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Abstract

In 1959, mathematician Mark Kac introduced a model, called the Kac ring, in order
to elucidate the classical solution of Boltzmann to the problem of macroscopic irre-
versibility. However, the model is far from being a realistic representation of some-
thing. How can it be of any help here? In philosophy of science, it is often argued
that models can provide explanations of the phenomenon they are said to approxi-
mate, in virtue of the truth they contain, and in spite of the idealisations they are
made of. On this view, idealisations are not supposed to contribute to any explain-
ing, and should not affect the global representational function of the model. But the
Kac ring is a toy model that is only made of idealisations, and is still used trustwor-
thily to understand the treatment of irreversible phenomena in statistical mechan-
ics. In the paper, my aim is to argue that each idealisation ingeniously designed by
the mathematician maintains the representational function of the Kac ring with the
general properties of macroscopic irreversibility under scrutiny. Such an active role
of idealisations in the representing has so far been overlooked and reflects the art of
modelling.

Keywords Scientific model - Idealisation - Model explanation - Macroscopic
irreversibility - Kac ring - Bolzmann’s H-theorem - Molecular chaos hypothesis

1 Introduction

Macroscopic phenomena are irreversible. For example, once poured into a same
container, two gases do not split again. A coin dropped on the floor remains there,
we see no coin jumping up by itself from the floor. And yet macroscopic phenomena
result from a microscopic dynamics described by reversible laws, i.e., laws invariant
under time transformation.
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Ludwig Boltzmann offered in 1872 an explanation of why macroscopic phenom-
ena are irreversible despite having a reversible microscopic dynamics: this is the
H-theorem. However, the H-theorem has been plagued by two important paradoxes
that lie at the foundations of statistical mechanics: the “reversibility paradox” and
the “recurrence paradox”.

That is the reason why, later on, in 1959, mathematician Mark Kac introduced
a model, called the Kac ring, as an “analog” of the classical solution of Boltzmann
to explain macroscopic irreversibility ([27], p. 99). The Kac ring aims “to recon-
cile both time reversibility and recurrence with “observable” irreversible behavior”
([27], p. 73), and to offer and evaluate a proper interpretation of Boltzmann’s molec-
ular chaos hypothesis. Thereafter it has undergone multiple developments (e.g.
[10]), especially in quantum mechanics (e.g. [11-13, 41]).

But the Kac ring is far from being a realistic representation of something. It is a
simple ring with N sites; some of them are said to be active. On each site, there is
a black or a white ball. Every ball moves counterclockwise to the next site. When a
ball leaves an active site, it switches colour. How can such a model be of any help
here?

Philosophical accounts of how models, albeit idealised, can teach us something
about the world were first developed in the 1990s (e.g., [30, 31, 34]) and, since then,
have flourished (e.g., [3, 4, 22, 28, 38, 42]). Most of these accounts argue that mod-
els can provide explanations of the phenomenon they are said to approximate, in
virtue of the true components they contain, and in spite of the idealisations they are
made of. On this view, idealisations are not supposed to contribute to any explaining,
and should not affect the representational function of the other model components.

As I show in this paper,' these accounts fail to give reasons why the Kac ring
is actually used trustworthily to understand the treatment of irreversible phenom-
ena in statistical mechanics while it is only made of idealisations (Sect. 4). My aim
is to show that the reasons bear on the very idealisations: each idealisation ingen-
iously designed by the mathematician maintains the representational function of the
Kac ring with the general properties of macroscopic irreversibility under scrutiny
(Sect. 5). Yet such an active role of idealisations in the representing has so far been
overlooked by philosophers of science interested in models and idealisations. By
investigating the Kac ring, I endeavour to reveal Mark Kac’s art of designing ade-
quate idealisations that enable the users to draw information easily and trustworthily.

Beforehand, I first present the historico-scientific context of the creation of the
Kac ring (Sect. 2), and make it clear how the model reconciles both time reversibil-
ity and recurrence with “observable” irreversible behaviour, and enables us to evalu-
ate interpretations of Boltzmann’s molecular chaos hypothesis (Sect. 3).

! This work is drawn from Jebeile [24], Part I, Chap. 3.

@ Springer



1154 Foundations of Physics (2020) 50:1152-1170

2 Historical Context
2.1 The H-Theorem

In order to explain macroscopic irreversibility, Boltzmann formulated the H-theo-
rem in 1872. He considered a non-equilibrium ideal gas and assumed that the gas
particles interact mechanistically by means of repulsive short-range and attractive
forces.

He introduced a new physical magnitude, the function H that is related to the
entropy S by the equation H = N_—]i for a gas with N particles; k; being the Boltz-

mann constant. The H-theorem states that H decreases monotonically over time
and then remains constant when the particle density in the system reaches the
value at equilibrium.

Boltzmann crucially added the molecular chaos hypothesis (or Stosszahl-
ansatz): it means that there is no correlation between the velocities of two parti-
cles that are bound to collide against each other. This hypothesis is notably based
on that the particle distribution is supposed to be spatially homogeneous ([16],
3.b, 6). It follows that the number of collisions between two groups of particles
during the period of time 6t is proportional to their respective particle density.

That way, the H-theorem singles out one time direction. And the molecular
chaos hypothesis is supposed to play a key-role to explain irreversibility.

2.2 The Reversibility Paradox and the Recurrence Paradox

The H-theorem has been plagued by two important paradoxes that lie at the foun-
dations of statistical mechanics: the “reversibility paradox”and the “recurrence
paradox”.

The reversibility paradox (Umkehreinwand) was expressed in 1876 by Johann
Loschmidt. If a gas starts from the initial state s, and reaches the state s, after
time ¢, then, according to the H-theorem, H, < H,. Now if the velocity of every
gas particle is reversed, the gas would come back to its initial state s, = s, after
time #'(= f), and H would still continue to decrease so that H, = H, < H,. There-
fore H cannot decrease over time but remains constant, which contradicts the
H-theorem.

The recurrence paradox (Wiederkehreinwand) was expressed in 1896 by Ernst
Zermelo. It is based on Poincaré’s recurrence theorem according to which a closed
dynamical system comes back arbitrarily near its initial state after a sufficiently
long period of time. H thus cannot always decrease over time and is expected to be
periodic.

According to Kac [27], Boltzmann replied to Loschmidt’s objection: “go ahead,
reverse them!”. Against Zermelo’s objection, he argued that the time periods, i.e.
the Poincaré cycles, are too long for the recurrences to be observed. But, in spite of
Boltzmann’s responses to the paradoxes ([6—8]), it was not until the Paul and Tati-
ana Ehrenfest’s model ([15]) and the Kac ring model that one could see the actual
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possibility to reconcile both time reversibility and recurrence with “observable” irre-
versible behaviour.

2.3 The KacRing

The Kac ring model aims at deriving an irreversible macroscopic behaviour from a
reversible microscopic dynamics and at illustrating the two paradoxes.

As said, the model is a ring with N sites. On each site there is a black or a white
ball. Every ball moves counterclockwise to the next site. There are some fixed active
sites, called “scatterers”. A is their number. When a ball leaves an active site, it
switches colour, turning white if it was black, black if it was white. Figure 1 illus-
trates a Kac ring model with N =25 and A = 9; the active sites are marked, colour
of balls is not represented.

The macroscopic description of the Kac ring is given by the overall colour of the
ring. The ring is supposed to be at equilibrium when the overall colour is “grey’: it
is composed of half black balls and half white balls.

W(¢) is the number of white balls at time ¢ and B(¢) the number of black balls.
W, (2) is the number of white balls on the active sites at time ¢ and B,(¢) the number
of black balls on the active sites.

The numbers of white and black balls are respectively given by:

W(t+1) = W) — W, (1) + B,(1)
B(t+ 1) = B(t) = B,(t) + W,(1) M

The overall colour of the ring é equals the normalised discrepancy:

W) - B@®)

o() = N 2
6 = 1 means that the ring is “white” (i.e. only composed of white balls); 6 = —1
means that the ring is “black” (i.e. only composed of black balls); and 6 = 0 means

that the ring is “grey” (i.e. half black, half white) and therefore at equilibrium.
The translation of Boltzmann’s molecular chaos hypothesis into the Kac ring
implies that the colour of each ball is not correlated to the fact that the site on which
the ball stands is active and is going to make the colour of the ball change. Therefore
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the number of white (or black) balls on active sites equals the total number of white
(or black) balls multiplied by the fraction of active sites y = %:
W0 _
B _ ©

B(1)

3 Uses of the Kac Ring
3.1 Explaining Observable Irreversible Behaviour

In a series of lectures published under the title “Probability and Related Topics in
the Physical Sciences” ([27]), Kac aims to explicate the interrelation of dynamical
law, probability, and initial conditions in physics, and notably to introduce statisti-
cal mechanics of irreversible phenomena. In this context, he endeavours to elucidate
“Boltzmann’s not always clear ideas” ([27], p. 72).

After discussing the virtues of the P. and T. Ehrenfest model, “probably one of
the most instructive models in the whole of Physics” ([27], p. 73), Kac concludes
that “In spite of the brilliant analysis of P. and T. Ehrenfest which elucidated Boltz-
mann’s not always clear ideas and made them highly plausible, the question [of
macroscopic irreversibility] even now (45 years after the appearance of Ehrenfest’s
work!) is not fully settled” ([27], p. 72).2 As Kac highlights, “There are broadly (and
somewhat vaguely) speaking two problems:”

I. Is it possible to reconcile both time reversibility and recurrence with
“observable” irreversible behavior?

II. Is it possible to achieve such a reconciliation in the realm of classical
mechanics? ([27], p. 73)

For Kac, the first problem can receive an affirmative answer “if a model is found
which exhibits the required features”, and specifically “P. and T. Ehrenfest proposed
such a model in 1907” ([27], p. 80). The second problem is more fundamental, and
the Kac ring is aimed “to understand [this] more basic problem of how probability
enters classical mechanics” ([27], p. 99). Hilariously, Kac justifies the adequacy of
the ring model for this purpose by claiming that the ring model is “another artificial
model which in spirit is much closer to “reality””’([27], p. 99).

Given that “The objections of Loschmidt and Zermelo made it clear that the
naive formation of the H-theorem is untenable”, Kac wants to demonstrate that
“The “Stosszahlansatz” [...] on which the derivation of Boltzmann’s equation rests
cannot be a purely dynamical conclusion”, and that “hence some reinterpretation

2 In the P. and T. Ehrenfest model, “2R balls numbered from 1 to 2R are distributed in two boxes A
and B. An integer from 1 to 2R is chosen “at random” and the ball corresponding to that number is
moved from the bow in which it is to the other one. The process is then repeated a desired number of
times”([27], p. 73).
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9% <

is necessary”, “Boltzmann himself [having] proposed that the H-theorem be inter-
preted statistically” ([27], p. 72). Kac therefore introduced the ring model in order
to evaluate a Boltzmann interpretation and a Gibbs interpretation of the molecular
chaos hypothesis, and finally to promote the latter.

“The Boltzmann entropy behaves in a much more erratic way [...] and only on
the average can it exhibit monotonic behavior. [...]

All this points to two quite different formulations of the second law of thermo-
dynamics.

In one formulation (Boltzmann), the notions of state and entropy are quite
intuitive but the monotonic increase of entropy cannot be strictly maintained.
In the other (Gibbs) the increase of entropy is a rigorous theorem but the
notions of entropy and approach to equilibrium are much less intuitive and
direct.”([27], pp. 98-99, emphasis added)

Interestingly, the ring model is used to consider each of the two interpretations.
First, it is used as the “analog of the Classical Solution of Boltzmann.” Therefore,
the analog of the molecular chaos hypothesis, given by Eq. (3), is introduced in the
system of Egs. (1) and (2), and leads to:

Wi+1)—Be+1)
~ -

6+1) = (I =2m)é(1) “)

By recursion it follows that:

8(t) = (1 —2p)'6(0) ®)

Thus, under the analog of the molecular chaos hypothesis, the overall colour of the
ring is given by (5) and follows a monotonic behaviour. u takes a value between 0O
and 1, consequently 6(¢) is a decreasing function (alternating in sign if p > 1/2).
6(?) has a limit equal to zero when 7 tends to infinity; at zero, the ring is “grey” and
therefore at equilibrium.

The Kac ring thus exemplifies that the molecular chaos hypothesis entails a
monotonic behaviour of a macroscopic system having a reversible microscopic
dynamics, but illustrates at the same time that this hypothesis can be objected by the
reversibility paradox and the recurrence paradox.

“...we obtain a monotonic approach to equipartition of white and black balls.
This conclusion is clearly untenable because our model is completely
“reversible.”In fact starting with all white balls [...] we continue for a while
and then reverse the colors of the balls; let them move clockwise and move all
elements of [the sites] one unit counterclockwise. We shall arrive then at the
initial state contrary to [5] which ought to hold for the “reversed”’model as well
as for the original one.

Moreover, the model is strictly periodic with period [2N] (Poincaré cycle)
which is again incompatible with [5].” ([27], p. 100)

With the help of the ring model, Kac further promotes the probabilistic interpreta-
tion, i.e. the Gibbs interpretation, instead. For him, Eq. (5) can be justified “on the
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average” ([27], p. 102). “It is perfectly clear that the origin of this difficulty is in for-
mulas [3, i.e. the Stosszahlansatz” formula]. These formulas must be interpreted and
their meaning analyzed more carefully” ([27], p. 102).

For his demonstration, Kac introduces another notation. The site variable €, is
governed by the following rules:

e,=—lifpeA

€, = +1if p & A where A is the set of active sites.

The state of the ball p is determined by the dynamic variable 7,:

1,(t) = +1if the ball on the site p at time 7 is white

n,(t) = —1if the ball on the site p at time 7 is black

During a normal run, the balls move counterclockwise, and thus the time evolu-
tion of the ring is given by #,(1) = n,_;(t — De,,_;.

By recursion, we obtain: (1) = #,_,(0),,_;...€,,_;.

Thus (1) = % 2,10 = % 2 Mp—i(0)e €

Originally, Kac then considers the case =0 with B(0) =0 and therefore
np(O) = +1, but let us follow Schulman [37]’s analysis and continue with the general
case. The expression of 6(¢) therefore becomes:

t—1

50 =+ X 1,0 = = 21,0 [H %1 ©)
P P

If we assume that all possible positions or the set of sites are equiprobable, then we
can calculate the average of the previous formula. In this case, the average of the
dynamic variables on the products of site variables—which correspond to the sum
of the terms over p in Eq. (6)—can be approximated by using the average of the site
variables:

-1 -1 -1
D lH epH] 1,(0) = N x < lH ePH] >np(0) =Nx lH (epH)] 1,(0) (7)
p | 1=0 =0 =0

And the calculation of < £ > becomes:

<e>=H+DPr(e = +1) + (=1)Pr(e = —1)
N-A

<es=(+D) s +(=1) % % @®)

<e>=1-2u

Introducing (7) and (8) in (6) leads back to Eq. (5), i.e. 6(t) = (1 — 2u)'8(0). In
this derivation, the assumption of equiprobability plays an equivalent role to the
Stosszahlansatz. It specifies a probability distribution, and is necessary for a prob-
abilistic treatment of the problem. “As convincing as this argument is, it should
be remembered that it contains an element of arbitrariness in the assumption that
all positions of the set [of sites] are equally probable. Although undoubtedly this
assumption can be weakened, the fact remains that some such assumption must be
made”([27], p. 102). In other terms, the “Stosszahlansatz” can be justified “on the
average”.
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Furthermore, the purpose of Kac (but also Boltzmann, Gibbs and Maxwell) is to
show that there is no sharp dichotomy between reversibility and irreversibility but
rather an increasing improbability of some trajectories of the system. The improb-
ability is higher as the system’s degrees of freedom increase in comparison to the
observation time, up to the point of becoming a practical impossibility (see, e.g.
[33], pp. 279-280). The Kac ring helps us seeing this gradual transition through
the parameter N. The important conclusion is that, for large N, large ¢, but small
ﬁ, it is amazingly improbable to observe a system with a non-monotonic approach
to equipartition (i.e. 6(f) = 0); thus every individual system will show a monotonic
approach.’

Suppose we plot [6(#)] against ¢ for each set [of sites]. We obtain [Cg]
“curves”; all start from 1 at # = 0 and all have period [2N].
Suppose we are going to look on these curves at a fixed point # << [N]. Think
of [N] being of order 10?* and ¢ of order 10°. At ¢ the ordinates of all curves
concentrate very strongly about [(1 — 2u)"]—it takes extremely bad luck to
observe a sizable deviation from [(1 — 2u)]! ([27], p. 102)

In a nutshell, the ring model enables the evaluation of two interpretations of the
problem of macroscopic irreversibility. On one side, the model shows the limits of
the Boltzmann interpretation. The analog of Boltzmann’s molecular chaos hypoth-
esis does not hold for any actual set of active sites, even if the distribution of active
sites is set randomly. For instance some microscopic configurations do not reach
equilibrium. Bricmont [9] takes the example of a ring that is initially composed of
only white balls, and has alternatively active and non-active site. After two time
steps, all the balls become black. Two time steps later, they all become white, and
so one. In this case, the ring is four-periodic and never reaches equilibrium. But the
molecular chaos hypothesis is expected to hold “on average” in that it represents to
some extent the typical behaviour of large sized rings. The monotonic behaviour of
6(?) is also valid for very large rings insofar as the equation is a good approximation
for a long period of time. On the other side, the model enables the appreciation of
the relevance of the Gibbs interpretation. It can be used to describe no ring in par-
ticular, but rather an averaged set of rings that all share the same macroscopic fea-
tures, i.e., NV, u and 6(0), but have sites arranged differently. The average behaviour is
here predominantly irreversible.

3.2 lllustration of Time Reversibility and Recurrence

I now want to make it clear how the model illustrates the reversibility paradox. Dur-
ing a normal run, the ring becomes more and more grey. Let us suppose that we
reverse the dynamics. Then the rules change: the balls move clockwise to the next
site and switch colour when they arrive at an active site.

3 Tam in debt with one of the two reviewers who made this point very clear to me and provided the ref-
erence.
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Since the expression (5) of 6(¢) remains the same, it is expected to decrease and
the ring to become more and more grey. But, after several time steps 7, the reversed
process leads the ring back to the initial state. Indeed the ring goes through the same
states as during the normal run; the series of states the system goes through is sym-
metrically identical to the series of states it went though the first time.

Here the model not only exemplifies time reversibility but also illuminates the
action of the molecular chaos hypothesis: In the reversed run, there is a correlation,
for a ball, between “having a colour”and “having an active site behind itself”. Each
ball “revisits” in the opposite direction the sites of the ring on which it went through
already. In other words, the future of the ring is absolutely correlated to its past. As a
result, Eq. (5) becomes invalid and the reversibility paradox irrelevant.

Using the second notation, the reversed run can be given by n,(1) = €,1,4, (1 — ).
At time r+ 1, when the rotation of balls is modified, we thus obtain
n,(t+ 1) = €,1,4,(t) = €,€,n,(t — 1) where the variable £, appears twice (note that
its square always equals one). In other words, the site variables are correlated.

It is important to note that the ring model supports a subtle definition of time
reversibility. Usually, time reversal is supposed to follow the operation “t — —¢”.
But time reversibility for dynamical systems is better expressed as follows:
the dynamics of a system with a state space S is time reversible if and only if: if
t = § = Q(¢) is a solution to the equations of motion, then t — § = z[Q(—1)] is also
a solution to the equations of motion. r is a parity transformation that depends on
the specific dynamical system under scrutiny. In point-mass mechanics, for example,
with generic state (x;,p;), it is defined as #[(x;, p;)] := (x;, —p;). Thus, in the Kac
ring, it is the ball’s colour that actually reflects the momentum’s parity transforma-
tion. As Kac writes “our model is completely “reversible.” In fact starting with all
white balls [...] we continue for a while and then reverse the colors of the balls; let
them move clockwise and move all elements of [the sites] one unit counterclock-
wise” ([27], p. 100, emphasis aa’ded).4

The model also illustrates the recurrence paradox since it is 2N-periodic. Let us
suppose that the ring is initially only composed of white balls and evolves during
2N time steps. Every ball went twice on the active sites. The system has therefore
switched colour two consecutive times. Hence it has become fully white again.
Whatever the initial situation is, after 2N time steps, the system thus finds its initial
state back.

The model also offers a possible resolution to the recurrence paradox, which
exemplifies Boltzman’s own reply: If the number of sites N on the ring is extremely
high, one could not observe a reversible behaviour. The reason is that the time for
recurrence to occur is proportional to N and, if N is extremely high, the time would
be too long for the user to observe recurrence.

4 Tam also in debt with one of the anonymous reviewer who points to this aspect.
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3.3 Trustworthiness of the Model

In a nutshell, the ring, characterised by the overall colour 6(¢), enables us to grasp
how both time reversibility and recurrence can be reconciled with “observable”
irreversible behavior, and to evaluate the relevant interpretation of the molecu-
lar chaos hypothesis in the explanation of the irreversibility of the macroscopic
behaviour of the ring. But can we take the conclusions drawn from the model for
granted?

Among scientists, there is much disagreement about whether the Kac ring
explains macroscopic irreversibility (see [14], p. 58). But this is not because the Kac
ring is a misrepresentation. The model is considered as trustworthy for the intended
use, e.g., to exemplify and to evaluate Boltzmann’s solution.

Thus the model has further been developed to test the molecular chaos assump-
tion. Among Boltzmann’s hypothesis, it is the only assumption to be probabilistic
(the others are deterministic), and therefore to be non-mechanical. Coppersmith has
tried to find another origin of irreversibility with the Kac ring. He inserted non-
time-reversal invariant scatterers in the model for proving that these “anomalous”
scatterers are responsible for irreversibility ([10]). Fernando claims that the “true
origin” of irreversibility lies on the stochastic interaction between the system and
the environment whereas the molecular chaos hypothesis “for deterministic dynam-
ics helps to conceal rather than reveal the true origin of irreversibility” ([18], p. iii).
Other physicists have used the model to study the probabilistic nature of the micro-
scopic dynamics (see [13, 21]).

The reasons of disagreement expressed in the relevant scientific literature blame
instead the underlying theoretical hypotheses. Importantly, the molecular chaos
hypothesis is controversial ([1]). Some scientists consider that it provides the tempo-
ral asymmetry of thermodynamical behaviours in an ad hoc way rather than explain-
ing macroscopic irreversibility.

We also need to understand why the initial states of the ring are of low entropy
since external human operation is needed to prepare such unusual initial states of
isolated systems. Thus, for Schulman ([37], p. 29), the model does not succeed
in deriving the arrow of time. Others, e.g. Bricmont [9] and Price [36], have also
insisted on that initial conditions may contribute in explaining irreversibility.

Another source of disagreement concerns the way the reversed dynamics of the
ring is induced ([14]). Doubts have indeed arisen about whether this operation is
purely mental or involves an external action on the system. And yet if it is an exter-
nal action, there would be a negative entropy from the environment that would con-
stitute an important component to explain the second law of thermodynamics.

Since the Kac ring is used trustworthily to understand certain aspects of statisti-
cal mechanics of irreversible phenomena, it is worth investigating the very reasons
why we are warranted in trusting the model for this purpose. For that matter, let us
turn to the current philosophical accounts of why scientific models, albeit idealised,
can provide explanations of the phenonemon they are said to approximate. As we
will see, most of these accounts assume that model idealisations do not contribute to
any explaining. After a brief review, my aim will be to show that, contrary to what
these accounts tell, the success of the Kac ring stands in its very idealisations.
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4 Characterisation of the Ring: What Makes it Trustworthy?
4.1 Targetless Toy Model

The Kac ring represents general properties of macroscopic irreversibility. Nonethe-
less it can be said to be targetless in that it does not aim to describe accurately a real
system, process or phenomenon in particular. Targetless models are some kind of
abstract direct representations ([43]). In targetless models, such as cellular automata
like the Game of Life or crystal growth, “no target is chosen at all. The only object
of study is the model itself, without regard to what it tells us about any specific real-
world system. This type of modelling is most akin to pure mathematical analysis.”
([44], p. 129).

For Luczak [32], because the Kac ring is targetless, it follows that it does not
perform a representational function. Luczak argues that the Kac ring is a toy model
and, “Unlike idealisations and approximations, toy models do not perform a repre-
sentational function. That is, they do not represent anything.” (Ibid., 1).> This never-
theless seems to stand in contradiction with the fact that the Kac ring is a good peda-
gogical device or a heuristic tool that, like any other toy model, enables us “To learn
to use, or to become comfortable with, certain formal techniques”, “To elucidate
certain ideas relevant to a theory”, “To test the compatibility of various concepts”,
or “To generate hypotheses about other systems” ([32], p. 1).

This may be a merely terminological dispute though, since Luczak concedes that
toy models can be used by agents because they “instantiate” properties; instantiation
being obtained by similarity with systems. At some point, he also writes that “If
we suppose that the Kac ring represents the generic features of a class of systems
[...], then any conclusion we reach about them by studying the model can be applied
directly to any member of the class.” (Ibid., 7, emphasis added). But Luczak’s view
does not tell what does the “instantiating” in the model that is only made of idealisa-
tions, and why we can be confident in the “instantiating” and thereby why we can
trust the Kac ring for the purpose of understanding the statistical mechanical treat-
ment of irreversible phenomena.

My work consists precisely in examining how each idealisation maintains the rep-
resentational function of the Kac ring with the general properties of the class of irre-
versible macroscopic phenomena. Beforehand, I need to show that most philosophi-
cal accounts of how models can explain fall short in describing how the Kac ring
works. These accounts consider models either as approximations, minimal models,
or caricatures.

5 Following Giere [20], Luczak adopts the perspective of the intentional agents that use models for what
counts as a representation. For Luczak, “it seems fair to say that a model performs a representational
function only if its user intends for it to perform a representational function [...] it is not the model that
is doing the representing; it is the scientist using the model who is doing the representing.” ([32], p. 2).
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4.2 Approximation

Many accounts have in common the thesis according to which scientific mod-
els can teach us things about actual empirical systems if they are approximate
descriptions, or approximations, of their target. Here models must represent their
target systems to some degree of accuracy and therefore distort as little as it is
compatible with tractability.

For most of these accounts, a model represents the target phenomenon:

(i) 1in spite of having idealisations that should be employed without jeopardising
the representational function of the model, and

(i1) in virtue of having certain components that mirror/denote/are isomorphic to/
are similar to/partially resemble/approximate/are true about/etc. the relevant
features of the target system.

Generally each author commits herself to an account of the representational rela-
tionship and its success (whether they rest on isomorphism, similarity or denota-
tion, for instance).

The de-idealisation thesis is one of these accounts. It is most famously rep-
resented in McMullin [34], but is also present in Laymon ([30, 31]) and Nowak
([35]). It describes a de-idealisation process that is about adding features of the
target back in to models and correcting mathematical approximations that appear
in the original models. According to the de-idealisation thesis, models perform
a representational function if they are approximately true. We know that they
are approximately true if, once de-idealised, they provide more accurate predic-
tions. In this thesis, it is assumed that their “true” part captures what Mcmullin
([34]) calls the “real structure” of the target system, and it necessarily excludes
the idealisations.

According to a more recent account (Bokulich’s [3, 4]), models are explanatory
if they correctly capture the structure of counterfactual dependences in the target
system, i.e. if they express the physical relationships between variables of interest
adequately so to answer a broad class of “what-if-things-had-been-different” ques-
tions under some changes of initial conditions. For that, they must be in an isomor-
phic relation with the relevant features of their targets.

For some others, models are good representations if, apart from idealisations,
they preserve a minimal amount of relevant accurate information about their target.
The idealisations can help in isolating the causal factors of interest within the model.
For instance, Strevens ([38]) argues that idealisations are used to highlight within a
model those factors that are not causally relevant to the explanation of the target.

Bokulich’s and Streven’s are not traditionally taken to be accounts of models as
approximations. However, they both endorse the view that, within the model, true
elements are doing the representing while idealisations play another role.

There is no point in analysing the Kac ring as an approximation. Such accounts
fall short in explaining how the Kac ring works for the following obvious reasons:

First, it does not make sense to consider the possibility of de-idealising the ring.
The ring meets its purpose precisely in virtue of its idealisations. De-idealising the
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ring would lead back to the (already idealised) representation of the gas system
underlying the H-theorem; therefore there would be no progress made here.

Second, there is no “true” component within the Kac ring. The model does not
contain accurate elements about the target that would perform solely the represen-
tational function. The Kac ring is helpful precisely because it idealises, rather than
abstracts away, features from the target.

Third, the above-mentioned accounts describe how models explain in spite of
having idealisations. But all the components in the Kac ring are idealisations.

4.3 Minimal Model

We may hypothetise that the Kac ring is a minimal model as defined by Batterman
and Rice ([2]). Minimal models “are used to explain patterns of macroscopic behav-
ior across systems that are heterogeneous at smaller scales” ([2], p. 349); “these
minimal models are explanatory because there is a detailed story about why the
myriad details that distinguish a class of systems are irrelevant to their large-scale
behavior. This story demonstrates, rather than assumes, a kind of stability or robust-
ness of the large-scale behavior we want to explain under drastic changes in the vari-
ous details of the system.” ([2], p. 373)

The Kac ring, like minimal models, is not explanatory in virtue of the features it
has in common with real systems, since it has no such feature in common. It may
also be considered as a way of delimiting a universality class, that would be here a
set of general properties underlying macroscopic irreversibility.

Unlike minimal models, though, the initial purpose of the model is not to dem-
onstrate that the details that distinguish the model and various real systems are irrel-
evant, even though this may be seen as a by-product of the model.

More importantly, the Kac ring is not devoid of representation relations. Denying
the Kac ring a representational function would not do justice to the work and crea-
tivity of Mark Kac in designing the appropriate idealisations of the ring.

4.4 Scientific Caricature

Gottwald and Oliver suggest that the Kac ring model is a caricature when they claim
that the model provides “a caricature of the underlying issues while being simple
enough that they can be exposed through elementary and explicit computation”
([21], p. 614). Let us take this idea seriously here.

In an influential paper ([19]), Gibbard and Varian distinguish scientific carica-
tures from models as approximations. Although Gibbard and Varian focus on eco-
nomic modelling, their definitions can be made general. While approximations aim
to describe reality, albeit in an approximate way”, caricatures “seek to “give an
impression” of some aspect of economic reality not by describing it directly, but
rather by isolating and exaggerating certain selected aspects of the economic situa-
tion” ([19], p. 665).

While idealisations in approximations are due to simplicity and tractability, sci-
entific caricatures emphasise, even distort, some features of the target system and
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omit others for the purpose of isolating and illuminating the effects of the factors
involved.

Although, [...] when a model is applied as a caricature, it may indeed be
hypothesized that the model is an approximation of the roughest kind, the
model will be chosen not for the sake of good approximation, but to distort
reality in a way that illuminated certain aspects of that reality. ([19], p. 676)

This is similar to a pictorial caricature. It emphasises, even to the point of distorting,
some features of the subject and omit others for the purpose of giving the reader (or
the viewer) immediate adjacent information about the subject. For example, the size
of a subject’s nose may be exaggerated in a pictorial caricature, so to bring the atten-
tion of the audience to certain aspects of the subject’s character ([17], p. 10).

But the Kac ring is worse than a caricature as it contains no component aiming at
representing realistically a specific empirical target in particular. That said, the ide-
alisations involved in the Kac ring are as active as the ones in caricatures. They cap-
ture important aspects of the idealised gas representation underlying the H-theorem.
These components are:

(i) the relation between the macroscopic and microscopic levels of the system,
(i) the multi-realisability of the macroscopic behaviour,
(iii) the molecular chaos hypothesis,
(iv) the reversibility and the recurrence of the microscopic dynamics.

They are the most relevant aspects for the purpose of illustrating macroscopic irre-
versibility, deriving the reversibility and recurrence paradoxes, and considering how
they relate to Boltzmann’s H-theorem.

4.5 Analog

The Kac ring is not an approximation, not a caricature, nor a minimal model. The
idealisations it contains play an active role similar to the one defined within the
account of models as caricatures.

How to characterise the relationship between the Kac ring and the targeted prop-
erties of macroscopic irreversibility? We should take seriously the claim that the
model is, as Mark Kac initially introduced it, an “analog of the classical solution of
Boltzmann”([27], p. 99).

Here the term “analog”does not designate what is traditionally meant by “anal-
ogy” in philosophy of science, i.e., a mathematical representation that connects dif-
ferent phenomena. A famous example is the analogy between waves of light, sound
and water ([23], pp. 10-12). The equation y = a sin 2zfx can be used in three cases.
It can describe the height of a water wave at point x; in that case, a is the amplitude
and f'is the frequency of the waves. It can describe the amplitude of a sound wave at
point x; here, a is the loudness and fis the pitch. Or it can describe the amplitude of
a light wave at point x; in that case, a is the brightness and fis the colour.
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The reason why this is not an analogy is that the mathematical equation in the
Kac ring is not strictly the same as the Boltzmann transport equation. That said, it
mathematically imitates the behaviour described by Boltzmann.

On one side, Boltzmann distinguishes two gases: one is composed of particles A
whose velocities are v inside the differential element dv, and the other is composed
of particles B whose velocities are w inside dw ([27]). A collision occurs when A (or
B) meets B (or A). After a collision, v and w respectively become v + (w — v).1l and

— (w — v).IL. These changes are calculated from the momentum conservation and
from the energy conservation for elastic collision.

On the other side, in the Kac model, the balls can be either black or white.
They switch colour when they meet (or leave) an active site. One thus obtains
Wi+ 1)=We) —W,u(@)+By(t)and Bt + 1) = B(t) — /}(t) + WA(I) The analog of
the Boltzmann transport equation is 8(t + 1) = W(HI)NB(H —2u)8(1).

In the Kac ring, each idealisation plays an active role in the representing by being
an analog of a general property of macroscopic phenomena as hypothetised in the
H-theorem of Boltzmann. I now want to reconstruct zow the model idealisation does
so. My intention, though, is not to reconstruct the genesis of how the model has
been historically derived. The Kac model was clearly influenced by the Ehrenfests’
earlier models (i.e., urn but also wind-tree), and could also be seen as a further adap-
tation of these models ([5] discusses similar cases). But my account is synchronic: I
examine each idealisation in the model and explains how it plays a role in both the
intelligibility and the acceptability of the model.

5 Active Role of Idealisations

The idealisations in the ring are designed to facilitate the inferential work, i.e. they
make consequences of the Boltzmann’s assumptions easy to draw. Exemplifying
Boltzmann’s solution would have been more difficult if one had to take into account
the actual complicated distribution of the particles in a gas. The inferential capacity
of models has received much philosophical attention these last decades (e.g., [20,
25, 29, 39, 40]).

The success of the idealisations stands not only in that they facilitate the inferen-
tial work, but also in that, despite being distortions, they capture important general
properties of the (already idealised) gas representation underlying the H-theorem.

5.1 Descriptions of Macroscopic and Microscopic Levels

A first important feature that the Kac ring captures is that the macroscopic behav-
iour of the gas is derived from its microdynamics. In the idealised representation
underlying the H-theorem, the gas is composed of a high number of particles, rep-
resented by hard spheres of a certain diameter that can collide against each other.
The macroscopic behaviour of the gas derives from the individual trajectories of
the particles. It is characterised by the function H whose calculation depends on the
velocities of each particle.
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In the Kac model, the derivation of the macroscopic behaviour from the micrody-
namics is captured in the following way. The ring is composed of microscopic enti-
ties, that are balls which interact with active sites. The macroscopic behaviour of the
ring derives from the individual (black or white) states of the balls. It is described by
the colour (6(¢)) whose calculation depends on the states of each ball.

In the representation underlying the H-theorem, the velocity of a particle depends
on the number of collisions the particle had, while, in the Kac model, the colour of a
ball depends on the number of times it left an active site.

Because the representation of the microdynamics matters above all, the particles
need not to be faithfully represented in the model. Boltzmann’s spheres share some
well-known properties with the actual particles of gas (e.g. their spatial extent and
their disposition of elastically colliding with each other), but the Kac’s balls need
not to possess such properties. Thus their only two possible states are “black” or
“white”.

The Kac ring also possesses additional features that are not contained in the rep-
resentation underling the H-theorem, but are nevertheless harmless because they
only interfere with the representational function of the model in irrelevant respects.
For instance, their change of state depends on whether or not they have left an active
site. Thus Kac could have used points or stars instead of active sites, or blue or gold
balls, these fictional features would have had no influence for the purpose at stake.

5.2 Multi-realisability

A second important feature captured by the Kac ring that concerns the relation
between the macroscopic and microscopic levels of the system is the multi-realis-
ability of the macroscopic behaviour. In the idealised representation underlying the
H-theorem, a state of the gas system, characterised by a certain H, can be obtained
from different microscopic configurations. This is similar in the Kac ring. A state of
the ring, characterised by a certain colour of the ring 6, can be obtained from differ-
ent microscopic configurations of the ring.

An additional feature is the conservation of the number of the gas particles. In the
Kac ring, the number of balls does not change and is therefore conserved.

5.3 The Molecular Chaos Hypothesis

A third important feature from the H-theorem is of course the molecular chaos
hypothesis. It is not directly integrated into the model itself but constitutes an extrin-
sic assumption. In the H-theorem, the molecular chaos hypothesis corresponds to:
ny = Nf(v;t).dv, ng = N.f(W;t).dw.

In the Kac model, the analog of the molecular chaos hypothesis consists in
assumlr‘;;g that the active snes are randomly arranged and that the ratio of active sites

1 =
equasw() N and to B()
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In the Kac ring, the randomness is in the placement of the active sites, not in the
balls doing the motion ([26]). We should note that this idealisation helps the users
in making inferential work. For example, collisions in the model occur always at
the same locations, i.e. at the active sites. Thus the number and the location of col-
lisions do not change over time. This has a cognitive virtue, as Bricmont highlights,
insofar as “Scattering with fixed objects tends to be easier to analyse than collisions
between particles” ([9], p. 157). This is also a harmless idealisation in that macro-
scopic irreversibility and microscopic reversibility are the most important aspects to
be represented.

5.4 Reversibility and Recurrence

Lastly, the reversible feature of the microdynamics is also captured since, in the
Kac model, the reversed behaviour of the ring is perfectly symmetric to its original
behaviour. Furthermore the number of dimensions is reduced in the model. While
the gas system is three-dimensional in Boltzmann’s representation, the Kac’s balls
only can move along a (one-dimensional) ring. In this way, the user can easily see
(concretely on a paper or a screen, or mentally) the reversibility of a change in the
colour of a ball.

This reduction of dimensions also seems to enable recurrence. That the system
is not idealised as a string for instance, but is rather represented as a ring, seems
to enable recurrence in the system. If the system was idealised as a string, it would
have been finite (since the system is supposed to be closed) and recursiveness would
not have been possible. Since the ring is a one-dimensional closed space, the system
can by contrast come back to its previous states.

Furthermore, in the model, the recurrence period strictly equals two periods of
rotation. And yet, as actual gas systems have more degrees of freedom than the Kac
ring, their recurrence periods are much longer than that. Nevertheless, in virtue of
this idealisation, one is able to “observe” the phenomenon of recurrence, which
would not have been possible some other way.

The recurrence time in the Kac ring is linear in N (i.e. the size of the system),
whereas it is exponential in physical systems. But this idealisation is not essential
once we recognise it.

6 Conclusion

I have shown that the Kac model is used to draw lessons about Boltzmann’s hypoth-
eses. The model illustrates macroscopic irreversibility, enables us to derive the
reversibility and recurrence paradoxes and to consider how they relate to Boltz-
mann’s H-theorem.

This paper argues that all of this is possible because the Kac model distorts the
(already idealised) representation of a gas system underlying the H-theorem, and

6 I thank one of the reviewers for this comment.
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highlights the most relevant aspects of the class of systems being studied. The ideal-
isations it contains are active in the representing. They instantiate a relation between
a macroscopic level and a microscopic level of a system, a multi-realisability of a
macroscopic behaviour, an analog of the molecular chaos hypothesis, as well as a
reversible and recurrent microscopic dynamics.

It may well be the case that, from a more general perspective, toy models contain
idealisations that represent general features holding across different empirical target
systems. That said, the Kac ring is a unique piece of scientific work that deserved a
close analysis of its various idealisations.
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