =u(zr,p,2), P =p"(z,p,2), N =h"(z,p,2),
where the functions u*, p*, and h* are as follows:
U =y + 251 p=geum Ay
P =5 +Af —ggunA'o™, (12)
h* = y¥ —5; I p+08,,07".

Here y=0y“/or, A\ =0A"ldz, &5=05"10p.

Copyright © 2010 SciRes.

After substituting expressions (8)-(11) for j<¥, A%,
and F**' into the Yang-Mills Equation (1), we obtain
pr, +20° + p; — geyy (U + p'S™)

o (13)
=—(4r/c) s j°
u¥—h*+gg,, (UA™+h'6M) =0, (14)
pX + phf +2h* +gey, (p'A™ - p?h'y™) = (4z 1 ©)s" | ,
(15)
where
st=1 s*=s*=0. (16)

In the considered case (8), from the three Equations (4)
we obtain

iP+i,=0, )]
’A2—jo* =0, j°2*°-js*=0. (18)
From (8) we have j*” = j*" =0. That is why we can

choose the following gauge by some rotation about the
first axis in the gauge space:

jPAat—jst=o. (19)
Then using (18), we obtain
j°A=jo*, k=123 (20)

In the second section we study Yang-Mills fields gen-
erated by stationary currents flowing in the direction of
the axis z and find a particular exact solution to the
Yang-Mills Equations (12)-(16). In the third section we
examine these equations in the case of no stationary
plasma flowing through a thin circular cylinder and study
the Yang-Mills field inside the cylinder. In the fourth
section we discuss obtained results and their applications
to some puzzling phenomena appearing in lightning and
exploding wires.

2. A Particular Exact Solution to the
Yang-Mills Equations in the Case of
a Cylindrical Source with Stationary
Current

Let us turn to the considered Yang-Mills Equations
(12)-(16) in the following stationary case:

i=ip), I"=xi(p), x,=const, 1)
where j(p) issome function of p.

Let us seek the functions A*,5*, and »* in (10) in the
form

2=68"=0, 7 =(2-x0) (P)+v"(p), (22)
where ¢* and y* are some functions of p.
Then from Formulas (12) and (22) we find

AM



A.S. RABINOWITCH 3

u“ =—24 (p), h=¢"(p), p*=0. (23

Substituting Formulas (21)-(23) into Equations (13-15)
and using the antisymmetry of &, and hence the iden-

tity &,,,4'¢" =0, we come to the following system of
equations:

p@#) +2¢" ~gp’ ey = (4nl0)s"j, k=1 2 3.

(24)

Therefore, we have got three equations for the six

functions ¢ (p) and y*(p).
Taking into account (16), from Equation (24) we find

(") +2¢ +9p° (Fw® —¢*v°) = (4x lc)j, (25)
2 = POV 42+ 90y

9o’ (26)
s p(#°) +24° —gp’Hy!
Vo= 241 '
9p°¢
From (26) we derive
9p"(Py" -9v") @7

= (") Holg* (B°) +4° (#°) 1+ 2(#°)* +(¢°)°1}-
Substituting (27) into Equation (25), we readily obtain
#(p¢'+2¢) = (4l c)j¢’, (28)
where

(@) =) + (") +(#°)". (29)
Since in the case (8) under consideration the axes with
k =2, 3in the gauge space are equivalent, let us choose

the relativistic-invariant gauge condition
FHF2 =F*F2 . (30)

Then we can take the following form for the compo-
nents ¢ :

¢ =gcosé, F=¢=2""¢sing,  (31)
which satisfies (29) and (30), where ¢=¢(p) and

&=4&(p).
From (28) and (31) we find

pP +2¢=(4rlc)jcoss. (32)
Equation (32) is the only equation for the two un-

known functions ¢(p) and &(p) . Therefore, in the

case under consideration the Yang-Mills equations can-
not allow us to uniquely determine the field strengths

F“#". To interpret this, let us turn to identity (7). It
shows that the considered Yang-Mills Equation (1) with
the classical sources of Formula (5) are not independent

Copyright © 2010 SciRes.

and there is a differential relation for them.
Therefore, in order to uniquely determine the field

strengths F**, we should find an additional equation.
For this purpose, let us represent the Yang-Mills Equa-
tion (1) in the form

kv _ k,v
0,F“" =(4rxlc)d*, (33)
where
IK = 4 —(cg | Am)Eyn F 4 A (34)

Taking into account (33) and the evident identity
8,0, F**" =0, we find that the components J*" satisfy

vZu

the three differential equations of charge conservation
0,3 =0. (35)

In these equations the values J*" can be interpreted
as components of full current densities. As is seen from

(34), they are the sum of the source components j** and
the second addendum which can correspond to charged
field quanta.

Using the components J** of full current densities
and the source current densities j**, the following
additional relativistic-invariant equation was proposed
in [4-6] to uniquely determine the field strengths
Floa

3 3
é\]k,v\]kv:;jk,vj'kv' (36)

The expressions on the left and right of this equation
are proportional to the interaction energy of the full cur-
rents and source currents, respectively, in a small part of
a field source. That is why Equation (36) implies the
conservation of this energy when charged field quanta
are created inside the source [5,6].

Using (33), we can represent Equation (36) in the form

3 3
>0, F o, F Y = (4xlc)? Y i . (37)
k=1 k=1

Substituting expressions (8) and (11) into Equation
(37), we find

s [(puls +2u* + py)? - p* (uf —hy)?

) . .(38)
iii—(phy +2h" + pf)?] = (47 1 ¢)*[(j°) - (i)*]
Using (21) and (23), from Equation (38) we obtain
Z_‘,[p(¢k)'+ 207 = (4xlc)*j* . (39)

Taking into account Formulas (31), Equation (39) can
be represented as

(pd'+2¢)" +(pgé’ ) = (4zlc)*j*.  (40)
From Equations (32) and (40) we obtain

AM



4 A.S. RABINOWITCH

pPE" =x(4zlc)jsiné . (412)
Equations (32) and (41) give
PP +2¢ =xpgl'cots . (42)

Dividing this equation by p¢ and then integrating it,
we find

j[%+%jdp=ijcot§d§. (43)
Equation (43) gives
In|p2¢| ==In|sin &|+const . (44)

In order to have the function ¢() nonsingular, let us

choose the sign “+’ in Equation (41) and hence in Equa-
tion (44). Then from Equation (44) we find

¢=D,sin&/ p*,

Since we have chosen the sign ‘+’ in Equation. (41),
from it and Formula (45) we obtain

&'=@rlc)jplD,. (46)

From (45) and (46) we have the following nonsingular
solution:

D, = const . (45)

40,05 c-Efipdo =i, @)

00

Formulas (31) and (47) give

¢1:2_Dsin(LDji D:%,
P

21

o 4 (48)
#* =9 = V2D {1 cos( Hiz
D/lp
P
I=2z[jpdp, (49)
0
where | =1(p) is the source current in the cylindrical

region of radius p .

From Equations (11), (23), and (48) we find the non-
zero strength components

Fk,13, Fk,23
and
FROL_ _y FRI3 pRe oy g,
For the components F*** and F*?we have

F1,13 — 2|ef‘f i Fl,23 _ Zeff 2|eff y
2!

cC p c p?
e
lg = Dsm(BJ, I =1(p),

Copyright © 2010 SciRes.

N ID{l c0 [Bﬂ%’

P
—\ED 1- os(Lj i,
c D/|p
where D is some constant.

Below we use the terms “actual’ and ‘effective’ for the
currents | and | = Dsin(l /D), respectively.

It should be noted that when |I|<<|D|, the effective

current 1 practically coincides with the actual current
I and we have the Maxwell field expressions for the
strength components F*** and F** . The value |D|
should be a sufficiently large constant. Then Formula (50)
can be regarded as a nonlinear generalization of the cor-
responding Maxwell field expressions for the strengths
components F*** and F*** when the actual current |
is sufficiently large.

Formula (50) describe a nonlinear effect of field satu-

ration. Namely, let the absolute value of the actual cur-
rent | be increasing from zero. Then when it reaches

the value 7|D|, the strengths components F**° and

(50)
F2,23 — F3,23 —

N

F'% pecome equal to zero and after that they change
theirs signs.

This property could be applied to give a new interpre-
tation for the unusual phenomenon of bipolar lightning
that actually changes its polarity (positive becoming
negative or vice versa) [8].

It is also interesting to note that puzzling data for
lightning were recently obtained by the Fermi Gamma-
ray Space Telescope which could be explained by For-
mula (50). Namely, some of lightning storms had the
surprising sign of positrons, and the conclusion was
made that the normal orientation for an electromagnetic
field associated with a lightning storm somehow reversed
[9].

To explain these data, let us note that as follows from
(50), the sign of the effective current I, can differ

from the sign of the actual current | when the latter is
sufficiently large.

3. Yang-Mills Fields inside Thin Circular
Cylinders with Nonstationary Plasma

Consider now a nonstationary thin cylindrical source of
Formula (8) and let us assume that the matter inside it is
in the plasma state.

Besides, let the functions j° andj in (8) have the

following form inside the thin source:

i°=i’(t,2), j=i(2), 0<p<p, (51)

AM



A.S. RABINOWITCH 5

where p, is its radius.

Our objective is to describe the Yang-Mills field inside
the source and for this purpose let us apply Equations
(12)-(16). In the considered case we seek the functions

A%, %, and &%, describing the field potentials A*", in
the following special form:
7 =0, 2 =2(r,2), 6 =5 (r,2), 0< p<p, (52)
Then substituting (52) into Formula (12) and using (20)
and the identity &,,4'A" =0, since &, are anti-
symmetric, we find

u*=0, h*=0, (53)
p =5+ A5, 04 = jo* (54)
It should be noted that in the examined case, as fol-

lows from (11) and (53), the values F*® =—F** are
the only nonzero field strengths. That is why the chosen
Formula (52) for the field potentials (10) provides the
absence of currents in the directions orthogonal to the
axis Z of the considered cylindrical source in the
plasma state, in accordance with the used Formula (8) for
the source.

Substituting now expressions (52) and (53) into Egs.
(13)-(15), we obtain

PX —gey, p'0™ =—(4r/c)s*°, (55)
Py +9E4,P' A" = (4 /c)s" (56)
where, as indicated in (16), s'=1, s*=s*=0.

Let us multiply Equations (55) and (56) by j and j°,
respectively, and add the products. Then using (20):
j°A™ — jo™ =0, we obtain

i°p; +ip; =0. (57)

To find solutions p*(r,z) to Equation (57), let us

introduce the function

q :jj(r,z)df—jj(’(o,z)dz. (58)

Consider its partial derivatives. Using expression (58)
and Equation (17): j, =—j°, we obtain

g = i(z.2), (59)

0. = | §.(r.2)dz - °0.2).

=—[ i’z 2)dr - j°(0.2) =-°(z,2) (60)
0
From Formulas (59) and (60) we find
i’ + ja, =0. (61)

Taking this into account, we come to the following
solutions to the partial differential Equation (57) of the

Copyright © 2010 SciRes.

first order for p*(z,2):

p* =p* (@), (62)

where p“(q) are arbitrary differentiable functions.

Indeed, substituting (62) into Equation (57) and taking
into account equality (61), we find

i°pf +ip; =(dp* /da)(j’a, + ja,) =0,  (63)
and hence, Equation (57) are satisfied.
Thus, as follows from (11), (62), and the first term in

(58), the nonzero field strengths F*% inside the cylin-
drical source under consideration depend on all charge
passing through unit area of a cross section of the cylin-
drical source from beginning of the current flow.

Let us turn to Equation (54) and seek the functions

" and A", satisfying them, in the form

& = J°[b"(a) + %(z,2) p“ ()],

2 = jb* (@) + Kz, 2) p“ ()],
where b“(q) are arbitrary differentiable function and
9(r,z) is some differentiable function.

Then substituting expressions (64) into Equation (54)
and taking into account equality (17): j>+j, =0, we
come to the equations

p* =[db* / dg +9dp“ / dq](j’a,
+J9,)+(i°9 + %) p*
Using Formula (61), from (65) we find
P9 +j9 =1 (66)

When j°=0 , from (17) and (66) we have
j=1i@) and $=1z/j(r)+ 4, (r), where G (r) is an
arbitrary function.

Consider the case j° =0. Then in order to solve Eq.
(66), it is convenient to choose the variable q instead
of the variable z and put

$=9(r,q9), q=4(r,2). (67)

Indeed, using (67) and Formulas (59) and (60), we
find

(64)

(65)

=0, +ip, % =-i"0,, (68)
and substituting (68) into Equation (66), we derive
ip. =1. (69)
Therefore, we obtain
o(z,0)=[dz/ °(z,0) (70)

where j°is represented as a function of zandq.

Let us now substitute Formulas (62) and (64) into Eq-
uations (55) and (56). Then using Formulas (59) and (60)
and the evident identity, we find that Equations (55) and
(56) give the same equations of the following form:

AM



6 A.S. RABINOWITCH

dp* /dq+ge,, p'b™ = (4z/c)s*, k=1, 2, 3,
p¥ = p*(q), b*=b*(g), s'=1 s?=s*=0.
Multiplying Equation (71) by 2p* and summing the

products over, taking into account the antisymmetry of,
we obtain

(71)

d 3 ky2 1
akZ:l(p) =(8z/c)p'. (72)

Besides this equation, from the second and third equa-
tions in (71) we also find relations of the functions

b?(q) and b®(q) to the functions b'(q) and p*(q) .
Let us put

p' = (47/c)p(a)cos<(a),

p? = p’ = (47 /)2 p(a)sin¢ (a),
where condition (30) is taken into account, and
A(q) and £(q) are some functions.

Then substituting expressions (73) into Equation (72),
we find

(73)

p'=cosd . (74)

Let us now turn to Equation (38). From it and (53) we
have

ki[(lof)z—(|05)2]=(47r/0)2[(j°)2—(J')Z]- (75)
Using Formulas (59), (60), and (62), from Equtaion
(75) we find

i(dpk /dqg)? = (47 /c)*. (76)
Substituting Formula (73) into Equation (76), we ob-
tain
(B +(BS) =1, (77)
where B =(q) and £ =£(q) .

Substituting now expression (74) for S’ into Equa-
tion (77), we find

P ==+sing . (78)
Equations (74) and (78) give
Bl B=xcotl ¢’ (79)

Let us integrate Equation (79) and choose the sign ‘+’
in it and hence in (78), in order to have its nonsingular
solution. Then we obtain

B=Bysing, (80)
where B, is some constant.

Substituting expression (80) into Equation (78) and
taking into account that the sign ‘+’ has been chosen in it,
we find

Copyright © 2010 SciRes.

g'=1/801 C=Q/BO+§0, (81)

where ¢, is some constant.
From Formulas (80) and (81) we obtain

ﬂzBoSin(q/Bo+§o)a (82)
where q is defined by Formula (58).
Using Formulas (11), (58), (73), and (82), we find

F*% = (27 /¢)B,sin(2q/ B, +13,),
F2,03 — F3,03 — (\/Eﬂ'/ C) Bo[l—COS(Zq / BO +770)]1 (83)

W=2 a=]iE2de-] 0.2

As follows from (83), when the value 2q=-B,(,
+7n), where n is an integer, the strength component

F“% s zero and when n is an even integer, F*% =0,
k=1 2, 3.

Let us apply obtained results to the puzzling phe-
nomenon of current pause which takes place in explod-
ing wires [10]. The phenomenon proceeds in three stages.
At the instant of closure of the circuit, sufficiently large
current flows through the wire and causes its explosion.
Then in some time the current flow ceases and the period
of current pause begins. After a certain period of time the
current pause can end and the current flow can continue.

The origin of the current pause is not well understood
within the framework of the Maxwell electrodynamics
[10,11]. That is why let us apply its nonlinear generaliza-
tion based on the Yang-Mills equations which we have
studied. For this purpose, let us turn to Formula (83) and
apply them to an exploding wire. As follows from For-
mula (83), after some period of time the strength com-
ponent E193 becomes zero. At this moment the current
in the wire should cease. Therefore, Formula (83) allow
one to interpret the origin of current pause in exploding
wires. The pause could end and the current flow could
continue after some redistribution of charges in explod-
ing wires.

4. Conclusions

We have studied classical Yang-Mills fields with SU(2)
symmetry generated by charged circular cylinders with
currents. Our objective was to find solutions to the non-
linear Yang-Mills equations that could generalize the
corresponding solutions to the linear Maxwell equations
for sufficiently powerful sources.

We considered two cases. In the first of them we stud-
ied a Yang-Mills field generated by a stationary current
flowing through a circular cylinder. In this case we found
a particular exact solution to the Yang-Mills equations.
In the obtained solution the strength components Ei13
and F** have the form F*°=(21,/c)x/p* |
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F'2= (2l /c)ylp*, 14 =Dsin(I/D) , where

I =1(p)and l4 =14(p) are the actual and effective
currents in the cylindrical region of radius p, respec-
tively, and D is a sufficiently large constant. When the
actual current | is not large and |l /D|<<1, the effec-

tive current 1 is very close to the actual current 1 and

the found expressions for F*™ and F"** are practically
coinciding with the corresponding Maxwell field expres-
sions. At the same time, when the actual current 1 is
sufficiently large, the effective current |, can substan-

tially differ from the actual current | and, moreover,
the values 1 and I, can have different signs. Using

this result, we gave a new interpretation for the phe-
nomenon of bipolar lightning and explained the puzzling
inversion of the normal orientation for electromagnetic
fields associated with some lightning storms which was
recently detected by the Fermi Gamma-ray Space Tele-
scope.

In the second case we considered a Yang-Mills field
inside a thin circular cylinder with nonstationary plasma.
We sought field potentials in Formula (52) and came to
the partial differential Equations (54-56). Solving these
equations, we found expressions for the field strengths
inside the cylindrical source under consideration. It was
shown that the strengths could depend on all charge
passing through unit area of a cross section of the cylin-
drical source from beginning of the current flow. The
obtained Formula (83) shows that the field strengths in-
side the cylindrical source can become zero after some
period of time. This property of the found solution was

Copyright © 2010 SciRes.

above used to explain the puzzling phenomenon of cur-
rent pause in exploding wires.
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Abstract

In this paper, a modified variation of the Limited SQP method is presented for constrained optimization. This
method possesses not only the information of gradient but also the information of function value. Moreover,
the proposed method requires no more function or derivative evaluations and hardly more storage or arith-
metic operations. Under suitable conditions, the global convergence is established.

Keywords: Constrained Optimization, Limited Method, SQP Method, Global Convergence

1. Introduction

Consider the constrained optimization problem

min  f(X)
st. h(x)=0, iecE @
9,()<0, jel

where f, h;, g;:R" — R are twice continuously differ-

entiable, E={12,---,m}, |={+Ln+2--,m+I},1>0 is
an integer. Let the Lagrangian function be defined by

L(x 4, 2) = f(x)+ ' 9(x) + 2 h(x) )
where g and A are multipliers. Obviously, the La-

grangian function L is a twice continuously differenti-
able function. Let S be the feasible point set of the

problem (1). We define 1" to be the set of all the sub-
scripts of those inequality constraints which are active
atx’,ie, I"={iliel and g,(x)=0}.

It is well known that the SQP methods for solving
twice continuously differentiable nonlinear programming
problems, are essentially Newton-type methods for find-
ing Kuhn-Tucher points of nonlinear programming
problems. These years, the SQP methods have been in
vogue [1-8]: Powell [5] gave the BFGS-Newton-SQP
method for the nonlinearly constrained optimization. He
gave some sufficient conditions, under which SQP me-
thod would yield 2-step Q-superlinear convergence rate
(assuming convergence) but did not show that his modi-
*This work is supported by the Chinese NSF grants 10761001 and the

Scientific Research Foundation of Guangxi University (Grant No.
X081082), and Guangxi SF grants 0991028.
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fied BFGS method satisfied these conditions. Coleman
and Conn [2] gave a new local convergence qua-
si-Newton-SQP method for the equality constrained non-
linear programming problems. The local 2-step Q-super-
linear convergence was established. Sun [6] proposed
quasi-Newton-SQP method for general | C! constrain-
ed problems. He presented the locally convergent suffi-
cient conditions and superlinear convergent sufficient
conditions. But he did not prove whether the modified
BFGS-quasi-Newton-SQP method satisfies the sufficient
conditions or not. We know that, the BFGS update ex-
ploits only the gradient information, while the informa-
tion of function values of the Lagrangian function (2)
available is neglected.

If xeR" holds, then the problem (1) is called un-
constrained optimization problem (UNP). There are ma-
ny methods [9-13] for the UNP, where the BFGS method
is one of the most effective quasi-Newton method. The
normal BFGS update exploits only the gradient informa-
tion, while the information of function values available is
neglected for UNP too. These years, lots of modified
BFGS methods [14-19] have been proposed for UNP.
Especially, many efficient attempts have been made to
modify the usual quasi-Newton methods using both the
gradient and function values information (e.g. [19,20]).
Lately, in order to get a higher order accuracy in ap-
proximating the second curvature of the objective func-
tion, Wei, Yu, Yuan, and Lian [18] proposed a new
BFGS-type method for UNP, and the reported numerical
results show that the average performance is better than
that of the standard BFGS method. The superlinear con-
vergence of this modified has been established for uni-
formly convex function. Its global convergence is estab-
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lished by Wei, Li, and Qi [20]. Motivated by their ideas,
Yuan and Wei [21] presented a modified BFGS method
which can ensure that the update matrix are positive de-
finite for the general convex functions. Moreover, the
global convergence is proved for the general convex
functions.

The limited memory BFGS (L-BFGS) method [22] is
an adaptation of the BFGS method for large- scale prob-
lems. The implementation is almost identical to that of
the standard BFGS method, the only difference is that
the inverse Hessian approximation is not formed explic-
itly, but defined by a small number of BFGS updates. It
is often provided a fast rate of linear convergence, and
requires minimal storage.

Inspired by the modified method of [21], we combine
this technique and the limited memory technique, and
give a limited SQP method for constrained optimization.
The global convergence of the proposed method will be
established for generally convex function. The major
contribution of this paper is an extension of, based on the
basic of the method in [21], the method for the UNP to
constrained optimization problems. Unlike the standard
SQP method, a distinguishing feature of our proposed
method is that a triple {s;,Yi, A’} being stored, where
S =Xu—X% , ¥ =V,L(z) -V, L)+ A,z =

iao M Aiia) + 2= (%o, 4) 4 and 4 are the

multipliers which are according to the Lagrangian objec-
tive function at x;, while ., and A, are the multi-

pliers which are according to the Lagrangian objective
function at x;,,, and A’ is a scalar related to Lagran-

i+171
gian function value. Moreover, a limited memory SQP
method is proposed. Compared with the standard SQP
method, the presented method requires no more function
or derivative evaluations, and hardly more storage or
arithmetic operations.

This paper is organized as follows. In the next section,
we briefly review some modified method and the L-BFGS
method for UNP. In Section 3, we describe the modified
limited memory SQP algorithm for (2). The global con-
vergence will be established in Section 4. In the last sec-
tion, we give a conclusion. Throughout this paper, |- ||

denotes the Euclidean norm of vectors or matrix.

2. Modified BFGS Update and the L-BFGS
Update for UNP

We will state the modified BFGS update and the
L-BFGS update for UNP in the following subsections,
respectively.

2.1. Modified BFGS Update

Quasi-Newton methods for solving UNP often need to

Copyright © 2010 SciRes.

update the iterate matrix B, . In tradition, {B,} satisfies
the following quasi-Newton equation:

By.1Sk =9 3)
where S, = X,,; — X , 6, = VI (%) —VI(X,) .The very
famous update B, is the BFGS formula

BkSkSI-(r Bk + 5!(5;—

4
SEORED @

Bii =By -
Let H, be the inverse of B, , then the inverse up-
date formula of (4) method is represented as
S (S —H8,)SS¢

He=H -

(6,8)*
(Sk —HiS)Sk +S (S —Hid)' )
(5 S)*
T T T
LSO ASE) ST
O Sy 8 S Oy Sy

which is the dual form of the DFP update formula in
the sense thatH, <> B,, H,, <> B,,,and s, & vy,. It

has been shown that the BFGS method is the most effec-
tive in quasi-Newton methods from computation point of
view. The authors have studied the convergence of f and

its characterizations for convex minimization [23-27].
Our pioneers made great efforts in order to find a
quasi-Newton method which not only possess global
convergence but also is superior than the BFGS method
from the computation point of view [15-17,20,28-31].
For general functions, it is now known that the BFGS
method may fail for non-convex functions with inexact
line search [32], Mascarenhas [33] showed that the non-
convergence of the standard BFGS method even with
exact line search. In order to obtain a global convergence
of BFGS method without convexity assumption on the
objective function, Li and Fukushima [15,16] made a
slight modification to the standard BFGS method. Now
we state their work [15] simply. Li and Fukushima (see
[15]) advised a new quasi-Newton equation with the fol-
lowing formB, ,S, =&, wheres® =5, +t,||o,[s,, &>0

T
k5k

[
propriate conditions, these two methods [15,16] are
globally and superlinearly convergent for nonconvex
minimization problems.

In order to get a better approximation of the objective
function Hessian matrix, Wei, Yu, Yuan, and Lian (see
[18]) also proposed a new quasi-Newton equation:
B,.,(2)S, =6 =6, + A (3)S,, Where
A Q)= 2L (%)~ f (% +e d)]+[VF (X +ed,)+VF(x)]'S, .
IS I
Then the new BFGS update formula is

is determined by t, =1+max{- 0}. Under ap-
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Bk(Z)SkSkTBk(Z) 513*55*T . (6)
S¢ B, (2)S, S
Note that this quasi-Newton Formula (6) contains both
gradient and function value information at the current

and the previous step. This modified BFGS update for-
mula differs from the standard BFGS update, and a

higher order approximation of V*f (x) can be obtained [18,
20].

It is well known that the matrix B, are very impor-
tant for convergence if they are positive definite [24,25].
It is not difficult to see that the condition S5 >0
can ensure that the update matrix B, (2) from (6) in-
herits the positive definiteness of B, (2) . However this

condition can be obtained only under the objective func-
tion is uniformly convex. If f is a general convex

Bk+1(2) =B, (2)-

function, then S]52 and S, may equal to 0. In
this case, the positive definiteness of the update matrix
B, can not be sure. Then we conclude that, for the gen-
eral convex functions, the positive definiteness of the
update matrix B, generated by (4) and (6) can not be
satisfied.

In order to get the positive definiteness of B, (2)

based on the definition of 52'and &, for the general

convex functions, Yuan and Wei [21] give a modified
BFGS update, i. e., the modified update formula is de-
fined by

B, (3)SS¢B.(3) , %"

& , (7
S B (3)S, 57TS,

Bk+1 (3) = Bk (3) -

where 67 =05, +AS,, A =max{A (3),0} . Then the
corresponding quasi-Newton equation is

Bk+1(3)Sk = §k3* (8)

which can ensure that the condition S5 >0 holds
for the general convex function f (see [21] in detail).
Therefore, the update matrix B,,, from (8) inherits the
positive definiteness of B, for the general convex
function.

2.2. Limited Memory BFGS-Type Method

The limited memory BFGS (L-BFGS) method (see [22])
is an adaptation of the BFGS method for large-scale
problems. In the L-BFGS method, matrix H, is ob-
tained by updating the basic matrix H,(m>0) times
using BFGS formula with the previous m iterations.
The standard BFGS correction (5) has the following

Copyright © 2010 SciRes.

form
H.., =V HV, +p,S,S; 9)

1 . .
where p, =——, V, =1-p5S;, |is the unit ma-

k “k
trix. Thus, H,,, in the L-BFGS method has the fol-

lowing form:

Hea =VkT HV, + PkSkSkT
=V, VL H Vo + 5SSV + oS, Sy
= [VkT ”'VkT—rTwl]H k-rﬁ+1[vk-rﬁ+1 o 'Vk]

T T T
+ PiialVia  Vica IS S Vi mise - Vieal
+ cee

+p,S,S, -
(10)

3. Modified SQP Method

In this section, we will state the normal SQP method and
the modified limited memory SQP method, respectively.

3.1. Normal SQP Method

The first-order Kuhn-Tucker condition of (2) is

VE(X)+ 1" Vg(x*)+ AT Vh(x*) =0,
9(x)<0, 4,20, #;9;(x")=0, for jel, (11)
h(x*) =0.
The system (11) can be represented by the following
system:
H(z) =0, (12)

where z=(z,u,A)eS and H:R™™" 5 R™™" js
defined by

VI (X)+ 1" Vg(x) + A" Vh(x)

H(z) =| min{-g(x), x} : (13)
h(x)

Since vf,vg, and vh are continuously differenti-
able functions, it is obviously that H(z) is continu-
ously differentiable function. Then, for all d e R™™*",
the directional derivative H'(z:d) of the function
H(z) exists. Denote the index sets by

a(2) ={il i > -9,(0} (14)
and B(2)={il 1, <-g,(0}. (15)
AM
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Under the complementary condition, it is clearly that
a(z) is an index set of strongly active inequality con-

straints, and f(z) is an index set of weakly active and

inactive inequality constraints. In terms of these sets, the
directional derivative along the direction d =(d,,d,.d,)

is given as follows

Gd

(_Vgdex)iea(Z)

n']in{d#i y (_vg:dx)}ie[}’(z)
vh(x)'d,

H'(z:d)= , (16)

where G is a matrix which elements are the partial de-

rivatives of V,L(z) to d,, d,, d,, respectively. If

min{d,, , (—ngdx)}ieﬁ(z) =d, holds, then the set

v Vg, (x) Vgy(x) Vh(x)

Vg, (0" 0 0o o0
W(z) = g“O(X) . , boan
B
Vh)T 0 0o o0

By (33) in [6], we know than the system

W d, =-H(z,), (18)
where d, =(d, ,d,.,d,) and W, =W(z) , define

the Kuhn-Tucker condition of problem (2), which also
defines the Kuhn-Tucker condition of the following qua-
dratic programming QP(z,,V,):

min  Vf(x)"s +%sTvks,

st. 9,(x%)+Vg,(x)'s=0, (19)
9,5 (%) +V9,(x) s<0,
h(x,)+Vh(x,)"s=0,

where s=x-x,,V, =VL(z,).
Generally, suppose that B, (1) is an estimate of V,

and B, (1) can be updated by BFGS method of qua-
si-Newton formula

B, (1)s, Sx B, (1) " Y Ve

B,,@)=B,1-
k+1( ) k( ) S;— Bk (1)Sk y;’ Sk

, (20)
where s, =X, =X, Yy =V, L(z,,1)-V,L(z,), Z,,=

(Xar Miaar Ain)r 2 = Ko i, 4), pcand - 4, are the
multipliers which are according to the Lagrangian objec-
tive function at x,, while ., and A, are the mul-

tipliers which are according to the Lagrangian objective
function at x,,. Particularly, when we use the update

Formula (20) to (19), the above quadratic programming
problem can be written as QP(z,, B, ):

Copyright © 2010 SciRes.

min  Vf(x)"s +%sT B, Vs,

st. 9,(%)+Vg,(x)'s=0, (21)
9,(%)+Vg,(x)" s<0,
h(x,)+Vh(x,)"s =0.

Suppose that (s, «,4) is a Kuhn-Tucker triple of the
sub problem QP(z,,B,) , therefore, it is obviously
thats =0 if (X, ,4) isaKuhn-Tucker triple of (2).

3.2. Modified Limited Memory SQP Method

The normal limited memory BFGS formula of qua-
si-Newton-SQP method with H, for constrained opti-

mization (2) is defined by
Hia :VkT HV, + pksksl

Ty T T T
=V VeaH Vi + ocaSccaSia Vi + oSk Se

[VkT . 'VkT-rﬁ+1] H k—m+1 [Vk-rﬁ+1 . ‘Vk ]

T T T
+ P inlVis Ve I8k maSkoms 2 Vicmiva - Viea]

+ ..
(22)

is the unit

where pk:sTL' V,=l-pys;, |

k Tk
matrix. To maintain the positive definiteness of the lim-
ited memory BFGS matrix, some researchers suggested

to discard correction {s,,y} if sy, >0 does not
hold (e.g. [34]). Another technique was proposed by
Powell [35] in which Yy is defined by
Y if s;y, >0.2s; B,s,,
6.y, +(1-6,)B,s,, otherwise,
T
where 6, :%, B,'=H, of (22). How-
Sk Bk =S Vi

ever, if the Lagrangian objective function L(x,z,A) is
a general convex function, then sy, may equal to 0.
In this case, the positive definiteness of the update matrix
H, of (22) can not be sure.

Whether there exists a limited memory SQP method
which can ensure that the update matrix are positive de-
finite for general convex Lagrangian objective func-
tion L(x, g, 1) . This paper gives a positive answer. Let

;&k _ 2AL(z,) - Lz, DI+[V, L(Z, 1)+ V,L(Z )] S,
s I

sidering the discussion of the above section, we discuss

Ek for general convex Lagrangian objective function

L(x,u,A) in the following cases to state our motivation.

. Con-
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Case 1: If Kk >0, we have
Sl(yk"'ASk):Ska"'& ”Sk ”2>Slyk20- (23)
Case 2: If f&k <0, we get

0 > Z‘k — 2[L(Zk) B L(Zk+1)] +[V><L(Zk+l) +VXL(ZK)]T Sk

IS II”
N — 2V, L(2.1)8 + [V, L(20) + V, L(Z )] s,
- II's II”
_ _SI Y
ET

(24)
which means that s;y, >0 holds. Then we present our
modified limited memory SQP formula

Hi =VTHV + pis s

*T *T * * * T * * T
=V, MOGH VG oSS Ve + oSSk

= k*T o 'Vk*-Tm+1] H :-rﬁ+1 [Vk*—rﬁ+1 . 'Vk*]

* *T *T T * *
+ P malVicr Vicma IS naSccma M ne - Vieal

4 ..
+ PSSk
(25)
* 1 * * *
where  py=——, V., =l-piyisi,  and
S Yk

Yi =y, +max{A,0}s, . It is not difficult to see that the

modified limited memory SQP Formula (25) contains
both the gradient and function value information of La-
grangian function at the current and the previous step if

A, >0 holds.
Let B, be the inverse of H,. More generally, sup-

pose that B, is an estimate of V, . Then the above
quadratic programming problem (19) can be written as

QP(z,,By):
min Vf (xk)Ts+%sT B;s,
st 9,(%)+Vg,(x) s=0, (26)
9,(X)+Vg, (%) s<0,
h(x,)+Vh(x,)"s=0.
Suppose that (s, 1) is a Kuhn-Tucker triple of the
subproblem QP(z,,B,), therefore, it is obviously that
s=0 if (x,z,4) isaKuhn-Tucker triple of (2).

Now we state our algorithm as follows.
Modified limited memory SQP algorithm 1 for (2)

Copyright © 2010 SciRes.

(M-L-SQP-A1)

Step 0: Star with an initial point z, = (X,, 4, 4,)
and an estimate H; of V,=ViL(z,), H; is a
symmetric and positive definite matrix, positive con-
stants 0<d<o<1,m, >0 is a positive constant. Set
k=0;

Step 1: For given z, and H,, solve the subproblem

min  Vf(x)"s +%sT H, s,

st g, (%) +V0, (%) s=0, (27)
9,(%)+ Vg, (%) s<0,
h(x,)+Vh(x,)"s=0,

and obtain the unique optimal solution d, ;
Step 2: ¢, is chosen by the modified weak
Wolfe-Powell (MWWP) step-size rule
L(z, +,d,) <L(z,)+0,V,L(z,)"d,, (28)
and
v .L(z +d)"d, >0V, L(z,)" d,, (29)
then let x,,; =x, +,d,.
Step 3: If z,,, satisfies a prescribed termination cri-
terion (18), stop. Otherwise, go to step 4;
Step 4: Letm=min{k +1,m,}. Update H, for m
timesto get H,,, by Formula (25).
Step 5: Set k=k+1 and go to step 1.
Clearly, we note that the above algorithm is as simple
as the limited memory SQP method, form storage and

cost point of a view at each iteration.
In the following, we assume that the algorithm updates

B, -the inverse of H, . The M-L-SQP-Al with Hessian

approximation B, can be stated as follows.

Modified limited memory SQP algorithm 2 for (2)
(M-L-SQP-A2)

Step 0: Star with an initial point z, = (X,, 2, 4,)
and an estimate B; of V,=VZ2L(z,), By is a sym-
metric and positive definite matrix, positive constants
0<d<o<l, my>0 s a positive constant. Set
k=0;

Step 1: For given z, and B, solve the subproblem
QP(z,, B, ) and obtain the unique optimal solution d, ;

Step 2: Let m=min{k +1,m,}. Update B; with

the triples {s;,y,, A}, ~.,,i.e, for I=k—-m+1,--- k,
compute

_BUssIBC vy

Bl B!
*T
YIS

! , (30)
s/ By 5,
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where s, =xX,,—%, y =y, +A's, and BS™ for
all k.

Note that M-L-SQP-A1 and M-L-SQP-A2 are mathe-
matically equivalent. In the next section, we will estab-
lish the global convergence of M-L-SQP-A2.

4. Convergence analysis of M-L-SQP-A2

Let x" be a local optimal solution and z* = (x", ", A")

be the corresponding Kuhn-Tucker triple of problem (1).
In order to get the global convergence of M-L-SQP-A2,
the following assumptions are needed.

Assumption A. 1) f,h, and g, are twice continu-

ously differentiable functions for all xS and S is
bounded.

2) {Vh,(x"),i e E}U{Vg,(x"), j el }are positive li-
near independence.

3) (Strict complementarity) For je 1", u; > 0.

4)s'Vs>0 for all s=0 with vh(x")'s =0,ieE
and Vg,(x")'s=0,jel*, where V=V2L(z").
5) {z }convergesto z*where V L(z")=0.

6) The Lagrangian function L(z) is convex for all

zeS.
Assumption A(6) implies that there exists a constant
H >0 such that
IV|I£H, VzeS. (31)

Due to the strict complementary Assumption A(3), at a
neighborhood of z*, the method (26) is equivalent to
the following equality constrained quadratic program-
ming:

min Vf (xk)Ts+%sT B,s,
st. g,(x)+Vg,(x) s=0, (32)
h(x,)+Vh(x,)"s =0.

Without loss of generality for the locally convergent
analysis, we may discuss that there are only active con-
straints in (2). Then (18) becomes the following system
with B, instead of V,:

B®  Vg.() Vh(X)|d, V,L(z)

Vgoz()()T 0 0 dyk = ga(xk) :_H(Zk)

Vh(x)" 0 0 Jd, h(x,)

(33)

In the case of only considering active constraints, we
can suppose that

Vi Vg, (x) Vh(x)
W, =| Vg, (x)" 0 0 (34)
vh(x)' 0 0
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ET AL. 13

and

B, Vg, (x)  Vh(x)
Dy« =| Vg, (X)" 0 0 | (35)
Vh(x)" 0 0

when B, iscloseto V,, Dy, iscloseto W, .

Lemma 4.1 Let Assumption A hold. Then there exists
a positive number M, such that

1l gy
Se Vi
Proof. By Assumption A, then there exists a positive
number M, such that (see [36])

k=012,---

Iy I <M, k>0. (36)
sk Y

Since the function L(x) is convex, then we have
L(ze.)-L(z) 2V,L(z) s, and  L(z)-L(z.,)>
-V L(z.,,)"s,, the above two inequalities together with
the definition of A, imply that

|Ak|<|skyk| (37)
s I
Using the definition of y; , we get
syr =iy, rmax{A O}>sTy,  (38)
and
I Vi 1Y N+ T max{AO3sy NIy T+ I 210 il
(39)

where the second inequality of (39) follows (37). Com-
bining (38), (39), and (36), we obtain:
Iyl _ 4l
S
Let M, =4M,, we get the conclusion of this lemma.

The proof is complete.
Lemma 4.2 LetB, is generated by (30). Then we have

[ k STy*
det(By,,) = det(By ™) [ =2
I=k-m+1 S | B| |
where det(B,) denotes the determinant of B, .
Proof. To begin with, we take the determinant in both
sides of (20)

Det(B, ., (1)) = Det(B, ()(I -

<4M,.

(40)

Sksk B (l) + B (l) yk yk ))

Sk B, (Vs Sk Vi

S:(—SKB (D) + By, Ve )
e B (DS, S¢ Vi

= Det(B, (1)) Det(l —
B, (Dsy T Yk
= Det(B, (D)[(L-s¢ TB(l)k)(l B.O™ v ylsk)

T yk (B, (1)Sk) a1
s )( B, (s, Byl
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;
Yi Sk

= Det(B, ) g

where the third equality follows from the formula (see,
e.g., [37] Lemma 7.6)
det(l +u,uy +uzu, ) = (L+u/ u,)(L+uju,) —(u) u,)(ujuy).
Therefore, there is also a simple expression for the de-
terminant of (30)
det(B* )= det(Bk—rT‘Hl ) rk[ SIT yl*
k+1 k A S| B S|

Then we complete the proof.
Lemma 4.3 Let Assumption A hold. Then there exists
a positive constant ¢, such that
-V, L(z,)"d,
lId 1l

s lI=6m, where n, =

Proof. By Assumption A, we have
(ViL(z.)) -V, Lz ) d, =
a ] [V (z, +ta,d,)d,dt <o, [|d, [P (H +1).
On the other hand, using (29), we get
(V,L(z,,,)-V, Lz )'d, >-(1-0)V, L(z) d,.

1- 1-
g ., let o6, = g

Therefore, . The
H+1 H+1

II'sic 12

proof is complete.

Using Assumption A, it is not difficult to get the fol-
lowing lemma.

Lemma 4.4 Let Assumption A hold. Then the se-
quence {L(z,)} monotonically decreases, and z, €S

forall k>0. Moreover,
Z (- V
k=0

Similar to Lemma 2.6 in [38], it is not difficult to get
the following lemma. Here we also give the proof proc-
ess.

Lemma 4.5 If the sequence of nonnegative numbers

m, (k =01,--) satisfy
k
[Tm; >cf,c,>0 k=12, (41)
j=0
then limsup, m, >0.

Proof. We will get this result by contradiction. As-
sume that limsup, m, =0, then, for 0<g <c,, there

exists k, >0, such that m, <¢, forall k>k,. Hence,
forall k >k,

(L(z,)"dy) <+

=~

g:l
:x

171
k
C S

! W
+oo=limsup,| = | <
& i=

Copyright © 2010 SciRes.

=

=
=

2
N

m; nglkl < 400,

o

which is a contradiction, thus, limsup, m, >0.
Lemma 4.6 Let {x,} be generated by M-L-SQP-A2
and Assumption A hold. If '!im inf|| vV, L(z,)|>0, then,

there exists a constant &, >0 such that
k
[17; (&), forallk>0.
j=0
Proof. Assume that I!im inf||V,L(z,)||>0, i.e., there

exists a constant ¢, > 0 such that

IV,Lz)lI2c,, k=012--.  (42)

Now we prove that the update matrix B;,, will al-
ways be generated by the update Formula (30), i.e.,
B,., inherits the positive definiteness of By
ors;y; >0 always holds. For k =0, this conclusion
holds at hand. For all k >1, assume that B, is positive
definite. We will deduce that s;y; >0 always holds
from the following three cases.

Case 1. If ;&k > 0. By the definition of y, and As-
sumption A, we have
sty =s;y, +max{A,0}>sly, >0.

Case 2. If ;&k < 0. By the definition of vy, , (24), and
Assumption A, we get s, y; =s, Y, >

Case 3. If A =0. By the definition of y, (29), As-
sumption A, d, =-B;'V, L(z ), and the positive defi-
niteness of B, , we obtain

S Yk = ¢ Vi 2 (1= 0)e d( V,L(z,) = (1~ o), dy Bod, >0

So, we have sTyr~0,and B;, Wwill be generated by the

update Formula (30). Thus, the update matrix B;,, will
always be generated by the update Formula (30).
Taking the trace operation in both sides of (30), we get

Tr(B:+1) =

- k
Tr(B ™) - Y

1B P & IyilP @3
it S| By,

I=k-m+1 S|T yr l
where Tr(B,) denotes the trace of B;. Repeating this

trace operation, we have

= % B* 2 k * 112
Tr(BL) =Trgl - 3 MBS sy

I=k—fm+1 3|T B's, 1—ima S|T Y
B IF < Iy IP
=Tr(By) - .
Z TB S| IZ(; SI yl
(44)
AM
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Combining (42), (44),
Lemma 4.1, we obtain

d, =-B,'V,L(z,) , and

c

Kk
= V,L(z;)"H;V L(z))

Tr(B;,,) <Tr(B;)- +(K+1)M,.

(45)

Using B, ,is positive definite, we have Tr(B,,,)>0.

By (45), we obtain

K 2 *
T02 : < Tr(Bo)+(2k +)M, (46)
iz V,L(z;) H;V,L(z;) c,
and
Tr(B,.,) <Tr(By)+(k+1)M,. (47)

By the geometric-arithmetic mean value formula we
get
(k +1)c? .
- 2 . (48)
Tr(By)+(k+1)M,

k
HVXL(ZJ)TH;VXL(ZJ-)Z|:
=0

Using Lemma 4.2, (30), and (38), we have

* _ k—m+1* : S| yl
det(B.,) - det(BS ™) [

U, k
>det(B* ™) ]

- k —
> det(BF™) T[] 12
> ..

k —
> det(B;)[ [ .-

j=0 &
This implies

det(By) sf[ %

det(B,,,) jol-o

(49)

By using the geometric-arithmetic mean value formula
again, we get
« n
det(B;,,) < {M} . (50)
n

Using (47), (49) and (50), we obtain
ﬁ % o E’Et(Bé)ﬂ"
iol-o [Tr(By)+(k+)M,J"
1 det(B;)n"
~k+1[Tr(By) + M, 1"
k+1 £\.n
] i detEBo)n _
[Tr(By)+M]

= (exp(n) e

Copyright © 2010 SciRes.
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> min{%)nn,l}
[Tr(By)+M,] (51)
> C§+l
where csz( 1 Jmn detEBo)n —, 1} Let
exp(n) [Tr(Bs)+M,]
-V.L(z)'d,
cos 9]_ :#_
IV Lz dl
Multiplying (48) with (51), for allk > 0, we get
k . k+1)c2 .
TTis. 1V, L(z,) llcosd, »ci 0 e
j=0 Tr(By) +(k+D)M,
2
> Cf#]k”. (52)
Tr(By)+ M,

According to Lemma 4.4 and Assumption A we know
that there exists a constant M, >0

such that
s 1= Xen =X 1< X T+ X 1< 2M 5 . (83)

Combining the definition of ; and (53), and noting
that ||V,L(z;)|lcos®; =n;, we get for all k>0,

k c,C2 .
1721 =
<0 (Tr(By) +M,)2M,

The proof is complete.

Now we establish the global convergence theorem for
M-L-SQP-A2.

Theorem 4.1 Let Assumption (i) hold and let the se-
quence {z,} be generated by M-L-SQP-A2. Then we

k+1
0 -

have
liminf IV,L(z)|=0- (54)

Proof. By Lemma 4.3 and (28), we get

L(z..,) < L(z) = I Nl (55)
<L(z)- 551775.

By (55), we have iﬂf < +o0 + this implies that
k=0

limp, =0. (56)

Therefore, relation (54) can be obtained from (56) and
Lemma 4.6 directly.

5. Conclusions

For further research, we should study the properties of
the modified limited memory SQP method under weak
conditions. Moreover, numerical experiments for practi-
cally constrained problems should be done in the future.
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Abstract

Series expansion of single variable functions is represented in Fourier-Bessel form with unknown coeffi-
cients. The proposed series expansions are derived for arbitrary radial boundaries in problems of circular
domain. Zeros of the generated transcendental equation and the relationship of orthogonality are employed to
find the unknown coefficients. Several numerical and graphical examples are explained and discussed.

Keywords: Fourier-Bessel Analysis, Boundary Value Problems, Orthogonality of Bessel Functions

1. Introduction

Several boundary value problems in the applied sciences
are frequently solved by expansions in cylindrical har-
monics with infinite terms. Problems of circular domain
with rounded surfaces often generate infinite series of
Bessel functions of the first and second types with un-
known coefficients. In this case, the intention is to find
the series coefficients which should satisfy the boundary
conditions.

The subject of Fourier-Bessel series expansions was
investigated and examined in many texts [1-10]. Nearly
all of them has derived cylindrical harmonics expansions
in Jo(r) for the interval [0, a] only, where Jy(r) is the
Bessel function of the first kind with order zero and ar-
gument r [8]. The existence of the origin point excludes
Yo(r), Bessel function of the second kind with order zero
and argument r, because it goes to negative infinity as r
approaches zero [9]. Both Jo(r) and Yo(r) are shown plot-
ted in Figure 1.

In many other problems in the applied sciences, the
interval of expansion is found to be [a, b] such that a, b
e R. An example of this could be a hollow cylinder in
heat conduction problems or a circular band in vibrations
analysis solved in the cylindrical coordinate system. In
this case, cylindrical harmonics expansions in both Jo(r)
and Yo(r) are necessary.

In this paper, the derivation of cylindrical harmonics
expansion of a single variable function in [a, b] in both
Jo(r) and Yy(r) is solved. In accordance with the bounda-
riesat r =aand r = b, zeros of the obtained transcenden-
tal equation are first calculated. As shown in Figure 2,

Copyright © 2010 SciRes.

the solution region is for a < r < b where the desired se-
ries expansions are forced to be zeroatr =aandr=b
respectively. Unknown coefficients are then found and
the complete series expansion can be achieved.

1Jo(r) and Yo(r)

Figure 1. Equation (6), === Jo(r), == == Yq(I).

Solution Region

Figure 2. The solution region in radial boundaries.
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2. Formulation and Solution

The Bessel differential equation of order zero is well
known as [1, 4]:
2

rd—zf(r)+ d f(r)+a?rf(r)=0 (1)
dr r

dr
VvV aandre Randa<r<hb.
The general solution to Equation (1) for real values of
a is known to be [2, 3]:

(1) =Y Avdo(ar) +B,Yo(ar) 2
n=0
As in Equation (1), the assumed boundary conditions

atr=aand r = b are of Dirichlet type as f(a) = 0 and f(b)
= 0 respectively. Both A, and B, are then related as:

_ Y (@)
e ®)
Ay =— Yo(eh) B, 4

Jo(ab)

Going after the elimination method, the transcendental
equation can be obtained as:

3o (@@)Ys (ab) — o (ab)Yo (a@) =0 (5)

In order for Equation (5) to be satisfied, there exist
many zeros or values of « to be calculated. Thus, in all
former and coming equations a can be replaced by «a,
which are the zeros obtained from the transcendental
equation V n € I. That is:

‘]O (ana)YO (anb) - JO (anb)YO (ana) =0 (6)

The orthogonality feature of Bessel functions can be

applied to Equation (2) by multiplying both sides by

r[AnJdo (@) + ByYo(@yr)] and integrating it over all
possible values of r from a to b as:
b b

i.[rcn(r)cm(r)dr - j ([C,(Nf(Ndr  (7)
n=0 4 a
where,
Cin(r) = Ay do (@) + By Yo (apnr) ®)
Ch(r) = Aydo(anr) + By Yo () )

The terms under the summation in the left side of Eg-
uation (7) are zeros for all values of m = n [5, 6, 7].
Hence, Equation (7) can be simplified to:

b
[reaica - fmjar-o (10
a
Either Equation (3) or (4) can help. Using Equation (3)
we can obtain the B, coefficients as:

Copyright © 2010 SciRes.

b

j rSo (e, r) f (r)dr
B, =2 (11)
[rlsoenar
where, So(a,r) is gi\jen by:
Y,
so(anr):vo(anr)—ﬁ%(anr) (12)

By Equation (3) or (4), the A, coefficients can also be
found. Once the coefficients A, and B, are calculated, the
function f(r) can be expanded as in Equation (2).

3. Numerical Examples

The transcendental expression in Equation (6) shows a
gradual decay as a increases which mean small magni-
tudes between high zeros. This leads to the convergence
of the series in Equation (2) above as n increases. As a
consequence, a finite number of terms in Equation (2)
can be sufficient for numerical approximations.

The zeros are first evaluated using the transcendental
cross product Bessel functions equation for the interval
[a, b]. A graph of Equation (6) is shown in Figure 3 for
the solution regions [0.65, 2.5] and [0.65, 5]. Table 1
shows the first 50 zeros of Equation (6) for a = 0.65 and
b = 2.5. Zeros obtained from the transcendental equation
changes according to the values of a and b assumed for
the solution region. The data presented in Table 1 indi-
cates that the calculated zeros are not periodic and should
be calculated using a proper numerical technique.

Let’s assume that the function f(r) to be expanded as
in Equation (2) is sin(r) with a radial solution region in
[0.65, 2.5]. The coefficients B, can be evaluated from
Equation (11) and the A, coefficients are then obtained
by Equation (3). Both coefficients are shown in Tables 2
and 3 respectively for n =0 to 49.

=

o

Jo(en@)Yo(anb) — Jo(anb)Yo(and)

|
o

Figure 3. Equation (6), === [0.65, 2.5], = — [0.65, 5].
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Many variations can be noticed for the numerical val-
ues of A, and B, with a general absolute scale of < 1 ex-
cept for By = 2.328. Some coefficients are in the order of
x10 meaning that their associated terms are very small
such as B, and Az in Tables 2 and 3 respectively.

The function sin(r) and its approximate expansions are
plotted in Figure 4. Summation over the first 10 terms
produced an acceptable estimation in the interval [0.65,
2.5] with some apparent oscillations around the exact
function. An improved approximate expansion is also

plotted for n = 0 to 49 with less fluctuations in the same
radial domain.

In addition, f(r) = cos(r) is expanded as in Equation (2)
and the first fifty coefficients are listed in Tables 4 and 5
for the B, and A, respectively. Similar to the sin(r), the
cos(r) coefficients go through several variations with a
general absolute scale of < 1 except A; = —1.550. Also,
only four coefficients are in the order of x10 implying
that their related terms in the series are extremely small
such as B4 and A, in Tables 4 and 5 respectively.

Table 1. First fifty zeros of Equation (6) in [0.65, 2.5].

n o n o n o n o n o
0 1.663 10 18.676 20 35.659 30 52.642 40 69.624
1 3.376 11 20.374 21 37.358 31 54.34 41 71.322
2 5.08 12 22.073 22 39.056 32 56.038 42 73.02
3 6.782 13 23.771 23 40.754 33 57.736 43 74.718
4 8.4815 14 25.47 24 42.452 34 59.434 44 76.416
5 10.182 15 27.168 25 44.151 35 61.133 45 78.115
6 11.881 16 28.866 26 45.849 36 62.831 46 79.813
7 13.579 17 30.564 27 47.547 37 64.529 47 81.511
8 15.279 18 32.263 28 49.245 38 66.227 48 83.209
9 16.977 19 33.961 29 50.943 39 67.925 49 84.907
Table 2. First fifty B, for f(r) = sin(r) in [0.65, 2.5].
n B n By n = n = n By
0 2.328 10 0.154 20 —-0.300 30 -0.114 40 0.206
1 -0.101 11 —-0.138 21 7.1E-3 31 0.084 41 1.3E-3
2 -0.703 12 0.228 22 0.267 32 -0.123 42 —-0.205
3 0.234 13 0.064 23 -0.082 33 —-0.047 43 0.057
4 —4.8E-3 14 —-0.385 24 -0.030 34 0.250 44 0.042
5 -0.181 15 0.048 25 0.087 35 -0.025 45 —-0.068
6 0.455 16 0.231 26 -0.212 36 -0.173 46 0.148
7 0.030 17 -0.110 27 -0.024 37 0.074 47 0.024
8 -0.478 18 0.082 28 0.272 38 -0.036 48 -0.212
9 0.105 19 0.081 29 —0.054 39 —0.061 49 0.037
Table 3. First fifty A, for f(r) = sin(r) in [0.65, 2.5].
n Aq n Aq n An n An n An
0 -0.475 10 0.424 20 0.126 30 -0.242 40 -0.109
1 0.462 11 -0.016 21 -0.102 31 2.1E-3 41 0.074
2 —-0.547 12 —0.346 22 0.159 32 0.229 42 —-0.099
3 -0.114 13 0.111 23 0.052 33 -0.067 43 -0.044
4 0.675 14 0.021 24 -0.297 34 —-0.036 44 0.218
5 -0.092 15 -0.110 25 0.034 35 0.075 45 -0.019
6 -0.338 16 0.279 26 0.193 36 -0.174 46 -0.160
7 0.170 17 0.025 27 -0.087 37 -0.024 47 0.064
8 -0.143 18 -0.333 28 0.054 38 0.236 48 —-0.023
9 -0.111 19 0.070 29 0.069 39 —0.044 49 —0.057
Table 4. First fifty B, for f(r) = cos(r) in [0.65, 2.5].
n By n B n By n B n By
0 -0.129 10 -0.067 20 0.131 30 0.050 40 -0.090
1 0.338 11 0.571 21 —-0.030 31 -0.351 41 -5.5E-3
2 0.286 12 -0.099 22 -0.116 32 0.053 42 0.089
3 -0.919 13 -0.264 23 0.342 33 0.195 43 -0.237
4 2.0E-3 14 0.167 24 0.013 34 -0.109 44 -0.018
5 0.732 15 -0.199 25 -0.364 35 0.105 45 0.281
6 -0.196 16 -0.100 26 0.092 36 0.075 46 -0.064
7 -0.122 17 0.457 27 0.100 37 -0.306 47 -0.100
8 0.207 18 -0.036 28 -0.118 38 0.016 48 0.092
9 —0.433 19 -0.338 29 0.223 39 0.256 49 —-0.153
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Table 5. First fifty A, for f(r) = cos(r) in [0.65, 2.5].

n A, n A, n An n A, n An

0 0.026 10 -0.184 20 —-0.055 30 0.105 40 0.047
1 -1.550 11 0.068 21 0.422 31 -8.9E-3 41 -0.306
2 0.222 12 0.150 22 -0.069 32 -0.100 42 0.043
3 0.448 13 -0.461 23 -0.218 33 0.279 43 0.182
4 -0.287 14 -9.1E-3 24 0.129 34 0.016 44 -0.095
5 0.371 15 0.455 25 -0.139 35 -0.314 45 0.080
6 0.145 16 -0.121 26 -0.084 36 0.076 46 0.070
7 -0.696 17 -0.105 27 0.362 37 0.100 47 -0.268
8 0.062 18 0.145 28 -0.023 38 -0.103 48 0.010
9 0.458 19 —-0.289 29 —0.286 39 0.182 49 0.235

sin(r)

0.3"."

P e I

0.65 1.02 1.39 1.76 2.13

N
3]

Figure 4. == sin(r), «== Equation (2) with n =0 to 10,
— — Equation (2) with n =0 to 49.

Figure 5. == cos(r), e+ Equation (2) with n =0 to 10,
— = Equation (2) with n = 0 to 49.

The function cos(r) and its estimated expansions are
shown plotted in Figure 5. Finite summation over the
first 10 terms generated a satisfactory estimation in the
interval [0.65, 2.5] with several obvious oscillations
close to the exact function. A better approximate expan-
sion is also plotted for n = 0 to 49 with less fluctuations
in the same solution region.

The calculated coefficients for the function e" are also
shown in Tables 6 and 7 for B, and A, respectively. Ap-
parently, the coefficients swing around the exact values

Copyright © 2010 SciRes.

with an absolute level of > 1 or < 1.

The greatest values in Tables 6 and 7 are found as By
=13.852 and A; = 11.499. In addition, no coefficients are
calculated in the order of x 10 implying that all coeffi-
cients are to be included in the series expansion.

The function exp(r) and its estimated expansions are
shown plotted in Figure 6 in [0.65, 2.5]. A satisfactory
estimation of a finite summation over the first 10 terms
are generated with several oscillations close to the exact
function. A good approximated expansion is also plotted
for n = 0 to 49 with fewer variations in the same solution
region.

The last numerical example to be discussed is the
square function expressed as:

f(r):{l 1.26srs_1.88 (13)

-1 otherwise

The calculated B, and A, coefficients for this function are
shown in Tables 8 and 9 respectively. Similar to former
expansions, both coefficients vary about the exact values
of Equation (13). The B, coefficients have a general ab-
solute level of < 1 except B,, Bg, B, By and Byg that
have an absolute scale of > 1. Furthermore, the A, coef-
ficients show an absolute level of < 1 except the absolute
values of A, Agy, Agg and Ay, that are > 1. Some B, and A,
coefficients are calculated in the order of x 10°° like A, or

11.2§

0.65 1.02 1.39 1.76 2.13 2.5

Figure 6. == exp(r), *== Equation (2) with n = 0 to 10, —
— Equation (2) with n =0 to 49.
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Table 6. First fifty B, for f(r) = exp(r) in [0.65, 2.5].

n B, N B, n B, n B, n B,
0 13.852 10 2.217 20 —4.350 30 -1.660 40 2.987
1 -2.506 11 -5.266 21 0.274 31 3.254 41 0.051
2 -9.361 12 3.298 22 3.873 32 -1.780 42 -2.971
3 8.069 13 2.443 23 -3.169 33 -1.813 43 2.202
4 -0.068 14 -5.566 24 -0.433 34 3.618 44 0.602
5 -6.632 15 1.841 25 3.372 35 -0.971 45 -2.611
6 6.506 16 3.343 26 -3.078 36 —2.505 46 2.140
7 1.113 17 —4.227 27 -0.931 37 2.841 47 0.932
8 -6.867 18 1.182 28 3.937 38 -0.525 48 -3.072
9 3.985 19 3.127 29 —2.069 39 -2.371 49 1.419
Table 7. First fifty A, for f(r) = exp(r) in [0.65, 2.5].
n An n A, n A, n An n An
0 -2.828 10 6.108 20 1.821 30 -3.511 40 -1.575
1 11.499 11 —-0.625 21 -3.915 31 0.083 41 2.841
2 —-7.286 12 -4.992 22 2.304 32 3.317 42 -1.431
3 -3.934 13 4.263 23 2.019 33 —-2.586 43 -1.691
4 9.496 14 0.304 24 -4.301 34 -0.526 44 3.168
5 -3.360 15 -4.213 25 1.292 35 2.912 45 -0.747
6 -4.824 16 4.033 26 2.799 36 -2.523 46 -2.318
7 6.376 17 0.969 27 -3.353 37 -0.925 47 2.490
8 -2.059 18 -4.814 28 0.782 38 3.423 48 -0.336
9 -4.216 19 2.675 29 2.650 39 -1.690 49 —-2.185
Table 8. First fifty B, for Equation (13) in [0.65, 2.5].
n B, n B, n B, n B, n B,
0 0.026 10 1.64E-3 20 1.527 30 -0.021 40 -0.051
1 0.1 11 0.081 21 —5E-3 31 -0.404 41 -3E-4
2 3.515 12 0.031 22 -0.025 32 0.614 42 -0.037
3 -0.516 13 —-0.205 23 0.042 33 —9E-3 43 -0.329
4 -3E-4 14 1.968 24 —5E-3 34 -0.05 44 -0.201
5 0.105 15 —-0.053 25 -0.37 35 8E-3 45 -0.07
6 0.048 16 -9.1E-3 26 1.072 36 —-0.033 46 -0.048
7 -0.076 17 0.061 27 6E-3 37 —-0.388 47 -3E-3
8 2.447 18 0.013 28 -0.037 38 0.179 48 -0.037
9 -0.17 19 —0.305 29 0.025 39 —0.039 49 —0.228
Table 9. First fifty A, for Equation (13) in [0.65, 2.5].
n An n An n An n An n An
0 -5E-3 10 4.5E-3 20 —-0.639 30 —-0.045 40 0.027
1 —-0.457 11 9.6E-3 21 0.069 31 -0.01 41 -0.016
2 2.735 12 -0.047 22 -0.015 32 -1.144 42 -0.018
3 0.252 13 -0.375 23 -0.027 33 —-0.013 43 0.253
4 0.039 14 -0.108 24 —-0.052 34 7.2E-3 44 -1.056
5 0.053 15 0.121 25 -0.142 35 -0.024 45 -0.02
6 -0.035 16 -0.011 26 -0.975 36 —-0.033 46 0.052
7 -0.433 17 -0.014 27 0.02 37 0.126 47 —6.8E-3
8 0.734 18 -0.053 28 -7.3E-3 38 -1.168 48 —4E-3
9 0.18 19 -0.261 29 —-0.032 39 —-0.027 49 0.352

in the order of x10™ such as By, indicating that their as-
sociated terms in the series are very small.

The function expressed by Equation (13) and its ap-
proximate expansions are plotted in Figure 7. Summa-
tion over the first 10 terms produced an acceptable esti-
mation in the interval [0.65, 2.5] with some noticeable
oscillations around the exact function. A better approx-
imate expansion is also plotted for n = 0 to 49 with less
fluctuations in the same radial domain.

In all graphical plots previously shown, the curves re-

Copyright © 2010 SciRes.

turn to zero at the assumed boundaries a = 0.65 and b =
2.5. In addition, accuracy of the expanded curves may
appear better as n increases due to larger number of
terms involved in the series and less fluctuations seen
around the exact values.

4. Conclusions

Functions were expanded as a Fourier-Bessel series
summation in both Jo(r) and Y,(r). A finite series expan-
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0.65[" 4 N T

f(r)

- 0.65’[.“1 i : ;:-}
] SRS Y
\

Figure 7. === Equation (13), *== Equation (2) with n =0 to
10, = — Equation (2) with n =0 to 49.

sion was obtained for arbitrary radial boundaries in [a, b].

Coefficients were found by calculating the zeros of the
transcendental equation and by employing the relation-
ship of orthogonality. A number of examples were nu-
merically and graphically discussed.
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Abstract

In this paper we study a continuous time random walk in the line with two boundaries [a,b], a < b. The par-
ticle can move in any of two directions with different velocities v; and v,. We consider a special type of
boundary which can trap the particle for a random time. We found closed-form expressions for the stationary
distribution of the position of the particle not only for the alternating Markov process but also for a broad

class of semi-Markov processes.

Keywords: Random Motion, Reflecting Boundaries, Semi-Markov, Random Walk

1. Introduction

In this paper we study the stationary distribution of a
one-dimensional random motion performed with two
velocities, where the random times separating consecu-
tive velocity changes perform an alternating Markov
process. The sojourn times of this process are exponen-
tially distributed random variables. There are many pa-
pers on random motion devoted to analysis of models in
which motions are driven by a homogeneous Poisson
process [1-4], however we have not found any paper
investigating the stationary distribution of these proc-
esses.

We assume that the particle moves on the line R in
the following manner: At each instant it moves according
to one of two velocities, namely v,>0 or v, <0
Starting at the position X, € R the particle continues its
motion with velocity V; >0 during random time 7, ,
where 7 is an exponential random variable with pa-
rameter /, ,then the particle moves with velocity Vv, <0
during random time 7., where 7 is an exponential
distributed random variable with parameter 4,. Fur-
thermore, the particle moves with velocity v, >0 and
so on. When the particle reaches boundary a or b it will
stay at that boundary a random time given by the time
the particle remains in the same direction up to the time
such a particle changes direction. Similar partly reflect-
ing (or trapping) boundaries have been considered in [5],
and they may be found in optical photon propagation in

*We thank ITESM through the Research Chair in Telecommunications.
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turbid medium or chemical processes with sticky layers
or boundaries.

We also consider a generalization of these results for
semi-Markov processes, i.e., when the random variables
7 and 7 are different from exponential. This paper is
divided in two main parts, namely the Markov case and
the generalization to the semi-Markov modeling. Our
main result, in the first part of this paper, consists on
finding the stationary distribution of the well-known
telegrapher process on the line with delays in reflecting
boundaries. In the second part, we find the stationary
distribution of a more general continuous time random
walk when the sojourn times are generally distributed.

2. Markov Case

2.1. Mathematical Modeling

Let us set the probability space (Q, F, P). On the phase
space E = {1,2} consider an alternating Markov process
{&(t); t = 0} having the sojourn time ¢, correspond-
ing to the state i< E, and transition probability matrix

of the embedded
01
P= . 1
L J (1)

Markov chain

Denote by {x(t); t > 0} the position of the particle at
time t. Consider the function C(X) on the space E
which is defined as
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if x=1

if x=2. @

The position of the particle at any time t can be ex-
pressed as

x(t):x0+j;C(§(s))ds, (3)

where the starting point x, €[a,b].

Equation (3) determines the random evolution of the
particle in the alternating Markov medium {&(t); t >
0} [6,7]. So, x(t) is the well-known one-dimensional
telegraph process [1,2]. We assume that a < b are two
delaying or adhesive boundaries on the line such that if a
particle reaches boundary a or b then it is delayed until
the instant that the process changes velocity.

Now, consider the two-component stochastic process

{C(t)=(x(t),&(t)} on the phase space Z = [ab]
x{1,2}. The process {(t) is a homogeneous Markov
process with the following generating operator [6,7]:

x,1)+74 [ Pg(x.i)-g(xi)].i=12,

(4)

AB(xi) = C(xi) 54

where Pg(x,1)=¢(x,2)and Pg(x,2)=¢(x,1).

2.2. Stationary Distribution

Denote by z(-) the stationary distribution of (t). The
analysis of the properties of the process ({(t) leads up to
the conclusion that the stationary distribution # has
atoms at points (a, 2) and (b, 1), and we denote them as
n[a,2]and =x[b,1] respectively. The continuous part of
) icE.

Since =« is the stationary distribution of {(t) then
for any function ¢(-) from the domain of the operator A
we have

m isdenoted as (X,

[Ag(z)dr(z)=0 (5)
Z

Now, let A" be the conjugate or adjoint operator of
A. Then by changing the order of integration in (5) (inte-
grating by parts), we can obtain the following expres-

sions for the continuous part of A’z =0

vlin(x,1)+}17r(x,l) Am(%,2)=0
dx ©)
vz(;i—xn(x,2)+izn(x,2)—ﬂin(x,l)=O.

Similarly, from (5) we obtain
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Ay (0,1)~vyz(b™,1) =0
AT ,1 +v27r b™,2

e ) ()
Jom(a,2)+v,m(a,2)=0
hm(a,2) vlfr(a+ 1)

where 71'( , )_IlmXTb (x,i) and n(a , ):: lim ,,
m(x,i) fori=1,2.

It follows from the set (6) that

vlﬁn(x,lﬁvz%n(xj):o,

or equivalently v,z (x,1)+V,7(X,2)=k = constant.

By using (7), we get vz(b 1)+ v,z(b",2)=
consequently k =0 and

v, (%,1)+V,7(x,2)=0

forall xe[a,b].

®)

By obtaining n(x,2) from (8) and substituting such
a result into the first equation in the set (6) we have

vlin(x,l) Am(x,1)— AQ—fr(x 1)=0. 9)
dx v,
Solving (9) we obtain for the continuous part of =
m(x,1)=Ce™ (10)
And
7(x,2)=-CLe, (11)
VZ
where u= A + ﬁ
vl VZ
Now, from (7) we obtain for atoms
v,
n[a,2]=-1Ce ™" (12)
2
and
alb,1] = %Ce‘”b. (13)

The factor C can be calculated from the normaliza-
tion equation
[x(z)dz=1 (14)
or equivalently

Tn(x,l)dxjtin(x,2)dx+n[a,2]+7r[b,1]=1. (15)

]e#a } . (16)
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We should notice that the stationary distribution 7z (x)
of the process x(t) over the interval (a,b) is 7(x)

=r(x,1)+7(x,2).

2.3. Balanced and One-Boundary Cases

2.3.1. Balanced Case
A

y)
Let us call the balanced case when u=-2+-2=0. In
Vl V2
this case we can observe that z(x,1) and z(x,2) do
not depend on x. Hence, the continuous part of the sta-
tionary distribution of the process x(t) is uniform over
the open interval (a,b). Now, the factor C, say Cg,
reduces to
V2

CB = ) (17)
(v, —v;)(b—a+9)

Y

.

Therefore, the stationary distribution can be expressed
as

V.
where §=-21=

V,

m(x,1)=Cgandr(x,2) = —iCB. (18)
Thus,
ﬁ(x):n(x,1)+7r(x,2):b_i+5, (19)
and the atoms are given by
7[a,2]= 5\\1’—1CB and z[b, 1] = 6C, . (20)

2

2.3.2. One-Boundary Case
Now, suppose that there is just the left boundary a, and
the starting position of the process x(t) is

X, €[a,+x). Then for x>0 we have the factor C,
say C,,givenby

Vze/la
= —_— 21
7w, (v-v,) .
A 2
Hence,
7(x1) = Coe™ and z(x,2) = —LCoe™,  (22)
V2
with the atom
V,V
nla,2]=—FF——. (23)
v, - 20a=V2)
U
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3. Semi-Markov Case
3.1. Mathematical Model

The particle movement is given by the equation
t
X(t) = X, + [C(y(s))ds. (24)
0

where x, €[a,b] is the particle starting point inside the
two reflecting boundariesa<b, and w(s) is an alter-
nating semi-Markov process with phase space E = {1,2}
and embedded transition probability matrix P given in
(1). The sojourn time at state ! is a random variable
with a common cumulative distribution function (cdf)
Gi(t),ieE. We assume that G(t) and G,(t) are

not degenerated, and that their probability density func-
tion (pdf) and first moment, say

gi(t):% and m =ftgi(t)dt respectively, exist.
0
Now, the hazard rates are given by r,(t) = 9.t , and
1-G,(t)

assume C(1)=v,;>0 and C(2)=v, <O0.

Define z(t):=t—supfO<u<t:y(u)=y(t)}and con-
sider the three-component process y(t)=(z(t),x(t),
w(t)) on the phase space W =[0,00)x[a,b]x{L,2}. It
is well-known that X(t) is a Markov process with the
following infinitesimal operator [8,9]

Aq)(r,x,i) =2¢(1,X,i)+
ri(r)[Pq)(O,x,i)—w(r,b,i)]+C(x,i)&q)(r,x,i)
0p(z,b,2) _ op(r,a,1)

or ot
=0and (r,x,i)eW. The function ¢(z,x,i) is con-
tinuously differentiable on ¢ and x.We also have that
Pp(0,x,1)=¢(0,x,2) and Pg(0,x,2)= ¢(0,x1).

with boundary conditions say

3.2. Stationary Distribution

Denote by p(-) the stationary distribution of the sto-
chastic process x(t). This stationary distribution has
atoms at points (z,a,2) and (z,b,1), and we denote
them as p[r,a,2] and p[r,b,1], respectively. The con-
tinuous partof p isdenotedas p(7,x,i), ieE.

For any function ¢(-) belonging to the domain of the
operator A we have
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[. Ap(z)p(dz)=0. (26)

By changing the order of integration (integration by

parts), we obtain expressions for A"p , where A" is the
adjoint operator of A, namely

%p(r,x,i)+l‘ip(r,x,i)+vi%p(r,x,i)=0,i =12,

(27)
and

[76(0)p(zxi)de=p(0,x )i = i, j=12,  (28)

with the limiting behavior p(+o0,x,i)=0, for all
Xe[a,b].

For the atoms we have

%,}[f,a,zprz(T)p[f,a,z]wzp(f,anz):o (29)

%p[z’,b,l]+I’l(r)p[‘[,b,l]—vlp<r,b_,1):0 (30)
where
p(r,b_,i)izlximp(r,x,i) and
p(z.ai)= limp(v,x.i), for i=12. We also have

p[+oo,a, 2] :p[O, a, 2] zp[+oo,b,1] = p[O, b,l] =0

Now, by taking into account boundary conditions we
have

[“n(x)plebA]dr =—v, [ p(z,b",2)dr, (31)
and
J:c r, (‘[)p[r,a,Z]d‘[ =V1J.:p(‘[,a+,l)dr. (32)

By solving (27) we obtain
p(r,x,0) = f, (x—vir)exp(—'[orri (t)dt),i =12, (33)

where f, eC'.
By substituting (33) into (28) and by noting that
exp(—'[orri (t)dt) =1-G;(7)
we obtain
[t (x=vr)g (r)dr=f,(x),i=Ji j=12.  (34)
It follows from (34) that
[7 i (x=wz=v,t) g, (r) g, (t)dedt = £ (x).  (35)

From (34) and (35) we can assume that the functions
f.(x) are of the form

f.(x)=ce™ i=12 (36)
Now, by substituting (36) into (35), we obtain
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Ql(’lvl)gz (lvz) =1 (37)
where §;(s)= j: g; (t)e *dtis the Laplace transform of

g (t),i =1,2.The set of pdf’s for which (37) exists is

similar to the set of functions which satisfies the Cramér
condition.

Lemma 321 If vm+v,m,#0, where m =
[ tg,(t)dt, and there exist ¢, </,,p, < p,,0,>0 and
o, >0 such that g,(t)>a,,te[l,0,], 9,(t) =0,
te[p,p,]and 0<vly +V,p,,0 <—(Vil; +V,p,).

Then, there exists 4, =0 which satisfies (37).

Proof Let us define p(4)=§,(4v,)d,(4v,), so
p'(0)=—(v;m +v,m,) =0.

Now, suppose p’(0)=—(v,m, +v,m,)<0. then

p(4)= [ "e g, (t)dt] e g, (1)l
hence

p(/l) > 0,0, (e-vl;./x1 g Witz )(e—vzlpl _ Vo2 )
ViV,

— +00ash — +o,
The case p’(0)=—(v;m, +v,m,)>0. can be reduced

to the previous one by assuming s=-t and using
0<v,l,+v,p,.

Theorem 3.2.1

A)If vym +v,m, =0 and 4, =0 is the solution for

(37), and j: e 9" (1-G, (7)) dr < +o0,, then there exists a

stationary distribution of x(t) with the following con-
tinuous part:

p(r,x1) =" (1-G, (7)), (38)

p(1.%2) =66, (o )e*" ) (1-G, (z))  (39)
and atoms

1 _ e—}QVﬂ

plz,b,1]=cve (1-G, (7)) R (40)
~ ~ o 1_ef)ﬂvzr
p(7.%.2) = v, G, (4, ) e (G, (r)-1) P (41)

2
The normalization factor c; can be calculated from

pr(dz):l.
B)If vm +v,m,=0 and there exists the second

moment j:tzgi (t)dt,ieE, then the stationary measure

of x(t) isasfollows
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p(z,x1)=c, (l—G1 (r)), p(T,x2)=c, (1—G2 (r)) (42)
with atoms
plr.b1]= szlr(l—Gl (T)), plr.a,2]= CZVZT(G2 (T)—l)
(43)
where

1(2) m;z) -1
c, = (ml+m2)(b—a)+v17—v2 )

Proof It is easy to see that f,(x)=ce'* and

f,(x)=c,G, (4V, e satisfy (34). Substituting these
functions f; into (33) we obtain (38) and (39). Therefore
we substitute (38) and (39) into (29) and (30), then by
solving these equations we obtain (40) and (41).

It can be easily verified that if vym +v,m, =0 then
the value 7, =0, such that §,(4V,)§,(%Vv,)=1 also
satisfies (31) and (32).

Similarly, for vym +v,m, =0 we obtain (42) and (43)
in the same manner as for the case v,m +v,m, =0
when it is considered that 4, =0.

We should notice that the stationary measure of the
particle position x(t) is determined by the following

relations
p(x)= j:(p(r, X,1)+ p(7,%,2))dr,forx e (a,b), (44)
pla.2]=| plr.a,2]de, p[b,1] =] p[r,b,1]dz.  (45)

Example Markov Case
Suppose g; (t)=4e ", %4 >0,i=12;t>0. Then,

N ) B )
sese o) (25 2 )

A . .
Therefore, 4, :£+—2, and this case is the same as
Vl V2
the one in the first part of this paper.
Example Erlang Case

Let g,(t)=4e",g,(t)=p’te™ 4 >0,p>0, and
t>0. Then,

Ql(iovl)@z(%vz):bl_ﬁovl]( p—FleVZJ =1, (46)

where we have the conditions 4 >4V, and p > Ayv,.

Now, by solving (46) and taking into account the previ-
ous conditions, we obtain a unique solution for (46)

(21\/2 +2 pV1)+ \/_4V1V2 p’% +( pﬂl)z

—2V,V,

-
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p’t

+ pt

then the Theorem 3.2.1 is applicable.

Since rz(t):1 — p>0,ast—+w,andr,(t) =4,

4. Conclusions

The two-state continuous time random walk has been
studied by many researchers for the Markov case and
only a few have studied for non-Markovian processes
[10]. This basic model has many applications in physics,
biology, chemistry, and engineering. Most of the former
models were oriented to solve the boundary-free particle
motion. Recently this basic model has been extended in
several directions, such as two and three dimensions,
with reflecting and absorbing boundaries. Only a few of
these works consider partly reflecting boundaries [5,10],
and references therein. However, in none of these previ-
ous works a stationary distribution for the particle posi-
tion is presented, as we did in this paper. We have in-
cluded the Markov case since it is illustrative and it mo-
tivates our analysis of the semi-Markov process.

5. References

[1] S. Goldstein, “On Diffusion by Discontinuous Move-
ments and on the Telegraph Equation,” The Quarterly
Journal of Mechanics and Applied Mathematics, Vol. 4,
No. 2, 1951, pp. 129-156.

[2] M. Kac, “A Stochastic Model Related to the Telegra-
pher’s Equation,” Rocky Mountain Journal of Mathemat-
ics, Vol. 4, No. 3, 1974, pp. 497-509.

[3] E. Orsingher, “Hyperbolic Equations Arising in Random
Models,” Stochastic Processes and their Applications,
Vol. 21, No. 1, 1985, pp. 93-106.

[4] A. F. Turbin, “Mathematical Model of Einstein, Wiener,
Levy,” in Russian, Fractal Analysis and Related Fields,
Vol. 2, 1998, pp. 47-60.

[5] J. Masoliver, J. M. Porra, and G. H. Weiss, “Solution to
the Telegrapher’s Equation in the Presence of Reflecting
and Partly Reflecting Boundaries,” Physical Review E,
Vol. 48, No. 2, 1993, pp. 939-944.

[6] V.S. Korolyuk and A. V. Swishchuk, A. V. Semi- Mar-
kov, “Random Evolutions,” Kluwer Academic Publishers,
1995.

[7]1 V. S. Korolyuk and V. V. Korolyuk, “Stochastic Models
of Systems,” Kluwer Academic Publishers, 1999.
[8] V.S. Korolyuk and A. F. Turbin, “Mathematical Founda-

tions of the State Lumping of Large Systems,” Kluwer
Academic Publishers, 1994.

[9] I I. Gikhman and A. V. Skorokhod, “Theory of Stochas-
tic Processes, Vol. 2,” Springer-Verlag, New York, 1975.

[10] V. Balakrishnan, C. van den Broeck and P. Hangui,
“First-Passage of Non-Markovian Processes: The Case of
a Reflecting Boundary,” Physical Review A, Vol. 38, No.
8, 1988, pp. 4213-4222.

AM



Applied Mathematics, 2010, 1, 29-36

doi:10.4236/am.2010.11005 Published Online May 2010 (http://www. SciRP.org/journal/am)

o5 Scientific
(> )
+* Research

Boundary Eigenvalue Problem for Maxwell Equations in a
Nonlinear Dielectric Layer

Yury G. Smirnov, Dmitry V. Valovik
Department Mathematics and Supercomputer Modeling, Penza State University, Penza, Russia
E-mail: smyrnovyug@mail.ru, dvalovik@mail.ru
Received March 4, 2010; revised April 16, 2010; accepted April 30, 2010

Abstract

The propagation of TM-polarized electromagnetic waves in a dielectric layer filled with lossless, nonmag-
netic, and isotropic medium is considered. The permittivity in the layer defines by Kerr law. We look for ei-
genvalues of the problem and reduce the issue to the analysis of the corresponding dispersion equation. The
equivalence of the boundary eigenvalue problem and the dispersion equation is proved. We show that the
solution of the problem exists and from dispersion equation it can be numerically obtained. Using this solu-
tion the components of electromagnetic field in the layer can be numerically obtained as well. Transition to
the limit in the case of a linear medium in the layer is proved. Some numerical results are presented also.

Keywords: Maxwell Equations, Nonlinear Boundary Eigenvalue Problem, Dispersion Equation, Nonlinear Slab (Film)

1. Introduction

Problems of electromagnetic waves propagation in a
nonlinear media are actually important so as these phe-
nomena are widely used in plasma physics, in modern
microelectronics, in optics, in laser technology. Mathe-
matical models for some of these problems and certain
results are presented in [1-4]. These models yield bound-
ary eigenvalue problems for systems of differential equa-
tions. These boundary eigenvalue problems depend on a
spectral parameter nonlinearly. Analysis of these prob-
lems is very difficult for the reason that it is not possible
to apply well-known methods of investigation of spectral
problems.

It is necessary to note that such problems are exactly
boundary eigenvalue problems. This is due to the fact
that the main interest in the problems is finding that val-
ues of spectral parameter (eigenvalues) when the wave is
propagating in the waveguide. Thus, in such problems it
is necessary to pay attention on finding dispersion equa-
tions. When we have eigenvalues, the solutions of dif-
ferential equations can be numerically obtained. With a
mathematical view, a dispersion equation is an equation
with respect to a spectral parameter, analyzing the equa-
tion we can deduce conclusion about existence of solu-
tions of these boundary eigenvalue problems.

The phenomena of propagation of TE-waves were
studied rather completely. Results of propagation TE
waves in a nonlinear dielectric layer were presented in
articles of H.-W. Shurmann, V. S. Serov and Yu. V.

Shestopalov [5,6]. Propagation of TE-waves in a nonlin-
ear dielectric waveguide was considered in [7,8] by Yu.
G. Smirnov, H.-W. Shurmann and Yu. V. Shestopalov.
In both latter articles the problem is considered exactly
like boundary eigenvalue problem (nonlinear, of course).
Some numerical results are shown in [7]. The article [8]
is devoted to strict mathematical results about the prob-
lem (solvability, existence of the solution, etc.).

Results about propagation of TM waves in a nonlinear
dielectric semi-infinite layer were published in [2,3]. The
first integral of the problem under consideration in Sec-
tion 2 has been found in [4]. This integral represents the
conservation law. However, the complete solution of the
problem has not been found. The dispersion equation for
the problem has not been obtained.

The equations of the TM waves propagation problem
in nonlinear layer with Kerr nonlinearity were published
for the first time in 1971-1972 in articles of P. N. Eleon-
skii and V. P. Silin (see, for example, [1]).

2. Statement of the Problem

Given a Cartesian system Oxyz, consider electromag-
netic waves propagating through a homogeneous iso-
tropic nonmagnetic dielectric layer with Kerr nonlinear-
ity located between two semi-infinite half-spaces x <0
and x>h. The half spaces are filled with isotropic
nonmagnetic media without sources that have constant
permittivities &, 2¢&, , & =&, , respectively, where
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& >0 is the permittivity of vacuum. We suppose that
in the whole space u = u,; where g, is the permeabil-

ity of vacuum.
The electric and magnetic fields are harmonic func-
tions of time t:

E(x, ¥, z, t)=E, (X V, z)coswt+E_(x, y, z)sinot

H(x, y, z, t)=H,(x vy, z)coswt+H_(x, y, z)sinet
and satisfy Maxwell equations
rotH = —iweE, rotE =iouH, )
where
E(x,y,2)=E.(xy,2)+IE_(X,Y,2)
H(x, y,z)=H,(x y,z)+iH_(x Y, )

are complex amplitudes.
The permittivity inside the layer is described by the

Kerr law g=gZ+a|E|2, where &, >max(¢,&,) and
a are positive constants. Here, E:(Ex,Ey,EZ )T ,
|E|Z=|EX|2+|Ey|2+|EZ|2 and |-| is modulus of com-
plex function. A solution to the Maxwell equations is
sought in the entire space. Hereafter, the time multiplier
is omitted.

The electromagnetic fields E and H satisfy Max-
well Equation (1), the condition that their tangential
components at x=0 and x=h are continuous, and
the radiation condition at infinity; i.e., the electromag-
netic field decays exponentially as |x|—co in the re-

gions x<0 and x>h.
Consider the TM waves E=(E, 0, E,)' and

H=(0, H,, 0)T . As a result, Equation (1) become

OE, OE, OE, . OE,
=0; - =iouH ; =0;
oy 0z oX oy
)
oH, . .
—L =iweE,; —L=-iwcE,.
0z OX

It follows from (2) that E,=E,(x z) and
E, =E,(x, z) are independent of y. Since H, is ex-
pressed in terms of E and E,, we conclude that H,
is also independent of y.

Let QE( )'. Assuming that the field components

depend harmonically on z, i.e., H, = Hy(x, z) =
H,(x)e” , E =E/(x, z)=E/(x)e"™ , and E, =
E,(x, z)=E,(x)e"™, we obtain the system of equations

Copyright © 2010 SciRes.

i7E, (X)—E; (x)=iouH, (x);
H. (x) = —iweE, (X); @)
iJ/H,,(X)= ia)gEX(x),

H, (x)=——(i7E,()-E/()). @

Here » is unknown spectral parameter, i.e., the pro-

pagation constant.
Differentiating (4) and using (3) yields

7(iE, (X))' —E/(X) = 0’suE, (X);
y? (iEX (X))—yEZ’ (x)= a)zg,u(iEX (X))

Introducing k= @*ug, with g =y, and normal-
izing the equations according to the formulas X=kx,

E.

98 57 528 =123, a=2.
dx  dX k & &

®)

We introduce the new notation E,=Z(X) and
iE, =X (%).

By omitting the tilde, (5) is written in the normalized
form as

-Z2"+yX'=¢Z;

L (6)
—yZ'+y° X =¢gX.

The real solution X (x) and Z(x) of (6) are sought

assuming that » is real (so that |E|2 is independent of
z), where
&, x<0;
&= 52+a(X2+Zz),0<x<h; (7)
&, X>h.
It is also assumed that X (x) and Z(x) are differ-
entiable in the layer:

X (x) e C(—o0; 0]C[0; h]n[h; +0) N
NC*(=o0;0)NC*(0; h) N C*(h; +0);
Z(x)eC(—o0;+0)N
NC'(—o0; 0]NCH[0; h]ACH[h; +a0)
NC?(=;0)NC*(0; h) N C?(h; + o).

These smoothness conditions follow from continuous
conditions of tangential componentsat x=0and x=h.

We search for y such that max(e,,&,) <y’ <e, .
The statement of the problem is shown in the Figure 1.
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X
E=¢€
3
h
/ ,'/ ,'/ /// ,'/ ,'/ ,'/ // // '/// / 2/ ,'/ ,'/ ,'/ ,
YR +a|E[ oy
e=¢g

Figure 1. The geometry of the problem.

3. Solution to the System of Differential
Equations

For &=g¢ inthe half-space x <0, the general solution

of (6) is
X (x)= Aexp(x«/;/2 —51),
= ®
Z(x) :TlAexp(xwly2 —gl),
where we took into account the condition at infinity.
For ¢=g¢, inthe half-space x>h, we have
X (x)= Bexp(—(x— h)7*—e& )
9)

Z(x)= ——“7/2_83Bexp(—(x—h)w/;/z - &, )

I

according to the condition at infinity. The constants A
and B in (8) and (9) are determined by the boundary
conditions.
Inside the layer 0<x<h, (6) becomes
_W+7/E:(Sz+a<x +Z ))z
dz 1 ) 2
—&+7X—;(52+a(x +2%))X.

(10)

We can reduce (10) to the form:
dX 2352—72+a(X2+ZZ)
dx y & +3aX’+az’
52+a(X2+ZZ)Z
g, +3aX*+az®

X?Z +

iy (12)

0 _
dx %

From (11) we have an ordinary differential equation:

—(52 +3aX2+aZZ)(;—)Z<=

Copyright © 2010 SciRes.

&, +a(X*+2?%)
52—7/2+a(X2+ZZ)

= 2aXZ + 5> % 12)

Multiplying (12) by (gz—y2+a(x2+zz))x we

obtain a total ordinary differential equation. Its solution
is easy to write in the form:

7°C+3% (e, +a(X2+22)) ~2(e, +a(X? +22))

2(e, +a(x?+27)) (277~ (5, +a(x?+27))) )

—az’+e,, (13)

from item 2 it is known that »* >¢, and a>0. Equa-

tion (13) is true under these conditions.
Define the new variables

_ gz+a(X2(x)+Zz(x))

X 1
1'( ) 72 Z X)
2p¥(r—1
Let 7, =2, then Xz:y—%,
7 an+yr
4 22 (
—TZ(T—ZT‘)Z) In these variables, (11) and (13)
a n +yr

become

Zz_?’

2:2 5 ’n(r-1,)(2-71)

dx 1(772+]/2T2)+27]2(T—T0)7

(15)
dny yirt+nt(r-1).
dx T ’

2 7/212 (,[2 _Cl)

= . 16
C,+3r*-2r°-2¢(2-1)x, 10

Here, (16) is a fourth-degree algebraic equation in r.
Its solution 7 =7(7) can be explicitly written using the

Cardano-Ferrari formulas [9].

4. Boundary Conditions and Dispersion
Equation

To derive dispersion equations for the propagation con-
stants, we have to find 7(0) and 7(h).

Since the tangential components of E and H are
continuous, we obtain

z(h)=E,(h+0)=E", Z(0)=E,(0-0)=E" (17)

yX(h)=Z'(h)=ieuH, (h+0)=H",
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X (0)-2'(0)=iwuH,(0)=H?, where E™ is a
7 ( 'u y y z
known constant. Then
HM = _gh & H© — g© &
y y

Z \/72_53’ Z \/72_51l

According to (7) in the layer, we have
—Z'(x)+ X (X) = (e +a (X7 (1) + 27 (x))) X (x):(29)
Y
Combining (14), (16), (17), and (19) yields
X*(h) _ 7’ (h)-C,
(Egh))z G, +37%(h)-27°(h)-27(h)(2-7(h))z,

(18)

+(20)

1(52 +a(x2 (h)+(E" )2)jx (h)=H", (21

Y
where

X (h)= W(yh). (22)

Solving (21) for X (h), we obtain

g +a(EMY HO
:a(E) x(h)—7ay ~0. (23)

X3 (h)+ "

2
Since the value of (82 + a(EZ(“)) )/a is nonnegative,

(23) has at least one real root (which we consider).
Thus, 7(h)= Hy‘)/(yx (h)). Using (18) and (22), we
find

M &
X(h)=—-—2 238 24
(h) 7o) o (24)

Combining (20) with (24) gives
C. :Tz(h)_ngr(h)(Z—r(h))(z'(h)—ro). (25)

gl +y? (7/2 —53)12 (h)

If C,>0, then (16) which is regarded as an equation
in z(h) has a positive root. It is easy to show that C,
is strictly positive. Indeed, (25) implies that C, >0 for
t(h)>2, since r(h)>z,>1 and (72—53)>0. Con-
sider the case of 7(h)e[r,, 2). Converting the terms in

(25) to a common denominator and, if necessary, making
the substitution z(h)=7,+a (0<a <1), we obtain

7’ (7/2 —53)13(h)+532 (2a(r(h)—l)+r0 —a)
g+ (7" -7 (h)

with a positive right-hand side.

C,=z(h)

Copyright © 2010 SciRes.

It is well known that the field components &X (x)
and Z(x) are continuous at the interface of the media.
7(X)X(X) s also continuous at

Z(x)
the interface of the media at points x such that
(X)X (X) | we use (8) and

Then, the function

Z(x)=0. Since _
(x) T
(9) to obtain
7(0) === 5 _g. (26)

0 n(h)=-
\/72—€1> 7(") Nt

Since the right-hand side of the second equation in (15)
is positive, 7(x) is an increasing function on the inter-
val (0;h). Taking into account the signs in (26), we
conclude that »(x) is not differentiable on the entire
interval (0;h) but has a point of discontinuity. Assume
that this point is x"(0; h). It follows from (16) that
X" is such that 7 =r<x*) is a root of the equation
C, +3(r*)2 —2(1")3 -2 (2-7")z, =0. Moreover,
n(x* —0) — 400 and n(x* +0) — —oo. Let

T
F=tin)- et +n®(r-1) ,
where z=7(n) is expressed from (16). In the general
case, there are several points x,, X, ..., Xy on the inter-
val [0,h] atwhich n(x) becomes infinite, so that

(X% —0)=n(x-0)=..=n(x, —0) =+,

(X +0)=n(x+0)=..=n(x, +0)=—0. (27)

Below, it will be proved that the number of such
points is finite for any h.

Solutions are sought on each of the intervals [0, X,],
o], [0, ]

(%)

= [ fdp=x+c, 0Sx<X;
n(x)
7(x) .
J. fdp=x+c, > X SX<X,, 1=0,N-1;
(%)
n(x)
J‘ fdp=x+cy,» Xy <X<h. (28)

(%)

Taking into account (27) and substituting x=0,
X=X, , X=X, into the first, second, and third equa-

tions in (28), respectively, we find the required constants
CiCoyey Gy -
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cm1:j fdn—h. (29)

In view of (29) Equation (28) become

(%) +00
_[ fdp =—x+ j fdr7, 0<x<X,;
7{(x) 70)
() +o0
I fdn:x+j fdp—x,,, X <x<X,, i=0,N-1;
(%) o

7(x) n(h)

j mn=x+j fdp—h, x, <x<h. (30)

n(xy)

Let J‘ fdp =T . It follows from (30) that x,,—X =

T>0, where i=0,N-1. Therefore, the number of
points at which 7(x) becomes infinite on the interval
(0;h) is finite. Now, setting x=X,, X=X, X=X,

in the first, second, and third equations in (30), respec-
tively, so that all the integrals on the left-hand sides van-
ish, we add all the equations in (30) to obtain

0=-x,+ I fdn+ %, +T =X +..+ X, +
7(0)
n(h)

+T — Xy + Xy + j fdnp—h (31)

Finally, (31) yields

_ VJ:E1 fdp+(N+1)T =h, (32)

£3

Y]
where N >0 isan integer.

Formula (32) is a dispersion equation that holds for
any h. It should be noted that, if N =0, we have several
equations for various values of N . Each of these equa-
tions must be solved for y. All the resulting » form a
set of the propagation constants for which and only for
which waves in the layer propagate for given h.

It should be also noted that Em fdn converges since

f can be majorized by the function >, Where

_M
(m-1)n

M =Xrgg>§]r(x), and m=xrsr[10iyrg]r(x)>l. Since X (x)

Copyright © 2010 SciRes.

and Z(x) are bounded, z(x) has a finite minimum

and maximum.

If we consider first equation of (15) combined with
first integral, then the equation can be integrated. The
obtained integral is so called hyperelliptic integral (it is
one of the simplest type of Abelian integrals). If we ex-
tend definitional domain of independent variable x on
the whole complex plane, then we can consider the in-
verse function for these integrals. These functions will be
solutions of the system (15). These functions are hyper-
elliptic functions which belong to set Abelian functions.
Abelian functions are meromorphic periodical functions.
So as function 7 algebraically depends on 7 there-

fore 7 is a meromorphic periodical function. Thus, the

break point x" is a one of the poles of function 7. The

integral in (32) is a more general Abelian integral [10,
11].

5. Boundary Value Problem and Existence
Theorems

The continuity conditions for components of field E
imply
[eX] . =0, [¢X]_ =0, [Z]

0, [2]_.=0.3)3)

x=0 x=h x=0 x=h

We suppose that the functions X (x) and Z(x) al-
so satisfy the conditions

X(x):O{ﬁj and Z(x)zo[ﬁj as x| > . (34)

Introduce the notation

D:an d%{)

oz 18] o307

where X (x) and Z(x) are unknown functions, G,

and G, are left-hand sides of system (11). The y isa
spectral parameter. Also we will be considered col-
eX(x)
Z(x)
using introduced notation.

In the half-space x<0 and e=¢g , we have

X
N :(81 j and
Z

2
oF-| O 7 eoo. (35)
yi—g O
1

umn-vector N(x):[ ] Rewrite the problem

Inside the layer O<x<h and e=¢,+alE[", we
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have Nz[(gz+a(xz+zz))x} and the system has
Z

the form
L(F,y)EDF—G(F,;/):O. (36)

In the half-space x>h and &=¢,, we have

X
Nz(g3 j and
z
2
7DF—( 20 7]F:0- (37)
v —& 0

The continuity conditions (33) imply the following
conditions

[N(x)],,=0. [N(x)]_, =0, (38)
where [f (x)]X

it means transition to the limit for every components of
the vector.

Let us formulate boundary problem (conjugation
problem). We will search for non-vanishing vector F
and corresponding eigenvalues y so that F satisfies

(35)-(37) and conjugation conditions (38). In addition the
components of the vector F must obey the condition
(34).

The function L(F,y) from (36) is a nonlinear op-

= lim f(x)— lim f(x), for vector

=Xo X—>X%—0 X=Xy +0

erator-function, which nonlinearly depends on the spec-
tral parameter. Spectral theory of linear opera-
tor-functions, which nonlinearly depend on spectral pa-
rameter was built in [12]. As yet there is not a common
spectral theory of nonlinear operator-functions which
nonlinearly depend on spectral parameter. Therefore,
commonly boundary value problems with these opera-
tor-functions can not be solved by known methods.
Definition 1. The value y =y, we call eigenvalue of
the problem if the problem (35)-(37) with conditions (34)
and (38) has unique nonzero solution F. The solution
F, which corresponds to eigenvalues y, we call ei-

genvector of the problem, and the components X(x)

and Z(x) of the eigenvector F we call eigenfunc-

tions.

There is a well-known definition of eigenvalue of lin-
ear operator-function which nonlinear depends from
spectral parameter [12]. Definition 1 is a non-classical
analog of that well-known definition. Definition under
consideration, on the one hand, is a distribution of clas-
sical definition for a case of nonlinear operator-function
nonlinearly depending on spectral parameter. On the
other hand, definition 1 corresponds to physical state-
ment of the problem.

Theorem 1. Boundary value problems (35)-(37) with

Copyright © 2010 SciRes.

conditions (34) and (38) has a solution (eigenvalue) then
and only then, when the eigenvalue is a solution of dis-
persion Equation (32).

Proof. Sufficiency. It is obviously, that, if we have a
solution » of dispersion Equation (32), we can find

functions z(x) and 7(x) from system (15) and first
integral (16). Using Formula (14), we obtain

z(x)=+LL | (39)

The question of sign’s choosing is very important. We

know the behavior of function 7 =)/r§: the function

n is monotone increasing, if x=x" is such that
n(x')=0, then n(x'-0)<0, p(x"+0)>0, and if
X =X" is such that n(x**):ioo , then n(x** —0) >0,
n(x** +O) < 0. Function 7 has not other points of sign
reversal. The boundary conditions result in
Z(h)=E!" (>0). We know, if 1 >0, then functions X
and Z have the same signs, butif 7 <0,then X and
Z have opposite signs, and keep in mind that X and
Z are continuously differentiable functions (in corre-
sponding domains), we chose suitable signs in expres-
sions (39).

Necessity. The way of obtaining dispersion Equation
(32) from (15) implies that the eigenvalue of the problem
is a solution of dispersion equation.

It is necessary to note that the eigenfunctions corre-
spond to eigenvalue y, can easily find from (11) by
using, for example, Runge-Kutta method.

Let us formulate existence and localization theorem is
founded on the obtained results. Introduce the notation
J=J(a,7,N) which denotes the right-hand side of

dispersion Equation (32). It is clear that for each integer
nonnegative finite N
inf J(a,7,N)>0,

72 e(max(el, &), 52)

sup J(a,7,N)<w.

2 e(max(ay, 23), £2)

Moreover, decreasing of N implies decreasing of the
infimum and supremum, and increasing of N implies
increasing of the infimum and supremum. It is obviously
from the form of dispersion equation.

Theorem 2. Let

h¥ = inf

P e(max(zy, 23), 27)

J(a, 7. k),
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h = sup

y2e(max (e, e3), 2

\](a,}/,k)l

and h is such that there are i and j, that h{’ <h
and h{™>h; h<h and h">h,

Then, there are at least j—i eigenvalues of the
problem (35)-(37) with conditions (34) and (38).

Theorem 2 requires some explanations. If for some j
infimum is greater than h then for all greater numbers
j infimum is all the more greater than h and disper-
sion equation has not solutions. Similarly, if for some i
supremum is smaller than h, then for all smaller num-
bers i supremum is all the more smaller than h. In
this case dispersion equation also has not solutions.
These explanations follow from the fact that the infimum

and supremum of left-hand of dispersion Equation (32)
are finite.

6. Transition to the Limit in the Case of a
Linear Medium in the Layer

Consider formal transition to the limit as a— 0 in the
case of a linear medium in the layer. The dispersion equ-
ation in the linear case is ([13]):

) ez\/ez —y? (51\/7/2 - & +6‘3\/7/2 —51)

tg(h 82—}/2) . (40)
5153(‘92_72)_522\/72_53\/72_51
Consider the functions
T & 1
f= and f, =—22
y'e’ +n’(r-1) e e o
>t
& =Y

The function f, is derived from f by formal tran-
sition to the limit as a— 0 with respect to t. Since we
search for real solutions X(x) and Z(x), the de-
nominator of f, cannot vanish. Moreover, as a—0,
the function f tends to f; uniformly with respect to
x €[0, h]. Under this condition, since f is continuous,

we can use classical calculus result to transit to the limit
as a— 0 under the integral sign in (32):

et 1 +90 1
- I ~ d77+(N+1)I < dn |=
& 2 + 2 —0 2 + 2
Fag-r 67"
& — 2
57V g, (41)
&
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The integrals in (41) are analytically evaluated. Finally,

(41) yields
a1 (el =5 + o7 =5

+
3153<52_)/2)_522\/72_53\U/2_51

+(N+1) 7. (42)

hye, —y* =arctg

Taking the tangent of (42) gives (40).

Results of this paragraph show us that we obtain regu-
lar case when we transit to the limitas a — 0. The limit
of dispersion Equation (32) for nonlinear medium leads
to dispersion Equation (40) for linear medium. The dis-
persion Equation (40) is well-known classical result in
electrodynamics.

Note that the method of finding dispersion equation
considered in this section can be applied to more general
problem. Namely, to the problem of propagation TM
wave in an anisotropic nonlinear layer with Kerr nonlin-
earity (we studied a case of isotropic nonlinear layer). The
statement of the problem differs only one detail. In a
case of anisotropic nonlinear layer the permittivity is

&y 0 0
described by diagonal tensor e =| 0 ¢, 0 |, where
0 0 ¢

&, =, +b|E,[ +alE[", &, =¢,+alE| +b|E[, a
b are nonlinearity coefficients and &, > max (s, &,)
and ¢, >max (e, &) . Here, after writing the system of
equation in terms of functions X(x) and Z(x) we
have to chose new variables z(x) and 7(x) in form

&, +bX? +az?

7(x) 7

Ve
X=X(x) and Z=2Z(x).

and n(x):)/z';, where

Anisotropic case with additional condition ¢, =
&, =&, Wwas completely investigated in [14].

The first approximation for the propagation constants
was presented in [15].

7. Numerical Results

In this section some numerical results are presented. The
calculations are illustrated by the plots.

In Figure 2, the solid lines show the solutions to the
dispersion equation for the case of a linear medium in the
layer, and the dashed lines correspond to the nonlinear
dispersion equation.

Figure 2 illustrates the dependence of squared pro-
pagation constant »°on layer’s thickness h. The
following parameters are used: & =¢,=1, ¢, =9,
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1 2 3 4 5 6

Figure 2. Dispersion curves of the problem.

N

X0, 29

-2

Figure 3. Eigenfunctions for the second eigenvalue of the
problem.

M _
(Ez ) =1 In the case of nonlinear dispersion equation,
the value a=0.1 is employed.

For the next case the following initial data are chosen:

6=1, 6,=4, &=2, (E") =1, a=001 and
h=5.91. In this case there are three eigenvalues y,, 7,
and y,: y2=39, y2=3108 and y?=21711.

In Figure 3 eigenfunctions X(x) and Z(x) cor-

responding to the second eigenvalue y, are depicted.
The dash-dotted line corresponds to the eigenfunction
X(x) and the solid line corresponds to the eigenfunc-

tion Z(x).
It is necessary to note that the component X (x) is

not continuous at the points x=0 and x=h (at the
interfaces) and it has finite jumps at these points. The
component Z (x) is continuous but not differentiable at

the points x=0 and x=h.

8. References

[1] P. N. Eleonskii, L. G. Oganes’yants and V. P. Silin, “Cy-
lindrical Nonlinear Waveguides,” Soviet Physics-Journal
of Experimental and Theoretical Physics, Vol. 35, No. 1,

Copyright © 2010 SciRes.

(2]

(3]

[4]

5]

[6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

1972, pp. 44-47.

R. 1. Joseph and D. N. Christodoulides, “Exact Field De-
composition for TM Waves in Nonlinear Media,” Optics
Letters, VVol. 12, No. 10, 1987, pp. 826-828.

K. M. Leung, “P-polarized Nonlinear Surface Polaritons
in Materials with Intensity-Dependent Dielectric Func-
tions,” Physical Review B, Vol. 32, No. 8, 1985, pp. 5093-
5101.

K. M. Leung and R. L. Lin, “Scattering of Transverse-
Magnetic Waves with a Nonlinear Film: Formal Field
Solutions in Quadratures,” Physical Review B, Vol. 44,
No. 10, 1991, pp. 5007-5012.

H. W. Schirmann, V. S. Serov and Y. V. Shestopalov,
“TE-Polarized Waves Guided by a Lossless Nonlinear
Three-Layer Structure,” Physical Review E, Vol. 58, No.
1, 1998, pp. 1040-1050.

H. W. Schiurmann, V. S. Serov and Y. V. Shestopalov,
“Solutions to the Helmholtz Equation for TE-Guided
Waves in a Three-Layer Structure with Kerr-Type Non-
linearity,” Journal of physics A, Mathematical and Gen-
eral, Vol. 35, No. 50, 2002, pp. 10789-10801.

H. W. Schirmann, Y. G. Smirnov and Y. V. Shestopalov,
“Propagation of TE-Waves in Cylindrical Nonlinear Di-
electric Waveguides,” Physical Review E, Vol. 71, No. 1,
2005, pp. 016614(1-10).

Y. G. Smirnov, H. W. Schiirmann and Y. V. Schestopa-
lov, “Integral Equation Approach for the Propagation of
TE-Waves in a Nonlinear Dielectric Cylinrical Wave-
guide,” Journal of Nonlinear Mathematical Physics, Vol.
11, No. 2, 2004, pp. 256-268.

G. A. Korn and T. M. Korn, “Mathematical Handbook
for Scientists and Engineers,” McGraw Hill Book Com-
pany, 1968.

H. F. Baker, “Abelian Functions. Abel’s Theorem and the
Allied Theory of Theta Functions,” Cambridge Univer-
sity Press, Cambridge, 1897.

A. |. Markushevich, “Introduction to the Classical Theory
of Abelian Functions,” American Mathematical Society,
Providence, 2006.

I. T. Gokhberg and M. G. Krein, “Introduction in the
Theory of Linear Nonselfadjoint Operators in Hilbert
Space,” American Mathematical Society, Providence,
1969.

A. Snyder and J. Love, “Optical Waveguide Theory,”
Chapmen and Hall, London, 1983.

D. V. Valovik and Y. G. Smirnov, “Calculation of the
Propagation Constants and Fields of Polarized Electro-
magnetic TM Waves in a Nonlinear Anisotropic Layer,”
Journal of Communications Technology and Electronics,
Vol. 54, No. 4, 2009, pp. 391-398.

D. V. Valovik and Y. G. Smirnov, “Calculation of the
Propagation Constants of TM Electromagnetic Waves in
a Nonlinear Layer,” Journal of Communications Tech-
nology and Electronics, Vol. 53, No. 8, 2008, pp. 883-889.

AM



Applied Mathematics, 2010, 1, 37-43

d0i:10.4236/am.2010.11006 Published Online May 2010 (http://www.SciRP.org/journal/am)

o5 Scientific
(> )
+* Research

Implied Bond and Derivative Prices Based on Non-Linear
Stochastic Interest Rate Models

Ghulam Sorwar!, Sharif Mozumder?

Nottingham University Business School, Jubilee Campus, Nottingham, UK
Department of Mathematics, University of Dhaka, Dhaka, Bangladesh
E-mail: ghulam.sorwar@nottingham.ac.uk, sharif_math2000@yahoo.com
Received March 8, 2010; revised April 2, 2010; accepted April 30, 2010

Abstract

In this paper we expand the Box Method of Sorwar et al. (2007) to value both default free bonds and interest
rate contingent claims based on one factor non-linear interest rate models. Further we propose a one-factor
non-linear interest rate model that incorporates features suggested by recent research. An example shows the

extended Box Method works well in practice.

Keywords: Stochastic, Interest Rates, Derivatives, Box Method

1. Introduction

Stochastic differential equations are the foundations on
which modern option pricing methodology is based.
However, non-linear stochastic differential equations for
interest rate models have been proposed that captures the
non-linear dynamics of the spot interest rates. There are
two aspects to the modeling of interest rate term structure
models and interest rate contingent claims. The first
concerns the econometric aspects (see for example, [1])
and the second the numerical implementation of the re-
sulting models. With regard to the numerical aspects of
interest rate modeling, there exist three different ap-
proaches. The first is the lattice approach introduced by
Cox-Ross-Rubinstein (1979) [2]. However, as Bar-
one-Adesi, Dinenis and Sorwar (1997) [3] have demon-
strated the lattice approach does not always lead to mea-
ningful bond and hence contingent claim prices. The
second approach is the Monte-Carlo simulation approach
introduced by Boyle (1977) is mainly used to value path
dependent European type contingent claims. To date no
single accepted Monte-Carlo simulation scheme has been
put forward for the valuation of American type contin-
gent claims. The third approach is the partial differential
equation (PDE) approach. With this approach, the par-
tial first and second order derivatives are discretized to
produce a system of equations which are then solved

iteratively to obtain the bond and contingent claim prices.

However, Sorwar et al. (2007) have shown that the usual
finite difference approach used to discretize the PDE
does not always lead to bond and contingent claim prices

Copyright © 2010 SciRes.

that correspond with analytical prices where these prices
are available.

Sorwar et al. (2007) introduced the Box Method from
engineering to improve on the standard finite difference
approach. Sorwar et al. (2007) focused on the CKLS
(1992) model. Sorwar et al. (2007) did not attempt to
value bonds and contingent claims based on non-linear
interest rate models. Ait-Sahalia (1996) [4] non-and
Conley et al. (1997) [5] propose parametric linear one-
factor which allows non-linear parameterisation. Our
main objective in this paper is to expand the Box Method
of Sorwar et al. (1997) to price bonds and contingent
claims based on both linear and non-linear interest rate
models.

The outline of the paper is as follows: Section 2 the
general non-linear parametric model and the resulting
partial differential equation for default free bonds and
contingent claims is outlined. We then derive the Ex-
panded Box Method (EBM) for the valuation of default
free bonds and contingent claims. Using US estimates we
compute implied bond and contingent claims prices in
Section 3. Section 4 contains a summary and conclusion.

2. Expanded Box Method (EBM)

In this section we discuss the valuation of the bond and
contingent claim prices based on the extended Ait-Sa-
halia (1996) [4] and Conley et al. (1997) [5] framework.
Following Sorwar et al. (2007) we let:

B(r.t,T"): price of a discount bond at time t which
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Table 1. lternative Parametric Specifications of the Spot Interest Rate Process dr, = z(1,)dt + o (1, )dW, .

Drift function Diffusion function Reference
#(r) o2 (r)
ag + ayf Vasicek (1977) [6]

ap +ayr Cox-Ingersoll-Ross(1985) [7]
Brown-Dybvig(1986) [8]
Gibbons-Ramaswamy(1993) [9]
ag + oyf By r2 Courtadon (1982) [10]
ag + aqf Byt Chen et al. (1992)
Ait-Sahalia (1996) [4
ap+ogr+apr? + 22 Bo+ Bir + Bpr”® (1996) [4]
r
ap + oyl +ar® + 24 Bo+ B + ot
a

r%

matures at time T~ with the generated spot rate r,
P(t.T".T): price of a contingent claim at time t
which expires at time T based on a discount bond

which matures at time T~ subject to suitable boundary
conditions.

In a risk-neutral world, the drift rate is adjusted by the
market price of risk Ar?* so that the short-term interest
process becomes:

dr, = (o + (o + 2) T+ 0™ +a,r ™ )dt +

@)
\Bo + B+ S5 dW,
The resulting partial differential equation is:
1 570U
AR A
» _e: 70U ou

+[a0 +(ag+ A)r+a,r™ +a,r 5] ; -ru +E:0

)

In Equation (2) U(r,t) may represent either

B(q,t,T*) or P(t,T* ,T) subject to the appropriate
boundary conditions (see [10] for more details). Follow-
ing Sorwar et al. (2007) we transform the above pricing
equation such that either the bond or the contingent
claims evolves from the options expiration date or the
bonds maturity date to the present, i.e., we let 7=T —t.

'Risk premium is treated differently by researchers. Vasicek (1977) [6]
takes A(r)=4, Chan et al. (1992) [1] take A(r)=0, ox et al. (1985):

we take A(r)=Ar .
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The above equation then becomes:

o°U o] % +Ha+A)r+a,r™ +a,r ™ | U

or? By + Br+ Bor” or

2r 2 oU

U= —

By + BT+ for By + Bir+ o™ or

We now choose a general function R(r,«,) such
that:

©)

2]
1 a[Rau}_au+

Ror| or] or
a a5 )
’ oy +(og + A)F +a, 1 +a,r aJ
By + Br + B,r or

The above expression simplifies to yield:
LR _ % +(a+A)r+a,r™ +a,r )
Ror By + Bir + B,r

We now integrate from the general value I
(r.,<r<r,,) to the lower limit of integration r=0

n
to obtain:

R(r.a.f)=
exp{mzj {a”(a”)”%r“”%r“s}dr}

o By + BT+ Bor*
where ¢=InR(0,,8). We further note that:
10pa] 12 o]
Ror| or Qor or
where:
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Q(r,a,p)= We now transform the interest rate as:

_ 2 oU
Loy +(a +A)F+o,r™ +a,r ™ _— 6
exp< 2| % H@ A +apr +a, dr By + B +Br% or ©
0 By + BT+ Bor”
So Equation (3) becomes: S= Toor where ¢ is a constant. (7
+
ii(Qﬂj_Lu = This leads to the transformation of Equation (6) as:
Qor\ " ar ) B,+pr+pr”

1 0 ou 2s ) 2 1 ou
——(\P(S)—j— 5 3 B 2 Ps (8)
Q(s) o s ) c*(1-s) Bs s ¢(1-s) s s or

+ + + +
Fo c(1-s) % c(1-s) Py c(1-s) % c(1-s)
where:
‘P(s):c(l—s)zQ(s)
L ar)s s a3+a s |”
s °c(l-s)  *lc(l-s) “lc(l-s)
Q(s)=exp | - 5 dr
0 C(l—S) ﬂ . ﬁls +ﬁ S
*c(l-s) T*c(l-s)
Following the set-up of Sorwar et al. (2007) a grid of ivative gives: AU U-U,
sizz. MxN is constructed for values of UM= | aVeONVeSTEm=TH

U (nAr,mAt) —the value of U at time increment t,
and interest rate increment s, , for each method, where:

t,=t,+mAt m=01..,M

where U, and U refers to bond or contingent claims

prices at time step m-1 and m respectively.
Integrating Equation (8) from the point

S, +S S,.,+S
2AS,,, = As, +2 n=1..,N 1T . 5 = 1o point Sné = Mz - we
where a is an arbitrary constant. _ 2
Using the Euler backward difference for the time de- have:
S 1 S 1 S 1
0 ( auj s PO
At | —| ¥(s)— |ds+2At [ ———Q(s) f (s)Uds+2 Q(s) f(s)Uds
TE[rOF e S s0@rouisa [ 250 1)
n— nf2 nf2
. ©)
n+§ 1
=2 [ —=——Q(s) f(s)U,ds
s c(1-s)
Discretizing each of the above integrals, and rearrang- Sl

. . . . S 2 5 ou
ing gives us the following matrix equation: —At J‘ il \p(s)_ ds +

. .0, 08 0s

anUn . an n-1 + nnUn + anU n+1 (10) niE
where: 1l .
2t | ~Q(s) f (s)Uds +
7, 2 (1-5)

“Where a and As, are arbitrary constants. A derivation of this expres- "2
sion can be found in Settari and Aziz (1972) [11].
Copyright © 2010 SciRes. AM
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———Q(s) f(s)U,ds 9)

Discretizing each of the above integrals, and rearrang-
ing gives us the following matrix equation:

anurr:F1 :/ﬁt/nUr:n—:l+77nurr1n +ﬂnUr:n+1 (10)

where:
a, =21,
P ¥(s..)
" sn_sn—l Q(sn)
PR #(s.4)
! Sn+l_sn Q(sn)
‘If(s ,,) ‘P(s +7)
S i), A i) L oatl, + 21,
Sn— S Q(Sn) S~ Sn Q(sn)

f
IO: an (sn)?»(sml_sn—l)
c?(l-s,) V2 T2

__f(s)
. —m(sw ~5y)

2
The matrix equation linking all bond prices or contingent
claim prices between two successive time steps m-1 and
m is:

au™
au
a U™
m B 0 0 0 0 a Uy
Zo M P 0 0 0 AV
0 x m /p 0 0
: Ina vz P 0
0 v e P
0 - - 0 0 v M \eUyy

Sorwar et al. [12] used the following SOR iteration
process to determine bond and contingent claims prices:

Copyright © 2010 SciRes.

n

1 _ _
z, :’7_(0’/nurr1n ! _an n—ni_ﬂnur:nﬂl) (11)

In particular they evaluated bond using the following
expression:

Ur =z +(1-0)u™ (12)
Contingent claims were calculated using:
ur :max[Z,a;z:‘ +(l—w)U,T‘1] (13)

where Z is the intrinsic value of the contingent claim
and for n=1,....,N-1,and w € (1,2] °.

3. Analysis of Results

In this section we apply the EBM using recent estimates
of the non-linear model of Ait-Sahalia (1996) [4] on
7-day Eurodollar deposit spot rate over 1973-1995 to
demonstrate the method. Ait-Sahalia (1996, Table 4) [4]
obtained the following estimates:

a, =—4.643x107°, o, =
4.333x107, a, = -1.143x107 e, = 2,

a, =1.304x107*, o, =1.
B, =1.108x107", B, =
~1.883x107°, 8, = 9.681x107, 8, = 2.073

Table 2 reports the bond prices for maturities ranging
from 6 months to 30 years and across interest rates of 2%
to 16%. Table 3 reports both the value of call and put
options across a wide range of interest rates. We consider
both short and long dated call and put options. The short
dated call and put options are based on a 5-year bond
with an expiry date of 1 year and is during the last year
before the bond matures. Similarly long dated options are
based on 10-year bond with an expiry date of 5 years
during the last 5 years of the bond. Finally both call and
put option prices are calculated across a wide range of
exercise prices. The exercise prices are chosen so as to
highlight variation of prices for both in-the-money and
out-of-the-money options. We assume A, the market
price of risk is zero.

Turning to Table 2, we find that at lower interest rate
bond prices decay slowly as the term to maturity in-
creases. For example, at 2% interest rate a 1 year matur-
ity bond is valued at 98.1119, whilst a 30 year bond is
valued at 74.8290. At high interest rates, the bond price
decay is more rapid for example at 16% interest rate, a 1
year maturity bond is valued at 85.2915, whist a 30 year
maturity bond is valued at 1.1770. Turning to Table 3,
we observe the following features. Short expiry call op

*w is determined by numerical experimentation. For all our calcula-
tions we took © =1.85
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Table 2. All options written on zero coupon bonds with a face value of $100.00.

Interest Rate

41

Maturity 2% 4% 6% 8% 10% 12% 14% 16%
of Bond
0.5 99.0286 98.0370 96.9855 96.0885 95.1315 94.1844 93.2506 92.3403
1 98.1119 96.1434 94.0805 92.3406 90.5050 88.7059 86.9566 85.2915
5 92.2400 83.3035 74.3413 67.4685 60.8623 54.9010 49.7324 45.6212
10 87.0431 71.9535 56.7017 46.1717 37.2750 30.1193 24,7834 21.3038
15 83.1089 64.1538 44.6651 32.1800 22.9491 16.5267 12.3933 10.1317
20 79.9228 58.6473 36.4723 22.9644 14.3178 9.0809 6.2237 4.8889
25 77.2156 54.6338 30.8731 16.8832 9.0110 5.0032 3.1400 2.3870
30 74.8290 51.6021 27.0075 12.8582 5.7491 2.7679 1.5921 1.1770
Table 3. All options written on zero coupon bonds with a face value of $100.00.
5 year 5 year 10 year 10 year
r (%) Exercise- maturity maturity Exercise- maturity maturity
Price 1year 1 year Price 5 year 5 year
expiry expiry expiry expiry
(83.3035) call put (71.9535) call put
4 70 16.0031 0.0000 60 21.9713 0.0007
75 11.1959 0.0000 65 17.8062 0.0493
80 6.3895 0.0050 70 13.6418 0.6489
85 1.9369 1.6966 75 9.5270 3.1894
90 0.1421 6.6966 80 5.7979 8.0466
(67.4685) (46.1717)
8 55 16.6811 0.0000 35 22.5578 0.0000
60 12.0641 0.0000 40 19.1843 0.0000
65 7.4471 0.0000 45 15.8109 0.0058
70 2.8302 2.5315 50 12.4375 3.8283
75 0.0203 7.5315 55 9.0641 8.8283
12 (54.9010) (30.1193)
45 14.9341 0.0000 20 19.1395 0.0000
50 10.4996 0.0000 25 16.3942 0.0000
55 6.0652 0.1561 30 13.6492 0.0183
60 1.6310 5.1561 35 10.9042 4.8804
65 0.0000 10.1561 40 8.1591 9.8804
16 (45.6212) (21.3038)
35 15.7692 0.0000 10 16.7416 0.0000
40 11.5046 0.0000 15 14.4606 0.0000
45 7.2400 0.0005 20 12.1795 0.0001
50 2.9755 4.3788 25 9.8985 3.6962
55 0.0129 9.3782 30 7.6174 8.6962

tions decay faster than longer expiry call options; for
example at r = 4%; the price of a call option decreases
from 16.0031 to 11.1959 when the exercise price in
creases from 70 to 75. For a similar 5 year call option the
price decreases from 21.9713 to 17.8062, when the exer-
cise price increases from 60 to 65. Furthermore, the call
option prices decrease at a slower rate at high interests.
This feature becomes more pronounced for longer expiry
call options. With regard to put options we find, the
prices are very close to zero, when the options are at-the-
money or out-of-the-money. Finally, we find that the
value of in-the-money put options is dominated by the

Copyright © 2010 SciRes.

intrinsic-value.
4. Conclusions

The introduction of non-linear stochastic interest rate
models has led to the possibility of valuing interest con-
tingent claims that reflects the characteristics of the yield
curve more accurately. In this paper we have expanded
the Box Method to value both bond and American type
interest rate contingent claims based on single factor
non-linear interest rate models. We have found that the
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Expanded Box Method works well with the example
considered.
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Abstract

The processes of tsunami evolution during its generation in search for possible amplification mechanisms
resulting from unilateral spreading of the sea floor uplift is investigated. We study the nature of the tsunami
build up and propagation during and after realistic curvilinear source models represented by a slowly uplift
faulting and a spreading slip-fault model. The models are used to study the tsunami amplitude amplification
as a function of the spreading velocity and rise time. Tsunami waveforms within the frame of the linearized
shallow water theory for constant water depth are analyzed analytically by transform methods (Laplace in
time and Fourier in space) for the movable source models. We analyzed the normalized peak amplitude as a
function of the propagated uplift length, width and the average depth of the ocean along the propagation

path.

Keywords: Tsunami Modeling, Shallow Water Theory, Water Wave, Bottom Topography, Laplace and

Fourier Transforms

1. Introduction

Waves at the surface of a liquid can be generated by
various mechanisms such as, wind blowing on the free
surface, wave maker, moving disturbance on the bottom
or the surface, or even inside the liquid, fall of an object
into the liquid, liquid inside a moving container, etc. The
generation of tsunamis by a seafloor deformation is an
example for the case where the waves are created by a
given motion of the bottom. There are different natural
phenomena that can lead to a tsunami. For example, one
can mention submarine slumps, slides, volcanic explo-
sions, earthquakes, etc.

The sea bottom deformation following an underwater
earthquake is a complex phenomenon. This is why, for
theoretical or experimental studies, researchers have of-
ten used simplified bottom motions such as the vertical
motion of a box. Most investigations of tsunami genera-
tion and propagation used developed integral solution (in
space and time) for an arbitrary bed displacement based
on a linearized description of wave motion in either a
two or three-dimensional fluid domain of uniform depth.

Copyright © 2010 SciRes.

The complexity of the integral solutions developed
from the linear theory even for the simplest model of bed
deformation prevented many authors from determining
detailed wave behaviour, especially near the source re-
gion. However, we construct three-dimensional curvili-
near source models involved in the transform methods
that may generate a tsunami near the source region.

Many authors have used different analytical solutions
and numerical computations to determine the general
wave pattern near and far from the source region for a
variety of bed motions in a two or three-dimensional
fluid domain. Ben-Menahem and Rosenman [1] calcu-
lated the two-dimensional radiation pattern from a mov-
ing source using linear theory. Tuck and Hwang [2]
solved the linear long-wave equation in the presence of a
moving bottom and a uniformly sloping beach. Accord-
ing to Synolakis and Bernard [3], Houston and Garcia [4]
were the first to use more geophysical realistic initial
conditions. Tinti and Bortolucci [5] investigated analyti-
cally the generation of tsunamis by submarine slides.
They specialized the general solution of the 1D Cauchy
linear problems for long water waves to deal with rigid
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body to explore the characteristics of the generated
waves. They studied the body motion in terms of Froude
number, wave pattern, wave amplitude and wave energy,
see also [6-13].

Since the general features of the waves obtained by
these authors for both the near and far fields are based on
a linear theory, their applicability is limited to bed de-
formations and the range of propagation for which non-
linear effects remain small.

Several works done are taken into account the nonli-
near effect in the wave motion for modeling the tsunami
waves. Kervella et al. [14] perform a comparison be-
tween three-dimensional linear and nonlinear tsunami
generation models. They observed very good agreement
from the superposition of the wave profiles computed
with the linear and fully nonlinear models. Second, they
found that the nonlinear shallow water model was not
sufficient to model some of the waves generated by a
moving bottom because of the presence of frequency
dispersion, hence the suggested that for most events the
linear theory is sufficient. Villeneuve [15] derived model
equations which combine the linear effect of frequency
dispersion and the nonlinear effect of amplitude disper-
sion including the effects of a moving bed. Liu and Lig-
gett [16] performed comparisons between linear and
nonlinear water waves where their study was restricted to
simple bottom deformations, namely the generation of
transient waves by an upthrust of a rectangular block.
Bona et al. [17] assessed how well a model equation with
weak nonlinearity and dispersion describes the propaga-
tion of surface water waves generated at one end of a
long channel. In their experiments, they found that the
inclusion of a dissipative term was more important than
the inclusion of nonlinearity, although the inclusion of
nonlinearity was undoubtedly beneficial in describing the
observations. Abo Dina et al. [18] have adopted a nonli-
near theory and constructed a numerical model of tsuna-
mi generation and propagation which permits a variable
bed displacement with an arbitrary water depth to be
included in the model. In this model, he considered non-
linearities and omitted the linear effects of frequency
dispersion; hence, no insight into the possible importance
of the interaction of nonlinear and linear effects in the far
field was possible, see also [19,20]. All the previous stu-
dies mention above neglected the details of wave genera-
tion in fluid during the source time. One of the reasons is
that it is commonly assumed that the source details are
not important.

The transient wave generation due to the coupling
between the seafloor motion and the free surface has
been considered by a few authors only. There are some
specific cases where the time scale of the bottom defor-
mation and the horizontal extent of the bottom deforma-
tion may become an important factor. Some studies have
already been performed to understand wave formation
due to different prescribed bottom motions by introduc-
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ing either some type of rise time or some type of rupture
velocity. For example, Todorovska et al. [21] studied the
generation of waves by a slowly spreading uplift of the
bottom in linearized shallow-water wave theory and
where able to explain some observations. They studied
the tsunami amplitude amplification as a function of the
model parameters. They found the effects of the spread-
ing of the ocean floor deformation (faulting, submarine
slides or slumps) on the amplitudes and periods of the
generated tsunamis are largest when the spreading veloc-
ity of uplift and the tsunami velocity are comparable.
Trifunac et al. [22] mentioned the source parameters for
submarine slides and earthquakes including source dura-
tion, displacement amplitude, areas and volumes of se-
lected past earthquakes that have or may have generated
a tsunami. They contributed the nature of tsunami
sources to create tsunami waveforms in the near field and
provided a starting point for their elementary mathemat-
ical model. Todorovska et al. [23] investigated tsunami
generation by a slowly spreading uplift of the sea floor in
the near field considering the effects of the source fi-
niteness and directivity. They described mathematically
various two-dimensional kinematic models of submarine
slumps and slides as combinations of spreading constant
or slopping uplift functions. There results show that for
given constant water depth, the peak amplitude depends
on the ratio of the spreading velocity of the sea floor to
the long wavelength tsunami velocity, see also their
works [24,25]. Hammack [26] generated waves experi-
mentally by raising or lowering a box at one end of a
channel. He considered two types of time histories: an
exponential and a half-sine bed movement. Dutykh and
Dias [27] generated waves theoretically by multiplying
the static deformations caused by slip along a fault by
various time laws: instantaneous, exponential, trigono-
metric and linear. Haskell [28] was one of the first au-
thors, who take into account the rupture velocity. In fact
he considered both rise time T and rupture velocity V.

All the previous approaches done in [21-28] computed
tsunami waveforms using linearized shallow water theory
and transform methods of solution. We follow the same
approach but with a more realistic and more complex
source models. This approach is restricted to the water
region where the incompressible Euler equations for po-
tential flow can be linearized. In this paper we investigate
the tsunami wave in the near and far field using the
transform methods (Laplace in time and Fourier in space).
We construct mathematically a reasonable curvilinear
tsunami source based on available geological, seismolog-
ical, and tsunami elevation. This model resembles the
initial source predicted according to the initial disturbance
recorded in [29,30]. We discuss aspects of tsunami gen-
eration that should be considered in developing these
models, as well as the propagation wave after the forma-
tion of the source models have been completed.
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We study the fluid wave motion above finite sources,
with irregular fault shapes and with variable distribution

of the ocean floor uplift, for variable spreading velocities.

Here we aim to demonstrate the large scale tsunami gen-
eration features computed during the formation of the
tsunami source for different ratios between the velocity
of the source propagation and the tsunami speed, as well
as the overall propagation following the source. Com-
parison between our results and others obtained for the
tsunami model in the near—field is done. According to
the results and the numerical estimation, we analyze the
normalized peak amplitude as a function of the characte-
ristics size of the source model and the water depth.

2. Mathematical Formulation of the
Problem

Consider a three dimensional fluid domain Q as shown
in Figure 1. It is supposed to represent the ocean above
the fault area. It bounded above by the free surface of the
ocean z = (X, y, t) and below by the rigid ocean floor z
=—h(x, y) + (X, v, t), where (X, vy, t) is the free surface
elevation, h(x, y) is the water depth and {(X, y, t) is the
sea floor displacement function. The domain Q is un-
bounded in the horizontal directions x and y, and can be
written as Q = R? x [-h(x, y) + {(x, ¥, 1), (X, y, 1)]. For
simplicity, h(x, y) is assumed to be a constant. Before the
earthquake, the fluid is assumed to be at rest, thus the
free surface and the solid boundary are defined by z =0
and z = —h, respectively. Mathematically, these condi-
tions can be written in the form of initial conditions: #(Xx,
y, 0) = {(%, y, 0) = 0. At time t > 0 the bottom boundary
moves in a prescribed manner which is given by z = —h +
{(x, y, t). The deformation of the sea bottom is assumed
to have all the necessary properties needed to compute its
Fourier transform in x,y and its Laplace transform in t.
The resulting deformation of the free surface z = 5(x,y,t)
is to be found as part of the solution. It is assumed that
the fluid is incompressible and the flow is irrotational.
The former implies the existence of a velocity potential
@(x, Yy, z, t) which fully describes the flow and the phys-
ical process. By definition of ¢, the fluid velocity vector
can be expressed as q=V¢. Thus, the potential

Figure 1. Definition of the fluid domain and coordinate
system for a very rapid movement of the assumed source
model.
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flow & (x, y, z,t )must satisfy the Laplace’s equation
V24(x,y,z,t) = 0where (x,y,2) € Q €))

The potential ¢ (X, Y, z, t) must satisfy the following
kinematic and dynamic boundary conditions on the free
surface and the solid boundary, respectively:

¢, =n.*+dn, +a¢, on z=n(xyt), (2)

¢, =8 +9¢, on z=-h+(x,y,1), 3)
and

A+ (V4 +an=0 onz=n(xyt) @

where g is the acceleration due to gravity. As described
above, the initial conditions are given by

#(x,y,2,0) =n(x,y,0) = (x,y,0)=0. ©)
2.1. Linear Shallow Water Theory

Various approximations can be considered for the full
water-wave equations. One is the system of Boussinesq
equations that retains nonlinearity and dispersion up to a
certain order. Boussinesq model is used to study transient
varying bottom problems. Fuhrman et al. [31] and Zhao
et al. [32] presented a developed numerical model based
on the highly accurate Boussinesg-type formulation sub-
jected to exact expressions for the kinematic and dynam-
ic free surface conditions. Their results show that the
model was capable of treating the full life cycle of tsu-
nami evolution, from the initial generation of bottom
movements, to the subsequent propagation, and through
the final the run-up process. Reasonable computational
efficiency has been demonstrated in their work, which
made the model attractive for practical coastal engineer-
ing studies, where high dispersive and nonlinear accura-
cy is sought. Another one is the system of nonlinear
shallow-water equations that retains nonlinearity but no
dispersion. Solving this problem is a difficult task due to
the nonlinearities and the a priori unknown free surface.
The simplest one is the system of linear shallow-water
equations. The concept of shallow water is based on the
smallness of the ratio between water depth and wave
length. In the case of tsunamis propagating on the sur-
face of deep oceans, one can consider that shallow-water
theory is appropriate because the water depth (typically
several kilometers) is much smaller than the wave length
(typically several hundred kilometers), which is reasona-
ble and usually true for most tsunamis triggered by sub-
marine earthquakes, slumps and slides [26,27]. Hence,
the problem can be linearized by neglecting the nonlinear
terms in the boundary conditions (2)-(4) and if the
boundary conditions are applied on the nondeformed
instead of the deformed boundary surfaces (i.e., on z = —h
andz=0instead of z=—-h + { (X, y, t) and z = 5(x, y, t)).

The linearized problem in dimensional variables can
be written as
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V2 p(x,y, z,t) =0where (x,y,z) € R®x[-h,0], (6)
subjected to the following boundary conditions

4, =n, on z=0 %
4, = ¢, on z=-h (8)
$+gn=0 on z=0 . (9)

The linearized shallow water solution can be obtained
by the Fourier-Laplace transform.

2.2. Solution of the Problem

Our interest is the resulting uplift of the free surface ele-
vation z(X, y, t). An analytical analyses is examine to
illustrate the generation and propagation of a tsunami for
a given bed profile {(x, y, t). Mathematical modeling of
waves generated by vertical and lateral displacements of
ocean bottom using the combined Fourier-Laplace trans-
form of the Laplace equation analytically is the simplest
way of studying tsunami development. All our studies
were taken into account constant depths for which the
Laplace and Fast Fourier Transform (FFT) methods
could be applied. Equations (6)-(9) can be solved by us-
ing the method of integral transforms. We apply the
Fourier transform in (x, y).

FLf1= f(k,k,)= sz(X, y)e ek dy dy

with its inverse transform

fl1=f
0] (xy)(z)

and the Laplace transform in time t,

£[g] = G(s) = [ g(t)e "ot

For the combined Fourier and Laplace transforms, the
following notation is introduced:

S(E(fx, Y, 1))=
F(k,.K,,5) = JRZ ik gy gy _[:f(x, y,te " dt

Tk, ke dk dk,

Combining (7) and (9) yields the single free-surface con-
dition

¢ (x,y,0,1)+ 94, (x,y,0,t) = 0. (10)
After applylng the transforms and using the property

atlons (6), (8) and (10) become
B (ki Ky, 2,8) = (K, + KB kg K,y,2,8)=0  (11)
52 (klvszhvs):s?(kl’kzls) (12)
s’ g(k;.k,,0,5) +9g, (K, k;,0,5) = 0 (13)

The transformed free-surface elevation can be ob-
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tained from (9) as

(K, Ky, 8) = —> (K, Ky, 0,5) (14)

A general solution of (11) W?” be given by
b(k,.K,,2,5) = A(k,, k,,5)cosh(kz) + B(k,, k,,s) sinh(kz)
(15)

where k =/k,” +k,> .The functions A(ki, k, s) and
B(ky, ka, S) can be easily found from the boundary condi-
tions (12) and (13),
95¢ (k; k,,9)

A, k,,S) =—
(ks k) cosh(kh)[s? + gk tanh(kh)]

$*C (k. k,,S)

B(k,,k,,s) =
(ki kz.9) kcosh(kh)[s? + gk tanh(kh)]

Substituting the expressions for the functions A and B
in the general solution (15) yields

L LN )
] gk

A S

(16)

where o = \/gk tanh(kh) is the circular frequency of

the wave motion. The free surface elevation 7(k,,k,,s)
can be obtained from (14) as
— s2C (K, K,,S
n(k,, k;,s) = & 22 )2
cosh(kh)(s® + @?)
A solution for 5(x, y, t) can be evaluated for specified
{(x, y, t) by computing approximately its transform
£ (k,,k,,s) then substituting it into (17) and inverting
n(k,,k,,s) to obtain 7(k, k,,t). We concern to eva-

luate n(x, y, t) by transforming analytically the assumed
source model then inverting the Laplace transform of

n(k,,k,,s) to obtain 7(k,,k,,t) which is further con-
verted to 7 (x, y, t) by using double inverse Fourier

Transform.
The circular frequency w describes the dispersion rela-

tion of tsunamis and implies phase velocity c =% and

group velocity U=3—f.Hence, c= /gtLh(kh) ,and
k

uoLlogs 20 .
2 smh(2kz)

(17)

Since, k=<", hence as kh — 0, both c— ,/gh and

U—./gh , which implies that the tsunami velocity Vi=

Joh for wavelengths 1 long compared to the water

depth h. The above linearized solution is known as the
shallow water solution. We considered two models for
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the sea floor displacement, namely, a slowly curvilinear neously. The set of physical parameters used in the
vertical faulting with rise time 0 <t <t; and a variable problem are given in Table 1.

single slip-fault, propagating unilaterally in the positive The two models are shown in Figures 2 and 3, respec-
x-direction with time t; <t < t*, both with finite velocity tively, and given by:
v. In the y-direction, the models propagate instanta- a) Slowly curvilinear uplift faulting

Table 1. Parameters used in the analytical solution of the problem.

Parameters Value for the uplift faulting Value for the slip-fault
Source width, W, km 100 100
Propagate length, L, km 100 150
Water depth (uniform), h, km 2 2
Acceleration due to gravity, g,km/sec? 0.0098 0.0098
Tsunami velocity, vi= /gh , km/sec 0.14 0.14
R_upture _veIocnty, v,km/sec,_ 014 0.14
to obtain maximum surface amplitude
. . 50 200
Duration of the source process, t, min t =7=5.95 tF=——=238
v
(@ (b)

©

50
Figure 2. Normalized bed deformation representing by a slowly curvilinear uplift faulting at t; = v (a) Side view along the

axis of the symmetry at x = 50; (b) Side view along the axis of the symmetry aty =0 ; (c) Three- dimensional view.

Copyright © 2010 SciRes. AM
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@ ()

(©)

49

Figure 3. Normalized Bed deformation model representing by a single-fault slip at t = t- = 200/v. (a) Side view along the axis

of the symmetry at x = 100; (b) Side view along the axis of the symmetry aty = 0; (c) Three-dimensional view.

vt T T

—(1-cos—X)[1—cos—(y +150)], 0<x<100, -150<y<-50
o 2L( = )l 100(y )] y
Z(x,y,t)= go%(l—cos%x), 0<x<100, -50<y<50

vt V.4 T
—(1-cos—Xx)[1+cos—(y —150)], 0<x<100, 50<y<150
o 2I_( = )l 100 (y )i y

For this displacement, the bed rises during 0 <t<t; to C YD =G00Y,D GGy +G (Y1)
a maximum displacement (g in an asymptotic manner. 7 7 o o

b) Curvilinear slip-fault where
I V1 V4
== (1-cos—x)[1-cos—(y +150)], 0<x<50, -150<y<-50
4 ( = )L 100 (y+150)] y
axy.b= %[l— cos%(y+150)], 50<x <50+v(t-t,), —150<y<-50

o 4 _ Cane T . _
T[1+cos%(x—(50+v(t tONIL cos100 (y+150)], 50+v(t-t,) <x<100+v(t-t,)

~150 <y <-50
So1-cosZx), 0<x<50 ~50<y<50
2 50
oy = <&, 50 < x <50+ v(t-t,), -50<y<50

%[1+ cos%(x—(50+v(t—tl)))], 50+ v(t-t,) <x <100+V(t-t,) —50<y<50

Copyright © 2010 SciRes.

(18)

(19)
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o 4 4
22 (1-cos—Xx)[1+cos—(y-50)],
4( = )l 1oo(y )]

Gy)= {2 lL+cos 7 (y-50)]

For this source model, the free surface elevation takes
initially the deformation of the bed shown in Figure 2
which remain at this elevation o for t > t; and further
propagate unilaterally in the positive x- direction with
velocity v till it reaches t+.

(£ (Cxy.1)= E(kll K,,5) = J':Oe—i(klx+k2y)dx dy J.:C(X,y, t)e_Sldt

The limits of the above integration are apparent from
(18).

H.S. HASSAN ET AL.

0<x <50, 50<y <150

50 <x <50+ v(t-t,), 50 <y <150

o oo . o . .
T[l+cos%(x (50 + v(t tl)))][1+cosloo(y 50)], 50+v(t-t,) <x <100+ v(t-t,),

50 <y <150

Laplace and Fourier transform can now be applied to
the bed motion described by (18) and (19). First, begin-
ning with the uplift faulting (18) for 0 <t < t; where
t :@ and
Y,

(20)

Substituting the results of the integration (20) into (17),
yields

;(kl'kZ’s):
s v 1 (l-e %k p 1100k 50 i
T e L YC NCR ) ®
cosh(kh)(s"+ ) "" L 2s ik, 1-(Xk,)? T
-k
[ (150K _ @S0k, 1 100, , 4sin(50 k,) |
( - )_ 00 |:Ik2(_)2(e 50 k, +e150k2):|+%+ (21)
| 2 l— (7k2)2 T 2
T
-i50k, _ o-i150k, ) )
(e - e )+ 1 [ikz(@)Z(eISOKZ +e|150k2):|
|k2 l_ (@ kz)Z T
L T A

The free surface elevation 7(k,,k,,t) can be eva-
luated by using inverse Laplace transform of E(kl, k,,s)

and the inverse of a product of transforms of two func-
tions is their convolution in time. Hence, thOSa)‘[ dr=
0

as follows: . sinwt and E(kl,kz,t) becomes
First, recall that £’1( . S _)=coset and £’1(g):1, ®
S +w
_ i _ 4-i100k, ~i100 k, )
Pk kg )= —net oV (doe ) e {im@me'mkl_ﬂ} y
ocosh(kh) 2L ik, 1_ (@k % 7
T ! i
[ Ai150k, _ Ai50k, _ ) .
€ . € _ 1(;'-0 [ikz(@)z(ekaz +e|150k2):|+4sm(50 kz)_ij
|k2 1—(7k2)2 T kZ
(22)
g 150k, _ o150k, 1 ) 100 y y
( Ik )+ 100 |:Ik2(_)2(e 150 k, +e 50k2):|
2 1—(7k2)2 T J
L T
AM
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In case for t > t;, E(kl, k,,t) will have the same ex-
pression except in the convolution step, the integral be-
_sinot _sino(t-t,)

[0 [0

Fmally, n(x,y,t) is evaluated using the double inverse
Fourier transform of 7(k,,k,, 1)

come j coswr dr=

n(xyt) =" [ e[ ek, k, Dk, Jdk, (23)

(2 )?
This inversion is computed by using the FFT. The in-
verse FFT is a fast algorithm for efficient implementa-
tion of the Inverse Discrete Fourier Transform (IDFT)
given by

M-1N-1

1 W iZHn p=01.....,M-1
N p=0 g=0

f(m,n)= F(p.c)e ™ 1

where f(m,n) is the resulted function of the two spatial
variables m and n,corresponding x and y, from the fre-
quency domain function F(p, q) with frequency variables
p and g, corresponding k; and k,. This inversion is done
efficiently by using the Matlab FFT algorithm.

In order to implement the algorithm efficiently, singu-
larities should be removed by finite limits as follows:

1) As k— 0, implies k;—0, k,—0 and »—0 then
n(k,.k,,t) has the following limit

200, vt t<t,
2004, vt, t>t’

Ikingé(kl, k,,t) ={ ,Where t, = 50

a(kv kat) =

51

2) As k,—0, then the singular terms of 7(k, k,,t)
have the following limits

1150 k, 150 k,

e €

Ilmk( ——
Z Ik2

k, =0

) =100

Iim(4sin(50k2)

k, —>0

) = 200
2
~i50k,

ik,

-i150 k,

ik,

e

lim

k, -0

) =100

3) As k;—0, then the singular term of E(kl,
the following limit

k,,t) has

~i100k,

) =100

2 ! 1
Using the same steps, 7(k,,k,,t) is evaluated by ap-

plying the Laplace and Fourier transform to the bed mo-
tion described by (19), then substituting into (17) and
then inverting the Laplace transform on 7(k,,k,,s)to

obtain 7(k,,k,,t) . This is verified for t; < t <t where

. 2
t :g as follows:

1Ky Ky 1) =17, (Ky Ky 1)+ 77, (Ky, K 1) + 77, (K K, 1) (24)

where, 7,(k,,k,,t), 7,(k,.k,,t) and n,(k, k,,t) can
be written respectively as:

100

o
4 cosh(kh)

} @190k, _ei50k2

1_g %k

e

ik,

-i50k,

ik,

2y 5%

@ — (k)

gk (04v(t-,)

-

50k

)’

—€

- (kY

{ikl(§)2(1+ g%k

T

(wsin o(t—t,) +ik,vcos o(t —t,) —ik,ve ™) 4

—ik, (100+v(t—t,))

1
1- (fk)
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B T ¢ Sin(50k,) |
’72(k1'k2’t)_{cosh(kh)}{ K, }

1_g %0k e 150k [

_ ; @2 150k _
K. 5 ik, (/) (1+e )} cosa(t—t,)+

1_ (7 kl)Z T
VA
—~i50K, .
wf"e(k o @snolt=t)+ikveosolt—t) - ik ve V) ¢
-\
g (80+v(t-ty) _ g-iky (100+v(t-1)) .
ik,
1 |:|kl (5_0)2 (efik1(100+v(tft1)) + e*ikl (50+v(t—ty)) :| cos a)(t B tl)
-t 7
and
. efi 50k, _ efi 150 k, 1 . 100 r r
773(k1,k2,t)={4 i’kh } v 150 [lkz(—)z(e B0k e 5‘”‘2} x
cosh(kh) ik, 1-(7k,)? 7T
T
_ a-i50k ~i50 k; )
e 7> ¢© ik, 202164 | [cosm(t—t,) +
i k 50 Y r !
! 1- (7 k1)2
T
Jyeisok _
m(a)sin o(t—t,) +ik,veos o(t—t,) —ik,ve ™) 4
T\
e—ik1(50+v(l—tl)) _e—ikl(100+v(1—11)) N
ik,
1 l:lkl (ﬁ)Z (e—ik1 (100+v(t—t;)) + e—ik1 (50+v(tt1)):| cos C()(t B tl)
50
1- (; kl)z d
Substituting 7,(K,, K, t), 7,(k;, k,,t) and n_s(kl, k,,1) In case for t > t*, 7_7(k1, k,,t) will have the expression
. . § (24) except the term resulting from the convolution
into (24) gives n(k,,k,,t) fort;<t<t theorem, i.e.
1 osino(t—t)+ik,vcosm(t—t,)

.r coswre T dr = i ’
(t-t)-t* ® = (k,v)* | -7 (wsin o((t—t,) - t*) +ik,vcos o((t— t,) — t*))

instead of
t Fikv(tr) g 1 . ik ik ve tav(t-t)
J' coswre r=————(wsino(t-t)+ik,vcosa(t —t,) —ik,ve )

e o ~ (k)
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Finally, n(x,y,t)is computed using inverse Fast Fouri-
er transform of 7(k,,k,,t). Again, the singular points
should be removed to compute 7(X, Yy, t) efficiently

1) Ask—0, then 7(k,,k,,t) has the following limit
lim, 7k ko 1) = {2;0 (5000+100v(t—t,) (t—t,) < ti

2¢,(5000+100vt*)  (t—t,)>t
200

v -
2) As k—0, then the singular terms of 7(k;,kK,,t)

have the following limits
150 k,

where t* =

i50k,

limE— & y_100
k0" jk, ik,
Iim(S|n(50k2)) 50
k, >0 )
~i50k, ~i150k,
limE&——-% y_100
k0" kK, ik,

3) As k;—0, then the singular terms of 5(k1, k,,t)
have the following limits

. 1 efi 50 ky
lim(—-——)=50
0Tk, ik
e—i ky (50+V(t—t;)) e—i Ky (100+v(t—t;))
lim(—— - - )=50
k>0 ik, ik,

We investigated the water wave motion in the near and
far-field by considering two kinematic in sequence re-
presentation of the sea floor faulting, one with vertical
uplift motion with time followed by unilateral spreading
in x-direction, both with constant velocity v. Clearly,
from the mathematical derivation done above, n(x, vy, t)
depends continuously on the source ¢ (X, vy, t). Hence,
from the mathematical point of view, this problem is said
to be well-posed for modeling the physical processes of
the tsunami wave.

3. Results and Discussion

We are interest in illustrating the nature of the tsunami
build up and propagation during and after the uplift
process. In addition, searching for explanations for ab-
normally large tsunami amplitudes, we demonstrate the
waveform amplification resulting from source spreading
and wave focusing in the near-field. We first examine the
significance of the spreading velocity of the ocean floor
uplift by comparing displacement waveforms along the
x-axis and in 3-dimendional frame of work for various

Y,
values of the ratio —.
Vt

\Y

3.1. Effect of v_ on Tsunami Waveform
t

In this section, we study the focusing and the amplifica-

Copyright © 2010 SciRes.

tion of the tsunami amplitude, determined by the velocity
of spreading. The results in Figure 4 show that, at the
time when the source process is completed and for rapid

v
lateral spreading (V— > 10), the displacement of the free

t
surface above the source resembles the displacement of
ths ocean floor. For velocities of spreading smaller than v;

(V— < 1), the tsunami amplitudes in the direction of the
t

source propagation become small with high frequencies.
As the velocity of the spreading approaches vt, the tsuna-
mi waveform has progressively larger amplitude, with
high frequency content, in the direction of the slip spread-
ing, Figure 5. These large amplitudes are caused by wave
focusing (i.e. during slow earthquakes). It was observed
from past tsunami, that slow earthquakes (0.1 <v < 1
km/seci@) may consist of one or several high velocity rup-
ture events, which thus produce the usual train of high
frequency waves, with long delays between the successive
events, accompanied by the source, which can contribute
large amplitude and low-frequency excitation, see [33].
Examples of such slow earthquakes are the June 6, 1960,
Chile earthquakes which ruptured as a series of earth-
quakes for about an hour, [34], and the February 21, 1978,
Banda Sea earthquake, [35]. In our case, we concern about
studying the amplification of the tsunami amplitude, de-
termined by the velocity of spreading of a single-fault
source and it will explain in details later on.

It is difficult to estimate, at present, how often this
type of amplification may occur during actual slow sub-
marine process, because of the lack of detailed know-
ledge about the ground deformations in the source area
of past tsunamis. Therefore, we presented here only the
basic ideas and illustrate the possible range of amplifica-
tion factors by means of a realistic curvilinear slip-fault.

The amplification shown in Figure 4 and 5 depends on
the spreading velocity v and the time t taken to spread
the motion over the entire source region. This observa-
tion can be verified by comparing these results with the
tsunami waveforms obtained by using a simple kinematic
source model represented by a sliding Heaviside step
function. This case was studied by Todorovska and Tri-
funac [21]. They considered a square source model cha-
racterized by W = L = 50 km, with uniform final eleva-
tion ¢, and the velocity of lateral spreading of the ocean
floor uplift was constant. We expand the propagation
length L to 150 km and W to 100 km for the Heaviside
step function in order to make comparison with the re-
sults we obtained. We assumed the beginning of the
spreading from x = 0 to x = 150 km for both cases.

Loy = GHE-), (x,y)e{(o,L)x(ﬂﬂ)}
\% 2 2

(25)

Applying the Laplace-Fourier transform on { (X, vy, 1),
then substituting it in (17) and using the inverse Lap-
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Figure 4. Dimensionless free-surface deformation 5(x, y, t*)/{, for v/ivy > 1 at h = 2 km, L = 150 km, W = 100 km, v, =0.14
km/sec and t* = 200/v sec. (a) Side view along the axis of the symmetry aty = 0; (b) Three dimensional view.
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Figure 5. Dimensionless free-surface deformation x(x, y, t*)/& for vivy <1 at h = 2 km, L = 150 km, W = 100 km, v; = 0.14
km/sec and t* = 200/v sec. (a) Side view along the axis of the symmetry at y = 0; (b) Three dimensional view.
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lace transform of 7 (k,,k,,s) yields for t<t".

1

;(kl’kz’t):{2sin(50k2)}{ LV (w

k, cosh(kh)

Hence, 5(x, vy, t) can be computed using inverse FFT
of 7(k,,k,,t).

The removable singularities in this case are given by
the following limits as

1) As k—0, then 75(k,,k,,t) has the following limit

£,100vt t<t’

*

lim, , n(k,,k,,t) = .
koo 1(Ky K, 1) {é’oloovt >t

. 150
where t"=—
\Y;

2) As k,—0, then the singular term of 7(k,,k,,t) has
the following limit
2sin(50k, )

lim,_o ) =100

2
No singular terms needed to remove as k;—0.

"= (k)

(wsin ot + ik, v cos wt —ik,ve ™" H (26)

Table 2 shows the comparison for the peak tsunami
amplitude 7ma/¢o at certain values of the spreading ve-
locity, for the curvilinear slip-fault source and the simple
rectangular-slide with L = 150 km and W = 100 km.

Figure 6 illustrates the tsunami waveforms generated
by the slip-fault model and the rectangular-slide model
with L = 150 km and W = 100 km when the maximum
amplitude amplification occurs at v = v;.

It can be observed from Table 2 that, at certain value of
v, the waveform generated by the slip-fault model and the
rectangular-slide has little different peak amplitudes. This
happens as a result of wave focusing covers a wider area
(curvilinear region) above the source which needed more
time for amplification. For example, at v = v;, where the
time for the slip-fault takes 23.8 min to complete the entire
source region with peak amplitude equal to 7.906 m, while
for the rectangular-slide the time duration takes 17.8 min
to reach a maximum amplitude equal to 7.524 m.

Table 2. Peak tsunami amplification for the curvilinear slip-fault model and the rectangular-slide at different

values of the spreading velocity v.

spreading velocity v ( km/sec) Hmax/Go Hmax/Co
(slip-fault) (rectangular-slide)
v =200v, = 28 1 1
v =20v;=2.8 1.481 1.003
v=10v,=14 1.575 1.010
v=>5v=0.7 1.615 1.042
v =2v;=0.28 1.880 1.333
v=1.2v=0.168 3.145 3.204
v=v;=0.14 7.906 7.524
v =0.8v;=0.112 3.014 1.958
v =0.6v;=0.084 1.498 0.569
8 T T T T 8 T T T T
L = 150 km » L =150 km ; *
4l h_=2km / | 4 h=2km /o ]
vE 0.14 km/sec v=0.14 km/sec ¥
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/ J
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Figure 6. Maximum tsunami amplitude at spreading velocity v = v;, generated by: (a) Slip-fault source; (b) Rectangular-slide

source.
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For v > v, the maximum amplitudes calculated are small
comparable to the peak amplitude at v = v; as shown in
Figure 4 and Table 2. These values are logic due to rap-
id movements of the bed (v = 10v;and v = 200v;), which
progressively approximated the shape of the bed defor-
mation. This phenomenon agrees with the physical
process of tsunami wave produced by earthquakes. For v
= 0.6v; and v = 0.8v; where the tsunami is faster than the
uplift, the initial wave escapes ahead of the currently
uplifted water and the amplitudes of the tsunami waves
above the source become smaller with higher frequency
content continues and hence no amplification will occur
as shown in Figure 5(a). At the instant the source motion
has been stopped, it may cover larger area than the area
of the source due to dispersion as demonstrated in Figure
5(b).

3.2. Tsunami Generation and Propagation-
Evolution in Time

We study the effects of variations of the uplift as a func-
tion of time in the slowly uplift faulting and the spread-
ing slip fault sources in generating and propagating of
tsunamis above and away from the sources. The genera-
tion of tsunamis by vertical displacements of the ocean
floor depends on the characteristic size (length L and

width W) of the displaced area and on the time t, taken to
spread the motion over the entire source region. The ratio
L/t then defines the average spreading (or fault rupture)
velocity v, assuming unilateral spreading of the slip-fault
along length L. We choose the velocity of the sea floor
spreads similar to the long wave tsunami velocity v (i.e.
maximum amplification).We illustrate the final uplifted
area for the slowly uplift faulting by L = 100 km and W
=100 km, and for the slip-fault by length of propagation
L = 150 km and W = 100 km with constant spreading
velocity v. Figures 7 and 9(a) show the tsunami gener-
ated waveforms at times t = 0.4t*, 0.6t*, 0.8t*, t*. It is
seen how the amplitude of the wave builds up progres-
sively as t increases. Figures 8 and 9(b) illustrate the
propagation process of the tsunami wave away from the
source for times between t = 2t* and t = 3.5t*. Table 3
represents the determined values #ma/Co by the slip-fault
source during the times t = 0.2t*, 0.4t*, 0.6t*, 0.8t*, t*.
At v = v, the wave will be focusing and the amplification
may occurs above the spreading edge of the slip as
shown in Figure 9(a). This amplification occurs above
the source progressively, as the source evolves, by add-
ing uplifted fluid to the fluid displaced previously by
uplifts of preceding source segments. This explains why
the amplification is larger for wider area of uplift source,
than for small source area.

1 T T T T T T T
Com(x y,t)h; ai t=0.6 t1 1 x'y’t)’co att{= t1
n(xytig, att=04t : o :

Y| e, R .n"(.‘?(,.y,‘t)‘ls;o‘at.1:9-.&}1””

0

N

iy : : _(,(xy,t)l‘g att= t

N : ' :

o xy i, att=0861 : / :C (xytig, att= 0.8 t,
L(xytie att=04t
-2000 | : ,
i i i i 1 i 1 i i 1
=200 150 -100 =50 0 50 100 150 200 250 300
X( km)

Figure 7. Tsunami generated waveforms by a curvilinear uplift source with characteristic size L = 100 km and W = 100 km at

different uplift timestatv =viand t*=t, = 0 sec.
\

Table 3.Values of g (X, Y, t) /¢, at different rise time t and at v = v,.

Rise time t TJmax/o
t=02t 3.065
t=041t 4.385
t=06t 5.637
t=08t 6.800
t=t 7.906
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Figure 8. Tsunami propagated waveforms following the curvilinear uplift source with characteristic size L = 100 km and W =
. L 50 . .
100 km at different rise timestand t*= 5 S (a) Top view; (b) Bottom view.
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Figure 9. Tsunami waveform by the slip-fault source with v = v, L = 150 km and W = 100 km at different rise time t where

200 . . . . . . . .
= -~ (a) Side view of the tsunami generated wave at y = 0; (b) Three dimensional view of the tsunami propagation.
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For very rapid movements of the bed, the water sur-
face displacement initially approximated the shape of the
bed deformation and then divided into two wave trains
propagating in opposite directions. The maximum am-
plitude of the largest wave leaving the generation region
for these bed motions was found never to exceed one
half of the maximum bed displacement. For slower mo-
tions of the bed like the case we study, the maximum
wave amplitudes decreased [31]. Similar features relating
to the maximum amplitudes of waves propagating from
the generation region in a three-dimensional fluid do-
main were discussed by Nakamura [10], Momoi [11] and
Kajiura [12]. The results shown in Figure 7 demonstrat-
ed the water surface displacement generated by slow
motions of the bed. The waveforms approximated the
shape of the bed deformation with smaller amplitude
than the sea bed which then divided into two wave trains
propagating in opposite directions as shown in Figure 8.
The maximum amplitude of the largest wave leaving the
generation region for this bed motions was one half of
the maximum initial wave displacement. This agrees
with the typical phenomena of past tsunami wave gener-
ated by slowly earthquakes.

In case of the curvilinear slip-fault, we assume the
waveform was initiated by end stage of the uplift source,
and then propagated in the x-direction with constant ve-
locity v. It is seen from Figure 9(a), how the amplitude
of the wave builds up as progressively more water is
lifted below the leading wave depending on its variation
in time and the space in the source area. The parameter
that governs the amplification of the near-field water
waves by focusing is the ratio of the spreading length L
over the water depth, L/h, as shown in Figure 9(a) and
Table 4. As the spreading length in the slip-fault in-
creases, the amplitude of the tsunami wave becomes
higher. As the wave propagates, the wave height de-
creases and the slope of the front of the wave becomes
smaller, causing a train of small waves forms behind the
main wave, as shown in Figure 9b. The maximum wave
amplitude decreases with time, due to the geometric
spreading and also due to the dispersion. At t = 3.5t*, the
wave front is at about x = 567 km and #/{, decreases to
3.313. This happens because the amplification of the
waveforms in the far-field does not depend on the source

velocity, but only on the volume of the displaced water
by the source process which become an important factor
in modeling the generation of tsunami. This was clear
from the singular points removed for the two source
models, where the finite limits of the free surface de-
pends on the characteristic volume of the source models.

Table 3 shows the variation in the amplification factor
nmax/Co for various values of the rise time t at h = 2 km
and t = t* = L/v. It can observe that, the peak amplitude
increases as the rise time increases. This is due to the
amplification mainly depends on the length of propaga-
tion L.

Table 4 shows the variation in the amplification factor
nmax!(o for various values of the propagated uplift length
L and width W at h = 2 km and t = t; + L/v. Note that at
L = 0, no propagation occurs and the waveform takes
initially the shape and amplitude of the curvilinear uplift
fault (i.e. 7max/o = 1). It is seen from Table 4 that for L/h
between 0 and 500, 7max/{o Varies from 1 to 27.82. It can
be observed that the amplification increases with the
increase in L/h (0-500) and with the increase in W/L
(0.25-5). The increase in the propagation length produces
larger amplification than the increase in the width. This
happens from the assumption that the source model prop-
agated instantaneously in the y-direction. This leaves us to
study the generation of tsunami by spreading curvilinear
slides and slumps in two directions in Future work.

Figure 10 represents the values of the normalized
peak wave amplitude #ma/¢o at v = vy and h = 2 km for
different values for W/L obtained from Table 4.

Table 5 presents the effect of the water depth h on the
amplification factor »na/(o for various values of the ra-
tios W/L and at constant propagation L = 150 km. It is
seen that for h between 0.5 and 6 km, #ma/Co IS varies
from 19.77 to 3.565. The values determined in Table 5
shows that the maximum amplitude amplification in-
creases with the decrease in h. This phenomenon hap-
pens because the speed of the tsunami is related to the
water depth which produces small wavelength as the
velocity decreases and hence the height of the wave
grows as the change of total energy of the tsunami re-
mains constant. Mathematically, wave energy is propor-
tional to both the length of the wave and the height
squared. Therefore, if the energy remains constant and

Table 4. Values of gma/éo at v = v and h = 2 km with various values of L and W and t = t; + L/v.

L/h Wi/L
(h=2km) 0.25 0.5 1.0 2 5
0 1.0000 1.0000 1.0000 1.0000 1.0000
5 1.9190 1.9230 1.9290 1.9320 1.9330
10 2.5410 2.5550 25720 2.5840 2.5840
25 3.7820 3.8250 3.8780 3.9260 3.9270
50 5.9160 5.9920 6.0330 6.1210 6.1220
100 9.3310 9.5360 9.5390 9.5610 9.5940
250 16.940 17.500 17.530 17.540 17.540
500 27.360 27.780 27.790 27.820 27.820

Copyright © 2010 SciRes.

AM



H. S. HASSAN ET AL. 61

Table 5. Values of max /¢ at v = gh, L = 150 km and t* = 200/v for various values of the W/L.

h (km) WIL
0.25 05 1.0 2 5
05 19.690 19.730 19.730 19.770 19.770
1 12.410 12,510 12.510 12.560 12.560
2 7.7610 7.8990 7.9100 7.9730 7.9740
3 5.8600 6.0190 6.0430 6.1160 6.1180
4 4.7800 4.9490 4.9880 5.0680 5.0710
5 4.0670 4.2400 4.2920 43790 43820
6 3.5650 3.7290 3.7920 3.8840 3.8880

Figure 10. The normalized peak wave amplitude nyax/¢o versus the dimensionless parameter L/h for v = v, W/L > 0.25 and h

=2km.

Figure 11. The normalized peak wave amplitude #max /¢y Versus the water depth h for v = v, W/L > 0.25 and propagation

length L = 150 km.

the wavelength decreases, then the height must increase.
These results agree with the aspect obtained by Hayir [36]
who determined the effects of ocean depth on tsunami
amplitudes for simple kinematic source models.

Figure 11 represents the values of the normalized
peak wave amplitude nnmax /o for different values of wa-
ter depth h and the ratios W/L at constant propagation L
=150 km.

4. Conclusions

In this paper, we presented a review of the main physical
characteristics of a realistic tsunami sources. We consi-

Copyright © 2010 SciRes.

dered two curvilinear source models represented by a
slowly uplift faulting followed by a slip-fault model. We
studied the effect of the source propagation and wave fo-
cusing on the amplitudes of the tsunami generated and
propagated by the dynamic source models conside-
red.The results showed that the amplitude amplification of
up to 8 order of magnitude occurs in the direction of
source propagation when the velocity of the source is
close to the long period tsunami velocity. This means that
amplification occurs above the source, progressively, as
the source evolves, by adding uplifted fluid to the fluid
displaced previously by uplifts of preceding source seg-
ments. This amplification depends on the characteristic
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size of the displaced area and the time it takes to spread
the motion over the entire source region. It is observed
that near the source, the wave has large amplitude with
short wavelength pulse, while as the tsunami further de-
parted away from the source the amplitude of this pulse
decreased due to dispersion. This happens because in the
far-field the peak tsunami amplitude does not depend on
the source velocity, but only on the volume of the dis-
placed water by the source process. The results show that,
the largest peak of the tsunami amplitude at time t* oc-
curs when v = v; due to wave focusing. It is seen that for
source model we considered that spread rapidly

(Vl >10), the displacement of the free surface resembles

t
the displacement of the ocean floor at time t* (i.e.,

gl ~1). For (i< 1), the peak amplitude decreases due
0 \A

to dispersion with the present of high frequency contents
in the wave. These results are in complete agreement
with the aspect of the tsunami generated by a slowly
spreading uplift of the ocean bottom presented by Todo-
rovsk & Trifunac [21] who considered a very simple
kinematic source model. From this observation, we nu-
merically analyzed the dependence of the peak amplifi-
cation of the tsunami waveforms by changing the length
of propagation, the width of the source and the water
depth. It was found that the maximum amplitude ampli-
fication is proportion to the propagation length and the
width of the source model and inversely proportional
with the water depth. The presented analysis suggests
that some abnormally large tsunamis could be explained
in part by a slowly spreading uplift of the sea floor. Our
results should help to enable quantitative tsunami fore-
casts and warnings based on recoverable seismic data
and to increase the possibilities for the use of tsunami
data to study earthquakes, particularly historical events
for which adequate seismic data do not exist. The esti-
mated near-field tsunami generated under the effect of
variable velocity of curvilinear slides and slumps
spreading in two directions are underway.
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APPENDIX

The equations for conservation of mass and momentum
for an inviscid, incompressible fluid are

Mass: Vu=0 (A1)

Momentum: a—u+u.Vu=— E+gz (A.2)
ot 0

where u(x,t) is the velocity vector (u,v,w) of the fluid,
P(x,t) is the pressure vector, p the density, g the gra-
vitational acceleration, and X = (X,y,t) with the z axis

pointing vertically upward.

By assuming that the flow is irrotational, hence the
velocity field u can be written as the gradiant of the
potential function u=V¢ , where ¢ is the velocity

potential. Then the continuity equation becomes the Lap-
lace’s equation
V’¢=0. (A.3)

Mathematically, a general solution does not exist for
gravity waves and approximations must be made for even
simple waves. One of the important problems in water
wave theory is to establish the limits of validity of the
various solutions that are due to the simplifying assump-
tions. The mathematical treatments of water wave motion
use all the mathematical physics dealing with linear and
nonlinear problems. The main difficulty in the study of
water motion is that the free surface boundary is un-
known. The coordinate axis that will be used to describe
wave motion will be located at the vertical displacement
z=n(X,y,t). The bottom of the water body will be at
z=-h+{(x1).

If the velocity potential is known, then the pressure
field can be found from (A.2). By using the vector iden-
tity

2

u.Vu:Vu?—ux(qu). (A4)

From irrotationality (i.e. Vxu=0), (A.2) may be
rewritten as

ogp 1 P
[ i |v¢| }:—V(;+gz). (A.5)
Upon integration with respect to the space variables,
we obtain

—Ezgz 6¢ 1|V¢| +C(t) ,

(A.6)
where C(t) is an arbitrary functlon of t and can usually
be omitted by redefining ¢ without affecting the veloc-
ity field. Equation (A.6) is called the Bernoulli equation.
The first term gz, on the right-hand side of (A.6) is the
hydrostatic contribution, whereas the hydrodynamic con-
tribution to the total pressure P.

Copyright © 2010 SciRes.

Two types of boundaries interest us: the air-water in-
terface which will also be called the free surface and the
wetted surface of an impenetrable solid (bottom surface).
Along these two boundaries the fluid is assumed to move
only tangentially. Let the instantaneous equation of the
boundary be

F(x,t) =z—n(x,y,1) , (A7)
where 7 is the height measured from z = 0, and let the

velocity of a geometrical point x of the moving free sur-
face be q.
After short time dt, the free surface is described by

F(x+qdt, t+dt)=

A8
F(x,t)+(%+qVFjdt+O(dt)2 (A8)
In view of (A.7), it follows that
oF
—+Q.VF=0. A9
Rk (A.9)

For small but arbitrary dt. The assumption of tangential
motion requires U.VF=q.VF.
This in turn implies that
oF

E+UVF 0 on z=n(xy,t) , (A10)
or equivalently
on, 090on obon _2¢ z=n(x,y,t) (All)
ot oxox oyoy oz

On the sea bottom £(x,y,t) at depth h, (A.7) becomes
z+h-4(x,y,t)=0 and (A.9) may be written by the
same way as:

%+%%+%%:% on z=-h+J{(x,y,t).
ot oxox oyoy oz
(A.12)

Equations (A.11) and (A.12) are referred to the kine-
matic boundary conditions.

On the air-water interface, both n» and ¢ are un-
known and it is necessary to add a dynamic boundary
condition concerning forces.

The wavelength is so long that surface tension is un-
important, and hence the pressure at the beneath the free
surface must equal to the atmospheric pressure P, above.
It can be taken P =0 using the simple transformation

P — P—P, which does not change the basic Euler equa-

tions which depend upon VP . Hence Bernoulli Equation

(A.6) at the free surface gives the boundary condition
a¢ 1
ot

This is known as the dynamic boundary condition at
the free surface.

|V¢| +g7 on z=n(xy,t). (Al3)
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Abstract

The numerical algorithms for finding the lines of branching and branching-off solutions of nonlinear prob-
lem on mean-square approximation of a real finite nonnegative function with respect to two variables by the
modulus of double discrete Fourier transform dependent on two parameters, are constructed and justified.

Keywords: Mean-Square Approximation, Discrete Fourier Transform, Two-Dimensional Nonlinear Integral
Equation, Nonuniqueness And Branching of Solutions.

1. Introduction

The mean-square approximation of real finite nonnega-
tive function with respect to two variables by the mod-
ulus of double discrete Fourier transform dependent on
physical parameters, is widely used, in particular, at
modeling and solution of the synthesis problems of dif-
ferent types of antenna arrays, signal processing etc.
[1-3]. Nonuniqgueness and branching of solutions are
essential features of nonlinear approximation problem
which remains unexplored. The problem on finding the
set of branching points, in turn, is not adequately ex-
plored nonlinear spectral two-parametric problem. The
methods of investigation and numerical finding the solu-
tions of one-parametric spectral problems at presence of
discrete spectrum [4-8] are most well-developed. The
existence of coherent components of spectrum, which are
spectral lines for the case of real parameters [9], is essen-
tial difference of nonlinear two-parametric spectral
problems.

In the work a variational problem on the best mean-
square approximation of a real finite nonnegative func-
tion by the module of double discrete Fourier transform
is reduced to finding the solutions of Hammerstein type
nonlinear two-dimensional integral equation. Using the
Schauder principle the existence of solutions is proved.
The existence theorem of coherent components of spec-
trum of holomorphic matrix functions dependent on two
spectral parameters is proved. It justifies the application
of implicit functions methods to multiparametric spectral
problems [9]. The applicability of this theorem to the
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analysis of spectrum of two-dimensional integral homo-
geneous equation to which is reduced the problem on
finding the lines of possible branching of solutions of the
Hammerstein equation, is shown. Algorithms for nu-
merical finding the optimum solutions of an approxima-
tion problem are constructed and justified. Numerical
examples are presented.

2. Problem Formulation, Basic Equations
and Relations

Consider the special case of double discrete Fourier
transform
Ny My(n)

f(Sl,SZ)Z Z z Inm exp[i(élxnmsl+62ynm52):|

n=-N; m=—M; (n)
setting here X, =nA, (n=-N=+N),
(Mm=-M+M); ¢ =GA,, ¢, =CA, . Ifitisnecessary

for the accepted assumptions we shall consider the for-
mula

f(s,s,) = Al = i i L ©XP[ i (05, +C,ms, ) | (1)

Yom = mAy

as a linear operator, acting from complex finite-dimensional
space H, =C">™z (N, =2N+1, M, =2M +1) into

the space of complex-valued continuous functions with
respect to two real variables determined in the domain

Q={(s,8;):]s)| < /ey, |sy]<mfc,}.
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Here c,, c, are any real non-dimensional numerical
parameters belonging to

A, ={(c;,c,):0<c <a, 0<c, <b}-
The function f(s;,s,) is 2m/c, - periodic function
onargument s, and 2m/c, - periodicon s,.

In considered spaces we introduce scalar products and

generable by them norms
2

('1' ) :_Z Zlnm nm

2 n=-N m=-M
o0 @
(f,f, )c(f;) =” f,(s,S,) f, (51,8, Jds,ds, »
||f||_ (f, flc’é,)- 3)

Denote an augmented space of continuous functions
with entered scalar product and norm (3) as C{3) and

notice that its augmentation coincides with the Hilbert
space L,(Q2) [10].
By direct check we are sure that such equality

At =[] (505, dsds, = X1 =1 @)
Q n,m

is valid. From here follows, that A is isometric opera-
tor in sense (4).

Using the entered scalar products (2) and (3) we find
the conjugate operator required later on

Af = %” f(s,.5,)exp[ =i (c,ns, +c,ms, ) ] ds,ds,
Q

(n=-N+N,m=-M +M). (5)
Let such function be given
- F(s,,s,), (5,5)eGcQ,
F(sl,s2)={ Wk EICEEE ()
0, (51,8,) eQ\G,

where F(s;,s,) is a real continuous and nonnegative in

the domain G function.

Consider a problem on the best mean-square approxi-
mation of the function F(s;,s,) in the domain Q by
the module of double discrete Fourier transform (1) ow-
ing to select of coefficients of the vector 1. We shall
formulate it as a minimization problem of the functional

6(')—||F—|A'||| —IIF—IfIII @

(@

in the Hilbertian space H,. Takmg into account (4) and
(5), we write the functional o(1) in asimplified form

oO=Ff, 2Rl I @
(@ ‘)
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On the basis of necessary condition of functional
minimum we obtain a nonlinear system of equations re-
lating to the components of vector | in the space H,

that are represented in the vector and expanded forms,
respectively:

| = A*{F exp[iarg(Al)}} , 9)
Inmzzl—;gF(sl,sz)exp{i{arg( i

xexpli (cks, + czlsz)}) —(cns, +¢,m }dslds2
(n:—N+N,m:—M+M). 9

|| MZ

Acting on both parts of (9) by operator A we obtain
equivalent to (9) the Hammerstein type nonlinear integral
equation relatingto f :

f(Q)=Bf = [[K(Q.Q\c)F(@Q)exp[iarg f (Q)]dQ’, (10)
Q

where Q' =(s[,s;),dQ" =ds/ds;,cC

K(Q.Q'¢)=

=(c ¢);

K1(51151’7C1)'K2(52v5é102)v (11)

Kl(sl,sl’,cl)zz%E ZN: exp|ign(s,—s;)]=

n=-N

2 c ,
" ?2(52_52)

Note, that the kernel (11) of Equation (10) is degener-
ate and real.
We shall consider one of the properties of function

exp(iarg f(Q')) entering into (10) at f(Q") —0. Ob-
viously that the function

fQ) _  u@)+iv(Q)

| Q) (uz(Q’)+v2(Q’))M

is continuous if u(@Q)=Ref(Q) and v(Q)=
Im f(Q") are continuous functions, where |exp(iarg f(
Q)| =1 forany f(Q).If u@Q)—0 and v(Q)—0
simultaneously then f(Q") — 0 is a complex zero. Its
argument is undetermined accordingly to definition of

exp(iarg f(Q")) =
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complex zero [11, p. 20]. On this basis we redefine
exp(iarg f(Q')) at u(Q)—0 and v(Q)—>0 as a

function which has module equal to unit and undeter-
mined argument.

The equivalence of (9) and (10) follows from the fol-
lowing lemma.

Lemma 1. Between solutions of Equations (9) and (10)
there exists bijection, i.e., if 1, is a solution of (9) then

f, = Al, is the solution of (10); on the contrary, if f,
is the solution of (10) then

I = A" {Fexpliarg(f,)]} (12)
is the solution of (9).
Proof. Let I, be a solution of (9). Then I, -A"

{Fexp[iarg(AL)]}=0. Acting on this identity by the
linear operator A, we have AI*—AA*{F exp[iarg(
AI*)]} =0. Since the operator A acts from the space
H, =CM*¥2 into the space C{Z) and accordingly into
the space H, = L,(Q), and the set of its nulls consists
of only null element from the last identity follows, what
Al, = f, e H; isasolution of (10).

On the contrary, let f, € H, solves the Equation (10).
The operator A" acts from the space H; =L, (Q)
into the space H, =C"2*™z [10] and the Hilbertian
space L, coincides with the space L, [10]. From here
follows, that A" acts from the space H, = L,(Q) into
the space H, = C"2*M2 , Taking into account that F is
a finite function determined by (6), and f, is continu-
ous, the function Fexp(iarg(f,)) is quadratic inte-
grability in the domain Q, i.e. Fexp(iarg(f,))eH;.
Thus A"(Fexp(iarg(f,)))=1.eH, and the right part
of (10) is the result of action of operator A on an ele-
ment 1,, ie. Al =AA"(Fexp(iarg(f,)))=f,. Writ-
ing this equality as A(I* ~-A(F exp(iarg(AI*))))zo

and taking into account that a set of operator nulls con-
sists of only a null element we obtain

I, = A"(Fexp(iarg(Al,))) . So, I, =A"(Fexp(iarg
(f*))) solves the Equation (9). Lemma is proved.

Thus owing to the equivalence of (9) and (10) we con-
sider simpler of them, namely (10). The Equation (9) is a
more complicated equation in sense that in its right part
the operator A is in an index of the power of exponent.

Copyright © 2010 SciRes.

Besides taking into account that a set of values of opera-
tor A is a set of continuous functions in the domain

Q belonging to the space L,(Q) and this set is a
compact in the space L,(€2) [12], we shall investigate
solutions of (10) in the space C(Q).

Formulate the important properties of (10), which are
checked directly.

1) If function f(Q) is a solution of (10) then the
conjugate complex function f(Q) is also the solution
of (10).

2) If function f(Q) is a solution of (10), then
exp(iB) f(Q) is also the solution of (10) (B is any real

constant).
3) For even on two arguments (or on one argument)
functions F(s;,s,) the nonlinear operator B that is in

the right part of (10), is an invariant concerning the type
of parity of the function arg f(s;,s,) on two arguments

(or on that argument on which F(s;,s,) is an even

function).
Below taking into account the property 2) for unique-
ness of solutions we set the parameter f=0.

Consider the operator
Df = [[K(Q,Q',c) f(Q)dQ’ (13)
and correspondintho it quadratic form
(Df, f)= g g K(Q,Q',¢) f(Q)dQ'f (Q)dQ =

2

n=-N m=-M

ﬂ exp[i(cns, +c,ms, ) | f(s;,s,) ds,ds,

{2

Obviously that this inequality modifies into equality
only as 1=0. From here follows that the kernel

K(Q.,Q',c) is positively defined [13]. Accordingly op-
erator D is positive on nonnegative functions cone K
of the space C(Q2) [14]. According to it D leaves

invariant the cone K,i.e. DKcK.
Complex decomplexified space C(Q2) [10] we con-

sider as a direct sum of two real spaces of continuous
functions C(Q)=C(Q)® C(Q2) inthe domain Q. The
elements of this space are written as f = (u,v)" € C(Q),
ueC(Q), veC(Q). Norms in these spaces have the
form:

Uy = @%|”(Q)| s Mooy = r(T;3§>1<|V(Q)| ,
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" f ”C(Q) = Mmax (”u"cm) ’"v"C(Q)) .

The Equation (10) in the decomplexified space C(Q)

we reduce to equivalent to it system of the nonlinear eq-
uations

r r (Q’) ’
U(Q =B V)= [[K(QQ\e)FQ)—=—0Q,
g Q)+’ (@)
Q@ 4y,
@) +V(@Q)
(14)
Denote the closed convex set of continuous functions
as Sp < C(Q)) supposing that

Sk =Sk, ®Sg,» Sg, = (Uil <R},

SRV = {V:”V”cm) < R}’

R = max jgj [K(Q,Q',c)|F(Q)dQ".

v(Q=B,uv)=[[K(QQ\c)FQ)

Theorem 1. The operator B =(B,,B,)" determined
by the Formula (14) maps a closed convex set S of the
Banach space C(Q) in itself and it is completely con-

tinuous.
Proof. At first we show that B:C(Q) —» C(QQ). Let

f =(u,v)" be any function belonging to C(Q). At
(¢, c,)eA, the kernel K(Q,Q',c) is a continuous

function with respect to its arguments in the closed do-
main QxQ. Then accordingly to the Cantor theorem

[15] K(Q,Q',c) is a uniformly continuous function in
QxQ . From here follows: for any points (Q,Q/),

(Q,,Q;) such that whenever |(Q1,Q£)_(Q2,Q2r)|<8,
then |K(Q1,Q1,,C)—K(Q2,Q2',C)|<§ , where a=
_U F(Q')dQ’. On this basis we obtain

Q

|U(Q1)—U(Q2)| = erc)—K(szQ:C)]X

U(Q') U 8 r ’
x—————xr _dQ'|<—|| F(QNdQ' =¢, 15
JE Q)+ (@) AJFEM = a9
since max| u@Q) |<1

Q'eQ

W Q)+ (@)
Analogously we have that [v(Q)-v(Q,)|<e when-
ever |(Q,Q)-(Q,.Q)|<8 . ie. (uV) eC(Q) and
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B:C(Q) > C(QY).

To prove the property of a complete continuity of the
operator B =(B,,B,)" it is necessary to prove its com-
pactness and continuity [12]. Show a continuity
B=(B,B,)" . Let f =(u,v)" €Sz be any fixed
function and f, = (u,,v,)" be any function belonging

to Sg. It is necessary to show that |Bf, —Bf, ||C(Q) -0

as |f,- —0. Set U, =U +AU, V, =V, +AV .

f2 "C(Q)
Taking into account these equalities we obtain

u, +Au

U,
2 2
\/u2+v2 m\/l 2u1Au+2v1Av+Au +AV?

Ul +V1

At ||Au||c(9) -0, ||Av||c(g) — 0 we have

e w@ | .
33‘\‘:3 W@+ @ VE@+vEQ],

Au

< lim max | Q) (1— L J+
50, QeQ ‘\/uf(Q)+V12(Q) P(u(Q),%(Q))

AV[-0
AUQ) | P
2@+ 2 QP L@ %)

where
P (ul(Q)lvl(Q)) =
_ \/1 20, (Q)A(Q) + 2%, (QAV(Q) + A (Q) +AV*(Q)
U Q)+ (Q
since

lim , max P(1,(Q).v(Q)=1

Au—0,
V[0

Similarly we obtain

NERAC) Ae)

|=o.(17)

w0 et | 2Q)+v(Q VEQ+(Q)
Thus, from (16) and (17) follows

AH 0||Bl(U1’V1) Bl(UZ'VZ)”C

Av|—0

= A”N% max HF(Q)K Q.Q\.c)x

Av||—0
{ (@) 5(@) JdQ, ™
Q)+ @) @) +iQ(Q)
Analogously
AM
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lim B, (u,,v;)—B,(u,,V =0.
iy o [P ) B (el

HAVHC(Q) -0

So, B=(B,,B,)" is continuous operator from C(Q)
into C(Q2).
We show that a set of functions S; =BS; satisfies

conditions of the Arzela theorem [12], i.e. we show that
functions of the set S; are uniformly bounded and

equipotentially continuous. Furthermore BSg; — S;. Let
g :(w,oa)T =Bf =(By(u,v), Bz(u,v))T , Where f=
(u,v)T is any function of the set S .
(Q.,Q")-(Q,,Q")| <8 analogously with (15) we have

Then as

€ r '
EIQjF(Q)dQ

<

(|W(Q1) - W(Q2)|]
|o(Q) - o(Q,))

€ , , B 8).
ggF(Q)dQ

Thus functions of the set S, =BS; are equipoten-

tially continuous.
The uniform boundedness of the set S; =BS; fol-

lows from an inequality

ol = mefma

[[F@)K(Q.Q\c)x
Q

Q) 4o
JU?(@Q)+v*(Q")
LdQ’ <R,
VU2 (@) +vA(Q)
where f =(u,v)" is any function of the set S, and
g =Bf E(Bl(u,v),Bz(u,v))T. From the last inequality

<

X

< max
Qe

[[F@)K(Q.Q'c)

we have also BS, c S;. So, the operator B =(B,,B,)’
is completely continuous mapping a closed convex set
Sg < C(Q) into itself.

Theorem is proved.

From the Theorem 1 follows satisfaction of conditions
of the Schauder principle [16] according to which the

operator B =(B,,B,)" has a fixed point f, =(u,,v,)"
belonging to the set S;. This point is a solution of a
system of Equation (14) and Equation (10), respectively.
Substituting f, =(u,,v,)" into (12), we obtain a solu-

tion of (9) being a stationary point of the functional (7).
The solutions of a system of equations analogous with
(14) in a case of one-dimensional domains Q were
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investigated for the synthesis problem of linear antenna
array in particular in [17]. The obtained there results
show that for equations of the type (10) and (14)
non-uniqueness and branching of solutions dependent on
the size of physical parameter are characteristic. Directly
the results [17] cannot be transferred on the
two-dimensional two-parametric problem (8) and (14).
Here, as unlike the points of branching [17], the branch-
ing lines of solutions exist and a problem on finding the
lines of branching is a nonlinear two-parametrical spec-

tral problem.
Easily to be convinced that function
fo(Q.0) = [[F(Q)K(Q.Q',c)dQ’ (18)
G

is one of solutions of (10) in the class of real functions.
Since, as shown before, the operator D determined by
(13), is positive on the nonnegative functions cone
KeC(Q), DKcK and FcK, then f,=DF also

is a nonnegative function in the domain Q.
To find the lines of branching and complex solutions
of (10), branching-off from real solution f,(Q,c), we

consider a problem on finding such set of values of pa-
rameters ¢ = (c1‘°>,c§°>) and all distinct from

f0 (Ql C)

|c—c‘°)| —0 (where ¢, >c{”, ¢,>c{?) satisfy con-

solutions of the system (14) which for

ditions
rggé‘u (Q.c)-f (Q,C(O) )‘ -0, rggé<|v(Q,c)| —0.(19)

These conditions indicate the need to find small con-
tinuous in G solutions

w(Q,c)=u(Q,c)-f, (Q,c(o)) » ©(Q,c)=v(Q,c):

which converge uniformly to zeroas ¢ —c® .
Set
a=¢"+p, ¢=c? +v (20)

and desired solutions we find in the form

u(Q,C) = f, (Q,C(O))+W(Q, u,v) , v(Q.c)=0(Q,unv).
(21)
Further we omit dependence of the functions
w(Q,u,v) and ®(Q,p,v) onparameters p and v.
Notice the properties of integrand in the system (14).
They are continuous functions with respect to the argu-
ments. After substitution (20) and (21) into (14) the inte-
grand develop in equiconvergent power series by func-
tional arguments w and ®, numerical parameters p

and v in the vicinity of a point (c(o),fO(Q,c(O’),O):
F(Q’)K(Q,Q"C)Lz

Vu?(@Q)+v2(Q)
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= Y A (QQO) W Q)" @V,

m-+n+p+q>0

FQIK(QQ) ) _

Yu?(Q)+v*(Q)

= > B (QQ1¢0)WN(Q)0"(@Q)uPV' . (22)

m+n+p+g=1

Here Ampq<Q,Q',c(°)), Brnpg (Q,Q',c(o)) are coeffi-

cients of expansion continuously dependent on the ar-
guments. Substituting (20) and (22) into (14) and taking

into account that fo(Q’,c‘O)) solves the system (14) we

obtain a system of nonlinear equations with respect to
small solutions w, :

U(Q):alo(Q:C(O))H"‘am(QvC(O))V+
2 V[ A (QQ1e? W (@)e" Q)R

M-+n+ p+0>2 Q
(23)
, Q) :
o(Q) - Jj FQK(Q.Q ,C(O))Wd(} -
= > V[ B (QQLC? W (@) (Q)dQ
m+n+p+0g=2 Q
(24)
where

Qo (QvC(O) ) = ” Avoo (Q,Q’,C(O) )dQ' )
G

301 (Q, c® ) = ” Avoor (Q, Q',c? ) dQ’.
G

3. Nonlinear Two-Parametric Spectral
Problem

For further application of methods of the branching the-
ory of solutions of nonlinear equations [18] to a system
(23) and (24) it is necessary to find solutions of distinct
from trivial of the linear homogeneous integral equation
obtained equating to zero the left part of (24)

FQ) , Ny

:T ] =E\7T < K y 1V d

WQ=TCco=[ 7 E 5 K(QQ )o@
(25)

under condition f,(Q',c) >0- Indicate that the operator

T(c): C(Q) — C(Q) is completely continuous. Proof of

this property is similar to the proof of a complete conti-
nuity of the operator B = (B,, Bl)T in the Theorem 1.

According to [18] such values of parameters
(c,c?) e R? at which linear homogeneous Equation

(25) has distinct from identical zero solutions are points
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of possible branching of solutions of a system of nonlin-
ear Equations (23) and (24). The eigenfunctions of (25)
are used at construction branching-off solutions of (23)
and (24).

The spectral parametersc, and ¢, are included non- li-

nearly into the kernel of the integral operator. Therefore
a problem on finding the distinct from f,(Q,c;,c,)

solutions of (25) is a nonlinear two-parametric spectral
problem. It consists in finding such values of real pa-

rameters (c;,c,)e A, at which (25) has distinct from

identical zero solutions.
In operational form a nonlinear two-parametric prob-
lem is presented as

A (¢, ¢)x=(E-T(c,C,))x=0- (26)
Here E is an identical operator and T(c,,c,) is a

linear integrated operator acting in the Banach space
C(Q) . It is necessary to find eigenvalue c=

(c1<°>,c§°>) €A, and
x@ec(Q) (xX?=0)suchthat A (c?,c”)x@ =0.

By direct check we ascertain that for any values of
parameters (c;,c,)e A, the function

$o(Q.0) = [[F@)K(Q.Q',c)dQ’ (27)

corresponding  eigenvectors

is one of eigenfunctions.
Write a conjugate to (25) equation required in later

* F(Q) ’ ’ !
=T = [[K(Q,Q, dQ’. (28
V=TV =15 g (Q.Q,¢)w(Q)dQ". (28)
Atarbitrary (c;,c,)e A, the function
Vo(Q)=F(Q) (29)

is one of eigenfunctions of (28)
The existence of distinct from identical zero solutions

of (25) at arbitrary (Cl,cz)eAC testifies to the exis-
tence of coherent components of a spectrum contermi-
nous with the domain A, .

For finding the distinct from ¢,(Q,c) solutions we

exclude from the kernel of integral Equation (25) the
eigen function (27), namely: consider the equation

0(Q,0)=T(©)o=[[K (QQ'c)o@)dQ",  (30)

where

K (Q.Q') =%K(Q,Q',c)—wo@)% (@),
(31)

vo(@ =ﬁ 0 (Q' c):‘bﬁq()%”::)- (3)
AM
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From Schmidt Lemma [18] follows that ¢,(Q,c)
will not be an eigenfunction of this equation for any val-
ues (c,,c,)eA,. Thus from a spectrum of operator
there is excluded coherent component coinciding with
the domain A, and corresponding to the function
(PO (Ql C) '

Using the property of degeneration of the kernel
K (Q,Q',c;,¢c,), we reduce (25) to equivalent system of

linear algebraic equations having coefficients analyti-
cally dependent on parameters c,, c,.We write (25) as

N M
0(81,5)= D, D Xom eXP[i(CinS; +C;ms, ) |-
n=—N m=—M

—XoWo(S1:S7) s (33)

where X,,, X, are constants determined by the formu-
las

_ 6 G J‘J‘ F(s;.s2)
nm
21 2m ) (s),S5,C,Cy)

exp[—i(clnsl' +C,msy ) | x
x@(s],8;)ds{ds, (n=-N+N, m=-M +M),
X = [ 00(s1,5,.,¢,)0(s, 5 )dsids; .
Q

From the Formula (33) follows, that the function
¢(s;,8,) will become known, if will be found x,,
Xg -

Multiplication  of
F(s1.87)
fo(51,8,€1,,)
I=—-M+M and by ¢q(s{,s;), and integration over
Q gives a homogeneous system of the linear algebraic

equations for finding X,,. X,

k=-N=N,
Xy = ZN mZM Cl Cz (I .M +Mj' (34)

Here

both  parts of (33) by

exp[—i(cks;+C,lsy)] at k=-N=+N,

k) ,C
aﬁ?(%%)%ﬁﬁ? (Q’Cz)_ﬁcélé))dnm (Cl’cz)}’
2
ClCZ F(sl SZ)
(ea) = Uf 0(51,5,,€1,C,)

xexp | i[cl(n—k)sl+cz(m—l)52]}dslds2 ,

b (c,,c 0102 F(s1,52)
() J‘J.f 0(81:52:61,C;)

x exp[ (Ciks, +¢ls, ) dsyds,,

Vo (S1,2) %,

Ao (€1,C2) = U 0o(s1:5,) eXp[i (cins; +c,ms, )] ds,ds, -
O

Copyright © 2010 SciRes.

ET AL 71
0(C1.C;) ﬂ\vo(sl $,)00 (51, 55, C1, C, ) dsyds, .
For coefficients of the matrix
w(CC)= m (Cl Cl) N NN the  equality
I=——M =M
al¥ (e, ¢ )= ald (c,c,) is valid, ie. Ay is the Her-

mitian or self-adjoint matrix.

Write the equivalent to (26) nonlinear two-paramet—
rical spectral problem, corresponding to a system of Eq-
uation (34), as

Ay (e, c)x=(Ey —Ay (c,c,))x =0,

where E,, isa unit matrix of dimension N, xM,.

In order that the system (34) should have distinct from
zero solutions, it is necessary

¥(c,,c,) =det(Ey —Ay (c,C,))=0.

It is easy to be convinced, that ¥(c,c,)is a real
function. Really as T, (c;,c,) is the Hermitian matrix
then it is obvious that (E—A, (c;,c,)) is also the
Hermitian matrix. It is known [19] that the determinant
of the Hermitian matrix is a real number. So, ¥(c,,c,)
is a real function with respect to the real arguments c,

and C2.

Therefore, the problem on finding the set of eigenval-
ues of (25) or equivalent linear algebraic system (34) is
reduced to finding the nulls of the function ‘¥(c,,c,).

Consider a necessary later on auxiliary one-dimen-
sional spectral problem (as a special case of the problem
(35)) on the ray c,=vc, (y is a real coefficient,

(35)

(36)

(¢, ¢;) e A, ). Introduce into consideration the matrix-
function A, (c)=A \,(c,,yc,) and connected with it
the one-dimensional spectral problem

Ay (Cve)x=(Ey — Ay (¢, 76))x=0.

It is easy to be convinced, that from the properties of
coefficients of matrix A,, (c;,c,) follows, that the ma-

trix function

@37)

A, (c.,c,) is continuous and differenti-

able on the variables in any open and limited domain
AcA,cR?. In other words A ,,(c,c,) is a holo-

morphic matrix-function, if c;,c, to continue into the

domain of complex variables.
Corresponding to (37), Equation (36) has the form

P (0, 76) =det (Ey — Ay (61 76,)) =

We denote the spectrums of the problems (35) and (37)
as s(A) and s(A), respectively, and the parameter
domain ¢, as A, ={c:0<c <aj. Then for proper-
ties of the spectrum of (35) the Theorem 1 from [9] is

(38)
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applied which relatively to (35) is formulated thus:
Theorem 2. Let at each c=(c;,c,) € A, the matrix

Ay (c,c,) el (CVoM2 ,cNM2) pe the Fredholm op-
erator with a zero index, the matrix-function A (-,-):
A, —>L(<CN2XM2,(CN2XM2) be holomorphic in the do-

main A, and s(AN);tAcl. Moreover, let function

¥ (cy,c,) be continuously differentiable in A . Then:

1) Each point of a spectrum c{” es(A') is isolated
and it is eigenvalue of the matrix-function A (c,)=
A (cy,v6,), to it is corresponding the finite-dimensional
eigensubspaceN(A~ (cl(o))) and finite-dimensional root
subspace;

2) Each point c© =(cl(°),yc1(°))eAC is a point of
spectrum of the matrix-function A (A, %,);

3) If W, (c1<°>,c§°>)¢ 0 then in some vicinity of the

point ¢” there is a unique continuous differentiable
function ¢, =c,(c;) solving the Equation (36), i.e. in

some bicircular domain AO:{(cl,cz):|c1—cl(°)|<al,

‘cz -~ céo)‘ < 82} there exists a connected component of

spectrum of the matrix-function A (c,,c,) (where g,
g, aresmall real constants).

Proof of this theorem concerning the nonlinear
two-parametrical spectral problem of the type (35) for
more general case (when the operators E and T(c,

c,) act in the infinite dimensional Banach space) is

presented in [9]. For satisfaction of conditions of Theo-
rem 1 from [9] it is necessary to show that the matrix-

function A (c,c,) is the Fredholm matrix at
(c..c,) e A, . This property follows from the known
equality [19] dim (kerA )= dim (kerA *)-

The existence of connected components of spectrum
of the matrix-function A (¢..C,), under condition of

v <c1(0>,C§°>)¢o, follows from the existence theorem
of implicitly given function [20, 21]. _

Let ¢ be aroot of (38). Then (Cf'),Cé') = Vcl('))e A,
is eigenvalue of the problem (33). Consider the equation
¥(c,c,)=0 as a problem on finding the implicitly
given function €2 =C,(C.) in the vicinity of a point c®
for which the conditions of existence theorem [21] are
satisfied. Hence we have the Cauchy problem
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de, | ¥e(6c) (39)
d, Y, (c.c,)’

¢ (c®) = - (40)

Solving numerically (39) and (40) in some vicinity of

a point ¢, we find the i -th connected component of

spectrum  (spectral line) of the matrix-function
L (S

By found solutions of the Cauchy problem at the fixed

values (c{”,c{’) the eigenfunctions of (25) are deter-

mined through the eigenvectors of the matrix
Ay (c?,c”) obtained by the known methods. Thus

four-dimensional matrix A,, is reduced to two-dimen-

sional one by means of corresponding renumbering of
elements.

4. Numerical Algorithm of Finding the
Solutions of a Nonlinear Equation

Show one of iterative processes for numerical finding the
solutions of the system (14) based on the successive ap-
proximations method [2]:

U,1(Q) = By(u,,v,) = [[K(Q.Q',)F (Q)
x—“n(Q’;z Q'
YU Q)+ ()
v,.1(Q) =B, (u,,v,) = [ K(Q,Q',0)F (Q) x
W@ 4o
YU (Q)+v2 (@)
After substituting the function arg f,(Q) =arctg (v,(Q)

u,(Q)) (obtained on the basis of successive approxima-
tions (41)) into (12), we denote the obtained sequence of
function values as {l,}. For the sequence {I,} the
Theorem 4.2.1 from [3] is fulfilled. From here follows,
that the sequence {I,} is a relaxation one for the func-
tional (7) and numerical sequence {o(l,)} is conver-

gent.

At realization of the iterative process (41) in the case
of even on both arguments function F(5.:S,) and
symmetric domains G and Q it is expedient to use
the property of invariance of integral operators B (u,v),
B,(u,v) in the system (14) concerning the type of parity
of functions u(s,,s,), v(s,,s,). The functions u, v
having certain type of evenness on corresponding argu-
ments belong to the appropriate invariant sets Uy, V,,

of the space C(Q). Here the indices I J.K.¢ have

X

(n=0,1..). (41)
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values 0 or 1. In particular, if u(s,s,)eU, then
U(—Sl, Sz) = U(Sl, Sz) and U(Sl,—SZ) == U(Sl,Sz) . By
direct check we are convinced that such inclusions take
place:

Bl(Uij kaz) CUij’ BZ(Uij kaz) <V,

B(Uij Usz’) CUij UV, -

The possibility of existence of fixed points of the op-
erator B belonging to appropriate invariant set (i.e.
solutions of system (14) and, respectively, Equation (10))
follows from these relations.

5. Numerical Example

Consider an example of approximation of the function
F(s1,5,) = cos(ns; /2)[sin(ns, )| (Figure 1), given in
the domain G ={(s,,S,): 8| <L s,| < =Q, for N,x

M, =11x11 and values of parameters ¢, =1.6 and
¢, =1.2 belonging to the rayc, =0.75c, . The possible
branching lines of solutions of the system (14) and ac-
cordingly the Equation (10), as solutions of
two-dimensional spectral problem (25), are shown in
Figure 2. Here the first branching lines are denoted by
numbers 1 and 2. To the solutions branching-off at the
points of these lines there correspond the odd on s,
functions arg f(s;,s,) and the coefficients of transfor-
mation lnm (n=-N+N,m=-M +M) are real, but
nonsymmetrical concerning to the plane XOZ .

In Figure 3 in logarithmic scale are presented values
of the functional o obtained on the solutions of two
types at values of parameter c, =0.75c,: the curve 1

Figure 1. The function F(s;,s;)=cos(ns,/2)[sin(ms, )|

given in the domain G ={(s,5,):[5y <1, s,/ <1} = Q.
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0.25 0.50 0.75 1.00 1.25

Figure 2. The branching lines of solutions

corresponds to solutions in a class of real functions
f,(Q) , curve 2 —to the branching-off solution with odd

on s, argument arg f(s,s,). From analysis of Figure
3 follows that at the point ¢, = 0.77 from real solution

branch-off more effective complex-conjugate between
themselves solutions, on which the functional o ac-
cepts smaller values, than on the real solution. If to in-
troduce into consideration parameter C, = Mc, charac-

terizing the quantity of basic functions in transformation
(1), the identical efficiency of approximation (identical
values of the functional o on real and branching-off
solutions) is reached with use of the branching-off solu-
tion at decrease of the quantity of basic functions on the
value AC, =0.75Ac, .

An amplitude (a) and argument (b) of approximate
function are given in Figure 4 for ¢, =16 and
¢, =1.2. The amplitude values of the Fourier Transform

coefficients corresponding to this solution are shown in
Figure 5. As we see in figure, the values of amplitudes
of coefficients are nonsymmetrical concerning the plane

log, o
05
ST - AN NG |
27N N |
15 oo T NG N |
A e R ——
25 f e
3 | | ¢,
0.5 c.® 1 c.® 1% **) 2

Figure 3. The values of functional on initial and branch-
ing-off solutions.
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v M
g 0.00~\‘\\“‘H \‘H\
HM\‘M\“‘HH
ool

‘L ‘\‘lm‘ H

(b)

Figure 4. The modulus (a) and argument (b) of approxima-
tion function.

Figure 5. The optimum amplitude of Fouier transform co-
efficients.
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YOZ , but the amplitude of approximate function (Figure
4(a)) is symmetric.

For comparison of approximate functions, corre-
sponding to different solutions of (10), the curves corre-
sponding to different types of the presented solutions in
the section s, =0 are given in Figure 6. The curve 1

corresponds to the given function F(0,s,), the curve 2

— to branching-off solution, the curve 3 — to real solution
f,(0,s,) . Obviously that the branching-off solution bet-

ter (in meaning of the functional o) approaches the
prescribed function by the module.

6. Conclusions

Mark the basic features and problems arising at investi-
gation of the considered class of tasks:

The basic difficulty to solve this class of problems is
study of nonuniqueness and branching of existing solu-
tions dependent on the parameters c;, ¢, entering into

the discrete Fourier Transform.

As follows from investigations, presented, in particu-
lar, in [3,17] (for a special case, when F(s;,s,)=
F.(s,)-F,(s,) ), the quantity of the existing solutions

grows considerably with increase of the parameters
C,, C,. Let us indicate, that in many practical applica-

tions, in particular, in the synthesis problems of radiating
systems, it is important to obtain the best approximation
to the given function F(s;,s,) at rather small values of

parameters C;, C, . This allows limiting by investigation
of several first points (lines) of branching.

To find the branching points (lines) of solutions of (8),
it is necessary, as opposed to [3, 17], to solve not enough
studied multiparametric spectral problem. The offered in
this work approaches allow to find the solutions of a
nonlinear two-parametric spectral problem for homoge-
neous integral equations with degenerate kernels ana-
Iytically dependent on two spectral parameters.

It
1.2 T T T
1l I L S
o |- N AN
04 f NS\
oo f N[z )
| 1.
O RN RN SN AN
SZ
-1 -0.5 0 0.5 1

Figure 6. The given (curve 1) and approximation functions
in the section s,=0 corresponding to branching-off
(curve 2) and real (curve 3) solutions.
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When finding the solutions to a system of Equation
(14) by successive approximations method, to obtain the
solutions of a certain type of parity of the function

arg f (s,,s, )it is necessary to choose an initial approxi-

mation arg fy(s;,s,) of the same type of parity ac-
cording to (42).

To obtain the irrefragable answer concerning the
branching-off solutions for certain values of parameters
C,, C, It is necessary to use the branching theory of so-

lutions [18]. It is the object of special investigations.
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Abstract

In this article, we discuss the structure of reflective function of the higher dimensional differential systems
and apply the results to study the existence of periodic solutions of these systems.

Keywords: Reflecting Function, Periodic Solution, Higher Dimensional System

1. Introduction

As we know, to study the property of the solutions of
differential system
X'= X(t,X) (1)

is very important not only for the theory of ordinary
differential equation but also for practical reasons. If
X({t+2w,x)=X(t,x) (@ is a positive constant), to
study the solutions’ behavior of (1), we could use, as
introduced in [1], the Poincare mapping. But it is very
difficult to find the Poincare mapping for many sys-
tems which cannot be integrated in quadratures. In the
1980’s the Russian mathematician Mironenko [2] first
established the theory of reflective functions (RF).
Since then a quite new method to study (1) has been
found.

In the present section, we introduce the concept of the
reflective function, which will be used throughout the
rest of this article.

Now consider the system (1) with a continuously
differentiable right-hand side and with a general solu-
tionw(t;t,,x,) . For each such system, the reflective

function (RF) of (1) is defined as F(t,x(t)) =y (-t;t,X).

Then for any solution X(t) of (1), we have F (t, x(t)) =
:X(=t) . If system (1) is 2w — periodic with respect tot,
and F(t,x) is its RF, then F(-w,Xx)=w(@;,-®,X) is
the Poincare [1-2] mapping of (1) over the period
[-o,®]. So, for any solution X(t)of (1) defined on
[-o, @], it will be 2 @ --periodic if and only if x(—®) is
a fixed point of the Poincare mapping T(x)=F(-w,X) .
A function F(t,x) is a reflective function of system (1)
if and only if it is a solution of the partial differential

Copyright © 2010 SciRes.

equation (called a basic relation, BR)
F +FX(tx)+X(-t,x)=0 )

with the initial condition F(0,x) = x . It implies that for
non-integrable periodic systems we also can find out its
Poincare mapping. If, for example,

X(t,x)+ X(-t,x)=0,then T(X)=x.

If F(t, x) is the RF of (1), then it is also the RF of the

system
X'= X(t,x)+ F'R(t,x) - R(-t, F(t, X)) ,

where R(t, X) is an arbitrary vector function such that the
solutions of the above systems are uniquely determined
by their initial conditions. Therefore, all these
2 w —periodic systems have a common Poincare mapping
over the period [-®@,®], and the behavior of the peri-
odic solutions of these systems are the same.

To find out the reflective function is very important
for studying the qualitative behavior of solutions of dif-
ferential systems. The literatures [5-8] have discussed the
structure of the reflective function of some second order
quadric systems and linear systems and obtained many
good results.

Now, we consider the higher dimensional polynomial
differential system

X'= P+ P Y+ Psz= P(t,x,y,2)
y'=q1+q2y+q3z+q4y2+q5yz+qszz =Q(t,X, y,z) (3)
2'=r+ny+nz+ry’ +nyz+rz° =R(t,X,Y,2)
where
p= Pt x),0; =g;(t,x), 1 =r;(t, %)
(i=123j=12..6)

are continuously differentiable functions in R? and
p22+ p32 =0 (in some deleted neighborhood of t=0
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and |t| being small enough, p?+pZ =0 is different

from zero) , and there exists a unique solution for the
initial value problem of (3). And suppose that
F(t.x,y,2) = (R(t.x Y, 2).FtxYy.2),Fltxyz) i
the RF of (3).

In this paper, we will discuss the structure of F,(t,x,
y,z) (i=2,3) when F(t,x,y,z)= f(t,X). At the same
time, we obtain the good results that F(t,x,y,
z) = f(t,x)+ f,(t, x)y + T, (t,x)z (i=2,3). The obtain-
ed results are used for research of problems of existence
of periodic solution of the system (3) and establish the
sufficient conditions under which the first component of
the solution of (3) is even function.

In the following, we will denote

P =p (-t,%); qj =q; (-t,%); Fj =T (t,x); F= Fi(LX: y,7),
i=123j=12,..,6. The notation p(t,x) =0 means
that, in some deleted neighborhood oft =0and |t | being

small enough, p;(t,x) is different from zero

DA—(Zt—A+%P(t XY, Z)+5Q(t X, y,z)+—R(t X, Y, 2).

2. Main Results

Without loss of generality, we suppose that f (t,x) = x.
Otherwise, we take the transformation ¢& = f(t,x),
n=y,¢=1.

Now, let’s consider the system (3).

Lemma 1. For the system (3), suppose thatF =x.

Then
p(t,x)=0,i=123. 4)
Proof. Using the relation (2), we get
P(t,x,y,z)+P(-t,x,F,,F)=0,

P+ P+ P, Y+ P32+ P,F, + PR =0- ®)
Puttingt =0, we get
p1(01 X)+ pz(on X)y+ p3(07 X)Z = 01 VX, yv z.
It implies that the relation (4) is valid.
In the following discussion, we always assume (4)
holds without further mention.
Casel. p,#0.

From (5), we get

F3:/11+/12F2’ (6)
where B
+
=B By By gy
p3 p3 3
A=t

Differentiating relation (6) respectto t implies

Copyright © 2010 SciRes.

A +AF, +AF =0, U]

where
A, =D = 4,0+ + A4 (% = 40,) + 4 (T
=8y, +8y,Y +auZ+ay,Y’ +a,YZ+a,2’;
A =D2, = 40, +T, + (G, = 4,0;) + A (G - 4,05)
+24,2, (T = A,05) = 8+, +ay,7; ’
A, = A (6 X) = =40, + T, + 4, (% - 4,0) + 4 (- 4,T,),
In which
gy = Ay + Ay P+ Ay + Al + 1 = 4,0, +

+ 20y (G = A,0,) + (G — A4,06) A
8oy = At Ao Py + A Py Ay + AT +

+ 4, (G = 4,05) + 2(T — 4,05) Ay A

Bog = At + Auae Pa + i Py + Aoy + Aigly +

+ A (G = 4,0,) + 2(T5 — 4,05) A s
8oy = Aupy Py + Ao lly + Aigly + (T = 4,T) Ay
8os = iz Py + Az Po + Aialls + Augly + 2(F = 2,05 ) Ay s
8o = Auae Ps + Ay ls + Aualy + (T = A,05) A
8y = Aoy + Ao P AT, = A0, + 4, (F = 2,T,) +

+ 4, (5 = 4,05) + 2(F — 4,06) A A

8y = Aoy Py + Ay (B = 2,T5) + 2, = 2,05) Ao Ay
8y = A Py + Aus (= 405) + 2(F = 4,05) Ao s

_ﬂ’zq_s)

P+
Ay = » Ay = 21 —
R ? ps
Lemma2. Let F =x, A, #0 and I|m L(i=12,..6)
exist. Then lim—- %i 0 (j=136), lim a°2Aza“:o,
It”TJaM a12 __1, |t|m aOS a13 :0.

Proof. Using the relation (7), we have
By, + 8y Y + 8052+ 8y Y + 8y YZ + 82

lim

t—0 AZ

lim & " qeY T8l 2
t—0 A2 t—0

As F,(0,x,y,z) =y, it follows that the results of
Lemma 2 are true.
Theorem 1. Let the conditions of Lemma 1 and
Lemma 2 satisfy and Iirr(}&+ 2>0.Then
t—

F=ftx)+ fi,tx)y+ fi;(t,x)z (=23).
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Proof. As A, = 0. From (7), it follows
2_
o ATAR Lo AR AN-AA

A KR ©
Differentiating relation (7) respectto t implies
DA, + DAF, + DA, F22 -AQ(-t,x,F,,F,)
—-2AQ(-t,x,F,,F,)F, =0.
Substituting (6) into the above, we get
B, + B,F, + B,F,” + B,F,’ =0, 9)
where
By = DAy = Ay, B =DA - A, =2A 1,
B, = DA, —Au;—2Au,, B, =—2Au,
in which
t =0+ Qo + T’ iy = Ty + Gy + 05y + 20254,
Hy =T +Tshy + Ty
Substituting (8) into (9), we have
C,+CF, =0, (10)
where
C, = B()—Bzi+83 A1A2° ,

2 —
ClzBl—Bzi+Bs—A1 fbAz .
A, A
1) IfC, =0, from (10) follows C,=0. By simple
computation, we obtain

A_ A A AA

DgﬂﬁE—ZﬂzEﬂe A (11)
Dgzzﬂl-yz%wg(%z—z%). (12)
Let A= (%)z —4% . Using (11) (12) we get
DA = 2(u %- 1)A. (13)
Since
A=(%)2—4%=$((au+amy+amz)z—

4A2(a01 +a02y+ a03z+a04y2 +a05yz +a0622))
=d, +d,y+d,z+d,y* +d;yz +d,z°

> 7+ d,
2d, " 2d,

=d,(y+ )2 +W,

where

Copyright © 2010 SciRes.
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W :i[(4d4d6 -d,?)z* +2(2d,d, —d,d,)z +4d,d, —d,’],

4d,
6, =2 (a2~ 4Aa,).d, = (28,8, —~4A8,)
A A7 1 01): U AZ 1912 27
1 1
d3 = E(Zauais —4A2a03), d4 =¥(a122 _4A2a04)’

1 1
d5=_2 2 28, —4 05 'd6=_2 32_4 6/
A (288, —4A8,) A (a” —4A84)

By Lemma 2 we get
lim(4d, d, - d.?) =0, lim(3d,d, —d,d;) =0,
Itin3(4d4dl—d22) =0,

thus, ItirT01W(t, X,z) =0. Inthe identity (13) taking
y :¢:_iz—d—2. We obtain

2d, 2d,
W, +W, P(t, X, ) +W,Q(t, X, 4,2) =
2W(Al(t,x,¢, 2)
A, (t, x)

By the uniqueness of solution of initial problem of li-
near partial differential equation, we getW (t,x,z) =0.
Therefore

,U3 (t7 X) - /uz (tv X, ¢1 Z))

A= d4(y+£z+d—2)2.
2d, ~ 2d,

Using the relation (7), we obtain
Fzz_a'll+a12y+a13z +%\/a(y+2de”d_2)
4

2A, 2d,
=, x)+ f,, (L, X)y + fu(t, X)z.

By the relation (6), we get
K =ﬂ1+le2 = fal(tax)+ f32(t,x)y+ fas(t:X)Z-

C
2) If C,#0. From (10) follows F, :_EO'
1

express of A, B; (i=012,j=0,123), we know that
C, isaquadratic polynomial respectof y,z, C, isa
cubic polynomial respect to y,z. Substituting F, =
-C,/C, into relation (7), we get C/(C,A-CA)=
A,C/2. It implies that C,is divided by C, or A,
3 . .
and F, = > f,;(t,x)y'z!, substituting it into (7) and
i+j=0
equating the coefficients of like powers of y and z im-
plies f,; (t,x) =0,i+ j>1. Thus,
F=f,{tx)+f,tx)y+ f(t,x)z, i=23.

By the
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Summarizing the above, the proof is completed.
Obviously, from the relation (7) implies
Theorem 2. Let

F=x p0x)=0(i=123), A, =0, A #0.

Then

F2 :_i:_a‘Ol+a02y+a032+a‘04y2 +a05yz+a0622
A a, ta,y+ta;z

F, :Al + 1,F,.

Case 2. p,(t,x)=0,p,=0.
Applying identity (5) yields

FZ:_p1+ﬁl_ P,

— —Yy= 4/1 + gz Y,
p, P,
where ¢, = _PhtR &, = E
[ P,

Differentiating this identity respectto t implies
M, +M,F, +M,F? =0,
where
Mo =D(¢, +&,Y) + G, +G,F, +4,F’ =
My, + My, Y +MygZ + My, Y2 + Mg yZ + My, 22,
M1 = q_3 +q5F2 =My +My,Y, Mz = q_sv
My, = é/n + glx P, +§2q1 + q_l +C|_2§1 +C|_4§12;
2 = glx P, +é’éx P, +é’ét +§2Q2 +q2§2 +2q4§1§2;
oa = §2>< P, +§zq4 +q—4§22;
03 =§zq37 My = §2q5, Mg =§zqs’
m, = qs +c_|5§1, my, = q_sé’z-

Similarly, we obtain the following conclusion:
Lemma3. Let p,=0,p,#0,0,#0,F =x and

lim Mot (i= .,b) and lim= P exist. Then
t—0 q t—0 p

m,.
lim—0 =0 (j =1,2,4), I|m P limPeo
t—0 q6 p2 t—0 p
lim Zoe M _ ¢ fiy Mos ¥ Moo _ ) iy B — 9
t—0 qG t—0 q6 t—0 q6

Theorem 3. Let the conditions of Lemma 1 and
Lemma 3 satisfy. Then

Fz = 4’1(t’ X)J"é’z(t’ X)y:
F, = £, (L, x)+ T, (t, x)y + T, (t, X)z.
Theorem 4. Let
pi (07 X) = 0 (I =11 2),q3(t,X) = 07 qe(t,X) = 0
) , , Then
m,”+m," #0,F =X

Copyright © 2010 SciRes.

F2 = é,l(tl X)+§2(t,X)y,
mOl + m02y+ m03z + m04y2 + mOSyZ
mll +m12y

F,=-

Theorem 5. For the system (3), if the following con-
ditions satisfy

p1+ﬁ1+52f21+ﬁ3f31:01 pz+ﬁzf22+ﬁ3fsz =0

P; + P, f23 +Ps f33 =0, f21 (0,x) =0, f31 (0,x) =0,
fz:ltj+( f2:1x] D, +( fzzjql +( fzzj r _'{Q(_t’ X, f21v le)j

f31t f3l>< f23 fss R(_tv X, f21’ f31)

=0,

o T ) +[ Fo f] - ( fPe FoucPy j .

f32t 33t fazx faax f31x P, fszx Ps

f

| J( qu (Q Q j 0

32 33 R, (t.%.0.0)

22xp2 fzaxpsj ( 22 f J[ j

32>< P, f33x Ps 32 f

g9, T fzzz f f23 f33q5 -0

L T faé f fza fszr ’

f2:2x f2l3xJ[p3j+[f22 23j(q5j+

fszx 33x P, fzz f33 I

24, fzz fzs +T; ( 1Ezz f33 + fza fsz) + 20, fsz f33j _

20, 0y frg + T (Fy Fog + Fi0 F3,) + 2 £33y

f22 f23j f_22 f_23 :(f22(07x) fZS(O’X)\J:(l 0)
fo fo)lT, ) (£200 f,0%) (0 1

X
is the RF of system (3).

ThenF =| f, + f,y+ f,,2z
fo+ fy+ f,2
Besides this, if the system (3) is 2w --periodic with re-
spect to t, then its solution (x(t), y(t), z(t)) defined on
the interval [-w,®] with initial condition (x(-w),
y(-w), z(-w)) = y is 2 w --periodic if and only if
Fl-o.2) =1
Proof. By checkout of the BR it is proved that the
function F=(x, f, + f,y+f.z f, +f,y+f,2)" s
the RF of system (3). At this moment, the Poincare map-
ping of periodic system (3) is T(x,Vy,z)= F(-a,X,Y,
z). By the previous introduction the assertions of the

present theorem is hold. The proof is finished.

Under the hypotheses of Theorem 5, the first compo-
nent of solution of system (3) is even function.

Example: Differential system
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X' = ([1—e"™ (1-x’sint))y—x’zsint,

y' =2 ycost(x’sin’ t+x* 1) -1 2¢ coste™™™ (L+sint +x°sin’t)
+Y? (3 sint—x° sin?t) + yze " (x* sin® t —2xsint),

sint

2'=1yx* coste™ (1-sint+X’sin*t) + zcost(1—x° —x° sin’ t)
—y?(x® sin* t—4x* sint)e™ —yz(3x* sint—x° sin’t)

has RF
X
F(t,x,y,z)=| e @-x*sint)y+x’zsint
—x*ysint+e " 1+ x*sint)z
Since this system is a 2 x --periodic system, and
F(-7, % Y,2)=(xY,2)", by Theorem 5, all the solutions
of the considered system defined [-7, ] are2 z --periodic.
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Abstract

The existence of nonzero solutions for a class of generalized variational inequalities is studied by fixed point
index approach for multivalued mappings in finite dimensional spaces and reflexive Banach spaces. Some
new existence theorems of nonzero solutions for this class of generalized variational inequalities are estab-

lished.

Keywords: Variational Inequality, Fixed Point Index of Multivalued Mappings, Nonzero Solution

1. Introduction

Variational inequality theory with applications are an
important part of nonlinear analysis and have been ap-
plied intensively to mechanics, differential equation,
cybernetics, quantitative economics, optimization theory
and nonlinear programming etc, [1-4].

Variational inequalities, generalized variational ine-
qualities and generalized quasivariational inequalities
were studied intensively in the last 30 years with topo-
logical method, variational method, semi-ordering me-
thod, fixed point method, minimax theorem of Ky Fan
and KKM technique [1-4]. In 1998, motivated by the
paper [5], Zhu [6] studied a system of variational ine-
qualities involving the linear operators in reflexive Ba-
nach spaces by using the coincidence degree theory due
to Mawhin [7]. Some existence results of positive solu-
tions for this system of variational inequalities in
reflexive Banach spaces were proved.

Let X be areal Banach space, X~ its dual and (-, -)

the pair between X" and X . Suppose that K is a
nonempty closed convex subset of X .
Find ueK, u#0,and weg(u) such that

(Au,v—u) > (w,v—u), YweK 1)

mapping A:K — X~ is nonlinear and

g:K—> 2¥" is a multi-valued mapping.
The existence of nonzero solutions for variational in-
equalities is an important topic of variational inequality

theory. Y. Lai [8] discussed the variational inequality (1)
when A is coercive or monotone and g is set-contractive

where

*This work was supported by The Zhejiang Provincial Natural Sci-
ence Foundation (No.Y7080068) and the Foundation of Department
of Education of Zhejiang Province (N0.20070628)
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or upper semi-continuous. K. Q. Wu et al., [9] consid-
ered the variational inequality (1) when A is sin-
gle-valued continuous and g is set-contractive.

On the other hand, recently, under some different con-
ditions, [10,11] obtained some existence theorems of
nonzero solutions for a class of generalized variational
inequalities by fixed point index approach for mul-
ti-valued mappings in reflexive Banach space.

Based on the importance of studying the existence of
nonzero solutions for variational inequalities, and motivated
and inspired by recent research works in this field, in this
paper, we discuss the existence of nonzero solutions for a
class of generalized variational inequalities as follows:

Find ue K,u=0 such that

(Au,v=u)+ j(v) - j(u)

@)
>(g(u),v—u)+(f,v-u),vwwekK

where A g:K — X" are two nonlinear mapping and
fex”.

A mapping A:X — X~ is called hemicontinuous at
X, € X if for each ye X, A(X +t,y)W Ax, when

t, —+0. A multivalued mapping T: D(T)c X — 2%
is said to be locally bounded in v if there exists a neigh-
bourhood V of X for each xe X such that the set
T(V A D(T)) isbounded in X". Suppose that K is a

closed convex subset of X with 0e K. For such K,
the recession cone rcK of K is defined by rcK =
{we X :v+weK,vweK}. It is easily seen that the

recession cone is indeed a cone and we have that
rcK £ . For a proper lower semicontinuous convex

functional j: X — Ru{oo} with j(0)=0 and j(K)c
R, =[0,+0), in the virtue of [12], the limit lim = j(tw) =
t—>+ot
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i (W) exists in Ru{ec} for every we X and s
is also a lower semicontinuous convex functional with
j,(0)=0 and with the property that j(u+v)<
Ju)+ jo(v),Yu,ve X .

Suppose that K is a closed convex subset of X
and U is an open subset of X with U, =U K #

@ . The closure and boundary of Uy relative to K
are denoted by UK and O0(Uy) respectively. Assume

that T:U, — 2% is an upper semicontinuous mapping

with nonempty compact convex values and T is also
condensing, i.e., a(T(S))<a(S) where « is the

Kuratowski measure of noncompactness on X . If
xegT(x) for xedUy), then the fixed point index,

ix (T,U), is well defined(see[13]).

Proposition 1 [13] Let K be a nonempty closed
convex subset of real Banach space X and U be an

open subset of X . Suppose that T:U, —2X is an

upper semicontinuous mapping with nonempty compact
convex values and xgT(x) for xeoUy). Then the

index, ix (T,U), has the following properties:

DIf ig(T,U)+0,then T has a fixed point;

2) For mapping xAO with constant value {x,}, if
%, €Uy, then iy (Xg,U) =1;

3) Let U,U, be two open subsets of X with
Uunu,=90.

If xeT(x) when xed((U;)x)wd(U,)¢) , then
i (T\U;0U,) =i (T\Uy) +i (T\U,) ;

4) Let H:[0,]xU, — 2X be an upper semicontinu-
ous mapping with nonempty compact convex values and
a(H([0,1]xQ)) < a(Q) whenever a(Q)+0,Q cUy .

If xegH(t,x) for every te[0,1],xedUy), then
ix (H(L-),U)=ic (H(0,),U).

For every qe X", let U(q) be the set of solutions
in K of the following variational inequality

(Au,v—u)+ j(v) - j(u)

>(gq,v-u)+(f,v-u),vwwekK @)

Define a mapping K, : X" — 2% by

Ka(@):=U(@), geX’,
Obviously, K,(q)=@ if and only if the variational
inequality (3) has no solution in K.

2. Nonzero Solutions in R"

Lemma 1 Let X be a separable reflexive Banach
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space. Suppose that A:X — X~ is a bounded mono-
tone hemicontinuous mapping (i.e., for every bounded
subset D of X, A(D) isbounded)and

j: K — (—o0,+00] is a proper convex lower semicon-
tinuous functional. Assume that there exists v, € K sat-
isfying

Iimian[(Au,u—v0)+j(u)—j(vo)]>0 4

llull—>-+0,ue

Then for any given f e X "there exists ue X such

that
(Au,v—u)+ j(v) - j(u)
>(f,v—-u), Ve X. ®)

Proof. Without loss of generality, assume that f =0,
otherwise, set j(v)= j(v)-(f,v) . Let K" ={xe X:
I xI<r}. Because X is a separable reflexive Banach
space, for given r, there exists a closed convex sets
sequences K,,,m=1,2,..., satisfying the following con-
ditions:

a) K,cKyycK''m=12;
b) K,cX,, X, is M -dimensional subspace of
X;

c) U::1Km isdensein K".

First, we shall verify that for each m, there exists
Uy, € K, such that

(Au,,v—u )+ jv)—ju,)=0,vwweK, (6)

Because X,, is a finite dimensional subspace (deno-
ted its inner product by [.,.] ), there exists a linear con-
tinuous mapping 7:X — X, such that (g,o)=
[79,®] for all weK, . Thus inequality (6) can be
written

[(-zAu+u)—u,v—u)]

< j(v)-jQ), ek, 7

Define a function J, (v): X, — (—o,+o] by
j(v), veK
In(v) = "
40, Ve X, K.
Then inequality (7) can be written
[(-7Au+u)—-u,v-u)]
<J,M)-J,u),vwekK,
which is equivalent to the equality
u="P, (-7Au+u) 9

®)

by [2,3], where P, is an approximate mapping of J,.
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Obviously, Py (-7A+1):K, - K is continuous.

According to Brouwer’s fixed point theorem [2,3], there
exists u,, € K, satisfying the equality (9), that is, up,
is a solution of the variational inequality (6).

Second, we shall verify that for each I, there exists

u, € K" such that
(Au,,v—-u,)+ j(v)—j(u,)=0,vweK" (10)

In fact, K, K" and A is a bounded mapping,

which implies that there constant C such that
Il Au,ll<Cfor m=12,.... Since X is a reflexive and

K" is weakly closed, there exists a subsequence
{u,}={u,} suchthat u, - and u, K" Because

U:ile is dense in K", for any givene >0, there

exists U, euz:le such that [l u, —upll<e. It then
follows from (6) that
(Au,,,u, —Up) < j(Ug)— j(u,). (11)
when g is sufficiently large. Thus we have
limsup(Au,,,u, —u,)
< ;im sup(Au,,,u, —uy)+limsup(Au,,,u, —u,)
" u

<limsup(j(uy)—j(u,))+C-e.

Since j is a lower semicontinuous function and ¢
is an arbitrary positive number, we have

limsup(Au,,u, —u,) <0. (12)

2

This together with A being a monotone hemicontinu-
ous mapping implies that

liminf(Au ,u —v
inf (Au,,,u, —v)

(13)
> (Au,,u, —v), Vve K",
If ve U:1 K., , it then follows from (6) that
(Au,,u, —v) < j(v)-ju,) (14)

when g is sufficiently large. It thus follows from (13)
that

(Au,,u, —v) <liminf(Au,,u, —v)
<liminf(j(v) - j(u,)) (15)
<= ju). e 7K

=1 m’

© - - -
Because U le is dense in K", the above ine-
m=
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quality holds for all ve K". therefore u, is a solution
of the variational inequality (10).

New we shall verify that the variational inequality (5)
has a solution. Taking v=v, in (10), we have

(AU, U, —Vo) + §(U,) = (%) <0 (16)
and so it then follows from condition (4) that there exists
constant C > 0 such that | u ll<C. Taking r > C then
lull<r andso u, isan inner point of B,. Thus for
any given we X, we have (1-t)u, + tw e B, by tak-
ing te(0,1) small enough. Let v=(1-t)u, +tew in
(10), then we obtain
t(Au,,o—u,)+t(j(®)- j(u,))=0
by j being a convex lower semicontinuous function.
Thus
(Au,,0—-u.)+ j(@)—j(u,) 20, Vo € X.

Therefore u, is a solution of the variational inequality
(5).

Theorem 1 Let K be a nonempty unbounded closed
convex set in X =R" with 0eK . Suppose that
X — X" is a bounded monotone hemicontinuous map-
pingwith (Au,u) >0(Vu e K)and j: K — (—o0,+x] is a
bounded proper convex lowersemicontinuous functional
with j(0)=0 (i.e., for every bounded subset D of
K, j(D) is bounded). Give a continuous mapping

g:K—> X" and feX".Assume

im (Au,u)+ j(u) _
>0 ull

a)

b) there exists constant « >0 such that

liming (Au,u) + j(u)

[lull—>+00 || u |

— > Iimsupw(u eK);
[t Il U1

c) there exists a point u, € rcK \{0} such that
(f,upg)#0

Then (2) has a nonzero solution.

Proof. It is easy to see from condition (b) and Lemma
1 that the variational inequality (3) has a solution in K

for every gqe X . Define a mapping K,g:K — 2
by
(Kag)(u) =Ka(g(u)), ueK

Then K,g is an upper semi-continuous mapping
with nonempty compact convex values by [10, Lemma
1]. Let KR ={xeK:lIxI<R}. We shall verify that
i (Kog,KR)=1for large enough R and iy (K,g,K")
=0 for small enough r.
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Firstly, define a mapping by H :[0,1]xK® — 2K,
H(t,u) =tK,(g(u)) . It is easily seen that H(t,u) isan
upper semicontinuous mapping with nonempty compact
convex values. We claim that there exists large enough
R such that ugH(t,u) for all te(0,1), uea(KR).
Otherwise, there exist two sequences {t,}.{u,}.t, €[0,1],
t, #0,Il u, Il - +oo such that

Uy € H(ty,Up) =t,KA(9(uy)) or ‘:—"eKA(g(un».

n

Thus

L LUy
(A(H)’V tn)+J(V)+J(t)

” (17)
2 (9 )V =12+ (f,v=8), Vu e K
Letting v=0 and denoting z, = ”H in (17), we
un
obtain from (17) that
u,, u U
(A(t—"), J(t—")
( ") " (18)
u
<te (2 2+ ”|)‘”(f,zn)

"llu

Denote vy, :l:—”e K. Then [l y,ll— +o .We can ob-
n

tain from (18) that

Ay, j f
( yn|| yn)HLJ(yn) <t g(uHZ I+ ||II |||L
Yn Yo (19)
|| 9(u,) I+ || fl
u, I y, I
Hence we have
lim (Au u)+ j(u) H lFgu)ll
”U”—>+°° ull* Hu\|—>+ao llul
which contradicts to condition (b). Therefore
iK (KAg! KR) = iK (H (1!')1 KR)
=i (H(0,),K") (20)
=i (0,K®)=1

by Proposition 1(4) and (2).
Secondly, we shall verify that iy (K,g,K")=0 for

small enough I (r<21). In fact, there exist constants
C,,C,,M >0 from the boundedness of j, locally

boundedness of A and condition (b) such that for all
uekK!, we have

| i(u+Up) - jU) < Cpllgu) i< C,,
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[(g(u),uy) I C, llug Il Auli< M,

(21)
[ (Au,uy) €M [y, i
Since (f,up)#0, let (f,u))<0. Take N large
enough such that
(L=N)(f,Ug) > Cy +(Cy+M)|Jug (22)

Define a mapping by H[O,l]xF—>2K,H(t,u):
KA(g(u)—tNf). Then H is an upper semi- continuous

mapping with nonempty compact convex values. We
claim that there exists a small enough r such that

ugH(t,u) forall ueo(K"),te[0,1]. Otherwise, there
exist sequences {t,},{u,}.t, €[0,1],

u, € d(K"),llu,ll—0
Ka(g(u,)—t,Nf). Thus

(AU, V=Uu,)+ j(v) - J(u,)
>(g(u,)—Nt, f,v—u)+(f,v-u,),VveK

such that u,eH(t,u,)=

Taking v=0,z, = tn_ , We have
Il up I
L (Auu)+ i(u,)
lu, | lu, Il

<(g(u,),z,)+@-t,N)(f,z,)
(Aup,up) + j(uy)
lhug, |
(9(u,),z,)+(@-t,N)(f,z,)
<lg(u,) II+@+N)If
<C,+@+N)II f 1,

Since — 400 and

we obtain a contradiction. Therefore i (K,g,K")=
i (H(0,-),K") =i, (H@,-),K") by Proposition 1 (4). If
i (H@),K")#0, then the mapping H(,):K — 2%
has a fixed point U in K"by Proposition 1(1), i.e
ue H@Lu)=K,(g(u)—Nf).

Thus

(Au,v—u)+ j(v) - j(u)
>(gu)-Nf,v-u)+(f,v-u),VveK
Taking v=u+u,, we have
(Au,up) + j(u+uy)— j(u)

(23)
> (g(u),up) +@=N)(f,up)

Hence
@-N)(f,up)
< (Au,Up) + J(u+Up) = j(u) = (g(u), up)
<M llu, 14C, +C, llu, = (C, + M) llu, I +C;
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by (21) and (23). That contradicts to (22). Therefore,
ik(HL-),K")=0 andthen iy (K,g,K")=0.

It follows from Proposition 1(3) that iy (KAQ,
KR\K")=1. Therefore there exists a fixed point

uekR \F which is a nonzero solution of (2).

3. Nonzero Solutions in Reflexive Banach
Spaces

Theorem 2 Let X be a reflexive Banach space and
K < X a nonempty unbounded closed convex set with
0eK . Suppose that A:X — X" is a bounded mono-
tone hemicontinuous mapping with (Au,u)>0 for
ueK and j:K —(-ow,+] is a bounded convex

lower semicontinuous functional with j(0) =0. Assume
that g:K — X" is continuous from the weak topology

on X to the strong topology on X*. Give feX".
The following conditions are assumed to

be satisfied

a) (f,uy)+#0 forsome u,ercK\{0};

b) there constant a>0 such that

Iim'nfM > IimsupH O (ueK);

ull->-+30 lu e+ Ml U]

c) liminf j(us)>0.
us—0

Then (2) has a nonzero solution.

Proof. It is easily seen that lim Auu)+ju) _
Il ull->0 Il ull

+o0 by the condition (c). Let F < X be a finite di-
mensional subspace containing u,. We shall show that

all conditions in Theorem 1 are satisfied on space F .
Denote Kp =KnF which is a nonempty un-

bounded closed convex set. Let j- :F — X be an in-
jective mapping and jr : X" — F” its dual mapping.
Denote  Ac = jr(A|F):F > F",gr = jr (9] Ke): Ke
— F". We know that A- = j-Ajr, gg = jr0jr . Then,
A, gg are hemicontinuous and continuous respective-

ly.
For x,%, € Kg, we have
(Ae X)) — A (X)), X = X%;)
= (Ir AC) = jr AlX). % = X,)
= (AX — AX,, Jr (% —X,))
= (AX, — AX,, % —X,) 20
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by the monotony of A. This means that A is mono-
tone. On the other hand, jrfeF and (jf,up)=
(f,jeuo) =(f,uy) #0. Similarly, we have

liminf —(AFU’U)+1J(U) > "mSUD—” 9e W)
[ llull** Ml LUl
(ueKp).

Therefore all conditions in Theorem 1 are satisfied on
space F and so there exists ugp € Kg,ug #0 such

that
(A (Ug).v—up )+ j(v) - j(ug)
> (g (Up),v—ug)+(jr fLv—ug), W eK;
It yields that
(A(UE),V=Ug) + §(V) - j(Ug)
>(g(ug),v—ug)+(f,v—u.),Vve K.
Taking v=0, we get
(Aug,ug)+ j(ug) < (g(ug),ug )+ (f,ug) . Hence

(Auz U0+ () gl If 1
Iy, [ o, I TTu, I

This together with condition (b) implies that there ex-
ists a constant M > 0 such that |l ugll<M for all finite
dimensional subspace F containing u,. Since X is
reflexive and K is weakly closed, with a similar argu-
ment to that in the proof of Theorem 2 in [10] (also see
[8]), we shall show that there exists u'e K such that
for every finite dimensional subspace F containing
Ug,U"is in the weak closure of the set Ve = U {ur}

Fck
where F; is a finite dimensional subspace in X .

In fact, since Vi is bounded, we know that (V)"

(the weak closure of the set Vi) is weakly compact.
On the other hand, let F! F? ..., F™be finite dimen-
sional subspaces containing u, . Define F™ ==
span{F*,F2,...,F™}. Then F™ containing u, is a finite
dimgnsional sunk])space. Hence,

(Vo= NUp= | w322 . then
i=1 i=1 Fich FMcR
ﬂw + (- That is to say, there exists u’e K such
thFat for every finite dimensional subspace F contain-
ing u,, u'is in the weak closure of the set

Ve :Upca{ua}'
Now let ve K and F’a finite dimensional subspace
of X which contains u, and V. Since u’ belongs to
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the weak closure of the set Vg = U {ug}. We may
F'ck

find a sequence {y_ 3} in Ve such that ug —u’.

However, Ug

a

(Au, v =Ug )+ J(v) - j(ur,)
2(g(ug ), v—ue )+(f,v-ug)
The monotony of A implies that
(Av,v—ug )+ (V) - j(ug)

2(g(UF“),V—UFa)+(f,V—UFa)

satisfies the following inequality

(24)

Letting ug lu’ yields that
(Av,v—u')+ j(v) = j(u)
>(gu),v-u)+(f,v-u'),vwekK
Thus
(AU",v=u')+ j(v) - j(u)
>(gu"),v-u)+(f,v-u"),vveK
by Minty’s Theorem [2,3]. We claim that u'#0.
w
Otherwise, ug —0.Taking v =0 in (24) yields that

j(uFa)S_(AuF,Z 'UFH)"‘(g(uFa)-uFﬂ)"'(fqua)
<(g(ug ) )+ (f,ug)

The right side of the above inequality tends to 0,
which contradicts to the condition (c). Therefore U’ is
a nonzero solution of (2).
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