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Abstract

This study extends existing literature on the theoretical foundations of activity-based
costing (ABC). This is done in two principal ways. Firstly, it identifies the conditions
that support the construction of an aggregate activity output, i.e. the conditions under
which a single measure of output can be used to accurately determine cost object
incremental costs. This is a significant issue which has not been explored in the
management accounting literature. However, as this study demonstrates, it does
impose important conditions on the technological specifications of situations where
ABC can generate decision relevant costs. Two conditions are jointly necessary and
sufficient. The first one is the linear homogeneity property associated with each cost
object production function. This condition ensures that marginal costs are constant,
which is essential if the cost reported by an ABC system is also to be a relevant cost
for decision-making. The second is that the marginal cost corresponding to a unit of
cost driver used by a cost object is equal for all cost objects within a cost pool. This
condition guarantees that the aggregated cost function at a given activity level
depends on only one cost driver. Secondly, this study derives the short run structure
of ABC. Based on the finding that ABC, as a basis for decision relevant costs, is only
compatible with both linearly homogeneous technologies and activities operating
with excess capacity, an analytical representation of the short run equation of
capacity is presented. This is one of the highest profile innovations of ABC systems
(Cooper and Kaplan, 1992). The study then develops existing product costing theory
by investigating the consequences of relaxing the two above conditions. Firstly, it

considers situations where technologies are not linearly homogenous. Two types of

Vi



technologies are explored: homogeneous and non-homothetic technologies. The
reason for choosing these two technologies is that they accommodate a great number
of non-linear input-output relationships. Overall, the distortions arising from the
application of average cost driver rates to cost outputs, a fundamental procedure
underlying both conventional and ABC systems, increase as the elasticity of each
input demand with respect to output deviates from one, that is to say, when we depart
from a linearly homogeneous technology. Secondly, and on the assumption that cost
object technologies are linearly homogeneous, this study develops a simulation
experiment with the objective of both testing the existence of a single cost driver and
evaluating an accounting procedure that specifically accommodates the existence of
multiple cost drivers. The simulation experiment serves also to introduce the
question of uncertainty in input usage, another issue that has been neglected in the

product costing literature.
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CHAPTER | - INTRODUCTION

1.1. Background

Activity-based costing has received considerable attention since its emergence in the
late eighties, well-demonstrated by the significant number of articles published in
professionally oriented journals and, to a less extent, in academic accounting journals

(Lukka and Granlund, 2002, and Bjornenak and Mitchell, 2002).

Only a few, however, have focused on the theoretical foundations of ABC. From this
perspective, Noreen (1991) constitutes the first significant example. He has focused
the analysis of the theoretical foundations of ABC on the conditions related to cost
functions and has derived three necessary and sufficient conditions for ABC systems
to measure relevant costs for decision-making]. These are that (1) total costs can be
divided into independent cost pools, each of which depends on one and only one
activity, (2) the cost in each cost pool is strictly proportional to the level of activity in
that cost pool and (3) the volume of an activity is simply the sum of activity

measures utilised by the individual products.

Christensen and Demski (1995), Bromwich (1995, 1997), Bromwich and Hong
(1999, 2000) have supplemented the work of Noreen (1991) by developing a more

fundamental analysis of the theoretical foundations of ABC, in the sense that they

' In this study, decision relevant is taken to mean relevant to decision making on final output
variation, e.g. the expansion or reduction of output of existing products, the introduction of a new
product, make or buy (outsourcing) decisions or special orders. This is consistent with Noreen (1991).



consider technology, apart from input prices, as the primary determinant ot cost
functions. This constitutes a perspective which, although well recognised in the
production economics literature (e.g. Chambers, 1988 and Varian, 1991), had been

systematically absent in the management accounting literature.

In an ABC context, Christensen and Demski (1995) have interpreted concepts
already familiar in the production economics literature, namely cost function
separability and linearity of the cost function. Cost function separability ensures the
aggregation of inputs into independent activity cost pools or the definition of activity
cost functions that are all independent of each other. Linearity of the cost function
ensures that the cost reported by an ABC system, an average cost, is also a relevant
cost for decision-making. Bromwich and Hong (1999, 2000) have investigated the
technological conditions that support ABC systems capable of measuring
incremental costs. Their analysis has investigated the conditions related to
technology that more generally satisfy the three conditions derived by Noreen for
ABC systems to measure decision relevant output costs. Specifically, they have
derived the following conditions (see also Lucas, 2003, for a review of the conditions
derived by Bromwich and Hong): (1) non-jointness, to rule out the existence of
economies or diseconomies of scope either within or between cost pools, (2)
production function homotheticity, in order to represent the inputs used in a cost pool
by a single aggregate cost driver, (3) production function separability, to ensure the

independence between cost pools.



1.2. Problem Statement

Although the above management accounting literature provides a deeper analysis of
the theoretical foundations of ABC and thus an extension of the work of Noreen

(1991), it has two major gaps.

The first gap is that it is implicitly (Christensen and Demski, 1995) or explicitly
(Bromwich and Hong, 1999, 2000) founded on the assumption that it is possible to
represent a multi-output technology as a single output technology. It is worth
analysing the meaning of this assumed equivalence between a multi-output

technology and a single output technology.

In single output technologies an activity cost pool is usually interpreted as an
intermediate input that is used to produce the single final output®. In a multi-output
technology, the first reason for aggregating say m technologies in an activity cost
pool is the fact that they depend on the same vector of inputs, which are separable
among the m outputs (cost objects). Existing ABC literature assumes that it is
possible to construct a single or aggregate measure of output that fully captures the
cost of the resources used by the various cost objects within a cost pool. Such an
aggregate measure of output means that a multi-output technology is in fact

equivalent to a single output technology. In the production economics literature this

? One thing is the final output (or final good output), another thing is the output of an activity, such as
the number of set-ups, the number of deliveries or even an intermediate output. Note also that cost
objects are not necessarily final outputs. For example, a cost object can be an activity, when the output
of an activity is the input of another activity.



is called output separability and allows an output vector to be expressed by a single

output index (Bromwich and Hong, 1999, p. 47).

The point that must be emphasized here is that the ABC literature has taken output
separability for granted, without deriving the necessary and sufficient conditions that
support the construction of an aggregate activity output. One of the consequences of
this gap is that the precise analytical articulation that necessarily exists between a
cost driver, the technology of different cost objects and activity costs is not clear. In
other words, the duality between the multi-output technology and costs in ABC has
not been derived. Moreover, any complete analysis of the conditions that support the
aggregation of the m technologies in an activity cost pool cannot be fully derived
without the representation of the relationships that exist between the technology of
different cost objects, the single measure of output and activity costs. This derivation

1s the first and primary purpose of this study.

The second major gap in the literature on the theoretical foundations of ABC is that it
has only considered a long run perspective, where all inputs are variable with the
activity output. However, one of the major recognised innovations of ABC systems
is the introduction of the distinction between the cost of resources used and the cost
of resources supplied, where the difference between the two is given by the cost of
resources not used (Cooper and Kaplan, 1992). It is in the short run, where some
inputs are fixed, that this analysis has to be carried out. The investigation of the
restrictions on cost variability and thus the analysis of the short run activity cost

function is the second purpose of this study.



As will be shown, the two jointly necessary and sufficient conditions supporting the
construction of an aggregate activity output are (i) the linear homogeneity of each
cost object production function and the fact that (ii) the marginal cost of a unit of
cost driver used by a cost object is equal for all cost objects within a cost pool. While
the first condition ensures that cost functions are linear with output, which is
essential if the cost reported by an ABC system is also to be a relevant cost for
decision-making, the second guarantees that the aggregated activity cost function
depends on only one cost driver. These conditions constitute the core requirements

for decision relevant ABC.

By clarifying the technological foundations of an aggregate of activity output and
therefore of ABC, this study extends existing product costing literature in two further

ways.

The first extension is the consideration of situations where technologies are not
linearly homogenous. From this perspective, and while considering the case where
technologies are homogeneous of a degree different from one, a more general case,

the so-called non-homothetic one, is derived.

A conventional accounting procedure, underlying the architecture of traditional and
ABC systems, is the application of average cost driver rates to cost outputs. As will
be shown, this procedure can only be justified when technologies are linearly

homogeneous. Otherwise, some product cost distortion will occur. The major



purpose underlying the analysis of situations where technologies are not linearly
homogeneous is the estimation of the product cost distortions arising from the

application of average cost driver rates to cost outputs.

The second extension is the consideration of situations where, although cost object
production functions are linearly homogeneous, the aggregated activity cost function
depends on more than one cost driver, that is, the second condition supporting the
construction of an aggregate activity output does not hold. In this case, the possibility
of developing an accounting procedure that accommodates, in one or another way,

the existence of multiple cost drivers is investigated.

Both the above developments are in line with the idea contained in the work of

Noreen (1991, p. 160), when he claims that:

“Traditional costing systems are merely simplified, and perhaps poorly
designed, special cases of activity-based costing, just as activity-based costing
is a special case of more general costing systems that could be devised”.

In fact, it will be possible to visualize ABC as a particular case of a more general

cost system derived in this study (see chapters 4 and 7).



1.3. Research Method

Along with the analytical developments that the pursuit of the four major purposes of
this study originate, simulations will be used with the objective of both

corroborating/illustrating some theoretical findings and hypothesis testing.

Simulations as a research method have been widely used in management science
(e.g. Pidd, 1984). In the product costing literature, they have been increasingly used,
particularly with the purpose of assessing the robustness of various accounting
methods and policies both in allocating costs and in pricing and capacity decisions
(see Balakrishnan and Sivaramakrishnan, 2002, who provide an excellent review of

the management accounting literature that uses simulations as a research method).

1.4. Organisation of the Thesis

This study is organised as follows. Chapter two reviews critically the literature on the
theoretical foundations of ABC. Chapter three derives both the technological
foundations of an aggregate activity output and the structure of the short run activity
cost function. Chapter four focus on technologies that are not linearly homogeneous.
While chapter five addresses some issues that the empirical work in the area of
product costing poses, chapter six concentrates on the description of the research
method. In a context where cost object technologies are linearly homogeneous,
chapter seven develops a simulation experiment to address both the question of

testing the (non) existence of a single cost driver and the development of an



accounting procedure that specifically accommodates the existence of multiple cost
drivers. Moreover, the simulation experiment serves also to incorporate into the
analysis one important issue that existing management accounting literature has
neglected: the stochastic attribute of the technology. Finally, chapter eight presents

the conclusions of this study.



CHAPTER Il - TECHNOLOGY AND COST FUNCTIONS

2.1. Introduction

In economics, the importance of technology tends to rely less on its technical
relationship between inputs and outputs but more on the restrictions that it might
impose on the economic behaviour of agents. As Chambers (1988, p. 7) observes,
when the technical aspects of production do not impose restrictions on the economic
behaviour of agents, the technology has only an ancillary importance to economists.
In fact, the study of supply and input demand relationships has attracted most of the
attention of economists. In spite of this, the investigation of technical relationships
between inputs and outputs has also received considerable attention in the production
economics literature (see Chambers, 1988, p. 1-5, for a brief historical review of this
issue). A common feature in most production economics studies is that they examine
the behaviour of aggregated production and cost functions. A general input definition
found in many production economics studies is the aggregation of all inputs into four
input categories: capital, labour, energy and materials. The Berndt-Wood (1975)
sample (a time series of 25 yearly observations on capital, labour, energy and
materials for U.S. manufacturing) is a good example (see, for example, Pollak and
Wales, 1987, 1992, who have investigated various technological relationships using

this sample).

The distinctive feature in many ABC studies, however, compared with many

production economics studies, is that they are developed at a much more



disaggregated level. Many ABC studies concentrate on a particular tfirm and on part
of its cost structure (see, for example, Foster and Gupta, 1990, Datar ef al., 1993, or,
for an even more disaggregated study, Maher and Marais, 1998). While many
production economics studies investigate, for example, the cost function for a
particular industrial sector, many ABC studies investigate the cost function for a
specific activity undertaken in a given firm (the paper of Maher and Marais, 1998, is
a good example). More important, and as will be shown, the relationship between
inputs and outputs that technology imposes, which is not always crucial to
economists, as observed above, is a fundamental one to the understanding of an ABC

system.

The major objective of this chapter is to develop a critical review of the management
accounting literature that uses the production economics literature as a basis to derive

the theoretical foundations of ABC.

This chapter begins with a brief explanation of the relationship between cost
functions and production functions. In the production economics literature this is
called duality. This concept is developed in section 2.2. Section 2.3 presents one
particular type of cost functions: cost functions weakly separable in the extended
partition. According to the existing ABC literature, these functions have two
important properties that ABC systems should have if they were to measure
incremental costs. Firstly, it allows the construction of cost pools that are all
independent of each other. Secondly, it requires cost functions multiplicatively

separable in input prices and output. One of the most important conclusions of this

10



chapter, which strongly contrasts with existing ABC literature, is that not all cost
functions multiplicatively separable in input prices and output are compatible with
ABC. Section 2.4 addresses the technological conditions that support the first
property of cost functions weakly separable in the extended partition. Section 2.5
focuses on the technological conditions related to the second property. It shows what
is the precise technology that supports an ABC system. Section 2.6 introduces the
concepts of volume and non-volume drivers, one of the most recognised innovations
of ABC systems. Section 2.7 characterizes non-joint technologies. Finally, section

2.8 presents the conclusions.

11



2.2. Duality between Costs and Technology

In the production economics literature, technology and input prices are the two major
determinants of cost functions. Technology, in its basic form, is simply a relationship

between inputs and output. This relationship can be represented as:

(1) y =f(x)

Where y is one vector of outputs and x one vector of inputs. The relationship
between inputs and outputs is represented by the functional form f, which reflects a

given state of technology.

Given the technology and the input price set, what the rational firm does is to find the
minimum cost of producing a given level of output, that is, the cost function. But this
process can be reversed. This means that, given the cost function, it is also possible
to determine the technology that generated that cost function. That is to say, the cost
function contains essentially the same information the production function contains.
In the production economics literature this is called duality. The production function
has a dual definition in terms of cost function as this has its dual in terms of

production function (Varian, 1991, p. 81).

The process of finding the minimum cost of producing a given level of output can be

decomposed in two stages. In the first stage, all efficient combinations of factors

capable of producing a given level of output are derived. In the second stage, the

12



combination that gives the least cost of obtaining the desired level of output is

determined.

To proceed with a formalisation of the cost minimising problem, it is necessary to
introduce some notation (see Chambers, 1988, chapter 7). Let y=(y1, ..., Ym)
represent an m-dimensional vector of outputs and x = (Xy, ..., X;) an n-dimensional
vector of inputs. Given the technology, the production possibilities set 7" denotes all
feasible input and output combinations and is represented by (x, y) € 7. It is also
convenient to represent the input requirement set, which means the set of all input
combinations capable of producing output bundle y and is represented by
V(y) = {x: (X, y) € T}. Finally, let w=(wy, ..., w,) represent an n-dimensional

vector of input prices. Now, the cost function can be written as:

(2) c(w,y)=min{wx: x € V(y)}]

The cost function gives the minimum cost of producing output bundle y. It is
assumed that c(w, y) is (i) nonnegative for w > 0 and y > 0, (ii) non-decreasing in w
and y, (iii) positively linearly homogeneous in w, (iv) concave and continuous in w,
and (v) equal to zero when y = 0, that is, there are no fixed costs’. These are the
sufficient conditions for a cost function to be a representation of some technology.
These are also a complete list of the implications of cost-minimising behaviour

(Varian, 1991, p. 84-85).

"'w x is the inner product: ZP Iw-, Xi .
]:

* This means that we are in the long run, where, by definition, all inputs are variable.

13



2.3. Cost Functions Weakly Separable in the Extended Partition

This section analyses the properties of cost functions weakly separable in the
extended partition. These cost functions are well recognised in the production
economics literature (see Chambers, 1988, p. 113). It will be shown that the general
representation of an ABC system might be interpreted in the light of this type of cost
functions (see Bromwich and Hong, 1999). In this context, a parallelism between
cost functions in productions economics and activity cost functions will be

established.

To proceed with an explanation, it is necessary to introduce further definitions. Let
I= (l',lz, ..., I') represent the partition of the n-dimensional vector of inputs
previously defined. This means that the n inputs are grouped in r groups. Each of
these groups might be interpreted as a cost pool that aggregates say p inputs. But this
will be explained after introducing the concepts of cost functions weakly separable

and cost functions weakly separable in the extended partition.

In what follows, y is a single output (and not a vector of outputs). The cost function

c(w, y) is called weakly separable in the partition I if (Chambers, 1988, p. 111):

3) 0 [ac(w, y)/Ow;

— - . i t
owy \Bc(w, y)ff}wj)_ 0 Liel, kgl

Expression (3) means that the ratio of the change in the total cost with respect to an

alteration in the price of one input (Gc(w, y)/Ow;) relative to the change in the total

14



cost with respect to an alteration in the price of another input belonging to the same
group (oc(w, y)/ow;) is not affected by alterations in input prices not belonging to
that group (wy). Expression (3) might be interpreted in terms of the isocost curve.
The isocost curve shows how one input price increases (decreases) while another
input price decreases (increases) in order to maintain costs constant. A cost function
is weakly separable if the shape of the isocost curve® associated with group t does not
change when input prices belonging to other groups alter. This signifies that w; and
wj (i, j € I') are separable from inputs that do not belong to I'. In these circumstances,
the cost function for a group of inputs is independent of the cost function of other

groups of inputs.

By the Lemma of Shephard, the derived demand for input i, x;, equals the derivative

of the cost function with respect to the price of the same input, w;*:
4

@) ow;
Expression (3) can then be rewritten in two equivalent forms:

S0 XN .o t t
(5) aWk[Xj)_O, i,jel, kel

* That is, the rate at which one input price increases (decreases) while another input price decreases
(increases) without altering costs.
* Let x* represent the cost-minimising input bundle that produces y at prices w*. Let also define the
function g(w) = c(w, y) — w x*. Since c(w, y) gives the minimum cost of producing y, g(w) is always
less than or equal to zero. The maximum of g(w) is zero when w = w*. First-order conditions for the
existence of a maximum imply:

* * - *
6%(‘”“: )= ac(gwi’ y) -x*¥=0or 6_&((\;;,_)Q= x;¥ (see Varian, 1991, p. 74).

L3



(6 6xifxi " aXiin
) 6wkfwk > awkfwk’

el Eel

Expression (5) shows that the input mix of one group is not affected by alterations in
input prices belonging to another group. To illustrate consider the case of the bicycle
industry. Expression (5) means that the input mix necessary to produce frames is not
affected by any alteration in the price of inputs used to produce pedals or brakes, for
example. The price elasticity of input demand shows the ratio of the relative change
in the demand of input i to the relative change in the price of input k, ceteris paribus.
Expression (6) signifies that the derived-demand elasticities for all inputs in a group
with respect to a price from a separate group are equal, signifying that each group of
inputs has a common economic structure (Christensen and Demski, 1995, p. 16). A

weakly separable cost function can be written as (Chambers, 1988, p. 111-115):

(7) o(w, ¥) = C(y, ¢'(W', ¥), .-, €'(W', y))

Expression (7) might be interpreted as if the cost minimisation process followed two
stages. In the first stage, the cost of producing a single unit of an aggregate input, the
amount of which depends on the level of output, is minimised (c'(w', y)). In the
second stage, these aggregate inputs are combined in a cost-minimising way to
produce output y. Let us consider again the case of the bicycle industry. In the first
phase, inputs are combined in a way (depending on the technology, the input price
set and on the number of bicycles to be produced) that results in the cost of
producing a certain number of intermediate components (such as wheels, pedals,

brakes or frames) being minimised. In the second phase, these intermediate

16



components are combined in a way that minimise assembly costs. In these
circumstances, expression (7) represents the minimum cost of producing a given

number of bicycles.

It should be noted that each aggregate input price depends on the price of inputs
belonging to that group and on the output, c'(w', y). If, however, each aggregate input
price depends only on input prices, c¢'(w"), the cost function is weakly separable in
the extended partition. This signifies that w; and w; (i, j € I') are separable not only
from other inputs (as when the cost function is weakly separable — see expressions
(3) and (7)) but also from y in the cost function. Consequently, it is possible to
construct an aggregate input price that is independent of y. Formally, w; and w;

(i, j € I') are separable from y if:

0 (Oc(w, yYowi) _ 0 (%) _o . .
i oy [80(w, y)z’awj] " 9y (3':) =0, §jek

Equivalently, w; and w; (i, j € I') are separable from y if:

OXi/Xi _ OXi/X;

©) oyly ~ ayly

Expression (8) means that the input mix of one group is independent of the output. In
the example presented above, this signifies that the input mix necessary to produce
an intermediate input (a frame, for example) is independent of the number of

bicycles produced. The elasticity of input demand with respect to output shows the

17



ratio of the relative change in the demand of input i to the relative change in output,
ceteris paribus. Expression (9) signifies that all derived-demand elasticities with
respect to output are equal. Cost functions weakly separable in the extended partition

can be written as:

(10) c(w, y) = C(y, c'(w"), ..., c'(W")

It is now time to translate these results to the case of ABC. To start with, it seems
clear that each partition I' is no more than a group of inputs that are grouped together
in say activity cost pool t. Secondly, cost functions weakly separable in the extended
partition have two important properties that must exist in an ABC system compatible
with the generation of incremental costs. The first one is that it is permissible to
construct cost pools independent of other cost pools (see expressions (3) and (7)). In
our example, this means that the input mix necessary to produce frames is not
affected by alterations in the price of inputs necessary to produce wheels or pedals.
The second one is that it allows the construction of activity cost functions separable
in input prices and output (see expressions (8), (9) and (10)). However, and as will be
demonstrated in section 2.5, not all cost functions separable in input prices and
output are compatible with ABC. This result strongly contrasts with existing ABC

literature.



2.4. Weakly Separable Technologies

This section investigates the technological foundations of the first property of cost
functions weakly separable in the extended partition, that is, the property that allows
the construction of cost pools that are all independent of each other. This property is

associated with the concept of input separability.

Input separability means that the input mix of one activity is not affected by the level
of inputs used in other activities (see Bromwich, 1997, p. 25-27 and Bromwich and
Hong, 1999, p. 52). This property is possessed by what Chambers (1988, p. 41-48)
calls weakly separable production functions. In an ABC context, the activity

production function f'(x") is separable from the activity production function f’(x) if:

o (of' (x")/ox
(L1} P, (af‘gx';fax‘J =08y e LavE L

Where x'= (x'|, x%, ..., X') is the vector of input quantities used at activity t. This
means that the marginal rate of technical substitution between x'; and x'j (MRTS;; =

ox'/ox")’, which belong to cost pool t, is independent of all inputs that are not

elements of that cost pool.

. MRTS;; measures the rate at which x'; may be substituted for x'; without altering output.

19



Graphically, a production function is weakly separable if the shape of the isoquant®
associated with activity t does not change with alterations in the level of inputs
belonging to other activities. So weakly separable production functions imply that

each activity cost pool is separable from other activity cost pools.

2.5. Homothetic and Linearly Homogeneous Technologies

This section investigates the technological foundations of the second property of cost
functions weakly separable in the extended partition, that is, the property that allows
the construction of cost functions separable in input prices and output. As will be
shown, all homothetic technologies give rise to cost functions separable in input
prices and output. However, only linearly homogenous technologies, a special case
of homothetic technologies, are compatible with an ABC system. This result is in

marked contrast with Bromwich and Hong (1999).

While input separability allows the treatment of the inputs of one cost pool as
independent of the inputs of other cost pools, output separability permits the
treatment, within a cost pool, of each output as independent of other outputs. Here,
the important point is that output separability allows the representation of a vector of
outputs through some aggregate or index, as if it was as a single output (see
Chambers, 1988, p. 285; see also Bromwich and Hong, 1999, p. 47). Thus, output

separability permits the output vector y = (yi, ..., ym) to be expressed by a single

® An isoquant is a curve along which output is the same. It shows different combinations of inputs that
produce the same output.
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output g(y) = Zjil gi(y;). In the next chapter, the very essence of such a single

measure of output in ABC will be investigated. In this section, we are going to take it
for granted. Alternatively, and in order to avoid this problem, we might assume that
g(y) is an intermediate input which is used by the various products. That is to say,
each activity is by assumption a single output technology. The cost function at

activity t can now be written as follows:
(12) ci(w', g'(y)) = min{w'x": x' € V(g(y))}

Where x' is a vector of input quantities and w' the corresponding vector of input
prices. The cost function c'(w', g'(y)) gives the minimum cost of producing output

g'(y) at activity t.

A technology is homothetic if it can be written as H'(x') =h'(f(x')), where
oh'(fi(x"))/of'(x") > 0 and f(x") is linearly homogeneous (see Takayama, 1985, p. 146).

All homothetic technologies ensure that cost functions are separable in input prices
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and output. That is, all homothetic technologies guarantee condition (8)7. Moreover,

the cost function dual to a homothetic technology takes the following form®:

(13) c'(w, g'(y) = ¢'(g'(y)) $'(w)

Where ¢'(g'(y)) = h' "'(g'(y))/h' "'(1). ¢'(g'(y)) is thus an increasing transformation of
g'(y), the single measure of output. ¢'(w'") is an aggregate input price which depends
only on input prices, i.e., it is independent of the output. Moreover, and as usually
assumed in the production economics literature, ¢'(w') is concave and linearly

homogeneous in input prices.

A conventional accounting procedure, underlying the architecture of both
conventional and ABC systems, is the application of average cost driver rates to cost
outputs. This procedure can only be justified when cost functions are linear with
output. Only in this case average and marginal costs are constant and equal. The only

case where this occurs is when @'(g'(y))=g(y) (since this implies that

average cost = marginal cost = ¢'(w')). Furthermore, ¢'(g'(y)) = g'(y) if and only if

7 This can be demonstrated as follows. The cost-minimization problem, expressed in terms of the
Lagrange’s method, is: L=ZP lw‘.- X —p (h'(f(x")) — g'(y)), where p is a Lagrange multiplier.
1=

Cost-minimisation implies the following (first-order conditions):

L £ t t Lt 1_ t.
%=Wti—u%%§_}n‘é%%l= or gi{it)ﬁitégf' But, if f'(x") is homogeneous of degree one
1 1 J 1

of'(x")/0x'; is homogeneous of degree zero (Af{( x')/0x’; = 8f'(x")/0x"). Thus an increase of A in all the p

: fi(x")/ox, L
inputs does not change g_FE%))f;_;L - Therefore, given the input price set, if the first-order conditions are
]
fulfilled by the input combination (x', ...,x',) they must also be fulfilled by the combination
d (acltwlr gl()’))‘{awll L 0 (ﬁl}) =0
og'(y) \oc'(w', gi(y)yowy) ~ agi(y) \xy)
¥ See appendix I for a formal proof.

(A x'y, ..., A x'y). This implies that
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the underlying technology is linearly homogenous. Finally, note that a linearly
homogenous technology is a special case of a homothetic technology, where

h'(f(x")) = f{(x")°.

Suppose now that a given product increases the output of activity t from say a' to b'.

The incremental (product) cost is given by:

Dt
(14) ac'(w, g(y))

Sa) 4B =4 (b~ a)

a

That is, the incremental cost is equal to the constant (average and marginal) cost
driver rate (¢'(w'")) times the activity usage ((b' — a')). It must be remarked that this

result takes place if and only if the technology is linearly homogeneous.
Bromwich and Hong (1999, p. 56-57, italics are not in original) conclude that:

“A strong version of this type of separability appears where the production
function satisfies the conditions of (weak) homothetic separability (discussed
earlier). This means that each group of inputs has a homothetic technology
and the overall technology is separable. These are the characteristics which
were said earlier in this article to be of the essence of ABC and CVO (cost
proportional with output volume). The assumption of homothetic technology
allows price indices to be written as independent of volume whereas with
weakly separable cost functions'® local cost functions are also a function of
volume. Cost functions separable in input prices and output are sufficient to
provide a price index which allows the cost function for a cost pool to be
written as a function of an aggregate input and of an aggregate price index.
This is what is required for cost functions in ABC and CVO. Thus weak

’ The cost function dual to a homothetic technology takes the form c'(w', g'(y)) = ¢'(g'(y)) ¢'(w"),
where ¢'(g'(y)) = h''(g'(y))/h*"'(1). This implies that the cost function dual to a linearly homogeneous

technology is c'(W!, g'(y)) = g'(y) ¢'(w).
'% This is exactly the weakly separable cost function concept defined in section 2.3.
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separability in input prices does not generate separable cost functions
compatible with ABC and CVO because with weak separability local cost
functions are functions of volume whereas ABC and CVO require that the
unit cost for each cost poll must be invariant with volume”.
Thus Bromwich and Hong (1999) clearly state that all cost functions separable in
input prices and output are compatible with ABC. That is, it is claimed that all
homothetic technologies give rise to cost function compatible with ABC. It is true
that ABC requires that the unit cost for each cost poll must be invariant with volume
(since only in this case average and marginal costs are constant and thus equal).
However, the fact that it is possible to construct an aggregate price index that is
independent of the output (¢'(w')) does not imply that the unit cost for each cost poll
is invariant with volume. The unit cost for each cost pool will be invariant with
volume if and only if ¢'(g'(y)) = g'(y), i.e. if the cost function is linear with output.
Otherwise, the unit cost will change with output. Moreover, the result that activity
cost functions have to be linear with output is a fundamental result contained in the
work of Noreen (1991). The only case where ¢'(g'(y)) = g'(y) is when the technology
is linearly homogeneous, a special case of a homothetic technology. To sum up, not
all homothetic technologies give rise to cost functions compatible with ABC. We

will return to this point in chapters three and four.

2.6. Volume and Non-Volume Drivers

At this point, one issue should be observed. The analysis developed in the previous

sections does not consider the existence of non-volume drivers. A volume driver is

one where the relationship between activity usage (or the output of an activity) and
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product output volume (or final good output) is strictly proportional (Bromwich and
Hong, 1999, p. 43). Each activity cost function defined in expression (13) depends on
a vector of input prices (w') and on a single measure of output, g'(y), which depends
itself on a vector of final good outputs, y. This means that it is possible to express the
activity output as a function of the final good output vector. This is not the case,
however, with non-volume driver activities. By definition, the output of a non-
volume driver activity is independent of volume changes. Consequently, the output
of a non-volume driver activity cannot be expressed as a function of the final good

output vector.

Miller and Vollmann (1985, p. 144) recognize the importance of non-volume drivers

(transaction drivers in their terminology) in explaining overhead costs:

“... in the “hidden factory”, where the bulk of manufacturing overhead costs
accumulates, the real driving force comes from transactions, not physical
products. These transactions involve exchanges of the materials and/or
information necessary to move production along but do not directly result in
physical products”.

Many ABC studies that try to test if non-volume drivers affect overhead costs,

control volume changes to ascertain if overhead costs are correlated with non-volume

drivers (Kaplan, 1993, p. 2).

Foster and Gupta (1990) have investigated the effect of volume-based,
complexity-based and efficiency-based drivers on manufacturing overhead costs of
thirty-seven facilities of an electronics company. They have concluded about a strong

empirical association between volume-based drivers and overhead costs. However,
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they have only found a limited empirical support for complexity-based and
efficiency-based drivers in explaining overhead costs behaviour. Two reasons were
identified for this finding. Firstly, in the setting studied, it was difficult to identify
variables that adequately captured the complexity-based and efficiency-based
concepts. Secondly, the complexity-based and efficiency-based variables were less
consistently measured in each facility, comparing with volume variables (Foster and

Gupta, 1990, p. 331).

In contrast, Banker and Johnston (1993), in a study of cost drivers in the U.S. airline
industry, have concluded both volume and operations-based drivers related to

product diversity and production process complexity to be statistically significant.

Similarly, Banker er al (1995), in a study of a sample of 32 plants, have found
evidence that overhead costs were explained by volume and non-volume variables.
Moreover, they have concluded that most of the variations in overhead costs were

explained by non-volume variables.

Datar ef al. (1993), in a study of quality costs in a manufacturing facility for lamp
assemblies for automobiles and trucks, have also found empirical support for the

hypothesis that non-volume drivers affect manufacturing overhead costs.

Finally, Macarthur and Stranahan (1998) have concluded both volume and

complexity variables to be statistically significant in explaining hospital overhead

costs.
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In most production economics texts, however, it seems that there is only one driver
and only one cost object, which is the final good output. Expression (2) represents

the typical cost function depicted in a production economics textbook.

Christensen and Demski (1995) assume Leontief and Cobb-Douglas technologies
and compute the minimum cost of producing a given level of output. They only have

considered the existence of volume drivers.

“Several points emerge. First, the objective function in programme [C] is
parametrized by the quantity (q) and price (p) vectors. Holding price constant,
each cost expression varies with q. There are no non-volume cost drivers”
(Christensen and Demski, 1995, p. 18-19, italics are not in original).
Bromwich and Hong (1999) have also considered only the case of volume drivers.

They explicitly write the cost function for a cost pool as depending on a vector of

final good outputs and on a vector of input prices.

To proceed with the analysis, let us consider a numerical example. Suppose a
company that produces two types of bicycles (P, and P;) and imagine three possible
cost pools of its ABC system. The first one is a direct cost pool, corresponding to a
direct labour activity. The second one is an overhead cost pool that corresponds to a
set-up activity. The number of set-ups is the cost driver. The third one is also an

overhead cost pool that represents a product support activity. The cost driver is the
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number of products“. This information, as well as benchmark costs, resource usage

and total costs, is presented in the following table:

Table 1: Values for Benchmark Costs, Resource Usage and Total Costs

Panel A: Benchmark Costs

Activity Cost driver Cost driver rate

Direct labour Hours of direct labour ~ £5/hour

Set-up Number of set-ups £10/set-up

Product support Number of bicycle types £200/bicycle type

Panel B: Resource Usage

Product Production Hours of direct Number of
labour (per unit) set-ups

P, 100 units 2 hours 20 set-ups

P, 150 units 3 hours 10 set-ups

Panel C: Total Costs

Activity Activity output Total cost (Py) Total cost (P,)
Direct labour 650 hours (1)  £1 000 =£5 x 100 x 2 £2250=£5%150x%3
Set-up 30 set-ups (2)  £200=£10x 20 £100=£10x 10
Product support 2 products (3)  £200 = £200 x 1 £200 = £200 x 1

£1 400 £2 550

(1) 650 hours = 100 units x 2 hours (P;) + 150 units x 3 hours (P5)
(2) 30 set-ups = 20 set-ups (P;) + 10 set-ups (P3)
(3) 2products=1(P))+1(P;)
Assuming that activity technologies are linearly homogeneous, the marginal cost of
an activity equals its average cost driver rate (see section 2.5). It must be noted that
the only activity whose output can be expressed as a function of volume is the direct
labour activity. Consequently, the incremental cost of producing an additional unit of
P; or P> can only be referred to the direct labour activity. The incremental costs are

£10 (£5/hour x 2 hours) for Py and £15 (£5/hour x 3 hours) for P,. Concerning the

set-up and product support activities, it is only possible to determine the incremental

"' Or number of bicycles type. It is assumed that each bicycle type gives rise to an equal increase in
terms of resources acquired and used in the product support activity. In practice, however, it is
doubtful if this is the case. Normally, the resources devoted to these kinds of activities are inherently
joint and non-separable among products.
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cost of a set-up, in the first case, or the incremental cost of introducing a new
product, in the second'’. However, the cost of these activities can be distributed

between P; and P; (see panel C of table 1).

In order to distinguish different categories of cost drivers, let us represent the vector
of outputs by q" = (q'1, ..., Q'm), where ¢j is the volume of output r associated with
cost object j. For example, q]j might be the units produced of product j while qzj the
number of set-ups of the same product. As observed, output separability allows a
vector of outputs to be expressed by a single measure of output. Let y" denote the
total units of cost driver used by cost object j at activity t. That is, y‘J is the units of
the single measure of output associated with cost object j at activity t. Moreover,
each yY depends on the volume of output r of cost object j, i.e, y“=g\(q}.

Therefore, the aggregate single measure of output can be written as g'(y') = ZJ";I yY

= JF;I g'(q5), where y'=(y"', ..., y"™). For example, if the activity output is the
total number of set-ups then g'(y") = ZJ“;I yY = ZJ“;I qzj , where qzj- is the number of

set-ups of product j (g(q) = qj = y").

The crucial issue in the definition of g is the identification of the relevant cost

object, that is, the object whose existence produces an increment in the cost at

'2 Observe that, given the technology specification, the cost per set-up is independent of the number of
units of Py or P, per set-up.
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activity t. The cost object might be a product'®, a profit centre, an investment centre

or even an activity'®, for example.

In the example under consideration, the output of the direct labour activity is

gl(y) = Zj2=1 yi = j?=l q'j a'j, where q'; is the number of units produced of P; and

a'j the direct labour hours per unit of P;. Only in this case it is possible to express the
activity output as a function of volume. The output of the set-up activity is

g(y) = 12=l phi'= Zj2=l q’j. where y" = g% is the number of set-ups of P;. Finally,
the output of the product support activity is g'(y') = Zj2=1 y =2, since y¥=¢’i= 1.

That is, P; gives rise to an output of 1 (independent of the number of units produced

of P; or the number of set-ups of P;).

The distinction between different kinds of drivers is one of the distinguishing
features of ABC. The hierarchy of activities proposed by Cooper and Kaplan (1991,
1998) (unit-level, batch-level, product-sustaining and facility-sustaining activities) is
simply based on the recognition of different types of outputs (drivers)'”. The
recognition of different types of drivers, including volume and non-volume drivers,
has not been accepted without difficulty. Christensen and Demski (1995, p. 22) claim

that:

'* But not necessarily the final good output (see the case of the set-up activity or of the product
support activity in table 1).

' Consider the case of the cost of secondary activities assigned to primary activities (cost objects).

' Unit-level activities are performed for every unit of product or service produced. Batch-level
activities are performed for each batch or set-up of work performed. Product-sustaining activities are
performed to enable the production of individual products or services. Facility-sustaining activities
provide general production and sales capabilities (e.g. administrative staff).
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“In a sense, output is measured with error and the additional variables, the

non-volume drivers, are used to deal with that error”.
A major difficulty in supporting different types of drivers is that, frequently, volume
and non-volume drivers will be correlated. For example, the number of units
produced and the number of set-ups are normally to some extent correlated, as
increases in units produced create the need for set-ups. If no products are produced
no set-ups are carried out. If the production dramatically increases it is likely that the
number of set-ups will exhibit a similar increase, especially if there is not a change in
the number of units per set-up. If batch level activity costs vary with the number of
set-ups and there is a strong correlation between the number of units produced and
the number of set-ups, then a significant correlation will exist between those (batch)
costs and the number of units produced. It might be argued that, in technological
terms, the number of set-ups drives batch costs but, in spite of that, the existence of a
strong correlation between the two drivers (set-ups and output volume) might
support, without a major loss of accuracy, the substitution of the number of set-ups

by the output volume, in the batch cost function.

In the management accounting literature, Ittner et al. (1997) empirically observed
that measures related to unit, batch and product-sustaining activities had considerable
correlations. They found evidence that the production policies followed by
organizations might account for this fact. A good example occurs when organizations
implement economic order quantity (EOQ) models, where an optimal batch size is
determined. In these cases, the number of batches and the total number of units

produced are strongly correlated, since the number of batches equals the total units
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produced divided by the optimal batch size. In the example of Table 1, this signifies
that the vectors (q'i,q'») and (q2|,q22) are, at an extreme, linearly dependent
((q"1, q12)= k(qzl, qzz), where A is the number of units per set-up). This type of
analysis suggests that, apart from other issues that the design of cost systems raise,
the correlations between different cost drivers (and thus between activity costs and
cost drivers) should be investigated, in order to decide which drivers should be
chosen and to evaluate the trade-offs Between the cost and benefit of refining cost

systems.

2.7. Non-Joint Technologies

Bromwich and Hong (1999) show that if ABC systems are to measure incremental

costs technologies have to be non-joint.

Non-jointness between outputs in their use of inputs means that there are no cost
complementarities or diseconomies between inputs (Bromwich and Hong, 1999, p.
45). In the case presented in table 1 of section 2.6, non-jointness signifies, for
example, that the total hours of direct labour used by P, is not affected by or is

independent of the total hours of the same input used by P».

The technology is non-joint if the two following conditions are presented (see also
Bromwich and Hong, 1999, p. 45-46 and Hall, 1973, p. 884-885). Firstly, it is
possible to specify for each cost object j and for each activity t the two following

production functions:
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(15) fi(x) = £(x'1j, X2 ver X'pg) =
(16) fi(x') = fi(x'), X', .. Xp) = ¢

Where f(x"¥) is the individual production function for cost object j,
x4 = (x'1j, X2, ..., X'p;) the vector of inputs used by the same cost object, f(x") the
overall production function at activity t, x' = (x', X%, ..., X'p) the vector of inputs used
at the same activity and q" = (q'1, ..., q'm) the vector of outputs (see previous section).
While expression (15) shows the production function for cost object j when it is
produced separately, expression (16) shows the production function when the m cost
objects are produced together. Secondly, non-jointness imposes that the total quantity
of input i1 used in the overall production function equals the sum of the quantities

used by each cost object in the individual production functions:
t _ t
(17) K= 2 xi

Non-jointness might be defined in a different but equivalent away. Let c{(w', q) =
c'(wh, 0, ..., 0, g7 0, ..., 0) represent the stand-alone cost of qfj, that is the cost of
producing output q'j > 0 when q'x = 0 (V k #j). A necessary and sufficient condition

for non-jointness is that the cost of producing output q’j is separable from the output

q
(18) W, gt s @) = 2 (W, q)
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Expression (18) applies to individual cost pools and means that the cost of producing
the m outputs together (left-hand side of expression (18)) is the sum of the costs of
producing them separately (right-hand side of expression (18)). In the case presented
above, the total cost of the direct labour activity is the sum of the costs of producing

P, and P, separately. Applied across cost pools, expression (18) can be written as:

te. bt 1 ¥ t t .1
(19) Z{:lC(W,qh...,qm)—Z{:IZj‘;]cj(w,qj)
The cost of producing output ¢ is independent of the outputs q'x and g” if the inputs
necessary to produce output ¢ do not alter with the outputs q'x and ¢". To
exemplify, consider the previous case. Under non-jointness, the cost of producing P;
in the direct labour activity is independent not only of the units produced of P; in the

same activity but also of the number of set-ups of P; or P, in the set-up activity.

Non-jointess signifies that there are no economies or diseconomies of scope either
within or between cost pools. A necessary and sufficient condition for non-jointness
is that the marginal cost of cost object j at activity t is not affected by the marginal
cost of cost object k (which uses the resources aggregated at activity t) or by the
marginal cost of cost object h (which uses the resources aggregated at activity p) (see

also Hall, 1974, p. 885). Formally, we have:

0

(20) 5 (acl(\vts qus mny qrm)] =

oq'x aq;
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Expression (20) applies to individual cost pools. Applied across cost pools,

expression (20) can be written as:

AT TR
oqPh oq]

(21)
It might be said that under non-jointness the marginal cost of a set-up of P; is
independent not only of the marginal cost of a set-up of P, (in the set-up activity —
expression (20)) but also of the marginal cost of a unit of P; or P, (in the direct labour

activity — expression (21)).

Production function separability and non-jointness are two different requirements. As

Lucas (2003, p. 210) observes:

“Whereas production function separability concerns whether inputs for
different activities can, in principle, be specified independently of each other,
non-jointness concerns whether activities are, in fact, performed separately. A
profit maximising firm will perform activities jointly if this costs less than
performing them separately. Costing systems should not, therefore, treat them
as separable cost pools — the joint cost will be less than the sum of the
incremental costs of the separate activities.”

Thus non-jointness signifies that the different activities, as well as the production of

the various cost object volumes, are performed independently of each other. This

occurs if and only if the cost of performing the different activities separately (and,

within each activity, the various cost object volumes) equals the cost of performing

them together. It was demonstrated in the section 2.5 that ABC is only compatible
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with linearly homogeneous technologies. This, together with output separability (that
is, the ability to represent a multi-output technology by a single measure of output),
ensures that activity cost functions can be written as c'(w', g'(y)) = g'y) ¢'(w'),

where g'(y‘)=zj!f‘;l yYand yY=gi(q) (see section 2.5). Observe now that

this implies the verification of conditions (20) and (21), that is, the condition of non-

jointness holds both within and between cost poolsm.

100 (M tesl ) -2 (5‘;— ) ¢'(w'))] = 5;% [g%éﬂ ¢‘{w')) =0= 5% (M “;qrjl : ] .
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2.8. Conclusions

This chapter has reviewed critically the ABC literature. According to the literature,
ABC systems should possess the properties of what in the production economics

literature is known as cost functions weakly separable in the extended partition.

On the one hand, cost functions weakly separable in the extended partition allow the
construction of cost pools that are all independent of each other. As was shown, this
property is possessed by weakly separable technologies. On the other hand, cost
functions weakly separable in the extended partition permit the construction of
activity cost functions multiplicatively separable in input prices and output. It was

shown that this property is possessed by homothetic technologies.

However, it was also shown that not all cost functions multiplicatively separable in
input prices and output are compatible with ABC. This is in marked contrast with the
existing ABC literature, more precisely Bromwich and Hong (1999). A conventional
accounting procedure, underlying the architecture of more traditional and ABC
systems, is the application of average cost driver rates to cost outputs. This procedure
can only be justified when cost functions are linear with output. It was demonstrated
that only linearly homogeneous technologies, a special case of a homothetic

technologies, give rise to cost functions linear with output.

This chapter has also considered one of the most recognisable innovations of ABC

systems: the distinction between volume and non-volume drivers. In the production
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economics literature, however, it seems that there is only one type of cost driver and
only one cost object: final good output. Finally, non-joint technologies were
characterised. It was demonstrated that the assumptions of linearly homogeneous
technology and output separability ensure that the condition of non-jointness holds

both within and between cost pools.
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Appendix |

Derivation of Expression (13) (Section 2.5)
If H'(x") is homothetic then H'(x") = h'(f\(x")), where oh'(f(x"))/of'(x") > 0 and f'(A x) =

A f(x"). The following developments take place:

c'(w', 1) =min w'x": h'(f(x")) > 1

ci(w!, 1) = min w'x': f(x") > h' ™ (1)

hl_l(l)

c'(w', 1) =min w'x": f‘( J > 1 (since f'(A x') = A fi(x"))

CI(W[, 1) . l(gt(y)) fi[ ] > Bt I(gt(y))

X
ht_l(])

t— 1, .t
¢'(w', 1) = min w'x": f[ug-(m x'} >h'"” l(g‘(y)) (since f'(A x") = A £'(x"))

ht~ l(l)
=1t
¢'(w', 1) =min w'x": h' [f‘[h—_(lgim x‘]} > g'(y)
h'™ (1)
11 =1, =1 .t
S, 1) = %}L min w‘h—tj({&&l)‘ %*% bt [f{hTQlﬂm X‘D > g'(y)
h'™ (g(y) h' (1) h (1)
=1
c'(wh, 1) = F_—](‘}L min w'z': h'(f(2) > g'(y)
h' “(g(y)
-1
t ; ]' t 1 1
v, 1) =— 0 e, gy))

h' ™ Y(gy))
=1t
Or ¢'(w', g(y)) = %%(%D cw!, 1) = o'(gly)) o'(w). m

(see Jehle, 1991, p. 234)
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CHAPTER Ill - ACTIVITY-BASED COSTING AND AGGREGATION IN

MULTI-OUTPUT TECHNOLOGIES

3.1. Introduction

The purpose of this chapter is twofold. Firstly, it investigates the technological
foundations of an aggregate activity output. The objective is to establish the
analytical structure linking cost object technologies, the aggregate measure of output
and activity costs, i.e. the duality between the multi-output technology and costs in

ABC.

Secondly, it investigates the structure of the short run activity cost function. In the
long run, all inputs are variable. In the short run, however, some inputs are fixed. The
significance of the restrictions on cost variability imposed by the fact that some

inputs are fixed and the implications for ABC are therefore investigated.

This chapter is organised as follows. Section 3.2 investigates the technological

foundations of an aggregate activity output. Section 3.3 concentrates on the structure

of the short run activity cost function and the final section presents the conclusion.

40



3.2. Technological Foundations of an Aggregate Activity Output

This section investigates the analytic foundations of an aggregate activity output. It
derives the necessary and sufficient conditions that support the construction of an
aggregate activity output in ABC. It assumes a long run perspective, where all inputs

are variable with the activity output.

To begin the analysis, suppose that p inputs are aggregated at activity t, which are
separable among m cost objects. The production function for cost object j at activity t

might be defined as follows:
(1) £5xY) = (x4, -oor Xpg) = Y

Where x" = (x'1, ..., X'pj) is a vector of strictly positive input quantities used by cost
object j at activity t and y" the units of cost driver used by cost object j at the same
activity (also assumed to be strictly positive). In ABC, an aggregate activity output is

equal to g'(y") =g'(y"', ..., y*™) = ZJ“;] y". For example, y" can be the number of

set-ups of product j or the number of deliveries of product j while g'(y') the total

number of set-ups or the total number of deliveries.

The question to which we should first direct attention concerns the way the vector of
inputs (X', ..., Xp;) is obtained. This involves the calculation of the minimum cost
of producing output y', which is determined through the resolution of the following

cost minimisation problem:
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) chi(wh, y¥) =

Minimise Z?:; X'ij W

Such that f(x%) = y!

Where w'= (W', ..., W') is a vector of strictly positive input prices. It is assumed
that problem (2) is a well-behaved optimisation exercise. A regular production
function for cost object j at activity t ensures that. It is useful to represent problem (2)

in terms of the Lagrangian function:
3) L ()= xiy wi—n (f5x7) - y)

Where p is a Lagrange multiplier. Cost minimisation implies the following first-

order conditions:

AL afyxY) afy(xYyox;  wh
(4) 8x'u =W H 8x‘i‘j =1 = af‘j(x"j)fax'uJ_ Wtu

Expression (4) is the well know result that at an optimum the marginal rate of

technical substitution of input i for input u (MRTSY;,) equals the ratio of the

corresponding input prices’.

JL ; :
1 e A tatin o]
And on 0, i.e. fi(x¥) =y".
2If f‘j(x[“) is strictly quasiconcave then the second order-conditions will be satisfied (see, for example,

Chiang, 1984, p. 387-404).
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A conventional accounting procedure, underlying the architecture of ABC and more
traditional cost systems, is the application of average cost driver rates to cost outputs.
This procedure can only be justified when cost functions are linear with output.
Otherwise, average and marginal costs will differ (see section 2.5). If this is the case,

the cost reported by an ABC system does not measure incremental costs.

Lemma Average and marginal costs for cost object j at activity t are constant and

equal to ¢'j(w') = Zp : a—w(‘w—) if and only if £(x) is linearly homogeneous.

Proof.

If £i(xY) is homogeneous of degree one of'(x")/dx;; is homogeneous of degree zero
(of(h xY)/ox';; = of(xY)/0x";;). Thus an increase of A in all the p inputs does not
change the MRTS‘Ji,u. Therefore, given the input price set, if the first-order
conditions are fulfilled by the input combination (x'u, 2 le‘j) they must also be
fulfilled by the combination (A X'y, ..., A X'p;). Moreover, if the input combination
(x'1j, ..., X'pj) is associated with the production of output y", the input combination
(X't} ..., A X'p;) is associated with the production of output A y¥ (since fi(A x") =
A £(xY)). This implies the condition yY =o' j(w") x'1; = ... = a'pj(W') X'y, Where
a'ij(w') is a constant for a given input price set and for a given linearly homogeneous

technology. Now, it can be shown that average and marginal costs are constant and

[i l‘ a L
el to i) =SB 3 B = TR T

Additionally, by the envelope theorem, p = ¢';(w'). Observe that the condition above
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also implies that the elasticity of input demand with respect to output is constant and
equal to one for all the p inputs. It is obvious that the cost function will be curvilinear
if there is at least one input for which the output elasticity of demand is different

from one. Thus the condition that the production function is linearly homogeneous is

necessary and sufficient if the dual cost function is to be linear with output. m

The condition that cost object technologies are linearly homogeneous is necessary for
the construction of an aggregate activity output in ABC. It is not sufficient, however.
The construction of an aggregate activity output presupposes that a second condition

is also verified. To derive it, it is necessary to introduce the following definition.

Definition 1 Assume that cost object technologies are linearly homogeneous. y* and
y**, j # k, are the same cost driver at activity t if and only if ¢5i(w") = ¢'W(w), that s, if
the marginal cost of a unit of cost driver used by cost object j equals the marginal

cost of a unit of cost driver used by cost object k.

Proposition g\(y') = ngi y" is a single measure of output that accurately identifies

cost object incremental costs if and only if y" and y**, ¥ j #k, are the same cost

driver.
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Proof.

Sufficiency The Lemma implies that c'y(w', y*") = y*" ¢'n(w') = Zlil] XYW ) wh

Now, if y¥ and y*, V j#k, are the same cost driver then ¢ (w") = ¢'k(W') = ¢'(W).

The cost allocated to cost object h under ABC is equal to:

| G a0 G | t tj gt ot 7 Lj
jnll Z&IX"’(“T’}( )W'= th erily ¢J(w)_ :.h¢(w)sz=l! ¥

PN | ¥ g B TIO © M
j=17 Zj=1 Y Zj=1 J

th gt t 1 L Lh t
OIN = ¥ B i Y i-
YU W) =3P Xin(W, ¥ w

That is, the cost allocated to cost object h equals its incremental cost. m

Necessity Suppose that ¢i(w") <¢'(w') and ¢'(w')=o¢'(w'), Vk=j. Let also

y"" > 0, ¥ h. The cost allocated to cost object h under ABC is now equal to:

j k
b K Y WD S iy wh
G — , —

m, 3
=1

=y o'W, yY, 213 «)))

E v YWY + gy 1) d'(wh)

ald te A L) = Lk
20 nd g (Yk«j) =), .Y

Where ¢'(W', y¥, g'(y'k +) k#j

Since y*" > 0, ¥ h, and ¢'j(w') < ¢'(w') then ¢j(w') < o'(W', y¥, g'(y'kj)) < '(W"). This

implies that y™" ¢'(w', ¥, g'(y'%+ ) # ¥y ¢'n(w') = Zg:l Xin(w', y*") W', That is, the

cost allocated to cost object h distorts its incremental cost. Therefore, the condition

that y¥ and y**, V j#k, are the same cost driver is a necessary and sufficient
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condition for the construction of a single aggregate activity output that accurately

measures cost object incremental costs. m

Corollary 1 The aggregated cost function at activityt can be written as:

Wl sy = 2 ciwh yY) = D m YR w) = ciw!, )) = 0 o).

Corollary 21f 3 j#k: ¢(w") # (W), the aggregated cost function at activity t
depends on more than one cost driver’. Therefore, the application of a single

average cost driver rate to allocate costs distorts cost object incremental costs.

It is worth now analyzing the full technological implications of the Proposition

above. For that, it is necessary to introduce the following definition.

Definition 2 y* and y**, j #k, are the same type of output if fj(x") and fi(x"*) are

identical, that is, if fj(x") = f{(x**), ¥ x% = x**. ¢

The previous definition signifies that all cost object volumes represent various levels
of the same output. It was previously demonstrated that when technologies are

linearly homogeneous the cost minimisation input-output relationships for cost object

? For example, if ¢'j(w') # ¢'«(w') and ¢'(w') = d'(w'), ¥ k # j, the aggregated cost function at activity t

depends on two cost drivers. More formally, c'(w', y¥, g'(¥' ) = y* ¢§(w) + g'(y'x»)) ¢'(W") , where
te t 4 tk

8(Yk«j) = Zk:j Y_ .

* Equivalently, £{(x") and f\,(x"*) are identical if (i) isoquants for cost objects j have the same shape as

those for cost object k {MRTS"’}_u = MRTS"",-_.J, and (ii) equal positioned isoquants (for cost object j
and for cost object k) in the input-output space are associated with the same output.
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j at activity t implies that y" = a'j(w') x'j, V i. Additionally, if all cost object
technologies are identical then a;(w') = a'i (W) = a'y(w"), V' i, k # j and V w', which
also implies that Zj";l yh = ZJ“:ll a'iy(wh xjor  g(y)=a'i(w')xi where

= ZJ“;] x'ij. That is, if f(x") and fi(x"*) are identical ¢'(w") and ¢'x(w") are also

identical (¢(w') = ¢'«(w'), V w'). Thus when cost object technologies are not only
linearly homogeneous but also identical the marginal cost of a unit of cost driver
used by a cost object is both constant and equal for all cost objects within a cost
pool’. In this case, any input aggregated at activity t can be used as a single measure
of output. More formally, if input u is used as a measure of the output, the average

and marginal cost driver rate at activity t is:

1

(5) PW)=2p ax‘ W'““"(w)z 10L1(w)

6

However, it must be noted that even when y"i and y"k are not the same type of output
the marginal cost of a unit of cost driver used by a cost object might still be equal for
all cost objects within a cost pool. In other words, the Proposition above does not
necessarily imply that all (linearly homogenous) cost object technologies are

identical.

* Note that we are assuming a long run perspective, where all inputs are variable with output. In fact,
the implication that the marginal cost of a unit of cost driver used by a cost object is equal for all cost
objects within a cost pool when cost object technologies are both linearly homogeneous and identical
cannot be established if, in the short run, activities are operated above capacity. This point will be
analysed in the next section.

% Thus Corollary I can be rewritten as ¢'(w', X'y, ..., X'um) = ZJH—]I ci(w', x'y) = ZJ“;I X'uj 05wy

(W, %) = X', (W), where ¢(w), = p_lgfj = m(w‘)zl_la—u-;w—)'
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To illustrate this latter point consider that activity t is a set-up activity that aggregates
three inputs. Assume also that there are two products (P; and P,). The production
function for P; can be represented as f(x";, x%;, X'3;) = y*, where x| is the quantity
of input i used by P; and yt*i the number of set-ups of Pj. Additionally,
£5(x" 15, X2, x'35) = min (a1 x'1j, o'a; X, 03 X'3), that is, the technology supporting
P; is Leontief, a special case of a linearly homogeneous technology that does not

allow any substitution between inputs. The cost per set-up of P; is ¢(w')=

23 & It is obvious that ¢';(W") = ¢'5(w') when o'y = Ii,z, Vv i. However, it is no

less obvious that even when o} # o'i2, V i, we might have ¢'1(w') = ¢'2(w') (at least
for some input price set). That is to say, it is possible that P, and P, use different
input mixes while the cost per set-up of P; is still equal to the cost per set-up of P,. If
this is the case, the total number of set-ups is in fact a single measure of output that
accurately identifies incremental product costs (y"' and y"* are the same cost driver).
Suppose now that we consider using as an allocation base either the total number of
set-ups or the total quantity of input u. It might be the case that y*' and y** are not the
same cost driver (¢';(w") # ¢%2(w')) while x',; and x',» are the same cost driver
(9" 1(WY)a = ¢'2(W')s)". For example, assume that w'; = w'y = w's = £1 and 1/a'; ;| = 20,
/a1 =60, 1/a5;=40, 1a'12=65  1/ab2=70, 1/a3,=5. Hence
o' (W) = £120 # d'2(w') = £140 and ¢'(w')2 = ¢'y(W')2 = £2. This means that if the

total number of set-ups is the allocation base activity costs are incorrectly distributed

)
Fodbopo it ot L
(W = Oy
¢J( D uj iy ari‘j
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between P; and P,. However, if input 2 is the allocation base activity costs are
accurately distributed between P and P, (the same cannot be concluded when input 1
or input 3 is used as the allocation base)®. It would be possible to imagine many other
situations where P, and P, use completely different input mixes while activity costs
are still accurately distributed between P; and P, when the total number of set-ups (or

the total quantity of input u) is the allocation base.

The discussion undertaken in the previous paragraph implies that even when product
technologies are heterogeneous, that is, even when the various products use different
inputs mixes, product cost distortions might be small. Hwang ef al (1993) observe
that product cost distortions, due to the use of an allocation base to distribute the cost
of the inputs aggregated in a cost pool among the various products, increase when
product technologies are significantly different. Although this can be accepted as a
general observation, the preceding analysis serves to illustrate that high product

technology heterogeneity does not necessarily lead to high product cost distortions.

To sum up, the two jointly necessary and sufficient conditions supporting the
construction of an aggregate activity output are (i) the linear homogeneity property
associated with each cost object production function and the fact that (ii) the
marginal cost corresponding to a unit of cost driver used by a cost object is equal for

all cost objects within a cost pool. While the first condition ensures that marginal

¥ Observe that, given the specific (heterogeneous) product technologies, the conclusion that y"' and i
(or x',; and x'y,) are or not the same cost driver depends on the input price set. In other words, it
might be the case (or not) that for some input price set y*' and y** (or x',, and x',,) are the same cost
driver. However, when product technologies are identical, y*' and y** (and x', and x, ) are the same
cost driver for all the input price sets. We will return to this point in chapter seven.

49



costs are constant, the second ensures that the aggregated cost function at a given
activity depends on only one cost driver. Finally, it should be noted that these two
conditions automatically exclude the existence of economies or diseconomies of
scope either within or between cost pools. That is to say, they exclude the existence
of any joint technologies, a necessary condition for an ABC system to measure
incremental costs (see section 2.7). It is also being implicitly assumed that inputs are
traded on a perfect marked. As Bromwich and Hong (1999, p. 53) observe:
“A perfect input market is necessary to ensure that input prices are linear with
eit_her,f)utput or activity output, otherwise identical inputs may have different
prices”.
The following table summarises the technological foundations of an aggregate

activity output.

Table 1 — Technological Foundations of an Aggregate Activity Output

(Cost object) Production function linearly homogeneous
FJ(;L X([‘j, P A ti‘j) =A yIJ

A J
(Cost object) Cost function linear with output
chi(w', y¥) =y §(wh)

+

Marginal cost of a unit of cost driver used by a cost object
equal for all cost objects within a cost pool

Oh(w) = ... = ¢'n(W) = d'(W)

A4
(Activity) Cost function linear with the
aggregate activity output

i
cw!, g(y)) = gl(y") ¢'(w"), where g(y") = Zfil y™
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These results are new in the ABC literature and are in marked contrast with the

findings of Bromwich and Hong (1999).

Firstly, Bromwich and Hong (1999, p. 56-57) observe that cost functions compatible
with ABC require that the unit cost for each cost pool should be invariant with output
and claim that homothetic technologies ensure that. However, the results previously
derived show that only linearly homogeneous technologies, a special case of
homothetic technologies, guarantee that the unit cost for each cost pool is invariant
with output. That is, only linearly homogeneous technologies give rise to cost
functions linear with output (see the demonstration of the Lemma; see also section

2.5)

Secondly, Bromwich and Hong (1999, p. 48-49) also observe that the aggregation of
a multi-output technology requires that a constant input mix is common to all
products irrespective of volume. Conversely, the above results show that even where
the various cost objects use different input mixes (which are constant for a given
input price set) it might be possible to construct an aggregate activity output with an
ABC system. What is necessary is that the marginal cost corresponding to a unit of
cost driver used by a cost object is both constant and equal for all cost objects within
a cost pool. It is sufficient to ensure this result that all cost object technologies are
not only linearly homogeneous but also identical (which automatically implies that a
constant input mix is common to all cost objects irrespective of volume). However,
this is not necessary. That is, even when the various cost objects use different input

mixes it might be possible, at least in theory, to represent the aggregated cost
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function at activity t as depending on only one cost driver (at least for some input
price set). Nevertheless, it should be recognized that it is a very strong assumption
that y"j and y**, V j =k, are the same cost driver when all (linearly homogeneous)

cost object technologies are not identical.

3.3. Short Run Activity Cost Function

The analysis undertaken in the last section has assumed a long run perspective,
where all inputs are variable with the activity output. In the short run, however, some
inputs are fixed. This section investigates the structure of the short run activity cost

function.

To incorporate the distinction between variable and fixed inputs, let represent the
vector of inputs supplied at activity t in the following manner: X'sypplied) = (X'r1, -+,

X'tuy X'usls -..s Xp), Where u inputs (i=1,...,u) are fixed and (p-u) inputs (i =

utl, ..., p) are variable in the period in consideration’.

Assumption y' and y'*, ¥ k # j, are the same type of output (see Definition 2).

As was defined in the previous section, y" and y“k, V k # j, are the same type output
if all cost object technologies are identical. In other words, all cost object volumes
represent various levels of the same output. This permits the visualization of the

activity output as an intermediate input that is used by the various cost objects. The

? x't; means that the input quantity i is fixed.
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analysis undertaken in this section explicitly assumes this'. The short run cost

minimisation problem can now be defined as follows:

1 : - [‘ l.
(6) Minimise ZF=1 X W;

Such that f'(x") = f(x"y, ..., x';) = g'(y) and x; < x'g;

Where f(x') is the production function at activity t, X =iy o x'p) a vector of
strictly positive input quantities used at the same activity and g'(y") a strictly positive

output.

Observe that when all inputs are variable and all cost object technologies are both
linearly homogeneous and identical then g'(y") = a'y(w') X', V i (see previous section).
That is, the constant a'(w')results from the resolution of the long run cost
minimisation problem. Moreover, assuming that input i is fixed and all the other
inputs are variable, the fixed quantity x'r; gives rise to a (maximum) output of say
g'ri(y") = x's o'y(w'), compatible with the equality between the long run and short run

11, 12

solutions to the cost minimisation problems * “. To proceed with an analysis of the

' As was demonstrated in the last section, although the assumption that y* and y**, ¥ k # j, are the
same type of output, together with the necessary condition that cost object technologies are linearly
homogenous, is sufficient to construct an aggregate activity output, it is not necessary. Only for the
sake of analytical simplicity in the analysis of the short run cost minimisation problem it is assumed
here that cost object technologies are identical.
"' Note that when g'(y') > g'ri(y") the long run solution imposes that x'; > x'r;. This, however, violates
the short run restriction x% < x';. Therefore, when g'(y") > g'ri(y") the short run solution imposes that
the restriction x'; < x'r; binds in problem (6). In this case, the long and short run solutions to the cost
minimisation problem will be different.
12 Observe that without the assumption that cost object technologies are identical it was not possible to
define the constant g'ri(y") =x'riay(w'). Instead, it would only be possible to establish that
L
Zjn=ll a;)i:—(fv%)=x‘fi, In this case, there are multiple vectors (y"'fi, ..., y"™r;) which satisfy this
equality.
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short run cost minimisation problem it is now necessary to introduce a new

definition.

Definition 3 An activity is operated with excess capacity if V x's; € (x't1, ..., X'ru):
g'(y) <gi(y") or simply g'(y') <min (g5i(y")). It is operated above capacity if

3x'ti € X'y ..o X'ru): ) > gri(y) or g'(y") > min (gi(y")).

That is, an activity is operated with excess capacity if all the fixed inputs are not fully

used. It is operated above capacity if at least one fixed input is fully used.
Case 1 (excess capacity): g'(y") < min (g'ri(y"))

When an activity is operated with excess capacity all the fixed inputs are not fully
used, implying that the restrictions x'; < x'r; slack in problem (6). Consequently, the
solutions to the long and short run cost minimisation problems coincide. Therefore,
the vector of inputs (g'(y")/a'i(w"), ..., g(y')/a'y(w')) minimises the short run cost of
resources used (and the long run cost of resources used and supplied as well). In

these circumstances, the short run cost function can be represented as:

t L
Wi Wi

() olw, gy =2 T @) -8 N+ 2 | Gy 80
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Proof.

It has been shown that when activity t is operated with excess capacity, cost object
technologies are linearly homogeneous and y"j and y“k, V k # j, are the same type of
output the cost minimisation input-output relationships imply that
g(y)=aYy(w) x4, Vi. Additionally, g'i(y")=a'(w')x';, ¥V x'ri. The following

developments take place:

ot ol = S + L
C(ng(Y)) ZI Xflw P XiW;j

1=u+1

W t t =
Z?:] (Ili(wl) gfl(Y) + Z EnEl o (W) g(Y)

Zl 1a(w) (gri(y) - g(Y))+Z 1a(w) g'(y) + Z u+]0.(w) i olyl) =

DU e @) -goN+YP oo 6. -

In ABC terminology, expression (7) is the cost of resources supplied, which can be

split into the cost of resources not used and the cost of resources used (Cooper and

i WL e gt e .
Kaplan, 1992). The cost of resources not used is Z'{L] W (gri(y) — g(y)), while

t.
the cost of resources used is Zp la—%‘vt—) g'(y"). Note that the cost of resources used
=1 O

changes at a rate of »p la:—wi—
P

W)’ which is independent of the output. Moreover,

while the component Zl} represents an increase in the cost of resources used
1

G
=] U-Il(wl)

t

but not in the cost of resources supplied, the component Z represents an

N
1=u+l 0‘-:(“’)
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increase in the cost of resources used and supplied. Only this latter component

generates relevant costs for decision-making.

In the short run, unless activity t is operated in perfectly efficient conditions, the cost
reported by an ABC system, ¢'sp(W', g'(y")), does not coincide with the long run

average and marginal cost, ¢'(w'). To see why observe that:

(8) O'sr(W', 2'(¥)") = d'srai(W', g'(¥)) + dsri(w') = d'(w)
If and only if g'(y")" = ai(w") X't

Z!’_ X'ri W

* 1=1 Wti
¢ISRNl(wia gt(yl) ) = gl(yt) B le-lz] C(.lj(Wl)
x4 wh
: §_mutl T W
e Y

$e=or a'a(\:v")

Proof.

Note again that g'(y') = a'(w') x4, V i. The cost of resources supplied changes at a

a t t : , -
rate of ¢'spi(w') = ZF=u+l ?‘)((yﬁw" = Z§=u+1 ﬁ‘v.—) which is independent of the

output. The component ¢'seni(W', g'(y")) reported by an ABC system depends on the

output, since ZE‘ : x't; W is fixed. This component will reflect optimal input usage
l:

L}
TR

if and only if g(y")" = o'y(w') x'ri, ¥ x'ri. In this case, ¢'seni(W', g(y")") = S
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Finally, the long run average and marginal cost is equal to ¢'(w') = p 18%((;5‘”1[:
l:

_“’ti_ 13
Z?=l aw) ™

Condition (8) shows that activity t is being operated neither with excess capacity nor
above capacity, in the sense that all resources supplied are being used. It signifies
that the short run vector of inputs supplied and used (x'r1, ..., X'ru, X'ut1, +-., X'p) is the
long run cost minimisation vector of producing output g'(y")". So when condition (8)

takes place activity t is being operated in perfectly efficient conditions.

Case 2 (above capacity): g\(y') > min (g'i(y"))

In this case, the vector of inputs (g'(y")/a'i(w), ..., g'(y')/a'y(w')) is not the short run
cost minimisation vector anymore. The fact that some inputs are fixed and g'(y') >
min (g'ri(y')) means that one or more scarce (fixed) inputs have to be substituted by
the variable inputs'*. That is, the input mix will change. Consequently, the long run
cost of resources used and supplied of producing output g'(y') will not be achieved'’.
The precise linearly homogeneous technology will determine the major or minor
degree of substitution between inputs'®. At one extreme, if it is a Leontief

technology, no substitution between inputs will be permitted. In this case problem (6)

t
" Note that if 3 x's;: g'(y") < a'i(w') X'si, then 'spai(W', g'(y")) > Z and ¢'sp(W,g'(y")) >
o'W
" Scarce (fixed) inputs might also be substituted by other fixed inputs, as long as they are not fully
used. This might happen if 3 x'¢;, x'ru; ai(w') X' # o'y (W) X'su
'3 See footnote 11.
' This is given by the MRTS', .

i=1 ai(w)
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does not have a solution so the short run maximum output will be
g'(y") = min (g%i(y')). At another extreme, if it is a linear technology, inputs are
perfect substitutes for each other and problem (6) will have a solution. In the cases in
between, the major or minor degree of substitution between inputs that the
technology allows will determine if the output g'(y') can be achieved or not. In the

short run, the following condition will be observed:

©) 2P Xiwiz ¢'(w) gy

This means that the short run cost of resources used (equal or lower than the cost of
resources supplied) at activity t will be higher than or equal to the long run cost of
resources used and supplied. It will be higher than the long run cost if activity t is
being operated above capacity. This is because when g'(y') > min (g'ti(y")) the rate at
which the cost of resources used increases will no longer be constant, but will
increase at a progressively higher rate, as the input mix changes (and differs from the
long run input mix). Thus y" and y"*, j # k, will no longer be the same cost driver.
That is, the increase in the cost of resources used when a unit of cost driver is used
by cost object j will be different from the increase in the cost of resources used when
a unit of cost driver is used by cost object k'’. Therefore, ABC is only compatible

with activities operating with excess capacity.

' This contrasts with the long run analysis undertaken in the last section. As was demonstrated, when
cost object technologies are both linearly homogeneous and identical, the increase in the cost of
resources used (and supplied) when a cost object uses a unit of cost driver is equal for all cost objects
within a cost pool. However, this does not occur when, in the short run, activities are operated above
capacity.
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A corollary of condition (9) is that the short run cost reported by an ABC system will
be higher than or equal to the long run average and marginal cost
(d'sr(W', g'(¥")) = ¢'(w")). It is not hard to prove this claim. It has been shown that
when g'(y") < min (g'i(y")) the short run cost of resources used will be equal to the
long run cost of resources used and supplied. This implies either (i)
d'sr(W', g'(y")) = d'(w'), if all the resources supplied are being used or (ii)
d'sr(W', 2'(y")) > ¢'(w"), if not all the resources supplied are being used (see condition
(8)). If g'(y") > min (g'i(y")) then ¢'sr(W',g'(y")) > ¢'(w'), as the short run cost of

resources used will be higher than the long run cost of resources used and supplied.
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3.4. Conclusions

This chapter has first identified the necessary and sufficient conditions that support
the construction of an aggregate activity output, compatible with costs being directly
proportional to the level of that output. Two conditions were derived. The first is that
(1) cost object production functions are linearly homogeneous. This condition ensures
that marginal costs are constant, which is essential if the cost reported by an ABC
system, an average cost, is also to be a relevant cost for decision-making. The second
condition is that (ii) the marginal cost of a unit of cost driver used by a cost object is
equal for all cost objects within a cost pool. This condition ensures that the
aggregated activity cost function depends on only one cost driver. These two
conditions are jointly necessary and sufficient for the construction of an aggregate

activity output in ABC.

It has been shown that when cost object technologies are not only linearly
homogeneous but also identical the marginal cost of a unit of cost driver used by a
cost object is both constant and equal for all cost objects within a cost pool. The
contrary, however, is not true, meaning that even when cost object technologies are
heterogeneous the marginal cost of a unit of cost driver used by a cost object might
still be equal for all cost objects within a cost pool. This is why high product
technology heterogeneity does not necessarily lead to high product cost distortions. It
has also been shown that when condition (ii) does not hold the aggregated activity
cost function depends on more than one cost driver. In this case, the application of a

single average cost driver rate to allocate costs distorts product costs.
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Second, the short run structure of ABC was introduced. In the short run, it is
necessary to distinguish between the case where an activity is operated with excess
capacity and the case where it is operated above capacity. An activity is operated
with excess capacity if all the fixed inputs are not fully used. It is operated above
capacity if at least one fixed input is fully used. This concept of capacity has been
neglected in the management accounting literature, in general, and in the ABC
literature, in particular. However, it is fundamental to represent the short run
equation of capacity, one of the highest profile innovations of ABC systems (Cooper

and Kaplan, 1992).

The rate at which the cost of resources used changes is constant only when activities
are operated with excess capacity. This rate can be split into two components. While
one component denotes an increase in the cost of resources used but not in the cost of
resources supplied, the other denotes an increase in the cost of resources used and
supplied. Only this latter component generates relevant costs for decision-making.
The rate at which the cost of resources used changes will no longer be constant when
activities are operated with excess capacity, since, in this case, the input mix will
change and differ from the long run input mix. Thus ABC is only compatible with

activities operating with excess capacity.
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CHAPTER IV - HOMOGENEOUS, NON-HOMOTHETIC TECHNOLOGIES

AND PRODUCT COSTING

4.1. Introduction

It was demonstrated in the last chapter that the two necessary and sufficient
conditions supporting the construction in ABC of an aggregate activity output are (i)
the linear homogeneity property associated with each cost object production function
and the fact that (i1) the marginal cost corresponding to a unit of cost driver used by a
cost object is equal for all cost objects within a cost pool. These two conditions
ensure that the activity cost function is linear with respect to an aggregate activity
output or cost driver. Under these circumstances, the typical product cost reported by

an ABC system, an average cost, would also be a relevant cost for decision-making.

The linear homogeneity property of cost object production functions signifies that an
equal and simultaneous increase or decrease in all inputs is reflected in the same way
in the activity output. This constitutes a very strong condition to impose on real word
cost systems and for this reason it is worth pursuing the investigation of situations
where this property does not apply. The non-existence of the linear homogeneity
property of cost object production functions will imply that average product costs
will differ from marginal product costs, that is, ABC systems will not generate

relevant costs for decisions involving output variation.
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This chapter explores the relaxation of the linear homogeneity property of cost object
production functions. The analysis is based on the duality between production and
cost functions. As in the study of the short run activity cost functions in section 3.3, it
1s also assumed here that cost object technologies are identical. Thus all cost object
volumes represent various levels of the same output. This permits the visualization of
the activity output as an intermediate input that is used by the various cost objects.
Two types of non-linear technologies are considered. The first one is the case of
homogeneous technologies, a particular category of homothetic technologies. The
second one concerns the case of non-homothetic technologies. These two types of
technologies are sufficiently flexible to cover a great variety of situations in terms of
non-linear input-output relationships. In the case of homogeneous technologies all
inputs always change in the same way. This amounts to saying that when the activity
output increases, all inputs equally vary by a greater (decreasing returns to scale),
equal (constant returns to scale) or smaller (increasing returns to scale) proportional
change'. In many real world situations, however, this rigid pattern of input change is
unlikely to occur. Some inputs will change more than proportionally, others less than
proportionally and yet others in the same way as the activity output. The
characterisation of the non-homothetic attribute provides a basis for addressing these

possible types of input behaviour.

The chapter is organised as follows. Section 4.2 addresses the structure of
homogeneous technologies. The major advantage of assuming this type of

technology is its simple analytical structure, as it gives rise to cost functions

' Noreen and Soderstrom (1994, 1997), for example, find evidence, in a study of overheads costs in a
hospital, for the existence of increasing returns to scale.
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multiplicatively separable in input prices and output. This multiplicatively separable
structure presupposes that the input mix is constant along the expansion path
(homothetic property). However, this assumption is not valid when normal and
inferior inputs are combined. An inferior (normal) input is one whose quantity
increases (decreases) with output. Section 4.3 introduces a procedure developed by
Pollak and Wales (1992) in the production economics literature that transforms a
homogeneous technology into a non-homothetic one. In the section 4.4, this
procedure is applied to the Leontief technology in order to derive the non-homothetic
Leontief cost function. In the section 4.5 a model is specified while in section 4.6
some simulations are performed in order to ascertain the major implications of the

results derived in section 4.5. Finally, section 4.7 presents the conclusions.
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4.2. Homogeneous Technologies and Cost Functions

Homogeneous technologies are a particular case of homothetic technologies. If fact,
all homogeneous technologies are homothetic. The contrary, however, is not true, as
it possible to identify homothetic technologies that are not homogeneous. An
example of a homothetic technology that is not homogeneous will be presented later

in this section.

The usual rationality for assuming homotheticity is that it gives rise to cost functions
multiplicatively separable in input prices and output. That is to say, under
homotheticity it is possible to construct an aggregate input price that is independent

of the level of output. A homogeneous technology is a special case of a homothetic
technology, where h'(f\(x")) = (f‘(x‘))ﬁl: g'(y"). It was demonstrated in section 2.5 that
the cost function for a homothetic technology can be written as
c'w', g(v) = 0'(g'y) ¢'(w), where '(gi(y)) =h"" ()Y (1). This implies

that the cost function for a homogeneous technology takes the following form:

(1) v, gy = 2" o'w)

Where v, = 1/B'. As previously observed, the output g'(y") is as an intermediate input
that is used by the various cost objects. The cost function (1) is homogeneous of
degree v' in output, while the associated production function is homogeneous of
degree B, = 1/v'. When the production function is homogeneous of degree one the

cost function becomes c'(w', g'(y") =g'(y") ¢'(w'). An ABC system designed to
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generate relevant costs presupposes such a structure, where average and marginal
costs are constant and equal to ¢'(w') (see chapter 2). It just signifies that costs vary

linearly with the activity output.

Expression (1) shows that when v' < 1 (or B, > 1) we have increasing returns to scale,
while when v' > 1 (or B, < 1) we are in the presence of decreasing returns to scale.
Increasing returns to scale means that when all inputs increase in proportion by a
certain amount the activity output shows a more than proportional increase. This
implies that the rate at which costs increase reduces with the level of output. In other
words, marginal costs are decreasing. Simultaneously, decreasing returns to scale
signifies that when all inputs increase in proportion by a given amount the activity
output shows a less than proportional increase. Consequently, costs increase at a
progressively higher rate, i.e., marginal costs increase with output. This can be easily

demonstrated if we derive from (1) the marginal cost (MC,):

aoc'(w!, g'(y' t te otV — 1t
@ M, = FEE v gy = gy

From (2) it is apparent that the marginal cost is an increasing function when v' > 1,

but a decreasing function when V' < 1. Similarly, the average cost (AC)) is:

AC, =B I _ oV =1 gty

) g'(y")
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Both the marginal and average costs depend on the level of output. The only case
when the marginal and average costs are independent of the level of output is when
the production function is linearly homogeneous (B;=v' = 1). From (2) and (3), it
can be shown that marginal and average costs of homogeneous functions are related
as follows:

20, XiWi

4) MC, = V' AC,=V' i
This means that the marginal cost can be obtained if we multiply the average cost by
the degree of homogeneity of the cost function. Note, however, that the average cost
depends on the level of output, as does the marginal cost. This means that the
determination of the marginal cost for a given output through (4) presupposes that
the average cost associated with the same level of output is known. This corresponds
to a situation where costs for different level of outputs can be accumulated.
Furthermore, it is clear from expression (4) that the marginal cost of homogeneous
functions will be either strictly above or strictly below the average cost, depending

on the degree of homogeneity of the cost function, v'. In other words, MC, > AC;

when v' > 1, but MC, < AC, when V' < 1.

In the product costing literature, the only attempt to incorporate into the analysis
non-linearity issues are Christensen and Demski (1997, 2003). However, they only
make use of the result that increasing (decreasing) returns to scale imply that average

costs will be above (below) marginal costs. They state (1997, p. 83):
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“It is well known that d(x) strictly concave implies marginal cost is strictly
increasing in output. This implies average cost is strictly below marginal
cost” (d(x) is the production function).
In this study, however, the analysis is founded on the duality between production and
cost functions, and while deriving the cost function dual to a homogeneous

technology, a more general case, the non-homothetic one (see sections 4.3 and 4.4),

is also derived.

Finally, it must be observed that in the case of homothetic technologies that are not

homogeneous the relationship between average and marginal costs is not generally

constant. Consider the example h'(f{(x")) = Ln f(x") = g(y'), where f{(x) = x',% x' ~*

and fi(x') > 1 (since g'(y') > 0). This technology is homothetic but not homogenous.
In this case, MC, = g'(y') AC,, meaning that the relation between marginal and

average costs is not constant, as it depends on the level of outputz.

d h'(f'(x' 1
’Ln f{(x") is homothetic because (i) f{(x") is homogeneous of degree one and (ii) J(ft({:.))) =T > 0.

t
It is not homogeneous, however, since Ln f{(A x') = Ln (A f(x")) = Ln & + Ln f(x") # KB Ln f(x"). The
cost function dual to a homothetic technology is c'(W' g'(y))=0'(g(y") ¢'(w'), where
te b

te trit h{ 2 (4 t L} Le L € g (y ] t t i = =
Qgly)) = hl) Therefore, c(w, g(y))= = ¢'(w). This implies that

e80) . 1 e80Y)
MC, = " o(w), AC, = gy) e

$'(w') and MC, = g(y") AC..
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4.3. Non-Homothetic Technologies and Cost Functions

In economics, the concept of non-homotheticity is associated with the combination
of normal inputs with inferior inputs. An inferior input is one whose quantity falls as
output increases, while a normal input is one whose quantity increases with output
(Chambers, 1988, p. 69). Homothetic technologies have the property that the quotient
between pair of inputs does not change with output (see section 2.5). This signifies
that all the inputs always change in the same way. When one input increases or
decreases in proportion by a given amount, all the others change by the same
amount. In the case of a non-homothetic function, however, the ratio between pair of
inputs changes with the level of output. It might be the case that as output increases
some inputs increase more than proportionally while others increase less than
proportionally. This section introduces a procedure developed by Pollak and Wales

(1992) that transforms a homogeneous technology into a non-homothetic one.
Consider again expression (1), which shows the structure of a cost function

homogeneous of degree v' in output. Since ¢'(w') is homogeneous of degree one in

inputs prices (see section 2.5), expression (1) can be rewritten as:

(5) cwh, 2(y)) = 26" o'W = olwhs (Y)Y .o W g()Y)

If we allow the v"’s corresponding to different inputs to differ, we have:

6) St g(y)) = Wl g () o who g7 = ¢, .., hY)
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Except in certain degenerate special cases, the technology corresponding to
specification (6) is non-homothetic (Pollak and Wales, 1992, p. 213)’. It follows

from (6) that the marginal and average costs are:

ac'(w', g'(y) _ 20, Xiwivh

7 MG, =
2 gy gw)
Proof:
ﬁbbﬁ&ﬂ a9'(-) _ohl 3 b R
og'(y") 21-1 oh' og'(y) ZEL, ont Wivigly) . Moreover, by
R s O te | t
the Lemma of Shephard aﬂ%"_ww:x[i:a%;p) g:,l _ad’ag][) gy )\u Thus

ZP x4 whvh

MCe="""g13

clow', g'y) 20, Xiwh
g'(y) g'(y)

®) AC =

From (7) and (8) it can be shown that marginal and average costs are related in the

following manner:

ZII:’:I Xt,' Wli vi—=1)

g(y)

) MCi— AC, =

? Pollak and Wales (1992, p. 219) show that the Cobb-Douglas technology is a degenerative case, in
which distinct v"’s imply a homogeneous technology, i.e., a homothetic technology.
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When the technology is homogeneous, v = V! (i= 1, ..., p). In this case, expression
(9) results in expression (4), case in which the marginal and average costs are exactly

related by the degree of homogeneity of the cost function.

From (9), it can be shown that x; w' (v} — 1) > 0, if v} > 1 and x; w' (v — 1) <0, if
V' < 1. This attribute is not observable in the context of any non-linear technology. It
is observable, however, in the context of non-homothetic technologies, since, here,
some inputs might increase more than proportionally while others might increase less
than proportionally, when output increases. Finally, it is interesting to observe that
this specific characteristic might reduce the difference between marginal and average
costs (as it reduces the absolute value of the numerator of expression (9)). However,
note that because the ratios x'/g'(y') change with output so does the difference
between marginal and average costs, i.e., the value of expression (9) depends on the

level of output”.

4.4. The Non-Homothetic Leontief Cost Function

In this section we apply the procedure introduced in the previous section to the
Leontief technology. Two reasons support the choice of this technology. Firstly, it
constitutes a natural extension of the linearly homogeneous Leontief technology that

has been widely used in the management accounting literature (e.g. Balakrishnan and

xi 9'(:)

4 - t t"'ti—l
Since g~ o g(y) 2
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Sivaramakrishnan, 2002). Secondly, it is a relatively straightforward matter to

represent it in terms of the duality between costs and technology.

The non-homothetic Leontief technology for activity t can be represented as follows:
(10) giy) = min (ot x P, ., oty x4, Pr)

At the same time, the minimum cost of producing a given level of output implies

that:

i te o 1/BY Lo VS
(11) g(y) = o'ixiP or = [g_()f_l] = (ﬂ‘@]
(035 CL
Observe that the v'{’s corresponding to different inputs are different. The essence of
the non-homothetic feature lies precisely here. It can be shown that V', is the elasticity

of input demand with respect to output, that is, the ratio of the relative change in the

demand of input i to the relative change in output, ceteris paribus:

dx"/x"
12 — R ot o R e li
(12) DO~ dol(y)/g'(y) Y

Proof:
A g0 ey L gy
EDOT dgiyh) x| _V'[ G-li] gy (gl[:tl!)vti_\’i. .
OLIE
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The cost function for the non-homothetic Leontief technology is given by:

(13) (W, gN=2p Xiwi=2p (g{xﬁ] Wi

From (13), it can be seen that the cost function is not multiplicatively separable in
input prices and output, as when the technology is homothetic. The marginal and

average costs are:

(4 MG og'(y") e Vilof ) 209
cl(w, g'(y" - ) v wh
(13) AG="T00 _Zfll( a'f) g

At the same time, the difference between marginal and average costs is given by:

— t E[LVQ Vi Wti
(16) MCT-AC.—Z?ZI (V- 1)( a.j] P

As previously observed, the central feature of a non-homothetic technology is the
fact that the ratio between pair of inputs changes with the level of output. Thus we
can make use of the concept of elasticity of input substitution with respect to output
to ascertain how the ratio between pair of inputs varies with output. If we apply it,

we obtain:
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DGR v

(17) €50~ dgt(yt)fgl(yl) =Vi—Vu
Proof:
Note first that 7 = [Q.J [atj g(y) - Thus €s0=""5t00 xix, =
1 vl 1 i t P et tvri_v{u_lt e ] wiA 1 Vt"t t_\fi—i_vtll ;
~(30) (30) oAV g0 () (o) 860 -
=vi-vi. m

The sign of V'; — V', indicates if the technology is input i or input u biased. That is to
say, it biased in relation to the input which increases by a relative by large amount
when output increases. If v > V', the technology is input i biased (input i increases
relatively by more than input u when output increases). If v'; < v\, the technology is
input u biased. If vi= V', the quotient between pair of inputs is constant (the
elasticity of input substitution is zero), just as it is when the technology is
homothetic. In the next section, a formal model is specified, in order to provide a
basis for the evaluation of the implications of the technology characteristics

discussed so far.
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4.5. Model

Consider a setting where m products are produced. Production only takes place when
a new order arrives, since there is no production for stock. Additionally, orders are
processed according to a FIFO discipline. The production process encompasses three
sequential activities. The first activity, A, aggregates two inputs (x'; and x'5, with
prices w'; and w's, respectively) and is a typical batch activity, where the number of
set-ups of each of the m products is the (non-final good) output. The second activity,
A,, corresponds to the incorporation of a single direct input (x*;, with price w?;) in
each of the individual units of the m products. This is the case where inputs are
measured individually and, as such, no aggregation of inputs occurs. The third
activity, As, aggregates two inputs (x3| and xj,a_, with prices w3| and w* 2, respectively)

and is also final good output driven.

The vector of outputs is represented as (q', ..., Q'm), where ¢’ is the volume of
output r associated with cost object j (see section 2.6). In the model, (@', q'm) 1$
the vector of final good outputs, where qu is the number of units of product j. This
vector drives the consumption of resources in activities A, and A;. In the case of
activity Ay, (q2|, o qzm) is the corresponding vector of outputs. Here, qzj represents
the number of set-ups of product j°. As previously defined, y“j denotes the total units
of cost driver used by cost object j at activity t. This variable can be expressed as a

function of q';. Accordingly, y = q'j a'j, where a'j is the units of cost driver used by

* Implied in this analysis is the fact that the total number of set-ups is separable among the m products,
i.e., each set-up is associated with one and only one product. If a set-up involves, for example, two
products (which might be represented by qzj_k, where j # k), its cost is not separable between them. In
this case, we have an inherently joint cost.
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one unit of product j, in activities A, and Az (g'(y") = Z}ilqu a'j, t=2,3), or by one

set-up of product j, in activity A;. In this last case, a'j = 1, as the activity output is

exactly the total number of set-ups (gl(y') = Zjnllqzj al = ZJ“; 1qzj). In activity Aj, 32j

is the units of input 1 per unit of product j.

Now the question of technology can be considered. Datar and Gupta (1994) in theilr
study of aggregation, specification and measurement errors when determining
product costs have explicitly concentrated on linear cost functions. Aggregation
errors occur when costs caused by different cost drivers are aggregated in a single
cost pool. Specification errors are caused by inexactitudes in cause-and-effect
relationships and result from choosing the wrong cost driver®. In practice,
aggregation and specification errors are correlated. If an activity wrongly includes
costs from other activities then we observe simultaneously both aggregation and
specification errors. At the same time, if the dependent and independent variables
(activity cost and activity cost driver) are ‘“correctly” defined, there are no
aggregation and/or specification errors. In the context of our model, we assume the
inexistence of aggregation and specification errors. We also consider that the
dependent and independent variables are measured without error. We assume the

inexistence of aggregation, specification and measurement errors in order to

® These two definitions implicitly assume that it is possible to design a cost system in such a way that
for each cost pool there is one and only one cost driver. Both conventional and ABC systems are
based on this assumption. Note also that, in this section, it is being explicitly assumed that each
activity depends on one and only one cost driver (a single intermediate input). This might not be the
case, however. As was shown in the last chapter, even assuming that technologies are linearly
homogeneous, it might be the case that an activity depends on more than one cost driver (see
Corollary 2, section 3.2). If this is the case, a specification error occurs if we represent the activity
cost function as depending on only one cost driver.
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introduce and isolate what can be called a functional form error. The is because even
when the dependent and independent variables are “correctly” defined, the functional
form relating one with the other might be not. For example, the usual linearity
assumption might simply prove to be invalid. Normal cost accounting procedures
may calculate a cost driver rate that is invariant with the activity output.
Consequently, if the functional form underlying an activity production function is not
linearly homogeneous then a difference will exist between marginal and average

costs so implying that cost accounting numbers do not measure incremental costs.

The functional form feature is specifically analysed in the context of the activity As,
where we simulate two types of non-linearly homogeneous technologies: the
homogeneous and the non-homothetic Leontief technology (see expression (13)).
Concerning activities A; and A,, we assume the usual linearly homogeneous
Leontief structure. Considering earlier definitions, the cost driver rates for the three

activities are determined as follows:

Table 1 — Average Cost Driver Rates

Activity A, Activity A, Activity A,
Iy v X W TX W ) X W . | X IW +HXHw
¢'(wh= W) = =W O S =TS

"Since g'y") = > q'; =

Later we will discuss in more detail the determination of the cost driver rates
associated with activities A; and A;. For now, note only that while the average cost

driver rates for activities A; and A, are constant (¢'(w') and (W), respectively —
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given the assumed linearly homogeneous structure), the average cost driver rate for

activity As is not constant, as it depends on the level of output (d)3 (w3, g3 (y3 ))-

The question that we should now direct attention to concerns the incremental cost of
a new order. To undertake this analysis, consider that a given order increases the

output of activity t from a' to b'. Therefore, its incremental cost is:

I T .2 2 2, 2
de(w,g(y)) oc(w’, g°(y?))
a8) [ g0 + R ) +

After simplification, expression (18) results in:

3 3,

19wt -a 3z () w3 (A W
Proof:

ﬂw_g_(ﬂl _Lg_(y_ll M _
[ aglon OO [Tagy w0 [T agyy w0

33\’3

b' b’ b’ ; 3. 3
= [ov ) eyt [Her)dee ) [v) () e deo
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Observe that an order gives rise to one set-up, which increases the output of activity
A, from a' to b'=a'+ 1 (b' — a' = 1). Note also that while the marginal costs at
activities 1 and 2 are constant (given the assumed linearly homogeneous structure),

the marginal cost at activity 3 (which is derived directly form expression (14)) is not

constant. m

Conventional cost accounting practice, based on an average cost driver rate,
“correctly” identifies the incremental cost at activities A; and A,. This is patent in the
first two terms of expression (19), where the incremental cost at activities A; and A,
is simply the average cost driver rate times the increase in the activity output (b' - a').
This is not the case with activity As, however. Here, the difference between the
activity’s incremental cost (third and fourth terms of expression (19)), and the cost

based on an average cost driver rate, ¢3 (W, g3(y3)), might be represented as:

3 3

e 32 (5 wi-3z () wi-eern 2o o o)

i=1 Lo’ i=1 Lo’
The fact that the technology associated with activity As is not linearly homogenous,

either it is homogeneous of a degree different from 1 or it is non-homothetic,

signifies that the average cost driver rate depends on the level of output considered,
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(W, g3(y3)). Conventional cost accounting procedures suggest that the
determination of ¢*(w’, g*(y*)) is derived from a mean activity output (per period),
which depends itself on the mean demand of each of the m products. Accordingly,

E(g'(vY)) ZZJP:‘-I E(q' i a’ i» where E(g’(y?)) is the mean activity output (per period),

E(qI ;) the mean demand for product j (per period) and a’ i» as already defined, the
units of cost driver used per unit of product j. Specific simulations are undertaken in

the next section.
4.6. Simulations

For simulation purposes, we consider the existence of only two products, P, and P.
The specific parameters assumed for each of the three activities are presented in table
2.

Table 2 — Activity Parameters

Activity A Activity A, Activity A,
o, ey - /o 1/,
2 I - 4 2
v v - v v

1 1 - 3 technologies (*)
w', w]3 w2| w ng
£2 £3 £3 £4 £2
al a'y a’ a%, a’) a%

1 1 2 3 1 2

(*) Ty (v} = 0,8; v, = 0,8); To: (vV?, = 1,2; v = 1,2); Ta: (v = 0,8; v, = 1,2)
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The linearly homogeneous Leontief structure of activity A; implies that the cost

driver rate is ¢'(w') = Z? 1%}= £2x2+£3 x1=£7". This is exactly the cost per
= i

set-up. The cost driver rate for activity Aj is »*(wW?) = w? = £3.

With respect to activity Az, we simulate three alternative technologies, as stated in
table 2. Technology T gives rise to a cost function homogeneous of degree 0,8 iﬁ
output, while T, supports a cost function homogeneous of degree 1,2. In the first case
the marginal cost is a monotonically decreasing function, whereas in the second it is
a monotonically increasing function. Technology Tz is non-homothetic, since
v3| * ng. In activity A3, we compute a cost driver rate assuming a mean activity
output (per period) of 14 units of cost driver. Therefore, the cost driver rate

»*(w?, g(y’)) presented in table 1 is determined as follows: »(wW, g(y)) =

gl! XI! Vi wi  £4 v £2 v 5 :
Zi2=l ( o) 2OH 14 (4x14) +7; (2 x14) " (see expression (15)). Direct
calculations show that ¢3(w3, g3(y3)) =£9,2 (Ty: (v3| =0,8; v’3=0,8)),
P, Zy)=£436 (T (Vi=12 vh=12) and ¢ (W', g'(y)) =£149 (Ts:

(v31 =0,8; v’,=1,2)). Table 3 provides information concerning the (cumulative)

output of the three activities in a given period.

7 ¢'(w') is derived directly from either expression (14) (or expression (15)), noting that vi=vli=1,
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Table 3 — Activity Output

Order Units Activity A;  Activity A, Activity A,

Product  Number per Order (%) (q'ia%) (q'12%)
P, 1° 1 1 I 2 1x1
P, 2° 4 2()1.+1) 14(2+4x3) 9(1+4x2)
P 3° 3 3(2+1) 20(14+3x2) 12(9+3x1)
P, 4° 1 4(3+1) 23(Q0+1x3) 14(12+1x2)
P, 5° 2 5(4+1) 29(23+2x3) 18(14+2x2)

Table 3 should be read in the following way. The 2° order of the period (4 units of
P,) increased the output of activity A; from 1 to 2 (since it gave rise to one set-up),
the output of activity A, from 2 to 14 (2 + 4 x 3) and the output of activity Az from 1

to 9 (1 + 4 x 2). The remainder of table 3 should be read in the same fashion.

The objective of the simulations is the evaluation of the distortions arising from the
use of an accounting procedure that computes and utilises an average cost driver rate.
As has been observed, distortions arise whenever cost functions are not linear with
output. In the model, the total cost error, the difference between the incremental cost
of an order and the cost that is based on an average cost driver rate, is given by
expression (20). Bearing in mind that expression (19) is the incremental cost of an
order, the percentage cost error is defined as the quotient of expression (20) to

expression (19).

The following chart shows the percentage cost error for the five orders presented in

table 3, under the three alternative technologies postulated for activity As.
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Chart 1 — Percentage Cost Error under Three Alternative Technologies
Series1: T4(v*; = 0,8; v} = 0,8)
Series2: To(v?; =1,2; v, =1,2)
Series3: T3(v*; = 0,8; v}, =1,2)
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Seriesl corresponds to a cost function homogeneous of degree 0,8 in output,
implying that the marginal cost strictly decreases with output (and the percentage
cost error as well). Observe that the percentage error for the first order is around
+ 22% (the incremental cost of the 1° order is higher than the cost allocated to the
same order), while for the fifth order is almost —15% (the incremental cost for the 5°
order is lower than the cost allocated to the same order). Chart 2 helps to visualize

how the total cost error changes with the activity output, for this technology.
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Chart 2 — Activity As: T (v*; = 0,8; v*, =0,8)
Marginal Cost versus Average Cost Driver Rate (£9,2)
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Activity Output

According to table 3, the first order increases the output of activity Az from 0 to 1.
Graphically, the total cost error is the cumulative difference between the marginal
cost curve and the average cost driver rate line, when the output changes from 0 to 1.
The second order increases the activity output from 1 to 9. Observe that when the
output increases from 1 to 5 the cumulative difference between the marginal cost
curve and the average cost driver rate line is positive (as the marginal cost is higher
than the average cost driver rate). However, that difference becomes negative when
the output is higher than 5. So the fact that the cumulative difference between the
marginal cost and the average cost driver rate is positive when the activity output
goes from 1 to 5 while negative when it goes from 5 to 9 explains the low percentage

cost error for the second order (around 1%).
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Series2 of chart 1 characterizes the percentage cost error for a cost function
homogeneous of degree 1,2 in output. In this case, the marginal cost strictly increases

with output (and the percentage cost error as well). Chart 3 helps to visualize this.

Chart 3 — Activity As: T2 (v}, =1,2; v¥2=1,2)
Marginal Cost versus Average Cost Driver Rate (£43,6)
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Among the three alternative technologies under consideration, the non-homothetic
technology (T;) gives rise, overall, to a smaller percentage error (see chart I).
Actually, the percentage error varies from 6% (1° order) to just about 1% (5° order).
The explanation of this fact lies again in the curvature of the marginal cost, which is

presented in chart 4.
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Chart 4 — Activity As: T3 (v*; = 0,8; v, =1,2)
Marginal Cost versus Average Cost Driver Rate (£14,9)
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Activity Output

Observe that the marginal cost decreases between 0 and approximately 5, but
increases in a very smooth way after that level of output. At the same time, the
cumulative difference between the marginal cost curve and the average cost driver
line is very low, which explains the small percentage error across the five orders. In
this particular case, a cost accounting system founded on an average cost driver rate

does not distort to a great extent incremental costs.

The magnitude of the distortion is deeply associated with the parameters v?) and v,
of the cost function. When both converge to one the percentage error tends to zero,
since that results in a cost function linear with output, where average and marginal
costs coincide. The reverse is also true, i.e., the magnitude of the distortion increases

3 3 .
as the parameters v'; and v, diverge from one.
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The two following charts show how the percentage cost error for the first two orders
changes when Vv’ and v, vary from 0,5 to 1,5 (appendix II shows the charts for the
remaining orders). Both charts are cut with a plane parallel to the Vv plane,
corresponding to the set of points (v*\. v%) for which the percentage cost error for

each order is zero.

Chart 5 — Percentage Cost Error for the 1° and 2° Orders

(0,5 <v*<1,5)

x =v* and y= v

1.5 1.5 1.5 1.5

As already noted, when the cost function is not linear with output the percentage
error changes from one order to another, that is to say, the percentage error depends
on the level of output. However, a common attribute of both figures is the fact that
each of them converges to zero when the elasticity of each input demand tends to one

(since this results in a cost function linear with output).
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4.7. Conclusions

This chapter has concentrated on the relaxation of one of the most important
properties underlying the structure of an ABC system: the linear homogeneity
property of cost object production functions. It was assumed that all cost object
technologies were identical. More specifically, it was explicitly supposed that the

activity output was an intermediate input used by the various cost objects.

It was considered that aggregation, specification or measurement errors, in the terms
they have been defined by Datar and Gupta (1994), were absent. However, another
type of error, designated as functional form error, was introduced. This type of error
was identified from the investigation of the distortions arising from the use of an
accounting procedure based on an average cost driver rate, in a context where cost
functions were not linear with output. On the whole, distortions increase as the
elasticity of each input demand diverges from one. That is, distortions increase as the
input-output relationships depart from the linear case. But distortions also change
with output. This means that, depending on the output interval, the application of a
single average cost driver rate might undercost, overcost or even approximate

incremental costs.

The above results demonstrate that a mathematical analysis can be applied to
facilitate the assessment of the decision suitability of cost systems information
outputs. They show that the distortions arising from the adoption of cost functions

linear with output can be identified quantitatively. This contributes to the
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ascertainment of the costs and benefits of costing systems and is one aspect that
should be given attention when designing a new cost system or evaluating an existing

one.
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Appendix Il
Percentage Cost Error for the 3° 4° and 5° Orders (Section 4.6)

(0,5 <v% <1,5)

x = v; and y =v%,

157 15 1.5 1.5

1.5 1.5
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CHAPTER V - EMPIRICAL ISSUES

5.1. Introduction

The purpose of this chapter is to address some issues that the empirical work in the
area of product costing poses. It should be recognised that, in general, it is quite
challenging to develop credible empirical work in this area. The fact that the
researcher has usually little control over variables that might interfere directly on the
validity of the results creates the challenge. The objective of this chapter is to

identify and review these variables.

Although the motivation of this chapter is not to justify the choice of the research
method used later (next chapter provides a justification), the difficulties that the
empirical work poses also serves to explain, together with the specific purposes of

this study, the use of simulation as a research method in chapter seven.

The main difficulties raised by empirical work are caused by the fact that production
and cost functions are not usually known in practice. Section 5.2 analyses how
researchers in the area of product costing have dealt with this difficulty. But, even if
production and cost relationships are known, there might exist difficulties related to
the measurement of the variables. With respect to this point, particularly problematic
is the case of the, so-called, committed resources, where large differences can exist
between the cost of resources used and the cost of resources supplied (Cooper and

Kaplan, 1992). Section 5.3 concentrates on the difficulties that this poses in terms of
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the statistical analysis of ABC data. Sections 5.4 and 5.5 examine two further
difficulties which, unless their effects are adequately controlled, would seriously
reduce the validity of the statistical analysis of ABC data. Specifically, section 5.4
focuses on the problem of input prices change, while section 5.5 analyses the

problem of technical change. Finally, section 5.6 presents the conclusions.
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5.2. Functional Form Specification

Since the emergence of ABC, the investigation of the factors that cause overhead
costs has attracted a great deal of attention on the part of management accounting
researchers. Particular attention has been given to the role of non-volume or

complexity variables in explaining overhead costs (see section 2.6).

Without a priori any specific knowledge concerning the technology and (given the
duality between cost and technology) the cost functions driving overhead costs, most
of these studies postulate a given functional form. The choice of a particular type of
cost function might reflect the purpose of the research, data issues, such as sample
size, among other factors. With regard to the factors supporting the choice of the
functional form it is worth considering here two or three examples from the

literature.

Banker et al (1995) specify a (log) linear cost function, with a Cobb-Douglas

structure. They note that:

“...this specification is not intended to represent an economic cost function
reflecting optimal allocation of resources given prices ... we choose this form
because it is parsimonious, requiring fewest number of parameters to be
estimated given the volume and transactional variables, thus preserving the
degrees of freedom for our sample of only 32 plants” (Banker et al, 1995, p.
123).

Noreen and Soderstrom (1994, 1997) specifically test whether overhead costs were

proportional to activity output, an implicit assumption of conventional cost
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accounting procedures, which implies the equality between marginal and average
costs. They assume a log (linear) cost function, consistent with a Cobb-Douglas

structure. They observe that:

“The log transformation is not entirely ad hoc in the context of estimating
cost functions; it has a long tradition in economics and, as previously noted,
is consistent with a Cobb-Douglas production function” (Noreen and
Soderstrom, 1994, p. 265).
Ittner et al (1997) use principal component analysis to investigate to what extent a
wide variety of manufacturing measures were associated with the different levels of
the ABC cost hierarchy (unit, batch, product and facility). Here, the absence of
knowledge regarding the structure of cost functions supported the use of a procedure

that sought to associate the different manufacturing measures with the ABC cost

hierarchy levels.

Overall, these studies are important for driver identification, as they provide evidence
concerning the effect of different drivers on overhead costs. Testing the two basic
properties supporting an ABC system (the linear homogeneity property associated
with each cost object production function and the fact that the marginal cost
corresponding to a unit of cost driver used by a cost object is equal for all cost
objects within a cost pool) requires, however, finer specification and, most
importantly, much more detailed data, which hardly ever is available in practice. We
will return to the issue of testing ABC in chapter seven. Specifically, the question of

testing the second condition supporting the construction of an aggregate activity
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output (the condition under which the marginal cost of a unit of cost driver used by a

cost object is equal for all cost objects within a cost pool) will be addressed.

5.3. Resources Supplied versus Resources Used

The problem analysed here concerns the measurement of the cost of resources used.
Financial systems measure the cost of resources supplied. ABC systems, however,
measure the cost of resources used. The problem of measuring the cost of resources
used is particularly problematic in the case of the committed resources (see Cooper
and Kaplan. 1992, 1998), where large differences can exist between the cost of
resources supplied and the cost of resources used'. Under these circumstances, and
unless the unused capacity can be identified and measured, simply regressing the cost
of resources supplied on measures of the activity output will not produce reliable

statistical evidence on cost causality.

To overcome the difficulties in measuring the cost of resources used, researchers

cannot rely on readily available data. As Kaplan (1993, p. 3) observes:

“Instead of using readily available data, the researcher can look closely at
internal company events and data so that the unused and even overused
capacity for individual resources and activities can be identified and
measured”. Alternatively, “They (researchers) can choose organizations
where the cost of unused capacity are not likely to be high, because of high
growth situations”

' Committed resources are acquired before they are used. The expenses of supplying these resources
are incurred whether the resources are used or not. In contrast, flexible resources are acquired as
needed.
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So the key aspect of the research process is the analysis of the organization context
and careful construction of data. Only then it will be possible to undertake credible
statistical analysis and inference. For example, it was the analysis of the
organizational context, specifically interviews with people, that gave Foster and
Gupta (1990) insights into the process of understanding why they found a limited
empirical support for complexity-based and efficiency-based drivers in explaining
overhead costs behaviour in thirty-seven facilities of an electronics company (see

section 2.6).
5.4. Input Prices Change

Unless production and cost relationships are known, testing empirically the two basic
properties underlying an ABC system requires that it is necessary to control for the
effect of input prices change. Suppose that cost object technologies are both linearly
homogeneous and identical. Further, consider that C', is the total cost at activity t in

period n and x', o) = Zj‘il x‘ud ) the quantity of input u used at the same activity in

period n. The average and marginal cost driver rate (when input u is used as a
measure of the activity output) might then be obtained if the following specification

is estimated:
(1 Clmy =8+ 'y X'um + Em

Where &' is the intercept and &'y, a disturbance term. In the absence of fixed costs,

the constant &' should not be statistically different from zero. Since cost object
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technologies are not known (although it is assumed that they are both linearly
homogeneous and identical), at best we obtain the (estimated) cost driver rate for a
given input price set’. However, the possibility of the time-series data containing

input prices change might distort the estimator of ¢',.

To sum up, if production and cost relationships are not known, the best the
researcher can obtain is the (estimated) cost driver rate for a given input price set.
However, if little control is exerted over the effects of input prices change, we risk

estimating correlations that are entirely misleading.

5.5. Technical Change

The analysis so far has assumed that the state of technology is constant over time. It
is doubtful that this is the case, however. The possibility of the time-series data
containing technical change might also distort the estimator of ¢‘u, in the same way

input prices change does.

In the real world, technical change often takes the form of a completely new
technology. Supposing that f,)(X)) represents the production function in period n, it
might be the case that fu)(xm)) and finy (X)) (n#n’)’ are two distinct functional

forms, where the vector of inputs X and X, are not necessarily equal, as new

? Remember that the constant (average and marginal) cost driver rate is conditional to both a given
input price set and a given linearly homogeneous technology (see section 3.2).

3 This might be seen as the production function for a given activity. However, technical change might
also signify that activities are not stable over time, as new activities arise and/or old activities give rise
to new ones.
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inputs are also part of the innovation process. Unfortunately, treating analytically this
kind of technical change is very difficult. So, although production economists have
considered in the statistical analysis of time series data the evolution of technology,
they have concentrated on what in the literature is referred to as disembodied
technical change. A particularly popular definition is that introduced by Hicks
(1963), who defined technical change in terms of the relative input utilization. More
specifically, a production function is Hicks neutral if it can be written as (see

Chambers, 1988, Chapter 6):

) f(g(x), n)

Expression (2) implies that time (represented by n) is separable from the vector of
inputs (represented by x) in the production function. To see why, note that the
marginal rate of technical substitution between say input i and input j (MRTS;;) does

not depend on time since:

_ Of(g(x), n)/ox; _ of(g(x), n)/Og(x) dg(x)/0x; _ Og(X)/0x;
of(g(x), n)/ox;  of(g(x), n)/dg(x) Og(x)/ox;  Tg(x)/0x;

3) MRTS;;

Expression (3) shows that the rate at which two inputs are substituted for each other
is independent of time. That is, technical change might shift isoquants, but not their
shape. In another way, Hicks neutrality does not change the degree of substitution
between inputs. This is why this type of technical change is referred to as

disembodied technical change.
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Although analytically appealing, disembodied technical change is very limited in
terms of describing many real world innovations. As observed, technical change
might give rise to a completely new production function. If the time-series data
contains technical change of this type we risk identifying erroneous correlations. So
empirical work in the area of product costing estimation should take into
consideration, apart from the problem of input prices change, the problem of
technical change. Moreover, it might happen that input prices change and technical
change are intertwined, as many innovations can reflect the effect of input price

changes.
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5.6. Conclusions

This chapter has addressed some difficulties that the empirical work in the area of
product costing poses. Together they pose a significant challenge for empirical

researchers testing the operation of ABC systems in the real world.

Section 5.2 has concentrated on the specification of the functional form underlying
production and cost functions. Section 5.3 has discussed the difficulties associated
with measuring the cost of resources used, a particularly relevant question in the case
of the committed resources, where significant differences can exist between the cost
of resources used and the cost of resources supplied. Sections 5.4 and 5.5 have

concentrated on the questions of input prices change and technical change.

It has been shown that special attention should be directed to the analysis and
construction of time series data, before any statistical inference is undertaken. For
example, if the time series data contains the effects of input prices change and/or
technical change (particularly disembodied technical change), we risk identifying
flawed correlations and obtaining erroneous estimators of the activity cost driver
rate. Improving the cost estimation art, however, cannot be achieved without
incorporating these issues into the analysis. To obtain the new real world data in a

suitably adjusted form for analysis is thus a major difficulty for ABC researchers.
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CHAPTER VI - RESEARCH METHOD

6.1. Introduction

The purpose of this chapter is to describe the research method that supports the
analysis conducted in the next chapter. As will be shown, chapter seven explores two
fundamental issues relating to the second condition supporting the construction of an
aggregate activity output, i.e. the condition under which the marginal cost of a unit of
cost driver used by a cost object is equal for all cost objects within a cost pool
(henceforth condition (ii)). Firstly, it is necessary to deal with the question of testing
the (non) existence of this important property of ABC. Secondly, it is worth
investigating the possibility of designing an accounting procedure that
accommodates, by some means, its non-existence. Simulations will be used as a

means for addressing these two questions.

6.2. The Comparative Advantages of Simulations

Simulations as a research method have been extensively used in management science
(e.g. Pidd, 1984). To simulate is to replicate or mimic the characteristics of a real
system or phenomenon. Depending on the characteristics of the problem,
management scientists might wuse simulations, direct experimentation or
mathematical modelling. Developing a direct experiment on a real system to
estimate, for example, the effect of various conditions is usually time-consuming and

expensive to put into effect. It might, however, be possible to simulate months or
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even years in a computer in order to evaluate and compare a whole range of
conditions. Distinct versions of the problem can therefore be reproduced and the
effects of different variables or policies analysed. A mathematical model might not
always satisfactorily cope with all the features of the problem. For example, it might
be necessary to impose some assumptions to make the model analytically tractable.
Thus its general applicability is reduced. Alternatively, and instead of imposing
additional assumptions on the model, simulations can be used in order to study its

properties and estimate the optimal solution.

6.3. Simulations in Cost Accounting

Accounting researchers have usually combined mathematical modelling with
simulations (Balakrishnan and Sivaramakrishnan, 2002). The mathematical model
serves to derive the optimal solution, which is used as a benchmark. In practice,
however, the optimal solution can be expensive to implement. This may occur
because its adoption is informationally demanding. The problem is often not the
impossibility of deriving analytically the optimal solution (as in many management
science studies), but the fact that it is costly to operationalise it. Thus some sub-
optimal or heuristic solution is used. The heuristic can be an accounting method or
policy. The analytic and the heuristic solutions are then compared in order to
determine the magnitude of the economic loss that results from using a non-optimal
solution. Simulations are apposite in this context because the objective is to assess
the robustness of various accounting procedures, which are ideally used as surrogates

for the optimal solution (although not as expensive to implement as the analytic
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solution). For example, both Balakrishnan and Sivaramakrishnan (2001) and
Burgstahler and Noreen (1997) use simulations to examine the economic loss
resulting from the use of a full-cost-based procedure in setting product prices (see
also Banker and Hansen, 2002). Banker and Potter (1993) also use simulations to
investigate the economic implications of using single cost driver systems (see also

Hwang et al, 1993).

The design of a more or less refined cost system depends on cost-benefit
considerations. At one extreme, inputs can be measured individually, i.e. we can
create a cost pool for each individual input and associate each of them with the
various products. This would permit the calculation of the true or benchmark cost of
a product. In practice, however, cost-benefit issues preclude such detailed
disaggregations. This is why the aggregation of two or more inputs in a cost pool and
the distribution of them between two or more products, using as an allocation base
the quantity of a particular input, is a common practice. Simulations are appropriate
here because the objective of the study is to determine the magnitude of the
economic loss that results from the use of a particular allocation method.
Additionally, the question of designing an accounting procedure that hypothetically
accommodates the non-existence of condition (ii) would not be possible to address,
except in rare circumstances, with real data. This is because the benchmark cost is
not usually known, which makes it impossible to compute the economic loss arising
from the use of a particular allocation method. This point constitutes the first major
justification for the use of simulations in the next chapter. A second and natural

reason is the possibility of developing controlled experiments to facilitate an

103



exploration of the effects of specific variables on the performance of the proposed

accounting procedures.

6.4. Validity

Experiments in general, and simulation experiments in particular, are suitable when
the research question involves the investigation of causal relations between variables.
In these circumstances, the major advantage of developing a simulation experiment
1s that it increases the internal validity of the research study. The internal validity is
defined in terms of how well researchers can exclude rival explanations for their
results (Schulz, 1999, p. 29). Increasing the internal validity reduces, however, the
external validity. The external validity should be interpreted here in the sense of the
so-called mundane realism (Schulz, 1999, p. 30, referencing Brownell, 1995). This
refers to the extent to which the experimental setting is equivalent to the real-world
setting. Experiments rarely satisfy mundane realism. For example, one important
assumption behind the construction of the simulation model in the next chapter is
that cost measurement errors are distributed independently of the quantity of each
input used by the various cost objects in a cost pool (the explanatory variables). This
serves essentially to ensure that the assumption in the classical regression model of
zero covariance between the disturbance term and the independent variables is
satisfied (otherwise the properties of the OLS estimators do not hold true). It is,
however, doubtful if this is the case in a real-world production environment. Thus
some generality in the applicability of the results is lost, that is to say the external

validity is reduced.
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6.5. Deterministic and Stochastic Simulations

Chapter four has used deterministic simulations. Chapter seven, however, will be
based on stochastic simulations. A deterministic system is one whose behaviour is
entirely predictable (Pidd, 1984, p. 17-18). In the simulation model developed in
chapter four the extent of the economic loss, defined as the difference between the
marginal and the average cost, was calculated (taking the demand as fixed) as
depending on the elasticity of each input demand with respect to output, i.e. on the
specific deterministic technology. Many systems, however, are not entirely
predictable. The simulations performed in chapter seven are based on two sorts of
stochastic elements: the demand of each product in a given period and the
technology. More precisely, the demand for each product and the quantity of each

input per unit of output are random variables.

The usual steps performed in a simulation experiment in accounting research are as
follows (Balakrishnan and Sivaramakrishnan, 2002, p. 23-26; see also Render ef al.,

2003).

1. Define the mathematical model of the problem. In chapter seven, this is the
analytic model linking product technologies, input prices and benchmark product
costs.

2. Specify parameter values (e.g. input prices). For random variables specify

probability distributions. As will be shown in the next chapter, these are the
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quantity produced of each product, the quantity of each input per unit of output
and the cost measurement error.

3. Generate one random number for each (random) variable in the model.

4. Determine the optimal solution (the benchmark product cost).

5. Determine the heuristic solutions (the cost allocated to a product under the
proposed accounting procedures).

6. Compute the difference between the optimal solution (step 4) and the heuristics
(step 5), i.e., the magnitude of the economic loss associated with each heuristic.

7. Repeat steps 3 to 6 to obtain a distribution of the economic loss of the proposed
heuristics. The analysis developed in chapter seven is based on the generation of
5000 random numbers for each variable.

8. Repeat steps 2 to 7 for alternative parameter values. For example, in chapter
seven, a scenario where the uncertainty in terms of input usage is uniform across

all inputs will be compared with a scenario where such uniformity does not hold.

These steps are followed in this study and the next chapter will give more details of

each step performed in the simulation experiment.
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CHAPTER VIl - SIMULATION EXPERIMENT

7.1. Introduction

It was demonstrated in chapter three that the two necessary and sufficient conditions
supporting the construction of an aggregate activity output, and therefore constituting
the very essence of ABC, are (i) the linear homogeneity property associated with
each cost object production function and the fact that (ii) the marginal cost of a unit

of cost driver used by a cost object is equal for all cost objects within a cost pool.

While chapter four concentrated on non-linear technologies, in a context where the
activity output was an intermediate input used by the various cost objects, this
chapter assumes the verification of condition (i) so as to specifically explore the
relaxation of condition (i1). That is, a setting will be considered where cost object
technologies are linearly homogeneous but where the aggregated activity cost
function depends on more than one cost driver. This chapter develops a simulation
experiment to explore three main issues. Firstly, it addresses the issue of testing the
verification/non-verification of condition (ii). Secondly, we develop an accounting
procedure that specifically accommodates the existence of multiple cost drivers, i.e.
the non-verification of condition (ii). The simulation experiment serves to test the
robustness of the accounting procedure proposed. Finally, the simulation experiment

serves also to introduce the question of uncertainty in input usage.
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The chapter is organised into four sections. Section 7.2 specifies the model that
supports the simulation experiment developed in the sections 7.3 and 7.4. Section 7.3
is based on the assumption that the technology is deterministic, whereas section 7.4
is founded on the assumption that the technology is stochastic. Section 7.5 presents

the conclusions.
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7.2. Model Specification

7.2.1. Technology

Assume an activity that aggregates p inputs, which are separable among m products.
As was previously noted, it is assumed that product technologies are linearly
homogenous. Therefore, taking into consideration the analysis developed in chapter
three, it can be stated that the minimum cost of producing a given output implies the

following condition (see the demonstration of the Lemma in section 3.2):

(1) Qi) = O 1i(W) X'1j () = oo = Cp (W) Xpj ()

Where q; () is the quantity of product j produced in period n and x'; ) the quantity of
input i used by the same product at activity t. The ratio X'ijm/qjm = 1/oij(w")
represents the quantity of input i used per unit of product j. If the technology is both
linearly homogenous and deterministic this ratio is a constant for a given input price
set. Condition (1) supposes this. While section 7.3 specifically assumes this structure,
section 7.4 presumes that the quantity of input 1 used per unit of product j is

stochastic. This reflects variations in the input usage efficiency.

7.2.2. Accounting Procedure 1 - CS""1,U{“,

One way of “correctly” distributing the cost of the p inputs among the m products

when activity t depends on more than one cost driver is the creation of p cost pools,
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one for each input. This corresponds to a situation where the various inputs are
measured individually. In practice, however, cost-benefit issues preclude such
detailed disaggregations. This is why some aggregation usually takes place. It will be
assumed that only one input, say input u, is measured individually. Moreover, the
total quantity of input u used by the various products at activity t will be the
allocation base to distribute the cost of the other (p — 1) inputs among the m products:
This is consistent with the practice of using, for example, direct labour hours or
machine hours as a basis to compute an (overhead) absorption rate for a cost pool.
Since the marginal cost of a unit of cost driver used by a product is not equal for all
products within a cost pool, this implies that some product cost distortion will arise
(see Corollary 2, section 3.2). For example, the (activity) cost change when one hour
of labour (or one machine hour) is used by product j might be different from the
(activity) cost change when one hour of labour (or one machine hour) is used by
product k. That is, the hours of labour (or of machine) used by product j and the
hours of labour (or of machine) used by product k might be two different cost
drivers. To compute later the distortion arising from the use of the total quantity of a
given input as an allocation base, first define the benchmark cost of product k in

period n:

(2) C'y = Z%LI xti.k () W'

Where w'; is the price of input i at activity t. The cost at activity t in period n is given

by:
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t
3) Cm= hal Z{’=l X'y m Wi+ €

Where €'(,) is a random cost measurement error at activity t. It will be assumed that
the €'’s are normally distributed with average zero and positive variance

(' ~ N(0, 6*')). The quantity of input i used at activity t in period n is:
t = t
(C)) Xim = Zj“;l X'ij (n)

Suppose now that the quantity of input u used at activity t in period n is the allocation
base to distribute the total cost at activity t among the m products. The cost allocated

to product k at activity t in period n is:

t
k e _{_]_C =
(5) CS™1utm) = X'uk ) ™ T .= Xuk (m §'u
uin

Where ¢', is say the overhead absorption rate when input u is the allocation base. The
way ¢', is computed implicitly treats x'y; ) and X'yx @), j # K, as the same cost driver.
However, it is being explicitly assumed that X', j ) and X'yx () are not the same cost
driver. Therefore, some product cost distortion will result when expression (5) is
used to allocate costs. Hereafter expression (5) will be referred to as accounting

procedure one.

Most conventional accounting allocations are precisely founded on the procedure

defined in expression (5). Hwang et al (1993) assume a set of Leontief technologies
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and compute the product cost distortion as a function of (1) production technology
heterogeneity, (2) unit input costs and (3) product mix. The product cost distortion
equation they derive arises from the use of an accounting procedure equivalent to
that defined in expression (5), where each unit of input u weights exactly the same,
whether it is used by one product or by another. This accounting procedure
introduces systematic product cost distortions when the aggregated cost function at a

given activity depends on more than one cost driver.

7.2.3. Accounting Procedure 2 - CS", , (n)

The question to which it is now worth directing attention concerns the possibility of
designing an accounting procedure that specifically takes into consideration the
existence of more than one cost driver. To pursue an answer to this question it is
necessary to turn back to expression (5). As noted, expression (5) implicitly assumes
that x'j ) and x'yx ) are the same cost driver. More formally, x'yjm) and X'ux @) are
the same cost driver if and only if the following condition occurs (see Definition 1,

section 3.2):

t t
oC (m) oC (n) ]
t s t »
ax u,j(n) 67( u,k (n)

(6)

Expression (6) signifies that the cost change at activity t when input u increases one
unit is the same whether it is used by product j or by product k. Given condition (1),
the cost minimization input-output relationships, the cost change at activity t in

period n when one unit of input u is used by product k is:
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9C'n 8C i ik (n u ;w;
(7) N T —Zl_ _‘k_{‘l - = ¢luk

axt|.|.k (n) u k (n) 1 ax uk (n) —I 0‘. (W )

Condition (6) takes place automatically V u (inputs) and V j #k (cost objects) when
cost object technologies are identical'. However, even when cost object technologies
are not identical condition (6) might still occur for some inputs®. If condition (6) is
verified in the case of input u and for V j#k then the aggregate measure X', ()
corresponds in fact to the sum of different quantities of the same cost driver. In this
case, if input u is used as the allocation base, accounting procedure one does not
distort the distribution of the total cost at activity t among the various products. Thus

the following result can be established:

(8) If condition (6) takes place for input u and for V j # k then:

k -
CSI lLu(n) — Clk (n)

That is, the cost allocated to product k under accounting procedure one equals its

benchmark cost.

Proof:

' This is because when cost object technologies are identical all the products use the same input mix.
et O'.I! ! Wt! - al]l k!wl! . ’ N : - y . cee b

That 1s, Citi‘j(Wl) - Otli.k(Wt}, W 1, u (inputs) and V j # k (cost objects) (see section 3.2).

atu i(wl) # c'-Iu k(wi)

aig(wh) T (W)

Jj # k. This point will be explored in sub-section 7.4.4,

o ,gw!
D Zl lOt.k(W)

we might still have i (w)
1= iy

2 Since even when
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First suppose that there are no cost measurement errors and the technology is

deterministic. Condition (7) implies that C'y ) = Z?:l X'k m Wi = X'uk @) ¢'wk. From

expression (5) we have:

t t t t
CSl,k gk Cl;n} =gl =1 Z&l g (m) P o Zj=] uj (n) ¢’UJ
Lu(n) =™ Auk(n) ! — Auk(n) t - Kk (n) t )
S X u () L Z?__lxlzlj(n) ! ijilqu(n)

If condition (6) takes place for input u and for V j#k then q)tu,j:d)tusk:d}tu.

¢y Z;rz]l X'uj (n

tk .k ot t t t ot
Thercfore, CS Lu(m) = Xuk(n) m t = Xuk(n) ¢’ wk — Zp__ lx ikm Wi= C k (n)-

To sum up, even when cost object technologies are not identical (i.e. even when the
different products use different input mixes), result (8) opens the possibility of
having no cost distortions when input u is used as the allocation base’. Note that the
demonstration of result (8) is similar to the demonstration of the sufficiency of the

Proposition in section 3.2.

The question on which we should now focus concerns the case where input u is the
allocation base but where 3 j # k such that ¢'u,}- # ¢'wk. In this situation, accounting
procedure one introduces systematic product cost distortions. To propose an
accounting procedure that takes into account the fact that ¢'y,; # ¢',,x consider that
based on a time-series regression of n = 1, ..., N observations the following model is

estimated:

* This point will be illustrated in sub-section 7.4.4.
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©) Clm=38"+ Zj:l O X'uj ) € )

As already defined, C'y, is the total cost at activity t while €' is a cost measurement
error. Assume now that the structure generating the N observations is still the same
in period (N+1). This amounts to saying that the input price set and the state of
technology in period (N+1) are the same that generated the n=1,...,N

observations®. Let us then define the following accounting procedure:

Cim
Zm ‘E’tu\i X'uj ()
=1

‘k —= A - A
(10) Cs’ 2u(n) = Xlu.k (n) ¢’tu,k = xlu.k (n) d)tu.k }‘«t(n)

where (I)‘u,j is the estimator of the parameter ¢'y,; in model (9). The essence of
expression (10), henceforth designated accounting procedure two, is the monetary
homogenisation of each unit of input u. That is, each unit of input u weights
differently, depending on the product that uses it. The weights are exactly the

estimated cost change at activity t when one unit of input u is used by cost object j

(d)‘u,j). The rationality behind expression (10) can be fully explored if we imagine a
situation where there are (i) no cost measurement errors and (ii) the technology is

deterministic. Under these circumstances we have:

* In conformity with previous assumptions, the random measurement error in period (N+1) is
normally distributed with average zero and variance ¢” ;.
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(11) CS"™5u u )= Ck (n)

t
Cui
t 1 g
G'uj Xujm)

k =
Where CS' 2%u(n) = xtu.k (n) d'uk Zm
=1

Proof:

Note first that given (i) and (i) we have C'y= o Zp lx'i imWi=
J: ]:
Zjn;I ¢'uj X'ujm)- This signifies that the total cost at activity t, C'), is equal to the

sum of m separable and deterministic effects, each of which are equal to
Chm = E?:l X'k m) Wi = ¢'ux X'uk () - This implies the following:

m x.. 1 t t
Z?tl Zj=1 Xijm Wi Z?:l X ik () Wi

t t
{’:l Xli,j m Wi X uk (n)
m b
Zj=l Xlu,j @ uj (n)

t,k s t —
CS 2*u(n) — Xuk (n) — Clk (n)- L

Thus, in an “ideal world”, accounting procedure two “correctly” distributes the total
cost at activity t among the various products. This is because in equation (9) the
independent variables, X'y, fully explain the dependent variable, C'y. In a more
realistic situation, when there are cost measurement errors and the technology is
stochastic, accounting procedure two introduces some product cost distortion. Even
though, it is expected that it produces better product cost estimates than accounting
procedure one, specially when the aggregated activity cost function depends on more

than one cost driver. This point will be analysed in the next two sections.
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7.2.4. Accounting Procedure 3 — CS"*; ()
Accounting procedure two ensures that the total cost at activity t in period n
(including some cost measurement error) is allocated among the m products.

Alternatively, if a standard costing system is used, the cost allocated to product k is

(hereafter designed accounting procedure three):

k M
(1 2) CSI‘ Jun) = ¢'lu,k xtu,k (n)

In this case, the difference between the actual cost (AC) and the standard cost (SC) is

not distributed among the various products:
(13) A'acsc m=Cloy — ZJ“;I O'sj X'uj )

In the absence of input price changes and cost measurement errors, expression (13)
might be interpreted as an efficiency variance in the input utilization. That is,
expression (13) reflects the stochastic attribute of technology.

7.2.5. Testing the Existence of a Single Cost Driver

Equation (9) can be used to test the hypothesis of the existence of a single cost driver

at activity t. Specifically, we want to test the hypotheses:
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Ho: ¢'u,j = ¢'uk OF §lusj — ¢'uk = 0

Hl: ¢‘U)j ¥ ¢’tmk or d)tl,hj - d)tu,k #0

That is to say, we want to test if the two slope coefficients ¢',,; and ¢'yx are equal.

Under the classical assumptions, it can be shown that the statistic:

*t Mt
Qui—duk

= - 7 =
\/var(q)‘ud-) + var(¢'ux) — 2 cov(d'yj, ¢'uk)

follows the t distribution with n — (m + 1) degrees of freedom, where n is the number
of observations and (m + 1) the number of parameters estimated (Gujarati, 1988,
p. 227). Note that (m — 1) tests have to be performed. If, at least for one of these
tests, the null hypothesis is rejected we can conclude that activity t depends on more
than one cost driver. Note also that if the null hypothesis is not rejected we cannot
conclude that all cost object technologies are identical. That is, although it is true that
when product technologies are identical (as well as linearly homogeneous) the
marginal cost corresponding to a unit of input u used by a product is equal for all
products, the contrary is not true (see section 3.2). Thus, if the null hypothesis is not
rejected, we can only conclude that, statistically speaking, the cost change when the
usage of input u increases one unit is the same whether it is used by one or another
product. Therefore, accounting procedure one does not introduce major product cost

distortions.
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7.2.6. Multicollinearity

At this point one potentially problematic aspect should be observed. In practice, there
might be problems in estimating equation (9), particularly when the output mix is
relatively constant from one period to another. This is a serious problem when the
objective is obtaining reliable estimates of the parameters because with
multicollinearity the standard errors of the estimators increase significantly (Gujarati,
1988, p. 283-309). Unfortunately, this is likely to happen in practice, particularly in
organizations that produce a stable output mix. Given our purposes, this makes the
second and third accounting procedures difficult to use with some credibility. If the

output mix is correlated, only the following model can be estimated:

(14) C‘(n) i al I ¢'lu xlu (n) + El(n)

Equation (14) introduces, however, a specification error, unless (btu,j =¢'y, V J, case in
which specifications (9) and (14) are equivalent (that is, result (8) takes place). From
the theory of aggregation bias (Maddala, 1977, p. 207-217), the specification error
can be calculated if we compute the regression coefficients of the variables x'yj ) on

the variable X', (n):

t ot t t
(15) Xujm) = duj Xum) +'YuJ(n)
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The disturbance terms y',jm are assumed to be independent and identically
distributed, with zero mean and constant variance. Substituting expression (15) into

expression (9), we obtain:

t o g
(16) Cly=0"+ eril O @y Xy + Yujm) + Em =

_ =t t t t 1 t t
=9 +Xu(n}zj"=11¢mjau.j+zj";1¢uu‘?u.j(n)+8(n)

If afu is the estimator of ¢', then E(&\)tu) = Zml ¢'wja'yj. This signifies that the
=

expected value of ¢', is a weighted average of the parameters ¢|lu,j‘ Moreover, noting

t t _ t ot 1 ot t t
that Xym = Z)n;l Xujm= z;’__l @uj Xum T Yujm) = Xum Z}il ayj + Zjn;] Y uj ()

the sum of weights, Zm] a'ud-, equals 1 and the sum of disturbance terms,
}:
J’F_“:l ¥'uj ) €quals 0. To sum up, equation (14) is in line with accounting procedure

one, as it treats in the same way any unit of input u, whether it is used by one or
another product. That is to say, it implicitly assumes the existence of a single cost
driver. It thus introduces a specification error when the aggregated cost function at a

given activity depends on more than one cost driver.
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7.3. Deterministic Technology

7.3.1. Simulation Parameters

For simulation purposes, consider an activity that aggregates three inputs, which are
used by three products. The simulation study undertaken in this section assumes a
deterministic technology and the existence of cost measurement errors. The analysis

is based on the generation of 5000 random numbers for each variable.

It is assumed that the output of product j in period n is uniformly distributed, i.e.
qj m ~ U(aj, bj). The random number generation process follows two steps. Firstly,
the random number generator of Excel is used to generate 5000 random numbers
when a; =0 and b; = 1. Secondly, the output of product j is determined through the
expression qjm = a; + U(0, 1) (b; — a;). That is to say, the random numbers generated
on the interval [0, 1] are converted into random numbers on the interval [a;, b;]. All
simulations performed in this and in the next section presuppose that
qim ~ U(1,20),j=1, 2, 3. Thus the output of each product in a given period is

uniformly distributed between 1 and 20.
Under the assumption of deterministic technology, the quantity of input i used per

unit of product j at activity t in period n is constant for a given input price set. That

is, X'ij m/qQj m) = 1/a'ij(w"). The specific parameters assumed are as follows:
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Table 1 — Parameters 1/a;;(w')

a'yw) j=1 j=2 j=3

i=1 400 300 300
i=2 500 200 800
1=3 600 100 400

Observe that while product 1 uses relatively more of input 3, product 2 uses
relatively more of input 1 and product 3 uses relatively more of input 2. Thus the
three products use the three inputs in distinct manners. Finally, it is assumed that the

input price set is w' = (W'}, w', wh) = (£1, £1, £1).

Sub-section 7.3.2 assumes a deterministic technology and the absence of cost
measurement errors, implying that the relationship between activity costs and cost
drivers is perfect. In sub-section 7.3.3, however, the existence of cost measurement
errors will be introduced. Specifically, it will be assumed that the cost measurement
error €'y is normally distributed with average zero and standard deviation equal to
3750 (€'m) ~ N(0, 3750 2)). This value corresponds approximately to 10% of the
expected value of the cost at activity t in period n'. The random number generation
process follows again two steps. Firstly, the random number generator of Excel is
used to generate 5000 random numbers assuming the standardized normal

distribution (z'my ~ N(0, 1)). Secondly, the ¢€'y)’s are determined through the

expression &'y = 3750 z'(y %

13750 = 10% E(C)), where E(C',)) = E (23 1 X oy W+ s‘(n,) =
j=

| !

-\ 32,:'_1._#4_( | =ﬂi+_bi)
_i:I i=1 ] I‘J( ) since E{xr‘){n]) E(q,lini) 0'. (“’)dlld E(qj(nJ) .

2 _uu_L _un_

Note that 'y, = - 3750
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7.3.2. Absence of Cost Measurement Errors

The case analysed here assumes that the technology is deterministic and that there
are no cost measurement errors. Under these circumstances, the marginal cost of a
unit of a cost driver used by the various products (henceforth designated as product
cost driver rates) can be computed directly from Table 1 and the input price vector w'

=(£1, £1, £1). Table 2 shows the calculations.

Table 2 — Product Cost Driver Rates*

Panel A: Allocation Base: Input 1

b= > i‘l.:((\\::; e 400 x £1 + 50(1501‘1 +600x £1 _ £3.75
Gl iy il‘!j((::)) o 300 x £1 + 2003;0£| +100x £1 _ o w
R s z'l:;((‘\:l')) o 300 x £1 + 8(}03;0.21 +400 x £1 _ £5.00
Panel B: Allocation Base: Input 2
Bt

i -3 c{;‘gl.((::t; e 400 x £1 + 50053051 +600 x £1 _ £3.00
B Zi, %Irzf%? Wt 300 x £1 + 2002309 +100 x £1 _ £3.00
e >3 ?;{(ﬁ)} e 300 x £1 + 80{}8;0}:1 +400x £l _ o gus

Panel C: Allocation Base: Input 3
a(w) 400 x £1+500x £1 +600 x £1

e =N = =£2
¢ 351 i=1 ali,t(wl) Wi 600 £--,50
k| aa(wh)  300x £1+200x £1+100x£1
Y5a= 32 petan Wi 100 = £6,00
B a'a(w)  300x £1+800x £1 +400x £1
bis3=22 P 200 =£3,75

* See expression (7), sub-section 7.2.3.

It is obvious that when the technology is deterministic and there are no cost
measurement errors the only uncertainty in the estimation of the linear regression

model (9) introduced in sub-section 7.2.3 is caused by round-off errors. In this case,
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the OLS method would “correctly” estimate the various parameters ¢lu,j, i.e.
¢'uj = ¢'uyj 50 implying that ¢'u,iX'uj o = Clim) = Z?zl x'ij m W4 Of course, we would

have to assume that the output mix was not correlated, so the OLS method could
identify the separable effect of each independent variable on the dependent variable.

In fact, the existence of some correlation between the output of the various products

would preclude the possibility of obtaining reliable estimators of (i\)tu,j, as a

multicollinariety problem would arise (see sub-section 7.2.6).
7.3.3. Existence of Cost Measurement Errors

The case analysed in this sub-section still assumes that the technology is
deterministic, but introduces the existence of cost measurement errors, which are
normally distributed with average zero and standard deviation equal to 3750
(€'m) ~ N(0, 3750 7). As was observed, the simulation study is based on the
generation of 5000 random numbers for each variable (the qj)’s and €'y). The
Ordinary Least Square (OLS) results for model I are presented in the following

table’:

* Model I corresponds exactly to equation (9) introduced in sub-section 7.2.3.

124



Table 3 — Deterministic Technology and Existence of Cost Measurement

Errors’

Model I: Ct(n) = Sl i Zj”:l ¢’tu,j Xtu‘j (n)

Independent Input
Variables u=1 u=2 u=3
Intercept -164,89 -164,89 -164,89
(0,3745) (0,3745) (0,3745)
X 0.1 (n) 3,76 3,01 2,51
(0,0001) (0,0001) (0,0001)
X'u2 (n) 204 306 613
(0,0001) (0,0001) (0,0001)
X'u.3 (n) 4,98 1,86 3,74
(0,0001) (0,0001) (0,0001)
Adjusted R? 0,91 0,91 0,91

Prob.(F-Statistic) 0,0001 0,0001 0,0001
* Significance levels in parenthesis

The fact that the cost measurement error €'y, is by construction independent of the

xX'yjm’s explains why the estimators ¢'y,; are not statistically different from the
non-stochastic counterparts (see previous sub-section)’. Thus we obtain reliable
estimators of the parameters ¢'y,;. As will be shown in the next section, this is

essential to the performance of accounting procedures two and three.

The preceding analysis suggests that, at least when the technology is deterministic,
the third accounting procedure performs better than the second procedure. This is
because in the case of the second procedure the cost allocated among the various

products at activity t is not the benchmark cost but the benchmark cost plus some

A

¢',; (Table 3) - ¢',; (Table 2)
o(¢'y; (Table 3))

* A t test shows precisely that, where t =
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cost measurement error’. As was noted, the d'uj's in table 3 are not statistically
different from the case when there are no cost measurement errors (sub-section

7.3.2), which, as observed in the last sub-section, are approximately equal to the

'u;’s. Therefore, CS™;, ) = ¢'usj X'uj m = C ). That is, the cost allocated to product

J 1s approximately equal to its benchmark cost.

Finally, it is necessary to interpret of the intercept in model I. Given the assumptions
of the model, the intercept should not be different from zero. The fact that it is
different from zero reflects the inability of the linear regression model to explain the
cost measurement error. In other words, no independent variable can explain the cost
measurement error. There is also an explanation for the fact that the intercepts of the
three regressions are equal. This is because product technologies are deterministic®
and the three regressions are based on the same sample, i.e. the random measurement

error is exactly the same in the three cases.

Table 4 presents an example of product cost calculation under the three accounting
procedures. Information concerning benchmark costs is also provided. The vector of
final good outputs is (qi@wpy Q2 @)y GB) = (11, 15,9). The activity cost is
C'my = £41 000, which is equal to the benchmark cost (£39 000) plus the cost

measurement error (£2 000). Input 1 is used a basis for allocating activity costs

% Note that, in practice, the benchmark cost is not known, but only the benchmark cost plus some cost
measurement error.

® Which implies that the input usage correlations (between X'y j (s and x'2 @, X'1j m and X'sj @) OF X2 ()
and X'y j () are perfect.
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(under the three accounting procedures). The percentage cost error of each product’

is the criterion used to compare the performance of the three accounting procedures.

Table 4 — Product Costs

Panel A: Benchmark Costs *

1

o
Cim=qm Z?=| m= 11 x (400 x £1 + 500 x £1 + 600 x £1) = £16 500

Ch =2 Z?:{&TZ‘E‘ 15 x (300 x £1 +200 x £1 + 100 x £1) = £9 000

= ol Zi]T‘:(Iqu 9 x (300 x £1 + 800 x £1 +400 x £1) = £13 500

Panel B: CS"%, , () ** ***

xll,j[n;l:ﬁ:?‘i?)‘ X.t|_| )= 11 x 400, le'z = 15 x 300, X1|‘3 )= 9 x 300

X't @y =4 400 + 4 500 +2 700 = 11 600

[ £41 000
t B 1 R i it S
¢ L) ™ Xt| (n) - 11 600 - £3’53

CSI'I L) = ¢l1 (n) Xl|.1 = £3,53 x4 400=£15532 {‘+‘ 5,86%)

CSI'ZM ) = ¢l| (n) Xl|_2{n) = £3,53 x4 500 =£15 885 (— 76,50%]

CS™ iy =01 () X130y = £3,53 x 2700 = £9 531 (+29,40%)
Panel C: CS**,, ) ** ***

38105 X1y = 3,764 400 + 2,04 x 4 500 + 4,98 x 2 700 = £39 170

&%  £41000
T £39170

)LI(H} = 1 ,05

j3=| O X1
CS" 1 oy = Ay 01,1 X oy = 1,05 x £3,76 x 4 400 = £17 371 (= 5,27%)
CS (= Ay 012 X'i2m = 1,05 x £2,04 x 4 500 = £9 639 (—7,10%)

CSt‘32.| (n] = ll(") ¢t|.3 Xl]_z (n) = I,OS X £4,98 x2700=£14118 (— 4,58%)
Panel D: CS**;, () ** ***

CS"3 1w = 9'1.1 X'11 ) = £3,76 x 4 400 = £16 544 (- 0,26%)
CS"3 =042 X12m=£2,04 x4500=£9 180 (- 2,00%)
CSI'33I| (n) = ¢t| 2 X‘; 2(n) = £4,98 x 2700 =£13 446 (+ 0,40%)

* /o (see Table 1); (w';, wh, wh) = (£1, £1, £1)

M A

** ¢ 1, 02 and ') 5 (see Table 3); *** Product cost errors in parenthesis

t tk
?—“m_h'mcﬁs x 100.
n)
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Table 4 shows that accounting procedure three (Panel D) performs relatively better
than accounting procedure two (Panel C), while this performs significantly better
than accounting procedure one (Panel B), in accordance with our previous

conjectures.
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7.4. Stochastic Technology

7.4.1. Simulation Parameters

Again consider an activity that aggregates three inputs, which are used by three
products. The output of product j in period n is yet uniformly distributed between 1
and 20 (qj @)~ U(1, 20)). It will also be supposed that the cost measurement error at
activity t is normally distributed with average zero and standard deviation equal to
3750 (&'t ~ N(0, 3750 ?)). The technology, however, is now stochastic. Specifically,
the quantity of input i used per unit of product j at activity t in period n is normally
distributed with average p'; and variance oY ('@ ~N(u'j, 0°4;)). There is
support in the management accounting literature for this construction. Consider the
case of standard costing. The existence of a positive (negative) material usage
variance, when standard and actual usages are compared, is no more than the
manifestation of the stochastic attribute of the technology. Given that the normal
distribution is symmetric the probability of having a positive variance is equal to the
probability of having a negative variance. The random numbers for the variable

T'ij n) are generated using a similar approach to that described in the previous section

for the variables q; ) and €'().

Sub-section 7.4.2 assumes that the cr'id-‘s are equal to 10% of the j.lli‘j’S. Sub-section
7.4.3 supposes that the standard deviation of input 1 is 20% of the average, while the
standard deviations of input 2 and 3 are 5% of the corresponding averages. Finally,

sub-section 7.4.4 addresses some particular issues arising when product technologies
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are heterogeneous but where it is possible to express the aggregated activity cost

function as depending on only one cost driver (see result (8), p. 113).

7.4.2. Uniform Uncertainty in Input Usage

The parameters of the distributions of n';; () are presented in table 1:

Table 1 — Parameters p'; and o'

j= j=2 Ji=d
t t t t t
i1 Gi,l Hi2 Oiz i3 Ci3
i=1 400 40 300 30 300 30
i=2 500 50 200 20 800 80
1=3 600 60 100 10 400 40

The analysis developed in this and in the next two sub-sections proceeds as follows.
Firstly, based on the generation of a first set of 5000 random numbers for the

variables qj ), x‘.-\,- m and at(n), models I and II are estimated (see sub-section 7.3.2).

Secondly, the estimators ¢'y; are used to define the second and third accounting
procedures. Finally, a second set of 5000 random numbers for the same variables is

generated so as to evaluate the performance of the three accounting procedures.

As observed in the previous section, when (i) the technology is deterministic, (ii) the
cost measurement error at activity t, €(y), is not correlated with the independent
variables, Xlu‘j m)» and (ii1) the independent variables are also not correlated with one

another, the third accounting procedure produces better product cost estimates than

the second procedure. The efficiency of the estimators d)‘u j together with the fact that
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the second procedure allocates among the various products not only the benchmark
cost at activity t but also the cost measurement error €', explain this result. However,

this result cannot be extended to the case of stochastic technology, since the variance

of the estimators $‘u j in this later case will be higher than when the technology is

deterministic. That is, it will be the magnitude of the cost measurement error €'y

together with the major or minor efficiency of the estimators ¢',; that determine if
CS" .4 (n) (third accounting procedure) produces or not better product cost estimates

than CS"";,u ) (second accounting procedure). More specifically, under the third
8
accounting procedure the cost of product k is overcosted (undercosted) if ¢'yx > ¢'ux

Y
(¢'ux < ¢'ux). Under the second accounting procedure the cost measurement error €'y,

overcosts (undercosts) the cost of product k if €' >0 (g'w <0). Similarly, the
M Fal M
estimator ¢', overcosts (undercosts) the cost of product k if ¢y x> ¢'ux (¢'uk < d'ux)

(but the fact that :j\)'u\j # ¢'uj, j # k, also distorts the cost of product k under accounting
procedure two). Together, these errors determine if the cost of product k is
overcosted or undercosted. However, the fact that we might have errors of opposite
signs when accounting procedure two is selected' implies that nothing can guarantee
that the product cost error under accounting procedure three is lower than the product

cost error under accounting procedure two.

' For example, €' > 0 overcosts the cost of product k while ¢',x < ¢',x undercosts the cost of the same
product. That is, these two errors are of opposite signs.
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The estimation results for models 1 and II° and for the first set of 5000 random

numbers are presented in table 2:

Table 2 — Estimation Results

Model I: Ct(n) =8+ 21_3:1 d)[u‘j Xlu‘j (n) Model II: (Aj*(n) = é‘ S &,‘u X', ®

Independent Input Independent Input

Variables u=1l u=2 u=3 Variable u=1 u=2 u=3

Intercept 1597,12 949811 237,55 Intercept 1466,15 3 565,47 4 829,24
(0,0001) (0,0001) (0,0001) (0,0001) (0,0001) (0,0001)

R 1) 357 289 242 Xum) 345 2,17 2,86
(0,0001) (0,0001) (0,0001) (0,0001) (0,0001) (0,0001)

xtu,2 (n) 1,87 2,86 5,64  Adjusted R? 0,79 0,85 0,83
(0,0001) (0,0001) (0,0001)  Prob.(F-Statistic) ~ 0,0001  0,0001  0,0001

X3 o) 484 186 367
(0,0001) (0,0001) (0,0001)

Adjusted R? 0,87 089 0,88

Prob.(F-Statistic) 0,0001 0,0001 0,0001

Ho:¢'u2 = ¢'u1® 0,0001 0,5953 0,0001

Ho:d'u3= ¢'u ” 0,0001 0,0001 0,0001

* Significance levels in parenthesis
Y Significance levels for the test of equality of two regression coefficients

The cost distortion of product k when accounting procedure h is selected and input u

is the allocation base is:

Cy—C8™,
1 Esl,k S k (n) h,u (n)
(1) hu (n) Cer

Where C', ) 1s the benchmark cost of product k and CS[‘kh,u ) the cost allocated to

product k (see section 7.2).

? Note that models I and II correspond exactly to equations (9) and (14) introduced in the previous
section.
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In order to evaluate the ESt’kh,u(n)’s a second set of 5000 random numbers is

generated. However, and as noted, CS",, ), h =2, 3 (and ES", ) as well), is still
based on the estimators ¢',; for the first set of random numbers. A t-test shows that

the estimators ¢',; for the second set of random numbers are not statistically different

from those obtained in the first set.

In addition to analysing each cost distortion measure individually, the different
measures are compared. This comparison is undertaken in two ways. Firstly, given
the accounting procedure selected, the relative performance of using one and another
input as the allocation base are compared. Secondly, given the input used as the
allocation base, the relative performances of the three accounting procedures are

compared.

Given both the sample size and the Central Limit Theorem, the sample mean

w(ES"™u m)) 1s approximately normally distributed. Therefore, a t-test for the equality

of two means is used to compare the various cost distortion measures.

Table 3 presents the descriptive statistics (sample mean and sample standard

deviation) as well as the significance levels for the test of equality of two means.
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Table 3 — Descriptive Statistics (ES"*,4 (n) and Hypothesis Testing

Est‘kl_l ESLkLz Esl.kl‘j

ESI'k2_1 ES"kz_g ESt'kzg

ESl'k3.| ESt'kglz ES"k3_3

H(ES "y @)
S(ES hum)’

0,0360 0,1895 -0,3338
0,1669 0,1365 0,2349

-0,0003 0,0076 -0,0040

0,1436 0,1397 0,1440

0,0460 0,0366 0,0334

0,0863 0,0800 0,0742

Hg: u(ES* 11 @) = HES" 12m)° 0,0001 0,0055 0,0001
Ho: p(ES™ 1 () = H(ES™ 13 (ny)° 0,0001 0,2067 0,0001
Ho: t(ES"™ ) uim) = MES" b () 0,0001 0,0001 0,0001| 0,0001 0,0001 0,0001

H(ES% 4 )’

G(ESt'zhu;n])b 0,3151 0,1452 0,1085 0,1464 0,1499 0,1588| 0,0593 0,0813 0,0978
Ho: (ESY\ 1 () = R(ES"Y 2. (m)° 0,0001 0,9275 0,0001

Ho: WES™1 1 ) = ES% 5m)° 0,0001 0,2470 0,0001
Ho: W(ES™ o) = WESShum)’ 0,0001 0,0001 0,0001| 0,0001 0,0001 0,0001

( Esl'sh,u {n})ﬂ

o(ES" @)’ 0,1306 0,2086 0,1611| 0,1507 0,1390 0,1478| 0,0980 0,0587 0,0918
Ho: W(ES™,; o) = W(ES® 12 (m)° 0,0001 0,0468 0,0001

Ho: (ES™ 11 ) = R(ES™ 13 (m)° 0,0001 0,7807 0,0001
Ho: u(ES™) 4 () = (EShu () 0,0001 0,0001 0,0001] 0,0001 0,0001 0,0001

* sample mean; ” sample standard deviation
¢ significance levels for the test of equality of two means (two-sided),

g (BS™y i) — 1 (BS™um)

(L 0 LJ ((Nl — 1) A (ES™M i) + (N, — 1) Uz(ES"kou:m)]
N[ N N| + N1 -2

(e.g. Hogg and Tanis, 2001, p. 453-459)

-0,8067 0,1888 0,4413| 0,0173 0,0170 0,0208] 0,0654 0,0472 0,0577

0,2769 -0,2960 0,1094|-0,0164 -0,0222 -0,0156| 0,0302 0,0088 0,0211

~tan (N} + Ny - 2)

It was shown in sub-section 7.2.2 that accounting procedure one implicitly assumes
that x‘u‘j m and X'yx () are the same cost driver, i.e. the cost change when the quantity

of input u increases one unit is the same whatever is the product that uses it.

Given the estimation results presented in table 2, it can be concluded that,
statistically speaking, x', jm and Xk m)» J # k, are not the same cost driver. Note that
although in the case of input 2 the null hypothesis for the test of equality of two
regression coefficients is not rejected when product 1 and product 2 are compared, it

is rejected when product 1 and product 3 (or product 2 and product 3) are compared.
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Therefore, whichever input is used as an allocation base, the first accounting
procedure introduces significant product cost distortions. This is patent in the first
three columns of table 3. For example, if input 2 is used as the allocation base, the
average product cost distortion is around +20% for products 1 and 2 (both are

undercosted) whereas the average product cost distortion for product 3 is
approximately — 30% (it is overcosted). The fact that ¢% > &)‘2 when j=1,2 but

$23< 9" explains that (see table 2)°. That is, the average cost driver rate ¢ is lower
than the “true cost driver rate” of products 1 and 2, but higher than the “true cost

driver rate” of product 3.

Comparing accounting procedures one and two, it is possible to observe that the

second procedure produces better product cost estimates than the first procedure.

While ;(ES“"Z‘U{“)) varies from -0,03% to +2,22%, ;l(ESt’kLu(n}) varies from
-80,67% to +29,60%. The fact that CS"kz‘u m accommodates the existence of
multiple cost drivers, but CS“RI,u ) does not, explains the accuracy of the product

cost estimates under the second accounting procedure.

Another interesting feature is that under the second and third accounting procedures
choosing input i or input u as the allocation base does not introduce major product

cost distortion differences. For example, under the second procedure the various

average product cost distortions (p(ES"ng m)s p(ESl‘kg‘z(")) and p(ES“kz__; (m))) are not

* Note that model II is in line with accounting procedure 1 (see sub-section 7.2.6).
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statistically different at a significance level of 4%". The reason behind this result will

be explored in the next sub-section.

Finally, it is also interesting to compare the standard deviation of the ES™hu’s:
Overall, the estimated standard deviation of ES™;, ) is lower than ES™ ), but
higher than ES™ 3, . Thus the second procedure not only produces better product
cost estimates than the first procedure but also reduces the variability of the

estimates. Lastly, the fact that the cost allocated to product k under the third
procedure depends only on ¢'yx (and X'yx ) as well), but not on the total cost at

S
activity t, which includes the cost measurement error €' (and not on the ¢';’s, j #k,
as in the case of accounting procedure two), explains why the standard deviation of

ES"";,u m 1s lower than the standard deviation of ES“RZ‘u m) (see table 3).
7.4.3. Non-Uniform Uncertainty in Input Usage

The scenario explored in this sub-section is similar to that of the last sub-section. The
only difference concerns the parameters of the distribution of the variable 7' ),

which are presented in the following table:

¢ Except in the case of product 1 and when input 2 is used as the allocation base u(ES“z.z m)-
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Table 4 — Parameters p;; and c';;

j=1 j=2 j=3
llti,l Gl Hti,z O'ti,z Hti,3 Gi3
1i=1 400 80 300 60 300 60
1=2 500 25 200 10 800 40
1=3 600 30 100 5 400 20

Observe that the p'j;’s are still equal to those assumed in the previous sub-section.
This is not the case with the o';;’s. While the c'ij’s in the last sub-section are all
equal to 10% of the p'i;’s, now ' is 20% of p';; in the case of input 1 but 5% in the
case of inputs 2 and 3. It was concluded in the last sub-section that when the second
and third procedures are used, selecting input i or input u as the allocation base does
not produce significant differences in terms of product cost distortion. The fact that
the various o, j's are equal to 10% of the Hli ;j’s explains this result. Conversely, when
the uncertainty in terms of input usage is not uniform across all inputs, choosing one
or another input as the allocation base might not be indifferent. The specific purpose

of this sub-section is to explore this issue.

As in the previous sub-section, based on a first set of 5000 random numbers models I

and II are estimated. The following table presents the results:
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Table 5 - Estimation Results ?

Model I: C'gyy = ' + Zjl 9% X )

Model II: é‘(n) =8+ J)tu X5it)

Independent Input Independent Input

Variables u=1 u=2 u=3 Variable u=1 u=2 u=3

Intercept 184,64 539,06 572,83 Intercept 423944 314431 4340,51
(0,0001) (0,0067) (0,0047) (0,0001) (0,0001) (0,0001)

X6 333 294 245 Xum) 320 220 2,389
(0,0001) (0,0001) (0,0001) (0,0001) (0,0001) (0,0001)

Xt 1,88 299 596 Adjusted R? 077 085 084
(0,0001)(0,0001)(0,0001)  Prob.(F-Statistic) ~ 0,0001  0,0001  0,0001

X'4.3 (n) 436 1,85 3,69
(0,0001)(0,0001) (0,0001)

Adjusted R? 0,83 0,89 0,88

Prob.(F-Statistic) 0,0001 0,0001 0,0001

Ho:¢'u2= ¢y 1® 0,0001 0,3827 0,0001

Ho:¢'u3 = ¢'u1® 0,0001 0,0001 0,0001

* Significance levels in parenthesis
9 Significance levels for the test of equality of two regression coefficients

Similarly, based on a second set of 5000 random numbers, the variable ES*; () is

evaluated. Table 6 presents the descriptive statistics (sample mean and sample

standard deviation) as well as the significance levels for the test of equality of two

means.
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Table 6 — Descriptive Statistics (ES"*,, () and Hypothesis Testing

Est,klll Est,kl 5 Esl,kI.3

ES*,, ES*,, ES*,,

Esl'k_m ES"kg 3 ESI'k] 3

H(Eslllh.u (n))a
o(BS" hum)®

0,0433 0,1886 -0,3321

0,0041 0,0039 -0,0001

0,1172 0,0212 0,0179

0,1954 0,1315 0,2235| 0,1770 0,1346 0,1345| 0,1378 0,0667 0,0639
Ho: p(ES"' 11 (my) = R(ES" 12 ()" 0,0001 0,9537 0,0001
Ho: p(ES™' 1) () = H(ES"' 1 3 m)° 0,0001 0,1837 0,0001
Ho: p(ES"' 1 ) = RES" s @)° 0,0001 0,0001 0,0001/ 0,0001 0,0001 0,000t

“(Est‘zh‘u (n))n
U(Esl'zh.u l'nl)b

-0,7924 0,1819 0,4399

-0,0513 -0,0216 -0,0212

0,0755 -0,0042 -0,0034

0,3555 0,1479 0,1050| 0,1959 0,1614 0,1634] 0,1006 0,1109 0,1141
He: p(ES™ 10 @) = HES™ L))" 0,0001 0,0001 0,0001
Ho: H(ES"Y) 1 () = M(ES" | 3 (m)° 0,0001 0,0001 0,0001
Ho: W(ES*) 4 ) = MEShu w)° 0,0001 0,0001 0,0001] 0,0001 0,0001 0,0001
H(ES" ()" 0,2801 -0,2972 0,1116] 0,0236 -0,0055 -0,0018| 0,1342 0,0126 0,0166

G(Esuh.u fnl)b

0,1579 0,2075 0,1486, 0,1789 0,1323 0,1349 0,1421 0,0482 0,0583
Ho: (ES™ 11 () = WES™ 12 ) 0,0001 0,0001 0,0001
Ho: H(ES"™ )1 () = WES™ 3 )" 0,0001 0,0001 0,0001
Ho: ((ES”1 0 ) = MEShu m)° 0,0001 0,0001 0,0001] 0,0001 0,0001 0,0001

* sample mean; ° sample standard deviation
¢ significance levels for the test of equality of two means (two-sided)

In contrast with the case analysed in the previous sub-section, it is not now
indifferent using one or another input as an allocation base. Under the second and
third accounting procedures, the average product cost distortions are statistically
lower when input 2 or 3 is the allocation base’. To understand why first note that
when input u is the allocation base it is in fact being used to estimate the usage of the
other two inputs. Now observe that when the technology is deterministic, X'1;m),
x%jm and X'3j@m are perfectly correlated. At the same time, in the case of the
previous sub-section, all correlations are approximately equal to 0,95. That is, all

correlations are similar (although not being perfect, as in the case of deterministic

technology). This is why using one or another input as a basis for allocating the total

* Except in the case of product 1 and under the second accounting procedure.
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cost of the three inputs does not produce major product cost differences. Moreover,
this only occurs because the uncertainty in input usage is similar for the three inputs
(see table 1, sub-section 7.4.2). In the case presented in this sub-section, however, the
correlations between the various inputs are not similar. The fact that the uncertainty
in terms of input usage is higher in the case of input 1 than in the case of input 2 or 3
(while the standard deviations of these two are similar — see table 4) implies that the
correlation between X' and X' is higher than the correlation between X'1jm)

and x5 j ) (or X'1 j ) and x5 j (n)). The following table shows precisely this.

Table 7 — Input Usage Correlations ’

t t t £ t t
Xim X31m X12m X32m X13m X33

X921 m 009092 09883 < - - )
(0,0001) (0,0001)
X'11@m 1,0000 09096 : 5 ; ]

(0,0001)
X22m - - 09129 09882 . ;
(0,0001) (0,0001)
X12m - : 1,0000  0,9131 : :
(0,0001)
X230y - g > ; 09115 0,9885
(0,0001) (0,0001)
Xiaty - 3 : 3 1,0000 0,9145

(0,0001)

A

* Significance levels in parenthesis, m;z ~ten (N=2)
\Vi-p

(e.g. Hogg and Tanis, 2001, p. 515-519)

Therefore, under the second and third accounting procedures, if input 2 (input 3) is
used as the allocation base input 3 (input 2) is reasonably well distributed among the

various products, at least comparing with input 1. This, together with the fact that
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input 2 and 3 represent more than 50% of the total cost of any product (see table 4),

explains why it is advantageous to use input 2 (or input 3) as an allocation base.

The preceding analysis suggests that when the uncertainty in the input utilization is
not uniform across all inputs and the inputs characterized by a lower uncertainty of
usage account for a significant proportion of the total cost, it is advantageous to

choose as the allocation base one input with low variance of usage.

7.4.4. Case of Equivalence between CS"; , () and CS"*;, ()

This sub-section explores a case where, although product technologies are
heterogeneous, using the first accounting procedure might not introduce, at least
when one particular input is used as the allocation base, major product cost
distortions. In other words, a situation compatible with result (8) of sub-section 7.2.3

is analysed. The parameters of the distribution of the variable ©t';; () are as follows:

Table 8 — Parameters p';j and c';;

= j=2 I
“-ti.l Gli,l Hli,z 0'11,2 ]Jli,3 Uti.?.
1=1 400 40 300 30 300 30
1=2 500 50 200 20 350 35
1=3 600 60 100 10 400 40

The parameters in table 8 are sill the same as those assumed in the sub-section 7.4.2,
except in the case of p'’3 (and c';3). All the o'j’s are yet 10% of the p'i;’s. The

parameter 1,3 has been intentionally changed from 800 to 350 so as to reproduce a
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situation where if input 2 is used as the allocation base the first accounting procedure

performs as good as the second accounting procedure (although the three products do

not use the same input mix).

As before, models I and II are estimated. The estimation results for the first set of

5000 random numbers are as follows:

Table 9 — Estimation Results ®

Model I: é‘(n) =5+ Zj3=1 E)luj X (o)

Model II: ét(n) = 3t = $lu Xtu (n)

Independent Input Independent Input

Variables u=1 u=2 u=3 Variable u=1 u=2 u=3

Intercept 833,26 746,05 632,26 Intercept 111,74 643,54 3 467,33
(0,0001)(0,0003) (0,0016) (0,6381) (0,0009) (0,0001)

Xtu.l (n) 3,65 296 246 X (n) 3,13 2,94 2,55
(0,0001) (0,0001) (0,0001) (0,0001) (0,0001) (0,0001)

X'u2 (n) 1,94 288 569 Adjusted R? 081 08 084
(0,0001)(0,0001)(0,0001)  Prob.(F-Statistic)  0,0001  0,0001  0,0001

X'u3 (n) 341 289 2,59

(0,0001) (0,0001) (0,0001)

Adjusted R?
Prob.(F-Statistic)

0,86 086 086
0,0001 0,0001 0,0001

Ho: ¢[u.2 = ¢lu,l &
Ho: ‘1)11_1',3 = ¢'tu,l g

0,0001 0,2171 0,0001
0,0001 0,1042 0,0001

* Significance levels in parenthesis
Y Significance levels for the test of equality of two regression coefficients

Observe that when input 2 is used as the allocation base the parameters ¢',1, ¢t2,2 and

®',3 are not statistically different. Consequently, models I and II have the same

explanatory power, as can be concluded by the fact that both have an adjusted R? of

86%. That is, in this particular case, X1 m), Xlz‘z(n), xtg,g m are in fact different

quantities of the same cost driver. Therefore, they can simply be added together
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without introducing significant product cost distortions. If input 2 is then used as the

allocation base, the first and second accounting procedures produce similar results.

Table 10 presents the descriptive statistics (sample mean and sample standard

deviation) as well as the significance levels for the test of equality of two means.

Table 10 — Descriptive Statistics (ES** . () and Hypothesis Testing

ES™,; ES™, ES:,

Esl.kZ.I ESLkI_Q Esl.k23

ES™;, ES%;, ES*y;

HES s ) 0,0164 0,0032 -0,1587|0,0024 -0,0086 -0,0021/0,0246 0,0166 0,0174
S(ES" by )’ 0,1489 0,1596 0,2172/0,1601 0,1617 0,1614{0,0882 0,0816 0,0754
Hp: (ES™ 1 1 @) = WES* 12 )" 0,0001 0,0007 0,0001

Ho: p(ES™ 11 () = R(ES* 13m)° 0,0001 0,1582 0,0001
Ho: p(ES") 4 ) = p(ES"'hy )" 0,0001 0,0002 0,0001/0,0001 0,0001 0,0001
H(ES" ) -0,5660 0,0021 0,5146{0,0055 0,0141 0,0302{0,0304 0,0406 0,0493
S(ES% i)’ 0,2799 0,1717 0,09940,1649 0,1699 0,1710/0,0615 0,0819 0,0987
Ho: W(ES™) 1 (my) = H(ES% 12 (m)° 0,0001 0,0099 0,0001

Ho: W(ES*) 1 () = R(ES*™ 3 m)° 0,0001 0,0001 0,0001
Ho: i(ES%14 1) = MESPhu (o)’ 0,0001 0,0005 0,0001(0,0001 0,0001 0,0001
W(ES™y )" 0,1050 0,0016 -0,10450,0017 0,0103 -0,0055/0,0252 0,0357 0,0146
o(ES"hum)” 0,1642 0,1637 0,2090[0,1669 0,1625 0,1642/0,0853 0,0805 0,0750
Ho: W(ES™ 11 ) = WES*™ 1 2m)° 0,0001 0,0093 0,0001

Ho: W(ES™ 1.1 @) = MES™ 13 ()’ 0,0001 0,0304 0,0001

Ho: P(ES" 1y m) = REShu (n)°

0,0001 0,0081 0,0001

0,0001 0,0001 0,0001

* sample mean; ” sample standard deviation
“ significance levels for the test of equality of two means (two-sided)

As suggested, both the first and second accounting procedures produce low product

cost distortions when input 2 is used as the allocation base. This is because the

fundamental assumption behind the construction of CS"kl,z ), 1.e., the assumption

under which x| ), X'2.2 myand x'2.3 () are the same cost driver, holds in this particular

case. If, however, input 1 or 3 is the allocation base, accounting procedure two
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produces statistically and significantly lower average product cost distortions than

accounting procedure one.
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7.5. Conclusions

The results derived in this chapter are based on the appraisal of two accounting
procedures that specifically accommodate the non-existence of the second condition
supporting the construction of an aggregate activity output in ABC, i.e. the condition
under which the marginal cost of a unit of cost driver used by a product is equal for
all products within a cost pool. The assumption that product technologies are linearly
homogeneous, the other property supporting an ABC system, has been maintained.
Section 7.2 specifies the technology as well as the accounting procedures supporting
the analysis undertaken in sections 7.3 and 7.4. While section 7.3 is based on the
assumption that the technology is deterministic, section 7.4 relaxes this and explicitly

assumes that the quantity of each input per unit of output is stochastic.

It was shown that even when in a cost pool only one input is measured individually,
and this input is used as a basis for allocating the cost of the other inputs, it is
possible to design an accounting procedure that takes into account the fact that
different products use different input mixes. In a context where there are cost
measurement errors and the technology is stochastic, the simulation results show that
the accounting procedures proposed generate relatively unbiased estimates of product
costs, in contrast with a conventional accounting method that systematically and

significantly distorts product costs.

The conventional accounting procedure implicitly assumes that the (activity) cost

change when one unit of input u is used by product j equals the (activity) cost change
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when one unit of the same input is used by product k. That is, it assumes that the
quantity of input u used by product j and the quantity of the same input used by

product k are the same cost driver.

In contrast, under the accounting procedures proposed, each unit of input u weights
differently, depending on the product that uses it. In other words, they explicitly
accommodate the existence of multiple cost drivers. Their design presupposes two
stages. Firstly, a linear regression model provides estimates where the dependent
variable is the activity cost and the independent variables are the quantity of input u
used by the various products. The coefficient estimates of this model show the
estimated activity cost change when the different products use one unit of input u.
Secondly, each unit of input u is weighted by those coefficients, in the construction

of an homogeneous (monetary) measure of output.

The simulation experiment has also served to introduce the stochastic attribute of
technology. The uncertainty was defined in terms of the quantity of the various
inputs necessary to produce a given output. When the uncertainty in the input usage
is uniform across all inputs, using one or another input as a basis for allocating costs
among the various cost objects does not produce, under the accounting procedures
proposed, major product cost differences. However, this is not the case when the
uncertainty in the input usage is not uniform across all inputs. The results derived
suggest that when the uncertainty in the input utilization is not uniform across all

inputs and the inputs characterized by a lower uncertainty of usage account for a
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significant proportion of the total cost, it is advisable to choose as an allocation base

one input with low variance of usage.

The above results have implications for practice. The first justification for the
construction of more refined cost systems is the distinction between different
categories of cost drivers (unit-level, batch-level, product-sustaining and facility~
sustaining), one of the most significant innovations of ABC systems (Cooper and
Kaplan, 1992). A second justification lies in the two conditions supporting the
construction of an aggregate activity output. As was shown, the two conditions
ensure that the marginal cost of a unit of cost driver used by a cost object is both
constant and equal for all cost objects within a cost pool. Assuming that cost object
technologies are linearly homogeneous, the art in designing an ABC system is in
aggregating inputs in such a way that, together with an adequate selection of
allocation bases, the marginal cost of a unit of cost driver used by a cost object is
approximately equal for all cost objects in a cost pool. In other words, the
aggregation of inputs and the choice of allocation bases should guarantee, as far as
possible, that the aggregate measure of output in a cost pool corresponds in fact to
the sum of different quantities of the same cost driver. Alternatively, and given the
impossibility of ensuring that a cost pool depends on only one cost driver, the
proposed accounting procedures might constitute a viable way of accommodating the

existence of multiple cost drivers.

It must be recognised that two major difficulties may exist in using the proposed

accounting procedures (apart from those described is chapter 5). Firstly, their
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adoption presupposes that there is some historical data in order to estimate the linear
regression model supporting their design. Secondly, it is necessary that the output
mix is not constant over time. Otherwise, a multicollinearity problem will arise,

making it virtually impossible to use them with some degree of credibility.
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CHAPTER VIIl - CONCLUSIONS

8.1. Results

The design of more refined cost systems, aimed at improving product cost accuracy,
has received considerable attention in the management accounting literature,
especially after the emergence of ABC. However, with an ABC system, designed to
generate relevant costs for decision-making, strong assumptions are implicit in
respect of the nature of costs. Whereas Noreen (1991) concentrates on assumptions
relating to cost functions, Christensen and Demski (1995), Bromwich (1995, 1997)
and Bromwich and Hong (1999, 2000) explore the assumed characteristics of
technology. The assumption that technology, apart from input prices, determines
costs is well established in the production economics literature (Chambers, 1988, is a
classic reference). It was not until the work of Christensen and Demski (1995),
Bromwich (1995, 1997) and Bromwich and Hong (1999, 2000) that this analysis was

incorporated into the product costing literature through their work on ABC.

Although the above extensions of the work of Noreen (1991) provide a deeper

analysis of the theoretical foundations of ABC, they have two major limitations.

The first limitation is that they take for granted the equivalence between a multi-
output technology and a single output technology. More specifically, they assume
that it is possible to construct a single or aggregate measure of output that totally

captures the cost of the resources used by the various cost objects within a cost pool.
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However, the necessary and sufficient conditions supporting the construction of such
an aggregate measure of output have not been derived. One consequence of this gap
is that the precise analytical articulation that exists between the single or aggregate
measure of output, the technology of different cost objects and activity costs remains
unclear. That is to say, the duality between the multi-output technology and costs in
ABC has not been derived. This derivation was the primary purpose of this study.
The derivation of this completes the mapping of the theoretical foundations for ABC
and so specifies the key characteristics of technology, costs and outputs which have

to exist if product costs are to be decision relevant.

The second gap of the ABC literature is that only the long run has been considered.
From this time perspective, all inputs are variable with output. In the short run,
however, some inputs are fixed. It is in the short run that one of the most recognised
innovations of ABC, the distinction between the cost of recourses supplied and the
cost of resources used (Cooper and Kaplan, 1992), has to be incorporated in the
costing analysis. The short run analysis of ABC was the second major purpose of this

study.

The specific contributions of this study are outlined below in terms of the four

particular results obtained.
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Result 1 - Technological foundations of an aggregate activity output

It was demonstrated that two conditions are jointly necessary and sufficient for the
construction of an aggregate activity output, compatible with costs being directly
proportional to the level of that output. The first is that (i) cost object production
functions are linearly homogeneous. This condition ensures that marginal costs are
constant, which is essential if the cost reported by an ABC system, an average cost,
is also to be a relevant cost for decision-making. The second condition is that (ii) the
marginal cost of a unit of cost driver used by a cost object is equal for all cost objects
within a cost pool. This condition ensures that the aggregated cost function at a given

activity depends on only one cost driver.

Condition (i) shows that only linearly homogeneous technologies, a special case of
homothetic technologies, give rise to cost functions compatible with ABC. This
finding contrasts with Bromwich and Hong (1999), who claim that homothetic
technologies give rise in general to cost functions compatible with ABC. Condition
(i1) is automatically ensured when all (linearly homogeneous) cost object
technologies are identical. However, and at least in theory, condition (ii) might still
occur when cost object technologies are heterogeneous. That is, condition (ii) might
take place when the various cost objects use different input mixes within a cost pool
(see section 3.2). This implies that the condition that all cost objects use the same
input mix in a cost pool is not a necessary condition for the construction of an
aggregate activity output in ABC. This also contrasts with Bromwich and Hong

(1999), who state that a constant input mix has to be common to all products in a cost
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pool. It shows why even when the various products use the inputs within a cost pool
in different ways product cost distortions might be small. That is, high product
technology heterogeneity does not necessarily imply high product cost distortions.
Finally, it has been shown that when condition (ii) does not hold the aggregated
activity cost function depends on more than one cost driver. This is why using a

single average cost driver rate to allocate costs distorts product costs.

Table 1 summarises the technological foundations of an aggregate activity output.

Table 1 — Technological Foundations of an Aggregate Activity Output

(Cost object) Production function linearly homogeneous
ftj(l Xlld, Sy A XIN‘) =X yI‘J

\4
(Cost object) Cost fqnctior} linear with output
chiw', y¥) =y 5w

+

Marginal cost of a unit of cost driver used by a cost object
equal for all cost objects within a cost pool

Qh(W) = ... = (W) = d'(W)

v
(Activity) Cost function linear with the
aggregate activity output

c'(w', g(y)) = g'v") $(w)), where gi(y') = Zjnll

L

y

Result 2 — Short run activity cost function

In the short run, it is necessary to distinguish between the case where an activity is
operated with excess capacity and the case where it is operated above capacity. An
activity is operated with excess capacity if all the fixed inputs are not fully used. It is

operated above capacity if at least one fixed input is fully used. This concept of
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capacity has been neglected in the management accounting literature, in general, and
in the ABC literature, in particular. However, it is fundamental to represent the short
run equation of capacity, one of the highest profile innovations of ABC systems

(Cooper and Kaplan, 1992).

It was shown that the rate at which the cost of resources used changes is constant
only when activities are operated with eﬁccess capacity. This rate can be split into two
components. While one component denotes an increase in the cost of resources used
but not in the cost of resources supplied, the other denotes an increase in the cost of
resources used and supplied. Only this latter component generates relevant costs for
decision-making. The rate at which the cost of resources used changes will no longer
be constant when activities are operated with excess capacity (even assuming that
technologies are linearly homogenous), since, in this case, the input mix will change
and differ from the long run input mix. This presumes, however, that the technology
allows some degree of substitution between inputs. The only case where an activity
never operates above capacity is when the technology is Leontief, an extreme case of
a linearly homogeneous technology that does not allow any substitution between
inputs, i.e. inputs are combined in completely fixed proportions (see Chambers,

1988, p. 15-17).

A conventional accounting procedure, behind the construction of both traditional and
ABC systems, is the application of average cost driver rates to cost outputs. This
procedure can only be justified when activities are operated with excess capacity.

Otherwise, the cost of resources used does not change linearly with output. A
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corollary of this is that ABC implicitly assumes that activities are operated with

excess capacity.

By characterising the theoretical foundations of ABC, this study further extends
existing product costing literature as it considers situations where either production
functions are not linearly homogeneous or the aggregated activity cost function
depends on more than one cost driver (while still assuming that production functions

are linearly homogeneous).

Result 3 - Homogeneous, non-homothetic technologies and product

costing

The first extension concentrates on technologies that are not linearly homogeneous.
Given the duality that exists between costs and technology, this implies that cost
functions are not also linear with output. It was assumed that the activity output was
an intermediate input that is used by the various cost objects. Two types of non-linear
technologies were considered: homogeneous and non-homothetic technologies. The
reason for choosing these two technologies is that they accommodate a great number
of non-linear input-output relationships. The objective was to evaluate the distortions

arising from the application of average cost driver rates to cost outputs.

The results derived can be described in terms of the elasticity of input demand with

respect to output, which shows the ratio of the relative change in the demand of a

given input to the relative change in output, ceteris paribus. It was shown that
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distortions increase as the elasticity of input demand with respect to output diverges
from one. But distortions also change with the level of output. This amounts to
saying that, depending on the output interval, the application of a single average cost

driver rate might undercost, overcost or even approximate marginal costs.

In the product costing literature, the only researchers who have attempted to
incorporate non-linearity issues into the analysis of costing are Christensen and
Demski (1997, 2003). However, they only make use of the result that increasing
(decreasing) returns to scale imply that average costs will be above (below) marginal
costs. In contrast, in this study, the analysis is founded on the duality between
production and cost functions, and while deriving the cost function dual to a
homogeneous technology, a more general case, where cost functions are not
multiplicatively separable in input prices and output, the non-homothetic one, was

derived.

ABC can be seen as a particular case of a more general cost system that can be
derived. ABC is a case where the elasticity of input demand with respect to output is
constant and equal to one for all inputs within a cost pool (linearly homogenous
technology). A more general case is where such elasticity, although being equal for
all inputs within a cost pool, is different from one (homothetic technology). An even
more general case is where the elasticity of input demand with respect to output is
not equal for two or more inputs within a cost pool (non-homothetic technology)

(Table 2).
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Table 2 - Non-Homothetic, Homothetic, Linearly Homogeneous

Technologies and Activity-Based Costing

Non-Homothetic Technologies

Homothetic Technologies

Linearly Homogeneous Technologies
Activity-Based Costing

Result 4 — Heterogeneous (cost object) technologies, uncertainty in

input usage and product costing

The second extension of the product costing literature made in this study
concentrates on situations where, although cost object technologies are still linearly
homogeneous, the aggregated activity cost function depends on more than one cost
driver. While analysing the question of testing the (non) existence of a single cost
driver, an accounting procedure that specifically accommodates the existence of
multiple cost drivers was introduced. Its adoption presupposes two stages. Firstly, a
linear regression model was estimated in which the dependent variable is the activity
cost and the independent variables are the quantity of say input u used by the
different cost objects. The coefficient estimates of this model show the (estimated)
activity cost change when a given cost object uses one unit of input u. Secondly, a
weighted aggregate measure of output, where the weights are exactly the estimated

coefficients, was constructed.
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This construction is in contrast with a conventional accounting procedure, which
uses the total quantity of a given input used in a cost pool as a measure of the output.
As was shown, this conventional procedure implicitly assumes that the activity cost
change when one unit of input u is used by say cost object j equals the activity cost
change when one unit of the same input is used by cost object k. That is, it assumes

that there is only one cost driver.

In the product costing literature, Hwang ef al (1993) assume a set of Leontief
technologies and compute the product cost distortion as a function of (1) production
technology heterogeneity, (2) unit input prices and (3) product mix. The product cost
distortion equation they derive results from the use of the above conventional

accounting procedure.

The accounting procedures proposed in this study permit, however, and in a setting
where product technologies are linearly homogeneous, the accommodation of the
existence of more than one cost driver. The results of the simulation experiment
developed in chapter seven show that the accounting procedures proposed, which
specifically accommodate the existence of multiple cost drivers, produce relatively
unbiased estimates of product costs, in accordance with the theoretical conjectures.
In contrast, the conventional accounting procedure systematically and significantly

overestimates (underestimates) product costs.

The simulation experiment developed in chapter seven also introduced the stochastic

attribute of technology, an aspect that has been neglected in the product costing

157



literature. Uncertainty was defined in terms of the quantity of the various inputs
necessary to produce a given output. It was shown that when the uncertainty in the
input usage is uniform across all inputs, using one or another input as a basis for
allocating costs among the various cost objects does not produce, under the
accounting procedures proposed, major product cost differences. However, this is not
the case when the uncertainty in the input usage is not uniform across all inputs. The
results derived are in accordance with our intuition that it is generally better to use as

a basis for allocating costs one input with low uncertainty in terms of usage.

8.2. Theoretical Foundations of Activity-Based Costing

Noreen (1991) was the first author to focus on the analysis of the theoretical
foundations of ABC (see Table 3). He has concentrated on conditions related to cost
functions and has derived three necessary and sufficient conditions for ABC systems
to measure relevant costs for decision-making. These are that (1°) total costs can be
divided into independent cost pools, each of which depends on one and only one
activity, (2°) the cost in each cost pool is strictly proportional to the level of activity
in that cost pool and (3°) the volume of an activity is simply the sum of activity

measures utilised by the individual products.

This study, together with the work of Christensen and Demski (1995), Bromwich
(1995, 1997) and Bromwich and Hong (1999, 2000), has developed a deeper analysis
of the theoretical foundations of ABC, as it is based on the (production economics)

assumption that technology and input prices are the two primary determinants of cost
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functions. Condition (1°) is what, in the production economics literature, is known as
cost function separability — weakly separable cost function (see section 2.3). In the
management accounting literature, Christensen and Demski (1995) were the first
researchers to observe this point. In terms of technology, cost function separability 1s
ensured if technologies are also separable (1') — weakly separable technology (see
section 2.4). This point has been emphasised by Bromwich and Hong (1999) (and
implicitly by Christensen and Demski, 1995). Conditions (2°) and (3°) are ensured
when (2') production functions are linearly homogenous and (3') the marginal cost of
a unit of cost driver used by a product is equal for all products within a cost pool.
This last property is determined by the simultaneous effect of technology and input
prices (see the case where product technologies are heterogeneous but this condition
still holds — section 3.2). Conditions (2') and (3") constitute exactly the essence of
Result 1 of this study (see pages 151-152). A further contribution of this study is the
introduction of the short run structure of ABC. With respect to this point, it was
shown that ABC is only compatible with activities operating with excess capacity.

The following table summarizes the theoretical foundations of ABC (long run).

Table 3 — Theoretical Foundations of Activity-Based Costing (Long Run)

Cost Functions Technology

t : ]
c ) R (1") Production functions weakly separable
(17) Total costs can be divided into independent (Christensenand Demski. 1095 Bromwich

cost pools (Noreen, 1991) and Hong, 1999)

(2°) The cost in each cost pool is strictly
proportional to the level of activity in that cost
pool (Noreen, 1991)

(2‘} Production functions linearly
homogeneous (This study)

(3) The volume of an activity is simply the sum (3[} Marginal cost of a unit of cost driver used
of activity measures utilised by the individual by a product equal for all products within a
products (Noreen, 1991) cost pool (This study)
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It should be noted that the above conditions exclude the existence of any jointness
either within or between cost pools, a necessary condition for an ABC system to
measure incremental costs (see section 2.7). This amounts to saying that the cost of
performing the different activities separately (and, within each activity, the various
product volumes) equals the cost of performing them together, that is, there are no
economies or diseconomies of scope either within or between cost pools. Finally, it
should be observed that the conditions in table 3 also implicitly assume that inputs
are traded on a perfect market, otherwise input prices might vary with the activity

output as identical inputs might have different prices (Bromwich and Hong, 1999).

8.3. Implications for the Design of Cost Systems

In theory, it is always possible to develop very disaggregated costing systems. At one
extreme, inputs can be measured individually, i.e. we can create a cost pool for each
individual input and associate each of them with the various cost objects. In practice,
however, cost-benefit issues preclude such detailed disaggregations. So the
aggregation of two or more inputs in a cost pool and the distribution of them between
two or more cost objects is a common practice. Assuming that cost object
technologies are linearly homogeneous, the art in designing an ABC system is in
aggregating inputs in such a way that, together with an adequate selection of
allocation bases, cost pools depend on only one cost driver, i.e. the marginal cost of a
unit of cost driver used by a cost object is approximately equal for all cost objects

within a cost pool.
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With regard to the way of dealing with the non-verification of the two conditions
constituting the very essence of an aggregate activity output and therefore of ABC,

the following can be considered.

Firstly, it should be observed that even assuming that technologies are linearly
homogeneous, it is a very strong assumption that the marginal cost of a unit of cost
driver used by a cost object is equal for all cost objects within a cost pool. That is, it
is a very strong assumption that the aggregated cost function at a given activity
depends on only one cost driver. In the impossibility of ensuring that a cost pool
depends on only one cost driver, the accounting procedures proposed in section 7.2

might constitute a way of accommodating the existence of more than one cost driver.

Secondly, it has been shown that when cost functions are not linear with output or
when technologies are not linearly homogeneous, the application of an average cost
driver rate to allocate costs distorts product costs (see sections 4.2 and 4.3).
Accounting numbers are, at best, refined approximations. One way of approximating
marginal costs might be the accumulation of costs and the definition of average cost
driver rates for different output intervals. Using this approach the accuracy of
product costs will increase as the size of each interval reduces (since at the limit,
when each intervals tends to zero, the marginal cost is obtained). This would partially
address the issue of different resource usage intensities, the essence of non-linearity
and so might constitute a viable way of deriving adequate surrogates of marginal

costs, particularly in a setting where production and cost relationships are not known.
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In short, the distortions arising from the application of average cost driver rates to
cost outputs (final outputs or not), an elementary procedure underlying both ABC
and traditional systems, increase in two fundamental cases. Firstly, distortions
increase when the input-output relationships are other than linear, that is, when
technologies are not linearly homogeneous. Secondly, distortions increase when,
even assuming that technologies are linearly homogenous, the marginal cost of a unit
of cost driver used by a cost object is not equal for all cost objects, that is, when
activity cost functions depend on more than one cost driver. These two basic cases
constitute rules of thumb for testing whether ABC will be appropriate in a particular

setting.

Finally, it should be noted that cost systems have to be re-evaluated over time, as
new products are introduced or the characteristics of existing products change. For
example, suppose that m products are aggregated at activity t and conditions (1), (2°)
and (3") hold (see table 3). Assume now that a new product say m+1 that uses the
same separable inputs is introduced. The fact that either the underlying technology is
not linearly homogeneous or the marginal cost of a unit of cost driver used by this
product is different from that of the other products will distort automatically the
distribution of the total cost among the m+1 products. That is to say, as new products
are introduced or the attributes of existing products change, the aggregation process
is no longer error free. Such changes suggest that cost systems have to be continually
reassessed as product lines alter. This involves evaluating the way inputs are

aggregated across cost pools as well as the choice of allocation bases.
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8.4. Future Work

The opportunities for future work that the analysis developed in this study raises are

threefold.

Firstly, it is necessary to test empirically the two basic conditions supporting an ABC
system. The empirical investigation of the cost distortions arising in situations where
those conditions do not apply will be also of particular relevance to those who wish
to assess the utility of an existing costing system or who wish to design a new
system. One of the challenges facing this work will be the ability to deal with
variables such as the effects of input prices change and technical change
(particularly, disembodied technical change) or the measurement of used and unused
capacity (see chapter 5). In fact, the validity of the results derived through the
empirical work will depend on the major or minor control that the researcher exerts

over these variables.

Secondly, conventional and ABC systems assume that it is possible to represent a
multi-output technology as a single output technology. That is to say, it is assumed
that it is possible to create a single measure of output or cost driver that fully
captures the cost of the resources used by the various cost objects within a cost pool.
In a context where technologies are linearly homogeneous, an accounting procedure
that accommodates the existence of multiple cost drivers was derived. At the same
time, the incorporation into the analysis of technologies that are not linearly

homogeneous was undertaken in a context where the activity output was an
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intermediate input used by the various cost objects. That is, each activity was by
assumption a single output technology. The analysis of situations where one or more
cost object production functions are not linearly homogenous (and are not identical)
and do not therefore permit the creation of an undistorted single measure of output,

provides possibly a more interesting case, which will be worth investigating.

Finally, the simulation experiment developed in chapter seven constitutes a first
attempt to integrate into the product costing theory the question of uncertainty in
input usage. Future work could expand this analysis, particularly through analytical

modelling.
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