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Résumé

Dans cette t.hè,e, nOIlf; ntudions le nllnportement collectif de panicules nulo-pwPlllol"'o, C,' travail
comporte l ..(>i~ partjc!;,

Dnll~ la pre,,,;""'- ]lar!.;", nous considérons un modèle illdi\'idu-cenll'é pour k~ pUl'liruks (1"<\\lto
mtôltioll intelagis'~l1t. par une règle d'alignemellt cl ('Iml;o]]" ]""Œ lilllitŒ ll",,,m,,'opiques. Ce
lll()dd~ d6.Tit tlt'~ 1!<1l'ticulcs allto-]!l'Op\lls(~('s qui ont. d,,;; fri~lll('IH""" de rot.<ltiüll pl'opre ('[ ~'aliglll'Jll

ù {'h,,'lu!' l'ilS <1.. t.P1l1p8 avec la vitesse moy~nne de leurs voisin$. D~ux {'~~ de ;;<;alillg ont été étudiés.
Dans le ,as de petit.e vilesso ullglllnin', [" """li,]" O!JI"Il11 ,,,1. 11])(' l'~gpre modification du modèle
'HydrodYll~ltIiqll('suto-Drl':ilnisr' !lui avair fIt'- intmdllit pl'i\~<idomm"ntl'~r Dor,ond {'( \-Ioslrh. DnnH
]" "fiS rie grande vitesse angulaire', le modi'k ()i)\cllU L'<;t plus l'UIllIJliqué, eue étude prélimilair~de
la stabilité linéaire il été {'~HI"lJ"'lll. l'nJl'0S<;c,

Ll' principal objet de la d~llxième )l~rt,ir. <>M l~ lll()dèl", de Vicsek avec l'épnlsion. Pins ]Jréci~élJl~lll.

nOliS étudions un système' de pal'ti<:uk~ uul. o-IJl'()]J\lbéL'~ illkl'agisoaut avec leurs voisin, pal' !llle ri>.glr.
d'alip;lll'lIll'llLl'l d" ""l",lhio", Ll'H \'il,"hOl'l< ,!cos p"rt.i('llk'~ r(,~ult(·"t de l'Huto-pru]Julsiull el dl' lu r()n'~

ré]Jul~i\'e, La dir~f:fion de rRut(]-pro)llll~irll\"'st. align?€ à celle de lems voisins, it un bruill""S' rH
modèle cOlltiuu a élé db'jvé Ù p<>l'lir d'\lll~ éqll<>li(Jll l'inélique du système de parTklllr~, Il nous
>tlll(-n(' ,\ llll ~,Yf;l (-!lU' ,l'i'", !il1.iom hnlrodVlli'mi'ln~ nOll-(,011",']'\'1\ t if. :'\Olli\ fO\ll'nis~oni\ une "Hlidal iOll
numérique de ce morlrt~ r.ll Ir. COll1pMant an'c le modèle individu centré, L'cxistelH-'" dl' ~OIUtiOll~

il dl'UX dinH~nsions est prouvée en utilisant la mélhode ~tllnd,mJ dl' G"dcrkill pOLIr le.'; é'lnilt-ions
qnasj-ljJl('uir~H 1!Ul'~boliques. D'autre p~l't, nous l\von~ effectué de,'; ~jmlllarinl\f'. pour conpan'l' les
l'('~Lllt.at,H tIJ""riqll"" et, lll.nnél'iques

l.~ dl,rnil'l'O pMtie <:'St CUnŒ<:l'('~ ~ l'(,(ude ~XIJ('rill"'ntal~ du COJllporlcllJ"lJt ""llpdif de l'obots
nut.O-J!rüjJul~6; dUll~ une enceinte annulaire rxml1née, Les ObSfOl'I'Rt,jon, lllf'UfOnt un évidence une
Ol'I';alli,"t.ioll du mouvement où les individucs s'ulignc'n( onitugOlJldelllcut, au bord de l'enceint.e
alllllll~irr, l'(l\ll' t'omrr d('~ jli\qnch (clnsl.<'l'o) di'rivani,s, Uu HJ(J,I"I" Illi"m",'()pirln~ ll\lmériq\l~ ~st

Œ]Jl\bll' cle reproduire qualitat.ivement CP~ f'ompo)'tmnr.nt,',
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Chapter 1

General Introduction

1.1 Motivation

Coll""l,iv" IllO!.LOll "a" \'" "]"",tv,,,l """rywjJ('H' m"l Hl ",,<.,.y Sl'Hl,'s, from flslo sd"m!' hird fkwk tu
bllct.eriit, ~pmlll CRI IR ilS ",pli il~ Illol~(:lII:l.1' 1nntOl"i; in t Iw cell. 111 spH." of r.ol1lpl ..xit.y of t Iw~e systems,
w,' ~~~ tllilllhcro: ill'<: ,;L>llle ÇOllllllOll katl1n:~:

• IndivirlnalR havI' only IOCRl interaction,

• There i~ IlO l~ader ;nside t.lwse groups;

• The l':lobal or;.o:""iznti(Ju of th" !',n"'l's is at lllue), lar;,;".- s,""l" tlJall th" ;",iivirillHl hizp

Ry thio 'l'Il}' th~s", gl'OUPS fonn coheJ'ent structures which can be seen as a l'esnlt of the local inter­
act.ion belwecn elle agents ",it,ho\ll intcrvenor of leauer. One asks the following HutU'-") qn<:~li()w;;

• How (hc~~ illdivid\lal~ ("()(Jl'!lillUl<.: t!ldr bclml'ilJf tu IOnn gl'OUp~ (lm! Illuve é'(Jl1ectively'!

• \Vlmt lire im.el"llct.ion nil~H b~tw~1l plll't.ides insid" th" gl'OlIpH?

One ,an answer th€se questions by experiment method. First., mathemat.ic-almodC'ls are cOJlslrudcd
by observin!\ phenomella ill the reallife. Thell the validity of these models will be tester! by perfOl'Ill­
ing simulations or experimellts. J\vo kinds of mode! are oft€1l used. Individtwl Hascd .\loLid(lBIII)
l'OCllS on the CVO!lltiOll of each parUde in time while contiuuous mollcl llescrilm, [!Je "volutioll of
mflcroscopk q\1~lltitiE'~ sudl II~ density or t.he lll~ll.n v~lodty. In 1ll1l.IlY works tlw IBM, hlt\'!', heen
uwd. lb udv<\llt.i'~" i~ "bk tt) l~~t djfjÜn.,ut h)'[Julhl'M'~ t)JI the itHli"idu;d lIled"l"i~JlJ, Huwl'ver, \.hc
llHJl'w"copic JJlm],'!" allow Oll" 1.0 beUer "'Hkrstmlll "ud stlldy t.!Ie hdmvim of tlll' Hys1.~m" at· large
~c~l,,~. In orrlE'r to b~nefit. fmm both Illodpls, a solution is to dMive the macl"ûscopic 1ll0del5 fl'Dm
U." l!urUd" IIwdd~, To do ~U, Ull" nlll dli\ug<: \.iIlle alld S/iiH.:C vlll'i"bl<:s ul' thc microscopie llIodels,
sn th .../. th", dyn~mics (Jf t.he individ1ll'! h"spd modeb l'Ire con5idel'ed over long periods of tillle and
lagel' rlistanœs. ln arder 1.0 establish a link be1.wûCll microscopic models and macl'Dscopic JIlodds,
IV!' 1lR' Rn int.f'rlllPdiat<' d!'~Cl'iptioll. ~o-c ... ll"d lll"RC0~copic lllod"l~ or lllelln-fi!'ld kinl'Tic 1ll0dE'I~,

where thE' state of the system is dC'Seribed hy the probability distributioll of (l ~ingÎ<: pUl'ti{'Î<:. 'l'hl"
IBid" lh" kim'tü: 1lJ0dd~ alld th" C()J1tilllH"''' llI(J(lds C1m~tit.llt" ... I,i"rmehy of ",od,'ls in t.he .,ense
that. elleh levll! cnll br. dr.dn~r.d l'mlll thr. prl'ViOlJ8 one hy Il mod~1 mrlnction methodology. Jl.lore
J!l'(",i~dy, killeti~ llI(Jùd~ 111'( dcdlH:cd fWlIl IBM~ by l"oll~idel'illg the prühability distribution of a
.,iu",l" jlllrt.idp wh il" "ontinuOllS model ",,' reduced from kine\.il" lllodpl hy taking averages over the
velocity variable,

\Vc Cocus 011 s)'.,leIll~ t)f dellse sl~~l'elJ~ioJlH of adi,"" palUdes, \~I" rd"r t.o :G.l) for n',"'nt d,'velop­
lllP.llt~ on r.hp ~\1bj"r.t .. SURpml.'dollH 01' ;l('tiv!'! pal"tides are Ruid consisting of self-pl'opelled pal'ticles
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sud, fis wMcr inc1uJ;IJg of lx,deria, "pcnH cells, etc, WhCIl parlicll's are higlJiy concl'nlraled, llœy
mit)' indllrf I.mbnlfnœR. A tj'pical eXIlJllple of SUdl finir! is spel'm. The flml· f1ncrnMioIls illd\l~f(1

l.Jy ~jJ~J''''atozoa motion, lI,nt Olll hc observl'u lhl'ough a microscope, are knowlI 1O he (ln excl'llClJ(
fprtilit.y 'Tit",.ion for th" sa ",pl" ('{)]lSid('red while t.h" in,livirlll,,1 sp"rmal.OlOa lllol.ility i.' lIOt.. Thih
sugge;ts t.he exi~t.ellce of il 'Collect.il'e IlH!;))üW" eH'ect wlLirh seelll~ to h~I'e ~igllilic~llt. illHuelLce 0))
the fertility uf th~ oample,

TIJl' Sl'JIliml! Il'ioliliL,r llllUging nnJ MoJdiIlg pl'Oject (IIIüTnIO) hfls Geen lccently crea!cd and
Rupervi!'R.d hr the compalW nrv-Techllologie~. The goal of the :'IIOTIMO projed is ta del'elop mIl­
cel'ls which m'l' 'WceSSl1l'y t.o lhe design of (lutomated fertilily tests of animnl semen smnples. !I1y'
th",,", as a part. Df th" ~lOTI\10 l'wjl'd, r"sall~ [rom li culbbumLiuIJ IJel\l'Cell ~ev"ral instiL,,1 iUIl,,;
l."InRtitut. r1p.llhth"'m;l.li<jll"R r1p. 'l'()\I1()u~p (BrT), l'lnsritllt d" :V1"'~lIlliqn~ d(>"~ FhlirIH.~ dp ']'onlo\lRP
(IMFT), l'llJ~titllt Natiollal d<: la R~dl<:l't'hc Agw]jolllillU~ d<: Tuur~ (INHA Tuul'~), le L;,bul'Htuil'c
d'Inform>ll.iqup, S;gnallx pt S.\'ht,PlUPH <1", Sophia-Ant.ipoli" (1.1S) iH Ni,'p aud t.rall~lII,tinTL,,1 ('n,"­
pany, 1l\IV-Tedmologies, the 'l'orld leader in t.he l'eprnduçJion hiotechnologies. This man\l~Cl'ipt

will pl'Ovide a better Ilnderstanding in modelling (Jf t!Je c(JlIedive lIledumisll1s uf dense suspension
of adi'-e partic1es with ~ slwdlk applicatiOll rom'ellling the RO-cBlI"" "m~ssal mot.ility" indl1~ed

by t.he movement of spcl1llatowid in thc SC'lllen.

1.2 Overview of the subject

This thesis aims to eonstl'uct model hiemrchies for active suspensions of partides illcluding nut
onl} individual ]lart.kk~ ami thdr h,\'rll'Od,l'Iwmie int.praction but, alw iluid, \1"n,\' rrl~t.od worh
h"ye heen done, for exalllple [Xl, X:\, l'Hl to mention a few. Ilowewr, moot of theEe worb deRI
w;th dilull'cl suspensions of the aclive plll'licles for ",hich il is possible to develop li micro·macro
al'I'roncl" wherein ~clive partides nrc descri!Jed by a distl'i!Jut.!OIl fundion mtisf.l'ing an eqllation
of Fokker-Planck, coupled with the Navier-Stokes equation for the lluid motion via t.he expression
of th>'! i'xtrél-con,trnint, t.pn~OI'S [5, 8].

On the oUler hand, wme expel'iUlcutal ubsel'vatiull~ in l'!l\V l"U1ll Spl'l'I11 l'cwul that Ill'Uriy 50':{,
of th" t.ntAt voban,' (lf sj]{'rm is ~'mHtitlLtcd of .'JlC'r1n ,'l'llH. dl(' n'mH;"jll~ vohu",' l"'illf'; filkd with
t.he seminal plasma, It is t.hus expected t.hat sperm cells in raw ram spenn have ext"~ll1ely high
('oncentration,ln thi8 ~ituatioll. ~penn cells !Ire very duse tu each other alld illt('nH:tiun~ via VOIUllll'
exclusion are cert"inl)' very impOl'tant.. Th" vohll11P ""clnsinll int.f'mdion hRH bRen "onsid~red hy
Pül'uaui el ,,1 [75] whüre IL was shown th~t the volume exclusion between elongated sell~pl'Opelled

pa,·ticles reHults in alignlllent r~'" 2:1, "S, 7;;J, Under these conditions, micro-macro apPl'Oaches ean be
modified to acconnt for t.hese effect.s. One should also ('onsider collective eff"cts, tl"" syn~hronizatiOl1

of be~U!lg nagell~, which explain why ~perm~t.owon individual motility is not wcll {'orre!aled with
IllR~Ral mot.ility.

Tb" fir"!. modd (Jf c"lh,t.iv" ](lOj;OH h,,~ b,,,,,, pmposed bl' Aoki Pl, Mo!'" l'ecclll.ly, a ~iIllplifi"d

vprsion of t.his model was illtmrlnced lW COllzin et al [:'10', The~e mod"l~ (the Ro-caller! thl'ee zone
lllodd) in whidl (IJ~ uuthol'~ <"()IL~ide('<:d lhl'<:c types of inle"unioll l'\!]('s, long-l'ange uttl'adioll,
11 'cd i\llll-m"g" aligm",,"!, and olomt.-nHlg" r"llllisiou !.O expiai" t Il,-,,,, dHf"'"",l!. 1",lmvimE of paIl';"],,,;:
avoidRllce of heing isolated, collective movem",nt., ~voidan("e of colli6ion~, rp~pi'(·tively. Thi~ model
can Ile considered as a good cumpromise betwecu phy~kal acc:umcy !lnd ~illlplicity.

1.2.1 Pure alignment model: The Vicsek model and its variants

Microscopie model: The ~implest mode! of collective motion that i~ ba6~d on the alignment
interaction intl'Odnced br ViCHek 19:J] hRS altracted a lot of attention ill the recent years. ln this
model, one merely assumes t.hRt individnals mo\'<' Rt con5tant speed and \lpcl~te their diredion so as
t.(J ali~ll wilh Lh"ir Il,,i~hburs up Lo n œrlnin nuise IC\iel. Ali~nment. int.eraction efln be d~ssiijed inLa
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(1.2,1)

POilU and apolm' l,liglllll'.'lllllll'ChaIlÎslJls. The polM' illtel'a,tion~ ran 1>.. considered a~ rerrulIlHglldic

in!emelio[l (Dl F-HlignlllPnt) whel'e pal'ticles <:ml up llloving ill the ~allle diredion. The apolilr
intcmet.iml rAI)M~ df<:'c!. silllil~r 10 lhrM' ill 1iq"i<l·(')'.r~taIH M high drn~ity wh<'n' j)ill'Ikks gel
locully ~ligllcd, Degond and 1I1otoch [2\)J (b~," the rc\'icw I2~]) have prop0"'''] " !.ime contillllO\lo
version of thj~ model by repl"dng the lime step t.1 by rolli~ioll fre'1110ncy v. Let Xk(t) t' :Rit !lnd
V;(t) E §"-l bo the l"'bit;oJl auel il", "l'Iocily direction of the Ii-lh parlido: ut tlme t. The moil"l is
de~cribed b,' thf fol1owing equations

wh"re, for V E §"-l, Pl'.l _ Id V .Z; V iH t.lw orthogonal projection omo lllÇ plall orthogonal to
V. This projection in,l\re~ thM th!' re>;nlting solutioll 1/!.(t) ôta)'.'; Ol! I.l", nnit spllPre, Fill!'llly dB,
d"n()tp~ the Bl'Owniall molioll wilh illkllsity /ZD,

III spile of ilô sill']l!i"il.y thi~ mode! is able (0 exlli!)il <:ullljJkx phase transitions from r1isonlm'Arl
10 ordor St.ilt~s ,,-hen the noise decreascs Or ",he" dl!' r1l'llSity in""€!'loes (5€e €,g, [2, l(J, 27, 02, [13]),
'l'V,' n:l<:r to [[14] for a recent S\ll've)' on this ~t\ldy. The pha8€ tran8it';oll is stlldiec1 throug1J t.h" ord"r
JJi"'lll",h'r which i~ ddinNj by ,

9~ ~ILV,I
N ;~1

This l'ammd<':l" Jllcusnres the glo1Jal aligllmrnt. of pnrtirles, ",hich tends 1.0 1 n~ lb" llwtim, i~ ()l'd€r
nnd whid, is d"",, ta 0 a~ the motion is disorù~r~d, ln '')3]. the authors Hhowerl that thr. Vicsek
modf<l f>"hibit~ a ~"colld order plJns~' tnillsitiull whkh l'('~\I1ts in ft cont.illllOll~ r.I'(llige of the orùcr
p~r~lIletcl', l3y ~unln,,;t., I-'l"'b<' I.raJlHil.io" i., of fjrot-ordl'r dUJ'illg whkh, li.\' ddillit.iUIl, the orùcl'
PHl,'lIlcter j\llnps from Olle \'nl\l~ to llllOther,

Variants or the Vicsek model:

• lu [!l2], the Huthors changed the \Vay in whid, lh~ Huisc is introduced, More pred~ely, "vec,·
t.m'ial noi.~e" is added to J" ill~ll'ad Df a"l'.le ill t.lt" original model.

• 'j'lw Cnr.km'-Smale model '21: aESUllle~ tllllt part.id"H t"",l !.n align th"ir speed ",ith the ~jJ~~d

()f j.hd!' Ileigltbol'~ anrl Goes not impmm n.ny tOll~traint on the Jlar[.id~ "P"l',i. O,,"()te br
(Xk(t), Fk(t)) the position and the vdocily of tlj~' k-pmtide at time 1. 'l'hl' ~tllte of this
sy~tel\l is descriiJed by the ful1owi,,:; "qnations

IVlt~n' " i, ""notant alld the fllllelious '?il' qtl(\Illi[y the \Vay the pll.rt.iclp:i illflmm("e eaçh
ot.h<'r. It is il~~"med thrtl. t.1l(' inll'll'Jl('(' ollly dp)l""c1 011 tll(' rJi~timcr l)('lwœlllllc p'lltidçs i.('
'P;!' - ?(IX; - XI, 1). WIlPll 'f! d~c~ys suffkient.ly slowly, one ""IL {)1J~",,,,, Rocki"!', llPha\"ior.
This mode! hus triggen'<l nmsidcrable mathematical act.ivit.y 115, .35, !jG, 72].

• F'ro\lvelle [43' pl'oposed l~ vnriallt of the time coutinuons version hy ;jS~\Imillg the parulllcler,/
depenuiur--; On the dell~ity llnd int.l'orlucing ail ani8otl'Opy ill the kl'lld of ob:;ervatioll. ln [~,j],

the anthorR ~f:.~\lIl1~ that 1/ is pl'oporliollal ta the a!JhDlntc va!n" of the rneall lllOmenllill' of
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the w:igIJlJ0J's IJ!J This nssumption allows one 1.0 gel. ~ lll''''lOs''''pie ph">;,, tnlllHitioll. 11",1",­
t.his il~snmpt.i{)ll, th" ('Ollti,llUJllS li",~ vcrsion is very dose tü the discret.e onE',

Mean-field model: Frolll the continuous rime veni(Jll of tlJ~ Vk~ek ulOdd, U lIl<:(lH-IielJ mode!
j~ llutnim'<l by kWng the Illlmbcl' of partides N --+ x. Th" kinet.Îç modpl can IlP ,JPH,,,'ib,>(] by tl",
olLc'-p"rtid" distrilmtio]J f(;1:, '(}. 1) where (x, 't!) is the position in t.he phase space l~" x §,,_l. Thr.
~\'olutjon equation for fis giwn by the following Fokker-Planck equatioll:

ilt! 1 <:\lx'("fl~ 'V".(F,f)+D6,.f.

F ( . II· Il - l' ( • ( III • (. 'I _ :1[(x.l)! ;~.1" ,,- c' IIlf .1'" ,1,/ ,C, - - 1.llCe.tll

3f{:I'.t) = ! A(I;r- lIl) j(y,1!,t)l'dydll
. (",")CiR"xs" L R

(1.2.2)

(1.2.3)

(U!.4)

whel'e 'il"" Ll." stand for t.h~ divi"l'gmWi" and t.lw Laplar~-13eltrami operatOl'~ 011 the ~phere, The
kt'nwl f{ depeud>; on thl' di~ltulce l.JclW('CH the parlicle and its neighbol's ;~, - Yi within tl"" ral1g>'
with l'adiH~ R.

Kinetie model>; have hPf'll pm[1oH'd for ~(J]ll" \'miaJlt~ ,,[the Vicsck Illotlcl (e,g, [12, 13, lS"). ln [14],
the authors pl'ù\'ed that the kinetic Cucker-Smal", modd mnverp;e~ to the kinetic VicS€k mode!.
Peruani et al [16] have pl'0posed a lIleall-lidd <tPPI'ol\<:h [or scif-propeHcd particles which illteract
t.hl'Ough ferromagnetiç ami li'l"id-""y~t.1l1 nligJlIll""t lll"chaJli~lll~.

Macroscopic model, Many maçroseopi" lllodpl., hav" ],""Il propOisl',1 flll lhl' ViCOl'k lllode! [0,
28, 00], lIuwcvcr, most of them are based on the phen(ll1wl1ologkal mM.hocl and dŒ1lrf moment
r~J, 79, ~J(J, !Jl]. The first rigorous del'ivatioll of h)'tlrod)'lIluIlic mode! [rom kinelic one of t.he Vicsek
mode! has bcen proposed by Degond and Ivloh"h ~20: (""" [21J for" >iur""y), Thi~ lIlo<id i~ e"lIed
Se!f-Orgulli~cd Hydroclynamic (SOR) IlJOdel . The main i'Ontrill\lt.ion of thi~ work i~ 10 introdnce
il ""W nlllœpl "C"Jll'ntli~cd Invariant. Co!Hsion" whieh allows one to derive hydrodynmnic lllode]~

dE'spit.e a laà of 1ll0mentlllll mnservatiotl. The lack of eonocl'vatiulls i~ Ul,kllowkdgçd (~l'l' ,-"g
lhe di~cussioJj ill the introductioll of ]94]) ~s OlW of t.hp pssPllti"l <iiffen'lwl's l",hw'l'll ""Ikdivl'
pl"'Il"'lIl'"'' ill .,hmdanl statihliëal piJy:;ics and bioIogy.

TILP SOH m",!pl dp,criiJ"s tll(' """Illtiou uf lite dellsily p and t.he lllOall direction n, giv~n by

fJ,p + \7" . (eIPf!) = 0,

(J air! + r~ p (n· \7.,)n -+- d r!J~ \7,p - ,r!J~ 6.,(pll)

wl",,.,, th" ""<>Ift,,i"Jl!,;; ,-,!,c']",d snLis[y Cl> C2, d > 0 and "r 2: O. Thi8 mod",l con~i~l~ fir~t of Il.

C01\sm'l'iltive equation of ma", f'R.ml1l! of an e\'olmioll .;;quati0li fol' (h(, I!K'ali dircdiOIl n. The two
c\]llati(»)I>; ,ll'~ ~ujJp1c",cntcd by a gcomelric cOll5t.rainl. 101 '" 1. The SOH mo,j,,1 i;; Hot C,,,lil"'\ll­
i)lV'ariallt ],,,,,,,us,, of thi;; (·oJlhtmilLl.. Siulllialiun:; ()f t.he SOH 1lI0dd withuut ditt'U8ioll ter", il,,\'(,
been performed t.o v~ lid1\l,1\ the 5011 model [71]. Furthermore, ~eYeral \l'orb Oll the SOH lllodd hm'ç
beell illve~t.iga led lŒ .;;xi~tçllt'ç of .~oluti()il [321, Plt"sc lrallsi\iolls have been analyzed ]~, '24, '27, ~~].

1.2.2 Pure at.t.ract.ioll-repulsion mode]s

:\1icroscopic _ Macro»copic modp.I~: ln contl'a~t to the Vicsek model, man.\" other modd~

con~ider only short rUllgl' illlcntdioll aml Joug l'<luge alt.raction of pal'lides [Hl, 37, GY]. Within
lhcse frame works, a force field i5 introdllc~d whi"h "nows parl.idŒ jJl1;;h or al.lract t.o~et.hcr.

The aUmdiv,,-repu1sive forco arc described t.hl'Ough a Mor~e typ~ of pot.rmti:ll, 'l'hl\ long-nmge
att.rilcl.ion ileCO\l1lt.~ fol' ho\\' social p;roups form. The short muge ro:pubioll i~ Illulivnkd from t.he
l'ad Hm!. t1l<.: liuit.;; si"c p,.nlidos call not. overlap and repel each othe,- when they arl' t{)O d,,",,,
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So, there exists ft maximulll "alue that the p<ll'lide d("l~i(y \:lm Ilot ]J!lS~. Thb lUl\xilnUlll value of
deIlsily C.ollle>; from \'DhlllL" "xc!lIsim, il 'tpnwtilln whid, is referl'ed to as a congestion COllst raint, Thc
crmgc,t.ion ph('nolllt'n~ ~I~o orrur~ in vt'biculilr t,r~ffk [3]. Tht' Iint, WOl'k dt'nling with ~im\Llf.iln'·Dll;;

sclf-J!r'-'pld~iull illld voluille c:·;d\1~i[))J intemctiolls was p\lbli~hed hy Pern~ni et ~] [7~]. Volnme
Pxdllsion "'''' rec;ult in apolal' aligmnent [7G] ns well ns polnr "diglllll'-'llt 153]. III :87, GIf. Ih~ lmthürs
took care of t.he emcrgcnce of collectivc lllolioll of o],'''I'\'(,,j frOln ""pPl'ünl'nh wit.h l"H't<'riH ~~

a consequenc<' of dire~t ~ell-to·œll intrl'n~tions which ,ne 1110rlelled by a ~hort-l'ange attmcthc­
repulsivc inter-ccllu1(,r forces,

lu [~9]. il model desGribiug (hc 1I1'-'\'('lllGU( Dl' d'-'Ill'"kd S(;11~]JJ'()]JcUed plJl,tides ullder the iulhlfllce
01' nematie collision aud of n(JiH" Wll~ illt.ro,]\l"'~1. Cm,si,]"r two particles amI let (l: be the inc.luded
anf':le of t.lwil' vrlodt.y ve~to)'s al- some time before impingemcnt, Thcn nemotic coliisioll JIle"""
t!Lut if u io ~llli\lkl' thml 1800

• the pal'tides will move in the ,allie rlireetioll aft.er c.olli~ion and if
n ih biggp,- thl1l 1800 tll<'Y will lllOVe in the oppo'it.e direction, Howcvc!', lhis intcmcliOlll'uk Ulll
alm he reganled as resnlting fwm volume OXc!llsion nud alignlllcul.

1.2.3 Combined alignmellt and aLtraction-rcpubioll modcls

Microscopie model: \Vf! étl'i'! intereoted in lllQdelling of collective mot.ion in large S.ystCIlLb of
self·propellcd pal'licks through Jl'GdilUu-nmgG llliglllllUlt. und short-rallj!;e repuloiou, As m€ntioued
al",vc, lh" (hrœ WU"" 1ll(j{I,'1 i, the fil'f, mode1of l'ol1eetiw motion which accoullts for threc ciiffcl'en\
rulos of int."'r~clion, ~lignmeJlt, attraction and repulsion. Somc vari~Jjt8 of titis lllodcl hav" l"",u
proposcd ill [57, 68]. Tll('Sl' llIodds Ml' no\'d ta de,'wl'ibe the motion of fi~h. Oe!,:onrl et. fil hav~ i\l~o

propo>;"d [.12] " vari,,"t. of thio model by 'ldding a pairwise attractive·repulsivc forcé' to thG limç
mnt.inuOllS vel'~ion of t.lle Vicsek mode!. ln (ti(, il Lellllard-Jollcs tYjJC force w,,~ ",1<]",1 illt." I.hp
Viç.~Gk lIlodd (.U (ukG iuto uçcullnt sÎmultaneously collective and cohe~ioll motion,

Wil.h rcfll'ding bouwl,,,')' coudition, t.h\' 'v"i(,S('k llwdcl l'('pl't'~l'lJts ail ac(:nmlllilt-ion of pilrtir]ps
~\\'i]llllJilig u\üllg the 1Jollm\ary. ln Older to avoid this elfect, il re]Jnl5ion i5 ftrlded inl0 the Vicsl'k
model :23]. Il, W~ti ubo("T~d that. l'dlectillg boumlary breaks the lal'gl'-~<:ale ,-,rdn ulld lbal duul1\ill~

of ordi'!red pal'ticles are separated by slip lines, in D similar fnshioll us w~ll dOlllaill in opin systems.
lt is lliw ub~l'rwtl that the Vicsek model with rep\ll~ion exhibit sYlllllletry bl'p.~king in an annula!'
domHin with f('fl(>ct-inr, bOlllldal'il's: aftcr sOllle t.ime, !Ill ]1nl'tidc~ dI00&' 1.0 ~\Vi')l ill Oll(' din'('tioll,
eithe!' ciol'kwise or antÎ-dockwise,

MacroF.copi('. model: Olle method to account for both ullgrlIllcut oml rcplIisioll illt."radion.' iH
t.u (.'(m~id\T the SOH model with the cOllj!;e~tion cOllstmint. As ment.ioned ilboVil, in thi'! eonge8tiou
("Il.,e, t.he ,lenoit.)" of indil'idual, cannot exceed a maximul dcnsit~· thl'cshol,j ut wloidl they ure
in cont·act with cDch othcr, To allal,l'sc this proble'lJ, in [28, :1.1] the allt.hor, ""n~ider 8 singular
preHsure when the den~it.y p approilrhr~ t.h" <':(J1lg'<,st.ion density p', Thi5 model is llsed to dc'Scribe
the congestion pheUOlllCIlf'l of f'lllinJ<,l living in gnJUp 5ul"h ll~ sheqJ,

Tu chilptel' 2, IVe will buill! up il model hiclTIl'chy fol' udiw ~\lsp('ll~ioIl5 of pi\ltides from the
microocopic Illodd lo tl,,' IWl<TOS{"opi(' nJO,]d lmw,l on "ligm"""t Hncl volume E'xclnsion. III [n],
volume exdll~ioll <,!filCls are presented via IMtice nodes: nodes CilU be occnpied al. mo~t. b,\' Olle
partielc, ln ow· Hludd, ~lcl'ic interactioll is lIwdclled by li repubive for('e,

1.2.4 Synchronization and combined alignment and synchronization mod­
el,

MiCl'o~çopic model: The I{urmnoto model 1(J!"ll descl'ibeR R.\'Il~h1'0nizat.ion whkh is ob~erl'ed in
biologi~Hl, chemicaL physical, and social systems, A pnr<:l<Jigm,ltic c.x<:lUll'k ill1l5tmtÎIlg ~yu('hro­

nÎ7.at.ion i~ the ~yn{'hron()\l~ f1a,hin~ of rjrr'nje~ ob,en.,.,) ilJ SOlll" SUllth Asian fOlH't.S. This mor\el
has round widespread applieiiljon~ slleh fiS iu nruroRdell<':e. It eonsi~t~ of f\-'-oRcillatol's 0,(1) ha"illg
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L· ,H.

iut.rins;" frC'llL"ncÎcs w, distrihuled ",ith a ~jV('jl probnbilily dCllS]ty .9(w). üscillutol's are relMed
to al! other o$dlbtor~ throngh th" ,infl of thrir diffel'E'Jlœ. Thelr rlynillllk:i ~re rle,cribed by the
!ollowillg CClll<ltiüll

_ !( N

0,(1) ~ "', - i"i L Rin(OJ - (l,).
j-l

\Yhen (he coupling is large enough, collective syndmllliziltim, PlIlPrg"s SP()]lt.HlW()ll~ly_ lu "pit .. of
~iIll]lli"ity. thi, Il,odd cuu display a large vnriely synchronizat.ion patterns. Several varianh of the
l<llram<1!.O Illo<i~lllfl.vr b~P.ll pro]losed ~\\dl il:i the Knramoto model with noise, ~h(J]'t-range model,
lllodcl~ WüJl disorde!'. modcls ",ilh e:dCl'nlll fields. These Vari3llt models l'Incl the!r applicBt.ions have
h~pn dis"";;s<'d in [1). SO"''' worh h"y" Hckll(Jwlcd:;~d t.he proximily ùel\\'ce!l lhe Kurmnoto ond
Vicsek models, .~uch as [18, ;'..\].

Mcuu-fiolù llIodcl: IIlcall-field llluÙelS hal'e bren ]J1'O]JüSé'd flJ)' the ]<Ul'<\l""'oto "'odu! ~lLd will,
noiR!':. 11101'1' Rtmli!':s on th!': Knramoto model have bel'll dülll' in [1. 10, 11, 47, 48, G7].

ln çh~ptpr 1, wr. int.roilurt, n moilel whirh combines the Vicsek modeland the Kllmmolo model.
Il. bül'l"üll"~ fmlll l.hc KnnulIolü Hl!ldcl llJ(' lI'~y the ngenls syncl1l'oni~e the phase of their rolation
""d from t.l", Vies"k Il,,)(I,,) th" \l'ay thi~ s)"lld,runizat.ioJl i, t'ou(.!leù witlo the ~J!Mial loeali~ation of
the agents. The goal of this work i~ 1.0 rlp.l'i"f\ hydrodynmnic 1ll0d!':l~ f(lr thi~ m(ldel and to Rtuily
sorne propertie, of the hydrodYIJUlllic lllodcl~ ubl"illed.

1.2,r; Modcls and cxpcrimcnts

A~ lllCllLioncd above, stmlying intel'actionl"lll"s between pn)'tic!f's in8ide "yf,(.f'mS plfLyS fLll illlpnrt,fLnt
l'ole tn \Inder~tanding collective phenOllleuu, :\lUllY WOl'b have !.'xplol"l'd illterudioll l'Uk~ bdwe<:n
pal'tides from the observation of global dj'llamics. Several m(jdel~ hHV€ 1>eP11 built from pX!'l'ri"","t
ùala. for e",amples, the so-called "Persist.ellt T'u)'ne)''' model ha~ been huil\. step ily ~l.i'p l'rom
""I",,-louC111. dala of fi~h 14'-']' SUUK' pwj('l:.!.s hnve bcen bllillto stlldy collective behaviol' based on
",xjWl"ünrmt (htn snrh ~, tlw PEDIGREE pmjN:!. (PEDeHt.rlan GIlollJlH : EmErgence of collectiv<'
Gdl,wiu\ll' lhrough cxpel'imellls, modclling and simulation) 01' the PA'<URGF: pl'oject (Stndy of
gn'gariOllSll<:H.'< iu vertehral<: S)l"('.i(:~).

ln order to inl'e~l.igat.<, if !'longRf.!'d ~!'lf-pro"dl",1 partie,I"" \ln<Jerl'.uiul'. l'olume exclusion inler­
actions Illay exhibit "Illel'gent plwnonwn~" we hnvr perfonnerl experilllent~ lI'ith a model system
cOllSi~tillg: of ~illlple ~If-pl"ü]!clkd l'0l>ot~, EX]J~l'iJ)lL'lll~ ç<'ll,~i,t of piuciHg the hexabugs ill il ring
and the video tra<'king of t.he b\lg~ ~.nd th .. ""lih,."t.iOl] of t.h .. lllo<i"lh agaill~t t.1,,',,: ,Ial". TI",re
::LIleady exists some \l'ol'ks based on robots snch ah th", wOJ'k of 'l'Ilylm'King; rt al on E-Pllck rol)()t~

[1-m]. Some minŒcopk model, have been prop():;ed to dehl'ribe thl' llIuti'JIl of l"()l>0t~ hllch ,1~ th:
modd of Sugall'Hm cl al [SG].

1.3 Presentation of main results

1.3.1 Chapter 1: The Vicsck - Kuramoto mode!

ln tloih dmpl<:r, wc iul,."d""" " Ilew Hludcl for large s.rstem of rot.ating self·propelied pal't.icles
subjed to ~Iigllment int.er"dioll. Thi~ morlr.1 rolllbine~ t.he Knralllo!o "lld Vicsek dynamics. We
dellote h} (Xd/), 1',(1.), W.. h=l",.N th<., pusiliollS, thc nornmlized l'e!ocities and the pl'Oper Hllgulal'
l'elo(']ti,,..; of the part.icleh, J'e"pe"tivply, ",ith Xd!) c R2, VdO C §2 "",1 IVI, c: IR. TIo" l'articles IllOVC

al constant sjwed c. Th" dynamitai ~.'ist."J11 ~ati~fi~~ thl' followillg' sW('h"~Iir: di!f"r"!lT.ü\l Nillation,:

l'V"

PF~" (I.'if... di + VWdBd +W"V/dt.
<
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where PF.L ~ Id - l'l.' il) Vi:, the <jllaJltity dB, rd"fS to t.l", ~tnn(lard white Jloise in R' \Vith int.p,,"it)'

,['if), Fk•
L den0te the l'eetor obtllined from l'/; hy ~ rotH!ir1ll ~ angle ;r!2. "J'h" '1'lélntity 11 rf'f"l's 10

Hw r~la,,~j.jon çonst~nt. of the velocily of Olle pl1J'lide l<.!''''rd~ lhe nC'ighl)()I".,;' <lv~ragl' vdt>\'Î(y f\,
The [[verage directi()Jl aro"",llhe partie]" XJ;(t) \Vith rArlill~ R is ddilL"d hy

:h= L Fi'
i,lx, x,·I~lj

/Ifter ~ç<llillg, tli<.: killclic eqllation~ !Ire then Aiven b)'

{J,j' - 'loI' (vn = ~(,

\lf(X.t) JI(."'!)
'J/(;r,t)j"

C) 1'Y v ' (r,,~nr f') + dt::."j' -- -l'F'Yv • (v~1'),
'J

.lj(x, 1) ~1 f(:r, 1!, W. 1) 1.. dl' dIV
(,o.\'')~~'YIR

Two rcgimPh will hp im.'f'."tigatpd following Iwo scaling assumptions on '1 :

(i) 8111811 ~ngular wlcwit.ies: "i = 0(1), ln lliis regime. the equilibl'illn, of the ~,I'~lçlJl is AiH (l

VOll-~liscs-Fish~rdislri[,,,l-i<.!Il fuadiolL, Tnki,,!-,; t.he li",il [ > 0, IVe oht.aill m, O'fjlllltiOll fOl
lhe deusity {l11(.1:, 1) ~nd rlll' vl'lority dÎl'l'r!Ol' nCr, 1) ~~ follo\\"~,

B,pw --'- 'Y" (c,pw\l) = 0, V1Y E R,

P (nln + <:~ (n· 'V~)n - }'Dol) + d Pf]' 'V ~fJ = Il,

p(x, n- j' P\\'(x. t} dlV. (pY)(x. t) _ j fJll(;r..t) ll' dl!'.
, I\'E" . Il"~R

(li) Large <\Ilgnla .. \'d()çilic~: '1 = 0(,). Thi~ dl"ng<.:~ ~igllilicHlltly the equilibriulll velodty di;;­
t.r-il",ti"" ,,1' th" l'llrt.iclps. In ordpr to prpspl'vp t.h" pmticle propensit,,' to locally align \Vith
thri!" nrighhors, w" al'.. ted to modify the interaction fOl'œ, Thpll th~ densi!)- (111'(:1',1) and
Ule llj~Ull dircctiuJl !l(:c. tl ~!lti~fy tht, fullowlng ~y~tClll of hydrodynamic eqnRtion~:

Ü,PlI- i 'Y,' (ë'Pl1H) 0, v"Wt-H,

mdpw: n, - nl2[PII-] (O· 'V,,)n --'- m.~[pl\'] (n.t. 'V~)n

-,-IV ('ln4[PlI-: ('\7" n) -;- (n.t - 'Y,) 'lnC,[Pll-: + (n - V,) mt>[PlI] ) '" 0,

wlwre mJ!Pll'j. ,." mr,[pwl fOre JllOIlL~j,L, of PlI'-' Some propcrti('s of this lIlodd a!'" ill\'cst.i­
gated as the lineal'izpd ~tllhilit-.\' ill some parricul~r ca~~~ IInd l.hp a~Ylllptot-irs wh{m thp proper
rotat.ion is smalt Wc 3how that lhis hydrodyJl(llllic modcl is J'o;ùnr<:d III lhl' !:iOH lIwdd ill
t.his limit. bul. ",il,h ,liff"r"Jlt, mdfI("i"Jlt.s_

1..1.2 Chapter 2: The Vicsek mode! with rcpulsion

lu thi8 dlujJkr Wé' intruduce a n~w model 10 describe thl" movement of plOlll':ated sp.lf-pl'Opelll'd
J1nrtid~s likP 118f'!..f'rifl-, sperm cells in large systems_ \Vp eonsid~r a 3)'3tem of N-partid('s which
interad. through yolume exclusion iHlcmdioll and alignmcnl, Ld X!,(l) d"lJo!.e tll" posilioll of
k-part.icle at time 1. ~ndl'dl),WA,(I) dflHlte th<, velocity and t.he ori~nt.Mion, rrspHtively. VOIUlllP
exclusion im~l'ad.ions aj'~ modellcd by n l'epulsivo; force whidl is ddill(,d t.hrough" l't'J!uhivl' potl'll­
tial </J wilh lllobilitv 1', TI", parti,'l" miC'll!..Ht.iollh rdax t.owHnls d,f' llPighl)()rs' avem.ge o)'i~ntl\tjOIl

Wi; with rel~,,~.t.ion ('onstant v, The dYll~mics are desnibed by the following ~qmltions

rlX"

,"
N

Vk O'[lW'" 1I(;~;L'Vr;I(lXI X,I)),,-,
dw" =



1G

II'hcrc !lI(' proj~ç(iOIl J'W~ = (Id w 'h';;) iU~\l]'(:s tlm( t!ll.' ul'iL'ut,n(iul! of ~adl jJilrtick l'l.'lIUlillS ou
t.h" 1\1\it. spllPr,,_ Th" j1RIl'llnptpr () l'PprpsHnts th~ rplaxfltioll rat" of t.h" orientation (,.,'" towards tJJe
velodty h. 1'0 is the constant self-propulsion speed of pal'tic!es, H, is the l3IO\vnian motion with
illt('lI~ity -liD. The mean orientation c;." is defineri hy

J;,- - 2..= K(IX, - Xd)u..'i·
i-l

II' !lcre l!le k~l'lLd J( IlLe"Sur"s lm..- th, mi""l aLioll of Oll" )Jarl id" i~ illfl"eIl('",1 by il S Jj('ighhor;;.

The IllP8n-field equation with hydl'QdYllamic scaling reads

E ( D,j° + V"' . (1:J1) + CI V ",.. (P,,-,~"j-1) + v"-" . {r",~ C}. n) - QU' J,
(,

FIJI', :.J.I) =('0'-'-' p<l'oY,P1' , Cf' (:1'.1) ~ IJ:, Il'0, 8"J1' '

Wl'''H' Il", <'odfi"il'Il!.h '1'0,1'-0 ("o1lI" fmm th" k..mds 0, h", "",1 t.h" collis;(", "lwratm Q(j) is giVPll
h,r

The local densily Pf, lhe local current de'lt~il.l' Jf ami local average ol'il.'nlation nf al'V ddill"d by

p/(d) -- .L-. j(x,w,t)dw.

.1f (·1", t) l.~:i" j(.1',?I', 1)11'111".

, ( J,(;L/)d f _1'J) =
IJj(d)

Due 10 tilt' C01l\'~l'l of GCI, lll(' rigorous d~rin.lü'>J! uf hydrody,J<lmic lllodd i" po~~ibk. TIK' l'\'ulu­
l,iOJl of d{",~ity p(:c,t) 11",1 t.llP """Ill orientatioll O(T_ t) Hlhsfy tll" fol1{)",ing "qu"tirl1l~

EJ,p+\l T (pU}=U.

pi)ln + p(V· V',)!1 + P!l~ \I.(]l(p) - ÎJjI~l>" (p!1),

Inl - 1.

\1 = tolo'uH --l'w,,V,,p.
p'

l)d-+- q )'2' l'--l.:o((n--l)dl[;2)'

IWO rl,('~ 11l'P. ('on~l~nt~ r1ppr.ndillg (ln d. Thi~ nHlnp.1 i~ ('"-ll~<i t.i1~" Splf-Organi~en Hyn1'0dynamic~

willll{<.:jJlI!0i(>Il" (SOHH). i\1IIl1<.:lÎnl! ,~illlulalioll~ 1l<\\'C IJCCII pl'l'fOl"lll<.:d fuI' two purpo~es. The lîl'ol
Olle j~ (0 ""lidat" I.],p SOHllll1or!,·\ lly mmplnihOn to t.ho,p of 11,,, plt ..!.idH modeL The ""cond onp
is to highlight the dilfel'ence between the SOH model and the SOHH modeL

1.3.3 Chapter 3: The existence of solution of the SOHR model: compar­
ison between theury anù simulations

ln this ehaplel', we' sludy the cxistence' of 30llltiüJ! of lilC fol\owillg syslem in Iwo dÎlncllsiollS,

.' r?EJ,p + 61 v'r ' (pn) - ihl>(1") = 0,

pi/ID 1 ;JaP(f!,V,..)D ri.jfJ(\lfI''V,·)D 11'o,i7~f!(I')~iP'-J,.0.~(fJf!)

lUI = 1,
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wherc p(p) ..c CIP + '-'21//2 and t.lle (''''l'tanls .:JI,' ,84",('1-('2 >lrf' ll(>n-lll'gativR Dy lloing th",
Illfthori in :g", ml(l th8 !!'rhni<jues to e~timate the soilltion i11 132., II"e obtain the l"ollowing thcorcm

Theorem 1.3.1. W~ a,%"')j~ that fhe initial data be/on!l 10 H"'(II 2) wilil III .> 2. Theil l/wle
~:ri$(~« !ime l' .> 0 und u 'Unique su/uNou (J?,~')) il! L""UO.r:lIm(II~)) Î IIl(lo.T;lIm-2(I1~))

811(·h Owt pi" l'0siti1.''é. ilfO"eo1'el', if fhe coefficients i3~, Î' > ü t/WI! tile su/vlial! a/su bclo."ys (1)

1/([0. T]; H"'+J (II2)) (1 H 1([0, TL H"'-J (rr~)).

On the othe!' hand, b,v simulalious, wC ~how llml the tenn H;p('i7p' v",lll l'lavs a mk of al)
umtable terln. "'hen we change of /14 hy Il RIllItIl q\1~ntity, Ill<' st~hilit? nf th" ~y~l.rll\ will Iw
changed. As 3" exccccls al! of t/)(' l'o,:JJid'.'lI(o; 32,-1',(."[,('2, (hl.' llullI,rirul >;oilllioll çxi~b; only for
~hurl lilll". Tlo" s(J!nl.i,," will!"'''''lJ''' H'gubr if (ln" (lf 1],,, "o"ffi"ipnts {Jz_1'. CI ,C2 (ll"P large enougil_
Thp.reforf, the "XiHBllŒ of nnll1<'l'iral solution deppnds on th" relation b"t.ween the coefficients.

1.~.4 Chapter 4: Experîments

This c!mptel' iH devoted tn illvestigat.e <'xperilllf'lltally mller,tiv<' b~linvior in ~y~trlll1' of rlongated
sf'lf-propf'lled particles which illtemcllhl'Ough voluJllc-exC!usioIJ iuter'letions. F(),. (hi~ j!1l1'pl1~l" we
[Jer[onllct! cxpCriJIl('llls with SiUlpl" .",lf-p1'Op"I1,,<1 wl",ts. A syst"'l1 conKis/.iug of RO l1"xhng (see
tif'; 'j.D) WR~ \I~pd. EX]1eriment~ w~r" ~ondll('tf'rl witil 2,5,10,15.20.:10 bllg.~ iu cOlLtilll'd ring ~h(l]JcJ

arenas. We observe il llCW ol'gnlli,a(iOlJ of Jllo(iOlJ Whl"'''' (h", ]J'\I'lid('~ align or(!mgollally at the
ho"m]ar} of 111~ l'iJlg tu f"nu cIrifkcl dn;;t("-,;,

Figurc 1.1: A ~df-]Jro]Jdkd robot o[ the brand Hexbu!\: a ~mllll battel'y-powel'ed electrk ell!\ine
triggel~ the vil"-MtioH of the de\';ee_ The bellded plH~tie legs uffel' lIiffel'elltial fridioll witl! \Il\'
~\lbHtr"te. As a reslllt.. the device mm'es ahead, Due to unbaIHlIcC't! bcnJin!\, lllŒl of t)œoe <Ie"i<:<'o
llIove aloll!!; circle:; of varioJ\s l"lldii.

To st,urly thi~ phenomrnn of r.h.. hugs. w1' mr~s1l1'~ som" r.h~rRrr.~1"iht.ksfol' cln~ters as duster size
anu rl,,~tel" lii<:(im~. Thi~ ~tlldy pl'O"idl'~ ~Ullll' ~t,uti~tiçalllll'a~lll"c~to valitlate li mouel between
h"g~. \V" alHo <:oll,!..-ud,,<1 " 1lI,,<I"1 whi"h iH "hl" to n·pro<1n"8 ']11alit"1.i\'1'ly t,his lwh"vior. \Ve
ton~idpl" R \y~t~m of (l'-rod p~rhdes. r;.'xh rad part-ide cDnsists of /l-beads with ilS radius 1'/, ~lj(l

i\~ llIil"~ "I~. L,.'t .\,(1) C OC2 lkllole thl' œntre po~itlon of i-rod al time t, !llld 1',(t).'.... ,(t),!1 j (t)
cIen"!.,, t,he wlo('it.y and the ol'iental.ion ~nd t)jp angu\ar \'eloeity, l'espertiv~!l'_ The posi(jun of llJ~

j-th bead of Lh~ Î-lh l'od X,j is ('ojJJpulcJ Ly (he ful1uwiu/'; forUlnla:

Tl", cly"amich "'-c ,],'scri!",<I h.v t.h" fol1mving "'111at.ions:

!IX;
---1.'),

d'
dlJ]

"'di = À(('oWj '(1,) .L l'j.
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where the Il1~SS of the rod m is equal nlJ1~, Tlw repllbive force Ft acts on each rad gin>n b)'

"
F,_ L L F;jkl

!~I ,'~I,,\'

1_1."

where F')kl ~ F(X'J - XI.;I) is the repulsive fOI'~e between the j-th he~d 01' the i-th rod and the
the /-lh L~3d of the fr-tll roll, given by

F{:c) { :T. 1er 1) .
Fo1/(1 l' ifIJ'I<"

o otherwises.
(1.3.5)

The co~ffici~nt.8 À, }<!Il'''l)l'e.~ent the intensiti"." of sl'If-pmpnlsiv<, .'lnd l'epnlsive force, l'<'$pectivoèly.
The torque Ti Hlld thé' 1lI01lHmt (JI' iucnÎu l, url' giVCll by

"
Ti ~ L (cx,.. - X,l x L FiiU )

)_1 k~I.N

I-I,n

,
fi = Llx ij

J_l



Part 1: The Vicsek-Kuramoto
model





Chapter 2

Hydrodynamics of the
Kuramoto-Vicsek model of
rotating self-propelled particles

This chapter has gi\'cn (\!] nrtid<: iu (Dl!abonltiull witli l'. DCgtJllÙ anù G. OiJl1!1I'O::ü and publi~hed

in che Journal of 1....lnLh""lHt.ic:,,i :\l",ld, il",l :\[d!",,[s ill A""li"d S"jPlH'''';: Hydl'ody"~n1i('S of the
J(nrallloto-VirRPk mod.,! of l'Otflting f.~1f-l'ropelli'rl p~rt klE"l, II.13AS, (2014)_

2.1 Introduction

This dJapter is conœl'lled with the sludr of large sys"'Jll of n)(<«illg ,,;dl~pr()pdkdpartit'k~SUbjl'd
tû collective '~ocbr int(",,,~tjoH~, Spcdfiwlly, wc l'011~idcr partide~ Gvolviug ln the plane ullder
li,,, [ollowi,,;; itllinPllC<'sc (i) "df-]lmplll~i'Hl, (li) PWIll'" rot~tiOll. (iii) '~oci"l illteradion' f('sultin~

in velocity nlignlnfmt. \Vith thelr neighbors' oVE'r~ge velocit.y and (iv) randol1l velodty fluctuations
III the kmll <.>1 I3rOWllil\ll mot.iolls il! tll\' wlodty direction. Pl'oper rotation ll1eall~ that the !'Rlf­
pro],dl,.'] part.id,' traj,.("t.ori{'s, in th" ah""",,, of An)' nthrr influrn<'e (i.e. without. (iii) or (IV)) Ill'<'

cird<'s of C<'lllstMt l'~nt.ers and radii, i\1oreover, the cent.el'S and radli of dilferent paIlidcs "'1IJ

1),-, <lirl"cl'mL The goal of the pre8€llt work io to establish Il Sf't. of hyrlrorlc,nllmk l\(jIW.liOllR for
t.h" d"llsit.r "nd n1f'an-vplo"ity of tlw,e particlf'5. Sudl hydrodynamic equalions will be \'nlid nl
large time and space scales compured with tho typic~1 iJltel"ndioJl UUI" au,] distan"" IH't.''''''''1 Il,,,
pal'tides,

Systelll.' of self propelled pUl'tic!eo intcraeling lhwngh locnl uligllllll'lll hnvl' l'('cl'Îvcd nlllsid~r­

able int.crest "incc lit" ""rlr work of \ii("hl,k H!ld c"'lHt.hor~ ,g.3i This is IW"""S~ rlpspite its i;i1n­

plieit.\', this pal'Ilcligm i~ able t.o l'Ppl'Odnrr mail)' of thp ~oll€ct,iv€ po.tterll5 oh5erwd III natul'e. It
also exhibits cOIllJlkx bdmviul's ~udl ilS ]Jhil~ç trausit.ioll~ wliieh have lIlotivateu a huge literat1ll'e
[2, Ui, 27, m, 03). \\,p l'I'fel to [!J4] for H recent revie\\' on the subject. But in the vast majo\'ity or
]lrr\'irlll~ W<1l'h, t.he inHnellrf' of pl'oper rotat.ion (~ee itf'lll (ii) ilhoVl') has h"'n i~norNI.

F\ll't.IICI'lIltJl'~, a nmjority of Il'orb ou such ~:.'stellls llHe Indil'irlual-BaRerl IIJorlpls (111,\1) whiçh
con~ist in following the evol11tion of ellch parlicle (01' inùiviùuul, or <lg('Ill) in tilll~ [l,J, 16, H), 21,
G5, Gf), 72], These modds ail n al descrihiJlg ~.r,t('lJlS of swannillg I,iologi"al <l1':["lto o11('h Ho ilni ma I~

living in groups i::l, 20,H;] 01' bad,erial c<llonif's 122 among othel'~, Alignment int.eract.ion lias also
been showll to rCSllll frOIII volnlllc cxdll~i()l1 illtcmctioll iu thc l"u~e of el()lIgat.~d self-propelled
parLicl"s [0, 7;;].

Whell the llllmber of agents is large, il is legilimatc to "oH~ider Hle<u,-lid,1 kiudil: lll{Hl"ih,
[7,9, 13. ~2, 56] wlJere the stllte of the system i, de~cl'ihedby t,he probabilir,\-' diRtl'ihllti<l\1 ofa ~ingle

part.icle. It is even pos.>ible to reduce the description fllrt!leI' li.v Çousi\ll'ring ilytirodYIl<lllllc Ilwdds.
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which follow the €I'olntion of avel"l\!!:e quantities snch as the local den~ity or average veiocit". Umil
reccntl,'" hydlOdynmllic modds of intel'ading sC'lf-pl'Opelled partide systellls \Vcre lllostly dCl'i\cd
llll plJ('Jll)lIWll{)lu~il'nll'{)Jlsid"rati{Jllh r,." 8, 79, !JO, Dl]. A series of 'l'orb [20, 32. ~l lm",' fmnly
~stnhliRllPrJ the dpl'ivMion of sncb h,ydl'<1dynnlllir modol, From mitroscopir. ()Il"_~. ~Ild paniculnrly'
of (Jill' of thl'llI, th<: 'Sdf-Ol'!!:nllizl'd Hytlrod)'lHuuiŒ' (SOH) (~c<" t1w l'l'vinv'25]), WitJ!ilJ tlli~

frHlllf'Wmk, plo",,, t.nl1l~iti"ns hHve ),l'pn Il1LRlpl"] Id, 2-L 27 .Hl (s"p al", t.h" l'I'vipw [2(i]). \VI' wi,h

to follow the sallie methodology hel'e and derive hydl'OdYllamic lllodeis of rotating self"propel1ed
]Jartides interactin;l; thronp;h local Illignment, Thi~ WOl'k is focnsed on model <'ieriviltion, So. we
defer the analysis of phase transitions to future IVork.

Situl\tion~ where ~1I'l\rming a;l;euts al'e trapped in a rotation Illotion are not unCOllllllon. A
[ypical exallljJle is gi\'ell by swilllllling agent.s snch as b~cte)'i~ or ~lg~e in ~ ~heal" fiow. ln t.he e~se of
clon~alcdpurlicles, thc ,-durily shenr indnccs" ro,,,tion of the part.iclcs in u motiollllanwd -ldfrey's
ol'hits [(il, Thp. rnmhinatioll of this p.ff<'ct with SWilllll1ill;l; 1p.llds hacterill to llndl'rgo Il circular
1I,oliol! Jl~a .. bOUJld~u'ks 138, G6', TlJi~ lJurtUl(,~ tlw ~o-<:lllbJ ~,\-,r{)t,,<:tk dk<:t whkh i~ r,,~p{)lJ~i)!k

[or a('(,numl" lioH of phyt"l'lallkt ou in layers :.1f1: aml pfjtchl'~ :'Hf, Slayillg iJl th" hiologie"l rl'Hllll,
\Vf< nme that. Rome Rtrilins of ~wm'ming h!ltt.f<l'b exhibit circulaI' mmi<l11 !lnd vm'tex fmlllatioll
122], 110 ~(Jln" ,.ir"nlll~t."JHTS, ('''Ol'dillati"" of J]"gt,lIn IwntN I('ad~ ~p<'l'm "('Il~ ln ~df-mgnniz(' in ,1
"olkct.ivc [ollllai iOIl "f VO,-t.iC·I'S ji;;OI. TII " diff"H'at. {,ollt."xL mhot.i"iots aH' k",," to find dl'C:'''lt.mliz",l
control algorit.hm8 of robot 8Wann8 indlldng a coll\'rt.ive cil't.ukn motiOll of the 8Wal'lll 117, 73, 851.
Apj>lin\tiC)ll~ largel lhl' dc:~igll of lllCJùilc ~<:JlWI' !I~twol'b [01' JHlIppillg 01' 1lI01Ii\orillg.

'l'hl' goal of thi~ chllpter is 1.0 providl' Il continuum dl'script.ion of thl'sl' s.\";;tl'm~ whi'n the
n\UHI)~r of "g~Jl\~ i~ lnl'g~, We ;;liU-(l)y pr0l-H);;iug nn !I3.'11 w!Jich CUCOJHp""'CS fcatlLr03 (i) lo (iv)
abO\'l'. TIJi~ IInl combiuŒ Il,,, KmmrLllt" IW'] aud Vic~l'k 1f1::J] dYJlHllliŒ (s~~ )] and 1f14: for
rlwirws 011 the KIlI'il.1noto nnd Vicsrk modds l"!1spectivel,,). lt hOl'rows l'rom I.he Klll"llmnt.n modl'l
lh,: way th~ «gcnb ~y",:)u'{)"ize \h\, phiO~e of U""il' ml<1tiull muJ ft'{)lIO lhe Vic~d: lIlodd the IV<1y
t.hiH "YJl(:hrm,i/,nt.ioll is ('ollpled wit.h tl", ,'patiHll()cHli~aliolJof lh" a;.\eul.". lmle"d, agenls look for
neighhorR, rol1lpl1l.e t.hr avm-age pbil~e of thei!" rotation llwt.ion ami "hot>.';e thi~ phils(' ilR 11lDir till"grt
ID1" their OWIl phase, ln t.he absence of pl'oper rotation of t.he partides, one recove)'s exadJy the
Vic8ek mode! in it.~ timt' wlltiuuo\ls l'onu [22, 2!J] By cOlllrasl, if th~ syu~hl'Olli~atiull is globnl. i.e.
t.he agents compllte t.he A.Velage pha""" ove" Hw wholp \'nsf'",hle of piutides, thp o..igi nal ](mRmoto
moclel is l'ecow"ed, I-'revious wOl'ks have a.cknowledgpri the pruximity between the KUr;!lllOt.o and
ViŒ\'k lllüdels [18, 541. The preseut 1ll0d['1 i8 C!U8C to t!lat jJl'Opus~d ill [73, 85J. A dilkrcllt, but
lelated ~J!Proach where the oscillat.u"s 'lOUVe difi'uoiwly il) ~p~t'e, ha~ beeu ~t.ndied in 178]. Rut none
of thl'lll have proposed il hydrodynamic description of a sy~t.em of partides undel'going a combined
!\unllIluto-Vic8ek dynallliŒ. This i~ the goal p\ll'~\1ed here.

Sill1i1ar t·o the presellt v..-ork, previous \\"orks have u"""c1 circulai' motion a.~ t.he f"~e motion of
the ageuts. lu particular, U,e ;;o-calkd 'Pcrsiskm nlmer' modet hll~ UCCH jJl'OjJu~ed (0 (k;;('.riu\,
the dy"amics of fish :,30, 4,~] and fi~h Sd1001s I:ll, 4Gj Ho\\"p.vPI", t,here ale signifkallt. rliffl'rence'. ln
the 'Pcrsistcnt TUl'Ilcr' 1Il0dcl, the eurvat.ure of the motion uudel'gocs stochastic chang~8. In t.he
mean ovel' t.irne, the curvature is zero, and thel'e is !lO preferl'ed turninp; direction, Gy contrast,
in t.he prcscnt. work, the C\ll'val.ure is constant and so ig its mean 0\'\'1' lime. Consequently, there
ib a ddillil.e prd"ne<1 t.llmill[\ ,lir"dioH, Tlwce difl'ewuœb "le ~iglli!icaJll and call !Je r~ml olJ tlle
stl'Ilr.tme of t.he l'..slllt.inl\' lwdmrlynmnic rnorlels.

Aftcl' writill)!; thc combhwd Kummolo-Vicsck lBl\l, we proposc a mcan-field kinclic dcscription
of th iR ~y~tpm hy nWilns [if ~ Fok kPr-l-'l~ lwk t.I'Pf< l'qlliltion for the one-pi'irr.ide l'nsl'mhll' distrilmtlon
['lIldion, Afl~r scnling th\, kiJldic cqmlliou lo dimcilsionlcs3 vnriablcs, wc l'C<1lilC lhat two l'cgimes
am of intl'H'St. In I.hl' fiml·, one, thH propm mkltioll of I.h" parl,idŒ if; f;1"w (~IOll!\h. w I.hal. 1110'

pilrt içJ"", Cill\ r0~(h <'Ill "'lui li brillm IInrl,,\' t.h" t.",m hin<'rl inAlIt'nr<'R of t.h" ~ Iignm<'nt. ~nd noi~i' wit.ho111
deviating l'rom a straight Hne too much. In thi;; rcgime, the hydrudyullmie lilllit )"idd~ the SOH
model 12~. '29, 32, c13] with an additional source \erlll in Ihe velocity e"oll1tion equatiolJ stemming
[rom lhc avcra)!;c propCl' rotalion of t.hc part.iele \'nsemble. This regime is called the slow anglilar
v..lodty rl'f';illll' and t.hl' asgocillt.l'd hydl'Orlynamic models, the 'Self-Or/!;anized IIydrodynamics
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with Proper Rotation (Smatl angulfl.r velocity case)' OI" SOHPR-S.
Anuther regime i~ pOR~ible, where the j.Jm[J,'r ro!.ation is of the saille arder H~ th~ aliglJllWllt

intel'~ction and )lois,', This dlUUg<'S signiAc~ntl)' thl" equilibrium yc\ocity dislrilmtioll of the parti.
des, III onl"r to Ilmillt"ill the pl'Opensit~, of lhe p<ll'ticIe~ ta align with t.ll<' f'.1lsrmble of neighboring
p~rtid,,", wc.' ~rü lüd tu llluJifv 1,1", ddi"il,ioll of the diJ'l'dil)ll to Wlli,j, eklllnllury p~l'1icks Illigu,
This modilit'atic)]l is mmmenT.f'rI in gl'f>8t. length in the "(JlTP'POlllli"i\ s""t.ion bl"low. At this point,
lei. w; sill1ply mention that thi~ 1Il0diJil'ut.ion conlfl aœollnt fm' the infiUl"nœ of yolllm" "-"d,,si{]]]
imeraction in the spirit of Ir"~ (5). In thi~ rl"gime, lhc l)i.>tailll'<.1 hydrodynmnie morlel inl'oll'es sig­
nilicant 1ll0oificMions compi\l'l"d with the pJ'c\'ilJUS SOH model and is ealled the 'ScU~Orgallizeù

HydrodYllullIics with Proper Rotation (Large angular vclodty C3>;,,)' ur SOHPR-L
Th" ('h"ng"" "ompared with the ]Jj'cl'i()u~ SOH model consis! of two mip€et-s, Fil'st. the "docit."

eqllM.ion is couple<:! to the ",l",le illlgul",. velocity distribnlion fUlldioll (ami Ilot throul':h simple
!!)()llll'llts ~llch as the densit,\' Or IlverJ.ge a nglll1ll' 1ll0IlLPIl!.lllll, l,y contrast witl> the SOHPl-\-S lltuùd).
S,','o",], this equation invol\Ts additilJual l<"rms whirh COI"l'f>Sponri to transpOll in lIl" din'dioll
normal to t.he volucit.\', or olT-difl-gonal terms in lhc "R'~~tll''-' tcn~or. III spite of ilS conlplexity, the
1110dd il; shown to he lille~rly well-pœed ",hen the m,gul",- wl""ity rlü;tributiOll fundi0ll i~ al! l'veu
flllwtion (i.e, tlwJ'(' i~ no pl'dcrrcd tllrning direction wl",n averJged o,'er tlJe pmlidl's). Also, t.he
aS.I'llIpluti", l'lll' slllall m'gnl~l' "elocit ies l',-,LlllC('~ t.hl' ~olll]!k'xil.y of the HYHt em t (J t h~ t. 01' t lu'el" firbt.
order partial ri iffi'l'f!ntia 1l"C]nations, l\lOl'c tld" il"c l ,"",Iyt i('n1 5turlies of t.his S,I 'slcm ill'C ill progreos.

ln b..,th regilllt'S, the iierivation of hydl'odynamir Illodds i~ lJU,,~ib]", ill spite of the hek of
lllOlllCJllUlll colloprvatioll. The Jilck ol' cOJl~ervatiolis i~ ucknowlerlgerl (se", f>.g, the discussion in
the introd1lction of iiJ--() JS OJle uf t.lw major diffprences and sources of "llalyti~lll dlfficulties that
cOlIlJ!kx ~y~te)ll~ in biology and sod~1 ,dences pr~s("nt. Tll'-' main ('l}lll.rihution of previous worb
OH th" SOH morlel (see e.g, the r~'"i<:w [25]) haH been to ]Jrol"irle i'I w~y to bypass this lack of
mOllwnt.nm conservation. Th" !!lilil! tool fol' this is the conccpl of Gell<:ralized Collision Inl'arÎ!m!.
(Ger). Ag~in, thi~ mncl"pt will be the key of the deri""lio]J of th" SOHPR lllOdel~, in bulh lh<:
HlIL"ll ami the large ilnglliar ve1U(jty l·~Sl"S.

The paper is ()rgalli~l'd ah follmvs. In sedion 2,2, t.Iw IK.\-! ami its mean-fielrl kiur!i(' limil Rre
introdllceU Hml 'Cfllillg' considemtions are devel0l'"d, S(Ttioll 2.3 i~ devoterJ ta the st~tf>ment of t.he
convergence of the meJn,lield kinelic nwd,,1 t.mvar<ls thp hydmdynamic limit in th", ,,]lm!! !\ugular
velocit,\' caSl'. SUllll' properU<'s of the SOli PI{-S mode! are di~eussod, The ':Il.'" of t.h~ large 3ngular
vciociLy l"'l,i,,'" is tJ'PH treated in section 2,4, S",dioll 2.5 details SOllll" of the propertie.5 of the
SOIIPR-L lllodel, sueh as its li!learizl~1 st"l,ili!.)' or il" w<ympt.otics iJl lhe ~lllilil illlg111ur velocity
limit, A ("Ol,d\1~iou is dmwn in sect.ion 2.(-), 'l'hen, three appendices Hrc d"\'ot.,,d to !.lw plOofs of
li,,, [orlllal,,,,,,,'prgence results tOWHl'ds lhl' hydrod}'UlIll1ic limit in t.he Rm~1l angular veloeily ca,e
(Apppnd;x A) ami in the large aIlglll"r wloeity case (Appemlix B) ,md tu the formai as~,')n]Jtot.ir,~

of li!\' SOHPR-L model when tlw ~llgl1lJr l'elocitil''s become sllwll (1\ pp"",]i" Cl, Fi nally Appeml;x
D l'''~spnts SO)]le gmphical illll~lrati\Jll,';.

2.2 Individual-Based model, mean-field limit and scaling

We considel· n Sy~tl'lIl of N p!\rtideR or agPllts mnving with eon5tant spœd c iu tl." two-dimensional
plaIl(' IR2 We rl~note hy (Xdt), Vl;(t))k-I,,, ..V the po~itions and the nOltll"li7.ed velocitics of the
partidf>s, witll X!,(t) t= R2 aJld Vk(t) c §l, where §' denotes the \LIlit dn,le ill IR". The ac.tual
\'<:loçitiŒ of the partidl"s m'l" VI' = eh·, SadI partiele is subj"ct 10 tl"~e diffeœnt aelions, Thc
fin;!.. OU" is a proper anglllnl' vcJodl,r 11\, II'hich, in the absenœ nf I\ny otlwr action, would r"~l1lt.

in a circular ]]1olü", of mdillS RI' = I\;,t' rotilling cO\lntct·-dockwise if !YI: > D and dockwis~ if

l-Fk < O. Then, each partkl<, is subject to indcpelllkllt Dm",,,ian white noi5es Pv~ ,,(.,fil)dlJn witll,
unifmlll diH'usivit.y D, The 'IW1Jlt.it.y <lBt refers to the 5tandJrcl w),il~ l)(Ji~c in R2. lt il; pl'Ojec,ted
oalo il ~tillld!U"d white noj~e on §1 th~nks to t.he projection operat.", Pl" Denoting br VIl. the,
"edm ,,),t.niup,] from Vi.' by a rolaliOll of allgle ;r/2, p v/ is the Olthogo1\1\1 projection onto the
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lilL(' ~"ll("at"d by Ve, j,,,_ PI <,- - V/ .:s ~~~ -- Id - Vk 0 Vk. whcre g denotes t.he tensor produrt
of tWQ \'ectol', and Id is 1.11« irienti!.", IHMri>:. The oymbol '0' indirales that the corresponding
~todIH~tü" ([llrITt'lllin] eqm\(illll j~ li\k('u in th(, Simtollovkh ~('nse, "l'hl' fart (hM the jll'ojrrtion of
a standard white noise in IR" cm!o th", tm'gO'lll. li"" t.o th" cird" ill ll,,, Sl.mlolluy;ch """"e ]"a<b 10
EL standard white noise on §I call !Je found e,g. in 1611. FillilUy, the partid", \'"lodtip, l'phu !Dward,;
the lleighhOl's' ~vemge velodty -ç~ witl! relaxntioll nJllstullt l'. The lI11illltily li i~ id~\) MI]J]J'.!~çd

\LIJiforlll (i.e. a1l pnrliclcs have îlientica! Il) and constant in time for sil1lp];eity_ tol\owillg tl""w
rul,'s, Ih, parl.id,," "vol"" ac('()nIiJl~ t.o Ill" fol1lJwiug stlJcha,ti,', diffel'l'Iltialé'q\lat.ion~:

dXk ~ rV!,
,II

dlfk = Pv ' [) (1/ flk dt J2i5 dB,) i jV!. Vk' dl..,

(2.2.1)

(2,2.2)

The "edol' V,. may he complltp,) hy ,liff"",,"t mies, l""dill)'; tu diff"Wlll ty!,"" of JIlodeb, For
t.he l.ime being. we assume that C'J. is obtained by nmlnalizing th" ~vnr~gf':r. of th!! Vflocities 1.0
of the pal'tkles j lying ill 11 tli~k of giwll raùi\l~ H œllkl'~ù nl Sb i,e,

(2.2,3)

ln t.he ab~ellce of ~elf-rotl\tion l'elocitY!!'k 0, the 8.1'stelll l'ed\1n'~ to thé' tilll~-OOlltilHlUU~

vcrsion of the Vicsek alignment model [93] as pl'üpo.,erl in !22, 2\Jj. 011 thp ot\ll'r band, if 1.1",
ll('ighbOl'~ al''''''gl' vdœity is eOlJlptited over ail the pal'tic1es, i.e. if (2.2,3) is l'<'placec! by

- - J
V,,=V=W' (2.2.'!)

then, the evoluli[m of the v~locitieH (Vd!'~I. N doe~ not dejJ(jll(l 011 thc ]Jo~itjoll'; (Xilk-l,,,,,,'\
,\!lU Ille rcsuit.iIJg system fOl' (VJ.-)"_l N is nothing but the noio.\' !{uramoto morlpl of OH~il\Htor

~Ylld,roJjiz"tioll Il], lmk"d, cOllsidcl'ing (he noiseless case D = 0 fOl" simpiicit.y, we can writ.e
V,_ = (ro~B!,,~inBt-l, il = (c.O!iO.~inO) ami Eq. (1.2.2) with (2,2...1) rlln lie wl'itteu:

r/.lh

"'

This j", (h~' KnnulI{)lO Illodd \Vith il eonpling conslant l{ = I~I' ln the ~tandl\rd I{nmm{)to mmle!

d", ('ollplill['; ('ollstant ]{ is ollpposed illdepeHdeni- of :Jl The l'eason for t.aking j{ = I,~I hel'e is

th~t the origillill t.ime-rontinuon~ ver~ion (lI' the Vicsek model a~ in [22, 29] rorre~ponds to this
rhoir<:, Addi(iou;tl1.l', wi(h thiH choice, lhe macroHeopie limit is simple]'

III t.hc rVlltl'xt of the Vicock llludd, the casc where 1;1 is a constant (or more generally a

smoot.h fundirm of !JI) h"s h"PlI .,tndi"d iu [2,1, 2u, 2i], fH this ('use, multiple cqnilibriu und phaHe
lmnsitions ma)' appear. l'hase tl'ansitions are al,o se~n in the Kurllll1otO mode!.!], 10, ] l, ,17, 'Hl, (ii]
This make~ the physk~ morc iutel'Œting but 011 the oU'cr h\lud, complicales lI,e derivalion of
h.\'dl'Odynamic morlels, Henee, in the pl'esent ,,'Ork, we hep thp a""llInpt.ioll ,,1' ('Ollstant v for th"
oak" of hiolll'licity a",i lIiJr"I t.he ,t.ully of lhe constant <;, tase to futme work.

ln the limit' of an infinite Humber (lI' particles N ----l x, the ~ystClll rail lie d~~~rjhed b,,' th~

Oll<:-V<ll'liç!« dislribulion f\ludion f(.1', l'. IV, 1) wherl" (x, 1', IV) is the position ;n thE' rhB~e opk"~

lRo X §l X R. The qmllltity f(;[, v.H', l,) rI,[dvdW rcplC'Scnls thc probability of filJ(ling a paltide in



Irldil'iawd-B~~cd IIwad. wcr.lTl·fit/d Ulldt and scaling 25

a. l1eighborhood d.TllnllV of h', 1', IV). The evoluUon equatioll for f dedllced [rom s)'stem (2.2,1).
(2.2,2) is /;i\,('11 1;.1' the follo\\' iu/; Fokkel-PII1Jl(,k '''1nntion[ 121:

DI! - c\l l: • (l'f) + \1" . (Ff f) - Dtl,j - 0,

Ff(:r,v, W 1) P"l (v i'J(.r, 1)) + Wv-l,

(2,2.,~)

(2.2.6)

Thi~ equlltiüll eX]Jre~es thnt the time derivative of f is balancl'd br, on the Ollf. h~lld, first ordel'
fluxes in the (.T,V) space describing spatial transport by the velocit,\' cu (the second tcrm) 3nd
vclocity tmnsporL b.l' thc force FI (the I.hinll<·nn) nud hy, on l.h,' oll"'r halld. v('l()"ily dilT"oi,m
due to the Dmwniall noise (the fourt.h term). "J'h" oprrat.ors '7". and Ll." r~sp~rtiv~ly .4ann 1<lt' th~
diwl'g'l'W;L' (JI' (.,mgL'ut \'(T1.()(' Jidds 10 SI nud the L"j!la~c-Bdln1JlIio!-,emtül' OH (}1, Fol' Jater US!lge,
w" "lM) ;nt.w,llle" n,,, .\pll]",1 'i7" wl,i"h ,]"not"" th" ta ngm,ria1 gradi"nt nf sr'H IR r ~,,]ds ,]"fillP,j m,
§'. Let ;p(v) be a scali\1" h,nction denned on §I i\nrl let .p(l')1' 1 a ti\ngent veNor field to §], Denole
by ",(0) the expreEsioll of <p(u) in a polar l'oordinate system. Then, !heoe opel'l\tor, i\l'e expre,se.;1
fiS follow,'

\7", (cp(u)u.l) - Doj), \7"",(1') - DwPt'.l, ~,,;C(l') iJD''?,

Eq. (2.2,6) dcsnilm; ho\\" the force tenll iE l'(JJllpllted. The lin;! tel"ln describes the InteractIon
for"r" il. has IlHs th" form of H r"l~xi\tion tow~,.ds th" n..ir;hhors' ~y('fRr;" ydocity 1'/("" 1) wil.h fi

relaxation frequency v, The second term is the self· rotation force wilh aJl!!;ulur velocily W. We
note that then' is no operatol' eXJllicitly actinp; on the anp;ular velocity W. lndeerl, thi, quantit,' is
suppœed attached to each particle and invariant over time, System (2,2.::'), (:.!,2,G) is supplemented
with nu inItial condition ft(.l', u, IV) :-- j(.T;, v, W, 1 _. 0),

'\'e will pl'(~l;Cllt. l;e\"(~ml ways of COlllplit-iJlI-': the 1wighhorH' al'emge vdodt,\' ~1 (.1:, f). ']'0 mak~ t.h~

model specific at t.his poim, \I"e simply consider the case where it is computed by the continuum
cOllJllerparC o[ lhe ,]i"crC'le fUnJmh (2,2,J), Jlamel.",

(2.2.7)

(2.2.8)

11er" dIe "unma1iOIL of t)", ""ip;hl)(},- 's vd""itip, 0'-"'- n disk ("('nt p,nl al th" l()(·~t..ioll cr of d,,, partil']p
il ni! ("J[ r~ dills H \\'hirh Wi\~ 11 ,ed in t.he ri i~c"et~ mod~1 (fonn\lIa (2,2.3)) i~ repli'lc('{l hy a more generi\l
r()l'lJ ,,,1,, iu\"<.>l Villg !l l'utlinlly ~yull),,,,ll'iç iulcrndkll Lk~l'lld Ji'. \VI' rCl'ovcr Hl! iut.cgL<lt iUlJ O\Tl" ~\lrh 11
disk ifw~dlOo.'in f«(~) = .\ln,I:(Ç), with ç = 9 ilnrl ),,1",1: is thRilldiratOl' [m]l:tion ("Jft.he ;nterval
[U,ll. Joù]' "in'pJicity, wc IJOW ll()rmnliz<.' f\ ~llch l!o('l Ir;" A(;l'I)d;(' = 1. The pnn\m<:llT 11 will!J"
n,fpnnl tn n~ t.),,, jllt"mdioll ,.,mg"

ln ordC'!' t.("J rlrfill(' thi' hrdrorl."l)~.mi( .~cillillg, wi' fi,·.~t nrm·dimrll.',ioMJiz(' t)l(' "-"st.rm, Wr int.l'O--­
duc<: the Ume ~l'!llc to - ,,-] and the !l~ol'iat('d spl\\'e ~Ollc XQ - cio - c/IJ. IYit.h thel;e ehoiceo,
the time unit is the tinll' lleeded by a particle t.o adjnst ils velocity due to interactions with other
pal't.ides (Ol' mean interaction time) i\nd the ~pac€ unit is the mean distance t.mvdC'd by the par­
ticles dUl'inl( the lllefin intel'flctioll time. IVe set H:o the typical anp;ulflr freqnenc,\'. For inst.ancft,
wC cun assign lo \\'u the value )1', + 11'0 wherc \1,', and 11:' Ul'e l'e~!-,edj"cly tJle "1l~1lI nml th",
st n",lan] d"via I.iOJl o[ IV 0\"'" nll' illit.j,,] pwlmbili Ly dis1.ributioll [",wU"u Ji der rJo; dH'. Silllilllrly,
we intl'ocluce a distl'ibution function Hcale /11 = 'c,11F a.nd fi force scale ri) = t.

o 0 "

IVe introduC€ dimen~ionless variables ,1' = "'0 .J'" 1 = f'1 l', W - 11'0 Il'', f - fn!', FI - Fo Fj,
1'10 weil al; the followinp; dimensionle,~ pfll"ameters:

D
<1= -,

"
W"

T~-,

"
, (2.2.9)

These ]Jaramet.",r' are l'e~]lpdi\'ely the dimen~ionl~s di!fnsil'ity, t.hA riimen.,ionless intrüI~ic angn­
lar velocit,\' and the dimenoionless interaction l'fInge. The non-rlimensionlized system soll"ed hy
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f'(X'.I', 11",1') is written aR follo\\"s (rll'Oppin;l; the primes for ~implicit~,'):

Dd + \7,.. (cj)+'V".(Ff j)-il.6."f- o.
f~,(;r, 1', W,I) = j',â'f(.r,i) . TlVv.L,

whel'e, in the simple examp1e gin'" ahow, the neigÎlh(),.~' ,wpr~ge \'r1odty i~ no", gi\'f'1\ hr

(2,2,10)

(2,2,11)

(2,2,12)

(2,2.1:l)

So far. tlLe cl,osell limc <lIllI s[J<lCC scalcs are microscopie OIles; Ihey are set up 10 descrlbe the
~vol1lti()n of thr ~.'"stmll itt. I.IlP srale of the int.el"ilrtion~ betweel\ I.he agenlB, We are no", interested
br ri <Jc~Çri]J(iOll of the syslem al maeroscopic :>l'ales, i.e. al. scales whieh are descl'ibed by units
.1'0 = '/ "ml,o = 1,0 wlo",-" c" «: 1 is fi hlllnll p"nlluder, I3y d,augiJlg lÎlehe Il,,it,, we CUlT('oJJOJHliJlgly
('h~ng'" t.Ite wlrbhlr.' :1' anrl t ami t.h!' \1l1knoWIl .f 10 new variables I\nd unknowns.r _ E .T, { _ d,

i = /J., hl pel'lünuillg this dl<lllg<: uf ""rinl1l<:$, wc JljLL$t stalc llOW lhe t!illlcnsionl('ss paramclers
(2.2.9) hplt"vp as /-' ----l- O. "'" HSSUllH' that ri = 0(1) aml,- ~ 0(1) as'" ) 0, alld for hilllplicit.y,
we assume that ri ~nrl l' l'''l1l~in <YmM.~nt. By !'ontn~t., \\'~ will invi'~tigM!' I.W() rlifff'l'f'llT. srl\ling
flli~Ulllptloll$ for T mul wc ddiuc il Ile,," pUl'illUekr '1 = t. Arlel" dH\Jlgillg lu lhc lllHCJ'O$copic
variables ,j:-, i the "y"tem reads (dl'Opping the tildl'l< for i-\illlpli"ity)·

(2,2.14)

wlocre agaiu iu tlL<: siHlple~t caS(', the nclghboJ's' a,'erage velocity is glven by

(2,2.15)

;Jpxt" hy Tayl()r expflllSionl\lld owing to the rotatiollal ~Ylllllletry of the funetioll:1' C R 2 , ,l((I:rl),
we have ~'29J:

(2.2.17)

.lj(cr.l) = 1 f(:r.l,lI',l) "drrllV
. {,.,\"-;'Y"'l'.

(2.2.18)

III olh"r wo",li-\, \lI' (0 O(E 2) l"l'lll~, 1I1e iutcradion force is givell by a local ('xpression, lnvolvlng
0111y thf\ di~t,.il)lltion fllndion f nt posil.ion ,1'. 'l'he (jul\\ltit.y .lf(.t,t) is the lor~l p~rticle flux 1\\

]Joillt :1' aul! IlUll.' 1. By cuutr,,~t, 0".' cxpression (1,1,l~), (1,~.l{;) of vj is spatially non·local: it
imolves a convolution of f with respect 1.0 the non-local kernel K, \V" uo'" omit the O(F~) trl'nlS
1\, the)' have IlO contribllt.ion to t.he hyl!roùynllmic Ilmlt at leaùing orùer (whicll l~ wlml. \\'e al"~

interested in),
TIl" rPlUaiu,),,! of this work i~ cOIlccmcù wltb the [ormal limlt é ----l- 0 01' t.he following pertill"

bation problem:

a,f' + 'V T (v/') '" ~ ( - \7". (P,,~f1f' f') + dLl."n - ~ W'V,,· (v.l !'J,
F ~

Il f (.!:,1) - 'JJj~~,t))I' Jf(:t·, 1} = 1 /(:c,'u, lV,t) t'd(·(/IV.
1 j\1.. 1 . (v,I\"lE" "':<

We will he interested in the following two sraling I\SSlllllption8 fol' 1)

(2.2.19)

(2,2.20)
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(i) Sil ,a1\ /tHg"],'" \'~ l,,,,; ti~s: '1 = O( 1)_[1\ t Il is regime, the dm racteristk llngnla 1 yelocily snli"fi~5

T = Q( E), 1t t.akes t.he par~icl('s a lllacrüScoplc ,im" iUi.,'rval lu l',,r fûJTn li finit.l' '\Jl;.\l,' lOt al iou,

(li) Lul-':(' nIl~I\Ii\r ""]""ilie,, '1 = Olé). I"thi, """P, the d,nmerprist.i" Hllglll"r ,'pk"'it)' ~M.ibtif>S

T = 0(1 J. Ir tak~" the particlf'R " microsmpic lime Înten,.l to p",rfonn finit€ angle rotations.
O"~r" lIml'ro~':()]Jlc (.iUle ill!<'\"val, lhe ll\llllber Df l'ot~tiOll~ i~ 0(0.

W~ exped that C!l'X (i) is jŒt fi perturbation uf the ca~e wlwre thHe is no [ll"O)1fr rotation.
"",) wll;,'h 10,," previollsiy hee" jn\'e~tig"tE'rl in [29]. On the oth~1' imnd, ~ase (ii) invol\'cs a hu'ger
modification and IVe expect thl1t ~igllili('anl new L"havims Ill" caplUlül. IlllW"H'''' w" will "c"
th~ t case (ii) l'('{lllires a lIIolilficaflml of Tli(l way rlt(, '})ients' I\ll'llin)i wlodty is nl1ll})llted. 1",.It'l'<i,
the agents need w take their pl'Optl' angulal vclocily illl() an:ouu( ill tlot c'",limltiuu ur tlte tUl'Jliug
vducity that pro,l"",," "li~ll1ll"Ut. witl, t.1",ir lL(·ighlior". TllPl'f'fo,-E', ,,,,,,,,,'ding to whpthp, that pl'Oper
wlodty !i0f', ~lnng' or i\g~inst. th~il' will, th~ ~.gent8 need tü ~(hieve ~mallel' 01' larger tUl'lling,
P...;'ci~d,,,, (l,<: dmllg<:~ (u El]. (2.2.20) that an.' ueedEd will be dŒcribeù ill greater detail helo1\'.
Tl", ll<'xt. H,,,t.ion is dpvotpd to the investigllt.ion of CAse (1).

2,3 Srnall angular vclocitics

In t.hp easf' Df Sl1l~I1 anguIar velodtie>;, we h~l'e '1
prollklll i~ 1IU\\' wl'illell'

0(1). We make '1 l fol' simplkily. The

ad' + V.' (v1') "'- WV v . (li.!. j') = ~Q(f'),

whel'e the 'collision opel'ator' q(f} i~ giVf'll oY'

(2.3.21)

(2.3.22)

(2.~.2~)

Tir" f(Jj'mal jj",it.. ,.- ) 0 Ir,," b(',>ll l'ht.ahlishl'd in :2f1, ~21 WhPll tlll're i5 no ~elf-rotatiOIl t~)'1ll

WVu' (l'.!. f') ~tl(l no df'pf'ndenc,f' of f "l'on W. The pr<'sf'nt ~nal)'si", iH ~ wnwwhat st..l'ai~htforwa]'(l

<:xl~'n~iuli of \!ti~ eilrlier wUl'k. I3dQ\",-, ~t"tillg the t!t"o]'['llI, wc llecd tu rocall th€ ddillitioll of the
"0" i\li~ffi-FiHhpr (VMP) diHt.rio"t..;"n Mn(l') . Tt~ expl"f',sion b gi\"en bl"

(~.3.24)

B,Y ronht.mrtion, .Hn (I') is ~ pl'Ohabilit..l' den.,ity ami dll~ to rf)1.fl.t..ion~1 sYlllmetl'l'. the COll5tant Z"
<l()~ Hut (i<.;pcuù Ull Il, The Hux of lIK' V:I1F distributiuu is giVCll by:

J"w ~xp (~}{r . Il) dl!
CJ - cj(d) - r ('-"fi)

.J,.'c3' exp d dv

The PIU'F!llletf'1' rl (d) dOffi not. r1f'IWnd on n. Il. i~ gi\"~n by

whf're /1 E lf.1: ..... hCiJ) E N is the llloditied Hes8e! fUllction:

1 ['[k(;1) == - exp{l3c080} cos(UJ) dl!.
if·O

vs E m:, Vk E R
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It \'el"ifics 0 ~ c1(d) < 1 ami is a ,trielly decrC'll:;illg fUHeliou uf d é: [0.=), Wh"ll "1 j" sIll"ll,
the V;,,!F distrihlltion is clos~ 10 the l111ifonn distribution. By rolltl"~St., whr.ll ~\ iR dO~fl to 1, th€'
V.\lF di~tl'iblllioll b clo.-;c Lv lIl\> Dira\> della n\ l' = n. 'l'hl' l'Hl"ill!ld('J' "1 HK'Uo\1l'CS t!J\> degl'ct' ,JI
"ligmnPltt of t Il(> V:vIF di,t ri hll t.ioll about th, ,li 'H't.;Oll of n, hPIlŒ it" lIamp of .orrler pa\"8 lTIE'ter'

;.Jow, we ,an Mate tilt' theorem which establishes the limit 1': --l 0 of (2.3,21).

TheureJ'n 2.3.1. Wc a"",mw Ihal thr IiJlât fU = lime >of'- r.r;s/" m](l/hallh~ rn'll1''''ye''Cf ;," "8
reg1dar as nœded (i.e, OCG1!1"S in f1!nrlional spaces /hal al/ml' t.he rig01"01ls justification of ail the
CUIlIf)!ltati01!~ lidow). Thcn, wc Ilavc

(2,:J,26)

where, for any (,1;,1), Ihe f!mclion IV E R --l Pl1'(;~' tl E Ll belong5 to Ll(lll:) Olld hos fint moment
finilc, and thc l'cdol' U(x, t) bdollqs 10 §1. The fune/ions Pli (er,l) and !I(x, 1) sutisf~ /hf followin,q
Byslem of hydrodynamic équation,,'

a,pOl" + Y,., (t,pl' n) = 0, '\f\l' E P.,

p(alo+t,,(O.'V~)D-YO-)+dT-'n \lxp=lJ,

p(.T,I) ! PII{.r. t) dIV, (pY)(.l', t) j' p\y(x, f) IV dlV.
. Il'~1'l Il'ER

(2,3,27)

(2,3,28)

(2,:L2~)

The ron"lonts Cl, "z (lre '/"t'spec!il'e1y gh.'~ll oy frmn'lIlo" ('J./U!5) Ilnd ('Ui.I(lO) -in 2(j be/mu.
M01"wl'er, Ih~ 'a1'~rage To/alion 'lie/oeity' Y "Il.tîsfips thr. followin!) transport cqnation (for smnoth
sulution~):

a,Y +~lP!l·\l,y ~ Il, (2.:UII)

wldr.h ,~im!,l!J r..r!,rY',~.,P,' Ihaf l.h~ (wpm-ar. rn/atif", vdocity Y I,j c(J]l:pntf.l/ ni the jf()1I! ,j/'eed l'Ill,

Thc pl'Oof of Thcorcm 2,3.1 is Licvclopcd in 2.6. \\è now cIisnlss Lho sigll;fi~"llœ vf tlLe re"ulls,
Eq. (2,~.27) is a "OIlt.illllity eqllatiou for tl", d"Hsit.y of partiel,," (Jf givell plO!,"r HlIè\lllar vc1o"it.y l'F
lndred, ~inre thf illl.pl'iwl.ions rio Ilot lllmlify t.hl' pl'Opel" illlgllIaI' vrlndti~s of I.hp p~nidp~, wl' lllW;!.
Jw\'C lIll CCJlLaUOUl'XprC'~;"!l Uw eOllSl'l'v<,UOll of purliclcs for ('uch (lf lIK'SI: ",jVl.'.i(i•.'S lI-'. H(l\\TVçr,
t.l", self aligIlllLeHI forc" u""lilic,; th" ,,('!.ual dir""t;oll of mol';o" li of th" partiel"". Thi., illt~nldi(J1l

collpl,.,~ pl\rt.idl1~ wit.h diff<'rPnt proprr !lllgulM \'rlorit.i<,~. Thf!l"<'fOl'<'. t.hr mp:'<1l direction of motion
\! i~ (:(llllllL(l!l lu "II j!"I'lidL'~ ("IlLi ~Ull>;l;quL'''lly, <J'les !Iut UqJl'UU Ull 11') allu u1Jl'Y~ u lmlalllT
~qllll(.jon whid, IlPHrs similarit.il'H with 1.11" g"~ dyw"nic" lllolll"nt.mll ,'ollop]"v"l;on P'illations.

Since ri !Inn n nO not. d<'pE'nc-l on IV, the depenrlenœ on Il' in l'q. (2,3,27) (an be integrated
out, whil'h kad~ t·(J the fol1owlug S)'stl'lIl uf cquatiolls:

nU! + \7,•. (1:\ fin) _ O.

Jdf'Y) + \7,"' (CIPYO) _ 0,

prUt\! 1 <:2(H,v,,)Sl YI!-)+Jl'fl~v"fI=O,

(2,:J.:11)

(2.3 ..12)

(2.3.33)

Thl'l'dOl'<:. p, y dml n <:ulIlirst !Je l'üllljJuteu by süll'illg the sj'~tem (2,3.31), (2,3.32), (2,3.3:1), Onœ
\) is kllOWll, el]. (L.cUI) is just a tJ'8l1SpOlt equation with given coefficients, which can be easily
iJllegl'llll'<.l (jJl'O\'ideu tlm! the vUl'lur Jield H i~ ~lIlooth), Eq. (2,~L11) ('XjJl('~f;CS llw mll~"rvali()1l of
t.h~ total densil)' of pltl"ticles (Le. int.ej!;rated with l'e~ppd tD W E 'l), whilE' (2.:1,:l:.1) ~x]1re"se" the
conserq,\Îon of (l.c '(1 ngldM JIIollll'nl "Ill deJl~ily' pY, .1::'1' (2,3,:)0) ç~J1 bl' deulln'd fl'olll e<.j, (2 .3. :l2)
(for ~m(J{)liJ ,;olntioHs) [,v I,sill!'; th" IIl"'i~ e(Jll~"lVHLilJII"'1. (2.:1.~1).

Snppos<, t.hM Y,~o = O. Tlwll, hy (2.:l.30), we havE' l'(.J::,t) == 0 fol' ~ll Cr.t) E IR 2 x [0,(0). ln
this ~!1~e, tlJC ~ysteUl reduce:; to the fulIowi,,!,; Ulle

iiu)+ v~· (~lP\)) ~ Il,

p(ô,fli q(Q'Y y )f1) 1 rlP,,~y,I'=O,

(2.:U,j)

(2.:U,~)
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which lws be"Jl Ht.nrii"ri in e8rlier wOl'k,12,5, 29. 32, 711 Thi3 ~y,tem is l'i'fel'r",d to as the 'Self­
Orp;anized Hyrlrodynamics' (SOlI), Ah lllentionecl above, il be[lr~ ~iJllil!1ritie~witll the isother­
mal ('oJlll'r('"~ibk gK~ clynRmks r(]lIlltioll~, hm diff{'l'~ [rom il by N'y,'n,) RSiwrt.S, whirh havr brrn
,j,'wlnpp<i in parlier wOl'k (,-ee e,g. t!Je rl'view [1.';]). TlwiW am',

(il The meUll v<:!()<:ily n is li \'ector of ullit. nonn (8pecilically. it ih Ill" dl'''',liol1 of the mean
v('locity rat.hpr than t.he mean ve!ocity it~€If),

(il) The projection operator Pil.J. Illultiplies the pl'PSSlIrP. gl'lldi<1nt. t.erm d'V.t.p. Il i~ ''''Iuü.",l to
maintain the eowilmiut th"t ln! '" 1. lllc..le,~i, mui\ilJlyillg sClllllrly (2,:1.211) il)' n, we reolize
tlml (!JI + ri!?' \7 x ll!112 = O. There[ore, i[ IQ = 1 uuiformly at t = Q, il sli.lY~ of \lllil Illll'm
al ail Unies. Till: Pl'ojC,-'liOll opel'ator P0' hring~ a nOll-coJlsen·ali"" tl'l'm in tlois ~'lUatioll.

II'''I'''', (2.3.28) is not a COnSel'vntion ~qU!lti(Jll: it doe~ not expre~H fllly mOll1ent.um balallre,

(iii) Th" "()Il\,~('t.ion veiociry of f! is (;'2 ami i, difJel'enl fWll1 th" mnvection \'l'loeit)' eJ of {J,

ln çlas8ieal tluids, t.h('~" two "do,'lties are equa!. This J"',ul(~ froll! the Galileall im'Ilrillllœ
of the gas dynamks sy><tP.tn, Hel'e, the S,l'stem is uot. C;"lill'HIl invariant. (the veloeili<:~ are
110l'1ll81i7ed to 1: lhis f'rOJK'I'I.r i~ Ilot invariailt und"r (~nlil~"n transfonns) Hml cOU'''''l"''''t.1y,
t.he.*' two eom·L'l.'lioll w,lo"iti~s llle.y diff"r, The loss <JI Gulikall invariance hy fluid Illodels of
~df-pl'opelled p"rt.id~h hnh been noted em'lier Ig1, g21· As ft mllSr(]Urncr, in Hlwh finid~, ,lI('
pl'ojlaga(ion o[ sonnd i~ 11l1i~otropic (!Jt

The model will! u<JJl-vauishin)\ ayerage mlntioll v~locity (2,3,31)-(2 ..1.3:1) apt""1r~ ilS 811 enrieh­
mellL of UL" sbllld"nl SOR lllodei by LI", foilowillg two aspect~:

(i) A Il "ddit.i'HlIl 1t enJl, llamely nI 1-, i0 preseut ill the velocity r,volnliOll eq. (2.3.33), Thi~ tell"
(>xprr,~r;~s how the sdf-l'Ol"Li(JU of t.he pHJ'ticles infillenc(>_~ t.lw ('volul.ioH of the mean velority
direct Ion n. Quil.c Jlaluml1y, j le depends on 1he angulal' lll<JJJll:JJlUlJl density pY whkh provldes
thl: cOlltl'ibutioJJ of t.h" pmlwr a11gular rotation of tll<: pmti!'!ps to the l''volution of the llll'illJ

vf'locity

(ii) An addiUou<11 l:(JuatioJl, namely (2.:1.:~2) (01' (2,:1.30) ill non-eonserw,tive fonn) l, ~dded t.o
tho systom, Tt ~h()w" th~t the average auguinr \'(:loçjt~· Y is passively trnn~\lortf'rl by the How
velncitY"ln.

'rliiA morlel will be l'deJTed Lo ilS th" 'Self-Ol'g"nized Hydrodymullic~with Proper Ro­
t<llioll (small angular velodt.y case)' or SOHPft-S ,

hl [29,3<, il is shown ,h,ll tli~ SOR model (2.:U,j). (2, l.:l5) is hypel'bolle. Its 1.wo eigCllwdups
mlllnated at il statl' (fi,D) mr Ri",," hy

(2.:1.:1(;)

wlwl'C \1 = (l'üoll,siJlO)T and the fX)lnJ1p.nt ''1'' denotes the IrnlJsposc of" vpdor. Apal't froUl
addijjoJJal """,-th order teJ'lllS, the SOHPH-S JlJodd is d~rived frolJl t.h~ SOH mod",] by the ac..lditioJl
of 1. il" conveC'lioli equatioll (2,3 ..10) with "ollvection velorit), Cl n, H is i.l hypcrbolic problfllL who~

eigl'll\'"lm's con~i~t of th", IWO ~ig"nval\\es (2.3,3G) of tI!e SOlI m(l(iel on tllP one hand. (lnd of
t.he convect.ion spced ,'J co~8 of the additiolll\l p.qllatioll (2,:).30) on the ol1wr han,). Tlo"sp thre<>
eil';envalues arC ..cal "ml rli~tillCt., except. in ,h~ (:H~l: e ~ O. Therefore. f.lw pwhlelll i8 striell.l'
h)llerhoiie in 1ll0At (If t.he domain where Lh" ~tatc VfHI"hle~ (p,l1) are drtilH'(1. Thi~ giw~ !\ goorl
imikation lImt at ll'l1~t local1\'p.lI·po~edn~s,(Jf the SOHrn-S Hlodd lCiIll ),,, ,,,,hieved.



:JQ II!ldmdYllomies of the Kllnmw!o Vin!'!;- modd of 7'olaUIl[J self-J",opelled l'0rNclrs

2.4 Large angular velocities

Now, we in\,pstig~tp. tllf ca,e of l~rp;e pl'opel' angular \'dudtics, i,e, Il = 0(,,), We llluke Il = é fol'
,irnplicity. Th() probkm j.~ lIUW wrillell'

(2.1.:17)

:\uw, lJ)' cOlllrasllo lhe snwll Hngulal' wlocity c~~f' (sf'"ti"" 2..1), wc "hando" li", hypotbŒis llwt
"-'f whi,,), is ddilll',[ uy (2,,1.37). is cqual to nf , where IV€' rPCil11 thilt (~pp 2.:1.2:J):

(2,4.38)

]ndp~d. th" agent.s' 1'101'''1' D n!-,:nla r velocity being large, it inHu€'nres thpir e\'ilillat.ion of the turning
velocity that prorlllŒs ftlignrnenl. with theil' neighbor~, At'()ol'diug tu tht 'iilu<\(iOlL. tht' j"Optl
!lllgulal' ve!ocily guç~ along or againsl the turning dil'<,ctjnll t.h,,)' w",,1. to ,,('hi,'w. TIL"1'dore, the
agents HP",j 1.0 comp,'mlltc for it by rl'ali~illg srnaller or larger turning speeds. This 1'(>~1l11.' in a
prescript.ion fol' '-'"f wl,id, iH ditE'l'i'nt fmlll nt and which l'equire~!.Of to Le dl'IJClllkni of IV. i\~

indkated ill (2A,37),
'l'he precise determin"t.ioll of wf ""'lnin" sc'\'l'wl sleps, I3eI'ol'e going inta thi~ detenllinMion,

we Wlile (2A,37) a~ follow~'

1 .
3d' + \7~ ,(vi') _. -Q(J'),,

wh~rr. Q(f) i, a Ilew colli~ioll apemtor givl'Il by'

(2.4.39)

(2,4.40)

wllf're Wf: IV E ]; --+ :.1f(I-V) é §1 i~ the f\lndion w be dell'l'milled bdow ,lm! where. fol' an" gi\'en
fUllctioll v,I: II-' C iR --+ ,,-'(W) E §J, we defille:

Q",(f}:--\7, ,(FwIJ, c/l'!>vf,

FAv, IY):- Pt,~o..·(IV}+ WI'-.

We ddilll' t"" the set of equi!ibl'ia of Q"" H~ [ollows:

(2.4.41)

(2A..12)

Definition 2.4,1, Lei Co'; li" c IR ) w(\Y) E 31 he yi'l'en, 'l'he sel [w of eqllilibrja of!.?",;" ,I<'f"""j
Vif

'1'0 cldennine E". wc lil'~(. tldiul' what arç t.hl' i.lllalo~~ of the \'on !dises-Fisher dbtriblltiolLS i1J tl]('
pl'esent case, The exiHten('e of t·hl'SP ohjpd,s n'qni1'''' lhe fo\lowillg prc1iminary lemma.

Lemma 2.4.2. Let IV c IR he yil''''!. 111e!'''' ('Jis/s a lmique 2" pel'iodie "ohtlion of th" f"Ii",,-,infJ
)J1vvkm:

"'~, (Ii) - ~ ((Il' - sin fI)<I>,,·)' (8) = 0,
{',Jo iJlw({/)dB = 1, (2.4,43)

where ihp. ]ll'illUt dwote del'it'atives with respcd to Q, W", dmu/c &11$1\' lhis unique solt!!io'/!. It is
positil'''' (l1Id it vdunys lu C",--'(§l),



(.mye an!lu/ar velotiUc$

We eun no\\" ddi"" dU' ml>llogH of tl", von ilJises·Fishcl' ùi~(.ributiolJ~:

31

Definition 2.4.3. Lei <p\\' be theJulldùm d'Ji",,,1 /1IIhtpre1'l01/8 lemma Letw: IV E Ji: ----7 :.v(H") E
§J be fixl.:d. We deflne ,fi" sud filM:

lOith e = (w(W). '~), (2,.J.'I,I)

POl' an!! !Iiurll IV E li!, tilt disl,dLvlioll iiw(t', W) ,h; ;" ~ l'roh~hilitymmsure 01/ 51, We 1'cJç,. t~ il
as the '(,'cnmdizcd von Mises-FiRha' (G\!M) di"trihutiOI1

Th~nks ta the definilion of Ù",., wc CHU d(-'~crlbe the "et ['-" a!i donl' in Hw le\lllllll ju~t below:

Lomma 2.1.4. Th" 81'1 [" i~ the set of ail f1tnctiu,,~ of tilt form

(C', IV). ~ /,wÜ,,(v, li').

whc7l' the f1tndion IF t-t /lw E IR I ;s arbilmr!! il1 L 1{R),

\\'r JIUW defme t]le direction of t.lw ftnx ~~ROri!l!ed to a GV)'" equilibl'ium j""!~,:

Definition 2.4.5. G'ivcn w: \V E IR ~ w(W) C SI and li! ., Il. 1I'e dfjillf,'

(2.4.45)

(2.4.46)

(2.4.47)

IVe hal'e l'~,(I'I') E l'?:2, 1J!,..,(III} c §l, The veeior oIr",(l1') 18 thf dira/ion of Ihe (,'V}v! ,Il", Jar
a !li'!;m angu[,l1 wl.i,(ùm lV und th" ,rai m!lll~er ",,,-,(11-') is Its orda }J(t'l'amC/{T for (Ms all.Qlllal'
rolafion (aqltin, wr. h",'~ 0 ~ ê1,,-,(W):::; lj,

Wf ~(r"'~s the facl that \]Iw(IV) J ~' 1l1l1eo~ IV = (J, TJoi" is in lTIHrked ealltra~t with lhe ~1Il<\1l

,lJlgldnl' ,'dodt)' ('ase, where the direction of th> V\lF distribllt-iOll MIl i~ IJwc.isdy "'lwll I.() ~1.

Thi,; iH dt<, rpilson wh", in the presenl case, w~ <'<\llllol ~d wf - Il f (we ree~lt I.hat., for il givp.n
di~tribut.ion f. the dhoc.tion of elle Ill""] flux 0. f iH gi,'en hy (~.4.:31')), lndeed, thc 'çl.)Jj~i~lell('Y

rdatioll' that the direction of the p<jllilihl'illll1 ,\fil, ~ho\lld bo!lr would 1l0L 1", l""liz(,fi. Sn for
" givpn 10('81 "<,,Iacity directioll nf , \\'~ will have tu look fur wf(IV) whkh real\zes thM" for an"
value of tho alll';ulnr ..-{'I(Jcil,;' Ir, 1.11,· dil'",·ti,,,, of the ao5ociated GV:'II iI'"1 j~ c(j\li\l tu !l{, i,e.
'li"'f{W) I1 f · From tllf' prfRmlt ron~irlp',·~tions, we will have ~'{(11'} i- f.!f' lllJk.,~ 11' = O. Ta rio
this, we have a few sl~J!~ to gu, For lat~r u~age, \l'e first RtaTe rhe following ~\Ixilja"Y lemma:

Lcmma 2.1.6. Th" ml! 117l1nber f, ",,(11-') dues nol I./cl'end un w (/mj lb' dClio/cd below l'dIV).

\"ow, AS d"I'elaped abovc. for u [ixcd dircdioll 11. w,' "m interes!...d in finding a funclioll w ~\lWl

t.hilt the direction i[,,-,(W) of ,fi" coillrirles wit.h Il, for aH angular \'olocili"s IF. Sm'Jo IIll W ('Hll he
"ni'lu..l)' determiued, as lhe lelllJJl\l IJd()w SltOW8,

Lomma 2.4.7. Ld 0. c:>;' Th.tll, the eqlla/-iun ili",(W) = 11, \tH! E H, dl'te17lâJII.:~ a 1J1!iq1/f
fltndloll w: IV E :1\ t-t w(lI') E SI, We dl'l1VtÇ llâ~ ,milf"" ",,11l1ùm by Wfi. Ry dfjinitiOil. Wf hal'e

(2A.,!8)

Now, HS {'''l'I~il\rd ilbove, we d('fiJ](' ~'f ~l[('h Ihal 111(' dil'('('lioll i[J",,(1l'} of the ils,'i[)dati'll GVl\I

JÙ~'I coincides with l.hp loc~1 A"x n, fol' ail values of t.he angular vd(Jcity IV E lt Thi~ leads to
the fol1owing ddillitiOll:
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Definition 2.1.8. n,:",,,, " di.,hib,,/ion fundion J(:.:,lV). we dejine;;)J bye

(:2.1A9)

i. f. we have,

(2A.50)

The proOfR of Lemllllu; 2.1.2 ta 2..t.7 are giV['1l in 2.13,

\V(' no\\' ('Ollllll('m· on t.he mt.iollak fOI" Un' ,kfnüt.ioJ\ of "'J' The Jnd i \'idual·Based model whose
mean-field limit gi\'es l'ise to t.l"" kinpt.ic P'llHl.l iOll (2. J. ~7) i~ ohvionsl.\' H.' [oll"ws (\Yi lb lloc lJolaliulJ~

of wcliull .1.2):

(2.4.51)

(2.4.52)

Ilere, :"'f-, iR r.\1P. fllnction defined by (2.4.48) 'l'lier\.. Il i~ ~ub~\ilu(ed by il), Th.., g\.>al i~ [t,) lJlodd n

rp!HxHt.iol1 d)'IlHllli" !.owmds th" lo .."l m""" aliglllllclIl Jircdloll, i.e. the dircct.ion ill" For this 10
happell, the part.;d~s have ta ch()()~" t.h!'! aliglllll€nt forœ P",-""v, in Il proper way. I3ecall~e of the

sf'lf-mt .. tioll ,'pl()('ity Wk, th;, fm"" {'''''Hot b~ ('qual to ['v~ Vi" llldced, if this wcrc t.he case, the,
l'daxati011 f<.)l'(;~ w('\llll Yill!i~h WI1l'Il V),. == il),. and could not cQmpensate fo)' the self-rotation force
lFk 1.!k-' 111 th" al,s"""" of Jloise. tlLe ali~JlIneHl force l'\,.LW·I',. which compensil.t.es fol' self rotation
i~ giwn b" .

['VLi.<.\' + 1l", \'k~ - ['F- V•." , ,
(whil"h hus a solutioll Wi\ oilly ill ~I linite rnnge of values of ll'k). ln t.he presence of lIoise, tJJe
ahgnment. force whirh {·ompf'n",,-t.,,~ for ~df-rol.alion cmH10t he l'o",puteJ a priori. 1'0 Jll'OJlOSC an
explicit value of w\" we IIS~\1m~ thelt th~ distribmioll of the pl'crtides in (1" W)-space i~ lo~ally lit
c'-juiliuriUIIL, i,c. i~ a G VIII distribution Ù.." . . Then, the alignmen[ force Pv ' u,y vanislwH wl",n

,. k ,.

VI,- is <'tIllai to "-'i\, i.e. when VI-; coincides with the direction :.JI', sudl that tllCI'C iti JlO a<:tioll ou thc
pill'tide~ \l'heu t!l('Y ~)'C di~lriLJlI\cd according (0 a GVl\I. Indeec1, wheu Vk == Wi\, the right.-hanrl
sille, of (2,·t~2) is zpm Oll th", aver[\~c in the sense that the assodated Fokker-Planck operator
re~\l1(ing l'rom ~pplring IIw 11.0 formnla to p.l.,',1) v~nishe, (which is what Haying (hat the partide
di~tl'ibtl(ion i~ ~ GV/Il JHe"n~). This meallS that the relaxation has bePll ~chieved 'statistil'ally'.
O''''e t.ranslater! il! lltp menll-field fmUl"wmk Df (2A.~7), Lhis lead" Lo DUr definition (2A.;JO).

Olwi01.1~ly, tl,I' ll~e of th" "'1nililJIiu," I.u COlllpute w! rcsLricls tloc applicabili ty or t.his model \.0
a situation dose to such iln equiliiJrium, SIHr.~ th~ goal is prerisely 1.0 explore the hydrorlyn~mic

regillle which prevu ils in sudl situnlions 01 d'-"K'I Le~s (0 '''lui libriUlll, this approilch is still consistent.
Anot.her question is about the likelinl"~ thal. agl'n!.s lU" ahl" to p",-fmlllHIll,h " l'<JInplic"ter! COJLl­
putation. However, we can think that this dynami(' is Il ~il1lple OU!COlllll of cotli~iol\s hel.\\"f'en t.he
pilTtide~. llllll:;,;ine li ~et. of self-rotating robots with elollgatl'd shupes. Tll<: VOIUlljÇ-('xl'1nsio!l intel'­
adioJl bctwcell dOllgatcu sclr-pl'Opellcd objects thl'ough hard-core collisions resnl!" in ilnl-l1ignnwnt
,h-"11IlHli". a~ alr""dy HI"''''Jl in "'1;. [5, 23, 58, 751. Thcrefore, the 'computation' 01' the 1)1agnitnd~of
the self-alignment for("~ may he jnst lin ontcome of lin eqnilibrf\l.ion between the self rotation for<:e
and the pre~Sl\re exertl'd by the Ill'ighbol'ing ugeuls tlil"o\Lgh the collisions.

Thc goul j~ nOw to illvcstigate the limit" --+ 0 of th", solution of (24.:'9). Mme prP"i~dy, 'l'''

,how !.lll"



Pmprr!ù", ~f 1/", SOffPR-f, hllilrodY"llnl1" model 33

Theorem 2.4.9. Let f' he Il SOit<liOl1 of (2.1.:17) wilh Cv'[ ~il'ell by (2,4.49), \Fe """"'''" th"l, 1/",
limi! JU _ 1im,"~or e'ûs!s and /hat Ihf ~01!l'é1)'/fn,,~ ;,\ a,\ rfgidaf aB nfed~". 'l'h~n. me hlllJf.

",h",,,, for Iln)} (;1;,1), /1", Jllndi/HI 11' C '1 ) (JIV(L 1) E IR I",/r"'g' ta f. l (IR) Ilnd the l'Pdo" n(.T, t)
1)~lol1g8 /0 §1. 'rh~ jllndion8 p\\,(~:,t) and !l(~;,t) sa/isfy Ille jollowi'll9 SI/8tcm of hydrodymmdc
l''luidi(J!ls:

U'{JII' + V'x' (("Pw!!) = 0, VIF C IR,

"'11(.'11'1°1 + m., Ipl\': (n ' \7,,)n + m:dplll (nl. . V'~)n

-rU' (1I1j [l'II' 1(V'cr ' 0) + (U~ . V'T) "I5[{JW 1+ (n . V'T) 1iI"[PII' 1) = ü,

(2.4.54)

(2.4.&5)

E'I' (2.-4,;'4) exprcsses Uw eo"~ervatiolJ o[ pmlid"s of !-\in,,, <UL!-\Illar lJlOII,,"tlllll Ir, "xa<'l.!v III

the s~rne way as in th" ~malJ ~np;\ll~r l'eloeity case (~e" E(j, (2,;1.27)), Thr v<'!odty ~voll1tioll P(j,
(2.4..55) lHts also a similm slnlcluw (s~e E'l' (2.3,28)) lml eo"tui,,~ IIlQJ'C leI'JlI.~. The allnlQ!\ tl'I'J)JS
to t.h",,, o[ (2,3,21',) fin' dl(' fir"r. I.,·nll (<:<JlT{'speJlldi,,(\ lu th" lirst tenn of (2.,3.:18)), r.lIp sP('[)11d one
(wrresponding to tile spcond trnn of (2,:1.21») ilild th~ fifth on" (r.<'ll'responding 1.0 the fourth tenu
of (2.~,28)), Th~ <JilklTllœ i~ Ih.., l'eplUC\'lIleal or {J, which ap]Jl'm'~ il! tilt, tlJrœ tl'I'lUS of (2.3.28)
li)' t llH,{' di [en',,1 lJlOJll""I, "f (lI\'. Thih is a COliS",!""""" of th" '\"p"n,]"I"''' o[ t.h" GVl\[ ,Ùwu ~nd
I.h~ GCI Ùl (whkh will he fmlnd in wdion 2.r;) <'ln t.hf' Ilngular velo('ily W. There was lIO sllch
d<"I)I';lld,'IlC(' of the V)IF MIl amI of the CCI Au ill tlle 8111all allgular wlocity C!l8e.

Th" thinl ter", of (2.3.2/;) whi,,}, original.p,\ fmm th" partir'l., .,plf-rotat.i"" dioRppear~ in the
l<'Irge ilng\ll~r wl<'lcit.y ca~e inl'e"~t.igal.ed he)'€, but tlll'€e new te),IllS appear, The third t~rm of
(2,~,,5!}) tle,'juibl'~ I)'Hll~l1Ul't ill th,' <.lil'\TtiüJl jJt'IVl'lldinl!ar \ü thl' lIleall V<.'lodt~.. Il. Th(~ dil'ectioll of
t.rnmiport i, ,]pt",mill",] hy t,l", sign "fm3' Th" (,,"rt.h I.Pl'nl is 8 contl'ibution of the compressibility
of the v"locity field 1.0 its transport: regions of compression 01' rare[adion illducc rotation o[ Ihe
vf'loeity tif'ld in onf' dit'f'ctioll nt' tll\' otlwr Olll' accnt'dill('; ro thf' ~il':ll of 111.1. Fiilnlly, tlw ,'jixlh tel''''
is an off-diagonal term in the pl'''~~lll'e ten~or, wh"re !l;rRdients of th" momfnl. mG of th~ densil.y
distribution PlV induce rotation of Ihe vcloeity field, Ail these thl'ee krms obviousl,\' t.nUl~jute lhe
avrri1gl' in!h'l'IWf' of I.!w iudidd"111 jJi1rtid,' ""lf-rolnlioll,

Dy RlUt!Op;y wilh the ]ll'eViOllS model, t.hi~ mod"l will he refrnwj 1.0 as th~ 'Sp.lf-Organi:>:p.d
HydrodYllumics with Pl'Opcr Holatlon (Lm'gc angular vclodty '-''-','jc)' or SOHPR-L,

Tlt~ l'roof of T),c<.Jr"lIl 2A.rJ [ollo\\'" t.he sallie ,Imcl",-" ilS dl(' ""lIll ~":;,,lm v(·lo"ity ,,"S('. \V€
slart with thi' d"finiti<'lll of the €qllllibl'i<'l, follm""d hl' Ih~ detflminalion of the Gel, \YI' end Hp
\Vith the Ç()1lv<:,-g~lle,-,:· . ) o.

2.5 Properties of the SOHPR-L hydrodynamic model

\V" i1l\·{\~tif',>l te ,mIl" pro]"',-ti,'s of 1.1H' SOIlPR-L hyclro<1yml1ni" mon"l (2.,1.5"), (2.,1. 3,5). ! Il a fin3t
s",'t.ion, veP ~t 1I<1y il.s lin€i\ rized sta bil ity i\bo1l1' a 1Itlifrmn st.f'ady-date, For the ~a ke of ~irnplicit)', we
l'C~tl'ict O\ll'~d\'Œ to the case where the Ullpel'turùctl ùell~ity ùbtribution Pli is even in W (whkh
lllean5 that there al''' as many partides rotating in the dockwise direction with anglllar speel! 1WI
as particlcs l'Otating cOllllter-docklVise ",ith the same angulnr sl'œd). In this ca~e. we PlU",", Ih"
lin"ltl'ized ~tahilit.l' of t.he monel. Thi~ i~ il. gO<'ld indication of the w"ll-po~"rln"s~of dl" SOHI-'f-l:-L
modcl ill (his case, nlt.hough a rigoJ'OUS proof of (his fnel i3 still l(\~killg. The illvc~ligalioll of th~

lilll'Hriw,] ~blbilit.y of th, SOIlPR-L ln",],,) i" th" g,,,,,,ral ""'" is ,].,["lTpr:! tu fllt.llrA work
ln il ~econrl ~ection, we invest.igate the asymptotics of th" SOHPR-L model (as weil as that

uf tlt~ SOHPR-S llIüd~l) when IV is smalt W~ show that both moùel~ reduce to th" SOl! model
(2.:3.~~), (2.3.:J5) in this limit, but with diffel'ent coefficients. \Ye nlso establish the asympt.otic$
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llf lh~ SOHI'R"L IIlvdd tv '~c(llld ()l"(kr (Of ,umll \l' aud ':ompar<: (Ill· l'<:~ultillg lIwdd to th~

SOHPR-S mode!.

2.5.1 Liuearized stability of the SOHPR-L system

\\"r tir~t ron~idrl' a jl~if (POil', Ho) SIKh that (i) (1011' ~nd SIn are indepe1ldent of Y. (ii) the function
]j/ oc Il >-+ PUll belong~ to LI(R), (iii) POli' ::: O. (iv) ail the mOIlJent~ m/{[PUlt],!; _ 1." .,li exi~l.,

(v) In,,1 '" l. Sneh a pail' (puw,n,,) is a stcady-state of the SOHPH-L syslem (2A",~), (2,4,JG).
Thl' guai uf lliis ~~dil)" is lu SllLdy lIj(' lineari~eu ~labjlily 01' lhe SOHrn-L h."ht~nl "bonI. ~\I~iJ "
11Ilifol"ln sl.r~r1y-st.al.(>,

We lillearizl' thl' ~y~ll'Ill, Wl' iutruduce il ~lIlidl P<ll"'llllL't<.'l' !j <t: 1 ,lllÙ ]ullk fllr ~olutiUlls ':;\Kh
th,,!.

(2,.'i.!:>G)

The c0IŒtl'aint In(x. 1)1 - 1 t1'anHlateH iuto the ~oll~traillt

OU·ill =0. (2,.'i.u7)

The liJlemized ~)'~teIll obtained by intrauudng (2.:-,,5G) iuto (2,4,,,4), (2.4,;;u) anù nq;lec(illg tenns
of ol'der O(J~) reads fi, follows:

1111 nt +)JI. (ilu ' '\7,,)n - m~ (ni)"· '\7x)n

1nk (/11'1 ('17, ,li) 1 (n~ , 'i?x) m, [Pli'1+ (n(l . V' x) lIl~[fJ\\' J) - O. (2,c,."fl)

Wllp.fe ml, , .. 1Jl, are evalllflteri 01\ PUll' f'x~ept ot!Jefwi,e ~l.ated and Wheff' t.he index 'l'on the
jJcrturbalion is omi( leli for the Hake of c!al'i t)'. Ncxt, we consider planc-wave solulions,

(2.;;,r,O)

wlw,." fill·, 0. arH tlm wav" Hlilplit.wl..s, ç E. ::!t is t.11C wnv"-llnmi>l'r H.nd 1'- E ,r; iH JlI(' fmql1pnc)-'.
Here, .~ E III: is a one-dimen~ion~1 spatial variable, C()l"l'~~ponding ta the direction of propagation of
the ]Jlalle wa\'C. lmked, (b" SOHI'R-L bdng ill"ll'iallt und!.'!' J'otati()ll~, t.lJ~ plnue-wavl' nllaly~i~ Î~

in<!epf'n<!f'llt. of dm "hoiep of t.hf' rli l'f'diOll of pro]lflgflt..ÎOIl. "'H I"t. no = (cm rr sin fi). Th" <'Olls!.raint
(2.5.57) tr~n~I,,-I.('s int() no' Il - 0, i.(', Il ~ rT(-~in8.c()s(;l) with li E 1ft. In,erting (2,5.GO) i1\to
(2.5.58), (2.5.59). wc gel (ngaill, ()]uittillg the tilùes ()11 Pl" amI II tu!' th~ sake of durit",);

(-l'+(C] ç cos li) Pli' -~jPOl\'Ç sinlia = O. VIF E IR,

(- l'TIll + m2ç cos 0 - (m1 + m1)ç ~inO) cr

-ç ~jlJOIII.;[fJlV: +ç cosOmr.[fJll·] 0,

n·OIll (1.5.(;1), we p;et:

(2.u.01)

(2.u.62)

\fW E lit (2,S,G3)

Thel'efol'c,

k = 5. li. (2.5.64)

]ll-'''ltillg (2,5.6.1) ilLlo (2,5.G2). wC gel a lIou-trivial solution fI jf aud oui) if the followillg ui~l-'er,ioJj

l'd>ll.Îol\ is sMiHfi"d:

111II1'lm~ç~lJ~e (m311114)Ç~ilJe

-m,,[ èlPoll e]eSiJ/e+mij[
1,+rlç"OS

èj PQII' Ble case sine", o.
1'- + Cl ç ('OS

(2,5.135)
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I\'f'xt" \W, sppk some simplificatioJls i[] the "'\~" wherl' th~ fUllcrioll IF E a >-7 Pull" i~ e\'l'Il. fol'
l.Jlis J!lU'pOOC, we will nef'a the foj]owing l~mlll~ about the CVCllJll'>;s/od,h",~sDf I.h" "(wffi,,i~llt5 nl',
k = 1, ... ,6 of the correspont!ing 1l1(J1l1l'llt~ fil",

L"lmna 2.5,1. (i) lVf have:

<Il. wU:!) = 1'lv( -0), (:l.,j,Go)

v;here 'hl' is rJ"./illrod b!l (2,I,.P) alld XII by (:!.lj.JJU),

(il) The foilowin,q f""di",I.> of 11' (JI'C c"cn: ,cl, À. (Il, «2, n" (sœ {i!.4,J,'rj, (P.IJ.U8), (.9.6,1.'11).
(2. (J, l.'12).. (2, 6.1,j,)) fol' thf. df.jim:tiOl1s of thesf Junetions).

(ili) 1'lH'fr;!iowi7lg June/iolls of IV m'" o<Id: C, t'" (1:" al,. ((û (ste (2.(J,10.1), (2.6,iO"l), (2.6.133),
(2. ri. 1,'/4), (2.(;. 1Su) for the defiIlllù'ms (Jf Ihe~e JU)I(:llo11S).

Pmof. (i) \Ve forln J:::qs. (2,LI3) ami (2,G.130) fur 'hd -0) ilnd X IV { -el. H,r ('l1anging; IF ill\u
-1 J'. W<' J'C'WV('I' 1h,' Will" (''1 mll iOlls for if> IV (II) and -X_II' (fi) respecti vel,\'. whic!l shows (2.,'), (j()),

(il) alld (iii) Dy (2.l.i7) fI L, ("]eRrly even, By wriUn~ (2.li,j()1) n! fi 1ll,,1 t,»)' -W and USillg
the firs! equatiull ()f (2,[,.00), we IIct tlwt C is mld. Now, lIsing the tirs!. ~q\latjûn of (2,["t;li) iuln
(2,G,lOO) unù dmIl!'.ül;; 1:1 illto -e, w" get that 'J'ù.'( -W) is tlw S)'IIlIIlClric of (ji".(W) about the tille
spaJlllf'd h.v w, A~ ~n immediatc consequence, ~, is CVCJl, Cl,nllging f:I i!lt.1) -& in (2.G.12B) and ll~illg

the hrsl ~4ll<tti()1J u[ (2.5.GG), the evenne!'>!'> of fI and th~ oaaness of ,-J, we gel tbat ), is """U. By
"ilIlilar "oJl~id",,"I.iOl,", \\,p get that 0" a·" ar, are ~"ell (llHJ 'l3, (11 and "ti !Ire odd.

No\\', we assume t!lat 1'0\1' is "V"l1 wit.h l'''"pe~t to IV, Theil, -----±U'~". "is alsu evell with
-l' "C], "0'"

H'.']"''''- to IV. Thel'efore, the coC'ffieiC'llt$ '01'3, T/l4 alld m6[_,,~~;:'(tco>oJ "illli..h in (2.5.(j5), ilS thE'
l~611lt of the iJltegratiolJ 01' aH mlrl """lH"ie,,!. ,,1' Jl' against. the E'l'en fUllctioll pow. Till.' l'(-"ulting
di~J!~I'~iull l'dation j$ wl'itten:

C1POlt' -(2'"0 0
SHI =.

l' t i',~",,~9j
(2 ..~.(i7)

\V" no", fdlQW that fol' ail ~ E' R allù 0 C [0,2,,', dl(' mot, l' of (~.:J.(j7) ean only U<: l'l'al, whk!l
jJr,-,vc~ tllC Iinel1l'izen ~tability of the ..yRtmn. !Ild~~d, SUpjJO~~ that /J - Q +iB wilh (J, !1 E R tAking
lI,e ""agi,,,,!'y l'Br! of (2,.).G7), we gd

If i~ "" U, we n€duce l'rom (2,S,G8) tl,al;

[
fI Pou' ' 2 . 20

m, == -ml; -( _ 8)' 3" ~ sm .
-(\+cl~eos +,-.

(2.:J,(j~)

(2.S.G9)

:\'umeriC'ully, wc n'il!izl' below t!lat the coefJkil'nls III ~l\d a..e, ~rE' non llE'gativC' (&Ce 2.G). Siuœ Wl'
kllow Lhnl ('1 i~ ,,!Ho nOI1 negative, (2.5,GD) C'allJlûl Jwvc uuy J'UUt. TllU~, li -, Il \\'e s\JlJllMri~", l.iLj~

in 1.)1<' following l'esnlt,

Proposition 2,5.2. (,'onsùier a ImiJonn slelldy-i;II1I,e (Pow, fla) wh"rc l'(J\~ ~ 0 i8 sucl! th«! (1 +
Ill'I)kpo\\ i~' intcgrablc Jor k large ellOl,.qh, and tu/wm Ifloi = 1. Wf assume Iliat th" r;oejJicù,,,t
"1 "",1 "5 gi,,~n by (:!JiU1) and t~,6,J:liJ) UI\' positive (((ml (/lis is l'crijied n1imf.1-{r.allyj, If PIIW
i.i P.llfll wilh respect. 10 IV, 1/", S'()f[PR-L mmj,,1 (2·.f·j4), (:!.J,.;'jiJ) ls l1umdy ~t((blc IIi)ou/ this
stl:{ldy-~tate.

Thi~ lim'il!' Ht.l\bility rl'~lJ)t. Is R firRt !'>t.l'p t.owal'dR R lorill-in-t-ime exiR!',rnr<' n'ou)t for th" f,,11
SOITPR-f, Hystem. Proviug sneh an cxi$\~llœ rc~ult is untside the ,cope of thf )ll!1-"p.nt paper.
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Rcmark 2.5.1. in Ihe special cases e = 0 (the 1'1(l.n~-",a1'~ pf.rtul'bntùm )!T()pl'.qatf:.~ in the 8mnf
dirrclüm ~_,\' 1J!f. lln~l'turhed l.'elacUy field no) or 0 -; (OIC ]l7'opagution din",tùm i~ pCll'«Tldiçu/(I,.
lu il), /Ile disfJcnion ll'!all:on (B.5.{j7) l'Un he sa/11er!. e.Tl'licil/y:

(i) c"',." 0 _ O. Theil tlie dispersiOlI relnUan rer/.uas I~

This correspond., ta a pm." w1ll,p.dilm m~l!e of fl in Ihf .T-dir-nlion, It comes from Ihe con­

vection apemlor:

(ù) Ca.'" fi =; Th"", fi", di"p"1'.,ioTi ,dalioJl11'ods;

'J'his corre.'ponds /0 aem/sUe """"''' l"'Opll.'l"ti "-'1 "ym'l/wl,ùnlly ;" buth 1li ~ poSitiH ail d negldipe
dindiom,. They come fmm Ihe awuûk (Jp~mt01':

2.5.2 Small angular vciocity iimit of the SOHPR-L mode!

ln this section, we slud.l' the ~~ympwti('sof lb" SOlIPR-L m"del (2.Li4), (2.4.:15) wlwn the angular
,e10cit,l' is small, For this pmpose, we rh~ngp the sralinp; l) = E which was made !lt the be~irl1ling

o[""dilm 2.4 l"lO 1/ . fj(, Wc lirst keep (= 0(1) when pBl'forming thelimil F ---7 Il, The resultillf':
model is the SOlIPIl-L model (2,4,54), (2.4,5-5), whel"\-' Jl()W, the momcnts mdplvl (see (2.0,137))
ll!ld the associated coefficients al (oee (2.ii.l:l1) tu (2.!i.l:1G)) ,)"1''''',) Oll lhl' pmHIIlC'll'r (, III a
.",,,cm,) >,1."1', wc 11l\'l'~ti!-,:ate the lünit (---lOin this SOHI'Il.-L model wilh ("d"]l"nr!rmt. <'<1"ffidems.

Fin,t stcp, limit E ---l 0, Derivation of the SOHPH.-L modp.1 with (-dependent coeffi­
cients. Introrlncinp; the parameter ( tnm~f()l'In~ (2.4,37) into

(2.5.70)

Il is an eas}' matter t.o show that the il~;;iKiiltcd eqllilihl'ia are of the form Pli' i\l,",,(u,(IV) whcl'e
PI!' lInd!l H!'e arbitra!'.\' alld ,Ù"'" ((', W) is lhe GV:\,j defined a[ Definition LA;j ln partirulRL we
cali write

(2.5.71)

Similnrly, th" CC! arC Df lhe [onll ,U,\n(L(lV} +0(11'), where (1 ami", am arbitmr.v and '\o{r:. IV)
i~ th~ Ger rkfin~d in Prop. 2,(i.ltI. TImo.

(2,5.72)

with the same definition of (l, 1\ f()llow~ thM fi = lilll<--'Q f' where JO io th~ ~olutioll of (2.5.70) is
giV~ll by
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(2.5.73)

'l'he' fllJlclioJl~ f'lI (,).1) HlJ(] n(.T, 1) sntisfJ' the .~ystem (2.-!.:}-l), (2. J."~), Wil h r"effieipnt~ ;;~, mf 1t''V1
sn('il (j,"!

(2.e'-74)

Sp"ond step: limit ( --+ 0 in the SOHPR-L morlfll with (-rlepcllllcJlt cuefficient.s. \\'e ~an

no\\' st,ace t!Ll' ["llowing proposition, ",hase pr()(,j" l'Hn !Je [oulld in 2.b:

Proposition 2.5.3. 'l'he forma! small allY"/"'- ",,!,wüy limit ( --+ ü of 1/1(' 8UHf'R-L mor/el
(:<,1.:;4), ('q.[j[j)wilh (-dcJX.'mlenl coe[fidf.nts i.\ Ih~ mode!

i!a'w'- 'VI - (",[lli-fl) = (J, Vii' E N..

f!{Ü,n+C2(n''Vx)p.)+c~Pn '\l,p=O,

1I'il1l (! gi1!P1! by (2.:1.:!9), C2 Dy (2,(j,l()()) "nt! c" li!!

(2.5.75)

(2.5.7U)

(2.5.77)

Tl", ,;mne Andy CllU be jH:J'lQrllll,d ill the ~malll\nil:nlitr l'rloi:Îty case. Replaci,,!,: l'V by (IF in
the kinetic eqllation (2,;1.21) ami perfnrming the lill1it E --+ 1) kn'ping (fixerllearls to tllf" SOHI'R-S
sY5tem (2.3.27), ("2,:I."2H) with a factor ( IJlulliplyiJlg tl'L' tel'lu Yn~ in ("2.:1,2R). 'l'hf'refol'e, the lilJlit
( ,1) in the SOlll-'H-S ~j'''tel11 wit.h (-dcpclldelll. pm,"""t'·,-S is imlllediatc and klld~ (.0 tlw 8}'8tem:

D1!Jw 1- v T ' (Cl/Jwl/) - n. V1V E '.....

il {ô,n + (:2 (n· v,,)n) + d Pn~ v~f' = 0,

(2.5.71::)

(2.5.79)

we sec t],at th" stnlcture of l.his S.l'~l~lll is LIlL' ~Ullll' as that of (2..'i.7,j), (2.[,,7G). HOW~Yel, th"
cOPffkif'ntH of t,he pressure krill Pq L 'V xfl of th" t"'O system3 ar.., dilf~l't'llt. '''hile it iR simpl)' the
lJoh;l' (:(Jdlidellt ri III the SOIlf-'H,-S Ci'~e, iL i8 equal to a Iww ""E'fliciellt C.I in the SOHPH.-L l'a~e.

TlJe,-pfo,-e, ""en fol' very sll,alJ <lllguiar wi[)dties. the two s.1"stmn~ do not eoinclde, This j" dlle to
th~ diHérent ways of Cllm)'utill!', the interaction force,

Like in the cas~ of the SüHPR-S mode!, tlJl' ,l"llsity pquatiollS (~,G.7G) 01' (2,5.78) can he
integrat.ed ll'ith r~gl'('d l-o W, 8ince rI cloes not. r]ppeno On \Y. ln bath en."''', I,h" H,-,nlt.ing system
is llothiul': Imt d,,, StllllOHl'd SOH model (2.3,3~). (2,3.35) (~ee sec.llon 2,;)), How<"ver. agailL. tlll'
,:odfkir'llTS of th" prNSllrr trl'lll l'ni V,<I' il! !Il" ;~,],,,,i!.y e(j. (~';J.:35) dill,·]'. 11 j~ indn'd ('quaI tn
d in the ca~ç uf the SOHPR-S modl'l (2.5.78), (2.5.79), \l'hile il i~ "'1,,,,1 tu l',', in the case of \lw
SOIIPR-L model (2.",7,,). i2.5,7G),

Approximation up tu 0(<:;") of the SOHPR-L modd in the limit ( ----l O. Proposition
2,J.3 show,'; th;ü tllp smaJl allgubr vdocily Iillli!. of 1.1,,, SOHPR"L moud kmb t[) the standard
SOH }Iotlcl (wilh ~Ijghtly m[)ctilied we-ffidenr,s) for the total dellsi!.}' l' mul wlocity direction O.
Thel'~flJn', infurn'"tion about th~ sclf-l'ollltioli of t.he pmtkle, iR IORt. Indeed, since the SOIllll(J(ld
alw descri Iles particles with no ~df- rot at.iOll :29., ml<' ('annot dis) illg"i~h auy illfhlPllr[' of rbr ]l~ l't.i(jr
gdf-J'otatiuu lJy lookinl': at it.. ln arder ta rNaiu sOllle of th" infl""nre of the self-wtaliuli of the
part,iei<"S in tllis limil. il. j~ iuterestiu!\ 1.0 eomp\ll.e th" first-orrler correction l"rlll~ in 0(<:;). In this
w3y, we will gct lIw cOln,dions ta the SOR mode! in<1uccd by the ~elf-rotat..ioll.Tl", l'f'snlting mode!
is stated in th/\ foilowing proposItion. whu~" l'roof is ~kpt,d1f'd in :,),G,
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Proposition 2.5.1. The 0(') apPl'on'maliul! of I1lé- SOHPH.-L morle! (i!,4.!J4), (:!,4.55) lvifh
(-d['[I['mlenl wcJJicinds, in air limil ( ---t ü, is the modrl

D,plV + '\7" (CI/JwU) ~ ü, V!!' E [f..

p(âlf!+c"(fI·V,,)fl)+c.,P!1 \l,1'

--'-( P y (~3 (U J • '\7,ln 1 C4 ('\7" . mD-'-) + (c,;(Q· \l,)(f,}') ni = o.

(2.5,80)

(2.5,RI)

"will! l' (!mi l'y gh'flI by (J. un). ('2 "v (2,1i.}O()). ('5 "il (!L5.71) and Cl' = i.toJ' k = 3. 4, 6, I1dll)

"eùl!! gi1'en by (2.6.14iJ).

H~'rc, comparcd to thE' SOHPR-S sy~tE'm (2.:'1.27), (2.3,2R), tlle pnrtide self-rolation intl'oduCE's
~tl'llet.mally diff"]',,ul, t"rlUS. In thc SOHPn-S SY8tem, self-mbl.tion is t,lken im.o acmnnt through
the 80Ul'<:'e' term _l"U.L in t.he VE'lodt~,' direction ~quatiolJ (2,3,28), 1l,i~ (enn ~Orl'esponds to au
IIlTCkratitJll il) th<: din....',tion of the average self-rotation mul proportional to il.. h, tloc systelll i&;neJ
from the SOHPR-L modO'! (2 ..',.80), (2.,-J.ijJ), solf-rot3tion introrlnœs differrmt.i~l I.rrlllS. The firs!
two one~ (th()~p. mnlt.iplind b)' (':1 and f..j) are propor(i[)]w! tu bulb, (.)w <1Vet'''g~' ~d[-rûtatioll l" and
differelltial tel'lll~ al'tiug ou the \'cloçi\y dircction f! (namely (n J ,\lk)!Î ",al (9x' [1)). So, iH Il,,,
case of a uniro,-'" vector fiplrl 0, I,h""" two I"nm; ll'ould Ilot induce any acceleratiol1, hO' Nmtras1. to
wh~t happpns in the SClHPH-S ~yHO'm. The operator (1'!.1, 'V,)n )lrodnœ~ ilil i\('(",kmtion if 1lU'

vedor fields vades III th~ dil'<:dioll u{)l'JIlulto ilself. Regions of compressir)l1 or mH,fadio]J Hlh" !';i""
l'isc to an accelE'ration due t.o thp t<·rm ('\7 x ' n), TIll' last tl'l'lll (lllultip)il'(\ lJy Ci;) i~ l'l'O]lort.iilllili
to the gradient of the avel'age ~l1gl1lal' mOlllentmn pY in the dlr~dion of n, Therl'!(m;, ,.""i"U()ns
of the average angnlar 1ll01llé'lll,Ulll ill the dircc\ion of the fio\\' pmduce an ac('plpral.!on l''lm as
\VE'1l, Again, in t.he CH,*, wl",,-,, pY i~ ""ifor,n, t.his acccleration tenn vanishes, by ('(m(rnf,t. t.o ",har
lmppells in the case of the SOH PH.-S system.

On~ Ciln intprpret. (hi~ rlifference i\~ fo!luw~. III Hl(' kir",ti .. ('qunlion l('ading to lhp SOHPR_L
sy~tem (2,4.37), th~ p~rticle flcœleration P,,~W!l! is Il\udilied WlJl[J<\I'cd to lhal used in thc kinetic
equatiull kmlillg lu th<: SOHPH.-S s,\'stcm (2.3.21), namel)' P". n j. Th" 1l~" of wo, iuste"d of !l f
int,l'OdntO's SOlne kinrl of cOlllpen~atioll fOl' the ~cn rotatioll Wt'.L and rcdnœs it.s infiuen<:'E'. This is
why, iu t.he hydl'odyrmmic model (2.cd\O), (2.'1.81), ",'lf-wtation "pp"ars thmn!';h diffO'l'PIlt.ial tprm-,
illstpnd of WlllT{' t"l'JIl' likc III t.he SOHPR-S mode!. In ~ srMi~lly hOlllo!':PllemlS sitnation, where
fi and Il arr' lI11ifDl'lll, t.lw rOlllp(~llSHt.iolJ of ~df-l'Ottltioll by l,hl' us~' oI WfJ; in tlw accelerat.ioll is
total, nud lh"rc is no influcncE' of self-rotMion in tllf' hydrn,lyui\luic JtlOllet, E3y contrast, in t.hE'
SOHPR-S "a"", "v"n ill thp ~palinll~.. horno~cnco\ls ~itll3tion, t,h~r~ <'ilnnot b~ ml~' cmnpen,ation,
illld t.h0 inAu0llc(' of sO'lf-l'Ot~tiOll in Ihr hydl'Od.l'nallll(' modd l'l'rsisls,

2.6 Conclusion and perspectivc.s

In Ihis chapter, we ha"p [l~ri""d hydr{)(lyn"'lli{'. mouds for D syst,em of noi~y self-propell~rl pmt.ides
mo"iu!,: ln D plane, The pal'tic\f:S are ~ubj"ct t.o pl'Oper l'Ot~tion on the on~ haud und illtl'radiull~

with theil' neighbms tbrongh local ~H!!,llllWllt (JI! (.jl~ othcr hund. 1\"0 l'egimE's have been illwoti­
!Iii1(·d. In \ Il<' smnll anglllar velocit,)' regime. t-hp hydrmlyuélmi.- JJl",ld nm~jRI of il ~lighl- Illorlifir~t.ion

of tl", previo"sly olJl<,i"ed Sclf-Orgalli~ed Hydrodynamic (SOH) model, inc\udinll: a SOllfœ term
t.o aCCOllnt. [0]' H U8\. f\VfH'age illlp;ll\al' vplority. ln the lar!\E' !lligulnr vdorit)' r<:gillL~. "ficr modifying
the illtemctiull fOl'l'<: tu l)]'~~('l'\'c the parlidc propensity to l,wally "ligll with \.1J"ir Ilci:;hlmrs, Llw
resultillg hydrociynamie ",odpl im'ol",," addil.i()]jHltcrms account.ing lor such elfeet8 as t.r~nRpOl't: in
Ihe normal rlilwtion to tll(' ,,('\Cwit,\' ~nd off-rli~gonal prO'Ssnrc t(~usor t~'nn~, A ]l!j('<1ri:-:(~l ~t.i\bilily

analysis ha, heen performed shuwiug th" ~tabilllyof the mode! in SOll1e pal'ticulal' case. P~l'Hppdi"ps
iUc!llllc a d~eper anal.l'tical study of thE' modeih, """h HS proviu/'; lin<:a,izcd ,taLillty III the general
""hC "",li"",,) wcll-poscdIlCSS of smoot.h ~o]ution" J~ul1wl'iml sinllllA.t.ion~ will !le pel'form~d with
two purpOReR. Th~ fir~1 one is To validate the hydrodymuuk muud lJy cumparison 1.0 simulations
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of thr lll.\ 1. Th" ''''tond one is to c",-plorc wlml H~W stm"t.mes Hnd feat.mes are exhibit.ed by thl'sc
llL\!dd~,
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Appendix A Small angular velocity case

1" t.bi" "p,,,,,,,li,, Wl' sl",U giw Il l'mol of Tlll'm""l 2.:l.1 illvolvillg thrpp st.Pp~ whi,,}, a,.R dpvplop\'d
in the foliowing sections.

Al Det.erminat.ion of t.he eqllilibria

Thallh (u (2 ..3.21), wc lmv<: Q{f') = 0(:::). Takillg the lillli( ( ,0 illl]J1il'~ Q(f0) = O. T1KTt'for~.

f" i, a so-ralled ~'t"ilib)'iHm, i.e. a solnti<ln of q(j) = 0 Sinr" q onl", 01",,",,-1"0 on the (l', li.')
v~l'i~blr", wo fir~t ignore t.lw sjlM.io-tempor~1 dop('ndrllrr,

Let n E- §1 be giy"n ~lld define the linear operator

Qn(f)(l'.11") = d'iJ" ,

Q(I) - Q!lr(f).

WP. now imrorilleP. thp. fUlletionnl ,etting. Let f and 9 he sllloot.h fllnetions of (1.', W) ",ith fn~t

(k~,'.y Wh~ll 1j' i ±<.Xl, We ddille O'e du(oIily pr()dud~:

Then. IJ,y}o.ÎI den,,,,, B dUBlit", (i.e. [l continuons bilineBr fonn) between f E {,l(:l,U(§l)) and
f E LX'(ffi:,/}(§J)). SimiIBl'i)', (f,g)l.lJ d('finrF J dllBlity brtworn f E Ll (Il,H 1(§I)) Blld.f 10­

L"'(R. Hl ([;1 )). Thauks to Greeu'ô formula applied with ~Hl00th fllnctioll~, we have

-1 QrAj), 9)0,11 = dl! y) ,.H (2.6.82)

'l'hercfore, fol' .f E C"(K L 2(§! )), wr dl'finr Qn(f) as a linear form on L""(R, L'l(§l)). Aclunlly,
~inc" Ulis lim,ur fur", i" d"fm"d "nd {'ou(.iuuous Oll C~(R, L2(§I)), wh",." C~ ,kllOtc" th" hpa"c of
COmillll()n~ funrtion, t.fmdiug t.o 7.~ro fit. infinit,\', Qfl(f) is fi bontl.-led nwnsurp. on L't wit.h vnilles in
HI(S!) h,,1 wl' will nol. "s(' Ihi~ ("h"m('ll'l';'.al.iotl, \\.'(' now ,ldi'j(·I-JL(· hd "f Nl',iliin;a,

Definition 2.0.1. The sel E of equilibria of Q is gil!e)) by

[= {.f c {.t(R, fll(:."I)} , f? 0 (111(} Qn,(J) = O},

The (haract~ri7."t.ionof [; i8 given in the foJ1owing lemm~,

Lcmma 2.6.2. T/(('.;-d [ of G'Juili/J,'ù' i.' lhl' ,,..;( '4 uUllJlIdùms of flIC f(mn

l' >-+ Pli' Mo (1'), (2.b.H:l)

lI;here the fundion IV >-+ t'l' E iR+ ,mri the l'ee/or n ruf< m'bi/JUry in the sels L1(1l) and §l
rcspedively.

Pl'oof. Fir~t, snppose tluü f E E. Theu, thallks 10 (:.I.(UI:.I), we have Il ~ -(Qn/(f)J)u,fl} =

d(f,f)l,îll' II [ollows that 'iJ"e\~;:I'J) = 0, i,e, there e"isls Pl\' E lIt imlep~ndent of 1', sudl that,
f{I', 11') - t'l\' Mn!" Aùdiliounliy, that f 10- Ll(lt f[!(§!)) and.r > 0 illll-'lies that fi\\' > 0 alld tlonl
the [nnctioll IV E IR ----> Pli' E iR+ helon)!;, to L'(R). 'l'hel'efol'~, f;~ of the form (2.(;'8:1).

CUJlv,-,r.~<,'ly, ~lll-'jJU~C llmt l is ur th<: ['-'!"lll (2.6.83) with PlV a~ l'<:gulnl' ,,~ il! (!J~ kllllll<l. Th~ll,

th, n'Hl \ ts folio\\" obvionsl.y il we "Bn sl",w tl'M fiJ = fi. Dut. d'llnks tu (2.~.2,"), "'0' have .lp,,' .\1" =

fll-'€'!I<Pn' djjl el [1, ~lld 5inœ Cl> °and PlI> 0, we have l!"",~,!" = H, which 5ho1\'8 t.he re811lt,
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From this Iplllm~, and the fad th~t fO i, ail cqllililJdum, \\'e dcducc llo"l JO i~ l'.iU'lll,y (2.,1.2(;)
No\\', /J'v = pw(;r, t) ;md n - H(J·. 1) lire a priori ill'bitmry fllllrtiollS of (1\ 1). Indeed, Q 0111y act,
ou th" (", Ir) v"rilll)l~~. Hen~", the fact thal Q(/O) = U docs nol iJllpœC auy cOllditio1l ou the
dependellce of JÙ on (.r,t). In onl~l' lD clel.erllli"c h"w (il!' ll11d ft d"l'end on (,r,I), we need th~

second Htep of the proof, dp\'elop~d in thp. fùllowing ,,,etion,

A2 Generali7,ed Collision Invariants (GCI)

\\"" fil',t 1',,~aJl the concept of a Colli,i\Hl [""aiHlIL

Definitioll 2.6.3. A collision lI11'arianf. (CI) ;s il flJnclùm v: E I,""(R., Hl(§l) suc" t./wt J'" ,,/1
fllnclion8 f E U(lR,H](§l)), Ive Iww

(VUi·l)

H'" d"JI()/c ,,!! C 1/", ,w,t "f Cr. TIIf sel C is n l!eelor space,

Pl'Opositioll 2.6.1. Any flmelion 1>: IV E I~ ..... 0(11') E .!i bfiollginV /0 L""(m:) ls a CI.

Proof. Let cl '" LOC(R) alUl 1 C LI (R. III (::il)). Then, ohvimlSly d>Mn, E L'(II\. H' (SI)) nnd ~illc~

r/J does not depend on l', il s~risfips (2,(j,8J).

\Vr. will SflP t.hM thi, "pt of CI does not suffice to provide t!le ~JlH(i(}-L"lIl)()ral ","olutio]j Df
f!W illLd l! in tlle hydrodymullic limit, In the ahsenœ of other obvions CL Wfl illtro<!uce a weaker
concept, tiJat 0[' 'Ccllemlized Collision Invl\l'i~m' (Gel). Till' l'iltionate fOl' introriucillg this concept
is <!i';"".'oeri in details in (25, 291,

Del1l]itiOIl 2.6.5, Lclll (~31 be gh:en. A Genemlized Collision lnmriani (GCI) nS50citded to n
l" " fUHeI;,,,, ," E """, (Pi, H' (8' )) w/drh 5"tisfir5 th e foUo'Winy )))Y)jJel'ly: 10" 011 J1mc/ioll!' J( 'l', W)
w~h tho.t f E 1,' (X, Hl (§l)) and t/",I l'!l~ n! -- 0, we lulVC'

-- ! QnUh'"lulll' := rI(ôi'Un _1)'.11 == 0
. l",I1':e;'><!t

WP. rienote by vu the sel of Gel associ"l,cd tu n, It is Il v~d",. "1"'''''.

(2.(i.85)

Of '''mlW, if ',-'1 E J/"'([II:. H' (5' )), so does ,'}Mo ~lld (2-Ü.85) is II'dl-,kJinnl. Belo!"e lkté'l"minin)J;
vn< we introdllce an apjll'Oprialc fLmclioIlal ~d-liu~ for [uj(diOll' of 1; ollly. \V,' ""n~irl~l' the spaee
Vo ~ {'{ l HI(S]) . .I~C:1' <.;'(1') dl' ~ Cl}. !'ft fi E §l he givffl1. \\'f! cleflllf! the following nOIms or
scmi-norms ou U(S') au,l II' (!'i') n','ppct.iwly, hy:

if ~,u:=1 lJ(v)12 _'III ). (/('.
"ES' .1.,-, V

Of cour.,e, these two semi-norms a!'c rC$pccti"cly cljlliwkn\ tu the das~ind L~ llorm i\nd III
sCllli-llOlHl OH L2(51 ) amI II 1(51 ). \\Il' havl' Ih" fol1owiug PoinearÀ(i) inequality:

12 .... ""1· l'~:p Ul ,----" 'Pu,n, (2,6.86)

wilh a )lusili"" CO"Ht""t C. \V" denote h." (f.g)~,n and (f·gh,n the associalcù J.,ilillcar fOI'lIl~,



H))drod))lIamir" of Ihf l(1tmm%- ViCSfk mode! of ralnting sdf-]J/Vpdled )Jflrticlfs

PropO';ition 2.6.6. IVe have

v.!hul(; 'i'n = XlI.\f1l ù fhe llllù/ue solution ill Vu of Ilw lJarialiOlI(l/ fonulIlillion

(2.G.87)

Proof. The i')(i~tenri' of Il. unique sollltion y[] E l'U of Ill!' vmil>tionnl j"ll'Obi<'m (2.6.[;7) is (Ln ~8SY

conseqllenee of L~x-.\!iIgn""·s ihL'U'Tlll ,mu t.ho.: I,\,i"(.'i\f(' incquuIit.y (2,G.SG), IVe reler the l'eaùer
io '2n,!.'-,

''\ow, iet li E ~t be given, t', E YU and f E L 1(lR,H 1 (§')), Fil'st wC note l!ml llj(' cüllJilioll
l'0~1!! -- 0 i~ equivalenl 10 J'nLJ! _ () and can be wl'itten

f fOl ,,,dvd1F=O .
. {,·,l\ÎéV 0<:, -

Orf'fJlli\'aIpntIy, (fi '11"'10. ])".0. = O. Thel), by (L.G);;)). 'il is a GCI ifaml onl" ift', E LÀ (IR,H1(§J))
and the !'ollowing implication holds: for ail J Ec U(lI!i,H 1(§J)).

=
I3y a standard Illnctional analytic arp;\Jlll~nt. thi~ Illeall~ that theri' ed~t.~ a r~itl nlllnhfr i' snr.h
that

(2.6.88)

1'h<"1'<:1"01'<:, '~'I is 1I,<: ~()I\lti()]l of nll dlipt.i<; \'ilriutiomtl jJJ"obklll,
'-:ow, \'iP I"PllHl.l'k Iha(, rIw 1"1IndiOl1 (11, W) ----} i'l\n(l') + 1J(1I'). with ~) E L'''(IR) belongs to

I/-'C(I~. HI(§I)) ~Ild "Mi~ti~~ tI", Wll'iMion~1 ]lroblf'In (2.6.88). These are the ouI) oncs. Iudced, by
linearity, th~ dilll'l'eUë€ ~'; of two ~Ilch ~olution~ is an element of LCN(lR, IJl(§I)) and sati~fips

Then, introducillg the indicatoJ" fllllction (A(W) 01 the int{,l'val 1-/1, Al, with A > 0 Ulld takillg
J t"Muel as n t<:st f,,"cliOJl iu L'(8., Jf'(§J l), w<:;;el

whir.h implies that ~" does Ilot depend on vaud i6 thelcCore or tl,e forJIl~'(W) with ,',0,= L""(R).
This conclildes the proof.

!lIkl'pJ'<:liug thc vllJ"iatiollai prubkm (2.6,87) ill the distributiouul ~l'l1Se. \\~ ~ee that. X\I i~ il

solLlI.iolL of tb" foll",villf'; dlipt.i" l'roblp.Hl'

Additiolll111y, we can wrile[-i3] XI1(u) '" !I(e), wherc li = (l!',,) UJld!l is ih~ odù 2"-jJ<:l'iodir f\U1ctioll
in HI~c(lRl (which C<ln be idcnUf,cd Lü fl6(O. Je}) w],ich lIuiqne!y soh'"s l,],,, ]))()]'ll'lJl

d ( ~ dal Il ' ~-t' -0 '-~JIl0('''
de dl! '

(L.(i.!-)O)



_A_PP_f:'.-I:1ix.!l Small angldar vel0C'c""'_'c'c"C' 2"

A closed forlllula for fi mn IlE' nhtni1wdll:\];

(2_ti_~I)y(O)=r/iJ
t f-'S-" rI'P

"'iJ"~'-'C. -'C""F'C'C"~9-

Since t.he function :i~~l is aven and 2"'-p~riodie, il CHU 1", eX]Jrc"'ipd aH a functioll of ""sr} TIl\l.<;,
wc introduœ the fllnction il definerl on ;- L Il sneh t.helt

(2.6.fJ2)

Th,>n, wp ('an ",rite

(2.ij.\J~)

lInd the fUIlc.tioJl il is IJOnu,],,,l, \V" lm' IlOW wdl P'iniPIWd to dl'riYP th~ hydl'Oo:Jynamic Iinlit ~ ---t IJ
of (1.:1.:./1). Thj~ is dOll~ in t.1o~ "<"xl s€c-\.ion.

A3 I1ydrodynamic liruit c ---+ 0

This sectioll is devol~d Lv lhe prou! QI' Thl'Ol'é'lIl 2.31,

Pronf of l'heOl"em 2.3.1. IVe l'ecall tlmt. as a cOllsequence of LCJIlllla 2.6.2 a",l t.l", lad th,t
JÙ ~ lim, ....or i~ aIl equilibdum, jO is given hy (2.:1.2(;). In tlw l'f'lllilinrlfl' of thr. l'roof, w~ omit
th" Slll",r"""ipt. 1) fol' the sake of c1arity.

We fil'st prove (2.3.27). Takillg an ,ubilmry rlLH~tiuJl <P 1': L""(IR), llJ1llljplyill~ (2 ..1.21) hr <fi,
illtl'grating with l'eope<:t to (". IV) E §I X IR, Ilsing the fart t!lnt 9 i~ i1 G('I thilnh to l'ropo~itioll

26.6 ""d t~king the limit é ---t U, we get:

III the ~'-'l'0I1d tCl'Jn. 'l'€ have lIseo (2.:L2ii), a~ wdl Ho tlie dl'lillitioll (2.:L2!!). Sinril thi~ "'1nal.;Ol1 ;.,
valid for any <P E C~'(lR). we immedi~tely deduce (2.:3.27).

\Ve no1\' prove (2.3.28). Wc lllullip1.l' (2.:1.21) by Xll," and ;IlL~gml~ wil.1, resp"ct to ". Si",'"
.Yu!' ii' ~ GCl Hi<i<odat."r! t() nI' and oince.f' has prcris01y 11l0illl rlirP.P.!ion Of" we have

Thpil Wil g<'!.

1 (T'!, +T"r)X\lr dv<i1V =0.
(dl'J"'~'x~

(2.6.94)

where T k . k - 1,2 are llw fullo",iJlg upl'ral.(Jl~:

T'j-ü,f+'V,·(vf). "Il j' ]]1v,.· (1'.L n.
'J'rlking th",limit f ---t 0 in (2.6.9~) anrlllsing the filet that r --+ PII,Mu wC gel.;

(2.G.9!))

(2.IU)(1)

The (:(llll.l'i 1>\11.;011 of t he tirst term of (2 ,C.9:;) hils bcetl compllt.ed in [32•.1:11. U~jll;.o: 1.)", "Xl'r"H~;,m

(2.6.93) of ,\11, it leads to

'11 =11.L·1 [p",(~D,ll 1 ""r{l1·V~)lI) (lPn~v"'f!l1,]dW,
lVc~
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wi t h

a ~1 Ah,(v) {I - (v· 1"1)2) lI(t,· n) dt"
"ç:;'

~,= ! 1 ,\/o{!J) (1 - (lJ' Of) /1(1:' Il) ("OS(/.'· ll)dv,
d vF5'

Sim'l' n nnd '"( do Ilot depend on W, we clin ill~e~l'iIte the vllriable VI! (Hl! ilild (2.6.(6) leads toc

O\\'in~ ln t.he f~ct. th~t '\l". (1." Mn) = -'''~r AI!!, we gel,

(2,G,()7)

T, _1 j' WPwdlVl Mll(l!,nJ.)~h(1i'U)dt.
d l\'~< v€'5'

" yd .

(2.G.98)

(2.(Ul\l)

(2,6,101)

(2,13,100)

:\OIV, collectinp; (2,(;.97) ~lld (:Ui,\l!l) ~nd 11l1lltipl,ying b,y ~,we get (2.3.28) \Vith ('2 ~ ~,j, Le,

I"cs' ;1111 (t,) (1 - (il' l!)2) h( v ' il) tos( 1; , Il) dl'

furd M~l(1') (1 (lI il)2) l1(v· Il)rl1J

.ç t~ ~i1l20 h(co~O) l'ŒOdO

J~' t":;" :;i1l 2 0 h(tD~O)dO

J~' ,,"':1-" !I((;I) sille ~Œ(;Id(;l

Jo" ~"";'f-!! y(lI) ~illlld8

whel"l\ IVe llS~ (2.6.!J2) in the last equality.

Appcndix B Large angular velodty case

(2.6.102)

Thi~ flppendix is devoterl for the proof of '1'I1COI-';'!Il 2.4.') whil'h i~ divided into tht' s<une three Hteps
as that of TllCorcm 2,3,L IInw('"" .. , t.h,'['{' ilr" ~lIbsb'ntiill oljffp]'(')",ps Hml fiPW rlifficnttics which
jUEtif~' Wh~i we develo)l this )ll'Oof in full clHf<il h~lo"',

El Determination of t.he cqnilibria

\\'(' fi!'sl jlm"" LPHllflilS 2,4.2 tu 2A,7,

Pruof of LHmma 2,4.2. WC' show tl)(' 0xis\('llr(' flnrl \llliqllcnrs~ of <h,·, Fol' SiIlll'tidly, wc olJlil
th", index IV, llefining 0(0) - ~(lF - sin 0), (2.4..1:1) C"" 1", .-"writt.,,,

1>' - G'\I> = C, (2,6,103)

where C is a constant. ThiR eqllarillll 1:1\11 he integrated elemental'ily on Lhe InLcl\'al [0,21f[ and
l'''flds to

'l'(O)= "II(O)(C [O,_II("i"-,"-'--D), riE [O,'.!7C!,
Je



Appmldi:t /1 j,argf. angU/flT l'eiocity

wli<:n' 1J is ,muthcr CDIl~tant and Il i~ the illltidi'l'il'Rtil'e of G which l'ilnishes at 0: H(O) j (WO +
co~f! - 1). The constants C and D are dl't'.'I'Ulillcd from the rcquirement tha!, on t.hl! olle hilllei 'l'
is 2r.-pl"riodir and \;moolh, 11('1]('(' hHIiIl:; to <1"(11) = \['('1J;) and on the othe! halld il i.~ lI()l'lIl<!IiZCU

to unity, i,e, /~2~ cI'(fI) dO = 1. l'ho,,8 "",0 conditions lcad lo the followin::-; li].""r M'S\c'" fm C H]j(l

D

f cIl(2.• ) .I;~rr c-IIC')ds C _ (~H(h} -1) TJ = o.
l .I: rr ~II(O) .I;~ ('-11(.<) d,HW C + Jn~" ,Ji«l) dO [) = 1.

l'he d",tennillllnt j. of this system l'aIl he wriltm

and is clcnrly :;tricll,l' ]Josihvc. Th"rdorf', tl",]'", f'xists a unique pair of ~oIlstnllls (C. D) whidl
Rat.isfies the !p.qllif<,rl ~ondil.ions, Thes", constant& cali IJC cUIlIJlut.cd ,,,,,dily alld af(' giwn hy:

c_ 1)

Theil. the solutiun nlll Jill,llh' Ii<: wriUcll:

1"H{.<)ds+ c HHds),

"
oC [0,2;,-(, (2.6.104)

and i, agaill, ÇkilrJy positive, fhmlly, (2.G,1O'1) shows that thl' fllnrtion 4> iH Rllli1rlth. ",xcept ma}'
!Je at. tl,,' ml. l'oint. H = O. Ho"'ewl', by llsing the equlttioJ\ l'cçur,iv<:1y, il- i~ Ci\~Y to ~l't' that
'I,(k)(2n-) = ifl(J.-l{O), ohowing tl131 'Î' c1efines a function of C=(51), 'l'Iris çOlldlltle~ th<: prout

Proor uf L",rumu 2,4.4. Let f(I', W) bp. ~\lrh tha! Q..,] = 0, l;.~ing the angular coordinate

(1 = f'::'~~I), ~nd wl'iting .f(,,,I\') - Pw0w(O). ",id, Pl!' J,(~IJ(IJ.ll")du, w" fi"d lh"l ~')tl"
sMisfies (2.4.43), H<:lLlT, by the lllJiquenes~of the solution of (~,1.,1:l), 1/'1" mll~t. he ~q\lal to 'hv,
1"",1il1l\' t.() thp "xpl'Pssion (LA.~,J). The COllWr3e is obvious,

Proof of L<:nunu 2.4,6, Let 0 - (w{ll'). v). Then, we have:

('lw(W) = 1 {?~ <i>11'(B)(,'osO.sinO)T (ml,
J"

(2,6.1O~)

and is dfilrly itulepr'llrifnt of 4'{W).

Proof uf Lernnli1 2.1..7, W" "ompute t.l", component" of ~w(H-') in lhe basi~ (w w.L). Wl' gd:

(2.G.I06)

wh"r" t.l", PXp<lll"nj 'T' denotes the transpose of a vectol' 01' JJlalrix. This ~xjJl'cssioll "how,; that
the angle

(iJ(W) == (w(ll), "' ... (W)), (2.6.107)

rioes !lot. depûnd on w ~nd3an~e <:'Omputed a priori fl'om the knuwkrll-':" of cI'll ' Tlm,,_ givp" 0:, if

"''' dooos"w Im"h fhat (w(W),I1) == 1/'(W). 'iW E R, we gl'j, thm W",(\V) = n ami t!lAt thiH iR the
unique choice of w whieh reulbcs this <:quality,
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1\ow, we recall tlmt QU) is dcfilled b~' (2.4.4U), Wc turn 10 the definition (Incl (kt~l'I"illnli<,)Jl of
t)w (~llliliIJrifl of Q.

Definition 2.6.7. TI", scl. t of "(IW'/ilni" oJO':, ,Z,dincd by

- { l ' 2 1E= JE T, \!R,C (§)) f>O ""d Q(f)=O}.

Th~ follo'ring propo'iition d13J'actel'iz~s the elements of t:

ProposiHon 2.6.8. Tlie sd t i~ the set of ail functiim~ of the fomt

(~,(U(J8)

wherc Ihe fundiim W H flH' é- !R+ and the veetoT ri are arbitmry in LI (Il) and Si rcsJ!fcUvely.

P!"oof. Wc (irsl show thut al! equilibria Rl'e necessariI.\, of thE' form (2.6.108). Indeed, let f(l', W)
lm ~l1"h thHt QU) = Il. Th..". it ~Rtisfi('s Qw,(j) == Ü and is therefol'e an element of [-"l' From
LellllllR 2.'1.·1, thel'e exist~ l'II' ?: () ,11ch t.hat.f = fI\1 .ü~'I' I3nt, Il}' Definit.ion 2. Li!. ùJt = :..in/.
'l'herefore, there exi,t n (namel)" nt) stlch thut J is of the fOJ'J11 (2,6.108),

C""\'eJ~dy, suppose that f i~ of th" form (2.0,101l). Dy L"Ul111H 2.1.1, f c tw,,- ny (2.'1.10)
Definit ion 2, '1.1 Rml Dl'finitioll 2Ji, 7, we h~\,(l t hG fqni v~ IfIlCP:

Th~l"d()IT, to JJL'liVe (!Jat let, it i, ~Ultid\:llt tu jJl'O\"e that '-"/ - "-'II. But from (2,6.108), we havi'

But, wilh (2,4.48), wc lkùlll'\: lhat

and that

Th"rl'fOH', hv (2.,) !\l), \\,p hm'? '"''1 '" :..iO
J

= WO, This condlldf'S tllf prouf.

82 Generalized collision invariants

\Yc ddi,w th" !lotiOll of a GCI for t,he C()lli~i<", op"rat'" ij:

Definition 2.6.9. Lei. n f:: Si b~ yhen, A CC'II"miiu,d Collisio" hWflT;''''/. (CCr) (I"",{){;illl,,,[ /0 ri
i.~ li fllndion 1/) E L;:',(II-t, Hl (§I j) 1JIhich sati,~fie$ Ihe lo/I<11I)I11g p1'Operly:

1 cL,,,(f) ,'>dt'<il1i - 0, Vf ~"r:h l!ut/. PfJ~i1f ~ 0,
(;"IV)~f.'xl<'

(2,G.l00)

Ihhere Ihe in/eyra! is 1J,ll<ler~luo,[ in f)"., disl.-ib'ltllr",,,/,,,,,,,,c, Wc ,r""ote bu 911 t.h" ,;r:1 ,,1 GCI (lSS()­

riaüd /0 n, ft iR a lJf:doJ' SrWt.f:.

The det.ermilllttion of 90 is performerl in the next proposition. \Ve intl'odlli'e H(i(§l) = {Q E
H1(§1) 1 J,.('-s' 4'(1') dl' = O},
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Propusitiun 2.fI.lO. We hal'e

47

1l'h"Te fnr ~nch W E R, the fundioii~' C SJ } ~pk_lF) is the W1ÙIIi~ .1011<11:011 in 1I,\(§1) nf lire
pml>lem.

(2.G,11O)

Prouf. T),,, proof~tarts like that of hop, 2,G.G, L~lll c §I ue giveu. The eonstraint P!l~l1l = 0
is a linE"ar constraill~ OH l, which ",m 1", writ.t."ll .I(",II'HYx;ef O·L. V dvdH' = U. By Ddi;liL.iOll
:I,G.!), 'l/.' is li GCI if 'IlU.! vuly if the tullu1l'inll; impliclltion Iwlds:

1 IQ' 'v <1,,<111-'=0 =-
(", II ')E'" xl<

-1 Q",,,(f)'c'ldrd\V =0.
(",lF)F~' xl';

whidl i~ rqnivalent- to the existence of a rl'nl IlLlJlLbcr j'J _"wh that

for ~11 funetions f. 13y intl'oduciJlg th~ ['-'l'mal L2 adjuInt Q:." uf 1.1."" thiR iR a1':flin eijlliw,ient tu
the pl'Oblem:

Q". ,,', = l'H'i.L ,'-'
'"-'li " ,

(2.ij,lll)

wilieh is nothing bUl the dli]Jli~ J!l'üblclll (2.6.110), We note Ibat the diffenmt v"ln"" of ll' are
deeoupled in [JloiJIe", (2.0,110) alld tl,at, for "")' giVPll IF E r:;:, it can he solveù n~ n (ullI:tioJl otv
only. Therefore, (l'om HOw on, wp omit the dependence of Wl) in 11' ami ~Î111l'ly writ" it w

We solve this cql,l<lti<'>11 ill the ~paœ HI(SI) by \Ising Il l'ltrilltiollal (ol'lnnlation. For ,/J,y €o­

HI(S!), Ill' ù('Ilu~e by ((';'"p) th" hilinf'Al' fOl'm 8<;.,ociated 10 (Z,G,UO), i,e,

1'111'0 bilinf'~I' tonll (in continnons on H J(§!), Dy YOUJl!':" im:qllality al'l'li,-rI 1.0 the second term,

for ail,? E H I(§!). Thm:fQ]'(', thel'e exists ,\ large eno\l~h sarh thilt, tlip bilin".ar fOI'Jl1

is coel'cive on HI(e,l). 'l'hen, by Utx-"lilgnllll thcurcJJI, for ail ( éc U(§J) there exisl~ il unique
solution ,"' éc III(§') ~lld, that,

Il(t'\y) =! ('Pd!.', Ife;: E HJ(SI),
. eE3'

(2.6.112)

ami!!,,, Ulllppillg T}, which to each ç E U(§I) associntl'~ tlJi~ sulution", C HI(SI) i~ a buunclerl
lillf'flr oprmtol'. H,>' the compact embedding of II J (§!) into L2(§I), t.l11' lI1~prillg T}, is a compact
Ijl'emtol' of LZ(§l).
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No\\', wc' hllPc;fl' ( = (0

(Z.G.Ill) Uln he writtf'n;
il,,· Ç/.L, Co is a [nuclio]] uf [2(31), Tl", mrintiollal ~olLJLioll ',') of

or equivalently
tl, = T~((o + )",/,}.

This lB a fixed point <'quatioll. Challgin)l; unklllJ\\'u \0 ç - (0 ~À"" the t'ljUl1UV!l i~ tl'all~fOl'lll(xj illt(J

(2.6,11.1)

WB denote b" Im(ld - XI'~) flnd ](Pl(ld - XI'!.') l.hp. illl~gf! of Id - XI'À ~lld thi' k<'l'll~l of ils adjoint.
r€~p€cti\'ely (\\ihere ]'À' d('llot~~ tlle alijoillt of '1~)_ El] (2.6.113) ha" il w!uliull if aml ullly il
(0 E fm(ld - ÀT\ J. Sin"~ T~ is ,,,,mpfI('t, WP ("'" Ilpply t.lw Fnxlhlo11l ,,1t"nlfltiv", a]J(1 thih "",,,Iiti,,,]

is equil'R1E'nt to (0 E (l\er(ld - ÀT~'))-

We show that E(er(Id - ÀT>") __ Span{.Ü,,,}, wht'l'e, by abuse of notation, we d~llOte Gy ,Ù", the
fllllcrion v ---t At." (l'. IV), for the considel'ed pal'ticular value of W. Fil'5t, T~' ;6 defilled as fo11ow5'
let (c L 2 (R), Thel!. U' __ T~'( if aut! olll}' if~' is the solution of (i,c valialion~l formulation:

01' equivalently, Uoing Green's fonnula,

dj \I\,1["V"fd'U+j v".((w+wv.l)'li})'Pril!+>'j 1!''Priv==
,'<"S' ,.<"S' vf~'

~ j' ,('Pd". Vop c 1I1(§1),
""y

(2,[',111)

Whcn ( - ,Ù"," we s"'" \,hal lhb variational formulation is soll'ed with lil == *,Ùw . This is due (0 the
fnet thal, by constrnction, ;11," cancels the first two tenns of (2.lU 1..\), Therefore, T·1. Ù",. == *.\1,",
or (Id - ÀT'\"),Üw ~ li, ThuR Sp1ln{,ü,,J (Ker(Id - >'T~·). Redpl"Ocally, let /-1 f- Ker(Id - ÀT'\"j.
'l'heu 'j'À' l' == */-1. IllserliJlg 1/. == */-1 and ( == /-1 in (2.ü.114), we sec that f' salisfies

ri lE~' V,'I' , V"y r.h + lES' V" . {(w + W Vi li') 'P dl' == 0, If,? E H j (SJ).

\\'hich ;0 the we8k f()]'nmI8,tion of:

di'.,'I' - 'V,' . (( PI" wn(W) + 1V1.'.1 )/1) == IL

Ry Lpmnlll 2.,1.'1, "" know t.ha!. t.h" ",liy wln!..ioll,' t.o t.hi" "'lml!..ioll an' ]llO]HJri,iOlml 10 fI",. This
~how.~ th"t 1<"r(ld - XJ'~'j c Span{JÙwl ~11d filli'llly ]1rov"~ th" idrmity ofth0Rtl tW<1 ~p~~('S.

Now, (2.6,113) has ~ solution if and onIy if (II E (Span{,Ù~.J)-. We compute:

/Hl~· j nU",,, (l', lV)dv
"c?'

il f.j (11') n- \jJ~." (IV)

0,

by "irt'](> of (2.~.clg). CrmS8'luently, th~l'i\ exi~t~ ~ ~oluti()n in Ifl(§l) to (:Ui,ID).
;';uw, thl' Frl'dhu!1ll th~()I'." also (dis (h,,( «i",(K'Or(lo1 - )'l'À)) = o1ilJl(K'OI'(Id - Xr\1) == 1,

whpre dim ~tHnrls for t,he dinwn~i()l! of" Sf"U'P. Dut., WP ""sily S('" tllflt t.hc COllstant" hdoug !.O



Appel/dix B Laryi.' a""q~,~"""· ""e~I","""y,- _ ,j9

Kpr(ld - :ŒÀ
). 1mleed, ~, = t solv~~ lJJI: variatlona! formulation (2.(i.1l2) for ( = 1. Thel'efore,

1""1 t and (Id ÀTÀ )l = O. II. follmv.'; tha! l<er(ld - X1""I) = Span{l}, TIH:rdurc, the p;elleml
~o!\ltion of (:.1.(;.1 J:l) if; oht~ined fmm allY partienl".- soluliolL IJ,r "ddil1g an m],itmry constant. IVe
C311 sdcd " luliqm' ~ulntioll, ùenoted lJy \''i;~ 11)-' illlpming th~ rxtl'il ("on6tl'aint t.hat. J"(3' ~',j dl" - 0,
We n>Hli7.~ tl,at~',q = 841, (which follows çnsily IWIll thu \llliqUCllC~~),

Now, we const.ruct thç fUlldion id", W) ,'l,,'h rluü fol' ail IV E:R, the fUllction l' >-7 ùl1:, W)
coiueideH with t.he fllllct.ion ~"l ohtilinp.rl by t.he comtructlon aboH~ for 1Ij(~ colloid""ed ",dup of
lI'. This funcUon ;s ft 60lulloll of (2.6,111) wiih fi _ l, \VI" obtain a sol\ltiol\ of (2.6,111) for an
arbilralY iJ IJy lakillg /IXfl(V. IV). Now, suppose (hllt thçrç are two "oJuliOJl~ or (2,0,111) for thé'
~~llle value of;'). Tlip. d;fferenc€ is a solntion of (2.(,,111) for il = o. W'p "hta;n ~uch solutions
by followillg the ~,IlH~ ~tep6 above, except that the l'ight-h~lld ~irje (0 i~ now equal to O. The
COlT"spondillg d",ngpd unknown (solves the hOlll()g~Ué-'<.I\l~ v~!'~iull or (2,6,113), i.e. i~ an <,Ielllent
of l<er(Jd- ÀT~), Therefore, ç 1" a coustan!. in IJ, H",I sn is -,',. Wlwn "e~tol'illg the depcnticncç Ül W,
thi~ 111ÇUll" tlmt the HolHtion~ of (2.(;,111) for (1 = 0 con~i~t of the fUllerions of W only, Thc,dore,
'lllY ~ol\ltion of (~,G.1I1) i5 wl'illcu /J~fI((I, IV) l,MW), with Ull arbilrary fUllctioll (AIJf). Sine,",;~

is au} l'cal IlLLIl,ber, the ~d "f r:CI is ~p""n('d hy ~ueh element.s when iJ E IR und thc hllldiull (,)(IV)
ur~ arbitrary. This is whllt is stated in Proposition 2.G,lO, and ends the l'rouf.

B3 Ilydrodynamic Iimit E --+ 0

This section i~ d<:\'''kd (0 the proof of Theol'em 2. J.9.

Proof of Thp.Ol'p.m 2.4.9. The Iwginning of (he l'l'o"f;~ nmoJoguu~ tu that of Theorem 2,:U. Let
r he Il mlution of (2,4,37) with W!' giVOll by (2,·1.18), Thanks to Proposition 2.b.(;, tbel'e exist two
f\llldi(JlI~ !'1"(.1,,t) !lnd n(.r,I} wher", for fixed (J"1.), th" f'l1lct.inn IF ..... Pll,(,~.t} llnd thc "CelUI
0(.1',1.) h"long to U (IR) and SI rçs]Jeclivd~', ~udl lhal (2.4,;)3) hold~. The derivation of (~,lSI) il;
~.lS(> .~il1lilar as ill the proof of T1wmclll 2,3.1.

IVe COllcclltntle ou th" pnmf (lf (2.'i..~5). IVe omit the 'illJwrscript ü on JO for the ~llk~ of durit)'.
Agllin, the beginning of Hw l'roof i.~ s;milal' and we end up getting

(2,0,115)

with T '= Dt + 1" v X ' IV<: <:OllljJUt<::

where, llliing (2, 1.'j,I),

Ar = Tpw=(U,lhll'V,)pw (v cjn)·v.,pw
-~II)I\'(V" . ri) + (v - ~1 n) . V,PIl,

and Ali = TlnÜw(l i,e,

(2.6.116)

(2.6.117)

Ap(:I:, t) ÙlniJ"'ül TOI" ;~, 1),
chi fl-:" t)

(2,6,Jl8)

Th" qWlllt.it.y Jln,;g~" 10 i~ a linear forlll acting on the lallg"ut liue to ;0;1 a!- D. Br the dlain
rulr:

Uln.Ù,"" 1
an Il

Ü III ,Ù", 1 üWn 1
0,"-' '-''' Dn Ill'

(2,6.119)

where I)]~:'I~ "''' is a !inca! [onu ",:t;ll!'; 011 t.h" tan!';""t. lil", to §1 lit ,"-'n and .!Jm'Ill is a linca!'
application fmm t.he tangent. lino;'! 1.0 §l al n int.o the tangent lin€ to §I al- Wl), W" cOlllpute th"



,'i0 Hydl'Odynl1!11ics of Ihe Jflmmwlo- Vù:sd" modei oj 1'01I1ting !idj-p1'Opeib11'IP'tidf:s

fil'~t factor. $inœ ln Mw = h, '"'11·(11) with (j = (<.,,1') and '"'l\' given at Lemlna ZA.2, we can write,
thanh to (VU03):

17lnAi", 1 iJ ln 'I> Il" ' iJ{W.l') 1,
Be --~-

fJv.' w'
,

flw ". (,,,.,.' )

(
1 C
- ("r ·v-lV) __._) ",.L '. (2.ti.1111)
d Mw'

fol' ail tangent vedors T to 5 J at Uv'. We nol\' comjlUle the second factor. Wc diffcl'cntialc l'elation
(2.4,48) "ilh lT'filJ('r( \0 n and we ::o;ellhilt

OWn 1

[Ill \1
(DlJlwl )'

û'" ~'"
(2.6.121)

Let T be a tangent vedo,. tO:<;l at w. We have, using I.emma 2,4.6 and ~:q.~. (2.4,4G), (2.G,120),

UoJ!w-1 'Dw w

(2.6.122)

./~~, (,,;.!., U - W) AI", u· 'JIw dv'- O.

Indccd, difl'crclltitltinj!; tlw cl.JUatioll 'Uwl __ è, with respect to w, we gel

(2.11.12:1)

0= UIUwl1 '
D", '"

which implirs (2,G,12:1), TI1l'Il, JccoUlposill" l' __ (u. >Ir",)>Ir", + (v' 1II;)>Ir,~, (2,G.122) le'mls 10

with

.--!,- f (w"r 11'),Ùw(v'''\,)dv {W' 'T)":r~,
d Cl , t'C~l

>. (w·.L 'T) >V~,

(2.6,124)

(2.6.125)

using \.lla! the .~econcl krill in (2.6,124) vanishes, thanks to the definition 01' 'l'w' )Jow, \lsillg
(2.<U21) and (2.G.12"), we )!;et, l'or al! tan)!;ent "eclOt' f to §1 at ri

r'Jwn 1 i _ l (1l.L , il w·.L.(Ill ft JI (2,(),12(»)
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.'j 1

TILen, jm;"rtÎng (2.5.120) Hnd (2.6.126) into (2.611':1), we get, for 311 t3ngent œ<:tol' T to SJ n( [!

",it.h

iJln:Ü"'''1 T =
lm !l

1 1
- (- (wfi'V -IV)
,\ ri

(2.G.127)

- - -
\VC' note that ,\ == A(W) on!y dcpcnds OH H. lJlùc,;ù, Îll(J'()ùudng 8 = ("-'n, cl ami ~';(11') = (wn. 11).
wC Clin '\Ti(.;

),(IV) = 1 1"l
, (1 ,,) sine sin(B - t.(ll}) <l?w(e) dB,

1 t'J -1- u

whirh rle-arly dp.fillf'R 1\ fllnrtion (lf Il' (mly.

(2.G.128)

IlLsl'rling (2.G.J27) ill(u (2.G.118) nlld {'u!htÎng il \\'lth (Z.G,lI7) to In~ej't it Înto (2.G.lHi), we
gl't

whicb call be rewritten, by deCOlllJlORing v = {l! ·fllfl + (l!' fl.1)fl.1:

T(pw Û'1) = -h (11-') l'LI" .Ù",,, 'V,. (1 -'-- (Ii . 0 - Cj (IF)) ,ù",,, !1. '\lTPU

l' 1 Pli' (1 l ,- f ) ,,(-v,[!')M",,!1 .i7"fJlI'j X(ii1) d(w[[,!:-J]-)M",,,-C(ll) D,Il·n

pw(l.1 - .
-f--\(ll') J(wn'1!-W)Mw «-C(IF))(l"O) (O·'Il.)[!·fI~

f'W 1 .1 ~ .1'+ ,\(11") (fi (WH' l' - IV) M.•." - C(II'}) (l" n ) (W· \7~)n, Q~

Kow. 'l'e ddinc lhe follO\dng qllllntiti~:;:

(2.fi.J2~)

".1

C(W) f'
-~(,,-,) (1"[!--'-) \ll(1!,lI"}rll'.

), 11 ,,~g'

U4 "I(IV) .rU
1
!ilw,,('" 11') .\'1(l'.lF)d,-',

(15 f (t'·n')ilw ,,;\'o((',IF)dv,
. "CS'

(Ir, les; (t'. n - i'dj·F)),II",." ,Yll((I, W)dv.



IlydmllY"IJ.mir.\' of ihr f(1Iram%- J!ic..ek model of ro/Ming self-p!"oJ!dbi J!I1"liclc8

From (:1,(i.llll), th" fllnr.tion :i'll(I', W) r~ll he writtrn .\n(I', IV) = Xl1'(Ii), with Il = (""0,1') aud
X"' the \lIli'IH<: 2"-p<:I'i ü dk ~lllll(iull (Jr

l"~
)u Xt\·(Ii)dO = 0, (2.G.13U)

",ith ''''(IF) = (w\J. 0). Therefore, the (juantit.ieg a, through aG CHU be Wl';l\('JJ:

1 (2IT
ii~F)d.lo (SillO W)<1'w(O)Xw (O)dli.

1<0 = À(~') d 1'"(sin li - W) cos( li - ~'(Ii!)) $11(8) XII (II) c[fi,

C(W) (~
- ,1,(11') Jo ros(B- ,':'(W))X1dB)dli.

1 (2;;
À(W)d Jn (sinll-W) slu(iI->,!J(W)) 'hr(O) X1dO) dO,

C(IF) (2~
- A(Ii!)./o hill(tl-1,"(IF))XIl (tl)d6l,

-Cl(W) [~<f>II'(Ii)XII"(i.J)dB.

(" ~ill((I \i,(lV))'hdU)Xw(!J)c/O,
j"

(n {cos( (1 _ l/i(I\")) _ ~l (Hf)) 'I>\r(II) XI] (II) rll!.
j"

(2.G,131)

(2.6,132)

(2.G,133)

(2.6,134)

(Vi, 1:1'»)

(2.(i,136)

We notice thal the}' depend onl)' on Il' and we ,hall ùeHole tlL~Jll hl' "ù Ir), k = 1, ... , fi. W" llOW
d('fül(' th(' follmvill!( lllOmf'nTs of flll<

mdpwl -/"CRl<dll'lPlVdW. /;-1. .. ,.6. (2.6,1.17)

With t he,e riefinit ion" we can mlilt illJy (2.(;, 129) Il}' -\n!:l- ~nd intf'gratp thi' l'i'snlt ing expt'i'SSiOll
on (l'. HI) E §l x Ii:. 'l'hUllks lo (2.ij,llfJ), wC gel (2,4,GfJ), which ~Ild~ tiJ~ J)l"Oll!of Tlll.'ül'l'lll 2,4,9.

Appendîx C SmaU angll1ar velocity limit of the SOHPR-L
model. Proofs

Cl Proof of Proposition 2.5.3

\\'t: Iü,tlK'l'Ù tü kl ( ) 0 ill lh<.; l.'udlkil.'ul8 (2,,),74) uf Ull' SOHPR-L m[)d~l. Fm thiH, we neer!
th" ["J!owü,/\ I""nllw

Lemma 2.0.11. (i) 1'01" fi.'red IV, Ille fUJlct.iolis 'jJw and XII" r"~jJ"dim{~ yiv"" by (2,,{,,{.1) ,mil
(i!,1J.10iO) an: sud! Ilia!



ApperuUx C Small anqu/a,- "du",!!!I;",;l ul SOllPR-J, mndd

Il.1/1(<1,; e = (li, 1'), Mu(I') (1,1Ir! :1:0(1') (ln 1/11: VMF distributina (2,,'U!4J and the GCI (2,rUi9)
nss(}{:ùl.f~rI 10 Ihe smnll angn/arve/oeily case, g i8 given /J'Y (iJ.(i,.')U) or (2,6,91) al/d Z</ i;' lhe

normalha/ion jactor (2,3,21,).

(il) We have

'~1 (IV) ~ r, (0) + O((),

a~((lj!) '" (lAn)..;. 0('),

1I5(lF)- flo([)) +O(().

,~,(O)· r2rr'Ilo(O)"osOdO_"I'
.In

1 1'"À(O) '" -,- i[>,,(il) siJ/flt!li,
'''1 0

udO) ~ t!À\Ü) ,l'" ,po(O)Xo(O) sinOdO,

1 1~'7
a~(O) = -- "'0(8) xore) (0811 ~in ede.

dÀ(O) 0

fl,(O) __ dÀ([))"I(O),

(2Ji,j,1O)

(2,0,i41)

(2,6.112)

(2.G.143)

(2.fi.l'11)

""/""'p '" ,,' /Ii~ (ml~r l'nmmrlrJ" of Ihe VMF dis/ribu/ir", in Ille Bma/I allgn/af case, gil'en ùy (2,.'I.5!5).

Prouf of L"mlwl 2.6.11. ChaHging IV in!{) (IF into (2 .ci ,GC) Anrl illsprting e"pansi0115 (2, G. l 31l),
wl'! immecliatply g'2t the\. <\>11- Xl are e\ien and XI!, 1>1 Me odd fUllCtio1l8 of e.

Nol", dWJlgillg IV juta (Il' into (2.4.43) [lnd agajn imerting the expal1Rion (:'Hi.]:l};), we ~t

that <r'o is" sm()oth pPI;orlir solution of

;", ~ (sin (/ if'o)' '" n,
el

Such a solution is unique and given by Ihe fiJ's\ cq, (2,6,139), luscrlillg l'XPHll:>iulJ (2,6.1.11') illtU
(2.G.105) give.s (2,{i.l·1Il).

- -

Gefore eXJlanding X w(O), we need to expllnrl ~,:"((ll') ~ (,,-,fl{lF). 0). Wi' 11II1"f, br (2.,;,7:1) ;mri
(2.4.4S),

~J(CH') = (W(l((ll'), n) '" (CUfl(W). "'",,,(C 11")) '" ("-'. '4'",( IF)).

The 11\~t '-'liUlility ~ume~ from the fllet thut ~,(W) dues not depelld on the parlicular choice of(,..(ll'),
Till"', inSl'rting pxpHnsioll (2.(;.1.3S) intn (2.G.ll)ô) and USillg the eVellne5S of 1>" alld the oddlle:;s
01'<P1,v,eget

1
,,,

,d - 1>1(0) ~illOdO.

"
It follow, tlrat

(2.G, l4.j)

\Vp dprhtr.f' that t hp right-h",nd ~ide of (2,6.130) (\Vith IV çhangeri il110 (IV) (an be expanded lnto;

dn(1! . t/J(ll')) . sinO (2.G.J.lG)

Now, lnsclting (2,6.138) iulo (2,G.J:10) (wilh IF cl",ugcJ iuto (W), W~ ûwl tlml Xo(O) is" SlI]Uot),
periodic OOlllt.ioll of

xl! l, (1 J(' '(/- o+dBJIl .. (,,,,mn,
('")0 Xo(lJ)d(/ = O.



HydrodY1lamic8 0/ the KUl1IlIloto- Vie6t:k 1Il0del 0/ rolatillg $t:lJ-propelled particlr!~..

Now, b)' COIl1Jl11ring witll (2.(i.8\1), we relllize thM the sceolld relution (2.6.139) h()ld~.

Now, iuscrt ing the c",pnnsiolls (2.6. 1.18), (2,G.140) Ilml (2.G.I '15) slIce=;Î\'ely iuto (2.0.128) nad
(2.6.131), (2.6.132). (2.6.13[,), we get (2.6.141), (2.6.1'12), (2.6.1'13), (2.0.144), which ends the proof
of the LcUltllll..

End of proof of Propo~ition 2.5.3. Since 1/3, u,l and U6 are cl'en functions of 11', the expallsiOIl
ad(11') = 0(0 for k = 3,4,6, I\'hen ( --+ 0 IH;lld". Therefore, in this lillIit, 1Il~.lp\\·1 --+ 0 fo,·

k= 3, 4, 6, Now, nsing (2,6.142), (2.6.143), (2.6.144), we hn\'o mf(pll'l--+ UI'{O)P, witl. f' gin'Il by
(2.3.29). This leads to:

Ptll(O)O,f! + pa7(0) «(1. 'lr)ll + a~(O) Pn~ VrP = O.

Di"itlillg br 1I1(0), wc gel (2.5,76) with ttll' C()('lfidl'nts C2 and ('~ gil'cn br:

112(0) tl5(0}
C7=U](O)' ~=UI(OJ' (2.6.147)

1\'011', nsing (2.6.142), (2.6,1'13), (2.6.HI) togcther with (2.6.139), we IlOtice Ihat the first C<:I.
(2.6.1'17) is nothing but (V.>. too), while the S'XOnd eq. (2.6.147) CRn be n'Cast iuto (2.5.77). Filllllly,
Eq. (2.5,75) directly folloll's fJ'om (2.'1.5'1) Rnd (2.6.1.10). This cmls t.hll l'mof of PropQl;it.;oll 2.5.3.

C2 Proof of Proposition 2.5.4

To cOIllJlute the ortler 0(0 tel'llls ill the expausiou of the SOHPR-L model wheu (~O, we lleecl
ta complement LcllllllH 2.G.II by inform/ll.ioll ..bout 1he fi.."l·order corrections to the terms (1:1, "4
And IlG (see (2.6.13:1), (2.15.1:1.1), (2.(\,136)). This is lhll pnTpose of lhe following lemma:

Lcmma 2.6.12. (i) The perth.'baIiOlls <fil and X 1 a~ the ullique amou/Ii 2". pc,ùx!ic wl!dio"s 10
the pr-obletll8 ." '(' ,.)' '.'l+d sllI 1 =d o·

Wc /wue llie cxpClllsicnls:

{'"Jo <h(O)dO=O.

{'"Jo <l'I(O)dO = o.

(2.6.1,18)

(2.6.140)

(2.6.Jr.G)

(2.6.1(11)

(2.6.152)

Proof of LCJlIllla 2.6.12. Eqs. (2.6.1'18) lItul (2.G.I'19) Follow c,,~ily Fm", (2.4.'13) aud (2.6.130)
(chnllgins 11' intn (II' ",,,1 t'xI",,,ding "1' ln ~Ild arder iu (). Theil, from (2.6.103) llnd (2.5.66),
Ml fiud thllt the Cünstllnt C(II') is odd with rcspect ta 11'. Therefore, C(It') is CXttlllldcd ill (
lIcl:ol'dilig 10 C(II') = Cl (II', whel'e the eXI1rl.'SSioli of the constant Cl CAli he ohtllined frolll ,~o,

<fil bul will no\ be needed. Indeed, in the CXllIlllsion of 03«11'), the lernl cout.. illiug Chas lion
contribution bl' oddncss with respect. ta O. The other terni CllU 00 CXI'"llld;llg tlsing t.he auxilillry
computations alreAdy donc in the proofof 1.111111ll1l 2.6.11. Thil)' Icad to lhe expl't'!'SSions (2.6.lr.o),
(:l.6.lul). (2.6.152).

Once LClllll'lI 2.6,12 i~ )ll'Q"t'U, tlie llroof of Propositioll 2.5.4 is straighforward Ami left to the
n::ad,~r.
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Appendix D Graphical representations

ln Ibis ap!Jcndix, we Jll'\J\'id<: ~(J1Il<: gl'uphital reprl'senta(ioJls uf thl' equilihl'iulll CVI\l rliiitrih\ltion,
Df l!l" CCI ",al ,,[ Lh" co,,[licjm!.s aj. .n." of the l~rge ~ngnl~r l'mariou c~se. Fig. ~,l provirles
th~ (;~nel'i\liz('(l von .\ lisrs- Fislwl' (G V\ 1) disll'ibution ,1/," (u, J!i) (~,..j ,..j..j) as a [undioll uf lhe ane;lc

0_ ("-'Il, u), j,l', l!l" fnll('t;Oll 'T'ldO) d"f]""d ~t D~f. 1.~.~. Fig. 2.2 pl'Q"id~s lh~ Gen~l'alizecl Collision

Invariant (GCI) \'n(t., IV) ddill~d <Oc 1'1'<)1>' ~,0.10 a~ a hllldi(Jll of the angle 0 (...·n, v), i.e, the
flL[ldiulI )(w(O) ,lefilL",l by (2.1i.I~O). Thp GCT 113'''e IlPP" sŒlprl to ]Jl'es~nt similal' lIla'{ima and
bp. 1ll0l'P. P.R"i1~,' rOIll)lRred (in otlJPr WOl'cb, the function l'epresent.ed is JX\i,(II) for mille valll~ of
the sCRling parailldel' ,8 ; w~ lHJli<:,: tlim the fillal SOHI'Il·L uwdd io illdepellt1l'llt of the uoe üf
,-3X II,(O) inslead uf )(11'(0), il~ the GCI f"nll" v('N.or spn",,). TI", GVJ\I ~nd Gel are )'eprp"~nted

fol' thl'f'e l'R1Il~, of the noi,e p~l'mll~tf'l': fi = 0,2 (Fig. 2, la ~nrl 2,2",), ri = 1 (Fie;. 21b and 2.21J) and
d = Ci (Fig, 2,ic and 2.:!c), lu ~Hdl lig"J'(:, 1(".Il' \1tluc~ uf tho: illlgulm' ITludty 11-' are l't']m.'iClltcd:
IV - 0 (bluo curve), li' .1 (l'cd e"J'I'e), IV ~.~ (!-\lH'1I cnr"e) and IF = 20 (InHgent>l {"lin',')

On fi!!;. 2,1, Ille observe t.hflt the nv.\] havi' Gnlls~inn shaprs ",hi~h h"rmn~ more "'lel'en with
ma,i",a drjftjng t.owards the l'ight wh~n Uw "llgn"'r H'kleil,\' IV iLJeJ'(:n.~<.·s, A~ IV beCOIlLl'~ lurge (~co:

t.he mag~llta cunes correspont1iug tu lF _ 20), tlte CV1I.! l'''COlll''" dose t" H""if,,nll ,1istri1>ut.ioll,
and the difl'erence to t.he llnifonn dinribntion Rfelll~ dose to an mir! fllndion. 'l'II<' inRll~llœ of
IV i'i st.rong~r when the noise pRrameter ri is smalt lndeed, compariug tlie bilLe ami r~d ~\ll'\":S

respectively cOl'responding t.o IF - 0 Huet lF _. 1. WC oLs~l'\'C " faid)' lar;,;" dif[",.,,"œ i" th" "HS"
il - 0.2 (Fig. 2.1<1) while the difference i~ tiny in the case d _ 5 (Fig. 1.1c). In pal'l.icillal", we
o!Js<'n'e t.hiü I.h" position of the pe~k is stron~ly drift.ed t.owal'ds the l'ight in the case d = 0,2 (Fig,
2.la) ~nd t.o ~ les8el' ext.ellt, in t.he (ase il -1 (Fig, 2,lb), The drjft oftlw penk towmds llie righl,-----
oliow, tlmt t!liJ angle ~'J(W) _ ("-'f!(1l'), \1) can he 8ignificam, For iniitanœ, hf1'f\ in the t~:i<' fi = 0.2
(Fig. 'LIA), we œe th~t this angle ;3 abont ll'adian (if we estimale il as lh~ pusi[ioll uf lh,: pl'"k),
As expecterl, the widt.h of the peak illcJ'enS(~ wilh lhe Jloise purruucl<.'" d.

On Fie;. 2,2. we notice thnl [he GCI are dose 10 o,M fllUdiuLlS uf 0 ilIul arc ri;;"r<l1l~l)' ",Id
h\ll...tjon~ in the cm;(' IF .. (J, The influence of increa~ing \'allle~ of IV i~ ~imil~r a~ for t.,ll<" GVJ\I,
with ~ defOl'm~tion of the GCT towal'ds the right (compare the cases IV = 0 (bIne ("Ulve) altd IV = 1
(red cUlVe) fol' the noise p~rameter ri - 0.2 (Fig. 2.2a)), The infllL('J]œ of IV is b~ prullolllln,,1 fOl
ilLn<"<I~illg \'aIL1Œ al' d, with ahuost 110 ùiffnl'ucc betwcell the CRses IF _li (bine cUl'I'e) Rnd IV = ]

(n,r\ (']ln',') fm dl" lIoi,'<' l'HlAlIlPtf''' ri = :) (Fig. ~.2{"). \VhPll hoth IV and ri M~ small, t.he GCllwl'e
sli~l'p v~,.iations Rl'(mnr! fi = +Jf ~nd .';HJoother v,ll'iation al'Ouml!! - 0 (sec the cases li-' () (bille
':\ll"H') lu!' il = 0,2 (Fig. 2.2<1)), Wh<.'u citlin il 01' IV illn~uses, t!Je GCI becomes dœer ~nd clmer
lo !-IL<' sille fnuet-i,,,,.

l'iuRll,\', on Fig. 2,;1, tlii' ropfFkients "1 t.hnlllgh ~u as fmlClio"'; of 1-1-' ill the range IF (- :0.10]
'-'re rcprl'~cJjt"d. Ag<lill, lbn,\, 1"i\ln<.'s of the lloi~<.' ]J,ln'lL'l't,'!' cl Hl'I' hlvl'~ti~lltl'd: il - 0.2 (red dor,),
d _ 1 (hl",' s(.ar>;), Il _ <~ (hlack dimllOluls). As Hl]]]Onn"",) in PmI'. ~.:,.~, Il''' "f'HIi7e th~t ni and
0) ;'Ire pŒiril'e, W" ~l~o ObSl'l'I-'i' I.hRt 11-1 tlll'lmgh (I~ Me rJ'rite slll~1I for large vailles of d (sec the
case ri = T;) allli th"l r", Il] aud ((5 'R'C'1lL la l'OLl\Trg~ la 0 <1~ Il' ) oc, El' COlltl'!l~t, 112 Hnù a.1 seem
(.0 lm"" " lill""'- \'"l",,,im as IF ) x, ",hil" "u S""lIlS 1.0 "(]lLyprge tu" "on-7f'r<1 vaille. Fillall)', R~

"xpert.erl. t.he l'~ng" of l'm-i~tioll of t.he pa""mHt(>r~ ~s" f,-,nctian of Il-' i8 nMrower in the low nobe
case (cl = 0,2) lhnll ill lli~ iOlJ'g<.' 1]ui~c '-"ISC (d = 5), Ali tiR'oC ob~<.T\'!Hiall~ llCCt1 to !Je conHrmed hy
l.I",orclir·,,1 ilLv"stig"t.i",,>', whi"h will 1", <\,'""lo]l('d ill futllr<' WOl'k
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Figure 2.1: (CalaI' online) The Generlllized von l\lises-Fisher (GVM) <filV(O) liS Il funclioll of 0 fol'
thrœ ,,.Iul'S of the noise plll'lImcter: If = 0.2 (Fig. 2.111), d = 1 (Fig. 2.lb) IInd If =.'j (Fïg. 2.le).
ln caeh figure, fouI' ".Iucs or the tlUgUlllf \"docll)' li' lue repl'cscnled: II' = 0 (blllC cur\"c), li! = 1
(rcd c\lrvc), IV = 5 (green cur\"tJ) Il,,,1 li' = 20 (mllgtJIlllI cur\"c).
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F4;ure 2.2: (CalaI· online) The generalizw eoillsion invoriallt PX... (9) os II funetiall of 0 for lhree
\'lIlul!s of the Mis!} paramNcr: ri = 0.2 (Fig. 2.211), rI = 1 (Fig. 2.2b) /lnd d = 5 (Fig. 2.2e). In cadi
ligure, four \'tlIUl'll of the IIngulllr \"elacity IV lire represemed: IV = 0 (bIlle Cl1l"\'C), IV = 1 (rell
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Part II: The Vicsek Model with
Repulsion





Chapter 3

A macroscopic model for a system
of self-propelled particles with
alignment and repulsion

this chapter i~ ,( juint work with P. Degond, G. Dilllilrro, N. Wang. The paper has been acccJ.>lcd
lu \'" publisl""i ()Jl CommllniCRtiOIlS in ~Iathelllaticai Scicnce\> (CJl.li:i), The idea uf l'0nstructillp; the
llloo<,1 iR oue la 1'1'. Degond. 1 was in charge of lI", ]lassa!,:<' from microscopie model tü nwcrosc0l'iç
llloud whik \Vang tuok cme of llilmerica! ~inmlat.ioll~ fOl' t.he particle Illode!. Thank 10 COll~l"lJl

11,,11' from Pl' n~golld and Pl'. Oimal'co, Wang (llld 1 ha"'." ul~() bcl'll wOl'king togelher on t.h", mde
for th!'! llln~l'o>:<copic modeL By \Ising tlJew cod"" 1 )"''''' <iD]]!' l111IllHl'iCRI te;ts in section ~.4 (of
CUU1>;e with help~ l'rom Dcgond Rnd Ciacomo)

3.1 Introduction

TlLe ~t"d'y uI collective motion in s)'Htems consisting of fi larg.. n\lmh~r of agenls, sueh as Linl
ilo"b, fi~h SdlOOls, suspensions of active swimlllcrs (l;n~v.'l'i<1, ~[Jcnll çelb ), etc has trj~ger"d an
intcnse Iitr.rat\1re in the l'ecent J'cnrs, WC' l'der tü [rH, 6.1) for ,"",.,.,,1. rpviRW~ on the subject. r'rlan.... of
~llCh ~tudi~~ l'elJ' on a pal'tic!e morlpl 01' lndividtlul lJuserl ~lodei (lBIIJ) t.ha( dC'SClihc~ th" Illotioll
of ea('h illdividual scparat.clr (sec e,g in (.), 16, 19, 20, 21, 58, 69, 72, 87]).

III LlJis wOl'k, wc aim t.o des{Tibe dense sll~pensions of Hlong'lt.~d s~lf-propelled parlic!eo iJj il

f1uid, hll,,)' liS sperm. T" sueh dense suspensions, skI';"; lTjJ\1bioll is !lI1 C':;~ntial ingl'edio"nt. of rh..
dynamirs. A large part of LIll' lit"ratme i~ COJl('(''-'lf'd \\'ith dilute fiuspensions 159, li3, 74. 82, DG],
lu thcs!.' H]JjJl'Oaches, t.he Stokl'!' eqllMioll for the Auid is rOllpled to t.he oriemaliomll <!iol.rilmtioll
flll1('tion of the self-pl'Opclkd l'<utieks. Howl'ver. these approal'hes are of ;'nlP.iln-field type" i.e,
aS,Ullll' t !lat pH rl.id" illl e"",j iOIlf; III'(' 1lI,.'()j~tl'd by the f1uid thl'Ough SOIll<.' killd~ uf <lVenlgc~. TlJcsc
appl'Oal'heR do not. rJ p~ 1e~Rily wit.h short.- range interactions bneh H~ ,t"ri(' r"pulsion or interactiollS
medialed l>y lubrieatiun forees, Additiolllllly, thpRe lllodo"ls USSllllh" U rflther simple geometr,l' of the
~WiIlllll""-", whi"h arp r~dllced to a force dipole, wlülc I.lre lnl~ g';'Olll~tT.l' HlJll motion of lUI actlml
~wimmer, like a spenn œil, is cOllfiidembly mon' {'Olllpl"x

III a r"""llt work 173], F'ernani et al showed that, [or <.kll~(' ~y.,;I!.'lIls of dongated Helf-propellPcl
Jl~rtitleA, t.he ~teric interaclion l'C'sults in align"","!.. Rdyin!\, 011 t.his wOl'k, and owing to t.he fnçt
l.hat the d~~<:rilJtioll of SWimmel'R int('raf't.ion~ from first. pbysical pl'inciples is by far tOD c:omp[,'x,
we choose to l'eplaœ the fi\llu-Jll<:ùi"kù illLeftldion by li simple alignment interatt.Îon of the Vicsek
type lû3].In Lhe Viesek m(Hld, t.iH·llgmlt.s move \rith comtant. speed and aUelllpll<.! nligll with thcir
ncill;hbol'H ap to Raille ll<li~e. ~'Iany aspecl.~ of the Vic.sek Hlûtld have 1",,,,, .,/.",jjpr!, suc], as phase
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transitions [1. Hi, :24, U. [.:2, ll3], lllllnericai simulations )1.], derivation of macroscopic modds
:0, 2f.1j,

The a.ligl1111ellt. interaction a.rtin:; alnne may t.l'igp;er t.he formation of high part.klü mnrl'ntl'Cl­
li(m~, Hu\v<:ycr, ill lkll~~ sn~p<:lI~iull~. V()!lllllÇ çxd\~~ioJl jJn:\'~lI( ~Udl high (kJl~i(jç~ W ()l'(\11'. Wlwll
,list l'il ,,",Ph 1",1.w'*'lI l'l'irt.ideo 1le"""'" w() "Hl"11. rPjlu IHiYp. j, l<U''; l'il'P gen"mt ed hy th" Il LI id or by the
direct reactioll of the bodies one to each other, Th""", forces cOl1tribute to l'epel the pal'ticles and
tü prevent fUl'ther contacts. '1'0 model this behaviur. we must add a repulsi\'e force 1.0 the ViŒek
aligllillent mode!. Inspil'ed by [6. .:;~. ~7j wc considel' the possibility that the partide oriclllatio(j~

(i ,c thc diredions o[ lh~ self-propulsion force) and t he part ide wlocities may !Jc J irr"j('ul, Il "],,,,,1.
~terir interllcUolllllay pll~h th~ parride~ in;i dirertion diffl"renr from thar of t.lwir s~lf·pro)l\llsi()n

force,
\V" eousid"," Illl ()v"nlmup",l r"l,;i",,, iu ",hid, th" vdocity is pmport,icmal to t11<' fOTC'" tlmmgh

a, mobility coelticient. The ove,damped limit is jH.~tified by the r"çt that t.he background Huid is
\'i~(:üu~ ami Ul\'~ tlll' fül'CC~ due to fl'idiüll ar<: VGI'Y lm'g'" <:ülllparcù to thüs~ due 1.0 motion. Indeed,
for In;"lD ,;i", pal'tie1e'i. t.he RpYlwlds m()nher iH vpry Hlllall (~10-') ami t.11\10 tlw et'red ofinertia
l'aH 1)(' Hcglect.cd, Filldl!,I'. dilf(,l'cntly l'l'om [6, S8, 87j we cOIl"idel' an additional term deseribing thc
reiaxatioll of the partiele orielltatiün towlmls the diredioll of the partiel>:.> l'eloeity. We also take
into acçoullt fi Rrownian noise in the ol'ientntion dynal11içH of the pal'ticles. Thi~ lloise may take
into acwnnt t.he Hnirl tmbnlence for in.~tanr0. Thrrefore, the partide dynamirs resnlt.~ from an
interplay between relaxation t0wanls th~ me~n orientation of the ~urroundin!!; partideH, relaxation
towards the direction of the "elocity vector and Brownian noise. From now on we refcl' to the abo\'c
d~scribcd model as thc Vksek mode! with repnlsion.

Starting from the above de~cl'ibed microscopie dynamical sYHtem we ~ueee~~ively derive mei'cn­
lidd cquatioJlS and hyclrodYlIlImic rquations, :\fcan field eqnatiolls arc "a!id when the lllllllb~r of
pal'tic!cs is bl'gc and dcselibc thc cvolutioll of the one-parlidc distribution, i.c. tllC prob~bility

fol' i'c Jlarticie to have ft given 0l'ientRtion and pU'iition at a Aiven in~tllnt of lime. EXJll'e,~ing thRt
the ~plltio-telll]l0l'al ~ral~ of int.ere~t lire lar!!;e cOIll]lllr~d to the ai1:ent~' ~ri'cles ll'ad~ t.o .'i ~illguhl'

pcrlmbalion pl'oblem in the kiIlCi.iC equalioIl, Taking thc hydrou)'Jj(,mie limit, (i,(', the iimit of
th" sin!';"l",- l",rtm!Jati(Ju ]lanrmd"l' to z"m) l('",l~ to th" hydrodynilmi('. Il,,,,ld. iIvdrodyn",ni('
modl'ls are pal'tkularly welI-~\1ited 1.0 systems con~i~t.ini1: of il. lal'gr number of agmlts and tD the
ob~Cl'wlionof Lh" ~y~\cm'~ large Hc<lk Hln,<:lu('<:~. ]nùc<:d, li,c computntioH"i ('Dst ()f 1131,,] incR'asc~

dnunati""Ily witl, thp lmm),,,,' of Hg{'UtH, whil" tl",t, o[ hydrodymm,i" lllodd~ is indH]lf'lldent. of il..
\vit.h iil~'I, il. is al~o Hom~tillles 'iuit.e tllmh<'fHollW 10 aœ~SIlohHm'w,hles ~nch il~ ordPr parametel'.~,

whik (!le~" (ju<lntitil's Ul'L' u~ually din'l'tly CIl<.'()d<:d iutu the hydrudymlll,it, equalloll~.

Tl", d"rivat.ioll of hy,lmdYIlllluico lllodd, hH~ hœu illt"l1~ely slmli"d hl' ""Uly "ntllOrH_ !lIHny of
t.h",.~e models are ba5ed on phenomenological con~iderationH [gl]or derived from moment a]lJll'oaches
ami ad-hoc eiu~\\l'C relations 16, 9, 79j. The lirst llluthelllalieal ùerivatioll of a hydrodynamiç system
for the Vie~pk model h~s !Jeen propooed in [29j_ We refer to this model to a., the S",lf-Organized
Hydrodynamic (SOH) modc!. One of thc main contributions of :2!r is the concept. of "G~nemli~ed
Collision Invl>rifl.llts" (GCI) whieh permits the derivation of Illfl<::l'Oscopie equatiolls for i'c ]li'crtide
system ill spite of its lack of momentllm conservation. The SOH mode! has been further refin<:d in
[32, ,j~j.

PerfOl'llling the IwdrorlYllamic limit in the kiu~tic e'1mtt.iolls aRwdat.erl 10 the Vk~ek mode! with
l'cjJulsioll le<ld~ to thl.' oo-calkd "Sdf-Org(l()ized HydrodyuUJ(1Î(:s with I-\q),d~iul)' (SOHR) ~y~klll.

Th" SOHR modpl mlloists of~. eontinui!.y e'1lHlt.ioll for thA dpns;l.y fJ ami an ~volntion ~quatio)1 for
th~ ~Vl'r~g~ oriPll!.Rtion !! E S"-l wh~"e n indicates the spatial dimell~ioll, The average orientation
of the Huit! at (x. t) re)1reHent~ the total ~um of the ]Jal'tide~ orientations in a ~mall v{)lume lll'O\lnd
l' at time t. normalî2cd lo nnilnol'm, 1I·lol'e precisely, the moclelt,cacls

U,p+\1, -(pU) -- O.

f!(Jr~! -1- p(V, \1x)!l--'-l'fl~V'"p(p} - ~1l'fl~6.~(pfl),

Ifli = 1.

(:1.1.1)

(3.1.2)

(3,1.3)



Jllll'Oduclion

wher~

u _ [;1'.'011 1,4>oVrP, li == c2"0!1 1~<PoV~P,,
p(p)--vOdPI"P<I>O(("-l)d+c")~, "1=1I1){(1I 1)dl'C2).

(:l.lA)

(:l.L~)

Thr ro"ffjrirnt.s ('" <:", "0, l'·, <1'0, d, (l, 1."0 are lISS0dil!.f'il t<l th~ mi{:ro~copic dynmnics 'llld will h~

defined later oU, TIl(' symi)(}l Pll , ~tBnds for 1I1e J'l'()j~'d.joll mntrix

POi =Irl-n:~\l

of R" on the hYPl'rplBne nl.. Th~ SOHf-l. model is slmilm !o th" SOlI """lei obtBined in [321, but
with several Bdditiomtl t<:"UI~ whidr are cOllHl'qllenœ~ <lf th~ t'f'pnl.~ive l'orce al- tire l'art.ide ]"V<'1.

The rC'pulsiw [orcl' ir1l.PllOit.y is C'hllracterizcd by UIL' panullct('l' WI'o. In thf cnSf I"ij,u = 0, the
sOlIn ~ystfm is rprluced to the SOH OllC',

WC' lirst bridly dt'sn'il)(J the origin~l SOIl model. In.~erting (3,1.4), (:1.1.;') witlo 114'ü = 0 into
(3,1.1), (,1,1.2) buis to

(J'fi + "1"0 V r ' (pn) = 0,

pain + C"lt'op(i! . V,)n +- ('(Id rll~ V.,P ~ ~iP\I' LI.~ (p!!),

(:l.loG)

(3,1.7)

toget.her willl (:U,3). This lllOljpj sh8res simi!aritiC's willl \h~' i~'Jt!lcl'ma! cOlllpre!i~ihl", N:wii\I'­
Stokes (NS) fqllil.t.iOllS. Iloth models consls' of" Jl(llJ liu""r hyperholic part suppleJlwllt<:d l;y a
difflu,ioll ({'l'm. Eq. (:U,6) <:XpIT~~CS con,ervation of mltss, whilr Eq. (.3.L7) is an C'ljnaliOlI fOl th"
meau orientalion of 1.1." p8rti"ips. Tt i~ not cOllsC'n·ath·C', cOlltmry t·o the c0l'responding lll())mmtllm
con~er\'at.iOll llijnMion in .\!S. The t·\'/o et]unLioll~ arc slll'pi"Ill(,Il\.ed hy the geonl('\l'il.' OOll~t.nlillt

(::U .3). Tilis constr"ill( i~ ~<ltisficd flt al! times, ~~ ODOll II~ il. i~ filt.i8Hec1 initinlly. I"d",~l, owill!'; to
the pre~c.'lI<:ç üf thç pHJjel'tioll operatol' Pl!' , rlnUiug (1.7) with n, we get (prol'i.-!(>r1 rhM, (J # 0)'

~h(lwing tlmt jOI2(:r,l) _ l fOI ail times a~ soon as lîI2(.1·,O) = 1 fUI" all J', A second important
difference betwf!en I.h~ SOH model and ;'·;S equatiolls is thal thp mnvpdion velociliC's fol' (!Je
rlPll~ity Bml the oriC'lItation, l'o(.'r ilud 1!Of:2 rrspr('l.ivrl~,. :ur rliffrmllt. whilo 10r)iS thl'Y arr (~lIlilL

That. CI -;- C2 i' a l"()H~PqH<'I"'P of the Jack of GlIlilean illvariall~<: of the lllode! (ther'" i~" prdplTPrl
frRllle, which is dml. of t he Ruid). The main C'OuseljlJeUC" is t.lmt t.he propagat ion of sound W<I Vl'~ i~

~nisot.l'Opi(' for Ihi~ Iyl'(' of Iluids 191J,
The fi["t waill differpnce hetween ,he SOH <lnt! lh~ SOHH s)"Htem is r,hp ]Jrps~nr.p of t.he tenll.~

11<I>uVxP in t.hf pxpre~sions of the vel()(:il.i,,~ U awlll [usPlting this term illthc (kll~ity Eq. (3.1.1)
l'L'Sul\s in li tliffllsiull"like term -11,<I'u V x ' (p(v"p)) whiçh avoids tllC furm"tion of high p~rtide

"Oll",'nl.rMions. This teun shows sillül"ritie~ with the lIoll-linear diff\1sion lel'lll in pOI'OliS media
mod!'ls, Similal'1y, insert-iur; th~ t"Ill! /J'I>o \1 xl' in t.he ol"ipntation Eq. (3.1.2) r~~ults in !\ ~onvection

t CIIll iu the direction of th", grailiPllt, of the density, Its effecl is jo [OH'" partides to change direct.ion
8.nd move t.owanls H;gioll~ of IIJWeI cUllcentratiou. Thf Rerond main c1ifferellcc is the ll'Jlb"PIllP"L
of the !incar (wit.il r"~p"(·t. t" p) pl"e~sllre terlll 1'()dPf]_ v".p br a )jonlille~!' prf"~l\rf. p(p) in the
orient.lltion !':'l' (:1.1.2), The nOlllinear part of th" jJl'ŒSllIe <,nhances the efTects or th" l'CpU!SiOll
forces wll"u concentrations nerome high.

Tu fu rthpr pstahl ;'ih the \'Blidity of the SOHH Illutld (3, 1.1 )- (:1.1 .."), we pel'fOl'lll numel'ical sim­
ula!.ions and compare tll('111 lo lil",,, of t\w 11l1rlerlyi ng lB!\']. To lllllll('rinllly ~üll"l' the saJ[[l mode],
wc adapt the relaxation method of [711. In t.hi8 method, t.he unit UOlm mnstraint (3.1.3) is aball­
donned Bnd replacC'd IJl' H[ully cuw;crvative h.\'Jll'l'bolic model in which n is Sllppos(~l to 1", III IR".
Howevcl', "t. th" "ud of P8d, t.ime Mep of this conscrvaUv(' u)()dd, t.he vertor n is normalized..Vlo(sch
llnd NIIVOl""'(. ~howerl that t.he relaxat-iou md!o"d ]Jrovi("'~ mmwrical solutions of the .sOH lJlode!
which ar<: I."(JII~isl-clJt with those of t.he p~rtide mode!. The l'esolul-ioll of the c:on~el'vHti\'e model
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nm tHk~ advantage of th~ lmg\' litemt1ll'\' OJl thc l1\lll'l'riçal l'Csolution of hypcrbolic conservation
l!lwS (here SI)P~ifkally, we lise [::l~])_ \Ve ad"p!. 1.1", ü'dmiq"" of [ni in illd",k th" r!jfTllsioJJ J1UX"".
Using tilese approximations, we Ilumericaily demon~t.)'iü.e the good mllv~rgf'nc" of t.he srlwme for
smoolh initial data and the çOl1Hist€llcy of the WIU(jüllS with thü~l' of the pal'tidt, Vkock modd
with l'l'pulsion,

TI", O"tlillP of tf,,, l'''l'er is a~ follow~, III h"diOJl :1,2, wC iutroducc lllC pnl'!idc Il.or!el, iLs
llleanlieId limit, the 8ealing and the hydl'odyllll.mk limi!. In S<'<'t.ion :l.:l, wr presfllt th~ mmwl'ical
di~~l,ctization of the SUHR Illodcl, wllik in S<.-'dioll 3,.! \V'.' l'rC~l'Ht scvcrnl llulllcricrd \c::;ls [or thc
marroscopie model and a eompal'i"on het""pen t.he lllÎ<:msl'opi" and lllilTDS""l'i" n)()(\,'k Sl~:t.ioll

:1.;; is devoicJ lo draw a condllsion, Some technical pmo!"s will be giwn in th~ Appendices,

3.2 Model hierarchy and main rcsults

3,2,1 The individllal based model and the mean field limit

We '.'oll~idl'r li ~y~tt'Ill of l\-'"l-'lIrtidl'~ ",Kh \l!" wlJidl i~ d'.'~cl'ilJcJ lJy ib po~i[joJl ..l,(1) E R", ils
v~l(leity l.'k(t) E ]1:", and ifS rlirertion '-'o'k(t) E §H ',wh"..,,~, C {l" ,N},,, i~ th" ~pat.ial

dimension and §" - 1 denotes t.he ,mit. ~phfj'f. Th" p~ltid" "n"Plllhl!' sIltü;11m; rlli' fo \1owing storhll,rk
diffel'elltia! €quatiolls

dX"
dt

Vu w" - Ji 'Ç~(Il(Xdl), t).

p,"_, "(l'w(Xdt),I)dt + Cl v~dt + V2DdBt).,

(3,2.8)

(3,2.9)

(:1.2.10)

['J. (:\.2.8) ~iml'Iy ~xprcsscs thc spatial motion of a partiele of velocit.y w- Eq (3,2.9) shows t.hat t.he
vdot:ity l'i: is ('')'''l'Olier! uf iWO COl "l-'oJlenls; a sc If- jJrop llision velocily of consl ant. magnil ude 1'0 in
rlirertion '-'0'" and Il l'f'p\llsiw~ force pl'Oportional to thf gradient of a potemia\ <l'(x,t) wit.ilmobility
n.>dii<.:knl li. Equn!iuu (3.2,10) \ksnilJ~~ the lilll~ cvolutioll of the orientalion, The fjl'~t ten))
",o<lds I.h" relaxat.io" ,,1' the t'article orieutntioll tO\"al'ds th~ average orientat.ion w(X..(t),t) of its
llr.igililol's wit.h l'~t.f! V. TIlt'! ~~onrl tr.nn ll1odel~ the rflax~tion of the p~rtide orientation tow!\l'ds
tlle dil"ectiou of th~ p<lrtide vdod\'}' v, wilh rat<: (l, l'iually. thc last tcrm dcscl'iJJCS standard
iml"l)(,1l!kllt. whitc' 1H>i~,," dn~ of i"!."ll~it-" V2J5. The ~)'l1lbol " rClllillds tloul. lh~ equa!ioll Ims to
be \lllde)'~tood in the Stratonovich f>ens~, l;nd~l' thi, condition and t.hanks to thf ]lrfS~llre of P",~,

(Jle 01'tjwgoua\ pl'Ojediou oulo th'.' plnlle ol'lhogoH,,1 to "-' (Lc 1'",_ '" (Id -w0w), wherc ;; denot.es
th" !.ensor prodnet of !.wo ,,,,,'t.ors "nri rd li; th" idellt.it\' ""'irix), t.iJ" ori"lJ!.at.ioll Wl' r"lllaiu~ ou ilLl'
unit. sphel'e. We assume t.hat Va, Il, JI a, 1) ar.. strietly po~it.ive const..lmts.

The re]lul~ive potential iI'(.T, t) i~ the resultant of billary illt'.'ractiOl'ti mediatnl lJy the IJiuMY
intcrnction polclltial 1/>. Il is givcn b.V:

(:1.2.11)

w!K'l'~ ll,'.' binary ['epulsioll l'Oklllinl 4'(11'1) only dcpcnds on the distance. We suppose thM x 0--+

<;'>(1:"1) is ~nl()()th (in part.i('ular implying th"t. ql/(O) = 0 wh"l'C th" Jaiml' deuot.", t.he (l"ri"aLivc with
re>;peCl to 1/). We also suppose Ihat

<f> 2 0,

lI1 par\ieular implying that <PU.rl) -+ 0 ilS 1.1:1 -+ 00. Thf qmllltit.\-, l' denot.es the typkal range of
if,. We rOllsider rel-'\l\HiI'~ pot'.'ntial~ i,e,Hm'li thut 0' < 0, SiH\''.' dJ -+ 0 us 1:.1 -+ w, tl1i8 iJlJ].>\ies
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that r/J?: 0 and that <1>0 = Jo(jxIJd:f > 0, hl the llulllerkaJ tc~t Section, we will proposP pr"d~p

cxprcssioHS for lhi~ put""tial fm,'c·.
Tlw mr.an O1'iPllla!.ioll ;'Cr, t) is defincd Ly

-,( , 'I _ .7(.0,t)
1.<; .1, l '.7(:t'. t)j'

Xd)R v.'; . (3,2.12)

It j~ """~tm"t"d ilS the nOl'malization of thc "cetor Jer,1) whidl MlIlJ~ \Il! an orientation vectors
v.', of ail the Jlartides which belong tu the mll;':" of Ih" "infi,,,,,]('(' kprnp]" [{(I.'l'Il. The quantity
R > °ls the typkal l"anl!:e of the illflllmlŒ k<'rn<'] J((la'I/R), which is supposed to dCjJC'lId OHl"
OH t.h" dist~nÇ('. It mrflSUl'C~ ho\\' t.ll!' Il)(''lll O)'icllt.ntiolJ <lt t.hl' ori!\ill iH inflllrnrrri hy partir1r~ M

position x. Hcrc, wC a'~lIltl" tlmt. CI: ) H(ler') is ~mooth 8\, the origin and compactly StlJ!J!vl'k'd,
For inHtllnœ, if J( j~ thl' Inrlkator l'un('tion of the bail of radins l, the qwmtity wC,;,I) ,,,,,,,put.es
the mean direction of lllC Jllll'tides w!Jieh lil' ill the ~phere of radius Tf. œntfl'Nilll.1: iH time 1.

Itemark 3.2.1. (i) Jn !!le {,b8enœ <l! r~I'1JI$il'f. forœ (i,e, l' = 0), Ihe sy~Ie""T'd",.·~., ln Il,,, lime
conlilwmw ltersion of tire Vicsek m",dd P"()JJo~cd in /9.9/
(ii) The Jlwdd JJ"";~nl"d -;8 th" RO nJllrd ,wrrdmnped Und! of Ihe mode! COllsistùlg '-'f (3,9.,8) ami
(:1.j.lI)) and whf.re (:1,2.9) is Tel'luœd bye

(3,2.13)

,",,'1/'1' - À2/À 1, T(Jki11Y OIC !ùni! f --+ 0 in (S.'2.I:'), we oblain (Y2,9), As "l!l'luly mCII/imrcd i11 lire
Inln!,lur:tion, Jm' mic1Vswpil' swimlncn, this limi/' -is j"s/ijieJ lJy Ihe ]'''J'!I """,Il R".II"'Jld~ 1tnml,el'
and IIr" ,'cry ~m,,11 àll'l'lia of thc partie/es.

IVe 1l0W iU!l'O,lllcn t.hl' 'HP~" field kiuetic equatioll whieh cll's~db..,s th.., lin,.., l'v01u(i01l 0f the
p~rticll' ~,\'~tell1 in !hi1 large fi' lin,it.. The unknown hC'rc is lite 011l' pmticl" distrihnl-i()ll fllllrtion
f(;c,w.1) whidl dcpl'Ild~ Vil the position x li- H", orll'ntfltion W E §,,--I ilnrJ time t. The evolution
of f i~ gm'cm",l hy the fallowing system

Dt! V"h-J) I~Vw,(J'wlW1J)-+-(\Vw·(Pw'1'J!)-D6wf=O.

Oj(.I. t) = 1.'11"-' - /lVA'/(l:, n,
",],..,,.,, tl,.., rqmlsi",' potenl.illl Rnd the average orientation are giVCll 1;.1'

(3.2,14)

(3.2,lu)

(3.2.lü)

(:1.2.17)

(:.U!.l8)

Equation (;3.2, H) is 11 Fokker-Plnuck Iy1''' "'luat.ion. Th" s,,('onrl !erm al the Il'ft-hand sicle of (3, 2, 14)
de:;nibes pat't-icJl' transport. in phy.';kal spaç~ ",it.h vdoci!.y '-'f and is the kinelic l'vun!",-pm! (lf E'l.
(3.~.8). The third, [oU!'th and firlh tl'I'ms dconiiJt, tl'all~jJol't ill orientation ~Jlaœ ~nrJ arl' th~ kinetic
collJllerpart uf Eq. (~.2.10). Tllp Rlignment. interaction is exprcosed 1,.1' tlle thi",.! (.(,l'lJl, whill' the
relaxation forcf' I.OwAl'ds the velocity 1'1 i~ cxpn\ssrd b,v 1.11<' [ourl.h !.<'rIll. Tl", fift.h /<'lm H'pr{'scnts
the diflusioll due 1.0 the BrOlnliall nOI~e in aril'lltation ~par('. The ]1roj~diall l',,l insurcs that llœ
fm"", tprms arp normal to w. 'l'he symbols V"" ,uld l:!.", l'csped-il'ely ~tHnd for the dil·ergen('p (If
t~ngl'nt. Vl'cto!' fj"lds \.0 §n-J a",l the Lapla<:e-Ikltrmni ''l'prator on 3"_1. Eq, (3.2.1u) is the dü'çd
Coullterpllrt of (:l.2,9),
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Eq. (:C!.lG) is the rontinuolls rounterpart of E'I. (:l.2.]]). Indeed, letting.f be th~ E'mpirical
me"surl'

in (3.2.1G) (wlw"" J(T,(I)'"",:iI)(;~'w) i~ the Dirac delt~ ~t (J'i(l),Wi(I))) lp~ds t0 (3.2.11). Simila"l,,',
Eg~. (:l.2.1 7), (3, 2.18) lire t li-o cOlitinuollS l'0\lllterpart~ of (3.2.12) (b)' th~ ~alll~ kiud of Hr~\llIlellt).

The rigorous convergeuce of the partic1e syst~llI to the lIbove Fokker-Planck equation (3.2_1~) is an
open problelll, Wl' reCillllw\\'cver lhal, lhe derivation of tlle kinetfc l'quatioll for the Vics~k model
\\'ithollt repulRion has llpell done in [l:ll in f1. ~light.I,,· modified context..

3.2.2 Scaling

ln 01'der to highlight the l'Ole of the \"IuiOliS tenm, we first \\TitE' the sy~tem in dimensioule." form.
\-\'e chose t" as unit of time Hlld choose

1
fo = -:;;-,

.1'(1

n~ UJlil~ of Sl'il<.'l.', di~lrjl!1l(j()lI rUllç[ioll ,,,,<1 !>oLl.'lI(ial. \Vc illll'odn("c \lw dilljCll~ioJjless \'ul'bbks:

J'

and t.he dimenRjollles~ ]lltri\metf'l'~

i j - /
fH'

~ il
R=-.

,en

,.
i'= -,

.l'o
ii = tul).

ln the new set of Ylll'illbli's (:J', i), E(I. (:l.2, L;) hecome.' (dwppinJ; 111(: Tild(~" ilnd the 'for ~illlplidly):

whilr J, <]'j, <:Jj, .Jjlll'P still gi\'rn ily (:l.2,L~), (:1.2.1(i), (:1.2.17), (:\.2,1!(j (no\\" wl'itten in the ne\\'
\'<)ri" lJk~),

\Ve no\\' define the l'egime we are interested in. We assumE' that the ranges Rand 1" of the
intcrnction kernels J( and <j; ure both small but with R llluch larger than 1', )\'lorr s]wcihrally, \V{'

aR~llll1e the existence of 1\ ~mi\ll parameter E «: 1 sneh that:

R = \IiR, r=u with R,i'=O(l)

We alw aS~l\m" IhM t.h", diffu"ion rO<1lfki"'n! 1) IInd the r"llIxat.ioll t'Me 10 tlli' mean orimlt_lIlioll v
arc I"rgt' <llld of the ,i1Ill'.' (ln!ers of Im'gllilm]ç P,l.', li = lJ/l.' = 0(1)), whik Lill.' rdux(,(iolJ lv lh~

vel(l('ity (1' otsys of ()Hl~l' 1, i_e.

J= lJ =0(1),

"
n=O(I).

With tlwse IWw notations, dmpping ail 'hats', t.he r1istriillltioll fllnrtioll r(:r,w,t) (whel'~ thr
~upcl"8."l'ipt é nuw higlighlo tht' dqJçudelicc or J \lpUJl the ~lIlall PlIl'Hllldcr c) ",\(j~Ji'.'~ (hç [ullo,,"illg
Fokkel'-Plank equatiol1

F(D,r+'V,,'(uj,n)--'-'Vw (Pc<; w!,f'}+,~Q'i7,,! (P",'I!J,.f')-d!lw.f' =0.

Ut = w' - 'VA)j-(;t. 1),

(3.2.19)

(3,2.20)
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wl"'I"" the ,-"pulsi,'p potpHti~1 ~nd the ~veJ'age OJ'iClll~liolJ <tr~ llO\\' giv.;,u lly

WI =

(i7

Nu\\', hy Taylor "xpall~i()" a"d th" f"ct that the kenwls K. ci' only depend on I.~I, Wé' ()l)tnin
(]ll'O\'idp.rll.h~t. l( is n()rm~li7,ed \0 J i,e, Il A'( oc'I) dx 1)

1'}(x.l) w - ''-'O'V,TPf + 0(,2),

;;JjCI:, 1) = <:}C'-" 1) + rG}(,T, 1) + O(E~).

G%r,t) = !lf('Y")' G}(.l,t) = ~l'lld::'x.Jf'. 1.1fil

(3.2,2J)

(.1.2,22)

(3.2.:23)

For example, if il." is tile indka!or fUHelioll of the 1",11 of radiu~ J, d,,,,, ka = !sn-l /'2I?(n - ~),

Wh~IT §n-II i~ tll<.: \'olume of the sphere sn 1. In the rl\~e~ ri = 2 I\nd ri = 3, W~ l'e8pectively get
l'Q = ,,/8 "ud ko = '2"/15, The local density Pf, tlle local tUlH'nt (jçu~i(y Jf alld lo{'al awrage
Ol'iülltdtion !l! al'';' defilll'U by

j(.l', Il:, t) wall', (3,2.2,;)

1\101'« d<'t~i l~ ~ hon t t hi, TayloI' expRnsion are gi "';'11 in Append ix A, Ld n~ observe t.h" t thi,; """Iillg,
first pwpo,,,d ill 132J is ilifkrnlt fWIll the ()Il(' HRrrl iu29' and results in the IIplWIIl'lInc<' of tli~

vismsit.y term Ilt thp right-llHnrl "ide of EC], (:>.1.2),
Fina 11)', if we neglect. t.he tenus of onl.;,r E

2 and w';' ddine the w-n')I",) ""lIi,;i"" opprfll,,,,- QU)
b,\'

QU) == -Il,"· (r'~,~nff)+ dù",j,

tlll' 1"""",,1,,,) 'j',;tp", (:1.2.J9), (:l.2.20) Cftl1 be rewritteu ft,; follows

(.1.2.26)

(U.27)

3.2.3 Hydrodynamic limit

Th" Him i, no\\, to derive a hydrodynumi.;, modd by ta king (he hrllit ,- ) 0 (JI "ystl'Ill (:J,2.2G),
(3.2,27) where (.he l(Jwl d.;,nsity l'f, lhe 10",,1 G"'TeIlt J! iln,) t.b" 10('"-1 nwrage ori(1)tation Of are
dehned by (3,2,2.1), (:l.2.~!"»).

Wc first illlroducc th.;, VU" /lli~es-Fi~hel' (V::IIF) ]JwbnlJility di~tributlon MO(k') of ori~ntlltion

\) (S" j ""(;",,d for k' E ~n 1 h,\':

J ("0)z- exp ."- li&)
",CS" , d
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An imp(>rl~nt pal'anwter will he the l1ux of the V,\lF distribution, i,e, fwcg"'L Mllk_,)",'dw, BO'
ob\'iou, ~)'lllllletry conHideratioll, we hRve

",he'" the quantity Cl = c,(d) docs not d"pcnd on 0, i, sucb thal ü::; c,(d) <:; 1 <I",j is giWlL iJy

(:1.2.2!l)

When d is snwlL .M~l is close 10 li Dirac tlell<l ri!1 nUlI ,'epresl'nts a di~lrilml.i(l], or perfccily aliglll'd
p~rticles in the dil'f'criOll nI' n. "'lWll rI ü; lm'gr, Mn is dos" to il Illlifol'ln oistl'iillltioll on tlw
sphel'c uuu l'(~JJI','~~J1l~ n di~ll'ib\llillll llf ,illllœl, tutnlly di~ul"dtr~d ul'il'Il(atiun~. Thl" hlllctiun d l'
lt+ >--Jo Cl{,}) C [0,11 is ~t[idly decrea~illg wid, lilllJ '0"1(<1) = 1, lillld >oc "dd) = 0 Tlwl"efol'e,
(:1(rI) repr",mlts iln oroer pfLl"ilmp.ter, whid, (OlTe~ponds t.o peJ'fect di~ol'der when it is close to 0
ilJld pl'l"kd uligllllll'ill onkr whcu it. Is l'h,c to 1.

\\'~ ha"~ f(Jl1owillg d"~ll""":

Thcol'em 3.2.1. Lei j< De' Ih!' ~Qllltioll of (3,2.26), O·2..'J'l). i!:;:;t1i<1C IIHlI tllen: c.Ti,'lo j suc" /lwl

J' ---+ f a,\' [---+ 0,

poinlwise ft" weil as ail ils derivrdil'es. Theil. Ihere eXI:sl p(x, t) ftud n(:",I) sucl! Ihat

MoreOVf", 1/1f juuclious p(J.'. 1), ncc, t) salis/y/he fo/luwi'ly eq,,,,lio7ls

V,p + \l, '(pU) n.
p(fJ,n- (V· \I,)n) + Pn~ 'V,.)J((!) = ~iP!l~Ù,((!n),

where

II = fOIn - ~)oV"(!, V = ~'ln - ~)IIV,,(!.

p'
p((!) ~ dl' + rtiI'o(('J - 1)11 + ~~) 2' "r = kn((n - 1)11 + ~,,),

mul 1II~ ~o(ffir:ieni.\ (:1: (~ will O~ dejilled ill JOI7>1u/as (3,2. 28), (3,;;,4;;) hf/OU!.

(3,2.29)

(:l.2.:11)

(3,2..32)

(3,2.33)

(3.2.34)

GOillg l",,,k t () lIllf;",d"d varia]'l,,~, wp hwl t.h" "'ode! (3.1. l )- (3. 1.'J) pl'ecented in the Introductioll.
Proof: 'l'he plOof of this tlWOI'"m i8 divided into thl'ee ~teps: (il determination of the cquilibriUlll
statc~ ; (ii) ùclcrmillatioll uf th~ Genewlized Colli,iun Invariants: (iii) hydrodYllal1lic 1Jmit. We
give a sk..tch of the pl'Oof fol' each step.

St.P.p (i): det.ennination of the equilibrium states Wc deline the equilibria as the d~!llenls

of the mill S'pace of (J, con~idered ~s an operator acHng on fnnttions of w olll~,..

Definition 3.2.2. The sel [ of C'lllilib,irt of Q [s d'Jil,cd bll

We have the following:

Lemma 3.2.3. Tht st! [ is givt'! by
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f<ùr a l'roof of tJli$ !çllllll<l, ~t·c 1201. Th" pl'Oof rdil's 01! wl"itillg tlll' collisioll opemlol" U$

Q(J) == V"" (Mo" V,,( ,Jo,))'

Step (ii): Generalized Colli$ioll Invariants (GCI).' \\'(' b(lgill II' ilh ! Il(' ddinitioJl of >1 <:olli~ioll

in\'l\ril\nt.

Dl'finition 3.2.4. A collision iuvaT/anl {Clj i~" fUlle/iun ~'("-') SlU;/I (hni J(l1" «II JI!Ilcli(ln.~ f(w)
with slljfieù',û ,-cgu/r"Hll wc {mue

We dClw!c biJ C l,he sel uf Cl. Th" sei. Ci., Il ""clin 8jlUl.'e,

As S(~ll in 12üj, llle ~jlHœ uf CI i~ un" dimellsioll"! ""d spalllJ,',1 lJy 1.11(' cOllsbmts Ph-"~i(',,lly, t.his
cmTf',pondR to COll,(,l'vMiO!l of Illa.'~ dllring p~rtid~ intHi'ltl.irlllS. Since f'nel'gy and mOlllentnm are
not consel'\'ed, w(' calL1l0l hop" fol' JJlor~ phy~jqil <:'Jll~<:l'V<lliI)Jl~, Thll~ lhe ~d of C! is Ilot lm'ge
"Jl(lll~h lu "llow n~ to <1,,1';"" th" CVOlll!.iOll of r.hp IlI'HTOS('opi" fJlHllIt.i!.iPH {! ~nd n. To OW')'CQnw thi>;
diffi(,lllty. i'l wrilkrr mll~rJlt (lf mllif,ion i'w~ri~nt. rh" si'l-rilll<'rt "G<'n<'rali7.rn ('olli~ioll~l ill\"~ri~llt"

(Gel) h,,~ 1>'.'<"11 iulroduœd ill [Zü), To illtl'Oduœ thi~ COII('l'jJ(, l''('lil'st delille the operator Q(n,!J.
whi,,]l, for a gi",,"!1 E §"-', is givf'n hr

\Vp Ilotf' th"t
Q(J) - Q(nf,j). (3.2,35)

,,,I<I d,al. fOI" I-\i\'('" n E 3"-\, the oper~tor f 0-+ Q(il . .f) is a Iineal' opel'at.or. Then wc ha"e lhe

Definit;on a.2.,~. Üi n E§"-' bp !J'''P''- A Gpnnalizpd C()llision I1w(Jrirmt (GCI) r,ssoeùtled 10
n i$ a June/inn "'~' E Hl (§"-I) whirh satisjies:

(3.2,3(;)

L,nnll'la 3.2.6. Th",,, "0;;,,1,< a P08i1;"" f"ndioll h '1-1. l]-l IR sllch Ih(ll

!Jo = {(: + h(w· O),"l w 'liilh arbilmry (: E IR and)1 E IR" 8uch Illai il·!1 == O},

TI", l",,,,I;'JlI li ;,' -"",Il Ihnl h(cosa) = ?i~~~ ""d .'1(H) is Ih" nniqll" sol1ltion in Ihe 8pace V dcfillrrl
by

V-ful("

(d'''1.OI;''9 /'1/ lf6(O. ft) Ihe 8ob~!el' ,'llOce of Jnnd-i()lls lFhich are sqNare inlegmble as weil as llieiJ'
deTiw!ùw and vrmish. ut the bmmd(lI"Y) of Ihe problem.

~ c.", d ( 2 '",,"-sin' "Oe -,,- dg ~ill" Oe-'-'
dq 11 - 2

d',(O)) -'- ~og(O)
, ~lll
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For a l'roof "''' rcf"r to [281 for Tl = :1 ,,"d tu :.nj for .,;eucml n > 2. \\,,, dl'Ilulc hy '';'0 1I1C vcetOl'
GCI

tf"ll = h(w . !Il lh~w,

We note that, thanks tu (:J.2.,15) Ilnd (3.2.:Hi), 1I"e hayé'

(3.2.37)

(3.1.:ll\)

Stop (iii): Hydrodynamic Iimit E ---) 0, In the Iimit " ---) 0, we assume that (3.2.2D) holds,
Then, thanh to (:\,~,~()), \l'f have (tU) ~ O. ln vie\\" of Lemlllil :1.2.:1, thi~ implieii that f ha~ the
fonn (3.~.3{)). We noll' neee! to determine th~ e{juations satisfied b)' p and \1.

For thi~ pmjlose, wc d;vide E'I. (,1.2.26) I,y '- Hud ;IlL,,~mte il wilIJ ,esl'cd tu '.J. WriliJl~ (:\.2.2(;)

(7] '-T2--t-'J3)f' - ~Q(f'),, (3.2.39)

(3.~.40)

we obS€rv€ that the Integral of 'T2f" lIlld 73rover:..' is ZlTU o;llce it is iu tliwrgeuœ fonu and the
integml of the l'ight·hand sirle of (3.~.3~) is zero since 1 is a CL The illtegrai of 7,1' giW5'

We take the I;onit f -+ 0 ~nd HW (3.2.29) to get E'l' (:J.2.:11) wir.lo

UHing (:J.2.27), we g"'t 11~M,,(:~.W, 1.) = :,;-<1>[1'\7"p(er, 1). Wilh (:1.2.28), r.his lrilrlR to thr ftr~t eqnM.ion
(3.2.33).

\lultiplyillg (:1.2.:J9) hy '!)n". int<'glAting with '<"I",,,t to w "nd llS;llg (,'J.2.:IR), w<' g"t

Hll<!I.llking th" Iimit L ,0, \V<' g<'l.

(3.2.41)

This Pqll"tiOIl d"s",i1"" Il,,, ""Olllt.iOIl of th" lll('''" ,1;''''''';01' D. Th" ,'ollljlul.atiouh wh;(')' 1ca,!l.o
(3.2.32) are pro\'ecl;l) Appendix B. 'l'lie cueftiriell\. (:~ in (3.2.;12) i~ deHnBd I>y

c2(d) =isinl()r~,_~_~~~!2. = .I~ sin" ()co~e ."filhdf!

i~ill2 (11)AI" .r; ~in" (J Mil hd(J

wh,>]'(' for m,y fllll"t;Oll g(cos(J). w" ,]""Otc ('1) hy

l ' ( el "0", • 11-°0/0

J .n .'1 "OS '" ~llj - (

(g)\Io = .~o." ,Mfl(w)g(w.O)dw= ,~"""." '0/'
.. "c .,,"" sn, (~

(,).2.42)
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RHmark :-1.2.2. Thf SOHR modpl (:J, )!:JI). (I:!.::;:!) CUIl bc rell,.,.itlen as Jollows

EV! --'- ~l V" . (pll) = rJ1 0 6 x (t~2) ,
tI,il + (V . 'Vx)n + l'\I.L V"I,(p) ,1'\1_ 6~n,

wlien~ Ille l'edorR fi and tlte /1lIu:h:on h(p) are df.jirwl',y

l' r.', 2 ln l') l '1="2" \'ol'1VûJ, '({)=p7JJJ),

lUIt! WItC1'C f!le prÎmcs denvle dcril'U!ù'cs witlt 1'Cspec/ 10 p, This wri/lny displays !!lis system in the
flJTm (Jf coupled non!i1Jfal' adl'ectian-diffllsion equafions.

3.3 Numcrical discretization of the SOHR model

In thi~ ~r.fl.ion, wp d'-',HloJ1 th.. llllmHli('~ 1~J1ploxim~tion of th.. ~y~t~1l1 (:J, 2.:11 )-(:1.2.:J--1) in the t"-'o
dillJ~n~i(lJlall'H.~<:, A~ llll'Iltiolll'd alJuVl', t!Jis ~y.';tt'Ill i~ Ilot l'Oll~t'rvat.i\"l' lJenlUsc (Jf the geollletrk
cOllst.millt Inl = 1. \\'""k wlntions of 1l00H'Oll~prv"t,ivp .'y:;t.mlls "n' Hot lllliqnp Iw~al"e jnmp
rf'I:Hirm~ ;""'oss di8("ül1tilln;ties ilre Ilot uniquel)' detined. Thi8 indet.enninacy C3.llllOt be wail'ed by
Illl',U1~ uf Ulll'Iltrupy illCqllulit)'. lJy contl"!\~t to the case of cOllservative ~.\"~tem~. III FI] the it\lthOl'ii
"d(ln's~ this p]'()h]pnJ fOl' the SOR lllOnpL They show th"-/. the mocip] b H >ero-relaxation limit of il
col1s<"rvative system whete the veJocity n is non-constrilined (i.e. belongs to R"), Additiollally, the)'
~huw tlmt the llUlllCriclll solutimls lJuikl (rom the l'elaxatiun Sy~tl'lll are eOIl~istellt with tho:.;e of
t.J,,' lI11derlying part,ide model, while othe!' nmnerical solutiom hllilt directly frolll the SOH model
are Ilot. Here we extend this iden to the SOHR moue!. l\lore pl'ecisdy, wC illtrouuce Llw fulluwiug
relaxation modd (in dimensioll 11 2):

l'{I''I) - dp'i l ,-"po(rl 1

l'he left-hand sides fOI'Ill il ÇOIL~('rvativ<: ~ptClll, 'IV~' gd lh<: folluwing l'n.ljJ(,~i\i'm:

(3,3.43)

(3.3.44)

(3.3.45)

0.3.,16)

Proposition 3.3.1. The l'daxu/iol! mode! (J,. ·1.JJ)-0,;J,J,6) coJ!'ueiyes t~ Ih~ SOHR 1fI~dd (3.2.31)­
(.'1.2,.14) "8 'I u"e" 1" zero.

The proo[ of proposit.ion .1,:U i:; !'.in~n in AIl!,,,,,di,, C, This "Huw:; U~ L(J \/:;" w"]I-('stahli~Il("lllll­

Illerk~l t.f'(,hniillw~ loI' oolving the mnSP1'vMiv,," ~y~t.em (i.~. t.h~ Jdt.-h~lld ~ide (lI' (oi.:J.::l.1), (~,3.3--1)).

TI1\' s\'],l')[l\' wc I-'I"O[JU~' rdie~ Ulla (-iUle ~jJjill,illg of ~\c)J 61 bd-WCl'll thl" eOll~el'\"lltive part

a,p'; + V.> . (p'IU ')) '" U,

f)dp"fl") + 'V~. (p"V"?"rl) + V,.p(p") - ',6.x (p'J!l") = Il,

nnd the re!nxatioll pnrt

a,p? '" 0,
p'i

D,(t/llI'l) = -(1 ID" ")!J1.
'1

(3 ..1,47)

(:l.:.Ul\)

(3.3,4[l)

(3.3.50)
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Srstern (:1.:U7-:l.:J..l~) clin be rewritten in the following f01'l11 (we omit thr slIpl'Btript q f(lr sim­
plicily)

wlwrp

IVe f(lnsider !lO\\' the following llumerical scheme where \l'e denoted Qi,; the uPPl'oxinmtioJl of Q
at (ime ln+! = (11 1 l)bl Hml pœition ,1', - ib'''.lh - ,ii:.JI:

Q"
"

F"'-l(',JJ

whoro tll(' lluml'l'iral Hux F;''-lj2,} is givell b,l'

wilh
('1'" .-q")'-cl.j ',J

b~'

(1'". + Cl"
Q-ft _ "j ,+1..i

I.j - 2

and the ftnftlogouR discr~tizatioll holds fm (in. "
!'J+,

ln the Hhove formula, P~+~ iR fi polynomifll of mnll'k<'R of d<';,;r<'p. 2 ~fIlcu],-"t~rl wilh Ih~ ~ig~n­

v3h1e5 of the JfI(.'obi311 matrices ~~ at au intermediale stale dcpcnding on (Q;',j,(J;,.) UJl(1

(Qi~Lj' Q,7(i' l),j) as dclailücl in 134J, To ünsure s(abilily of the sdleme, tl", tilIl" sl~J-' 61 ~Htis­

lics UÇtJnrUIlL-Fficdridl~-Lcwy (CFL) <:üllditiüll <:üllLj!nkd u::; thl.' lllillimUllI of the CFL <:onditions
l'"qnil'"l for 1),,, hyp"rhuli" Hud diffnsiv" p~lts of the sy~t,l'UL

One« the ~pj!roxil11M~~olntion of the con~el'\'~ti\ie ~y~telJl is computed, equations (3.3AfI) and
(3.3,GO) l'all b<: solvcd cxphdtly. III the limit '1 ,0 the." give

wlwre (p', 0:') is the nnnwricnl ~Ollliioll of system (3_::U7-3,3AS), This ell(ls Olle sle)) of the Ilu­
merical seheme for the system (-Ll.33--1.3,:l,j).

3.4 Numerical tests

'l'1H\ l!,'0!tl (lI' thi" Sf>ctioll is 10 prf>sent ~ome l1umeliçal wlutions of the s,,'stem (3_2.31)-(3,2.34)
whidr ""lid;l(.(, Lill' ll\lllll'l'I<:al Sc!K'IlIC jJl'()jJo~~d iu the prc\'ioU,'; s<:cti(JJI. \Ve will first perform li

lmrvHlg"1\Œ t.e~t.. We then ou('cesoively comp~le the solut.ions obt.ained wit.h the SORH model with
those cOIll]1ut.ed by nllmel'iea!ly 80lving the indiviclllai base<:lrnodel (3,2,8) in l'cgimes in which the
two llIodeb should pro\'ide Rirnilar resnlls, \\'e will finally ]lPl'form SOllle rOlllpllrlSOnS heTl\'e~n 1111'
SOH and the SOHR s)'slemlo highlight lhc diJfcrcncc bct\\'ccil the (WQ lllQlkb, Wc will COJllpal'C
che SOHR mode! wilh ,,"oLiJer wuy to iIlcol'[JtJnüe repul~iolJ ill th" SOll rdodd. tlll' .'l}-""ll"cl DL?lIP
model of -:12',
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Fol' ~11 th", tests, we Wie the mod",l in \I;;cnbl \,"'iabl", ns deocril",d j" Il,,, l11t.m<illcl.ioll (H'"

0,/.1)-(3,1.5). The pott'utinl kemd (> il; ChOS<'ll a,

(b(J:) -
,ri::; 1,

whkli gi\"l'~ '11 0 - "li' wliik for 1(, by H:;~l\lllption nm'llla!izf<i w 1. \l"f dloo~r the followinf'; fOrlll

K(lzll _ {~ if I·~I::; l,

o if Izl:> 1.

1
The otller [larameters_. ",!Jich <He Iixed for al! HilllllinliolLS if llol. dilT"r<'llllyi·Thi~ 1",~dH to kil =

sl-aLeJ, aw :

"0 - 1,
1

Il~2,n=1.d=O.l,

whidl, ill dimelLsioll Il _ 2, 1"",1 to (,.ft.Pr nn"wri,'~11r cnl11plltillg the GCI and the ag.sociat~d

integml~):

In the vislllllization of t.he resnlt~, we WiJlll~r. th« mlgl~ e (,fth", w'ctn" n l'elative to the -,.'-axis. i,e.
11 = (cose.sinO),

3.4,1 Convergence test

Th", ~n;t, t.e~t. is t~rge(ed ~t (he validation of the pl'O]Jos~cJ l1unwrical schellll', Fm (ili" pmpos",
\\'lé iltn.~lig"lç Ih" c:cmvcrgellce whé'n the spnce ~tcp (ll.r, ll.y) telld~ to (Il,O), refinillf( .. he p;rid i11\rl
d,,,ckillg h"w tl", ,'lTO,. I}('lu",<'_, "S)'lIlptot.icl-\lI.1'. Tlw init.iAI lIw5h size is Ll.cr = ll.y = 0,2,'; ",hile

" . _ ' ll.,T ll.y ll.J-' ll.y ll.'l' ll.y
lhç tllJl~ »(cp lS ll.1 - 0.001. \\'e l'é'p~at the cOlnpll(atlOll 101' (2' 2)' (----:J' ----:J)' (8' 8)'
'l')le convergence rale is e,limutcd (jlWllgh (h" IllCUSlU'C t)[ thé' LI 1I()1'1ll <Jf (ill' l'HUI' f<Jr tll,-, \Tetors
(P. case) b)' \1sing loI' cach /,:rid Lhe uex~ filll'r :;ricl as rd"r"ILc!' hol,ltioll. TI", illitial dilt" ;S

pn = 1, {
","~\r.!i'1l1(-:-) .,. ;-s'911(a:d
,lI 2

1r if .Cl () aud III > 0,

oil' Xl 0 ami 111 < O.

if Xl f 0,

(3,4.52)

where
L,
2

L,
1" _1' __ .
," " 2

The hOllndRl'.I' conditions Rl'e fixed in tin,,, on the fo\l\' ~id(', of the ~q\l~\e' (p",Ii") = (Pli. (,In). The
error curves fol' the densil)' nnd [or cos earc l'lolt~d in JJgurc :!. t a~ li fUlldioli of the !;p!lé't' ~k]J ill
lo/,:-log scalc aL lime T _ 1.'. Th" "IDp~ of tl", {'rrur ""rn'~ M(' "OIllp",."d ln" ~t">lighl. lin" of ,lope
1. From the figure, we ohsfr\"e the rO\lvprgpnr.p of the ;ifhplllP with aCnll'acy do.~e tol,

3.4.2 Compal'ison betwecn the SOHR and the Vicsek model with repul­
!:Hun

In [his subseeLion, wC \'(,lid('lé' lIlé' SOHR llludd by l'Ulllpill'Îllg it tu the Vic~ek model with re­
pulsioll OII tWD differL'uL l.Œi, CilS"H. \V" iUVŒt.igf\l." tir" eOIl\'(>rg"nc<' of the miCl'0scopic IR;"I to the
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-0.6

-0.8

:; -1

""•

-1.4

p~

cosO ---+-­
ocdec one slope~

-1.6
-1.3-1.2-1.1 -1 -0.9-0.8-0.7-0.6

• X

Figu".! 3.1: l.'-error for the dellsity f' Rnd thc flux direction cosS as /1. fUHction Qf ll.x in log-IQg scale.
A strllight line of slope 1 is piotter! fol' reference. This figure shows that the schellle is numerically
of order 1.

n1RcrOOCOllic SOHR model whcn the scnling IIMlInlcter t tend lo y.ero. The ocalcd IB~1 is writtcll:

"( ) .7{x,t)
w x,! = 1.1(x,I)I'

The solntiOiI of th'l illdividllRI ImJ;lxl n,,-,dd (3.2.8-3.2.1 D) is COlllpllled by <werllging different real­
i~~tions in order to rcOute the stMistical errors. The coellicient of the IBi\.lnre fixed to r = 0.0625
for the rCllulsi\'c rllngc, R = 0.25 for thu 1Iliglllllelit interaction f1l11ge, white N = 10& [lllrticles
RH) llM'd for eRd. Si1ll1l11ltioll. The detllils Qf the particles silnlilation can be found in 141, OOJ for
cl;l.'lSi(';l.1 1),'II'ticle approoches or in 171] for a dire<:tllpplication to the Süll mode!.

Riemann problem: The convergence of the tll"O rnodels is rneasllred on Il HielllRnn problem with
the following initial dllta

(PhO,) = (0.0067,0.7), (p.,Or) '" (0.0133,2.3). (3.4.53)

and with periodie bollUdl;ll'y condition in X IIl1d li. The pIIfal11clers of the SOHIt model !lre: Ilt =
0.01, ll.x = ll./J = 0.25. In figure 3.2, we r(!ll(Irl the rc1ntiv(! l} norm of lh(! enor for llie llllieroscollic
qualllilies (p,O) bctwccn the SOllRmodel and the partide model with respect to the llumbel' of
a\"cragcs for difTercnt vlIlucs of e ; t = 1 (x-mark), e = 0.5 (lJlu~), t = 0.1 (cirde), t = 0,05 (squ!lre)
at timc T '" ls. This figure IIhowII, fil; eXl'ected, lhRt the distRllœ bctWl'ell the two solutiollS gnes



10 zero ...hen e gOl'II LO U'fO, h 5eCIllS P"C\"ef thecom~of the error to 0 Ils e -t 0 il; ratller
slow. This is due 10 the61ct tbllt ror 1iol.",llr t~ TB;\1 becomes \'eI'}' stiff. Simultallcousl}', aocuracy
is degradcd as the inlenetloll rcglon oC a pIIrticle s!lrinks to a IlOint whie" "",kc!I the t'\'lI1uat;c..
oC the 1\'eI'llge din?ctiol'l oC the neighbourint; perticles \"'ery noisy. Slnœ our fOClIS lB the coutlnuum
model \\"'e did not llddress tllis probbll whicl, <:onœrns the IBM anti tiid not. try 10 11lIpn1\'e the
quallt)' oC Ihe lests.. lndecd, I\'e collllder tMt oblllining lhe resnltll IdIOWIl iu Fig. 3.2 is alre3Ù}'
qulle Infonnalim ll.8 \'t'ry few fluie! models in the litC1'1lture are eotupllr«I witll the underlying 18;\1
....·Ilh Inch 1 degœ of accuracy.

ln figure 3.3 \\'e rel)()rt the densily fl and the flux directioll 8 for the Mille Riemann problem
IIlong the :t'-axis for c '" 0.05 lit time T = Il, the solution Ucing consulllt in the /f"din?ction. Agaiu
we clearly obsel"\'C Ihul tlle t"''O ll1odcl~ Ilrovide very close IKIlut[ollS, Ihe snl/lll differeuces being due
to the different numeriCllI schelllCll elllplO}'ed for Iheir discretiwllons.

0.2 .. ,

~
' . , -0.18 t • 0.5 0.08 e • 0.5 -0.16

~
t - 0.1 t • a.l -0.14 t- a.os 0.06~ t·0.05 -

0.12 0.04
0.1 ~

0.08 0.02

0.06 0
0.04

0 10 20 30 40 50 0 10 20 30 40 50
Number of average. HUMber or averagell

la> tb< deœlt)'" lb) For'

Figure 3.2: ReLaIÎ\'e crror bet"'œn the macrosoopic and the mic:l'olcollic modd f.... density (a> and
8 (b) as a function oC the m.llllber of &\'\'rages for differenl \'lIll1t'S of 1:. The a'1'Ol' dec:reases witll
bolb dccreasiltt; e and increasitlg nllmber oC 8\'eragl'5, showing II18l the SOHR lJIodcl prot'Îdcs.
\'11lid ullProximation of the IBM for p and 8.

Thylor-CrccJI vortux problem, ln this Iblrd tal CfIlIC, "'C colllpllre the numerical SOlllliolis
Ilrovided h}' the t"'O modela in a more collll'lcx CIl.'iC, The initial (hl\lI lire

Po = 0.01, Ho(x,y) = Oo(:t',y) ,
l ,,(x,y)1

(3.'1.64)

whel'C the \"cclor 00 = (!l()],Ïl<n) 19 given hy

- l.1f Ir 1.31r 31f 1 If :Ir
Ool{:t', y) = J sm(5x ) cœ{ sy) + 3sm{ ïOx) CO!I{ ïOy) + ï sint r.t:) cœ( "2Y)'

- 1 1f.1f 1 31f .31r 1 1f.1f
'lo2{:t', y) '" -3 cos(5:1:) sm( 5" y) - 3: <:ol>( 1O:t') sm( ïOlI) - 3cos( ï:t')sm( "2Y)'

with pcriodic boundllry conditions in both directions. n,e nlltnericlll p8l1lmelers for the SOnH
)]lO(lel are : ilox = .6y = 0.2, .6t = 0.01, white ror the particle sirnllLation~ "'C choo"., : N = l~

particlea, t. = 0.05, r = O.QoI, R "" 0.2. In figure 3.~ alld 3.:), "'C report the ck:rulily p IInd the flux
tiiroction n at lime t = 0.6s- ln both figureli, lhe 1eR picturn is for t!le IBM ll11d Ihe right olle for
the SOIlR model. Agllin. we !ind Il \'t'ry Sood Ilgreernent bet",'el!ll the two modcls in spite oC the
quite comp1ex structure of Ihe &0111tion.
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Figure 3.3; Solution of thil Iliemmm problmn (3A.53) l'Ilong the x-axis for lhe SOHR model (bille
HILe) and ror the lB~1 with ~ = 0.05 (rcd tille) at T = Is. The agrœmellt betu"t.'<:1l the two modc1~

is excellent. For the SOHR 1ll001cl, the Inesh sîze is 6x = 6y = 0.0625.

Due to the large nmnher or partides required and l.he need for averages over a large nUllIber of
rClIlizutions, tlle mlll is sel'erul orders of magnitude more cootly than the SOHR mode!. llldeed,
the statisticll.l noioo d~'Cay8 like O(I/,ffJ) \Vilh the Humber il! or rellliwtions, which is very slow.
Additiolla lIy, the amplitude of the stalis! iCAI noiSl) illcreascs with lim..,. ln Ilracticc, wc have avcragcd
ovcr ur to 50 rCllli1)ltiolls of the mil! accmding to the lest CIISC!l. Dy routrast, only olle single
simulation of the SOHR mode! is nœdcd. Hcrc, \l'C have uscd an expllcit diocrctization of the
diffusion opcrator !>CCfillSl) the vAlues or the diffllSioll constant and or thll mesh siws still lcd
10 m~nagellble time stcps. ln other applications, it rould be neœssary to perform an implicit
discrclizatioll of thc diffusion opcrators, but this question is olllside the ocope of the presellt work.

, ...00 ..~
'" •• '" ••

0
..,

0 =,
•• =, ,
MIl 0.0"

• •0.0, '", .., , .-
• •, • 6 0 '" , • 0 0 '"

('l clem';ty pro, the m~t (b) de'lShy p fOI" the SaliR model

Figure 3.4: Dellsity p for Tllylor-Green vortex problem ;1.<1.:'14 l'It time t = O.Os. Lefl: mil!. Right:
SOHR modcJ.
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Figure 3.5: ~leal1 directlOll n for Thylor·Grccn vortex ]lToble'" 3.<1.511l~ lime t = 0.6".. Lcft: IU~I.

RighI: SOIlR mode!.

3.4.3 Comparisoll bctwccn the SOH and the SOHR modcl

lu Ihis PlIr!, .,,-e show the diffcrcutl: bct ....'œI1 the SOli BYlltem (3.1.6), (3.1.7) IInd the SOllR one for
dlffcmlt values of 100 repultih-e force ~o. \\'e reœl\ lhat the SOHR model roduœs 10 the SOli one
in tbe eue in whidi lhe repul h~ foroe is set equal 10 u:ro. Ta this IIÎm, "'oc retiCllle the repulsh-e

force "'0 by

end tben ,,-e let Fu ,-ary. The repulsi\'e potenlial ~ is IItill ~\'etI by (3.4.51), 110 abat 4>0 = Fo_/6.
The otlœr- numeriCll.l pomuncters are cho8cIl as follov.'S: d "" o.œ, (1 ... 0, l:o = 1/8, ,. = l, Lz =
10, L, ;; 10, l!.z = ll.y = 0.15, .6.t = 0.001. The initial data liTe tllllllC olthe \'QI"tex problcm (3.4.52)
cllœpl. thai wc stan willl four \'Ol1ICC1 instelld of only mie. Periodic; boundllry conditions in bolil
dil'e(:liolls are used.

Figure (3.6) displll}'''' the iiOlutions for the SOHII S)"StCIII for the densit)' (left) 1'lnd for the nux
direction (right) lit T"" 1.5, "'ilh Fo = 5. Figure (3.7) dil;I,IIIY" Ihe solutions for f ù = 0.00. TIlt:
"csuhs lire IlimOlOt lllldi~tlnglllsJlllble 10 1l1(l1l(l of the SOli model (fo... 0) nud lire Ilot shown for
thi!> rcw;oll. Theo;e figuTC6 show Ihnt whell the rcpulsi\'e force is lurge CJlough, the SOIlR model
CIIIl prevent ,he fOl'ml'ltlon of hlgh ooncclltrJttiolls. 0)' <:Ulltl'n6t, whcll 1his force is sllla1l, the SOHR
1I1oùc1 bccolllcs dOliCr \0 Ihe SOli Olll) 111111 high COllœlltrl'ltiol1~ hecomc poGIlible.

3.4.4 Comparison between the SOHR and the DI~MP modcl

III this filial part, wc WlInt tu oolllpare the SOHR system to the hydrodYllllmlc nlO<.lc1llropOti...d l"y
[)egoud, Lill, Mot,o;ci, IInt! P'lIlferoy in [32J (refcrred \0 lIll DLMI' lIlOdcl). This model il! deri\w,
in a lilllilllr fashion Ill! the SOHIt model, starling from a SystCllI of l;Clf-proIJelled particles which
obey to alignlfient alld rcpubikm, The main dilferenœ i~ tlult in the OLMI' mode!, the particlll
\'Cloc.ity ÎII l;Xllctly ('(Juill 10 the l;Clf propulsion \'Clocity but the particlCll adjUllt their orientation
to ~lId to repllbion lllI "'en Ils Illigrllll('l:lt. The I1'SI.Ilting mode! ils of SOH type end is tberclore
wriUell (3.1.6), (3.1.7), but with ail increued coefIieient in front of the pn'.tiIillI'e term Pa... VrP,
thl$ oocfflcienL bcing cq'1Il.1 10 Vod(1 + !t!.:z f'o). The initial CQlN.lit~ alld IlUmericl\ JIft1llmeters<,
are lhe Mme lllI in previouf; test
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h'._

••

•

h'._

(B) de".ily p lOT fil = 5 (b) Il for fil = 5

Figurc 3.6: SOllllloll of the SOIlR 1lI0dd fOI' FI) =: 5. Dellsity p (fig 3.Ga ), flux dirl'Ction l1 (fig.3.Gb
) at t = 1.5s.
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(a) den.lly" for Fo = O.O~

"
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..
•

(1)) n for Fo '" 0.0"

Figure 3.7: Solution of the SOHR mode! for Po = 0.05. Den~ity p (fig 3.61, ), flux dirœtion 0:
(fig.3.Gb ) al t = 1.58.

1" ligure 3.8, we I"CpOrL Ll,c dem;ily p (lcfl) aud the flux diro:ctiou n (riglJl) for Fo= 5 for the
DLIIlP moclel. Comp!lring figures 3.6 with ligure 3.8, \\"ll observe llmt the solutions of the SOIlR
and of the DL"Il' mode! ure differcut. The hOlllOgcui~utiOllof the ùell:lity S('(:lll:l more efficient with
lhe SOJJR llIode! thau with Ll,e DLi\IP model. Thi~ Can he /Itlributc<1 to the cfTœl of the Ilonlilllmr
diffusion tenns th!lt !Ire included in t.he SQHR mortel but not ill the DL~IP mode!. Therefore, the
wllY rcpillsioll is ille!udcù in the mo<le!s ltllly signilkantly affect the (IUalitutive behuvior of the
ooluLion. In prRetieRl sitllations, whcn t.he ex",:L naturc of thc illtcr/lctious is ll11kIlOWlI, OOIllC cnrc
must be tllken (0 choose the right rep\ll~ion med\lllli~l1l.



,.,.- , .....000

,

.,

•
(~) dellsity p (b) n

Figure :1.8: Solution of the OUI!' model for Fa = 5, Densily p (lert) and nUl( dirœtion n (right)
at t = j.[js.

3.5 Conclusion

ln this paper, \\~ havc derivoo Il lJyJrodymunic ,nodcl for Il. sy~tel11 of o;clf~prf)I)I:lI<.~1]lllrticlCl:l which
imcrnct through both aJignment Ilnd repulsion. In the underlying partide model, the Ilctual particle
\"eloeity mllY he different from the self-propulsion vcloclty as Il n::sult of repulsioll illterllctions with
the neighborll. Pl\rticlCl:l updll.te the orient lit ion of thdr self-propulsion Sl.'t:kiug to loclIlJy l\1ign with
their neighbors as in Vicsek IllignmCllt dynllmics. The eorresponding hydrodY"1l1l1ic mode! is simil"r
lo the Sclf-Organizoo Hydrodyulllllic (SOli) system c1eriverl from the Vicsek JlIlrticie mocleJ but
il contains severlll additilmal tcnns arising from repulsioll. Thcsc Ilew tenus oonsisllirillcillally of
gradients of lineM or nonlinear fUlletions of the deusity induding Il nOJl~linCllr dirru~ion similllr to
IXlrous 1I11'diulil dirrusion. This ncw Sclf-Orgauizcd lIyclrodynamic SYlltem with He)llllsioll (SOIHl)
lo/l~ !Jœu numcrically vlllidal<.>d by oomparisons wlth thc Imrtidc mOlle!. Et llppeal"S more ellicicllt to
prel'ellt high dellsit)· concentrations th/ln other approaches barod On sÎlllply enhanông the l,rt.'SSUTe
force in the SOli modd, ln futurc work, this model will he usec\ to explore self-orgl\ni~cc1l1lotiot1

iIl colk<;ti\"(~ d)'I1R1l1ics. Tu this effœt, il will bc calibratcd on data bascd ou biological eXlJCrilllcnts,
illich Il!! recordillg.'l of collœtive 81>eTm-cell motion.

Appendix A Pmof of fOl'mulas (3.2.21) and (3.2.22)

D}' illtl'O<iucing thc change of ""..inble ~ = - x;; /1 IInd \l(;ing Taylor cxpallsiQn, wc get
v,R
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",bcI'.' ko i" giV<.'l1 b)' (3.2,23) ami D~f i~ t!le He~~i,1I1 lllHÜix uf f with lTS)>ed l0 tll~ l'al"Îul>k ,l,',

n""", ,w hAV" ".",,1 I.hHt th, O( Vi':) Alld O(i':"/") t,'nll" vilnisll ilft.f'r ilL!.l'grRtioll in 2 hy odd""ss
with œspl'ü to ~.

Hy lhe ~nHll' ,'()Jlll'\ltn,i<,lll [(JI' (!tç kl'l'lld ,.j, W(> )"'\'~

l r ,1'-1/1_
(lOT)" ./~..-lx:'" 4>(' [r' )F(y,II.."ndydw

- r 4>(Iôil]'(.r+El'z,w,tld;)dll..'
J'i'."-'X:l"

=.h,. 'd" 0(1).)(/' + OI'V,!· t + 0(.;2))(:( ''''', I)dzdw

= <1'0 h,,-, r(,T,w,t)d", + 0(0"),

with <1>0 - J~" (HI;; )d~.

Appendix B Proof of Theorem 3.2.1

We jJlOve th~t (3.2.41) I~~ds to (3,2.32). Th~nks to (3.2.37), Fq. (3.2,41) can he ,,"ritten,

l'fil. j .(TdpM11 ) + 72{pM11 ) + 7;(pJ1fr1 })h(w' i:l):,,'dw := Tl + '12 + '}:j = 0,
w~s'

whcrc T k, /; - 1,2,3 arü gi,en by (3,2.40), No\\", Ti (pMn ) cn" be \\'ritlen:

Ti (pAIn) _ Ot{t,M,1 ) + V." ,(wpMJ - q,oV'~. (V' ~ (~J) Mn) ,

(3.;', 1)

(:l,;" 2)

\Ve 1""",,11 tJmt H", fir"t two tenlls of 'li al. t.he rigiIr lIH11<1 side of (:>':,.2) ",ul the mrn";pollCli,,g
tr.nns in 'Ii ha\,(> iWi'll tmnpllt8<! in [291, 'l'hr. <:ompntation fOl' thr thiH! I.i'l'Ill of Ti is eil\V ~lld wi'

gel'

whel'e the coefficieuts arc ghcn h,)'

ill _ ( 1 . (~itI2I1h),1/,,"
ri Il 1)

:1.1 __1-1 (F.i1l 2 Il h) :,/".

"
No\\' ob~el'l"e th~!. for ~ conFt~llt W'dOl" A E Fr", lI"e h~\"e

V",'(f--'""A)=-(n-1):,,',A.

Thus, \Ising (;3,'2AO), (3.,:;,3) amI the chain l'nlc, we gel [01' 72(PllIl!)

T"(pMn) = a<l!u((n-I)W,V.,{li/2)-d 'V,(r}j2),n

+d l(w.';;ï"(lij2))(''''!l)}UII

Fillally, we "bl."i,,:



Appfndü C

3" - ,,'l'a ((sin
2

Bh) .\1" + riZ" 1 1) (sin 2 8 cm; 8 h)",,).

The tcnns T,(pMn ) and l,! h,n'l' i><:çn cUlJlputeù in [:j~l. In partkulal', il i~ ea~~,' to ~ee Ihat we
gcl llwlll rmlU dl(' f"rJllll),W fOl 1î(pMfI) and T2 br ChUllgillg -"oP"vr (l/2) iU(Q /'-Ol'fI_d.x(p\l),
'nwl'~for.., WP get,

Wlll'l'l'

,16= ko((~i1l20h)AliI+d(lIl 1)(~iIl20roSOh)"'I")'

IllSf:l'ting thr. f!xpr..,,;siOll,'; of'j'l,'fi and 13 illto (3.:;,1) w('.,;el (:J,2,:12).

Appendix C Proof of Proposition 3.3.1

w~ Julio", tlie lillŒ of thl' pwof ofPropŒition :~,l of !iJ], A~,llme Ihat p'i ---? 1,0 i-lll<J lI"~ ---? !!o ~~

'1 t""ds to z('ro. Theil, "et
n'i; 1"'1(1 1fl"12)fl'i,

\lLlIt.iplying equation (4,3.34) b)- 'I ~nd thelll>,killg th" li",i( '1 > 0 yidds R'I ,O. Tt f"llows filat
l!lul2 - L Sinet' the vectot' R': is pal'ldlel to [2'1, w" hn"", P: p ,,:. H'I = 0, which illlplies th~t

Thel'~rol'e, letting f) ---? 0, \le obtain

whel'e ,8 is il. r"al11111nlwl', p(p") ---? {'({,ol = dl' + n'I>o(d + ~2)(f'a}"!2, VO ('ziYJ <l'ov''fio ami
UÜ = cjllo <1>o'i7 xpo Il)' (alâllg the ôell\!H' produC't of (:1.5,-1) wirh UI, we get

Inserting this eX]Jl'('osion of H iuto (3,,'j,·J) W{' fin,) !.lU' ('{l"nl.i,," fOl d,~ rvo]nt,ion of fhr ~\WRgr

direction (:U,:U) and thuR the SOlll{ lllodr.1 (3,2,3])-(3,2,3~),





Chapter 4

Existence of solution for a system
of repulsion and alignment:
comparison between theory and
simulation

This chapler is li work iu l'rogrf.''X'.

4.1 Introduction

We cOllsic!ef li mucroscopic n 'l'de! of d~Il~L' ~\I~pclI~i()Jj of dtJllg!ltctl self-pwpelled pa rtides in fi f1ukl
slLch a~ j",cll'ria, "l'l'nu "dl~, <,t,'. Tl"" pmtieil' lllodpl fmm which thi~ hydrodynamic mode! comc~
r.on~ider~ the 1l10VfIll~111. of pintjde~ via alignnwnt intel'~ction and exclusÎw volullle illlcwdiulL

The uliglllll('lll illknu:lillll kulis tu p!lrtidl'~ aliglllllcilt with the lIlean direction of their neighbo\ll's
whil" t.h" ht('ric n'puls;o" 1'1I1p~ Qut the formation of high concentration of paUldes. '1'hi~ ",,-,dd i~

lllotivat.l'r1 by l'~pnl. <"xperimenta! observations in l'a'" ram sperm whic]' inuicalc tlwt ~penJl "dIs
oççupy a1Jvut 50% of the tutal volume of Spel'lll. Therefme, il iH le~itimate to wnsirler hoth v()hn]l€
(',xcl"si"" ""'\ ~lignment intel'actiollS_ The goal of the present WOl'k i$ (0 $(udy thl' <:xi~tellcl' of
~olllti()n of this cont.irHlous mode! hy both 1.hoor)' aJld SilIllllioLiolLs,

The simplest modd, [)l'Ol-JOsed hy Vi,,~~k il ml his coaull",I" ,0:l:, Gouhid..rh IlligllllWllt i nteracl ion
ill whidl particles move at a constant -,peed and have Wl\rlPllr;y t.n align 1.0 thpil' neighboUl's with
'3Ome additional randolll noise, DCSJ!itl' ib ~iJllpJj('i\y ilj appC<U<lll\'C, thi.'; mode! o::an find lllany
im]JOl'lnu1. "l'plicatiolLs in wid" nmge of hiologie,,1 ,;ystems .';\lch as c1uster, migration,

VO!ll"'" exduhiou illtl''-'H'tion hH.ve he"" stndied i"tensively in the recellt years[", 2:.1, u8, 7u:,
ln S)'st,f'lllS of dense suspension, part-ic1es are very c-!œ;e lo:::dh~r. Thereforc, steric n']J"I~i{)n pl"y"
UIL impo]'l<lut l'VIe iu th~ movemellt of pHrticle~. In [7fl[. the Itlll.hol's have shown that 1l1011gltted
Hl'lf-pmpelled particles intemcting through volume exclusion ['csnll in ltligwul'ul,

II'1"çroseopiç models is 'l'dl suiled 1.0 sludy 1Il0dclliIlg vr J<U'gc ~cuk ~y~t<':lll~ iu <.:ontrast with
partic1c lllodcls (also kllOWll a" 'Iudivic1l1lll-Tl"sc,) IdoddS'!lr mM) whirh foello on the inter"parlicle
interaction ~rale, \Vhen t,Ill' Ilnmber of pal'ticli1S al'e large, t,be computaLiünal cost of IB~,1 IIl(J('lds
b('COJILc$ vcry l,u·gc, :'lul'~()wr, tht, lllUc:rUSC0Pil' models allows UR 10 Hlurly tbe qUillitatiw bp.h:lvinrs
of d,e sysf.PITl "l IHl'ge ~cale snch as equilibriulll solutioJl. long lime Gd,aviors, Vhu~<: lnm~itioll,

!ltc. The deril'atiou of suel! models Ims stuclicd b)' man,}' alLLl",]'s l", [l, 2!l, 7!l;. III l'arti""1,,,., a 1'ig­
ürou~ derivation (the so-cill1ed 'Self-Or~ilni7.erl II.\'dl'Orlyn~lllks' (SOH)) through kinetic equation
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has beBll done in [29] (see the review [2G]), SOllle l'elat.ed l'e8earch on the SOH model have beell
e~tablished ~u('h as the existence of solution in two and three dirnensionH [29], llllrnerica! simula­
tions [71]. Withill this fl'alllework. phase transition have been analyzed4, 24, 27, 44), By follo\\'ing
lloe llld.ILOd lJ~cd in [20], ULe hy<!rodvILHlni" lIlodd of ~df-]Jrupelbl jlnrlid,,~ illlc"l('\iJl;.'; lhron!\h
loc~l alignnwnt ~lld ]'f'plll~i(l1l i~ d~I'i\'1'<1 in t.he ch~ptm' :3, the so called Self-Ot'gani7.P.d Hyd1'Ody­
u,\lJli~ lIwdd will, Xqn,h;i()J' (SOHR), Thi~ 1Jludd Pl'('~~Hl~ a u~\\' way lu illl'UrpUl<l(ç ITJ!uh;iull ill
Ilt""roscnpi(' ll1()rl~li; of ~plf-orgllnized rlYIlA mics. Tn thp smnp wOl'k, thp illlt.hor~ il bo pl'f'"f'nt some
numerical simulat.ions which validate their numeriral s~hellle and l'alidate the SOHR mode! by
compm'ioon with thœe of t.lle pal'tide olle.

The SOHR model describes the cI'olution of t\Vo mucwscopic quantitics: lhc demit,l' of partidcs
(,(L,,-,) C IR,+ and I.lw av"m~" orie"t.atiou 0(1,,,,) C gn j of tlle (JOli' at a l'.iV"ll POilll {I,;r} C
10,1'1 X l[.t". 11. i~ t.hR srM,i~1 dimension ~nrl Si"· 1 d~nflt.es t.h~ unit. 'phm~ in 1:-1:", The ~l'olntioll of p
nnd Il ,ll'~ guvernl~! b)' th~ [U!l('Willg equ<lli(JIl~:

00) 'iJ x ' (pU) _ 0

1'310 +1'(1', 'V)D + P!l~ 'Vp(p) = Î·flJ~d(pn)

III = 1

where the l'ector L', V and the pl'essme p(p) are given by

C1.Ll}

(4,1.2)

(4,1.3)

(4,1.4)

Hnd the coefficicnts;5I,' . ,B., Cl, Co ~.. m'c constant.s dcpcnding on t.hc illlcnsily noisc, ln dmplcr 3.
wc always have 32 _ (j'l' Pn~ _ (Id fi :;,)fl) is l.he ort..ho!\oJlal projec[ioJj ou!." Ihe plau ml,ho!\ounl
100, whfre (/;' dp.llotes the tenwl' pl'Orluct of Iwo W'ctOl'R il.lld Id iR t.he identitj' matrix. Thi~ mode!
b si[JjiiuJ' (0 thc SOH lllodci [2,>1. The signilicanl dilTerc-llccs arc addil.ional !t'j'lM coming from
llJe n'I)lIJ,;il'~ fOIL'l: al tlll' partil'k kve!. EquatirJlj (4,1,)) i~ il Ç()ll~l'n'<1ti\'C ~q\1atioll uf ma,,;, The
,[euoit.y '''DI',,", wit!J th" ve!o('ity [J eOllsistiug of fl t.e,.,u a1o, t.h" Salll" il.' dl<' ~Olllll{)(ld, and Hn
~drlitional t~rnl whkh play" the role 01' a ditfu8ion l'''nn ln pmou8 l1l",rli~, which p'·event8 the high
cullœntmtiull of p!\ltid~~. Equutioll (4.1.2) d~~cl'ibl'~ th~ UlU\TllIem uf the mellll (Jl'itlltutiull with
tl,,, v"l""it.y V, inAw'IlŒd by Il term plflying t.h,. roi,> of jJreSSl1rp dUR tn grAdient. of t.h,. density.
The ~ppeara.nceof t.he teJ'1l1 -3~ 'iJ~p in the velocity veclo)' Il lllake8 change the mOl'ing direct.ion
of th(, lm'an orielltat.ic)]l t.owanls j'('!\i"n~ of Iuw ('Dll(Tlll.l'at.ioll if t.!w codfkknt. '-'1 i~ pœit.ivc alld
toward8 rpgions of high concentr3tion if the c()f'fIicif'nt 34 is negfltive. The preS'iure p(p) rOll~isl'; of
a linear part., t.he same as in the SOH modeL and a non linear p~l't. which increases the repul8il'e
[on'", whlèn CllnCPlltrlltions 1H'{'o!llf' high. A differe'nt. ]Joint. [H'lw('PU thf' NHViel'-Stokf'i< C'(]Ullt.iono
and the SOH model [2,5] is that t.he convection velocities of the densit)' and the mean ol'iellt~üon

al'e di(ferent wlJÎlu lhu:;e of t.lo~ j'\a"i('r-Stuh" ~ljua!.iull~ are equnL 1I1onx>\w. tlle ~odlici('!lL:; ;J,. P,j
sil.tiHfy 0 < 1'J3 ::;; ill where lit ~ /13 if and only if the noise iR ahsent, fol' the SOllmodel, in
['Id]. il ",as shown thal !.he eoefficienl .83 mal' be llegalivc. ln lhis casc, li\(' lllean oricntation q is
, mnspml {'d in ollPOsil e dir,,\' 1ion I.(J l.lu, nmv. Ail ""aJlJi,1" Dr Slld, "ys! ('lJl is" <'ar t.ram,· iu C()lll\l'stnl
~it.lliltiollf;. Th!' two i''lllftl.ionR iH Hllppl~menl.ed flf a. gNJIIl~t'·ic tollstrnint. Illl = 1, Th;~ ~on~tmint

i~ pre~('rvl'd at al! iillll'~ by th~ projection opnatur l'n-'. Tlti~ Pl'Operty l'c~\11t~ frull! thl' lu~~ uf
Galilpm, illvariflnc:<' [921 which iH fln f's,pntial difff'rPIl"" ],,,t,w,,..,, "ollpdive p),pnOlTIPnH in HtillLd~rri

statistical physics and biology,

Thi~ ch~pter is del'oted to Rtudy t.he existence of SOllltioll~of the SOHR model from hoth tlwory
alld sin'ul(lUon poin!. of viel". By \~~iJlg leduü'lttcs in [32], wc nlso SllOW litaI a loc"l soiulioll ()f ,ILe
",y.sl"llL ('1.1.1), (-1.J.2) "xi"ls lluiqu,,])' ()IJ [O,T: fur iJ, > 0 aud iJ2,cJ,"2,clllOIJ-Il"!\at.iv,, "01",t.allt".
III order t.o pmform ~inmln.tions, we follow the schp.l1lp. lts~d in t.he ~hapt.€r 3 w!lN'" t.h~ cOll"e"genc~

of this Sdl<':lll\! ami thc ~ollvergenœuf llumel'ical solutiolls of tlw SOHR m(Jd~1 huve been already
shown. The 111\llwri<"fll )'e.'\Ilt.~ reve~1 th",t. t.he existence lim~ of nunwricil] solut.ion depend~ on th~

relatiollShip betweell the coefficients, I\lore pl'ecisely, when [J. j is sufficiently large, t.he numcrical
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~ül\ltioIlS exist only fol' shorl liHl(" 13.1' ('OUll'i~1" whcli ,81 is slllall enough. the lllnnericai wlut.ion
cxÎsts for IOlJg li",,,.

Th~ outliue uf the paper iR as follow~, ln ~rn.iOIl L we pre~ellt. the theorem for the existence
of the solution. In scclion 3, w~ rq>Ul'l1.!l(, W1U(ÎUll~ for the vUI'l-ex probk'llI in some Cllse, of the
rorftiri(·nl.~, A tOlldll~i"JJ will Il!' dnown ill ~('<'t.i"" :l

4.2 Existence theory in 2D

ln this ~ect.ion we st.ndy the cxistcJlcc of l.iJe local wlntion of th" h'yS/"lll (-1.1.1), (~.I.l) in 2­
dimensions with the initial rondi/ion

p(t '" 0) = pu > o. n(l '" 0) '" nu. Inul'" 1.

\Y" ""Illll" tlt~t t.he dO)ll~ill i~ th~ ~quaro IJOX n2 . [0.1]" wilh l'eJ'iodie I",nndal,\" cmldi!.i()n,. TIl<'
codli<:il'l Il JI is jJ{miti l'e constallt and ,132 , CI • C2, ') are non-nel':l\ti ve oonst.am.s,

Thcurcm 1.2.1. ]-V" ",'-'?lm" thal th" imriill dilta be/lm!) to H'''(ITZ) lUilh III > 2, 'l'he'! tliuv
f,rist.' a. lim~ '1' > 0 and <l uniquf solution (p.4!) in U"([O. Tl: 11'n(IT2)) illI1([0, TI: lI'" "ln"))
st/cl, 11H11- {) ;,< TlQ5iti1'C, MVJrIi1'cr, 'if th" mr.Jjirir.nt,~ i',. Î > () Own the svlution a/so bdo"g" ta
UnO, TI' !lm+ l (TI')) n H' CO, TL H'n-I (IT2 )).

III 2 i1illl~IlRiotl~, we can "'rit.e U = (l'OS t'!, sill 1/'). Thcn th.. syslem (·1.1.1), (1.1,2) ('a" he
rcwrilkll us fullow~:

O,P + ih \l,p. SI -'- 31pn.l . v~': ;h6p~12

(),~; + iJ:lll, \7,', + }l(p) li l . vp - iiIV,,(!J vp - 1(6,,':' - 2v,d" Vâilp)

"
4.2.1 r-.1aximurn principle and symmctrization

Lct (l(:c) - p(kll,.l'). Ii > D. then the eqllalioll (1.2,;') ran h,., \\'l'ittrn.% foliO\\'8

whf'rr ,(hl --l 0 A.~ li --l 0+, \Ve a8S\lme tlllJ.t r/(xo) - mflx"p(l.h.:c). Thi, 'lLl"'lJ~ Ih"t

Y'~p(kh,TO) - O. b.p(kh,:rol::;; 0,

FI'OIll (~.2.'}) wC' ul>lain

(,1.2.,))

(U.G)

(,J.2,7)

(4,2.8)

p''(J:ul - ri' l (,);u)

h

Takiug t.he Ihllil Il --+ 0 1. ami a ]Jplyiug C. l'Onwnll '" ;'''''l"H.lity, WP hHW (.he following a ]Jl'iol'i estimate
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a'(p) = jp'(p) , ,\(j)) = (('(p)p, h(/J) = 21,,1'_
P

l'hen. the system (-1.2.1», (.1.2.6) bccomcs:

8, fi = - iM! 'V~ fi -:'1,À(t')f!.1 - 'V,. ," + iJ" \' - ((( -) (fi) 'V' l'J
-,3~\7).,(ji)''i7(() 1(P))+,1~\7a l(fl).iJ/i

iJ! 0, ~J = -- /J3d j n· 'h') -- [:Il ),(fÎ)H.L , 'V li - [:lu'Jill x\'~' ''VII j (li)

i ,3dà\!' 1 \7 ,iI(fj) ''\7.,1')

sil\r~

(4.2.10)

(4.2.1 i)

\7. (o'(p)pvp) - a"(p)pY'p' 'V(!

\7, (a/(p)p'Vp) (À'(P)'i'(p) (1'(p))\7p· vp

'V. ((l'lfi) ~ v>'((i)· \7p+ vp" VI'
'il ' (a- 1(PlV' rJ) 'V ),(fi) , 'i;:'(J-l (fil 1- V,,-I (fi) . 'V (J.

Nu"" th" ""i"le"œ uf local Hol111 iOJl~ of 1!lis syokm follo,,"," fwm 110" lIludif""l Garl"rkill llld1Jo<l fm
qll~~i-lill(>al' )">M'lbolir ~~I\~t.i()ns (R"~ R.g.'I'-\r1or', bonk [HSj). Thn Cl prim; ~stimM~ of th~ soillti(ms
ean be [)l'o\'cd USillg tlle "ume lcc!miqllcs in ::\2" and cXl'loi(illg lhe sYllllHclrizaiiolL ur lhe krms
À(fJ)Q.1, \7d" an,l À(PJDl-. "iIi).

4.2.2 Existence of apPl'Oximating solution

Wc wll~idfr the ~)lpl'oxinl!l.t.ing SYS!.i'lll:

J'Al (.l' ,1" J' V:',)

.r ..1 2(.r (),' .J' li;, )

(<1.2.12)

(U.D)

w\lere the fnncliolls AI (p. ~"). Ib(p, 1/') dellole lhe right, lmnd siJe of the eqll~tiolls (~.2. Ill), (·1.2. j J),
respectively. lIere, ,F is il Friedrich, mollifier, 1I'hich wc fan tilkc to he of The form

(1.2.1·1)

With!\ll l'ven flllldioTI -{ li- §(II~). and ",(0) 1. Eqnivalently. for f f- D'(II~) the romier tl'i\llsform
F of .T" fi., gil'en by

F(J' f)(k}" \C(Ekl)F!(k) (-1.2.1,.,)

Wc ~e(' (1oa( th~ fUlJc(i<.lll il = (/1],.12) j~ Lij!~d.i\~ lhHuh lo Phlllth('l""'I'~ lh..,llrl'm. By d<l~ind

tb"".-)' of OnE t.hiH yjeldH t.h .. exjHt~1 "'" of H Hhort-timp ",Illtion of dl!' SYHtPlll CI.2.12). (cl.2. 13).

4.2.3 E:;tinmtion of the approxinmtillg :;oiution

ln thi~ ~\lbseé'lion. we will ,how that the slllution (p,. ~'J,) exist~ for t in a time interval inrlepenrlent
of .. und hus u hmit as f ---t (J. Fol' this purpose, we e3lilllHle the H'" -Ilorm of lhe solution (pc,1/)<).
Wc clenotc D~ .'_ iJT '·, "":~" wilh :ü .- L;~j Üi. Wc lake t,he D~- derivnl.jye of (1.2.12), JUlllliply
il hl' D"fj, and intçgrak it willll'l'~p~d tll :r. W~ do th~ ~allle lhillg f\.lr l'llmlli\.lll (4.2.13), but w<.:
nmlt.iply il. hr J)"1j),. Thpl1 WP .';nm nI' thp l"Psuhing ir!pnl.itipb 10 gpl.
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o ~ :iIlD"P,(t)112---/il:tID"1,\(t)IIZ

,p, (U" (r (II, .V)J' p,), D" A) + 8,I'IJ (D" (.1< (0, . V)J't·\), /)''\\)

+jil {D" (.1' (.\{J' fi)(!1; . v)J' >J"')' D"- fi,) --- ,dl {D" (J' .\{J' Pc )(n; . V).1'i'ü D" <1.',)

+;)2{D" (.l'V . (~-I (.rpJvJ' p,)), D"P, i
-;'f.;.(D" (.J'V .\(J'Pc) . Va -1 (J' p,)). D" p,)
+,1~(I)" (J'va- I (J' j'j,) . v(J' Fj,)), D" p,)

,,;11 \ DO ,/' ~.l< ~"" DO <"c)

/3J{:i1 (DU (J' 'VJ' T/J< . Vrt- 1(.J' p)), D" ~U

-~'/"}1 (Vn (J' Vh(J' tic) -v.l'" ~"e). D" ~\)

J]-h+---+J"

il. ih ilOt. hard j,o hPP that.
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(42.16)

(4.2.20)

(1.2.17)

(4,2.18)

:-!üw, we ~stilllate JI_ Sine/" J' roll\mllt,,~ with f)", and i~ 8elf·adjoillt. we caIl luile

14 ~ ,iJ2 \D"(u- J (J'A)vJ'A),vD"J'A-)

{j21,,-1 (J' fJ~)'VDU (J'A), 'VD".r1),)

. f:h(D" (u-' (J'j),)VJ'p<) - (1-1 (.rAl 'VD"(J'A), Vf)" J' A)
1_11 + 1.12

We need the following l<'mmrc whose Pl'O"! ("an he fOllnd jater on.

Lemma 4.2.2. We have

,hl ~ (,(II.I'flcln-' ~ + IJ't\III'L.·~)(IIJ'AII~ ,_ -II.JC~';éI17j"')' ~; ~ 2,.1

IJ'1 > fO,)211'VD"(rp<lll'

[hl c:; f(:21IVD"V",)II~

+C(Wp,livl.~ +lIr1;'!FII?I"~)(IfP,,II:;",·,'1 11J','J,I:"1J ..,), k-42,5.G (-U.ID)
'r /1 1[h < 4iIVD"(,/<1,\H2

+C(:i.F p< Ilil'b 1I!J' lb, Ir\,l~ )(IIJ'A Ilj"" + 11.1< li"~ 1;71''')' A~ = il,))

w/wn C dtnol.e gtneric eOl1~{,ml$ drpendillg on Ihe jJUlumdus of the problem.

I\'ow, cOlniug Im"k tu our e8t-imates. Summing alllenus logNh(,,' 1<'>1' nll ]Jll~~ilJlc illdicl'~ (\ ~\1ch

t.hllt.lnl :::: 111, we obtain

~~ (1Ip, (1) 1I1J'" + ;31 Il t'l, (t) 111" )

f{)iJ~ l " ) z -rill 1CI" Il'
1 ---.i-lv(J p, IIH'" + "2 v • w,) Il'''

< C(lIJ'I},lItl"~ + IiJ'VJ< I(l'LX + l)(iI.l'Alil/", + V'I,;),II~I"

"For III ::: 2" + 1. 118ing the Sobolev imbedcling theorem, \\'0 have

(4.2.21)

(4.2.22)
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(4.2.23)

Silice t!le ~Cqll('''CC {J', 0 < E ~ Il is n"iforIll)Y bounuecl on cach spacc c m (n 2 ) allJ H"'(n"),
ill<'qunlity CI.~,2:1) yielrl~

H [o!lows [rom Cl'üllwall\ illcqualily (Jmt \hcl'~ (,xi~l~ " fuunioll K(I), iiHi(e ()Jl ~0lIll' illkn-ull
[0, Tl sn,,), th"t

111\(1)1171" + 11~\(t)IIJ[,,, ::; [((l), Vf. (4.2.2;))

Thercforl', th" HpjlroxilllatilL~ sol\lli()ll~ (fi,.,:,,) bd",,:; lu C(O,T;Il"'(n 2 )). On the ,,[her ha",L
I~king th€' H",-2 norm in "''J\lRtion~ (4.2.12), (4.2.13), w~ ohtilin

II(p')III'I'" , +alll(~\)IIIII""" S; c(llii'IIIf'" + II~\IIII"'}

IC(lII\III'''_l 111,,,<'IIP-,)(IIi\hl'lx 111\,\ WL,~)

So, the"l'Proximal;,,!,: ~ulllljolJS Ix'long 10 C J (O. T; Hm - 2(Hl)),

Limit of the approximating solution

Fwm the abovl' l'l'sults, the bouuucd falllily

(ü.2G)

has a weflk' limit (fi, ,...) E. L'-"'(ü, '1': Hm). Let IH'" (8:"), H"'(:R"J:a be the interpolation space of
Iwo Sl'Hn's JlSI(IR") "m! Jl"(R") fOl 51,S2 é- IR [lm! fI é- (0,1), Wc Ij[[~c

[H"'(R"),H"'(lli:"JJa = N',a'i] "!"(IR") (4.2.27)

Rr selting Il, '= ([J" ',\) and choosing s, = 111 - 2, "2 = lH, we get

1"" III'" ,,, < l''<I!~,,._,IIH<J~;,':'

CO!l>;.i<!er IlO'"

IlucllC"(OT,H'" "ï = Ilu,Ik:(O,T.H'" '") + "'l1p
(L "1,

L'~ing inequality (.!.2,28), "'e get

Iv,(I]j - U,(L2)!,1J ,-'"
I, t21"

CI.2,29)

1
[

, 1111,(1,) - '1,,(tLJIIH""-
Ir 12 i~

1
< ït;-':"t;I~'II1J,(iJl

<: 1 1 1 Il r' 3,11,(I,À + (1- À}t~)d'\IIHm ,l, - t z l"II'1L(t,) - u,(I:I)llh~,7
Il I,'l.~ .10

::; II [1:1111,(1],\ + (1- À)I'l)d,l,i"" _, lu,{tj) -u«t2)11:f:,':'

< +00.

So, th" rai "il)' ((p",,:,,), 0 ~: ,c <: 1} is bOlll"h,d in Ca(O,T:JI"' 'la(IT2)) fOI """h fT C (0,1),
Applying Ascoli's theol'em, the]'e exists a sllbsequence {(ji", t\,)} of the ~eqm'nœ {(A, t/!e), 0 <
é :::: 1} such that
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~illce t.\", illduhioll "''''-"C '-t (.'z is compact for "Illnll (J nml III > Tl/2 + 2. Takin~ the limil
FI --lOin t.he syst~m (-4,2.12), 1'1.2,11), "" "01":1,,,1,, that (ij, ,'}) is a solution of the system (4,2,JO),
(-4,2.11). /lI0re0ver, if /j".'I:> (1, t~king the integr~l DI' the inequnliLy (.1.2.21) witl! l''"I,,,d to 1, "'('
h~€ that the solution (p, ~'J al~u l>cluugs to U(O,T:H"'II(TI2)). 'l'nking tlir. il"'-' -llonu of the
system (4.2.10), (1.2.11) Hnd ll~ing th~ same computulioll ,\~ in the jJwu! uf L~lllllJll 4,2.2, we ~et

Il (Mdiii'" '+,iJdN), IH'" , $ C{lIfil H"''' -1 lIôI11l"'")
+C(llpl'lI'" + II~'JIIII.,,)(IIAI\""'" + !h"I,I\'J.~).

Tlli~ illcquality impliE'H that (ji.t") niso helongs to H'(O,T;H m - 1(TI 2 )), Sinn: lbe [n"dicll] a({J)
is hlllooth l1nd iu\wlibk f(il" P > O. thc esthnat~s Oll p illlll1E'diflt.f'I.l' t.rm,~f"l' to (!' The prool' is
complete.

Proof of Lcmma 1.2.2

We l'ecall t.hc followiu!,: leuuna (1,-11 ill ,s81):

Lmnm;, 4.2.3. Fol' any pa;, "11",,,;I;,m 1'1 i11 [Jm(R") fî LX(~"), we have

I/gII11'" ::: C(llfIIJl'" Il.qllv T Il.'IIII! '" Ilflll."') (U,SI)

If additionnlly. we '''l'po,,,, t/ml \? f C !."'(:R"), Wc hmte fOl" (!1IY CI E JW". 'wi/h Ini = L:~l 0; - 'II!

whert D" - DT'." "'.f,:""

The tenm r~t I:h If) h~ve be",n estimated in [431,
t:sli1ital~ (JJ 14~,' Sim-c J' comlllutE'H to D" Ilnd is self-adjoint- 11~ing Gr",,,,,,'~ forlllula, LClllnw 1,2,3
and C1ll1{'hy-Sdl\vHl'tz in",quali1.y. we gel

1[~21 ~ 1~21(D" (,,-1 (J'!\ )'VJ' A) - ((-1 (Jo fi,)\7 D" (J' fi,), \7D" J' lUI
< dzllD" {,,-' (J' (je )'V,]< j'J,) - ((-l (r fi,)'ilD~ {F p, ll!L' Il'ilD" J' fi,1]p
< CI r {l, IIII",I'VJ' p, Il L'~ l, \lr fi, 11/1'"

< Jz/OII~I" Il' ('111"1' IlnJ"II'-,- y. (>< li''' +" ' P, ,fi'" v p" 1,-'

< f321°11\lJ'j'J,11~1'" 1 c(IIFAII71" + .1;'1;',,17/ ,)(II.1·fi,llr\·".~ +1.1'1/\11;1"")
whel'c the thinl ille<.ju<dity uses L€llllUa 4,2.:; ~nd tll<" foarth on(~ IlSPR YOHllg\ inequality AB :5
COA2+ il2/f'lCo) wilh r:'n = (J2f[J.

Estima/,c 0110, h.- Olle 1.0~illlil,,]'it.y nf f.'i Hnd rh il Sllffi('('s l.o0slimat" 15, Dy lI~illg L:rl'Cll'~ formula,
L€lmna CJ.2,:l) ilmi Cauchy-Schwartz's incqunlit,v, wC haH"

Ir, = 3"I(D" (J''VA(J'p,.J ''Va-'(J'p,)),D''AJI

< Cil\?D" J' p, III.' IIU"-' ('VA(F p,) . 'Va- I (J' fj,)) Ilu
< CIl v u" J'fi, Il,., IIvA(J' p,.) ,va-lU' p, JIIH"'-'
< C1lv/J"J'ri,II'.21IJ'p,IIH",IIFf;,IIIl""

< 8~" Ilv lJ" .l'ficlli, 1 C(II.l' p, '11." + II·hiJ II1." HliJ'1\ lIiv',. --'- I!J' ,", l, ~l'b).

b's/hlii/le vi 1;;.- T1K' lerlll~ ls i~ e~tilllated similarly il.R I,. I t . We gM

IRI .31,311(D" (.J''il J' t':', ' 'il,,-1 (.r p)), D"V',) 1
< iJI/J1 1'ilD".rV), Il 1.' Il})'''-I {vF 0, . \la -1 (J' p,)) IL'
< (.'IIV lJn J''I}',lIu(l, J' p< 11/1,,,1)' lf', Il w ',N + IIJ'1/J< IIJI'" Il.1' pI11~'''x)

< 3~')' IIv1)" .1" '1\ li., - C(IIFp, 1!71 '" + IIJ' ~'.> 1Jl'" )(11)"/\ WI" ,,>, 1 i!.l'.i'< IIfp,,,)
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4.3 Simulations

Eûs!c1ICC of solution fol' il syslem of rcpubicm ((1Ii[ aligmncnl

In thiH section, we wilJ ~Olllpal'e the t Ilforet k~l Illlri lllllllel'ical ff'I;UltS of the syMelll C1.1.1 ), (1.1.:.1)
in \wo dilJl('usioll$. NUIII('riC(lllJl~LlLQÙ~ [(Jr chis sy~l<:Jll huv~ bCÇll prl'S~lltl'd;n ch"pkr 3. Wc ITndl
t.h,,1. t.his "ystc'lll is HD!. """s~rwll.ivp \",cnnsB of dl(' g1'<lllll'tric ",,"s\.rajut ln, = 1. lio",,,,,,,,-, we
mnld çon~id~r this ~ystem a~ the zero rel~x;1\ion limit QI' the consel'\'ed one. Thi~ ide<'- has been
;llll'Où!leed by )lotsch and Navol'et 171J tu llumerkally solve the SOli mode!. ily thi, way, the
ml1l1pric~1 ~(ll\ltion" of the SOHR lllodei are considered 85 those of the following relaxation system:

(/tp'i + v,,-' (jJ'IU~) _ O.

p"
(!t(p"!!'!) + 17,,' (("IV'!;; n'I) + v,p(p") -16.~((!'ln") = -(1 _ n'11 2)fl'I.

'1
u~ = /J]rrr iJ2'il.r l'" F~ = 83f1'1 (f4'il r {l'

(1.:1.:1:l)

(4.3.34)

CL.,·:t~)

\Vher" \1.<: g('lJ,udri~ çuu':<lnlilll Illi = 1 js r"IIluwd, TlI~ :;(:il('JIL(' pr<Jp<J~(,d fur lhi~ llludd Œl! uç
fm",cl i" dmpf.l'r 3.

r" this section, we will stuc1y the role of additional tel'lllS (the terrIlS 'il{! in C and V) in the SOHR
modcl 10 the SOH uloJd oblailleJ in [201, luilial cum]itioJl arc dlO~ell aS follo",s:

1',,=1, n .. = (cosll",sinll[)),

{

"ntall( y,) ,,- ~igll(;"Jl if J'I ~ (J
Xl 2

f:lu{cr,y)= 1fifx, =üaudy, >0

ü i[ ;('1 = 0 alld !Il <. 0

(4.3.30)

(4.3.3i)

:['1 -.f -- L,/4,!JI - JI L y /4

''"1 = X - 31,.,./4, YI = Y - L,/4

T, == 0," - [.,./.t, !11 = Y - 3['y/4

Xl -' X - 3L~/4, y] Y - 3L,,/'1

if :~ < L,,/2, !J <:: L"/2,

il" X 2: L,,/2, Y :::; L,/2,

if X S ",/2, Il ~ !'v/2,

if x?: [,/2, 11 2: L,,/2

and 1,.,.1,., are the len!!;lh ol' domain in ;G, y-direct.ions, respectivel}'. Simulat.ion will be perl"ormcd
with pcriodk boum]H!'}' {'(Jnditi(Jn~ in bot h dir~dions. III (Jl'del' to avoid th~ ~olllpl~xity of bOlilldal'Y
behaviol's. we dlOose L1 = L y = lU. Pal'ameter5, whidl are lixec1 fol' a1l8imulatioll5 if Ilot diffel'ently
statcd. arl' ~x _ 6.11 - 0.2, 6.t _. [UlI, ,:':1, o,n, rh _ 0.8, Cl __ (),l,,,, _ 0.2,'1 O,\. We Id j,)ll'
paranwterR lil , ,"'4 1'111'.1'.

tï'stly, we will l'~l'ify the role lille a non-lineal' dill"usion terrn of the term -ih'ilp in the expression
(Jf th~ wlocity U by ~illlnlatioll~. Ill~~rtilll\ thi~ t~nll in 04uatioll (4.1.1) r0Sl1lt~ iu - (hiJ.(f!~/2).

For this )lul"pose, we will perforlll SilllUlflt,ioos for different. values of .13", To do SO, we lix 13. = U,
and let J~ vary. Figllle -t,l, -t.2, -t.:l iIlOlst.ralc thesolutioll of llw byotem (-t.l.t), (4.1,2) fOl ih _ 0,
i'h - (Ui and ,8'2 _ 1, rffipe~tively, It iR c1ear that thiR term cont.l'i1mtes to jlrevent the fOnnll.Tioll
01" higil cOllc<:nt.['nUoll of the deu~it.y p,

Sceolldly, wc will illYestigate the l'Ole of thl' t~rl1J 'V fi in the expre~sion of the l'elodt:i V in the
system (-t.U), (4.1.2) by Billlulations, For t.his pUl'pose, we lix the coefficients 132 == 0 and let. 84
vary, "jIlHLlati(Ju~ "re I",rfom".,l for MJ!l'" \01Oes Df codlicieuts \vllich "re ~lJl)wJ1 in lhe lu]'l" ·1.1.

]n figml'S 4..1 4.5, 4.G, we report the den~ity f' (Ie[t) and the mean 01'j~lltfltion n (l'ight) of the
SOHil mociel at t.ime T - 1.5s in the cases 1, 2, 3, respeclive1y, 'Ve observe that. in the a!;scilco
of the poroll~ terrn /'12, when /14 > ;'14,,., Il critielll vaIne, the wlntion becomes singnlar, Whf'n
134 < th-.·;, Ille solulion is regular, For (3. = 0.3, lhe solulion is regular (sœ figure 4.4) but. stm'ls



Simh/ulioflS

Codficiclll.S p, fJ, , " 7
,_1 0.0 0 0.3 02 01
case 2 O., 0 08 02 01
case 3 O., 0 2 0.2 01

'Thble 4.1: This lable shows sollle cases of coellicicnts.
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(~) dc"s1~r p

1. '.50000

(b) P

Figure 4.1: The solution of the SOIIR morlel for th. = 0, 84 = 0, 'Y = 0.1,e, = 0.2
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1.1.50000

(b} fi

Figure 4.2: The solution of the SOHR model for fh. = 0.6,8'1 = 0,"( = fl.l,e, = 0.2.

bcing llllsiabio ilL oollle points aL /14 = 0.8 (sec figure 'I.{l) and OCwmcs totlllly Ullstllbll: ut 8.1 = 2
(500 ligure '1.6). Thcrefore, the term -84(\7P' 'V)!l plays a rolc of n ml$lablu tCrllllllld brings the
sillgularity 10 the system.

\\'e will stndy more abol1tthc case WhUTU the 1l1l~tahility of the solution occurs (cas<: 2). For thj~

purpo:re, \\"(l fix f34 = 0.8, and change only one of the coefficients 1':.2,"(,81. The coclliciclIls of the
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(R) den.ily p (b) 0

Figure 4.3: The oolutiol1 of the SOIlR modcl for th = 2, 13~ = 0,,. = 0.1,1:2 = 0.2.

eoeflicient6 Q, P, Q. " ,
C/lSe ,1 0.9 0 0.8 1 0.1,-, 0.9 0 0.8 0.2 O.,
casc (; 0.9 06 0.8 02 0.1
cliSC 7 0.1 0 0.8 0.2 0.1

Tllblo 4.2: This t..ble reporl4; sorne C"~)lj of tl"l coefficients.

SOHR mlXlcl Ch<*:IlIUC shown in tuble 4.2.

The solution in the cases 4,:>,6 are presente<! in figure::; 4.7, 4.8, 4.9, res[lCCtively. Wc sec that the
solution of the SOHR systum becomes regular again whell wc increasc onu of the coellicients of
diffusion terms (includinK the coefficients CI, C'l whicb play roles of pressure). Figllru" .11 displays
the solution of the SOHR model for the case 7. Il shows Ihllt wheu the COIl\'ection velocily 131
is smal1 enough, the solution bccomes regular. By performing simulation for case 2 Ivith initial
condition Po = 1 (sœ the wlution in fignre 4.5) and Po = 0.1 (Sl'e Ihe solution in figure 4.10), the
solutioll ia singular with Po = 1 but rcgular with Po = 0.1. Therefore, the ClrÎstellce of ll\ll11criC1l1
solution of the SOHR model depends on the relatiollship betwœn the coefficients and on the initial
condition Po.

Wu cuu expluin lJ<lrt of (hia depelldcllce b)' thl: maximum principle. ludce<1, from the lIl11xilllllm
principle, if 6.p(l"zo) < 0 for ,,11 t E [0, TJ, there exists a positive cOllstnnt Co slId, tl",! 6.p(t,xo} :5
-CO, Theil wc hll\'e

p(l, x) :5 p",,,~ exp (fa' (13, IIV ~'/>(" s)IIl,."(ll'J -thcolds). (4.3.38)

wllerc p",~~ = maxlO,IOIP(x,O) and n = (co'nb,siluP). The maximal I"aluu of the dCllsity ia an
I)xpollellti,,1 f""etic", of tillll) t. 80, if th = 0 or /12 is (00 "",ail, this Ulaximal »nl"e incrcl\l)CS
\'cry fast whcn t pass 11 Vl'Ilne 10 > Q. lt co\lld reach a I"ery 11Irge Hlnnber, the numerical solution
should blow up. By contrast, if th is lurge ellough to domiuatc 131llV~\IJ(" s)IIl,."(n')' thc solution
is b()nnd~~l b)' Pm~r' This I""ds to Lhl: exiSLence of mlllleri",,1 solution On touger intcrval [O,T].
The n\llllerica.l resllits alw reveal that in the presence of the nnstAble term -{3~p(Vp. V)I1, the
(,"Ql,)flkient of t hl: ùirru~ion (urlll:l (incluuillg Ihl: flU!'I\Ulctcœ wl1ich play thc l'ole of prC:lSure) IlccU to



CmlC/usioll 9J

he large enollgh to I)rcvent the llllstnbility of thc oolntiOIl. On the ()\her hlllld, 'rhoorern 4.2.1 S!\)'S
lhut lhere l:Xists li time T > Usnch thRt the thooreticalsolutioll of {hl} SOHR model exists IOCnlly
011 illICl'\'/llIO, TI. Ho""el'Cr, wc don't kllOw exactly the l.ime T. Thererore, when Illlmericai solution
of the system paRS the time T, the l)rogl'A1Il of COIllpnlntiOIl will givc ,,"rang \'{Illies of solution. This
cxplaius Ihe unstability of lhe llllmerieRI solutions of lhl} SOHR model in somc cases of coclliciclilS.

,_ '.!iDOlIO

(a) den$lly fi
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(h) n

Fig"...., 4.4: The oolulion of the SOIlR model for th =u,/3. = 0.3,1 = 0.1,0.: =0.2

(a) dCllSl1y f'
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(h) fl

Figure 4.5: The solution of l.lu: SOI IR mollel fOI" th = 0, {3. = 0.8,1 = 0.1, 0 = 0.2

4,4 Conclusion

ln this chuplcl", ""1) Imvc stlldicd the cxistcnœ of solution of R mRcroscopic model fOf a system
of sclf-prol'c1kd plIl"tie1es with alignmCllt and n:PUlJliOlL in two diJllellsioll:!. On one hand, Il"1) have
praved existence of sollltions by using the modified Garlcrkill m<:thod for 'l"llsî·1ineaf paraboli,;:
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&i$lellce o[ ~QI,diQll !Qr a $ystem Q/ repulsitm and u/i9mlleut
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(R) dc".ity P (b) [l

Figure 4.6: The solution of the SOHR model for fJJ = 0,/3'1 = 2,)' = O.l,OJ = 0.2
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(a) density p (b} 0

Figure 4.7: Thc80lutioll orthe SQHR lllodcJ (or th = O,f). = 0.8,l =O.I,e-.z = 1

cquatiollS. On the other hand, wc hal'c also perfol"lnœ simulations to compare thcorcticnl and
lIumericlll reslllts. Il is a open problem 10 st \Id}' the existeuce of 1he solul.ioll in higher dimensions.
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(a) dttlli;ly p (l» fi

Figure 4.8: The JjOllltion of the SOH R mode! for th = D,fj. = 0.8,,. = 0.5, C'l = 0.2
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Figure 4.9: The solution of the SOHR mode! for th = O.G, {J~ = 0.8, 'Y = O. 1, cl = 0.2



Exisl!:7lc/: uf sulutiun fur a Sllsl!:m uf repulsion alld aligllmc71t
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(.) de,,"ll)' P (b) {}

Fignre 4.10: The solution of the SOI IR model ror fI2 = 0, {J4 = U.H, "1 = 0.1, C2 = 0.2, Po = 0.1
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Figure 4.11: The solution or the SOIiR llIodcl ror th = 0.1,/31 = 0, f34 = 0.8, "1 = 0.1, C2 = 0.2
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Chapter 5

Collective motion of self-propelled
robots

This chapter is le work in coll"horatiolJ wil], P. f)cl',{)nd, F. P10llrll1101lé, R. Climent.. G. Llimureo.
O. l'mm!, N. Wang. The irlell of st.nd.1'ill[!; coll.."tivi< nlM;Qn of Iwxhngs is due 10 Degond ('1). W,,"~

\\'ilS ill dlHrgp of the 1111merical codes (0 lind tlw po~iti<'>lls ,Illd (.hl' ol'il'llti\tlOIl~ (Jf the hexbngs. The
nllm~riral model fol' the hexbug8 is duc lu Wm,g. 1 ID"k {'arc of pcdilnlling ~Il ",xperiments wit.ll
PnIUl! ami Plouruboué. l have al,o dalle data ]ll'Ocf'f.sing, d~\'~l()pp.rl and simulat.ed l.he lllllllcricai
lllocld tllHllkillg 1.0 DegQnd 8nd Plollmboué. 'l'hell nll uf,,~ h",'~ llld lu Jiuish this work.

5.1 Introduction

Lar~€-'5cale stnlCllll'l'S c<ou b.., o[n"rwd ill systems of oelf-pl'Opelled panicle,; 1I'lth Jornl intPr~~tion

s\lc1l as lish schuu!, "penH <:('Il, lllLlll"" cww,!, <'l." _ ,ra ny mad"l" h~\'" be~1l pwposetl lo ~n1" lIl'~' <llId
dl'~cribe Sllch llllf'llOmena. '1'hlO Vkiil'k mod~1 [n:r is ("onsid"f~d as the simplcslll,udel Wllid, (,,,hibits
collective behavior.III lhb llIodd, l'uilll pill'lides 1Il0Ve with l'()llst<mt opeed IInd ["nd tn lllign th<'ir
directiOll to (he leycra~e dirl'diull u[ Lh"ir Jl('ir.o;hhm~_ Tlois ",od,,1 al", <'"h ibit.s phase transi! iOll II'hCIl'
"li ]Jmtid~s 1110ve in the ,~mp. directinn, ;"Int'my~r, f'lrlllg~t..d ~lt~prop"Uec1 parl-iclcs iu(~ml'-l by
~t ,'ri<- iut.~mctiOll as in [7::>: also l'esnlling iIl aligullll'J Ll. Jn IG~I, 1.1", 1\ut.hors ~tutli~d IVi th exp~ril1l~llt~

Hnd simula t-ions coHect-h-c belwyior ui' "ilml! "d ]Jolar ro, k Tlo"." h1>"w,'d tlmt s~1 f- ]ll'opell"d pari ic10s
ilggn'gatc at th~ boulltlary Df arella, A ~illlil~r phrnollwn~ ;,IED OrnlfS fol' vibralcd point' disb
'.1~, :;f>. f),'ii_

1Il th i,; \\'01' k, w~ l'eporl on experimelll-6 cUlld 1L~ Ll'd ou SÜ"I,I" wbol s (l,,'xhugs) ilml simulA tions \\' here
duugated polar odf-pl'Opelled ]J~rtkle~ ~r" user! (see Ilg\ll'<' .-,.Dl. W<' finrl a simi!ar plH·nomena as
Yi, 61J "h~f'rved fol' vibr~led pol~r p~l'i.jcl('s, Ai'lel' sOme lrall~il'lll. 1.;11L(', thé' bug~ aggregateH and
(-oll(;rt.i\"~ly align perpt"lldicularly io lhe dOlllaill hou",l"ry, Tloi~ 1'1"'lJ01"<''''' nCClll'S even lI'ith sillali
lliLd<illg [l'anioll. III o)'[l~l' tu model thi, colleN.ive helliwior, II"r hllild ~ microscopic mode! in whiel1
pHTt.id,,~ int.el'aet through volume e.~clusioJj alld cJJ<"'g~ lh<:ir nlLgulm ITI{)dty HS the.\' hi! ~ Iv~ll

or '"'nllidt". The amplllude of nngnlar m,cdl'wtioll d"l''''''1., OlJ thnt. of replllsiv" forct". Onr mode!
i~ <1bk to rcpwc1l1ce qURlit~ti\"el)' the hphavim-;; of hexlmgj;, I\lo,t of our lindings, are sÎml1al' to
I.hat. of Cinmi "t, coauthors [JO], R refel'ence lhalll"~ roumi Intd,\', IbO: ub{) perfol"llled experiment,
;,nd 8imulations on e!ollgnleJ sdi'-pmpl'1bl rob"t~ ill cin,ulHr {,()llfinHrI domain, J\sing individual
,,,,ddJlg and HimulatiollH. Thel' provide fi ph~~f' cliagl'l\111 for t.h", collect.ive pal-tel'll of motion wiLh
t.la-,'" et.atps: Swirling, st~sis and disordered, The lirot phase l'''''Tt~P{)lld~10 the f0rmatioll of mohile
dllstrrs neal' t.he bound~l'Y ll'ilh local orielll-ati"" dose 10 ranr.o;('nt,_ Tl", ,,,,'ond one, is tl", saille as
th~ iirst Olll' excepi for t.he dJl~ler~ lire non-mobile ilnrl ort,hogon~1 to the local tangent. Vinally
t.l", di,onl~red ph~"e cOl'responds (0 IlO apparcul çoJll'di,,~' ~\."lId-lllT"_ ln the phase SJl~ce the,\"
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oDscrved t!lat for high dCllsity ami high spœd the swirling phase is predominont, anù, Ihat bellow
li criticili density, disordcr rrcvails.

Qur cxpcriments arc pl'rformed JIlIO Illl an 1I11111r domain, Imd nminly display Iwo pha>Jet;: SI Ilckcd
oud dioonlcrt'Ù whcrc SlllCkillg pllllliC appcal'S \l'heu bugs lire lCH;llHy llllgil pcrpelldiclIhlfly to the
boumlary wh~.,-c"s they genlly lllO\'e lIlong il. Nc''Crthclcss, SOIllC lUlpccts of our obSl:f\'Utiollll and
allalysis lire original, <lnd will try to fOCllS 011 thOlle in Ille follow;lIg.

5.2 Results

Tl"l uxpcrÎmcntal setup is dclailcd in the "/II11lcrial and /IIctho<.b" section. BUg:! were confine<! in
annulaT IIrenas. Wc use Iwo rings with diffcœJlt ""lllœ of mdills Rin , Ro." _ Obscrvillg the motion
of clIch pllir of hcxbllgll in the liTS! ring, m(llll of the bugs move ~Iong cirdes of various radii and
ChHllgll thcir direction o( motion lifter oolliding. Figure &.1 shows the Il\ean spct.'<l of 12 differellt
p~irs of bug during [00 se.::onds.

u

,
1u

1 ,
u
• , .. " • "....

Figure &.1: The IIverage speed of 12 ditTerent pflirs of bugs as the)" !Hove in Ibe cxpcrimental ring.

Observiug the 1I10tioll of the bugs in the eonfincd riug, the ))srtides slign perpelUlicularly to Ihe
boulldsr)" so lllI to rorlll dusierR M we iucrease the I1l1mber of hexbugll in the ring (fig1ll'e 5.3a). If
the lotal IlUlll1>cr of the hexbugll in the ring lire Slllllll (N :5 12 corresJlonding 10 11IlCkillg fraction
</J ~ 0.08 iu the first ring ), the Iif,~til1le of clustcrs is short. The IlIrgcr the Il\llllber of hexullgl; ln a
dnsler is, the longer lifetillle of the duster is. In this case, the duster will move slowly "long the
bonndllry of the riug. Howc\'cr, ilS thc pncklng fraction is lI\rge, il esuses jamllling Jlhenomen~ of
the hexuugs. Figure 5.2 i1lustHlt~":l the motion of c1usle'1j in lime for one of the experimClIls w[th
15 bugs in the fil1lt ring.

(8) cIusle'" BI li ..." tll(') (h) dUSle<s Bl li,ne 1"'0 +0.6 (.) (e) el""l""''' lIme'" 10 + 10 (1)

~'[gllre 5.2: Snapshots of the ctuslers motion lit sllcccssi"tl tilllCS [or one CXI>crilllent wilh 15 bugs.
C[ustcrs lire coded in dilferent 0010r8.
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DMec\ on eX]leril11el1t~1 observations, we propose il microscopie mode! whcru ImrticlCl:i intcrncl
througlJ ,·ohun.., exclusioll. Eadl pmticlc mOloc due to 1\ swiullning velocity /lud lIugulftT velocity.
The reputsi'"1l force will "ct on the pArtielc jf olle ()<ll"tic!c is clo5c to anolhcl' one 01' to the bouud<lry.
Angulllr IIccelerlltion decrcases due to Il frictional force ",Itb frictiollal coefficient /3. The modcl is
dcocribcd in delait in the S(.'(;tiOll 5.4.4. This model is able to reproduce fjulllitlltivcly thcse behllviors.
Figure 5.3.1, 5.3h i}l"slmte tin! plHticJœllggrcgatc lit Ihe boundary of the ring to fOTm clusll:J'1j fOl"
experimcnt IInd simulation, respect;\""ly. To sindy this phcllolllcna, ...."C foclls 011 clllsl/Jra lit the
OonlldMy. Figure 5.4 shows clustcnl (wh Ite slripesj for olle experimcnt with 10, 15 hugs in 1he fiT!lt
riug. Figure 5.5 ~hows dustcT'li for olle experiment with 20 bugs ~nd 30 bugs in the second ring.

(B) c~pcrlmcm (b) model

Figure 5.3: Snapshol.ll illllstr~te the movement of 20 bugs in the ftrena {figure 5.3a} and for model
(fig 5.3b).
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0 , , 6 6 0 5 10 15

(Il) lOhu~ (b) l$buy

Figure 5.4: This ligure îI1ustrates the llIotioll of dusters for one of thc cxpcrimelltal rcp1ieation~

with 10,15 bugs in the firsl ring. lIorizolltllll1xis "how vAlo.ll"i of l'ngle 'P in l}()ll1r coordinates and
vertical axis is Urne, rnnllillg dOlvlllVllrrls.

ClustcnI arc dcfillcd as eOlllll'Ctoo eOlllponellts of billary image 5.5. More rletllils abo\1t clllsteT!l
idelltifielltioll et 6eglllcntlltion Clin he found in the '/l'[aterials and ~lcthoJg' sœtion. Wc fcx;w on
some ehllTlleteristics of cilisters like size and lifetime. For this p\lrp~, wc condllcl expcrilllcnt",
with 10, 15,20,30 hcxbugs. In arder to colllpare chllrllcteristics of dusteT!l IInd compllre lhem with
the 1Il0dd prt.,<lielion in the ,,"-'Clion 5.4.'1. Wc then l)Crform simulations wilh tiJllC stcp 6./ = 0.001
for lime '[' = 20 seconds. The lime slep has been choscll 50 that very fcw O\'Cllapping is obscrvt..'<1
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(a) ~Ob",., (u) 3ülJUl;"

Fi~ure 5.": This figure ilhl'i[ l'ales the motion of C!Llsters n\ong the lJonkr [or t,)Jl<" uf tlle <:xJ!L'!'i1l1~lll,,1

J'eplica Uons with 20, 30 bugs in tl,e s~c"lLd [i,,~ usinl'; il ~jJ"œ-ljlll"diagranl. Tb" Hugll\a!' posil.ioJ] Df
each c1mt€l"s fmIllier has beell segmented ~Il{j l'epl'e~ented in hl:tà (no dllRrf'l") ~nd whit!': (d\l~t ..r)
imae;/"B. Horizontal axis show values of angle f in polar coordinatcs lUld ",-,rti<:,,! ,,-xi~ is lim~"

rlllliling dawnwards. As Lime gues 1Jy, U1W Call ,ce d,al br!,'el "Jj{llar~"r dllSlcŒ "1I1"r.,;" [rom tl",
d.l'llHlll1c, 80 IhM after fi tl'ansient. onl~,' one big driftin/l; dll~ter is fOrlu, the \'~Jodl,y of whirh i~

related to the local slope of the white s(ripes.

durj]]>,: <:ullisiuJl~ as rl'l",l~ive for""s ads ()Jl ""ch parl,icie, Fllrl.l",nuor", d,,, totHI <1in]('n~ioul"h~ tiHH'
T _ ~o Reeond~ ha~ heen cllOsen w II~ r.o UlM,rh the OlW n~e<i in the r."pi,,.illl(mt.~ (it h~s lW~l1 lll~df'

dimensionlE'ss by conVE'ctiVE' limc T == 61'~/I'n whcre (;1'[" 1.'0 nre (he bug kngtlJ nud (h<: [J1Lg ~J!<:~ù,

respectivel,\',
Pnr",uej"r~ of II", llJi"w~e(}pi(' ltlOdd ha\·" h,'"u "h();;Cll "." follnws: "0 == 0.\ Fü == flO, À == 7,

ô = l,,~, l' == O.20S. j-<'ig\ll"f !'d) showh ,;izp ciihtrih"tiO(\ ~lld lif~tilll~ di8trihu(ion of (Instel's for both
E'xperilllC'n( nnd moùe] \l'iU! 20 (Jigur~ ,'!-0n) ;md 30 lJHg~ (Jigun: ;;,Gb),

This figm'c sh",,-,; a ""..dl"ut. lllntdl I)(,t""",," 1.1", "",cid Imd d", ""periment. fOl' the Sil" dist.ri­
Imtion of dllst"r~. lJowrvrr, t.h" d"n,ity of th" lif~tiHl~ of dllStNs obtainE'd l'rom experillwnts is
morc cOllccnll'aleu nŒr zcrOh (h,m (1,,-, onc (JlJ("i(j~d li-!)", ~iJlJlIla(i"Jl~,

Fil';m"~ fi.I", 'i 7h ~ho'" lifdilll" disnil ",holl in log-log ."." 1" with d ift"'r""t ll"mllPr of 11111'.>; fOl"
hot.h tlw !1XIWl"illW!ltS ~I\d t.ll~ mad"l, l'''''lJPrtivE'ly, Thp. ohsE'1'wd l""ilaviol' is close to a po"'e"-Iaw
dis(l';IJ"lioll, wh<.l~~ ~I,)p~ ~üJjil;'l" [(,()lll uue eXj.wl'i,"(,"(. lu nno(.her Olle amI d(J~e to 2, ~o tlwt t.he
~Iop" looks illci"l)(,llll"lJj, of tl", Img lI111I1I"'L

Tloi~ ih th~ o;gl1~tur~ of" uniWl'sal dynomÎ("s 1.0 rE'ach 1.111" "tackinz pha8"', 80 tbat we IOllild that
(l,,, ~(;((Cki"g I-'lJn.~" é~labli~J)lnellt rollo\\'~ <1 c:riticIl[ I,IW Wh08C t'xP(Jllcnt d(Je~ Hot depcud Oll l'hl.'
dis!,m,'c t.o t.h" ",-it-i",,1 onl,',. )1>1,-,1(1'd"1' (th- ('riti",,1 dl'llsity) sinrl' Hw \'XPO'Wllt ,,"l'llkly d",pE'nds
(ln t.lw bugs n\lml""l' fol' a giwn arE'lla. Il. is Sll'ikinz to ob0el'wd that th", exponent round J'rolll I.he

~in"l1,,(.jOIl~ i~ "'-'l'Y ~illlilal' to the Olle fouud J'rom the ,-'xperiIJlé'ut~,

FigmE' ,:,.S shows m,,~n ~1)E'"d AS f\mer.ion of invel'se mpAll .,ize of cimiers, IVE' just compute

speE'd for cI\lst~l's that li[ctimc is morc titan 2 ",-,couds, This lif!:ure "ho\\'~ t!lat tl,é' Im'gel' llll'illl ,ize
of c1\l~ter~ i~, the smallE'!" lllE'Rll sj)ft'r1 i~.

, 'J,) ., Discussion

Jn lhi~ wud" W~ loav~ stlldil'tl cxpcl·illltlll.nlly tht' Cllll'l"gl'llCC uf d\l~tcl'~ of the hexbugs ,-'ollfilled
iul.o ml >l1111111ar dOl"";l] !.o n'a ..h a st!'",l)' "ollp."tiV<' mDtion. IVe show t.1w st~eking rh~SE' whieh is
dos" to the ~tat.jc pha8e of Giomi pt al [GO] so (hat 5"lf-propelled E'lollzat",d part.id",s call exhibil

lU:W ol"g1llli~atioli of lllOtiOll whcre the pal'ticl'-'8 aligll ortlwgolllllly al. the bound!lry of thE' !Irel1ll
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Figure 5.6: Size distribution Rnd lifctime distribution of dll~terR for the ()xjl()rimcuts with 20 bugs
and 30 bugs. The parallleters for the miCfOS(.'Opic mode! arc ChOSCll us folJows: t'o "" 0.5, fil "" 50,
À =7, /3 = 1.5, lH = 0.001, II =3, r~ = 0.1, m~ = 1 ami r =0.205.
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Figure 5.7: Llfelime IJjstrihlltioll of c1llst()TS it) log·log SCille fol' Ihe ()xperîments (figure 5.7a) stld
the model (figure 6.7b) with the dilfCI"l::nl Illiluocr of bugs IObugs (blllC), 15bugs (rnsgelltR), 2Ubllgs
(green), 3Ohuf\l:i (blaçk) llnd a rt~l1ine of slope -2

10 fOTIll e!uslcrs. Wc hu\"c (IlS() uuilt II modcl whkh îs llble lo rcprOlluçe ql111lilatil"cly the colle<:til"e
bclmvior of the stnàing l'hASe and fonnd some tll1iversal criticsl dynllmiœ \.0 stscking phasc.

5.4 Material and Methods

5.4.1 Experimental setup and data proccssing

ln ordcr 10 invcstigllte thc elllergellce of collective motion in systclll~ of elollgated sclf·propelled par­
tides which inlcmd lhru"gh vollttlH..~cxcl,,~ioJl interaclions, cxpcriltlcnt.!> wîlh ~ilt1Jlle sclf.propelled
robots II"crc perrormecl in 2013 lit the 1i\IVI", France. A system collsistillg of 80 Hexbug (sec lig
5.9) \l'as used. Bugs hu,'c h'l::n plllCtod in ring ~huvtod arclla with Îllllcr radius R;~ and outer radius
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Figure 5.8: ~Iel\n SI>eOO of clusters ill versus of illl'Crsc mean size of C!usters for 1111 cx]lerimellts.

fluaI' l\vo rings were useo:\ with differcnt valucs of radius R;Q, R"a" The inncr and outer radius
of the lirst ring arc Rin = 12clI1, R"a' = 2D.ScIll. For the second ring, the onter radius il! fixecl by
R,,", = 35.5cllllll1d the inner radi\1~ is 15.5cm. In order to prevent the bUgl> from f1ippillg, the rings
,,"cre ooveroo by a glass (sec Hg fI.3), 1\"0 digital camerl\S (l'CO SC~'IOS camera and l'CO 2000
camerll) ,,"cre uscd to capture the motion of the hexbugs al a rate of 10 fralllCll per second. Ail
frR111œ of the first camera have the SlIme resolulioll whicll is 2500 x 2100 pixels llnd thllt of the
seco'ld one is 2048 x 20·18 pixels.

Fignre 5,!}: A :;clf-propclkd robot of the braud Hcxbug: a slllall balterY-I)()I\'crcd clectric engine
lriggers the vihrllliOIl of tire deviœ. 'fhe bendoo plaslic legs offer <lifferentilll friction with the
substrate. As a regult, the devîœ mo,·cs ahead, Duc to unbalanccd bcnding, mosl of thesc deviccs
mO\'e IIlong circks of \lIrious radii.

'1'0 measlire the position and the orientation of each bug wc regard their mOvelllent in two
dimensiolls. ~or this pllrpose, a rœlanglllllr tag (sec Hg fI.JOlI) \1'8S aUilchcd to the b.1ck of Lhc
hexbllg. l'Ile tllg ollows us to Jllbclthe hexbug. The position of the hexbllg is define<l by the centre
of the tag (lhe poinl 0 in fig :l.lOb). The orientation of the bug (the l'œtor AX in fig fi. lOb) is the
olltward pointing normal l'cctor placed allhe œnlm of lhe hole (the poinl Al, wlrich ;s Illlmllel to
the Hne OA.

A referenœ is always caplured for el\ch session to reduce noise of images. The mm'les of 12
pail'll of the hexbugs with new batteries \\'Cre firslly recorde<1 to compute their rneal1 velocily. In
order to observe the e11lcrgcnœ of collecti\'C behllvlor of the bugs, wc hovc pcrformoo sllccessil'e1y
exper1lllcnts with the firsl ring for 10, 15,20 bugs. \Vith the iiCCOlnl ring, lIrovics wcre 1100 Illkt:r1

for 15, 20, 25, 30 bugs.
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Figure 5.10: A bug is labellcd by Il tag.

5.4.2 Data analysis

Il1luglJ8 rœorded for clIcl, session w~,.~ I\IlRl}'Z~d IIccording to the fol1owing dRtll:

• Wc assigned a code Humber idontifying for oilch bug and this numoor was fixe<! lhrollghout
Il S(.'l;Sion.

• DlIta of cllch bug cOll1!ists of the 1lI1111bcr of frllllle, its JK1Sitioli llud it1! orientation IIcl'Urdiug
to this f"lIllle.

• The pœilioll of lho centre of Ille ring.

Ali recorde<! images were converted to binary images with Il given Wllue threshold. Each bug
is correspond to ft l"olltK'l:tt-u OOUlI)QI".:nt of billllry iUl<lgt'S. The position of the bug Wa1! tk'SCribl-u
ID; the center of IIlIlSS of the oollllt'Cted oompoHcnt wit.h HU holes. Simi18r1y, we 8100 COlllpllto the
center of Jlla.<;s of the c;in:lc which R1IOWI:I ilS ta de/iml the orieJltlltion of the bug. In arder to fi",l Ollt
to which bug each oonnected componenl is related in the librllry, wc COl1l(lllre il 10 1111 the bUg!! in
the Iibrllry froUla pixel 0091-U CrrOI' distlllKe. Errol' distullœ of this cOlll,cctcd oollll)Quent to each
clement in the bug !ibmry is t'Olllputed by the smll of RU pixels where L,,'U illl"ges ure dilferenl..
The code mllnoor of this oonnectl)(l oompollent ill Ihe index of the bug in the Iibrllry for which
the obtaincd error dist6nœ is minimum. J3.ccllUliC of the noise. tl,e progrllm could Ilot find out the
position of same cüunectcd componellts or, in sorno case error distanœ might bave liC"cralminirna.
ln these cases, Ihe progrlllll \\'SS Illn wlth differellt image thresholds. If the program still /ind no
solut ion, the bug pooition in thcse framl'S lI'ere computed by tinear Intcf)Qlation. SUIll of ail fnunes
for cach bug that we oould 1101 find out the position is always lcss than f>%.

5.4.3 Clustering Method

'TIll' collœt~d dahl gÎ\'e a= la the tll'O dimensional Carlœilln coordi1\Rt.es (x;, Yi, 0;)(1.") of cach
bug. ln polar cool'dillate, the position of each bug is deflnoo by a pair (rl,'f'I)(I")

(5.'1.1)

II'here Xu""" Yc.""~ is the center of the ring in the Cllrtl'tiian coordinate Blld t" = ni:l.t with
t.t = O.is.

Cl"sl.')r: Th'o hugs hdong ta the Mille chmt..,,. Ilt a givell moment of tinm if their l'ooition~

Slltisf)' the fol1owing oollditiollS

• Thcy mo"c c1= to outcr boundary

• Thcy mu"c close togcthcr

• Their lifctime Ul~'llS to ue more thnn n tillle ta.
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In order to detCfminc whctl'cr the j.bug and j-bug belongs to the &\JllC cluster, wc COllstrucl Il
N-h)·.N ~ilj.'looncy mlltrix A with N Is the llumt>er of the bugs in Il expcrimclIl, givcll by.

A(i,j) = {~: if i-bug /lI"j j-bllg helong to the """lf~ clllster

othcrwisc
(5.4.2)

Therefore, the lllJmbl'r of c111RtCT!I corresponds to the oonnected componcnt of the Ildjacency matrix
of the bugs Ilcighbour gruph. 'l'he JlulIlbcr of Ul@! for olle dustcr is the Ilulllber of Hades in the
cOlluœted CQlllpollcnt in lhis mutl'ix.

Clustel" (vcloclty, slze, lifetlme) We IlSSllmc that tbe bugs (ri, rp;);E/(l. n ) belong to the saille
C!ustcr. Wc uenotc duster oouuùarics (rp::,~.z:'\O~nin) nI lime t" b}'

" . (1")'Pnoin :: IIIIll 'Pi .

'"
Wc dcfinc the size of the c1uRter Is the Slll!'lll(!!ll l'lugle forme<l betweell 'f'~," ... and 'f'~,;". In

order to ca1culate liretlme of clusters, we eon~truct t\ tuUiee in the uugulur-timc 2D spaec ('P" t")
whem 'Pi = it::.'f' - lf, und t" = "t::.t. The point ('Pi,t") tah", ,,,lu<J 1 if 'Pi ~loHgs to the int<JrV{lI
['P::';", 'P:~~rll\l\{l takes 0 in olherwise case!!. Theil we oblllin a hinary image of clusters (sec figure
5.4, 5.5). Clllsters ore defined as COllnœted COIll]Xlllenls of this lJiuury imugc. This a11oll'lI liS to
compute lifclirnc and bolludllfies of chllllcrs. Figmes 5.11, 5.12 show the boundal"ics of clllsters
corfŒ]>onding to lhe expcrirncnts shown in figure 5.4, 5.5.

The chlll"acleristiœofelusters have studied in cluslers of pedestriulls (701. HowllVl!r, in this paper,
the 81llhol"s definC(1 a e1uster in an other way. In order lo reduC<! oscillations of the boundarics of
c\ustefll, wc filter them by convolution in lime with 1\ trnncated Gllus.~illI1 f"nelion wilh a support
!Iu'ser than t::.'f'. The e1uster 1>O\1nclary l'eloeily is estililated uy the lime derÏ\"<ltil'e of the e1ust<Jr
bOllndary.
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Figure 5.11: This figure il1ustrlltes the ooulldary of clusters fOT OHe of the cxperimental repHcations
wit,h 10,15 bugs oor~spondi]\g10 the e:>opcriments shown in ligure 5.4. Horizontal axis show ,,,lue.;
of angle tp in ]Xllllr (."QOrdinIlICli and vertical axis is lime, fIllllling downwards.

5.4.4 Simulation Model

ln ortler to d(.'SCribll the staeking Ilhenomena of Ihe bugs, we constructed 11. mechlllliClllmocieJ which
is abl.., to r<Jl'rociuC<J <JxperimentllJ uehllvior of lhe h<Jxbugs. Wc consider fi system of N·rod pllrtich.:s.
Eaeh rod particlc oollsislS of n-beads wilh its raditlll '6 alld its 1I1H.1;8 "'~. Lcl Xi(t) € R2 ,]çnot<J
the cent l'Il ]JOI!itiolL of i-rod at time t, lInd v, (t), wi (t), fli (t) denote the l'eloeity, the orientation and
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Figure 5.12: This figure illu.strates the boulldl'lry of c!llslers for one of Ihe experimel1tal rcplications
\Vith 20,30 bugs oorrcspouding to the eXIlCrimcuts showll in figurc 5.5, Horizontal axis show values
of angle <(> in polar coorl!iuatcs and verticnl nxill is li",,,, nllming dowlIwlmk

the anguhlr "elocily, rClip<.-.::th·cly. The JlOSilioll of the j-th \)Cad of Ihe i-th rad Xi) is oolll]luted by
the followillg fOr1fmlfl:

Xij = Xi +Wi[( - (Il -1) +2(j -1}hJ.

(SA.'!)

(5.'1.3)

dfI-
1;-/' = Tj -l3n;li'

"

A rod intcracl to lin olher rod or 10 boulHlary duc 10 Il repulsive force Fi. This force make the rM
d,ange ils angular vclocity_ This angular ,-c!ocity will telld to 0 due 10 adynamie frictiollal force
-(JO;!j with friction Ilarllrneter Il The dYllamics are dcscribc<J by the fo!lowillg '-'quulions:

dXj
dt = VI,

d,-
11I-/' = À(v"w; - Vi) + fi,

"
\l'hern the 1llllSS of the rod III is eQual ,1mb' The repulsi\'e force FI lIets 011 c:leh rot! gh'en by

"
FI = L: L Fijl-l

j=1 t~I.'"

'~I.a

where "/P<l = F(X1j - Xtd is the replllsiw) force bntllœn the j-Ih bellIl of the i-Ih rod llnd the
thc I-tll beud of the k-th l'cd, gi\"ell by

, .z l.zl.
1'°lxl(I--;-)lf lxl <r

o otherwiS('8.
(5..1.5)

The coefficients À, "0 represent the illlellSities of self.propulsive and repilisive force, respœti\"ely.
The torque Ti und the moment of incrlia li arc given by

"
T,=-:E((Xij-Xi)X L: fijtl)

j .. , '-"LN
1=1,..

"
1; = L: IXlj - XI12111~.

}=l
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The boundary condition: Th~ boumlm"\' c(JJl(lilioll dWS('ll is rl'j111lsi"". \\'lJl'll " roll is dose
tü the büUJl(I~I'Y of the l'inp;, a rep\ll~ive F,o""d""Y ~rt~ Oll t.hi, mil lll~k~ il. çhHng€ the orientat.ion
of 1he lllot-iOll. l'his force is computcd br

(;;A,G)

The pal'ameters: ln Ol'rlpl' ta compare wme dustel chal'act.el'istics of the experimcnL with
Lhosl' of lIw ltlodd, "''' p"dünll ~illllll!ltioll~fol' the lllQdd, Tht, parameterH are chosen as followinp;s:
J'b - 0.1, "0 - 0,5,,, = ~_ À = 7 Fo = ,)0," = 0.205, '00"" = 0.105, i3 = 1;'. /Ilo = 1. Thisleacls
to cbm;p i::.t = JI) ". Inilf'f'd, pM~mPt",r8;1 8hould ""'l'if}" !lf oK 1/U w lhat, the lime sLl'il !lI
pl'rmils Lo captul'e (l,,-, i\llgular rdm.allOll Limc 1/./3 due tu the frictioll par~llleter ,d. SimilRrly,
SillC" \),~ diu"'llsioll of '\, d(']lot.",} hy [,\1 = miT and Hl = nmb = 3, we set 'JI)" a typical relaxation
rime fOl' ,.~lodry, whidl shonlrl be chosen as 3/:>' » !lI (here 3/7 » lO-:Jj, Finall)', Lhcrc is
il third charadcJ'isll<: til",: in tl>~ lllUdd, /xo\"idcd b!, the illlp;ular relaxatIon (''>AA), given by
T~, VlJlHri>/Fo <lml tl"" li'Hl' st."I' .,"onld Hlso v('rify !lI « Jm"I"/jIFo. whkh in ou)' case given
for m ~ :1, 1·1> = (), 1, rll = 50, is V€l'ifl"ri since 1/7 .» 1Il-'~. 1'0 ",nSUl'e packing fraction bciJl~

eqllal bellVCl'll sill1Lll,lti()lIs ~Ild \'X]J~l'ill)\'ll(~, \IT d"....~e Hi" ~ 1.:2, Ro~' - :2A fol' the fil'st l'inp; And
Ri" .1,45, Ro «! _ ,1.25 for t,h" s"mJl(ll'ilt~. 'Vit.h th",,, cl'''i{'ps, the mûri",l can he cOl1sider 8, all
01"<"rrlamlwd IllOr!fl,



Conclusion

ln (.his thesis, wc have st mljeu lheurd ienlly Hud "'"ll"r;""I1)' ",odl' lh of sdf-pro]wllerl pa rticles Wdl
a~ tish school, ~perm œlJs, rtc. III cliapt.RI" 1 we h~H' derived hydrodrnamic llIodels for systems of
noisy self rolaling parlides in l'I,lJl(', Th~ 1'i1l'tide~ have ullgulnr vciodtics IIlld interRe! thrOlIf:h
illigllllWlll rul", III 1hc' first (Jll" ",I",r" pmp",- mtat.ion is 5m~ 11 ~omp~ red wilh t.he aligJllllC'1l1 interac­
tion. In thiH l~ginw, th .. hyrlmdyn3miç lilllÎt yields the SOH (Self-Orro;auized Hydrodywllnic) m",ld
ll'itll an ntluiUQJl lC1'1ll fl'()lI) (lie allgulal' vclul'i!y. III the Heconu Olle. where the proper rot!l.tirm io
uf II,,, ~alll" onl,'r ns 1.1](' ahgnmpl1f. int.eraction. This changes the equilibriulll velocil,\' distribuliUll
of th" pilltidph. In order to preserve the propensity of the parlkles nlign wilh liwir "cir.o;hlJ(Jls, ''"''
modify \lw illknll'liou fOITe. The o1Jtlliaed hydrodynamic modpl in\"Oh~s signilkall! modifiCiltions
('(}]lll''''HI wit h t.hp SOH made!.

\yp hav,," al~L) pl'oposed a new model for motion of sel[-propelletl pnrlick", wloidl illh'm<"t throul'h
aliglJlJIl'lIt I\llcll'eplll~ioll, la chapter 2, ft Illltcroscopk model (whkh is callrrl Srlf-Org~nized Hydra­
dynmnic with H",pulsion or SOHlt lllodel) lm\"C lJeen derived from the C()lT'-'~PUlldillgmil'l"œrupic
mod",!. Ta llulllel'kally vaHdat.e lhis hydroJYllalllic JHodeL wc l",v" ~tlJclir,,1 ils Jllllll",.i ..~1 ~ollltioll~

nlld compare t!lem with tho:;e of t.he partiel", morle!. Exislfnce of thi~ continuum model has heen
'-'(Jll~iJered for both theOl'y and sinmlat.inm in t'impler :1, \Vf' Imvf' l'1'0\i",d the loral exi~telJœ of
oollltioa in Iwo dimensions, al' llw <.lUll'" iLaml, wc IL"V~' pcrful"llHxl silll\llation~ w compare the
llllmericni amI l!J<:<.lrdinl! nNllt.s,

Finall,\' in rhapter ·1 we ha\'(' i1'vrslig~t..d r.ollectivf' h~haviors of ~inJple robots (hexbug) inlo
an anllulal' ùomuin, 0\,,· l'xp<: .. imcnts display two phuscs, ~tal'krd and disol'der",d \\"here sl.rtrkinp;
phas" "J't''''''-S wlle" l"'g~ an' lo""iI)" align pel'pendiclIlHl' to t.he houndary whereas t.he,\' grnlly
move along il.. Snm~ r.hHl'~r.t~l'iHtic' fol' dnst.ers lille ,ize a.ad lifetime ha,'c invesligaled, \Ve nbo
l)llill a JllicrO';l'opi~ Ilwdd which i~ able (0 n,pl'Oùuee l[lJallt.itat.jvel~· Ihis phenomenll,

Th",." ar" SOlll" dire<'tio,," i" which we C~" ext.end known wOl'ks in t.he lilE'raturc, ln lhe chaptcl'
2, p(ll'~p~ai\'E' indude a deeper allalytieal study of t.he lllodel~, s\lch as proVilli\ lim'ariw<! stllbilil)'
ilt gCII<:l'ill cu~<; alld local weli-poHednes~ of RlllOOl.h solminns, Simulatious will h~ pf'rfonned ta
'mlirlllt.~ th .. mori..ls_

\Ve have rlcdved llIacwscopic Illodd~ [rulll ll,inoscupic n,udds via ki""l.j,· "CJ"l-l\·iDns_ Howew'
alllllcall fidrllilllilô ~lld hydl'Odymuuii: limi', ~,.(, [mma!. Thi'l'd'oIO, il i, noces~dl'Y 10 ~tndy thou­
l"",tical framework for t.h08e limils, lt. w\luld "Iso bo inlel'csting lu !imi wetlk HOlutlOIl of the SOI-In
lllUÙe!.

For fntllr st.nrly wP. wnul'] likf' to ronsidel' bina!'y C"Olii,ion, collectivc propcrlics of ~yslClll of
hcxlillgs ~lll'h ,\~ lhe pl'ol>alJilily dmtHity fllllctiun of angle before anoafier collision, \\'l' (lXlwct tha!
I.hi~ .citnd)' will develop a model of interaction bct-weell hexbugs bnsed OH cxpcrillll'IlUlI data,

It would be interest.ing lo study collective I,e!lilviors [mm killdic "'Iual.iDus, \V" ('{)uld r~rfmm

~illlulal-i{)nH for kinet.ic eqllilt.iOl1R t.o compare with tlrose of mi('l'()~coric lllodeis and macro~copic

moclels.
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Résumé

Dans cette thèse, nous étudions le comportement collectif de particules anto-propuL<;l1es.
Ce travail comporte trois parties.

Dans la première partie, nous considérons un modèle individu-centré pour les particules
d'auto rotation interagissant par une règ-le d'alignement et étudions leurs limites mael'Q­
o;copique~. Deux cas de scaling onl Hé étudiés. Dans le cas de petite vitesse angulaire, le
modôlc obtenu est une légère modification du modèle 'Hydrodynamique auto-organisé' qui
avait rtr introduit précédemment par Degond et Ylostch. Dans le cas de grande vitesse
angulaire, le modde obtenu est pins eompliqllô. Une ôtlldc prélimilaire de la ~tabilité

linéaire a été également proposée.
Dans la deuxième partie, nous étudions un modde macroseopiquc du systèmc de par­

ticules auto-propulsées interagissant avec leurs voisillS par une règle d'alignement et de
répulsion. NoUl:; fournissons une validalion nUlllérique de ce modèle en le comparant avec
le modèle individu œntré. L'existence de solutions du modelé macroscopique à deux
dimen!iÎons pst prouvée.

La dernière partie est r;onsacrée li l'étude expérimentale du r;OInportement collectif de
robots auto-propulsés dans une enceinte annulaire confinée.

Mots clés: Mathématiques et lliologie, Modèle Individu Centré, É,quations Ciné­
tiqnes, Modèles Nlacroscopiques. Solutions nlllueriques, Suspensions activeo;, lVIouvement
collectif.

Abstract

In this thesis we study collective malÎons ofself-propelled partides. This work consisls
of three parts.

In the firo;t part, we cOllsider ail Illdividual-Based Model for se\f-rotatÎllg part,ides
jnteracting through lor;ai aligllIuent and investigate its ma.croscopic limit. We study the
mean-field kinetir; and hydrodynamic limlto; of this system within two different sr;aiingll.
In the small angular velocity regime, the resulting model i8 a slight modification of the
'Self-Organized IIydrodynamie' model whkh has been previollsly introdllœd by Degond
and :Motsch. ln the large angular velocity ca,<;e, the macroscopic mode! obtllined is more
complex. A preliminary stucly of the lineari?:ed stability is proposed.

In the second part, we study a macroscopic model for a system of self-propelled par­
ticles which interact with their neighbors via alignment and repulsion. We provide a
numerical validation of the c,:mtinuum mode! by comparison with the particlc modeL The
existence of local solutions of This macroscopîc modcl is also studied.

The last part concerns experimental investig-ation of collective behavior of simple
roboLs in a confmed ring,

Key words: 1IaLhemalics and Biolog)', Individual Based Madel, Killetic EquaLions,
:\1acroscopic Models, Nurnerical solutions, Active Suspensions, Collective :\.10tiOll.
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