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1. Introduction

1.1. Differential Inclusions and Set-Valued Integral

Problem 1.1 Consider thenonlinear differential inclusion (DI)

() el (tz(t) (faetel:=]lt,T]), (1)
z(to)€ Xy (2)
with the nonempty seX, € C(R") and the set-valued mappirg : I x R"=R" with
images inC(R").
Hereby,C(RR") denotes theset of nonempty, convex, compact subset®Rdfandx : I —
R” fulfills z(-) € AC(I), i.e.z(+) is absolutely continuous

Definition 1.2 The attainable sefR (%, ¢y, X) at a given timet € [ for Problem1.1is
defined as

R(t,t0, Xo) = {x(t) | x(-) € AC(I) is solution of 1)—(2)} .

Aim of the methods presented here:
approximation of the attainable set at tilheby other sets
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simplification for main parts of the talk:

Problem 1.3 Thelinear differential inclusion (LDI)s stated as follows:
2'(t) € A()z(t)+ B(t)U (f.a.et €l =[ty,T]) , (3)
z(tn) € Xo (4)
with matrix functionsA : I — R™", B : [ — R™™ and setsX, € C(R"), U € C(R™).
Definition 1.4 Thefundamental solutioof the corresponding matrix differential equation
X't)y=At)X(t) (faetel),
X(r)=1.
to Probleml.3is denoted byb(-, 7) for 7 € I, wherel € R"*" is the unit matrix.

Definition 1.5 ([Aumann, 196}

Consider a set-valued functidn : I = R" with images inC(R") which is measurable and
integrably bounded, i.e. there exi¢ts) € L,(I) with F'(t) C k(t)B1(0)f.a. e.t € I.
Then,Aumann’s integrais defined as

T

/F(t)dt = {/f(t)dt | f(-) is an integrable selection &f(-) } .

to to



1.2. Arithmetic Operations on Sets

Definition 1.6 Let C, D € C(R"). TheHausdorff distancbetween”' and D is defined as
dw(C, D) = max{d(C, D),d(D,C)} ,
where
d(C,D) = sug dist(c, D) ,
ce

dist(c, D) = (%2]{; lc—=d|s (ceC) .

Notation 1.7 Thearithmetic operationef sets

MO ={)lc]|ceC} (scalar multiple),
C+D ={c+td | ce C,de D} (Minkowski sum),
AC:={Ac | ceC} (image under a linear mapping)

are defined as usual féf, D € C(R"), A € R and\ € R.
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Definition 1.8 Let C' € C(R"), [ € R™. Thesupport functiorresp. thesupporting facdor
C'in direction/ is defined as

5(1,0) = max (l,¢) resp. Y(I,O):={ceC | {I,¢)=d(,C)} .

ceC

Remark that
C=(V{zreR" : (la) <&(l,x)} .

[]l2=1
Lemma 1.9LetC, D € C(R"),A € R**"and\ > 0. Then,
CCcD <= ' (I,C)<6*(l, D) forallle S, CR"ie.|ll=1

and the following calculus rules are valid foe S,,_;:

60°(l,C+D) =0*(l,C)+6*(1, D) , Y(I,C+D)=Y(,C)+Y(l,D) ,
O (L, \C) = o*(1,C) , Y({I,\C)= XY (I,C) |
0 (1, AC) = (5*(Atl, ), Y(l,AC) = AY(Atl,C) :
dy(C, D) = sup [0*(1,C)—d0*(l, D)] (5)

17]la=1
and
duw(AU, BU) < [[A = B| - |U] with [[U]] := sup Jull2 (6)
ue
dy((A+ B)U,
AU+ BU) < |[A=B||- U] . (7)
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Theorem 1.10([Aumann, 196}
Let /' : [ = R" with nonempty, closed images be measurable and integrably bounded.
Then, theAumann integrabf F'(-) is compact, convex and nonempjth

5 (1. / F(t)dt) = / 5L F(0)dt

1 1

Lemma 1.11(e.qg. [Sonneborn and van Vleck, 19)5
Given Problemi.3 the attainable set at tintec [ can be rewritten as

R(T, to, Xo) = O(T, t5) Xo + / O(T, 1) B()Udt .

to

Scalarizatiorby support functions resp. supporting faces yieldd ferS,,_;:

6 (1, R(T, ty, Xy)) = 6" (P(T, ty)'l, Xy) + / O (B) (T, 1)1, U)dt

Y(l,R(T, ty, Xo)) = (T, 1) Y (P(T', 20)'l, Xo)
+ / O(T,)B()Y (B(t)'®(T,t)'1,U)dt

1



1.3. Modulus of Smoothness

Definition 1.12Let f : I — R” be bounded. Theaveraged modulus of smoothness of
orderk € N is defined as

([ h) = |lwk(fs 5 R)L,
kh kh

wi(f; o h) = sup{|ALf(t)] t,t+k5€[az—7,x+7]ﬂ]} forz el ,

whereA% f(t) is thek-th forward difference off (+) in ¢ with step-size).

Lemma 1.13(cf. [Sendov and Popov, 19P8
Let f : I — R" be bounded angd € N. Then,

(0(1), if f(-)is Riemann integrable
O(h), if f(-) has bounded variation
T(fih) = o), if p>2andfr*(-) € AC(I)
O(hr), ifp>2, fr2:) e AC)
and f~!(-) has bounded variation

\
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2. Quadrature and Combination Methods

2.1. Quadrature Methods

Notation 2.1Let I := [t;,T] and f : [ — R" be given. We denote thgoint-wise
quadrature formuléy

to, Z b‘uf to -+ C — to)) ,

whereb,, € R are the weights and, € [0, 1] determine the nodegi(= 1,. . ., s).
Seth = % as step-size foN € N and define thé&erated quadrature formués

=

-1 N-1 s

Qu(fito, T1) = h Y QUfi [t tial) =h Y > buf(t;+cuh)

J j=0 p=1

|
o

Q(f; I) hasprecisionp € Ny, if all polynomials up to degrep are integrated exactly and
there exists a polynomigl with degreep + 1 andQ(f; I) # [, f(t)dt

Definition 2.2 Consider a point-wise quadrature formula of NotatbohandF' : I = R”
with images inC(R"). Theiterated set-valued quadrature metli®defined with the usual
arithmetic operations

N-1 s

Qn(F:[te, T]) :=hY Y bF(t;+c.h)

7=0 pu=1



Proposition 2.3
(cf. [Polovinkin, 197% [Balaban, 198R [Donchev and Farkhi, 1990 [Veliov, 19899),
[Krastanov and Kirov, 1994[B. and Lempio, 1994h[B., 1999)

ConsiderN € N and a point-wise iterated quadrature formula of Notaohwith
non-negative weights, > 0 (1 = 1, ..., s) and the remainder term

Ry(1i1) = [ f(t)dt = Qu(f:D)

Then, the corresponding set-valued quadrature method fulfille'fof = R" with images
in C(R"):

du / F(t)dt, Qu(F; 1)) = sup |Ry(6°(1, F(): D]

12l2=1
I
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2.2. Quadrature Method for the Approximation of Attainable Sets

Proposition 2.4
(cf. [Donchev and Farkhi, 199(B. and Lempio, 1994p[B., 1999)

ConsiderN € N and a point-wise iterated quadrature formula of Notaohwith
non-negative weights, > 0 (1 =1, ..., s). Assume that

e the valuesd(7',t; + c,h) are knowrfor j =0,...,N —landu =1,...,s
e the quadrature method has precisiop 1,p € N
o 7,(0%(l,®(T,-)B(-)U), h) < Ch? uniformly inl € S, 4
Then,
du(R(T, to, Xo), @n(O(T', ) B(-)U); [to, T]) = O(R").
Proof: In [Sendov and Popov, 193Fheorem 3.4]:
b,u

R =1 [ 50 - @t 10T < (14 D 727) W s (7 7)

Since Lemmadl..11and

0" (L, Qu(F; 1)) = Qn(d°(L, F()); )
one can apply the error estimation abovegte) = 6*(I, F'(-)) with F'(-) = &(T,-)B(-)U.



Example 2.5set-valued rectangular rule (special Riemannian sum)j fer|t,, T':

Q(F; 1) = (T —t))F(ty), Qn(F;I)= hZF

N-1

Qn((T,)B()U:I) =hY (T, t;)B(t,)U

J=0

in iterative form:

j'\il = O, )QN + h®(tj,t;)B(t;)U, Qév = X




Example 2.6set-valued trapezoidal rule fdr= [t,, T':

QUF ) = TS (F () + FT)), Qu(Fi1)= 53 (Flt) + Flty),
QN(@(T,)BOU:T) = SZ U+ (T, 1,.0) Blt)U)

J=

in iterative form:

h
1 = P, t)Q) + ( (tjan, t5) Bt)U + (tj1, ty400) Btj)U),  Qp = X,
Remark 2.7
problems with quadrature methods:
e no generalization for nonlinear differential inclusions possible
e values of fundamental solutiodst,;,, t;) resp.®(T’, t;) must be known in advance
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2.3. Combination Methods

Proposition 2.8 (cf. [B. and Lempio, 1994p[B., 1999)
ConsiderN € N and a point-wise iterated quadrature formula of Nota2dhwith non-
negative weight$, > 0 (x = 1,...,s). Assume that

() the quadrature method has precisior 1, p € N

(ii) 7,(6*(I,®(T,-)B(-)U), h) < Ch? uniformlyinl € S,
(i) dn(Xo, X7') = O(h?)

and uniformlyinj =0,...,N —landuy=1,...,s
(V) D(t;1,1;) = B(t41,t;) + O(h)

) du(U,(t; + ¢,h), D(t4, 5+ c,h) B(t; + ¢,h)U) = O(h?)
Then, thecombination methodefined as

XN =0, )XY +hY bU(t +eh) (5=0,...,N =1)

p=1

satisfies the global estimate
dH<R(T, to, Xo), X]]Vv> - O(hp) .

Especially, (iv) is satisfied for

~

Uu(t; + c,h) == D, (t,1, 1 + e ,h)B(t; + ¢, h)U |
if Dt 1+ ch) = Dt b + c,h) + O(RY)



Proof: Define fory = 0,..., N — 1 the iterations
tj+1
Rﬁl = q)(tj+1, tj)RjV + / (I)(tj—l—la T)B(T)UdT ,

tj

¥ = Ot QY +h Y b0t ty + i) Bt + B,h)U
pn=1
]%grzzcgg’::QXb .

Then,

RN = R(T 10, Xo) . QN = Qu(®(T,)B()U; [ty, T)) .
Show thatXJN is bounded uniformly iy = 0, ..., N and that

(R Qr) < NO(t10, )] - du(RT, QF)

tj+1 s
+ du( / (1541, )BOUAL DS b®(tsi1, 5 + e,h)Blt; + c,h)U)
t] =l

< (14 hO) du(RY,QY) + O(h!)
= dn(QY, XY) < (14 hCY du(R),QY) + jO(h"!) < NO(h'*!) = O(R”) .




Furthermore,

du(QY,,, X

AR

) <[ P(t1,t))]] - du(@QF, X7

+ [P0, t5) — Ptjars )] - 1 X

+h Y b du(@(tyn, by + ¢ h) Bt + e, h)U, Uyt + c,h))
pu=1

(1+hC)du(QY, XN) + O(h*)

(1+hC) du(QY, XY + jO(hP*Y)

(1+ hC)YN du(Xo, X)) + NO(RP)

eTCOR?) + O(h?) = O(R?) .

du(RY, Q) + du(Q), X)) = O(R")

= du(Q), X7)

IAIA IA TN A

uniformly inj =0, ..., V.



Example 2.9combination method: iter. Riemannian sum/Euler for matrix differ. equation

X(t) = A)X () (teltytinl)
X(t;) =1

XN = O(tyan, t) XY + by (0, t)Bt)U , (5=0,...,N —1)
O(tjgr,t5) = Oty ;) + hA({)D(E, L))
Dy (tjr1,t5) = DL, L) -
Hence,

XY =T+ hA(t) XY + h(I+RhA{)B(t;)U (j=0,...,N—1).
Other possibility for calculation: Euler for adjoint equation

Yi(t) = =Y(0)A(t) (e lt,T]) ,

Y(T)=1
gives
XN = (T, t) X +h Y ST, t)B(t,)U
=0

—~

O(T,t;) = N — j (backward) steps of Euler for adjoint equation,

~

O,(T,t;) = (T, t;) .
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Example 2.10usual combination of set-valued quadrature method and pointwise DE solver
which provides approximations to the values of the fundamental solution at the quadrature

nodes:
set-valued solver for step-size overall
guadrature method | differential equations of DE solver order
iter. Riemannian sumEuler h O(h)
iter. trapezoidal rule | Euler-Cauchy/Heun h O(h?)
iter. midpoint rule | modified Euler 5 O(h?)
iter. Simpson’s rule | classical RK(4) 5 O(hY)

Romberg’s method

extrapolation of midpoint rule
(with Euler as starting procedure)

(under suitable smoothness assumptions)

Remark 2.11

problems with these combination methods:

e no generalization for nonlinear differential inclusions possible

e values of fundamental solutiodst;, 1, t;), ®,(t; + c,h, t;)
resp.®(T,t;), ®,(T,t; + c,h) must be calculated additionally

0| H p)

e approximation ford,(t; + c,h,t;) resp.®,(T,t; + c,h) is calculated too accurately
(O(h?*1) instead ofO(h?))



3. Set-Valued Runge-Kutta Methods

Runge-Kutta methoosould be expressed by tiitcher arraycf. [Butcher, 198]):

C1 app G2 ... Q1592 Q151 Qi1

Co 21 Q29 e Qog2  A2g5-1 Q2

Cs—1| As—11 As—12 ++. As_15-2 As—15-1 A1 s

CS aS,]. a$,2 L a/373—2 ag’s—]_ a’S,S Wlth C]_ = O .
b, bs oo by bs_q b

Explicit Runge-Kutta methods satisfy,, = 0, if © < v and¢; = 0.
Theset-valued Runge-Kutta methéar LDI is defined as follows:
Choose a starting séf)’ € C(R") and define foj =0,...,N —landuy=1,...,s:

iy =0 +h> bl (8)
u=1
u—1
g]('“) = A(t; + ¢,h) (775\[ +h Z auwfg('y)) + B(t; + Cuh)uyl) ; (9)
v=1
e U, (10)
me Xy (11)

X2 =A{nty | nY, is defined by §—(11)} . (12)
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Remark 3.1 If nonlinear Dls are considered with (¢, z) = |J {f(t, x, )}, equation 9)
uel
must be replaced by )

u—1

&Y = flt;+ehn +h> a8 ul)

r=1

For some selection strategies, some of the selecﬂﬁﬁ‘ﬁsﬂepend on others (e.g., they could
be all equal).

If f(t,z,u) = f(t,u),i.e. F(t,x) = F(t),and X = {Og.}, we arrive at theinderlying
guadrature method

=1 RSt + e, o €U
=1

XN =X +hY bF(t;+c.h) .
pu=1
N—-1 s
XY =hY Y buF(t+ch) = Qu(F; [ty T))
7=0 p=1

of the Runge-Kutta method.
If f(t,x,u) = f(t,x),ie F(t,x) = {f(t,z)}, thenX = {n\} coincides with the
pointwiseRunge-Kutta method.
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Remark 3.2 Grouping in equationd) by matrices multiplied by;jV andu§“), p=1...,8
we arrive at the form

XJJ'L - (ID(th, tj)XgN +h U {Z bquu(tﬂl’ tj+ Cuh)uﬁu)}

u§~“)€U p=1

with suitable matriceév)(tjﬂ, t;) (involving matrix values ofA(-)) and\AI/fM(th, t;+c.h)
(involving matrix values ofA(-) and B(-)).

d(t;.1,t;) is the same matrix as in the pointwise case fot, x,u) = A(t)x, hence it
approximates(t,, 1, t;) from the same order as in the pointwise case.

Questions:

e What is the order of the set-valued Runge-Kutta method,
i.e.du(R(T, tg, Xy), X)) = O(h?) ?
Does the order coincide with the single-valued case?

e What selection strategy is preferrable?
e Should the chosen selection strategy depend on the Runge-Kutta method?

e What smoothness assumptions do we need?
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Answers in the literature:

set-valued iter. quadrature | global | disturbance local order | overall
RK-method method order | term for ... | of disturbance global order
Euler Riemannian sum| O(h) ' O(h?) O(h)
W O(R)
Euler/Cauchy | midpoint rule O(h?) ny O(h?) O(h?)
(constant sel.) uf) O(h?)
Euler/Cauchy | trapezoidal rule | O(h?) ny O(h?) O(h?)
(2 free sel.) u;l) O(h?)
u? O(h2)

Euler's method (see Subsectidri):
cf. [Nikol'skiT, 1989, [Dontchev and Farkhi, 1939 Wolenski, 199)for nonlinear Dls,
for extensions see'\[istein, 1994, [Grammel, 200D

Euler-Cauchy method (see Subsect®od:
cf. [Veliov, 1997 as well as [/eliov, 19891}
for strongly convex nonlinear Dls

modified Euler method (see Subsecti®B)

Runge-Kutta(4) method (see Subsectiod)

J




3.1. Euler's Method

Remark 3.3 ConsiderEuler’'s methogli.e. the Butcher array

00
1

underlying quadrature method = special Riemannian:sum

Qn(F; [ty, T hZF

Grouping bynjv and the single selectiatng-l) yields
XM =T +hAt)X Y +hB(t)U (j=0,...,N—1) .

Proposition 3.4 Euler's method is a combination method with the following settings:

Qn(F;[to, T hZF

~

O(t; 1, t;) = I+hA()

—~

q)l<tj_|_1, tj> — [ .
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Proposition 3.5(cf. [Nikol'skil, 1989, [Dontchev and Farkhi, 1939 [Wolenski, 1991,
see alsojristein, 1999, [Grammel, 200}
If

A(-) is Lipschitz,
B(+) is bounded,
o 71 (0*(l,®(T,-)B(-)U),h) < Chuniformlyinl € S, 1, e.g., if B(-) is Lipschitz,
o du(Xo, Xy') = O(h),
thenEulers methodconverges at least with ordé(h).

Proof: The quadrature method has precision

If B(-) is Lipschitz, then®(T’,-)B(-) and hence alsé*(I, (T, -)B(-)U) (uniformly in
[ € S,_,) areLipschitz

The following estimations are valid:

1P (L1, ) = Ot t) | = (T + RA(L)) = Dby, 1) = O(R?)
11 (41, 85) = DLy, t)]| = 1T = D(tjpn,t5)]| = O(B)
Hence, Propositio@.8 can be applied yieldin@(h). |

For order of convergence 1, it is sufficient th&t-) and B(-) (resp.0*(l, ®(T, ) B(-)U),
uniformly inl € S,,_;) have bounded variation.



3.2. Euler-Cauchy Method (or Heun’s Method)

Remark 3.6 Considermethod of Euler-Cauchfor Heun’s methoji i.e. the Butcher array

010 0

110

11

2 2

underlying quadrature method = iterated trapezoidat rule
h N-1
Qu(F;[to, T)) = 5 > (Flt)) + F(t;:))
j=0

Grouping bynjv and the two selection:sﬁ-l) anduf) yields

XN = (I + g(A(tj) + A(tj)) + %2A(tf+1)A(tj>)X;V
N g U ((I 4 hA(th))B(tj)ug-l) + B(tj+1)U§2)>

ug-l) ,ugz)EU

fory=0,...,N —1.
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Proposition 3.7 The method oEuler-Cauchywith two free selectionSu; *, u;

combination method with the following settings:

N-1

Z (F(tj) + F(tj+1)) )

j=0

ACRIS

Qu(F: [t T) =

2

- h h
Bty 1)) = T4 2 (Alt) + Altyn)) + 0 Alt ) AlL)
Oy (L1, t;) = I+ hA(4)

(I)2( G415 J-i-l) =1 .

Proposition 3.8 The method oEuler-Cauchywith constant selectiostrategy ’ug-l):u
Is a combination method with the following settings:

(2)n
J

Qn(F:[ty, T hZFt+ ,

~ 2

O(tjn,t;) =1+ ;L(A(tj) + Altj)) + %A(tjﬂ)A(tj) :

é) = 1(B(tj) + B(tj1) + hA(t;1)B(t))U .

m@f+2 5




Proposition 3.9

(cf. [Veliov, 1997 as well as J/eliov, 19891 for strongly convex nonlinear DIs)
If

e A'(-) and B(-) areLipschitz

o 7,(6*(1, ®(T,-)B(-)U), h) < Ch*uniformlyinl € S,_;, e.g., if B'(-) is Lipschitz,
o dy(Xo, Xg') = O(h?),

then the method oEuler-Cauchywith constantor with two free selectiongonverges at
least with ordeiO(h?).

For order of convergence 2, it is sufficient tiit-) and B'(-) (resp.56*(1, ®(T, -) B(-)U),
uniformly inl € S,,_,) have bounded variation.




3.3. Modified Euler Method

Remark 3.10 Considemmodified Euler method.e. the Butcher array

0
10

01

i O
o

underlying quadrature method = iterated midpointrule

Qn(F:[ty, T hE:Ft+

Grouping bynjv and the two selectiortssgl) anduf) yields

he R h
Xﬁr_0+hMQ+§%%5MQ+ﬂA@DXN
h h
+n | <§A(t]- + S)B(t)u)) + Blt; + —)u§.2>)

o) uP e
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Proposition 3.11Modified Eulermethod withconstant selectiostrategy ’u§.1 =
combination method with the following settings:

Qn(F;[to, T hZFt+ ,

~ h, h? h
O(tj4,t;) = 1 + hA(L; 2) +?A(tj+§)A(tj) :

g) - (B(tj + g>

constan@pproximation by the quadrature method (midpoint rulejtort; |
= constanselection in modified Euler is appropriate

_ h h
(¢, + + DA+ §)B(tj)> U .

Proposition 3.121f
e A'(-) and B(-) areLipschitz,
o 7(6*(1,®(T,-)B(-)U), h) < Ch*uniformlyinl € S,_1, e.g., if B(-) is Lipschitz,
o dy(Xo, X)) = O(Rh?),

thenmodified Eulermethod withconstantselection strateggonverges at least with order

O(h?).

For order of convergence 2, it s sufficient tbéi{-) and B'(-) (resp.£0*({, ®(T\, -) B(-)U),
uniformly in/ € S,,_;) have bounded variation.



Proof: The quadrature method has precision
Careful Taylor expansion shows (as in the pointwise case) that

1D(tj41,85) — Pt 1))

h. h? h
=[|(I +hA(t; + 5) T A+ 5)14(75.7)) — O(tj41,t))|| = O .
The following estimations are valid:
~ h h h h
du (U, (t; + 5), (I+ §A(tj + 5))B(tj + §)U) = O(h?) ,
h h h h h )
du((I + §A(tj + 5))B(tj - §)U, Ot 0, t; + §)B(tj + §)U) = O(h?)
Hence,
_ h h )
du(Uh(t; + 5), D(t, 8y + 5) Bt + 5)U) = O(W7)

follows with (6).
Alltogether, Propositior2.8 can be applied yieldind (h?).
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2

Proposition 3.13Modified Eulermethod withtwo freechoicesu; *, u; 'eU is a combina-

tion method with the following settings:

N-1

h
() Qn(F:to, ])h;ﬂtﬁ? ,
Bty 1)) = T+hA(L + 5)+ Al + DA)
~ h h h h
Uy (t; + 5) = B(t; + §)U + §A(tj + §)B(tj)U
resp.
hN 1
() Qu(F;[to, T) =5 > (Flty) + Ftj)
7=0

- h h2 h

~ h h
Ui(t;) = B(t; + §)U + hA(tj + §)B(tj)U :

~ h
Ug(tj+1) = B(tj + = U .

5)
problem in (i): Minkowski sum of 2 sets iﬁl(tj + %), hence disturbance ter@i(h)
problem in (ii): Minkowski sum of 2 sets anB (¢, ;) instead ofB(t;) in Uy(t;)

resp.B(t;+1) instead ofB(t; ) in Us(t; 1)
The problem with two selections was also observed in the approximation of nonlinear opti-
mal controls (cf. Dontchev et al., 20Q).
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Proposition 3.14If
e A(-)is Lipschitzand B(-) is bounded,
o 71 (0*(l,®(T,-)B(-)U),h) < Chuniformlyinl € S, 1, e.g., if B() is Lipschitz,
o du(Xo, Xy') = O(h),

thenmodified Eulemethod withtwo free selectionsonverges at least with ordé(h).

Proof. The quadrature method has precision 1, hence(lso
Careful Taylor expansion shows (as in the pointwise case) that

" h h? h
[D(t41,t5) — P(tja1,t5)|| = | (T + hA(t; + 5) + ?A(tj + 5)14(%')) — O(tj1, )|l
h h? h
<|(I + hA(t; + 5)) — O(tj, t)|| + 5”/‘1@7 + 5)” JA(L)]] = O(R®) .

The following estimations for (i) in Propositiach13are valid:

~ h h h
dﬂw@+§xq%%@+?3@+§w)

h h h h h
=dn(B(t; + §)U + §A(tj + §)B(tj)U> O(tjr,t; + §)B(tj + §)U)

h h h h h
<Au(B(t; + )V, Olty, 1+ 5)Blt; + 2)U) + S |A(L + 5) BtV
h

h
S| = @t by + I -IBE + ) - [[UN + Oh) = O(h) -

Hence, Propositio@.8 can be applied yieldin@(h). |
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Remark 3.151f we assume that!’(-) is Lipschitz, it would be valid that

[P0, 1) = P41, 5]
h? h

ST+ RAG + ) + DAl + D) A() — Bt )] = O

2

But the disturbances iff; (¢; + %) are not of orde©(h?).
Please notice that in (i)

Uy(t; + g) = B(t; + g)U + gA(tj + g)B(tj)U
#(Blt,+ 5+ DAt + D)B)U

h h
= O(tj, b+ §)B(tj + §)U + O(h?)

and

du(B(t; + g)U - gA(t]- + g)B(tj)U,
(B(t; + g) + gA(tj + g)B(tj))U) =O(h) .

constant approximation by the quadrature method (midpoint rule); ot} |

(13)

= two free selections in modified Euler do not fit well, possible order breakdown



Proposition 3.16 Modified Eulermethod withlinear interpolated selectiong'”, ¥ el

g
(1) 3)

anduf): %(uj +u;" ) is a combination method with the following settings:
A N-1
An(F:[to, T1) = 5 (F'(t;) + F(tj:1))
j=0

2

h. h h
5) + EA(LLJ + 5)14(?7') :

(1)) = (Blt; + ) + hA(t, + D)B()U |

~ h
Ug(tj+1) = B(t] + §)U .

problem: B(t;+%) instead ofB(¢;) resp.B(t;+%) instead ofB(t;+)
This strategy was used in the approximation of the value function of Hamilton-Jacobi-

Bellman equations inHerretti, 1994 and caused two unexpected results in one test ex-
ample.
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Proposition 3.171f
e A(-) is Lipschitzand B(-) is bounded,
o 71 (0*(l,®(T,-)B(-)U),h) < Chuniformlyinl € S, 1, e.g., if B() is Lipschitz,
o du(Xo, Xy') = O(h),

thenmodified Euler methowith linear interpolated selectiom®nverges at least with order
O(h).

Proof: The quadrature method has precision 1, hence(lso
Careful Taylor expansion shows as for two free selections that

|B(t541, 85) — B(tj1, 1) = O(R?)
The following estimations in Propositid16are valid:
du(U(t;), D(t;41, 1) B(t;)U)
=du((B(t; + g) + hA(t; + g)B(tj))U (B(t;) + hA(t;)B(t;))U)
+du((1 + RA(L)B(L;)U, ®(tj41, 1) B(t;)U)
<(IB(t; + 5~ Blt,)| + hll Al + 2) — AW - 1B)]) - 10]
+ (I + hA(E)) = S, )] - 1BE)] - U = O(R)

An(Ua(tj41), Ptj11,t551) B(t40)U) < || Bt + g) = Bty - lU] = O)

Hence, Propositio@.8 can be applied yieldin@(h). |



Remark 3.18 Assuming more smoothness, we could show that
(11, t5) = D(tj0,1)]] = O(R°)
for time-independent situations it is valid that

du(U(t;), D(tj1, ) B(t,)U) = O(h?)
Au(Us(tj1), Dt 11, j41) Blty0)U) = O(h?)

and hence global order of convergerf@éh?).
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Example 3.19(cf. [Veliov, 1997) Letn = 2,m =1, I = [0, 1] and set

Alt) = (8 é) B(t) = (?) and U =[—1,1].

Since (3) is fulfilled here, bothselection strategider modified Eulediffer.
— image: modif. Euler (constant selections) — image: modif. Euler (2 free selections)
data for the pictures:

e reference set (black) = combination methoderated trapezoidal rule and Eu-
ler/Cauchy with N = 10000 subintervals

e calculated supporting points it = 200 directions
e different stepsizesh = 1 (red), 0.5 (blue), 0.25 (green), 0.125 (magenta), 0.0625 (cyan)
computed estimations of the order of convergence:

Hausdorff distance estimated order Hausdorff distance estimated order
N | toreference set | of convergence to reference set | of convergence
1 0.21434524 0.75039466
2 0.05730861 1.90311 0.36454336 1.04156
4 0.01517382 1.91717 0.17953522 1.02182
8 0.00384698 1.97979 0.08841414 1.02192
16 0.00096510 1.99498 0.04419417 1.0082
(constanselections) (2 freeselections)

Possibleorder breakdowrtio O(h) in Proposition3.14 for modified Euler with two free
selectionscan occuy
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Example 3.20data as in Exampl8.21, only A(t) = (é (2))

Both selection strategider modified Eulercoincide since

(B + gAB)U = (((D +g(g)>60{—1, 1} = cof (_10_ h)» (1 E h)} )

h 0 h (0
BU + §ABU = (1) co{—1,1} + §<2) co{—1,1}

() () Qo) ()

— image: modif. Euler (constant selections) — image: modif. Euler (2 free selections)

computed estimations of the order of convergence:

Hausdorff distance estimated order Hausdorff distance estimated order
N to reference set | of convergence| to reference set | of convergence
1 1.19452805 1.19452805
2 0.56952805 1.06860 0.56952805 1.06860
4 0.20807785 1.45264 0.20807785 1.45264
8 0.06340445 1.71447 0.06340445 1.71447
16 0.01748660 1.85833 0.01748660 1.85833
32 0.00458787 1.93035 0.00458787 1.93035
64 0.00117462 1.96562 0.00117462 1.96562
(constanselections) (2 freeselections)

Possibleorder breakdowrio O(h) in Proposition3.14 for modified Euler with two free

selectionsloes not occur always
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Example 3.21(cf. [B. and Lempio, 1994yLetn = m = 2, I = [0, 1] and set

a0 = (3 7). o= (

— image: modif. Euler (linear interpolation)- image: modif. Euler (constant selections)

data for the pictures:

e reference set (black) = combination methdarated Simpson’s rule and RK(4with

N = 100000 subintervals

e calculated supporting points it = 200 directions
e different stepsizesh = 1 (red), 0.5 (blue), 0.25 (green), 0.125 (magenta)
computed estimations of the order of convergence:

1 —t t-e

32t (—1+2t) ¢

) and U = [-1,1]~

Hausdorff distance estimated order Hausdorff distance estimated order
N to reference set | of convergence| to reference set | of convergence
1 2.47539809 0.67713923
2 0.42619535 2.53807 0.12998374 2.38112
4 0.12006081 1.82775 0.02271635 2.51653
8 0.05540102 1.11578 0.00498557 2.18790
16 0.02687764 1.04351 0.00119539 2.06027
32 0.01321630 1.02409 0.00029294 2.02881
64 0.00655070 1.01260 0.00007252 2.01407
(selections byinear interpolatiol (constanselections)

Possibleorder breakdowmo O(h) in Proposition3.17for modified Euler with linear inter-
polated selectionsan occuk



3.4. Runge-Kutta (4)
Remark 3.22 Consider theslassical Runge-Kutta (4) methgace. the Butcher array

— NN = O

o= O O vk O
wi=| O N O O

N w=l— o oo

oo O O

o

underlying quadrature method = iterated Simpson’s.rule

N-1

Z (F(t;) +AF(t; + g) + F(tj41))

J=0

QN(F5 [tOvT]) -
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(1)

Grouping bynjv and the four selections;”, u =1, ..., 4, yields

XN, = (I+%<A@)+@M@+gy+A@Hn

2 h h h
+6(MQ+?MW+A@+§V+M%QMQ+?>
h? h h h h
+ = (Al + 5PAW) + Al AW + 5)7) + 57 (Al A + 5>2A<tj>))xjv
h h.  h? h h? h (1)
+z (L)J { (1+hA(t; + 5 AW+ 5+ A Al + 5)2) . B(t;)ul,
o h G h h
2([ + 514(759' + 2) A( tir) At + §)>B(tj + 5)“5'2)
h h
2(1 + §A(tj+1)) Blt; +3)ul” + B(tj+1)u§4>}
fory=0,...,N — 1.
Remark 3.234 differentselection strategies:
° constan'selectionsu(-” cU andu(-“) = u(.l) foru =2,3,4
e linear |nterpolate(d;electlonsu§1), Weu anduj (uﬁ-” + u§-4)), u§3) = u§2)

D @ @

Y

cU andu = \?

e 3 freeselectionsu )

e 4 freeselectionsu

( ( (
J .7 ]
(1) (2) (3) (4)
J ] ) J 7uj cU
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Proposition 3.24Runge-Kutta(4)method with3 free selectlonéu ul? u§4)EU " and

(2)_,,B3)n

"u; =u; " Is a combination method with the following settings:
N-1
Qu(Fifto, T)) = = > (F(ty) +4F(t; +2) + Flt11) .

+ %2<A(tj + g)A(tj) + At + g)Q + At AL + g))
(Al + BrA) + Al + )
+ (At + 37Aw) )
Oy(t1,t;) = I + hA(t; + 2) h;A(tj + g)Q + ZgA(tj+1)A(tj + g)Q
Doty 11,t; + g) =1+ %(A(tj + g) + A<tj+1)) + %ZA(%’H)A(@' + g) ,

(I)3( J+1, y+1> =1 .

three seténvolved in the quadrature method (Simpson'’s rule)ont, . ;]
= three free selectiona Runge-Kutta(4) is appropriate
% as weight in Simpson’s ruléaﬁ as weights foruf) anduf’)

2)_, 3)
= U =,



Proposition 3.25If
e A”(-)is Lipschitz,
o 73(0*(l,d(T,-)B(-)U), h) < Ch? uniformly ini € S,_1,
o dn(Xo, Xg') = O(R?),

thenRunge-Kutta(4)method with thehree selection strategyonverges at least with order
O(h?).

Proof: The quadrature method has precision 3, hencezlso
Careful Taylor expansion shows (as in the pointwise case) that

H(I)( J+1s ) ( J+1 2)H
S+ BA(, + )+ AL+ DA()) — Bty 1) = O

The following estimations are valid:

$3(tj+17 tj—i-l) - I:<I>(tj+1, tj+1> g




D1 (tjs1, 1) — Pty 1))

h. h? ho, h? he,
= {2+ RAW + )+ SAW + 5P+ T Al )AW +35))
i1
2

= (T hAl) + () + AGP) + [ (G0~ (@01 — (1) )|
h J

§> — A(t))) +

(At + 57 — A(t)) — Al

h2

< ||h(A(t; + >

lj+1
h’ h " "
F A 1A+ DI+ [ (6~ 0)971E8) - ¥t

tj
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~ h h
|’®2(tj+1, tj + 5) - (I)(tj—i-latj + 5)”

=0+ 2 By )+ atae + D)

h he (B2, B 2
—(I+§A(tj+§)+§(A(tj+§)+A(tJ+§))

SCIES

tj+1

N [t = 0@ (11 - ¥, ) )

tj-i-%

h h h
< Hz(A(tj + 5) + A(tj1) — 2A(t; + 5))
B2 heo ok h
+ g(A(th)A(tj + 5) — A'(t; + 5) — A(t; + 5)2) |
tj+1
h h h
+ / (ter = DN 85+ 5) = At + 50t + S)de = o(n’) .

tj-i-%
Hence, Propositio&.8 can be applied yieldin@(h?). |

Remark 3.26 For order of convergence 3, it is sufficient thé&f(-) has bounded variation
and<46*(1, ®(T,-)B(-)U) € AC(I) and its derivative has bounded variation uniformly in
[ €S5,1).
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Remark 3.27 The worse approximation &fQ(th, t;+2) prevents the method of achieving
globally O(h*) as order of convergence.

Proposition 3.28If
e A'(-)is Lipschitz
o (0" (1, d(T,-)B(-)U), h) < Ch? uniformly ini € S, 1, e.g. if B'(-) is Lipschitz
o dy( Xy, X) = O(h?),

thenRunge-Kutta(4)nethod with theconstantlinear interpolatear four selectiorstrategy
converges at least with ordét(h?).

Sketch of proof:
underlying quadrature method for the constant selections:
iterated midpoint rule
underlying quadrature method for the linear interpolated selections:
iterated trapezoidal rule
4 free selections:
consider this method as disturbed method with 3 free selections
of local orderO(h?) (use {)) H
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Example 3.29Letn =2, m = 1,1 = [0, 1] and set

A(t)

IR

—2t

1 213+ 1 ot
t+ot3+1

— image: RK(4), 3 free selections

data for the pictures:

e reference set (black) = combination methatérated Simpson’s rule and RK(4yith

), B(t):(tf) and U =[1,1].

— image: RK(4), 4 free selections

N = 10000 subintervals)M = 200 calculated supporting points
e different stepsizesh = 1 (red), 0.5 (green), 0.25 (blue)

computed estimations of the order of convergence:

Hausdorff distanc

]

estimated order

Hausdorff distanc

]

estimated order

N to reference set | of convergence| to reference set | of convergence
1 0.32495716 0.35441994
2 0.04104212 2.98507 0.07694989 2.20347
4 0.00535449 2.93828 0.02264766 1.76456
8 0.00065949 3.02132 0.00590203 1.94008
16 0.00008127 3.02061 0.00148039 1.99523
32 0.00001007 3.01255 0.00037051 1.99838
64 0.00000125 3.00679 0.00009275 1.99811
128 1.5623e-07 3.052 0.00002320 1.998B2

Hence, in generaD(h*) could not be expected Propositior8.25for Runge-Kutta(4) with

(3 freeselections)

(4 freeselections)

three free selections! With four free selectiamgy O(h?) is observed!




Example 3.30Letn = m = 2, I = [0, 2] and set

Alt) = (_02 _13) B(t) = ((1) ?) and U = B,(0).

— image: RK(4), 3 free selections — image: RK(4), 4 free selections

computed estimations of the order of convergence:

LHLELTRET S

Hausdorff distance estimated order Hausdorff distance estimated order

N to reference setﬁ of convergence to reference setﬁ of convergence
1 12.15909236 _ 16.31389286 _
2 0.57388484 4.40513 1.13925599 3.83994
4 0.01593964 5.17007 0.03880440 4.87573
8 0.00048901 5.02660 0.00134452 4.85106
16 0.00002391 4.35405 0.00006260 4.42478
32 0.00000136 4.14023 0.00000341 4.19891
64 8.1132e-08 4.06303 1.9924e-07 4.09663
128 4.9646e-09 4.03051 1.2045e-08 4.04797

(3 freeselections) (4 freeselections)

Both selection strategi€8 resp. 4 free selections) lead1*).




Remark 3.31

Example| selection strategy order of convergence
3.29 | constant selections 4

linear interpolated selections

3 free selections

4 free selections

3.30 | 3free selections

4 free selections

constant selections

linear interpolated selections

NDNBEBINW®

selection strategy Example| order of convergenceminimal order
constant selections 3.29 4 2

3.30
linear interpolated selections 3.29
3.30
3 free selections 3.29
3.30
4 free selections 3.29
3.30

Hence, the use & freeselections is théeststrategy for Runge-Kutta(4) in general.

2

3

2

A NPPODNWOWDN
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4. Conclusions

e framework for convergence proof only suitable for linear differential inclusions
e selection strategy for linear differential inclusions could be transferred to nonlinear ones

e smoothness ofl(-) and B(-) is not sufficient,
smoothness aof*({, ®(7T',-) B(-)U) uniformly in[ € S,,_; is additionally needed

e interpretation of set-valued Runge-Kutta method as quadrature method with disturbed
matrices for fundamental solution is possible

e interpretation is not unique, but there exists a "natural” choice for a Runge-Kutta method

e necessary for overall ordé€?(h?):
global orderO(h”) for quadrature method,
local orderO(h**!) for disturbance of matrix multiplied with the stage,

local orderO(h?) for disturbance of matrices multiplied with the selecti@uﬁg

e convergence result gives minimal order of convergence,
additional counter examples (numerically/theoretically) are necessary

e convergence proof does not depend on smoothness of optimal control function or cor-
responding solution

e selection strategies should fit to underlying quadrature method

e other selection strategies with restricted subsets of ... x U are available, see e.g.
[ I Bl )and Krastanov
(2004)

e few numerical implementations for nonlinear differential inclusions, see e.qg.

[ L ]
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