ERROR BOUNDS FOR EULER APPROXIMATION
OF LINEAR-QUADRATIC CONTROL PROBLEMS
WITH BANG-BANG SOLUTIONS

WALTER ALT, ROBERT BAIER, MATTHIAS GERDTS, AND FRANK LEMPIO

ABSTRACT. We analyze the Euler discretization to a class of linear-quadratic
optimal control problems. First we show convergence of order h for the optimal
values, where h is the mesh size. Under the additional assumption that the
optimal control has bang-bang structure we show that the discrete and the
continuous controls coincide except on a set of measure O(v/h). Under a
slightly stronger assumption on the smoothness of the coefficients of the system
equation we obtain an error estimate of order O(h).

1. Introduction

We consider the following linear-quadratic control problem:

(0Q)  min f(z,u)

s.t.

#(t) = A(t)z(t) + B(t)u(t) V'te[0,T],
z(0) =a,

u(t) e U V't €10,7],

where f is a linear-quadratic cost functional defined by
1
f(z,u) :§x(T)TQa?(T) +q"2(T)

+ / T%w(t)TW(t)x(t) +w(t)Ta(t) + r(t) Tu(t)dt.
0

Here, u(t) € R™ is the control, and z(t) € R™ is the state of a system at time ¢.
Further @) is a symmetric and positive semidefinite n X n-matrix, ¢ € R", and the
functions W: [0,T] — R™*" w: [0,T] — R™, r: [0,T] — R™, A: [0,T] — R™*"
B: [0,T] — R™*™ are Lipschitz continuous. The matrices W (¢) are assumed to be
symmetric and positive semidefinite, and the set U C R™ is defined by lower and
upper bounds, i.e.,
U={ueR™|b <u<b,}

with b;,b, € R™, b; < b, where all inequalities are to be understood component-
wise.

Our aim is to derive error estimates for the Euler discretization of problem (0OQ).
There are some papers dealing with Euler approximations to nonlinear control
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problems (see e.g. [3, 13, 15, 14, 23] and the papers cited therein). The analysis
in these papers is based on the assumption that the optimal control is Lipschitz
continuous. Since an optimal control for (OQ) has typically bang-bang structure
this assumption is not satisfied. For bang-bang controls only simple convergence
results have been obtained (see e.g. [6] and the papers cited therein).

There are also a number of articles dealing with set-valued Euler’s method for
nonlinear differential inclusions ([12], [32], [9], [8], [7]) which prove order of con-
vergence equal to 1 for the approximation of the reachable set. From this fact the
same order of convergence can be concluded for the approximation of the state and
of the optimal value (see [30]).

Veliov [31] seems to be the only paper dealing with error estimates for control
problems with control appearing linearly. In contrast to problem (OQ) he considers
problems with a possibly nonlinear cost functional of Mayer type. His approach is
based on Runge-Kutta methods of at least third order local consistency. In a recent
paper [4] we have shown that for linear control problems with an optimal control
of bang-bang structure the discrete and continuous controls coincide except on a
set of measure O(h), where h is the mesh size of the discretization. Here we extend
this result to linear-quadratic control problems. The analysis in [4] is based on the
fact that for linear problems the adjoint equation does not depend on the state and
can therefore be solved independently. Here we use a different approach based on a
second-order condition known from the stability analysis [17] of bang-bang controls
(compare also [25, 24]).

For elliptic control problems an approach similar to the one presented here has
been developed recently in [10]. Errors for the controls are obtained also based on a
variant of a stability condition used in the context of parameter dependent control
problems in Felgenhauer [17]-[20]. Another variant of these conditions has been
used in [11] in the context of bang-bang solutions for parabolic control problems.

The organization of the paper is as follows. After this introduction we define in
Section 2 the Euler discretization for Problem (OQ). In Section 3 we derive error
estimates for the optimal values for the discretized problems. Assuming that the
optimal control is of bang-bang type, we then derive in Section 4 error estimates
of order O(v/h) for optimal solutions of the discretized problems. In Section 5
we use slighty stronger assumptions for the problem data in order to show struc-
tural stability of the discretized controls and to improve the error estimates for the
discretized solutions to order O(h). Finally, we discuss a numerical example.

We use the following notation: R" is the n-dimensional Euclidean space with the
inner product denoted by (z,%) and the norm |z| = (z,z)'/2. For an m x n-matrix
B we denote by | B|| = supy,<; |Bz| the spectral norm. For 1 < p < oo we denote
by LP(0,T;R™) the Banach space of measurable vector functions w: [0,7] — R"”

with
T b
Jull, = (/0 |U(t)|pdt> <00,

and L>(0,T;R™) is the Banach space of essentially bounded vector functions with
the norm

llloo = max csssup |ui(2)] -
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By W, (0,T;R") we denote the Sobolev spaces of absolutely continuous functions
1 . — . ; .
W0, T;R") = {w € LP(0,T;R") | & € LP(0, T; R™)}

with )

l2llip = (J2O)” + llz[I})”
for 1 <p < oo and

[[#]]1,00 = max {|z(0)], [|&]|oc } -
We define X = X x Xo, X1 = WL (0,T;R"), Xo = L®(0,T;R™), and we denote
by
U={ue Xy |ult)eUVYtel0,T]}

the set of admissible controls, and by
F={(z,u) € X1 x Xo |uelU, i(t) = A(t)x(t) + B{t)u(t)V't € [0,T], z(0) = a}
the feasible set of (0Q).

Definition 1.1. A pair (z*,u*) € F is called a minimizer for Problem (0OQ), if
flz*,u*) < f(z,u) for all (z,u) € F, and a strict minimizer, if f(z*,u*) < f(z,u)
for all (x,u) € F, (z,u) # (z*,u*). &

Since the feasible set F is nonempty, closed, convex and bounded, and the
cost functional is convex and continuous, a minimizer (z*,u*) € W4 (0,T;R") x
L?(0,T;R™) of this problem exists (see e.g. Ekeland/Temam [16], Chap. 11, Propo-
sition 1.2), and since U is bounded we have (z*,u*) € X = WL (0,T;R") x
L>(0,T;R™). Moreover, the cost functional is Lipschitz continuous on F, i.e.,
there is a constant Ly such that

(1.1) [f(@,u) = f(z0)] < Ly (& = 2lloc + [[u=vll)  Y(z,u),(z,v) € F.

An immediate consequence of the compactness of U, the Lipschitz continuity of
A and B as well as the solution formula for linear differential equations, is the
existence of a constant K such that for any feasible control © € U and the associated
solution x of the system equation we have with some constant L,

(1.2) [#]]1,00 < Lo

This estimate shows that the feasible trajectories are uniformly Lipschitz with Lip-
schitz modulus L.

Let (z*,u*) € F be a minimizer of (OQ). Then there exists a function A €
W2 (0,T;R") such that the adjoint equation
(13) =) = A@®)TAE) + W(Hz*(t) + w(t) V't € [0,T], MT)=Qz"(T) +q,

and the minimum principle

(1.4) [r(®)" + X&) "B)](u —u*(t)) >0 YueU

hold for a.a. t € [0,T]. Denoting by

(1.5) o(t) = r(t) + B(t)"A(t)

the switching function, it is well-known that (1.4) implies for i € {1,...,m}
by, if o;(¢t) > 0,

(1.6) u; (t) =4 bu if 0i(t) <0,

undetermined, if o;(¢) = 0.



4 WALTER ALT, ROBERT BAIER, MATTHIAS GERDTS, AND FRANK LEMPIO

Remark. Since A satisfies the adjoint equation and W, w, r, A, B are Lipschitz
continuous, A is bounded and hence A is Lipschitz continuous, which implies that o
is also Lipschitz continuous. &

2. Euler Approximation

Given a natural number N, let hyy = T'/N be the mesh size. We approximate
the space Xy of controls by functions in the subspace Xo xy C X3 of piecewise
constant functions represented by their values u(t;) = u; at the gridpoints jhy,
j =0,1,...,N — 1. Further, we approximate state and adjoint state variables
by functions in the subspace X; y C X; of continuous, piecewise linear functions
represented by their values z(t;) = x;, A(t;) = A; at the gridpoints jhy, j =
0,1,...,N. Then the Euler discretization of (OQ) is given by

o .
(0Q) x e I (@, u)
s.t.
Ij+1 = l’j + hN [A(t])I] + B(tj)u]'], ] = O, ].7 e ,N — 1,
Tro =a,
u; €U, j=0,1,...,N—1,
where fx is the linear-quadratic cost functional defined by
N-1
It T Lt T T
In(,u) = SonQun +q oy +hy > 5% W(ts)zs +w(ty) z; +r(t) u
§=0

By Fn we denote the feasible set of (OQ) 5.

Definition 2.1. A pair (z},uy) € Fy is called a minimizer (0Q) v, if fx(z,,u;) <
fn(zn,up) for all (zp, upn) € Fn, and a strict minimazer, if fn(z}, u)) < fn(zh, up)
for all (zp,un) € Fn, (xh,up) # (25, up). &

Again, since U is compact there exists a constant L, independent of N such that
for any feasible control u;, € U and the associated solution z of the discrete system
equation seen as a continuous, piecewise linear function we have

(2.1) lin(t) < Ly ¥'tel[0,T],

which shows that the discrete feasible trajectories are uniformly Lipschitz with
Lipschitz modulus L, independent from h, where w.l.o.g. L, is the same constant
as in (1.2).

Compactness of U further implies that Problem (OQ), has a solution (z7,u;} ),
and for any solution there exists a continuous, piecewise linear multiplier A, € X n
such that the discrete adjoint equation

_ Ahgt1l — Ang

(22) e = A(t;) A1 + Wty ; +w(ty), j=0,...,N—1,
with end condition

(2.3) AnN = Qrh N + 4,

and the discrete minimum principle

(2.4) (rt;)) + M Bt) (w—uj, ;) >0 YuelU, j=0,...,N—1,

are satisfied.
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By o [0,tn-1] — R™ we denote the discrete switching function, the continuous
and piecewise linear function defined by the values
(2.5) on(t;) :==r(t;) + Bt;) " Mnjs1, j=0,...,N—1.
From (2.4) we obtain fori=1,...,m, j=0,...,N — 1,

bu, if O'hﬂ'(tj) > 0,
(2.6) up i (tj) =S by, if o1, 4(t5) <0,

)

undetermined, if o ;(t;) = 0.

3. Error Estimates for Optimal Values

Without assuming a special structure of the optimal controls we can derive error
estimates of order 1 for the optimal values. To this end we need some auxiliary
results. For a function z: [0,7] — R of bounded variation and s1,s2 € [0,7T],
51 < s2, we denote by Vi2z the total variation of z on [s1, s2].

Lemma 3.1. Suppose that (x,u) € F and u has bounded variation. Then there
esists (xp,up) € Fn such that

(3.1) Ju—unlly < haViu, Jlu—uplls < VAnVEu,

and

(3.2) |2n — #)|oo < e1 hnVEd < (c2 + esVEu)hy,

where ¢y, ¢z, c3 are constants independent of N. &

Proof. Let up, be the piecewise constant function defined by the values u(t;), j =
0,...,N —1. Then uj, € Y. Since for s € [t;,t;41]

Juls) = ult;)] < [ultyr1) = uls)] + uls) — ulty)] < Ve u,

we have
N1 rtjm N i
lu—upll = Z / lu(s) —u(t;)|ds < Z / Vi < hnVEu,
=0 7t =0 7t

which shows the first estimate in (3.1). For the L*-norm we have

N=1 .t N-1 )
fu=wlB =3 [ uls) —ult)Pds < 3 b (Vira)
j=0 “ti j=0

t]
N—1 )
<Viu Y AV u=hy (Viu)”,
§=0
which shows the second estimate in (3.1).

Let xj, be the solution of the discrete system equation of (0Q), for u = wy.
Then (zp,ur) € Fy and xy, is the Euler approximation of z. Since u has bounded
variation and z is the solution of the system equation, © has bounded variation.
By Sendov/Popov [28, Theorem 6.1] (see also [28, (7) on p. 10]) this implies

(3.3) max [an(t;) = a(t;)] < 2T exp(T| Al Vi 3.
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From this one easily obtains the first estimate in (3.2) (compare [4], Lemma 2.2).
The variation of & can be estimated by the variation of the right hand side of the
system equation. If we denote by L4, resp. Lp, the Lipschitz modulus of A(-),
resp. B(+), then a simple calculation shows that for ¢, s € [0, T

(t) = #(s)] < Lalzlloo|t — 8] + [|A(C)[loo|2(2) — 2(s)|
+ Lpllufloolt = s + [|AC) oo u(t) — u(s)| -

By (1.2) and the boundedness of U we further obtain with some constants L, L,
independent of N

Vo i < (Lallzlloe + La[AC) oo + LpLu)T + [|A() Vo u,
which implies the second estimate in (3.2). O

Remark. In many applications the optimal control u* is a piecewise Lipschitz con-
tinuous function. In this case u* has bounded variation. <

Lemma 3.2. Suppose that (xp,un) € Fn. Then there exists a function z, such
that (z,uy) € F and

(3.4) |z — zplloo < chn
with a constant ¢ independent of N and the choice of (zp,up) € Fn- <&

Proof. By assumption up, € U. Let z be the solution of the system equation of (OQ)
for u = up. Then (z,up) € F and zy, solves the differential equation (remember
that Uh(t) = Uh(tj) for ¢ G]tj,tj+1[)

i = Aty)en(ty) + Blty)un(ty) = At)on(t) + B(t)un(t) +y(t) V't €[0,T],
where
y(t) = At;)an(ty) — A@)zn(t) + (B(t;) — B(t)un(t), € [tj,tj4]-

Since uyp, is bounded and y(t;) = 0, the functions A, B, are Lipschitz-continuous
and the feasible trajectories are Lipschitz uniformly with respect to hx by (2.1), it
follows that

ly(t)| < ethy V't €[0,T]

with a constant ¢; independent of N and the choice of (x,up). This together with
ap(t) — 2(t) = y(t) implies
t t
|lzn(t) — ()] < / |25 (s) — 2(s)|ds = / ly(s)lds < e1Thy

0 0
for ¢t € [tj,t;+1[ which proves (3.4). O
Lemma 3.3. Suppose that (xp,up) € Fy. Then
(3.5) |f(@n,un) — fn(@n,un)| < chy
with a constant ¢ independent of N and the choice of (zp,up) € Fn. O

Proof. Tt follows from (2.1) and the boundedness of U that there are constants ¢,
¢y independent of N such that

(3.6) [2nlloo < coy [lunlloo < cu V(wn,un) € Fi .
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By the definition of f and fx we have
N-1 etjn 1

B fonw) -~ fxonw) = 5 [ 500+ B0 + 10|
j=0 7t

where
L(t) = an(®)TW (D)an(t) — za(t;) "W (t)zn(t;) ,
Iy(t) = w(t) wn(t) ) (),
I3(t) = r(t) Tun () = r(t;) Tun(ty) = (r(t) = r(t;)) Tun(ty)
for t € [t;,t;41[. Since
Li(t) = zp(6) W (Dan(t) — xn(ty) "W (t)an(t;)
+ ()W (Dan(ty) — za(ty) W (t;)xn(ty)
= (2n(t) + (1)) W) (2 (t) = 2n(t)) + 2 (t)T (W) = W(t;) n(ty),
we get by (2.1) and (3.6)
1L (O] < 26, [W ()| Lohy + 3 Luh

where L,, is the Lipschitz modulus of W. Similar results can be easily obtained for
I5(t) and I5(t). Together with (3.7) this implies the assertion. O

w(t;

We can now derive an estimate for the optimal values of solutions. By approxi-
mation results for reachable sets (see [12, 30, 31]), the assumption on the bounded
variation of the optimal control in the following theorem could be weakened by
demanding only bounded variation and Lipschitz continuity of a corresponding set-
valued right-hand side. To avoid additional notations, we include a direct proof for
the simpler result needed here (compare [1]).

Theorem 3.4. Let (x*,u*) € F be a solution of (0OQ) such that u* has bounded
variation. Then for any solution (x},u}) € Fn of (0OQ), we have

(3.8) |fnv(zh,ur) — f(z",u")| <chy Vt€[0,T]
with a constant ¢ independent of N and the choice of 7, uj . <

Proof. By Lemma 3.1 and the boundedness of Vgu* there exists (xp,up) € Fn
such that

(3.9) lzn —a*lloe < c1hy,  lun —u”lh < c2hy,

where ¢1, co are constants independent of N. Let (z},u}) € Fn be any solution of
(0Q) - Since fn(zy,up) < fn(xn, up) we obtain

0 < (@ un) = fn(@h, up) = fa(@n,un) — f@"u") + f(a®,u") = (@), up),
and therefore
I @y, up) = f@,u") < fn(@n,un) — f(@",u7)
< fn(znsun) = f(@n,un) + f(on, un) — flz®, ).
By (3.5), (1.1) and (3.9) this implies
(3.10) In(zy,up) — fx*,u*) < eshy + Ly(er + ¢2) hn

with a constant c3 independent of N and of xp,up.
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On the other hand, by Lemma 3.2 there exists z* such that (z*,u}) € F and
(3.11) 12 = zjllee < cahn,

where ¢4 is a constant independent of NV and the choice of x},u} . Since f(2*,u*) <
f(z*,u}) we obtain
0 < f(z%up) = fa* u®) = f(2%up) = In(@h, up) + fn (@, up) — f(25,u”),
and therefore
f@®u®) = fn(ah, up) < f(27up) = fa (@, up)
< fz7ug) = [y, up) + f(ah, up) — (g, up).
By (3.5), (1.1) and (3.11) this implies
f@® u”) = fn(@y,up) < Lycahn + cshy.
Together with (3.10) we obtain (3.8). O
Remark. The constant ¢ in (3.8) depends on the variation of u*, but is independent

of N. Since we assume in the following that VIu* is bounded, we suppress the
explicit dependence of constants on VZu*. <

4. Error estimates for bang-bang solutions

4.1. A lower minorant for minimal values. The convergence analysis of Euler
discretizations is usually based on a second-order optimality condition (compare
e.g. [15], [23]). We show in the following that for Problem (OQ) a similar condition
holds, if the optimal control is of bang-bang type. To this end we assume that
(compare [17]-]20], [4])
(A1) There exists a solution (z*,u*) € F of (OQ) such that the set 3 of zeros
of the components o;, i = 1,...,m, of the switching function o defined by
(1.5) is finite and 0,7 ¢ %, ie., ¥ = {s1,...,8} with0 < s1 < ... < s < T.

Remark. If0,T ¢ ¥ then s; > t1 and s; < tx—1 for sufficiently large N. Assumption

(A1) implies bounded variation of u*. <&

Let Z(s;) == {1 < i < m : 04(s;) = 0} be the set of active indices for the
components of the switching function. In order to get a bang-type structure for the
discrete optimal controls we need an additional assumption:

(A2) There exist ¢ > 0, 7 > 0 such that
|03 (7)] = | — 5]
forall j € {1,...,l},i€Z(s;),and all 7 € [s; — 7,s; + 7], and
oi(s; —T)oi(s; +7T) <0,
i.e., o; changes sign in s;.
Assumptions (A1)—(A2) imply uniqueness of the optimal control u* (see the remark

following (4.12)).
For 0 < § < T we define

(4.1) 1(6) = | [s; — 6,5, + ).
1< <
Let i € {1,...,m} be arbitrary, and let
Yi=A{r,...,,}CYX with 0<m<...<7, <T
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be the set of zeros of o; and

(4.2) (6= |J [m—7m+7, L1.(6)=0,T]\I_(5).

j=1,...,l;
Since o; is Lipschitz there exists

4.3 0 < 0jmin = min o;(t)].
(4.3) ’ te[0,T)\I+(7) o3 (®)]

We choose 0 < § < 7 such that

(4.4) §5 < min oy min-
1<i<m

Then by (A2) for any 0 < § < § and arbitrary i € {1,...,m} we have
(4.5) loi(t)] > da WVt e [0,T)\ I(9).

The following result is extracted from the proof of Lemma 3.3 in Felgenhauer [17]
and forms an important tool for the forthcoming analysis. For the reader’s conve-
nience the proof is included.

Lemma 4.1. Let (z*,u*) be a minimizer for Problem (0OQ), and let the switching
function o be defined by (1.5). If Assumptions (A1)-(A2) are satisfied, then there
are constants a, 7y, > 0 such that for any feasible pair (z,u)

T
(4.6) /0 o(t)T (u(t) — u*(t))dt > alu — u*||?

if ||u—u*|ly < 2v0, and

T
(4.7 / o) (u(t) — u*(t))dt > a|ju — u*||;
0
if lu — u*||y > 2. &

Proof. Let (x,u) € F be arbitrary. Since by the minimum principle (1.4) the signs
of 0;(t) and u;(t) — uf(t) coincide it follows from (4.5) that

J= / ()T (u(t) — u (£))dt > / ()T (u(t) — u* (t))dt

[0,TI\1(5)

|os (8)]|wi(t) — wi(t)| dt > do / (1) —ul ()| dt.
Lo >
Since for 1 <i < m,

|’LLZ(t) — U:(t” < bu,i — bl,i VYt € [07T]7

we have

Z [, 0 =il <,
(s
where v = 2im maxlgigm(buyi - bl,i)a so that
(4.8) J > 65 (||lu—u*||1 — 79).
We choose § = min{d, %Hu —u*|]1}. If 6 = 4, i.e. if |[u — u*||y > 270, we obtain
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If 6 = %Hu — u*|; (note that in this case 0 depends on u and is not a constant),
ie. if ||u —u*|1 < 279, we obtain

J =~ llu—uf,

Sl

which proves the assertion. (I

Lemma 4.1 implies a quadratic minorant for the minimal values of Problem (OQ)
in a sufficiently small L'-neighbourhood, and a linear minorant outside this neigh-
borhood.

Theorem 4.2. Let (z*,u*) be a minimizer for Problem (OQ). If Assumptions
(A1)—(A2) are satisfied, then there are constants «,v,6 > 0 such that for any
feasible pair (z,u)

(4.9) fla,u) = fla*,u*) > allu —u|?

if lu—u*]ly <276, and

(410) f(sc,u)—f(x*,u*) ZaHU_U*Hl

if lu — u*||y > 2. &

Proof. Let (z,u) be feasible for problem (0Q), let (z*,u*) be optimal, and let A
be the adjoint state. Defining z = z — 2*, v = v — u* we have

fla,u) = f(z*,u") = (Qz™(T) + q) " =(T) + %Z(T)TQZ(T)

+ /T(:L’*(t)TW(t) +w(t)N)z(t) + () To(t) dt + L /T 2()TW (t)2(t) dt
0 0

2
> (@ (1) +0)T=(T) + [ @ OTW) + wl))(0)+ r()Tu(e) .
since @ and W (-) are positive semidefinite. From A(T) = Qx*(T) + ¢ it follows
T

fz,u) — f(z*,u*) > XNT) 2(T) —l—/o (z* () TW (t) +w(t) ") z(t) + r(t)Tv(t) dt.

Since z(0) = 0 we further obtain
T
flzyu) — f(z",u*) > /0 (z* () TW(t) + w(t) ) z(t) + rt) Tv(t) dt + N(T)"2(T)
- /0 @ OTWE) + w0 + () Tu(t) de

T T
(AT TS
+/0 A(t) /\(t)dtJr/O A1) TA) dt .
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Since 2(t) = A(t)z(t) + B(t)v(t) and A solves the adjoint equation, this implies
T
flzu) — f(z",u*) = /0 (z* (&)W (t) + w(t)T)z(t) + r(t) Tv(t) dt
T
+/ [A(t)z(t) + B(t)v(t)]"A(t) dt
0
T
- / (0T [ADTAE) + W (0" (1) +w(t)] dt
7 r
= / NO)TB(t) + () o(t)dt = / o(t)Tv(t)dt.
0 0

The assertion now follows from Lemma 4.1. O

Since z* solves the state equation for u* and x solves the state equation for wu,
we have

B(t) — " (t) = A@t)(z(t) — 2" (1) + B(t)(u(t) —u"(t)) V't €[0,T],
and x(0) — z*(0) = 0. This implies

|z — 2|11 < cllu—u”l

with some constant c. Together with (4.9), (4.10) we obtain with some constant
a>0

(4.11) fla,u) = f@",u") > allu—w"||f + [lz — 2"]17 )

for any feasible pair (z,u) with ||u — u*||; < 274, and

(4.12) f(@,u) = f(2®u") =2 a(llu = u*lly + llz = 2"{1.1)

for any feasible pair (x,u) with ||u — u*||; > 270.

Remark. (compare [17], Theorem 2.2) These estimates also imply uniqueness of

the solution of (OQ). If (x,u) € F is an arbitrary solution of (OQ), then f(x,u) =
f(z*,u*). By (4.11) resp. (4.12) we then obtain (z,u) = (z*, u*). &

4.2. Holder type error estimates. Based on the estimate (4.11) for the optimal
values we now prove error estimates for the optimal controls. To this end we proceed
similar to [2] (compare also [26]) and prove Hélder type error estimates first.

As above we denote by (z*,u*) a solution of Problem (OQ) and by (z,u}) a
solution of Problem (OQ),. Suppose that Assumptions (A1), (A2) are satisfied.
Let z* be the solution of the system equation for u = uj. Then (z*,u}) € F and
by Lemma 3.2

(4.13) 2% — 25| < erhy

with a constant ¢; independent of N. By (4.11) and (4.12) we have with some
constant & independent of N

(4.14) F&up) = F@* ") = a(fluy, —u|f + [l — 217 )
if ||uf —u*|1 <276, and

(4.15) f&uy) = f@"u®) = alllug, — u™lly + [l = 27]|1,1)
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if ||uj —u*||1 > 295. As in the proof of Lemma 3.1 let iy, be the piecewise constant
function defined by the values @y (t;) = u*(¢;), 7 =0,..., N —1. Then u;, € U, and
by (3.1)

(4.16) lu* —an|l1 < haVau*.

Let &j, be the solution of the discrete system equation of (OQ), for u; = up ;.
Then (%, 4y) € Fn, hence f(&p,0p) > f(x},u)), and (see (3.3))

(4.17) max |2 (t;) — ™ (t;)| < 2T exp(T || Al| oo )hn VE &*.
1<G<SN
Estimating V{'@* according to the proof of Lemma 3.1 and using the boundedness
of VZ'u* this implies (compare [4], Lemma 2.2)
(4.18) Hx* — jfh”oo <echy

with a constant cp independent of N. Now using (1.1), (4.18), (4.16) the left hand
side of (4.14), (4.15) can be estimated by

5 up) = f@"u”) = f(27 up) — flag,up) + f @, up) — fla®,u7)
< f(Z*,'LL;;) - f(xltau;kz) + f(‘%hvah) - f(x*al”*) < €3 thN
with a constant ¢z independent of N. By (4.14), (4.15) this implies
l[up, — u*[l1 < cq max{hy, hi}

with a constant ¢4 independent of N. Therefore, if N is sufficiently large, we have
llup — uw*|1 < 279, and by (4.14) we finally obtain the following result, where A
denotes the continuous, piecewise linear function defined by A (t;) = Ap ;.

Theorem 4.3. Let (z*,u*) be a solution of Problem (OQ) for which Assumptions
(A1), (A2) are satisfied. Then for sufficiently large N any minimizer (x},u}) of
Problem (OQ), can be estimated by
1 1
(4.19) lp =l < cuhd N7 — 27 lloo < cahh,
further, the associated multipliers can be estimated by
1
(4.20) H)‘h — )\”OO < C,\hf\,
with constants c,, ¢, cx independendent of N.
Proof. It remains to show (4.20). To this end we prove that for sufficiently large NV
[An = Alloo < ex (hn + [24(T) — 2*(T)))

with a constant ¢y independent of N. We denote by ® the matrix function forming
the fundamental solution of the adjoint system

—d(t) = A)TO(t) Vte[0,T], o) =1

Further we denote by uy the solution of the adjoint equation

(4.21) —a(t) = A@®) T u(t) + W(t)a*(t) + w(t) V't e [0,T)]
with end condition
(4.22) un(T) = Qai(T) + g

Then we have
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This implies
(4.23) 1n = Aloo < 1z4(T) — 2*(T)|

with some constant ¢; independent of N. Furthermore, we have
fun(t) = — A()T (1) (Qu(T) +q) — A(t)T‘P(t)/t O(s) 7! [W(s)a"(s) +w(s)] ds
— W)z (t) — w(t).
With ¢g = VI'(—A(-)T®(-)) and

T
*A(~)T<I>(~)/ ®(s) " W (s)a" (s) +w(s)] ds — W()z" () —w(")

03:V(7;

we have

Ve i < e2|Q(T) + q| + 3.
Together with (3.6) it follows, that /i, has bounded variation uniformly with respect
to h. By [28, 1.3 (7) and Theorem 6.1] this implies that

(4.24) R v (t;) = pon(t5)] < 2T exp(T| Al o)A Vg fin,

where v, is the Euler discretization of equation (4.21) with end condition (4.22).
Further, it can be easily shown that for sufficiently large N

omax, [An(t;) — vn(tj)] < e hy

holds with a constant ¢, independent of N. Together with (4.23) and (4.24) this
implies

omax [An(t) = AMt)| < calwp (T) — 2™(T)| + c1 hy

with a constant ¢4 independent of N. The assertion now easily follows (see e.g. the
proof of Lemma 2.2 in [4]). O

Theorem 4.3 immediately implies an error estimate for the switching function.
For the simple proof we refer to [4], Theorem 2.3.

Corollary 4.4. Let the assumptions of Theorem 4.3 be satified. Further let o be
defined by (1.5), and let o, be defined by (2.5). Then for sufficiently large N

1
4.25 t)—o(t)| <csh2
(4.25) eax on(t) —a(t)] < cp hiy
with a constant c, independent of N. <

We now show that the discrete optimal controls are bang-bang except on a set

of measure < khj} with a constant x independent of N. To this end we use the
following result. A proof for § =1 can be found in [4].

Theorem 4.5. Let Assumptions (A1), (A2) be satisfied, and suppose that for suf-
ficiently large N

4.26 ma t)— o) < co b
(426) e o (t) = o(t)| < o b
with a constant ¢, independent of N and B > 0. Then there exists a constant &
independent of N such that for sufficiently large N any discrete optimal control uj,

coincides with u* except on a set of measure < ,%h]ﬁv. <
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Proof. Let i € {1,...,m} be arbitrary, and let o; min be defined by (4.3). Then
(4.26) implies

|oni(8)] > |0a(t)] = cohly > Oimin — colly V€ IL(7),
where I, (7) is defined by (4.2). This shows that

1
(oni(B)] = 50imin >0 ¥t € I(7),

if we choose N sufficiently large such that
P
hB < z,mm.
N ="9¢,
For r € [r; — 7,75+ 7], j € {1,...,1;}, it follows by (A2) and (4.26) that
loni(7)] 2 lo3(7)| = ol > 5|7 = 7] = cohy
Therefore, oy,;(7) # 0 if
Co
|7 — 75| > gh%.
Let ¢ € {1,...,N — 1} with 7; € [t,,t,41]. We choose k € N to be the smallest
number such that

C -1
k> Zhi
5 N
Then
Co, B
btk = Tj 2 bphs — tpr = khy > —hiy,
¢
T =tk 2t~ tog = khy > ZhY,
and

%"hf{l <k< %"h?v‘l +1.

Defining k;r i=v+k+1, k; :=1—k, we have

tr — 1 = (24 Dhy < (Q%‘Th?v—l +3) hy = (2%" + 305 7) hf

and therefore

(4.27) b =t < (22 +3777) Y =k,

with a constant s independent of N. For sufficently large N we then have
[tk].—vtk;r] Clr—77+7],

and it follows from (4.2) that |oy,;(t)] > 0 on [tk;_r,Tj +7] and on [r; —?,tk;]. Thus,

defining

= [ti-tir] CI-(7), Ly = [0,T]\ - D L(7),
=1l
we have shown that
(4.28) lon,i(t)] >0 Vtel,.
By (2.6) this implies for any discrete optimal control v} that
ui () =wi(t) Vel
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i.e. the continuous and the discrete optimal control coincide on I;. Since the
measure of I_ is bounded by
m
K=K Z li,
i=1

the theorem is proved. O

By Corollary 4.4 and Theorem 4.5 applied with g = % we immediately obtain
the following result.

Theorem 4.6. Let Assumptions (A1), (A2) be satisfied. Then there exists a con-
stant K independent of N such that for sufficiently large N any discrete optimal
1

control v}, coincides with u* except on a set of measure < kh3;. &

5. Structural stability and improved error estimates

Let again ¢ € {1,...,m} be arbitrary and let 7; € ¥; be a zero of ;. Then by
(4.28), 0,5 has no zero in I and at least one zero in [t,—,t,+]. We show that this
J J

zero is unique, i.e. uj has the same structure as u*, if we we replace Assumption
(A2) by the following slightly stronger assumption:

(A3) The matrix function B is differentiable, B is Lipschitz continuous, and there
exists & > 0 such that
in min {|6:(s;)|} > 25.
lrgjlg“g:;;g){la (sj)} > 20
Since A satisfies the adjoint equation, A is Lipschitz continuous, and therefore, if
(A3) holds, ¢ is also Lipschitz continuous. Therefore, 7 > 0 can be chosen such
that for all i € Z(s;)
(5.1) loi(T)| > on [s; —7,s; + 7] VieI(s)),
which shows that Assumption (A3) implies (A2).

The function o}, defined by (2.5) is differentiable on |¢;,t;41[, 5 =0,...,N — L.
For t = t; we define 64(t) = 5=(on(tjt1) — on(t;)), 5 = 0,...,N — 1. Based
on Assumption (A3) one easily obtains an error estimate for the derivative of the
switching function. The proof is almost identical to that of Theorem 2.6 in [4] and
hence omitted.

Theorem 5.1. Let Assumptions (A1), (A3) be satisfied. Let o be defined by (1.5),
and let oy, be defined by (2.5). Then for sufficiently large N

1
(5.2) 0n(t) = 6(t)[oo < Eo R} VE € [0,tN-1]
with a constant ¢, independent of N. &

We now show that the error estimates of the last section can be improved, if
(A3) holds. To this end let ¢ € Z(s;), i.e. o;(s;) = 0. From (5.1) and (5.2) we
obtain for sufficiently large IV
(5.3) |61,i(T)| > 16 on [s; — 7, s; + 7).

This implies that oy, ; is strictly increasing or decreasing on [s; — 7,s; + 7]. Since
on,i(s; — T)oni(s; +7) # 0, it follows that oy, ; has exactly one zero sp ; in [s; —
7,s; + 7|. This shows that o, has the same structure as ¢ (finitely many isolated
zeros of its components). Note that this does not imply uniqueness of the discrete
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optimal controls, since it may happen that one of the zeros is a discretization point
and therefore oy, ;(t;) = 0 for some 1, j.
By (4.28) it further follows that s; ; € [t,-,t,+], and by (4.27) we get the error
J J

estimate

1
(54) |Sj—8h,j|§l-€hj2v, j=1,...,l,
for the zeros of the components of o and oy,

Theorem 5.2. Let Assumptions (Al), (A3) be satisfied. Then for sufficiently
large N the discrete switching function oy, has the same structure as o, i.e., the
components of oy, have | zeros, and the error estimates (5.4) hold with a constant k

independent of N. O

We assume that Assumptions (Al), (A3) are satisfied, so that, as shown above,
op has the same structure as o. Let (z*,u*) be the optimal solution for Prob-
lem (OQ) and (z},u;) an optimal solution for Problem (OQ),. As in (4.1) we
define for 0 < <7

(5.5) In(8) = | [snj = 6,5n; + 0.

1<5<l
Let i € {1,...,m} be arbitrary, and let
Shi={mh1,.. -, Thyp with 0<mp1 <...<my, <T
be the set of zeros of o}, ; and
(5.6)  In-(0)= |J [mj—7mni+7, In+(6) =[0,7]\ I _(9).
G=1,0li
Since oy, ; is Lipschitz, there exists

5.7 0 < 0himin = min on.qi(t)].
(57) imin = o min (0]

It then follows from the continuity of oy, ;, (4.3) and Corollary 4.4 that for suffi-
ciently large N

lon,i(t)] > Ohimin > %0'1;7111111 YVt € [0,T)\ In + (7).
Moreover, by (5.3) and the Lipschitz continuity of ¢; we have
|63,i(T)| > 36 on [sp; — T, s, + 7]
for all sp ; € ¥, ;, which implies that for 0 <6 <7
(5.8) lon,i(t)] > %65 Yt & [sp; —0,8h,; +6].
We choose 0 < & < 7 such that

55’§ min 0o; min-
1<i<m

Note that ¢ is independent of N. Then it follows that for 0 < § < §
1
loni(®)] = 550 Yt € [0, T\ 1n(4) .
For 7, € ¥, ; we define

kl = kl(L) :max{j | tj § T, 75}, ]{72 = kQ(L) = mln{] | tj 2 TL+5}.
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Then ¢, — tx, < 2(d + hy). Further we define
L@) = |J {05 <N k() <j<ka()}
L:L.H,li

and
Did) = | [t trae]-
v=1,...,0;

Then the measure m(D;(d)) can be estimated by m(D;(9)) < 2{;(6+ hn), and since
[ty ()s tho()] D [T — 0,7, 4 6] we have by (5.8)

1
lon,i(t)] > 566 Vit € [0,T]\ D;(9).
Now let (z,u) € Fn and i € {1,...,m} be arbitrary. Then the discrete minimum

principle (2.4) implies that the signs of oy, ;(t) and u;(t) — uj, ;() coincide at the
grid points. Therefore

N-1
Ina=hy D onalt) (ulty) = ;(8) = by D onalty) (ualty) — i (¢))
= JEL(5)
1. _ *
> zéahN Z lui(t;) — up . (t5)]-
J#1:(9)

Moreover, we have

ha Y luilty) —uj ;(8)] < max (bus —bii) > Ay

1<i<m

JEIL;(9) JEIL;(8)
< max (bu,i = b1i) m(D;(0)) < 7i(d + hn),
where
Yi = 2l1 122%};(bu 7 bl,z)
Therefore
1 = 1
Ini = 705Ny j;o lui(ts) — up i (t)] — 155%(5 +hy)

and

m N-—1
(5.9) JN = ZJN7Z = hy Z Oh(t])T(u(t]) - U’Z(t]))

i=1 §=0

" 1«
|wi(t;) — up ()] — Eéaz’Yi((;JrhN).
i=1 j=0 i=1

Defining v = >_1" ; 7; we obtain

1
(5.10) In 2 305 (lu =iy =13 + b))
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We now make the special choice u = 1), € Xz n, where @ is defined by the values
Gp(t;) = u*(tj), 5 =0,..., N —1 (compare the proof of Lemma 3.1). Then we have
Uy € U, and by (3.1)

u* —an|l1 < haVau*.

Together with (4.19) this implies
1 _
uj, = anlly < [luj, — u*lly + [[u* = Gnlly < cuhd +hyViu* <6

for sufficiently large N. With

1. *
= Z\Iuh —up

we obtain from (5.10)

o ~ * ~ * 1 ~ *
Iz Ehin =il (i = il ~ gl — il )
o ~ * ~ *
= m““h —uplly (an — uplly — 2vhyN)
Now we consider two cases. If
(5.11) an —up|li < 4vhy,

we have a discrete error estimate of order 1. Otherwise we have
~ * 1 ~ *
lan — uplly — 2vhy > 2vhy > §Huh —upll
and therefore

o ~ *
(5.12) In 2 go-lin - urlli-

We can now adapt known proof techniques (see e.g. [27, 22, 5]) to derive an upper
bound for Jy. By Assumption (A1) the optimal control u* is piecewise continuous.
Therefore the minimum principle (1.4) holds for all ¢ € [0,T] (see e.g. [21]). With
t =t; and u = uj(¢;) we obtain

o ()T (up,(t;) —u*(t;) = o (t;) T (uj(t;) — an(t;)) 20, j=0,....,N—1.
Together with (5.9) we obtain

j=0
N-1
=hn (An(tj+1) — )\(tj))TB(t])(ﬂh(tJ) —up(t;))
j=0
=Jni1+JInz2,
where
N-1
I =hn D> (A1) = M) B(t;) (an(ty) — ui(ty)),
j=0
N-1

Ina=hn D> Anltirn) = Ati0)) T B(t;) (an(ty) — uh(t;)) -
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The term Jy 1 can be estimated by
N-1

(5.13) Ina < BRIAIBIY  lan(t;) = ujy(t)| = ha L[| B [[in — w1
§=0

In order to estimate Jy 2 let z;, be the solution of the discrete system equation for
u = ﬂh, i.e.,

zn(tjr1) = z2n(ty) + ha [A(t;)2n(ty) + B(tj)an(t;)], j=0,1,...,N -1,

with initial condition zp(0) = a, and let p, be the solution of the associated discrete
adjoint equation, i.e.,

(i) — pn(t)

= A(t;) pn(tisn) + W(t5)zn(t;) + w(t;)

hy
for 7 =0,..., N — 1 with end condition
(5.14) 1 (T) = Qz1(T) +q.
Then
(5.15) lzn — 2" loo < chn, ln = Allos < cha,

where ¢ is a constant independent of N (compare the proof of Lemma 3.1), and
JN,Z = JN73 + JN74 with

N—-1

JN3 =hn Z (An(tjs1) = pn(tj41)) T B(t;) (Gn(t;) — ui(t;))
7=0
N—-1

Ina =hn Y (un(tien) = Ati)) T B(#5) (@n(ty) — () -
i=0

Using (5.15), Jn 4 can be estimated by
N-1

(5.16) Ina < ehy|B Y lan(ty) — uj(t)] = ch|| Bl an — uj |11
§=0

We now show Jy 3 < 0. By the definition of z;, we have
hnB(t;)(an(t;) — up(t;)) = — v A(t;) (2n(t5) — 21 (L))
+ zn(tj41) — 2n(ty) — (@h(t41) — 23 (E5))
for j =0,..., N — 1. Using this, the term Jy 3 can be written in the form

N-1

Ing = —=hn Y Antjrn) = mn(ti)) TA®E) (za(ty) — 25(85)
=0

N—-1
+ ) Onltin) = unt4)) T [za(tion) = 2n(ts) — (@5 (t41) — 25,(t5))] -
=0

By the definition of uj we have

—hn A(t;) T (ti1) = tn(tje1)) =An(ti41) = Mn(ts) = (un(tjer) — pa(t;))
+hnW(t;) (@}, (t5) — 2n(t)))
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for 7 =0,..., N — 1. Using this, we further obtain
N—

;-.

(i) = An(ty) = (un(tin) — pa()]T (2n(ty) — 23 (t5))
j:O

+h1vz @iy (t;) = 2n(t;) "W (t;) (zn(t) — 27, (t;))

=

+ ) nltjen) = pn(tj40)) " [zaltjzn) — 2n(t;) — (@5 (i) — 25 (t5))].

<.
Il
o

By the end conditions (2.3) and (5.14) this implies

In3 = (An(T) = pn(T)) T (24(T) — 2 (T))
N-1

+hy Y (@ () = 20 (t5) W () (2a(t5) — i (t5))
=0
= (@3(T) = 2u(T)) " Q(24(T) — 3, (T))
N—-1
+hn > (@i () = 2a(8) W () (2a(t) — 23(t5)) -
=0

Since the matrices W(t;), j =0,..., N, and @ are positive semidefinite, this shows
Jn,3 < 0. Together with (5.13) we obtain

(5.17) In=Jnvi+JIn2=JIn1+Ins+INa < JIn1+ Ina <Chn|tn—ujl1

with some constant ¢ independent of N. We can now state a first order error
estimate for the discrete solutions improving the results of Theorem 4.3 under the
stronger assumption (A3).

Theorem 5.3. Let (z*,u*) be a solution of Problem (OQ) for which Assumptions
(A1), (A3) are satisfied. Then for sufficiently large N any minimizer (z},u}) of
Problem (OQ), can be estimated by

(5.18) lup, — w1 < cuhn, |z}, — 2500 < cuhn,

further, the associated multipliers can be estimated by

(5.19) H)\h — )\”oo < cahn

with constants c,, ¢, cx independendent of N.
Proof. If (5.11) holds, then by (3.1) we have
lur, = w*lly < lluy, = anlly + llan — u*[l < 4vhy +hyViu
i.e., the estimate (5.18) is satisfied with ¢, = 4y + VI'u*. Otherwise it follows from
(5.12) and (5.17) that
lin = i < 2y < e in - wi s
Dividing both sides by ||@n — uj |1 it follows that the estimate (5.18) is satisfied

with ¢, = 3276 + VT *. The estimates for xj and A; can now be derived as in the
proof of Theorem 4.3. (]
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Theorem 5.3 immediately implies a first order error estimate for the switching
function (compare Corollary 4.4).

Corollary 5.4. Let the assumptions of Theorem 4.3 be satified. Further let o be
defined by (1.5), and let oy, be defined by (2.5). Then for sufficiently large N

max |op(t) —o(t)| < co hy
te[0,tn—1]

with a constant c, independent of N. <

Analogously to Theorems 4.6 and 5.2, applying Theorem 4.5 with § = 1 we
finally obtain the following result.

Theorem 5.5. Let Assumptions (Al), (A3) be satisfied. Then there exists a con-
stant K independent of N such that for sufficiently large N any discrete optimal
control uy coincides with u* except on a set of measure < Khy. Moreover, the
error estimates

(5.20) |sj —sn;| <khn, j=1,...,1,

hold for the zeros of the components of o and o with a constant k independent
of N. &

6. Numerical results

Example 6.1 (Rocket car).

(0Q1)  min (51(5)” +22(5))
S.t.
1(t) = za(t), @2(t) =u(t) V'te]|0,5],
.1‘1(0) = 6, 1‘2(0) = 1,
—-1<ut) <1 V't €10,5].

The optimal control is

(1) = -1, 0<t<r,
1 41, T<t<5,

where 7 is computed in the following. From the system equations we obtain

Z(t) = —t+1, 0<t<mT,
2T t—=214+1, T<t<5,
and
. 2 4t+6, 0<t<T,
Ti(t) =9 1,2 2 2
M2 —ort+t4+72+6, T<t<5.

Especially we obtain z}(5) = 72 — 107 + 23.5, 25(5) = —27 + 6. Since

an=(3 o). Bo=(]):

the adjoint equations are

and
“Xa(t) = M(t),  Xa(5) =a3(5)
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0.8

0.6~

0.4r

0.2

with the solutions

and

FIGURE 1. Rocket car

A(t) =72 — 107 4+ 23.5

Ao(t) = —(72 — 107 + 23.5)t + 57% — 527 +123.5.

Since 7 is a zero of o(t) = A2(t) we must have o(7) = A2(7) =0, i.e.,

This implies 7 ~ 3.5174292.

+ 1572 — 75.57 + 123.5 = 0.

Fig. 1 shows the discrete optimal control uj and the discrete switching function

oy, for N = 240.

N

TABLE 1. Rocket car

lower bound upper bound

10
20
50
100
200
400

4.0 4.5
3.75 4.0
3.5 3.6
3.5 3.55
3.525 3.55
3.5125 3.5250

Table 1 shows the bounds of the discretization interval, where the discrete switch-
ing function changes sign, for different values of N. The results confirm the error

estimates (5.20).
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