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Abstract

Multiple-input multiple-output (MIMO) radar has been receiving increasing attention in re-
cent years due to the dramatic advantages offered by MIMO systems in communications. The
amount of energy reflected from a common radar target varies considerably with the observa-
tion angle, and these scintillations may cause signal fading which severely degrades the perfor-
mance of conventional radars. MIMO radar with widely spaced antennas is able to view several
aspects of a target simultaneously, which realizes a spatial diversity gain to overcome the target
scintillation problem, leading to significantly enhanced system performance. Building on the

initial studies presented in the literature, MIMO radar is investigated in detail in this thesis.

First of all, a finite scatterers model is proposed, based on which the target detection perfor-
mance of a MIMO radar system with arbitrary array-target configurations is evaluated and
analyzed. A MIMO radar involving a realistic target is also set up, whose simulation results
corroborate the conclusions drawn based on theoretical target models, validating in a practical
setting the improvements in detection performance brought in by the MIMO radar configura-

tion.

Next, a hybrid bistatic radar is introduced, which combines the phased-array and MIMO radar
configurations to take advantage of both coherent processing gain and spatial diversity gain
simultaneously. The target detection performance is first assessed, followed by the evaluation
of the direction finding performance, i.e., performance of estimating angle of arrival as well
as angel of departure. The presented theoretical expressions can be used to select the best

architecture for a radar system, particularly when the total number of antennas is fixed.

Finally, a novel two phase radar scheme involving signal retransmission is studied. It is based
on the time-reversal (TR) detection and is investigated to improve the detection performance
of a wideband MIMO radar or sonar system. Three detectors demanding various amounts
of a priori information are developed, whose performance is evaluated and compared. Three
schemes are proposed to design the retransmitted waveform with constraints on the transmitted

signal power, further enhancing the detection performance with respect to the TR approach.
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Chapter 1
Introduction

This thesis is devoted to the MIMO radar system taking advantage of spatial diversity gain. In
this introductory chapter, the origin and motivation of this work will be provided in Section 1.1.
Then Section 1.2 will summarize the objectives and main contributions of this thesis. Finally,

an overview of the organisation of the remaining chapters will be presented in Section 1.3.

1.1 Introduction and Motivation

The term RADAR was originally an acronym for “RAdio Detection And Ranging” coined in
1941, and has become a standard English word today. The basic principle of a radar system
is to transmit an electro-magnetic (EM) signal into space and receive echo signals reflected by
targets, which are carefully processed to provide information about them. Early radar was de-
veloped at a rapid pace driven by military demands, but after World War II, radar has been used
for diverse civilian purposes as well. The wide range of radar applications and developments
in the signal processing domain stimulate radar researchers to design and implement more and

more sophisticated radar systems in order to meet the increasing accuracy requirements.

In recent years, a concept termed multiple-input multiple-output (MIMO) radar has been at-
tracting increasing attention, which was motivated by intensive research on MIMO wireless
communications since 1990s. This is not surprising due to the fundamental similarity between
communication systems and radar in that they both utilize antennas to transmit and receive
EM signals. There is no explicit definition of MIMO radar as many different research groups
have tackled MIMO radar problems from various perspectives. MIMO radar can be broadly
defined as a radar system deploying multiple antennas to simultaneously transmit arbitrary
waveforms and utilizing multiple antennas to receive signals which are then processed jointly.
Researchers in this field have demonstrated considerable potential gains from MIMO radar in
scintillation mitigation, resolution enhancement, and interference suppression, efc. By fully

exploiting these benefits, MIMO radar is capable of significantly improving target detection,
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parameter estimation, tracking and recognition performance compared with its conventional

phased-array counterpart [1].

Motivated by breakthroughs in communications theory, one important notion of MIMO radar is
proposed by Fishler ef al. in [3] that the system performance can be dramatically enhanced by
taking advantage of the spatial diversity gain provided by the array-target configuration. More
specifically, such a gain is determined by the interelement spacing of the antenna array, the
size of the target, and the distance between the antenna array and the target. Spatial diversity
gain is one of the two major benefits realized by MIMO communication systems, and it is of-
ten achieved by transmitting the same signal through different sub-channels and combining the
information at the receiver. Diversity gain is used to combat channel fading and thus enhance
the link reliability of the system [4,5]. The same idea can be exploited in radar scenarios. It has
long been understood that common radar targets are complex bodies, and large scintillations in
the amount of energy reflected by a complex target can occur with only very small changes in
the illuminating direction. The antennas of MIMO radar are widely separated such that different
antennas observe different aspects of the target, and the target returns resulting from indepen-
dent illuminations are combined together leading to a spatial diversity gain. This is similar to
that obtained in the communication systems when the data is transmitted through independent
channels. The underlying idea of diversity gain in MIMO radar is that any individual view of
the target might have a small return with a significant probability, but by increasing the number
of look directions, the probability that all directions have small returns can be very low [6]. The
target deep fading or scintillation problem, which severely degrades the performance of con-
ventional radars whose antennas are closely spaced, is overcome by taking advantage of spatial
diversity gain, leading to a significantly enhanced target detection and parameter estimation

performance of MIMO radar [7-10].

The MIMO model presented in the literature can only be adopted in radar systems with extreme
configurations, and it is derived based on assumptions which may be not realistic in practice.
In order to investigate performance of radar systems with arbitrary configurations, a new model
has to be considered. In addition, since different configurations yield distinct system perfor-
mance results, an immediate question “What is the best architecture for a radar system when
the number of antennas is fixed?”” needs to be answered. Moreover, for a radar system with a
specified configuration, it is obvious that waveform design is a crucial problem as the choices

of transmitted signals affect system performance considerably. The superiority of MIMO radar
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and the questions mentioned above inspired the work documented in this thesis.

1.2 Objectives and Contributions of the Thesis

1.2.1 Objectives

The objective of the work presented in this thesis is to investigate the performance of a MIMO
radar system taking advantage of spatial diversity gain. It aims to find out the effects that dif-
ferent configurations of a MIMO radar system have on detecting both theoretical and realistic
targets. The next purpose is to seek the best architecture for a radar system with a fixed num-
ber of antennas, taking into account both target detection and direction finding performance.
Finally, this work also aims to provide waveform and detector design schemes for a MIMO

system to enhance target detection performance.

1.2.2 Contributions

The main contributions of this thesis can be summarized as follows:

o A finite scatterers model is introduced to solve the problem that the existing idealized
statistical model proposed for MIMO radar can only be adopted in extreme scenarios. A
closed form formula is derived to calculate the theoretical probability of detection for a
MIMO radar having an arbitrary array-target configuration. This theoretical result makes
it possible to predict the actual MIMO radar performance before implementing expensive

experiments and avoiding time consuming simulations.

e Based on the finite scatterers model, a MIMO radar system is set up involving a realistic
target which is a life-size land vehicle. The target detection performance of the system
with different configurations is simulated, and the numerical results corroborate previous
conclusions drawn based on theoretical and mathematical target models, validating in a
practical setting the improvements in detection performance available from MIMO radar
configurations. To the author’s knowledge, this is the first effort of its kind in the open

literature.

o A hybrid bistatic radar is introduced, which combines the phased-array and MIMO con-

figurations to simultaneously take advantage of both coherent processing gain and spatial
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diversity gain. This hybrid radar is a general system model and it can be utilized to de-
scribe various practical radar configurations, including the MIMO and phased-array con-
figurations as special and extreme cases. Theoretical expressions are derived to evaluate
both the target detection and direction finding performance of a hybrid radar, which can
be used to select the best architecture for a given specific scenario, particularly when the

total number of antennas is fixed.

e A modified detection process based on time-reversal (TR) detection, an approach to im-
prove the detection performance of a radar system, is explored to overcome the latter’s
limitations. Three detectors requiring different amounts of a priori information are de-
veloped, whose theoretical thresholds and probabilities of detection are derived. Three
schemes are proposed to design the retransmitted waveform with constraints on the trans-
mitted signal power, further enhancing the system detection performance significantly

compared with the TR approach.

1.3 Organisation of the Thesis

The rest of the thesis is organised as follows:

Chapter 2 presents the general principles and background knowledge related to the topic of
this thesis. It starts with an introduction to the key components of a radar system, followed
by a brief review of conventional radars employing multiple antennas. Then important signal
processing approaches addressing the target detection and direction finding problems are dis-
cussed. After reviewing the current state of MIMO radar research, the time-reversal technique

and its applications in radar for target detection are also discussed.

Chapter 3 evaluates the target detection performance of a MIMO radar system having an ar-
bitrary array-target configuration. After a short discussion of the statistical MIMO model and
its limitations, a finite scatterers model is introduced. MIMO radar with a theoretical target
is then examined, and a closed form formula to calculate the theoretical probability of detec-
tion for such a system is derived, following which the analysis of two extreme channel models
and simplified expressions of the formula for two special cases are provided. Finally, MIMO
radar involving a realistic target is set up by using the data collected from previous research on
target modelling, and the detection performance of the system with different configurations is

simulated.
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Chapter 4 studies a hybrid bistatic radar which combines the phased-array and MIMO configu-
rations, providing a balance between coherent processing gain and spatial diversity gain. This
chapter starts with the description of the hybrid radar configuration, along with its channel and
signal models. Next, a closed form expression is derived to assess the theoretical probability
of detection for different configurations of the hybrid radar system. In the end, the perfor-
mance of the radar as a direction finding system is evaluated. An initialization process is first
described, during which the angle of departure (AoD) is estimated. Then the angle of arrival
(AoA) estimation is considered when the true AoD, or the estimated AoD obtained during the
initialization stage is known at the transmitter, and for the latter, the effect the estimation error

in AoD has on finding AoA is measured.

Chapter 5 investigates a MIMO detection process developed based on the time-reversal (TR)
detection proposed in the literature to enhance radar target detection performance. Three de-
tectors demanding different amounts of a priori information are discussed, whose theoretical
thresholds and probabilities of detection are derived. Then, with constraints on transmitted sig-
nal power, three schemes are proposed to design the retransmitted waveform based on the noisy
estimated channel and a parameter indicating the quality of the estimation. Lastly, a compari-
son of the performance of various detectors is done, followed by a comparison drawn between

different waveform design schemes and the TR approach.

Chapter 6 summarises the whole thesis and states possible directions of future research.



Chapter 2
Background

In this chapter, we will present a discussion of some fundamental principles of radar required
for this project, and a review of the work done by the research community in the emerging field
of MIMO radar. The content of this chapter provides the reader with a basic background of
the current work and will be frequently referred to in the rest of the thesis. This chapter will
divide into two main parts, dealing separately with conventional and recently developed radars
respectively. In the first part, some key concepts of a radar system will firstly be described,
followed by an introduction to conventional radars utilizing multiple antennas as well as long-
familiar approaches for target detection and direction finding problems. The second part will
cover two new schemes that have appeared in the radar community, MIMO radar and the radar

time-reversal technique, which can provide improved performance over conventional radars.

2.1 Basic Background of Radar

In this section, we will introduce some basic concepts of radar systems and briefly discuss three
conventional multiple antenna radars. More details can be found in some classic textbooks, such

as [11].

2.1.1 Tasks of Radar

The underlying concept of radar systems is that the transmitter emits electro-magnetic (EM)
signals into an environment and the receiver collects the echoes reflected from objects. The
reflected signals are then appropriately processed in order to detect the presence of targets
and/or to extract as much information about the targets as possible. Early radar was devel-
oped for military applications such as surveillance of hostile targets and control of weapons to
guide missiles and fighter aircraft. However, radar now has been widely employed for civil-
ian applications including air traffic control, police detection of speeding traffic, marine and
air navigation, detection and tracking of weather disturbances, efc. [11, 12]. Regardless of the

broad ranges of applications, the two basic tasks of radar are:
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Detection of the presence of reflecting targets, which is the most fundamental function of a
radar system. To accomplish this task, an EM waveform is transmitted and it will be
reflected by targets if they are present. The function of a detector is to decide whether
the received signal is the reflected echo in noise (targets exist) or noise only (no target).
If targets are detected, one may be interested in determining their characteristics, which

leads to the second task of radar.

Extraction of information about targets from the received signals. The radar receiver measures
the echoes reflected by the target, and several parameters of the target can be estimated
by observing a series of measurements as a function of position, time, and frequency.
Some of the most important parameters of a target being illuminated by a radar system

are [11]:

e Range: Range is the distance between the radar system and the target. One ap-
proach to estimate the range is to transmit a short pulse and measure the time dif-
ference between the transmission and the reception of the echo signal. Another
method is to transmit a chirp whose frequency changes with time, and then mea-
sure the difference in frequency by comparing the frequency of the received signal
to the one currently being emitted, which gives the time difference and thus the

range.

e Angle: The angle information, such as angle of arrival (AoA), indicates the direc-
tion of the target with respect to the radar system, and it specifies the exact target
location when combined together with the range. The target direction finding prob-
lem is usually solved by processing the signals impinging on an antenna array, i.e.,

spatial samples of the echo signal reflected by the target.

e Velocity: Measuring the velocity of targets is the main objective of several radar
systems, such as the police speed radar. The velocity information is also used in
a moving target indication (MTI) radar to separate the moving target echoes from
the stationary clutter, and the latter is unwanted and can be very strong in many
cases. The target motion relative to the radar system results in the Doppler effect,
i.e., frequency shift in the echo signal. The Doppler frequency can be estimated

from the received echoes and consequently the velocity can be known.

Before we proceed to introduce the signal processing algorithms for target detection and pa-

rameter estimation, important properties of radar targets and sources of interference in radar
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systems will be discussed first.

2.1.2 Radar Cross Section of Target

Scattering occurs when a target is illuminated by an EM wave, causing the incident energy to
be re-radiated (scattered) in many different directions away from the target. The amount of
energy scattered in the direction of the receiver is of chief interest in radar since it indicates
how detectable the target is, and it is characterized by the target’s radar cross section (RCS).
The RCS of a target is the required area of a hypothetical perfectly reflecting sphere at the
target location, such that the power actually received at the receiver is produced. The perfectly
reflecting sphere means that it scatters the incident power isotropically. Scattering, and hence
the RCS, depends on a large number of properties of both the target and the illuminating EM
wave, including the material and absolute size of the target, target size relative to the wavelength
of the EM wave, the incident angle and reflected angle, distance between the target and the

transmitter and receiver, etc. [13].

Common types of radar targets such as aircraft, ships, and terrain, are complex bodies composed
of many scatterers, and their RCS are complicated functions of the viewing aspect, the radar
frequency, and also the range. Both experimental measurements and modelling simulations
demonstrate that a small change in the target aspect of only a fraction of a degree may lead
to scintillations of 15dB or more in the reflected energy [11]. In order to properly assess the
effects of these scintillations, the RCS of a complex target is best described by an appropriate
statistical model which is chosen according to assumptions about the nature of the target. There
are several widely adopted statistical RCS models, for example, the Chi-square target model,

the classical Swerling I - Swerling IV models, the Rice target model, efc. [12,14].

2.1.3 Interference

Information about a target is carried by the signal reflected from the target which always ex-
periences interference by undesired signals, degrading the system performance. Interference in

radar has long been deeply studied and it can be divided into the following three categories:

Noise: Noise may be generated by internal sources such as electronic devices in the radar

receiver, and/or by external sources like the background environment surrounding the
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target and the receiver. Noise is always present and normally modelled as a random

addition to the desired echo signal.

Clutter: Clutter is defined as unwanted radar echos, including reflections from ground, sea,
clouds, rain, snow flakes, trees, birds, insects, and man-made structures, efc. [15]. It is an
important task of the radar to distinguish clutter from the echo signals reflected by targets,
and clutter sources in certain radar applications can be targets in other circumstances.
Clutter is viewed as a passive interference since it is a response to the signals transmitted
by the radar. In some scenarios, clutter could be so strong that the targets are difficult
or even impossible to be detected. The modelling of clutter has been investigated in
depth because a proper model is essential in clutter suppression, and there are several
widely adopted statistical models fitting reality quite well, such as the Gaussian, Weibull,

noncentral Chi-square, Log-normal, and K-distributed models [12,16-18].

Jamming: Jamming arises from signals emitted by intentional hostile sources or unintentional
friendly sources which use the same frequency range as the radar does. Jamming is
considered as an active interference since it is transmitted by devices outside the radar
and is generally independent of the radar signals. Jamming can severely degrade the
usefulness of a radar by either masking real targets with high power noise (confusion), or

producing false signals which appear as echoes from real targets (deception) [11].

2.1.4 Radar vs. Sonar

Although this thesis mainly focuses on radar, we notice that the underlying mathematical theo-
ries of radar and sonar are very similar. Thus, we briefly discuss the similarities and differences

between these two remote sensing systems in this section.

Similar to the word radar, the term SONAR was originally an acronym for “SOund Navigation
And Ranging”, and has become a standard English word today. Working in the same way as a
radar does, a sonar system transmits acoustic waves into an environment (usually underwater)
from projectors, and then the echoes reflected from targets are received by hydrophones. The
device being able to both transmit and receive acoustic signals is called a transducer, which is
commonly utilized in sonar systems. The basic tasks of sonar are the same as that of radar: to
detect the presence of targets and to extract information about targets from the received waves.

In the sonar community, the energy reflected from a target is described by the target strength,
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which, similar to the RCS of a radar target, is a function of the target size, material, and shape,
etc. [19]. The performance of sonar is also degraded because of noise and interference. Possible
noise sources are waves on the surface of the ocean, shipping traffic, sea-life such as shrimp,
whales, and dolphins, the electronic devices in the receiver and so on [20]. Similar to clutter
in radar, reverberation affects sonar performance significantly. Reverberation is defined as
undesired received echoes due to scattering from objects in the sea, the bottom and surface of

the ocean, efc., and it is a response to the acoustic signals emitted by the sonar.

The fundamental difference between radar and sonar is the type of transmitted signal and prop-
agation medium. Radar sends out EM waves propagating in air while sonar emits acoustic
waves normally in water. This is because EM waves are severely attenuated underwater, while
acoustic signals can penetrate water more easily. Hence, radar signals travel at a constant speed
3 x 10® meters per second, while sonar waves propagate at various velocities depending on the
medium they are traveling through. The speed of acoustic waves in water is approximately 1500
meter per second, and it is no longer a constant value but a function of water temperature, salin-
ity, and pressure (or ocean depth) [21]. This speed fluctuation makes the propagation of sonar
signals very complicated and may lead to waveform distortion. Another difference between
them is the operating frequency. The frequencies of radar systems are typically on the order of
1 GHz, while sonar systems operate at much lower frequencies, i.e., less than 500kHz [22]. A
low frequency is utilized in sonar because the absorption of acoustics strongly depends on fre-
quency, and the higher the frequency, the greater the absorption, and thus the higher the sound
attenuation for a given distance. We emphasize here that although in essence the mathematical
expressions presented in this thesis can be used for both radar and sonar systems due to their
similar underlying theories, Chapter 3 and Chapter 4 are more based on radar scenarios, while

Chapter 5 is more suited to sonar environments.

2.1.5 Conventional Multiple Antenna Radars

Due to the presence of interference, some tasks of a radar may not be accomplished satisfac-
torily by a single antenna, and one solution is to employ an antenna array at the radar receiver
and/or transmitter. Radar array processing has been a topic of intensive research and developed
considerably for many years, and we will discuss three conventional multiple antenna radar
systems in this section. Notice here that the antenna elements can be arranged in many ways

to construct a linear, planar, or volumetric array, and the interelement spacings can be uniform,
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non-uniform, or random [23]. In this thesis, we mainly consider the most widely known con-
figuration, the uniform linear array (ULA), whose antenna elements are equally spaced along
a straight line and are assumed to be omnidirectional. However, other typical array configura-
tions can also be adopted in principle, such as circular arrays, parallel linear arrays, and arrays
with three linear arms spaced at 120° with a common center [23]. Note here that, strictly speak-
ing, the configuration considered in Chapter 4 is not an ULA but a linear array with unequal

spacings.

2.1.5.1 Conventional Phased-Array Radar

A ULA is often employed at the receiver in the conventional phased-array radar, and it can also
be used at the transmitter if the radar is active. We will discuss the processing at the receiver
in this section, the transmission processing is very similar. As depicted in Figure 2.1, an N-
element ULA with interelement spacing d is illuminated by a target located in the far field
whose direction is specified by the angle ® with respect to the perpendicular direction to the
array. The far field assumption implies that the distance between the target and the receiver is
much larger than the dimension of the antenna array such that a plane wave impinging on the
array in the target direction ® should be considered. We further assume that all the signals are
narrowband, i.e., the bandwidth of the incident wave is much smaller than the carrier frequency
fe. Attime ¢, the antennas of the array spatially sample the received signal at different locations

and the array outputs can be given by an N x 1 vector:

r(t) = so(t) - (D) + n(t)

(P) = [1 exp{mdsm@} exp{wm@}r @.1)

where the superscript 7" denotes the matrix transpose, so(t) is the value of the signal arriving
at the first antenna element which is viewed as a reference point, \. is the wavelength of the
signal, and the N x 1 vector n(t) is the additive noise at all the antennas. ¥(®) isan N x 1
vector, which is usually referred to as the steering vector of the array in the direction ®, and ®
is normally known as the angle of arrival (AoA). It is clear that the signals arriving at different
antennas are the same except the phase terms exp {7 2mhd Gin <I>} k=0,1,....N — 1, which

arise due to different propagating distances to the antennas, i.e., the spatial delays with respect

11
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to the reference point (Antenna Element 1) illustrated in Figure 2.1.

(N-1dEn® )
Spatial  /
delay /

Antenna Antenna Antenna Antenna
Element 1 Element2 Element3 Element N

Figure 2.1: Plane wave impinging on an uniform linear array (ULA)

The receiver employs a beamformer to linearly combine the received signals with different
weighting coefficients, and information about the target will be extracted based on the output

of the beamformer which is given by:

z(t) = whr(t) = so(t) - w ¥ (®) + win(t)

N j(k—1)2rd . N
=so(t) - > wiexp {T sm<I>} + > wing(t)
k=1 k=1

2.2)

where the superscripts * and H stand for the complex conjugate and conjugate transpose oper-
ation, respectively. The scalar wy, is the k-th entry of the N x 1 vector w and it is the weighting
coefficient corresponding to the k-th antenna, and ng(¢) is the k-th element of the noise vector
n(t). The beampattern is the power of the beamformer output as a function of the direction

along which it is measured and it can be defined as [24]:

B(®) = |[wh ()|’

= wiw ()l (d)w (2.3)

where ||-|| represents the Euclidean norm. We show the beampattern of a conventional beam-

12
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former which coheres a beam toward the direction ®; = 0° in Figure 2.2 as an example, and the
arrays adopted are standard ULAs (interelement spacing d = %) with 2, 4, 6, and 8 antennas.
From Figure 2.2, we find that the more the antennas, the larger the array length, and thus, the
higher the peak power and the narrower the beam. Observing (2.3) and Figure 2.2, it is clear
that a beamformer has various gains for signals from different directions. Therefore, one can
detect a target in the direction @4 by adopting a beamformer whose beampattern has large
value at that angle, or cancel an interference from a certain angle by utilizing a beamformer
having small beampattern in that direction. From (2.3), we know that a beamformer is able to
produce a desired beampattern by controlling the weighting coefficients wy. In the conventional
phased-array radar, the weighting vector is chosen as w = W(®y), i.e., the beamformer coheres
a beam toward the direction of interest ®q. If the beam angle ®( equals the target angle ®, then
a coherent processing gain w W(®) = N can be realized. Since the weighting coefficients
can be changed electronically, the conventional phased-array radar essentially realizes a radar

with a directional antenna without any costly mechanical operations.

20
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Figure 2.2: The beampattern of a conventional beamformer aimed at 0°, and the arrays are
standard N -element ULAs (interelement spacing d = % ) with different numbers
of antennas N

The angle ® is normally restricted to the range [—7/2, /2], i.e., only the wave propagating
over the forward half of the antenna is considered [11]. Further define 8 = % sin ® which is

termed the electrical angle, and the beampattern can be rewritten as

13
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2 2

B(®) =

= (2.4)

N . N

—1)2
g wZeXp{Wsinq)} E wiexp{j(k—1)0}
k=1 ¢ k=1

If the value of 6 lies outside the range [—m, 7|, then there will be multiple values of ® corre-
sponding to the same #, making it impossible to find the direction unambiguously. This spatial
aliasing effect happens when the interelement spacing is larger than the half-wavelength %
Therefore, we typically choose d = % such that 0 = % sin® = wsin® € [—7, 7|, ensuring

no aliasing exists in the beampattern.

2.1.5.2 Adaptive Array Radar

The conventional phased-array radar maximizes the output power for signals from a certain di-
rection by utilizing a beamformer whose weighting coefficients are fixed and determined only
by the locations of the antenna elements and the direction of interest [25]. The performance
of this radar can be significantly degraded by strong directional interference, and thereby, an
adaptive array radar is proposed. It adopts an adaptive beamformer which can adjust its weight-
ing coefficients based on some optimality criterion which depends on the characteristics of the
scene being observed, such as the target and clutter statistics. One simple example of the design
criterion is to maximize the signal to noise ratio (SNR) [26]. Assume that the received array
data is the sum of the desired signal component s and the unwanted noise component n, whose
covariance matrices are Cg and Cy,, respectively. The goal of this adaptive beamformer is to

find the weighting vector w which maximizes the SNR, that is,

wH Cyw
_— 2.
s wiC,w 25)

Solving the above optimization problem yields the optimal weighting vector w,,,; which is the
eigenvector of the matrix C;'Cg corresponding to the largest eigenvalue. Here C' denotes

the matrix inverse of C,,.

The adaptive beamformer has long been studied and there are a large number of techniques

[26-29], but the most well known is the linearly constrained minimum variance (LCMV) beam-
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former proposed by Frost [30]. This algorithm minimizes the output power of the beamformer
while constraining the responses of the beamformer to signals from directions of interest equal

to specific values, which can be expressed as below:

min w C,w st.REw =f (2.6)

w

where C; is the covariance matrix of the signals received by the antenna array, and the columns
of the matrix R are the steering vectors of the array corresponding to the directions of interest
and the entries of the vector f specify the desired responses. The above constraint optimization

problem can be solved by the method of Lagrange multipliers as follows:

wopt = C;'R(RAC'R)7!f (2.7

For the special case of R = ¥(®g) and f = 1, the above solution is the well known minimum
variance distortionless response (MVDR) beamformer first derived by Capon in [31]. The
steering vector W (®dy) is defined in (2.1) and the angle ® is the direction of the target. The
MVDR beamformer avoids desired signal distortion in amplitude or phase while suppressing

the unwanted interference.

Several adaptive algorithms have been developed for efficient implementation of adaptive beam-
formers [24, 30, 32], reducing the computational complexity which is primarily due to a matrix
inversion operation. However, these algorithms require a large number of samples to reach the
steady-state behavior when the number of antennas is large. An efficient technique to solve such
a problem is reduced-rank adaptive filtering, and several algorithms were proposed [33—42].
The reduced-rank algorithm projects the received data vector onto a lower-dimensional sub-
space and performs the optimization within it, reducing the number of adaptive coefficients and

extracting the most important characteristics of the processed data.
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2.1.5.3 Multistatic Radar

A multistatic radar, also termed as a multisite or a netted radar, consists of several transmitters
and receivers whose locations are sparsely separated such that different aspects of a target can
be viewed simultaneously, bringing in a spatial diversity gain. Each of the possible transmitter-
receiver pairs works just as an individual radar, which is capable of accomplishing target de-
tection and/or estimation. The outcomes of the local processing are then delivered to a central
processor through a communication link [43]. The central processor jointly fuses the outputs
coming from all the transmitter-receiver pairs and provides a global result [44—46]. A statistical
MIMO radar, which will be introduced in Section 2.3.1, can be viewed as a form of multistatic
radar in a sense, but there are some differences between them. A statistical MIMO radar pro-
cesses the signals picked up by all the receivers jointly, while the multistatic radar handles the
received signals by a two-step approach including local processing in the initial stage and a

decision fusion in the second stage.

2.2 Basic Review of Radar Signal Processing

Having introduced some basic concepts of a radar, this section will proceed to discuss basic
approaches for the radar target detection and the direction finding problem, and more advanced

methods developed recently will be deferred to the next section.

2.2.1 Target Detection Approach

The target detection problem in radar is to decide whether the received signals contain both the

desired signal and noise or simply noise only, which can be described as follows:

n Ho
r— (2.8)

s+n H;

where r, s, and n represent the observed signals, the desired signals, and the noise, respectively.
The alternate hypothesis H1 and null hypothesis H, are that the target does or does not exist,
respectively. Our goal is to find an appropriate function of the observed data and make the

detection decision by comparing the value of the function with a pre-determined value, hoping
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that the decision is correct most of the time. The detection process is usually expressed as

T(r) 7 2.9)

where the function of the data T'(r) is termed as the test statistic or the detection rule and
n is called the threshold. As shown in Table 2.1, four events are possible, two of which are
erroneous and thereby unwanted. Since the noise, and thus the observed signals, are always
assumed to be random variables, the performance of a target detector is commonly assessed by
evaluating the possibilities the events would happen. Notice here that the observed signals r are
assumed to be discrete samples, while in reality we normally observe continuous waveforms.
The conversion can be easily done by a pre-processing, e.g., matched-filtering the observed
waveforms followed by appropriate sampling. The values of interest are the probability of false
alarm Prypa (decide a target is present when it is not) and the probability of missed detection
Pryvp (decide no target exists when it does), and both error probabilities are expected to be as
small as possible. Notice here that evaluating Pryp is equivalent to calculating the probability

of detection Prp since their sum is always equal to one.

Ho: No target ‘H1: Target Exists
Decide No Target Correct Type II Error (Missed Detection)
(T<’I’}) Pryp :PT(T<77|H1)
Decide Target Exists | Type I Error (False Alarm) Correct
(T >n) Prpa = Pr(T > n|Ho) | Prp =Pr(T > n|H1) =1 —Prup

Table 2.1: Decisions and probabilities of interest in target detection

It is obvious that both error probabilities depend on the value of the threshold n, and as illus-
trated in Figure 2.3, increasing the threshold 7 can reduce Prpa but enlarging Pryp, while
Pryvp can be decreased by reducing 7 at the expense of increasing Prpa. Reducing both error
probabilities simultaneously is impossible and there is a trade-off between them when choosing
the threshold [47]. A common approach is to select the threshold 7 such that the probability of
false alarm is fixed at a required value, and such a detector is referred to as constant false alarm
rate (CFAR) detector. Recalling the definition Prpy = Pr(7T > n| Hy), it is clear that the test
statistic 7" has to be known in order to determine 7 from the value of Prpy. We emphasize

here that the test statistic is a function of the observed data and different choices of function
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will lead to distinct detection performance results. We will next introduce several widely used

approaches.
PDR(T| ) PDF(T|™,)
\ /

I

I

|
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I
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Target Threshold Target Exists
Probability of

Missed Detection
Figure 2.3: Decision regions and Error probabilities

The most classical approach is based on the Neyman-Pearson theorem, which states that for a
given probability of false alarm Prya, the detector maximizing the probability of detection Prp

(equivalent to minimizing the probability of missed detection Pryip) is [47]

PDF(r|H;) >™

Tipr(r) = =775 (2.10)
1() PDF(r|Ho) <,
where the threshold 7 is determined from
Prpa = Pr(T > n| Ho) @11

= [,"° PDF(T| Ho)dT = [(yp(eysyy PDF (x| Ho)dr

r)>n}
where PDF(r|H;) and PDF(r| H() denote the probability density function (PDF) of the ob-
served data r under the alternate hypothesis 7; and null hypothesis Hg, respectively. The test
(2.10) is referred to as the likelihood ratio test (LRT). The LRT detector requires complete
knowledge of the PDFs of the observed data under both hypotheses, which are not always pos-

sible in realistic scenarios. When unknown parameters exist in one or both PDFs, there are two
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major approaches addressing the problem based on the LRT: the generalized likelihood ratio

test (GLRT) and the Bayesian approach.

The GLRT views the unknown parameters as deterministic and replaces the unknowns by their

maximum likelihood estimates (MLEs), which can be expressed as below [47]:

. H
Tairr(r) = PDF (r| ql’Hl) n (2.12)
PDF(r|@, Ho) <,

where 61 and 0 denote the unknown parameters included in PDFs under H; and H, respec-
tively. 0, is the MLE of 6; under H; (maximizes PDF(r|6;,H;)), and PDF(r|0;, H;) is the
PDF of the data r under 7; when 0, is known, where 7 = 0 or 1.

The Bayesian approach assumes that the unknown parameters 6 and 6; are random vectors

with known prior PDFs PDF(6,) and PDF (6 ), respectively, and the detector is given by [47]

_ PDF(r|H:1) _ [PDF(r|6;,H,)PDF(6;)d6; >
PDF(I‘| Ho) fPDF(I“ Bo,Hl)PDF(go)dOO <H0

TrLrT(T) n (2.13)

The Bayesian approach has the same optimality as the Neyman-Pearson test since the uncondi-
tional PDFs PDF(r| H() and PDF(r|H1) no longer depend on the unknowns after the inte-
grations. However, the multidimensional integration is always impossible to calculate in closed
form, and it can be difficult to select proper prior PDFs for the unknown parameters. The GLRT
is a practical approach when unknown parameters exist by virtue of its ease of implementation

in realistic scenarios, although it cannot be claimed to be optimal in any sense.

2.2.2 Direction Finding Techniques

One of the most important parameters of a target is its direction with respect to the radar re-
ceiver, i.e., AoA discussed in Section 2.1.5.1. A large number of techniques have been devel-
oped for AoA estimation and some of the most popular algorithms will be discussed in this

section. As in Section 2.1.5.1, we focus our attention on the scenario that narrowband signals
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impinge on an antenna array. Notice that only a single target is assumed to be present in (2.1),
but here we extend that to the multiple targets case so that the signals received by the antenna

array can be expressed by an NV x 1 vector as below:

r(t) = Os(t) + n(t) (2.14)

where the K X 1 vector s(t) contains the signals impinging on the array from the K targets and
the N x 1 vector n(t) includes the additive white Gaussian noise received at each antenna. The
k-th column of the N x K matrix O is the steering vector of the antenna array corresponding

to the k-th target, which is given by

T
V(D) =| 1 exp{jmsin®} --- exp{jm(N —1)sin ®;} (2.15)

Here &, is the AoA of the k-th target and the antenna array is assumed to be an /V-element
ULA as shown in Figure 2.1 with interelement spacing d = % Note that K has to be smaller

than V. The covariance matrix of r(¢) is the basis of many algorithms, which is defined as

C.=E{r(t)r’(t)} = ©C,0" + 021y (2.16)

where the K x K matrix Cg is the covariance matrix of the signal vector s(¢) and o2y
is the covariance matrix of the white Gaussian noise vector, where I denotes the K x K
identity matrix. Recall that acquiring the exact value of the second-order statistics of the data
C, requires infinite observation time, while in practice only a finite number of observation
samples are available. If L snapshots of the data vector r(¢) are known, a common approach to

estimate C, is to compute the sample covariance matrix as

N 1
C, =

|

L
> r(t)rf (1) 2.17)
=1
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where ¢; is the time at which the [-th snapshot of the received signal r(¢) is sampled. Direction
finding techniques estimate the AoAs of targets through analyzing the structure of C,, and here

we introduce several algorithms which are frequently employed.

¢ Conventional Beamformer

The general idea of beamforming techniques is to “steer” the array in one direction at
a time and measure the output power, and the AoA estimates are the locations of the
highest peaks. The conventional (or Bartlett) beamformer [48] maximizes the power of
the beamforming output for a given input signal, i.e., the weighting vector wpp = ¥ (®),

which produces the following output power spatial spectrum

Ppr(®) = wipCowpr = ¥1(0)C, ¥ (0) (2.18)

The resolution limit of the conventional beamformer prevent the separation of targets
with close AoAs, and for an N-element ULA with interelement spacing d, the resolution
is approximately % [49]. For example, by utilizing a standard ULA with 6 antennas and
half-wavelength spacings, two targets whose angle separation is less than % rad = 19°

will not be resolved regardless of the available data quality or quantity.

e Capon’s Beamformer

In an attempt to separate closely spaced targets, Capon’s beamformer (also known as
the MVDR beamformer mentioned in Section 2.1.5.2) was proposed, whose weighting
vector is appropriately chosen such that the total output power is minimized while the
signal along the look direction passes the beamformer with unit response. Based on

(2.7), the weighting vector can be expressed as follows:

C,'¥(9)

UH()Cy o (d) 19

WCapon =

The power spatial spectrum yielded by the weighting vector is given by
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1
v (9)Cr ' w(0)

H
Pcapon(®) = Wapon CrWcapon = (2.20)
Since the power contributed by the undesired interference coming from directions other
than the look direction is minimized, the spectral leakage from nearby targets is attenu-
ated. Hence, the Capon’s spectrum has sharper peaks and thus better resolution compared
with the conventional beamformer. There are many alternative algorithms for beamform-

ing and the interested reader may refer to [25] for a comprehensive overview.

e The MUSIC Algorithm

The MUSIC (MUltiple Signal Classification) algorithm [50] analyzes the covariance ma-
trix C, by performing the eigendecomposition and dividing the eigenvalue/eigenvector

pairs into two classes as below:

C, = ©C,0" + 21y = U,A, U = U,A U + 52U, U7 (2.21)

where the N x N matrix U, is a unitary matrix whose columns are eigenvectors and A,
is a diagonal matrix with N real and positive eigenvalues A1, A2, ..., Ay (in decreasing
order) as its diagonal elements. Since K targets are assumed to be present and Cg is often
assumed to be nonsingular, the matrix @ Cs®* has K positive eigenvalues and N — K
zero eigenvalues. It is clear that any vector orthogonal to ® is an eigenvector of C, with
eigenvalue o2 and there are N — K linearly independent such vectors. Therefore, the
eigenvalue/eigenvector pairs are partitioned into (a) the signal eigenvectors Ug whose
columns are the eigenvectors corresponding to the largest K eigenvalues A\; > Ao >

... > Mg > o2 and (b) the noise eigenvectors U,, whose columns are the eigenvectors
2

corresponding to the remaining N — K eigenvalues A1 = Agyo = ... = Ay = 0.
Collectively, the eigenvectors Ug and U,, are ofen called the signal subspace and noise
subspace, respectively. Since the columns of Uy, (the noise eigenvectors) are orthogonal
to ©, hence, for all the K AoAs {®1,®s,..., Px}, we have UL W (®;) = 0. The

MUSIC power “‘spatial spectrum” is defined as
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1
T UH(9)U,UHT (D)

Pyusic(®) (2.22)
Although Pyrusic(®) is not a true power density spectrum, it exhibits peaks in the vicin-
ity of the true AoAs [51]. Figure 2.4 illustrates the spectra of the conventional beam-
former, Capon’s beamformer, and the MUSIC algorithm when two targets exist, whose
AoAs are 5° and 15°, respectively. Both signals have a SNR of 5dB, and all the three
approaches use . = 100 data snapshots obtained from a ULA with 6 antennas using
half-wavelength spacings. Observing the figure, we find that the conventional beam-
former fails to resolve the targets since the angular separation in this case is 10°, which is
smaller than the resolution limit of 19°. Capon’s beamformer barely separates the targets,

while the MUSIC algorithm produces two sharp peaks in the vicinity of the true AoAs.

It is clear that the MUSIC algorithm requires a search to find the target directions, which
can be avoided by applying the Root-MUSIC approach [52] if the array is a ULA. The
Root-MUSIC method is a polynomial-rooting version of the MUSIC technique, and in-

stead of a search, the AoAs can be determined by computing the roots of a polynomial.

- — —BF
09} / Ik — - — - Capon |+
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06} I ) ]
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Figure 2.4: A comparison of the spectral-based algorithms for AoA estimation when two tar-

gets exist. The true AoAs are indicated by dotted vertical lines.
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The MUSIC method is based on the assumption that Cg is nonsingular, which is invalid
if the incident signals are coherent, e.g., the signals result from the multipath effect.
When this happens, Cs is singular and has zero eigenvalues. Thereby, it is impossible
to distinguish some signal eigenvectors from the noise eigenvectors, and as a result, the
noise subspace Uy, is no longer orthogonal to the steering vectors in the matrix ® and

the MUSIC method may fail to yield peaks at the correct locations.

e Maximum Likelihood Methods

Although the spectral-based algorithms discussed before are computationally attractive,
they do not always provide sufficient accuracy, particularly for scenarios involving highly
correlated or coherent signals. One way to solve this problem is to employ parametric
approaches which directly estimate the AoAs by exploiting the underlying data model,
and the most popular parametric approach is the maximum likelihood (ML) technique
[53]. The likelihood function is the PDF of all the observation data given the unknown
parameters. The ML estimates of the parameters are the arguments that maximize the
likelihood function, since these values make the probability of the observations as large
as possible. Here we take a case which is commonly considered in the literature as an
example. Similar to (2.17), we denote by s(t;) the [-th snapshot of the signals emitted
from the K targets, where [ = 1,2, ..., L. It is assumed that the noise level o2, s(t;),
and a K x 1 vector ®, whose entries are the AoAs of the K targets ®;, ®o, ..., Pg,
are unknown. Obviously, the matrix ® in (2.14) is a function of ® and we drop the
argument of ®(®) for notational convenience. Based on (2.14), the likelihood function

can be expressed as below:

o171 1 H
L(®,s(t;),0;) = H 7N exp {—02 [r(t) — Os(t;)]” [r(t;) — @s(tl)]} (2.23)

As mentioned before, the ML estimates of the parameters are the arguments maximizing

the likelihood function, and thus, the optimization problem can be rewritten as

L
1
LN -1 = — Os(t 2.24
q»in(ﬁ?,g og(mo? U% ;:1 [r(t: t)|I” (2.24)
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Previous researchers had derived the ML estimates of the AoAs by solving (2.24), which
can be given by [51]

yr, = argmin trace { Iy - © (07©) ' ©7] - €, } (2.25)
L
where C, is the sample covariance matrix defined in (2.17). Note that for the special
case when there is only one target, the above equation reduces to the conventional beam-
former. Although the ML methods increase the estimation accuracy and robustness, they
typically require a multidimensional search for the parameters of interest and can only

be solved numerically, which may be too computationally expensive for practical use.

A large number of approaches for direction finding are documented in the literature, readers

interested in this area may refer to [51,54—68] and references therein for detailed presentations.

2.3 Review of MIMO Radar

MIMO radar has been receiving increasing attention in recent years, and loosely speaking, it
refers to an architecture that employs multiple antennas to simultaneously transmit waveforms
and utilizes multiple antennas to receive the reflected signals which are then jointly processed.
In general, MIMO radar systems can be classified into two categories according to their configu-
rations: (a) statistical MIMO radar, and (b) colocated MIMO radar. The antennas of a statistical
MIMO radar are widely separated in order to capture the spatial diversity of the target’s RCS,
while the antennas of the colocated MIMO radar are close enough such that all the elements
view the same aspect of the target. It has been demonstrated that both MIMO radar systems
have the ability to achieve significantly improved performance compared with the conventional
phased-array or adaptive radars, and we will discuss some important aspects of MIMO radar in

this section.

2.3.1 Statistical MIMO Radar

As mentioned in Section 2.1.2, large scintillations in the amount of energy reflected by a com-

plex target can occur because of small changes in the target aspect. These scintillations are
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responsible for signal fading, which may reduce the received energy to a level that does not al-
low reliable detection or estimation, severely degrading the system performance. The notion of
the statistical MIMO radar is to employ widely separated antennas such that different antennas

view various aspects of the target, capturing the spatial diversity of the target’s RCS.

2.3.1.1 System Model

Due to the target’s complex body and the large distance between the antennas, the point-like
target model which is commonly adopted in radar is no longer adequate for a statistical MIMO
radar. Therefore, a more accurate model has to be developed taking into account the spatial
characteristics of the target. Fishler ef al. [8] assumed that the target is composed of an infinite
number of small scatterers that are distributed over an area .S. The center of the target is denoted
by Sp whose coordinates are (xg, yo), and the target dimensions along the = and y axes are Az
and Ay, respectively. The scatterers are assumed to be random, isotropic and independent,
and they are uniformly distributed over the area S. The complex reflectivity of each scatterer
is modeled as a zero-mean, white, complex random variable with the same variance, and the
sum of all the variances equals one such that the average energy returned from the target is

normalized to one.

It is further assumed that the target is illuminated by /V; transmit antennas placed at arbitrary
coordinates T}, = (9527 y,i), k =1,2, ..., N¢. The narrowband signal emitted from the k-th trans-

| = 1 and Ej is the total transmitted

mit antenna is assumed to be \/%sk(t), where ||sk(t)
power. The normalizing coefficient is employed to make sure that the total transmitted power
and the average received power at each element are not affected by the number of transmit
antennas. The signals reflected by the target are collected by N, receive antennas arbitrarily
located at coordinates R; = (zj,y]), | = 1,2,...,N,. Collectively denote the transmitted
signals from the various transmitting elements and the signals collected by all the receive an-

T
tennas by an N; x 1 vector s(t) = [ s1(t) so(t) - s, (t) and an N, x 1 vector

T
r(t) = [ ri(t) ro(t) -+ TN, (2) ] , respectively. The following expression is derived to

describe the received signal vector [8]:

r(t) = \E diag {¥,(S0)} - A - ding {¥1(S0)} s(t — ) + n(?) (2.26)

H
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where diag{a} stands for a diagonal matrix with its diagonal given by the vector a, and n(t) =

ni(t) no(t) -+ nn.(t) g is an N, x 1 vector representing the additive noise at all
the receive antennas. Denote the distance between the k-th transmit antenna and the target
center, and the distance between the target center and the [-th receive element by d(7}, Sy) and
d(Ry, Sy), respectively, where k = 1,2,.... Nyand | = 1,2,...,N,. 7 = %(M is
the propagation time delay from the first transmit antenna to the first receive antenna via the
target center, and ¢ here is the speed of light. The N, x 1 vector ¥,.(Sy) and the V; x 1 vector

W,(Sp) are the receiver steering vector and transmitter steering vector, respectively, which are

functions of the location of the target center Sy = (z0, yo) and can be expressed as below:

@ ,(So) = [ 1 exp{j27rfc[d(R17So)—d(R2750)]} . exp{jQ“fc[d(RhSo)—d(RNr750)]} ]T

co o

(2.27)

Wy(Sp) = [ 1 exp{j27rfc[d(T1,€8)—d(T2,So)] } o exp{j27rfc[d(T1,SsO)—d(TNt,SO)] } } T
Denote by «yj, the entry lying in the [-th row and the k-th column of the N, x N; matrix A
in (2.26), and oy, is the fading coefficient of the target between the k-th transmit element and
the [-th receive antenna, accounting for the effects of all the small scatterers. Recalling that the
complex reflectivities of the scatterers are assumed to be random variables, gy, is approximately
a complex normal random variable due to the central limit theorem, and it is shown in [8] that
agp ~ CN(0,1). As indicated in (2.26), the transmitter and receiver steering vectors together
with the fading coefficients comprise the NV, x N; channel matrix H, whose ([, k)-th entry is

denoted by h.

The idea of the statistical MIMO radar is to exploit the spatial diversity of the target’s RCS, and
for this to be possible, it is required that the fading coefficients «;;, for different transmit-receive
antenna pairs are uncorrelated. Consider the ([, k)-th and the (j,)-th entry of A, it is proved

in [8] that oy, and «j; are uncorrelated if at least one of the following four conditions holds:

t t t t

Ty _ i > Ac Yr o Y; > A
d(Ty,So)  d(T3,5) ~ Az’ d(Tx,So)  d(T3,5) Ay (2.28)
o Ty A /N N ¥ '
d(R;,S0) d(Rj ,S0) Az d(R;,S0) d(R]‘ ,S0) Ay
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where . is the carrier wavelength. In contrast, if the following four conditions are met jointly:

t t t t
T _ T, Ac Yk _ Yi Ae
AT, 50) ~ aT,s) S Do @qTsy) T ATLse) S By (2.29)
L e vy Y e ’
dR/,50) ~ AR5 S hw AR,y AR5 S Ay

then oy, and «j; are approximately fully correlated. These conditions have a simple physical
interpretation. The spatial distributed target can be regarded as an “hypothetical” antenna with
aperture A (A could be Az or Ay for z- or y- direction), and thus its beamwidth is A./A.
If the spacing between two antennas is large enough such that they can not be illuminated
by the target’s beamwidth simultaneously, then they observe different aspects of the target
with uncorrelated RCSs, i.e., elements of A associated with these antennas are uncorrelated.
Conversely, if two antennas are closely spaced and within the same beamwidth of the target,

their corresponding entries of A are correlated. This concept is illustrated in Figure 2.5.

Tx kK Txi Rx| Rx j
XY (X, ¥) x.y)  (X.y)

Figure 2.5: Elements of the channel matrix are uncorrelated when the MIMO radar antennas
fall in different beamwidths originating from the target [1]

For the statistical MIMO radar, the interelement spacing between each pair of antennas obeys

condition (2.28), and hence, all the entries of A are uncorrelated and vy, ~ CN(0, 1). Note that
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[diag {W,(So)} Adiag {¥+(Sp)}] has the same distribution as that of A since diag {¥,(Sp)}
and diag {¥(Sp)} are diagonal matrices with elements on the unit circle. Therefore, the re-

ceived signal of the statistical MIMO model can be expressed as below:

r(t) = \/%Hs(t —7)+n(t) (2.30)

where the entries of the IV, x Ny channel matrix H are independent and identically distributed
(i.i.d.) random variables, and hy, ~ CN(0,1). Defining a N, N; x 1 channel vector h by
stacking all the columns of H into a vector, the MIMO channel can also be expressed as h ~

CN(On,.n,,IN,.N,), where O stands for a k x 1 all-zeros vector.

For comparison purposes, we will briefly discuss the channel model for the configuration of
the conventional phased-array radar. The array elements are densely spaced and every pair of
antennas obeys condition (2.29), and hence, all the elements of A are fully correlated and the
matrix can be given by A = a1y, «n,. Here « ~ CN(0, 1) and 1;; denotes a k x [ all-ones
matrix. Hereby, based on (2.26), the channel matrix for the phased-array configuration can be

expressed as H = aW¥,.(Sp) ¥/ (Sp).

In addition, the statistical MIMO model can only be used for ideal array-target configurations
where the interelement spacings are either large enough such that different antennas observe
different aspects of the target or small enough that all the antennas view the same aspect. How-
ever, it is very possible that such conditions do not hold in practice and hence, the statistical
MIMO model can no longer be adopted. Another model is required to be considered, and this

problem will be solved in Chapter 3.

2.3.1.2 Diversity Gain

The statistical MIMO radar combines target returns resulting from independent illuminations,
yielding a diversity gain which can be used to overcome target fading or scintillation. As
discussed above, the fading coefficients of the paths between different transmit-receive antenna
pairs are uncorrelated, and there are N, [Ny such paths responsible for the N, [V entries of the
channel matrix H. The signals emitted from different transmit antennas carry independent

information about the target and are superposed yielding the received signals. Consequently,
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the transmitted waveforms have to be properly selected enabling the separation between signals
at the receiver. The most common choice is to transmit signals that are mutually orthogonal,
that is, [ s;(t — 7)s5(¢)dt = 6y (7). Here si(t) is the signal transmitted from the k-th antenna
and J;;, denotes the Dirac delta function. Let the received signals r(¢) shown in (2.30) go

through a bank of matched filters and denote the output by an NV, V; x 1 vector x, then we have

* Eq
Xl -1ynk = /n(t — 7)sp(t)dt =4/ ﬁthm +n (2.31)

where £ = 1,2,...., Ny, I = 1,2,..., N,, and n is the noise component. It is obvious that
the noisy estimates of all the IV, NV; channel coefficients h;; are extracted, and the statistical
MIMO radar actually combines the results from NV, [V, statistically independent radars. It is
known that the conventional phased-array radar coheres a beam toward the target direction
in order to realize coherent processing gain, trying to overcome the scintillation problem by
maximizing the received energy from the target. However, since the target fading coefficient
for all transmit-receive antenna pairs are the same, and this individual view of the target might
dramatically reduce the energy returned from the target with a significant probability. When
this happens, the conventional approach would still fail even with a coherent processing gain.
The statistical MIMO radar is an alternative to address the scintillation or deep fading problem.
Although there is no coherent processing gain in a MIMO radar, it actually synthesizes many
independent radars, each of which has an individual look at the target. Thereby, the whole
system would suffer from deep fading only if the target fading for all the individual observed
aspects are severe, which has a low probability. An intuitive question to ask is “Is it possible
to take advantage of both coherent processing gain and spatial diversity gain simultaneously?”,
and we will answer this question in Chapter 4 by introducing a hybrid radar which combines

the phased-array and MIMO radar configurations.

There are two applications that can benefit from the spatial diversity gain of MIMO radar pre-
sented in the literature. The first is the target detection problem studied in [7, 8], which il-
lustrated that the MIMO radar outperforms the conventional phased-array radar whenever the
probability of detection is at a reasonable level, e.g., 0.8 or higher. The second application is
the direction finding problem investigated in [3,9], and the system considered has widely sep-

arated antennas at the transmitter to support the target spatial diversity and a standard antenna
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array with half-wavelength intervals at the receiver to enable unambiguous AoA estimation.
It is demonstrated that the performance of estimating AoA can be significantly improved by
exploiting the spatial diversity gain offered by the MIMO configuration at the transmitter. For
more benefits offered by the configuration having widely spaced antennas we refer the inter-

ested reader to [6, 10, 69].

2.3.1.3 Waveform Design Techniques

Orthogonal waveforms have been proven to be a good choice for transmission in a MIMO radar
when the received signal is disturbed by additive white Gaussian noise and all the entries of the
channel matrix H are independent complex Gaussian random variables with zero-mean and unit
variance, i.e., the covariance matrix of the channel vector h is an identity matrix. However, for a
more general setting which takes the target angular spread into consideration, better waveforms

are required to be designed to improve the system performance.

Yang and Blum [70] investigated waveform design for identification and classification of a
distributed target, in other words, their goal is to find the waveform which leads to the best
estimation of the target response. It is assumed that the target response vector (channel vector)
remains static during the observation interval and it is a Gaussian random vector with zero-
mean and a known covariance matrix. The components of the noise vector are assumed to
be i.i.d. and complex Gaussian, with zero-mean and the same variance. The second-order
statistics of the distributed target response contain information about the target and this fact has
been exploited to find the optimum waveform. The waveform is designed under a constraint
on the total transmitted power based on two criteria: (a) maximizing the mutual information
between the random target response and the received signals; and (b) minimizing the value of
minimum mean-square error (MMSE) in estimating the target response. It is demonstrated that
both criteria lead to the same solution of the optimum waveform, which utilizes a waterfilling

strategy to allocate the transmitted power.

De Maio and Lops [71] consider waveform design for detecting a distributed target in a distur-
bance which is not white due to the presence of clutter returns. It is assumed that the channel
vector is a zero-mean Gaussian random vector whose covariance matrix is a scaled identity
matrix, and the interference vector is a complex Gaussian random vector with zero-mean and
a known covariance matrix. The optimum waveform is designed to maximize the Chernoff

bound for the detection probability of the GLRT detector under a constraint on the signal to
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clutter power ratio (SCR). In addition, the information-theoretic design criterion, maximizing
the mutual information between the channel vector and the received waveforms, is also studied
under the same SCR constraint, and the optimum solution found through both criteria are the

same.

2.3.2 Colocated MIMO Radar

Unlike the statistical MIMO radar where antennas are widely separated to exploit the spatial
diversity, the antennas of the colocated MIMO radar are close enough that all the elements
view the same aspect of the target, and there are many papers investigating the merits of such
a colocated MIMO radar, e.g., [72-96]. The configuration of the colocated MIMO radar is
similar to that of the conventional phased-array radar, but instead of transmitting scaled versions
of a single waveforms, a colocated MIMO radar transmits independent probing signals via its
multiple antennas, and this waveform diversity allows superior capabilities compared with its

phased-array counterpart.

Transmitting independent waveforms simultaneously from the multiple transmit antennas of a
MIMO radar and letting the received signals go through a bank of matched filters, the informa-
tion of the propagation paths from each of the transmit antenna to each of the receive element
can be extracted from the outputs of the matched filters. By appropriately utilizing the infor-
mation, the colocated MIMO radar can improve the system performance by realizing a virtual
array [72,73,87], and this concept is briefly explained as follows. Denoting the propagation
time delay from the k-th transmit antenna to the target and from the target to the [-th receive
element by 7/ and 7], respectively, the target response in the k-th matched filter output of the
I-th receive antenna is avexp{—j27 fc(7f + 7])}, where « is the target fading coefficient and
k=1,2,...N; 1 =1,2,..,N,. Obviously, both the transmit and receive antenna locations
affect the time delay and thus the phase. There are N, N, time delays for all of the matched
filter outputs, and they can be viewed as the time delays corresponding to the antennas of a

virtual array with V,. N; elements, whose steering vector is written as

. T
e—j27rfc(Tf+Tf) e—jQWfC(Tf‘f'TKrT) e—j27ffc(7'§+7'1r) @7]2ﬂfc(‘r1t\’t+71r\’r)i| (232)

Therefore, an N, N;-element virtual array is created by using only NV, + N, physical antennas.
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The virtual array can be interpreted as the convolution of the transmit array and the receive
array, as it is easy to understand that the transmitter steering vector convolved with the receiver

steering vector gives the virtual steering vector [73].

Two configurations attracting the most attention are the filled and an overlapped linear virtual
array. The filled linear virtual array is created by adopting a standard V,-element ULA with
half-wavelength interelement spacing as the receiver and a sparse N;-element ULA as the trans-
mitter whose interelement spacing is chosen as % wavelength. It is clear that an NV, [V;-element
virtual ULA is generated via the convolution, whose interelement spacing is half-wavelength.
Hence, by wisely designing the locations of antennas, a virtual array with long aperture can be
obtained using only a small number of physical antennas, dramatically increasing the spatial
resolution [72] and improving parameter identifiability [77]. In contrast, if a standard ULA with
half-wavelength spacing is employed at both the transmitter and receiver, the resulting virtual
array is an overlapped linear virtual array, i.e., more than one virtual element is at the same lo-
cation. Selecting the standard ULA at the transmitter enables the radar to form a focused beam
by emitting correlated waveforms [84], but transmit beamforming is impossible in the filled
linear virtual array case because the large interelement spacing leads to aliasing. It has been
shown that the overlapped linear virtual array configuration is able to enhance the flexibility
for transmit beampattern design [78, 84, 85] and to improve the target detection and parameter
estimation performance [82]. The work in this thesis focuses on the statistical MIMO radar, the

reader may refer to a tutorial [75] for more details about the colocated MIMO radar.

2.4 Time-Reversal Techniques

The time-reversal (TR) technique, an extension to broadband signals of the phase-conjugation
concept in optics, has attracted increasing interest for a broad range of applications for the last
two decades. It has been indicated that applying TR in a radar system for target detection pro-
vides significant gains over conventional detection. In this section, we will start by discussing
the basic principles of the TR approach, and move further to a brief introduction to TR detection

in a radar system.
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2.4.1 Basic principles of time-reversal techniques

The TR technique was first proposed as a solution to an important problem in the acoustic and
ultrasound domains, focusing waves on targets through an inhomogeneous medium, which is
difficult since the focusing can be strongly degraded due to the fluctuations of sound velocity in
the propagating medium [97]. The idea of the TR technique is to convert a divergent wave re-
flected from a target into a convergent wave which focuses on the same target. As illustrated in
Figure 2.6, the TR process includes three steps. In the first step, a waveform is radiated from the
transducer array to the target through an inhomogeneous medium. The target generates a scat-
tered waveform which propagates back through the inhomogeneous medium and is distorted.
The second step is to record the waveforms received and measured by the transducer array for a
time interval. In the last step, the recorded waveforms are time reversed and retransmitted into

the medium, focusing on the target.

We next briefly explain why the TR technique provides inputs to the sensors of the transducer
array that focus energy at the target location. The diffraction impulse response hg, (So,t)
measures the signal received at the target location Sy after a Dirac delta function is applied to
the k-th transducer at location Ry, [98]. Similarly, the diffraction impulse response hg, ( Ry, t)
is measured at the position of the k-th sensor after a source is excited at the target location .Sy.
The reciprocity theorem, valid in homogeneous as well as in inhomogeneous media, indicates
that the respective positions of a source and an observer can be interchanged without altering
the observed acoustic signal [99]. In other words, we have hg, (So,t) = hg, (Rk,t). As shown
in Figure 2.6, after the initial transmission, the target is illuminated and behaves as a source,
and the signal observed at the k-th transducer is in proportion to hg, (R, t). Consequently, the
time reversed signal retransmitted from the k-th sensor in the third step is hgs,(Ri, T — t), and
the total signal received at the target location is the superposition of the signals retransmitted

from all the NV sensors, which can be given by

N N
r(So,t) =Y hr(S0.t) ® hsy(Ri, T —t) =Y hg,(So,t) ® hg, (S0, T —t) (2.33)
k=1 k=1

where ® denotes the convolution. Clearly, all the signals from different sensors reach their
maxima at the position Sy at the same time 7T, leading to constructive interference and maxi-

mizing the signal energy at the target location. Therefore, TR technique provides the optimal
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Figure 2.6: Description of the TR process: (a) initial transmission, (b) record of the backscat-
tered waveforms, (c) retransmission of the time reversed waveforms.

solution for focusing energy through an inhomogeneous medium in the sense that it realizes
the spatial-temporal matched filter to the propagation transfer function between the transducer

array and the target [100].

The characteristics of the TR technique enable it to turn multipath effects, traditionally con-
sidered a drawback, into a benefit, which is very similar to the MIMO concept developed in
communications. It has been shown that TR technique can improve the focusing quality by
taking advantage of scattering and multipath in inhomogeneous media, i.e., they demonstrate
super-resolution focusing since the energy focuses on the target with much higher resolution

than that in free-space [101-105]. We take a waveguide as an example to explain this unique
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feature. As shown in Figure 2.7, each waveguide interface acts as a mirror and generates more
paths in addition to the direct path from the real array to the target. By applying the method of
images, the effect of a transducer array in a waveguide can be viewed as that of a set of virtual
arrays in free-space, which are the images of the real array with respect to the waveguide in-
terfaces. It is obvious that the resolution is much higher due to the existence of virtual arrays
which increase the effective array aperture. Notice here that only the first reflections due to the
presence of the two interfaces are depicted in Figure 2.7, but in fact the number of reflections
required to be taken into account can be larger, depending on the distance from the target to the

array [105].
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Figure 2.7: Representation of the virtual transducer arrays in the waveguide.

2.4.2 TR Detection in Radar

There are extensive publications studying the applications of TR in addition to focusing energy
in acoustic and ultrasound domains, such as focusing in the electromagnetic domain [106],
imaging in random media [107, 108], ultra-wideband communications [109-112], and compu-
tational imaging [113-117]. Recently, Moura et al. explored the radar target detection problem
applying the TR technique, showing that TR detection provides significant gains over conven-
tional detection [118—120]. The process of TR detection also involves three steps. Waveforms
are first emitted from the transmitter, then the signals received by the receiver are measured,

time reversed, energy normalized, and retransmitted, and finally the detector at the transmit-
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ter makes the detection decision. The TR detection of a radar system with a single antenna as
well as an antenna array was investigated, whose performance was examined with experimental
measurements collected in a highly cluttered laboratory environment. It has been demonstrated
that TR can dramatically improve target detection performance compared with conventional de-
tection, which results from the fact that the waveform is reshaped to match the channel during
the TR process, which is essentially a waveform design process. However, the retransmitted
signal in Moura’s algorithm contains noise components, and it is obvious that if the noise level
is high, the TR technique is no longer a good choice. In addition, [118-120] did not derive
analytical expressions for the threshold and probability of detection of the TR detection, which
were determined by Monte Carlo simulations. These limitations of TR detection motivated the

new schemes proposed in Chapter 5.

2.5 Conclusions

This chapter covered the fundamental knowledge required for analyzing a radar system. In
the first part, the basic components and their characteristics in a radar system were studied,
followed by a classification of conventional radars employing multiple antennas. A brief review
of some well known signal processing approaches for target detection and direction finding
problems were given, laying the foundation for the remainder of the thesis. In the second part,
new schemes developed in radar were introduced, including the MIMO radar reported in the
recent literature as well as systems utilizing time-reversal techniques. Their superiority over
the conventional radar systems and their own limitations stimulated the present work, whose

technical aspects will be discussed in the next three chapters.
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Chapter 3
Detection Performance of MIMO
Radar With Finite Scatterers Model

Previous researchers proposed a statistical MIMO model and investigated a radar system with
several special array-target configurations, showing that MIMO radar can improve target detec-
tion performance significantly by exploiting spatial diversity. However, such model can only
be adopted in extreme scenarios. In this chapter, we will introduce a system model in which
the radar target is composed of a finite number of small scatterers, based on which the target
detection performance of the system with different configurations is studied. A MIMO system
involving a theoretical target is explored, and a closed form formula is derived to calculate the
theoretical probability of detection for the system having an arbitrary array-target configura-
tion. We also set up a MIMO radar system including a realistic target by making use of the data

collected from previous research on ground target modelling.

3.1 Introduction

As mentioned in Chapter 2, Fishler et al. proposed a statistical MIMO radar model in [8]
and demonstrated that MIMO techniques can be applied in radar scenarios to improve target
detection performance by exploiting spatial diversity gain. In the statistical MIMO model, it
is assumed that the distributed target has a rectangular shape and is composed of an infinite
number of random and independent scatterers. All the scatterers are assumed to be uniformly
distributed over the target area and their complex reflectivity coefficients are zero-mean ran-
dom variables with the same distribution. Such a model is neither realistic nor convenient to
be employed given that in practice the target actually comprises several significant scatterers at
different spatial locations, which implies that a finite scatterers model should be used instead.
Although in [3] the finite scatterers model is utilized, only a specific configuration is considered
that the scatterers are assumed to be laid out as a linear array which is parallel to the antenna
array. In addition, the statistical MIMO model can only be used for ideal array-target config-

urations where the interelement spacings are either large enough such that different antennas
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observe different aspects of the target or small enough that all the antennas view the same
aspect of the target. In other words, only extreme scenarios that the channel gains between
different transmit-receive antenna pairs are totally uncorrelated or fully correlated are studied
in [8]. However, it is very possible that such conditions do not hold in practice and hence, the

statistical MIMO model can no longer be adopted and we need to resort to another model.

In this chapter, we investigate the target detection performance of a MIMO radar system with an
arbitrary array-target configuration, assuming that the target is modelled as the sum of a finite
number of independent scatterers. We first examine a radar system involving a theoretical tar-
get, for which the reflectivity coefficients of the scatterers are assumed to be zero-mean random
variables. Unlike the ideal configurations discussed in [8] that all the channel gains have corre-
lation coefficients 1 or 0, the channel gains between different antenna pairs of a general radar
system have various degrees of correlation, which depend on the exact array-target configura-
tion and can be measured by the correlation matrix of a vector containing all the entries of the
channel matrix. Based on the calculated correlation matrix, a closed form formula is derived to
evaluate the theoretical probability of detection for a MIMO radar having an arbitrary configu-
ration, while [8] presents the detection performance for only four special configurations. This
theoretical result makes it possible to predict the actual MIMO radar performance before im-
plementing expensive experiments and avoiding time consuming simulations. Furthermore, the
preferable MIMO array configuration could be selected for different scenarios by comparing

the predicted performance of various configurations.

The assumption of the theoretical target model described above that the reflectivities of the scat-
terers are random variables is reasonable and useful from a theoretical and mathematical point
of view. In order to have an impression of the effects the MIMO system has on detecting real
targets, we next proceed to set up a MIMO radar including a realistic target by determining the
reflectivity coefficients of the scatterers using the data collected from previous research on target
modelling, and simulate the detection performance of the system with different configurations.
To my best knowledge, this is the first effort of its kind in the open literature. The target consid-
ered here is a life-size land vehicle, which is modelled using a computer aided electro-magnetic
(EM) simulator FEldberechnungbei Korpern mit beleibeiger Oberflache (FEKO) [121]. We
emphasize here that although we are working with FEKO data, rather than “real” data collected
from experimental field trials, the former is a common practical choice as the availability of the

real data is very limited [121].
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3.2 System Model

3.2.1 Channel Model

As shown in Figure 3.1, uniform linear arrays (ULA) of antennas are employed at both the
transmitter and receiver with V; and N, elements, respectively. The interelement spacings are
Ay and A\, where A, is the carrier wavelength and A, and A, are the normalized transmit
and receive antenna spacing in wavelengths. We assume that all the signals are narrowband and
that distances between scatterers and both the transmitter and receiver are much larger than the

dimensions of the antenna arrays, that is, we operate in the far field.

pth scatterer

Radar Target

Transmit Array

A1)\r Ar}\r
Tx1 Tx2 Tx N, Rx N; Rx2 Rx1

Figure 3.1: Configuration of a MIMO radar system with the finite scatterers model

In the finite scatterers model, a distributed target is assumed to be composed of a finite number
of scatterers which are small enough to be viewed as point-like targets. As illustrated in Figure
3.1, it is assumed that there are /N, independent scatterers distributed over the target area .S,
and Ny is also the number of independent multipaths because of the assumption of a “single-
bounce” propagation model. Path p is defined by the angle of departure (AoD) <I>§,, the angle
of arrival (AoA) ®7, reflectivity coefficient of the p-th scatterer a, ¢, and distance between Tx 1

and Rx 1 along the path dZ" = djto + d,.

Based on above assumptions, the IV, X N; channel matrix H is given by [122]
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al rc j27rd;r r T t
H=) aexp(— )W (D)W () (3.1)
p=1 ¢
1
exp{j2m A, sin(P5
W (05) = i N (@3} (3.2)

exp{j2m(Ne — 1)Acsin(®5) }

In (3.2) € represents either r or .

3.2.2 Signal Model

It is supposed that the ¢-th antenna of the transmitter transmits a signal \/%si (t), where
|si(t)|> = 1 and E, is the total transmitted power. The normalizing coefficient is em-
ployed to make sure that the total transmitted power and the average received power at each
element are not affected by the number of transmit antennas. Denote by an N, x 1 vec-
torr(t) = | r (1) r2(t) ooy N7»(t) ]T the signals received at all the receiving elements,

which can be described as follows:

r(t) = \/%H -s(t —7) +n(t) (3.3)

T
where the N; x 1 vector s(t) = { s1(t) sa(t) - sy, (1) } stands for the transmitted

signals and the N, x 1 vector n(t) = [ m(t) na(t) -+ nn, (t) }T represents the additive
white Gaussian noise at all the receive antennas. Here we assume that n(t) is a zero-mean,
complex Gaussian random vector process with correlation matrix 021y, . Note here that 7 is the
time delay from the transmitter to the receiver via the target, and differences in time of arrival at
the receive antennas are ignored for simplicity. We further assumed that the transmitted signals

are mutually orthogonal, which is equivalent to the fact that [ s;(¢t — 7) s} (¢)dt = 6;;(7).
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Let the received signal r go through a bank of matched filters and denote the output by an
N;Ny x 1 vector x, that is, the {(i — 1)y + j}-th entry of x is given by [X];_1)n,4; =
fri(t)sj (t)dt, where i = 1,2,..., N, and j = 1,2,..., N;. Recalling that all the transmitted

signals are orthogonal, it is not difficult to obtain the following expression

n Ho
X = 5 3.4
ﬁih +n H;

where the alternate hypothesis ; and null hypothesis Hg are that the target does or does not
exist at delay 7, respectively. The N, N; x 1 channel vector h is composed of all the entries of
the channel matrix H, and the N, N; x 1 noise vector n ~ CN'(Ox. n,,o21Ix, n,). The MIMO

radar detector given by [8] can be written as below:

, >0
T = x| 7 (3.5)
<H,o

where 7 is a threshold ensuring the desired probability of false alarm Prgs. From (3.1) and
(3.5), it is clear that the target detection decision will be made based on the value of the chan-
nel matrix, which is determined by the locations and reflectivity coefficients of the scatterers.
Therefore, in the following two sections, we investigate the target detection performance of a
MIMO radar system involving a theoretical target and a realistic target, respectively, and the
only difference between them is the assumption of the locations and reflectivities of the scatter-
ers. We emphasize here that the finite scatterers model itself has no limitation on the scatterers
constituting the target except that each scatterer is required to be small enough such that they

can be viewed as point-like targets.

3.3 MIMO Radar With a Theoretical Target

In this section, we explore a MIMO radar system having the same configuration as that shown
in Figure 3.1, and the theoretical target considered here includes N random and independent

scatterers which are uniformly distributed over the target area S. We assume that each reflec-
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2

tivity coefficient a,° can be a zero-mean complex Gaussian random variable with variance ¢,

and assume that the sum of all the variances equals to one. The last assumption is responsi-
ble for normalizing the average power reflected from the target to one. A formula to calculate
the theoretical probability of detection for such a radar system will be derived first, following
which is the analysis of two extreme channel models with respect to the level of correlation
of the channel matrix, and then simplified expressions of the formula for two special cases are

provided.

3.3.1 Detection Performance

From (3.4) and (3.5), it is easy to see that the probability of detection of the MIMO radar
depends on the distributions of the test statistic 7 = ||x||? under both hypotheses. First of all,

we consider 7" under the null hypothesis Hy and get

NNt N, N¢
T=xI”= > Inf> =Y (R’[ni] + S%[ni)) (3.6)
=1 =1

where n; is the i-th entry of the noise vector n. Recalling that n ~ CA(On, n,, 021N, N, ), We
can express the distribution of 7' directly by a chi-square random variable with 2/N,. N; degrees

of freedom as follows:

2
T~ %Xg v, Under Mo 3.7)

We next proceed to consider the test statistic 7" under the alternate hypothesis ;. First of all,
an N, Ny x 1 vector hy, = h+, /#tn is defined, and thus 7" = |x||* = % |hya/?. Itis easy to
verify that hy, has zero mean, and the N, N; x N, N; square matrix Cy, = E{hy, - h/T is the
covariance matrix of hy, that is, hy, ~ CN (O, n,, Ch,, ). Recalling the assumption about the
reflectivity coefficients and substituting (3.1) gives the (k, [)-th entry of the covariance matrix

Cy,, as
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K]

Ch, (k1) = mZ::1 LG{exp[j%r(p —u)A, sin(®7)]- 58

exp[j2m(q — v) Ay sin(®, )]} + Neo2oy

where k = (p — )Ny +¢, 1 = (u—1)Ny + v, pyu = 1,2,..., N;, and ¢,v = 1,2,..., Ny.
Therefore, for any set of parameters in the channel matrix given by (3.1), we can easily compute
the covariance matrix Cy,,,. Note that the covariance matrix Cy,,, is a Hermitian matrix and it

can be factorized through its eigenvalue decomposition, i.e.,

Ch, = Up, - Ap, - UL (3.9)

where the N, Ny X N, N; matrix Uy, is a unitary matrix whose columns are eigenvectors and
Ay, is a diagonal matrix with NN, real and nonnegative eigenvalues Aj, Ag,...,An, N, (in
decreasing order) as its diagonal elements. We next define an NV, Ny x 1 vector hy,, = Ufn h,,
then according to the property of the linear transform of complex Gaussian random vectors, the

distribution of hy,, is given by

hyu ~ CN (0N, v, Ut - Ch, - Un,) = CN(On, n;, An,) (3.10)

Considering the fact that Ay, is the covariance matrix of hy,, and is a diagonal matrix, it is safe
to conclude that all the elements of h,,,, are uncorrelated and its 7-th element has the distribution

CN (0, \;). Finally, notice that

2
HhmJHQ = HU}I?nhnH = (Ufnhn)H(Ufnhn) = hfhn = thHZ (3.11)

Therefore, the original problem of calculating the distribution of 7' = ||x||* becomes the eval-
uation of thuHQ. The reason why we apply such a transform is that the elements of x could

be correlated for some scenarios. The uncorrelated nature of the elements of hy,, simplifies the
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calculation process dramatically.

According to the above analysis, the test statistic 7' can be viewed as the sum of a set of V,. V;

E 2 . . . .
TN Xz}- The characteristic function is

independent weighted chi-square random variables {
utilized in the following derivation because it provides a simple method for determining the
PDF of a sum of independent random variables [123]. This approach is usually much easier
than the direct calculation which demands PDF convolution, i.e., the PDF of a sum of K in-
dependent random variables is the K-fold convolution of the PDF of each random variable.

Further defining ¢; = %)\i, we can express the characteristic function of 1" as below [123]:

NNt
1
F)= 1] e (3.12)
=1

Assume there are N distinct values {cy} of all the N, V; values, and cj has corresponding

algebraic multiplicity p [124]. Thus, (3.12) can be rewritten as

N 1 N
F(v) = H (1= joce)e ;uk = N; Ny (3.13)

k=1

Given the fact that the characteristic function of a random variable is the Fourier transform of
the probability density function (PDF) of the random variable with a sign inverse in the complex
component, it is possible to derive the PDF of " through the inverse Laplace transform of (3.13)
with the substitution z = —jv. The following is the characteristic function expressed in the

form of partial fraction expansions [124]:

N
N A G
F(z) = ]}:[1 TFaz)k — N B
B AL G (3.14)
N N pg
_ Apa Ag2 . Agpy | Agl

where the coefficient Ay, ; is given by
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Apg = ﬁ [% {F(z) (z+ i)“’“ H

I (2)"” 3.15)

_ 1 d-1 p=1
= =D |4 TN

( ) z 1—[ (Z_i_%)l"p
p=1,p#k ? p=—L
Ck

The inverse Laplace transform of (3.14) gives rise to the PDF of T" under H; as below:

N
PDF(T|Hy) = 3.

kL (50 exp (_1) (3.16)

As mentioned before, for a given noise level, one common approach is to determine the thresh-
old 7 based on the desired probability of false alarm Prra, and the probability of detection Prp
is computed based on the value of 17 and the PDF of the test statistic 7" under ;. Both relations

can be described using the following formulae:

0.2
Prpa = Pr (T > n|Hy) = Pr (TnX%NTNt > 77) =Pr (XgNTNt > i—g) (3.17)

Prp = Pr(T > n| H1) = [," PDF(T| H1)dT (3.18)

Substituting (3.16) into (3.18), we can express the probability of detection, by utilizing the

upper incomplete Gamma function, as below:

N pg i1 pi—l <i>p
Prp = 3 88 e (- S L (.19)
h=1i=1 o=

where the threshold 7 is easily calculated from (3.17) as
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02
n=2F" (1-Prp) (3.20)

X2 Ny Ny

where .7-";%1 denotes the inverse cumulative distribution function (CDF) of a chi-square random
variable with k£ degrees of freedom. The above equations demonstrate that it is possible to
predict the performance of MIMO radar system without implementing costly experiments. In
addition, the comparison between the theoretical performance of different configurations pro-
vides us the principle based on which to design the best MIMO system for various scenarios.
Below, we will further investigate the relationship between the correlation of the channel matrix

and the distribution of eigenvalues {\;}, and then show the simplified expressions of Prp for

two special cases.

We emphasize here that calculating the distributions of a sum of weighted chi-square random
variables is a common problem encountered in statistics and engineering. The widely adopted
technique is to approximate the linear summation by a single chi-square random variable with
different degrees of freedom and an scaling factor, which are carefully chosen such that the first
two moments remain the same [125-127]. However, in this section, the accurate PDF and CDF
of the weighted sum are derived in closed form, which can be widely used in many practical

applications.

3.3.2 Analysis of Extreme Channel Models

Recall that the additive white Gaussian noise is independent of the channel, then the covariance

matrix Cy,, can be rewritten as

N,
Ch, =E[bn- bl =E[h- 0] + ZLolTy,y, 3.21)

S

That is, the covariance matrix Cy,, is actually the sum of the correlation matrix of the channel
vector h including N, N; channel matrix entries {hj} and the scaled covariance matrix of the
noise vector n. Obviously, the eigenvalues {\;} of Cy,, are closely related to the correlation

matrix of the vector h. This correlation matrix depends on the specific configuration of the
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radar system. However, we can compute its value under the following two extreme cases.

3.3.2.1 Entries are totally uncorrelated

Invoking the assumption that the sum of all the variances of the reflectivity coefficients is one,
it is not difficult to verify that E [y, - h}] = 1, in other words, the diagonal elements of the
correlation matrix are one. Moreover, the totally uncorrelated condition illuminates that all
the non-diagonal elements of E [h -hf ] are zero. This results in the diagonal matrix Cy,, =
(1 + %0720 In, n,. Hence, there exists N, N; eigenvalues {)\;}, and they all have the same
value A =1+ %:0,21. Making use of the simplified formula introduced in the next section, we

can evaluate Prp easily.

3.3.2.2 Entries are fully correlated

Similar to the calculation in the previous subsection, we know that the diagonal elements of
the correlation matrix are one. The condition of full correlation demonstrates that all the non-
diagonal elements are also equal to one, that is, E [h -h# } 1s an all-ones matrix. Therefore,
Ch,, has N, N; eigenvalues, in which A} = N, N;+ g—zag and the other (N, Ny — 1) eigenvalues

have the same value Ay = %0’%.
s

The magnitudes of the correlation values Cy,, (k,[) in (3.8) depend on the distribution of the
angles ®! and ®" of each path and the array interelement spacing. If ®¢ and ®” for all the paths
are the same, then we get the fully correlated case. The correlation decreases as the range of
angles increases for the same array spacing. For any non-zero angle spread, increasing antenna

spacing has the effect of decreasing the correlation [122].

3.3.3 Formulae of Pr for Two Special Cases

Here, in order to simplify the computation, we display the compact form of (3.19) for two

special cases: all the eigenvalues {\;} are different or are the same.

3.3.3.1 Eigenvalues are different

In this case, the number of distinct eigenvalues is N = N,.N; and all the algebraic multiplicity

Wy, are one. As a result, (3.16) is rewritten as
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N, Ni
C
NTNt k*Cp T
PDF(T|H;) = Z PELPFR exp <> (3.22)
Ck
Substitute (3.22) into (3.18) leads to the following formula:
NNt { N.N;
Prp= > I Ckcfcp -exp(—%) (3.23)
k=1 \p=1lp#k

3.3.3.2 [Eigenvalues are the same

In this case, the NV, N, eigenvalues have the same value A, so (3.12) can be expressed as below:

1
(1-— jvEg A)Nr N

F(v) = (3.24)

which results in the conclusion that T = ||x||* ~

2 o X2 N,.n,- Consequently, the probability of

detection is given by

Prp = 1— F.o (QN“?) (3.25)

Xan, N, \ EsA

where ]:Xi denotes the CDF of a chi-square random variable with &k degrees of freedom. This

result matches equation (29) in [8]

3.4 MIMO Radar With a Realistic Target

The reflectivity coefficients of the scatterers composing the target are assumed to be zero-mean
complex Gaussian random variables in the last section, which is a useful assumption from a

theoretical point of view. In order to have an impression of the effects the MIMO radar has on
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detecting real targets, we set up a MIMO radar system involving a realistic target in this section,
and the locations and gains of the scatterers are determined by the data collected from previous

research on modelling ground targets.

3.4.1 System Configuration

Rx

()

Rotating

Trajectory of
The receiver

\

Target

Y

Figure 3.2: Transmitter and receiver configuration during the FEKO simulations in [2]

Mishra [121] modeled four types of life-size land vehicles using a computer aided EM simulator
FEKO, and formatted bistatic synthetic aperture radar (SAR) images through appropriate post-
processing of the results. These four targets are the armoured personal carrier (APC), the
main battle tank (MBT), the stinger launcher (STR), and the land missile launcher (MSL). As
illustrated in Figure 3.2, a system having a three dimensional (3D) configuration is simulated by
Mishra. For each run, the 3D target is illuminated by the transmitter for a range of frequencies,
and the transmitter is fixed at a certain azimuth and elevation with a given polarization. The EM
simulator generates the surface current on the provided computer aided design (CAD) model of

the target, based on which the scattered field in a given polarization at the receiver is obtained

50



Detection Performance of MIMO Radar With Finite Scatterers Model

and stored. The receiver has a fixed elevation and varying azimuth angle through 0° to 360°
with a predetermined angular step. The FEKO data collected from each run then are post-
processed, generating 2D SAR images of the target viewed by the fixed transmitter and rotating
receiver with different azimuth. Figure 3.3 shows the bistatic SAR images of the MBT when
the transmitter elevation and azimuth is 10° and 0°, respectively, and the receiver elevation is

10° and the receiver azimuth has four different values.

Rx azimuth is 32.40° Rx azimuth is 33.84°

range (m)
range (m)

-5 0 5 -5 0 5
cross range (m) cross range (m)
Rx azimuth is 35.28° Rx azimuth is 36.72°

range (m)
range (m)

5
-5 0
cross range (m) cross range (m)

[$)]

Figure 3.3: Bistatic SAR images of the MBT for four values of the receiver azimuth

For certain polarizations of the transmitter and receiver, several 50 x 50 matrices are available
to form images of a given type of target viewed by a pair of transmitter and receiver at different
locations. As the values of matrix entries indicate the reflectivities of different parts of the
target, it is reasonable to assume that the target is composed of a finite number of point-like
scatterers, whose reflectivity coefficients change as the locations of the transmitter and receiver
vary. In other words, for each pair of transmitter and receiver locations, the target is modeled
by a 10m by 10m rectangular area S as shown in Figure 3.4, in which there are 2,500 point-like
scatterers {.Sp 4 }, whose reflectivity coefficients {a;,} are the values of the (p, ¢)-th entries of
the corresponding 50 x 50 matrix. The origin of the xy-plane is at the center of the target, and

the coordinates (4, yp,q) of the scatterer Sy, , are (¢ x 0.2 — 5.1,p x 0.2 — 5.1).

Therefore, we set up the MIMO radar system as illustrated in Figure 3.5, where, as before,
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Figure 3.4: Finite scatterers model of the realistic target

ULAs are employed at both transmitter and receiver with N; and NN, elements, respectively.
The interelement spacings are AzA. and A\, where ). is the carrier wavelength and A,
and A, are the normalized transmit and receive antenna spacing in wavelengths. df, and dj,
are the distances between the centre of the target and the first antenna of the transmitting and
receiving array, respectively. Notice the fact that these two values do not need to be the same.
In Figure 3.5, the rectangular area S in the zy-plane is the 10m by 10m target model illustrated
in Figure 3.4. Because of the limited FEKO data, the elevation of transmitter and receiver, Ple
and ®"¢, can be either 10° or 15°, and the transmitter azimuth ®** can be one of the following
six values 0°, 60°, 120°, 180°, 240°, and 300°, while the receiver azimuth ®"* can be any
one among 500 values, from 0° to 360° with a step of 0.72°. For any of the aforementioned
system configuration, the target can be APC, MBT, STR, or MSL, and the polarizations of the

transmitter and receiver can be either horizontal or vertical.
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Figure 3.5: Configuration of a MIMO radar system involving the realistic target

3.4.2 System Model

As shown in Figure 3.5, the path through the scatterer S, ; is defined by AoD (I);q’ AoA @} .,

reflectivity coefficient a’¢ , distance between Tx 1 and S, d', ., and distance between S, 4

p,q° P9’

and Rx 1, d;7q. Then, similar to (3.1) and (3.2), for a MIMO radar having the configuration de-

scribed in the last section with any combination of all the possible parameters, we can calculate

the IV, x N; channel matrix H as below:

50 50 2t
H=3 Y afexp(———"1)0 () )T () (3.26)
p=1 g=1 c
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1

exp{j2mA.sin(®;, )}
U (PF,) = . - (3.27)

I exp{j2m(Ne — 1)A.sin(®5 )} |

where ¢ represents either r or ¢ and dgfq = d;q + d,, , s the distance between Tx 1 and Rx
1 along the path through the scatterer .S, ;. In addition, geometrical computation gives us the

following equations:

dpq = \/(dS sin ©°€)? + (22 — Tpg)?* + (Y — Ypg)? (3.28)

(d5,4)* — (d§)? cos(20°°) — a7, —yp
2dg sin ®5ed§7q

sin(®5 ) = (3.29)

where z. = dfjsin ®*¢sin ®°* and y. = df sin ®*¢ cos ®°*. The transmitted signals are the
same as that described in Section 3.2.2, and the output of a bank of matched filters x, the
MIMO radar detector, and the threshold of the detector n are shown in (3.4), (3.5), and (3.20),
respectively. Therefore, together with the channel matrix H given by (3.26), we are able to
measure the value of the vector x, and the detection decision can be made by comparing ||x||?

with the threshold 7.

Note here that the elements of the channel matrix H are assumed to be zero-mean complex
Gaussian random variables in the theoretical target model discussed in the last section, and
thus the theoretical probability of detection of a MIMO radar system can be derived. In the
realistic target model, however, the channel gains are computed using the FEKO data and the
distributions are unknown. Hence, we make the detection decision for each realization of H by
viewing it as a deterministic matrix, and obtain the probability of detection of a MIMO radar
system by averaging over multiple realizations. The approaches for generating multiple channel

realizations using the available FEKO data will be described in detail in the next section.
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3.5 Simulation Results

In this section, numerical results are presented showing the target detection performance of a
MIMO radar system with different antenna spacings. We consider a radar system, regardless
of the type of targets, having two transmit antennas and four receive antennas. The probability
of false alarm is set to be a constant value Prpa = 107 and the SNR is defined as the ratio

between the transmitted power F and the noise level per receiving element o2.

We start by investigating a MIMO radar system involving the theoretical target discussed in
Section 3.3. It is assumed that the target area has circular shape with radius rg, within which
64 scatterers are uniformly distributed. The carrier frequency of the signal is 10 GHz, and the
size of the antenna array is much smaller than the distances between the target and both the

transmitter and receiver, which are in the order of 3 ~ 5 km.

First of all, we validate the theoretical results of the probability of detection Prp obtained from
(3.19) for various configurations. Figure 3.6 depicts the theoretical probability of detection as
a function of the average received SNR when 7y = 15m, and the five configurations considered
involve the two extreme models mentioned in Section 3.3.2 and three models whose array

interelement spacings are 50, 100, and 200 wavelengths, respectively.

0.6

— — — theoretical PrD, 50 wavelength spacing
theoretical PrD, 100 wavelength spacing

— — theoretical PrD, 200 wavelength spacing
theoretical PrD, uncorrelated matrix entries

0.4
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simulated PrD, uncorrelated matrix entries

+  simulated PrD, fully correlated matrix entries

G 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
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Figure 3.6: Theoretical and simulated probability of detection as a function of the SNR for
systems with 2 Tx and 4 Rx antennas, Tx/Rx interelement spacings varied simulta-
neously

Figure 3.6 also shows the Prp recorded from Monte Carlo simulations for the same five sce-
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narios, and the total number of tests for each case is 10,000. Obviously, the simulated results

agree well with the theoretical values, which confirms the correctness of formula (3.19).

Observing the figure, we find that the curves corresponding to the two extreme channel models
set bounds for the system performance. In other words, all the configurations with specific
interelement spacings lie between these two ideal scenarios. Moreover, the performance curve
is closer to the full correlation case as the spacing decreases, while closer to the uncorrelated
case as the spacing becomes larger. This agrees with the analysis shown in Section 3.3.2 that
for the same target having a non-zero angle spread, the larger the antenna spacing, the lower

the channel matrix correlation, and thus the more spatial diversity gain can be realized.

It can be seen in Figure 3.6 that at low SNR, a system with densely spaced antennas outperforms
the ones whose interelement spacing is large, while at high SNR the latter performs better.
Furthermore, the system with large antenna spacing is always preferred when the detection
performance is acceptable, i.e., Prp is large enough. This is because at low SNR the received
power affects target detection performance the most, while the number of diversity paths is the

dominating factor at high SNR.

We next examine the target detection performance of a MIMO radar system with different
configurations when the target is the realistic target introduced in Section 3.4. As mentioned
before, the performance is measured based on multiple realizations of the channel matrix gener-
ated using the available FEKO data. Note the fact that there are several approaches to generate
channel realizations, and here we just employ a simple one, as our major objective is to explore

the advantages of a MIMO radar when a realistic target is considered.

In all the following simulations, the target studied is a MBT, the polarizations of both the
transmitter and receiver are horizontal, the elevation of the receiver is 10°, and the elevation
and azimuth of the transmitter is 10° and 0°, respectively. Numerical results for the scenarios
with other combinations of the parameters can also be obtained using corresponding FEKO
data. The carrier frequency of the signal is 1 GHz, and the channel matrix H is normalized

such that the average energy returned from the target is one.

When the system parameters are fixed at the above values, 500 matrices with size 50 x 50 are
available, whose entries are the reflectivity coefficients {a;, } of all the 2,500 scatterers { S, }
composing the target. Each matrix corresponds to a receiver location with the azimuth "¢

varying from 0° to 360° at a step of 0.72°. We observe that those images, viewed by a fixed
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transmitter and a rotating receiver whose azimuth changes within a small variation range, are
quite similar. In other words, the coefficients {a;fq} would not change dramatically for a few
successive receiver azimuth steps when other parameters remain the same. Furthermore, from
(3.26) to (3.29), it is obvious that, with the selected polarizations, elevations and azimuths of
the transmitter and receiver, the values of {a; } are fixed and the value of channel matrix H
changes as the values of df) and df), the distances between the center of the target and the first
antenna of the transmitting and receiving array, vary. The conditions on choosing df) and dj, are
quite loose, as long as they are large enough that the system is operated in the far field, but not

so large that the target would be viewed as a point target.
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Figure 3.7: Probability of detection as a function of the SNR for angular range I, 2 Tx and 4
Rx antennas, Tx/Rx interelement spacings varied simultaneously.

The detection performance for various MIMO radar configurations is shown in Figure 3.7, and
these systems are almost the same, except that the antenna spacings A; and A, are 0.5, 100,
200, and 500 wavelengths, respectively. For each configuration, we generate 3,000 realiza-
tions of H by assigning 10 successive values to ®"* from 32.4° to 38.88° with a step of 0.72°
(denoted range I), and allocating 300 arbitrary values to d}, and df; respectively for each an-
gular value. The values of d and djj are selected to be between 3 ~ 5 km. Observing the
figure, we find that at low SNR, a system with densely spaced antennas outperforms the ones
whose interelement spacing is large, while at high SNR the latter performs better. Furthermore,

the system with large antenna spacing is always preferred when the detection performance is
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acceptable, e.g., Prp > 0.5.
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Figure 3.8: Probability of detection as a function of the SNR for angular range II, 2 Tx and 4
Rx antennas, Tx/Rx interelement spacings varied simultaneously.

Figure 3.8 depicts the detection performance of a MIMO radar system with different configu-
rations. The difference between this figure and Figure 3.7 is the new angular range (range II)
of the look angle, i.e., 10 successive values are assigned to ®"* here from 176.4° to 182.88°
with a step of 0.72°. Similar to Figure 3.7, we find from Figure 3.8 that the system with
sparsely spaced arrays performs better at high SNR, and this configuration should always be
chosen when Prp > 0.6. This result agrees well with the conclusions drawn before from the
numerical results of the system involving the theoretical target shown in Figure 3.6, where the
realizations of the channel matrix are obtained based on theoretical and mathematical target
models. However, it is obvious that the radar system has different detection performance from
various observation angles, and the performance improvement brought in by the MIMO config-
uration is also different. Therefore, we next consider Figure 3.9, which displays the detection

performance when the target is viewed from various receiver look angles at a fixed SNR value.

Before we proceed to discuss Figure 3.9, the second approach to generate multiple realizations
of the channel matrix is introduced. It is clear that the receiver azimuth " can only be one of
the 500 values which are integer multiples of 0.72° when the data record is used directly. As

mentioned before, {a,¢ } are similar for a few successive receiver azimuths when other param-
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Figure 3.9: Probability of detection as a function of the look angle at SNR=15dB for systems
with 2 Tx and 4 Rx antennas, Tx/Rx interelement spacings varied simultaneously

eters remain unchanged. Hence, we can generate several realizations of H where ®"* could
be any value by using linear interpolation. In other words, for an arbitrary ®; that is not an
integer multiple of 0.72°, we first find two values ®7* and @77, which is the lower and upper
bound of @3, respectively. Here ®1% = L%J % 0.72° and O = ®[* 4 0.72°, where | k|
represents the largest integer smaller than k. The reflectivity coefficients corresponding to ®7¢
and ®7% are available, denoted by {aj5"} and {aj5"}, respectively. We calculate the reflectiv-

ity of each scatterer a;‘j}o when the receiver azimuth is @7 by using interpolation between the

c, L rc,U
b

corresponding two values of a5~ and a, . Notice here that the real and imaginary parts of

{ab%"} are interpolated separately.

In the simulation yielding Figure 3.9, we divide 360° into 50 equal-sized angular sections and
obtain the corresponding Prp values. Each Prp value comes from 3,000 realizations of H
utilizing the interpolation approach mentioned before. These realizations are computed with
different d, and dj;, and various receiver azimuth chosen arbitrarily from the corresponding
angle section. From Figure 3.9, it is obvious that, except for a few observation angles, a MIMO
radar with large antenna spacing always provides better detection performance, and for most
angles, the performance improvement resulting from the MIMO configuration is significant.

For those few observation angles where the MIMO configuration is worse, the performance
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difference is small, and we believe this is because the target scattering is not rich enough when
it is viewed from those specific angles. In addition to the better average performance with the
angle, we find from Figure 3.9 that the MIMO configuration also provides performance with
less variability, i.e., the performance is less dependent on the look angle, which makes it more

attractive.

3.6 Conclusions

In this chapter we introduced the MIMO radar system assuming that the target is modelled as
the sum of a finite number of independent small scatterers. Both theoretical and realistic targets
were considered. For the theoretical target, a closed form formula to evaluate the theoretical
probability of detection for a MIMO radar having an arbitrary array-target configuration was de-
rived and it was validated by Monte Carlo simulations. This theoretical result makes it possible
to predict the detection performance of the actual MIMO radar without time consuming simula-
tions. For the realistic target, numerical results showing the target detection performance were
presented, which was measured based on multiple realizations of the channel matrix generated
utilizing the available FEKO data. Regardless of the target type, comparisons of the detec-
tion performance of a MIMO radar with different interelement spacings demonstrated that for
a distributed target, the larger the antenna spacings, the lower the channel matrix correlation,
and thus the more spatial diversity gain can be achieved. In addition, at low SNR, a system
with densely spaced antennas outperforms the ones whose interelement spacing is large, while
at high SNR the latter performs better. The system with large antenna spacing is always pre-
ferred when the detection performance is acceptable, e.g., the probability of detection is higher
than 0.6. All the results were consistent with the conclusions drawn in previous work which

investigated a MIMO radar with special array-target configurations only.
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Chapter 4

Detection and Direction Finding
Performance of Hybrid Bistatic Radar

As mentioned in Chapter 2, previous researchers have demonstrated that the conventional
phased-array radar provides coherent processing gain while the MIMO radar exploits spatial
diversity gain to improve the target detection and direction finding performance. In this chap-
ter, we will introduce a hybrid bistatic radar which combines these two configurations to take
advantage of both types of gains. We will investigate the best architecture for such system, tak-
ing into account both target detection and direction finding performance. This radar system is
a general model, which can be used to describe many practical array configurations, including
the MIMO and phased-array radar as special and extreme cases. A closed form expression is
derived to calculate the theoretical probability of detection for different configurations of the
hybrid bistatic system, and the Cramer-Rao bound (CRB) and the mean-square error (MSE)
of the maximum likelihood (ML) estimation for both angle of departure (AoD) and angle of

arrival (AoA) are evaluated to assess the direction finding performance.

4.1 Introduction

The two major problems in radar theory are the target detection and parameter estimation prob-
lems. We emphasize here that rather than designing novel algorithms to solve these two prob-
lems, we mainly focus on the performance evaluation for a radar system in this thesis. Such
an analysis makes it possible to find the best architecture for a specific scenario, and thus, the

performance of a radar system can be enhanced by adopting an appropriate configuration.

In practice, the performance of a radar system is limited by target scintillations or “fading” [11].
As discussed in Chapter 2, for target detection, the conventional phased-array radar addresses
this scintillation problem by cohering a narrow beam toward the target direction, which can

realize coherent processing gain to maximize the received energy reflected by the target. For
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direction finding, multiple independent snapshots are collected to average out scintillation ef-
fects in order to improve the estimation accuracy. The MIMO radar proposed by Fishler et al.
in [8] can overcome the scintillation problem by exploiting spatial diversity gain. It is demon-
strated in [8] that, for target detection, the MIMO radar system outperforms the phased-array
radar at high SNR while the latter performs better when the SNR is low. It is also shown in [3]
and [9] that the MIMO radar leads to a significant improvement in AoA estimation accuracy
because of the diversity offered by widely-separated antennas at the transmitter. In this case,
unlike the system used to detect targets, the receiver has to employ an array of closely-spaced

elements in order to avoid ambiguous angle estimates.

In this chapter, we investigate the best architecture for a radar system which is used for both
target detection and direction finding, particularly when the total number of transmitting and
receiving antennas is fixed. A hybrid bistatic radar combines the phased-array and MIMO radar
configurations, providing a balance between coherent processing gain and spatial diversity gain.
In addition, the hybrid radar is a general system model, which can be used to describe various
practical radar configurations, including the MIMO and phased-array configurations as special
and extreme cases. The target is assumed to be spatially distributed, and both the finite scatterers
model and the statistical model described in the last chapter are considered for a hybrid radar.
Although the architecture of the multistatic coherent sparse aperture system proposed in [128]
is similar to the hybrid bistatic radar, they utilized the point-like target assumption and focus on
processing the received data at a central processor coherently rather than exploring the spatial
diversity of the target. The system configuration discussed in [129] is the same as that in our
work, but the major aim of [129] is to propose spatial spectral estimators to detect target and
estimate parameters. In this chapter a parametric approach is applied and our emphasis is to
explore the performance of the system accounting for both the diversity gain and the coherent
processing gain in order to find the best configuration. In [129], the target direction is only
denoted by a “target location parameter” whose manifold is not formally defined, and linearly
independent waveforms are assumed to be transmitted from all the antennas. In our work,
however, we define the target direction by two parameters, AoD and AoA, and assume that
each array transmits one of a set of orthogonal waveforms and the antennas of each array work
as a beamformer cohering a beam toward the AoD. In this way, as mentioned in [130], extra
coherent processing gain can be achieved compared with the fully independent waveforms case
at the price of estimating AoD first. We want to investigate the effect different configurations

have on system performance and so we wish to measure the full gains that the hybrid radar
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system can realize.

We first consider the target detection performance and a closed form formula is derived utiliz-
ing the statistical model, which can be used to predict the theoretical probability of detection
for any hybrid radar configuration. It should be noted that [8], by contrast, only presents the de-
tection performance for four special configurations. We also show that it is possible to model a
realistic radar system using the finite scatterers model, which can perform just like the ideal hy-
brid radar under certain conditions. Then we introduce the initialization process during which
the AoD is estimated, and assess the estimation performance by measuring the average CRB.
This is because the transmitter needs to know the AoD at each phased-array in order to steer
a beam toward the correct target direction to realize coherent processing gain. In the phased-
array radar case considered in [8], perfect AoD information is assumed to be available but the
method to obtain that is not described. Then the average and outage CRBs proposed in [9] for
AoA estimation are extended to apply to the general case of a hybrid radar system assuming
that the true AoD value is available at the transmitter. We focus our attention on the scenario
that orthogonal waveforms and appropriate matched filters are employed, while in [9] the trans-
mitted signals are modeled by a Gaussian random process. The extension of our results to the
Gaussian waveform case in [9] is also briefly discussed. We also consider the scenario that the
transmitter only knows the estimated AoD obtained during the “initialization” stage, and derive
equations to evaluate the effect the estimation error in AoD has on finding AoA. The theoretical
expressions presented in this chapter provide both the detection and estimation performance of
a hybrid radar system. These equations can be used to select the best architecture for a given
specific scenario, considering factors such as the number of antennas, the SNR values, and the

required precision of the application.

4.2 System Model

4.2.1 Channel Model

As illustrated in Figure 4.1, the hybrid bistatic radar considered here has M, antenna arrays at
the transmitter and M, arrays at the receiver, and the separation between antenna arrays at the
transmitter and receiver are Ay, A\ and A, )., respectively. Each array is a uniform linear array
(ULA) of antennas with /V; elements at the transmitter and /V,. elements at the receiver, and the

interelement spacings are Ay\. and A, )., respectively. Here ). is the carrier wavelength and
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Figure 4.1: Configuration of the hybrid bistatic radar system

Ata, Arg, Ay, and A, are normalized spacings in wavelengths. In order to realize coherent
processing gain, it is required that the interelement spacings are small such that each antenna
array has the same configuration as that of a conventional phased-array radar with Ny or NV,
closely spaced sensors. Each phased-array is able to use a beamformer to steer toward any
direction. To achieve spatial diversity gain, we assume that the separation between arrays at the
transmitter and receiver are large enough that the whole radar system can be considered as an
M, x My MIMO radar. In other words, in the hybrid radar system we utilize an antenna array
at the location where there is only one antenna in the conventional MIMO radar [8], so different
antenna arrays observe different aspects of the target, while all the antennas in one array view
the same aspect. All the signals are assumed to be narrowband. The channel matrix can be

expressed by an M, N, x M;N; block matrix as below:

Hyi Hipp Hin,
H— .21 22 | @1
| Hy,o oo o Hug, |
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where the (u, p)-th block H,,, is an N, x IN; matrix which is given by

H,, = QUP‘I’T(@Z)‘I’:{((I)Z)

1
exp{j2m A, sin(®%)} 4.2)
‘Ils((bg) = .

exp{j2m(Ne — 1)A. sin(®F)}

where v, is the fading coefficient of the target between the p-th transmit array and the u-
th receive array, € and ¢ are either £ and p or r and wu, respectively, p = 1,2,..., My, and
u=1,2,..., M,. Here <I>f; is the AoD of the path from the first element of the p-th transmit array
to the center of the target area, and @], is the AoA of the path from the target center to the first
element of the u-th receive array. Here we adopt the statistical MIMO model proposed in [8],
and hence a fading coefficient vector o« which is defined such that [a](ufl) My+p £y, and
a ~ CN (0pr, 01, Ins, 01, )- Note here that the vector a is the key MIMO definition, suggesting
that each array constitutes one element of a MIMO system. On the other hand, (4.2) follows the
phased-array definition, implying that each array itself works as a conventional phased-array

radar.

Notice that the statistical MIMO model can only be utilized for a system combining the ideal
phased-array and MIMO configurations, which do not exist in the real world. Therefore, a
hybrid radar based on this model is actually an ideal system. In contrast, as mentioned in the last
chapter, the finite scatterers model can be used to calculate the channel matrix of a radar system
having an arbitrary array-target configuration described by specific parameters of locations and
sizes of targets, transmitter and receiver. However, as discussed in Chapter 2, a finite scatterers
model coincides with the statistical model of the ideal MIMO system if its parameters obey the
condition that the so-called distance-dimension ratio, which is the ratio of the distances between
the target and both the transmitter and receiver to the dimension of the target, is smaller than
the normalized antenna spacing in wavelengths. In contrast, if the distance-dimension ratio
is far larger than the normalized interelement spacing, then the corresponding finite scatterers
model can be approximated as the statistical model of the ideal phased-array configuration. For
mathematical tractability, we employ the statistical model to derive theoretical performance. As

shown in Section 4.5, we can simulate a realistic hybrid radar using the finite scatterers model
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with appropriate parameters, which performs in the same way as the ideal hybrid radar model

above.

Furthermore, it is assumed that we operate in the “far field”, but because of the configuration
of the hybrid radar system, there are two ways to define the “far field” assumption depending

upon the dimensions of the array separations:

(A1) The separations Ay, and A,,, as well as the dimension of each transmitting and receiving
antenna array, are much smaller than the distances between the target and both the transmitter
and the receiver, that is, the whole system works in the far field. Therefore, the AoDs for all
the M, N; transmit antenna elements are assumed to be the same, and similarly, the AoAs for

all the M, N, receive antenna elements are assumed to have the same value.

(A2) The sizes of A4, and A, cannot be neglected compared with the distances between the
target and both the transmitter and the receiver, but the dimension of each antenna array is
much smaller than those distances, i.e., each antenna array individually works in the far field.
In other words, there are M, different values of AoDs corresponding to the M, sub-arrays at the
transmitter, but the V; antenna elements within each sub-array have the same AoD. Similarly,
there are M, various AoAs for the M,. sub-arrays at the receiver, while the /V,. antenna elements

of each sub-array share the same AoA.

As mentioned before, the separations A, and A,, have to be large enough such that different
arrays observe different aspects of the target for both (A1) and (A2), that is the MIMO condition
defined in equation (16) of [8] must hold. For the system shown in Figure 4.1, such a condition

can be expressed as below:

di di

Aa A Ara A
ta = Ax - Ax

4.3)

where d¢, d}, and Az denote the distance between the first element of the first transmit array
and the target centre, the distance between the target centre and the first element of the first

receive array, and the dimension of the target in the x-direction, respectively.

The assumption (A1) implies that the differences between the AoD <I>§, for different transmit

arrays are so small that they can be neglected, i.e., ®} = ®} = ... ®f . Similarly, the AoA ®7,
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is also equal for all the M, receiving arrays. From Figure 4.1, it is reasonable to say that such

an approximation is proper if

sin®f —sin®;, <e
oL T M (4.4)
sin®j —sin P, <e

where € is a small threshold chosen for a required precision, such as e = 0.01, 0.001. From

(4.3) and (4.4), it is not difficult to see that if the following conditions hold jointly:

: (yo—yﬁ)(sin <I>'i —6)
To—T] — ————t"

dtl A 17(sin¢'§76)2
Ae < Bt = i—1)he
xT,xO,w (45)

d’ll‘ ! 1—<sind>'i'—e)2
ar <ABra < L —1)re

gt . r_
sin @ = 2% sin @7 = L0

di dy

then the assumption (A1) is true. Here (zg,y0), (z¢,y!), and (27, 4}) denote the coordinates

of the target centre, the first antenna of the first transmit array, and the first antenna of the first

receive array, respectively.

The assumption (A2) means that the AoDs and AoAs for various transmitting and receiving
arrays are different, and we say (A2) is true when (4.3) holds while (4.4) is not met. It is
possible that a few transmit or receive arrays have almost the same AoD or AoA while others
are different, i.e., the system is a hybrid of (A1) and (A2)'. We emphasize here that the system
model presented in this section are suitable for both assumptions, and the differences between

(A1) and (A2) will be discussed in later sections.

4.2.2 Signal Model

As discussed in the last section, we view the whole radar system as an M, x M; MIMO radar
system. Therefore, we assume that each of the M; transmit arrays transmits a different wave-

form, which are collectively denoted by an M; x 1 vector b(t) = [b1(t),ba(t), -, bas, ()]

'Such a scenario is not difficult to investigate using the formulae provided in the following sections.
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In addition, each of the M, transmit arrays can be regarded as the transmitter of a conventional
phased-array radar with /V; antennas. That is, the p-th transmitting antenna array utilizes its
corresponding beamformer to steer toward the estimated target direction i);, in order to obtain
coherent processing gain for its waveform b,(¢). The maximum processing gain that could be
achieved by each transmit array is /Ny, which can be realized when éﬁ, equals the true target
direction <I>§,. The transmitting beamformer of the p-th transmit array is denoted by an N; x 1
vector aﬁ) = \IIZ(@;) and here p = 1,2, ..., M;. Therefore, the signals transmitted from the

M; Ny transmit antennas can be described by an M; N; x 1 vector s(t) as below:

s(t) = [(bl(t)a’i)T (ba(H)al)T -+ (bas(t)aly, )T ! (4.6)

where E; is the total transmitted power from all the transmit antennas. The normalizing coef-
ficient is used to make sure that the total transmitted power and the average received power at
each sensor are not affected by the number of transmit antennas. We further assume that the
transmit waveforms are mutually orthogonal over L samples, i.e., [ b;(t — 7)b} (t)dt = Ld;;(7),
where L > M;. Note here that the transmitted signal model shown above does not apply to the

“initialization” stage described in Section 4.4.1, during which the AoD is estimated.

Denote the received signals and the additive white Gaussian noise at all the receiver antennas
by an M, N, x 1 vector r(t) = [r1(t),r2(t), - - ,7ar.n, (t)]T and an M, N, x 1 vector n(t) =
[n1(t),na(t), - - ,narn, (1)]7, respectively. Together with the channel matrix H given in (4.1),

the received signal can be expressed as

r(t)=H-s(t —7) +n(t) 4.7)

where n(t) is assumed to be a zero-mean, complex Gaussian random vector process with corre-
lation matrix 021, v, . Note here that 7 is the time delay from the transmitter to the receiver via

the target, and differences in time of arrival at the receive antennas are ignored for simplicity.
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4.3 Target Detection Performance

In this section, we examine the target detection performance of the hybrid bistatic radar system,

and a closed form expression to evaluate the theoretical probability of detection is derived.

In order to exploit coherent processing gain at both the transmitter and receiver to improve
the target detection performance, we assume that the u-th receiving antenna array, similar to
that of the transmitter, uses its corresponding beamformer to steer toward the estimated target
direction i)Z. The maximum processing gain N, is again realized when i)Z is the same as the
true target direction ®],. The receiving beamformer of the u-th receive array is denoted by an
N, x 1 vector a], = \I'j(i)Z) and here v = 1, 2, ..., M,.. Therefore, from (4.1), (4.6), and (4.7),

the output of the u-th beamformer is given by

T(u—1)N,+1(t)
yr T(u—1)N,42(t)

4.8)

where the NV, x 1 vector n,(¢) denotes the additive white Gaussian noise at the elements of the
u-th receiving array. Denote the output of a bank of matched filters by a M,. M, x 1 vector x, that
is, [X](ufl)Mter = frg(t)b;;(t)dt, where u = 1,2, ..., M, and p = 1,2, ..., M. Following [8],

the radar detector can be written as

, >
T = x| 7 (4.9)
<Ho

where 7 is a threshold determined by the desired probability of false alarm Prpp. Recalling the

assumption that all the transmit waveforms are mutually orthogonal, we can obtain
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E, L2
Xl w—1)014p = MtNt( W) Hupay, + / (a7) "y (1)bp(1)dt (4.10)

Assuming that all the beamformers steer toward the correct target direction, that is, (f; = @é
and ‘fz = @7, a full coherent processing gain of N, [V; can be realized. Substituting (4.2) into
(4.10), it is not difficult to express the M, M; x 1 vector x under both the null hypothesis Hg

and alternate hypothesis H; as below:

n Ho
X = @.11)
MtNtN Nia+n H;

where the noise vector n ~ CN (0, 11,, LN,021ps,04,) and the fading coefficient vector ac ~
CN(0ns, a1,, Ias, a1, ). Therefore, the distributions of the test statistic 7' under both hypotheses

are given by

LNTO'
— I ~ e o (4.12)
- Es L2N2Nf LNra 2 H :
LN, T XM, M, 1

where Xi denotes a chi-square random variable with &k degrees of freedom. As mentioned
before, for a given noise level, the threshold 1 can be determined by Prga, while the probability
of detection Prp is computed from the value of 1 and the distribution of the test statistic 7" under

'H;. Hereby, we can get

PI‘D = 1 — F 2 277
X EsL2NZNZ2
2My M, W.,_LN,U 4.13)
= LNTU,L]:— (1 — Prpa)
XzMth

where .7:;21 and in denotes the inverse cumulative distribution function (CDF) and the CDF
k
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of a chi-square random variable with k degrees of freedom, respectively. Here we assume that
all the beamformers steer toward the true target direction, and the detection performance when

only the estimated target direction is available will be provided at the end of Section 4.4.3.

The three systems discussed in [8] actually are special cases of the hybrid bistatic radar system,
i.e., the hybrid radar is the ideal MIMO radar when Ny = N, = 1, the ideal phased-array radar
when M; = M, = 1, and the ideal MISO radar when N; = M, = 1. The corresponding
equations to calculate 77 and Prp for all these extreme scenarios derived from (4.13) match the
results in equations (28), (29), (34), (35), (38) and (39), respectively, in [8]. Note the fact that
previous theoretical results are derived utilizing the statistical model, which is appropriate only
for ideal scenarios. In order to analyze the detection performance of a system with a more
realistic configuration, we can extend the derivation provided in the last chapter for a MIMO

radar to the hybrid radar system case employing the finite scatterers model.

4.4 Direction Finding Performance

In what follows, we examine the performance of the hybrid bistatic radar as a direction finding
system to estimate the AoD and AoA based on the received signal reflected from the target. We
emphasize here that the work presented in this thesis focuses on a single target scenario, and
an extension to the multiple targets case is possible by adopting elaborately designed transmit
waveforms and applying appropriate estimation techniques. This could be a promising area
for future research since, to the author’s knowledge, the effect of spatial diversity realized by
a MIMO radar on the multiple targets scenario is not clear. From the viewpoint of estimation,
the MSE of the estimator is a common measurement to compare the performance of different
systems. However, the MSE depends on the specific approach adopted by the estimator. Thus,
we focus our attention on the CRB of the hybrid radar system with various configurations,
which provides a benchmark against which the performance of any unbiased estimator can be
compared [131]. It is noted that we only consider a simple scenario where the target is viewed
as a point source by each antenna array, which then estimates the target direction. However, our
analysis could be extended to a more complicated problem of estimating the nominal direction

of a distributed target [132, 133].

It is known that an array whose interelement spacings are larger than half-wavelength will

suffer from the spatial aliasing effect [122, 134], which makes it impossible to estimate the
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target direction unambiguously. Hence, here we assume that the interelement spacings of both
the transmit and receive arrays are half-wavelength, that is, A, = A, = 0.5. In addition, in
order to estimate the AoD and AoA, N; and N, cannot be equal to one since a single omni-

directional antenna is unable to provide any angle information.

4.4.1 Initialization

In order to realize coherent processing gain, the transmitter needs to know the AoD in order to
steer toward the target direction. Hence, an “initialization” stage is required with no a priori
knowledge about the channel available, which is described as follows. If we only need to
estimate the AoA and N, = 1, i.e., the transmitter is an array with widely-spaced antennas,

then such initialization is unnecessary and we should estimate the AoA directly.

The transmitted signal model described in (4.6) cannot be employed in the procedure of estimat-
ing AoD since the direction knowledge of the transmitting beamformers is not known. Instead,
during the “initialization” stage, orthogonal waveforms are transmitted from all the antennas
to realize the AoD estimation [72,87]. As a specific example of orthogonal waveforms, the
time-division multiplexing (TDM) process is assumed to be utilized here, which is described as
follows: At time t;, the first element of the first transmitting antenna array transmits the signal
s and the received signals at all the M. N, receiving antennas are stored. Then, at time t9, the
second antenna of the first array transmits s and again all the received signals are recorded. This
operation is repeated until the last transmitting antenna is excited with the same signal s at time
ty, N, Here we assumed that |s|2 = 1, and the fading coefficients are assumed to be constant
during the initialization process. We consider the far field assumption (A1) first and denote the
AoD and AoA by ®! and ®", respectively. According to (4.1) and (4.2), the signal received by
the v-th element of the u-th receive array due to the excitation of s at the g-th antenna of the

p-th transmit array is given by

Tu,v(tw) = ¢r(v) *Qyp * @Z}t(Q) “s+n (4.14)

where ¢,.(v) = exp {jm(v — 1) sin(®") }; ¥ (q) = exp {jm(q — 1) sin(®*) }; w = (p—1) Ny +
u=12,...M;v=12...,N;p=12 .., M;,and g = 1,2, ..., N;. After recording all
the M, N, M; N; received signals, we combine them into one N; x 1 data record with M, N, M,
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snapshots as shown below, based on which the AoD is estimated.

Tuw (t(p—l)Nt-‘rl)

Tuw (t(p— 1) Ny +2)

Tinit (k) = +n(k) @s)
i Tup (tpny) 1
= '(;bt((pt) *Olyp * wr@)) -5+ n(k)
where 1, (") = [ V(1) () e (V) }T; k= (u—1)N,M; + (v —1)M; + p;

w=1,2,...,My;v=12,..,N.and p = 1,2,.... M. n(k) ~ CN(Oy,,021y,) and v, is

an entry of the M, M; x 1 fading coefficient vector cx. The estimated AoD ® is obtained by
employing the ML estimator, which is given by [51]

My Ny M )
o' =argmax > |¢f (7 )rinic (k)] (4.16)
Ht/ =1

As mentioned before, in order to compare the performance of any unbiased estimator, one can
use the Cramer-Rao lower bound on the variance of any AoD estimator &', which is denoted
by CRB(®! |ax). The notation indicates that the value is conditioned on the unknown param-
eters « [9]. Comparing (4.15) with equation (1.1a) in [64], we find that in this case, riyit(k),
P, (DY), appr(v)s, n(k), and M, N, M; in (4.15) corresponds to the noisy data vector y(t),
the direction matrix A(6), the signal amplitude z(t), the additive noise e(t), and the number of
snapshots N in equation (1.1a), respectively. By using Theorem 4.1 provided in [64], the CRB

conditioned on the fading coefficients can be expressed as

2
o, 6

CRB(®! = .
(#lex) le||*  NrNiw?cos?(®f)(NE — 1)

4.17)

Note here that [a|? ~ X3 M, 0+ Similar to [9], we can calculate the average CRB (ACRB)

by averaging the CRB with respect to «, which is given by
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2
6
ACRB(®!) = In . 4.18
CRB(2') (M, My —1) NNy cos?(®t)(NF — 1) (+-18)

When the far field assumption (A2) is adopted, the AoDs for various transmitting arrays are
different and all the AoDs need to be estimated separately. The AoD of the p-th transmitting
array is estimated based on the NV; x 1 data record with M, N, snapshots, which is obtained
from the received signals at all the M, N, receiving antennas when each antenna of the p-th
transmitting array is excited with the signal s in a TDM fashion. After a very similar derivation,
we can obtain the conditional CRB and ACRB for each AoD under (A2). The equations are
almost the same as (4.17) and (4.18), except that for the conditional CRB, ||a||* ~ X3 a,» and
for the ACRB, (M, M; — 1) in (4.18) changes to (M, — 1).

4.4.2 Ao0A estimation with true AoD

Now we proceed to investigate the performance of the hybrid radar system for estimating the
AoA ®7 under (Al). Since the estimated AoD is available after the initialization process, we
assume that each of the M, transmitter arrays employs a beamformer to steer toward the target
direction to exploit coherent processing gain. In order to examine the effects of the system
configuration on the performance of estimating the AoA, we first assume that the transmitter
knows the true target direction, i.e., P! = B!, The performance of the system when the error
in estimating AoD is taken into account will be provided in the next section. During the ob-
servation period, it is assumed that the fading coefficients are constant while the transmitted

waveforms are different for each snapshot.

In the hybrid radar system, we cannot estimate ®” by utilizing all the received signals directly,
but by processing each receive antenna array’s signals separately. This is because the separation
between receiving antenna arrays are much larger than a half-wavelength. As was the case for
target detection, we assume that the waveforms which are mutually orthogonal over L samples
have been used as the transmit waveforms b(¢). From (4.2), (4.6), and (4.7), the N, x 1 signals

r,, received by the u-th receiving array are given by

E Ny

t

r,(t) = P, (P alb(t — 7) 4 ny(t) (4.19)
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where the k-th entry of the N, x 1 vector ¢, (®") is exp{jn(k — 1)sin(®")}, and o, =
[ Cul Qo O, }T. Here o, ~ CN (O, In,) and ny(t) ~ CN (On,,021y,).
Then, by applying a matched filter of duration L samples for each distinct transmit waveform,
i.e., Xyp = [ 1,(t)bs(t)dt, and invoking the assumption that [ b;(t — 7)b; (t)dt = Ldy;(7), we

can obtain a single snapshot which can be written as an IV, X 1 vector

|E,N, L2
Xup = Mtt P, (D) vy + Ny (4.20)

where u = 1,2,..., M,; p = 1,2, ..., My, and n,p, ~ CN(Op,, Lo21y, ). In this case, the SNR

increases by a factor of L compared to what we would measure for one sample in isolation.
Recall the fact that arrays at both the transmitter and receiver are separated far enough from
each other that they view different aspects of the target, then the fading coefficients «,, and
«, for the u-th and v-th receiving arrays, respectively, are independent. Therefore, we can
obtain a M, M; x 1 vector ¢ by stacking all the M, {c,} into a single column vector, and
a ~ CN(Onar,, Ingoar,). uyp in (4.20) is the {(u — 1)M; + p}-th entry of . Since the
elements of a are independent, we can combine all the vectors x,,, into one data record with

M, M, snapshots, based on which the AoA ®" is estimated.

Similar to the initialization stage, the ML estimator is applied to estimate the AoA $", which

is given by [51]:

M, M,
" = arg maxz Z ‘1&5(@)7"'))(“],‘2 (4.21)
@ u=1 p=1

Comparing (4.20) with equation (1.1a) in [64], we note that x,,, 1,.(D"), 4/ %’i”aw, Nyp,
and M, M, in (4.20) correspond to the noisy data y(t), the direction matrix A(#), the signal
amplitude x(¢), the additive noise e(t), and the number of snapshots N in equation (1.1a),
respectively. The CRB conditioned on « can be calculated by using Theorem 4.1 provided

in [64], which is written as
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6 .Z\4150'2
o _ ' n 4.22
CR ( ‘O‘) L2 COS2((I)T)(N7? — 1) E;N,.N; ||a||2 ( )

Note here that |a|* ~ X3 A, 01, The ACRB of @" shown below is calculated by averaging
(4.22) with regards to cx.

ry MUEL
ACRB(®") ~ Ln? cosz(gT)(N,?—l) ) ESN,«Nt(tMTMﬁl) (4.23)

From (4.23), it is obvious that the ACRB is unable to indicate the direction finding performance
of the radar system when M, = M; = 1. Therefore, we proceed to examine the outage CRB
proposed in [9], which is denoted by CRB =, (®"). Similar to the outage capacity defined in
communications, the outage CRB for a given probability p means that the probability of finding
an estimator whose MSE is less than CRB ;= (®") is smaller than 1 — p [9]. Following [9],
CRB,,1—,(®") can be evaluated from (4.22) by replacing ||c||* with %]:;%1%% (p).

As was the case for AoD estimation, AoAs for various receiving arrays are different under
(A2), and all the AoAs are need to be estimated separately. In this case, we assume that all the
transmitting arrays know the true target direction, and the AoA of the u-th receiving array is
estimated based on the vector x,,;, with M; snapshots. The equation of the conditional CRB for
each AoA is almost the same as (4.22), except that ||c||* ~ 3X3 A, Using (M; — 1) instead of
(MM, — 1) in the second term of (4.23) gives us the ACRB for each AoA under (A2).

Note here that although orthogonal waveforms are assumed to be adopted, the transmitted sig-
nals can also be modeled by a Gaussian random process in this hybrid radar system as that
in [9], i.e., b(t) ~ CN (0ypy,,In, ). Here we assume that the power of each signal is unchanged
compared to the orthogonal waveform case. When assumption (A1) is adopted, from (4.19),

we can express the signals received by all the M,. N, receiving antennas as below

r0)=[ 70 50 - w0 ] =B M, © 6, (@) Qb(t-7)tn(1) ¢424)
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T
where the M, x M; matrix Q = [ a; oy - ay | andn(t) ~ CN(On, N, , 021, N,).
We further assume that r(¢) has L independent snapshots, and based upon which the AoA ®"
is estimated. Following a derivation similar to that provided in [135], we can obtain the CRB

of ®" conditioned on €2, which is given by

gy !
G S {ESN%VQQF M—|—3‘E[trace(IMt+WQHQ> ]} (4.25)

From (4.25), a closed form equation of the CRB conditioned on €2 can be derived for two

special cases: M; =1 or M, = 1.

CRB(®" |Q) =

M2 4 Mta'%
L7r2(:os2(<I>T)(N2 1) (E2N2N2HQH4 + BN, N2 |7 (4.26)

where [|Q|> ~ 3 a,01,- Note here that the system considered in [9] is actually a special
configuration of the hybrid radar when M, = N; = 1, and the corresponding equation for this

scenario derived from (4.26) matches equation (26) provided in [9].

When assumption (A2) is adopted, the AoA of the u-th receiving array @], is estimated based
on the received signal vector r,,(t) with L snapshots. The covariance matrix of this signal is

given by

E Ny

ol -7 (@) + o7y, (4.27)
t

Cr, = 9,(2])

2 and o2 in this

Comparing it with equation (1) in [135], we note that ¢, (®},), ESW

equation corresponds to the direction matrix A, the signal covariance matrix P, and the com-

mon noise variance ¢ in equation (1) in [135], respectively. Hence, the CRB can be calculated

by using equation (5) provided in [135]
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_ 6 MZo} Myo2
CRB (¥ &) = Lrresmriyrr - (mnragiar + T (4.28)

where Hoz||2 ~ %X% 11, Comparing (4.26) with (4.22), and comparing (4.28) with the CRB
equation of the scenario when orthogonal waveforms are transmitted under (A2), we find that
both (4.26) and (4.28) have an additional term inversely proportional to |c[|*, which can be

viewed as the “penalty” for using Gaussian random waveforms rather than orthogonal ones.

4.4.3 AoA estimation with estimated AoD

Since the CRB of AoD obtained before will not be zero, we know that the process of estimating
AoD cannot be error-free, and the case discussed in last section is actually an ideal scenario.
Therefore, we further investigate the direction finding performance of the hybrid radar under
(A1) when the estimated AoD ®* obtained during the “initialization” stage, instead of the true
AoD value ®!, is available at the transmitter. In other words, each of the M; transmitting
antenna arrays utilizes a beamformer to steer toward the estimated target direction to exploit
coherent processing gain. Given the fact that the ML estimator is asymptotically Gaussian
distributed and achieves the CRB [131], it is reasonable to assume that the estimated AoD Pt is
a “truncated” Gaussian distributed, i.e., ®! ~ Ni(®?,03), whose probability density function

(PDF) is

Bt HE\2
PDF (&) = Qe exp{—M} (4.29)

when &' € (@' — Z,®" + 7] and equals to 0 elsewhere. The mean is the true value of the
AoD, and for a certain realization of the fading coefficient vector c, the variance 0'(% equals the
conditional CRB of the AoD given by (4.17). Here QQ7¢ is a normalizing constant chosen to
make PDF(@) a density function depending on the value of ®! and o3, which is, however,

very close to 1 for the scenarios considered here.

The error between ¢ and ®! reduces the coherent processing gain realized by the transmitting

beamformers, which results in a decrease in the AoA estimation performance. We evaluate this
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effect by considering the average coherent processing gain that could be achieved since dlisa
random variable. After similar calculation as that for (4.19) to (4.22), the conditional CRB of

AoA when the estimation error in AoD is included can be written as follows:

r _ 6 . M;Nio?
CRBerr(2" |0t) = Torcoaenve—n * mum ol R

P =6 [oF @)a@] | = wi(@)- cu - wite)

(4.30)

where C,, = E [at(ét)atH(@t)} ,a () = 47 (d1), and the k-th element of the N; x 1 vector
P (D) is exp {jm(k — 1) sin(®') }. Then, the (m, n)-th entry of the N; x N; matrix Ca, is

Ca,(m,n) =E [cos {W(n —m) sin(fi)t)H +j-E [sin {W(n —m) sin(ét)H (4.31)

Recall the assumption that & ~ N;(®!, 52, and make use of formulae provided in [136-138],

the above equation becomes:

Ca,(m,n) = Jo(2) + Q1 kf Jok(2) exp [—M} X
=1
{cos(2k®") A(2k, 04) — sin(2kD')B(2k, o) }

- e (4.32)
+7-Qra Y Jort1(z) exp {—M} X
k=0

{sin [(2k + 1)®'] A(2k +1,08) + cos [(2k + 1)®'| B(2k + 1,00)}

where Ji(z) is a Bessel function of the first kind and integer order [136], z = 7(n — m), and

A(a,b) {erf(ﬁ —J {erf(_ﬁ B jx%)} (4.33)

ot 2} -3
Bla,b) = S {erf( g — 7 2%) ) — S {erf(~ 75 — 5 %)

where erf(a + jb) is the complex-valued error function [136]. Substituting (4.32) and (4.33)

into (4.30) gives the CRB of AoA conditioned on o including the effect of the estimation error
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in AoD. It is impossible to derive a closed-form equation of the corresponding ACRB. One
way to obtain ACRB numerically is to generate a realization of o, calculate the conditional
CRB of the AoD using (4.17) first, which is the value of 0(21,, then evaluate the corresponding
conditional CRB of the AoA from (4.30) to (4.33). Repeat this process for multiple realiza-
tions and compute the ACRB of the AoA by averaging over the conditional CRBs. However,
such a procedure is time consuming, and hence, we employ another approach to calculate the
ACRB approximately, and the numerical results provided in the next section validate that the

approximate method works quite well. Firstly, calculate the ACRB of the AoD using (4.18).

t

app- Similar to

Then, substitute this value as O'(% to (4.32) and denote the resulting matrix as C
(4.23), we evaluate the approximate ACRB of the AoA, taking into account the estimation error

in AoD, as below:

T\ 6 MtNtU,«QL
ACRBerra(®") =1 con(ve=1) ' BN, (3, Mi— )7 (6 Co 7 (8 (4.3

Similarly, we can obtain the approximate probability of detection Prp considering the es-
timation error in both AoD and AoA by replacing N?N? in the denominator of (4.13) by
Pl (O7)Clhp b (O7) x ] (DY) CL, b7 (@). Here C,, is computed by substituting the value
of ACRB of the AoA from (4.23) as a(% to (4.32), and replacing ®! in (4.32) by ®".

When assumption (A2) is adopted and estimation errors exist in the AoD, we can derive the
conditional and average CRBs of the AoA by following the same procedure leading to (4.30)
and (4.34), which can be briefly described as below:

i) Compute the value of U?I,, which equals the conditional or average CRB of the AoD under
(A2) provided in Section 4.4.1.

ii) Calculate the reduced coherent processing gain P; by substituting the obtained a(% into

(4.30) to (4.33).

iii) Derive the conditional or average CRB of the AoA when estimation errors exist in the
AoD by multiplying N?’f by the corresponding CRBs of the AoA under (A2) when the

transmitter knows the true AoD, which are provided in Section 4.4.2.
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4.5 Simulation Results

In this section, numerical results yielded by simulations of a hybrid bistatic radar are provided.
We examine the target detection performance first for a system with eight transmit antennas
and eight receive antennas when the number of snapshots L = 8. The carrier frequency of the
signal is 10 GHz, and the size of the antenna array is much smaller than the distances between
the target and both the transmitter and receiver, which are on the order of 3 ~ 5 km. The
probability of false alarm is set to be a constant value Prgy = 1076 and the SNR is defined as
the ratio between the transmitted power E and the noise level per receiving antenna o2. The
far field assumption (A1) is employed in the simulations, and we assume that ®* = 45° and

®" = 45°.

1 - — g\#'*\#ﬁﬁ%ggé\a&%\%@

Theory, Mr=1
Theory, Mr=2
Theory, Mr=4
Theory, Mr=8
O  Simulation, Mr=1|"
*  Simulation, Mr=2
O  Simulation, Mr=4{-
Simulation, Mr=8
-5 -3 -1 1 3 5
SNR (dB)

Figure 4.2: Theoretical and simulated probability of detection as a function of the SNR for
systems with 2 transmitting antenna arrays

First of all, we validate the theoretical results of Prp obtained from (4.13) for various configu-
rations. Figure 4.2 depicts the theoretical probability of detection as a function of the average
received SNR when the number of the transmit arrays is two, i.e., M; = 2, and the number
of receive arrays of the four configurations considered is 1, 2, 4, and 8, respectively. Figure
4.2 also shows the Prp recorded from simulations of the same four scenarios employing the

finite scatterers model, and the total number of tests for each case is 10,000. It is assumed that
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the target area has circular shape with radius 79 = 20m, within which there are 64 scatterers.
The normalized interelement spacing of each antenna array A; = A, = 0.5 and the array
separation A, = A,, = 400. In this case, the distance-dimension ratio mentioned in Section
4.2.1 is smaller than the normalized separations A, and A,,. According to the description
of the relationship between the finite scatterers model and the statistical model, all the antenna
arrays in the considered scenario together constitute an ideal MIMO system. In contrast, each
array itself can be viewed as an ideal phased-array configuration since the distance-dimension
ratio is much larger than the interelement spacings A; and A,.. Obviously, the simulated results
agree well with the theoretical values calculated using the statistical model, which confirms the

correctness of the formula (4.13).
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Figure 4.3: Theoretical probability of missed detection as a function of the SNR for systems
with various numbers of receiving antenna arrays

Figure 4.3 and Figure 4.4 depict the theoretical probability of missed detection Pryp calcu-
lated by using (4.13) for various hybrid radar configurations. We consider different numbers of
transmit and receive arrays, that is, My and M, can be 1, 2, 4, or 8. The scenarios considered
in Figure 4.3 have 2 values of My, and for each M, 3 different values of M, are examined.
From the figure, we find that the configuration with M, = 1, i.e., the phased-array receiver
configuration, work best at low SNRs. As the SNR increases, the hybrid system with M, = 2

outperforms the others. The receiver with one sparsely-spaced receive array (M, = 8, N, = 1)

82



Detection and Direction Finding Performance of Hybrid Bistatic Radar
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Figure 4.4: Theoretical probability of missed detection as a function of the SNR for systems
with various numbers of transmitting antenna arrays

is always preferred when the detection performance is good, e.g., Pryp is less than 0.01. Then
we compare the curves shown in Figure 4.4 corresponding to the radar systems having various
M, when M, is fixed at 1 and 4. Similarly, the radar having the phased-array configuration at
the transmitter performs the best at low SNR, but systems with larger M; achieve lower Pryp
as the SNR increases. Furthermore, by comparing the three solid lines (M, = 1) with the dotted
lines (M, = 4), it is clear that a larger value of M, is always preferred when Pryp is less than
0.1. However, this is not always the case for M, especially when M, is large. In fact, the sys-
tem with large M, performs the best only at relatively high SNR, and at that SNR value Pryp is
comparatively low, e.g., lower than 10~°. In addition, observing these two figures, we can see
that the improvement on detection performance by enlarging M, for a fixed transmitter config-
uration is more obvious than that by increasing M; when the receiver is unchanged. Therefore,
a hybrid system, whose transmitter consists of a few antenna arrays and widely spaced elements
at the receiver, provides better target detection performance than either the MIMO radar or the
phased-array radar for practical values of Pryp, such as 0.01 and 0.001. Furthermore, these
results suggest that it is possible to enhance the system performance by forming an adaptive
MIMO radar. For example, the best architecture of a radar system can be predicted for every

specific scenario, depending on the given number of antennas, the SNR value considered, the
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required probability of false alarm, efc. Assuming we are capable of moving antenna elements
to the desired locations in real time, a MIMO radar whose configuration is adaptively adjusted

to provide the best performance can be realized.

10 , f ]
: —8— Mt=1,Mr=4

’ —O6— Mt=2,Mr=4
—%— Mt=4,Mr=4

N —&— Mt=2,Mr=1
10 Mt=2,Mr=2

Average CRB

10 L L L
0 5 10 15 20

SNR (dB)

Figure 4.5: Average CRB of AoD as a function of the SNR for a hybrid radar system with
different configurations

Next, we proceed to assess the direction finding performance of the hybrid radar system, which
is again assumed to have a total of 8 transmitting and 8 receiving antennas. We first examine the
performance of estimating AoD at the initialization stage. Notice that A cannot be 8 since no
AoD estimation is possible when there is only one single antenna for each transmit array. Figure
4.5 shows the average CRB of AoD calculated by (4.18) for a hybrid radar system with various
configurations. It is obvious that for the same M,., the smaller the value of M, the lower the
ACRB, while the ACRB decreases as M,. becomes larger for a fixed M;. Therefore, in order to
estimate the AoD more precisely, the phased-array configuration (M; = 1) should be selected
for the transmitter while increasing the number of receive arrays M, improves performance.
Figure 4.6 depicts the simulated average MSE of AoD for the same five scenarios as that in
Figure 4.5, but this time using the ML estimator. It also shows the simulated result for the con-
ventional phased-array radar, i.e., M; = M, = 1, which is unable to be calculated by (4.18).
Averaging the MSE ‘(i)t — ‘Dt‘2 for 100,000 realizations of the channel matrix H defined in
(4.1) gives the simulated results, where the estimated AoD ®! is obtained from (4.16). Appar-

ently, the theoretical ACRB curves in Figure 4.5 agree well with the corresponding simulated
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Figure 4.6: Average MSE of the ML estimator for AoD as a function of the SNR for a hybrid
radar system with different configurations

average MSE curves shown in Figure 4.6, which validates the correctness of (4.18) and also

indicates that the ML estimator utilized in these scenarios is an efficient estimation technique.
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Figure 4.7: Average CRB of AoA as a function of the SNR for two kinds of transmitting wave-
forms when the true AoD value is assumed to be available at the transmitter
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Figure 4.8: Average MSE of the ML estimator for AoA as a function of the SNR when the true
AoD value is assumed to be available at the transmitter

Now we investigate the direction finding performance at the receiver. First of all, the perfor-
mance of estimating AoA is examined when the true AoD value is assumed to be available
at the transmitter. Here we assume that the number of snapshots L is 80, and M; could be
1, 2, 4, or 8, while M, could be 1, 2, or 4. The curves corresponding to “Hybrid” in Figure
4.7 are evaluated using (4.23), which show the average CRB of AoA when the hybrid signal
(4.6) is adopted as the transmitting waveform. On the other hand, the curves corresponding to
“Orthogonal” in Figure 4.7 show the average CRB of AoA for the same system configurations
when the signals transmitted from all the M;N; antennas are mutually orthogonal. It is clear
that the former provides better performance due to the coherent processing gain realized by the
beamformers at the price of estimating the AoD first. Figure 4.8 shows the simulated average
MSE of AoA for different systems employing the ML estimator. The estimated AoA is ob-

. 2
tained from (4.21) and the simulated results are given by averaging the MSE ‘CDT — o7 for

100,000 realizations of the channel matrix H. Obviously, the theoretical ACRB results shown
in Figure 4.7 agree well with the corresponding simulated curves in Figure 4.8, which validates
the correctness of (4.23). Furthermore, we observe that the smaller the value of M,., the better
the estimation of AoA, and for the systems with the same receiver configuration M, = 1, the
one with M; = 2 achieves the lowest average MSE, indicating that the total gain achieved by

combining the spatial diversity gain provided by the 2 arrays and the coherent processing gain
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obtained by the 4 antennas of each array outweighs the diversity gain, or the processing gain

realized by the 8 antennas in the MIMO or the phased-array configurations.
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Figure 4.9: True and approximate average CRB of AoA as a function of the SNR when only the
estimated AoD value is available at the transmitter
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Figure 4.10: Average MSE of the ML estimator for AoA as a function of the SNR when only the
estimated AoD value is available at the transmitter
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We further explore the performance of finding ®” when the transmitter only knows the esti-
mated AoD obtained during the initialization stage. In Figure 4.9, the curves corresponding
to “True” show the ACRB of AoA obtained numerically using the first approach described in
Section 4.4.3, while the curves corresponding to “App” depict the approximate ACRB of AoA
when the second method is employed. Comparing the results, we find that the difference is quite
small so that the second approach provides a useful CRB estimate. In addition, we present the
simulated average MSE of AoA including the effect of estimation error in AoD in Figure 4.10.
Here, the estimated AoD is obtained for each realization of channel matrix first, which is the
direction the transmitting beamformers steer toward, then the ML estimator at receiver gives o

. 2
based on the received signal, and the average MSE is calculated by averaging ‘CIDT — o7 for

100,000 realizations. Obviously, Figure 4.9 agrees well with the corresponding curves in Figure
4.10, which validates the correctness of (4.30). Furthermore, comparing Figure 4.9 with Figure
4.7 and Figure 4.10 with Figure 4.8, we notice that the difference between the performance of
the system with the true AoD and estimated AoD is small, indicating that the estimation error
in AoD resulting from the initialization stage would not decrease the performance of estimating
AoA dramatically. However, this conclusion is somewhat dependent on the array sizes and the
number of snapshots available. Thereby, only the system with true AoD value is considered in

the following simulations for simplicity and mathematical tractability.
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Figure 4.11: Outage CRB of AoA as a function of the SNR for a hybrid radar system with
different configurations when the outage probability p = 0.01
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Figure 4.12: Outage CRB of AoA as a function of the SNR for different values of outage prob-
ability p

We will next compare the system performance by using the outage CRB rather than the ACRB
since the latter does not exist when M, = M; = 1. Figure 4.11 shows the CRB,,:(®")
for various radar systems when p = 0.01. Observing the results for systems whose number
of transmit arrays M, is fixed at 4, we find that the radar with smaller M, always performs
better, which agrees with the conclusion drawn from Figure 4.7. Hence, an array with closely-
spaced antennas is usually preferred at the receiver for estimating the AoA. Then we compare
the performance of systems with the same M, which is equal to 1. We see that the hybrid
radar with 4 transmit arrays, each having 2 antennas, performs better than the system whose
transmitting antennas are far from each other (M; = 8) or are closely located (M; = 1). Hence,
applying the hybrid bistatic radar system can achieve better direction finding performance than

using the MIMO or the phased-array configuration.

From previous results we find that when M, = 1, the hybrid radar with 2 transmit arrays
performs the best in terms of the average MSE, while the system with M; = 4 should be chosen
in order to achieve the lowest outage CRB for p = 0.01. In addition, we see from Figure 4.12
that when M, = 1 and p = 0.1, the system with 2 transmit arrays outperforms the one having 4
arrays in the sense of outage CRB. In order to explain this, we further present in Figure 4.13 the

CDF of the CRB for systems with M, = 1 and M; = 1, 2, 4, and 8 when the SNR is fixed at
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Figure 4.13: CDF of the CRB of AoA at SNR=10dB for a hybrid radar system with different
numbers of transmitting antenna array when the receiver has one antenna array

(M, =1)

10dB. Recalling the fact that the CRB is actually conditioned on a random variable ||x||?, which
has the distribution % X% M, 1t 1s clear that the CRB itself is also a random variable whose
distribution is affected by the values of M; and M,.. Figure 4.13 illustrates that the comparison
of the direction finding performance between different radar systems based on only the average
MSE or only the outage CRB is not adequate, and the CDF of CRB should also be taken into

account.

4.6 Discussion

In general, our analysis shows that a system with the phased-array configuration, either at the
transmitter or receiver, has relatively better target detection performance at low SNR, while
the system with the MIMO configuration is preferred at high SNR. The radar system having a
sparsely-spaced receive array usually provides better detection performance for low probability
of missed detection. However, it is possible that the system whose transmitter is a widely-
spaced array works best only when the detection probability is equal to one, which is unneces-
sary or even impossible in the real radar system. Therefore, a hybrid radar, whose transmitter

consists of a few antenna arrays and widely-spaced elements at the receiver, provides better tar-
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get detection performance than either the MIMO radar or the phased-array radar for practical

values of Pryp, such as 0.01 and 0.001.

In contrast, if a radar system is applied to find the target direction AoA, then the phased-array
configuration is always preferred at the receiver, and the transmitter should also choose a hybrid
configuration to improve the estimation performance. Regarding the estimation performance
for the AoD, the phased-array configuration should be chosen at the transmitter while increasing
the number of receive antenna arrays improves the estimation, which is the exact opposite of
the best configuration for AoA estimation. Although the performance of estimating the AoD
during the initialization process will affect the direction finding performance overall given the
fact that the AoD information is needed to be known by the transmitter in order to cohere a
beam toward the target direction, we validate that the estimation error in AoD caused by the

initialization would not decrease the performance of estimating AoA significantly.

It can be seen that the best hybrid configuration for a radar system is not the same for different
detection and estimation applications. A hybrid radar system, which is a compromise of these
configurations, would be the best choice to optimize jointly the detection and estimation per-
formance. The best hybrid radar configuration for a specific scenario varies depending on the
given number of antennas, the SNR value considered, the required precision, efc., which can be

evaluated by the theoretical expressions presented in this chapter.

4.7 Conclusions

In this chapter we investigated the hybrid bistatic radar system, which is a combination of the
conventional phased-array and MIMO radar configurations. We derived a closed form expres-
sion to evaluate the theoretical probability of detection of the system, and examined the per-
formance of the hybrid radar to estimate the AoA by measuring the average and outage CRBs.
The performance of estimating the AoD during the initialization process was also examined,
and theoretical results were validated by simulations. For a radar system having a fixed number
of transmitting and receiving antennas, which is used for both target detection and direction
finding, we suggest that a hybrid configuration should be employed, and the total gain achieved
by combining the spatial diversity gain provided by the antenna arrays together and the coher-
ent processing gain obtained by each array outweighs the diversity gain, or the processing gain

realized by the antennas in pure MIMO or phased-array configurations.
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Chapter 5
Detector and Waveform Design for

MIMO systems with Noisy Channel
Estimation

We have studied the effects the configuration of a MIMO radar has on system performance
in the previous chapters. Obviously, for a radar with a fixed architecture, system performance
would be significantly affected by the choice of transmitted signals, and such a waveform design
problem will be investigated in this chapter. As mentioned in Chapter 2, previous research has
shown that time reversal (TR), which is developed in the acoustics domain, can also improve
the detection performance of a radar system. However, the TR technique is no longer a good
choice when the noise level is high since the retransmitted signal contains significant noise
components. We will investigate a MIMO detection process similar to TR detection, during
which a waveform designed using the estimated channel and a parameter indicating the quality
of the estimation is retransmitted, and the detector determines the presence or absence of a
target. Three detectors will be developed, whose theoretical thresholds and probabilities of
detection will be derived. We will propose three schemes to design the retransmitted waveform

with constraints on signal power, whose performance will be compared with the TR scheme.

5.1 Introduction

The TR technique, an extension of the concept of phase-conjugation in optics, has attracted
increasing interest for a broad range of applications. The unique feature of TR is that it can
turn multipath effects, traditionally considered a drawback, into a benefit, which is very sim-
ilar to the MIMO concept. In the TR approach, a signal is first radiated through the medium,
then the backscattered signal is recorded, time reversed, energy normalized, and retransmit-
ted. As discussed in Chapter 2, this technique is not new, and there are extensive publications
studying the applications of TR in the acoustic and ultrasound domains [99,101, 139, 140], ran-
dom media [107, 108], ultra-wideband communications [109, 110], and computational imag-

ing [113-116]. Recently, Moura et. al. exploited the MIMO radar target detection problem
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applying TR, showing that TR detection can considerably improve system performance com-
pared with conventional detection [118-120]. This is because the waveform is reshaped to
match the channel during the TR process, which is a waveform design process. However, the
retransmitted signal in Moura’s algorithm contains noise components, and it is clear that the
TR scheme is no longer a good choice if the noise level is high. In addition, analytical ex-
pressions for the threshold and probability of detection of the TR detection were not derived

in [118-120]. Instead these were determined by Monte Carlo simulations.

In this chapter, we investigate a MIMO detection process similar to TR detection. That is,
during the probing phase, an incident wave is first radiated into the medium and an estimated
channel matrix with estimation error is obtained. It is assumed that a parameter indicating the
quality of the estimation is given a priori, which can be appropriately chosen depending on the
noise level, the channel dynamics, and estimation strategies, efc. [141-143]. Then, a waveform
designed using the estimated channel and the estimation quality parameter under power con-
straints, instead of the normalized TR signal used in Moura’s scheme, is retransmitted. Finally
the detector determines the presence or absence of a target. We first develop three detectors,
whose theoretical thresholds and probabilities of detection are derived. Next, three criteria are
proposed to design the retransmitted waveform under power constraints. Note here that similar
to TR detection, it is assumed that the channel remains static during the probing and detection
phases, i.e., the scheme is only suited to low Doppler scenarios. The waveform design problem
for a MIMO communication system maximizing the channel capacity when estimation error
exists is studied in [141-143], and it is assumed that the estimated channel and the estimation
error are independent. In this chapter, motivated by [141-143], we consider the waveform de-
sign problem for a radar (or sonar) system and assume that the estimation error is independent
of the channel and their sum is the estimated channel. Although waveforms are designed for
MIMO radar in [70,71], they only assumed that the second-order statistics of the channel matrix
is known and this assumption is the basis for the algorithms which are developed. Here, how-
ever, we design the detector and the retransmitted waveform using an instantaneous estimated

channel matrix.

5.2 System Model

We consider a wideband bistatic MIMO radar (or sonar) system including a pair of arrays A

and B, which have N, and NV, sensors, respectively. The channel frequency response matrix
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is denoted by an N}, x N, matrix H(f,), ¢ = 1,2, ..., Q, where the (7, j)-th entry of H(f;),
hi;(fq), is the frequency response of the channel between the i-th sensor of Array B and the
j-th sensor of Array A at the discrete frequency f,. It is assumed that the sequential frequen-
cies f, are at least one coherence bandwidth apart and hence the channel matrices at different
frequencies are considered to be independent following [122]. We adopt the statistical MIMO
model here, that is, the entries of the channel matrix are modeled as independent zero-mean
complex Gaussian random variables, and they are normalized to have unit variance. Note that
such a model has been utilized in [8] and [120], but the propagation mechanisms causing mul-
tipaths, which result in the random target response, are different. In [8], the distributed target
itself leads to multipath propagation, while in [120], the multipaths are due to a rich scattering

environment surrounding point-like targets.

As shown in Figure 5.1, the target detection process has two steps. During the probing phase,
for the p-th snapshot, the i-th sensor of Array A transmits an incident wideband signal sy;(?)
into the medium, whose discrete Fourier transform is Sy;( f;) at frequency f,. The signal vector

received by Array B for the p-th snapshot is

xp(fq) = H(fq) - sp(fq) +n1,p(fy) (5.1)

where nj ,(f,) is the noise vector at Array B whose entries are assumed to be zero-mean

complex Gaussian random variables with variance o2 ,» and the N, x 1 signal vector s, (fq) =
[Sp1(fq), Sp2(fq), -+, Spn, ( fq)]T. Here the superscript 1" denotes the transpose of a matrix.
Based on all the P snapshots x,(f,), the estimated channel matrix H(f,) is obtained, whose

(i,7)-th entry is expressed as

hij(fq) = hij(fq) + eij (fy) (5.2)

where e;;(f,) is the (7, j)-th element of the channel estimation error matrix E(f;). Similar
to [144], we assume that e;;( f,) is a zero-mean complex Gaussian random variable which is
independent of h;;( f,) and has variance o2. Note here that knowing the value of o2 requires

noise power estimation and knowledge of the estimation method and the waveform length dur-
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Figure 5.1: Description of the (a) probing and (b) detection process of the MIMO system

ing the probing phase. From (5.2), it is not difficult to see that ﬁij (fq) is a zero-mean complex

Gaussian random variable with variance 1+ o2 and is dependent on h;;;( f,) with correlation co-
1
v/ 1+02

conditioned on /;;(f,), the random variable %;;(f,) has mean o3 /;;( f,) and variance o702

e

1
1+02

. A o . .
efficient . Here, we define a% = to simplify mathematical expressions. Therefore,

Next, as shown in Figure 5.1(b), the signal y(f;) designed based on H( f,) and o2 is retrans-
mitted into the medium from Array B during the detection phase, and the detector at Array A
determines the presence or absence of a target based on the received signal r(f;) at all of the
Qs frequencies. Since the focus of this chapter is to design different detectors and retransmitted

waveforms and study their effects on the target detection performance, we assume that, if it is
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required, the estimated channel matrix ﬂ( f4), the estimation error variance o2, and the retrans-
mitted waveform Y at Array B are fed back to Array A via a side channel, and we concentrate

on analyzing the second detection stage.

It is assumed that Array B transmits M snapshots in the second phase, during which the channel
remains the same. Denote the M snapshots received by the ¢-th sensor of Array A at frequency
fq and the corresponding additive white Gaussian noise components by M x 1 vectors r;( fy)

and n;( f,), respectively, which can be written as

ri(fg) = Y (fg) - hi(fy) +ni(fy) (5.3)

where t = 1,2,..., Ny, q=1,2,...,Qy, and

T
YU = [ il velfa) - yulf) | 54)
[ .

hi(f) he(fy) - hw.(fy) |

where the N}, x 1 vector y,,(f,) is the m-th snapshot signal retransmitted from Array B at
frequency f,, and the entries of n;( f,) are assumed to be zero-mean complex Gaussian random
variables with variance o2. Grouping the signals received by the i-th sensor of Array A at all

the )y frequencies yields an M Q) x 1 vector r;, which is given by

= [ ) e (e, | =Y b 65)

where the M Q) x NpQr matrix Y, the NyQ ¢ x 1 vector h;, and the M Q¢ x 1 vector n; can

be expressed as below:
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Y(fl) 0 0 T
v 0 Y(.fz) 0 7 hi:[ h?(fl) hiT(f2) hzT(fo) }T (5.6)
' ni:[ n/(f1) nf(fz) - nf(fg,) }
I 0 0 Y(fo) ]

Similar to the channel vectors h;, we can obtain N, estimated channel vectors fli and estimation
error vectors e; by stacking the corresponding columns of H(f,) and E(f,) into N;Q !

columns, respectively, and h; = h; + e;. Based on previous discussion, it is easy to see that

h;

h; ~CN (azfli,aiagINbe) , n;~CN (OMQf,U%IMQf) (5.7)

where ¢ = 1,2,..., N,, the separator “

” represents “conditioned on”, and 0y and I stand
for a k x 1 all-zeros vector and a k£ X k identity matrix, respectively. The detector at Array A
determines whether or not a target exists in the medium based on the values of all the N, vectors
r;. In this chapter, we restrict our attention to the design of the detector and the retransmitted

waveform Y, which will be explained in the following sections.

5.3 Detector Design

The target detection problem of the MIMO system can be described as follows:

n; H()
r, = (5.8)
Y -h;+n;, H;

where 1 = 1,2,..., N, and the alternate hypothesis /; and null hypothesis Hg are that the
target does or does not exist, respectively. From (5.5) and (5.7), it is obvious that the received
signals r; are complex Gaussian vectors under both hypotheses with different distributions

given the estimated channel:
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CN (OMQf,O'%IMQf) Ho
CN (d;, C) Hy (5.9
d; = 02Yh;, C=0202YY! + 021,

We develop three approaches to detect the target in this chapter: the conventional detector, the
optimal detector, and the generalized likelihood ratio test (GLRT) detector. The theoretical
threshold 7 and the probability of detection Prp of each detector will be derived in this section.
Notice that in order to express the distribution of a weighted sum of several non-central chi-
square random variables in a closed form equation, we use a common approximation technique
[126] in the derivation for both the optimal detector and the GLRT detector. This approach
approximates a weighted sum of non-central chi-square variables by a single central chi-square
variable whose degrees of freedom and scaling factor are carefully chosen such that the first

two moments remain the same.

5.3.1 Detector I: Conventional Detector

It is well known that the optimal detector for a known signal in white Gaussian noise is a
matched filter [47], and such a detector is employed as Detector I, whose performance is exam-
ined when estimation errors exist in channel matrix. The conventional detector given by [47]

can be expressed as

Ng, R >H1
Ti =R | (Yh)"r m (5.10)
i=1 <Ho

where the superscript H represents the conjugate transpose of a matrix and R denotes the real
part of a complex number. Notice here that the detector actually matches to the estimated
channel fli instead of the true channel h; as in [47] since only the noisy channel estimate is
available. From (5.9) and (5.10), the distributions of the test statistic 71 under both hypotheses

can be given by
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N <0 1 gj T ) H
5 12 0
<z hiyHd,, 1 2 (Y1 + m}) My 61D

=1
T = o2hYHYh;, Ty = ahaghﬁ YAYYHYh;

Ty ~

Therefore, for a given noise level, the threshold for the conventional detector 7; can be deter-

mined by the required probability of false alarm Prga following (5.11)

Ng R
n = \/fg2 S h#YHYh; Q '(Prpa) (5.12)
=1

From (5.10) and (5.12), it is obvious that Detector I requires knowledge of Y and fli at Array
A in Figure 5.1 to decide the existence of targets. Based on (5.11) and (5.12), the theoretical

probability of detection of Detector I Prp 1 can be written as

mfz hIyHq,
Prp1=Q Z‘— (5.13)
\/ 3 ; {T1:+T2i}

where the Gaussian right-tail function is defined as Q(x f oo 1 exp )dt and the

function Q! (z) denotes its inverse.

Next, we proceed to express the threshold and probability of detection in a second form, which
is employed for waveform design discussed in the next section. Denote by USV# the singular
value decomposition (SVD) of Y, where the M Q) s x M () matrix U and Ny() s x Np() f matrix
V are unitary matrices. When M > Np, 3 = [ > 0 }T. Here X is an NyQf X NpQy
diagonal matrix with n positive singular values ¢, 2, ..., 5, of Y (in decreasing order) on the
diagonal and the all-zeros matrix has dimensions N,Qf x (M — N)Q¢. While M < N,
3= [ 3o 0 }, and ¥y is a M Qy x M@y matrix with n singular values on the diagonal
and the all-zeros matrix has dimensions M Qs x (Ny — M)Q 7. Here, n is the rank of Y, i.e.,

n = rank(Y) < min (MQy, NgQf). Therefore, we can obtain the following expressions:
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Na . . Na. Z 0 .
S hHYHYh, = hHV Vi,
i=1 i=1 0 O

(5.14)
N . . Na . =20 R
S hIYHEYYHYh; =5 hHV Vi,
i=1 =1 0 O

where the n x n diagonal matrix E = diag(/3), and the k-th entry of the n x 1 vector 3 is the

square of the corresponding singular value of Y, i.e., B = g,f. Denote the k-th element of the

.« Na
vector h; = V#h; by b/, and let py, = Zl ]h;k|2, the above equations can be rewritten as
1=

Na . ~ n No . N n
> hZHYHYhi =" Bkpk, > hfIYHYYHYhi => ﬂ,%pk (5.15)
=1 k=1 =1 k=1

where |-| stands for the modulus of a complex number. Substituting (5.15) into (5.12) and
(5.13), we can express the theoretical threshold and probability of detection of Detector I in the

following form:

I . m—oj Zi: BrkPk
m=4/% > Bpr- Q '(Prea), Prpr = Q — (5.16)
k=1 \/é{aﬁag kgl Bior+o? kgl ﬁkpk}

5.3.2 Detector II: Optimal Detector

Next, we proceed to design Detector II, which is the likelihood ratio test (LRT) detector for

2

the case when o

> 0. The LRT detector is the optimal solution to the hypotheses testing
problem in the Neyman-Pearson sense, i.e., the detector maximizes Prp subject to a constraint

on Prpa [47]. The LRT can be stated as the following decision rule

_ PDF(ryrs,...,ryn, [H1) >H

L =
&) = PDF(ryrs, . rx, [Ho)

5.17)
<H,o
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where PDF (rq r,...,ry, |H1) and PDF(r; ro, ..., v, |Ho) are the probability density func-
tions (PDFs) of the data under hypotheses H; and Hy, respectively. Previous assumptions

imply that the PDFs can be written as

Na

1 1
PDF(ryr2,....,rN, |Ho) = H (QWGXP {—ﬁrfri} (5.18)
i=1 %% n
under H and
Ng
PDF(rir2,....,tN, |H1) = H m exp {—(r,- —d)7C(r; — dz)} (5.19)

under H;. Substituting (5.18) and (5.19) into (5.17), taking the logarithm of both sides, and

incorporating the non-data-dependent term into the threshold, we decide H if

Na
=% {rfBri+rflgi+gllr;} >0/, B=1%Iug, —C' g=C"d; (520)
1=

In order to analyze the distribution of the test statistic, a non-data-dependent term is added at

both sides of (5.20), and the detector can be described as below:

Ng
Tii=> {rfBr;+rfg +gl'r; + gfBig;}
)
' (5.21)

Na H >H1
= {(I‘z +Big)" B (r; + Bng‘)} Ui
=1 <Ho

where the superscript T denotes the Moore-Penrose pseudoinverse. It is reasonable to assume

that 771 under both hypotheses follows the Gamma distribution but with different parameters as

it has a quadratic form in a Gaussian random variable, that is,
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T (ko,00) M
Tip ~ (ko, 00) - Ho (5.22)
I'(k1,01) Hi

where I (k, 0) denotes the Gamma distribution with the shape parameter k and scale parameter
0. In order to calculate kg and 6y, we first compute the mean and variance of the test statistic

11 under Ho, which are given by

Na
E[Tu|Ho] = > {aitrace(B) + gZHBTgi}
= (5.23)
var [T11 [Ho] = Y {o}trace(B¥B) + 202gl’g; }
i=1

Following (5.22), the threshold for Detector II based on the required Prra can be given by

— F 1 _ (E[Tu|Ho))? _ var[T11|Ho]
= Frikoo (L= Prea)s ko= Saqmpaors %0 = B! (5.24)

where F ., (}g 0) denotes the inverse cumulative distribution function (CDF) of a Gamma random
variable with parameters k£ and 0. From (5.21) and (5.24), it is clear that the implementation of

Detector Il requires knowledge of Y, h;, and o2 at Array A in Figure 5.1.

We next consider the test statistic 777 under the alternate hypothesis. Based on (5.9), the
received signal under H; can be rewritten as r; = d; + w;, where ¢ = 1,2, ..., N, and

w; ~ CN (0 MQys C). Hence, the test statistic 717 can be expressed as follows:

Ng H
Tir = 5 { (wi +d; + Big) " B (wi + d; + Blgy) }

=1

= %1 { [Wé +C73 (d; + Bng‘)} "ciBch [wg +C73 (d; + BTgi)} } (5.25)

Ny
= Zl {wiiB'w, + willgl + giflw! + g/'B'Tg!}
1=
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where

I = C 2w; ~CN (0y0,,Ing,) B/ = C2BC2,g, = B'C ™2 (d; + Blg;) (5.26)

(2

Therefore, the mean and variance of 711 under H; are given by

E [T |[Hi] = {trace B') + g/ B'lg;}
Z_ (5.27)
var [T11 [H1] = {trace B'HB') + 2g/fg!}

=1

The theoretical probability of detection of the optimal detector can be expressed as follows

based on (5.22):

E[Ti1/H1])? var[Ti1|H
Propnn=1—=Fru o) (mr), k1= %, 0, = ﬁ (5.28)

where Fp ;. gy stands for the CDF of a Gamma random variable with parameters & and 6.

Similar to Detector I, we next express the threshold and probability of detection of Detector 11
using the second form which is more suited to waveform design. From (5.9) and (5.20), the

following equations can be derived based on the SVD of Y mentioned in Section 5.3.1:

C_U 020’E + 021, 0 uH
0 O'QIMQf_n
[ 1 I (O‘ 0 —1-021 ) -1 0 629
B=U hoe= U
0 0

Substituting (5.29) into (5.21), we can rewrite the test statistic under Hg as below:
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N, A1, — (62022 +021,) " 0
TH:ZZg o (712 ) Zo;
=1 0 0 (5.30)
Ng n 2
- 2
e %2_1 kzl 0'62,8]@4’02‘—,2??]:‘1’02) (2 |ZO’LI€‘ ) Under HO

where zq;, is the k-th entry of the vector zg; = U™ (r; + Blg;) /o,,. Denote as 7o, the k-th
element of the vector UY BT g / on, which is given by

o 92 B - (0202ﬁ +02) Y onhly (5.31)
Wik = 5, "\ 0202 +0i (1+02) hOe Pk n “SkNik = oz, .
Following the fact that zo; ~ CN (U¥Blg; /oy, Inq, ), we have
20% |h
2 |z0ik|* ~ X3 (2 |Yoik| ) = X7 (%’) (5.32)
6

where x/2 (A) denotes a non-central chi-square random variable with k degrees of freedom and
non-centrality parameter A\. From (5.30) and (5.32), we know that the test statistic 711 under H
is a weighted sum of non-central chi-square random variables, and thus, it can be approximated

as below by using the approximation technique mentioned at the start of Section 5.3:

o2 B 202 |y, | . 2
o2Pk + ;2 1+ 02)X ol ) Poxy -3

zlkl

where Xk denotes a central chi-square random variable with k degrees of freedom. The condi-

tion that the first two moments of both sides of (5.33) are the same leads to
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Na n 2 5
1 2B 20 |h | B
5-_ me'<2+%)—90ko

Z]Gl k;I 4 4 Q‘h ’ (534)
1 > % . 0'7 _ 9
4 Z; kZ::l [028k+02 (1402 )] 2 <2 + 48y, > 290k0

Solving the above equation for the parameters 6y and kg yields the following expressions:

0o = Qo/pos ko = 13/

Ng n 2 2 n
1 2B 20 |h | _ Nao?Be+02 pie
po = QZMZ BT (1507) (2 t—=m, )T ,;1 1Bt o202 (1+02) (5.35)
_aig (g el g A(NeotBit2oion)
B ZZ1 k:z1 [02Bk+02 (1+02))7 <2 ) T k; 2002 By (1402)]”

Following (5.33), we can obtain the threshold for Detector II based on the choice of Prpa:

1 = 60F 5 (1 —Prra) (5.36)
ko

where fx_zl is the inverse CDF of a central chi-square random variable with &k degrees of free-
k

dom. We next consider the alternate hypothesis. Substituting (5.29) into (5.25) and letting
z; = U (W; + o (di + BTgi)), we can express the test statistic 717 under H; as below:

T % T %%In - (O’,%U?E + a,%In)f1 0 0']210' E+o? 2y 0 ]
N 1 1i
1=1 ' 0 0 0 O-»VZLIMQf—n (5.37)
Ng n
=32 2 7L ﬁk (2 |21k | ) Under H;
i=1k=1 n

where z1;; is the k-th element of the vector zi;. Denote 1, the k-th entry of the vector

UXC~ 2 (d; + Bfg;), which is written as
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2 9 2\—1/2 2 9 2\—1 2By e
Tik = (Uho'eﬂk + Un) 1+ (Uhaeﬂk + Un) 0202fp+oi(14+02) 1402

' (5.38)
1/2 :
= (0285 + 02(1+02) '/ Ly
i , HC-3 (d; + Big,
Givenz; ~CN (U#C™2 (d; + B g,),IMQf , we have
/ 19 [ 202[02Bpt02 (14+02)] |1, |
2 |z1|* ~ X7 (2 |71¢k\2) = X5 ( 7ilo2 ;ék 7] | > (5.39)

From (5.37) and (5.39), the test statistic 771 under H; is a weighted sum of non-central chi-

square random variables, and similar to (5.33), we have the following central chi-square ap-

proximation:
Nao n 2 2 2 [,2 2 2 /12
1zzaoﬁk o [ 205 |0EBK + 051+ 07)]| |hL, ] .
2 im1k=1 n 0B

Setting the first two moments of both sides of (5.40) to be the same yields

No n o o 27 2 2 NITYRL
B 20 |03 Brtoy (1+02)| |k
%, > thg - <2+ Rl odBk I > = thky
’L;lkzl 4 4232 4 2[ 26 2(1 2)”h ’2 (541)
2 e On|%e +J'VL +Ue {L
i E:lkzl O'hl‘;}lﬁk . 9. (2 + h k Ugﬁk k ) — 20%]{:1
1= =

The parameters 61 and k1 can be solved from the above equation as below:
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_Ql/lu’la _M%/Ql
o'h 25,€ 20']21[0'§ﬁk+0'721(1+0' ]|h ‘
T2 ZZ:I kz <2 * Ugﬁk
= % Z {Naagﬁk + (07020 + 02) i} (5.42)
10182 (o, Aoklrtitad et
3 5 A (o
42 1k 1 n <P

= 591 Z {Na0e 5 + 26k (7,060 + on) i}

Based on (5.40), the theoretical probability of detection of Detector II can be given by

Progi=1-Fy (%) (5.43)
where }—Xi is the CDF of a central chi-square random variable with k degrees of freedom.

5.3.3 Detector III: GLRT Detector

Detector III is the GLRT detector, which is a practical approach when unknown parameters
exist [47]. The GLRT detector replaces the unknowns with their maximum likelihood (ML)

estimates, and the decision rule is stated as

max PDF(ryro,...ry |H1,hi,ho, ... hy
by ho . hy ( L2500y a| ) ) JRXXD) a,) >'H1

a

(5.44)
PDF(I’LI'Q, e IN, ‘Ho) <H0 7

where PDF(ry ro, ...,rn, [H1,hy, ho, ..., hy, ) is the PDF of the data under {; when the vec-

tors h; are known. Taking the logarithm of (5.44), we can recast the GLRT rule as

Ng, >H1
rir; — Z mln |r; — Yhy|? n (5.45)
=1 — h;,hy,...hy, <H,
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where ||-|| stands for the Euclidean norm. The second term in (5.45) achieves the minimum

when [131]

h; = (Y2Y) Y/, (5.46)

where ¢ = 1,2, ..., N,. Therefore, after some algebra, the GLRT detector is given by

No o H H~\T~H H
2rY (YPY) Y5, >
T = Z LY 5 ) : Ui (5.47)
— (o) <
i=1 Ho

Invoking the SVD of Y, 7111 under H can be written as

Na I No n
Tim=>Y [ &rfU " Ul | =3 > % [Yoik]* ~ XanN, (5.48)
i=1 " 0 O i=lk=1 "

The above result comes from the fact that the vector ¢, = UHr; ~ CN (0 MQys O'%I MQ f)
and 1), is the k-th element of 1));. Following (5.48), we can obtain the threshold for the GLRT

detector based on the choice of Prpa:
mu=Fz  (1—Prpa) (5.49)
2nNg

From (5.47) and (5.49), only the value of Y is required to be known for Detector III at Array
A in Figure 5.1. We next calculate the distribution of 771; under H;. Let the vector ¢, =

UH C_%r,- and we can rewrite (5.47) as
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Na

T = 3. & {wfiUMCHY (YY) Y/ Ci U, |
=1 "
Nag 02028 + 021 No n (5.50)
- Zl %Q’bﬁ e m Py = ZlkZl é (0;210251@ + 01%) (2 W)h’k\Q)
= 1= =

where 1)1, is the k-th entry of the vector 1,;. Denote A1 the k-th element of the vector
U C~1/2d;, which is given by

_1
Mik = (07028 + 02) " 2 - ohcihly, (5.51)

Following the fact that 1b,; ~ CA (UH Cid,, IMQf), we have

2 ’2 2 2 2Uiﬂk‘h§k‘2
2 [ukl” ~ x5 (2‘)\1%‘ ) = X2 | 526, t02(1+02) (5.52)

From (5.50) and (5.52), it is clear that 77y is a weighted sum of several non-central chi-square
random variables, and similar to (5.33), the test statistic can be approximated as a central chi-

square random variable as follows:

&
3

’ 20’2ﬁk “’L/ |2 (0%
9 2 2y 72 h ik . 2
(ohoeli + ) xs (a?ﬁk +o02(1+02)) ;%Xl 633

The condition that the first two moments of both sides of (5.53) are the same leads to

n

a 2028 R 2
> {(o,%azﬁk Lo2). <2 b ol (;ﬂog)>} _ al

k=1i=1 4
Qe 2 2 22 407 Bx | | 2 639
L L\ ol +on) 2 (24 crgianitey ) = 207
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Solving the above equation for the parameters « and [ yields the following expressions:

a=b/a, l=da?/b
a= kZ 2{N, (02028; + 02) + o B (5.55)
=1

n 2
b= > Q{Na (U%UZﬁk—i-ar%) +20,‘i (angﬁk-FU%) ﬁkpk}
k=1

Hence, based on (5.53), the theoretical probability of detection of Detector III can be written as

Prpu = 1 - Fp (%) (5.56)

X [

5.4 Waveform Design

In this section, we propose three approaches to design the retransmitted waveform Y in order
to improve the system detection performance. Notice here that all the schemes discussed in this
section are under the transmit power constraint trace(YY*) = M E, which limits the total

transmitted power.

5.4.1 Conventional Signal Scheme

We first introduce the conventional signal (CS) scheme similar to that in [118, 119] for com-
parison purposes in the numerical results presented in the next section. In the CS scheme, the
same waveform is retransmitted from Array B regardless of the available channel information.
In this chapter, we assume that the k-th element of the retransmitted signal vector y,,(f;) in

(5.4) is given by

ymi(fq) = \/@exp 2 (k = 1)(g = 1)/Qy] (5.57)

where k = 1,2,..., Ny, ¢ = 1,2, ..., (5, and the normalization factor is employed here to meet
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the power constraint.

5.4.2 Time Reversal Scheme

Before introducing the proposed waveform designs, we first briefly describe the TR scheme
proposed in [118—120]. It is assumed that the number of snapshots during the probing and de-
tection phases are the same, and for each snapshot, Array A transmits an incident waveform and
the signals received by Array B are recorded, time reversed, power normalized, and transmitted
back into the medium by Array B. The signal vector received by Array B at frequency f, for
the m-th snapshot is denoted by x,,( f;) in (5.1), and the m-th retransmitted TR signal is given
by

Es

Ym(fq) = kmx:n(fq) = km [H*(fq)s;kn(fq) + nim(fq)} y k= I
q;l me(fq)H2

(5.58)

where the superscript * stands for the complex conjugate and k,, is a normalization factor to
meet the power constraint. The conjugation here results from the fact that time reversal in the

time domain corresponds to phase conjugation in the frequency domain up to a phase shift (see,

e.g., [99]).

It is assumed that the noise level at Array B, i.e., the variance of the white Gaussian noise

Ny m(fy), is known in [118-120]. In this chapter, instead, we assume that the estimated channel

2

matrix H(f,;) and the estimation error variance o

are known. In order to fairly compare the

performance of different waveform schemes, we modified the TR scheme as follows:

Q
ymlfd) = | B / S gt [Er s )] (5:59)
g=1

Such a modification actually approximates X, ( fq) as H( fq)sm(fy), which is reasonable since
H(f,) is estimated based on x,,(f,) and o2 is a function of the noise level at Array B. We

name this modified TR scheme as the matched-filter (MF) scheme in this chapter in order
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to avoid confusion. Following the procedure mentioned in Section 5.2, we can generate the
retransmitted MF signal matrix Y/ by assembling all the M Q¢ vectors y,,(f,) appropri-
ately. In general, the incident waveform can be any signal and in the simulations we adopt
Smk(fq) = exp [j2m(k — 1)(¢ — 1)/Qy] in (5.59) as in [120]. Here s,,x(fy) is the k-th entry
of the vector s,,(fy) and k = 1,2,..., Ny, ¢ = 1,2,..., Q.

5.4.3 Waveform Design A: MF Upper Scheme

As demonstrated in [118-120], the TR scheme improves the system detection performance
significantly. Our goal in this section is to further improve the performance by designing a
waveform based on the MF scheme above, in order to maximize an upper bound of Prp for
the GLRT detector. Before we proceed to the waveform design, several parameters are defined

similar to (5.49) and (5.50):

m, = ]_-X—21 (1 =Prpa), nu= ]:X—21 (1 —Prga)

2Ngq 29 Ngq

Ne & 1 2 2 2 2
Tu = ;’;1 oz (03028 + 07) (2 |1k ) (5.60)

N, 9
=Tm+Y, > 2= (0fo2Bk+02) (2 |7,Z)1z‘1c\2) £ T+ Tp
i=lk=n+1 "

where ¥ = min(NyQ ¢, M Q) and the second term in the last row is defined as 7. Since n
is the rank of Y and fj is the square of the k-th singular value of Y, we have 1 < n < ¢
and 3, = 0 when k > n. Therefore, 2 |t)1;4]* ~ X2 (2 |)\1¢k\2> = x3 for k > n and hence

Tp ~ X% No(9—n)" It is not difficult to derive the following inequalities:

nu>nm>nL >0, To=Tm+Tp, Tm>0, Tp>0 (5.61)

The reason for defining the above parameters is that the goal of the waveform design is to derive
the optimal value of the matrix Y based on a certain criterion. Therefore, it is impossible
to know the rank of the “designed” Y before the waveform design process, and thereby the
threshold and test statistic in (5.49) and (5.50) can not be employed directly during the design

process because of the unknown value of n. Following (5.61), we can derive the required upper
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bound of Prp for the GLRT detector as below:

Prp = Pr{Tin > n} < Pr{Tim > nu} < Pr{Tyv >} <E[Tu]/m. (5.62)

where the last inequality arises from Markov’s inequality [145]. Taking the expectation of Ty
in (5.60) yields

208 2
E[Tyl =22 > {Naai (1+02)" + [Nao? (1 +02) + pi ﬁk} (5.63)
" k=1
No 9 Na PN
where p, = Y B |° = Y vilh;hfv and vy is the k-th right-singular vector of Y y/p
i=1 i=1

introduced in the last section. Note here that the entries of 3 are actually the eigenvalues of the

Hermitian matrix YY ¥ and thus, the power constraint can be rewritten as

[
Y Be=ME,, 8,>0, k=1,2,..,9 (5.64)
k=1

Therefore, the design criterion under the power constraint can be expressed as the following

constrained maximization problem:

% U
mgx > [Naag (1 + ag) + pk] Br, st.>, Br=MEs, B >0,k=1,2,...,9 (5.65)
k=1 k=1

Considering the fact that [N,0?2 (1 + 02) + pr] is positive and taking into account the con-

straints, we can derive the following equation employing Abel’s inequality [146]:
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9 [
> []\fagg (1 + gg) —|—pk} B gmax{ﬁbﬁl +0o, ..., kz ,Bk} -max{Naag (1—1—03) +pk}
—1

1 (5.66)
=ME;,- [Naag (1 + Ug) + max {pk}]

Observing the above equation, it is easy to understand that the maximization of (5.65) is
achieved by allocating all the available power to the eigenvalue G5 which corresponds to the

largest py.

5.4.4 Waveform Design B: MF Lower Scheme

Now we consider the second waveform design from the viewpoint of maximizing a lower bound
of Prp for the GLRT detector based on the MF scheme. Similar to the last section, (5.61) leads

to

Prp = Pr{Tin > nm} > 1 - Pr{Timm <nu} >1- % (5.67)

In addition, recalling the distribution of T and the definition of 7y, we have

Pr{Th < nut =1=Pr{ 3y, s =m0} 2 1= Pr{xdy, > m} =Prma  (5.68)

Substituting (5.68) into (5.67) and utilizing Markov’s inequality again, we can derive the re-

quired lower bound of Prp for the GLRT detector as follows:

PI'D >1— Pr{Ty<2ny} —1_ Pr{e*"%TUzefﬁx,%ﬁU} _— E[eiU%TU]

p)
Prpa Prra e~ 29/ .Prpa

(5.69)

Due to the fact that [~ (07020 + ¢2)] < 0 and given the statistical independence of 2 |1)y:|*
for different values of ¢ and k, the following equation can be obtained for the moment generating

function of the non-central chi-square distribution:
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oo g | 2 2ol B (5.70)
_{ fﬁ e"p<1+2(::%g’§gﬁgg)> B 11_9[ exp<1+2(ag:g§:ia%)>
s 2AeReBeter) i [142(0202Bk+02)]

Taking the logarithm and making use of the inequality log(1 + x) > H—Lx when z > —1 and
x # 0, we can express the problem of maximizing the lower bound of Prp with the power

constraint as below:

4 2Bkprx+2Nq 020'2,3 +cr% v
mgxk;{ k1i2(a§§£;3k+a%) )}, s.t.kzzjlﬂk =ME,, B, >0,k=1,2,....,9 (5.71)

We solve the above constrained optimization problem by using the method of Lagrange mul-
tipliers [24] and applying the Karush-Kuhn-Tucker (KKT) conditions [147]. The solution for

the waveform design criterion (5.71) can be written as

+
14202 (/200 4eod + 2Nao}o?

— —1 5.72
P 20,2102 1+ 202 $ ( )

A . o
where (a)™ = max(0, a) and ¢ is chosen such that the power constraint is met:

+
\/QPk +4po7, + 2Naoj 02 2M E o202

9
-1 = — 5.73
; 1+ 202 ¢ 1+ 202 (5.73)

It is clearly seen from above equation that this design scheme actually utilizes the waterfilling
strategy [122] to allocate the transmitted power, and the larger the pj is, the more power is

allocated to the corresponding .

REMARK 1: Both waveform designs introduced above select the values of 3 according to
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the pg values, which are determined by the estimated channel vectors as well as the right-
singular vectors of Y ;. Recalling the physical explanation of the SVD, we can split the
design procedure into two separate parts. The “path directions” of the designed waveform are
determined by the MF scheme, and the waveform design A and B allocate the retransmitted
power to each direction according to the “path quality” following different design criteria. We
emphasize this by naming the design schemes as “MF upper” and “MF lower”, respectively.
The reason for utilizing the MF scheme, i.e., a modified TR scheme, is that [118—120] have
shown that TR is able to significantly improve the detection performance, and we want to
achieve further performance improvements. Furthermore, although the theoretical derivation
for both schemes are based on the GLRT detector, Detector I and II can also be employed when
the designed waveforms are retransmitted from Array B, and their performance can be easily

calculated using the formulae (5.13) and (5.28) or (5.16) and (5.43).

5.4.5 Waveform Design C: Mutual Information (MI) Scheme

In this section, we design the waveform by maximizing the lower bound of the mutual infor-
mation (MI) between the retransmitted and received signals. First of all, rewrite the N,Q ¢ x 1

received signal vector for one snapshot as

r= [rT(fl)vrT(fZ)v T ’rT(fo)]T:Hgy+na y= [yT(fl)vyT(fZ)v T ayT(fo)}T (5.74)

where the N, x 1 vector r( f,) and the IV, x 1 vector y( f,) contain the signals received by all
the IV, antennas of Array A and the signals retransmitted from all the NV, antennas of Array B at
frequency f,, respectively. The elements of the N, x 1 noise vector n are zero-mean complex
Gaussian random variables with variance o2. The N,Q X NoQ ¢ matrix H is a block diagonal
matrix with the Q) matrices H( f,) arranged sequentially along its main diagonal blocks. We
also define the V@5 X N,Q s estimated channel matrix ﬂQ in the same way. Assuming y is

a random vector, the considered MI is

I(rylHo) =h(yIHg) ~h(ylr,Ho) (5.75)
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where h (-) stands for the differential entropy. The above MI can be interpreted as the amount of
uncertainty in the received signal r which is removed by knowing y given I:IQ. Intuitively, the
larger the M1, the less uncertain the received signal, and thus the better the system performance.
Following the conclusion stated in Appendix I in [141] that the second term on the right-hand
side of (5.75) is upper bounded by the entropy of a Gaussian random variable whose variance
is equal to the mean square error of the linear MMSE estimate of y given r and I:IQ, we can

derive the lower bound of the MI as below:

I<r, H >Zlog leog _dotireGy) 1
Ho 2det<7reCy|rﬁQ ? det(re[Cy —of Cy g (04 FIL Cy A1) AL G))

= log, det (INbe + U%I:I*QCJII:ISC)J 2 I, (r,y[ I:IQ)

(5.76)

where det(-) represents the determinant of a matrix, C, stands for the covariance matrix

of y given I:IQ, and C denotes the covariance matrix of y given r and I:IQ. The

ylr.Hg
NoQf x NoQ ¢ matrix C,, is a block diagonal matrix, whose g-th diagonal block is a N, X N,
matrix [0702P(f,) + 02]-In, and P(f;) = E [y (f,)y(f,)]. Note that the Hermitian matrix

H*(f,)H" (f,) can be factorized through its eigenvalue decomposition, i.e.,

H*(f,)H (f;) = V(o) D(f) VT (£2) (5.77)

where the IV, x N, matrix V( f,;) is a unitary matrix whose columns are eigenvectors and D( f;)
is a diagonal matrix with [V, real and nonnegative eigenvalues A1, Ag2, - - - , Agn, (in decreas-
ing order) as its diagonal entries. We next define the N,() s x Np(Q) s block diagonal matrices
Go and V¢ , whose g-th diagonal blocks are o4 D( )/ [02 + 0202 P(fy)] and V(f,), respec-
tively. Recalling that det(I, + AB) = det(I; + BA), the lower bound of the MI in (5.76) can

be rewritten as

I, (v, y| Hg ) = log det [Ty, + VoGaVHCy] = logydet [Ty, +G0Q]  (5.78)
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where Q = Vg Cy Vg is an NpQy x NpQy matrix. Hadamard’s inequality states that given

an N x N positive semi-definite Hermitian matrix A with (7, j)-th entry a;;, then det (A) <

lj_v[ a;; and the equality is achieved if and only if A is diagonal [70]. Thus, (5.78) achieves its
gallximum value when Iy, ¢, + G Q is diagonal. Remembering that the diagonal matrix G
has nonnegative diagonal entries and Cy is a covariance matrix, we conclude that Q must be
a diagonal matrix whose {(¢ — 1)N}, + k}-th diagonal element is a nonnegative value Q,

q=1,2,...,Qrand k = 1,2, ..., Np. In addition, the power constraint is given by

E;=E [yHy] = trace (Cy ) = trace (Q) (5.79)

Therefore, the waveform design criterion maximizing the lower bound of the MI under the

power constraint can be expressed as below:

Qr N 45
max 3 S log, {1 v #ﬁ(’})}
e o=lk=1 e (5.80)
Qf Nb '
s.t. Z Z qu:Es, qu >0, q= 1,2,...,Qf, k=1,2,... Ny
q=1k=1

Notice here that by virtue of the presence of P(f;) = E [y"(f)y(fy)] = % Quk in the
denominator, (5.80) is not a concave function. However, for a fixed set of Valuesklfolr P(f,), the
function becomes concave and thus it can be directly optimized. Hence, an iterative algorithm
is proposed here, and the values of P(f,) are updated in each iteration until the algorithm
converges. We initialize the algorithm by allocating equal power to all the @)y frequencies, that
is, P(f4,0) = Es/Qy for ¢ = 1,2, ...,Qy. For the i-th iteration (i > 1), replacing P(f,) in
(5.80) by P(fq,% — 1) and applying the KKT conditions [147] leads to the solution

02 + 0202 P(fyyi — 1)>+ 5.81)

1
o, A

0u(i) = (<0 -
where the water-level ((7) can be found by solving
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Qs Ny 2 2 92 , +

. o, +oiosP(f,,7—1
> > (@) - welllet= 1) _ g, (5.82)
a=1 k=1 UhAqk

Ny

Then, the values of P(f,) for the i-th iteration are updated as P(fy,i) = > Qqi(7) and the
k=1

iteration ends if max |P(f,,i) — P(fq,i —1)| < ¢ for all the Q¢ frequencies, where ¢ is a

threshold with small value. After the values of Q, are determined, we have the covariance

matrix Cy = Vg Qvg.

Notice here that when N, < Nj, a small modification is required to be made to the above
algorithm. Obviously, Ay, = 0 for k = Ny + 1, Ny + 2, ..., NV, and from (5.80), it is clear that
the corresponding Q,, should be equal to zero in order to maximize the lower bound. Thus,
when N, < Ny, the limit of k is changed from N; to N, in (5.80)-(5.82) and the values of
Qg are determined for k = 1,2, ..., N, using the algorithm mentioned before. Next, setting

Qu = 0fork = N, + 1, N, + 2,..., N gives us the N,y x NyQ ; diagonal matrix Q.

Once C, is determined, we generate a set of deterministic vectors {y1,y2,- -,y } as the re-
transmitted signals vectors for the M snapshots. These vectors are appropriately designed such
that their covariance matrix remains as Cy. The block diagonal structure of Cy implies that the
retransmitted signals at different frequencies are mutually orthogonal. Such orthogonality can
be realized, for example, by designing the retransmitted signal using the orthogonal frequency
division multiplexing (OFDM) scheme [148]. Denoting the k-th column of V(f;) by v (f),
we generate the signals retransmitted from Array B at frequency f, for the m-th snapshot by

using an orthogonal basis as below:

Ny M
m(f) =D Vilf)VQakOkm: Y OOy, = My (5.83)
k=1

m=1

where m = 1,2,...,.M, k,l = 1,2,..., Ny, and Jy; represents the Dirac delta function. The
NpQy x 1 signal vector y,, is obtained by sequentially stacking all the Q) vectors y,,(f;)
into a vector. Walsh codes are adopted as the basis functions in the simulations, but any other

orthogonal bases could also be employed in principle. From (5.83), we can calculate that the
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covariance matrix of the generated vectors equals Cy, and the power constraint has been met.
After all the M snapshots {y,, } are generated, the retransmitted signal matrix Y can be easily
obtained by reshaping {y.,} appropriately. Its corresponding system performance for all the

three detectors can be evaluated using the formulae provided in Section 5.3.

REMARK 2: From the simulation we find that normally the iterative algorithm converges
after a few iterations (less than 20 for ¢ = 0.001). However, at very low signal-to-noise
ratios (SNRs) and when the difference between the largest two values of Ay is very small,
the algorithm can enter an endless loop by allocating all the power to their corresponding
power allocations Q. in turn. From (5.81), it is not difficult to understand that this prob-
lem can happen when the difference between the numerators for two successive iterations
02 (1+02) |P(fq,i) — P(fq,i — 1)| is large enough. The lower the SNR, the larger the value
of 02, and this is the reason why such a problem only occurs at very low SNRs. To solve this
problem, we terminate the algorithm if the number of iterations exceeds a selected value and
choose the results obtained in the last iteration as the final solution. This approach is reasonable
since if there are two coefficients Ay having similar values, then allocating the power to either

of them leads to similar system performance.

5.5 Numerical Results and Discussion

In this section, we present numerical results showing the target detection performance of a
MIMO system with different detectors and different retransmitted waveforms. We set Prpy =
0.001 and define the SNR as SNR = E/ O’,ZL with E normalized to 1. As mentioned before,
the value of o2 depends on the estimation method and the waveform length during the probing
phase, which is inversely proportional to the SNR at Array B [144]. Since we focus on the
detection phase and system performance when channel estimation errors exist, we assume that
the noise level at Array B is in proportion to that at Array A and set 02 = o2 in all the simu-
lations. Notice here that the algorithms for both the detector and waveform designs are based
on the estimated channel fI( fq), which is the sum of the true channel and the estimation error.
Therefore, we utilize a semi-analytical approach to obtain the system performance. In other
words, we generate 10, 000 realizations of the true channel and the estimation error matrix, cal-
culate the corresponding Prp for each realization using (5.16), (5.43), and (5.56), and obtain
the theoretical system detection performance by averaging Prp over all the realizations. The

system performance recorded from Monte Carlo simulations is also presented to validate the
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correctness of the derived formulae. For each realization of the estimated channel matrix, we
generate 10,000 independent received signals, compute their test statistics, and compare them
with the threshold. The percentage of the number of times that the test statistic exceeds the

threshold is the simulated probability of detection.
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Figure 5.2: Theoretical and simulated probability of detection as a function of the SNR for
systems with different detectors when N, = Ny =4 and M =5

We first examine the performance of a system with four sensors at both Arrays A and B, choos-
ing M = 5 and )y = 6 for simulation purposes only. Notice here that the number of snapshots
M only applies to the detection phase, and the waveform transmitted from Array A during
the probing phase is not specified, but leads to the situation that the estimation error variance
02 = ¢2. Figure 5.2 depicts the detection performance of the system employing different de-
tectors when two kinds of designed waveforms, the MF lower and MI schemes, are adopted.
Obviously, the simulated results agree well with the theoretical values, validating the correct-
ness of the derived formulae. Comparing the curves corresponding to the same retransmitted
waveform, we find that Detector II performs the best under any circumstance, which is con-
sistent with the fact that Detector II is the optimal detector in the Neyman-Pearson sense. In
addition, the performance difference between Detector I and Detector II decreases as the SNR
becomes higher, i.e., o2 is smaller. This can be explained by the fact that both the optimal de-

tector when the channel matrix is known and Detector I are in the form of matched filters, and
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Figure 5.3: Theoretical and simulated probability of detection as a function of the SNR for
systems with different retransmitted waveforms when N, = N, = 4, M = 5, and
Detector Il is employed

the only difference is that the former matches to the true channel H while the latter matches to
the estimated channel H [47]. When o2 has a small value, the estimation error in the estimated
channel is insignificant, and thus the difference between the performance of Detector I and the
optimal performance should be small. Furthermore, it is easily seen that Detector III performs
the poorest at low SNR but is similar to the optimal detector when the SNR is high. This is
because the GLRT detector actually estimates the unknown parameters first and then makes
the detection decision based on them. Intuitively, the lower the SNR, the worse the estimation,
which degrades the detection performance. However, although Detector II performs the best, it
requires knowledge of Y, fli, and ag at Array A. In contrast, as mentioned in Section 5.3, the
implementation of Detector I needs the information of Y and h;, while for Detector III only Y

is required to be known.

We next compare the detection performance of the systems retransmitting different waveforms
as shown in Figure 5.3 and Figure 5.4 for low and high SNRs, respectively. Here, Detector II
is employed for all the scenarios, and any difference in performance arises from the designed
waveforms only. In order to demonstrate the advantage of the MF scheme, we also present the

system performance when the CS scheme is adopted. It is clear that there is very good agree-
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Figure 5.4: Theoretical and simulated probability of missed detection as a function of the SNR
for systems with different retransmitted waveforms when N, = Ny = 4, M =5,
and Detector Il is employed

ment between the theoretical and simulated performance. Obviously, the MF scheme provides
much better performance than the CS approach, and all the three proposed waveform designs
further improve the system performance significantly with respect to the MF scheme. We start
by comparing the MF upper and lower schemes. At low SNR, the MF upper is superior, while
the MF lower is preferred when SNR is high. In addition, the MF lower always outperforms
the MF approach, but the MF upper performs worse than the MF scheme when SNR is high
enough. Such results are reasonable since one should concentrate all the available power on the
path with the best quality in order to overcome the high level of noise at low SNR, which is the
idea of the MF upper method. As the SNR becomes higher, the noise level and consequently the
estimation error variance o2 decreases, and thus allocating power to several paths according to
their amplitudes, i.e., the waterfilling strategy utilized in the MF lower approach, leads to better
detection reliability because of the spatial diversity gain. Furthermore, it is clear from Figure
5.3 and Figure 5.4 that the MI scheme outperforms all the other waveform designs and should
be selected for precise target detection, e.g., for probability of detection Prp > 0.7. Although

all the three designed waveforms provide significant performance improvements, we point out

2

that such enhancement is achieved at the price of knowing the quality of channel estimation o

a priori.
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Figure 5.5: Theoretical and simulated probability of missed detection as a function of N, for
systems with different retransmitted waveforms when M = 5, SNR = 0dB, and
Detector Il is employed

We proceed to investigate the impact of the number of antennas at Array A N, the number of
antennas at Array B Ny, and the number of snapshots M on the detection performance for the
proposed three waveform designs. The SNR is fixed at 0dB for the next three figures, and the
number of snapshots M equals 5 for Figure 5.5 and Figure 5.6. First of all, it is clear that for
all the scenarios considered in Figure 5.5, Figure 5.6, and Figure 5.7, the MI scheme provides
the best detection performance, and the MF lower approach outperforms the MF upper method.
Next, we compare the slopes of the curves corresponding to different waveforms for the same
Ny in Figure 5.5, and the larger the slope is, the more effect IV, has on the corresponding wave-
form design. In other words, for the same increase in the value of N,, the MI scheme provides
the greatest performance improvement, and the MF lower method achieves more enhancement
than the MF upper approach does. Similarly, we can draw the same conclusions for both IV
and M by observing Figure 5.6 and Figure 5.7. Therefore, the MI scheme is the best among
the three waveform design approaches since it not only performs the best but also realizes the
largest performance enhancement for the same increase in the value of N, Ny, or M. In that

sense, the MF lower scheme is also better than the MF upper approach.

124



Detector and Waveform Design for MIMO systems with Noisy Channel Estimation

10
MF upper,theo
MF lower,theo
~10 Ml,theo
10 O  MF upper,simul
O MF lower,simul
*  Ml,simul
10_12 1 1 I I I I I
1 2 3 4 5 6 7 8 9

Figure 5.6: Theoretical and simulated probability of missed detection as a function of Ny, for
systems with different retransmitted waveforms when M = 5, SNR = 0dB, and
Detector Il is employed

5.6 Conclusions

In this chapter, we investigated the target detection performance of a bistatic wideband MIMO
system, whose detection process is similar to the TR procedure. Based on the estimated channel
and the estimation error variance obtained during the probing phase, the retransmitted wave-
form and the detector were designed. Three detectors were developed, whose theoretical thresh-
olds and probabilities of detection were derived. Three schemes were proposed to design the
retransmitted waveform with a power constraint, which maximizes the upper and lower bound
of the probability of detection of the GLRT detector, and the lower bound of the MI between
the retransmitted signal and the received signal, respectively. Numerical results showing the
detection performance of a MIMO system involving the designed detectors and retransmitted
waveforms were presented. It was demonstrated that the optimal detector performs the best but
it requires more a priori information than the conventional detector does. The performance dif-
ference between the conventional and the optimal detector increases as the estimation quality
becomes poorer. The GLRT detector performs the poorest at low SNR but demands the least
amount of a priori information. All the three waveform design approaches further improve the

system performance with respect to the MF approach at the price of knowing the quality of
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Figure 5.7: Theoretical and simulated probability of missed detection as a function of M for
systems with different retransmitted waveforms when SNR = 0dB and Detector 11
is employed

channel estimation a priori. The MF upper scheme works the best at low SNR, but is outper-
formed by the MF lower approach as the SNR increases. However, the MI scheme consistently
provides the maximum target detection probability in all the simulation scenarios that were

tested.
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Chapter 6
Conclusions

This thesis has been concerned with the performance evaluation and waveform design for
MIMO radar which takes advantage of spatial diversity gain. This concluding chapter will
give a summary of the results from previous chapters as well as the main contributions of this
thesis in Section 6.1. Some suggestions for possible future directions of the current research

will be discussed in Section 6.2.

6.1 Summary of Results

One of the major interests behind the present project was to overcome the limitations of the
statistical MIMO model proposed for MIMO radar in the literature. The finite scatterers model
is one solution, based on which the target detection performance of a MIMO radar system with
arbitrary array-target configurations was evaluated in Chapter 3. First of all, a theoretical tar-
get model was examined, the reflectivity coefficients of whose scatterers were assumed to be
independent, identically distributed zero-mean random variables. Unlike the ideal configura-
tions that all the channel gains have correlation coefficients 1 or 0, the channel gains between
different antenna pairs of a general radar system have various degrees of correlation, which
depend on the exact array-target configuration. Based on the correlation matrix, a closed form
result was derived to calculate the theoretical probability of detection for a MIMO radar sys-
tem. Two extreme channel models where all the channel gains are totally uncorrelated or fully
correlated were analyzed, and the simplified expressions of the formula for two special cases
were provided. Numerical results were presented showing the probabilities of detection of a
MIMO radar system with five configurations, including the two extreme cases. The curves
corresponding to the two extreme channel models set bounds for the system performance, and
the performance curve is closer to the full correlation case as the spacing decreases, while it
is closer to the uncorrelated case as the antenna array spacing becomes larger. Furthermore,
at low SNR, a system with densely spaced antennas outperforms large interelement spacing.

Conversely, widely spaced antennas perform better at high SNR and are always preferred when
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the detection performance is acceptable. Next, a MIMO radar system involving a realistic target
was set up by determining the reflectivity coefficients of the scatterers using the data collected
from previous research on target modelling. The considered target is a life-size land vehicle
modelled using a computer aided electromagnetic (EM) simulator FEKO. Numerical results
of the system with different configurations were displayed, corroborating previous conclusions
based on the theoretical and mathematical target model. This work has validated in a practical

setting the improvements in detection performance available from MIMO radar configurations.

Previous researchers have shown that the conventional phased-array radar provides coherent
processing gain while the MIMO radar exploits spatial diversity gain, and a hybrid radar which
combines these two configurations to take advantage of both types of gains was investigated in
Chapter 4. This radar system is a general model and it can be used to describe many practical
configurations, including the MIMO and phased-array radar as special cases. A closed form
expression was first derived to evaluate the theoretical probability of detection of the system.
Next, the performance of the hybrid radar as a direction finding system was examined. An
initialization stage was introduced, during which angle of departure (AoD) is estimated, and
the performance is assessed by measuring the average Cramer-Rao bound (CRB). Then the
performance of the hybrid radar for estimating the angle of arrival (AoA) was evaluated by
computing the average and outage CRBs when the true AoD is assumed to be known at the
transmitter. The corresponding CRBs for AoA estimation were also calculated when only the
estimated AoD obtained during the initialization stage is available at the transmitter, that is,
the effect the estimation error in AoD has on finding AoA was taken into account. Numerical
results demonstrated that a hybrid radar, whose transmitter consists of a few antenna arrays and
widely spaced elements at the receiver, provides the best detection performance for practical
values of probability of missed detection, such as 0.01 and 0.001. Simulations also showed
that for a radar system applied to find AoA, the architecture that the transmitter has a hybrid
configuration and the receiver has the phased-array configuration is the best choice. Regard-
ing the AoD estimation, the phased-array configuration should be selected at the transmitter
while increasing the number of receive antenna arrays improves the performance, which is the
exact opposite of the best configuration for AoA estimation. Although the performance of the
AoD estimation affects the direction finding performance overall given the fact that the AoD
information is required at the transmitter to cohere a beam toward the target direction, we in-
vestigated several simulation scenarios where it was shown that the estimation error in AoD

caused by the initialization would not decrease the AoA estimation performance significantly.
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Consequently, the best configuration for a radar system is not the same for different applica-
tions, and a hybrid radar which is a compromise of these configurations would be the best
choice to jointly optimize the detection and estimation performance. The total gain achieved by
combining the spatial diversity gain provided by the antenna arrays together with the coherent
processing gain obtained by each array outweighs the diversity gain, or the processing gain

realized by the antennas in pure MIMO or phased-array configurations.

After studying the effect the radar configuration has on system performance, the waveform
design problem for a MIMO radar system was explored in Chapter 5. The target detection
performance of a wideband MIMO system was considered, whose detection process is similar
to the time-reversal (TR) detection proposed in the literature. TR detection provides dramatic
gains over conventional detection since the transmitter reshapes the waveform to match the
channel during the TR process, which is a simple form of waveform design. Here, instead of
the normalized TR signal, a waveform is designed based on the noisy estimated channel and a
parameter indicating the quality of the estimation. This waveform is retransmitted, and then a
detector determines the presence or absence of a target. Three detectors were developed: the
conventional detector, the optimal detector, and the generalized likelihood ratio test (GLRT)
detector. Closed form formulae were derived to compute the theoretical threshold and prob-
ability of detection of each detector. Simulations showed that the optimal detector performs
the best but it demands more a priori information than the conventional detector does. The
performance difference between the two increases as the estimation quality becomes poorer.
Although the GLRT detector performs the worst at low SNR, it requires the least amount of
a priori information and it obtains similar performance to the optimal detector when SNR is
high enough. Three schemes were proposed to design the retransmitted waveform with con-
straints on transmitted signal power: the MF upper and MF lower schemes maximize the upper
and lower bound of the probability of detection of the GLRT detector, respectively, and the MI
scheme maximizes the lower bound of the mutual information (MI) between the retransmitted
signal and the received signal. Numerical results illustrated that the MF scheme, a modified TR
approach, performs much better than the conventional signal (CS) scheme, and all the three de-
signed waveforms bring in further performance improvements with respect to the MF approach
at the cost of knowing the quality of channel estimation a priori. In addition, the MF upper
scheme is always preferred at low SNR, which is outperformed by the MF lower approach as

the SNR increases, and the MI scheme should be selected for precise target detection.
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6.2 Future Work

There are several directions that can be extended around the topics involved in this thesis. Some

suggestions are listed below:

e In Chapter 3, the theoretical probability of detection for a MIMO radar system was de-
rived based on the assumption that the target RCS fading has a zero-mean complex Gaus-
sian distribution. An interesting research area is to extend the analysis to other widely
adopted statistical RCS models, such as the Chi-square target model and the Rice target
model, examining if the MIMO configuration can still provide superior performance due
to spatial diversity gain. In addition, the target detection performance of MIMO radar
was evaluated without taking into account the effects of clutter and jamming, and the
noise level was always assumed to be known, which were unrealistic in real-life systems.
Consequently, one future research area is to design an optimal detector when clutter and
jamming exist and/or the noise level is unknown, and assess the corresponding perfor-
mance of a MIMO radar system with different configurations. Again, realistic target
models can then be substituted for the theoretical target, allowing us to have an impres-

sion of the realistic benefits of MIMO radar.

e We focused our attention on investigating the impact of the radar configuration on sys-
tem performance in Chapter 4, thus a simple transmitted waveform was adopted and
each antenna array worked as a conventional phased-array radar. Recall that the colo-
cated MIMO radar explored in depth in the current literature has the same configuration
as the conventional phased-array radar does, and it is capable of exploiting the waveform
diversity to provide increased flexibility and performance gains. A promising area for
future research is to combine the statistical MIMO radar and the colocated MIMO radar,
that is, study a system which has the same architecture as the hybrid radar but trans-
mitting colocated MIMO waveforms from each phased-array and applying sophisticated
signal processing approaches to the received signals. For example, extend the prob-
ing signal design proposed in [78] to the hybrid radar scenario and/or applying adaptive
techniques for radar imaging introduced in [82] to the received signals. It is possible to
further enhance the detection capability, parameter estimation accuracy, resolution, and
jammer resistance, etc., by simultaneously taking advantage of spatial diversity gain and

waveform diversity gain provided by both types of MIMO radar.
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e Theoretically speaking, the schemes proposed in Chapter 5 can be adopted in any MIMO
system, radar or sonar, as long as the channel remains static during the probing and detec-
tion phases. In addition, it has been demonstrated that TR techniques have a wide range of
underwater applications. Hence, an interesting future topic is to implement experiments,
instead of doing simulations, on those schemes in a sonar scenario, experimentally val-
idating their superiority as well as the realizability of a MIMO sonar. Moreover, due to
the characteristics of TR techniques, it is possible to exploit its potential in applications
such as parameter estimation and target localization. Furthermore, only the very original
TR approach has been applied to MIMO systems, and there are many developed TR tech-
niques in the current literature, e.g., decomposition of the time reversal operator (DORT)
approach [140], MUSIC TR [115], likelihood TR [113]. How to apply these methods
in MIMO system and provide performance gains would be another promising research

field.

e The MIMO radar with widely spaced antennas enables simultaneous observations of a
target from several perspectives, providing us more information about the target features.
Thereby, MIMO radar possesses potential for moving target detection, target tracking,

and target classification. How to exploit these potentials could be another future topic.
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Abstract

It has been shown that time reversal (TR), which is developed in the acoustics domain, can also
improve the detection performance of a radar system. However, the TR technique is no longer a good
choice when the noise level is high since the retransmitted signal contains significant noise components.
We investigate a multiple-input multiple-output (MIMO) detection process similar to TR detection, during
which a waveform designed using the estimated channel and a parameter indicating the quality of the
estimation is retransmitted, and the detector determines the presence or absence of a target. We develop
three detectors, whose theoretical thresholds and probabilities of detection are derived in closed form.
Three schemes are proposed to design the retransmitted waveform with constraints on signal power. We
compare the detection performance of different detectors, showing that the detector performing the best
has the highest complexity, while the detector with the poorest performance requires the least amount
of a priori information. Numerical results also show that all the three designed waveforms can further
improve the system performance significantly compared with the TR approach, but such enhancement is

gained at the price of knowing the quality of channel estimation a priori.
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1. INTRODUCTION

The time-reversal (TR) technique has attracted increasing interest for a broad range of applications.
The unique feature of TR is that it can turn multipath effects, traditionally a considered drawback, into
a benefit, which is very similar to the MIMO concept. In the TR approach, a signal is radiated through
the medium, then the backscattered signal is recorded, time reversed, and retransmitted. This technique
is not new, Fink et. al. applied TR to focus energy on scatterers through an inhomogeneous medium two
decades ago [1], [2], demonstrating super-resolution in the acoustic and ultrasound domains. There are
also extensive publications studying the applications of TR, such as random media [3], ultra-wideband
communications [4], and computational imaging [5], [6]. Recently, Moura et. al. explored the MIMO radar
detection using TR, showing that TR detection provides significant gains over conventional detection [7]-
[9]. This results from the fact that the transmitter reshapes the waveform to match the channel during the
TR process, which is a waveform design process. However, the retransmitted signal in Moura’s algorithm
contains noise components, and obviously the TR technique is no longer a good choice when the noise
level is high. Furthermore, [7]-[9] did not derive analytical expressions for the threshold and probability
of detection of the TR detection, which are determined by Monte Carlo simulations.

We investigate a MIMO detection process similar to TR detection in this paper. That is, during the
probing phase, an incident wave is transmitted into the medium and an estimated channel matrix with
estimation error is obtained. It is assumed that a parameter indicating the estimation quality is given
a priori, which can be appropriately chosen depending on the noise level, the channel dynamics, and
estimation strategies, etc. [10]-[12]. Then, a waveform designed based on the estimated channel and
the estimation quality parameter under power constraints, instead of the normalized TR signal used in
Moura’s scheme, is retransmitted, and finally the detector determines the presence or absence of a target.
Note here that similar to TR detection, it is assumed that the channel remains static during the probing
and detecting phases, i.e., the scheme is only suited to low doppler scenarios. The waveform design
problem for a MIMO communication system maximizing the channel capacity when estimation error
exists is explored in [10]-[12], and it is assumed that the estimated channel and the estimation error
are independent. In this paper, we assume that the estimation error is independent of the channel and

their sum is the estimated channel. Although the waveforms are designed for MIMO radar in [13] [14],
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they only assumed that the second-order statistics of the channel matrix is known and based on which
the algorithms are developed. Here, however, we design the detector and the waveform according to the
value of an instantaneous estimated channel matrix.

This paper is organized as follows. We first introduce the system model of the MIMO system. Three
detectors are formulated in Section III, whose theoretical thresholds and probabilities of detection are
expressed in closed form formulae. We then propose three criteria to design the retransmitted waveform
under power constraints. Section V presents the numerical results to compare the detection performance of
a MIMO system with different detectors and retransmitted waveforms. Finally, we give some discussion

and draw conclusions.

II. SYSTEM MODEL

We consider a wideband bistatic MIMO radar (or sonar) system including a pair of arrays A and B,
which has N, and N, sensors, respectively. The channel frequency response matrix is denoted by an
Ny, x N, matrix H(f,), ¢ = 1,2,...,Qy, where the (i,7)-th entry of H(fy), hij(f,), is the frequency
response of the channel between the i-th sensor of Array B and the j-th sensor of Array A at the discrete
frequency f,. It is assumed that the sequential frequencies f, are one coherence bandwidth apart and
hence the channel matrices at different frequencies are considered to be independent [15]. We adopt the
statistical MIMO model here, that is, the entries of the channel matrix are modeled as independent zero-
mean complex Gaussian random variables, and they are normalized to have unit variance. Note that such
a model has been utilized in [9] and [16], but the propagation mechanisms causing multipaths, which
result in the random target response, are different. In [9], the multipaths are due to a rich scattering
environment surrounding point-like targets, while in [16], the distributed target itself leads to multipath
propagation.

As shown in Fig.1, the target detection process has two steps. During the probing phase, for the p-th
snapshot, the i-th sensor of Array A transmits an incident wideband signal s,;(t) into the medium, whose
discrete Fourier transform is .Sp;(f;) at frequency f,. The signal vector received by Array B for the p-th

snapshot is

Zp(fq) = H(fq) - 5p(fo) + @p(fo) (D

where @, ( f,) is the noise vector at Array B whose entries are assumed to be zero-mean complex Gaussian
random variables with variance o2, and the N, x 1 signal vector 3,(f;) = [Sp1(fq), Sp2(fg)s -+ » Spnv. fq)]T.

Here the superscript 7' denotes matrix transpose. Based on all the P snapshots Z,(f;), the estimated
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channel matrix A (fq) is obtained, whose (i, j)-th entry is expressed as

hij(fq) = hij(fq) + €ij(fq) (2)

where e;;(f,) is the (i,j)-th element of the channel estimation error matrix E(f,). We assume that
eij(fq) is a zero-mean complex Gaussian random variable which is independent of h;;(f;) and has
variance o2. Note here that knowing the value of 2 requires noise power estimation and knowledge
of the estimation method and the waveform length during the probing phase. From (2), we know that
fzij( f,) is a zero-mean complex Gaussian random variable with variance 1 + o2 and is dependent on
hi;(f,) with correlation coefficient 1/+/1 + o2. Therefore, conditioned on izlj( fq), the random variable
hij(f,) has mean oh;;(f,) and variance o%o2. Here, we define o = TIUQ

Next, as shown in Fig.1(b), the signal §(f;) designed based on i (f,) and o2 is retransmitted from
Array B during the detecting phase, and the detector at Array A determines whether or not a target exists
based on the received signal 7(f,) at all of the Qs frequencies. Since the focus of this paper is to design
different detectors and retransmitted waveforms and study their effects on the detection performance, we
assume that, if it is required, the estimated channel matrix i (f,), the estimation error parameter o2, and
the retransmitted waveform Y at Array B are fed back to Array A via a side channel, and we concentrate
on analyzing the second detection stage.

It is assumed that Array B transmits M snapshots in the second phase, during which the channel
remains the same. Denote the M snapshots received by the i-th sensor of Array A at frequency f,
and the corresponding additive white Gaussian noise components by M x 1 vectors 7;(fq) and 7;(fq),

respectively, which can be written as
Ti(fg) = Y (fq) - hifq) + 1i(fq) 3)
where 1 = 1,2,..., Ny, ¢ = 1,2,...,Qy, and
~ T
)= 0t B o ) |
B = | hathy) olfy) - hw(fy) |

where the N}, x 1 vector g, (fq) is the m-th snapshot signal retransmitted from Array B at frequency fj,

“4)

and the entries of 71;( f;) are assumed to be zero-mean complex Gaussian random variables with variance
o2. Grouping the signals received by the i-th sensor of Array A at all the Q s frequencies yields an

M@y x 1 vector 7;, which is given by

T
=) ) e wUe) | = VRt ©)
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where the N,Qy x 1 vector h; and the M @y x 1 vector 7i; are obtained by sequentially stacking all
the Qy vectors h;(f,) and n;(fy) into columns, respectively. The MQ; x NyQ; matrix Y is a block
diagonal matrix with the Q y matrices Y (f,) arranged sequentially along its main diagonal blocks. Similar
to the channel vectors h;, we can obtain N, estimated channel vectors }ﬁli and estimation error vectors é;

by stacking the corresponding columns of bas (fy) and E(f,) into NpQs x 1 columns, respectively, and

hi = h; + &;. Based on previous discussion, it is easy to see that

hi

hi ~ CN (0hi, 002 i, ) ©
iy ~ CN (Onrq, o7 v,

where i = 1,2, ..., N,, the separator “|” represents “conditioned on”, and 0 and I}, stand for a k x 1

all-zeros vector and a k x k identity matrix, respectively. The detector at Array A determines whether or
not a target exists based on the values of all the N, vectors 7;. In this paper, we restrict our attention to
the design of the detector and the retransmitted waveform Y, which will be explained in the following

sections.

III. DETECTOR DESIGN

The target detection problem of the MIMO system can be described as follows:

M H
=y ’ @

Y- -hi+n; Hi
where ¢ = 1,2, ..., N,, and the alternate hypothesis H; and null hypothesis H are that the target does
or does not exist, respectively. From (5) and (6), it is obvious that the received signals 7; are complex

Gaussian vectors under both hypotheses with different distributions given the estimated channel:
CN (O, 02Twa,) Ho

CN (d;, C) Hy ®)
di = 0%Vh;, C=022VYVH 4 02Lyq,

In this paper, we develop three approaches to detect the target, and the theoretical threshold n and
the probability of detection Prp of each detector will be derived in this section. Notice that in order to
express the distribution of a weighted sum of several noncentral chi-square random variables in a closed
form equation, we use a common approximation technique [17] in the derivation for both Detector II
and Detector III. This approach approximates a weighted sum of chi-square variables by a single one
with different degree of freedom and a scaling factor, which are carefully chosen such that the first two

moments remain the same.
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A. Detector I: Conventional Detector

It is well known that the optimal detector for a known signal in white Gaussian noise is a matched filter
[18], and such a detector is employed as Detector I, whose performance is examined when estimation

errors exist in channel matrix. The conventional detector given by [18] can be expressed as

N, N >H1
Ti = Re[> _ (Vhy) 7] m )
i=1 <H,

where the superscript H represents the conjugate transpose of a matrix. Notice here that the detector
actually matches to the estimated channel h; instead of the true channel h; as in [18] since only the
noisy channel estimation is available. From (8) and (9), the distributions of the test statistic 71 under

both hypotheses can be given by

N,
N (0,5 > Tli) Ho
T =1
! Yecponms 13 (10)
N Y h?YPdi, 5 5 {Ti+ Yo} | Hy
i=1 =1

Yy = 2V HY by, Yoy = 0e202hHYHY VHY B,

Before we proceed to derive the theoretical threshold and probability of detection, we denote the
singular value decomposition (SVD) of Y by ULV where the MQ . % M@y matrix U and NyQ s x
N,Q matrix V are unitary matrices. When M > Np, ¥ = [ o 0 } . Here 1 is an NyQf x NyQf
diagonal matrix with n positive singular values ¢, ¢, ...,5, of Y (in decreasing order) on the diagonal
and the all-zeros matrix has dimensions NyQ x (M — Np,)Qy. While M < N, > = { 9 0 }, and o
isa MQy x M@y matrix with n singular values on the diagonal and the all-zeros matrix has dimensions
MQy x (Ny — M)Qy. Here, n is the rank of Y, i.e., n = rank(Y) < min (MQs, NgQy). Therefore,

we can obtain the following expressions:

Nea, o a Nea, |2 0|_, =
REYHY B, = S hHV | — | VR,
i=1 i=1 0 0
(11)
Nu. Eay — R [y N o — EQ 6 al
RHYHYYHY by = SSRHV | © | VHp,
=1 =1 0 0

where the n x n diagonal matrix = = diag(/3), and the k-th entry of the n x 1 vector 3 is the square of

the corresponding singular value of Y, i.e., 85 = 2. Denote the k-th element of the vector h} = V# h;
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2, the above equations can be rewritten as

Na
by h}, and let pj, = 21 | Ry,
i=

Na fay — [y
MYV Dy = 3 Bupy
i;l k=1 . (12)

S RIYVHYYHY b = k; B2y,

where || stands for the modulus of a complex number. For a given noise level, the threshold for the

conventional detector 7 can be determined by the required probability of false alarm Prgs following

(10) and (12) as below:
) Bror - Q@ (Prpa) (13)

3

n %
1=/7
k

From (9) and (13), it is obvious that Detector I requires knowledge of ¥ and ;LZ at Array A in Fig.1

to decide the existence of targets. Based on (10) and (13), the theoretical probability of detection of

Detector I Prp 1 can be given by
Brpr
(14)

1

NgE

m—o?
k

Prp;=@Q
¢ é{azaz LTRSS ﬂm}

k=1 k=1

where the functions Q(x) and Q~!(z) denote the Gaussian right-tail function and its inverse, respectively.

B. Detector II: Optimal Detector
Next, we proceed to design Detector II, which is the likelihood ratio test (LRT) detector for the case

when o2 > 0. The LRT detector is the optimal solution to the hypotheses testing problem in the Neyman-

Pearson sense, i.e., the detector maximizes Prp subject to a constraint on Prga [18]. The LRT can be

stated as the following decision rule
_ _ H
>
p(rl,r27 s TN, |H1) (15)

L(7) = —/— —
( ) p(rl”r‘27...77“1va |H0) <H,

where p(r1,72,...,7n, |H1) and p(71,72, ...,Tn, |Ho ) are the probability density functions (PDFs) of the

data under hypotheses H; and H, respectively. Based on (8) and (15) and after some algebra, we decide

Hy if
/ N“{ H 7R H H } /
T = {7¥Br; + g + glrt >
P R R R (16)
B = Ul,'i MQ; — C_l,gi =Cl4;
DRAFT
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In order to analyze the distribution of the test statistic, a non-data-dependent term Z g; H BTg, is added
i=1
at both sides of (16), and the detector equation can be written as below:

Ty = é {(F + BT@_)H .B- (ﬁ- + BTgZ)} <:1 I (17)

0

where T denotes the Moore-Penrose pseudoinverse. From (8) and (16), the following equations can be

derived based on the SVD of Y mentioned in Section III-A:

2 2'—‘ 2 N
_ _ +0[ 0 _
=0 i . UH
0 (o IM —
- ni MQ; f ] (18)
By | Rl 0y
0 0

Substituting (18) into (17), we can express the test statistic under Hy as below:

No 1[ —(UU._+021) ! 0
Tu=73 z _ | Zos
= 0 0 (19)
N, n

% ; Z_: zazzﬁiﬂ (2 |ZOik|2> Under Ho

where z(;;; is the k-th entry of the vector Zy; = UvH (ﬂ + Bt 91) / on. Denote ;i the k-th element of
the vector U Bfg; / o, Which is given by

2 2 2 4 /
Ono—eﬁk + oy, / Onlli,
L= Ghly = 20
Following (8), it is not difficult to see that Zy; ~ CA (UH By / ony I f>, and thus we have
) 207 |, |
2 2 2 k
2Jz0ul* ~ X2 (2ol *) = X7 <"gg; ) @1

where x/? (\) denotes a noncentral chi-square random variable with k degrees of freedom and non-
centrality parameter \. Notice that 77y is a weighted sum of noncentral chi-square random variables, and
thus, it can be approximated as below by using the approximation technique mentioned before:

2 9
o?os Pk 202 |0, 17 . 9
Tip~ E E ¢ =0 22
1 GQUgﬁk+G72LX2 ( By, 0Xko (22)

zlkl

where Xi denotes a chi-square random variable with & degrees of freedom. The condition that the first

two moments of both sides of (22) are the same leads to

No n 2 2 21 |2
1 0202 Bk 2072 |1, _
2 020203k +02 (2 + LBy = boko
1=1k=1 (23)
1 % Xn: otalf; 2. (24 40n|h7k| — 292k
4 (02026, +02)? B URY
i=1k=1 ¢ "
January 19, 2010 DRAFT

150



Original Publications

Solving the above equation for the parameters 6y and kg yields the following expressions:

b0 = Qo/po, ko = p/Q
n
1o :k; 0 (Nao 2 Bk + anpr) /(0702 Bk + 0207 24)

Qo= 03, (Naagﬂk +2a,21pk)/[2 (UQUEﬁkJrU%)Q}
k=1

Following (22), we can obtain the threshold for Detector II based on the choice of Prpa:
= 60]-;31 (1 — Prga) (25)

where ]—'XZI is the inverse cumulative distribution function (CDF) of a chi-square random variable with
k

k degrees of freedom. From (17) and (25), it is clear that the implementation of Detector II requires

knowledge of Y, fzi, and o2 at Array A in Fig.1. We next consider the alternate hypothesis. Based on

(8), the received signal under H; can be rewritten as 7i=d;+w; and @w; ~CN @ MQ_f,C_). Thus, we have

a

Tu= {[C 3w+ 0% (4 + Blg)] - 03 BCH

i=1 (26)
[C‘—%wi +C3 (Ji n B*gi)}}

I\?‘b—‘

Substituting (18) into (26) and letting z;; = UH (C’EU‘)Z +C~ (d + BTgi)), we can express the

test statistic 77; under H; as below:

-1

N, R - 0202:+02f 0
Ty = 3z | ol (o=t 0
i=1 0 0
02033 + J?Ljn 0 _ 27)
_ .- 214
0 ordlMQ,—n
N, n
=3 %% 200 (2 |1 Under H,
i=1k=

where z1;;, is the k-th element of the vector Z;;. Denote ~1;; the k-th entry of the vector UHC— (Ji + Bf §i> s

which is

ik = (02028 + 02) {1+ (%02 + 02) !

(ot >_1} whly _ /P BitaRh, (28)
02020203k +0 1402 — o2¢,
Given z;; ~ CN (UHCP% (JZ- + BTQ) ,fMQf), we have
, , 2(0202 0, 2\ |2
2 ariel? ~XF (2 Inanl?) = (ALl (29)
Similar to (22), we have the following approximation:
)
ooy k ’ %02 k+a
z 1k=1 ” ﬁ
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Following the same procedure shown in (23) and (24), we can obtain the parameters 61 and k; for 71

under H; as below:

01 =N/, ki=p}/

2 n

i = gz 2 ANaoeBi+ (07025 + 07) pi} 31)
4 nﬁ

= g5 kzl {NuodB} + 2Bk (0°02 0k + 072) pic}

Based on (30), the theoretical probability of detection of Detector II can be given by
Prou=1-Fe () (32)

where 7,2 is the CDF of a chi-square random variable with k degrees of freedom.

C. Detector IlIl: GLRT Detector

Detector III is the generalized likelihood ratio test (GLRT) detector, which is a practical approach
when unknown parameters exist [18]. The GLRT detector replaces the unknowns with their maximum

likelihood (ML) estimates, and the decision rule can be recast as below [14]:

N, N, o, >
dortmi=  min 5= Vhi| n (33)
i=1 i=1 }Ll,hz,...,hNa <H()

where ||-|| stands for the Euclidean norm. Based on (7), we can derive the GLRT detector as follows:

Yo orfty (VY ) i S

Tin =) p iiii (34)
i=1 n <H,
Invoking the SVD of Y, Tirr under Hy can be written as
N, | I, 0] _
Tin= > (,%fZHU " U
i=1 0 (35)
N,
=3 % 2 [oal ~ X3,
i=1k=1 "

The above result comes from the fact that the vector 1o; = UH7; ~ CN (Oprq - o2Ing ;) and o
is the k-th element of 1)y;. Following (35), we can obtain the threshold for the GLRT detector based on

the choice of Prga:

M = -7:;3; (1 —Prpa) (36)
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From (34) and (36), only the value of Y is required to be known for Detector III at Array A in Fig.1.
We next calculate the distribution of 777 under H1. Let the vector 1511» =UH C”éfi and we can rewrite

(34) as

(37

where 1;; is the k-th entry of the vector ¢1;. Denote Ay, the k-th element of the vector UX C—1/2d;,

which is given by

ik = (%023 +02) 7 - o2schy, (38)

2 ’ 2 19 (2046, |, |
2 [Yrik]® ~ x5 (2 | A1i] ) = x5 (Gy,%%) (39

Similar to (22), the test statistic can be approximated as

N, n 4 7 12
1 ’ QD'ﬁk|hk| )
Tin~— oo B to, X2(1 =X (40)

Following the same procedure shown in (23) and (24), we can derive the parameters « and [ for 71

under H; as below:
a=bla, l=ad/b
a:ké12{Na (02028, + 02) + o*Brpr} (41)
b= 1;22 {Na (%023 +02) 21 ogt (%028 +02) ﬂkpk}
Hence, based on (40), the theoretical Prp 111 is given by

Prpm =1 - Fe (%) (42)

L

IV. WAVEFORM DESIGN

In this section, we propose three approaches to design the retransmitted waveform Y in order to
improve the system detection performance. Notice here that all the schemes discussed in this section are

under the constraint trace(YY#) = M E, which limits the total transmitted power.
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A. Conventional Signal Scheme

We first introduce the conventional signal (CS) scheme similar to that in [7] [8] for comparison purposes
in the numerical results. In the CS scheme, the same waveform is retransmitted from Array B regardless
of the available channel information. In this paper, we assume that the k-th element of the retransmitted

signal vector ¥y, (fy) in (4) is given by

ymk(fa) =\ - N Q exp [j2m(k — 1)(¢ — 1)/Qy] (43)

where k =1,2,..., Ny, ¢ = 1,2, ..., Qy, and the normalization factor is employed here to meet the power

constraint.

B. Time Reversal scheme

Before introducing the proposed waveform designs, we first briefly describe the TR scheme proposed
in [7]-[9]. The numbers of snapshots during the probing and detecting phases are assumed to be the
same, and for each snapshot, Array A transmits an incident waveform and the signals received by Array
B are recorded, time reversed, power normalized, and transmitted back into the medium. The signal
received by Array B at frequency f, for the m-th snapshot is denoted by Z,(fy) in (1), and the m-th

retransmitted TR signal is

?jm(fq) = kmf;‘n(fq) =km [H*(fq)gin(fq) + ﬁjn(fq)] (44)

where k,, = ,|FEjs Zfl |Zm( fq)H2 is a normalization factor to meet the power constraint and the
superscript * stands for the complex conjugate. The conjugation here results from the fact that time
reversal in the time domain corresponds to phase conjugation in the frequency domain up to a phase
shift (see, e.g., [1]).

The noise level at Array B, i.e., the variance of the white Gaussian noise @y, ( fq), is assumed to
be known in [7]-[9]. In this paper, instead, we assume that the estimated channel matrix ﬁ (fq) and
the estimation error parameter o2 are known. In order to fairly compare the performance of different

waveform schemes, we modified the TR scheme as follows:

gm(fq) =

sl )| [ ()55 )] (45)

Such a modification actually approximates Z,,(f;) as H (fq)5m(fq), which is reasonable since i (fq)

is estimated based on Z,,(f,) and o2 is a function of the noise level at Array B. We name this modified
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TR scheme as the matched-filter (MF) scheme in this paper in order to avoid confusion. Following
the procedure mentioned in Section II, we can generate the retransmitted MF signal matrix Y, by
assembling all the MQy vectors g, (fq) appropriately. In general, the incident waveform can be any
signal and in the simulations we adopt sp,x(fq) = exp [j27(k — 1)(¢ — 1)/Qy] in (45) as in [9] where

smi(fq) is the k-th entry of the vector 5,,(fq).

C. Waveform Design A: MF upper scheme

As demonstrated in [7]-[9], the TR scheme improves the system detection performance significantly.
Our goal in this section is to further improve the performance by designing a waveform based on the MF
scheme above, in order to maximize an upper bound of Prp for the GLRT detector. Before we proceed

to the waveform design, several parameters are defined similar to (36) and (37):

L = -7:;31 (1 —=Prpa), nu= ‘7:;;91% (1 —Prpa)

N, ¥
To =3 3 & (02026 +02) (2 |vuanl?) (46)
i=1k=1 "
Ne 1/ 29 2 2
=Tm+ > ra (0020, + 07) (2 [¢r1ik] )

I
-

7 k=n-+1
where ¥ = min(NyQy, M Q) and the second term in the last row is defined as Tp. Since n is the rank
of Y and gy is the square of the k-th singular value of Y, we have 1 < n <9 and B, = 0 when k > n.
Therefore, 2 |¢h1i|* ~ X5 (2 \/\1%\2) = x3 for k > n and hence Th ~ X3y (9_,)- It is not difficult to

derive the following inequalities:

nu =t = 1, > 0, Ty =T +1Ip, T > 0,Ip > 0 (C))

The reason for defining the above parameters is that before the waveform design, it is impossible to
know the rank of Y, and thereby the threshold and test statistic in (36) and (37) can not be employed
directly during the design process because of the unknown value of n. Following (47), we can derive the

required upper bound of Prp for the GLRT detector as below:

Prp < Pr{Tin > nL} < Pr{Ty > n} <E[Tul/m (48)

where the last inequality arises from Markov’s inequality [19]. Taking the expectation of Ty in (46)

yields

204 X [ N,o2 N,o?
E[Ty] = — { R | S ok | B (49)
i o
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17,5 h;hH ), and vy is the k-th right-singular vector of Yy/r introduced in

M=

N, )
where pp = Y |hl, | =
i=1 i= _ o
the last section. The entries of /3 are the eigenvalues of the Hermitian matrix Y'Y ¥, and thus the design
criterion under the power constraint can be expressed as the following constrained maximization problem:
9
max Y (Nyo2/0? + pi) Br
- (50)
st. Y Op=ME;s, B, >0,k=1,2,...,9
k=1
Moreover, considering the fact that [N,o?2 (14 02) + pi] is positive and taking into account the

constraints, we can derive the following equation employing Abel’s inequality [20]:

9
> (NaoZ/o® + pi) By

=1

9 2
Smax{ﬁhﬁl +52,,,.,kzlﬁk}max{]v;f@+pk} b

= ME, - (Noo?/o* + max {py))

El

From (51), it is easy to understand that the maximization of (50) is achieved by allocating all the

available power to the eigenvalue [3; which corresponds to the largest py.

D. Waveform Design B: MF lower scheme

Now we design the second waveform by maximizing a lower bound of Prp for the GLRT detector

based on the MF scheme. Similar to the last section, (47) leads to

Prp>1—-Pr{Tin <nu}t>1- % (52)

In addition, recalling the definition of 71 and ny, we have

Pr{Tp <nu}>1-Pr {X%Naﬂ > 77U} = Prpa (53)

Substituting (53) into (52) and utilizing Markov’s inequality, we express the required lower bound of

Prp for the GLRT detector as

E f“ﬁTU
Prp > 1 - Pkl g Pl

Tea € 29R10 Prga o4

Due to the fact that [— (62023 + 02)] < 0 and given the statistical independence of 2 \wlik\Q for
different values of ¢ and k, the following equation can be obtained for the moment generating function
of the noncentral chi-square distribution:

E [efggn] _ ﬁ fﬁ B [e—(a%zmai)(zwm\2)]

k=1i=1
9 —20" By py, (55)
. P\ T2 (02025, +02)
o k=1 [1+2(02035k'+0721)]1\,a
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Taking the logarithm and making use of the inequality log(1 + x) > Tz When z > —1 and z # 0,

we can express the waveform design criterion with the power constraint as below:

9
28k pr+2N,4 (0202 Br+02)
max > {Paaentarion

; (56)
st. > Bp=ME, B, >0,k=1,2,....,¢
k=1

Applying the Karush-Kuhn-Tucker (KKT) conditions [21], the solution for the above design criterion

can be given by

+
B = 14202 (/2p + 4pro? + 2]\7[102035 1 57)
F 20202 14202
where (a)* £ max(0,a) and & is chosen such that the power constraint is met:
+
i \/2pk+4pk0%+2Na0203€71 _ 2M E0?0? (58)
= 14202 14202

Obviously, this waveform design scheme utilizes the waterfilling strategy [15] to allocate power, and
the larger the py is, the more power is allocated to the corresponding fy.

REMARK 1: Both waveform designs introduced above select the values of (3j according to the py
values, which are determined by the estimated channel vectors as well as the right-singular vectors
of Y. Recalling the physical explanation of the SVD, we can split the design procedure into two
separate parts. The “path directions” of the designed waveform are determined by the MF scheme, and
the waveform design A and B allocate the retransmitted power to each direction according to the “path
quality” following different design criteria. We emphasize this by naming the design schemes as “MF
upper” and “MF lower”, respectively. The reason for utilizing the MF scheme, i.e., a modified TR scheme,
is that [7]-[9] have shown that TR can improve the detection performance, and we want to achieve further
optimization. Furthermore, although the theoretical derivation for both schemes are based on the GLRT
detector, Detector I and II can also be employed when the designed waveforms are retransmitted from

Array B, and their performance can be easily calculated using (14) and (32).

E. Waveform Design C: MI scheme

In this section, we design the waveform by maximizing the lower bound of the mutual information
(MI) between the retransmitted and received signals. First of all, rewrite the N,Qf X 1 received signal

vector for one snapshot as

(39
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where the N, x 1 vector 7(f,) and the N, x 1 vector §(f,) contain the signals received by all the N,
antennas of Array A and the signals retransmitted from all the IV, antennas of Array B at frequency fg,
respectively. The elements of the N,Q x 1 noise vector 7 are zero-mean complex Gaussian random
variables with variance o2. The N,Qs x N,Q; matrix Hg is a block diagonal matrix with the Q
matrices H(f,) arranged sequentially along its main diagonal blocks. We also define the N,Q F X NoQy
estimated channel matrix ﬁIQ in the same way. Assuming ¥ is a random vector, the considered MI is
1 (F, 7l HQ> which can be interpreted as the amount of uncertainty in the received signal 7 which is
removed by knowing ¥ given i @- Intuitively, the larger the MI, the less uncertain the received signal, and
thus the better the system performance. Denoting C_'g the covariance matrix of ¢ given . ¢ and following

the procedure shown in Appendix I in [10], we can derive the lower bound of the MI as below:

I, (’F,:ﬂﬁ]@) = log, det [le,Qf —0—0‘4]?’56:1]?[5@5] (60)
where the N, Q¢ X N,Q; matrix C,, is a block diagonal matrix, whose ¢-th diagonal block is a
Ny x N, matrix [0202P(f,) +02] - Iy, and P(f,) =E [gH(fq)gj(fq)]. We first express the eigenvalue
decomposition of the Hermitian matrix i *( fq)ﬁ T(f,) as V(f)D(f)VH(f,), where the N, x N}, matrix
V(f,) is a unitary matrix and D(f,) is a diagonal matrix with N, real and nonnegative eigenvalues
Ag1, A2, -+, Agn, (in decreasing order) as its diagonal entries. Next, we define the IV;Q ¢ X V() ¢ block

diagonal matrices Vg and G, whose g-th diagonal blocks are V(f,) and o*D(f,)/[02 + o202 P(f,)],

respectively. Thus, the lower bound of the MI in (60) can be rewritten as

I (7,91 Hg) = logy det [In,q, + 9o Q) (61)

where Q = V5 CyVq is an NyQy x NyQy matrix. From Lemma 1 in [13], we know that (61) achieves its
maximum when Iy,q, + GoQ is diagonal. Remembering that the diagonal matrix G has nonnegative
diagonal entries and C'g is a covariance matrix, we conclude that Q must be a diagonal matrix whose
{(g — 1)Ny + k}-th diagonal element is a nonnegative value Qu, ¢ = 1,2,...,Qy and k = 1,2, ..., N;.
In addition, considering the power constraint F; = E [QH g} = trace (Q), we can express the waveform

design criterion maximizing the lower bound of the MI as below:

Qs N, ap
max lo 1+ %
2 %1 k; gz{ o2t af(fq)}
f Ny
st > Y Qu=FEs ©2
q=1k=1

quZO, q:1a27-“7Qfa k:1727--'7Nb
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Note that (62) is not a concave function due to the presence of P(f;) =E [gH (f)u( fq)] = k§1 Quk
in the denominator. However, for a fixed set of values for P(f,), the function becomes concave and thus
it can be directly optimized. Hence, an iterative algorithm is proposed here, and the values of P(f;) are
updated in each iteration until the algorithm converges. We initialize the algorithm by allocating equal
power to all the Q¢ frequencies, i.e., P(f;,0) = E,/Qs for ¢ = 1,2,...,Qy. For the i-th iteration,
replacing P(f;) in (62) by P(fy,7 — 1) and applying the KKT conditions [21] leads to the solution

. . 024+ 0%0P(f,i—1) *
Qi (i) = (dz) - =y (63)
where the water-level (i) can be found by solving
Qr Ny 2 2 2 ; +
. O'n+0'0'6P(f,271)
> (c(z) - e = (64)
a=1k=1 0 gk

Then, the values of P(f;) for the i-th iteration are updated as P(fq,7) = % Qg1 (7) and the iteration
ends if max |P(fy,4) — P(fy,4 —1)| < € for all the @ frequencies, whereks:%s a threshold with small
value. Once all the Qy, are determined, we have the covariance matrix Cy = Vg Qf/g )

Notice here that when N, < N;, a modification is required to be made to the above algorithm.
Obviously, Ay, = 0 for k = Ny + 1, Ny + 2,..., IV, and from (62), it is clear that the corresponding
Qg should be equal to zero in order to maximize the lower bound. Thus, when N, < N, the limit
of k is changed from N to N, in (62)-(64) and the values of Qg are determined for k = 1,2,..., N,
using the algorithm mentioned before. Next, setting Qg = 0 for k = N, +1, N, +2, ..., N}, gives us the
NyQf x NpQy diagonal matrix Q.

Once (:’5 is determined, we generate a set of NyQ; x 1 deterministic vectors {§i,%2, - ,§nm} as
the retransmitted signal vectors for the M snapshots. These vectors are appropriately designed such that
their covariance matrix remains as Cg. The block diagonal structure of C_’g implies that the retransmitted
signals at different frequencies are mutually orthogonal. Such orthogonality can be realized, for example,
by designing the retransmitted signal using orthogonal frequency division multiplexing (OFDM) scheme
[22]. Denoting the k-th column of V(f,) by vx(f,), we generate the signals transmitted by all the NV,

antennas of Array B at frequency f, for the m-th snapshot by utilizing an orthogonal basis as below:

Ny M
ym(fq) = Z 'Dk(fq) qu’okm» Z Okmofm = Moy (65)
k=1 m=1

where m = 1,2,..., M, k,I = 1,2,..., Ny, and ¢y, represents the Dirac delta function. The N;Qy x 1
signal vector ¥, is obtained by sequentially stacking all the Q¢ vectors g (f;) into a vector. Walsh

codes are adopted as the basis functions in the simulations, but other orthogonal bases can be employed
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in principle. From (65), we can calculate that the covariance matrix of the generated vectors equals Cj; and
the power constraint has been met. After all the M snapshots {@, } are generated, the retransmitted signal
matrix Y can be easily obtained by reshaping {#,,} appropriately. Its corresponding system performance
for all the three detectors can be evaluated using the formulae provided in Section III.

REMARK 2: From the simulation we find that normally the iterative algorithm converges after a few
iterations (less than 20 for ¢ = 0.001). However, at very low signal-to-noise ratios (SNRs) and when the
difference between the largest two values of Ay is very small, the algorithm can enter an endless loop
by allocating all the power to their corresponding Qg in turn. From (63), it is not difficult to understand
that this problem can happen when the difference between the numerators for two successive iterations
02 (1+02)|P(fy,i) — P(fy»i — 1)| is large enough. The lower the SNR, the larger the value of o2, and
this is the reason why such a problem only occurs at very low SNRs. To solve this problem, we terminate
the algorithm if the number of iterations exceeds a selected value and choose the results obtained in the
last iteration as the final solution. This approach is reasonable since if there are two coefficients Ay

having similar values, then allocating the power to either of them leads to similar system performance.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, numerical results are presented showing the target detection performance of a MIMO
system with different detectors and retransmitted waveforms. We set Prpa = 0.001 and define the SNR as
SNR = E, /o2 with E, normalized to 1. As mentioned before, the value of o2 depends on the estimation
method and the waveform length during the probing phase, which is inversely proportional to the SNR at
Array B [23]. Since we focus on the detection phase in this paper investigating the system performance

when channel estimation error exists, we assume that the noise level at Array B is in proportion to that

2

at Array A and set 02 = o2

in all the simulations. Note that the algorithms for both the detector and
waveform designs are based on the estimated channel i (fq), which is the sum of the true channel and
the estimation error. Therefore, we utilize a semi-analytical approach to obtain the system performance.
That is, we generate 10,000 realizations of the true channel and the estimation error matrix, calculate
the corresponding Prp for each realization using (14), (32), and (42), and yield the theoretical system
detection performance by averaging Prp over all the realizations.

We first examine the performance of a system with four sensors at both Arrays A and B, choosing
M =5 and Qy = 6 for simulation purposes only. Fig.2 depicts the detection performance of the

system employing different detectors when two designed waveforms, the MF lower and MI schemes, are

adopted. The Prp recorded from Monte Carlo simulations is also presented. For each realization of the
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estimated channel matrix, we generate 10,000 independent received signals, compute their test statistics,
and compare them with the threshold. Obviously, the simulated results agree well with the theoretical
values, validating the correctness of the derived formulae. Comparing the curves corresponding to the
same waveform, we find that Detector II always performs the best, which is consistent with the fact
that Detector II is the optimal detector. In addition, the performance difference between Detector I and
Detector I decreases as the SNR becomes higher, i.e., o2 is smaller. This can be explained by the
fact that both the optimal detector when the channel matrix is known and Detector I are in the form
of matched filters, and the only difference is that the former matches to the true channel H while the
latter matches to the estimated channel f] [18]. When ag has a small value, the estimation error in the
estimated channel is insignificant, and thus the difference between the performance of Detector I and
the optimal performance should be small. Furthermore, it is easily seen that Detector III performs the
poorest at low SNR but is similar to the optimal detector when the SNR is high. This is because the
GLRT detector estimates the unknown parameters first and then makes the detection decision based on
it. Intuitively, the lower the SNR, the worse the estimation, which degrades the detection performance.
However, although Detector II performs the best, it requires knowledge of Y, fLi, and o2 at Array A. In
contrast, as mentioned in Section III, the implementation of Detector I needs the information of Y and
I%L,», while for Detector IIT only Y is required to be known.

We next compare the detection performance of the systems retransmitting different waveforms as shown
in Fig.3 and Fig.4 for low and high SNRs, respectively. Here, Detector II is employed for all the scenarios.
We also provide the system performance recorded from Monte Carlo simulations following the same
procedure mentioned before, and there is a very good agreement between the theoretical and simulated
performance. Obviously, the MF scheme provides much better performance than the CS approach, and all
the three proposed waveform designs further improve the system performance significantly with respect
to the MF scheme. We start by comparing the MF upper and lower schemes. At low SNR, the MF
upper is superior, while the MF lower is preferred when SNR is high. In addition, the MF lower always
outperforms the MF approach, but the MF upper performs worse than the MF scheme when SNR is high
enough. Such results are reasonable since that one should concentrate all the available power on the path
with the best quality in order to overcome the high level of noise at low SNR, which is the idea of the
MEF upper method. As the SNR becomes higher, the noise level and consequently the estimation error
parameter o2 decreases, and thus allocating power to several paths according to their amplitudes, i.e., the
waterfilling strategy utilized in the MF lower approach, leads to better detection reliability because of

the spatial diversity gain. Furthermore, it is clear from Fig.3 and Fig.4 that the MI scheme outperforms
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all the other waveform designs and should be selected for precise target detection, e.g., the probability
of detection Prp > 0.7. Although all the three designed waveforms bring in significant performance
improvements, we point out that such enhancement is achieved at the price of knowing the channel
estimation error parameter o2 a priori.

We proceed to investigate the impact of the number of antennas at Array A N,, the number of antennas
at Array B N;, and the number of snapshots M on the detection performance for the proposed three
waveform designs. The SNR is fixed at OdB for the next three figures, and the number of snapshots
M equals to 5 for Fig.5 and Fig.6. First of all, it is clear that for all the scenarios considered in
Fig.5, Fig.6, and Fig.7, the MI scheme provides the best detection performance, and the MF lower
approach outperforms the MF upper method. Next, we compare the slopes of the curves corresponding
to different waveforms for the same [V, in Fig.5, and the larger the slope is, the more effect N, has
on the corresponding waveform design. In other words, for the same increase in the value of N,, the
MI scheme provides the greatest performance improvement, and the MF lower method achieves more
enhancement than the MF upper approach does. Similarly, we can draw the same conclusions for both N,
and M by observing Fig.6 and Fig.7. Hence, the MI scheme is the best among the three waveform design
approaches since it not only performs the best but also realizes the largest performance enhancement for
the same increase in the value of N,, Ny, or M, and in that sense, the MF lower scheme is better than

the MF upper approach.

VI. CONCLUSIONS

In this paper, we investigated the target detection performance of a bistatic wideband MIMO system,
whose detection process is similar to the TR procedure. Based on the estimated channel and a parameter
indicating the quality of the estimation obtained during the probing phase, the retransmitted waveform and
the detector are designed. Three detectors are developed, whose theoretical thresholds and probabilities of
detection are derived in closed form. Three schemes are proposed to design the retransmitted waveform
with a power constraint, which maximizes the upper and lower bound of the probability of detection of
the GLRT detector, and the lower bound of the MI between the retransmitted signal and the received
signal, respectively. Numerical results showing the detection performance of a MIMO system involving
the designed detectors and retransmitted waveforms are presented. It is shown that the optimal detector
performs the best but it requires more a priori information than the conventional detector does. The
performance difference between the conventional and the optimal detector increases as the estimation

quality becomes poorer. The GLRT detector performs the poorest but demands the least amount of a
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priori information. All the three waveform design approaches further improve the system performance

with respect to the MF approach at the price of knowing the quality of channel estimation a priori. The

MF upper scheme works the best at low SNR, but is outperformed by the MF lower approach as the

SNR increases. However, the MI scheme consistently provides the minimum target detection probability

in all the simulation scenarios that were tested.
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Predicted Detection Performance of MIMO Radar

Chaoran Du, John S. Thompson, Member, IEEE, and Yvan Petillot

Abstract—TIt has been shown that multiple-input multiple-output
(MIMO) radar systems can improve target detection performance
significantly by exploiting the spatial diversity gain. We introduce
the system model in which the radar target is composed of a finite
number of small scatterers and derive the formula to evaluate the
theoretical probability of detection for the system having an arbi-
trary array-target configuration. The results can be used to pre-
dict the detection performance of the actual MIMO radar without
time-consuming simulations.

Index Terms—Detection performance, finite scatterers model,
multiple-input multiple-output (MIMO), radar, spatial diversity.

I. INTRODUCTION

OTIVATED by the advantages offered by multiple-input

multiple-output (MIMO) systems in communications,
Fishler et al. [1], [2] proposed that MIMO techniques can
also be applied in radar scenarios to improve performance
by exploiting the so-called spatial diversity gain defined in
communication theory [3]. However, it is assumed that the
rectangular-shape target is composed of an infinite number of
random scatterers in [1], and the gains of all the scatterers are
random variables with the same distribution. Hence, such a
model is not convenient to be employed when the target com-
prises several significant scatterers at different spatial locations,
which implies that a finite scatterers model should be used
instead. Although in [2] the finite scatterers model is utilized, it
assumes that the scatterers are laid out as a linear array which
is parallel to the antenna array.

In this letter, we implement the MIMO radar system as-
suming that the target is modeled by a finite number of
scatterers without limitation on the locations. The main contri-
bution of this letter is the derivation of a formula to calculate the
theoretical probability of detection for a MIMO radar having
an arbitrary array-target configuration, while [1] presents the
detection performance for only four special configurations. This
theoretical result makes it possible to predict the actual MIMO
radar performance before implementing expensive experiments
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Fig. 1. Configuration of the finite scatterers channel model.

and avoiding time-consuming simulations. Furthermore, the
preferable MIMO array configuration could be selected for
different scenarios by comparing the predicted performance of
various configurations.

This letter is organized as follows. In Section II, we develop
the system model of the MIMO radar. We then apply this model
to formulate the detection problem and generate the equation to
compute the probability of detection. Analysis of two extreme
channel models and simplified expressions for two special cases
are also shown in Section III. The next section examines numer-
ical results and provides some discussion. Section V gives the
conclusions.

II. SYSTEM MODEL

A. Channel Model

Uniform linear arrays of antennas [3] are employed at both
transmitter and receiver with V; and V. elements, respectively.
The antenna separations are A;\. and A, )., where \. is the
carrier wavelength and A; and A, are the normalized transmit
and receive antenna spacing in wavelengths. We assume that all
the signals are narrow band and that distances between scatterers
and both transmitter and receiver are much larger than the di-
mensions of the antenna arrays, that is, we operate in the far
field.

The radar target can be viewed as the finite point-like scat-
terers model illustrated in Fig. 1. It is assumed that there are Ny
random and independent scatterers uniformly distributed over
the target area .S, and NV is also the number of independent mul-
tipaths because of the assumption of a “single-bounce” propa-
gation model. As shown in Fig. 1, path p is defined by angle of
departure (AoD) ®,, angle of arrival (AoA) ®,.,, complex path
gain a,, and distance between Tx 1 and Rx 1 along the path d,,.

1070-9908/$25.00 © 2007 IEEE
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Based on above assumptions, the channel matrix H, which is
an N, x N; matrix, is given by [3]

N, .
_ o j2mdy\ - -
H= p;a,, exp (7717) T () T () (1)
1
exp(—j2mAQ.,)
. (@)

exp(—j2m(N. — 1)A.Q,,)

In (2), € represents either r or £, Q,, = cos®,, and Qy, =
cos @y, and the superscript H denotes the conjugate transpose.
We assume that each path gain a,, can be a zero-mean complex
Gaussian random variable with variance wg and assume that the
sum of all the variances equals to one.

B. Signal Model

It is supposed that the kth transmitter transmits a signal

(E)/(Ny)sk(t), where ||si,(t)]|> = 1 and E is the total trans-
mitted power. The normalizing coefficient is employed to make
sure that the total transmitted power and the average received
power at each element are not affected by the number of transmit
antennas. Furthermore, all the transmitted signals are orthog-
onal, which is equivalent to the fact that [ s;(¢)s;(t)dt = &;;,
where ¢;; is a dirac delta function. Denote the transmitted
signals by an N; x 1 vector s = [s152---sn,]7, the received
signals and the additive white Gaussian noise at all the receiver
antennas by an N, x 1 vector 7 = [ri7o---7n,]T and an
N, x 1 vector . = [ning--- nNT]T, respectively, where the
superscript 7" represents transpose and @ ~ C'N (O, , 021y, ).
Here Oy, is a N, x 1 all-zeros vector and I}T isa N. x N,
identity matrix. The system model can be written as follows:

F= '/%H,?—&-ﬁ. 3)

Together with the channel matrix H given by (1), we can mea-
sure the value of the observed signals 7, from which the target
detection decision will be made after applying an appropriate
detector.

The optimal MIMO radar detector given by [1] can be ex-
pressed as follows:

_p >
I “)
where the alternate hypothesis H; and null hypothesis H, are
that the target does or does not exist, respectively, and ¢ is a
threshold determined by the probability of false alarm. The
N, N; x 1 matrix Z is the output of a bank of matched filters,
which is written as [1]

B n Ho
R RSV ®

where the IV, V; x 1 channel vector h is composed of all the
entries of the channe]ﬁmatrix H and the N,.N; x 1 noise vector
n ~ CN(ONTN“ O'ZINT}\}).
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From (4) and (5), it is easy to understand that the probability
of detection Prp of the MIMO radar depends on the distribu-
tion of ||Z||?. Thus, the problem of predicting the detection per-
formance of the MIMO radar turns into the calculation of the
probability density function (PDF) of ||z||2, which will be dis-
cussed in the next section.

III. DETECTION PERFORMANCE

In this section, we first derive the formula to calculate the
theoretical probability of detection for a MIMO radar system
with an arbitrary array-target configuration. Following that is
the analysis of two extreme channel models with respect to the
level of correlation of the channel matrix, and then simplified
expressions of the formula for two special cases are provided.

A. General MIMO Radar

The general MIMO radar can be modeled by the system men-
tioned in the last section without any other restriction. First of
all, we consider ||Z||? given H,. Recall from [1, equation (26)]
that the distribution of ||z||? is a chi-square random variable with
2N, N; degrees of freedom as follows:

2
- Un
171 ~ S XEon,ny  Ho- ©)

We proceed to the case under the alternate hypothesis H;.
Firstly, we define the IV, N; x 1 vector B =h+ %ﬁ It
is easy to verify that (3 has zero mean, and the square ma-
trix M = E[3 - ] is the covariance matrix of 3, that is,
B ~ CN(On,n,, M). Substituting (1) gives

N.

M(m,n) = Z w2 {exp[—j27m(p — u) A, Qys]
s=1

N,
'(‘,X])[jZ’Tl’((] - 7’)AtQis]} + ff”%(smn (7)

wherem = (p— 1)Ny +gandn = (u — 1)N; + v, p,u =
1,2,..., Ny q,v = 1,2,..., N;. Therefore, for any set of pa-
rameters in the channel matrix given by (1), we can easily com-
pute the covariance matrix M .M can be rewritten as UAUH,
where A is a diagonal matrix whose kth diagonal element is the
corresponding eigenvalue A;, of M and U is a unitary matrix.
We define a N,.N; x 1 vector ¥ = U¥ /3, and then according to
the property of linear transforms of complex normal distributed
random vectors, the distribution of v is given by

5 ~CN(On, n,UEMU) = CN(Ox,n,,A).  (8)

Considering the fact that A is the covariance matrix of 4 and is
a diagonal matrix, it is safe to conclude that all the elements of
7 are uncorrelated and the kth element ;. has the distribution
CN(0, \g). Notice that ||7]|> = ||3]|?, and then the original
problem of calculating ||z||> becomes the evaluation of ||+||2.
The reason why we apply such a transform is that the elements
of Z could be correlated for some scenarios. The uncorrelated
nature of the elements of 4 simplifies the calculation process
dramatically.
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According to the above analysis, ||7||?> can be viewed as
the sum of a set of N,.N; independent random variables
{ar}, and i ~ (B)/(Ne)(Ae)/(2)X(s)- We further define
Cr = E/(N:) Ay and assume there are N distinct values {C,;, }
of all the N,.N; values, and C,,, has corresponding algebraic
multiplicity /i, [4]. Thus, the characteristic function of ||7||?
can be expressed as follows [6]:

N | N
I'(v) = H A= joCyim (Z Hm = Ner> )

m=1 m=1

Given the fact that the characteristic function of a random
variable z is the Fourier transform of the PDF of x with a sign
inverse in the complex component, it is possible to derive the
PDF of ||7||? through the inverse Laplace transform of (9) with
the substitution s = —jv. Following [4], the PDF of ||Z||? given
‘H; is given by

N  pm >
7" n — HiH“
pllall?) = 30 37 sl e 10y
m=1n=1 """
where the coefficient A,, ,, is written as [5]
Am‘n
N Hm
v e Ia (&)
T (n=1D! |dsn 1l N 1\
CRA TS o ey | I
(11)

As mentioned before, for a given noise level, the threshold
6 can be determined by Prp 4, while Prp is computed from
the value of 6 and the PDF of ||#||? under H;. Using the upper
incomplete Gamma function, we can express Prp as follows:

p
N o p— ( )
Pro= 3 3 AmaClr"Hemn 3 200 (12)
m=1n=1 p=0 p:
0_2
§=-—2F3t (1= Prpa) (13)

2
2 Xineny)

where F '
(2N Ny

function of a ch1 square random variable with 2/V,. N; degrees
of freedom. The above equation demonstrates that it is possible
to predict the performance of the MIMO radar system without
implementing costly experiments. In addition, the comparison
between the theoretical performance of different configurations
provides us the principle based on which to design the best
MIMO system for various scenarios. We further investigate
the relationship between the correlation of the channel matrix
and the distribution of eigenvalues {\;}, and then show the
simplified expressions of Prp for two special cases.

denotes the inverse cumulative distribution

85

B. Analysis of Extreme Channel Models

Recall that the additive white Gaussian noise is independent
of the channel, then M can be rewritten as

M =E[3-3"=E[h-b"]+ %U,ZIN,_N,- (14)
It is clear that the eigenvalues {1, } of M are closely related to
the correlation matrix of the vector A including N,.N; channel
matrix entries {; }. This correlation matrix depends on the spe-
cific configuration of the radar system. However, we can com-
pute its value under the following two extreme cases.

1) Entries Are Totally Uncorrelated: Invoking the assump-
tion that the sum of all the variances of the path gains is one,
it is not difficult to verify that E[h; - h;*] = 1, where * de-
notes the conjugate, in other words, the diagonal elements of
the correlation matrix are one. Moreover, the totally uncorre-
lated condition illuminates that all the non-diagonal elements
of E[h - hH] are zero. This results in the diagonal matrix M =
(1+(Ny)/(E)o2) Iy, , . Hence, there exists N,. N; eigenvalues
{1}, and they all have the same value A = 1 + (N;)/(F)o2.
Making use of the simplified formula introduced in the next sec-
tion, we can evaluate Prp easily.

2) Entries Are Fully Correlated: Similar to the calculation in
the previous subsection, we know that the diagonal elements of
the correlation matrix are one. The condition of full correlation
demonstrates that all the non-diagonal elements are also equal
to one, that is, E[h - h*!] is an all-ones matrix. Therefore, M
has N, N; eigenvalues, in which \; = N,.N; + (N;)/(F)o?

and the other N, N; — 1 eigenvalues have the same value Ay =
(N))/(B)o?.

The magnitudes of the correlation values M (m, n) in (7) de-
pend on the distribution of the angles €2; and €2,. of each path
and the array interelement spacing. If ©; and €2, for all the paths
are the same, then we get the fully correlated case. The corre-
lation decreases as the range of angles increases for the same
array spacing. For any non-zero angle spread, increasing an-
tenna spacing has the effect of decreasing the correlation [3].

C. Formulae of Prp for Two Special Cases

Here, in order to simplify the computation, we display the
compact form of (12) for two special cases: all the eigenvalues
{\x} are different or are the same.

1) Eigenvalues Are Different: In this case, the number of dis-
tincteigenvalues is NV = N,.N; and all the algebraic multiplicity
[im are one. As a result, (10) is rewritten as

NN T 1\} e lL=112
_ m C,,—=C)p — L=
plla?) = 3 SIS e 1s)
m=1 m
Therefore, the probability of detection is given by
NN, [ N.N,
Po=S [ [ =2 T (16)
m Cp
m=1 \p=1,p#m
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Fig. 2. Theoretical and simulated I’r, as a function of the SNR.

2) Eigenvalues Are the Same: In this case, the N, N; eigen-
values have the same value A, so (9) can be expressed as follows:

1
T(v) = —— % (17
(1 — jq)%)\)

which results in the conclusion that |z ~
(E)/(Nt)(N)/(2)X{on, n,)-  Consequently, the  proba-

bility of detection is given by

2N.6

Pro=1-Fa ( = ) (18)

2 ) denotes the cumulative distribution function
(CDF) of a chi-square random variable with 2/N,. N; degrees of
freedom. This result matches [1, equation (29)].

where F\>

IV. NUMERICAL RESULTS AND DISCUSSION

A simulation of a MIMO radar system has yielded several nu-
merical results that are provided in this section. We consider a
system with two transmitting antennas and four receiving an-
tennas, and the target area has circular shape with radius rg,
within which 64 scatterers are uniformly distributed. The car-
rier frequency of the signal is 10 GHz, and the size of antenna
array is much smaller than the distances between the target and
both the transmitter and receiver, which are in the order of 3—-5
km. The probability of false alarm is set to be a constant value
Prps = 1075.

First of all, we validate the theoretical results of Prp, obtained
from (12) for various configurations. Fig. 2 depicts the theoret-
ical probability of detection as a function of the average received
SNR when o = 15m, and the five configurations considered

IEEE SIGNAL PROCESSING LETTERS, VOL. 15, 2008

involve the two extreme models mentioned in Section III-B and
three models whose array interelement spacings are 50, 100, and
200 wavelengths, respectively.

Fig. 2 also shows the Prp recorded from simulations for the
same five scenarios, and the total number of tests for each case
is 10000. Obviously, the simulated results agree well with the
theoretical values, which confirms the correctness of formula
(12).

Observing the figure, we find that the curves corresponding to
the two extreme channel models set bounds for the system per-
formance. In other words, all the configurations with specific
element spacings lie between these two ideal scenarios. More-
over, the performance curve is closer to the full correlation case
as the spacing decreases, while closer to the uncorrelated case
as the spacing becomes larger, which agrees with the analysis
of the relation between antenna interelement spacing and the
channel matrix correlation shown in Section III-B.

It can be seen in Fig. 2 that at low SNR, a system with
densely spaced antennas outperforms the ones whose interele-
ment spacing is large, while at high SNR, the latter performs
better. Furthermore, the system with large antenna spacing is
always preferred when the detection performance is acceptable,
i.e., PrD is large enough. This is because that at low SNR, the
received power affects target detection performance the most,
while the number of diversity paths is the dominating factor at
high SNR.

V. CONCLUSION

In this letter, we introduced the MIMO radar system as-
suming that the target is modeled as the sum of a finite number
of random and independent scatterers. A formula to calculate
the theoretical probability of detection for a MIMO radar
having arbitrary array-target configuration was derived, and it
was validated by simulation results.
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Abstract—We simulate a multiple-input multiple-output (MIMO)
radar system involving a realistic target, which is a life-size land
vehicle modeled using a EM simulator FEKO. Numerical results
showing the detection performance of a MIMO radar are
provided, which is measured based on multiple realizations of the
channel matrix generated using the available FEKO data. The
results validate in a practical setting the improvements in
detection performance available from MIMO radar
configurations.

MIMO radar,
scatterers model

detection performance, spatial diversity, finite

L INTRODUCTION

Motivated by the advantages offered by MIMO systems in
communications, Fishler et al. [1, 2] proposed that MIMO
techniques can also be applied in radar scenarios to improve
performance by exploiting the so-called spatial diversity gain
defined in communication theory [3]. However, the
rectangular-shape target is assumed to be composed of an
infinite number of random scatterers in [1], and the gains of all
the scatterers are random variables with the same distribution.
Such a model is neither realistic nor convenient to be employed
given that in practice the target actually comprises several
significant scatterers at different spatial locations. In [4], we
model the target by a finite number of scatterers without
limitation on the locations, whose reflectivity coefficients are
assumed to be random variables. [1] presents the detection
performance of a MIMO radar system with four special
configurations, while the probability of detection for a MIMO
radar having an arbitrary array-target configuration can be
computed using formulae derived in [4]. These numerical
results show that the MIMO radar whose array interelement
spacing is large always outperforms the ones with densely
spaced antennas for high SNRs and hence high detection
probabilities, e.g., 0.5 or higher.

The main contribution of this paper is that we set up a
MIMO radar system involving a realistic target, and simulate
the detection performance of the system with different
configurations, validating the conclusions presented in [1, 4]
which are based on theoretical and mathematical target models.
To the authors' knowledge, this is the first effort of its kind in
the open literature. The target considered here is a life-size land
vehicle, which is modeled using a computer aided

Yvan Petillot

School of Engineering and Physical Sciences
Heriot-Watt University
Edinburgh, EH14 4AS, UK
Y .R.Petillot@hw.ac.uk

electromagnetic (EM) simulator FEKO [5]. We emphasize that
although we are working with FEKO data, rather the “real”
data collected from experimental field trials, the former is a
common practical choice as the availability of the real data is
very limited [5]. The system model used in this paper is similar
to that in [4] where, however, the gains of the scatterers
composing the target are assumed to be zero-mean complex
Gaussian random variables.

This paper is organized as follows. We first introduce the
system configuration of a MIMO radar, and then develop its
channel model, signal model, and the target detector which is
utilized in the simulation. In Section IV, numerical results
showing the target detection performance of a MIMO radar
system with various configurations are provided, followed by
some discussion. These results are obtained based on multiple
realizations of the channel matrix generated using the available
FEKO data. Section V gives the conclusions.

II.  SYSTEM CONFIGURATION

Mishra [5] modeled four types of life-size land vehicles
using a computer aided EM simulator FEKO, and formatted
bistatic SAR images through appropriate post-processing of the
results. These four targets are the armoured personal carrier
(APC), the main battle tank (MBT), the stinger launcher (STR),
and the land missile launcher (MSL). In this section, we build
up a bistatic MIMO radar system having a 3-dimensional (3D)
configuration based on Mishra's work, including a realistic
target model.

In Mishra's simulation, for each run, the 3D target is
illuminated by the transmitter for a range of frequencies, and
the transmitter is fixed at a certain azimuth and elevation with a
given polarization. The EM simulator generates the surface
current on the provided CAD model of the target, based on
which the scattered field in a given polarization at the receiver
is obtained and stored. The receiver has a fixed elevation and
varying azimuth angle through 0° to 360° with a predetermined
angular step. The FEKO data collected from each run then are
post-processed, generating 2D SAR images of the target
viewed by the fixed transmitter and rotating receiver with
different azimuth.

For certain polarizations of transmitter and receiver, several
50%50 matrices are available to form images of a given type of

173



Original Publications

target viewed by a pair of transmitter and receiver at different
locations. As the values of matrix entries indicate the
reflectivities of different parts of the target, it is reasonable to
assume that the target is composed of a finite number of point-
like scatterers, whose reflectivity coefficients change as the
locations of transmitter and receiver vary. In other words, for
each pair of transmitter and receiver locations, the target is
modeled by a 10mx10m rectangular area S as shown in Fig.1,

in which there are 2500 point-like scatterers {s; ;}, whose

reflectivity coefficients {a, ;} are the values of the (i j)

entries of the corresponding 50%50 matrix. The origin of the
xy-plane is at the centre of the target, and the coordinates

(xi'/., yi’j) of the scatterer s, , are (/x02-5.1,ix0.2-5.1).

Sl..l SI.,Z 51;49 51.,50
52..1 Sz.‘z 52;49 52..5\1
X
o
S49,1|S492 S49.49| Sa9 s
Ss0,1|Ss0.2 Ss0.49| Ss0.5
Y

Figure 1. Finite scatterers model of the target.

Therefore, we can set up the MIMO radar system as
illustrated in Fig.2, where uniform linear arrays of antennas [3]
are employed at both transmitter and receiver with », and N,
elements, respectively. The antenna separations are A, and
A\, where A is the carrier wavelength and A, and A, are the
normalized transmit and receive antenna spacing in
wavelengths. R, and R, are the distances between the centre of
the target and the first antenna of the transmitting and receiving
array, respectively. Notice the fact that these two values do not
need to be the same. In Fig.2, the rectangular area S in the xy-
plane is the 10mX10m target model illustrated in Fig.l.
Because of the limited FEKO data, the elevation of transmitter
and receiver, 6§, and 6,, can be either 10° or 15° and the
transmitter azimuth ¢, can be one of the following six values
0°, 60°, 120°, 180°, 240°, and 300°, while the receiver azimuth
¢, can be any one among 500 values, from 0° to 360° with a
step of 0.72°. For any of the aforementioned system
configuration, the target can be APC, MBT, STR, or MSL, and

the polarizations of the transmitter and receiver can be either
horizontal or vertical.

Ry Ry,
d5
d!LJ o/ - S
AN s /
/ / X
/ 7
/ o ,
Sij
Y

Figure 2. Configuration of the MIMO radar system.

III.  SYSTEM MODEL

A.  Channel Model

We assume that all the signals are narrowband and that
distances between scatterers and both transmitter and receiver
are much larger than the dimensions of the antenna arrays, that
is, we operate in the far field. As shown in Fig.2, the path

through the scatterer s, ; is defined by angle of departure
(AoD) (D;'j , angle of arrival (AoA) (D;j , reflectivity
d! ., and

ij?

coefficient a, i distance between Tx 1 and s, I

distance between s, ; and Rx 1, dl."/.. Then, for a MIMO radar
having the configuration described in the last section with any

combination of all the possible parameters, we can calculate
the N, X N, channel matrix H as below [3, 4]:

5050 i27d.
H=ZZ% eXp _% :‘(Q;:j)TtH(Q;J) @
=l j=1 4
1
wiaro|  SPUIAL @

exp{-j27(N, -DA. Q! }
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where & represents either r or £ QF ; =COS(CI)f/.) ,

— 1 r
d,=d,+d;;,
transpose. Geometrical computation gives us the following
equations:

and the superscript H denotes the conjugate

df, =Ry sin6,) +(x,—x, ) + (v, -y, )

e\ p2 2 2
o = (di,j) — R, cos(26,)—-x; ;- y;; @
" 2R,,sin8.d;,

e%ij

where X, =R, sin@.sing, and y, = R,,siné. cosg,.

B. Signal Model
It is supposed that the kth transmitter transmits a signal
JE/N,s,(t), where E is the total transmitted power. The

normalizing coefficient is employed to make sure that the total
transmitted power and the average received power at each
element are not affected by the number of transmit antennas.
Furthermore, all the transmitted signals are orthogonal, which

is equivalent to the fact that J's/. (®)s,(2)dt =6,

. » where 5,./. is

)
5]

a Dirac delta function. An N, X1 vector I'=|:I’|' 7

denotes the received signals, which is given by

r= £H-s+w 3)
NI

where the N, X1 vector s:[s, s sy ]T and the N, X1

2

T
vector w =':wI w, Ww] stands for the transmitted
signals and the additive white Gaussian noise at all the receiver
antennas, respectively. Here W~ CN o, ,O'jl v) » the

superscript 7' denotes transpose, Oy, is a N, X 1 all-zeros vector,
and Iy, is a N, XN, identity matrix. Let the received signal r go
through a bank of matched filters, and denote the output by a
N,N, X1 vector x, which can be written as follows [1, 4]:

n H,

X = ’E (6)
—h+n
N, &

where the alternate hypothesis 7, and null hypothesis 'H0 are
that the target does or does not exist, respectively. The NN, X 1

channel vector h is composed of all the entries of the channel
matrix H, and the NN, X1 noise vector

n~CN(O, ,O’jl v ). Together with the channel matrix H

given by (1), we can measure the value of the x, from which
the target detection decision will be made.

In [1, 4], h is assumed to be a zero-mean complex Gaussian
random vector with known covariance matrix, and thus, the
theoretical probability of detection Prp of a MIMO radar can be
calculated. In this paper, however, the channel gains are
calculated using the FEKO data and the distributions are
unknown. Therefore, we make the detection decision for each
realization of h by viewing it as a deterministic vector, and
obtain the Prp of a MIMO radar by averaging over multiple
realizations. Because the entries of h are not known in advance,
we resort to the generalized likelihood ratio test (GLRT)
approach which replaces the unknown parameters by their
maximum likelihood estimates [6]. In other words, the decision
rule of the GLRT can be stated as follows

ml?xp(x|7-{l,h)>%1

p(xH) < v

where p (xl'Hl , h) and p (leo) denote the probability
density function (pdf) of the data given h under 'H1 and under

Ho= respectively. Given the complex Gaussian distribution of

n, it is not difficult to obtain the radar detector which can be
expressed as

H
TN ®
<n,

where § is a threshold ensuring the required probability of false
2
alarm Prps. As the distribution of "X" under H, is a chi-

square random variable with 2N,N, degrees of freedom, we can
calculate the threshold which is given by

2
5:&[:‘*1

2
2 XN

(1 - PrFA ) ®

-1
where F,

(2N,N,)
function of a chi-square random variable with 2V,N, degrees of
freedom. Then, the detection decision can be made by

denotes the inverse cumulative distribution

comparing the value of "X"2 with 3.

IV.  SIMULATION AND NUMERICAL RESULTS

In this section, we present numerical results showing the
target detection performance of a MIMO radar system with

175



Original Publications

different antenna spacings. The performance is measured based
on multiple realizations of the channel matrix generated using
the available FEKO data. Note the fact that there are several
approaches to generate channel realizations, and here we just
employ a simple one, as our major objective is to validate the
advantages of a MIMO radar when a realistic target is
considered.

In all the following simulations, the target is a MBT, the
polarizations of both the transmitter and receiver are horizontal,
the elevation of the receiver is 10°, and the elevation and
azimuth of the transmitter is 10° and 0°, respectively.
Numerical results for the scenarios with other combinations of
the parameters can also be obtained using corresponding FEKO
data. We consider a system with two transmitting antennas and
four receiving antennas, the carrier frequency of the signal is 1
GHz, and the probability of false alarm is set to be a constant

value Pr, = 107 . The channel matrix H is normalized such

that the average energy returned from the target is one. The
SNR is therefore defined as the ratio between the transmitted

. .. 2
power E and the noise level per receiving antenna O, .

When the system parameters are fixed at the above values,
500 matrices with size 50x50 are available, whose entries are

the reflectivity coefficients {a, ;} of all the 2500 scatterers

{Si,/} composing the target. Each matrix corresponds to a

receiver location with the azimuth ¢, varying from 0° to 360°
at a step of 0.72°. We observe that those images, viewed by a
fixed transmitter and a rotating receiver whose azimuth
changes within a small variation range, are quite similar. In

other words, the coefficients {a, ;} would not change

dramatically for a few successive receiver azimuth steps when
other parameters remain the same. Furthermore, from (1)-(4), it
is obvious that, with the selected polarizations, elevations and

azimuths of the transmitter and receiver, {a, /.} are fixed and

the value of channel matrix H changes as the values of R and
R,y vary. The conditions on choosing R, and R, are quite
loose, as long as they are large enough that the system is
operated in the far field, but not so large that the target would
not be viewed as a point target.

The detection performance for various MIMO radar
configurations is shown in Fig.3, and these systems are almost
the same, except that the antenna spacings A, and A, are 0.5,
100, 200, and 500 wavelengths, respectively. For each
configuration, we generate 3000 realizations of H by assigning
10 successive values to ¢, from 32.4° to 38.88° with a step of
0.72° (denoted range I), and allocating 300 arbitrary values to
R, and R, respectively for each angular value. R and R, are
selected to be between 3 ~ 5 km.

Observing the figure, we find that at low SNR, a system
with densely spaced antennas outperforms the ones whose
interelement spacing is large, while at high SNR the latter
performs better. Furthermore, the system with large antenna
spacing is always preferred when the detection performance is
acceptable, i.e., Prp > 0.5. This is because that at low SNR, the
received power affects target detection performance the most,

while the number of diversity paths is the dominating factor at
high SNR.

0.9 4
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0.7 1

0.6 4

0.4 1

0.3 1
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0.1 —4— Spacing: 100 wavelength | |

—+— Spacing: 1/2 wavelength
N

0.2

5 10 15
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Figure 3. Prp as a function of the SNR for angular range I, 2 Tx, 4 Rx
antennas, Tx/Rx interelement spacings varied simultaneously.
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Figure 4. Prp as a function of the SNR for angular range II, 2 Tx, 4 Rx
antennas, Tx/Rx interelement spacings varied simultaneously.

The receiver azimuth ¢, can only be one of the 500 values
which are integer multiples of 0.72° when the data record is

used directly. As mentioned before, {a; .} are similar for a

few successive receiver azimuths when other parameters
remain unchanged. Hence, we can generate several realizations
of H where ¢, could be any value by using linear interpolation.
In other words, for an arbitrary ¢,, that is not an integer
multiple of 0.72°, we first find two values ¢,, and ¢,,, which is
the lower and upper bound of ¢, respectively. Here
(prl :L¢r0 /072"‘.)(0723 and ¢m :gor/ +0'720 ’ where LkJ

represents the largest integer smaller than k. The reflectivity
coefficients corresponding to ¢,; and ¢,, are available, denoted

! u .
by {a;,} and {a} , respectively. We calculate the

.. 0 . . .
reflectivity of each scatterer @; ; when the receiver azimuth is

¢, by using interpolation between the corresponding two
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values of a,.l j and a;‘ I Notice here that the real and

imaginary parts of {af ;) are interpolated separately.

Fig.4 depicts the detection performance of a MIMO radar
system with different configurations. The difference between
this figure and Fig.3 is the new angular range (range II) of the
look angle, i.e., 10 successive values are assigned to ¢, here
from 176.4° to 182.88° with a step of 0.72°. Similar to Fig.3,
we find from Fig.4 that the system with sparsely spaced arrays
performs better at high SNR, and this configuration should
always be chosen when Prp > 0.6. This result agrees well with
the conclusions drawn in [1, 4], where the realizations of the
channel matrix are obtained based on theoretical and
mathematical target models. However, it is obvious that the
radar system has different detection performance from various
observe angles, and the performance improvement brought in
by the MIMO configuration is also different. Therefore, we
now consider Fig.5, which displays the detection performance
when the target is viewed from various receiver look angles at
a fixed SNR.

—6— spacing is 500 wavelength
11 —+— spacing is 1/2 wavelength ||

0.4 L
[

. . . I I .
50 100 150 200 250 300 350
average Rx angle (degree)

Figure 5. Prp as a function of the look angle at SNR=15dB, 2 Tx, 4 Rx
antennas, Tx/Rx interelement spacings varied simultaneously.

In this simulation, we divide 360° into 50 equal-sized
angular sections and obtain the corresponding Prp values. Each
Prp value comes from 3000 realizations of H utilizing the
interpolation approach mentioned before. These realizations
are computed with different R and R,o, and various receiver
azimuth chosen arbitrarily from the corresponding angle
section. From Fig.5, it is clear that, except for a few
observation angles, a MIMO radar with large antenna spacing
always provides better detection performance, and for most
angles, the performance improvement resulting from the

MIMO configuration is significant. For those few observation
angles where the MIMO configuration is worse, the
performance difference is small, and we believe this is because
the target scattering is not rich enough when it is viewed from
those specific angles. In addition to the better average
performance with the angle, we find from Fig.5 that the MIMO
configuration also provides performance with less variability,
i.e., the performance is less dependent on the look angle, which
makes it more attractive.

V. CONCLUSIONS

In this paper, we introduce the configuration of a MIMO
radar system including a target, which is a life-size land vehicle
modeled using an EM simulator FEKO. Numerical results
showing the target detection performance are presented, which
is measured based on multiple realizations of the channel
matrix generated utilizing the available FEKO data.
Comparisons of the detection performance of a MIMO radar
with different antenna spacings show that a system with a large
array interelement spacing always performs better for high
SNRs and hence high detection probabilities, e.g., 0.6 or
higher. These numerical results obtained using FEKO data
validate the conclusion drawn in previous papers where the
target is characterized by theoretical target models.
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DETECTION AND DIRECTION FINDING
PERFORMANCE OF HYBRID BISTATIC RADAR
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Abstract—The conventional phased-array radar provides
coherent processing gain while the MIMO radar exploits spatial
diversity gain to improve the system performance. We investigate
a hybrid bistatic radar combining these two configurations to
take advantage of both gains. The probability of detection of the
hybrid system is derived, and the CRB and the MSE of the
maximum likelihood estimation for both angle of departure and
angle of arrival are evaluated to assess the direction finding
performance.

MIMO, phased-array radar, spatial diversity, coherent
processing gain, target detection, direction finding, CRB, MSE

L INTRODUCTION

Two major challenges in radar theory are the target
detection and parameter estimation problems. In practice, the
performance of a radar system is limited by target scintillations
or “fading” [1]. For target detection, the conventional phased-
array radar addresses this target “fading” problem by cohering
a narrow beam toward the target direction, which can realize
coherent processing gain to maximize the received energy
reflected by the target. While for direction finding, we collect
multiple independent snapshots to average out scintillation
effects to improve the estimation accuracy. A new architecture
called the MIMO radar proposed by Fishler et al. in [2] can
overcome the deep fading problem by exploiting the spatial
diversity gain defined in communication theory [3]. It is
demonstrated in [2] that, for target detection, the MIMO radar
system outperforms the phased-array radar at high signal-to-
noise (SNR) while the latter performs better when the SNR is
low. It is also shown in [4] and [5] that the MIMO radar leads
to significant improvements in angle-of-arrival (AoA)
estimation accuracy because widely-separated antennas at the
transmitter observe different aspects of the target.

In this paper, we investigate the best architecture for a radar
system which is used for both target detection and direction
finding, particularly when the total number of transmitting and
receiving antennas is fixed. A hybrid bistatic radar combines
the phased-array and the MIMO radar configurations,
providing a balance between the coherent processing gain and
the spatial diversity gain. In addition, the hybrid radar is a
general system model, which can be used to describe various
practical radar configurations, including the MIMO and
phased-array configurations as special and extreme cases.

Yvan R. Petillot

School of Engineering and Physical Sciences
Heriot-Watt University
Edinburgh, EH14 4AS, UK
Y .R.Petillot@hw.ac.uk

Although the architecture of the multistatic coherent sparse
aperture system proposed in [6] is similar to the hybrid bistatic
radar, they utilized the point-like target assumption and focus
on processing the received data at a central processor
coherently rather than exploring the spatial diversity of the
target. The system configuration discussed in [7] is the same as
that in this paper, but the major aim of [7] is to propose spatial
spectral estimators to detect the target and estimate propagation
parameters. In this paper a parametric approach is applied and
our emphasis is to explore the performance of the system
accounting for both the diversity gain and the coherent
processing gain in order to find the best configuration. In [7],
the target direction is only denoted by a “target location
parameter” whose manifold is not formally defined, and
linearly independent waveforms are assumed to be transmitted
from all the antennas. In this paper, however, we define the
target direction by two parameters, angle-of-departure (AoD)
and AoA, and assume that each array transmits one of a set of
orthogonal waveforms and the antennas of each array operate
as a beamformer cohering a beam toward the estimated AoD.
In this way, as mentioned in [8], extra coherent processing gain
can be achieved compared with fully independent waveforms
case at the price of estimating the AoD first. We want to
investigate the effect different configurations have on system
performance and so we wish to measure the gains that the
hybrid radar system can realize. The theoretical expressions
presented in this paper provide both the detection and
estimation performance of a hybrid radar system. These
equations can be used to select the best architecture for a given
specific scenario, considering factors such as the number of
antennas, the SNR values, and the required precision of the
application.

This paper is organized as follows. In Section II we
introduce the hybrid radar system model. The target detection
problem is formulated and a closed form expression to
compute the theoretical probability of detection is derived in
section III. We then discuss the initialization process during
which the AoD is estimated, and assess the estimation
performance by measuring the average CRB. Next, the average
and outage CRBs for AoA estimation are presented, assuming
that the AoD information is available at the transmitter.
Numerical results and some discussion are shown in Section V,
and conclusions are drawn in Section VI. Readers may refer to
[9] for more details.
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II.  SYSTEM MODEL

Similar to the system configuration in [7], the narrowband
hybrid bistatic radar considered here has M, antenna arrays at
the transmitter and M, arrays at the receiver, and the array
separations are large enough such that different arrays observe
different aspects of the target. Each array is a uniform linear
array (ULA) of antennas with N, elements at the transmitter and
N, elements at the receiver, which has the same configuration
as that of a conventional phased-array radar with closely
spaced sensors. We assume that the whole system works in the
“far field”, ie., the dimension of each array and the array
separations are much smaller than the distances between the
target and both the transmitter and receiver. Denote the
transmitted signals and the additive white Gaussian noise by
e(t) and n(t), respectively, and the received signal can be
written as

r(t)=H-e()+n(?) M

where n(¢) ~ CN'(0,, , ,0.1,,, ) and here I, denotes a
kxk identity matrix. The channel matrix is given by

¢ G, CIM,
C C :
H=| ' 7 . @
CM,l CM, M,
where the N, X N, matrix C,, can be expressed as below:
r T
Cup = IHup\Pr ((I)u )‘Pl ((I));?)
1

exp{j27A, sin(®?)} 3)
¥, (@)= :

exp{j27(N, DA, sin(®?)}

where the superscript 7' denotes the transpose of a matrix, ¢ is
either 7 or r, and correspondingly ¢ is either p or u. Here
p=12,...M, and u=1,2,....,M,. A; and A, are the normalized
transmit and receive interelement spacings in wavelengths, and
B,y is the fading coefficient between the pth transmit array and
the uth receive array. Here (I)L is the AoD of the path from the
first element of the pth transmit array to the center of the target
area, and D/ is the AoA of the path from target center to the
first antenna of the uth receive array. We adopt the statistical
model proposed in [2] in this paper, and hence a fading
coefficient vector f is defined such that[p] 2 B,,and

(u-1)M,+p

B~CN(O,, u,»Las ar, ) » Where O represents a kx1 all-zeros

vector. Note here that the vector B is the key MIMO definition,
suggesting that each array constitutes one element of a MIMO
system. On the other hand, (3) follows the phased-array
definition, implying that each array itself works as a
conventional phased-array radar.

We further assume that each of the M, transmit arrays
transmits a different waveform, which are collectively denoted

by b(f) :[h @),b,(0), b, (t)]r. In addition, the pth transmitting
array utilizes its corresponding beamformer a, to steer toward
the estimated target direction C[)iv , wherea | = ‘I’:(Ci)'p) , the

superscript * stands for the complex conjugate and
p=1,2,....,M,. Therefore, the transmitting signals are given by

e() =c,[ b(na] b,(0a)

where .= E, and E; is the transmitted power. The
o MINI

normalizing coefficient is employed here to make sure that the
total transmitted power and the average received power at each
element are not affected by the number of transmit antennas.

b, (a}, | @

1II.  TARGET DETECTION PERFORMANCE

In this section, we derive a closed form expression to
evaluate the theoretical probability of detection of a hybrid
bistatic radar. In order to exploit coherent processing gain at
both the transmitter and receiver to improve the target detection
performance, we assume that the uth receiving array, similar to
that of the transmitter, utilizes its corresponding beamformer to

steer toward the estimated target direction (i); . Denote the uth
receiving beamformer by g =‘I‘?((I~);), and assume that the
transmit waveforms are mutually orthogonal over L samples,
ie., Ib/, ()b, ()t = LS, - Here u=1,2,..., M, and é‘,.j is the Dirac

delta function. The output of the uth beamformer is given by

E T < T
v = |—-g, 2 Cab0+gn() ©
u Mt N, ukZ:; uk < k=k uu
where n,(t) denotes the noise at the elements of the wuth
receiving array and Ilu(t)~c/\/‘(0N_,O':IN_)‘ Following [2], the

optimal detector makes the detection decision based on a
M M, x1 vector x, which is the output of a bank of matched

filters, that is, [x](H)Wp = .[yu (t)bp(t)a? , where u=12,...,.M,

and p=1,2,...,M,. The theoretical probability of detection of a
hybrid radar system can be expressed as below:
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2
PrD =1- Fl(zz.w,.w,) E LzNzNzé:
T2y LN, o7 (6)
LN.o; _
52 5 Flé‘v,.wm (I_PrFA)

where & is the threshold determined by the required probability
and F,

XamM,)

of false alarm Prg,, FZ_Zl denotes the inverse

(2MM,.)
cumulative  distribution function and the cumulative
distribution function of a chi-square random variable with
2M,M, degrees of freedom, respectively. Here it is assumed that
all the beamformers steer toward the true target direction, and
then the full coherent processing gain N,N, can be realized. We
provide the detection performance when only the estimated
target direction is available in our journal paper [9], which is
not presented here due to the space limitation.

The three systems discussed in [2] actually are special cases
of the hybrid bistatic radar system, i.e., the hybrid radar is the
MIMO radar when N=N=1, the phased-array radar when
M=M=1, and the MISO radar when N=M,=1. The
corresponding equations to calculate & and Prp for all these
extreme cases derived from (6) matches the results in equations
(28), (29), (34), (35), (38) and (39), respectively, in [2].

IV. DIRECTION FINDING PERFORMANCE

In this section, the performance of the hybrid radar as a
direction finding system to estimate the AoD and AoA based
on the received signal reflected from the target is examined.
We focus our attention on the CRB of the hybrid system with
various configurations, which provides a benchmark against
which the performance of any unbiased estimator can be
compared [11]. In order to avoid spatial aliasing, we set
A=A=0.5 in this section [3][12]. It is noted that in this paper,
we only consider a simple scenario where the target is viewed
as a point source by each antenna array, which then estimates
the target direction. However, our analysis could be easily
extended to a more complicated problem of estimating the
nominal direction of a distributed target [13].

A.  Initialization

In order to realize coherent processing gain, the transmitter
needs to known the AoD to steer toward the target direction.
Hence, an “initialization” stage is required with no a priori
knowledge about the channel available, during which the AoD
is estimated. The transmitted signal model described in (4)
cannot be employed in the procedure of estimating AoD since
the direction knowledge of the transmitting beamformers is not
known. Instead, orthogonal waveforms are transmitted from all
the antennas to realize the AoD estimation [14][15]. As a
special example of orthogonal waveforms, the time-division
multiplexing (TDM) process is utilized in this paper, which is
described as follows: At time ¢, the first element of the first
transmitting array transmits the signal s and the received

signals at all the M,N, receiving antennas are recorded. Then, at
time 7,, the second element of the first array transmits s and
again all the received signals are stored. This operation is
repeated until the last transmitting antenna is excited at time
Ly, - Here we assume that |s’=1 and that the scintillation
coefficients are constant during the initialization process. Note
that the “far field” assumption implies that the differences

between the AoD (I); for different transmitting arrays are so

small that they can be neglected, ie., | =@, =--- P, .

Similar statement applies to the AoA as well, and hence, we
denote the AoD and AoA by @, and ®,, respectively. After
recording all the M,N,M,N, received signals, we combine them

into one N, X1 data record with M,N,M, snapshots, which can
be shown as below following (1) to (4)

y(k)=v,(®)p,7,(v)s+n(k) @)

where the qth entry of the N,X1 vector y,(®,) is
exp{jz(g—Dsin(®,)}: y,(v) =exp{jz(v—1)sin(®@,)}: k
= (u-1) NM,+ (v-1) M+ pyu=1,2,..., M;; v=12,..., N, and
p=12,...M,. n(k) ~ CN(ON, ,O'jIN/) and B,, is an entry of
the vector B, which is the same as that in (3). The estimated
AoD Ci)t is obtained by using the maximum likelihood (ML)
estimator, which is given by [16]

M,N, M,
.

O, = argipax z /|“{7 (‘D:)Y(k)r ®)
1 k=1

where the superscript A denotes the conjugate transpose. We
use the Cramer-Rao lower bound on the variance of any AoD

A

estimator @, to compare the estimation performance, which is

denoted by CRB(®, |B) . The notation indicates that the value

is conditioned on the unknown parameters B [5]. By using
Theorem 4.1 provided in [17], the CRB conditioned on the
scintillation coefficients can be expressed as

9, . 6 ©
[ > NNz’ cos’(®,)(N} -1)

CRB(®, ) =

2 1 2 ..
Note here that "ﬁ" ~E}[(2M M) - Similar to [5], the

average CRB (ACRB) can be computed by averaging the CRB
with respect to B, which is given by
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o’ 6
ACRB(®,)=——"— > —— (10)
M,M,~1 N,N,z* cos’(®,)(N; 1)

B. AoA Estimation

Now we proceed to assess the performance of the hybrid
radar system for estimating the AoA. Since the estimated AoD
is available after the initialization process, each transmit array
employs a beamformer to steer toward the target direction to
exploit coherent processing gain. Here we assume that the

transmitter knows the true target direction, i.e., ®, =®,. The

performance of the hybrid radar when the error in estimating
AoD is taken into account is investigated in [9]. The interested
reader may refer to [9] for more details, in which the CRB
formulae and corresponding numerical results are presented,
indicating that the estimation error in AoD resulting from the
initialization stage may not decrease the performance of
estimating AoA dramatically.

We assume that the waveforms which are mutually
orthogonal over L samples have been used as the transmit
waveform b(7), and matched filters of duration L samples for
each distinct waveform are applied to the received signals.
Following (1) to (4), we can obtain a N, X1 data record with

M, M, snapshots as below:

EN,[
M,

t

Yr(q)r) up+nup (11)

where B, is the {(u-1)M,+ p}th entry of the vector p defined in
Section I, u=1,2,...,M,, and p=1,2,...,M,. The vth element of

the N.XI vector y(P) is exp{ jﬂ(v—l)sin((l),,)} and
n,, ~CN(0N’,LO'51NF) . The ML estimator applied to

estimate A0A (i)r can be written as [16]

2

M, M,
b = arg(;naxZth’ (@)y,, (12)

- u=l p=1

The CRB conditioned on B can be calculated by using
Theorem 4.1 provided in [17], which is given by

6 Mo,
- (13)

L7 o8’ (@, N2 ~1) ENN, ]

Therefore, the average CRB of @, can be expressed as

CRB(®,

p=

6 Mg,
L7 o5’ (@, )V ~1) EN.N,(M,M,~1)

ACRB(®, )= a4

From (14), it is obvious that the ACRB is unable to indicate
the direction finding performance of the system when
M=M=1. Hence, we proceed to examine the outage CRB
proposed in [5], which is denoted by CRB_,_ (®,). The

outage CRB for a given probability p means that the
probability of finding an estimator whose MSE is less than

CRB,,.,(®,) is p [5]. Following [5], CRB,,,_,(P,) can

out=p

out=p
be evaluated from (13) by replacing "[5"2 with

lF'l p).

2
2 X2,y

Note here that although orthogonal waveforms are utilized
in this paper, the transmitted signals can also be modelled by a
Gaussian random process in the hybrid radar as that in [5], i.e.,

b(7) ~ CN (0,,,1,,) . The AoA is estimated based on the

signals received by all the receive antennas, which are given by

EJ Nl

r(f) = [1,, ®7,(@,)|Tb()+n() (15)

t

where the symbol ® denotes the Kronecker product, the
. T

M, xM, maix T=[B, B, - B, | B,~CNO,,.L,,),

u=1,2,..., M, and n(z) ~C./\[(0M‘NV,O'SIMN ). Following a

derivation similar to that in [18], we can obtain the CRB of
AoA condition on I', which is shown as below:

_ 6 ENN|I
LT cos’(@)N,-1)| Mo,
1 (16)

-1
ENN,
—M +Re trace[IM E——— l"”l"j

t=n

CRB(@®, 1)

V. NUMERICAL RESULTS

In this section, we examine the performance of a hybrid
radar system with eight antennas at both the transmitter and
receiver. Fig. 1 depicts the probability of miss-detection Pryp
calculated by using (6) for various system configurations. First
of all, we compare the curves corresponding to the systems
having the same M, and three different values of M,. The
configuration with M,=1 works the best at low SNR, and the
system with one sparsely-spaced receive array (M,=8, N,=1)
outperforms the others as the SNR increases, which is always
preferred when the detection performance is acceptable, e.g.,
Pryp is less than 10, Then we consider the scenarios with a
fixed M, and various M, Similarly, the system having a
phased-array configuration at the transmitter performs the best
at low SNR, while systems with larger M, achieve lower Pryp
as the SNR increases. However, when M, is large, the system
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with large M, performs the best only at relatively high SNR,
and at that SNR value Pryp is comparatively low, e.g., lower
than 10’6, which is unnecessary or even impossible in the real
radar system. In addition, we can find that the improvement on
detection performance by enlarging M, for a fixed transmitter
configuration is more obvious than that by increasing M, when
the receiver is unchanged. Therefore, a hybrid radar system,
whose transmitter consists of a few antenna arrays and widely
spaced elements at the receiver, provides better target detection
performance than either the MIMO radar or the phased-array
radar for practical values of Pryp.

—6— Mt=1,Mr=1
5| | —+— Mt=1,Mr=4

o
107 _a o
Mt=1,Mr=8 R g
- ©— Mt=2Mr=1 N
- = Mt=2,Mr=4 \
L

0%l — A M=2Mr=8

P "D

—6— Mt=4,Mr=1 \ ‘\ &
—— Mt=4,Mr=4 Ai \
—A— Mt=4,Mr=8 N
n . \
-15 -10 5 0 5
SNR (dB)
Figure 1. Pryp versus the SNR for various configurations.

1,Mr=4

T S )

Average CRB

SNR (dB)

Figure 2. Average CRB of AoD versus the SNR for various configurations.

Next, we proceed to investigate the direction finding
performance. Fig. 2 shows the average CRB of AoD calculated
by using (10) for a hybrid system with various configurations.
Notice here that M, cannot be eight since no AoD estimation is
possible during the initialization process when there is only one
single antenna for each transmit array. It is obvious that for the
same M,, the smaller the value of M, of a system, the lower the
ACRB, while the ACRB decreases as M, becomes larger for a
fixed M, Thereby, in order to estimate the AoD more precisely,
the phased-array configuration (M=1) should be selected for
the transmitter while increasing the number of receive arrays
M, improves performance.

Average CRB

SNR (dB)

Figure 3. Average CRB of AoA versus the SNR for various configurations.

ERCI|

Average MSE

SNR (dB)

Average MSE of the ML estimator for AoA versus the SNR.

Outage CRB

SNR (dB)

Figure 5. Outage CRB of AoA for systems with various configurations.

Fig. 3 represents the average CRB of AoA evaluated by
(14) for different systems when the number of snapshots is
assumed to be 80. In Fig. 4, the simulated average MSE of
AoA for various configurations employing the ML estimator is
shown. The estimated AoA is obtained from (12) and the
simulated  results are given by averaging the

N 2
MSE|(I)V —d)r| for 100,000 realizations of the channel matrix
H. Obviously, the theoretical ACRB results shown in Fig. 3

182



Original Publications

agree well with the corresponding simulated curves in Fig. 4.
We also find that the smaller the value of Mr, the better the
estimation of AoA. For the systems with the same receiver
configuration M,=1, the one with M=2 transmit arrays achieves
the lowest average MSE, indicating that the total gain achieved
by combining the spatial diversity gain provided by the 2
arrays and the coherent processing gain obtained by the 4
antennas of each array outweighs the diversity gain, or the
processing gain realized by the 8 antennas in the MIMO or the
phased-array configurations.

Finally we will compare the system performance by using
the outage CRB rather than the ACRB since the latter does not
exist when M,=M=1. Fig. 5 shows the CRB,, (P,) when

p=0.01. Observing the results for systems whose number of
transmit arrays M, is fixed at 4, we find that the radar with
smaller M, always performs better, which agrees with the
conclusion drawn before. Hence, an array with closely-spaced
antennas is usually preferred at the receiver for estimating the
AoA. Then we compare the performance of systems with
M,=1, and see that the hybrid radar with 4 transmit arrays
performs better than the system whose transmitting antennas
are far from each other (M=8) or are closely located (M=1).
Results for the system performance taking into account
estimation errors in the AoD can be found in [9].

out

Based on previous discussion, we find that the best
configuration for estimating AoD is the exact opposite of that
for finding AoA. Although the performance of AoD estimation
during the initialization process will affect the direction finding
performance overall given the fact that the AoD information is
required at the transmitter in order to cohere a beam toward the
target detection, we validate in [9] that the estimation error in
AoD caused by the initialization would not decrease the
performance of estimating AoA significantly. It can be seen
that the best hybrid configuration for a radar system is not the
same for different detection and estimation applications. A
hybrid system which is a compromise of these configurations
would be the best choice to optimize jointly the detection and
estimation performance. The best hybrid radar configuration
for a specific scenario varies depending on the given number of
antennas, the SNR value considered, the required precision,
etc., which can be evaluated by the theoretical expressions
presented in this paper.

VI.  CONCLUSIONS

In this paper, we investigated the hybrid bistatic radar
system, which is a combination of the conventional phased-
array and MIMO radar configurations. A closed form
expression to evaluate the theoretical probability of detection
of the hybrid system is derived, and the direction finding
performance is examined by measuring the average CRB and
outage CRB for estimating AoD and AoA. For a radar system
having a fixed number of transmitting and receiving antennas,
which is used for both target detection and direction finding,
we suggest that a hybrid configuration should be employed,
and the total gain achieved by combining the spatial diversity
gain provided by the antenna arrays together and the coherent
processing gain obtained by each array outweighs the diversity

gain, or the processing gain realized by the antennas in pure
MIMO or phased-array configurations.
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Abstract: It has been shown that time reversal (TR), which is developed in the acoustics
domain, can also improve the detection performance of a radar system. However, the TR
technique is no longer a good choice when the noise level is high since the retransmitted
signal contains significant noise components. We investigate a multiple input-multiple output
(MIMO) detection process similar to TR detection, during which a waveform designed based
on the estimated channel and a parameter indicating the quality of the estimation given a
priori is retransmitted, and the detector determines the presence or absence of a target. We
develop three detectors, whose theoretical thresholds are derived in closed form. Two
schemes are proposed to design the retransmitted waveform with constraints on signal
power. We compare the detection performance of different detectors, showing that the
detector performing the best has the highest complexity, while the detector with the poorest
performance demands the least amount of a priori information. Numerical results also
present that both the designed waveforms achieve significant performance gains compared
with the signal utilized in the TR process.

Keywords: MIMO, time-reversal, target detection, detector design, waveform design
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1. INTRODUCTION

The time-reversal (TR) technique, extended from the concept of phase-conjugation in
optics, has attracted increasing interest for a broad range of applications. The unique feature
of TR is that it can turn multipath effects, traditionally a drawback for target detection and
imaging, into a benefit, which is very similar to the multiple-input multiple-output (MIMO)
concept developed in communications. In the TR approach, a signal is first radiated through
the medium, then the backscattered signal is recorded, time reversed, energy normalized, and
retransmitted [1]. Recently, Moura et. al. explored the MIMO radar target detection problem
using TR, showing that TR detection provides significant gains over conventional detection
[2,3]. This results from the fact that the transmitter reshapes the waveform to match the
channel during the TR process. However, the retransmitted signal in Moura's algorithm
contains noise components, and it is obvious that if the noise level is high, the TR technique
is no longer a good choice. Furthermore, [2,3] did not derive analytical expressions for the
threshold and probability of detection of the TR detection, which were determined instead by
Monte Carlo simulations.

We investigate a MIMO detection process similar to the TR detection in this paper. That
is, during the probing phase, an incident wave is first transmitted into the medium and an
estimated channel matrix with estimation error is obtained. It is assumed that a parameter
indicating the quality of the estimation is given a priori, which can be appropriately chosen
depending on the noise level, the channel dynamics, and estimation strategies, efc. [4]. Then,
a waveform designed using the estimated channel and the estimation quality parameter under
power constraints, instead of the TR signal used in Moura's scheme, is retransmitted, and
finally the detector determines the presence or absence of a target. Note here that similar to
the TR detection, it is assumed that the channel remains static during the probing and
detecting phases.

2. SYSTEM MODEL

We consider a wideband bistatic MIMO sonar (or radar) system including a pair of arrays
A and B as shown in Fig.1, which has N, and N, sensors, respectively. The channel

frequency response is denoted by a NjxN, matrix H( ) ¢=1.2,...,0y, where the (k/)-th
entry of H( /f,) 1s the frequency response of the channel between the k-th sensor of array B

and the /-th sensor of array A at the discrete frequency f,. We adopt the statistical MIMO
model here, that is, the entries of the channel matrix are assumed to be zero-mean circularly
symmetric complex Gaussian (ZMCSCG), and they are normalized to have unit variance.
The random target response results from the multipath effect, which arises from different
propagation mechanisms. For example, the multipaths are due to a rich scattering
environment surrounding point-like targets in [3], while in [5], the distributed target itself
leads to multipath propagation.

As shown in Fig.1, the target detection process has two steps, and an estimated channel

matrix H ( Jf,) 1s obtained after the probing phase. In this paper, we consider the situation
where minimum mean square error (MMSE) estimation is employed, and denote the
estimation error as E( J)= H( Jy V—H( f,)» whose entries are ZMCSCG with variance ol
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Note here that knowing the value of & requires noise power estimation and knowledge of
the waveform length during the probing phase. Then, using the properties of MMSE
estimation, the entries of H( /,) can be shown to be ZMCSCG with variance 1- o’ [4]. Since

the focus of this paper is to design different detectors and retransmitted waveforms and study
their effects on the target detection performance of the MIMO system, we assume that the
estimated channel matrix and the quality parameter ¢ are given a priori, and we concentrate

on investigating the detection performance of the second step.

Probing Phase Detecting Phase
Array A AmayB |, ArmayA . _ AmmayB .
Y Tarcet Y a,.§ Y H)Y,o!,0, Tarect Y H,o.,0,
Antenna N, y SN arge Xxp Y Antenna Ny, Antenna N, y g age YN Y Antenna N,
— — k — —
- .
Channel Matrix H : Channel Matrix H °
) L o« —
Antenna 2 y K * Y Antenna 2 Antenna 2 y : 2 Y Antenna 2
X) Yi
Antenna 1 y S Y Antenna | Antenna | y n Y Antenna |

Fig.1: Description of the probing and detecting process of the MIMO system

It is assumed that array B transmits M snapshots in the second stage, during which the
channel remains the same. Grouping the M snapshots received by the i-th sensor of array A at
all the Oy frequencies yields an MQ; <1 vector, which is given by

~i

r=Y-h+n,

- r— e _ _ r (1
Y(fq):[.)_/l(fq) J_}z(fq) J7M(fq):| ’hi:|:hiT(f1) h;T(fz) hzT(fQ/)J

where i=1,2,...,N,, g=1.2,..., Oy, and the superscript 7 denotes the transpose of a matrix.
Here, the MQ<N,Q; matrix Y is a block diagonal matrix whose diagonal blocks are Y (f,),

Y(fy),..., Y( fQ,) , the Npx1 vector y,,(f,) is the m-th snapshot retransmitted from array B
at frequency f, }_zl.( f,) 1s the i-th column of H( f,), and n, represents the corresponding

additive white Gaussian noise, whose entries are ZMCSCG with variance o, . Similarly to
h,, we can obtain N, estimated channel vectors % and error vectors e by stacking the

corresponding columns of H (f,) and E( f,) into NyOpx1 columns, respectively, and

h, = h +e . The detector at array A decides whether or not a target exists based on the values

of all the signals 7 received by the N, sensors.

1

3. DETECTOR DESIGN

The target detection problem of the MIMO system can be described as follows:
S N A )
UnderH,: 77=n; UnderH,: r,=Y-h+Y-e +n,

where i=1,2,...,N,, and the alternate hypothesis H; and null hypothesis H, are that the target
does or does not exist, respectively. In this section, we develop three approaches to detect the
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target: the conventional detector, the optimal detector, and the generalized likelihood ratio
test (GLRT) detector. Only the key equations are presented here due to space limitation, and
interested readers may refer to [6] for the detailed derivation.

It is well known that the optimal detector for a known signal in white Gaussian noise is the
matched filter, and such a detector is denoted as Detector I, whose performance is examined
when estimation error exists. The conventional detector given by [7] can be expressed as

H,

N —y >
T=Re(Xd7)_ 1,
i=l1

Hy

3)

where the superscript H denotes the conjugate transpose of a matrix, Prps is the required
probability of false alarm, and Q'(x) stands for the inverse Gaussian right-tail function.

Clearly, Detector I demands the information of ¥ and }_zl to decide the existence of targets.

Note here that the detector matches to the estimated channel /, instead of the true channel 7,

as in [7], and this is because only the estimated channel is available at arrays A and B.

Next, we proceed to design Detector 11, which is the likelihood ratio test (LRT) detector.
The LRT detector is the optimal solution in the Neyman-Pearson sense [7]. After some
algebra, the optimal detector can be described as below:

N, H o _ >H1
T, = {(”"’BTE) 'B'(”z""B g)} T
i=l <H0 (4)
— -~ — 1 — — _ —
d=Yh, C=0,YY"+0,1,,, B=—1,, -C"', g,=C"d,
O

where the superscript * denotes the pseudoinverse, and 7, stands for a kxk identity matrix.

It is reasonable to assume that 7, under both hypotheses have Gamma distributions as it
has a quadratic form in Gaussian random variables, i.e., T, ~T'(k,,0,) under Hoand T, ~T(k,,6,)
under H;, where F(k,H) denotes the Gamma distribution with the shape parameter & and

scale parameter 0. Hence, the theoretical threshold of the optimal detector can be given by

el
7711 - Fr(/lg/ﬂo’ﬂo/ﬂo) (1 B PrFA ) (5)

N, N,

a a

iy = Z{o-jtrace(g) +g/ ETEI} , Q= Z{o-jtrace(EHl_?) + 20'5§1.H§1.}

i=1 i=1
where FF_(L, o) denotes the inverse cumulative distribution function (CDF) of the Gamma
random variable with parameters & and 6. From (4) and (5), it is clear that the implementation

of Detector II requires knowledge of ¥, %, and o7 at array A.

Detector III is the GLRT detector, which is a practical approach when unknown
parameters exist [7]. The GLRT detector replaces the unknowns with their maximum
likelihood (ML) estimates, and in our case, it is given by
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N, H,

— >
Ty, ZWIHY(YH ) YH’_}/03< Tws T ZF;(;N“ (I_PrFA) (6)
Hy

where 7 is the rank of Y , i.e., n=rank(¥) < rnin(MQf,NBQf), and FX'Zl is the inverse CDF

of a central chi-square random variable with k£ degrees of freedom. Obviously, only the value
of Y is required to be known for Detector ITIl. We next consider T;; under H,. Denote by
UXV" the singular value decomposition (SVD) of Y, where the MQ; x MQ, matrix U and
NyQy x NpQp matrix V' are unitary matrices, and < is an MQ; x N,Q; diagonal matrix with »
positive singular values¢,,c,,....c, of Y (in decreasing order) on the diagonal. Defining an

n x 1 vector f , whose k-th entry f; is the square of the corresponding singular value of ¥,

ie., B, =¢;, we can rewrite (6) as below:

N,
Ty Z (O- B +o, )71ka Vi~ X (ﬂ’ik)’ A zzﬂk‘h;k‘z/(gjﬂk +O—j) @)

1
i=1 :O-

where |.| denotes the modulus of a complex number, %, is the k-th element of the vector

h =" lizl , and y’ (A) stands for a noncentral chi-square random variable with k degrees of

freedom and non-centrality parameter 4. Notice here that 7 is a weighted sum of several
noncentral chi-square random variables, and it is difficult to derive a closed form for its
distribution. In order to calculate the theoretical Prp, we approximate 7; using a common
technique which has been widely adopted in statistics and engineering. This approach
approximates a weighted sum of chi-square variables by a single one with different degree of
freedom and a scaling factor, which are carefully chosen such that the first two moments
remain the same. Therefore, the test static of the GLRT detector can be expressed as below:

N” l
THINo%Zzza a=bfa, ]:2a2/b, pk:;‘hikr ®)

n

a=3 (N (02 +0)+ i), b= (N (o2 0) +2(02f o) Ao

k=1

4. WAVEFORM DESIGN

In this section, we propose two approaches to design the retransmitted waveform ¥ by
maximizing the upper and lower bound of the Prp of the GLRT detector developed in the last

section, respectively. The design criteria are under the constraint trace(YY ") = MQ E, which
limits the total transmitted power. As defined in the last section, entries of £ are actually the

eigenvalues of the Hermitian matrix YY", and thus, the power constraint can be rewritten as

i B, =MQ,E,, and f, 20, k=12,..,n. The first waveform is designed to maximize the upper

k=1

bound, which is obtained by utilizing Markov’s inequality, i.e., Py, =Pr{T>n}<E[T]/n.
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Substituting (7) into the above equation and recalling the power constraint, we can express
the design criterion for waveform design I as the following constrained maximization
problem:

mgxzn:(Naof +pk)ﬂk, s.t. Zn:ﬂk = MQfES, B.20, k=12,..,n 9)
k=1 k=1

Applying Abel’s inequality, we find that the maximization of (9) is achieved by allocating
all the available power to the eigenvalue f; which corresponds to the largest py.
Next, we design the second waveform based on the lower bound. Again, adopting

Markov’s inequality leads to the bound pr = 1_Pr{_ng > ‘0'377} —1-Pr { o> efaﬁw} S E[ efaﬁr} / oo

After some derivation, we can describe the problem of maximizing the lower bound as below

max
B Z 1+2(c’ B, +07)

k=1

n | 2B8.p,+2N, (0B, +0; n
{ Pup,+ 2N, (02 )} st. Y. B, =MO,E,, B,20, k=12,..n (10)
k=1

This constrained optimization problem can be solved by employing the Karush-Kuhn-
Tucker (KKT) conditions [9], and the waveform design II can be given by

p.=(1+202) /202 (e\2p, +4p,07 +2N 0% [(1+202) 1) (11)

where (a)" =max(0,a) and ¢ is chosen such that the constraint is met, i.e., Z B, = MQ/.ES.
k=1

It is clearly seen that this design scheme utilizes the waterfilling strategy [4] to allocate the

power, and the larger the p; is, the more power is allocated to its corresponding S,

S. NUMERICAL RESULTS AND DISCUSSION

In this section, we present numerical results showing the target detection performance of a
MIMO system with four sensors at array A and two sensors at array B. We choose the
number of snapshots M = 2 and the number of frequencies Oy= 4 for simulation purposes.

The signal-to-noise ratio (SNR) is defined as SNR = £, /o, and the probability of false

alarm is set to be a constant value Prpsa=0.01. Notice here that the algorithms for both the
detector and waveform design are based on a known estimated channel, which is actually a
realization of the random vector. Therefore, a semi-analytical approach is utilized to obtain
the system performance. In other words, we generate 10,000 realizations of the estimated
channel matrix, calculate the corresponding Prp for each realization, and determine the
system detection performance by averaging Prp over all the realizations.

Fig.2 depicts the detection performance of systems employing different detectors at array
A for two values of o . The waveform adopted here is the normalized TR signal, and the

normalization is used to meet the power constraint. For each o, any difference in

performance results from the detector design only since the retransmitted signals are the same
for all systems. Observing the curves, we find that Detector II performs the best under any

189



Original Publications

circumstance, which is consistent with the fact that Detector II is the optimal detector in the
Neyman-Pearson sense. In addition, the performance difference between Detector 1 and

Detector Il increases as the estimation quality becomes lower, i.e.,o” is larger. This can be

explained that Detector I is effectively a matched filter to the signal ﬁl , while the optimal

detector is a filter matching to the true signal )7, when the channel matrix is known [7].
Therefore, the difference between the performance of Detector I and the optimal performance
should be small when the error in the estimated channel is insignificant, and this happens
when o7 is small. Furthermore, it is easily seen that Detector III performs the poorest at low
SNR but is similar to the optimal detector when the SNR is high. This is because the GLRT
detector actually estimates the unknown parameters first and then makes the detection
decision based on those estimates. Intuitively, the lower the SNR, the worse the estimation,
which leads to worse detection performance. However, although Detector II performs the

best, it has the highest complexity and it requires knowledge of ¥, 4,, and O, : at array A. In
contrast, as mentioned in Section 3, the implementation of Detector I needs the information

of ¥ and l_z, , while for Detector III only Y is required to be known.
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Fig.2: Prp versus SNR for systems with Fig.3: Prp versus SNR for systems with
different detectors different retransmitted waveforms

We next examine the detection performance of the systems retransmitting different
waveforms with two values of ¢ as shown in Fig.3. Here, Detector I1I is employed for all
scenarios, and any difference in performance arises from the designed waveforms only. In
Fig.3, the labels TR, WDI1, and WD?2 correspond to the normalized TR signal, the waveform
design I, and the waveform design II proposed in the last section, respectively, and all the
waveforms have the same transmitted power constraint. Obviously, the designed waveforms
improve the system performance significantly with respect to the TR signal. Specifically, for
Prp =0.8, the performance gap between waveform design I and the TR signal is about 5dB

wheno? =0.1and 4dB wheno’ =0.5, while the performance gain achieved by waveform
design II compared with the TR signal is about 4dB wheno” =0.1and 1.5dB wheno’ =0.5.

Nevertheless, from the waveform design algorithms, we realize that such significant
performance improvement is achieved at the price of knowing the quality of channel

estimation o a priori. We emphasize here that although both the waveforms are designed
based on the GLRT detector, the semi-analytical Prp of the systems employing Detector I and
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Detector II can also be obtained when the designed waveforms are retransmitted from array
B, and similarly, both waveforms achieve considerable performance gains. These numerical
results are available in [6], but are not presented here due to the space limitation.

6. CONCLUSIONS

In this paper, we investigated the target detection performance of a bistatic wideband
MIMO system, whose detection process is similar to the TR procedure. Based on the
estimated channel and a parameter indicating the quality of the estimation obtained during the
probing phase, the retransmitted waveform and the detector are designed. Three detectors are
developed, whose theoretical thresholds are derived in closed form. Two approaches are
proposed to design the retransmitted waveform with signal power constraint, which maximize
the upper and lower bound of the probability of detection of the GLRT detector, respectively.
Numerical results demonstrate that the optimal detector performs the best but demands the
largest amount of a priori information. The performance difference between the conventional
and the optimal detector increases as the estimation quality becomes lower. The GLRT
detector performs the poorest at low SNR but is similar to the optimal detector at high SNR.
Both the designed waveforms achieve significant performance gains compared with the TR
signal at the price of knowing the quality of channel estimation a priori.
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