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Abstract

In this paper a sampling theory for unitary invariant subspaces associated to
locally compact abelian (LCA) groups is deduced. Working in the LCA group
context allows to obtain, in a unified way, sampling results valid for a wide range
of problems which are interesting in practice, avoiding also cumbersome notation.
Along with LCA groups theory, the involved mathematical technique is that of
frame theory which meets matrix analysis when appropriate dual frames are com-
puted.
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1 Introduction

This paper gives a general sampling theory for abstract unitary invariant subspaces in
a Hilbert space H. These subspaces are constructed by using unitary representations
of an LCA group in H. Namely, for a fixed element ¢ € H and a unitary representation
h+— U(h) of a discrete LCA group H (maybe a subgroup of a more general LCA group
@), the invariant subspace A, in #H looks like

Ag = { S aU(h)a : {an}nen € eQ(H)} .

heH
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Roughly speaking, we are looking for sampling formulas in A, taking into account its
unitary invariant structure, i.e., having the form

where the generalized samples Ljz(m) := (z,U(m)b;j)y are taken at an appropriate
subgroup M of H from s fixed elements b; € H that do not necessarily belong to Aj.
The reconstruction process in 4, is carried out from s, not necessarily unique, elements
cj € Ay. In case the regular unitary representation, i.e., that given by the translation
operator, the generalized samples are nothing but convolution (average) samples.

As it was pointed out in [13], the LCA group approach is not just a unified way
of dealing with the four classical groups R,Z,T,Zy: signal processing often involves
products of these groups which are also LCA groups. For example, multichannel video
signal involves the group Z% x Zy, where d is the number of channels and N the number
of pixels of each image.

Besides, the relevance of sampling theory in unitary invariant subspaces of a Hilbert
space H is a recognized fact nowadays. Indeed, shift-invariant subspaces of L?(R)
[7, 8,9, 31] or periodic extensions of finite signals [20, 23] provide remarkable examples
where sampling theory plays a fundamental role. See, for instance, [1, 2, 3, 28, 33,
35, 36, 39] and the references therein for sampling results in shift invariant spaces. As
a consequence, the availability of an abstract sampling theory for unitary invariant
spaces becomes a useful tool to handle these problems in a unified way. Moreover, any
notational complication is avoided especially in the multidimensional setting.

As the involved samples will be identified as frame coefficients in a suitable auxiliary
Hilbert space (in our case the space L?(H)), the relevant mathematical technique is
that of frame theory, including the computation of appropriate dual frames taking care
of the unitary invariant structure of the considered subspaces. For harmonic analysis
on LCA groups we refer to the classical Refs. [16, 26, 32]. It is worth to mention also
the recent papers [4, 5, 6, 10, 13] that we have used throughout the paper.

The paper is organized as follows: In Section 2 we include some needed preliminaries
and we deduce a suitable expression for the (generalized) samples in terms of some
special sequences in L2(fI ); a complete characterization of these sequences is proved
in Proposition 2. Section 3 includes the main sampling result, i.e., Theorem 1. In
particular, we include an analogous of Kluvanek sampling theorem for H-shift-invariant
subspaces of L?(G). We conclude the paper with a brief note on what we call the G-
jitter error.

2 The mathematical setting

Let G be a second countable locally compact abelian (LCA) Hausdorff group with op-
eration written additively. Let M < H < G be countable (finite or countably infinite)
uniform lattices in G. Recall that a uniform lattice K in G is a discrete subgroup of G
such that the quotient group G/K is compact (see, for instance, Ref. [10]). It is known
that if M < H are uniform lattices in G then H/M is a finite group (see [11, Remark
2.2)).



The dual group ofA the subgroup H < G, that is, the set of continuous characters
on H is denoted by H. Since H is discrete, its dual H is compact. We assume that
its Haar measure my is normalized such that mz(H) = 1. The value of the character

v € H at the point h € H is denoted by (h,v) € T. With this normalization of the
Haar measure the sequence {xp,}hen defined by

H>vw=xa(y) = (h,) €T

turns out to be an orthonormal basis for L2(H) (see, for instance, [16, Prop. 4.3]).

Let g € G — Ul(g) € U(H) a continuous unitary representation of G in a complex
separable Hilbert space H. Therefore, the mapping h € H — U(h) € U(H) is a unitary
representation of H in H. For a fixed a € H let define the U-invariant subspace in H

Ag :=span{U(h)a : h€e H} CH.

We assume that {U(h)a}peq is a Riesz sequence in H; a necessary and sufficient con-
dition can be found in [5, 6, 25]. Thus, the subspace 4, can be expressed as

Ay = {}LGZH%U(h)a : {andhen € e?(H)} CH.

As usual, {a}hen € (2(H) means that Y,y |an|* < oc.

The isomorphism 7y,

We define the isomorphism 7, which maps the orthonormal basis {x }ren for L? (ﬁ[ )
onto the Riesz basis {U(h)a}pen for A,, that is

Tia: LAH) — A
ZahXh — ZahU(h)a (1)

heH heH

This isomorphism 7z, has the following simple but important shifting property with
respect to the unitary representation:

Proposition 1. For any F € L2(H) and k € H, we have
Tha(Fxk) = U(K)(Th,aF) (2)

Proof. Let F'= %y apxp in L2(H). Then,

Tra(FXi) = Taa(Y anxaxe) = Y ayU(l)a

heH led

= Uk + h)a = U(k)(TuaF)
heH

taking into account that xpxx = xn+r and the commutativity in the subgroup H. [



An expression for the generalized samples

For any fixed b € H we define the U-system L; as a linear operator between H and
C(G,C), the space of continuous functions defined on G taking values in C and given
by

Hoxw— Lyr € C(G,C) such that Lyz(g) := (z,U(g)b)n, g€G.

Suppose that s vectors b; € H, j = 1,2,...,s, are given and consider their associated
U-systems denoted as L; := Ly, j = 1,2,...,s. Observe that {Lja(h)}ren € ?(H)
for j=1,...,s, since {U(h)a}nren is a Riesz sequence for H.

The main goal of this paper is the stable recovery of any x € A, from the sequence
of its samples taken at the subgroup M, that is

Liz(m) = (z,U(m)b;) meM, j=1,2,...,s.

H’

Notice that the analyzing elements b; do not necessarily belong to Ag; see [4] and
references therein for some related work. First we obtain an alternative expression for
these samples. For x = ", -y apU(h)a in A, and j =1,2,...,s, we have

Lix(h) = (z,U(h)bj)y = < Y alU(l)a, U(h)bj>H =3 w(a,Uh—)by),,

led led

=S w(Lja)(h 1) = (a, Lial,)(h),  heH,
leH

where a *, Ljal,, denotes the convolution on the discrete group H of the sequences
o = {apthen and {Lja(h)}pen. Consider the functions in L*(H),

Gj=Y_ Lia(h)xn, j=12,...,5. (3)
heH

Hence, denoting by ~ the Fourier transform on L2(ﬁ )and F' = ),y apxp, We have
(see [16, Proposition 4.36])

‘ij‘H =Q*xy 'Cja|H = ﬁ*H é\j = (F‘Gj)A

Since F'- G € LY(H) we have that

Lia(h) = (PG, () = [ POG M@ dmgle).  he .
Thus, we obtain the following expression for the samples

ij(m):<F,éjxm>L2(ﬁ), meM, j=1,2,...,s, (4)

where G is the function defined in (3) and F' is the element in LQ(fI ) such that
THoF = x. As a consequence of this expression the recovery of any z € A, from the
samples (4) depends on the frame properties of the sequence {Gj Xm} in
L2(H).

It is worth to mention that one could consider the samples taken at any orbit of
the subspace M, i.e., {L£;x(g0 + m)}menm; j=1,2,..s, Where gg is a fixed element in G.

meM; j=1,2,...,s

4



Frame properties of the system {éj Xm}meM~j:1 o

The results in this section remains true for arbitrary functions G in LQ(ﬁI ), J =
1,2,..., s, not necessarily those given by (3). First, we need to introduce some necessary
preliminaries. The annihilator of M in H is the closed subgroup

M*={yeH: (mn)=1forallmin M }

The annihilator of M in H is a finite subgroup of H since M~ is isomorphic to H/M,
and H/M is finite. Let r be the order of M~' and set M+ = {u& =0,ui,.. .,urﬂl}.

There exists a measurable (Borel) section Q of H/M* (sce the seminal Ref. [15]), i.e.,
a measurable set 2 such that

r—1
I;T:U(M#-FQ) and  (ur+Q) N (uh+Q) =0, forn#n'.

n=0

Our analysis is based in the following expression: For F,G; € Lz(ﬁ), j=12,...,s,
we have

r—1
(PG ) oy = | S P+ )G (€ + i m@ dmg (6). me M. (5)
k=0

Indeed, using that H = Ur_s (p + Q), for any m € M we obtain

r—1
(F.Gxom) o) = /H PG E) dmyle) = 3 /M 1 FOCHEONE dmg (€

r—1
- /Q D F(E+ ) Gi(E + i) xm(€) dmi (6).
n=0

For G, € Lz(fl), j=1,2,...,s, consider the associated s x r matrix
Gi(&) GiE+pt) - GiE+py)
Ga(€) Goa(E+py) - GaA€+ )

6= : N = eler)] L ©
Gs(€) Gs(E+pt) -+ G+ )

where ¢ is a element of € and its related constants

ag = essinf A\pin[G*(§)G(€)] and  Sg := esssup Amax[G*()G(§)],
§eq N

where G*(§) denotes the transpose conjugate of the matrix G(§), and A, (respectively
Amax) the smallest (respectively the largest) eigenvalue of the positive semidefinite
matrix G*(£)G(§). Observe that 0 < ag < g < .

Proposition 2. For G; € L2(ﬁ), j=1,2,...,s, consider the associated matriz G(§)
given in (6). Then



(a) {GjXm}meM;j=12,.s is a complete system for L*(H ) if and only if the rank of
G(w) isr, a.e. in Q.

(b) {Gj Xm}meM: j=12,. s is a Bessel sequence for L*(H ) if and only if Bg < oo. In
this case, the optimal Bessel bound is g /.

(¢c) {Gj Xm}meM; j=12,..s is a frame for L*(H ) if and only if 0 < ag < Bg < 00. In
this case, the optimal frame bounds are ag/r and Bg/r.

(d) {GJ Xm fmeM; j=1,2,..s 5 a Riesz basis for L2( ) if and only if it is a frame and
s=r.

Proof. Let L2(£2) denotes the space of functions H = [Hy, Ho, ..., Hs]T such that
S
B0y = [ QP dm(€) = 3 Iy < o0
j=1

Analogously we define the space L2(Q2). For F, G, in L2(H), set

F(€) = [F(E+ug), FE+pt) ., F(E+ )],
Gj(6) = [Gj(€ + 1), Gi(E + pt), . Gi(E+ )] T, €eq.

Notice that ||xm\|%2(9) = mg(2) = 1/r. Besides, the sequence {Xm }men is an orthog-

onal basis for L2(€2) (see [10, Prop. 2.16]). If the function ZZ;B F(&+ uh)Gi(€ + uy)
belongs to 7L2(Q), from (5), its Fourier coefficients with respect to this orthogonal basis
are {7“<F, Gj Xm>L2(ﬁ) }mGM and therefore

Z ‘<F GjXm) L2(H /‘ZF5+M¢ 5+Mk)2dmﬁ(f)-

Hence, if G(¢) F(€) belongs to L2(£2), then

5 — 1
Z Z |<F’ Gj Xm>L2(f1)‘2 - HGFH%%(Q) : (7)

j=1meM

From representation (7) one can easily deduce (a). On the other hand,

aGlIF 220 < IGFIZq) = /Q F*(€)G" (€) G(&) F(&) dm (&) < fslFl3q)

Besides, g (ag) is the smallest (largest) constant satisfying the above inequalities.
Indeed, for any K < g take ¢ > 0 such that K < K+¢e < Bg; there exists aset A C € of
positive measure such that Amayx[G*(€)G(€)] > K +¢ for all € € A. Choosing F € L2(H)
such that F(§) is 0if £ € Q\ A and F () is an eigenvector of norm 1 associated with the
largest eigenvalue of G*(£)G(¢) if & € A, we have [, F*(£)G*(£) G(&) F(&) dmp(§) >
(K + 9)IF 250y > KIIFl 2300,



— 2
From (7), we get SUD|| 7| 5 ) =1 ijl Y omeM ‘<F, G Xm>L2(ﬁ)‘ = fg/r; observe that
HFHLZ(f]) = HFH%g(Q)
. — 2
Analogously, we prove lanFHLQ(g):l ijl Y omeM ‘<F, G, Xm>L2(fI)‘ = ag/r. These
equalities prove (b) and (c).
To prove (d) assume first that {G; Xm }men; j=1,2...s is a frame and s = r. From (c),

and having in mind that in this case G is a square matrix, we deduce that G has a inverse
matrix with entries in L2(H). Let F1(£),...,Fs(£) denote the columns of G™1(¢) and

let F; € L*(H) be such that F;(€) = [Fy(6+ug ), Fy(E+ut), ..., Fi(E+piy)] ', € € .
Using (5), we obtain

<TFj’ Xm/» éj Xm>L2(1§) = <7‘Fj’aéj Xm—m’>L2(ﬁ) = /QTG;F €3] Fj (&) Xm—m(§) dm[’-\[(g)
=63 [ T l€) I () = 63O € M, i = 1,205,

Hence, {@j Xm }meM: j=1,2,..,s has a biorthogonal sequence and, as a consequence, it is
a Riesz basis for L2(H) (see [12, Theorem 6.1.1]).

To prove the reciprocal, assume that {éj Xm }meM; j=1,2,....s is a Riesz basis. Then
it is a frame and has a biorthogonal sequence denoted by {Fj.,}menm;j=1.2,..,s. For

. T .
J = 1727"‘785 set Fj(f) = [Fj,0(€+ué)7ﬂ,0(§+ﬂf)a7F],0(£+H1J:—1):| . USlng (5)5
we obtain

/Q G; (OF(&)(m, ) dm (€) = (Fyr0, Gy Xm) 2ty = 9 9m

form € M and 7,7 = 1,2,...,s. Since {Xm }menr is an orthogonal basis for L2(Q2), we
get
G, (OF (&) =65, ae eQ, jj=12...5s.

Hence matrix G(£) has a right-inverse a.e £ € Q. Since it is a frame, from (c), we have
ag > 0, and thus it also has a left-inverse a.e £ € Q2 (for example, [G*(£)G(£)]1G*(€)).
As a consequence, G(§) is a square matrix and s = r. ]

It is worth to mention that, in Ref. [13], Christensen and Goh have analyzed se-
quences of the type {Gj Xm}mGMj;jEJ in L?(H) where H is a LCA group, J is a
countable set of index, and M; is a uniform lattice that depends on j. Thus, Proposi-
tion 2 corresponds to the simpler case in which H is discrete, J is finite and M; = M,
but our result provides more information on the sequence {G b Xm}m My jed than those
included in [13]; this extra information will be needed to deduce our sampling results
in next section.

Notice that as a consequence of the equivalence between the spectral and the Frobe-
nius norms (see, for instance, [27]), it follows that S < oo if and only if the functions
Gje L>*(H), j=1,2,...,s. Under this circumstance we have:



Proposition 3. Assume that the functions G;, j = 1, 2, ..., 8, belong to L>°(H ) Then,

the sequence {éj Xm} is a frame for L2( ) zf and only if

meM;j=12,....s

esgseiélf det [G*(§)G(€)] > 0.

Moreover, provided that the functions Gj, j = 1, 2 , S, are continuous on ]?I, the
sequence {Gj Xm }meM; j=12,..s is a frame for L2( ) zf and only if

rank G(§) =r for all § € H.
Proof. Since det [G* (5)@(5)] is the product of its eigenvalues, we get

ag < det[G*()G(6)] < Bz Amin[G*(§)G(E)].

Hence, ag > 0 if and only if essinfecq det[G*(£)G(€)] > 0. Whenever the functions
G; are continuous on H, this condition is equivalent to det [G*(£)G(£)] # 0 for all
¢cH. 0

Concerning the appropriate dual frames of the sequence {G; Xm tmen; j=1,2,...,s, hav-
ing in mind Proposition 2(b) and Proposition 3.13 in [13] we have the following result:

Proposition 4. Assume that the functions Gj, H; € Loo(fl), i=1,2,...,s, satisfy
H(6) G() = [1,0,...,0], ae £€H, (8)

where H(E) = [Hi(€), Ho(€), ..., Hs(€)]T. Then, the sequences {Gj Xm tmen: j=1.2.
and {rHj Xm }meM; j=12,...s form a pair of dual frames for LQ(H)

Concerning the existence of a vector H(§) = [H1(§), Ha(§), ..., H; (6)]T with entries
in L>°(H) and satisfying (8) we prove the following result:

Proposition 5. Assume that the functions G; € L‘X’(fI), j=1,...,s, and also that
essinfecq det [G*(£)G(&)] > 0. Then all the possible vectors H(E) satisfying (8) with

entries in L*°(H) are given by the first row of the r x s matrices

G'(€) + UE)[I; - G(&)GT(¢)] (9)

where GF(¢) = [G*(f)@(f)]fl G*(§) denotes the Moore-Penrose pseudo-inverse of
G(§), Ls is the identity matriz, and U(§) denotes any r x s matriz with entries in
L>(H).

Proof. Tt is easy to check that the first row H(&)T of GT(§) + U(E) I, — G(6)GT(¢)]
satisfies (8) having entries in LOO( H). Reciprocally, for any i u] in the subgroup M+,
there exist [ such that u;- = uj — pi-. From (8) we have > =1 Hj(6) Gi(€ + pit) = 6,
a.e. £ € H. Thus > =1 Hij(€ + p) Gi(€ + uj) = 0;j, a.e. £ € fl Then, the matrix
HT(¢), where H(€) is defined as in (6), is a left-inverse of G(§), and it can be written
as in (9) taking U(¢) = H' (¢) which has entries in L>(H). O



3 Generalized sampling formulas in A,

Having in mind expression (4) for the samples, as a consequence of Proposition 2(a)
the sequence of samples {L;z(m)}mens; j=1,2,. s determines uniquely each € A, if
and only if rank G(§) =7, a.e. £ € Q.

Furthermore, from Proposition 3 stable recovery is possible provided that the func-
tions G; € LOO(I;T), Jj=1,2,...,s, and essinfecq det [G*()G(£)] > 0. Next we prove
that each dual frame of {Gj Xim }menm: j=1,2,...s provided by Proposition 4 gives a sam-
pling formula performing this recovery.

Let assume that Gj, H; € L™ (H), j = 1,2,...,s, such that (8) holds. By using
Proposition 4, the sequences {G] Xm }meM; =12, and {7Hj Xm }meM; j=1,2,....s are dual
frames for L2(H). Hence, for any F € L2(H)

=12 Z F,Gjxm) pay Hi () Xm() - in L2(H).
meM j=1
Since ﬁjx(m) = <F,éj Xm>L2(ﬁ)7 where z = Ty o F, we get
Fy)=r Y > Ljz(m) Hj(y) xm(y) in L*(H).
meM j=1

Finally, the isomorphism 7, and the shifting property (2) give, for any x € A,, the
sampling formula

ZZcx )T, [T Hj(+)Xm ZZ[,:U m) T a[rH; ()]

meM j=1 meM j=1 (10)
- Y Y LU
meM j=1

where ¢, == Taa(rH;) € Aq, j = 1,2,...,5. Besides, {U( c]’h}meMj 12,8 is a

frame for A,.
Note that, in the oversampling setting, i.e., whenever s > r, according to (9) there
exist infinitely many sampling functions U(m)c;p, j = 1,2,...,s, for which sampling
formula (10) holds. This remarkable fact could be used to obtain sampling functions
with prescribed properties.
Collecting all the pieces that we have obtained until now we prove the following
result:

Theorem 1. Let b; € H and let L; be its associated U-system for j = 1,2,...,s
Assume that the functions G, j =1,2,...,s, given in (3) belong to LOO(ET); or equiv-
alently, that fg < oo for the associated s x r matriz G(§) given in (6). The following
statements are equivalent:

(a) esgseiélfdet [G*(£)G(&)] > 0.

(b) ag > 0.



(c) There exists a vector [H1(§), Ha(€), ..., Hs(§)] with entries in L>(H) satisfying
[Hi(€), Ha(€), ..., Hy(€)] G(€) = [1,0,...,0] a.e. & in H. (11)

(d) There exist c; € Aq, j =1,2,...,s, such that the sequence {U(m

) ) )cj}mEZ;j:1,2,...s
is a frame for Aq, and for any v € A, the expansion

S

x = Z Z Liz(m)U(m)c; inH, (12)

j=1meM
holds.

(e) There exists a frame {Cjm}
expansion

mEM: j=1.2.. .5 for A, such that, for each v € A, the

xr = Z Z Liz(m)Cjm inH,
j=1meM
holds.

In case the equivalent conditions are satisfied, for the elements c¢; in (d) we have ¢j =

~

Th,a(rHj), for some functions Hj in L>*(H), j =1,2,...,s, and satisfying (11).

Proof. Propositions 3 and 2 (¢) prove that conditions (a) and (b) are equivalents. Propo-
sition 5 proves that condition (a) implies condition (¢). We have proved above that
condition (c¢) implies condition (d). Obviously, condition (d) implies condition (e). As a
consequence, we only need to prove that condition (e) implies condition (a). Applying
the isomorphism 7 ! to the expansion in (e), and taking into account (4) we obtain

F = THj}lx = Z Z Ljx(m) THj; (Cjm)

j=1meM

=> > (FGixm) oy Tia(Cim) in L*(H),

j=1meM

where the sequence {7, le (Cjm)} is a frame for L2(ITI ). The sequence

7 meM;j=1,2,...s N

{Gj Xm}mEM;j:LZ,...s is a Bessel sequence in L?(H) since 3g < oo, and it satisfies

the above expansion in L?(H). As a consequence, according to [12, Lemma 5.6.2]
- 5 :

the sequences {G; Xm}mEM;jzl,Q,...s and {TH,a(ijm)}meM;jzl,z,...s form a pair of dual

frames in L2(ff ). In particular, by using Proposition 3 we obtain that condition (a)
holds, which concludes the proof. O

Whenever r equals the number of U-systems s we are in the presence of Riesz bases,
and there exists a unique sampling expansion in Theorem 1:

Corollary 2. Let bj € H for j = 1,2,...,r, i.e., v = s in Theorem 1. Let L; be its
associated U-system for j = 1,2,...,r. Consider the associated r x r matriz G(§) given
in (6). The following statements are equivalent:

10



(a) 0 < ag < fg < oo.

(b) There exist r unique elements ¢; € Aq, j = 1,2,...,7, such that the sequence

{U(m)cj}mez.j:1 o, 18 a Riesz basis for Aq, and for any x € A, the expansion

x = Z Z Liz(m)U(m)c; inH, (13)

j=1meM
holds.

In case the equivalent conditions are satisfied, the interpolation property Ljc;(m) =
d; i’ Om,0, where m € M and j,j' =1,2,...,r, holds.

Proof. Assume that 0 < ag < g < oo; since G(§) is a square matrix, this implies that

inf | det G >0.
esgselgll\ et G(§)|

Therefore, the first row of G™1(¢) gives the unique solution [Hy (&), Ha(€), ..., H.(€)] of
(8) with H; € L(H) for j = 1,2,...,r. Indeed, other vector [Hy(€), Hy (), ..., H(¢)]
satisfying (8) would give, by defining H(¢) as in (6), another inverse of G(&).

Due to Theorem 1, the sequence {U(m)c;}menr; j=1,2,...r, With ¢; = Th o(rHj), sat-
isfies the sampling formula (13). Moreover, the sequence {7H;(w) Xm }me; j=1,2,...r =

{7'[;11 (U(m)Cj)}mgM;j:LQ ..... . is a frame for L?(H). Since r = s, according to Proposi-
tion 2(d), it is a Riesz basis. Hence, {U(m)c;}menm; j=1.2,..r is a Riesz basis for A,. It
is straightforward to prove the uniqueness of ¢;, j = 1,2,...,r.

For the converse result, the isomorphism 7, (11 in (13) gives the Riesz basis expansion

F=3 > (FG, Xm) 2y Tira U (m)ej]  in L*(H).

j=1meM

Moreover, due to the uniqueness of the coefficients in a Riesz basis, the sequence
{G; Xm}meH;jzl,z,...,r must be the dual Riesz basis of {Tii[U(m)Cj]}
According to Proposition 2(d), condition (a) holds.

From the uniqueness of the coefficients in a Riesz basis, we get the interpolatory
condition (Ljcj)(m) = 8;/0mo for j,j' =1,2,...,r and m € M. O

meH; j=1,2,...,r"

Some illustrative examples

The general sampling theory obtained in Section 3 englobes some previous work in the
topic. Namely:

e The case G = R, H = Z and M = rZ (r € N), with unitary representation
U(n) =U", n € Z, where U : H — H is a unitary operator on an abstract

Hilbert space #H, can be found in Refs. [18, 19, 30]. In particular, whenever
U: f(t) = f(t — 1) is the shift operator in L?(R), see [21].

e The case G = R?, H = Z% and M = AZ?, where A denotes a d x d matrix with
integer entries and positive determinant, with unitary representation in L?(R%)
given by U(a) : f(t) — f(t — a), a € Z%, can be found in [22].
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e The case H = Zy and M = rZy (r|N), with unitary representation U(n) = U",
n € Zy, where U : H — H is a unitary operator on a Hilbert space H can be
found in [23]. In particular, it includes the case where U is the cyclic shift in

0%,(Z); see also Ref. [20].

e The case of the product group H = Z X Zn and M = rZ x 7Zy (r € N and
7|N), with unitary representation U(n,m) =U" @ V™, (n,m) € Z X Zy, in the
tensorial product H; ® Ho, where U : H1 — H1 and V : Hao — Hgy are unitary
operators on the Hilbert spaces H; and Ha respectively, can be found in [24]. See
also the case H = Zn x Zpr and M = rZy X 7Zp; (r|N and 7| M).

Kluvanek’s sampling theorem for H-shift-invariant subspaces in L*(G)

A similar technique to those used in Section 3 allows to derive a generalization of
Kluvanek sampling theorem for H-shift-invariant subspaces of L?(G). In [29] Kluvanek
obtained a generalization of the classical Shannon sampling theorem in terms of abstract
harmonic analysis (see also [14]). On the other hand, classical Paley-Wiener spaces are,
in particular, shift-invariant subspaces in L?(R); thus Walter proved in [37], for the first
time, a sampling theorem for shift-invariant subspaces of L?(R). Here we reproduce
the same result in the context of abstract harmonic analysis. As before, G denotes
a LCA group and H < G is a uniform lattice in G. We take H = L%*(G) and we
consider the (left regular) unitary representation of G' given by g € G — L,, where
Lyx(g') = 2(g' — g) for any ¢’ € G and z € L?(G). For a fixed a € L?(G) we define the
H-shift-invariant subspace A, := W{Lha :he H} In case the sequence {Lpa}nen
is a Riesz sequence in L?(G) (see Ref. [10]), this subspace can be described as

A, = { S analg—h) : {ap} € 52(1{)} c LX(Q).

heH

Assuming that a € C(G) and >, .y la(g — h)|* < oo uniformly in G, one can easily
derive that the subspace A, constitutes a reproducing kernel Hilbert space (RKHS)
of continuous functions on G. Thus, convergence in L?(G)-sense implies pointwise
convergence which is, in this case, uniform on G. Besides, each x € A, can be described
as the pointwise sum x(g) = >, cyanalg —h), g € G.

Following Ref. [34] it can be proved, by using the Banach-Steinhaus theorem, that
a € C(G) and Y,y la(g — h)|> < co uniformly in G is also a necessary condition in
order to be A, a H-shift-invariant space of continuous functions on G.

The aim in this section is to recover any x € A, from the sequence of its samples
taken at an orbit of the subgroup H, i.e., {z(go + m)}men where go denotes a fixed
element in G. In this context, the isomorphism 7Tg, in (1) reads:

TH.a L2(.FAI) >F= ZahXh — z(g) = Zaha(g—h) e A,
heH heH

which satisfies the shifting property Ty o(Fxm) = Lm(TaoF), for F € L2(H) and
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m € H. We obtain the following expression for the samples of x = Ty F € Aq:

z(go +m) = Z(RXh) a(go +m — h) = (F, Z a(go +m — h) Xh>L2(g)
heH het

= <F7 Z G(QO + h/) Xm—h’>L2(ﬁ) = <F, ( Z a(go + h/) Xw )Xm>L2(fI)
h'eH heH
= (F, Ggo Xm>L2(ﬁ[) )

where G, denotes the function

Ggo =Y _ algo+h) xn € L*(H). (14)
heH

Having in mind Proposition 2(d), the sequence { Gy, Xm}m ¢ 1s a Riesz basis for LQ(EAI )
if and only if

0 < essinf |Gy, (y)| < esssup |Gy, (7)| < +o0. (15)
veH WEFAI

Note that taking M = H in Proposition 2 we have {2 = H. Moreover, its dual Riesz
basis is {(1/Gyg,) Xm}meH' Assuming (15), we obtain a sampling formula in 4, as

follows: For each x = T;; . F € Aj,, we expand F in L2(H) as
1

_ 1
F:Z<F,Ggoxm>G szzw(goJr'm)Gfxm-
meH g0 meH g0

Then, applying the isomorphism 7z, and the shifting property we get in 4, the sam-
pling formula

1

29)= 2 wloo+m) Tha(g - xn)(9) = D, (o0 +m) (L) 9)
meH go meH
:Zﬂf(go+m)5go(g—m), ge@G,

meH

where the sampling function Sy, = THﬂ(l / Ggo) belongs to A,. The convergence of the
series is in the L?(G)-sense, absolute (due to the unconditional convergence of a Riesz
basis) and uniform on G. In fact, the following result holds:

Theorem 3. Let A, be a H-shift-invariant subspace of continuous functions on G
generated by a function a € L*(G). For a fived go € G, consider the function Gy, €
L2(H) given in (14). The following statements are equivalent:

(1) 0 <essinf g5 |Ggo(7)| < esssup_ g |Gy (7)] < +o00.

(ii) There exists a unique function Sg, € A, such that the sequence {Sg,(-— m)}meH
is a Riesz basis for A,, and the following sampling formula holds in A,:

2(9) = > x(go+m) Sy (g —m) in L*G).
meH
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Moreover, in case of equivalent conditions the convergence of the above series is absolute
and uniform on G.

Proof. We have proved that condition (i) implies condition (iz). Reciprocally, applying
the isomorphism 7T, Cll in the sampling formula one gets the expansion

F= Z (F, égo Xm>L2(f1) T}Zzlz [Sgo(' - m)] in LQ(fI) )
meH

where the sequence {TH_(ll [Sgo (- — m)] }mEH is a Riesz basis for LQ(fI). Due to the

uniqueness of the coefficients in a Riesz basis, necessarily the sequence {égo Xm}m cH
is its dual Riesz basis. According to Proposition 2(d), condition (i) holds. O

Note that, in case the sequence {Lpa}ncy is only a Bessel sequence for L?(G)
condition (), in the above theorem, implies that the sampling formula holds for every

T = ey ah Lpa with {ap} € C2(H).

A note on the G-jitter error

In the classical Paley-Wiener space PW,;, the time-jitter error arises when one samples
at instants t,, = n + €, which differ from the Nyquist sampling instants n € Z by e,
(see, for instance, the classical Ref. [38]). Its counterpart here consists of taking the
generalized samples at m + €, where m € M and ¢,, € G stands for what we shall call
a G-jitter error. In what follows, we assume GG to be a non-compact continuous group,
and M < H < G two countably infinite uniform lattices in G.

Given an error sequence € := {€nmj tmen;j=12,.s in G, proceeding as in (4), the
perturbed samples in {£;z(m + ij)}meM;jzl,l...,s can be expressed as

Liz(m+ €y;) = <Faéj,me>L2(f]) forme M and j=1,2,...,s,

where the function G, == >,y Lja(h + €mj) xn belongs to LQ(I;T) for m € M and
j =1,2,...,s. The idea consists of consider the new sequence {Gj,m Xm}mEM as a

perturbation of the frame {G; Xm tmen; j=12,..s in L2(I;T). For instance, if we prove
that

Z Z |(Gjm Xm — G Xm7F>L2(ﬁ)‘2 < R||F||> for each F € L*(H)
meM j=1

with R < ag/r, the optimal lower frame bound of the frame {G; Xm fmeM: j=1,2,....s1

from Corollary 15.1.5 in [12] we obtain that the sequence {G;m Xm}mEM'j:I o 18

also a frame for L2(H). In so doing, assume that the operator

D : ?2(H) — L2(M)
c = {Ch}heH — DEC = (DEJ c,.. -aDe,s C) s

is well-defined, where, for j =1,2,...,s,

D jc:= { };{ [Lia(m — h+ €nj) — Lija(m — h)]ch}meM . (16)
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The operator norm (it could be infinity) is defined as usual
[ De ¢ llezar
IDe|| i= sup oo 1ED
cez(ngoy  llellem)
where || D, c ||?%(M) =351 [Dejc ||?2(M) for each ¢ € (?(H).
Proposition 6. Assume that for the functions G, j =1,2,...,s, given in (3) we have
0<ag <PBg <oo. Let € := {ij}meM;j:LQ’“_’S be an error sequence in G satisfying

the inequality ||Del|?> < ag/r. Then, there exists a frame {Cr. jYmem; j=12,..s for Aq
such that, for any x € A,, the sampling expansion

T = Z Z Lix(m + emj) O, i in Ag, (17)

=1 meM
holds. Moreover, when r = s the sequence {Cfn,j}meM;jzl,z...,s s a Riesz basis for Ag,

and the interpolation property (L, Cy, ;)(m + €mj) = 041 6n,m holds.

Proof. The sequence {G; Xm}meM-jzl , ,isaframe (a Riesz basis if r = s) for L? (I;T)

with optimal frame (Riesz) bounds ag/r and Bg/r. Forany F' =}, - ap xp in L2(H),
a straightforward calculation gives

Z Z’ Gjm Xm — JvaF>L2ﬁ1 ‘2

meM j=1

=y Z\ > (Liak + emy) — ﬁja(k))xkamamm(ﬁ)f

meM j=1 keH

ZZ‘ Z (Lija(m — h+ €pyj) — Eja(m—h))xh,F>L2(ﬁ)‘2 (18)

meM j=1 hcH

= Z Z | Z (Lija(m — h+ €p;) — Lija(m — h)) ah|2

meM j=1 heH

S
= Do dnenlban < IDelPHontnenlan = IDPIFIZ, 5
j=1

By using Corollar)i 15.1.5 in [12] we obtain that the sequence {G;n Xm}mEM;jil,Q,...,S
is a frame for L?(H) (a Riesz basis if r = s). Let {Hy, ;}mem; j=12,..s be, for instance,

its canonical dual frame. Hence, for any F € L2(H)

S S
F= > > (B GCimxm) oy Hing = D D Lowlm + emy) Hiy - in L2(H).
meM j=1 meM j=1
Applying the isomorphism 74, one gets (17), where Cy, ; THa( ) for m € M

and j =1,2,...,s. Since Ty, is an isomorphism between L2(H ) and Aa, the sequence
{Cﬁl’j}meM;jzl,Qw,s is a frame for A4, (a Riesz basis if r = s). The interpolatory
property in the case r = s follows from the uniqueness of the coefficients with respect
to a Riesz basis. O
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Sampling formula (17) is useless from a practical point of view: it is impossible
to determine the involved frame {C’fw}me M;j=1,2,..s- As a consequence, in order to
recover = € A, from the sequence of samples {(L;z)(m + emj)}meM;jzl,Z...,s a frame
algorithm in ¢2(H) should be implemented.

On the existence of sequences € in G satisfying || Dc||? < ag/r

Given an error sequence € := {€p; }meM; j=12,..s in G, for j =1,2,...,s, m € M and
h € H we denote

= Ejalm )~ Epalm 1) <

Taking into account (16) and proceeding as in Ref [19], for any sequence ¢ = {cp }nen
in /2(H) we have

Doy =2 X | S d el <Xl X Wl 9)

j=1meM heH j=llcH (m,h)eM xH

Let d : G x G — [0,400) denote an invariant metric in G compatible with its topology.
Since H is a uniform lattice of G the infimun of the set {d(h7 ) : h,h € Hh # h’}
is greater than zero. Let 0 < n < inf{d(h,R’) : h,h' € H,h # h'} and such that B, (0),
the closed ball with radius n and centered at 0, the identity in G, is a compact set of
G. Recall that the so-called oscillation of the function L£ja in a compact set U is given
by (see, for instance, [17]):

ose(L;0)(h) = mae |La(h + k) — Lja(h)].
For 0 < § < 7 we define the functions:

Mo, (8) =Y osc (La)(h),

her Bs(0)

and
Nop, () := max osc (Lja)(m —1),
o 166" By(0)
where © is a section of the quotient group H/M. Notice that N p,(0) < M p,(5).

If the continuous functions G 3 g — Lja(g), j = 1,2, ..., s, satisfy a decay condition
as L;a(g) = 0(d(0,9)~1*+7)) when d(0,g) — oo for some 7 > 0 we may deduce that
the functions N5, and Mgy, are continuous near to 0. Taking into account (19) the
condition ||D¢||? < ag/r in Proposition 6 could be rephrased as the condition

- [0
S N, (0)Mas, (0) < 22,
j=1

for some small enough 6 > 0, and d(0, €,,;) < 0 for all j =1,2,...,s and m € M.
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